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Abstract

N-fold integer programs (IPs) form an important class of block-structured IPs for
which increasingly fast algorithms have recently been developed and successfully
applied. We study high-multiplicity N-fold IPs, which encode IPs succinctly by pre-
senting a description of each block #ype and a vector of block multiplicities. Our goal
is to design algorithms which solve N-fold IPs in time polynomial in the size of the
succinct encoding, which may be significantly smaller than the size of the explicit (non-
succinct) instance. We present the first fixed-parameter algorithm for high-multiplicity
N-fold IPs, which even works for convex objectives. Our key contribution is a novel
proximity theorem which relates fractional and integer optima of the Configuration
LP, a fundamental notion by Gilmore and Gomory [Oper. Res., 1961] which we gen-
eralize. Our algorithm for N-fold IP is faster than previous algorithms whenever the
number of blocks is much larger than the number of block types, such as in N-fold IP
models for various scheduling problems.
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1 Introduction
The fundamental INTEGER PROGRAMMING (IP) problem is to solve:
min f(x): Ax=b,l<x<u, xeZ", (IP)

where f : R" - R, A € Z"*", b € Z",and l,u € (Z U {£00})". Any IP instance
with infinite bounds 1, u can be reduced to an instance with finite bounds using standard
techniques (solving the continuous relaxation and using proximity bounds to restrict
the relevant region), so that from now on we will assume finite bounds 1, u € Z". We
denote fimax = max | f(x)].
IX;XZ;:J

INTEGER PROGRAMMING is a fundamental problem with vast importance both in
theory and practice. Because it is NP-hard already with a single row (by reduction from
SUBSET SUM) or with A a 0/1-matrix (by reduction from VERTEX COVER), there is
high interest in identifying tractable subclasses of IP. One such tractable subclass is
N-fold IPs, whose constraint matrix A is defined as

Ezl 0 --- 0
A=EM .| 0 E - 0| )
0 0 - EY

Here,r,s,t, N € N, E™ is an (r + Ns) x Nt-matrix, E| € Z"* and E} € Z*,

2 N
Ej E} - Ej and call E) the
Ej) E5 -~ EY )’

i € [N], are integer matrices. We define E := (
N-fold product of E. The structure of E™) allows us to divide any N¢-dimensional
object, such as the variables of x, bounds 1, u, or the objective f,into N bricks of size ¢,
e.g. x = (x!,...,x"). We use subscripts to index within a brick and superscripts to
denote the index of the brick, i.e., xji. is the j-th variable of the i-th brick with j € [f]
and i € [N]. Problem (IP) with A = E™) is known as N-fold integer programming
(N-fold IP).

Such block-structured matrices have been the subject of extensive research stretch-
ing back to the *70s [3-5, 15, 16, 28, 42, 44, 45], as this special structure allows
applying methods like the Dantzig-Wolfe decomposition and others, leading to sig-
nificant speed-ups in practice. On the theoretical side, the term “N-fold IP” has been
coined by De Loera et al. [9], and since then increasingly efficient algorithms have
been developed and applied to various problems relating to N-fold IPs [2, 6, 25, 26, 29,
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32]. This line of research culminated with an algorithm by Eisenbrand et al. [13] which
solves N-fold IPs in time (|| E ||oors)0(’zs+”2) -Nlog N -log [[u—1|| o -l0g fiax for all
separable convex objectives f (i.e., when f(x) = Y "_, fi(x;) andeach fi : R — R
is convex).

1.1 Our contribution

Previous algorithms for N-fold IP have focused on reducing the run-time dependency
on N down to almost linear. Instead, our interest here is on N-fold IPs which model
applications where many bricks are of the same fype, that is, they share the same
bounds, right-hand side, and objective function. For those applications, it is natural to
encode an N-fold IP instance succinctly by describing each brick type by its constraint
matrix, bounds, right-hand side, and objective function, and giving a vector of brick
multiplicities. When the number of brick types t is much smaller than the number N
of bricks, e.g., if N &~ 27, this succinct instance is (much) smaller than the previously
studied encoding of N-fold IP, and an algorithm running in time polynomial in the
size of the succinct instance may be (much) faster than current algorithms. We call the
N-fold IP where the instance is given succinctly the huge N-fold IP problem, and we
present a fast algorithm for it:

Theorem 1 Huge N-fold IP with any separable convex objective can be solved in time

2 2
Eloor)CT 7759 poly(z, £, log 11, w, b, N, finaxllo) -

A natural application of Theorem 1 are scheduling problems. In many scheduling
problems, the number 7 of jobs that must be assigned to machines, as well as the num-
ber m of machines, are very large, whereas the number of types of jobs and the number
of kinds of machines are relatively small. An instance of such a scheduling problem
can thus be compactly encoded by simply stating, for each job type and machine
kind, the number of jobs with that type and machines with that kind together with
their characteristics (like processing time, weight, release time, due date, etc.), respec-
tively. This key observation was made by several researchers [7, 37], until Hochbaum
and Shamir [20] coined the term high-multiplicity scheduling problem. Clearly, many
efficient algorithms for scheduling problems, where all jobs are assumed to be distinct,
become exponential-time algorithms for the corresponding high-multiplicity problem.

Let us shortly demonstrate how Theorem 1 allows designing algorithms which are
efficient for the succinct high-multiplicity encoding of the input. In modern computa-
tional clusters, it is common to have several kinds of machines differing by processing
unit type (high single- or multi-core performance CPUs, GPUs), storage type (HDD,
SSD, etc.), network connectivity, etc. However, the number of machine kinds 7 is still
much smaller (perhaps 10) than the number of machines, which may be in the order
of tens of thousands or more. Many scheduling problems have N-fold IP models [31]
where 7 is the number of machine kinds and N is the number of machines. On these
models, Theorem 1 would likely outperform the currently fastest N-fold IP algorithms.
Proof ideas. To solve a high-multiplicity problem, one needs a succinct way to argue
about solutions. In 1961, Gilmore and Gomory [17] introduced the fundamental and
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widely influential notion of Configuration IP (ConfIP) which describes a solution (e.g.,
a schedule) by a list of pairs “(machine schedule s, multiplicity @ of machines with
schedule s)”. The linear relaxation of ConfIP, called the Configuration LP (ConfLP),
can often be solved efficiently, and is known to provide solutions of strikingly high
quality in practice [41]; for example, the optimum of the ConfLP for BIN PACKING
is conjectured to have value x such that an optimal integer packing uses < [x] + 1
bins [38]. However, surprisingly little is known in general about the structure of
solutions of ConfIP and ConfLP, and how they relate to each other.

We define the Configuration IP and LP of an N-fold IP instance, and show how
to solve the ConfLP quickly using the property that the ConfLP and ConfIP have
polynomial encoding length even for huge N-fold IP. Our main technical contribution
is a novel proximity theorem about N-fold IP, showing that a solution of its relaxation
corresponding to the ConfLP optimum is very close to the integer optimum. Thus, the
algorithm of Theorem 1 proceeds in three steps: (1) it solves the ConfLP, (2) it uses
the proximity theorem to create a “residual” N’-fold instance with N’ upperbounded
by (|E ||oors)o(’ $), and (3) it solves the residual instance by an existing N-fold IP
algorithm.

1.2 Related work

Besides the references mentioned already, we point out that solving ConfLP is com-
monly used as subprocedure in approximation algorithms, e.g. [1, 14, 22, 27]. Jansen
and Solis-Oba use a mixed ConfLP to give a parameterized OPT + 1 algorithm for
bin packing [24]; Onn [36] gave a weaker form of Theorem 1 which only applies to
the setting where E ﬁ = I and E’2 is totally unimodular, for all i. Jansen et al. [25]
extend the ConfIP to multiple “levels” of configurations. An extended version [31] of
this paper shows how to model many scheduling problems as high multiplicity N-fold
IPs, so that an application of Theorem 1 yields new parameterized algorithms for these
problems. Knop and Koutecky [30] use our new proximity theorem to show efficient
preprocessing algorithms (kernels) for scheduling problems.

There are currently several “fastest” algorithms for N-fold IP with standard (non-
succinct) encoding. First, we have already mentioned the algorithm of Eisenbrand et
al. [13]. Second, the algorithm of Jansen et al. [26] has a better parameter dependency
of (||E||oors)o(’zs+sz) (as compared with (||E||oors)o(r25+”2) of the previous algo-
rithm), but has a slightly worse dependence on N of N log> N, and only works for linear
objectives. Third, arecent algorithm of Cslovjecsek et al. [8] again only works for linear
objectives and runs in time (|| E | oo s) ©¢) poly(r) N log?(Nt) log2 (|11, w, b, fmax lloc)+
(||E||oors)0(’ %s+s2) Nt. While the authors claim that this constitutes the currently
fastest algorithm, it seems that it is only potentially faster than prior work in a narrow
parameter regime.

The third paper, by Cslovjecsek et al. [8], is the closest to ours in its approach:
it solves a strong relaxation of N-fold IP which coincides with the ConfLP if each
brick is of a distinct type, and which is generalized by the ConfLLP (in our work)
otherwise. The authors show that this relaxation can be solved in near-linear time,
and then develop a proximity theorem similar to ours (but using different techniques)
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and a dynamic program, which allows them to construct and solve a residual instance
in linear time. An earlier version of our paper [31] stated a worse proximity bound
than that of Cslovjecsek et al. [8], but our bound applies to separable convex objective
whereas theirs [8] does not. Presently, we adapt one of their lemmas ( [8, Lemma 3])
(Lemma 5) and a modeling idea (Sect. 3.4) to obtain the same proximity bound as they
have [8], but which also works for separable convex objectives. It is likely that the
complexity of our algorithm to solve the ConfLP could be improved along the lines of
their work [8]. Despite these similarities, we highlight that only our algorithm solves
the high-multiplicity version of N-fold IP.

2 Preliminaries

For positive integers m, n withm < n we set [m,n] = {m,m +1,...,n}and [n] =
[1, n]. We write vectors in boldface (e.g., X, y) and their entries in normal font (e.g.,
the i-th entry of x is x; or x(i)). For ¢ € R, |«] is the floor of &, [«] is the ceiling
of «, and we define {«¢} = o — |, similarly for vectors where these operators are
defined component-wise.

We call a brick of x integral if all of its coordinates are integral, and fractional
otherwise.
Huge N-fold IP. The huge N-fold IP problem is an extension of N-fold IP to the high-
multiplicity scenario, where there are potentially exponentially many bricks. This
requires a succinct representation of the input and output. The input to a huge N-fold
IP problem with 7 brick types is defined by matrices E{ € Z"*' and E} € Z*,

i € [t], vectors I, ..., 1%, ul,...,u” € Z',b% € 7", b, .‘..,bf € 75, functions
floo ., fT: RY — Rsatisfying Vi € [t], Vx € Z' : fi(x) € Z and given by
evaluation oracles, and integers /Ll, ..., 1" € Nsuch that Zif:l u' = N. We say that

a brick is of type i if its lower and upper bounds are I and u', its right hand side is b’,
its objective is £, and the matrices appearing at the corresponding coordinates are £ ’1
and E}. The task is to solve (IP) with a matrix E") which has u! bricks of type i
for each i. Onn [35] shows that for any solution, there exists a solution which is at
least as good and has only few (at most 7 - 2) distinct bricks. In Sect. 3 we show new
bounds which do not depend exponentially on ¢.

2.1 Graver bases and the Steinitzlemma

Let x, y be n-dimensional vectors. We call x, y sign-compatible if they lie in the same
orthant, that is, for each i € [n], x; - y; > 0. We call ), g’ a sign-compatible sum
if all g’ are pair-wise sign-compatible. Moreover, we write y C x if x and y are
sign-compatible and |y;| < |x;| for each i € [n]. Clearly, C imposes a partial order,
called “conformal order”, on n-dimensional vectors. For an integer matrix A € Z"™*",
its Graver basis G(A) is the set of C-minimal non-zero elements of the lattice of A,
kerz(A) = {z € Z" | Az = 0}. A circuit of A is an element g € kerz(A) whose
support supp(g) (i.e., the set of its non-zero entries) is minimal under inclusion and
whose entries are coprime. We denote the set of circuits of A by C(A). It is known
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that C(A) € G(A) [34, Definition 3.1 and remarks]. We make use of the following
two propositions:

Proposition 1 (Positive Sum Property [34, Lemma 3.4]) Let A € 7" *" be an integer
matrix. For any integer vector x € Kerz(A), there exists ann’ < 2n — 2 and a decom-
position X = Z;’/:] ajg; withaj € N for each j € [n'], into a sum of g; € G(A).
For any fractional vector x € ker(A) (that is, Ax = 0), there exists a decomposition
X = Zl;:l a;g; into g; € C(A), where aj > 0 for each j € [n].

Proposition 2 (Separable convex superadditivity [10, Lemma 3.3.1]) Let f(x) =
iy fi(xi) be separable convex, letx € R", and let gy, . .., g € R" be vectors with
the same sign-pattern from {< 0, > 0}, that is, belonging to the same orthant of R".
Then

k k
Flx+Y g | - r0=Y o (fx+g) - fx) )
j=1 j=1

for arbitrary integers oy, ..., o € N.

Our proximity theorem relies on the Steinitz Lemma, which has recently received
renewed attention [11, 12, 23].

Lemma 1 (Steinitz [40], Sevastjanov, Banaszczyk [39]) Let || - || denote any norm, and

let X1, ..., %, € RY be such that Ixill <1 fori e [n]and Z?:] xX; = 0. Then there
exists a permutation w € S, such that for all k = 1, ..., n, the prefix sum satisfies
HZf-Ll Xa ()| < d.

For an integer matrix A, we define g1 (A) = maxgeg(a) lIgll1. When it could make
a difference, we will state our bounds both in terms of || E'||» (Worst-case, when we
have no other information) and in terms of g1 (E>) := max; g; (Eé), e.g.in Lemma 10
and Theorem 2.

3 Proof of Theorem 1

We first give a relatively high-level description of the proof, before we present all its
details.

3.1 Proof overview and ideas

3.1.1 Configuration LP and IP

Given an input to the huge N-fold IP, we first reformulate it as another IP, which we
refer to as the Configuration IP. We then consider its fractional relaxation, the so-

called Configuration LP. Our approach is to (efficiently) solve the Configuration LP,
and bound the distance of its LP optimum to the integer optimum (of the Configuration
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IP). We use this bound to reduce the input to the huge N -fold IP from a high-multiplicity
input to an input of a standard N-fold IP which is small both in terms of the number of
bricks and size of the bounding box. This small input we then solve using an existing
N-fold IP algorithm. On this way, there are several non-trivial obstacles that we need
to overcome.

We will refer to huge N-fold IP as HugelP, its corresponding fractional relaxation as
HugeCP (this is a convex program if the objective f is convex), the Configuration LP
of the HugeIP as ConfLP, and to its integer version as ConfIP. We define a mapping ¢
from the solutions of ConfLP to the solutions of HugeCP which, for every variable y,
of the ConfLP introduces | yc | bricks with configuration ¢, and then introduces ) _ {yc}

bricks with configuration ﬁ > clve) - ¢ (ie., an “average” configuration). We call

a solution x* of HugeCP “conf-optimal” if it is the image ¢(y*) of some ConfLP
optimum y*. One would hope that then the objective value of a conf-optimal solution x*
in HugeCP and of y* in ConfLP were identical. While this is true for any linear
objective f, it need not be true for a convex objective f. To overcome this impediment,
we introduce an auxiliary objective f which preserves the values of optima of ConfLLP
and conf-optimal solutions of HugeCP.

3.1.2 Proximity theorem

The bulk of our work is showing that for each conf-optimal solution x* of the HugeLP,
there is an optimum z* of the HugeIP whose ¢;-distance from x* is bounded by
P = (| Elloors)©"*). We will show that we can obtain a ConfLP optimum y with
support of size at most r + 7, and by the definition of ¢ (recall that x* = ¢(y)), this
means that x* has at most r 4+ t + 1 distinct bricks (the +1 is due to ¢ creating an
additional “average configuration” brick type). This, in turn, means that our bound on
the ¢;-distance between z* and x* says something about ConfLP and ConfIP: for any
ConfLP optimum y there is a ConfIP optimum y* in ¢{-distance at most P where any
configuration ¢ in the support of y* is at most P far from some configuration ¢’ in the
support of y. As far as we know, this is a unique result about the Configuration LP.

A way of bounding the distance between some types of optima in an integer program
has been introduced by Hochbaum and Shanthikumar [21] and adapted to the setting
of N-fold IP by Hemmecke at al. [19]. A somewhat different approach was later devel-
oped by Eisenbrand and Weismantel [11] in the setting of IPs with few rows, and was
adapted to the setting of N-fold IPs soon after [12, 13]. The idea is as follows. Let x*
be a HugeCP optimum, and z* be a HugeIP optimum, We call a non-zero integral
vector p C x* — z*, i.e., which is sign-compatible (i.e., has the same sign-pattern)
with x* — z* and which is smaller in absolute value than x* — z* in each coordinate, a
cycle of x* — z*. If z* minimizes ||x* — z*||1, it can be shown that no cycle of x* — z*
exists. Moreover, if a cycle exists, then a cycle of £1-norm at most B exists, which
implies ||x* —z*||; < B.

Notice that the previous argument assumes x* to be a HugeCP optimum: this cannot
be replaced with a conf-optimal solution for the following reason. The existence of a
cycle p leads to a contradiction because either z* + p is also a HugelIP optimum (but
closer to x*) or x* — p is also a HugeCP optimum (but closer to z*). But if x* is a conf-
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optimal solution, we have no guarantee that x* — p is again a configurable solution, and
the argument breaks down. This means that we need to restrict our attention to cycles
with the property that if x* is a configurable solution, then x* — p is also configurable.

We call such a p a configurable cycle. The next task is an analogy of the argument
above: if x* is conf-optimal and z* is a HugeIP optimum, then the existence of a con-
figurable cycle p of x* — z* leads to a contradiction. For that, we need the separability
and convexity of the objective f and a careful use of the configurability of p. With this
argument at hand, we have reduced our task to bounding the norm of any configurable
cycle (Lemma 7).

However, the main existing tool for showing proximity is by ruling out cycles. To
overcome this, we develop new tools to deal with configurable cycles.

3.1.3 The algorithm

It remains to use our proximity bound P. As already hinted at, if two solutions differ
in £1-norm by at most P, then they may differ in at most P bricks. This means that
we may fix all but P bricks for each configuration appearing in the ConfLLP optimum.
Since the size of the support of the ConfLP optimum is small (» + 7), the total number
of bricks to be determined is also small, and can be done using a standard N-fold IP
algorithm in the required time complexity (Proof of Theorem 1)

To recap, the algorithm works in the following steps.

1. We solve the ConfLLP and obtain its optimum y by solving its Dual LP using a
separation oracle. The separation oracle is implemented using a fixed-parameter
algorithm for IP with small coefficients.

2. We use the ConfLLP optimum y to fix the solution on all but (» + t) P bricks.

3. The remaining instance can be encoded as an N-fold IP with at most (r + t) P
bricks and solved using an existing algorithm.

Let us now go back to a detailed proof of Theorem 1.

3.2 Configurations of huge N-fold IP
Fix a huge N-fold IP instance with T types. Recall that i/ denotes the number of bricks

of type i, and pu = (,u], ..., 17). We define for each i € [7] the set of configurations
of type i as

Ci=[ceZt|E§c=bi,li§c§ui} .

Here we are interested in four instances of convex programming (CP) and convex
integer programming (IP) related to huge N-fold IP. First, we have the Huge IP

min f(x): EMx=b,1<x<u, xeZ, (HugelP)
and the Huge CP, which is a relaxation of (HugelP),

min f(x): EMx=b,1<x<u, xeRM . (HugeCP)
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We shall define the objective function f later, for now it suffices to say that for
all integral feasible x € ZN' we have f(x) = f (x) so that indeed the optimum
of (HugeCP) lower bounds the optimum of (HugelP) and that f is convex. Then,
there is the Configuration LP of (HugelP), that is, the following linear program:

min vy = min Z Z i@ - yG,e) (3)
i=l ceCi

D ELY eyl =1,

i=1  ceCl

D oyio=n  Vieltl,

ceCl

y>0. 4)

Letting B be its constraint matrix and d = ( ’IL’: ) be the right hand side, we can shorten
(3)(4) as
minvy: By=d,y>0. (ConfLP)

Finally, by observing that By = d implies y(i,¢) < |||l foralli € [7], ¢ € c,
defining C = } ;. C'], leads to the Configuration ILP,

minvy: By=d, 0 <y < ([|#tllcc, - - -, I #lloc)T, ¥y € NC . (ConfILP)

A solution x of (HugeCP) is configurable if, for every i € [r], each brick x/ of
type i is a convex combination of C', i.e., X/ € conv(C’). We shall define a map-
ping from solutions of (ConfLP) to configurable solutions of (HugeCP) as follows.
For every solution y of (ConfLLP) we define a solution x = ¢(y) of (HugeCP) to
have |y (i, ¢)] bricks of type i with configuration ¢ and, for each i € [t], let f =
Y ceci{y(i, ©)} and let x have § bricks with value ¢; = fl, Y ceci iy, ©)}e. (Because
Yoecci Y, ) =ptand ) . oi Ly(i, ©)]isclearly integral, f* = ' —> . ci Ly(i, ©)]
is also integral.) Note that ¢(y) has at most as many fractional bricks as y has frac-
tional entries since each f < 1 and the number of non-zero f’ is at most the number
of fractional entries of y. Call a solution x of (HugeCP) conf-optimal if there is an
optimal solution y of (ConfLP) such that x = ¢(y).

We are going to introduce an auxiliary objective function f , but we first want to
discuss our motivation in doing so. The reader might already see that for any integer
solution y € Z€ of (ConfILP), vy = f(¢(y)) holds, as we shall prove in Lemma 4.
Our natural hope would be that for a fractional optimum y* of (ConfLP) we would
have vy* = f(¢(y*)). However, by convexity of f and the construction of ¢; it only
follows that vy* > f(¢(y*)). Even worse, there may be two conf-optimal solutions x
and x’ with f(x) < f (x'). To overcome this, we define an auxiliary objective function f
with the property that for any conf-optimal solution x* of (HugeCP) and any optimal
solution y* of (ConfLP), vy* = f (x*).
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Fix a brick x/ of type i. We say that a multiset I'/ € (C' x Rx0) is a decomposition
of x) andwritex/ = Y I'Vifx/ =3 (., scriAccand Y (5 cpjhe = 1. We define

the objective f (x) for all configurable solutions as f x) = Zj\’: 1 f i(x/), where

flhy= " min > e fl(o) )

ri: J=xJ .
by (e.he)el

In a sense, f (x) is the value of the minimum (w.r.t. f) interpretation of x
as a convex combination of feasible integer solutions. Correspondingly, we call a
decomposition I'/ of x/ f-optimal if it is a minimizer of (5). Formally, we let
fix/) = fi(x/)foranon-configurable x/ in order to make the definition of (HugeCP)
valid; however, we are never interested in the value of f for non-configurable bricks
in the following.

Lemma 2 Let x be a configurable solution of (HugeCP), and x/ be a brick of type i.
Then f'(x/)) < f'(x/). Ifx/ is integral, then f'(x)) = f'(x/).

Proof By convexity of f? we have

floh=r1 Y re]= Y hefll@,

(e, o)l (e, he)eld

for any decomposition I"/ of x/. If x/ is integral, then I’/ = {(x/, 1)} is its optimal
decomposition (not necessarily unique'), concluding the proof. O

Moreover, for each x/ there is an f-optimal decomposition I'/ with [I'/] <7 + 1
since f-optimal decompositions correspond to optima of a linear program with 7 + 1
equality constraints, namely

min Y Aef'(©) st Y ree=x/ [Ali=1,1>0. (6)
ceCi ceCi
Let us describe the relationship of the objective values of the various formulations.

Lemma 3 For any feasible solution y of (ConfLP),
Vi = fle@)) - (7)

Proof LetXx = ¢(y). We can decompose f((p(y)) = U + U, where Uj is the cost of
integer bricks of ¢(y) and U is the cost of its fractional bricks. It is easy to see that
Uy = v|y] by the equality of f* and f', foralli € [t], over integer vectors. We shall
further decompose the value U into costs of fractional bricks of each type. For eachi €
[t], the cost of each fractional brick of type i is at most fil Y ecci{¥(i, ©)} f'(c) because

1 e.g., potentially x/ = %((xj +¢) + (x/ — ¢)) for some ¢, and I'/ is optimal for any linear objective.
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the decomposition {(c %{yé}) ‘c € Ci} of ¢; (recall that ¢; = fl, Y oeeci iV, ©)}e)
is merely a feasible (not necessarily optimal) solution of (6) Summing this estimate
up over all f* fractional bricks of type i gives f" - f]_' Yoecci iV, 0} f(e) = V'{§'},
concluding the proof. O

Lemma4 Lety be an optimum of (ConfILP), z* be an optimum of (HugelP), y* be an
optimum of (ConfLP), X = ¢(y*), and x* be a configurable optimum of (HugeCP).
Then

f@) = f@) = fle@) =v§ = vy = f&) = fx*) .

Proof Wehave f(z*) = f(z*) by equality of f and f on integer solutions (Lemma 2),
and f(z*) = f(¢(y)) = vy by the definition of ¢ and the fact that § is an integer
optimum. Clearly, vy > vy*, because (ConfLP) is a relaxation of (ConfILP) and thus
the former lower bounds the latter.

Let us construct a mapping ¢ for any configurable solution x of (HugeCP). Start
with ¢ (x) =y = 0. For each brick x/ of type i let I'/ be a f -optimal decomposition
of x/ and update yé = yé + A for each (¢, A¢) € I'/. Now it is easy to see that

Vo (x*) = f(x*) . 8)

Our goal is to argue that vy* = f(i) = f(x*). We have fA(i)A = f((p(y*)) < vy*
by (7), but by optimality of y* and (8) it must be that v¢(X) = f(X) > vy* and hence
vy* = f(X). Similarly,

f&x*) = vp(x*) = vy* > Flo(y™)

with the “=" by (8), the first “>" by optimality of y*, and the second “>" by (7).
However, since f(¢(y*)) > f(x*) by optimality of x*, all inequalities are in fact
equalities and thus vy* = f(x*). O

Remark 1 We only need the properties of f that we have proved so far. To gain a little
bit more intuition, consider the dual of the LP (6). Notice that the set of right hand
sides x/ whose optimum is attained by a particular set of configurations supp(X) is a
polyhedron. Call such a set a cell. This means that f is a convex function which is
linear in each cell. Another observation is that f is non-separable.

We do not have a more intuitive explanation of f . It would be tempting to think
that f is the piece-wise linear approximation of f in which, for every i € [Nt], we
replace each segment of f; between two adjacent integers k, k+ 1 by the affine function
going through the points (k, f;(k)) and (k + 1, f;(k + 1)). However, this turns out to
be incorrect: for example, say that fi(x;) = |x; — 1| (thus f1(0) = f1(2) = 1 and
f1(1) = 0) and that we set x; = 2x; for a new integer variable x;. This constraint
ensures that x; only takes on even values. Thus, x; never attains the value 1 and
fl (1) > 1 even though the piece-wise linear approximation of f has value O at 1.
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Bounding the number of fractional coordinates.

Lemma5 (Adaptation of [8, Lemma 4.1]) An optimal vertex solution y* of (ConfLP)
has at most 2r fractional coordinates.

Proof Notice that if a brick (y*)’ is a vertex of the set Q' := conv{y’ € RC | 1y =
w',y' > 0}, then it is integral. Thus, any brick of y* which is fractional cannot be a
vertex of Q' and hence there exists a direction e’ € Keryz(1) and a length A’ > 0 such
that (y*)! £1/e’ € Q'.For the sake of contradiction, assume there are r + 1 bricks of y*
which contain a fractional coordinate and [ is the index set of such bricks. Hence we
have e/, A as above for each i € I. We abuse the notation and treat C' as a matrix
whose columns are the configurations. Consider the vectors E iCiAiei € R”: because
there are r + 1 of them, they are linearly dependent, and, by rescaling, there must be
coefficients A such that [A/| < A’ for each i € [ and Yier E’iC")_»ie" = 0. Define
e € R (recall that C is the total number of configurations) such that its i-th brick
is equal to A’e’ if i € I, and is 0 otherwise. Then y* =+ e are both feasible solutions
of (ConfLP), and thus y* is not a vertex solution—a contradiction.

So far, we have shown there are at most r fractional bricks of y*. Notice that all we
needed for that was r + 1 linearly dependent vectors which can be added to some brick
in both directions while preserving feasibility. Because ¢’ € Kerz(1) for eachi € I,
we can decompose ¢! into elements of G (1), which are exactly vectors with one 1 and
one —1. Hence, to avoid the contradiction above, there can be at most r vectors e,
and, additionally, all of them must belong to G(1). Thus, the resulting vector e has
support of size at most 2r, and y* has at most 2r fractional coordinates. O

Finding a conf-optimal solution with small number of fractional bricks.

Our goal is to show that the proximity of any conf-optimal solution x* of (HugeCP)
from an integer optimum z* of (HugelP) depends on the number of fractional bricks.
This number, by definition of ¢, depends on the number of fractional coordinates of the
corresponding solution y of (ConfLP). The following lemma shows how to produce
optima of (ConfLLP) with small support. We emphasize that our proximity theorem
does not require that the fractional solution be optimal but rather conf-optimal.

Lemma 6 There is an algorithm that finds an optimal vertex solution y* of (ConfLP)
with |supp(y*)| < r + t and at most 2r fractional coordinates, and a conf-
optimal solution x* = ¢(y*) of (HugeCP) with at most 2r fractional bricks, in time
g1(E2)P® poly(rt log || fmax. 1w, b, g, E o).

Proof The proof has three parts. First, we describe how to find an optimal basic solution
of the dual of (ConfLP). Next, we identify r + t inequalities of this dual which fully
determine the optimal dual LP solution. Finally, we show how to use this information
to solve (ConfLP) itself.

Recall that t is the number of brick types in the huge N-fold instance. Since
(ConfLP) has exponentially many variables, we take the standard approach and solve
the dual LP of (ConfLP) by the ellipsoid method and the equivalence of optimization
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and separation. The Dual LP of (ConfLP) in variables « € R", 8 € R” is:

max bOa + Z w g
i=1
s.t. (@Ei)e — fi(e) < —p' Vi € [t], Ve € C'. 9)

To verify feasibility of (qe, B), we need, for each i € [?], to maximize the left-hand
side of (9) over all ¢ € C* and check if it is at most —B'. This corresponds to finding
integer variables ¢ which for given (&, ) solve

min (f’(c)—(ocE‘i)c):—max ((aE’i)c— fi(c)) D Ebe=b, I'<c<u'ceZ.

This program can be solved in time 7" < g1 (E2)©® 3 -poly(log [b', ', u’, | E || llo)
[33, Theorem 4].

Grotschel et al. [18, Theorem 6.4.9] show that an optimal solution of an LP
(even one which is a vertex [18, Remark 6.5.2]) can be found in a number of
calls to a separation oracle which is polynomial in the dimension and the encoding
length of the inequalities returned by a separation oracle. Clearly the inequali-
ties (9) have encoding length bounded by log || fmax, 1, u, b, |lcc and thus T =
poly(rtt log || fmax, 1, u, b, u, E||s) calls to a separation oracle are sufficient to find
an optimal vertex solution, which amounts to 7 - T"" arithmetic operations.

Next, we will identify r + 7 inequalities determining the previously found optimal
vertex solution of the dual of (ConfLP). Observe that the dimension of the dual LP
is the number of rows of the primal LP, which is » + 7. Since each point in (r 4 7)-
dimensional space is fully determined by » 4 7 linearly independent inequalities, there
must exist a subset I of r 4+ 7 inequalities among the T inequalities considered by
the ellipsoid method which fully determines the dual optimum. We can find them as
follows.

We initialize [ to be the empty set. Taking the T considered inequalities one by
one, we process the inequality if it is satisfied as equality by the given optimal basic
solution for the dual LP, and we discard other inequalities. If we process the current
inequality and either some inequality of I or the present inequality is dominated? by
an inequality that can be obtained as a non-negative linear combination of the others,
discard it; otherwise, include itin / and continue. Testing whether an inequality dz < ¢’
is dominated by a non-negative combination of a system of inequalities Dz < e can
be decided by solving

minee st a'D=d, >0, (10)
and checking whether the optimal value is at most ¢’. If it is, then the solution o

encodes a non-negative linear combination of the inequalities Dz < e which yields
an inequality dominating dz < ¢/, and if it is not, then such a combination does

2 An inequality ax < b is dominated by ex < d if for every x such that cx < d we also have ax < b.
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not exists. Thus, when a new inequality is considered, we solve (10) for at most
r + t inequalities (the new one and all less than r + t already selected ones),
and there are at most T inequalities considered. The time needed to solve (10) is
poly(r + t,log |1, u, b, fimax, E|ls) because its dimension is at most r + 7 and its
encoding length is at most log |1, u, b, fmax, Ellco- Altogether, we need time

T -(r+71)-poly(r+ t,log|l,u, b, fimax, Ellco)
< poly(rttlog || fmax, L u, b, &, E|lec) =

Finally, let the restricted (ConfLP) be the (ConfLP) restricted to the variables
corresponding to the inequalities in /. We claim that an optimal solution to the
restricted (ConfLP) is also an optimal solution to (ConfLP). To see that, use LP duality:
the optimal objective value of the dual LP restricted to inequalities in I is the same as
one of the dual optima, and thus an optimal solution of the restricted (ConfLP) must
be an optimal solution of (ConfLP). We solve the restricted (ConfLP) using any poly-
nomial LP algorithm in time 7”7 < poly((r 4 ), 10g || fmax, I u, £, b’, E|ls). The
resulting total time complexity is thus T - T”” + T to construct the restricted (ConfLP)
instance and time T” to solve it, T - T"" 4+ T’ + T" total, which is upper bounded by
21(E2) P poly(rtt10g || fmax, L, w, b, s, Eloo), as claimed.

Let y* be an optimum of (ConfLP) we have thus obtained. Since |I| < r + T,
the support of y* is of size at most » 4+ 7. By Lemma 5, y* has at most 2r fractional
coordinates. Now setting X* = ¢(y*) is enough, since we have already argued (see
definition of @) that x* has at most as many fractional bricks as y* has fractional
coordinates and x* can be computed from y* in O(r + 1) time. O

3.3 Proximity theorem

Let us give a plan for the next subsection. We wish to prove that for every conf-optimal
solution x* of (HugeCP) there is an integer solution z* of (HugelP) nearby. In the
following, let x* be a conf-optimal solution of (HugeCP) and z* be an optimal solution
of (HugelP) minimizing ||x* — z*||;. A technique for proving proximity theorems
which was introduced by Eisenbrand and Weismantel [11] works as follows. A vector
h € ZN* is called a cycle of x* —z* if h # 0, EMh = 0, and h C x* — z*. It is
not too difficult to see that if X’ is an optimal (not necessarily conf-optimal) solution
of (HugeCP) with the objective f, then there cannot exist a cycle of x" — z* (cf. proof
of Lemma 9). Based on a certain decomposition of X" — z* into integer and fractional
smaller dimensional vectors and by an application of the Steinitz Lemma, the existence
of a cycle is proven unless ||x’ — z*||; is roughly bounded by the number of fractional
bricks of x". However, we cannot apply this technique directly as an optimal solution x’
of (HugeCP) might have many fractional bricks. At the same time, an existence of a
cycle h of x* — z* does not necessarily contradict that || x* — z*||; is minimal, because
x* +h might not be a configurable solution, which is an essential part of the argument.

All of this leads us to introduce a stronger notion of a cycle. We say that h € ZV'
is a configurable cycle of x* — z* (with respect to x*) if (1) h is a cycle of x* — z*, (2)
for each brick j € [N] of type i € [7] there exists an f optimal decomposition I” J of
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(x*)/ such that we may write h/ = Y~ ; ' 1 Ache, and (3) for each (¢, Ae) € 'Y
we have he C ¢ — (z*)/ and h € KerZ(Eé). Soon we will show that if ||x* — z*||;
is minimal, x* — z* does not have a configurable cycle. The next task becomes to
show how large must || x* — z*||; be in order for a configurable cycle to exist. Recall
that the technique of Eisenbrand and Weismantel [11] can be used to rule out an exis-
tence of a (regular) cycle, not a configurable cycle. To overcome this, we “lift” both
x* and z* to a higher-dimensional space and show that a cycle in this space corre-
sponds to a configurable cycle in the original space. Only then are we ready to prove
a proximity bound using the aforementioned technique.

Lemma 7 Ifh is a configurable cycle of x* — z*, then x* — h is configurable.

Proof Fix j € [N].Letpbe thebrick (x*—h)/ andleti € [t]beits type. Now p can be
written as p = Z(c,kc)ef‘f Ae(e—he). Furthermore, we have E,(c—he) = Ejc = b/,
and, by h C x* — z*, we also have ] < x* —h < u. O

We now need a technical lemma:

Lemma8 Let x* be a conf-optimal solution of (HugeCP), let z* be an optimum
of (HugelP), and let h* be a configurable cycle of x* — z*. Then

f@ +h0*) + f(x* —h*) < f(7*) + f(x¥) . (11)

Proof We begin by a simple observation: let g : R — R be a convex function, x € R,
z € 7Z,and r € 7Z be such that r C x — z (that is, there is some p, 0 < p < 1, such
thatr = p - (x — z)). By convexity of g we have that

gz+r)+glx —r) =g +gk) . (12)
Fix j € [N]and z = (z")/, x = (x*)/, h = (h*)j: and let i be the type of brick j.
Since h* is a configurable cycle there exists an f-optimal decomposition I" of x
such that, for each (¢, Ac) € I', there exists a he C ¢ — z, he € KerZ(E‘z), and

h = Z(c’ royer Mehe. Due to separability of f we may apply (12) independently to
each coordinate, obtaining for each ¢

fl@+ho) + fle—ho) < f'@) + f'(0) .
Since all arguments of f' are integral, we immediately get
fla+ho + fle—ho) = fi@ + fl© .

Aggregating according to I", we get (recall that we have Z(C’ roerde =1)

> oae(fatbo+ fie-no) = Y e (f@+ f©)

(e, re)el (e, r0)el

=@+ Y rfl(©,

(e, e)el”
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where by f -optimality of I" the right-hand side is equal to f i(z) + f /(x). As for the
left-hand side, observe that decompositions I = {(z + h¢, Ac) | (¢, A¢) € I'} and
I' ={(c—he,Ae) | (¢, Ac) € I} satisfy ) I =z+hand ). I' = x — h but are
only feasible (not necessarily optimal) solutions of (6). Thus, we have

fla+m+ fix-m= Y ae(fl@tbo+ fie—ho) .

(e,re)el’

Combining over I then yields
fla+m+ flx—h < fl@ + /),

and since we have proven this claim for every brick j, aggregation over bricks con-
cludes the proof of the main claim (11). m]

Let us show that if x* and z* are as stated, then there is no configurable cycle of x* —z*.

Lemma9 Ler x* be a conf-optimal solution of (HugeCP) and let z* be an optimal
solution of (HugelP) such that || x* — z*||| is minimal. Then there is no configurable
cycle of x* — z*.

Proof For the sake of contradiction, suppose that there exists a configurable cycle h*
of x* — z*. By Lemma 8, one of two cases must occur:

Case 1: f(z* +h*) < f(z*). Then z* + h* is an optimal integer solution (by h C
x* —z* we havel < z*+h < uandby h* € kerz (E(N)) we have EV)(z* +h) = b)
which is closer to x*, a contradiction to minimality of ||x* — z*||;.

Case 2: f x* —h*) < f (x*). Since h* is a configurable cycle, Lemma 7 states that
x* — h* is configurable, so we have a contradiction with conf-optimality of x*. 0O

Overview of the remainder of the proof

In order to use existing proximity arguments to bound the norm of a cycle, our plan is to
move into an extended (higher-dimensional) space which corresponds to decomposing
each brick x' of x* into configurations as x' = > ¢ Acc — each summand becomes a
new brick in the extended space.

We denote this new higher-dimensional representation of x* with respect to I"
as 1x* and call it the rise of x*, and define similarly the rise of z* (with respect to a
given decomposition of each brick of x*). The situation gets very delicate at this point.

First, we require that each decomposition of a brick of x* is optimal with respect
to the auxiliary objective f so that we can use the argument about non-existence of
a cycle. Second, because the proximity bound depends on the number of fractional
bricks of 1x*, we require that the decomposition of each brick is small, i.e., into only
few elements. Third, we require that each coefficient A, is of the form 1/¢. for an
integer g, because we need to ensure that, for a corresponding cycle brick he, AS Th,
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is an integer vector, so A ! has to be an integer. To ensure the second and third
condition simultaneously, we first show that there is a decomposition of each brick of
size at most ¢ + 1 and with each coefficient bounded by P, and then show that each
fraction p/q can be written as an Egyptian fraction p/q = 1/a1 + 1/a> + ---1/a.
with ¢ < 2log, g (Lemmas 10-12). (Bounds on the length of Egyptian fractions have
been studied in the past and our bound is not the best possible, but in order to use our
proximity theorem, we need exact and not merely asymptotic bounds, so we prove
this worse but exact bound of 2 log, g.) We call a decomposition of a brick satisfying
all three criteria given above a small scalable decomposition.

Fix a small scalable decomposition for each brick of x*, and let 1x* be the rise of x*
with respect to this decomposition. Since this decomposition is small, 1x* has at most
poly(|| Ellso, 7, s) fractional bricks. Moreover, the other properties above allow us to
say the following: if r is a cycle of $x*— 1z*, then the compression of r back to the
original space is a configurable cycle of x* — z* (Lemma 14). So in order to bound
Ix* — z*||1, it suffices (by triangle inequality) to bound ||1x*— 1z*||;. We do this by
adapting the approach of Eisenbrand and Weismantel [11] to bound the length of any
cycle r of 1x*— fz*.

The remainder of the proof

We say that || is the size of the decomposition. Let us show that for each brick, there
exists an f-optimal decomposition whose coefficients have small encoding length,
and its size is small. For any matrix A, define goo(A) = maxgeg(a) lIglloo-

Lemma 10 Each brick of X* of type i has an f -optimal decomposition I

1. of size at most t + 1, and .
2. MaX (e e=pe/goer (Pes g} < (0 + DUQE = Dgoo(ES)H < (¢ + DD
(g1 (E2) ) < (1 + DD (5| E oo + DEFTDET),

Proof An f -optimal decomposition corresponds to a solution of the LP (6). We will
argue that there is a solution whose support is composed of columns which do not
differ by much, which corresponds to a solution of an LP with small coefficients, and
the claimed bound can then be obtained by Cramer’s rule.

Specifically, we claim that there exists an f -optimal decomposition I" which cor-
responds to an optimal solution A of (6) such that there exists a point { € Z' and
if ¢ € supp(A), then ||[c — ¢|lcc < (t — 1)goo(E§). For a solution A of (6), define
R' 1= maxX¢ ¢csuppn) lI€ — €/[loo to be the longest side of the bounding box of all
¢ € supp(L). Forapoint ¢ € Z!, say, for ¢ € supp()), that a coordinate j € [z]is tight
ifc; = ¢;—[57ore; = ¢;+5 7, anddefine S = 3o o) 2jm1 Aeljis tight in ]
(where “[X]” is an indicator of the statement X) to be the weighted number of tight
coordinates. Now let £ € Z' be any point which is an integer center of the bound-
ing box (i.e., [|[c¢ — &|lco < f%} for all ¢ € supp(A)) and which minimizes S. For
contradiction assume that A is an optimal solution of (6) which minimizes R’ and §
(Iexicographically in this order) and R’ > (2t — 2) goo(Eé). Assuming I is a decom-
position of a brick of type i, we have ¢, ¢’ € C' = {¢ € Z' | Eéé =b, I <¢<u}
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and thus ¢ — ¢’ € Kerz(E}). By Proposition 1 we may write ¢ — ¢/ = 23;_12 Yigj

with g; € Q(Eé) and g; © ¢ — ¢ for all j € [2r — 2]. Note that because
le —¢|loc > R := (2t — 2)goo(E£), we have that there exists j € [2f — 2] such that
yj > 1. Hence g := Z?t:_]z L%Jgj satisfies g # 0. Let¢ :=¢c—g,and ¢ :=¢' + g.

First, because ¢ — ¢ = (¢ — ¢/) — 2g = Z?tz_lz(yj - ZL%J)gi, we may bound
le—¢ oo < (2t—2) goo(Eé) = R. Second, by the conformality of the decomposition,
¢, ¢ € C'. Third, by separable convex superadditivity (Proposition 2), we have that
f(e) + f(¢) > f(©) + f(¢). Fourth, there exist a coordinate j € [t] such that
lcj — c;.| = R’ but, since ||€¢ — ¢'[loc < R, |c; — E/j| < R < R’ and thus j is no
longer a tight coordinate for either ¢ or ¢ (or both), and no new tight coordinates can
be introduced because R < R’. Without loss of generality, let Ac < A¢. Now initialize
A" := X and modify it by setting Az, AL, = A, Ae = 0, A, 1= A¢ — Ac. By our
arguments above, A’ is another optimal solution of (6) but the weighted number S of
tight coordinates has decreased by the fourth point, a contradiction.

Thus, there exists a point ¢ € Z' and an optimal solution A of (6) such that for
each ¢ € supp(A), it holds that |[¢ — ¢l < R/2 = (t — l)goo(Eé). We obtain the
following reduced LP from (6) by deleting all columns ¢ with ||¢ — ¢|loc > R/2, and
denote the remaining set of columns by C':

minz)\cf"(c) s.t. Z,\cczxf, IAli=1,A>0. (13)

ceC! ceCl

This LP is equivalent to one obtained by subtracting ¢ from all columns and the right
hand side:

min Y Aef'©) st Y rele—O =& =) Ah=1,1=0. (14

ceCi ceCi

Now, this LP has 7 + 1 rows and its columns have the largest coefficient bounded by
R /2 in absolute value. A basic solution A has [supp(L)| < ¢+ I and, by Cramer’s rule,
the denominator of each A, is bounded by (¢ 4 1)! times the largest coefficient to the
power of ¢ 4 1, thus bounded by

(t+ DIR/DHY < (1 + DIt = Dgoo(ES) T < (1 + DUFD (g1 (E2)) .
In the worst case, we can bound this as
(t+ DUV E floo + DOF,
where we use
8oo(E}) < | Ejlloo (25| ES [l + 1)
[12, Lemma 2]. O

@ Springer



High-multiplicity N-fold IP via configuration ...

Next, we will need the notion of an Egyptian fraction. For a rational number p/q,
P, q € N, its Egyptian fraction is a finite sum of distinct unit fractions such that

p 1 1 1
—=—+—4--+—,
9 491 q2 qk
forgqi, ..., qr € Ndistinct. Call the number of terms k the length of the Egyptian frac-

tion. Vose [43] has proven that any p/q has an Egyptian fraction of length O(/log ¢).
Since our algorithm requires an exact bound, we present the following weaker yet
exact result:

Lemma 11 (Egyptian Fractions) Let p, g € N, 1 < p < q. Then p/q has an Egyptian
fraction of length at most 2(log, q) + 1 and all denominators are at most q°.

Proof Let a = 2K be largest such that a < ¢, so k = [(logy q) — 17 < log, q. Write
ap=bg+r,0<r <gqg.Notethat p <gq = b<aandq <2a = r < 2a.
Now let (bx—_1, ..., b1, bp) be the binary representation of b < a so b = Zf-:é 2ip;
and e(rg, ..., r1,rg) bethatof r < 2asor = Zi‘(:o r;2'. Then we have

k

k—1
p ap bqg +r b 1r b; ri
_—_—— = :—+——= + i
q aq aq a qa ;2’“’ gqoZk*’

where b;, r; € {0, 1}, so a sum of at most 2k + 1 < 2(log, q) + 1 terms with all
denominators d; < ¢g2* = qa < ¢*. Moreover, all denominators in the first sum are
distinct and at most 2%, and all in the second sum are distinct and at least q > 2k,
hence all distinct, so this is an Egyptian fraction of p/g of length 2(log, ¢) + 1 and
denominators are at most g>. O

Recall that our goal is to obtain a configurable cycle. However, for that we also
need a special form of a decomposition. Say that I" is a scalable decomposition of a
brick (x*)/ of type i if it is a f -optimal decomposition, and for each (¢,, A,) € I,
Ay is of the form 1/g, for some g, € N. We note that in what follows we do not
need an algorithm computing a scalable decomposition, only the following existence
statement.

Lemma 12 Each brick of x* has a scalable decomposition of size at most k| -
1310g(t| E2lloo), where k1 = 52.

Proof Fix j € [N].Letx = (x*)/ be a brick of x* of type i. By Lemma 10, there exists
an f-optimal decomposition of x of size 7 + 1 where each coefficient Ac = pc/qc
satisfies pe, ge < (t+ DD (5| EL [loo + 1) TDEF2) For each ¢ in the decomposition

now express A¢ as an Egyptian fraction:
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By Lemma 11,

¢ < 2(logy go) +1 =2 (1og ((r + DD (SED o + 1)““)0“))) 1

< 25stlog(st|| E4|loo) -

Thus, the resulting decomposition is of size at most (¢ + 1)25st 10g(st||E§||oo) <
2.26¢3 log(t|| E’2 lloo) (by s <t this justifies the deletion of s in the log() at the cost of
a factor of 2, so the last bound holds) and is scalable, since each coefficient is of the
form 1/g, for some g, € N. O

We will now show that we are guaranteed a configurable cycle of x* — z* if there
exists an analogue of a regular cycle of a certain “lifting” of x* and z*.

Fix for each brick of x* a scalable decomposition I"/. Let 1x* be the rise of x*
defined as a vector obtained from x* by keeping every integer brick (x*)/, and replacing
every fractional brick (x*)/ with |\ J | terms A, ¢y, one for each (¢, A,) € I’ I,
Observe that each brick of 1x* is of the form Ac for some configuration ¢ and some
coefficient 0 < A, < 1. Thus, for a brick Acc we say that ¢ is its configuration, A is its
coefficient, and its type is identical to the type of brick it originated from; in particular,
bricks which originated from an integer brick p = (x*)/ are of the form App with
Ap = 1. Let N’ be the number of bricks of 1x* and define a mapping v : [N'] — [N]
such that if a brick j € [N’] of 1x* was defined from brick £ € [N] of x*, then
v(j) = £. The natural inverse v~ is defined such that, for £ € [N], v=1(£) is the set
of bricks of 1x* which originated from (x*).

Lemma 13 The vector +X* has at most > - r - t> log(t|E3, . .., EJ |loo) fractional
bricks, where k» = 2k].

Proof By Lemma 6 there is a conf-optimal x* with at most 2r fractional bricks. By
Lemma 12 for each fractional brick of x* of type i there is a scalable decomposition

of size at most ky - 13 log (|| E} o) < k1 - 12 log(t||E1, ..., EJ|ls). Thus, 1x* has at
most k7 - £3 log(t|| EX, ..., E7 |loo) fractional bricks for each fractional brick of x*, of
which there are at most 2r, totaling 2« - r - 3 log(t|| E 1o E§ |loo) fractional bricks.

O

Denote by tz* ¢ RY " the rise of z* (with respect to x*) defined as follows. Let
Jj € [N'], £ = v(j), and A be the coefficient of the j-th brick of 1x*. Then the j-th
brick of 1z* is (12*)7 := A(z*)¢. Observe that |[$x*— 1z*||; > ||x* —z*||; by applying
triangle inequality to each brick and its decomposition individually and aggregating.

For any vector x € RV !, define the fall of x as a vector |x € RV’ such that for
e [N], (Ix)¢ = Y ie) x/. We see that | (1x*) = x* and |(4z*) = z*. Say that
ris a cycle of 1x*— 1z* if r Cx*— 12z* and r € Kerz(EN") 3

Lemma 14 Ifr is a cycle of 1x*— Az*, then |, r is a configurable cycle of x* — z*.

3 Recall that EV') is the N’-fold matrix formed from blocks E, see Eq. (1).
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Proof To show that | r is a configurable cycle, we need to show that (1) |r €
Kerz(E™)) and, (2) for each brick x = (x*)/ of x*, there is an f-optimal decom-
position of x such that h = (| r)/ decomposes accordingly. For the first part, | r is
integral because it is obtained by summing bricks of r, which is integral. Denote by
i(j) the type of a brick j (we abuse this notation; note that i(j) for j € [N] may
differ from i () for j € [N'], but context always makes clear what we mean). By the
fact that r € Kerz(E™") and the definition of | r, we have 0 = Z?’:/] E’l(-’)rf =
Y ¥ B\ ()7, and, for each £ € [N],0 = Y, 1, B3 1/ = EXY(Ir)", thus
Ir e Kerg(EM)).

To see the second part, fix a brick j € [N] of type i and let x = (x*)/, z =
(z*)/ and h = @ r)/. We need to show that h = ZVEUfl(j) h, can be written as
Y ceci Aehe withhe E ¢ —z and he € KerZ(Eé). By definition of $x* and r, there
is a scalable decomposition I" of x (namely the one used to define 1x*) such that
for each y € v‘l(j), h, © A,(¢c, —z)and h, € KerZ(Eé). Thus we may write
h=3 ity - &, 'hy) with 4, 'h, C ¢, —zand 4, 'h, integral by the fact
that A, = 1/q, with g, € N, concluding the proof. O

We are finally ready to use the Steinitz Lemma to derive a bound on ||x* — z*||;.

Theorem 2 Let x* be a conf-optimal solution of (HugeCP) with at most 2r fractional
bricks. Then there exists an optimal solution z* of (HugelP) such that

|7 = X"l < (k2" log( 1 E, ... E3llo0)) Q71| Etllocg (E2))"+?

< (kar*log (I}, ..., E5lloe)) ) F2(IElloes)™™ .

Proof Denote by E| the first r rows of the matrix V). Let z* be an optimal integer
solution such that ||z* — x*||; is minimal, let $x* be the rise of x* with at most
Ky 113 10g(t||E21, ..., EJ|lo) fractional bricks (see Lemma 13), let 1z* be the rise
of z* with respect to x*, and let q =1x*— fz*.

We want to get into the setting of the Steinitz Lemma, that is, to obtain a sequence of
vectors with small £1-norm and summing up to zero. To this end, we shall decompose
E1q in the following way; we stress that we have E1q = 0. For every integral brick q
of type £ € [t] we have its decomposition ' = ) j g’j into elements of G (Eg) by the
Positive Sum Property (Proposition 1); for each gé. append E fgi. into the sequence. For
every fractional brick q’ of type £ € [r] we have its decomposition q' = Zt,':l oj gs,
a; > 0 for each j, into elements of C (E%); for each g;. append |o; | copies of Efgi,
into the sequence, and finally append Ef{ot j}gi.. Observe that since 1x* has at most

Ky-r -t log(t||E1, e, E; lloo) fractional bricks (Lemma 13), so does q, and thus we
have appended f < t-kz-7-13 log(t| EL, ..., E3lloo) < k2-7-t*log(t| EL, ..., E3 lloo)
fractional vectors into the sequence. Now we have a sequence

01y oo s O, Pt s - -+ Pt (15)

@ Springer



D.Knop et al.

with m integer vectors o1, . - O and _f fractional vectors pj 41, . . . , Pm+f. Moreover,
since, for each i € [7], C(E}) C G(E}),

each vector has £o-normof ||[EL, ..., E{|loo-g1(E>) and they sum up to 0. Observe
that (m+1)-g1(E2) > llqll1 = || tx*— 1z*||; > |Ix* —2z*|1. We now focus on bound-
ing m + §. The Steinitz Lemma (Lemma 1) implies that there exists a permutation 7
such that the sequence (15) can be re-arranged as

Vlv'-'9vm+f1 (16)

where v; is 0,13 ifi € [1,m] and Pr1() if i € [m 4+ 1, m 4+ f], respectively, and
for each 1 <k < m + f the prefix sum t; := Zf-‘zl v; satisfies

tklloo < rllEtlloog1(E2) .

We will now argue that there cannot be indices 1 < ky < --- < kj2 < f +m with

tkl = =tkf+27 (17)

which implies that f + m is bounded by § 4+ 1 times the number of integer points of
norm at most 7 || E1||cog1(E2) and therefore,

Ix* —z*lr < I+ x"= 1 z"[l1 < F+ D QrlEilloog1(E2) + 1" - g1(E2)
<2 1*10g(t|IEy, .., E3lloo) - ¥ (2| E1 o1 (E2) + 1) - g1(E2)

< (kat* ot ES. ..., E5lloe)) Crl Etllocgn (E2) 2 .

Assume for contradiction that there exist f+2indices 1 < kj < --- < kjy2 < f+m
satisfying (17). By the pigeonhole principle, there is an index k, such that all the vectors
Viy+1s -+ -, Vi, from the rearrangement (16) correspond to integer vectors 0, -1(p)
for p € [ke + 1, k¢4-1]. We will show that this collection of vectors corresponds to a
cycle h of 1x*— 4z* which by the minimality of ||x* — z*||; and Lemmas 9 and 14
is impossible. To obtain the cycle, for each p € [ky + 1, k¢41], let i(p), j(p), and

£(p) be such that 0,1, = Ef(p)gi.({;.)). Initialize h := 0 € ZM" and, for each
p e lke+1,kegr], lethi® .= 4 g}((’;)). Now we check that h is, in fact, a cycle.

First, to see that EVh = 0, we have Eﬁh" = 0 for every brick i € [N'] of type £ by
the fact that h' is a sum of g; € Q(Eg) - KerZ(Eg), and we have E;h = 0 by the
fact that ty, = ti,,, and thus 3° ..\ o Ef(p ) g;((f;)) = 0. Second, h C q because, for

every brick i € [N'], h' is a sign-compatible sum of elements gz. Cq. O

3.4 Improving the proximity theorem when I has identical columns

In this section we will show how to construct a huge n-fold instance I’ from any input
instance I such that the number of columns of I’ per brick is at most (2| E || oo + 1),
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and in some sense I and I’ are equivalent. Specifically, we will show a mapping
between the solutions of I and I’ which maps integer or configurable optima of 1
to integer or configurable optima of I’ and vice versa, respectively, and such that
proximity bounds from I’ can be transferred to 7. This will eventually allow us to
show that even if / has very large 7, we can bound the distance between a configurable
optimum and some integer optimum of / by a function independent of 7.

Construction of I'.

Note that (2||E]ls + 1)’ is the number of distinct (r + s)-dimensional integer
vectors with entries bounded by || E || .o in absolute value, hence the number of possible
distinct columns per brick. We will show how to “join” variables corresponding to
identical columns. Consider any IP with a separable convex objective where columns
corresponding to variables x; and xp are identical. Let f; and f> be the objective
functions corresponding to x; and x3, and /1, /5 and u1, u be their lower and upper
bounds, respectively. Let xj» be a new variable which replaces x1, x5 in I’. Set the
lower bound of x12 to be l1p = I + I, upper bound u12 = u1 + u», and define its
objective function as the (min, +)-convolution of f1 and f>:

fia(x2) = min filxD) + fa(x2) . (18)
X1,X2€7Z, X12=X1+X2
(1,1) =(x1,x2)<(uy,u2)

Note that if f and f; are convex, then fi; is also convex. Extend f]» to fractional
values as a linear interpolation, that is, for x1o = |x12] + {x12} fractional, let f12(x12)
be fio(lx12)) + {x12}(fi2([x121) — fi2(lx12])). The value f12(x12) can be obtained
by binary search on x| (which determines xp = x12 — x1) in O(log(u12 — [12)) calls
to evaluation oracles for f; and f,. When merging a set S of more than 2 variables,
one would compute fs(xgs) as the solution of the corresponding integer program
whose objective is ) ;¢ fi(x;) and its constraints are ) ;¢ x; = x5 and appropriate
lower and upper bounds; by [13], this is solvable in time poly(|S|) log( fmax, s —Ls).
However, our goal here is to strengthen our proximity result for I by studying I,
without actually attempting to solve I'.

For a solution x of / (not necessarily integral), we define o (x) to be a solution
of I’ where x| and x, are replaced by x;2 = x; + xj. Clearly, for integer X, the
value of o (x) under the objective of I’ is at most the value of x under f, and if x
is an integer optimum of 7, then o (x) will be an integer optimum of I’ because we
then have f12(x12) = f1(x1) + f2(x2). We abuse the notation and for an integer x’
define o~ (x') to be some integral member x of the set o ~! (x’) which satisfies f (x1)+
f2(x2) = f12(x],). For a configurable solution x" we define o~ !(x') by taking an f-
optimal decomposition I"" of the brick of X’ containing x> and applying o ! to
the configurations in I'’; this defines a decomposition I" and thus a brick > I" of a
solution x of /. The next lemma shows that this construction preserves the value of
the solution.

Lemma 15 If X is an integer optimum of I, then o (X) is an integer optimum of I,
respectively. Similarly, if X is a configurable optimum of I, then o (X) is a configurable
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optimum of I'. Analogously, if X' an integer optimum of I', then o~V (X') is an integer
optimum of I, and if X is a configurable optimum of I', then o~ (x') is a configurable
optimum of I.

Proof 1t follows from the definition of f}, that for any integer solution of I we get
an integer solution of I’ which is at least as good, and for any integer solution of I’
we get an integer solution of / with the same value. For configurable solutions we
apply the observation above to each configuration in some f -optimal decomposition
and use the fact that f is defined via fi,. O

This approach generalizes readily to any number of variables. For the sake of simplicity
we continue with the example of “joining” two variables whose columns in E®) are
identical.

We are left to argue about proximity. While we believe that it holds in general that
any proximity bound between integer and configurable optima of I’ transfers to I, we
only need this for our specific bound, so we take a less general route.

Lemma 16 Let x be a configurable optimum of I with at most 2r fractional bricks,
X' = o(X) a configurable optimum of I', 7' an €\-closest integer optimum of I', and
z = o~ '(2') an integer optimum of I. Let P be the bound of Theorem 2 on ||X' —7'||.
Then |x —z|; < P.

Proof Consider the proof of Theorem 2. In it, we create a sequence of vectors
V1, ..., Untf. Bach of these vectors corresponds to some Efk j g} The crucial obser-
vation is that the sequence (v;); obtained from x, z is identical to the sequence obtained
fromx’, 7/, soif ||x' — Z/||; < P, then also ||x — z||; < P. O

The next corollary is now immediate:

Corollary 1 Let x* be a conf-optimal solution of (HugeCP) with at most 2r fractional
bricks. Then there is an optimal solution z* of (HugelP) such that

2 =% = (k2 + ) QI Elloo + D*) @7l Etloogn (E2))™
< QlElloso + DOV Qrl|Elloog1 (E2)CT) < (1E o)) .
3.5 Algorithm

Recall the statement of the theorem we are proving: Theorem 1. Huge N-fold IP with
any separable convex objective can be solved in time

2. 2
(1Eloor)CT 759 poly(z, £, log 11, w, b, N, finaxlloo) -

Proof We first give a description of the algorithm which solves huge N-fold IP, then
show its correctness, and finally give a time complexity analysis.

Description of the algorithm. First, obtain an optimal solution y of (ConfLP) and from
it a conf-optimal solution x* = ¢(y) with at most 2r fractional bricks by Lemma 6.
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Applying Corollary 1 to x* guarantees the existence of an integer optimum z* satis-
fying

Ix =2l < P i= (0 + 9 CIE oo + D*) @I Etloogi (ED)™ . (19)

Together with the fact that there are at most 2r fractional bricks, this implies that z*
differs from x* in at most P’ = P + 2r bricks. The idea of the algorithm is to “fix” the
value of the solution on “almost all” bricks and compute the rest using an auxiliary
N-fold IP problem with a polynomial N.

Formally, our goal is to compute an optimal solution z of (HugelP) represented
succinctly by multiplicities of configurations, or in other words, as a solution ¢ of (Con-
fILP). Denote by y_ pr the vector whose coordinates are defined by setting, for every
type i € [r]and every configuration ¢ € C,y_p/(i, ¢) = max{0, | y(i, ¢)| — P’} This
leaves us with ||ly[l; — [ly_p/|l1 < |supp()|P’ < (r + t)P’ 13 bricks to determine.
et =y—y_ p’, define j by setting, for each i € [7], : ZCGC, C(i, ), let
X =¢(C),andlet N = ||§||1 = ||it|l; < P. Construct an aux111ary N-fold IP instance
with the same blocks E’l, E’ i € [1], by, for each brick %/ of type i, setting

- fi=f — b/ =V, - V=, — o =u.

We say that such a brick was derived from type i. Lastly, let b = b? —
S Yeeer £, OFjc.

After obtaining an optimal solution Z of this instance we update ¢ as follows. For
each brick Z/ derived from type i, increment ¢ (i, Z/) by one.
Correctness. By (19), it is correct to assume that there exists a solution ¢ of (ConfILP)
which has ¢(i,¢) > max{0, |y(i,¢)| — P’} for each i € [r] and ¢ € C'. Thus
we may do a variable transformation of (ConfILP) { = & + y_ps, obtaining an
auxiliary (ConfILP) instance

minv(@ +y-p) : BE+y-p)=d,0<¢ .

The auxiliary huge N-fold instance is simply the instance corresponding to the above,
and the final construction of ¢ corresponds to the described variable transformation.
Complexity. Since ||C||; < P, we can obtain an optimal solution Z of the auxiliary
instance in time (|| E||oors)o(’2””2)(t15) log(tf_’) log || fmax b, 1, 1"1||?>O [13, Corollary
91]. Let us now compute the time needed altogether. To solve (ConfLP), we need time
(Lemma 6)

2
IENSSY poly(rz1og || frmax: 1 0, b, flloo) -
To solve the auxiliary instance above, we need time

2 2y = _ — - _
(I Elloors)C (1 P) log(t P) log | fmax. b 1, @13,
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where P = (r + 1) P' < t2||Ellco + NP Q2r[|Ellcog1 (E2)° .

Hence we can solve huge N-fold IP in time at most

2 2
Elloors)OT45 poly (17 10g || frnax, 1, w, b, flloo) -

4 Concluding remarks

At this point one may wonder why bother with the ConfLP rather than solving HugeCP
and showing that its optima are close to those of HugelP. The reason is that even though
handling optima of HugeCP is much easier than handling conf-optimal solutions, and
even though solving HugeCP is easier than solving ConfLP,* a HugeCP optimum can
be very far from a HugelIP optimum [8, Proposition 1]. In other words, ConfLP is
a stronger relaxation than HugeCP: consider a brick p of a HugeCP optimum and a
brick q of a conf-optimal solution; then

qeconv{ceZd|E2c:0,li§c§ui}c{p/eRd|E2p/:0,li§p§ui}.

In plain language, while q lies in the integer hull of all configurations, p only lies in
the fractional relaxation of this hull.

Another obstacle is that even though Configuration LP is a standard tool, it is
typical that the separation problem is merely approximated rather than solved exactly,
leading to approximate solutions of ConfLP. But, we require an exact solution, and
so we use a parameterized exact algorithm for IP to solve the separation problem. It
is an interesting question when a k-approximate solution of ConfLP, i.e., a solution
whose value is at most k - O PT, may be used to obtain an % (k)-accurate configurable
solution of HugeCP, i.e., a configurable solution which is at £;-distance at most % (k)
from a configurable optimum. An approximate solution of ConfLP might be much
easier to obtain, and yet it may be almost as good as an exact solution for our purposes
here.

Another interesting question is a tight complexity bound for the algorithm of
Lemma 6. It seems likely that the recent approach of Cslovjecsek et al. [8] could
also apply in our high-multiplicity setting, which would yield a near-linear fixed-
parameter algorithm. Notice that the iterative augmentation algorithms for standard

4 We only outline the reason. We claim that an optimal solution of HugeCP can be obtained in the following
way: construct an auxiliary t-fold CP with bricks 1. X’ where the i-th brick ii, i € [t], represents
the 4! bricks of type i in the original instance. This is achieved by setting the bounds to il and piul, the
right hand side to p'b’, and the objective to u' f' (X' /u'). Given an optimum X of this 7-fold CP, we set
each brick of type x' to the value ' /4, and claim that x is an optimum of HugeCP. Thus, while HugeCP
can be solved in polynomial time, the separation subproblem needed to solve ConfLP can be NP-hard, in
this sense making ConfLP harder.
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N-fold IP have a strong combinatorial flavor and use no “black boxes”. Could the
ellipsoid method behind Lemma 6 be replaced by a (more) combinatorial algorithm,
at least for some important problems which have huge N-fold IP models, such as the
scheduling problems studied by Knop et al. [31]?
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