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An efficient computation of the fluid-structure interaction (FSI) between mechanical structures and ocean waves
is an important topic for many applications in ocean engineering and naval architecture. For many of such
applications, it is often sufficient to consider the FSI within the potential flow theory instead of using the Navier-
Stokes equations. However, the numerical solution of the governing equations of the potential flow theory is
still computationally expensive. This work contributes to the improvement of the currently available numerical
schemes, which compute the FSI in nonlinear ocean waves. The approach used in this work is based on the
nonlinear Schrédinger equation (NLS). Compared to the governing equations of potential flow theory, solutions
of the NLS can be computed much more efficiently. This efficiency advantage is used to develop a method that
allows a fast computation of the FSI in nonlinear water waves.

The developed method is investigated with regard to its accuracy, application areas, and computational effort.
Here, numerical results for the hydrodynamic forces acting on mechanical structures and the resulting motion
of the structures are analyzed. It is found that the NLS offers an interesting possibility to efficiently investigate
the behavior of structures excited by nonlinear ocean waves.

1. Introduction

Ships and offshore structures in the ocean differ widely in their ge-
ometric shape and submerged depth. When designing these structures,
appropriate safety limits must be considered. This can be done by know-
ing the hydrodynamic loads acting on the different mechanical struc-
tures. However, not only the hydrodynamic loads, but also the system
response of the mechanical structures to the ocean waves can be of in-
terest for many applications. Here, the fluid-structure interaction (FSI)
between the different mechanical structures and the incoming water
waves must be analyzed. Since real ocean seas are nonlinear, an effi-
cient analysis of the FSI between mechanical structures and nonlinear
water waves is of great practical interest in many application areas.

In general, the behavior of fluids can be modeled using the Navier-
Stokes equations. Various free and commercial codes are available
to calculate herewith the FSI with moving structures. Many codes,
like OpenFOAM, REEF3D, and STAR-CCM+ solve the fully nonlin-
ear Navier-Stokes equations with the inclusion of appropriate turbu-
lence closure models. In theory, this set of equations can handle very
complex phenomena with almost no limitations (Lin, 2008). However,
solving this set of equations requires a large computational effort, of-
ten requiring high-performance computer facilities and well-trained
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staff (Greaves and Iglesias, 2018). This is a particular problem with
stochastic sea states, as many simulations with long simulation times
are required to describe the dynamics of a structure in random waves
representatively.

However, for many applications, it is often sufficient to consider the
FSI within the potential flow theory (Lin, 2008; Greaves and Iglesias,
2018). Models using potential flow theory are the second most capa-
ble of simulating complex flows after those based on the Navier-Stokes
equations (Greaves and Iglesias, 2018). They can be used to model the
behavior of homogeneous, incompressible, non-viscous, and irrotational
fluids, where surface tension effects are neglected. The nonlinear gov-
erning equations of potential flow theory can be solved, for example,
using the Quasi Arbitrary Lagrangian-Eulerian Finite Element Method,
which was first developed by Ma and Yan (2006). However, since they
involve nonlinear boundary conditions at the unknown free water sea
surface, solving the fully nonlinear equations of fluid motion takes too
much computation time to be heavily applied in the design of offshore
structures (Shao et al., 2022). Therefore, the nonlinear governing equa-
tions of potential flow theory are simplified in many ocean engineering
applications by applying Stokes perturbation expansion or Taylor series
expansions, see e.g. (Mei, 1983; Malenica and Molin, 1995). If only
the corresponding first-order terms of the Taylor series expansions
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\begin {equation}\label {eq:BoundarySurface} {\boldsymbol \nabla } \phi \cdot \textbf {n} =\textbf {u} \cdot \textbf {n}, ~~ \textup {at } (x,y,z)\in S_{\textup {B}},\end {equation}
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\begin {align}&\phi =\varepsilon \phi ^{(1)} +\varepsilon ^2 \phi ^{(2)}+\varepsilon ^3 \phi ^{(3)}+\textit {O}(\varepsilon ^4), \label {subeq-1:Perturb:PhiEta}\\ &\eta =\varepsilon \eta ^{(1)} +\varepsilon ^2 \eta ^{(2)}+\varepsilon ^3 \eta ^{(3)}+\textit {O}(\varepsilon ^4), \label {subeq-2:Perturb:PhiEta}\\ &\textbf {u}=\varepsilon \textbf {u}^{(1)}+\varepsilon ^2 \textbf {u}^{(2)} + \varepsilon ^3 \textbf {u}^{(3)}+\textit {O}(\varepsilon ^4),\end {align}
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\begin {equation}\label {eq:NonLinBC:Rewritten} \begin {split} \varepsilon \left (\phi _{tt}^{(1)}+g\phi _{z}^{(1)}\right )&+ \varepsilon ^2\left (\phi _{tt}^{(2)}+g\phi _{z}^{(2)}-F^{(2)}(\phi ^{(1)})\right )\\&+ \varepsilon ^3\left (\phi _{tt}^{(3)}+g\phi _{z}^{(3)}-F^{(3)}(\phi ^{(1)},\phi ^{(2)})\right )=0+\textit {O}(\varepsilon ^4). \end {split}\end {equation}
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\begin {align}\phi _{xx}^{(i)}+\phi _{yy}^{(i)}+\phi _{zz}^{(i)}&=0, &\textup {for} ~~ &-h\leq z \leq 0,\label {subeq-1:phi:12} \\ \phi _z^{(i)}&=0, &\textup {for} ~~ &z=-h, \label {subeq-2:phi_1_2}\\ {\boldsymbol \nabla } \phi ^{(i)} \cdot \textbf {n} &=\textbf {u}^{(i)} \cdot \textbf {n}, &\textup {for} ~~ &(x,y,z)\in S_{\textup {B0}}, \label {subeq-3:phi1:2}\\ \phi _{tt}^{(i)}+g\phi _{z}^{(i)}&=F^{(i)}, &\textup {for} ~~ &z=0. \label {subeq-4:phi1:2}\end {align}
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\begin {equation}\label {eq:Perturb:PhiWithBody} \phi =\phi _0+\phi _\textup {B}=\varepsilon (\phi _0^{(1)}+\phi _\textup {B}^{(1)})+\varepsilon ^2 (\phi _0^{(2)}+\phi _\textup {B}^{(2)})+\varepsilon ^3 (\phi _0^{(3)}+\phi _\textup {B}^{(3)})+\textit {O}(\varepsilon ^4).\end {equation}
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\begin {equation}\label {eq:OurNLS} {\mathrm {i}}(\psi _T+c_\textup {gr} \psi _X)=\nu \psi _{XX}+\delta \vert \psi \vert ^2 \psi ,\end {equation}
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$z \rightarrow -\infty $


$\phi _{0,z}^{(i)}$


$z=-h$


$\phi _{0}^{(i)}$


$h<\infty $


$\phi _{0}^{(i)}$


$z$


$h$


$h$


$h>\frac {1}{2} \lambda =\frac {\pi }{k_0}$


$\lambda $


$z=0$


$z=0$


$\phi _{0}^{(i)}$


$i=1,2,3$


$\phi _{0}^{(1)}$


$\phi _{0}^{(2)}$


$\phi _{0}^{(3)}$


$z=0$


\begin {align}\varepsilon \left (\phi _{0,tt}^{(1)}+g\phi _{0,z}^{(1)}\right )&=\textit {O}(\varepsilon ^3), \label {subeq-0:phi02Andphi03NLSinBC}\\ \varepsilon ^2 \left (\phi _{0,tt}^{(2)}+g\phi _{0,z}^{(2)}-F^{(2)}(\phi _{0}^{(1)})\right )&=\textit {O}(\varepsilon ^4), \label {subeq-1:phi02Andphi03:NLSinBC}\\ \varepsilon ^3 \left (\phi _{0,tt}^{(3)}+g\phi _{0,z}^{(3)}-F^{(3)}(\phi _{0}^{(1)},\phi _{0}^{(2)})\right )&=\textit {O}(\varepsilon ^3). \label {subeq-2:phi02Andphi03:NLSinBC}\end {align}


$\phi _{0}^{(1)}$


$\phi _{0}^{(2)}$


$\phi _{0}^{(3)}$


$\phi =\varepsilon \phi ^{(1)}+ \varepsilon ^2 \phi ^{(2)}+\varepsilon ^3 \phi ^{(3)}+\textit {O}(\varepsilon ^4)$


$z=0$


$\varepsilon ^i$


$i=1,2,3,\dots $


$\phi $


$\phi _0=\varepsilon \phi _0^{(1)}+ \varepsilon ^2 \phi _0^{(2)}+\varepsilon ^3 \phi _0^{(3)}$


$\textit {O}(\varepsilon ^4)$


$\varepsilon ^i$


$\varepsilon ^i$


\begin {equation}\label {eq:NonLinBC:Rewritten:NLS} \begin {split} \varepsilon \left (\phi _{0,tt}^{(1)}+g\phi _{0,z}^{(1)}\right )&+\varepsilon ^2\left (\phi _{0,tt}^{(2)}+g\phi _{0,z}^{(2)}-F^{(2)}(\phi _0^{(1)})\right )\\ &+\varepsilon ^3\left (\phi _{0,tt}^{(3)}+g\phi _{0,z}^{(3)}-F^{(3)}(\phi _0^{(1)},\phi _0^{(2)})\right )=\textit {O}(\varepsilon ^4). \end {split}\end {equation}


$\phi _0=\varepsilon \phi _0^{(1)}+ \varepsilon ^2 \phi _0^{(2)}+\varepsilon ^3 \phi _0^{(3)}$


$\textit {O}(\varepsilon ^4)$


$\textit {O}(\varepsilon ^3)$


$\phi _{0}^{(i)}$


$\textit {O}(\varepsilon ^4)$


$\textit {O}(\varepsilon ^3)$


$\phi _0^{(i)}$


$\textit {O}(\varepsilon ^3)$


$\phi _{0}^{(i)}$


$\textit {O}(\varepsilon ^3)$


$\textit {O}(\varepsilon ^2)$


$\textit {O}(\varepsilon ^3)$


$\phi _0^{(1)}$


$\textit {O}(\varepsilon ^3)$


$\phi _0^{(3)}$


$\phi _0^{(1)}$


$\phi _0^{(2)}$


$\textit {O}(\varepsilon ^3)$


$\textit {O}(\varepsilon ^2)$


$\textit {O}(\varepsilon ^3)$


$\phi =\phi _0+\phi _\textup {B}$


\begin {equation}\label {eq:Perturb:PhiWithBody:NLS} \phi =\phi _0+\phi _\textup {B}=\varepsilon (\phi _0^{(1)}+\phi _\textup {B}^{(1)}) +\varepsilon ^2 (\phi _0^{(2)}+\phi _\textup {B}^{(2)}).\end {equation}


$\phi _0^{(1)}$


$\phi _0^{(2)}$


$\phi _\textup {B}^{(1)}$


$\phi _\textup {B}^{(2)}$


$\phi _\textup {B}^{(1)}$


$\phi _\textup {B}^{(2)}$


$\phi _\textup {B}^{(1)}$


$\phi _\textup {B}^{(2)}$


$\phi =\phi _0+\phi _\textup {B}$


$\phi _0^{(1)}$


$\phi _0^{(2)}$


$\psi $


$\textit {O}(\varepsilon ^4)$


$\textit {O}(\varepsilon ^3)$


$\phi _0^{(i)}$


$\phi _0^{(i)}$


$\phi _0^{(i)}$


$\textit {O}(\varepsilon ^3)$


$\phi _0^{(1)}$


$\phi _0^{(2)}$


$\phi _\textup {B}$


$x-z$


$R$


$D$


$\xi $


$R_\textup {S}$


$\phi _\textup {B}$


$(x,y,z)\in \mathbb {R}^3$


$(r,\theta ,z)\in \mathbb {R}_+\times (0,2\pi ]\times \mathbb {R}$


$\mathbb {R}_+$


$\mathbb {R}_+:=\lbrace x\in \mathbb {R} \mid x\geq 0 \rbrace .$


$z=0$


$C_3$


$C_3$


$\phi _\textup {B}$


$r$


$R_\Omega \in \mathbb {R}_+$


$\Omega _3$


\begin {equation}\label {eq:Omega3} \Omega _3:=\{(r,\theta ,z)\in \mathbb {R}^3\setminus C_3\mid 0\leq r\leq R_\Omega ,\,0<\theta \leq 2\pi ,\,-h\leq z\leq 0\}.\end {equation}


$r=R_\Omega $


$z=0$


$z=0$


$\eta $


$\phi $


\begin {align}\eta _t+\phi _x\eta _x+\phi _y\eta _y +\mu (x,y) \eta &=\phi _z, &\textup {for} ~~ &R\leq r\leq R_\Omega ,\,z = \eta (x,y,t), \label {subeq-1:Euler2d_Nonlin_Damp}\\ \phi _t+\frac {1}{2} {\boldsymbol \nabla } \phi \cdot {\boldsymbol \nabla } \phi +g\eta +\mu (x,y) \phi &=0, &\textup {for} ~~ &R\leq r\leq R_\Omega ,\,z=\eta (x,y,t). \label {subeq-2:Euler2dNonlin:Damp}\end {align}


$\phi _\textup {B}^{(1)}$


$\phi _\textup {B}^{(2)}$


$\mu $


\begin {align}{\boldsymbol \nabla }^2 \phi _\textup {B}^{(i)}&=0, \hspace {31mm}\textup {in} ~~ \mathring \Omega _3,\label {subeq-1:phi_1_2_mu} \\ {\boldsymbol \nabla } \phi _\textup {B}^{(i)} \cdot \textbf {n} &=-{\boldsymbol \nabla }\phi _{\textup {0}}^{(i)} \cdot \textbf {n}+\textbf {u}^{(i)} \cdot \textbf {n}, ~~~\textup {on} ~~ \partial C_3, \label {subeq-2:phi_1_2_mu}\\ \phi _{\textup {B},z}^{(i)}&=0, \hspace {3,1cm}\textup {on} ~~ \partial \Omega _3 \cap \lbrace z=-h \rbrace , \label {subeq-3:phi1:2_mu}\\ \phi _{\textup {B},tt}^{(i)}+g\phi _{\textup {B},z}^{(i)}&+2\mu \phi _{\textup {B},t}^{(i)}+\mu ^2 \phi _\textup {B}^{(i)}=G^{(i)}(\phi _0^{(1)},\phi _\textup {B}^{(1)}), \hspace {2mm}\textup {on} ~~\partial \Omega _3 \cap \lbrace z=0 \rbrace , \label {subeq-4:phi1:2_mu}\\ {\boldsymbol \nabla } \phi _\textup {B}^{(i)} \cdot \textbf {n}&=0, \hspace {3,1cm}\textup {on} ~~ \partial \Omega _3 \cap \lbrace r= R_\Omega \rbrace , \label {subeq-5:phi_1_2_mu}\end {align}


$G^{(1)}=0$


$G^{(2)}=F^\mu (\phi _0^{(1)}+\phi _\textup {B}^{(1)})-F^\mu (\phi _0^{(1)})$


\begin {equation}\label {eq:Def_F_mu} \begin {split} F^\mu (\phi ^{(1)})=&-2 {\boldsymbol \nabla } \phi ^{(1)} \cdot {\boldsymbol \nabla } \phi _t^{(1)}-\frac {3}{2}\mu {\boldsymbol \nabla } \phi ^{(1)} \cdot {\boldsymbol \nabla } \phi ^{(1)}-\phi ^{(1)} \left ({\boldsymbol \nabla } \phi ^{(1)} \cdot {\boldsymbol \nabla } \mu \right )\\ &+\frac {1}{g} \left [\phi _t^{(1)}+\mu \phi ^{(1)}\right ] \pab {}{z} \left (\phi _{tt}^{(1)}+g \phi _z^{(1)}+2\mu \phi _t^{(1)}+\mu ^2\phi ^{(1)}\right ). \end {split}\end {equation}


$\mathring \Omega _3$


$\Omega _3$


$\partial \Omega _3$


$\Omega _3$


$\partial C_3$


$C_3$


$r=R_\Omega $


$r=R_\Omega $


$\mu =0$


$\mu $


$\mu $


$r$


\begin {equation}\label {eq:DefinitionMu} \mu (r):=\left \{\begin {array}{ll} 0,\,\textrm {for}\, 0\leq r < R_{\mathrm {i}},\\ -\frac {g \ln (0.5\times 10^{-5})}{2\omega L} \left [-2{\left (\frac {r-R_{\mathrm {i}}}{L}\right )}^3+3{\left (\frac {r-R_{\mathrm {i}}}{L}\right )}^2 \right ],\,\textrm {for}\,R_{\mathrm {i}}\leq r \leq R_\Omega . \end {array}\right .\end {equation}


$R_{\mathrm {i}}$


$\omega $


$L=R_\Omega -R_{\mathrm {i}}$


$C_3$


$\Omega _3$


$\phi _\textup {B}^{(i)}$


$\bar {C}_3$


$C_3$


$\partial C_3$


$\partial \bar {C}_3$


$\partial \bar {C}_3$


\begin {equation}\label {eq:BC_at_MeanSurface} {\boldsymbol \nabla } \phi _\textup {B}^{(i)} \cdot \textbf {n} =-{\boldsymbol \nabla }\phi _{\textup {0}}^{(i)} \cdot \textbf {n}+\textbf {u}^{(i)} \cdot \textbf {n}+V^{(i)}(\phi _0^{(1)},\phi _\textup {B}^{(1)},\xi ^{(1)}), ~~~\textup {on} ~~ \partial \bar {C}_3,\end {equation}


$V^{(1)}=0$


$V^{(2)}=-\xi ^{(1)} \pab {}{z}{\boldsymbol \nabla } (\phi _0^{(1)}+\phi _\textup {B}^{(1)})\cdot \textbf {n}$


$\xi $


$\phi $


$\xi =\varepsilon \, \xi ^{(1)}+ \varepsilon ^2 \xi ^{(2)}+\textit {O}(\varepsilon ^3).$


$\partial C_3$


$\partial \bar {C}_3$


$\Omega _3$


\begin {equation}\label {eq:Omega3:2ndDef} \bar {\Omega }_3:=\{(r,\theta ,z)\in \mathbb {R}^3\setminus \bar {C}_3\mid 0\leq r\leq R_\Omega ,\,0<\theta \leq 2\pi ,\,-h\leq z\leq 0\}.\end {equation}


$\phi _\textup {B}^{(i)}$


$\phi _\textup {0}^{(i)}$


$(r,\theta ,z)$


$\textbf {n}$


\begin {equation}\textbf {n}= \begin {bmatrix} n^r\\ 0\\ n^z \end {bmatrix}, ~~\textup {with }n^r\leq 0,n^z\geq 0, \textup { and }\sqrt {\left (n^r\right )^2+\left (n^z\right )^2}=1. \label {Xeqn28-38}\end {equation}


$\phi _{\textup {B}}^{(i)}(r,\theta ,z,t)$


$\phi _{\textup {B}}^{(i)}$


$\theta $


\begin {equation}\label {eq:DFT} \phi _{\textup {B}}^{(i)}(r,\theta ,z,t)=\sum _{m=-N_\textup {F}/2}^{N_\textup {F}/2-1}\widehat {\phi }_{\textup {B},m}^{(i)}(r,z,t)\e ^{{\mathrm {i}} m\theta }.\end {equation}


$\widehat {\phi }_{\textup {B},m}^{(i)}$


\begin {equation}\label {eq:IDFT} \widehat {\phi }_{\textup {B},m}^{(i)}(r,z,t)=\frac {1}{N_\textup {F}}\sum _{j=0}^{N_\textup {F}-1}\phi _{\textup {B}}^{(i)}(r,\theta _j,z,t) \e ^{-{\mathrm {i}} m\theta _j},\end {equation}


$\theta _j=2j\pi /N_\textup {F}$


$N_\textup {F}$


$\phi _{\textup {B}}^{(i)}$


$\widehat {\phi }_{\textup {B},m}^{(i)}$


$m=-\frac {N_\textup {F}}{2},\dots ,\frac {N_\textup {F}}{2}-1$


\begin {align}\widehat {\phi }_{\textup {B},m,rr}^{(i)}+\frac {\widehat {\phi }_{\textup {B},m,r}^{(i)}}{r}-\frac {m^2}{r^2}\widehat {\phi }_{\textup {B},m}^{(i)}&+\widehat {\phi }_{\textup {B},m,zz}^{(i)}=0, \hspace {3mm}\textup {in} ~ \mathring {\bar {\Omega }}_2,\label {subeq-1:phi12muCylCoordFourier} \\ \widehat {\phi }_{\textup {B},m,r}^{(i)}n^r+ \widehat {\phi }_{\textup {B},m,z}^{(i)}n^z=-\widehat {\phi }_{\textup {0},m,r}^{(i)}n^r-& \widehat {\phi }_{\textup {0},m,z}^{(i)}n^z+u_3^{(i)} n^z \, \widehat {1}_m+\widehat {V}^{(i)}_m, \hspace {3mm} \textup {on} ~ \partial \bar {C}_2, \label {subeq-2:phi12muCylCoordFourier}\\ \widehat {\phi }_{\textup {B},m,z}^{(i)}&=0, \hspace {3mm}\textup {on} ~ \partial \bar {\Omega }_2 \cap \lbrace z=-h\rbrace , \label {subeq-3:phi1:2:muCylCoordFourier}\\ \widehat {\phi }_{\textup {B},m,tt}^{(i)}+g\,\widehat {\phi }_{\textup {B},m,z}^{(i)}+2\mu \,\widehat {\phi }_{\textup {B},m,t}^{(i)}+\mu ^2 \,&\widehat {\phi }_{\textup {B},m}^{(i)}=\widehat {G}^{(i)}_m, \hspace {3mm}\textup {on} ~ \partial \bar {\Omega }_2 \cap \lbrace z=0\rbrace , \label {subeq-4:phi1:2:muCylCoordFourier}\\ \widehat {\phi }_{\textup {B},m,r}^{(i)}&=0, \hspace {3mm}\textup {on} ~ \partial \bar {\Omega }_2 \cap \lbrace r= R_\Omega \rbrace . \label {subeq-5:phi12muCylCoordFourier}\end {align}


$\bar {\Omega }_2$


$\bar {C}_2$


\begin {align}\bar {\Omega }_2&:=\{(r,z)\in \mathbb {R}^2\mid (r,\theta ,z)\in \bar {\Omega }_3,\,0<\theta \leq 2\pi \}, \textup { and }\\ \bar {C}_2&:=\{(r,z)\in \mathbb {R}^2\mid (r,\theta ,z)\in \bar {C}_3,\,0<\theta \leq 2\pi \}.\end {align}


$m$


$\widehat {\phi }_{\textup {0},m}$


$\widehat {G}^{(i)}_m$


$\widehat {V}^{(i)}_m$


$\widehat {1}_m$


$m$


$f(r,\theta ,z)=1$


$\phi _{\textup {B}}^{(i)}$


$N_\textup {F}$


$\widehat {\phi }_{\textup {B},m}^{(i)}$


$\phi _\textup {B}$


$\widehat {\phi }_{\textup {B},m}^{(1)}$


$\widehat {\phi }_{\textup {B},m}^{(2)}$


$\widehat {\phi }_{\textup {B},m}^{(1)}$


$\widehat {\phi }_{\textup {B},m}^{(2)}$


$m=-\frac {N_\textup {F}}{2},\dots ,\frac {N_\textup {F}}{2}-1$


$\phi _{\textup {B}}^{(1)}$


$\phi _{\textup {B}}^{(2)}$


$\phi _{\textup {B}}^{(1)}$


$\phi _{\textup {B}}^{(2)}$


$\phi _{\textup {0}}^{(1)}$


$\phi _{\textup {0}}^{(2)}$


$\phi ^{(1)}$


$\phi ^{(2)}$


$\phi $


$\phi ^{(1)}$


$\phi ^{(2)}$


$\phi $


$p$


$S_\textup {B}$


$p$


$p=p(\phi )$


$\phi =\phi _0+\phi _\textup {B}$


$\phi =\varepsilon \phi ^{(1)}+\varepsilon ^2 \phi ^{(2)}$


\begin {equation}\label {eq:Hyd:Forces} \textbf {F}=\iint \limits _{S_{\textup {B}}} p \textbf {n} \, \textup {d}S=\textbf {F}^{(0)}+\varepsilon ^1 \textbf {F}^{(1)}+ \varepsilon ^2 \textbf {F}^{(2)}+\textit {O}(\varepsilon ^3),\end {equation}


\begin {equation}\label {eq:Hyd:ForcesComp} \begin {split} &\textbf {F}^{(0)}=-\iint \limits _{\partial {C}_3} \rho gz \textbf {n} \, \textup {d}S, ~~~~~~ \textbf {F}^{(1)}=-\iint \limits _{\partial {C}_3} \rho \phi ^{(1)}_t \textbf {n} \, \textup {d}S,\\ &\textbf {F}^{(2)}=-\iint \limits _{\partial {C}_3} \left (\rho \phi ^{(2)}_t +\rho \frac {1}{2} {\boldsymbol \nabla } \phi ^{(1)} \cdot {\boldsymbol \nabla } \phi ^{(1)}\right ) \textbf {n} \, \textup {d}S+\int \limits _{C_0} \frac {1}{2} \rho g \left (\eta ^{(1)}\right )^2 \textbf {n} \, \textup {d}C, \end {split}\end {equation}


$\partial {C}_3$


$z=0$


$\rho $


$C_0$


$\partial {C}_3$


$z=0$


$\partial {C}_3$


$\phi _{\textup {B}}^{(i)}$


$\textbf {F}^{(1)}$


$\textbf {F}^{(2)}$


$\partial {C}_3$


$\partial \bar {C}_3$


$\xi =\varepsilon \, \xi ^{(1)}+ \varepsilon ^2 \xi ^{(2)}+\textit {O}(\varepsilon ^3)$


$\textbf {F}^{(1)}$


$\textbf {F}^{(2)}$


\begin {equation}\label {eq:Hyd:ForcesComp2} \begin {split} \textbf {F}^{(1)}=&-\iint \limits _{\partial \bar {C}_3} \rho \phi ^{(1)}_t \textbf {n} \, \textup {d}S,\\ \textbf {F}^{(2)}=&-\iint \limits _{\partial \bar {C}_3} \left (\rho \phi ^{(2)}_t +\rho \frac {1}{2} {\boldsymbol \nabla } \phi ^{(1)} \cdot {\boldsymbol \nabla } \phi ^{(1)}+\rho \, \xi ^{(1)}\,\phi ^{(1)}_{tz}\right ) \textbf {n} \, \textup {d}S\\ &+\int \limits _{C_0} \frac {1}{2} \rho g \left (\eta ^{(1)}-\xi ^{(1)}\right )^2 \textbf {n} \, \textup {d}C. \end {split}\end {equation}


$\textbf {F}^{(0)}$


$\textbf {F}^{(0)}$


$\textbf {F}^{(i)}$


$x$


$y$


$z$


$F_1^{(i)}$


$F_2^{(i)}$


$F_3^{(i)}$


$\textbf {F}^{(i)}=[F_1^{(i)}, F_2^{(i)}, F_3^{(i)}]^\textup {T}$


$\xi ^{(1)}$


$\xi ^{(2)}$


\begin {equation}\label {eq:NonlinearEQM} m\ddot {\xi }^{(1)}+d \dot {\xi }^{(1)}+\rho g \pi R^2 \xi ^{(1)}= F_3^{(1)}, \,\,\,\, m\ddot {\xi }^{(2)}+d \dot {\xi }^{(2)}+\rho g \pi R^2 \xi ^{(2)}= F_3^{(2)}.\end {equation}


$m$


$d$


$z$


$\xi ^{(1)}$


$\xi ^{(2)}$


$\xi $


$\phi _{\textup {B}}^{(i)}$


$\textbf {F}^{(i)}$


$\xi ^{(i)}$


$i=1,2$


$R=1\,\textup {m}$


$R_\textup {S}=0\,\textup {m}$


$D=1.5\,\textup {m}$


$d=3000\,\frac {\textup {kg}}{\textup {s}}$


$\rho =1023\,\frac {\textup {kg}}{\textup {m}^3}$


$h=4\,\textup {m}$


$\omega =1\,\frac {\textup {rad}}{\textup {s}}$


$A=0.4\,\textup {m}$


$\chi =0$


$\lambda $


$\lambda =36.673\,\textup {m}$


$t\in [0,50\,\textup {s}]$


$\Delta r=\Delta z=0.04\,\textup {m}$


$\Delta t=0.05\,\textup {s}$


$\mu $


$R_\textup {i}=\lambda $


$L=2\lambda $


$\phi _{\textup {B}}^{(i)}$


$i=1,2$


$N_\textup {F}=16$


$N_\textup {F}$


$x$


$z$


$x$


$z$


$\eta =\varepsilon \eta ^{(1)}= A \cos (kx-\omega t)$


$\eta =\varepsilon \eta ^{(1)}+\varepsilon ^2 \eta ^{(2)}$


$\xi =\varepsilon \xi ^{(1)}$


$\xi =\varepsilon \xi ^{(1)}+\varepsilon ^2 \xi ^{(2)}$


$\omega $


$2\omega $


$\phi _0^{(1)}$


$\phi _0^{(2)}$


$\omega $


$2\omega $


\begin {equation}\label {eq:eqmfor:harmwave} \begin {split} (M+\mu _{3,3})\ddot {\xi }+(\lambda _{3,3}+d)\dot {\xi }+\rho g \pi R^2 \xi =\textup {Re}\lbrace A f_3 \textup {e}^{-{\mathrm {i}}\omega t)}\rbrace . \end {split}\end {equation}


$x$


$z$


$F_1=\textup {Re}\lbrace A f_1 \e ^{-{\mathrm {i}} \omega t} \rbrace $


$F_3=\textup {Re}\lbrace A f_3 \e ^{-{\mathrm {i}} \omega t} \rbrace - \mu _{3,3} \ddot {\xi } -\lambda _{3,3} \dot {\xi }$


$f_1$


$f_3$


$\mu _{3,3}$


$\lambda _{3,3}$


$0.1\,\%$


$0.22\,\%$


$\varepsilon ^2 F_1^{(2)}$


$\varepsilon ^2 F_3^{(2)}$


$k$


$k$


$R=1\,\textup {m}$


$R_\textup {S}=0$


$D=4\,\textup {m}$


$h=10\,\textup {m}$


$A=0.15\,\textup {m}$


$\Delta r$


$\Delta z$


$\Delta t$


$R=1\,\textup {m}$


$R_\textup {S}=0.2\,\textup {m}$


$D=1.5\,\textup {m}$


$d=3000\,\frac {\textup {kg}}{\textup {s}}$


$\rho =1023\,\frac {\textup {kg}}{\textup {m}^3}$


$x$


$\phi _0^{(1)}$


$\phi _0^{(2)}$


$A=0.2\,\textup {m}$


$k=0.5\,\textup {m}^{-1}$


$\lambda =4\pi $


$h=7\,\textup {m}$


$Ak=0.1$


$h\geq \frac {1}{2}\lambda =2\pi $


$\omega =\omega _\textup {st}$


$\omega _\textup {st}=\sqrt {kg\tanh (kh)}=2.2127\,\frac {\textup {rad}}{\textup {s}}$


$\psi $


$\psi _0=2\,\textup {m}$


$k_0=0.5\,\textup {m}^{-1}$


$\varepsilon =0.1$


$\omega _0$


$\omega _0=\sqrt {k_0g}=2.2147\,\frac {\textup {rad}}{\textup {s}}$


$h$


$\tanh (kh)\approx 1$


$\omega _0~\approx \omega _\textup {st}$


$\phi _0^{(1)}$


$\phi _0^{(2)}$


$N_\textup {F}=16$


$\mu $


$R_\textup {i}=\lambda $


$L=2\lambda $


$\Delta r=\Delta z=0.04\,\textup {m}$


$\Delta t=0.05\,\textup {s}$


$\varepsilon F_3^{(1)}$


$\varepsilon ^2 F_3^{(2)}$


$t=0$


$\varepsilon F_3^{(1)}$


$\varepsilon ^2 F_3^{(2)}$


$\varepsilon F_3^{(1)}$


$\varepsilon ^2 F_3^{(2)}$


$\omega _\textup {NLS}>\omega _0\approx \omega _\textup {st}$


$\omega _\textup {NLS}$


$\varepsilon F_3^{(1)}$


$\varepsilon ^2 F_3^{(2)}$


$\omega _\textup {NLS}$


$F_3^{(1)}$


$\varepsilon ^2 F_3^{(2)}$


$h$


$h\rightarrow \infty $


$h=7\,\textup {m}$


$h=10\,\textup {m}$


$\varepsilon F_3^{(1)}$


$\varepsilon ^2 F_3^{(2)}$


$h$


$\psi $


$k_0=0.5\,\text {m}^{-1}$


$\psi _0=1.5\,\text {m}$


$\varepsilon =0.1$


$X_\textup {s}=44.29\,\text {m}$


$\vert \psi \vert $


$h=7\,\textup {m}$


$t\in [-200\,\textup {s},200\,\textup {s}]$


$\mu $


$\bar {\Omega }$


$\Delta r$


$\Delta z$


$\Delta t$


$x=X_\textup {s}/\varepsilon =442.94\,\textup {m}$


$t=0\,\textup {s}$


$\varepsilon \eta ^{(1)}_\textup {inc}$


$\varepsilon ^2 \eta ^{(2)}_\textup {inc}$


$\phi _{0}^{(1)}$


$\phi _{0}^{(2)}$


$\eta ^{(1)}_\textup {inc}$


$\eta ^{(2)}_\textup {inc}$


$\varepsilon \eta ^{(1)}_\textup {inc}$


$\varepsilon ^2 \eta ^{(2)}_\textup {inc}$


$F_1^{(i)}$


$F_3^{(i)}$


$i=1,2$


$\phi ^{(i)}=\phi _0^{(i)}+\phi _\textup {B}^{(i)}$


$\eta _0=0.15\,\textup {m}$


$F_{1,0}=4370\,\textup {N}$


$F_{3,0}=1984\,\textup {N}$


$\xi _0=0.19\,\textup {m}$


$\varepsilon \eta ^{(1)}/\eta _0$


$\varepsilon F_1^{(1)}/ F_{1,0}$


$\varepsilon F_3^{(1)}/F_{3,0}$


$\varepsilon \xi ^{(1)} /\xi _0$


$t\rightarrow 50\,\textup {s}$


$\varepsilon F_1^{(1)}$


$\varepsilon ^2 F_1^{(2)}$


$\varepsilon ^2 \eta ^{(2)}_\textup {inc}$


$\varepsilon \eta ^{(1)}_\textup {inc}$


$\phi _0^{(1)}$


$\phi _0^{(2)}$


$\varepsilon \eta ^{(1)}_\textup {inc}$


$\varepsilon ^2 \eta ^{(2)}_\textup {inc}$


$\omega _0$


$2\omega _0$


$\varepsilon \eta ^{(1)}_\textup {inc}$


$\varepsilon ^2 \eta ^{(2)}_\textup {inc}$


$\vert \eta \vert _\textup {H}$


$\eta $


$t$


$\vert \eta \vert _\textup {H}$


$\eta $


$t$


$[-30\,\textup {s},30\,\textup {s}]$


$\varepsilon \eta ^{(1)}_\textup {inc}$


$\varepsilon ^2 \eta ^{(2)}_\textup {inc}$


$\vert \varepsilon ^2 \eta ^{(2)}_\textup {inc}\vert _\textup {H} /\vert \varepsilon \eta ^{(1)}_\textup {inc}\vert _\textup {H}= 3.7\,\%$


$t=0$


$\vert \varepsilon ^2 \eta ^{(2)}_\textup {inc}\vert _\textup {H} /\vert \varepsilon \eta ^{(1)}_\textup {inc}\vert _\textup {H}= 14\,\%$


$\varepsilon ^2 \eta ^{(2)}_\textup {inc}$


$\eta _\textup {inc}=\varepsilon \eta ^{(1)}_\textup {inc}+\varepsilon ^2 \eta ^{(2)}_\textup {inc}$


$t=0$


$\psi $


$\varepsilon \eta ^{(1)}_\textup {inc}$


$\varepsilon ^2 \eta ^{(2)}_\textup {inc}$


$[-30\,\textup {s},30\,\textup {s}]$


$[-30\,\textup {s},30\,\textup {s}]$


$\varepsilon ^2 F_1^{(2)}$


$\varepsilon ^2 F_3^{(2)}$


$\psi $


$T=-20\,\textup {s}$


$\eta _\textup {LC}(x,t)$
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are taken into account, linearized equations can be obtained. The
corresponding linearized wave theory can be used to model the dynam-
ics of water waves with small wave heights H and low wave velocities
very well (Newman, 2018). However, a nonlinear wave theory must
be used to accurately model the behavior of larger and faster waves.
Corresponding nonlinear wave theories can be derived by considering
additional higher-order terms in the Taylor series expansions of the non-
linear governing equations, see e.g. (Malenica and Molin, 1995; Hollm
and Seifried, 2023).

Considering the computational effort, it has to be noted that simula-
tions using potential flow theory are faster than those using the Navier-
Stokes equations in combination with an appropriate turbulence clo-
sure model. However, their computational costs are still high (Lin, 2008;
Greaves and Iglesias, 2018). Even for the case that the nonlinear govern-
ing equations of potential flow theory are simplified applying the Taylor
series expansions mentioned above, the calculation of the FSI in realistic
nonlinear water waves still requires long computation times. This is be-
cause wave-wave interactions must be considered to describe random
nonlinear water waves, which can be very time-consuming (Slunyaev
et al., 2014).

However, there are other ways to describe nonlinear water waves.
One is offered by using the nonlinear Schrodinger equation (NLS), which
is a partial differential equation for the wave envelope y of the water
waves. The NLS can be used to accurately model nonlinear water waves
in deep water with a narrow spectral bandwidth and moderate wave
steepness, see e.g. (Dysthe, 1979; Witt, 2019; Osborne, 2010). Starting
from the wave envelope y of nonlinear water waves, Carter et al. (2020)
derived a general representation for the corresponding velocity poten-
tial. This velocity potential is needed for calculating the hydrodynamic
forces and the associated motion of floating structures in nonlinear wa-
ter waves. Since the theory of Carter et al. (2020) is very new, it has not
yet been used to calculate the FSI between mechanical structures and
nonlinear water waves. In this paper, the theory of Carter et al. (2020)
is used to compute this FSI in nonlinear water waves.

Compared to the nonlinear governing equation of the potential flow
theory, the NLS has several advantages. For example, a variety of an-
alytical solutions of the NLS have been presented, see e.g. (Peregrine,
1983; Osborne, 2010; Chabchoub, 2013; Slunyaev et al., 2013; Carter
et al., 2020) and the references therein. Furthermore, it has been found
that the NLS can describe many features of the dynamics of rogue waves,
which are found to arise as a result of nonlinear self-focusing phenom-
ena (Onorato et al., 2001). Moreover, it has been conjectured in differ-
ent studies that specific solutions of the NLS are prototypes of rogue
ocean waves, see e.g. (Dysthe and Trulsen, 1999; Shrira and Geogjaev,
2010; Dostal et al., 2020). In addition, numerical solutions of the NLS
can be computed much more efficiently than solutions of the nonlin-
ear governing equation of the potential flow theory. Finally, irregular
sea states can be efficiently generated with the NLS by applying the ap-
proach presented in (Hollm et al., 2021, 2022a). All these advantages
make it interesting to use also the NLS to compute the FSI between struc-
tures and nonlinear water waves, which has not been done before.

The aim of this work is to establish a computational method that can
be used to calculate the nonlinear FSI between a mechanical structure
and nonlinear water waves efficiently. The corresponding approach is
based on the NLS. Compared to the nonlinear governing equations of
potential flow theory, solutions of the NLS can be computed much more
efficiently. In this work, this efficiency is used to develop a method that
allows a fast computation of the FSI between a mechanical structure
and nonlinear water waves. The developed method is investigated with
regard to its application areas, accuracy, and computational effort. The
computational method presented and analyzed in this work is based
on (Hollm, 2025).

In this work, the NLS is used for the first time to numerically com-
pute the FSI. Here, the application focuses on problems in the field of
ocean engineering. The advantages of the NLS, which are mentioned
above, are used to develop a novel computational framework that sig-
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nificantly enhances the efficiency of simulating nonlinear FSI problems.
As the results of the FSI depend on the geometry of the corresponding
structure interacting with the water, the FSI can only be computed nu-
merically for structures of general geometry. This work introduces an
innovative application of the NLS to the field of FSI, which establishes
a novel pathway for research in this area.

It has to be noted that the NLS in standard form cannot be used
to model general nonlinear water waves, but only those in deep wa-
ter with a narrow spectral bandwidth and moderate wave steepness.
However, several extended versions of the NLS exist, which can model
water waves with a larger wave steepness and broader spectral band-
width than the NLS in standard form, or are not restricted to deep water.
These extended versions can be found, for example, in (Mei, 1983; Dys-
the, 1979; Trulsen and Dysthe, 1996; Toffoli et al., 2010; Adcock and
Taylor, 2016). While the present work does not consider these extended
versions of the NLS, it provides an initial overview of the advantages
and limitations of using the NLS framework to compute the FSI with
nonlinear water waves.

The work is organized as follows: First, all fundamental equations
to model the FSI between ocean waves and floating mechanical systems
are introduced in Section 2. After introducing the NLS in Section 3, it
is presented in Section 4 how the NLS can be used to compute the FSI
between a structure and nonlinear water waves. The accuracy of the pro-
posed computational method is also analyzed here. In Section 5, a finite
difference method is presented to compute the FSI between incoming
nonlinear water waves and a given mechanical structure numerically.
In Section 6, the introduced finite difference scheme is validated. Af-
terward, the developed computational method and numerical scheme
are used in Section 7 to simulate the FSI between a cylindrical float-
ing body and nonlinear water waves utilizing the NLS. Analyzing the
corresponding results, the application areas and computational effort of
the developed scheme are investigated. Finally, this work ends with a
conclusion in Section 8.

2. Modeling of water waves

In this section, all fundamental equations to model the FSI between
ocean waves and floating mechanical structures are reviewed, which are
necessary for the later developed computational method.

2.1. Fully nonlinear equations of fluid motion

The behavior of homogeneous, incompressible, non-viscous, irrota-
tional fluids, where surface tensions are neglected, is considered. Let
t denote the time and C: {O, x, y, z} be a Cartesian coordinate system,
whereby z = 0 describes the plane of the undisturbed free sea surface
and the z-axis is positive upwards. The vertical displacement of any
point on the free sea surface is defined by the function z = = 5(x, y, 7).
Here, it is assumed that the water waves are not breaking such that the
value of 5(x, y, 1) is uniquely defined everywhere.

Using the assumptions mentioned above, the fluid motion can be
described by the velocity potential ¢ = ¢(x, y, z, t). The governing equa-
tions of fluid motion of potential flow theory result in

V2= + by, + ¢, =0, for —h <z <nx, 1), (1a)
N+ un + by, = ¢, for z=n(x,y,1), (1b)

b+ %qu Vg +gn=0, for z = n(x, y,1), 10
¢, =0, for z=—h, (1d)

see e.g. (Newman, 2018). Here, V denotes the nabla operator in space,
g is the gravitational constant, and 4 is the constant water depth with a
rigid, impermeable plane. It has to be noted that the external pressure
exerted on the sea surface 7 is assumed to be zero.
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By solving Eq. (1), the dynamics of water waves on the open sea
can be calculated. However, if there are additional boundaries such as
the surface of walls or mechanical structures, additional boundary con-
ditions (BCs) must be formulated here. In this work, general floating
bodies are considered, which are impermeable to water. Let Sy be the
wetted surface of the mechanical structure and u the velocity of a point
on Sy. Then the BC at Sy is given by

V¢ -n=u-n, at(x,y, z)e€ Sp, (2)

whereby n denotes the normal vector at Sy pointing out of the fluid and
hence into the body.

2.2. Approximation of governing equations

Solving the fully nonlinear equations from Eq. (1) is computation-
ally expensive. This section introduces wave theories that approximate
Eq. (1). Since the nonlinearity of Eq. (1) comes from the BCs (1b)
and (1c), this section focuses on a suitable approximation of these equa-
tions.

The first step is to combine the two BCs (1b) and (1c¢) into a single
BC. This is done by considering the substantial derivative of the BC (1c)
and eliminating the term #, in the resulting expression using BC (1b),
see (Newman, 2018). The resulting combined BC is exact and depends
only on the velocity potential ¢, except that it has to be applied at the
unknown sea surface z = . In the next step, the combined BC is ex-
panded from z = 5(x, y,1) to z = 0 using Taylor series expansions. Con-
sidering all terms up to order O(¢*), the resulting BC at z = 0 is given
by

D+ eb. + 299V, + 3VH- (V- V)

1, 0
- E‘bt&((btt +8¢,+2Ve- V¢t)

1 ®

8

+L(¢)”—2(¢ +g¢.) =0+ 0(¢*
282 1) 92\t z >

1 1 d
<_§¢t¢tz + §V¢ . V¢> & (¢tr + g¢z)

see e.g. (Newman, 2018) for details.

Next, the nonlinear BC (3) is approximated by a sequence of linear
equations. Here, it is assumed that ¢, n, and the velocity vector u of a
point on .Sy can be expressed by perturbation series of the form

¢ =V + 2P + 93 + 0, (42)
n=enV+ @+ + 0, (4b)
u=ceu + £2u? + £u® + 0, (4¢0)

see e.g. (Malenica and Molin, 1995). Here, ¢ is a small perturbation pa-
rameter related to the wave steepness kA with wavenumber k and wave
amplitude A. Based on the pioneering work of Stokes (Stokes, 1847),
who used this approach to find periodic solutions of nonlinear water
waves, these perturbation series are known as Stokes’ expansions. Sub-
stituting Eq. (4a) into Eq. (3) and sorting by the resulting exponents in
€' yields

e(o) +9) + (9 + 882 - FO 1))

(5)
+8 (9 + 89D = FOGD,¢2) ) =0+ Oe*).
Here, the functions F® and F® are defined as
1 d
FOGO) = 2V 99" + 2 (o) +690). ©

F(B)(d)(l), ¢,(2)) = _2Vd,(1) . V¢£2) _ zv¢(2) . Vd,gl)
o0 . M wapy o L@ 9 ( (1))
3V V(O V) + D 5 (9] + 0

1 mi( @) <2>> 2.0 (o). (1>)
+ o (0 +0?) + Sy az(v¢ v
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Eq. (5) holds if the terms multiplied by &' vanish for eachi = 1,2, ... As
a result of this and defining F( : = 0, the equations for the computation
of the first three velocity potentials ¢, i = 1,2, 3, can be derived to be

#+ o+ o2 =0, for ~h<z30, (5
¢ =0, for z=-h, (8b)

Vo .n=u® . n, for (x,y,2) € Sgo, GO

¢+ = FO, for z=0. 0

Note that the BC (8c¢) is not formulated at the actual wetted surface of
the body Sj, but at Sgy. Here, Sg, denotes all points at the surface of
the body Sy, which are located below the still water level. The reason
to use Sy in the BC (8c) is that the velocity potentials ¢g) are only
calculated below the rest position of the sea surface, i.e. for z <0.

Equation (8d) has been stated several times in the literature, see
e.g. (Eatock Taylor and Hung, 1987; Malenica and Molin, 1995; Rahman
et al., 1999). An advantage of using the BC (8d) instead of the BC (3)
is that the BC (8d) is linear with respect to the corresponding highest-
order velocity potential. Moreover, the lower-order velocity potentials
are independent of the higher-order ones, which allows an computation
of the velocity potentials ¢, i = 1,2, 3, in increasing order.

Having computed the velocity potentials ¢”, the corresponding sea
surface displacements ) from Eq. (4b) can be computed using the
formulas given in Appendix A.

2.3. Computation of the body disturbance and the FSI

In general, the dynamics of the incoming water waves are disturbed
by the presence and motion of the floating body. To compute this distur-
bance, the total velocity potential ¢ is divided into two parts. The first
part is the velocity potential ¢, of the incoming water waves, which are
not disturbed by the presence of the body. The second part is the ve-
locity potential ¢ corresponding to the body disturbance, taking into
account diffraction and radiation effect of the body, see e.g. (Bai and
Teng, 2013). Both velocity potentials, ¢, and ¢, are expanded accord-
ing to the Stokes expansion procedure given in Eq. (4), i.e.

¢ =y +dp = @) + )+ @) + b)) + @) + )+ OED. (9)

Note that the velocity potential ¢ disappears in the absence of a body,
which results in ¢ = ¢. This means that the velocity potentials ¢g) have

to satisfy the Egs. (8a), (8b), and (8d). Some analytical solutions for q‘)él)
and qﬁf) are presented in Section 2.4.

If the incident velocity potentials qbg) are known, the corresponding
equations for the velocity potentials qbg) can be formulated by substitut-

ing ¢ = d)g) + ¢g) into Eq. (8). In Fig. 1, the resulting nonlinear scheme
for the computation of the total velocity potential ¢ = ¢ + ¢p is summa-
rized. All corresponding equations for the calculation of the first three
components of the velocity potentials ¢, ¢, and ¢y are also presented
there.

When computing q!)g), it has to be noted that a radiation condition
must be formulated that determines the behavior of ng) far away from
the floating body. However, in this work, the velocity potentials qﬁg) are
computed numerically using the scheme sketched in Section 5. Instead
of considering radiation conditions, suitable absorbing BCs at the end
of the spatial domain are formulated here, see Section 5.2.

After computing the total velocity potential ¢, the hydrodynamic
pressure p = p(¢) acting on the wetted surface of the mechanical struc-
ture can be computed using Bernoulli’s formula. Afterward, the hydro-
dynamic loads acting on the mechanical structure and the dynamics of
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Input: — Position of wetted body surface Sgy,
— Components of body velocity u(?, i =1,2,3.

Y

Compute the incident potentials (;S((f)

, 1 =1,2,3, solving the following equations:

vzl =0 v2gld = for —h <z <0
qﬁ(l) =0 — ¢(2) =0 for z = —h
(()1,t)t + 9¢(1) (()?t)t + 9‘15(()?; = F(Q)(¢E)l)) for =0

<3) —0

3 3
é,gt + g¢( )

= F® (g, ()

for —h < 2<0

i

for z = —h

for =10

Y

Compute the velocity potentials corresponding to the body disturbance qﬁg),
1 =1,2,3, solving the following equations:

vzl = for —h <z <0
(1) =0 for z = —h
¢](31>tt+ ¢(1) =0 forz=0
V(b(l) = —V¢gl) n+u®.n for (z,y, z) € Sgo
quﬁg):O for —h <2< 0
1<32)z = for z = —h
S + 995, = FO( + 65)) - FO(6(") for 2= 0
v Vo n=-Voi ntu®.n for (z,y,2) € Spo
V2¢g’):0 for —h < 2z<0
g)z =0 for z=—h
80+ a0 = PO+ oD, 60+ o)~ PO, ) | o = =0
v¢](§’) n = _V¢§)3) -n+ u® . n for (I,y7 Z) € Spo

Y

Compute the total velocity potential ¢ and its components ¢(*)

Fig. 1. Schematic representation of the method for calculating the total velocity potential ¢, which is disturbed by the presence and motion of a mechanical structure,

and its components ¢V, ¢@, and ¢®.

the mechanical structure can be determined. In this way, the FSI be-
tween a mechanical structure and water waves prescribed by the inci-
dent velocity potentials ¢(]) ¢(2) and qb((f) can be calculated.

2.4. Analytical solutions for higher-order Stokes waves

The incident velocity potentials qb(') ¢(2) and ¢(()3) can be computed
by solving the equations summarlzed in Flg 1. In general, this can be
done numerically. However, for the case of regular and random waves,
analytical solutions for qﬁg) and q&g) are known. These solutions are in-
troduced in this section for a later comparison with the NLS, which will
be introduced in Section 3. Based on the Stokes perturbation expansion
from Eq. (4), the incoming water waves considered in this section are
called Stokes waves.

For incoming regular waves, the first-order component of the sea
surface displacement 7 is given by e (x, y,f) = A cos () and the corre-
sponding velocity potentials 47(()1) and d)gz) are given by

(1) gA cosh(k(z + h))
by oy ) == @
€2¢82) _ 3wA? cosh(2k(z + h)) §in(20). 10)

8 sinh*(kh)

whereby 6 = k(cos(y)x + sin(y)y) — wt + p. Here, A is the wave ampli-
tude, w is the wave frequency, k is the wave number, y is the angle be-
tween the wave direction and the x-axis, and g is a phase shift. Further-
more, k and o are related by the dispersion relation w” = kg tanh(kh).

Next, random waves are considered. The first-order sea surface dis-
placement (") of an irregular short-crested sea can be written in the
absence of any structure as the sum of many regular water waves and is
given by

M
enV(x, y,1) = z a,, cos(9,,), with
m=1

0, =k, (cos(x,,)x + sin(y,,)y) — an

@t + B(@ps Xm)-

Here, § is a random phase shift, which is uniformly distributed in [0, 27).
Furthermore, the amplitudes a,, depend on the underlying sea state
given by the corresponding one-sided spectral density S(w) and the
spread function D(y), see e.g. (Mitsuyasu et al., 1975; Clauss et al.,
1988). The incident velocity potentials eqﬁé” and 52¢82) corresponding
to the sea surface displacement from Eq. (11) can be found, for exam-
ple, in (Sharma and Dean, 1979)

When computing the corresponding second-order sea surface dis-
placement #® and velocity potential ¢?, interactions between the M
components of the first-order sea surface displacement (") have to be
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considered. The number of interactions is given by M 2. Therefore, calcu-
lating all nonlinear interactions becomes increasingly inefficient when
the number of regular components M in the first-order irregular sea
state grows. As a result, a Stokes theory of higher order needs much com-
putation time in the presence of random waves (Slunyaev et al., 2014).
In the following sections, it is investigated how the FSI with nonlin-
ear water waves can be computed more efficiently using the nonlinear
Schrodinger equation.

3. Nonlinear Schrodinger equation

The nonlinear Schrodinger equation (NLS) is a partial differential
equation (PDE) that can be used to describe weakly nonlinear deep wa-
ter waves with a narrow spectral bandwidth and a moderate wave steep-
ness (Dysthe, 1979; Osborne, 2010; Witt, 2019). Since solutions of the
NLS can be computed very efficiently, the NLS is used firstly in this work
to calculate the nonlinear FSI.

First, the most important equations regarding the NLS are introduced
in Section 3.1. Afterward, the derivation of the NLS is briefly outlined
in Section 3.2 to understand how the NLS is related to the wave the-
ory presented in Section 2.2. Finally, different solutions of the NLS are
presented in Section 3.3 and 3.4.

3.1. General overview about equations

All formulas presented here result from the derivations given
in Section 3.2. In terms of the coordinates X :=&ex and T := &t, the
NLS is given by

iy + cgwy) = viryx + 8l Py, (12)
whereby v=e2, S=elwok?, and ¢, =2X. In addition
8k2° 2%0% 8 T 2k " ’

w =w(X,T) € C describes the wave envelope of the oscillations
of a carrier wave with wave frequency w,, wave number &, and group
velocity c,,. Here, w and k, are linked by the linear dispersion relation
in deep water, i.e. 0} = gky.

The NLS yields the complex wave envelope y, from which the sea
surface displacement #5(x,7) of the corresponding water waves can be
computed by, see Section 3.2,

3

n(x,t) = Re{swE + %£2k0W2E2+63 [§k3w3E3 - %iy/u/XE2

+ %‘;% (H(|y/|2)>] }+O(e4).

Here, it is E = eko¥~®0") and H denotes the Hilbert transform, which is
applied with respect to the coordinate X.

Having computed the wave envelope y solving the NLS (12), the
velocity potential ¢ of the corresponding water waves follows as, see
Section 3.2,

. 2 . .

iEwy . €7 3f tkowy ~  3iwg oz

¢(x,z,t):Re{[— v+ yy+e| —C+ —vy Ee"0
ko w2 8 gk X

(13)

+262¢y + 263, }+O(£4).
14)

Eq. (14) is the corrected version of the formula from Carter et al. (2020),
whereby #(X, Z,T) 1= yw(X —iZ,T),C := |y|?y, C(X,Z,T) 1= C(X —
iZ,T), and Z :=e¢z, see (Hollm et al, 2024). Furthermore, ¢, =
¢o(X,Z,T) and ¢, = ¢,(X, Z, T) are velocity potentials representing a
mean flow of the water waves. Using the Fourier transform F and its
inverse 7~!, which are applied with respect to the coordinate X, the
velocity potential ¢, is given by

Re{zqso }: Bo+ G =T (%ia}o sgn(k)F(lwlz)eWZ), (15)
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whereby QES denotes the complex conjugate of ¢,. As is shown
in Section 4, the velocity potential ¢, is not needed for the computa-
tional method formulated in this work to calculate the FSI. Therefore,
¢, is not further specified here.

3.2. Derivation of the NLS

To understand how the theory of the NLS is related to the wave the-
ory presented in Section 2.2, the derivation of the NLS is shortly out-
lined. The derivation is based on (Dysthe, 1979; Mei, 1983; Carter et al.,
2020). Only deep water waves are considered in the following, which
propagate in the x-direction.

The nonlinear governing equations of fluid motion are given by
Eq. (1). When approximating Eq. (1) in Section 2.2, it has been first
used that the two BCs (1b) and (1c) at the free sea surface at z =  can
be combined to one single BC at z = 5. Considering deep water waves
and using the combined BC at z =  together with the Eqs. (1a), (1c),
and (1d), the governing equations of fluid motion from Eq. (1) result in

Vip =, + ¢, =0, forz < n(x,1), (16a)
b+ gb. + 2V - Vb, + %qu “V(V$- V) = 0, for z = n(x, 1), (16b)
b+ 3V Vot gn =0, forz = n(x.0) (16c)
¢, — 0, forz - —c0. (16d)

In the next step, Taylor series expansions are used to expand the
BCs (16b) and (16¢) from z = n(x, ) to z = 0. Looking only at the terms
up to third order in the product of ¢, 5, and their derivatives, the ex-
panded equations at z = 0 become

] 1, 0%
i+ 8b:+n—- [ +gd.] +2Ve - Vo, + 5:123 [#: + g9

+ n% [2Ve - Vo, | + %v¢ “V(V¢ - V) =0, (17a)

- lyg. L I [lgg.
1=+ ndi+ 3V Vo + S b St [SVE- VY[ a7h)

oz
These equations have also been presented, for example, in (Mei, 1983).
Following (Dysthe, 1979; Carter et al., 2020), generalized Stokes per-
turbation expansions of the form

BCx,z,1) = 2+ e A, k0 4 2 4,02 (koz49) oy ce, (18a)

n(x,t) = 63;7 +eBel? + eszezm + E333e3i‘9 + -+ c.C. (18b)

are used. Here, it is 9 = kyx — wyt, € = koA, represents the steepness of
the carrier wave with wave number &, and a typical wave amplitude A,
and c.c. represents the complex conjugate. Finally, as it is described by
Carter et al. (2020), it is assumed

¢=dX,Z,T)=do(X,Z,T) + (X, Z,T) + €*¢p(X, Z,T) + ...,

(19a)
A =A(X,Z.T)=A;(X,Z.T)+¢4A; (X, Z,T)
+e24,(X,Z,T)+ ..., forj=1,2,3,..., (19b)
=X, T)=y(X,T) + & (X, T) + (X, T) + ..., (190)
B = B(X,T), (19d)
B, =B;(X,Z,T)=Bjy(X,Z,T)+&B;;(X,Z,T)
+&8Bjy(X,Z, T)+ ..., forj=234, .. (19)

The expressions from Egs. (18) and (19) are substituted into the
Laplace Eq. (16a) and the BCs (17a) and (17b) at z = 0. This yields terms
of various orders in £ and e%0?+¥ which are analyzed separately. The re-
sulting PDEs and BCs at z = 0 for the unknowns A;; and ¢;, which appear
in Eq. (19) up to the order O(e?), are formulated in Appendix B. Also,
the corresponding solutions for all A ks Bjks ¢ s and 7 s which appear in
Eq. (19) up to the order O(e?), are given in Appendix B in terms of B.
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It remains to calculate the function B. For this, the solutions for A;;
and ¢, given in Appendix B are substituted into Eq. (18a). Substituting
the resulting expression for the velocity potential ¢ into BC (3) and then
considering only the terms up to order O(e?), it is found that B has to
satisfy

i52<BT + %BX> = 53(:’7%3“ + Zwok(z)BlBlz). (20)
After solving Eq. (20), the corresponding velocity potential ¢ and
sea surface displacement # can be calculated by substituting the
Egs. (B.2)-(B.5) into Eq. (18).

The resulting expressions for # and ¢ can sightly be simplified by
substituting w(X,T) = 2B(X,T). In this way, the NLS (12) is obtained
by substituting w(X,T) = 2B(X,T) into Eq. (20). The resulting formulas
for the sea surface displacement # and velocity potential ¢ are given by
Eq. (13) and Eq. (14), respectively.

It has to be noted that only the terms from Eq. (18) up to the or-
der O(¢3) have been considered and calculated in this section. Also the
nonlinear BC (3) at z = 0 has been approximated accurately up to the
order O(¢3). Terms of order O(e*) and higher have been neglected in
this section. Therefore, the NLS is accurate to the third order in the
wave steepness ¢. This has also been stated, for example, in (Shemer
and Dorfman, 2008).

3.3. Analytical solutions of the NLS

In contrast to the nonlinear governing equations of fluid motion from
Eq. (1), several analytical solutions of the NLS (12) are well-known
and closed-form expressions are available, see e.g. (Peregrine, 1983; Os-
borne, 2010; Slunyaev et al., 2013; Carter et al., 2020) and the refer-
ences therein. In the following, two of these solutions are presented and
discussed. In later sections, these solutions are used to compute the FSI
between nonlinear water waves and mechanical structures.

3.3.1. Plane-wave solution
The plane-wave solution of the NLS with constant amplitude y;, € R
is given by

w(X,T)= y/()e_is"'gT, (21)

see e.g. (Carter et al.,, 2020). This solution of the NLS can be used
present regular water waves. Substituting y from Eq. (21) into Eqs. (13)
and (14), it is found that the corresponding sea surface displacement 5
and velocity potential ¢ oscillate in time with the wave frequency wy;s,
which is given by

1 2
s = (@01 + 323ud) ) = kog(1 +2k3u) +O(e*) (22)

with wé = kyg. This shows that the NLS recovers the nonlinear disper-
sion relation, in which the wave frequency depends on the amplitude
A = ey of the corresponding water waves.

3.3.2. Peregrine breather solution

One important analytical solution of the NLS (12) has been found by
Peregrine (1983) and is known as the Peregrine breather solution. It is
given by

4v(1 - 2i6y>T .
w(X,T) = Wo ( 0 ) -1 e—lél{/zT.

v[1+ (2002T)*] + 2602 (X = T - X,)?

(23)
Fig. 2a shows the amplitude |y | of the Peregrine breather solution for
wo=15mky=05m™!, e =0.1,and X; = cgee - 200s = 44.29 m. The spa-

tial shift X is chosen so that the Peregrine breather solution reaches its
peak value for 7 = —200's at x = 0 m, see Fig. 2a. Fig. 2b shows the corre-
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sponding sea surface displacement 7 = Re{ey E} at x = X /e =4429m,
where the Peregrine breather solution reaches its maximum peak ampli-
tude over time. For better illustration, the position x = 442.9 m is marked
in Fig. 2a.

In Figs. 2a and 2b, it is shown that the Peregrine breather solution
is localized both in time and space. Being doubly localized, the Pere-
grine breather solution describes a unique wave event in which large
amplitude waves seem to come out of nowhere and disappear without
a trace (Chabchoub et al., 2012). In different studies, it has been con-
jectured that the Peregrine is a prototype of rogue waves in the ocean,
see e.g. (Dysthe and Trulsen, 1999; Shrira and Geogjaev, 2010; Dostal
et al., 2020).

3.4. Perturbation of solutions of the NLS

In contrast to the water waves that correspond to the presented an-
alytical solutions of the NLS, real water waves are irregular. In this sec-
tion, an approach is presented that enables the computation of irregular
sea states using the NLS by perturbing analytical solutions of the NLS.
This makes it possible to describe a method in the next section that
employs the NLS to compute the FSI between a structure and random
nonlinear water waves.

The idea of the approach presented in this section is to consider the
wave envelope y of an analytical solution of the NLS (12) at some time-
point T;, and to perturb the value of w(X, T)) using an irregular sea sur-
face. Using this perturbed value of w(X, T})) as initial condition, the cor-
responding temporal behavior of the perturbed wave envelope can be
computed by solving the NLS (12) numerically over time. Note that so-
lutions y of the NLS (12) can be computed numerically very efficiently
employing, for example, the relaxation pseudo-spectral (ReSP) scheme
used in (Antoine and Duboscq, 2015; Hollm et al., 2024).

Let nc(x,7) be the sea surface displacement of a long-crested
random water wave, which can be computed using Eq. (11) with
0, =0 for m=1,..., M. With that, a perturbed initial condition, which
is based on some analytical solution y of the NLS (12), is given
by

nc(x(X),0)
[wo(X)]

whereby y(X) = w(X,T,). This approach for computing an perturbed
initial condition yg perryrp has originally been presented in (Hollm et al.,
2021, 2022a). Using the approach from Eq. (24), the amplitude of y(X)
is perturbed by #;c(x(X), 0).

Fig. 3 illustrates the effect of an irregular perturbation on a Pere-
grine breather solution using Eq. (24). It can be seen that the used sea
surface displacement #; can be found directly in the amplitude of the
perturbed initial condition yg perturp-

Wo,perturb(X) = (1 + >1//0(X), with x(X) = X /e, 24)

4. Computation of the FSI using the NLS

In this section, it is developed how the NLS can be used to com-
pute the FSI between a structure and nonlinear water waves. Further-
more, the corresponding order of accuracy of the proposed computa-
tional method to calculate the FSI is analyzed.

In Section 2.3, it is shown that the computation of the nonlinear
FSI includes the computation of the incident velocity potential ¢, and
the velocity potential corresponding to the body disturbance ¢g. Hav-
ing the solution y of the NLS (12), the corresponding incident velocity
potential ¢, can be computed using Eq. (14). Comparing the Stokes’
expansion from Eq. (4a) with the velocity potential from Eq. (14), it
can be seen that the first three incident velocity potentials qﬁg), i=1,2,3,
corresponding to the NLS are given by

o (x, 2.0 = Re{ - IZJ—OVN/EekOZ } (25a)

0
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Fig. 2. (a): Amplitude of wave envelope y of the Peregrine breather solution. (b): Corresponding sea surface displacement 7 = Re{ey E}.
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Fig. 3. (a): Example of a random water wave generated using a Pierson-Moskowitz spectrum with peak frequency @, = 0.25rad/s and significant wave height
H, = 1 m. (b): Peregrine breather solution with parameters k, = 0.5m™!, y,, = 1.5m, € = 0.1 at time T, = —20 s with and without the irregular perturbation illustrated

in (a).

¢P(x, z.1) = Re{ 20 G Eebo® 42, } (25b)
243
ikgwy ~ 3 _
¢P(x,z.0 = Re{ ( %wo C+ %F/XX)Ee"Oz +26, } (25¢0)
0
For the computation of w(X,Z,T)=w(X -iZ,T) and

C(X,Z,T)=C(X —iZ,T), it has to be noted that v and C are
unknown at the location X —iZ if no analytical expression for y is
given. This is the general case, for example, when the perturbation
approach presented in Section 3.4 is used to calculate irregular sea
states. However,  can be determined by solving the complex transport
equation

(26a)

v, =—ipy, for Z <0,
7 (26b)

=y, for Z =0.

An analog complex transport equation can be solved to compute C.
In summary, after solving the NLS (12) f_or the wave envelope y,
the first three incident velocity potentials q.')g) can be computed using

Eq. (25). Afterward, the body disturbance velocity potentials q’)g) can be
calculated numerically solving the PDEs and BCs summarized in Fig. 1.
Compared to the Stokes waves introduced in Section 2.4, the NLS-based
method for the computation of the velocity potentials ¢g) avoids the
explicit computation of nonlinear wave-wave interactions, as nonlinear
wave effects are considered directly when solving the NLS. This signif-
icantly reduces the computational effort. Thus, the NLS approach pro-
vides a more efficient framework for calculating the nonlinear velocity
potentials qbg) relevant to the FSI analysis than the approach presented
in Section 2.4.

In the following, several remarks are made about the incident veloc-
ity potentials ¢g) from Eq. (25) and the computation of the correspond-
ing FSL

4.1. Mean velocity potential ¢,

In this section, it is explained why the mean velocity potential ¢,
from Eq. (14) is not needed in the formulation of the FSI considered in

this work. The nonlinear FSI is computed using the method presented
in Section 2.3 and Fig. 1. Going through the equations summarized
in Fig. 1, it can be observed that the incident velocity potentials ¢g)
appear in these equations only in combination with derivatives with
respect to x, z, and 7. However, the mean potential ¢, depends only
onT =et, X = ex, and Z = ez. At this point, it holds

qgl,t = 5<I§1,T, <131,x = 6431,)(’ 51,z = 6<151,z~

Since ¢, is of order O(e?), the derivatives ¢, ;, ¢, ,, and @,  are of order
O(e*). Therefore, considering ¢, only affects the nonlinear FSI of order
O(¢*). However, as has been shown in Section 3.2, the NLS models water
waves accurately up to the order O(e?). Thus, the maximal achievable
order of accuracy in the computation of the FSI with nonlinear water
waves using the NLS is O(e?). As ¢, only affects the nonlinear FSI of
order O(¢*), ¢, is not specified here and will not be considered in the
further course of this work.

27)

4.2. Boundary condition at z = —h

In the formulation of the NLS, only deep water waves are considered.
Consequently, the value of ¢, , vanishes only for z - —co, see Eq. (16d).
In contrast, in the fundamental equations for the computation of the
FSI presented in Fig. 1, it is assumed that the value of ¢g,)z vanishes at

z = —h. Since the incident velocity potentials ¢g) corresponding to the
NLS do not satisfy this BC for any s < oo, their use introduces errors
in the computation of the FSI. However, due to the exponential depen-
dence of the incident velocity potentials qbg) in z, see Eq. (25), this error
becomes small for a large water depth h. Therefore, when computing
the FSI using the NLS, the water depth h is always chosen to satisfy the

deep water condition, i.e. A > %ﬂ = L, where 4 is the wave length of

ko’
the incoming water waves.

4.3. Boundary condition at z = 0

The next remark refers to the BC at the still water surface, which is
located at z = 0. The corresponding BC is given in Eq. (8d) and has to
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be satisfied by ¢g), i =1,2,3. Substituting the velocity potentials d)él),
¢, and ¢ from Eq. (25) into the BC (8d) at z = 0 yields

e(d, +84)))) = 0, 28a)
(0, + 4. - FO))) = 0eh), (28b)
& (40 + ) - FOG 45)) = 0E, (280)

Therefore the incident velocity potentials d)él), ¢(()2), and d)g’) from
Eq. (25) do not exactly satisfy the BC (8d). This is the result of
a simplification that has been used in the derivation of BC (8d).
The BC (8d) has been derived by substituting the velocity potential
¢ =edpD + 2@ 4+ 393 + O(e*) into the nonlinear BC (3) at z=0.
Then it has been used that the resulting Eq. (5) holds if each term mul-
tiplied by €', i = 1,2,3, ..., vanishes by itself. In contrast, however, the
NLS has been derived by substituting the generalized Stokes perturba-
tion expansion of ¢ from Eq. (18a) into the BC (3). Therefore, the inci-
dent velocity potential ¢, = ed)f)l) + 62¢E)2) + e3¢53) satisfies the BC (3) up
to an error of order O(¢*). In other words, the incident velocity poten-
tials of the NLS do not fulfill all terms multiplied by &' separately, but
the sum of all terms multiplied by the different exponents ¢/, yielding
e(#ha+8052) + (04, + 202 = FO)) 09

29
+ & (o), + 205~ FO@ 40 = 0.

In summary, the velocity potential ¢, = eq')(()l) + 524582) + 53(1553) satis-
fies the BC (3) up to an error of order O(¢*) and thus up to an accu-
racy of order O(e?). On the other side, the individual incident velocity
potentials ng) from Eq. (25) do not satisfy the BC (8d) up to an er-
ror of order O(e*), see Eq. (28). However, using the method presented
in Section 2.3 and Fig. 1 to compute the FSI, a corresponding accuracy
of order O(¢?) can only be obtained if the incident velocity potentials qf)g)
satisfy the BC (8d). Therefore, if the nonlinear FSI is computed for waves
corresponding to the NLS, an accuracy of order O(e3) cannot be obtained
using the method presented in Section 2.3 and Fig. 1.

However, considering Eq. (28), it can be seen that all incident ve-
locity potentials qf)g) from Eq. (25) satisfy the BC (8d) up to an error of
order O(e?) and thus up to an accuracy of order O(¢?). Using the method
presented in Section 2.3 and Fig. 1, this shows that it is possible to com-
pute the nonlinear FSI between nonlinear water waves corresponding to
the NLS and a mechanical structure if a modeling error of order O(?) is
accepted.

It has to be noted that the incident velocity potential ¢(01) satisfies the
first-order BC (28a) only up to an error of order O(e3). This means that
using the incident velocity potential ¢E)3) does not increase the order
of accuracy any further. Therefore, it is sufficient to use the incident
velocity potentials q.’;é” and ¢(()2) of the NLS to compute the nonlinear FSI
up to a modeling error of order O(¢?), i.e. an accuracy of order O(?).

Summary of the computation of the nonlinear FSI using the NLS

Using the NLS, the corresponding nonlinear FSI can be computed up
to an error of order O(¢?). Here, the total velocity potential ¢ = ¢ + ¢p
is calculated considering its first- and second-order components, i. e.
b=y +dp = (@) + Iy + 2@ + ). (30)
The incident velocity potentials qbgl) and ¢f)2) are given in Eq. (25). The
velocity potentials ¢g) and ¢§) corresponding to the body disturbance
can be calculated using the equations summarized in Fig. 1. As d;g) and
¢g) depend on the geometry of the considered mechanical structure,
they can generally only computed numerically. In the next section, a
numerical scheme is sketched to compute q.')g) and ¢§) numerically. After
computing the velocity potential ¢ = ¢, + ¢, the hydrodynamic forces
acting on a floating structure and the resulting motion of the structure
can be calculated.
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It has to be noted that the incident velocity potentials ¢él) and q‘)éz)
are calculated using the wave envelope y, which satisfies the NLS (12).
Since the NLS is accurate to the third order in the wave steepness, the
NLS also accounts for corresponding nonlinear wave effects. For exam-
ple, the NLS recovers the nonlinear dispersion relation, see Section 3.3.1.
Therefore, the NLS can be used to compute the dynamics of the incident
nonlinear water waves with a modeling error of order O(¢*). However,
as shown, the corresponding nonlinear FSI is computed with a modeling
error of order O(e3).

Two different approaches for calculating the incident velocity poten-
tials q&g) have been discussed so far: the first approach is based on Stokes
waves, see Section 2.4, the second approach is based on the NLS (12).
Both approaches have different advantages and disadvantages. Table 1
lists the PDEs and BCs that are satisfied by the corresponding inci-
dent velocity potentials qﬁg), and summarizes the properties of both ap-
proaches. Again, it is presented that the computational method, which
uses the NLS, computes the corresponding FSI accurately only up to a
modeling error of order O(¢?). However, advantages of the NLS-based
approach include an efficient computation of incident velocity poten-
tials d)f)l) and dnf), as the NLS has several known analytical solutions
and can be numerically solved very efficiently using, for example, the
ReSP scheme used in (Antoine and Duboscq, 2015; Hollm et al., 2024).
Moreover, nonlinear wave-wave interactions are inherently accounted
for by the NLS. This is not the case for the approach using Stokes waves,
where nonlinear wave-wave interactions must be explicitly calculated
to consider random nonlinear water waves. Thus, the NLS provides a
promising framework for an efficient computation of the nonlinear FSI.
This is especially the case when considering random water waves, which
can be modeled using the NLS with the perturbation approach presented
in Section 3.4.

5. Numerical scheme

In this paper, the advantages and limitations of using the NLS to com-
pute the FSI are investigated. For this purpose, this section presents a nu-
merical scheme to calculate the FSI between nonlinear water waves and
a given mechanical structure. This includes the numerical calculation of
the body disturbance potential ¢, the hydrodynamic forces acting on
the structure, and the resulting motion of the structure. Since cylinder
elements are common constructional parts in offshore structures, this
section presents a numerical scheme to compute the FSI between one
cylindrical floating body (CFB) and water waves. The CFB is used here
as an application example to show the potential of the computational
method presented in Section 4.

5.1. Mechanical structure

Int this section, the CFB is introduced whose dynamics in linear and
nonlinear waves will be studied in the rest of this work. Here, a CFB
is considered, which moves along a guidance in the vertical direction.
This example is taken from point-absorber wave energy converters, see
e.g. (Yeung et al., 2012; Hollm et al., 2022b). Fig. 4 shows a sketch of
the mechanical system in the x — z-plane. The CFB has a radius of R and
a draft of D. The displacement of the CFB against its resting position
is denoted by &. A semicircular bottom is used to prevent numerical
difficulties, which would occur in the numerical discretization of the
water domain around a sharp corner. Here, the sharp corners at the
bottom of the cylinder are replaced by a spherical segment of radius Rg.

5.2. Computational domain and absorbing boundary conditions

In the following, the computational domain is specified, for which
the velocity potential ¢y corresponding to the body disturbance of the
CFB is computed numerically. Since the CFB shown in Fig. 4 is rotation-
ally symmetric, the spatial computational domain is not only considered
in Cartesian coordinates (x, y, z) € R? but also in cylindrical coordinates
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Table 1
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Comparison of the two presented approaches for the computation of the incident velocity potentials ¢g).

Properties Use incident potentials ¢g’) (i = 1,2) of Stokes Use incident potentials q&é,’) (i =1,2) from NLS
waves presented in Section 2.4 using Eq. (25)

V2ol = 0? Fulfilled Fulfilled

(ﬁg)z =0atz=-h? Fulfilled Not fulfilled, error decreases exponentially in 1

¢f]{,), + gq’)flll =0atz=0? Fulfilled Not fulfilled, error of order O(e?)

¢:12,), + g¢hzl =F (d)f)” )at z=0? Fulfilled Not fulfilled, error of order O(&?)

Advantages

Disadvantages

« All PDEs and BCs are exactly fulfilled

« Interactions between water waves have to be
explicitly considered in the irregular case

« Computation of nonlinear wave-wave interac-
tions is very time-consuming

« Nonlinear wave effects from the use of a third-

« Straightforward and efficient computation

« Nonlinear wave-wave interactions are di-
rectly considered

« Nonlinear wave effects from the use of a third-
order wave theory are taken into account

« All PDEs and BCs are only fulfilled up to a
small error

order wave theory are not considered

free sea ! R
surface 'R
|y

Fig. 4. Sketch of the considered CFB.

(r,0,z) € R, x(0,27] X R. Here, R is definedas R, :={x € R | x > 0}.
The origins of the cylindrical and Cartesian coordinate systems are both
located in the geometric center of the CFB at the height of the still water
level, see Fig. 4. The set of all points, which are located inside the CFB
and below the still water line at z = 0, is denoted by Cj. Since the CFB
is moving in vertical direction, the boundary of C; changes in time.

For the numerical computation of the velocity potential ¢, the com-
putational water domain will be bounded in r-direction by some arbi-
trary value R, € R,. Let Q; denote the computational water domain.
Then it holds

Q; :={(r0,2) €R*\C; |0<r<Rp 0<0<2r, -h<z<0}. (31)

To avoid unphysical wave reflections at the artificial outer boundary
r = Rq, absorbing BCs are implemented via the sponge layer method,
which has been used, for example, in (Biichmann et al., 1998; Skourup
et al., 2000; Shao and Faltinsen, 2013). Artificial damping is introduced
by adding dissipative terms in the BC at z = 0 in a limited zone that is
far away from the considered structure. The nature of the dissipative
terms, which are added to the BC at z = 0, is arbitrary. In this work, the
dissipative terms depend on the sea surface displacement 5 and veloc-
ity potential ¢, respectively. They are introduced by reformulating the
BCs (1b) and (1c¢) to

for R<r < Rq, z=rn(x,y,1),
(32a)

N+ Gyl + Py, + p(x, y)n = ¢,

for R<r<Rg, z=n(x,y0).
(32b)

B+ 3V Vb gn+ u(x 0 =0,

A similar approach for introducing the dissipative terms has been used
several times in literature, see e.g. (Biichmann et al., 1998; Skourup
et al., 2000; Shao and Faltinsen, 2013).

Starting with Eq. (32) and following the same procedure as has been
presented in Section 2.2 and Section 2.3, it is found that the velocity
potentials ¢g) and ¢;32) can be computed in the presence of the damping
u by solving

Vel =0, in O, (332)
Vq&g) ‘n= —Vd)g) ‘n+u?”.n, on JC;, (33b)
¢ng =0, on 0Q;n{z=—h}),  (33c)
b + 8By + 20y, + iy = GG py)) on 9@ N {z =0},
(33d)
VoY -n=0, on 0Q;N{r=Rg},  (33€)
whereby GV =0, G? = Fr(¢" + ¢y)) — F#(¢\)"), and
FrpM) = —2vgD . v — %ﬂv¢<1) VO — oD (VgD - V)
34

1 d
420 + a0 () + 80+ 200 + 1200,

Furthermore, Q, denotes the interior of the set Q,, 0Q; the boundary
of Q;, and dC; the boundary of C;. Note that reflecting Neumann BCs
are assumed at r = Rg. In this way, water waves lose energy if they pass
through the damping zone on their way out of the domain and then,
for the part that is reflected at r = Rg, on their way back. For y =0,
Egs. (33a)-(33d) reduce to the same equations as summarized in Fig. 1.

Note that the damping u is only active in a damping zone far away
from the structure. In this work, the same value for y is used as in (Shao
and Faltinsen, 2013). This damping is given in terms of the cylindrical
coordinate r by

0, for0 <r<R;,

- - SR\ R \2
M) = gn0sxio) [—2(7’*) +3(5%) ] for R; < r < Rg.

2wL L
(35

Here, R, is the radius of an inner layer, where no damping is considered.
Furthermore, w is the wave frequency of the incoming water waves.
In (Shao and Faltinsen, 2013), the length L = R, — R; of the damping
zone has been chosen to be twice as large as the wavelength of the
incoming waves.
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5.3. Transformation of governing equations

Before a numerical scheme to solve Eq. (33) is presented, it is
shown how the computational effort can be reduced by transforming
Eq. (33) from one three-dimensional problem to multiple uncoupled
two-dimensional problems. This is done in three steps.

5.3.1. Step 1: Transformation to the resting position

Since the CFB is moving, the domains C; and Q; change in time. In
order to simplify the study, the resting position of the CFB is considered
in the numerical computation of q.’:g) for the whole computation time. Let
C; be the domain C; for the case that the CFB is located at its resting
position. When the CFB is considered in its resting position, the corre-
sponding BC (33b) at the surface of the CFB has to be transformed from
dC; to dC;. This is done by following the method presented in (Ogilvie,
1983). It is found that the resulting BC at dC; is given by

Vol n=-Vo) n+u® . n+ VOl 60 D), on oCs. (36)
h M — @ _ 19 M, (D
whereby VY =0, and V¥ = —¢ a—V(qBO +¢y) N
Z

Here, it is assumed that the displacement ¢ of the CFB in the
vertical direction can be expanded in a similar perturbation expan-
sion as has been presented in Eq. (4) for the velocity potential ¢, i.e.
& =W 4+ £26@ 4 O(e?). It should be noted that the change from aC; to
dC; also changes the computational water domain in Eq. (33) from Q;
to

Qi :={(rn0,2) ER’\C; |0<r<Ry, 0<0<27,-h<z<0}. (37)
5.3.2. Step 2: Consideration of equations in cylindrical coordinates

In the second step, the Egs. (33) and (36) are considered in cylindri_-
cal coordinates. This is done by considering the velocity potentials qf)g)
and ¢g) in cylindrical coordinates (r, 8, z). When considering the BC (36)
in cylindrical coordinates, it has to be noted that a normal vector n
pointing out of the fluid and inside the rotationally symmetric floating
body has, in cylindrical coordinates, the form

r

n
n=|0| withn <0,n* >0, and \/(n")? + (n*)* = 1. (38)
nZ

5.3.3. Step 3: Application of Fourier transform
Finally, in step 3, the velocity potential ¢;)(r, 0, z,1) is approximated
by a Fourier series expansion. Since q.';g) is periodic in 0, it can be ap-

proximated by a truncated Fourier series of the form

Np/2-1
by (0. z0= Y by (rzne". (39)
m=—Ng/2 ’
Here, the complex Fourier coefficients dA;g)m are given by
| Nt
(D) _ (i) —imb);
Ponr 20 = ;0 B (r.0;, 2,07, (40)

whereby 6; = 2jz/Ng and Np is the number of grid points along a circle.
Substituting Eq. (39) into the corresponding equations for qbg) derived

in step 2 shows that the Fourier coefficients zi)\g)m, m= —ﬁ, e % -1,
have to satisfy
D) 2
i) Bmr —m” Ni) | M) _ PpS
¢B,m.rr + r - r_2¢Bm + ¢B.m,zz - 0’ n 92’ (413)
q/gg,)m,rnr + Ag,)m,znZ == /\(()[,)m,r"lr_(;5(0[,)%1”Z + M(Si)nz Tm + ﬁrr(zi)’ on 062’
(41b)
Y =0, onoQ,n{z=-h} (41¢)
Bmz — 2 - ’
) ) . ) N s _
By 8Dy 20 By =G, ondaQyn{z=0), (41d)
dy =0, onoQ,n{r=Rg}. (41e)
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Here, the sets Q, and C, are defined by
Q) :={(r,2) €R? | (r,0,2) € Q3,0 < 0 <2x}, and
G, :={(r.z2) €R?|(r,0,2) € C;, 0 < 0 < 27).

(42a)
(42b)

Furthermore, the respective m-th Fourier coefficient of the incident ve-
locity potential $0,m and the right-hand side functions G% and V" is
defined similarly to Eq. (39). Furthermore, Tm is the m-th Fourier coef-
ficient of the constant function f(r,0,z) = 1.

In this way, the calculation of the velocity potentials qbg) in a three-
dimensional spatial domain has been replaced by Ng decoupled two-
dimensional problems in which the corresponding Fourier coefficients
qgg?m are calculated.

5.4. Numerical computation of the body disturbance velocity potential ¢p

In order to compute the Fourier coefficients q/S\gL and &;g)m, Eq. (41)
is solved using a finite difference scheme. The corresponding temporal
and spatial grids as well as the used finite difference discretizations of
Eq. (41) are given in Appendix C.

After computing the Fourier -coefficients
m=_Ne Ne _

Ees

calculated using Eq. (39). Adding ¢g) and qﬁg) to the incident velocity
potentials ¢E)1) and q&g) yields the velocity potentials ¢V and ¢, which
are the Stokes components of the total velocity potential ¢, see Eq. (9).
With ¢, ¢@®, and ¢, the velocity potentials are determined that
correspond to the water waves, which are disturbed by the presence

and motion of the CFB.

(1) ~2)
¢B,m and B,m’

, the velocity potentials qﬁg) and d:;z) can be

5.5. Hydrodynamic forces and equation of motion

In the following, formulas for the hydrodynamic forces acting on
the CFB and the resulting motion of the CFB are presented. The acting
hydrodynamic torques are not considered here, as the CFB shown in
Fig. 4 can only perform translational motion in the vertical direction.

The hydrodynamic forces acting on a general mechanical structure
are calculated by integrating the hydrodynamic pressure p over the wet-
ted surface Sy of the structure. Here, the hydrodynamic pressure p can
be computed by means of Bernoulli’s equation, whereby p = p(¢) de-
pends on the velocity potential ¢ = ¢, + ¢. Based on the Stokes expan-
sion ¢ = eV + £2¢®, the hydrodynamic forces acting on the CFB are
given by

F= // pndS = FO 4+ ¢lFD 4 £2F? 4 0(?), (43)
Sp
with
FO =—//pgznds, Fh =—//p¢§”nd5,
0Cs aCs (44)
F(2)=—//<p¢§2)+p%V¢“)~V¢('))nd5+/%Pg('l(]))zndc,
0Cs Co

see e.g. (Eatock Taylor and Hung, 1987). Recall that dC; denotes the
surface of the part of the CFB, which is located below the still water
line at z = 0. Furthermore, p denotes the water density and C the cross-
section of 0C; and z = 0.

Note that all surface integrands appearing in Eq. (43) are integrated
over the surface 0C;, which changes in time with the moving CFB. How-
ever, the velocity potentials ¢g) have only been computed for the CFB
in its resting position, see Section 5.3.1. To compute the forces F") and
F®, the corresponding integrals are therefore transformed from 9C; to
dC; using the formulas and results presented in (Ogilvie, 1983). For the
CFB considered in this work, which can perform translational motion
in the vertical direction with displacement & = £ £1) + £26@ 4 O(£?), the
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forces F and F® become

F» =_//p¢f”ndS,

oCs
1
FO = // (pqajz) +o5 V! VD + e ¢§;>>n ds 45)
o
+ [ Log(n0 - eM)’ndc
Spe(n —¢& ) ndc.
[

Since F does not depend on any velocity potential, it is possible to
directly compute F® without any transformation of the corresponding
integral.

After calculating the nonlinear hydrodynamic forces acting on the
CFB by numerical integration, the equation of motion of the CFB can be
formulated. Let the respective component of the force F in the x-, y-,
and z-direction be denoted by F, Fz(i), and F, respectively, i.e. F? =
[F(’), FZ(i), FS([)]T. Following Hollm and Seifried (2023), the corresponding
equations of motion for &) and ¢@ are given by

m5(1)+dé(])+pgﬂ'R2§<l) =F3(l), mf(2)+dé(2)+pgnR2§<2) =F3(2). (46)

Here, m is the combined mass of the CFB and the guidance. Further-
more, d is a constant that accounts for the total velocity-dependent
damping force from mechanical friction effects and viscous damping
in the z-direction (Hollm et al., 2022b). In this work, Eq. (46) is al-
ways solved using the fourth-order Adams-Bashforth-Moulton predictor-
corrector scheme. After computing £é1) and £@, the total displacement
¢ of the CFB can be computed.

Note that this section has presented a numerical scheme to compute
the FSI with a CFB, which can only perform translational vertical mo-
tion. However, the presented numerical scheme can also be extended to
structures that can perform general three-dimensional motion by modi-
fying the Egs. (36), (45), and (46) accordingly. As the advantages and
limitations of using the NLS to calculate the FSI between mechanical
structures and random nonlinear water waves are discussed in this work,
the considered CFB is used as an application example in the following.

6. Validation of numerical results

In the previous section, a numerical scheme to compute the velocity
potentials q&g), hydrodynamic forces F) acting on the considered CFB,
and the resulting displacements @ of the CFB, i = 1,2, has been pre-
sented. In this section, the numerical solution of the resulting FSI sim-
ulation is validated by comparing the corresponding results with those
presented in literature.

6.1. Validation of first-order terms

The considered CFB starts to move from its resting position, but only
steady-state results are considered. The used system and damping pa-
rameters of the CFB are given by R=1m, Rg=0m, D =1.5m and
d = 3000 %. Furthermore, the corresponding water density and depth

are set to p = 1023 :T% and h =4m.

In the following, the CFB shown in Fig. 4 is excited by regular Stokes
waves of first and second order, where the corresponding velocity po-
tentials are given by Eq. (10) with w =1 %1, A=04m, and y =0.
The respective wavelength 1 is given by A = 36.673 m. Simulations run
for ¢ € [0,505] using the numerical scheme presented in Section 5 with
the step sizes Ar=Az =0.04m and Ar=0.05s. Here, absorbing BCs
are implemented using the damping y from Eq. (35) with R; = 4 and
L =22

The velocity potentials ¢>g), i = 1,2, are computed using Fourier se-
ries expansions with Np = 16 Fourier coefficients. Further investigations
have shown that larger values for Np do not change the numerical re-
sults significantly for the considered system parameters.
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Fig. 5a-b presents the hydrodynamic forces acting on the CFB in the
x- and z-direction. The corresponding displacement of the CFB is shown
in Fig. 5c. Here, the first- and second-order components of the forces
and displacement are presented. Also the total results up to second order
are shown. To present these results in a better way, Fig. 6 shows snap-
shots that illustrate the motions of the incoming regular water waves
and the CFB at four different timepoints over a single wave-cycle. The
corresponding results following from the use of a linear and nonlinear
FSI are presented, respectively. Here, the presented incoming regular
water waves are given by 5 = en(!) = Acos(kx — ot) in the linear and
n =enD + €24y in the nonlinear case. The position of the CFB is pre-
sented with displacement & = ££(D in the linear and ¢ = e£0) + £26® in
the nonlinear case.

Considering Fig. 5, it can be seen that all first-order components os-
cillate in time with frequency w, while the second-order components
oscillate in time with frequency 2w. This directly follows from the fact
that the first- and second-order incoming velocity potentials qﬁg” and ¢E)2)
from Eq. (10) oscillate in time with frequencies w and 2w, respectively.

Furthermore, it has to be noted that the amplitudes of the second-
order results are relatively large compared to those of the corresponding
first-order results. Therefore, the second-order components of the forces
and displacement and cannot be neglected in the computation of the FSI
for the considered water wave and structure.

In order to validate the numerical results for the first-order compo-
nents of the motion and forces, Fig. 5 also show the corresponding re-
sults obtained using the linear method presented, for example, in (Hollm
et al., 2022b). Here, for regular water waves, the motion of the CFB is
described by

(M + p33)E + (M35 + d)é + pgn R?E = Re{A fe7 V). 47)
The resulting hydrodynamic forces acting on the CFB in
x- and z-direction are given by F, =Re{Afje” )} and
Fy; =Re{Af3e™!} — y3 36 — 43¢, Hydrodynamic forces resulting

from diffraction and radiation effects are considered here. For a
cylindrical body, the hydrodynamic coefficients f), f3, p33, and
433 can be computed semi-analytically using the methods presented
in (Yeung, 1981) and (Garrett, 1971).

It can be seen that the numerical results for the first-order compo-
nents of the motion and hydrodynamic forces, which have been com-
puted using the numerical scheme presented in Section 5 and the linear
method presented in (Hollm et al., 2022b), agree very well with each
other. The relative errors between the corresponding results on force
and displacements are all between 0.1 % and 0.22 %. This validates the
results of the first-order components of the displacement and hydrody-
namic forces.

6.2. Validation of second-order terms

In order to validate the results of the corresponding second-order
components, numerical results are compared with the semi-analytical
results presented in (Kinoshita and Bao, 2000). Here, the authors in-
vestigate the forces acting on a fixed cylinder for different system pa-
rameters and incoming regular Stokes waves. For example, the ampli-
tudes of the second-order hydrodynamic forces 52F1(2) and 52F3(2) are
studied for incoming regular Stokes waves with a varying wave num-
ber k. The results, which are computed using the numerical scheme
presented in Section 5, are shown in Fig. 7. The forces are normalized
according to (Kinoshita and Bao, 2000). A CFB is considered with ra-
dius R = 1m, Rg = 0, and draft D = 4m, which is positioned in water of
depth A = 10m. The amplitude of the incoming regular Stokes waves is
A =0.15m. Fig. 7 also shows the corresponding results presented in (Ki-
noshita and Bao, 2000, Fig. 5). It can be seen that both results agree
very well with each other. Further investigations have shown that also
other results presented in (Kinoshita and Bao, 2000) can be regenerated
very well by the numerical scheme presented in Section 5.



M. Hollm and R. Seifried

Ocean Engineering 343 (2026) 123418

—
782F1(2)

f{-:Fl(l) + z—:zFl(2>
o [j—literature

S
782F3(2)
—eFM | 2p®

o Fy—literature

g —(
0 —e2e®
r et 4 g2
.6 it
30 35 40 45 50 | ° & literature
¢ [s]

Fig. 5. Forces in (a) x-direction and (b) z-direction, which act on the CFB in regular Stokes waves of first and second order. (c) Displacement of the CFB in regular
Stokes waves of first and second order. Furthermore, the corresponding results are shown, which result from the linear method presented, for example, in (Hollm

et al., 2022b).
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Fig. 6. Snapshots of the motions of the incoming regular water waves and the CFB at four different timepoints. The corresponding results following from the use of

a linear and nonlinear FSI are presented, respectively.

Therefore, all numerical results presented in this section, which are
obtained using the method presented in Section 5, are validated by cor-
responding results taken from literature. Further investigations have
also revealed that the numerical approximations for the unknown hy-
drodynamic forces and motion of the CFB are converging with order two
in the spatial and temporal stepsizes Ar, Az, and At, respectively. For
details, see (Hollm, 2025). This finishes the validation of the numerical
scheme presented in Section 5.

7. Dynamics of mechanical structures in nonlinear water waves

After having shown in Section 4 how the NLS can be used to com-
pute the FSI with a mechanical structure, a numerical scheme has been
presented and validated in Sections 5 and 6 to compute FSI results. In
this section, further simulation results for the FSI are presented. Specif-
ically, the FSI between the CFB shown in Fig. 4 and incoming water
waves corresponding to the NLS is analyzed. In all investigations, the

12

CFB starts moving from its resting position. However, only the results
obtained in the steady state are considered. The used system and damp-
ing parameters of the CFB are given by R=1m, Rg=02m, D=1.5m
and d = 3000 1%3. Furthermore, the CFB is moving in salt water with den-

sity p = 1023 %. Only long-crested water waves are considered, which
propagate in the x-direction.

In the following, the FSI between the CFB and water waves corre-
sponding to the plane-wave and Peregrine breather solution of the NLS
is investigated. First, regular water waves are considered in Section 7.1
using the plane-wave solution of the NLS. Corresponding FSI results are
compared with those, where regular waves are described using Stokes
waves. Afterward, the FSI between the CFB and the analytical Peregrine
breather solution of the NLS is investigated in Section 7.2. In Section 7.3,
it is investigated how the FSI results from Section 7.2 change if the Pere-
grine breather solution is initially perturbed by an irregular sea state.
Finally, this section concludes with a discussion of the presented results
in Section 7.4.
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Fig. 7. Amplitudes of the second-order hydrodynamic forces acting in the hor-
izontal and vertical direction against a varying wave number k. The numerical
results are compared with those presented in (Kinoshita and Bao, 2000, Fig. 5).

7.1. Analysis of FSI in regular waves

The plane-wave solution of the NLS (12) is given by Eq. (21) and
can be used to describe regular water waves, which fulfill the nonlinear
dispersion relation, see Section 3.3.1. However, regular water waves can
also be described using Stokes waves, see Section 2.4.

In this section, it is studied whether the use of regular Stokes waves
and the plane-wave solution of the NLS leads to the same results for
the FSI. Here, the incident velocity potentials qﬁf)l) and qﬁf) of the Stokes
waves are computed using Eq. (10). Waves are considered with am-
plitude A = 0.2m, wave number k = 0.5m~! and wavelength 1 = 4z in
a sea with depth 4 = 7m. Using these parameters, the resulting waves
have a steepness of Ak = 0.1. Furthermore, the deep water condition is
fulfilled, i.e. h > %/1 = 2x. The corresponding wave frequency w = oy of
the Stokes waves can be calculated using the linear dispersion relation,
i.e. wy = \/kgtanh(kh) = 2.2127 4.

When considering the plane-wave solution of the NLS, the corre-
sponding wave envelope y is computed using Eq. (21) with y, =2m,
ko =0.5m™!, and £ = 0.1. The corresponding carrier wave frequency w,
is given by w, = =22147 %i. Since A fulfills the deep water con-
dition, it holds tanh(kh) ~ 1 and w, = wy. The corresponding incident
velocity potentials ngl) and q&f)z) of the plane-wave solution of the NLS
are calculated using Eq. (25).

All FSI results presented in this section are computed numerically us-
ing the numerical scheme presented in Section 5 with N = 16 Fourier
modes. Absorbing BCs are implemented using the damping u from
Eq. (35) with R; =4 and L =2A. Corresponding numerical results
for the FSI are calculated using the step sizes Ar = Az =0.04m and

=0.05s.

In the following, the hydrodynamic forces acting on the CFB are in-
vestigated. Fig. 8 presents the forces, which result from the use of Stokes
waves and the waves corresponding to the NLS, respectively. Here, the
first- and second-order component of the force acting in the vertical di-
rection are shown, i. e. sF(l) and st ) The system is considered in its
steady state. To v1suahze the d1fferences in the oscillation periods, the
results for the hydrodynamic forces are shifted in time so that the forces
have a maximum at 7 = 0.

It can be seen that the hydrodynamic forces differ slightly in their
oscillation periods and heights. Compared to the regular Stokes waves,
the use of the NLS results in forces gF( ) and 52F3(2) with higher frequen-
cies. The relative difference between the heights of the first-order force

F;]) is 1.64 %, and for the second-order force 52F3(2), it is 2.95 %.

The difference in the oscillation periods results from the fact the con-
sidered Stokes waves include nonlinear wave effects up to second-order,
while the NLS accounts for third-order nonlinearities. In particular, the
plane-wave solution of the NLS satisfies the nonlinear dispersion rela-
tion from Eq. (22), whereas Stokes waves satisfy the linear dispersion
relation. Consequently, waves corresponding to the plane-wave solution
of the NLS oscillate in time with frequency wy; s > @) & @y, where wy; g
depends on the wave amplitude and is given by Eq. (22).
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Considering the different heights of the forces ngm and ezF(z) it
has to be noted that the amplitude of the hydrodynamic forces actmg
on the CFB are frequency-dependent. However, there is the question
whether the difference in the heights of the forces presented in Fig. 8
only results from the different frequencies of the incoming water waves.
To answer this question, additional Stokes waves with frequency wy;g
have been analyzed. When these Stokes waves are considered, the rela-
tive difference between the heights of hydrodynamic forces F; D reduces

from 1.64 % to 0.38 %, and for the second-order force &2 Fiz) it reduces
from 2.95 % to 0.23 %. These differences can be even further reduced by
increasing the water depth 4. Recall that the NLS is only valid for 2 — co.
Additional simulations have shown that increasing the water depth from
h=7m to h = 10m reduces the difference between the heights of the
forces eF( ) from 0.38 % to 0.04 %. For 62F(2) the relative difference is
reduced from 0.23 % to 0.01 %.

Therefore, it has been shown that the slightly different behaviors
of the hydrodynamic forces presented in Fig. 4 arise from the different
frequencies of the incoming water waves and the use of a too small water
depth 4. It follows that the use of the plane-wave solution of the NLS
and regular Stokes waves yields equivalent FSI results. This validates the
use of the NLS and the corresponding computational method presented
in Section 4 for the calculation of the FSI with regular water waves in
deep water.

7.2. Interaction with the analytical Peregrine breather solution

Next, the FSI between the CFB and water waves corresponding on
the Peregrine breather solution of the NLS is studied. The wave envelope
y of the Peregrine breather solution is calculated using Eq. (23) with
parameters ky = 0.5m™!, y, = 1.5m, £ = 0.1, and X, = 44.29 m. Fig. 2
shows the corresponding amplitude |y | of the analytical solution.

The corresponding FSI results are computed numerically in water of
depth A = 7m over the time interval + € [-2005s, 200s]. The same damp-
ing u, domain Q, and step sizes Ar, Az, and At as in Section 7.1 are used.
Moreover, the CFB is positioned at x = X /e = 442.94 m. In this way, the
peak amplitude waves of the Peregrine breather solution reach the CFB
atr=0s.

Fig. 9a shows the sea surface displacements 511 ) and &2n (2) of the
incoming water waves of first- and second-order. These are the waves
that would be measured in the absence of the CFB at the location of the
center of the CFB. Given the incident velocity potentials ¢(1) and ¢(2)
from Eq. (25), n(l) and n(z) are calculated using Eq. (A.2a). The values of

mc
end - and €2n® are shown to better understand the corresponding results

for the hydrorgynamic forces acting on the CFB and the displacement of
the CFB.

The corresponding first- and second-order components of the hydro-
dynamic forces acting on the CFB in the horizontal and vertical direc-
tions, F](i) and F3(i), i = 1,2, are presented in Figs. 9b and 9c. These forces
are computed using the velocity potentials ¢ = q&g) + qbg) and Eq. (45).
Finally, Fig. 9d shows the resulting first- and second-order components
of the displacement of the CFB. For better illustration, all quantities
shown in Fig. 9 are scaled by the values #, =0.15m, F|,=4370N,
F;)=1984N, and & =0.19m. These values are chosen so that the
respective scaled first-order quantities eV /n,, eFl(” /Fio, EF;I) /Fs0,
and £ /&, have an amplitude of one for t — 50s.

Note that the CFB can only move in the vertical direction. Thus, the
horizontal forces 6F1(1) and &2 F](Z) do not affect the motion of the CFB.
Nevertheless, these forces are shown in Fig. 9 to investigate the loads
that the CFB has to withstand in the open sea.

Considering Fig. 9a, it can be seen that the sea surface displace-
ment 52;1(2) oscillates in time with a higher oscillation frequency than

(1) . Inserting the velocity potentials ¢(l) and ¢(2) from Eq. (25) into

Eq (A 2a), it is found that en( ) and &2 ( ) oscillate in time with fre-
quencies around w, and 2w, respectlvely
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Fig. 8. (a) First- and (b) second-order component of the hydrodynamic force acting on the CFB in the vertical direction. The CFB is excited by Stokes waves and

waves corresponding to the plane-wave solution of the NLS.
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Fig. 9. FSI between the CFB and waves corresponding to the Peregrine breather
solution of the NLS. It is shown the first- and second-order components of (a) the
incoming water waves, the hydrodynamic forces acting in the (b) horizontal and
(c) vertical direction, and (d) the displacement of the CFB.

In the following, the magnitudes of er/i(['li and eQr,i(fli are compared
with each other by comparing their wave heights. Let ||y denote the
time-dependent wave height of 5. For some given timepoint ¢, |5|y is
defined as the difference between the next maximal and minimal value
that 5 takes on around the timepoint 7.

Outside the time period [-30s,30s], the sea surface displacements
Eni(rll)c and ezni(il behave regularly. Here, the quotient of their wave
heights is about 3.7 %, i. e. |£2'71(§Z|H/|5”i(rlxi|H =3.7%. However, around
t =0, this quotient increases to |£2’71(§i|H / |en;r1li |g = 14%. This means
that the influence of the nonlinear second-order component ezni(rzli o
the total sea surface displacement #;,. = f'li(rlli + ezni(fll increases signif-
icantly during the peak amplitude of the Peregrine breather solution
around 7 = 0. This results directly from the fact that the wave envelope
y of the Peregrine breather solution becomes higher and steeper around
its peak amplitude.

The results for the sea surface displacements er,i([]li and ezr/.(fll can be
directly transferred to the results for the acting hydrodynamic forces
and the displacement of the CFB. Outside the time period [-30s, 305s],

Figs. 9b-9d show that the effect of the second-order components of the

n

14

forces and displacement is small compared to the corresponding first-
order results. However, during the developing of the peak amplitude of
the Peregrine breather solution in the time period [-30s, 30s], the effect
of the corresponding second-order components becomes significant. It
has to be noted that the second-order quantities 62F1(2) and £2F§2> con-
tain non-zero mean values, which represent drift forces. The appearance
of drift forces in the nonlinear computation of the FSI is well-known in
literature, see e.g. (Eatock Taylor and Hung, 1987). Therefore, it will
not be discussed further here.

In Section 3.3.2, it is noted that the Peregrine breather solution of the
NLS is conjectured in different studies to be a prototype of rogue ocean
waves. Therefore, using the results presented in Fig. 9, it is shown that
the FSI between a mechanical structure and a rogue wave can be simu-
lated by using the Peregrine breather solution of the NLS, and that the
second-order effects can significantly affect the corresponding overall
FSI. As a result, these nonlinear effects appearing in the FSI should be
considered, for example, when designing offshore structures that will
operate in real ocean waves.

7.3. Irregular case: FSI with the perturbed Peregrine breather solution

Finally, results are presented for the FSI between the CFB and a ran-
dom wave, which has been computed using the NLS. Here, the Pere-
grine breather solution is considered, which is initially perturbed by
an irregular sea surface using the approach presented in Section 3.4.
The wave envelope y of the perturbed Peregrine breather solution is
computed using the ReSP scheme. To apply the ReSP scheme, an cor-
responding initial condition has to be determined. This initial condi-
tion is calculated considering the analytical Peregrine breather solution
from Section 7.2 at time point T = —20s, which is then perturbed us-
ing Eq. (24). Here, the perturbing sea surface displacement #;(x,1)
is calculated using the Pierson-Moskowitz spectrum with peak fre-
quency w, = 0.25 ad and significant wave height H; = 1.5m. The tem-
poral behavior of the amplitude |y | of the perturbed Peregrine breather
solution is presented in Fig. 10.

Fig. 10 shows that the characteristic localized peak of the unper-
turbed Peregrine breather solution shown in Fig. 2a can still be iden-
tified even when an initial perturbation is considered. However, fluc-
tuations in the amplitude can be observed, which increase in time. At
the end of the considered time domain, the fluctuations even become
larger than the maximal peak amplitude of the corresponding unper-
turbed Peregrine breather solution, which has a height of 3y, =4.5m.
This indicates that an initial perturbation of the Peregrine breather so-
lution considerably affects the corresponding wave dynamics over the
whole time domain.

Next, the FSI is investigated, which occurs between the CFB and
waves corresponding to the perturbed Peregrine breather solution pre-
sented in Fig. 10. All numerical results for the FSI are computed using
the same spatial domain, time domain and discretizations as specified
in Section 7.2. The corresponding results for the FSI are presented in



M. Hollm and R. Seifried

~1200

t 19 -200

Fig. 10. Temporal behavior of the wave envelope of an initially perturbed Pere-
grine breather solution.

Fig. 11. Here, all results for the FSI are scaled by the same values 7, F o,
F5, and &, as have been used in Section 7.2 when presenting Fig. 9.

Compared to the results from Fig. 9, it can be seen that the initial
perturbation of the Peregrine breather solution strongly affects the am-
plitude of the results for , F|, F;, and £. However, their oscillation fre-
quencies are not changed. This results from the fact that the considered
initial perturbation only modifies the amplitude of the initial condition,
but not their phase or frequency, see Eq. (24).

Similar to the results presented in Fig. 9, Fig. 11 shows that the
second-order components of the forces and displacement become sig-
nificant during the evolution of the peak amplitude of the Peregrine
breather solution in the time interval [-30s, 30 s]. However, in contrast
to the results presented in Fig. 9, it is shown that these second-order
components can contribute significantly to the FSI over the whole simu-
lation time. It can be concluded that an initial perturbation can strongly
affect the behavior of the Peregrine breather solution and the corre-
sponding FSI with some mechanical structure.

Note that the Peregrine breather solution has been initially perturbed
here using only realization of the irregular sea surface #; (x, 1). Different
realizations of #;c(x,7) would lead to different temporal behaviors of
the perturbed Peregrine breather solution and the FSI with the CFB.
However, to make the scope of this work not too extensive, a stochastic
analysis considering multiple realizations of #;(x,) or varying w, and
H; is not presented here.

7.4. Discussion

It has been shown that the interaction between the CFB and the Pere-
grine breather solution of the NLS leads to large nonlinear second-order
components in the acting hydrodynamic forces and the displacement of
the CFB. On the other side, the Peregrine breather solution of the NLS is
conjectured in different studies to be a prototype of rogue waves in the
ocean, see e.g. (Dysthe and Trulsen, 1999; Shrira and Geogjaev, 2010;
Dostal et al., 2020). Therefore, it has also been shown that nonlinear ef-
fects can contribute significantly to the corresponding FSI during rogue
wave events. As a result, the computational method presented in this
work can be used to estimate the linear and nonlinear hydrodynamic
loads acting on mechanical structures during rogue wave events. These
loads must be known to make, for example, mechanical structures resis-
tant to rogue waves.

However, the proposed computational method also has limitations.
First, the proposed approach using the NLS can only be used to compute
the FSI in deep water. Second, the NLS can only be used to compute
the FSI in water waves with a narrow spectral bandwidth. This remains
true even if corresponding solutions of the NLS are initially perturbed by
irregular sea surfaces. Considering Figs. 9a and 11a, it can be seen that
the amplitude and phase of the incoming water waves change over time,
but they oscillate in time with a nearly constant frequency. The same
holds for the hydrodynamic forces acting on the CFB and the dynamics
of the CFB, see Figs. 9b-9d and Figs. 11b-11d.
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Fig. 11. FSI between the CFB and waves corresponding to the Peregrine
breather solution of the NLS, which is initially perturbed by an irregular sea
surface. It is shown the first- and second-order components of (a) the incom-
ing water waves, the hydrodynamic forces acting in the (b) horizontal and (c)
vertical direction, and (d) the displacement of the CFB.

To calculate the FSI in water waves with a broad spectral band-
width, the random nonlinear Stokes waves introduced in Section 2.4
can be used. These waves are calculated by the sum of many regu-
lar waves depending on the underlying sea state, which does not have
to be narrowbanded. However, as noted in Section 2.4, the compu-
tation of random nonlinear Stokes waves can be time-consuming due
to the calculation of nonlinear wave-wave interactions. In comparison,
when calculating water waves using the NLS, the calculation of nonlin-
ear wave-wave interactions is not required, see Section 4. This can be
also seen in the corresponding computation times. In further investiga-
tions, which are not shown here for brevity but can be found in (Hollm,
2025), the FSI between the CFB and nonlinear irregular Stokes waves
has been considered. Here, the first-order sea surface displacement e;(!)
has been computed using Eq. (11) with M = 120 components. In this
case, M? = 14400 nonlinear wave-wave interactions have to be consid-
ered to compute the nonlinear FSI with these waves. Under the same
conditions (computation on a single computer; calculations performed
in Matlab; no parallelization; same simulation time and computational
domain), the irregular NLS results presented in Section 7.3 have been
computed significantly faster by a factor of about ten when compared to
the computation time of the FSI results in irregular Stokes waves. These
investigations demonstrate that the NLS approach is significantly faster
when computing the FSI for the considered scenarios. Therefore, it is
found that NLS offers an interesting opportunity for many applications
to efficiently investigate the behavior of structures excited by nonlinear
ocean waves. For example, considering waves with a narrow spectral
bandwidth, the NLS could be used to efficiently estimate whether non-
linear wave effects significantly affect the motion of the considered sys-
tem and should be taken into account in further investigations. Further-
more, using, for example, the Peregrine breather solution of the NLS,
it can be estimated with a low computational effort which hydrody-
namic loads a fixed or free-floating structure have to withstand in rogue
wave events. Therefore, using the computational method introduced in
this work, it is shown that the usage of the NLS provides an efficient



M. Hollm and R. Seifried

way to compute the FSI. This establishes a novel pathway for research
in this area.

Note that several extended versions of the NLS exist, which can
model water waves with a larger wave steepness and broader spectral
bandwidth than the NLS, or are not restricted to deep water. These
extended versions can be found, for example, in (Mei, 1983; Dysthe,
1979; Trulsen and Dysthe, 1996; Toffoli et al., 2010; Adcock and Tay-
lor, 2016). Based on the results presented in this work, it looks promising
that these extended versions of NLS can be used to efficiently compute
the FSI with water waves that are more general than those modeled by
NLS. This should be studied in future studies.

8. Conclusion

This work presents a new method to compute the FSI in nonlinear
water waves using the NLS. The application areas, accuracy, and com-
putational effort of the presented method are analyzed. It is found that
the FSI with waves corresponding to the NLS can be modeled up to
an error of third-order in the wave steepness ¢ of the incoming water
waves. Using the NLS, nonlinear wave effects of third order are directly
considered in the FSI

Comparing the waves corresponding to solutions of the NLS with
random nonlinear Stokes waves, it is found that both can be used to
compute the FSI between floating structures and nonlinear water waves.
While Stokes waves can be used to investigate the motion of a floating
structure in general broad-banded irregular nonlinear seas, the NLS can
be used to simulate the motion of a floating structure in deep water
waves with narrow spectral bandwidth and moderate wave steepness.
Furthermore, the NLS can be used to investigate the FSI in rogue waves
as different solutions of the NLS are conjectured to be prototypes of
rogue waves. Moreover, in contrast to random nonlinear Stokes waves,
nonlinear wave-wave interactions must not be considered when calcu-
lating nonlinear waves using the NLS. Therefore, the NLS offers an in-
teresting possibility to efficiently investigate the temporal behavior of
nonlinear water waves and the corresponding FSI with mechanical struc-
tures.
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Appendix A. Computation of the sea surface displacement

When integrating the hydrodynamic pressure p over the wetted sur-
face of the mechanical structure, it has to be noted that the wetted sur-
face changes with the sea surface displacement #. Therefore, it is briefly
described how the sea surface displacement 5 corresponding to a given
velocity potential ¢ can be computed.

Similar to the derivation of Eq. (3), the sea surface displacement 5
can be expressed by a sequence of expressions that differ in their order
of approximation. Applying the Taylor series expansion around z =0
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on Eq. (1c) and considering all terms up to order (¢"), the sea surface
displacement 7 is given by

1 1 1 10
=2 o) Koo s )

1 o 2 4
—_— +0O . Al
2 ax((@) m)LO @" (A
Given the velocity potentials ¢, ®, and ¢®, expressions for the first
three components 71, #® and #® of the sea surface displacement ; can
be derived by substituting the expansions from Eq. (4) into Eq. (A.1).
The first two sea surface displacements 7" and #® are given by

1 a
n“)=[——¢§)] .
4

z=0
o_|_ 1, Lo, vem )L (0 0
e S AR = L | I

see e.g. (Eatock Taylor and Hung, 1987). As #® is not needed in this
work, the corresponding formula for #® is not stated here.

(A.2a)

(A.2b)

Appendix B. Computation of the velocity potentials
corresponding to the NLS

In Section 3.2, the derivation of the NLS is sketched. Here, PDEs and
BCs at Z =0 have to be solved to compute the unknowns A;; and ¢;,
which appear in Eq. (19) up to the order O(e?). The corresponding PDEs
and BCs at Z = 0 are given by

A +iA =0, for Z <0,
10==7%'B, forZ=0,
Ay 7z +iAy x =0, for Z <0, (B.1b)
Ayy =0, for Z=0,
. 1
Ay g +iApy =_%(A1°’XX +A4y0,27). for Z <0, (B.10)
dc
A = ;’T%BX, for Z =0,
A +iA =0, for Z <0,
30,z T1430,x (B.1d)
Az =0, for Z =0,
A +id =—1(a + A , for Z <0,
21,2 21X 4k0( 20,X X 20.27) (B.1e)
Ay =0, for Z =0,
. 1
Ay +iApx = —%(An,xx +Az22). for Z <0,
- , S0 (B.1f)
A = 51k0w0|B| B+ WBXX, for Z =0,
0
boxx +Pozz + é;,xx + ‘53,22 =0, for Z <0, (B.1g)
bo.z + b, = 20(1BI%) ., for Z =0.

Noted that in addition to the functions appearing in Eq. (B.1a), the mean
velocity potential ¢, also appears in Eq. (19) with order O(e?). However,
as is shown in Section 4, the mean velocity potential ¢, is not needed to
formulate the FSI method used in this work. Therefore, corresponding
equations to compute ¢, are not stated here.

When solving Eq. (B.la), the functions A;;, which appear in
Eq. (18a) up to the order O(¢3), are given in terms of B by

i ~  3iwy ~
Ajy=—-——B, A} = By, A= 1k0w0C+—3BXX,
ko 8ky (B.2)

Ay =0, Ay =0, A3 =0,

with B(X,Z,T)= B(X —iZ,T),
C(X,Z,T)=C(X —iZ,T).

C(X,T)=8|BX,T)|>B(X,T), and
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Furthermore, the functions B;; and 7+ iy which appear
in Eq. (18b) up to the order O(e?), are given in terms of B and ¢, by

Byy = kB>, By = %1%33, B,, = —ikyBBy,

L (B.3)
flo + 17y = ‘g(% + ), for Z=0.

At this point, the mean velocity potential ¢, and the mean surface
displacement 7, must still be determined in terms of B. To compute ¢y,
Eq. (B.1g) has to be solved. This is done using the Fourier transform 7
and its inverse 7~!. In addition, the solution approach presented in (Lo
and Mei, 1985) is followed. Applying the Fourier transform with respect
to the coordinate X on Eq. (B.1g) and using (¢ x) = ikF (), the
mean velocity potential ¢, can be calculated to be

(X, Z,T)+ $j(X, Z,T) = F~* (2iwy sgn(k)F (| B|*)el1%). (B.4)

Having computed ¢, the mean sea surface displacement 7, is given by

_1 (B0 + ), H(IBP) ).
sl ], =5 (n0mm)

Here, H denotes the Hilbert transform.
Appendix C. Numerical computation of ¢y

2a)0 0

T T (B.5)

flg + i =
Z=0

In the following a finite difference scheme is presented, which is
used to discretize Eq. (41) and to compute the Fourier coefficients $(')
of the body disturbance velocity potential ¢y. Here, only one 1ndex
me ]\;F yeees T —1} and i € {1,2} is considered. In order to simplify
the notation for readability, the 1r1d1ces m, (i) and B are omitted in the
following, i.e. $(’) becomes simply ¢.

For some numbers N,M, P € Nand some time T € R,, the solution
¢ is computed on the (r, z, )-grid with the grid points

0<ry<ry<..<rys =Rqg,

O=z;>2zy>...> 2z, =—h, (C1D
0=t'<? <. <P =T
Fori=1,....,.N+1,j=1,...,M+1land p=1,..., P + 1, the grid points
are defined as
ro= (- %)Ar, z, =G - DAz, # :=(p— DA, €.2)
with
R

Ari=—2 _ pz= a2 T (€.3)

N+1/2 M P

The numerical approximation of ¢ at the space point (r;, z;) and time
point ¢ is defined by $fJ., ie. $ﬁj ~ d?(r,-,
known q?f’j are computed by discretizing Eq. (41) using a finite differ-
ence method with a second-order accuracy in time and space. Note that
some of the (N + 1)(M + 1) space points from Eq. (C.1) are located in
C,. Most unknowns $f’ ; inside the CFB are set to zero. However, interior
grid points (r;, z;) in C, with at least one horizontal or vertical neighbor

zj, t). In the following, the un-

in éz, so-called ghost points, must be treated separately. These points
are needed to compute the unknowns ¢f’/., which have a neighbor in C,

C.1. Laplace equation inside the fluid

Inside the fluid, the Laplace Eq. (41a) holds. This equation is dis-
cretized applying a central finite difference approximation of second
order. At the grid point (r;,z;) € Sglz and timpoint ?, the corresponding
approximation of Eq. (41a) reads

'+]J 2¢” + ¢t 1/ 1 ¢f+1,j - ip—],j
Ar? r_, 2Ar
¢ 2¢p +¢ (C.4)
m ¢p ij+1 ij—1 -0
Az?
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Note that for i = 1, the grid points (r;,z;) € 522 do not have a neigh-
bor in the negative r-direction. However, for i = 1, the sum of all terms
depending on d)p ~ simplify to zero. Therefore, the values of q‘)‘" ., are
not needed for i =1, and the approximation from Eq. (C.4) can also be
applied for i = 1.

C.2. Boundary conditions at the outer boundary and bottom of the sea

The BCs at the bottom of the sea and the outer boundary are given
by Egs. (41c) and (41e), respectively. Respective second-order approx-
imations are given by

Grn_y i —Abr i + 3PN

Nobj NG TN ) for j=1,..., M +1, (C€.5)
2Ar

bivi—1 =4 +30;

PMol TIM T TEIMAL G, for i=1,...,N + 1. (C.6)

2Az

Note that both Egs. (C.5) and (C.6) can be applied at the corner point
(rn+1- Zp41), having two equations to compute the unknown by SLM4l
In this work, the sum of those two equations is used as a single equa-
tion to calculate ¢ ~N+1.M+1- This approach is consistently applied at each

corner point of Qz where two equations can determine one value @, ; e

C.3. Boundary condition at the sea surface

The BC at the sea surface is given by Eq. (41d). An implicit dis-
cretization of Eq. (41d), which is accurate up to second order in time
and space, is given by

ptl P p— p+l g+l ap+l P P4 aP
¢i,l 2¢ g 3¢i,1 B 4¢i,2 + ¢i,3 3¢i,1 B 4¢i,2 + ¢z:,3
+ = +2
At2 4 2Az 2Az
sy dn e e
+ : : = + : : :
20z ST “ 4
=G(r; zy.1"), foralliwith R<r, <Rq.
(C.7)

whereby y; 1= u(r)).

C.4. Boundary condition at the surface of the cylindrical floating body

The BC at the surface dC, of the CFB is given by Eq. (41b). In general,
the boundary dC, is not located at the grid given in Eq. (C.1). Instead,
Eq. (41D) is used to derive equations that can be used to compute the
unknown ¢ at the ghost points inside the CFB.

For some ghost point g € C,, let p be the nearest point to g on 9C,.
Since p € dC,, the BC (41b) also holds at p. Therefore, an approximation
of the term $,n’ + $an at p has to be found using the value of $ at the
ghost point g and other grid points neighbored to p.

Let T be the set of all indices of all grid points, which are used to
approximate the value of $,n’ + qunz at p. Furthermore, let q; € R? de-
note the grid point corresponding to the index I € 7. An approximation
of $,n’ + $an at p of second order in space is searched of the form

b,(p. W + b (p. 1" % Y hyd(qy. 1),
Iel

(C.8)

To compute the values of the coefficients h;, I € I, a Taylor series
expansion of $(q,,t”) around p is considered and substituted into
Eq. (C.8).

Let {5? be the finite difference approximation of $ evaluated at
(qg,P), i.e. d?? ~ $(q,,tl’). Having computed the values of 4;, an ap-
proximation of the BC (41b) of second order is given by

2 hud] =

Iel

—o., (P = B (P "I +uzn* T+ V. (C.9)
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