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Summary

This thesis develops a framework for data-driven control of linear stochastic systems
by combining two foundational approaches: the fundamental lemma by Jan C. Willems
et al., a cornerstone of behavioral systems theory, and Polynomial Chaos Expansions
(PCEs) by Norbert Wiener, a powerful tool for uncertainty representation. It addresses
the challenges of representing, predicting, and controlling stochastic systems directly
from data, eliminating the need for explicit parametric models.

First, this thesis establishes a formal framework for the behavioral theory of stochas-
tic systems. It demonstrates that the behaviors of L2 random variables and their PCE
coefficients align with the underlying system dynamics. This extends the fundamental
lemma by Willems et al. to stochastic Linear Time-Invariant (LTI) systems, enabling
the use of past input/output/disturbance data to predict future stochastic system re-
sponses.

Another contribution is a data-driven stochastic prediction scheme for LTI systems
subject to unmeasured disturbances. The proposed method consolidates the unmea-
sured disturbances into a residual disturbance and estimates its realizations using a
least-squares approach. Furthermore, a regularized stochastic predictor is introduced
to improve the robustness against estimation errors. Using the PCE framework, this
approach efficiently quantifies stochastic predictions via confidence intervals based
on higher-order Chebyshev’s inequalities. A real-world case study using residential
building data validates the effectiveness of the proposed prediction method.

This thesis also investigates stochastic optimal control for LTI systems under exoge-
nous disturbances. We establish sufficient conditions for the equivalence between the
model-based and the data-driven Optimal Control Problems (OCPs) and for the op-
timality of affine disturbance-feedback policies. To further enhance distributional ro-
bustness and mitigate uncertainty regarding future disturbance distributions, we work
with distributionally robust chance constraints and provide their exact PCE formula-
tions as tractable second-order cone constraints.

Furthermore, we propose a data-driven output-feedback predictive control scheme
that requires knowledge of only the first two moments of the disturbance. The pro-
posed scheme is based on a tailored data-driven OCP with a stochastic initial condition
and terminal ingredients. Through online design of the initial conditions, we provide
sufficient conditions to ensure recursive feasibility of the proposed output-feedback
scheme. Additionally, by leveraging a data-driven design of the terminal ingredients,
we establish an average asymptotic performance bound for the closed-loop system and
provide a robustness analysis of the closed-loop performance.

In conclusion, this thesis bridges the gap between data-driven control and stochastic
control by integrating behavioral systems theory with PCE. It introduces innovative
tools for representing stochastic behavior, ensuring robust predictions, and designing
optimal control policies for stochastic systems.
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1. Introduction

In many real-world applications, stochastic disturbances, such as uncertain environ-
mental conditions and random exogenous disturbances, can significantly impact both
the performance and safety of the system. In automotive applications, for instance,
the uncertain behavior of other vehicles and road users must be carefully considered
to ensure reliable operation (Carvalho et al., 2014). Similarly, building climate control
systems have to deal with uncertain weather conditions and highly variable occupancy
rates (Drgoňa et al., 2020), while wind turbine control faces the task of handling fluc-
tuating wind speeds (Chen et al., 2010). Moreover, power systems and distributed
multi-energy systems are subject to uncertainties in both energy generation and con-
sumption (Mühlpfordt et al., 2019; Özmeteler et al., 2024).

Despite advances in sensors and machine learning techniques for predicting distur-
bances, these predictions remain inherently uncertain and reliable only in a probabilis-
tic sense. In addition to such measurable and statistically modeled uncertainties—
referred to as structured stochastic disturbances—systems are also subject to unstructured
stochastic disturbances, which are unmeasured or statistically unmodeled.

Figure 1.1 categorizes exogenous disturbances from two perspectives:

i) Whether their realizations can be measured: measured, estimated, or unmea-
sured.

ii) Whether their statistics can be modeled: modeled, partially modeled, or unmod-
eled.

As shown in Figure 1.1, structured disturbances refer to the realization-measured and
statistically modeled disturbances, while the others are referred to as unstructured dis-
turbances. This spectrum of uncertainties, from structured to unstructured distur-
bances, highlights the importance of stochastic control approaches in ensuring system
safety and performance under diverse stochastic conditions.

Another emerging trend in control research is the paradigm shift from model-based
to data-driven approaches (Dörfler et al., 2023a). This shift is driven by the fact that,
in many practical scenarios, our understanding of the underlying system dynamics
is limited. A convincing example is building control systems, where their dynamics
are influenced by complex interactions between HVAC devices, thermal properties,
and environmental factors. The construction of a first-principles model for such sys-
tems is cumbersome and subject to inaccuracies, especially if the states are not prop-
erly chosen. Moreover, the estimation of state-space representations through subspace

Figure 1.1.: Spectrum of exogenous disturbances
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1. Introduction

Figure 1.2.: Comparison of the model-based routine (grey arrows) and the data-driven routine (black
arrows) for representing an unknown dynamical system Σ exposed to exogenous distur-
bance w

identification often lacks interpretability, as the identified states may not correspond to
meaningful physical quantities. Furthermore, system parameters in buildings, such as
thermal insulation or HVAC efficiency, tend to change over time due to aging or sea-
sonal variations, necessitating frequent model updates. In building control, however,
we often have access to input, output, and some disturbance data, such as control sig-
nals, indoor temperatures, and weather conditions. Therefore, data-driven approaches
offer an effective alternative to traditional modeling, efficiently ensuring building com-
fort and energy efficiency (Bilgic et al., 2024; Di Natale et al., 2022; Lian et al., 2023).

As illustrated in Figure 1.2, rather than following the conventional routine of first
measuring the system data, identifying a parametric model, and then using this model
to represent the system (Katayama, 2005; van Overschee et al., 2012), the data-driven
methodology—aligned with the fundamental lemma by Willems et al., 2005—suggests
using the available data directly to represent the system; see also De Persis et al., 2019
and Markovsky et al., 2021 for recent reviews.

The fundamental lemma highlights a pivotal insight: for a controllable Linear Time-
Invariant (LTI) system, its input/output trajectories lie exactly within the column space
spanned by Hankel matrices constructed from past data, provided that the input sig-
nal is sufficiently persistently exciting. This lemma has sparked various extensions
and refinements. The persistency of excitation is refined by van Waarde, 2021, while
the controllability assumption is relaxed by Yu et al., 2021. In addition, Bilgic et al.,
2022 and Lian et al., 2023 provide strategies for the online adaptation of Hankel ma-
trices. There have also been recent extensions to linear descriptor systems (Schmitz
et al., 2022) and to continuous-time LTI systems (Lopez et al., 2022; Schmitz et al.,
2024). Moreover, generalizations in frequency domain have been explored using the
discrete Fourier transform by Meijer et al., 2024 and the discrete wavelet transform
by Sathyanarayanan et al., 2023. Beyond the usual LTI setting, there are tailored vari-
ants for linear parameter-varying systems (Verhoek et al., 2021), for linear time-varying
ones (Nortmann et al., 2023), and for linear time-delay systems (Rueda-Escobedo et al.,
2022).

Dating back to Willems, 1986, 1991, the fundamental lemma is deeply rooted in the
behavioral theory of dynamical systems. Unlike the state-space approach, which rep-
resents dynamical systems primarily through latent state variables, behavioral theory
shifts the focus to manifest variables—namely, the inputs, outputs, and disturbances.
The manifest behavior of a system is defined as the set of all possible trajectories of its
manifest variables. Importantly, the behavior of an LTI system is proven to form a lin-

2



1.1. Towards Data-Driven Control for Stochastic Systems

ear subspace of the signal space, which, as shown in the fundamental lemma, can be
spanned by past trajectories.

As illustrated in Figure 1.2, this paradigm shift in control involves not only the tran-
sition from model-based to data-driven approaches but also the adoption of a behav-
ioral perspective over the state-space representation. Traditional model-based rou-
tines, such as subspace identification approaches, focus on deriving state-space models
to describe system dynamics. However, since states are latent variables that are typi-
cally not directly measurable, additional steps, such as designing state observers, are
required to implement state-feedback controllers.

In contrast, data-driven approaches leverage past measured external data to directly
represent system behavior. This enables the prediction of future output trajectories
and the design of output-feedback controllers, bypassing the need for intermediate
state reconstruction (Berberich et al., 2020; Coulson et al., 2019; Yang et al., 2015). For a
comprehensive overview of behavioral theory in control, see Markovsky et al., 2021.

In particular, the fundamental lemma enables data-driven predictive control with
output feedback as shown by Yang et al., 2015, Coulson et al., 2019, and Berberich et
al., 2020. In addition, Fiedler et al., 2021 explore the connections between data-driven
predictive control and subspace predictive control considered by Favoreel et al., 1999
and Sedghizadeh et al., 2018. Applications of data-driven predictive control across
various domains are discussed by Carlet et al., 2023, Bilgic et al., 2022, Wang et al.,
2023, and Lian et al., 2023.

Interestingly, while behavioral systems theory has achieved significant success in
data-driven control, its application to stochastic systems remains relatively less ex-
plored. This gap aligns with the open challenges highlighted by Markovsky et al.,
2021.

The ultimate paper of Willems, 2012 discusses behavioral ideas for stochastic sys-
tems, focusing primarily on open stochastic static systems, their interconnections, and
the construction of appropriate σ-algebras. Subsequently, Baggio et al., 2017 extend
this framework to a canonical kernel representation of stochastic LTI processes, which,
as demonstrated in Chapter 5, corresponds to the stochastic behavior of systems ex-
posed to unstructured disturbances. Yet, none of these works covers data-driven rep-
resentations of stochastic LTI systems. Following a different perspective, Pola et al.,
2015 and Pola et al., 2016 employ behavioral ideas to study equivalence concepts for
stochastic linear systems in discrete-time and continuous-time settings, without an ex-
plicit definition of the stochastic behavior. In our work (Faulwasser et al., 2023; Pan
et al., 2023c), which is also revisited in this thesis, we analyze the stochastic behavior
of LTI dynamical systems influenced by structured disturbances. In summary, while
behavioral systems theory has been extended to stochastic settings in various ways, a
comprehensive data-driven representation of stochastic LTI systems remains an open
challenge, which this thesis aims to address.

1.1. Towards Data-Driven Control for Stochastic Systems

In short, the key research question of this thesis is:

How to represent, predict, and control stochastic systems in data-driven fashion?

3



1. Introduction

An essential step in addressing this question is to establish an appropriate represen-
tation of stochastic uncertainties.

Stochastic Behaviors via Random Variables

Traditional approaches often rely on probability densities. However, this becomes in-
creasingly cumbersome, particularly when propagating uncertainty through system
dynamics. Consider, for example, two independent random variables X and Y that
follow uniform distributions with support [−0.5, 0.5]. The sum Z = X +Y requires the
convolution of their probability density functions (pdfs) to determine the pdf of Z, i.e.,

fZ(z) =

∫ ∞

−∞
fX(x)fY (z − x) dx.

This involves piecewise calculations: fZ(z) = z − 1 for −1 ≤ z < 0, fZ(z) = 1 − z

for 0 ≤ z ≤ 1, and fZ(z) = 0 otherwise. While it is straightforward in this simple
case, such computations become non-trivial for more complex distributions or higher-
dimensional systems. For discussions on probability density propagation with empir-
ical distributions, see Aolaritei et al., 2023a and Aolaritei et al., 2023b.

Instead, we shift the focus from probability densities to random variables, defined
as measurable functions on a common probability space. This offers two clear advan-
tages. On the one hand, instead of describing uncertainties through individual proba-
bilities and correlations, the common probability space encodes the probabilistic infor-
mation for all uncertainties. That is, it effectively represents the uncertain environment
to which the system is exposed. On the other hand, the random-variable description of
the stochastic system follows the same dynamics as the deterministic behavior of the
system.

These insights lead to the conceptualization of stochastic behavior as trajectories of
random variables defined on a common probability space. Crucially, the stochastic tra-
jectories of the system remain compatible with its deterministic behavior. This obser-
vation directly links the stochastic behavior to the deterministic system dynamics and
the common probability space, while the latter represents the uncertain environment
to which the system is exposed. This perspective allows for a unified treatment of both
stochastic and deterministic behavior within a cohesive framework; see Chapter 4.

The definition of stochastic behavior proposed by Willems, 2012 and Baggio et al.,
2017 differs from this perspective. Instead of considering trajectories of random vari-
ables fully aligned with deterministic behavior, these works define stochastic behav-
iors as probabilistic deviations from the deterministic behavior caused by unstructured
(unmeasured or unmodeled) disturbances. However, this difference can be resolved
through a shift in interpretation as detailed in Chapter 5. We view the deterministic
behavior considered by Willems, 2012 and Baggio et al., 2017 as the “uncorrupted” de-
terministic behavior which represents system dynamics without unstructured distur-
bances. Then, the stochastic behavior therein remains compatible with the “corrupted”
deterministic system dynamics. In this way, their definition represents a special case
of our broader framework.

To address challenges posed by unstructured disturbances, we unify the approaches
of Willems, 2012, Baggio et al., 2017, and our own work to address the representation,
prediction, and optimal control of systems affected by such disturbances. Specifically,
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1.1. Towards Data-Driven Control for Stochastic Systems

we propose to consolidate unstructured disturbances into a residual disturbance that
can be estimated and partially statistically modeled. These concepts are further devel-
oped in Chapters 5 and 7.

Tractable Representation via Wiener’s Polynomial Chaos

Representing stochastic behavior in terms of random variables poses additional chal-
lenges due to their infinite-dimensional nature. A common approach is to use statis-
tical moments–such as the expectation, covariance, skewness, and kurtosis–as finite-
dimensional approximations. These representations are typically limited to simple
cases such as i.i.d. Gaussian uncertainties. Beyond Gaussian assumptions, captur-
ing higher-order moments becomes necessary, particularly for non-Gaussian random
variables or for non-linear maps. However, the nonlinear relationship between higher-
order moments and random variables can complicate their practical use.

Remarkably, an alternative approach to representing random variables has been pro-
posed by Wiener, 1938. Norbert Wiener suggests using series expansions expressed in
suitable polynomial bases of the underlying probability space. This method relies on
the Hilbert space of L2 random variables, a linear function space with an inner prod-
uct that contains all random variables with finite variance. Specifically, Wiener, 1938
shows that all L2 random variable can be represented by polynomials of Gaussian vari-
ables using a Hermite basis. Building on this foundation, Xiu et al., 2002 provide the
framework of generalized polynomial chaos, which extends the stochastic germ (the
arguments used in polynomials) to uniform, Beta-, and Gamma-distributed random
variables. Additionally, Witteveen et al., 2006 propose constructing PCE bases with
arbitrary random variables as the germ using the Gram-Schmidt procedure.

These approaches, now widely known as the Wiener’s chaos expansion or Polynomial
Chaos Expansion (PCE), provide a linear structure for representing a broad class of
Gaussian and non-Gaussian random variables in contrast to the nonlinear nature of
moment-based representations. PCEs have also been extensively used in systems and
control, including system analysis (Ahbe et al., 2020; Kim et al., 2013; Lucia et al., 2017),
stochastic optimal control (Ou et al., 2021; Ou et al., 2025), and optimization in power
systems (Mühlpfordt, 2020). Polynomial basis is also used for data-driven analysis of
continuous-time systems (Rapisarda et al., 2024). Therein, orthogonal polynomial ex-
pansions are not applied to L2 random variables. Instead, the continuous input and
state trajectories are decomposed into discrete sequences of expansion coefficients.

For tractable representations, PCEs are typically truncated to a finite number of terms
(Mühlpfordt et al., 2017). However, exact finite-dimensional expansions of random
variables can always be achieved by selecting an appropriate basis. Intuitively, each
scalar L2 random variable admits a two-term exact PCE, expressed as the sum of its
mean and the standard deviation multiplied by its normalized version. In Chapter 3,
we generalize this affine expansion to vector-valued random variables. Furthermore,
focusing on the propagation of exogenous disturbances through LTI dynamics, we
show that by concatenating independent bases induced from affine expansions of dis-
turbances, all random variables involved in the dynamics can be represented using
finite-dimensional PCEs. We remark that the constructed PCE basis requires only first-
degree polynomials.

Moreover, within the framework of finite-dimensional exact PCEs, moment infor-
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1. Introduction

mation can be efficiently constructed (Lefebvre, 2020). Building on this, in Chapter 5,
we leverage PCE to quantify stochastic predictions by defining confidence intervals
based on the Chebyshev’s inequality using fourth-order moments. Compared to confi-
dence intervals derived from Gaussian assumptions or the Chebyshev’s inequality re-
lying only on the first two moments, the proposed approach offers a balance between
achieving tighter bounds and maintaining a higher coverage rate.

Stochastic Variants of the Fundamental Lemma by Willems et al.

In the line of emerging extensions of the fundamental lemma, several works have pro-
posed stochastic variants from different perspectives.

Considering both process noise and measurement noise, Coulson et al., 2023 intro-
duce a quantitative notion of persistency of excitation by analyzing the minimum sin-
gular value of an input Hankel matrix. With this persistency of excitation condition,
their proposed variant of the fundamental lemma guarantees lower bounds on the
singular values of the data Hankel matrix, thereby enhancing the robustness of data-
driven predictions against stochastic disturbances. This extension provides valuable
guidance on designing input trajectories that robustly excite the system. However, it
does not address the data-driven propagation of stochastic disturbances through sys-
tem dynamics. Hiremath et al., 2022 propose a stochastic variant of the fundamental
lemma for representing trajectories of stochastic LTI systems with additive Gaussian
processes and measurement noise. However, their approach is limited to Gaussian
disturbances and cannot be extended to non-Gaussian cases.

Ferizbegovic et al., 2021 propose a variant of the fundamental lemma leveraging
second-order moments. Specifically, they construct Hankel matrices using estimated
correlations of past inputs and outputs to predict future deterministic trajectories. Hence,
it is, in fact, a deterministic variant of the fundamental lemma refined by stochastic
techniques. By estimating correlation functions from past data, this approach reduces
the influence of measurement noise. However, it requires the input signal to be a per-
sistently exciting stationary process during data collection, which increases the amount
of data needed.

Interestingly, Ferizbegovic et al., 2021 note that (though do not formally explore) the
possibility of using Hankel matrices constructed from past data to predict future cor-
relations between stochastic inputs and outputs. This observation is rooted in the fact
that input/output correlations evolve according to the same linear dynamics as the
system itself. We delve into this concept in detail as a second-order moment represen-
tation of stochastic behavior in Chapter 4.

In our work (Faulwasser et al., 2023; Pan et al., 2023c), the fundamental lemma by
Willems et al. and the polynomial chaos expansion by Wiener et al. are combined to propose
a stochastic variant of the fundamental lemma to enable data-driven representations
of stochastic behaviors. As discussed earlier, the stochastic behavior in random vari-
ables is defined to remain compatible with the dynamics encoded in the deterministic
behavior. Furthermore, the linear nature of PCE ensures that the behavior of PCE co-
efficients is also inherently compatible with the underlying LTI dynamics. Hence, the
Hankel matrices constructed by measured deterministic data are capable of character-
izing the dynamics of PCE coefficients, while the PCE framework allows capturing
random variables exactly. The relations among the stochastic behavior, the determin-
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1.1. Towards Data-Driven Control for Stochastic Systems

istic behavior, the PCE coefficient behavior, and their data-driven representations are
elaborated by Faulwasser et al., 2023. These concepts will be revisited and further
explored in Chapter 4.

Towards Data-Driven Predictive Control of Stochastic Systems

While stochastic extensions of the fundamental lemma provide valuable tools for data-
driven representations of stochastic system behavior, their application in predictive
control requires additional considerations.

One trend advocated in the literature to handle noise in both Hankel matrix and ini-
tial condition is to use different regularizations to enhance robustness. Regularization
for data-driven control is first introduced by Coulson et al., 2019, where its two-norm
variant forms the foundation for robust formulations by Huang et al., 2021, 2023. Addi-
tionally, its one-norm variant inspires distributionally robust formulations by Coulson
et al., 2019.

In combination with regularization techniques, sufficient conditions for recursive
feasibility, stability, and robustness of output-feedback predictive control for deter-
ministic LTI systems subject to noise-corrupted measurements are given by Berberich
et al., 2020, Berberich et al., 2021, and Bongard et al., 2023. Recently, Berberich et al.,
2025 offer a comprehensive overview of the advancements of theoretical guarantees
for data-driven control.

Following another routine, Wang et al., 2025 apply the fundamental lemma to the
innovation-form state-space model, which arises in the traditional stochastic subspace
identification approach (van Overschee et al., 2012). In their work, they estimate past
innovations from input and output data and then eliminate their influence. These past
innovations account for both process and output noise. By projecting the Hankel ma-
trix onto the null space of the recorded innovations, they effectively remove the influ-
ence of noise corrupted in the Hankel matrices.

However, while these works focus on mitigating the effects of noise in past data, they
do not propagate the stochastic uncertainty through the system dynamics to ensure
future stochastic satisfaction of constraints.

Focusing similarly on noise-corrupted past data, Yin et al., 2021 propose a maximum
likelihood estimation approach for future output trajectories. This approach provides
probabilistic prediction in second-order moments. Based on this, Yin et al., 2024 further
include chance constraints within a stochastic data-driven predictive control. How-
ever, recursive feasibility and stability guarantees are not provided.

Köhler et al., 2022a suggest identifying a multi-step predictor rather than a state-
space model. They show that by combining the identified multi-step predictors with
the predictive control framework, it avoids the sequential propagation of parametric
uncertainty, which can result in significant conservatism in state-space approaches.
Based on the identified multi-step predictor, Balim et al., 2024 provide a stochastic pre-
dictive control approach with a conservatism-reduced chance constraint satisfaction.
We remark that due to the intermediate identification step, these approaches represent
a refinement of the model-based routine in Figure 1.2. Moreover, closed-loop guaran-
tees are not addressed therein.

Kerz et al., 2023 provide a tube-based data-driven framework with closed-loop guar-
antees. However, it requires the measured state data to resemble the traditional routine
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of the state-feedback tube-based stochastic MPC (Lorenzen et al., 2016; Mesbah, 2016).
Teutsch et al., 2024 further propose a sampling-based approach following the offline
sampling concept by Lorenzen et al., 2017 to provide closed-loop guarantees for an
output-feedback stochastic MPC. However, their methods require the stochastic dis-
turbances to be bounded.

Our proposed approaches (Pan et al., 2023b, 2025a,b) pave the way for output-feedback
data-driven stochastic predictive control with closed-loop guarantees. Combined with
the PCE framework, it accommodates a broad range of stochastic disturbances, in-
cluding Gaussian, non-Gaussian, bounded, and unbounded distributions. In our prior
work (Pan et al., 2025b), a state-feedback predictive control scheme with closed-loop
guarantees is proposed relying on the concept of backup initial condition as in the
model-based approaches (Farina et al., 2013; Farina et al., 2015, 2016). However, this
approach relies on a PCE basis growing in dimension as the closed loop evolves. Build-
ing on this, we refine recursive feasibility in Pan et al., 2023b by considering interpola-
tion between the measured initial condition and the backup condition as in the model-
based approaches (Köhler et al., 2022b; Schlüter et al., 2023). Compared to the binary
selection of initial conditions by Pan et al., 2025b, the interpolation of initial condi-
tions avoids solving the optimization twice and hence is more efficient. Furthermore,
in Pan et al., 2025a, we address the open problem of closed-loop analysis for data-
driven stochastic output-feedback predictive control. Moreover, in contrast to Pan et
al., 2025b, the proposed approach uses a fixed-dimension basis and establishes aver-
age asymptotic performance bounds through data-driven terminal ingredient design
without requiring state information. These results will be summarized and further
explored in Chapter 7.

1.2. Thesis Outline and Contributions

By combining Wiener’s polynomial chaos with Willems’ behavioral systems theory, this the-
sis proposes a unified framework for the data-driven control of stochastic systems. This
approach enables the representation, prediction, and control of stochastic LTI systems
using measured data without requiring a full model of the system. Figure 1.3 provides
the outline of this thesis.

After Chapter 1, the remainder aims to tackle the key question:

How to represent, predict, and control stochastic systems in data-driven fashion?

Chapters 2–4 lay the foundation focusing on the transition from representing the
deterministic behavior to representing the stochastic behavior of linear systems.

In Chapter 2, we view dynamical systems through the lens of behavioral systems
theory. That is, we characterize system dynamics via the behavior of their input and
output trajectories. Following Willems, 1986, 1991, we revisit the definition of Linear
Time-Invariant (LTI) systems in the behavioral setting. Moreover, we compare various
parametric representations of LTI systems and recap the non-parametric representation
by the fundamental lemma.

In Chapter 3, we turn to the second key ingredient of stochastic systems: representa-
tions of stochastic uncertainties. We revisit essential concepts in probability theory to
rigorously define random variables and their distributions. Furthermore, we employ
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the framework of PCE to represent random variables through deterministic expansion
coefficients in suitable polynomial bases. Furthermore, we revisit stochastic processes
and their PCE representations, which serve as the stochastic counterpart to determin-
istic trajectories.

Chapter 4 presents the first main contribution of the thesis, i.e. parametric and non-
parametric representations for stochastic LTI systems, based on the results by Pan et
al., 2023c and Faulwasser et al., 2023. In this chapter, we rigorously define the stochas-
tic behavior of dynamical systems by incorporating the uncertain environment into
the deterministic behavior leveraging random variables. Moreover, we prove that the
stochastic behavior of a LTI system remains linear and time invariant.

Since stochastic behaviors rely on infinite-dimensional stochastic processes and L2

random variables in a Hilbert space, we introduce more tractable representations us-
ing PCE coefficients and statistical moments. To characterize the underlying relations
between behaviors in terms of L2 random variables, PCE coefficients, statistical mo-
ments, and realizations, we revisit the results of behavioral inclusion, lift, and equiv-
alence from Faulwasser et al., 2023. Specifically, we demonstrate the equivalence be-
tween random variable behaviors and PCE coefficient behaviors while showing how
realization and moment representations lead to information loss.

Section 4.3 then continues to the non-parametric representations via the fundamental
lemma tailored to stochastic systems. The crucial observation is that, through the be-
havioral lift, trajectories of random variables, PCE coefficients, and moment pairs can

Chapter 1: Introduction

Chapter 2: Representations of
Dynamical Systems

Chapter 3: Representations of
Stochastic Uncertainty

Chapter 4: Representations of Stochastic Behaviors

Chapter 5: Prediction of Stochastic Behaviors

Chapter 6: Data-Driven Stochastic Optimal Control

Chapter 7: Data-Driven Stochastic Output-Feedback Predictive Control

Chapter 8: Conclusions and Perspectives

Figure 1.3.: Outline of the thesis.
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1. Introduction

all be represented using the same Hankel matrices constructed from measurements of
realization data but with different column selectors to alternate between behaviors.

Chapter 5, which has not yet been published, focuses on addressing the prediction
challenges posed by unstructured disturbances. We investigate the stochastic behav-
ior of dynamical systems affected by such disturbances and, following the works by
Willems, 2012 and Baggio et al., 2017, consolidate these disturbances into a residual
disturbance. Furthermore, we propose a least-squares method to estimate the realiza-
tions of the residual disturbance and partially model its statistics using its empirical
distribution. In addition, we introduce a regularized stochastic predictor to mitigate
the effects of estimation errors.

The proposed stochastic prediction approach is validated using data from a real
building application (Reinhardt et al., 2025). To quantify the accuracy of the stochas-
tic predictions, we present PCE reformulations for constructing confidence intervals
based on higher-order Chebyshev inequalities. This approach exploits the PCE repre-
sentation to efficiently compute higher-order moments.

In Chapter 6, we focus on optimal control of stochastic discrete-time LTI systems
with structured (measured and statistically modelled) disturbances, building on the
results from Chapter 4 and extending the findings by Pan et al., 2023c. In this chap-
ter, we first introduce the stochastic Optimal Control Problem (OCP) in a model-based
framework, emphasizing the role of control policies and chance constraints, which are
essential elements for stochastic optimal control. Furthermore, we reformulate the OCP
using a data-driven approach and establish the conditions under which the model-
based and data-driven OCPs are equivalent. Additionally, we present sufficient condi-
tions under which the affine disturbance-feedback policy is proven to be optimal.

Section 6.3 extends the analysis to consider disturbances with uncertain distribu-
tions, based on the results by Pan et al., 2023a. Herein, we explore the relations between
ambiguity sets induced by the distances of PCE coefficients, of L2 random variables,
of moment pairs (Gelbrich metric), of and distributions (Wasserstein metric). Based
on the results by Nguyen et al., 2021, we establish the conditions under which these
ambiguity sets are equivalent. Furthermore, we propose a tractable and exact second
order cone reformulation of distributionally robust chance constraints using PCE co-
efficients. Finally, in Section 6.4, we demonstrate through numerical simulations of a
two-mass spring-damper system that the proposed distributionally robust data-driven
optimal control problem can be efficiently solved.

In Chapter 7, we transition from the open-loop implementation of optimized control
policies from a single OCP to the closed-loop implementation of each first optimized
policy from a series of OCPs. Our main contribution is the development and closed-
loop analysis of a data-driven stochastic output-feedback predictive control scheme,
based on the findings by Pan et al., 2023b, 2025a,b. Our approach does not require
past measurements of exogenous disturbances. Instead, building on the results from
Chapter 5, we estimate the residual disturbance that condenses the unstructured dis-
turbances. Furthermore, the method requires only limited statistical information about
the residual disturbance, specifically its first two moments.

In Section 7.1, we first present the conceptual predictive control scheme in a model-
based form and then apply the results from earlier chapters to transform it into a
tractable data-driven formulation. Additionally, we propose a data-driven output-
feedback LQR approach to design the terminal ingredients of the optimal control prob-
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lem. In Section 7.2, we address the open problem of closed-loop analysis for data-
driven stochastic output-feedback predictive control. Specifically, we treat the initial
conditions of the OCP, solved in each closed-loop step, to be stochastic such that its pre-
dicted counterpart from the last step serves as a feasibility-ensuring backup. Moreover,
we establish average asymptotic performance bounds for the closed-loop system and
analyze its robustness against errors resulting from the estimation of past disturbances.
Crucially, the proposed scheme only requires information about the first two statistical
moments of the disturbance rather than the full knowledge of its distribution. Finally,
in Section 7.3, we validate the proposed approach’s stability and robustness through
numerical simulations of an aircraft system. This thesis ends with a brief summary
and an outlook of open issues in Chapter 8.
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2. Representations of Dynamical Systems

We begin by recalling some basic concepts of behavioral systems theory before briefly
revisiting the fundamental lemma. We refer to Willems, 1986, 1991 for the original ex-
position of LTI systems in the behavioral setting, to Willems et al., 2005 for the funda-
mental lemma, and to Markovsky et al., 2021 for a recent survey on behavioral systems
theory and its use for data-driven control of deterministic systems.

In the behavioral setting, a dynamical system Σ is specified by the tuple (T, S,B),
where T ⊆ R is the time axis, S is the signal space, and B is a subset of ST called the
behavior of this system. The behavior B consists of those trajectories s : T → S, which
are compatible with the laws governing the dynamical system. A general continuous-
time system, for instance, can be represented as the tuple (T = R, S = Rns ,B), where
the behavior is defined as:

B
.
=

{
s : R→ Rns

∣∣∣∣ s subject to f

(
dℓs

dtℓ
, · · · , ds

dt
, s

)
= 0

}
. (2.1)

Here, the system dynamics are governed by differential equations. Similarly, a general
discrete-time system can be described by the tuple (T = Z, S = Rns ,B) with

B
.
=
{
s : Z→ Rns

∣∣ s subject to f
(
σℓs, · · · ,σs, s

)
= 0
}
, (2.2)

where σ represents the forward-time shift, defined as (σs)(k) .
= s(k+1). In the discrete-

time case, the system dynamics are typically expressed using difference equations.
In this thesis, we deal with discrete-time systems, i.e., T = Z, and with an ns-

dimensional signal, i.e., S = Rns . Specifically, to account for past signal values with
t ≤ 0, we consider the time axis Z rather than only the non-negative integers N. For a
detailed technical comparison of the systems with time axes T = Z and T = N, see p.
567 of Willems, 1986.

Central to this representation of dynamics is the notion of system behavior. Indeed, the
other three components—the time axis, the signal space, and the dynamic equations
(models)—are inherently captured within the characterization of the behavior; see (2.1)
and (2.2). Unlike the conventional model-centric approach, the behavioral perspective
shifts the focus to the set of all trajectories that satisfy the system dynamics. In essence,
while there may theoretically be infinitely many models, they all describe the same
underlying behavior. This shift in focus has directly inspired advancements in data-
driven representations as we will demonstrate in Section 2.3.

Furthermore, this shift can be refined as a transition from focusing on state-space
models, which provide a latent description of system dynamics, to focusing on the sys-
tem behavior itself, which is manifest. Specifically, we consider s—the variables that

Figure 2.1.: Manifest and latent variables of the dynamical system Σ, where the input u, the distur-
bance w, and the output y constitute manifest variables, and the state x is a latent variable
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the model aims to describe—to be manifest that can be directly measured externally.
As shown in Figure 2.1, the manifest variables s consist of the input u, the output y,
and the disturbance w. 1 Latent variables, in contrast, are auxiliary variables used in
mathematical models to simplify representations or capture underlying dynamics. The
term “latent” emphasizes that these variables are not directly observable externally or
only indirectly observable through the manifest variables. In this context, the state x is
considered to be latent as in Figure 2.1.

Introducing the state x allows us, for instance, reformulate B from (2.2) into a state-
space representation

B
.
= {s : Z→ Rns | ∃x : Z→ Rnx , (s, x) subject to flatent(σx, x, s) = 0} ,

which employs a first-order difference equation rather than an order-ℓ equation as in
(2.2).

Denoting B as the manifest behavior of the system Σ, we define the latent behavior BL

with respect to a chosen set of states x as

BL .
= {(s, x) : Z→ Rns × Rnx | (s, x) subject to flatent(σx, x, s) = 0} .

As we can see, specifying which variables are considered states inherently requires
conceptualizing a model of the system. This approach contrasts with the data-driven
methodology, which focuses on leveraging measured data from the manifest variables
of the system without explicitly modeling latent variables. Therefore, in the follow-
ing, we explore both parametric and non-parametric representations of the manifest
behavior B, with the latter closely aligning with the data-driven methodology.

2.1. Linear Time-Invariant Systems and their Behaviors

This thesis focuses on Linear Time-Invariant (LTI) systems. Given t1, t2 ∈ Z, t1 ≤ t2,
we define the restriction of a signal s : Z→ Rns to the interval [t1, t2] as

s[t1,t2]
.
=
[
s⊤(t1), · · · , s⊤(t2)

]⊤
.

Similarly, the restriction of the behavior B to [t1, t2] is defined as

B[t1,t2]
.
= {s[t1,t2] | s ∈ B}.

Definition 2.1 (LTI behaviors, cf. Section 6 of Willems, 1986):
A behavior B is linear time-invariant if the following conditions hold.

i) The behavior B is a linear subspace of (Rns)Z.

ii) The behavior B is shift-invariant if σB = B, meaning B remains unchanged un-
der time shifts, i.e., σB = {σf | f ∈ B}.

iii) The behavior B is complete if and only if B is closed in the topology of pointwise
convergence. That is, if s[t1,t2] ∈ B[t1,t2] holds for any t1, t2 ∈ Z, t1 ≤ t2, then s ∈ B.

1We consider the cases where the disturbance w is unmeasured in Chapter 5.
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From now on, unless otherwise specified, B will refer specifically to an LTI behavior,
rather than to a more general behavior. Similarly, (Z,Rns ,B) represents an LTI system.

The concept of shift invariance implies that restrictions of the same LTI behavior over
equally long time-intervals coincide. Specifically, for any intervals [t1, t2] and [t′1, t

′
2]

with t2 − t1 = t′2 − t′1 = T ∈ N, it follows that B[t1,t2] = B[t′1,t
′
2]

. To simplify the notation,
we introduce the finite-length behavior BT with T ∈ N+ as

BT
.
=
{
s[t1,t1+T−1] | s ∈ B, t1 ∈ Z

}
, (2.3)

which denotes the set of all trajectories of length T within B. Due to shift invariance,
BT is equivalent to B[t1,t2] for any interval of length T , i.e,

BT = B[t1,t2], ∀t1, t2 ∈ Z that t2 − t1 = T.

Shift invariance simplifies the proof of completeness for LTI behaviors. Specifically,
due to shift invariance, property iii) of Definition 2.1 can be restated as follows:
iii) If every finite-length segment s[0,T−1] belongs to BT for all T ∈ N+, and this guar-
antees that the entire trajectory s is in B, then the behavior B is complete.

In the behavioral setting, controllability of a dynamical system is defined as follows.

Definition 2.2 (Controllability): A behavior B is controllable if for any two trajectories
s1, s2 ∈ B, there exist t1 ≥ 0 and s[0,t1−1] ∈ Bt1 such that s′ ∈ B with s′ defined by

s′(t) =


s1(t), t < 0

s(t) 0 ≤ t ≤ t1 − 1

s2(t) t ≥ t1

.

In other words, there exists a system trajectory that connects any past trajectory to
any future trajectory in finite time. We note that controllability in the behavioral setting
is related but not equivalent to the classical notion of state controllability. We will
elaborate this in Section 2.2.3.

2.2. Parametric System Representations

After briefly introducing LTI behaviors, we delve into their parametric representations.
Specifically, we consider kernel representations, input/output (i/o) representations
using AutoRegressive with eXtra input (ARX) models, and input/state/output rep-
resentations using state-space models. Rigorous definitions of these representations
are given by Willems, 1986, 1991.

2.2.1. Kernel Representations

A behavior B is linear time-invariant if and only if all s ∈ B satisfy the following
autoregressive equation (Willems, 1986, Theorem 5)

Rℓs(k + ℓ1) +Rℓ−1s(k + ℓ1 − 1) + · · ·+R0s(k + ℓ2) = 0, ∀k ∈ Z, (2.4)

where Rℓ, Rℓ−1, · · · , R0 ∈ RnR×ns , nR is the number of rows in R, and ℓ1, ℓ2 ∈ Z with
ℓ = ℓ1 − ℓ2 > 0. With Rℓ ̸= 0 and R0 ̸= 0, the time shift ℓ is referred as the lag of this
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specific representation. Due to the shift invariance, ℓ1 and ℓ2 can be arbitrarily chosen
from Z, and hence can be negative.

Since (2.4) holds for all k ∈ Z, it can be rewritten in terms of the entire signal s using
the shift operator σ, i.e,

Rℓσ
ℓ1s+Rℓ−1σ

ℓ1−1s+ · · ·+R0σ
ℓ2s = 0.

For a more compact representation, we define a polynomial matrix in the shift operator

R(σ)
.
= Rℓσ

ℓ1 +Rℓ−1σ
ℓ1−1 + · · ·+R0σ

ℓ2 , (2.5)

with Rℓ ̸= 0 and R0 ̸= 0. This polynomial matrix R(σ) compresses the coefficient
matrices {Ri}ℓ1i=ℓ2

by using the shift operator σ as its indeterminate.
Based on that, a linear time-invariant B can be expressed through the following ker-

nel representation:

B(R)
.
= {s : Z→ Rns |R(σ)s = 0} , B(R) = kerR(σ). (2.6)

This representation highlights that B(R) is a linear subspace of (Rns)Z, specifically the
kernel of R(σ). The term “kernel” implies the linearity required for LTI systems while
shift invariance and completeness are inherently encoded in the structure of (2.6); see
Theorem 5 of Willems, 1986. 2

Polynomial Matrices in the Z-Domain

The Z-transform provides a frequency-domain representation of discrete-time signals
and is particularly useful for analyzing LTI systems. By leveraging the Z-transform,
time-domain operations involving the shift operator σ can be converted into simple
algebraic manipulations in the Z-domain, simplifying the analysis of LTI systems.

Definition 2.3 (Bilateral Z-transform): The bilateral Z-transform of a discrete-time signal
s : Z→ Rns is defined as

Z[s] .
=

∞∑
k=−∞

s(k)z−k, z ∈ C.

For the forward-shifted signal σs and the backward-shifted signal σ−1s, their Z-
transforms satisfy

Z[σs] = zZ[s], Z[σ−1s] = z−1Z[s].

These relations establish a direct connection between the shift operator σ in the time
domain and the algebraic variable z in the Z-domain. In other words, by substituting
σi with zi, i ∈ Z, any polynomial matrix in σ naturally can be transformed into a
polynomial matrix in z.

To this end, we first revisit the definitions of polynomial and rational matrices in the
Z-domain.

2We note that the term “kernel” is also used in the context of reproducing kernel Hilbert spaces in functional
analysis. For discussions on the connection between reproducing kernels and the fundamental lemma, see
Huang et al., 2024; Molodchyk et al., 2024.
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Definition 2.4 (Polynomial matrices in the Z-domain): The set of all polynomials with real
coefficients that include positive powers, negative powers, or both powers of z is de-
noted as R [z, z−1].

A polynomial matrix R(z), which contains polynomials as its elements, is denoted
as

R(z) ∈ RnR×ns
[
z, z−1

]
, R : C→ CnR×ns ,

where nR denotes the number of rows and ns as the number of columns, and R(z) can
be viewed as a function mapping a scalar complex number to a complex matrix.

Rational matrices in the Z-domain will be used to represent transfer functions later.

Definition 2.5 (Rational matrices in the Z-domain):

• Let R(z) denote all scalar rational functions, a rational function r(z) ∈ R(z) is
defined as

r(z) =

∑ℓn
i=0 biz

i∑ℓd
i=0 aiz

i
, {ai}ldi=0 ∈ Rld , {bi}lni=0 ∈ Rln .

with ℓn ≥ 0, ℓd ≥ 0 as the degrees of the nominator and the denominator, respec-
tively. A rational function r(z) can be viewed as a map from C to C defined for all
z ∈ C except the zeros of the denominator.

• A rational function is (strictly) proper if the degree of numerator is (smaller or)
no larger than the degree of denominator. Equivalently, r(z) is proper if and only
if lim

z→∞
r(z) is finite, and is strictly proper if and only if lim

z→∞
r(z) = 0.

• A rational matrix G(z) ∈ Rny×nu(z), typically used as the transfer function of a
MIMO system, is a matrix whose elements are rational functions. It is proper if
and only if lim

z→∞
G(z) ≤ ∞, and is strictly proper if only if lim

z→∞
G(z) = 0.

By replacing each occurrence of σi with zi in the polynomial matrix R(σ) from (2.5),
we derive its corresponding polynomial matrix R(z) in the Z-domain

R(z) = Rℓz
ℓ1 +Rℓ−1z

ℓ1−1 + · · ·+R0z
ℓ2 ∈ RnR×ns

[
z, z−1

]
. (2.7)

Similarity Transforms and Minimal Representations

Kernel representations of an LTI behavior are not unique and often contain redun-
dancy, particularly in terms of the row number and the length of time span. A kernel
representation is considered minimal if the row number nR of R(z) is as small as pos-
sible among all kernel representations (Willems, 1991, Definition III.3). We denote this
minimal row number by n⋆

R. On the other hand, representations with the smallest pos-
sible lag are denoted as minimal-lag representations. The minimum lag is denoted as ℓ⋆.
Put simply, as shown in (2.4), minimal kernel representations use the fewest number
of equalities to describe LTI dynamics, while minimal-lag representations achieve the
shortest shift span.

The rank of the polynomial matrix R(z) provides insights into the minimality and
controllability of the system.
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Lemma 2.1 (Minimality and controllability test (Willems, 1991)):
Given a kernel representation B(R).

i) The representation is minimal if and only if R(z) is of full row rank for all z ∈ C
except a finite number of points (Willems, 1991, Proposition III.3).

ii) It represents a controllable behavior if and only if R(z) is of constant rank for all
z ̸= 0 in the complex space C (Willems, 1991, Theorem V.2).

Obviously, if R(z) is of full row rank for all z ∈ C with z ̸= 0, then, B(R) is a minimal
kernel representation of a controllable system.

To systematically eliminate redundancy, we introduce similarity transforms of ker-
nel representations. The key tool of similarity transforms is the left multiplication of
square polynomial matrices, which can be further classified based on their determi-
nants.

Definition 2.6: A square polynomial matrix P (z) ∈ RnR×nR [z, z−1]

• is non-singular if det(P (z)) ̸= 0 for all z ∈ C except a finite number of points
where det(P (z)) = 0.

• is unimodular if det(P (z)) = αzd. Then, det(P (z)) ̸= 0 for all z ∈ C except the
origin z = 0.

Note that while the inverse of a non-singular polynomial matrix is generally a ratio-
nal matrix, the inverse of a unimodular matrix remains polynomial and unimodular,
making it fundamental to similarity transformations.

Lemma 2.2 (Similarity transforms (Willems, 1986)):
Given a polynomial matrix R(z) ∈ RnR×ns [z, z−1]

i) for any polynomial matrix R′(z) ∈ RnR′×nR [z, z−1], we have B(R) ⊆ B(R′R),

ii) for any unimodular U(z) ∈ RnR×nR , we have B(R) = B(UR).

Proof. For any s ∈ B(R), we have R(z)s = 0, which implies R′(z)R(z)s = 0 for any
polynomial matrix R′(z) ∈ RnR′×nR . Hence, we conclude that B(R) ⊆ B(R′R).

Since the inverse U(z) of a unimodular matrix U(z) is also a polynomial matrix, we
have B(R) ⊆ B(UR) ⊆ B(U−1UR) = B(R). Therefore, we conclude that B(R) =
B(UR).

Moreover, a unimodular matrix can be further factorized as a product of elementary
matrices that corresponds to the simple row operations: switching, scaling with αzi,
or adding a multiple of one row to another, see p. 524 of Antsaklis et al., 2006. The
following matrix, for instance, is unimodular,

U(z) =

1 0 0
0 z 0
0 0 1

1 0 0
0 1 0
1 1 1

1 0 0
0 0 1
0 1 0

 =

1 0 0
0 0 z

1 1 1

 , det(U(z)) = −z.

Note that the row elementary operations of switching, multiplication, and addition
does not alter the kernel space. Moreover, time shifts induced by row multiplications
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2.2. Parametric System Representations

with z or z−1 are permissible under shift invariance. As a result, the transformed be-
havior induced by left multiplication of a unimodular matrix remains equivalent to the
original one.

Using similarity transforms, we can systematically reduce the row number and then
the lag of a kernel representation to their minimal values.

Lemma 2.3 (Minimal representations via row and lag reductions cf. step (3) on p. 579 of
Willems, 1986):
Consider a polynomial matrix R(z) ∈ RnR×ns [z, z−1].

i) Row reduction: there exists a unimodular U1(z) ∈ RnR×nR [z, z−1] such that

U1(z)R(z) =

[
R1(z)
0

]
,

where R1(z) is of full row rank for all z ∈ C except a finite number of points.
Moreover, the row number n⋆

R of R1(z) is minimal.

ii) Lag reduction (left): there exists a unimodular U2(z) ∈ Rn⋆
R×n⋆

R [z, z−1] such that

R2(z) = U2(z)R1(z) = R2,ℓz
ℓ +R2,ℓ−1z

ℓ−1 + · · ·+R2,0

with R2,ℓ of full row rank and R2,0 ̸= 0.

iii) Lag reduction (right): there exists a unimodular U3(z) ∈ Rn⋆
R×n⋆

R [z, z−1] such that

R3(z) = U3(z)R2(z) = R3,ℓ⋆z
ℓ⋆ +R3,ℓ⋆−1z

ℓ⋆−1 + · · ·+R3,0

with R3,0 of full row rank and R3,ℓ⋆ ̸= 0. Here, R3(z) has the minimal lag ℓ⋆.

During the above similarity transforms, the behavior remains invariant, i.e.,

B(R) = B(R1) = B(R2) = B(R3).

The first step removes redundant rows from the kernel representation, ensuring min-
imality while preserving the behavior. The second and third steps sequentially reduce
time shifts from the left and right, ultimately yielding a minimal-lag representation. To
illustrate this process, we present the following example.

Example 2.1: Consider

R(z) =

4 3 2
0 0 0
5 4 3

 z2 +

0 0 0
1 1 1
0 0 0

 z1 +

0 1 1
0 0 0
1 2 2

+

1 1 1
1 1 1
0 0 0

 z−1.

We have the following results by applying the steps of Lemma 2.3

U1(z) =

1 0 0
0 1 0
1 z −1

 , R1(z) =

[
4 3 2
0 0 0

]
z2 +

[
0 0 0
1 1 1

]
z1 +

[
0 1 1
0 0 0

]
+

[
1 1 1
1 1 1

]
z−1,

U2(z) =

[
z 0
0 z2

]
, R2(z) =

[
4 3 2
1 1 1

]
z3 +

[
0 0 0
0 0 0

]
z2 +

[
0 1 1
1 1 1

]
z +

[
1 1 1
0 0 0

]
,

U3(z) =

[
z−1 −z−2

0 z−1

]
, R3(z) =

[
4 3 2
1 1 1

]
z2 +

[
−1 −1 −1
0 0 0

]
z1 +

[
0 1 1
1 1 1

]
.

Note that R1(z) achieves the minimal row number n⋆
R = 2 while R3(z) further possesses

the minimal lag ℓ⋆ = 2.
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2.2.2. Input and Output Representations

Beyond the LTI information encoded in the kernel representation, in the context of
control, we require a more structured system representation considering inputs and
outputs. This necessitates separating the signal s into inputs and outputs. In the be-
havioral framework, such a separation always exists for LTI dynamical systems, given
a proper definition of the inputs (Willems, 1991).

Consider an LTI behavior B, a permutation matrix Π ∈ Rns×ns , and an integer 1 ≤
nũ ≤ ns, we define (ũ, y) = Π−1s as a partitioning of the variables s : Z → Rns into
input variables ũ : Z→ Rnũ and output variables y : Z→ Rny with nũ + ny = ns. Here,
the input ũ is distinct from the manipulatable input u and the disturbance w, as will be
further elaborated in Chapter 4. Specifically, ũ = (u,w) contains all exogenous inputs
to the system.

Let Πũ be the projection of s onto ũ, i.e.,

Πũ : s = Π(ũ, y) 7→ ũ, ΠũB
.
= {ũ : Z→ Rnũ | ũ = Πũs, s ∈ B}. (2.8)

Similarly, we define Πy as the projection onto the output component. We define an i/o
partitioning of B as follows.

Definition 2.7 (i/o partitioning (Willems, 1991)): The partitioning (ũ, y) = Π−1s is an in-
put/output partitioning of B if

i) the input ũ is a free variable, i.e., ΠũB = (Rnũ)Z.

ii) the output y does not anticipate the input ũ, i.e., given any (ũ1, y1) ∈ Π−1B, then
for any ũ2 ∈ (Rnũ)Z such that ũ1 (t) = ũ2 (t) for all t ≤ 0, there exists y2 ∈ (Rny)Z

such that y1 (t) = y2 (t) for all t ≤ 0 and (ũ2, y2) ∈ Π−1B.

iii) the output y processes the input ũ, i.e., given (ũ, y1), (ũ, y2) ∈ Π−1B with the same
input signal, if y1 (t) = y2 (t) for all t < 0, then y1 (t) = y2 (t) for t ≥ 0 as well.

iv) the number of inputs nũ is maximal over all partitionings of B that satisfy prop-
erties i)–iii).

We note that these conditions imply the following:

i) The input is imposed externally and cannot be influenced by the system dynam-
ics.

ii) The past values of y do not contain any information about the future values of ũ.

iii) Once the input signal ũ is given and the initial conditions (e.g. the past of y) are
set, the future values of y are uniquely defined.

In the later discussion on state-space representations, these initial conditions can be
further simplified to the initial state variable x(0). In other words, the future of y can
be uniquely determined by the future of ũ and the initial condition x(0).

After separating s into inputs and outputs, we are able to formulate LTI systems in
i/o representations. Consider an i/o partitioning s = Π(ũ, y) of the LTI system B.
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2.2. Parametric System Representations

Then, there exist Pℓ, · · · , P0 ∈ Rny×ny , and Qℓ, · · · , Q0 ∈ Rny×nũ such that all trajectories
s ∈ B can be represented as

ℓ1∑
i=ℓ2

Pi−ℓ2y(k + i) =

ℓ1∑
i=ℓ2

Qi−ℓ2ũ(k + i), ∀k ∈ Z. (2.9)

Following the idea of consolidating parameter matrices into polynomial matrices, we
introduce P (z) ∈ Rny×ny [z, z−1] and Q(z) ∈ Rny×nũ [z, z−1] as

P (z)
.
=

ℓ1∑
i=ℓ2

Pi−ℓ2z
i, Q(z)

.
=

ℓ1∑
i=ℓ2

Qi−ℓ2z
i.

Replacing z with σ, the i/o representations of B are defined as

B(P,Q)
.
= {(ũ, y) |P (σ)y = Q(σ)ũ} . (2.10)

The following results illustrate the equivalence between the LTI behavior B and its
i/o representation B(P,Q), with additional conditions on polynomial matrices P and
Q to ensure the properties of an i/o partitioning.

Lemma 2.4 (LTI behavior via B(P,Q)): A behavior B is LTI if and only if there exist
a permutation matrix Π ∈ Rns×ns , a polynomial matrix P (z) ∈ Rny×ny [z, z−1], and
Q(z) ∈ Rny×nũ [z, z−1] such that P is a non-singular polynomial matrix and P−1Q is a
proper rational matrix. Then,

i) s = Π(ũ, y) is an i/o partitioning of B satisfying Definition 2.7.

ii) B admits the i/o representation B(P,Q) under permutation Π, i.e., B = ΠB(P,Q).

The previous result stems from Theorem 2 of Willems, 1986 and Proposition VIII.6
of of Willems, 1991.

Here, the nonsingularity of P (z), cf. Definition 2.6, ensures that the input is free and
that the output processes the input. In addition, the rational matrix P−1Q explicitly
represents the transfer function from ũ to y. By enforcing P−1Q to be a proper rational
matrix, cf. Definition 2.5, we guarantee that the output does not anticipate the inputs.

Specifically, B(P,Q) corresponds to a kernel representation B(R) with

R(z) =
[
Q(z) −P (z)

]
Π−1.

Moreover, nonsingularity of P (z) further implies that there exists a z ∈ C such that
R(z) = [Q(z),−P (z)]Π−1 is of full row rank. Thus, the corresponding kernel represen-
tation R(σ)s = 0 is minimal; see Proposition III.3 of Willems, 1991. As a result, the
minimal row number of a kernel representation equals the dimension of outputs ny,
i.e.,

n⋆
R = ny.

2.2.3. State-Space Representations

One of the most widely used parametric descriptions for LTI systems is the state-space
representation. In addition to the manifest variable s = Π(ũ, y) that can be measured
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externally from the system, state-space representations further introduce the latent
state variable x, which captures the necessary information for predicting future sys-
tem trajectory.

Suppose there exists a latent state signal x : Z → Rnx such that for all manifest
variables s = Π(ũ, y) ∈ B, the following holds

σx = Ax+Bũ, (2.11a)
y = Cx+Dũ. (2.11b)

See the discussion of Figure 2.1 for the distinction between latent and manifest variables.
We denote the state-space representation of B as

B(A,B,C,D)
.
= {(ũ, y) | ∃x : Z→ Rnx , x, ũ, y satisfy (2.11)}, (2.12)

and the latent behavior corresponding to a specific choice of x as

BL(A,B,C,D)
.
= {(x, ũ, y) | x, ũ, y satisfy (2.11)}. (2.13)

The inclusion of x allows the formulation of (2.11) with only a one-step time shift,
unlike the longer lags required in kernel or input/output representations. Essentially,
x acts as a memory component that stores and compresses past information, thereby
serving as the “state” of the system, cf. the properties of state in Definition VII.1 of
Willems, 1991. We have the following result.

Lemma 2.5 (Initial condition for a state-space representation): Consider a state-space rep-
resentation B(A,B,C,D) of an LTI behavior B. For any prediction horizon N ∈ N+

and an input trajectory ũ[0,N−1] ∈ RNnũ , there are unique trajectories y[0,N−1] ∈ RNny

and x[0,N−1] ∈ RNnx such that (x, ũ, y)[0,N−1] ∈ BL
N(A,B,C,D) if the initial condition

x (0) ∈ Rnx is specified.

Proof. The unique state and output trajectories are, for k ∈ I[0,N−1],

x(k) = Akx(0) +
k−1∑
j=0

Ak−(j+1)Bu(j), y(k) = CAkx(0) +
k−1∑
j=0

CAk−(j+1)Bu(j) +Du(k).

The following lemma, combining the results of Theorem 1 and Theorem 3 of Willems,
1986, illustrates the equivalence of state-space representations and others.

Lemma 2.6 (Equivalence between B and B(A,B,C,D)): A behavior B is LTI if and only
if there exist a permutation matrix Π ∈ Rns×ns and system matrices (A,B,C,D) such
that B = ΠB(A,B,C,D).

State-space representations corresponding to an LTI behavior B are not unique and
generally depend on the choice of state variables x. A state-space representation is said
to be minimal if the state dimension nx is the smallest possible among all state-space
representations of the same behavior B. In this thesis, we denote the minimal state
dimension as n⋆.

In a minimal state-space representation, the pair (A,C) is required to be state observ-
able, meaning that the observability matrix

Oi(A,C)
.
=
[
C⊤ (CA)⊤ · · · (CAi−1)⊤

]⊤
, i ∈ N+. (2.14)
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2.2. Parametric System Representations

has full rank at i = nx, i.e., rank (Onx(A,C)) = nx, cf. p. 566 of Willems1986. In such
cases, all unobservable modes have been eliminated, ensuring that the internal state
dimension nx is truly minimal: nx = n⋆.

However, state controllability of the pair (A,B) is not required for a minimal state-
space representation. The pair (A,B) is defined to be state controllable if the reachability
matrixRi(A,B)

Ri(A,B)
.
=
[
B AB · · · Ai−1B

]
, i ∈ N+ (2.15)

satisfies rank (Rnx(A,B)) = nx.
This asymmetry becomes clearer when distinguishing minimal state-space representa-

tions of behaviors from minimal state-space realizations of transfer functions. As shown in
Proposition VIII.8 of Willems, 1991, a manifest behavior uniquely determines a trans-
fer function, but a transfer function corresponds to a family of behaviors that share
the same controllable part. Consequently, a minimal representation of a behavior need
only be state observable; it may include uncontrollable modes that do not affect the
input-output map but are consistent with the behavior.

Moreover, while state controllability implies behavioral controllability, the converse
does not hold. Specifically, if (A,B) is state controllable, then the underlying behavior
B is controllable in the sense of Definition 2.2; see Proposition VII.11 of Willems, 1991.
However, for a controllable behavior B, it may admits state-space representations that
are not state controllable.

While state controllability and observability are key properties for state-space repre-
sentations, two weaker yet important notions are state detectability and state stabiliz-
ability.

Lemma 2.7 (Hautus tests for stabilizability and detectability (Hespanha, 2023)): A pair (A,B)
is state stabilizable if and only if

rank
([
λI − A B

])
= nx, ∀λ ∈ C that |λ| ≥ 1.

A pair (A,C) is state detectable if and only if

rank

([
λI − A

C

])
= nx, ∀λ ∈ C that |λ| ≥ 1.

Remark 2.1 (Minimal lag = Observability index): Consider a minimal state-space represen-
tation B(A,B,C,D) with state-dimension nx = n⋆ and a minimal-lag kernel represen-
tation B(R) with lag ℓ = ℓ⋆. The observability index is defined as the smallest value
of i ∈ N+ for which rank(Oi(A,C)) = n⋆. This index coincides with the minimal lag
ℓ⋆ (Willems, 1986, Theorem 6). Since the observability index is minimal by definition,
we have ℓ⋆ ≤ n⋆. Furthermore, since Oℓ⋆(A,C) ∈ Rnyℓ⋆×ℓ⋆ , we require n⋆ ≤ nyℓ

⋆ to
ensure that rank (Oi(A,C)) = n⋆. In summary, we obtain the relation:

ℓ⋆ ≤ n⋆ ≤ nyℓ
⋆. (2.16)

2.2.4. ARX Representations

Note that the state-space representation provides a more structural insight than i/o
representations when additional information about the state is available, e.g., from
first-principle formulations. However, as we aim for a data-driven representation of
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LTI systems, the model-based counterpart should be purely formulated with inputs
and outputs, without explicitly defining states. Therefore, in this thesis, we adopt
the Autoregressive model with Exogenous inputs (ARX) as the primary framework for
analysis.

Consider an ARX model with lag ℓ

y(k) = −
ℓ∑

i=1

Pℓ−iy(k − i) +
ℓ∑

i=1

Qℓ−iũ(k − i) +Dũ(k), ∀k ∈ Z. (2.17)

We remark that this ARX model is an input-output representation with

P (z) = I +
ℓ∑

i=1

Pℓ−iz
−i , and Q(z) = D +

ℓ∑
i=1

Qℓ−iz
−i.

Note that with the leading term of P (z) as the identity, the properties required in
Lemma 2.4 for an i/o representation of B to be LTI are inherently guaranteed.

Let
Ξ

.
= [Qℓ−1, · · · , Q0,−Pℓ−1, · · · − P0] ∈ Rny×nsℓ, (2.18)

we define the ARX representation of B with lag ℓ as

B(Ξ, D)
.
=

{
(ũ, y)

∣∣∣∣ y(k) = Ξ

[
ũ[k−ℓ,k−1]

y[k−ℓ,k−1]

]
+Dũ(k), ∀k ∈ Z

}
. (2.19)

The following lemma shows how a general i/o representation can be transferred into
an ARX form.

Lemma 2.8 (Equivalence of i/o and ARX representations): Given an i/o representation
B(P,Q) of an LTI behavior B, where P (z) is nonsingular and P−1Q is proper. Then,
there exists a unimodular polynomial matrix U(z) ∈ Rny×ny [z, z−1] such that

U(z)P (z) = I +
ℓ∑

i=1

Pℓ−iz
−i, U(z)Q(z) =

ℓ∑
i=0

Qℓ−iz
−i. (2.20)

Then, consider Ξ as in (2.18) and D = Qℓ, we have

B(P,Q) = B(Ξ, D).

Proof. This proof is achieved by applying similarity transformations to the kernel ma-
trix of the original i/o representation. That is, for any unimodular U(z), consider
R(z) = [Q(z),−P (z)]Π−1, we have

U(z)R(z) =
[
U(z)Q(z) −U(z)P (z)

]
Π−1.

This implies B(P,Q) = B(UP,UQ).
The next step is to determine a unimodular U(z) that achieves (2.20). Following Step

ii) of Lemma 2.3, given a non-singular polynomial matrix P , there exists a unimodular
matrix U ′(x) ∈ Rny×ny [z, z−1], such that

U ′(z)P (z)
.
= P ′

ℓ + P ′
ℓ−1z

−1 + · · ·+ P ′
0z

−ℓ

with P ′
ℓ ∈ Rny×ny non-singular, i.e., (P ′

ℓ)
−1 exists. Finally, the required U(z) is deter-

mined as U(z) = (P ′
ℓ)

−1 U ′(z).
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Equivalence between ARX and State-Space Representations

For equivalence transformations between ARX models and state-space representations,
Lemmas 3 and 4 by Sadamoto, 2023 offer detailed procedures for converting an ARX
model to a minimal state-space representation and vice versa. In the following, we
present two specific transformations between ARX models and state-space representa-
tions that provide key insights for subsequent discussions.

Given an ARX representation B(Ξ, D), one can construct a (not necessarily minimal)
state-space representation by considering the extended state

z(k)
.
=

[
ũ[k−ℓ,k−1]

y[k−ℓ,k−1]

]
∈ Rℓ(nũ+ny). (2.21)

That is, for all k ∈ Z, we have

z(k + 1) = Ãz(k) + B̃ũ(k), (2.22a)
y(k) = Ξz(k) +Dũ(k), (2.22b)

with

Ã
.
=

[
Ā
Ξ

]
, B̃

.
=

[
B̄
D

]
, Ā

.
=

 0 I(ℓ−1)nũ
0 0

0nũ×nũ
0 0nũ×ny 0

0 0 0 I(ℓ−1)ny

 , B̄
.
=

 0
Inũ

0

 .

Given that the components in z (k + 1) and z (k) overlap from k − ℓ + 1 to k − 1, as
in (2.21), it follows that Ā and B̄ possess a known structure independent of Ξ and D.
Moreover, with y(k) as the last component of z(k + 1), we have

y(k) = H̃⊤z (k + 1) , H̃
.
=
[
0ny×((ny+nũ)ℓ−ny) Iny

]⊤
. (2.22c)

As discussed in Lemma 1 of Bongard et al., 2023, if the behavior is controllable, the
pair

(
Ã, B̃

)
is state stabilizable.

Lemma 2.9 (ARX⇒ state space): Given any LTI behavior B and its ARX representation
B(Ξ, D), then B

(
Ã, B̃,Ξ, D

)
, i.e. (2.22), is a state-space representation of B. That is,

B(Ξ, D) = B
(
Ã, B̃,Ξ, D

)
.

Proof. We show the equivalence by proving both inclusions: B(Ξ, D) ⊆ B
(
Ã, B̃,Ξ, D

)
and B

(
Ã, B̃,Ξ, D

)
⊆ B(Ξ, D).

Given any trajectory pair (ũ, y) ∈ B(Ξ, D), construct a trajectory z ∈ (Rℓ(nũ+ny))Z as
in (2.21) such that for each k ∈ Z, the state z(k) consists of the last ℓ inputs and outputs.
Then, the triple (z, ũ, y) satisfies the dynamics (2.22). By definition:

B(Ã, B̃,Ξ, D)
.
=
{
(ũ, y)

∣∣ ∃z ∈ (Rℓ(nũ+ny))Z, such that (z, ũ, y) satisfy (2.22)
}
,

and hence, the inclusion B(Ξ, D) ⊆ B(Ã, B̃,Ξ, D) follows.
For the other inclusion, for any trajectory pair (z, ũ, y) satisfying (2.22), let

z
.
=
[
z1 z2 · · · zℓ(nũ+ny)

]⊤
, zi : Z→ R, i ∈ I[1,ℓ(nũ+ny)].
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From the structure of B̄ and (2.22c), we have

z[(ℓ−1)nũ+1,ℓnũ]
.
=
[
z(ℓ−1)nũ+1 · · · zℓnũ

]⊤
= σ−1u, z[ℓnũ+(ℓ−1)ny+1,ℓ(nũ+ny)] = σ−1y.

Moreover, due to block structure of Ā, for each i = 1, · · · , ℓ− 1

z[(i−1)nũ+1,inũ] = σ−1z[inũ+1,(i+1)nũ] = σ−(ℓ−i+1)u,

z[ℓnũ+(i−1)ny+1,ℓnũ+iny ] = σ−1z[ℓnũ+iny+1,ℓnũ+(i+1)ny ] = σ−(ℓ−i+1)y.

Therefore, for all k ∈ Z, the state z(k) consists of the last ℓ inputs and outputs, satisfying
the structure in (2.21). Combined with (2.22b), this implies (ũ, y) ∈ B(Ξ, D), and the
inclusion B

(
Ã, B̃,Ξ, D

)
⊆ B(Ξ, D) holds.

Hence, we conclude that B(Ξ, D) = B(Ã, B̃,Ξ, D).

The next lemma shows that we can construct an ARX representation with lag ℓ ≥ ℓ⋆

from any minimal state-space representation. The crucial step in this transformation
lies in eliminating x using a dead-beat observer gain H such that (A−HC)ℓ = 0.

Lemma 2.10 (Minimal state space ⇒ ARX): Given any LTI behavior B and a minimal
state-space representation B(A,B,C,D). Then, for any ℓ ≥ ℓ⋆, there exist H ∈ Rnx×ny

and an ARX representation B(Ξ, D) as in (2.19) such that (A−HC)ℓ = 0 and

Ξ = C
[
Rℓ (A−HC,B −HD) Rℓ (A−HC,H)

]
. (2.23)

Proof. The proof relies on findings from Wu, 2022 and employs a dead-beat observer
gain to transform the minimal state-space representation to the ARX representation.
Since B(A,B,C,D) is minimal, the pair (A,C) is state observable. Hence, there exists
a deadbeat observer gain H such that (A−HC)ℓ = 0 (Fahmy et al., 1980).

We rewrite (2.11) as

x (k + 1) = Ax (k) +Bũ (k) +H (y(k)− y(k))

= (A−HC)x (k) + (B −HD)ũ (k) +Hy(k).

By recursively expressing x from k − ℓ to k, we derive

x(k) = (A−HC)ℓx(k − ℓ) +
ℓ∑

i=1

(A−HC)i−1

(
Hy(k − i) + (B −HD)ũ(k − i)

)
.

Multiplying both sides by C and adding Dũ(k), we obtain

y(k) =
ℓ∑

i=1

C(A−HC)i−1

(
Hy(k − i) + (B −HD)ũ(k − i)

)
+Dũ(k),

with (A−HC)ℓ = 0. Using the reachability matrix definition in (2.15)

ℓ∑
i=1

C(A−HC)i−1(B −HD)ũ(k − i) = CRℓ(A−HC,B −HD)ũ[k−ℓ,k−1],

ℓ∑
i=1

C(A−HC)i−1Hy(k − i) = CRℓ(A−HC,H)y[k−ℓ,k−1].

Thus, the proof is complete.
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Kernel representations
B(R) (2.6)

State-space representations
B(A,B,C,D) (2.12)

i/o representations
B(P,Q) (2.10)

ARX representations
B(Ξ, D) (2.19)

Lemma 2.4

Lemma 2.6

Lemma 2.10

Lemma 2.9

Lemma 2.8

Figure 2.2.: Parametric representations for the LTI behavior B

Remark 2.2 (Comparison of different representations): Figure 2.2 provides a summary of the
parametric representations of LTI behaviors along with lemmas demonstrating their
equivalences. These representations differ in their structural characteristics. Kernel
representations impose the least structure, demonstrating B as a linear subspace of
(Rns)Z. Furthermore, i/o representations explicitly define the i/o structure by iden-
tifying the input ũ as the manifest components that are free, processed by, and not
anticipated by the output. Additionally, state-space representations introduce the la-
tent state variables x, which act as a memory function that condense relevant past
information for predicting future system response (Willems, 1986, p.565).

Among those representations, minimal formulations are of particular interest. Specif-
ically, minimal kernel representations use the fewest many linear equalities to charac-
terize the behavior, while the minimal-lag kernel representations further minimize the
required time span. Remarkably, i/o representations are inherently minimal kernel
representations, meaning the minimal number of equations required to specify an LTI
behavior equals the dimension of the output. The minimal state-space representations,
on the other hand, use the smallest number of states to retain past information neces-
sary for predicting the future. In summary, the three minimal indices n⋆

R = ny, ℓ
⋆, n⋆

satisfy the relation given in (2.16).

2.3. Non-Parametric System Representation

Non-parametric system representations provide a data-driven alternative for model-
ing dynamical systems. Unlike parametric methods, which rely on predefined model
structures, non-parametric approaches leverage recorded data directly to characterize
system behavior, bypassing the need for explicit modeling.

2.3.1. The Fundamental Lemma by Willems et al.

The fundamental lemma by Willems et al., 2005 provides a non-parametric represen-
tation of controllable LTI systems using Hankel matrices constructed only from mea-
sured data, which carries sufficiently rich information. This richness is specified as
follows.

Definition 2.8 (Persistency of excitation (Willems et al., 2005)): Let T,N ∈ N+. A signal
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sequence s[0,T−1] is said to be persistently exciting of order N if the Hankel matrix

HN(s[0,T−1])
.
=


s (0) s (1) · · · s (T −N)
s (1) s (2) · · · s (T −N + 1)

...
... . . . ...

s (N − 1) s (N) · · · s (T − 1)

 (2.24)

is of full row rank.

We now present the fundamental lemma by Willems et al., 2005.

Lemma 2.11 (Fundamental lemma (Willems et al., 2005)):
Let T , N ∈ N+. Consider a controllable LTI system (Z,Rns ,B) that satisfies Definitions
(2.1) and (2.2), with an i/o partitioning s = (ũ, y), and its minimal state dimension n⋆.
For a T -length trajectory sd

[0,T−1] =
(
ũd, yd

)
[0,T−1]

∈ BT , if ũd
[0,T−1] is persistently exciting

of order N + n⋆, then any N -length trajectory s[0,N−1] ∈ BN if and only if there exists
g ∈ RT−N+1 such that

HN

(
sd
[0,T−1]

)
g = s[0,N−1]. (2.25)

Equivalently, we have
colspan

(
HN

(
sd
[0,T−1]

))
= BN .

A key advantage of these results is that Hankel matrices can be directly constructed
from measured input and output data, eliminating the need for explicit system models.

Compared to the subspace identification methods such as N4SID (van Overschee
et al., 2012) and MOSEP (Verhaegen et al., 1992a,b), the fundamental lemma avoids
the assumption on the persistency of excitation of the underlying states. Specifically,
subspace identification methods often require the condition

rank

[
H1(x[0,T−N ])
HN(ũ[0,T−1])

]
= n⋆ +Nnũ.

Instead, the fundamental lemma requires the system to be controllable and the inputs
to be persistently exciting of order N + n⋆, with n⋆ extra order to excite the state. Fur-
thermore, the condition of persistently exciting can be refined (van Waarde, 2021), and
the controllability assumption can be relaxed (Yu et al., 2021).

2.3.2. Data-Driven Deterministic Prediction

Predicting future trajectories of a dynamical system relies on three key elements: the
future input, the system dynamics represented by B, and the initial condition. While
the dynamics are implicitly captured via Hankel matrices in the fundamental lemma,
we next determine the initial condition necessary for a prediction without requiring
explicit state information.

The following lemma specifies the initial conditions required for uniquely predicting
future trajectories of an LTI system based solely on past input and output data.

Lemma 2.12 (Initial condition for a finite-length behavior): Consider an LTI behavior B with
an i/o partitioning s = (ũ, y). Given a lag ℓ ≥ ℓ⋆, a prediction horizon N ∈ N+, and an
input trajectory ũ[0,N−1] ∈ RNnũ , there is a unique y[0,T−1] such that (ũ, y)[0,T−1] ∈ BN if
the initial condition (ũ, y)[−ℓ,−1] ∈ Bℓ is specified.
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2.3. Non-Parametric System Representation

Proof. By Lemma 2.6, for an LTI behavior B, there is a minimal state space repre-
sentation of B, i.e. B(A,B,C,D), with (A,C) observable. Furthermore, by Lemma
1 of Markovsky et al., 2008, (ũ, y)[−ℓ,−1] ∈ Bℓ determines a unique x(0) ∈ Rn⋆ . By
applying Lemma 2.5, we further obtain unique trajectories y[0,N−1], x[0,N−1] such that
(x, ũ, y)[0,T−1] ∈ BL

N(A,B,C,D), which concludes that (ũ, y)[0,T−1] ∈ BN .

Combining the above results, we arrive at a data-driven predictor for controllable LTI
systems. To predict the future trajectory over a horizon N , given the initial condition
(ũ, y)[−ℓ,−1] ∈ Bℓ and the input trajectory ũ[0,N−1] ∈ RNnu , we aim to determine a unique
trajectory (ũ, y)[−ℓ,N−1] ∈ BN+ℓ.

Using Lemma 2.11, we record a T -length trajectory (ũd, yd)[0,T−1] ∈ BT with ũd
[0,T−1]

being persistently exciting of order N +n⋆+ ℓ. We partition the recorded data into two
parts which correspond to the prediction of horizon [−ℓ,−1] and [0, N−1], respectively.
That is,

HN+ℓ(ũ[0,T−1])
.
=

[
Hũ,p

Hũ,f

]
(2.26)

where Hũ,p consists of the first ℓ block rows of HN+ℓ

(
ũ[0,T−1]

)
and Hũ,f consists of the

remaining N block rows. Similarly, we define Hy,p, Hy,f. Let p and f denote the ranges
[−ℓ,−1] and [0, N − 1] respectively, an exact data-driven output predictor can be for-
mulated as

yf = Hy,fg, g subject to

Hũ,p

Hy,p

Hũ,f

 g =

ũp

yp

ũf

 . (2.27)

As shown in Theorem 1 of Fiedler et al., 2021, the solution yf to (2.27) is unique. This
approach allows for an exact determination of future output trajectories based solely
on measured data, without requiring explicit knowledge of the state variables. As a
closed-form solution, we have

yf =

Hũ,p

Hy,p

Hũ,f

† ũp

yp

ũf

 . (2.28)

A Subspace Predictor for Noise Corrupted Data

Suppose that the data (ũ, y)d
[0,T−1] now are corrupted with measurement noise and some

disturbances that are not specified in the manifest input ũ, the column span of Hankel
matirces then does not represent behaviors of any LTI system. Thus, (2.27) cannot be
solved with one unique solution but instead admits infinitely many solutions for yf.
Therefore, one may consider the least-square solution

ŷf = Hy,fg
⋆, g⋆ = argmin

g
∥g∥2 subject to

Hũ,p

Hy,p

Hũ,f

 g =

ũp

yp

ũf

 . (2.29)

with its closed-form solution the same as (2.28). We note that (2.29) is also known as
a subspace predictor; see Favoreel et al., 1999; Fiedler et al., 2021; Sedghizadeh et al.,
2018.
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2. Representations of Dynamical Systems

2.4. Summary

In this chapter, we examined various representations of deterministic LTI systems, con-
sidering both parametric and non-parametric frameworks. Parametric representations,
including kernel, input/output, state-space, and ARX representations, provide diverse
perspectives on system behavior, each emphasizing distinct structural characteristics.
For non-parametric representations, we employed the fundamental lemma by Willems
et al. to characterize controllable LTI behaviors solely based on past recorded data. This
data-driven approach forms the foundation for designing predictors and controllers
without relying on explicit model parameters. In the next chapter, we introduce essen-
tial concepts related to stochastic uncertainties, leading to a stochastic variant of the
fundamental lemma in Chapter 4.
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3. Representations of Stochastic Uncertainty

In this chapter, we explore various frameworks for representing stochastic uncertain-
ties. In Section 3.1, we begin by revisiting essential concepts in probability theory to
rigorously define random variables and their distributions. Next, in Section 3.2, we
introduce the framework of Polynomial Chaos Expansion (PCE), which expresses ran-
dom variables in terms of deterministic expansion coefficients in suitable polynomial
bases. Section 3.3 introduces stochastic processes and their PCEs, which plays a crucial
role in analyzing stochastic LTI systems in Chapter 4. Lastly, Section 3.4 addresses un-
certainty quantification through probabilistic bounds. Specifically, two-sided bounds
derived from Chebyshev’s inequality are used to construct confidence intervals, while
one-sided bounds from Cantelli’s inequality are applied to chance constraints.

3.1. Random Variables and Probability Spaces

In this section, we revisit essential notions of probability theory to describe probabil-
ity spaces and random variables. For rigorous definitions, we refer to the textbooks
by Sullivan, 2015 and Fristedt et al., 2013.

Definition 3.1 (Probability space, cf. p.10 of Sullivan, 2015): A probability space (Ω,F , µ) is a
triple,

i) Ω is a set, called the sample space. Elements of Ω, i.e. ω ∈ Ω are called outcomes.

ii) F is a σ-algebra on Ω, i.e. a collection of subsets of Ω containing ∅ and closed
under countable applications of union (∪), intersection (∩) and complementation
(·C) relative to Ω.

iii) Elements of F , i.e., E ∈ F , are called measurable sets or events, and (Ω,F) is called
a measurable space.

iv) The function µ : F → [0, 1] with µ(Ω) = 1 is called a probability measure on the
measurable space (Ω,F).

Put simply, a probability space (Ω,F , µ) models a random experiment, where Ω rep-
resents the set of all possible outcomes, F collects all measurable events, and µ assigns
probabilities to these events, ranging between 0 and 1.

The σ-algebra F characterizes how “coarse” (or how “fine”) the sample space Ω is
measurable. In the coarsest scenario, with the trivial σ-algebra {∅,Ω}, only the empty
set ∅ and the entire set Ω are measurable. In contrast, for the finest case, one may define
the σ-algebra F as the power set 2Ω, which collects all subsets of Ω. However, when Ω
contains infinitely many elements, the power set is often too large and impractical for
most applications. Instead, it is common to use the Borel σ-algebra B(Ω) as F , which
is the smallest σ-algebra on Ω that ensures every open set (and hence every closed set,
by complement) is measurable.

Between the finest and coarsest cases, when only the probabilities of certain events
G ⊂ 2Ω are known due to limited information, one can define the smallest σ-algebra
σ(G) on Ω containing G as F . Here, σ(G) is called the σ-algebra on Ω generated by G.
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Lemma 3.1 (σ-algebra generated by G, cf. Definition 1.5 of Fristedt et al., 2013): Let G be a
collection of subsets of Ω, i.e., G ⊂ 2Ω. Then, there exists a unique σ-algebra σ(G) ⊇ G
such that if F ⊇ G and F is a σ-algebra on Ω, then F ⊇ σ(G). In other words, σ(G)
represents the smallest σ-algebra on Ω containing G.

The following example illustrates how a random experiment can be modeled as a
probability space.

Example 3.1 (Throwing a dice once): Using a single dice throw as an example for a
random experiment, where the outcome ω is the number on top, we assume equal
probability for each facet. This experiment can be modelled by (Ω,F , µ), where Ω

.
=

{1, 2, 3, 4, 5, 6}, F .
= 2Ω = {∅, {1}, · · · , {2, 3, 4, 5, 6},Ω}, and µ

.
= #E/6 with #E denot-

ing the cardinality of the event E. Here, the probability measure µ then assigns each
event E ∈ F a probability value; for example µ(ω ≤ 4) = 0.5.

Now, consider the scenario where the dice is damaged on some facets, but we are
certain that the probability of ω = 1 remains 1

6
. In this case, one may consider F =

{∅, {1}, {2, 3, 4, 5, 6},Ω}. However, with this reduced F , we cannot determine µ(ω ≤ 4)
because the event {ω ∈ Ω |ω ≤ 4} is not an element of F .

Random Variables

After the outcome ω of a random experiment modeled by (Ω,F , µ) is determined, a
random variable V further maps the outcome ω ∈ Ω to a vector V (ω) ∈ Rnv , which is
known as the realization of V .

Definition 3.2 (Rnv -valued random variable, cf. p.14 of Sullivan, 2015): Given a probability
space (Ω,F , µ) and a measurable space (Rnv ,B(Rnv)) with the Borel σ-algebra B(Rnv).

i) A Rnv -valued random variable V is a measurable function V : Ω→ Rnv such that for
every Borel subset E ∈ B(Rnv), the pre-image

V −1(E)
.
= {ω ∈ Ω |V (ω) ∈ E}

is an element of F . As a shorthand, we denote V ∈ (Ω,F , µ;Rnv).

ii) With ω ∈ Ω, we denote V (ω) ∈ Rnv as a realization of V .

iii) The distribution of V is the probability measure µV : B (Rnv) → [0, 1] defined on
(Rnv ,B(Rnv)) satisfying

µV (E)
.
= µ

(
V −1(E)

)
, ∀E ∈ B(Rnv).

For compactness, we write V ∼ µV .

Here, item i) implies that the smallest σ-algebra σ(V ), which covers all events neces-
sary to define V , is a subset of F , i.e.,

σ(V )
.
= σ

(
{V −1(E) |E ∈ B(Rnv)}

)
⊆ F . (3.1)

Henceforth, we refer to σ(V ) as the σ-algebra on Ω generated by the random variable
V .
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In other words, (3.1) requires the σ-algebra F to be rich enough to define V . If, for
example, F is the power set of Ω, then every function V : Ω → Rnv is measurable.
At the opposite extreme, if F is the trivial σ-algebra {∅,Ω}, then the only measurable
functions are constant functions. Hence, for a deterministic random variable (i.e., V =
v almost surely), the σ-algebra it generates is simply σ(V ) = {∅,Ω}.

Moreover, with the distribution µV defined in item iii), we note that the random vari-
able V indeed maps a probability space to another, i.e. from (Ω,F , µ) to (Rnv ,B (Rnv) , µV );
see Proposition 2.5 of Fristedt et al., 2013.

L2 Random Variables

In this thesis, we focus on L2 random variables, which are random variables with finite
expectation and covariance.

Definition 3.3 (L2 random variable space): Let (Ω,F , µ) be a probability space. The L2

random variable space is defined as

L2 (Ω,F , µ;Rnv)
.
= {V : Ω→ Rnv |V satisfies Definition 3.2 and ∥V ∥ is finite}, (3.2)

where the inner product and norm on the L2 space are defined as

⟨V, Ṽ ⟩ .
=

∫
Ω

V (ω)⊤Ṽ (ω) dµ(ω), ∥V ∥ .
=
√
⟨V, V ⟩, V, Ṽ ∈ L2 (Ω,F , µ;Rnv) . (3.3)

Consider two random variables V, Ṽ ∈ L2 (Ω,F , µ;Rnv) with V ∼ µV , Ṽ ∼ µṼ , and
(V, Ṽ ) ∼ µV,Ṽ . The equivalence V = Ṽ is to be understood in the L2 sense (Fristedt
et al., 2013), i.e.,

V = Ṽ ⇔ ∥V − Ṽ ∥ = 0 ⇔ V (ω) = Ṽ (ω), for µ-almost all ω ∈ Ω. (3.4)

Here, µ-almost all outcomes exclude those in a set with measure zero under µ, meaning
the probability of such outcomes occurring is zero.

The expectation and the covariance of V are defined as E[V ] ∈ Rnv and Σ[V ] ∈
Rnv×nv , respectively. That are

E[V ]
.
=

∫
Ω

V (ω)dµ(ω) =
∫
Rnv

v dµV (v), (3.5a)

Σ[V ]
.
=

∫
Ω

(V (ω)− E[V ]) (V (ω)− E[V ])⊤ dµ(ω) (3.5b)

=

∫
Rnv

(v − E[V ]) (v − E[V ])⊤ dµV (v).

In addition, we denote the covariance between V and Ṽ as Σ[V, Ṽ ]. Moreover, as per
Definition 3.3, V ∈ L2 (Ω,F , µ;Rnv) implies that E[V ] and Σ[V ] is finite.

Distribution Functions

The random variable V ∈ L2 (Ω,F , µ;Rnv) with V ∼ µV is discrete if µV (V ∈ K) = 1
for some finite or countably infinite set K ⊂ Rnv . It is continuous if µV (V = v) = 0 for
all v ∈ Rnv . We define the cumulative distribution function (cdf) of V to be

FV : Rnv → R, FV (v)
.
= µV (V < v),
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where ‘<’ is applied elementwise. In case that V is a discrete random variable, we
define the associated probability mass function (pmf) as

pV : Rnv → R, pV (v)
.
= µV (V = v).

If V is a continuous random variable, we define the associated probability density func-
tion (pdf) fV as the derivative of the cdf

fV : Rnv → R, fV (v)
.
=

{
∇FV (v), if ∇FV (v) exists,
0, else.

Example 3.2 (Discrete RV: throwing a dice twice): Consider the sample space Ω = {ω =
(a, b) : a ∈ {1, · · · , 6}, b ∈ {1, · · · , 6}}, the probability measure µ(E) = #E/36, and
the random variable V (a, b) = a + b, we can define the following events and their
probabilities

{V = 4} = {(1, 3), (3, 1), (2, 2)}, µV (V = 4) = µ({(1, 3), (3, 1), (2, 2)}) = 3/36,

{V ≤ 4} = {(1, 1), (1, 2), (2, 1)}, µV (V ≤ 4) = µ({(1, 1), (1, 2), (2, 1)}) = 3/36.

Note that V in this case is a discrete random variable and its pmf reads

pV (v) =


(v − 1)/36, v ∈ {2, 3, 4, 5, 6, 7}
(13− v)/36, v ∈ {8, 9, 10, 11, 12}
0, else.

Definition 3.4 (Gaussian RV): The random variable V ∈ L2 (Ω,F , µ;Rnv) is Gaussian
with mean m ∈ Rnv and covariance Σ ∈ Rnv×nv with Σ ⪰ 0 if its pdf reads

fV (v) =
1

(2π)nv/2
√
detΣ

exp

(
−1

2
(v −m)⊤Σ−1(v −m)

)
.

Compactly, we denote the distribution µV as N (m,Σ) and thus V ∼ N (m,Σ).

Remark 3.1 (Why use random variables instead of individual distributions?): Representing
stochastic uncertainties through random variables links them to a single probability
space (Ω,F , µ), rather than assigning each uncertainty an independent distribution.
This approach inherently captures dependencies between random variables without
explicitly defining their joint distribution.

Remark 3.2 (From distribution to random variable): A random variable provides more in-
formation than its distribution. However, there might be cases where the underly-
ing probability space (Ω,F , µ) is not explicitly defined but the distribution µV can be
estimated through realizations of V . In such cases, one may reconstruct a random
variable on the probability space (Rnv ,B(Rnv), µV ) by considering V as the identity
function V : v 7→ v. For an one-dimensional distribution µV : B(R) → [0, 1] with cdf
FV : R→ [0, 1], V , an alternative construction is: Let Ω = [0, 1], F = B([0, 1]) (the Borel
algebra on Ω), µ = U([0, 1]) (the uniform distribution on Ω). Then, V can be defined
as V : ω 7→ F−1

V (V (ω)), where F−1
V is the quantile function of µV ; see Proposition 4 in

Section 3.1 of Fristedt et al., 2013.
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3.2. Polynomial Chaos Expansion

This section shows how an L2 random variable can be transformed to real numbers
using PCE. The key idea behind PCE is that an L2 random variable can be expressed
in a suitable polynomial basis. This concept dates back to Wiener, 1938; for a general
introduction to PCE, see Chapters 11.2 and 11.3 of Sullivan, 2015.

Let ξi ∈ L2(Ω,F , µ;R), i ∈ I[0,nξ] with nξ ∈ N ∪ {∞} be a finite or countably infinite
collection of independent random variables. Define ξ ∈ L2 (Ω,F , µ;Rnξ) as their vec-
torization. Consider F to be the σ-algebra generated by ξ, i.e., F = σ(ξ). Then, these
random variables are referred to as stochastic germs since they cover all necessary infor-
mation to represent other random variables in L2(Ω,F , µ). As the generalization of the
theorem by Cameron et al., 1947, using the Gram-Schmidt process, we can construct
an orthogonal polynomial basis {ϕj(ξ)}j∈N that spans L2(Ω,F , µ;R)

ϕj :L2 (Ω,F , µ;Rnξ)→ L2(Ω,F , µ;R),

⟨ϕi, ϕj⟩ =
∫
Ω

ϕi(ξ(ω))ϕj(ξ(ω)) dµ(ω) = δij∥ϕj∥2,

where δij is the Kronecker delta.
As a consequence, every random variable in L2(Ω,F , µ;R) can be represented as an

L2-convergent series using the orthogonal polynomial basis {ϕj(ξ)}j∈N.

Definition 3.5 (Polynomial chaos expansion): The PCE of a random variable V ∈ L2(Ω,F , µ;R)
with respect to the basis {ϕj(ξ)}∞j=0 is

V =
∞∑
j=0

vjϕj(ξ) with vj
.
=
⟨V, ϕj(ξ)⟩
∥ϕj(ξ)∥2

,

where vj ∈ R is called the j-th PCE coefficient.

We remark that after applying PCE componentwise, the j-th PCE coefficient of a
random vector V ∈ L2 (Ω,F , µ;Rnv) reads

vj
.
=
[
vj1 vj2 · · · vjnv

]⊤ ∈ Rnv ,

where vji is the j-th PCE coefficient of the i−th component Vi. Due to the L2 nature of
V , the sequence of PCE coefficients v .

= (v0, v1, · · · ) is square summable, i.e.

v ∈ ℓ2(Rnv)
.
=

{
v ∈ (Rnv)Z

∣∣∣∣∣∑
j∈N

(vj)⊤vj <∞

}
.

In numerical implementations, the series has to be terminated after a finite number
of terms which may lead to truncation errors. For details on truncation errors and error
propagation see Field et al., 2004 and Mühlpfordt et al., 2017.

Definition 3.6 (Exact PCE representation): A random variable V ∈ L2(Ω,F , µ;R) is said
to admit an exact PCE with L terms in {ϕj(ξ)}j∈N if

V −
L−1∑
j=0

vjϕj(ξ) = 0,

where the equality holds in the L2 sense as per (3.4).
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3. Representations of Stochastic Uncertainty

Table 3.1.: Correspondence of random variables and underlying orthogonal polynomials.

Distribution Support Orthogonal basis {ϕj}∞j=0 Argument ξi(ω)

Gaussian (−∞,∞) Hermite N (0, 1)
Uniform [a, b] Legendre U([−1, 1])

Beta [a, b] Jacobi B(α, β, [−1, 1])
Gamma (0,∞) Laguerre Γ(α, β, (0,∞))

For an arbitrary L2 random vector V ∈ L2 (Ω,F , µ;Rnv) admitting exact PCEs with L

terms, we introduce the following notations for compactness. Let

v[0,L−1] .
=
[
v0⊤, v1⊤, . . . , vL−1⊤]⊤ ∈ RnvL

denote the vectorization of the coefficients over the PCE dimensions, and let

H1

(
v[0,L−1]

) .
=
[
v0, v1, · · · , vL−1

]
∈ Rnv×L

denote the horizontally stacked matrix of coefficients, which forms a Hankel matrix of
order 1 as defined in (2.24).

Given V , Ṽ ∈ L2 (Ω,F , µ;Rnv) admitting exact PCEs of L terms, cf. Definition 3.6,
the norm of the difference V − Ṽ can be obtained from the PCE coefficients as

∥V − Ṽ ∥2 =
∥∥v[0,L−1] − ṽ[0,L−1]

∥∥2
D , D .

= diag
(
{∥ϕj(ξ)∥2}L−1

j=0

)
. (3.6)

Similarly, with exact PCEs, the L2 norm of random variables can be interpreted as a
weighted norm of PCE coefficients in the Euclidean space RnvL.

Moreover, with exact PCEs, the expectation E[V ] ∈ Rnv and the covariance Σ[V, Ṽ ] ∈
Rnv×nv can be calculated as

E[V ] = v0, Σ[V, Ṽ ] =
L−1∑
j=1

vj ṽj⊤∥ϕj(ξ)∥2 = H1

(
v[0,L−1]

)
DH1

(
v[0,L−1]

)⊤
. (3.7a)

For all n ∈ N+, the n-th central moments of the i-th component Vi ∈ L2(Ω,F , µ;R) are
given by

µn(Vi)
.
= E[(Vi−E[Vi])

n] =
L−1∑
j1=1

L−1∑
j2=1

· · ·
L−1∑
jn=1

vj1i v
j2
i · · · v

jn
i E

[
ϕj1(ξ)ϕj2(ξ) · · ·ϕjn(ξ)

]
, (3.7b)

where the terms E [ϕj1(ξ)ϕj2(ξ) · · ·ϕjn(ξ)] can be computed offline. Note that for Vi ∈
L2(Ω,F , µ;R), its n-th central moments with n > 2 are not necessarily finite. For an
in-depth discussion and computationally efficient methods, see Lefebvre, 2020.

Given an L2 random variable with known distribution, the key to construct an exact
finite-dimensional PCE is the appropriate choice of basis functions. Indeed, random
variables that follow some widely used distributions admit exact finite-dimensional
PCEs in suitable polynomial bases as shown in Table 3.1. Notice that one uses specific
random-variable arguments ξi ∈ L2(Ω,F , µ;R) for different polynomial basis.

On the other hand, for random variables not listed in Table 3.1 we can construct a
finite dimensional basis utilizing the first two moments of random variables. As a mo-
tivating example, note that any arbitrary scalar L2 random variable M ∈ L2(Ω,F , µ;R)
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3.2. Polynomial Chaos Expansion

admits an affine expansion in terms of its mean and standard definition as follows

M = E[M ] +
√

µ2[M ]ξ, ξ
.
=

M − µ[M ]√
µ2[M ]

.

This representation is an exact PCE with a polynomial of degree 1, where the normal-
ized variable ξ serves as the stochastic germ. This result can be extended from scalar
to vector-valued random variables.

Lemma 3.2 (Exact PCEs with given mean and covariance): Consider V ∈ L2 (Ω,F , µ;Rnv)
with mean E[V ] ∈ Rnv and covariance Σ[V ] ⪰ 0. For any M ∈ Rnv×nξ satisfying MM⊤ =
Σ[V ], there exists ξ ∈ L2 (Ω,F , µ;Rnξ) such that

V = E[V ] +Mξ, E[ξ] = 0 and Σ[ξ] = Inξ
.

Consider the basis
{ϕj(ξ)}nξ

j=0 = P1(ξ)
.
=
{
1, {ξi}

nξ

i=1

}
(3.8)

comprising polynomialsP1(ξ) with degree of at most 1. An exact and finite-dimensional
PCE of V is obtained as

V = E[V ] +Mξ =

nξ∑
j=0

vjϕj(ξ). (3.9)

with v0 = E[V ],H1

(
v[1,nv ]

)
= M.

Proof. Since M ∈ Rnv×nξ is in general not invertible, we utilize Moore-Penrose inverses
to construct ξ. We note that the Moore-Penrose inverse M† of M ∈ Rnv×nξ is unique and
satisfies the following properties (Penrose, 1955),

MM†M = M,M†MM† = M† (3.10a)

MM† = (MM†)⊤,M†M = (M†M)⊤. (3.10b)

Let
ξ
.
= M†(V − E[V ]) + (Inξ

−M†M)ξN (3.11)

with ξN as an arbitrary random variable in L2 (Ω,F , µ;Rnξ) that is independent of V .
Moreover, we consider E[ξN ] = 0 and Σ[ξN ] = Inξ

. Specifically, if M is of full column
rank, then (3.11) recovers ξ = M†(V − E[V ]) since in this case M†M = Inξ

.
Next, we prove that ξ from (3.11) satisfies the required conditions: E[ξ] = 0, Σ[ξ] =

Inξ
, and V = E[V ] +Mξ. First, we have E[ξ] = M†(E[V ]−E[V ]) + (Inξ

−M†M)E[ξN ] = 0
since E[ξN ] = 0 by construction. Furthermore,

Σ[ξ] = M†Σ[V ]M†⊤ + (Inξ
−M†M)Σ[ξN ](Inξ

−M†M)⊤

= M†(MM⊤)M†⊤ + (Inξ
−M†M)(Inξ

−M†M)⊤

= M†M(M†M)⊤ + Inξ
−M†M− (M†M)⊤ +M†M(M†M)⊤

(3.10b)
= Inξ

.

We note that the random-variable equality V = E[V ] + Mξ is considered as V (ω) =
E[V ]+Mξ(ω) for µ-almost all ω ∈ Ω. Let ∆ .

= V −E[V ]−Mξ. This equality is equivalent
to ∆(ω) = 0 for µ-almost all ω ∈ Ω, which is true iff ∥∆∥2 = E[∆⊤∆] = 0 as shown in
(3.4).

37



3. Representations of Stochastic Uncertainty

With ξ from (3.11), we have

∆ = V − E[V ]−M
(
M†(V − E[V ]) + (Inξ

−M†M)ξN
)

= (Inv −MM†)(V − E[V ])− (M−MM†M)ξN
(3.10a)
= (Inv −MM†)(V − E[V ]).

Hence, we have

E[∆⊤∆] = trace
(
(Inv −MM†)⊤(Inv −MM†)Σ[V ]

)
= trace

(
(Inv −MM†)⊤(Inv −MM†)(MM⊤)

)
= trace

(
(Inv −MM†)⊤

(
MM⊤ −MM†MM⊤)) = 0,

where the last equality holds since M(M†MM⊤)
(3.10a)
= MM†.

Combining the above results, we conclude that the random variable ξ given by (3.11)
satisfies the conditions stated in Lemma 3.2.

Typical choices of M include the principal square root or the Cholesky decomposition
of Σ[V ]. To span the whole L2(Ω, σ(ξ), µ;Rnv), one may construct an orthogonal basis
{ϕj(ξ)}j∈N with higher-degree polynomials using the Gram-Schmidt procedure by Wit-
teveen et al., 2006. For its efficient implementation, we refer to Oladyshkin et al., 2012;
Paulson et al., 2017, which are also known as arbitrary polynomial chaos expansion. How-
ever, as we will show next, the finite-dimensional basis {ϕj(ξ)}nv−1

j=0 with polynomials
of degree at most 1 are already rich enough to exactly represent all random variables
satisfying Ṽ

.
= AV + b.

Galerkin Projection

Next, we first revisit Galerkin projection for the general case with Ṽ
.
= f(V ).

Given the map f : L2 (Ω,F , µ;Rnv)→ L2 (Ω,F , µ;Rnṽ) and the PCE of V with respect
to the orthogonal polynomials {ϕj(ξ)}j∈N, Galerkin projection can be used to obtain
the PCE coefficients of the image random variable Ṽ = f(V ), cf. Ghanem et al., 2003;
Mühlpfordt, 2020. It consists of the following steps:

i) Substitute V and Ṽ with their PCEs
∞∑
j=0

ṽjϕj(ξ) = f

(
∞∑
j=0

vjϕj(ξ)

)
.

ii) For all i ∈ N, project onto the basis ϕi, i.e.,〈
∞∑
j=0

ṽjϕj(ξ), ϕi(ξ)

〉
=

〈
f

(
∞∑
j=0

vjϕj(ξ)

)
, ϕi(ξ)

〉
.

iii) Define ṽi
.
=

〈
f
(∑∞

j=0 v
jϕj(ξ)

)
, ϕi(ξ)

〉
∥ϕi(ξ)∥2

.

In case of an affine mapping Ṽ
.
= AV + b with A ∈ RnA×nv and b ∈ Rnv , following from

the affinity of f and the orthogonality of {ϕj}j∈N, we have

ṽi =

〈
∞∑
j=0

Avjϕj(ξ) + b, ϕi(ξ)

〉
∥ϕi(ξ)∥2

=

〈
A

∞∑
j=0

vjϕj(ξ) + b, ϕi(ξ)

〉
∥ϕi(ξ)∥2

= Avi + bδ0i, (3.12)
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3.3. Stochastic Processes and their PCEs

where δ0i denotes the Kronecker delta that δ0i = 0 for i ̸= 0. Note that due to the linear
nature of PCEs, under affine maps, the i-th order PCE coefficient ṽi is only related to vi,
and not to all other vj for j ̸= i. However, for nonlinear mappings, as indicated in step
iii) of Galerkin projection, the calculation of ṽi involves all vj for j ∈ N. This finding
helps us to establish the following results.

Lemma 3.3 (Exact PCEs under affine mappings): Given {ϕj(ξ)}j∈N and V ∈ L2(Ω,F , µ;Rnv).
If V admits an exact PCE with L terms in {ϕj(ξ)}j∈N, then for arbitrary A ∈ Rnṽ×nv and
b ∈ Rnṽ , Ṽ .

= AV + b admits an exact PCE with at largest L terms in {ϕj(ξ)}j∈N.

Proof. As indicated in (3.12), all j-th order PCE coefficients ṽj with j ≥ L are zero since
vj = 0 for j ≥ L as per Definition 3.6. Consequently, according to Definition 3.6 the
assertion holds.

Based on the results of Lemmas 3.2 and 3.3, we have the following corollary.

Corollary 3.1: Given V ∈ L2 (Ω,F , µ;Rnv) and the finite-dimensional PCE basis {ϕj(ξ)}nξ

j=0

constructed as in Lemma 3.2, then for arbitrary A ∈ Rnṽ×nv and b ∈ Rnṽ , Ṽ = AV + b
admits an exact PCE in {ϕj(ξ)}nξ

j=0 as defined in (3.8).

This result plays an essential role by ensuring that affine transformations of random
variables maintain the finite-dimensional PCE structure, which simplifies the analysis
of propagating stochastic uncertainties through LTI dynamics. We will elaborate on
this point in Chapter 5.

3.3. Stochastic Processes and their PCEs

Another key concept in stochastic control is the stochastic process. By collecting ran-
dom variables over time, we can characterize the underlying dynamics utilizing stochas-
tic processes. This topic will be explored in more detail in Chapter 4, where we analyze
the behavior of stochastic LTI systems.

Instead of describing individual and joint distributions for each time instant, we
follow the structure of random variables by considering stochastic processes as the
results of a single random experiment modeled by the probability space (Ω,F , µ).

Definition 3.7 (Stochastic process (Sullivan, 2015)): A function S : Z × Ω → Rns is a
discrete-time stochastic process if S(k, ·) is a Rns-valued random variable on (Ω,F , µ)
while S(·, ω) is a realization trajectory or a path in (Rns)Z.

Henceforth, for compactness, we consider S(k), S(ω), and S(k, ω) as the k-th random
variable, the realization, and the realization of k-th random variable of S, respectively.
As shorthand, we write S ∈ L2(Ω,F , µ;Rns)Z, that is, S(k) ∈ L2 (Ω,F , µ;Rns) holds for
all k ∈ Z.

Remark 3.3 (Stochastic process as (Rns)Z-valued random variables):
The stochastic process S ∈ L2(Ω,F , µ;Rns)Z can be equivalently represented as a (Rns)Z-
valued random variables S ∈

(
Ω,F , µ; (Rns)Z

)
. Note that although each random vari-

able S(k) lies in L2(Ω,F , µ;Rns), it does not implies that S lies in L2(Ω,F , µ; (Rns)Z),
since the variance of S may be infinite. However, we can relax the L2 requirement and
instead consider S ∈

(
Ω,F , µ; (Rns)Z

)
.
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3. Representations of Stochastic Uncertainty

PCEs of Stochastic Processes

Given a stochastic process S ∈ L2(Ω,F , µ;Rns)Z, let the collection of stochastic germs
satisfy σ(S) ⊆ σ(ξ) ⊆ F . We derive the polynomial chaos expansion of S. Consider
an orthogonal polynomial basis {ϕj(ξ)}j∈N that spans L2(Ω, σ(ξ), µ;Rns), each random
variable S(k) in the process for k ∈ Z admits a polynomial chaos expansion. That is,

S(k) =
∑
j∈N

sj(k)ϕj(ξ). (3.13a)

For the sake of compactness, we write

s =
((

sj(k)
)
j∈N

)
k∈Z
≃



...
... · · · ...

s0(0) s1(0) . . . si(0) . . .

s0(1) s1(1) . . . si(1) . . .
...

... . . . ...
s0(k) s1(k) . . . si(k) . . .

...
...

... . . .



ti
m

e

expansion index

∈ (ℓ2(Rns))Z, (3.13b)

s(k) = (s0(k), s1(k), · · · ) =
(
sj(k)

)
j∈N ∈ ℓ2(Rns), (3.13c)

sj = (· · · , sj(−1), sj(0), sj(1), · · · ) =
(
sj(k)

)
k∈Z ∈ (Rns)Z, (3.13d)

where we organize the PCE coefficients of S ∈ L2(Ω,F , µ;Rns)Z into an infinite-dimensional
matrix s ∈ (ℓ2(Rns))Z, where each row s(k) ∈ ℓ2(Rns) corresponds to the PCE coeffi-
cients of S(k), and each column sj ∈ (Rns)Z represents the trajectory of the j-th PCE
coefficients over time.

Filtrations

For a stochastic process, filtrations are widely used to represent the information avail-
able at a given time instant. To this end, we denote the restriction of S at any subset
T ⊆ Z as ST

.
= (S (k))k∈T. For i ∈ T, we denote the set of all elements of T that are no

larger than i as T≤i.

Definition 3.8 (Filtration):
Consider the probability space (Ω,F , µ) and a stochastic process S : Z× Ω→ Rns .

i) A filtration of the sigma algebra F is a family (Fi)i∈T of sub-σ-algebras of F , such
that Fk ⊆ Ft ⊆ F for all k, t ∈ T and k ≤ t.

ii) The natural filtration of the stochastic process S is the filtration (FS
i )i∈T defined by

FS
i

.
= σ

(
(S (k))k∈T≤i

)
as the smallest σ-algebra covering (S (k))k∈T≤i

.

iii) The restriction ST is adapted to a filtration (Fi)i∈T if FS
i ⊆ Fi for each i ∈ T.

In other words, filtrations are families of σ-algebras that are ordered non-decreasingly.
Specifically, the natural filtration (FS

i )i∈T collects the σ-algebra FS
i that represents all

historical information of S available at time instants k ∈ T≤i. For more details on
filtrations, see Fristedt et al., 2013.
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3.4. Uncertainty Quantification via Probability Bounds

3.4. Uncertainty Quantification via Probability Bounds

In this section, we aim to quantify the uncertainty of random variables using probabil-
ity bounds. For a given confidence level 0 < γ < 1 and a real-valued random variable
M ∈ L2(Ω,F , µ;R), our goal is to determine a confidence interval Iγ ⊆ R such that

P [M ∈ Iγ] ≥ γ.

With the PCE of M , we can recover its distribution by sampling the stochastic germs.
However, it can be computationally expensive. Alternatively, we can efficiently obtain
the moments of the distribution with PCEs as shown in (3.7). In the following, we
begin by constructing one-sided and two-sided probability bounds based on the first
two moments, and then proceed to refine these intervals by incorporating additional
information.

Lemma 3.4 (Chebyshev’s inequality for two-sided bounds (Chebyshev, 1867)): Consider a real-
valued random variable M ∈ L2(Ω,F , µ;R) with its mean E[M ] and variance µ2(M),
then for a confidence level 0 < γ < 1, the following probability inequality holds

P
[
E[M ]− α(γ)

√
µ2(M) ≤M ≤ E[M ] + α(γ)

√
µ2(M)

]
≥ γ, (3.14a)

where the concentration factor α(γ) reads

α(γ) =


√

1
1−γ

, M ∈ L2(Ω,F , µ;R),

F−1
N (1+γ

2
), M ∼ N (E[M ], µ2(M)) ,

(3.14b)

where F−1
N refers to the inverse cdf of a standard Gaussian distribution.

Lemma 3.5 (Cantelli’s inequality for one-sided bounds (Cantelli, 1928)): Consider a real-
valued random variable M ∈ L2(Ω,F , µ;R) with its mean E[M ] and variance µ2(M),
then for a confidence level 0.5 < γ < 1, the following probability inequality holds

P
[
M ≤ E[M ] + α(γ)

√
µ2(M)

]
≥ γ, (3.15a)

where the concentration factor α(γ) reads

α(γ) =


√

γ
1−γ

, M ∈ L2(Ω,F , µ;R),

F−1
N (γ), M ∼ N (E[M ], µ2(M)).

(3.15b)

For general L2 random variables, Cantelli’s inequality provides a tight one-sided
probability bound, while Chebyshev’s inequality determines a tight two-sided prob-
ability bound. Specifically, for one-sided bounds, Cantelli’s inequality is an improve-
ment over Chebyshev’s inequality. Consider an arbitrary M ∈ L2(Ω,F , µ;R), Cheby-
shev’s inequality yields

P
[
M ≤ E[M ] +

√
1

1−γ

√
µ2(M)

]
≥ P

[
|M − E[M ]| ≤

√
1

1−γ

√
µ2(M)

]
≥ γ

with the factor
√

1
1−γ

larger than the one
√

γ
1−γ

from Cantelli’s inequality.
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3. Representations of Stochastic Uncertainty

Figure 3.1.: Comparison of concentration factors in (3.14)–(3.15)
.

On the other hand, for two-sided confidence intervals, Cantelli’s inequality gives

P
[
|M − E[M ]| ≤

√
γ

1−γ

√
µ2(M)

]
= P

[
M ≤ E[M ]

√
γ

1−γ

√
µ2(M)

]
+ P

[
M ≥ E[M ]−

√
γ

1−γ

√
µ2(M)

]
− 1 ≥ 2γ − 1

γ= 1+γ′
2=⇒ P

[
|M − E[M ]| ≤

√
1+γ′

1−γ′

√
µ2(M)

]
≥ γ′

with the factor
√

1+γ′

1−γ′ larger than the one
√

1
1−γ′ from Chebyshev’s inequality.

Given the differences between one-sided and two-sided bounds, it is important to
understand when to apply which result. Two-sided bounds, like Chebyshev’s inequal-
ity, are more appropriate for constructing confidence intervals in stochastic predictions.
In contrast, one-sided bounds, such as Cantelli’s inequality, are better suitable for re-
formulating individual chance constraints.

In stochastic prediction, the process typically involves specifying a target probability
and then determining the corresponding confidence interval centred around the mean.
Conversely, in chance constraints, the constraint is given first, and the goal is to ensure
that the probability of satisfying the constraint exceeds a given threshold.

Moreover, chance constraints typically involve intervals that are not centered around
the mean. For example, in the box constraint |M | ≤ mu, the interval is not mean-
centered, making the use of two-sided results less appropriate. Though the constraint
is two-sided, violations may only occur from one side at a time, either exceeding mu

or dropping below −mu, but not both simultaneously. Hence, it is often more effective
to decompose the constraint into two individual one-sided constraints, suggesting for
the use of Cantelli’s inequality.
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3.4. Uncertainty Quantification via Probability Bounds

Cantelli and Chebyshev bounds are typically loose because they rely only on the first
two moments. Figure 3.1 compares the concentration factors α(γ) of both arbitrary L2

random variables and Gaussian random variables, considering both one-sided and
two-sided bounds. We observe that the concentration factor for arbitrary L2 random
variables is approximately twice as large as that for Gaussian random variables; more-
over, it grows significantly faster as γ approaches 1. This indicates that the bounds for
general L2 are notably more conservative, particularly at high confidence levels.

However, assuming a non-Gaussian distribution to be Gaussian can introduce biased
errors, as the actual distribution may exhibit skewness, heavier tails, or multimodality.
In such cases, the Gaussian concentration factor may be overly optimistic, underesti-
mating the probability of extreme events. Thus, while Gaussian-based bounds provide
tighter intervals, they may fail to accurately capture tail probabilities in non-Gaussian
settings.

To bridge the gap between the probabilistic bounds of Gaussian and arbitrary L2

random variables, we consider the following two approaches:

i) considering higher-order moments,

ii) and using additional shape information about the distribution.

In particular, we employ approach i) to refine Chebyshev’s inequality for two-sided
confidence intervals and use approach ii) to improve Cantelli’s inequality for one-sided
chance constraints. Furthermore, we demonstrate that both approaches can be effec-
tively implemented within the PCE framework.

3.4.1. Confidence Intervals via Higher-Order Chebyshev’s Inequality

Note that the original Chebyshev’s inequality typically provides rather loose bounds,
since it applies to all random variables with finite first two moments. However, with
the information of higher-order moments, Buot, 2006 notes that by applying Markov’s
inequality to the non-negative variable (M − E[M ])2n, one can get a family of tail
bounds.

Lemma 3.6 (Chebyshev’s inequalities with higher-order moments): Consider a real-valued
random variable M ∈ L2(Ω,F , µ;R). For n ∈ N+, suppose its the 2n-th central moment
of M , denoted by µ2n(M)

.
= E

[
(M − E[M ])2n

]
, is finite. Then, for any confidence level

0 < γ < 1, the following two-sided probabilistic inequality holds

P

[
|M − E[M ]| ≤ 2n

√
µ2n(M)

1− γ

]
≥ γ. (3.16)

Proof. For a ∈ R+ and n ∈ N+, we have

P [|M − E[M ]| ≤ a] = P
[
(M − E[M ])2n ≤ a2n

]
≥ 1− µ2n(M)

a2n
,

where the second inequality holds from the Markov inequality. By considering γ
.
=

1−µ2n(M)

a2n
, we obtain (3.16). With n = 1, this result reduces to the original Chebyshev’s

inequality.
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Let the introduced confidence interval of (3.16) be

I2n,γ
.
= [E[M ]− r2n,γ,E[M ] + r2n,γ] , with radius r2n,γ

.
= 2n

√
µ2n(M)

1− γ
.

We observe that this interval I2n,γ is tighter than the interval I2,γ induced by the original
Chebyshev’s inequality if the following condition holds

µ2n(M)

(µ2(M))n
≤
(

1

1− γ

)n−1

. (3.17)

For n = 2 and γ = 90%, this condition requires the kurtosis κ =
µ4

µ2
2

to be less than 10.

The kurtosis measures how much the shape of a distribution deviates from a normal
distribution, which has κ = 3. Distributions with κ ≥ 10 typically have a much heavier
tails relative to a normal distribution. In other words, if condition (3.17) is violated, this
indicates that the underlying distribution has a relative higher probability of extreme
values, and we should use the interval I2,γ for conservatism. In an extreme case for
κ =∞, such as a t-distribution with 3 degrees of freedom, only the interval I2,γ can be
used. Conversely, if the distribution of M has light tails and satisfy condition (3.17),
we can opt for I2n,γ for a tighter confidence interval.

Note that the higher-order moments µ2n can be directly calculated by (3.7) from the
PCE coefficients of M and the expected values of the basis products. Furthermore, (3.7)
can be simplified by assuming that each basis function is independently distributed,
which enables the use of the property E

[
(ϕi)l1(ϕi)l2

]
= E

[
(ϕi)l1

]
E
[
(ϕi)l2

]
. Suppose

that M admits an exact PCE in a basis {ϕj}L−1
j=0 with ϕ0 = 1, and its terms {ϕj}L−1

j=1 are
orthogonal and independently distributed. The PCE reformulation of its fourth-order
central moment is

µ4(M) =
L−1∑
j=1

(mj)4E
[
(ϕj)4

]
+

L−1∑
i=1

L−1∑
j=i+1

6(mi)2(mj)2E
[
(ϕj)2

]
E
[
(ϕi)2

]
+

L−1∑
i=1

∑
j ̸=i

4(mi)(mj)3E
[
ϕi
]
E
[
(ϕj)3

]
︸ ︷︷ ︸

=0, E[ϕi]=0

=
L−1∑
j=1

(mj)4E
[
(ϕj)4

]
+

L−1∑
i=1

L−1∑
j=i+1

6(mi)2(mj)2E
[
(ϕj)2

]
E
[
(ϕi)2

]
.

(3.18)

Note that the E [ϕi] = 0 for all i ∈ I[0,L−1] due to the orthogonality with ϕ0 = {1} i.e.
E[ϕi · 1] = 0.

Example 3.3: Consider a scalar random variable M = m +
∑4

j=1 ξi where {ξj}4j=1 are
i.i.d. non-Gaussian scalar random variables. Suppose that E[ξj] = 0 and µ2(ξj) = 1 for
j = 1, 2, 3, 4, then {1, ξ1, ξ2, ξ3, ξ4} is a valid orthogonal PCE basis.

Suppose the fourth-order moment of ξj is given as µ4(ξj) = 10 for j = 1, 2, 3, 4. Then,
by (3.18), we obtain

µ4(M) =
∑4

j=1 µ4(ξj) +
∑4

i=1

∑4
j=i+1 6 = 76.
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3.4. Uncertainty Quantification via Probability Bounds

For a confidence level γ = 0.95, the radius of the confidence interval determined by
the higher-order and the original Chebyshev inequalities are, respectively,

r4,0.95 =
4
√

µ4(M)/0.05 ≈ 6.24, r2,0.95 =
√

µ2(M)/0.05 =

√
20
∥∥[1 1 1 1

]∥∥2
2
≈ 8.94,

which illustrates the tightening of the confidence interval by including higher-order
moments.

3.4.2. Chance Constraints via Refined Cantelli’s Inequality

When extending to higher-order moments, the result for two-sided bounds in Lemma 3.6
does not directly apply to the one-sided case. Instead, determining a tight one-sided
bound using higher-order moments can be formulated as a semidefinite program, as
shown by Bertsimas et al., 2005. While He et al., 2010 provide an explicit formulation
for one-sided tail bounds involving fourth-order moments, it is not necessarily tight.
Therefore, in this section, we turn to the other approach that incorporates additional
information about the distribution’s shape.

The appeal of Gaussian random variables lies in two key properties:

i) they are uniquely characterized by their first two moments,

ii) and the set of all Gaussian random variables is closed under summations of its
two independent elements and linear operations on its elements.

These properties make Gaussian random variables particularly useful for uncertainty
propagation under linear transformations. As alternatives, we can relax the Gaussian
assumption step by step while retaining the second property: Gaussian (Definition 3.4),
symmetric linear unimodal (Definitions 3.9–3.10), symmetric (Definition 3.9), and ar-
bitrary L2 random variables.

Definition 3.9 (RV with symmetric distribution): The distribution µV of a random variable
V ∈ L2 (Ω,F , µ;Rnv) is symmetric if there exists µ ∈ Rnv such that for all τ ∈ Rnv ,
µV (V ≤ µ− τ) = µV (V ≥ µ+ τ), where “≥” and “≤” hold elementwise.

We denote the set of all symmetric Rnv -valued L2 random variables as L2
S(Ω,F , µ;Rnv).

Definition 3.10 (RV with linear unimodal distribution): The distribution µV of a random
variable V ∈ L2 (Ω,F , µ;Rnv) is linear unimodal if for all a ∈ Rnv there exists v̄ ∈ Rnv

such that the cumulative distribution function Fa⊤V of a⊤V ∈ L2(Ω,F , µ;R) is convex
on (−∞, a⊤v̄] and concave on [a⊤v̄,+∞).

Similarly, the set of all symmetric linear unimodal distributed random variables in
L2(Ω,F , µ;Rnv) is represented by L2

SU(Ω,F , µ;Rnv), and the set L2
N (Ω,F , µ;Rnv) con-

sists of all Gaussian distributed Rnv -valued L2 random variables.

Example 3.4: To illustrate the differences among these three classes of distributions, as
in Figure 3.2, we choose

• Gaussian distribution: A standard normal distribution V1 ∼ N (0, 1). This distri-
bution is symmetric and unimodal, with a single peak at the mean.
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3. Representations of Stochastic Uncertainty

Figure 3.2.: Illustration of a Gaussian distribution, a uniform distribution, and a symmetric Gaussian
mixture model

• Uniform distribution: A symmetric unimodal distribution, V2 ∼ U([−
√
3,
√
3]),

which has a constant density over the interval [−
√
3,
√
3].

• Gaussian Mixture Model (GMM): A symmetric but non-unimodal distribution
created by a mixture of two Gaussian distributions centered at −2 and 2 with
equal weights. Specifically, V3 ∼ 0.5 · N (−0.8, 0.36) + 0.5 · N (0.8, 0.36).

Note that all these classes of random variables retain property ii).

Lemma 3.7 (Closure under independent sums and linear operations (Nguyen et al., 2021; Yu
et al., 2009)): For any set L2

A ∈ {L2, L2
S, L

2
SU , L

2
N} the following properties hold:

i) For any nv, nw ∈ N+, any V ∈ L2
A(Ω,F , µ;Rnv), and any arbitrary affine mapping

with A ∈ Rnw×nv and b ∈ Rnw , we have W
.
= AV + b ∈ L2

A(Ω,F , µ;Rnw).

ii) For any independent V1, V2 ∈ L2
A(Ω,F , µ;Rnv), we have V1+V2 ∈ L2

A(Ω,F , µ;Rnv).

Based on the seminal work by Yu et al., 2009, due to this closure property, the con-
centration factor α(γ) for Cantelli’s inequality can be refined for L2

S, L
2
SU . Specifically,

for confidence level 0.5 < γ < 1, we have

P
[
M ≤ E[M ] + α(γ)

√
µ2(M)

]
≥ γ, α(γ) =



√
γ

1−γ
, M ∈ L2(Ω,F , µ;R),√

1
2(1−γ)

, M ∈ L2
S(Ω,F , µ;R),

2

3
√

2(1−γ)
, M ∈ L2

SU(Ω,F , µ;R),

F−1
N (γ), M ∈ L2

N(Ω,F , µ;R).

(3.19)

Figure 3.3.: Comparison of concentration factors in (3.19)
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3.4. Uncertainty Quantification via Probability Bounds

As illustrated in Figure 3.3, this refinement bridges the gap between the concentra-
tion factors for arbitrary L2 random variables and Gaussians. Specifically, for sym-
metric unimodal distributions (black-dotted line), the concentration factor α(γ) closely
aligns with that of Gaussian distributions (red-dashed line) for confidence level 0.8 ≤
γ ≤ 0.95. For symmetric distributions, take γ = 0.9 for instance, the concentration
factor improves from 3 (for general L2 random variables) to approximately 2.24, which
provides a tighter bound.

PCE Reformulation of Chance Constraints with Cantelli Ambiguity

The refined Cantelli’s inequality (3.19) provides an uncertainty quantification approach
that leverages both the first two moments and the shape information of the distribu-
tion. To integrate these aspects, we define the Cantelli ambiguity sets as follows.

Definition 3.11 (Cantelli ambiguity sets): For any L2
A ∈ {L2, L2

S, L
2
SU , L

2
N}, its correspond-

ing Cantelli ambiguity set is defined as the set of all random variables in L2
A(Ω,F , µ;

Rnv) that share the same mean m ∈ Rnv and covariance Γ ∈ Rnv×nv , i.e.,

CA(m,Γ)
.
=
{
V ∈ L2

A(Ω,F , µ;Rnv)
∣∣E[V ] = m, Σ[V ] = Γ

}
. (3.20)

Next, we demonstrate that the closure of independent sums in Lemma 3.7 enables
an exact PCE formulation of chance constraints with Cantelli ambiguity sets.

Consider the PCE basis

{1, ξ1, ξ2, · · · , ξL−1}, ξ =
[
ξ1, ξ2, · · · , ξL−1

]⊤ ∈ CA (0, IL−1) . (3.21)

That is, we consider a basis of polynomial degree of 1 with stochastic germs {ξj}L−1
j=1

that are independent to each other (though not necessarily identical). Moreover, since
all stochastic germs belongs to the same subclass, the closure of independent sums in
Lemma 3.7 implies that any random variable admitting an exact PCE in the basis (3.21)
also belongs to the same subclass.

Corollary 3.2 (Closure of independent sum in exact PCEs): If V ∈ L2 (Ω,F , µ;Rnv) admits
an exact PCE in (3.21)

V = v0 +H1

(
v[1,L−1]

)
ξ, ξ ∈ CA(0, IL−1), (3.22)

then V ∈ CA
(
m0,H1

(
v[1,L−1]

)
H1

(
v[1,L−1]

)⊤).

This result allows us to reformulate chance constraints with Cantelli’s ambiguity sets
using PCE.

Corollary 3.3 (PCE for chance constraints (Calafiore et al., 2006)): Consider a random vari-
able V ∈ L2 (Ω,F , µ;Rnv) with its PCE given by (3.22). Then, a user-defined chance
constraint with a ∈ Rnv

P[a⊤V ≤ 1] ≥ γ

is satisfied if the following second-order cone condition holds

a⊤v0 + α(γ)
∥∥a⊤H1

(
v[1,L−1]

)∥∥ ≤ 1, (3.23)

where the concentration factor α(γ) is chosen from (3.19).
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3. Representations of Stochastic Uncertainty

Proof. This result holds by directly combining Lemma 3.7 and the refined Cantelli’s
inequality (3.19).

Observe that (3.23) does not explicitly dependent on the basis (3.21) and thus the
knowledge of the exact distribution of ξ ∈ CA(0, IL−1) is not required.

3.5. Summary

In this chapter, we provided a foundational overview of random variables (Section 3.1),
polynomial chaos expansion (Section 3.2), and stochastic processes 3.3. We explored
the role of stochastic processes and their PCE representations, which are essential for
describing the stochastic behaviors of LTI systems in Chapter 4. Additionally, we intro-
duced exact PCEs and filtration techniques, which are instrumental for the propagation
of uncertainties in stochastic systems, as will be further explored in Chapter 5.

For uncertainty quantification, we examined two key probability bounds:

• Higher-order Chebyshev bounds (Section 3.4.1), which provide two-sided bounds
using higher-order moments. These bounds will be applied in Chapter 5 to con-
struct confidence intervals for stochastic predictions.

• Refined Cantelli bounds (Section 3.4.2), which offer one-sided probability bounds,
refined for general symmetric or symmetric unimodal distributions. They form
the basis for chance constraints in stochastic optimal control in Chapter 6.

These two bounds extend the original Chebyshev and Cantelli inequalities, bridging
the gap between two extreme assumptions: treating random variables as either arbi-
trary L2 or Gaussian distributed. Combined with the PCE framework, they provide an
efficient approach for uncertainty quantification of non-Gaussian random variables.

The hierarchical relationship between these concepts and their role in subsequent
chapters is illustrated in Figure 3.4.

Random variables
Section 3.1

Polynomial
chaos expansion

Section 3.2

Refined one-sided
Cantelli bounds

Section 3.4.2

Chance constraints
for stochastic op-

timal control
Chapter 6

Higher-order two-sided
Chebyshev bounds

Section 3.4.1

Confidence intervals
for stochastic prediction

Chapter 5

Stochastic processes
and their PCEs

Section 3.3

Behaviors
of stochastic LTI systems

Chapter 4

Figure 3.4.: Overview of this chapter and the link to the rest of the thesis
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4. Representations of Stochastic System Behaviors

This chapter addresses the challenge of representing LTI systems under stochastic un-
certainties using a behavioral approach. The cornerstone of our approach lies in ex-
tending the behavioral setting, traditionally used for deterministic LTI systems, to en-
compass stochastic behaviors. This extension is facilitated by considering L2 random
variables, PCEs, realizations, and statistical moments as tools to characterize stochastic
behaviors.

Furthermore, we find that, subject to LTI dynamics, stochastic behaviors can be char-
acterized purely by realization data, without the need to estimate statistical informa-
tion of past trajectories. These results build upon our previous work in Faulwasser et
al., 2023; Pan et al., 2023c, extending it to provide rigorous definitions of LTI stochastic
behaviors in terms of L2 random variables and their first two moments.

4.1. Uncertainty Propagation of Exogenous Disturbances

In control systems, not all inputs to a dynamical system can be directly controlled by
the user. While manipulated inputs u : Z → Rnu are chosen by the user, the system is
also subject to exogenous disturbances w : Z → Rnw that are determined by the envi-
ronment. In building control, for instance, ambient temperature, electricity prices, and
user thermal demand are examples of exogenous disturbances (Özmeteler et al., 2024).

Exogenous disturbances could also be considered as input components of the sys-
tem, provided that they satisfy the conditions for i/o partitioning, cf. Definition 2.7.
Specifically, we make the following assumptions on the disturbance signal w ∈ (Rnw)Z

i) w can be chosen freely by the environment from (Rnw)Z and is not influenced by
the system’s dynamics,

ii) w is not anticipated by the output y, and

iii) to uniquely determine y, we require the knowledge of w.

Under these assumptions, the deterministic behavior B can be partitioned into manip-
ulated inputs u, exogenous disturbances w, and outputs y, such that s = (u,w, y), with
the manifest input ũ .

= (u,w) and ns = nu + nw + ny. A state-space representation of B
subject to exogenous disturbances reads

x (k + 1) = Ax (k) +Bu (k) + Ew (k) , k ∈ Z (4.1a)
y (k) = Cx (k) +Du (k) + Fw (k) , (4.1b)

where u and w are treated symmetrically as input signals.
While deterministic control theory focuses on exact trajectories of inputs and out-

puts, it falls short in practical scenarios where the exact values of exogenous distur-
bances w are unpredictable. In such cases, we do not have access to the exact future
realizations of w. Instead, we often have statistical knowledge of w as a stochastic
process W ∈ L2 (Ω,F , µ;Rnw). Underlying this, the probability space (Ω,F , µ) in fact
captures the uncertain environment. That is, for an outcome ω ∈ Ω representing one
possible choice of the environment, w can be seen as the corresponding realization of
W determined by the environment, i.e., w .

= W (ω).
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4. Representations of Stochastic System Behaviors

Figure 4.1.: Conceptual visualization of the deterministic behavior and the stochastic behavior of the
dynamical system Σ

Moreover, exogenous disturbances introduce uncertainties into the system. In such
cases, deterministic behavior B is insufficient to fully characterize the system behavior.
Instead, we have to introduce stochastic behavior to account for the propagation of
uncertainty introduced by the disturbances to all other system components including

• the state x, which evolves based on w and u,

• the input u, which is usually determined by feedback policies dependent on x
and w,

• and the output y, which reflects the cumulative effect of stochastic u and w.

This results in stochastic versions of all components:

X ∈ L2 (Ω,F , µ;Rnx)Z , U ∈ L2 (Ω,F , µ;Rnu)Z , Y ∈ L2 (Ω,F , µ;Rny)Z .

The shift in focus—from deterministic realizations to stochastic processes—motivates
the introduction of stochastic behavior. By substituting all deterministic signals in (4.1)
with their stochastic counterparts, we obtain

X (k + 1) = AX (k) +BU (k) + EW (k) , k ∈ Z (4.2a)
Y (k) = CX (k) +DU (k) + FW (k) . (4.2b)

Note that while the system matrices (A, [B,E], C, [D,F ]) remain unchanged, the prop-
agation of uncertainties renders all components stochastic. As shown in Figure 4.1,
the trajectories (u,w, y, x) of the deterministic behavior in (4.1) are a realization of the
stochastic processes (U,W, Y,X) in (4.2), associated with an outcome ω ∈ Ω sampled
from the probability space (Ω,F , µ).

In our previous work (Faulwasser et al., 2023; Pan et al., 2023c), the stochastic behav-
ior of LTI dynamical systems is defined using (4.2), which is essentially a state-space
representation. In this chapter, we rigorously define the stochastic behavior of dy-
namical systems by incorporating uncertainty into the deterministic framework of the
environment through the formalism of a probability space.

4.2. Stochastic LTI Behavior

The propagation of uncertainty highlights the necessity of a stochastic behavioral frame-
work. Deterministic behavior B encodes the dynamics of the system for given and
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4.2. Stochastic LTI Behavior

fixed trajectories of inputs and disturbances. However, to account for the inherent un-
certainty introduced by exogenous disturbances, we extend this framework to stochas-
tic behavior, which captures all stochastic processes S ∈ L2 (Ω,F , µ;Rns)Z that are com-
patible with the underlying deterministic dynamics. This leads to the definition of
stochastic behavior as a natural extension of deterministic behavior that incorporates
probabilistic uncertainty.

Definition 4.1 (Stochastic behavior): Consider a dynamical system Σ = (Z,Rns ,B), its
stochastic behavior S with respect to the probability space (Ω,F , µ) is defined as the set
of all stochastic processes S ∈ L2 (Ω,F , µ;Rns)Z whose realizations S(ω) are elements
of B almost surely, i.e.,

S
.
=
{
S ∈ L2 (Ω,F , µ;Rns)Z

∣∣∣S(ω) ∈ B ⊂ (Rns)Z for µ-almost all ω ∈ Ω
}
. (4.3)

In this case, we call B the realization behavior of S.

The key insight of this definition is that both deterministic behavior B and stochastic
behavior S are governed by the same dynamical system Σ. The distinction lies in their
respective perspectives: the deterministic behavior focuses on a posteriori observations
of realized trajectories, while the stochastic behavior provides an a priori description of
the system, incorporating the probabilistic nature of the environment as defined by the
probability space (Ω,F , µ).

The following theorem reveals that the LTI property of a stochastic behavior actually
stems from its deterministic counterpart.

Theorem 4.1 (LTI stochastic behavior): The stochastic behavior S ⊂ L2 (Ω,F , µ;Rns)Z of
an LTI dynamical system Σ = (Z,Rns ,B) (Definition 2.1) is LTI, i.e., S satisfies

i) S is a linear subspace of L2 (Ω,F , µ;Rns)Z, i.e., for arbitrary a, b ∈ R and S1, S2 ∈
S, aS1 + bS2 ∈ S holds.

ii) S is shift invariant, i.e., σS = S.

iii) S is complete, i.e., S[t1,t2] ∈ S[t1,t2] holds for all t1, t2 ∈ Z, t1 ≤ t2, implies S ∈ S.

Proof. This proof illustrates how the linearity and shift invariance of S can be inherited
from B. First, we prove the linearity. Let a, b ∈ R and S1, S2 ∈ S. By definition of S in
Definition 4.1, we have S1(ω), S2(ω) ∈ B for µ-almost all ω ∈ Ω. Then, by the linearity
of B, (aS1(ω) + bS2(ω)) ∈ B for µ-almost all ω ∈ Ω. Thus, it implies (aS1 + bS2) ∈ S

and thus the linearity of S.
To show the shift invariance of the stochastic behavior S, we prove that σS = S.
We begin by expanding the definition of the left-hand side:

σS
.
= {σS |S(ω) ∈ B for µ-almost all ω ∈ Ω}
S̃=σS
=

{
S̃
∣∣∣σ−1S̃(ω) ∈ B for µ-almost all ω ∈ Ω

}
.

Next, we note that for S(ω), S̃(ω) ∈ (Rns)Z with S̃(ω) = σS(ω),

σ−1S̃(ω) ∈ B⇔ S(ω) ∈ B⇔ S̃(ω) ∈ σB. (4.4)
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Hence,

σS =
{
S̃
∣∣∣ S̃(ω) ∈ σB for µ-almost all ω ∈ Ω

}
.

Now, using the shift invariance of B, i.e., σB = B if follows that

σS = {S |S(ω) ∈ B for µ-almost all ω ∈ Ω} = S

Therefore, we conclude that σS = S.
For the completeness, consider S satisfying S[t1,t2] ∈ S[t1,t2] for all t1, t2 ∈ Z, t1, t2.

This implies S[t1,t2](ω) ∈ B[t1,t2] for µ-almost ω ∈ Ω. By completeness of B, we have
S(ω) ∈ B for µ-almost ω ∈ Ω, which concludes the proof.

Similar as in the deterministic case, shift invariance implies S[t1,t2] = S[0,t2−t1] for all
t1, t2 ∈ Z, t1 ≤ t2. Thus, with T ∈ N+, we define the finite-length stochastic behavior as

ST
.
=
{
S[t1,t1+T−1]

∣∣S ∈ S, t1 ∈ Z
}
,

which matches any restricted behavior S[t1,t2] with t2 − t1 = T − 1.

4.2.1. Parametric Representations with Random Variables

Building on the parametric representations outlined in Section 2.2, we extend these
concepts to LTI stochastic behaviors. Similarly, we define the kernel representation
S(R).

Lemma 4.1: Consider the stochastic behavior S ⊂ L2 (Ω,F , µ;Rns)Z of an LTI dynam-
ical system Σ = (Z,Rns ,B). Suppose the deterministic behavior B admits a kernel
representation B(R) with R(z) ∈ RnR×ns [z, z−1], then the stochastic behavior S admits
a kernel representation

S(R)
.
=
{
S ∈ L2 (Ω,F , µ;Rns)Z

∣∣∣R(σ)S = 0
}

(4.5)

where the equality holds in L2 sense as defined in (3.4).

Proof. As per Definition 4.1 and (4.3), the stochastic counterpart of B(R) is expressed
as

S(R) =
{
S ∈ L2 (Ω,F , µ;Rns)Z

∣∣∣R(σ)S(ω) = 0 for µ-almost all ω ∈ Ω
}
.

By replacing the term “for µ-almost all ω ∈ Ω” by the equality of L2 random variables
as defined in (3.4), we obtain (4.5).

Similarly, with P (z) ∈ Rny×ny [z, z−1] nonsingular and Q(z) ∈ Rnu×ny [z, z−1] such that
P−1Q proper, we then defnie the i/o representation of the stochastic behavior as

S(P,Q)
.
=
{
(Ũ , Y ) |P (σ)Y = Q(σ)Ũ

}
. (4.6)

Furthermore, we define the ARX representation S(Ξ, D) and the state-space represen-
tation S(A,B,C,D) as

S(Ξ, D)
.
=

{
(Ũ , Y )

∣∣∣∣Y (k) = Ξ

[
Ũ[k−ℓ,k−1]

Y[k−ℓ,k−1]

]
+DŨ(k), ∀k ∈ Z

}
, (4.7)
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S(A,B,C,D)
.
=

{
(Ũ , Y )

∣∣∣∣∣ ∃X ∈ L2 (Ω,F , µ;Rnx)Z

σX = AX +BŨ, Y = CX +DŨ

}
. (4.8)

Note that (4.2) in Section 4.1 is indeed a state-space representation S(A, [B,D], C, [D,F ]).
The latent behavior of (4.8) is defined as

SL(A,B,C,D)
.
=
{
(Ũ , Y,X)

∣∣∣σX = AX +BŨ, Y = CX +DŨ
}
.

We remark that the all the above parametric representations of the stochastic behav-
ior S can be established using the same proof technique as in Lemma 4.1, by applying
it to the corresponding representations of the realization behavior B. Consequently,
the stochastic input Ũ , output Y , and state X are defined relatively to the underlying
deterministic system realization as follows.

Definition 4.2 (Stochastic input, output, and state): Consider the stochastic behavior S ⊂
L2 (Ω,F , µ;Rns)Z of an LTI dynamical system Σ = (Z,Rns ,B).

i) We say (Ũ , Y ) = Π−1S is an input/output partitioning of S, if (ũ, y) = Π−1s is an
input/output partitioning of B satisfying Definition 2.7.

ii) We say X ∈ L2 (Ω,F , µ;Rnx)Z is a state trajectory of S(A,B,C,D), if X(ω) ∈
(Rnx)Z is a state trajectory of B(A,B,C,D) for µ-almost all ω ∈ Ω.

We note that the notion of a stochastic state is introduced only after a state-space rep-
resentation has been specified. In contrast, in the deterministic setting, the concept of
state admits an intrinsic definition within behavioral system theory (cf. Definition VII.1
in Willems, 1991). Establishing an intrinsic definition of the stochastic state remains an
open problem for future research.

Proposition 4.1 (i/o partitioning of the stochastic behavior): The input/output partitioning
of S satisfies the following properties:

i) Ũ is free, i.e., ΠŨS = L2 (Ω,F , µ;Rnũ)Z.

ii) the output Y is not anticipating the input Ũ , i.e., given (Ũ1, Y1) ∈ Π−1S, then for
any Ũ2 ∈ (L2 (Ω,F , µ;Rnũ))Z such that Ũ1 (t) = Ũ2 (t) for all t ≤ 0, there exists
Y2 ∈ (L2 (Ω,F , µ;Rny))Z such that Y1 (t) = Y2 (t) for all t ≤ 0 and (Ũ2, Y2) ∈ Π−1S.

iii) the output Y processes the input Ũ , i.e., given (Ũ , Y1), (Ũ , Y2) ∈ Π−1S with the
same input process, if Y1 (t) = Y2 (t) for all t < 0, then Y1 (t) = Y2 (t) for t ≥ 0 as
well.

iv) the number of inputs nũ is maximal over all partitionings that satisfy properties
i)–iii).

Proof. i): Given (ũ, y) = Π−1s as an input/output partitioning of B, ũ is a free variable
that ΠũB = (Rnũ)Z by Definition 2.7. Since S collects all stochastic processes S such
that S(ω) = s ∈ B almost surely, its input projection ΠŨS has to cover all processes
whose realizations in (Rnũ)Z. Therefore, ΠŨS = L2 (Ω,F , µ;Rnũ)Z.

ii): Let (Ũ1, Y1) ∈ Π−1S, meaning there exists a stochastic process S1 ∈ S such that
ΠS1 = (Ũ1, Y1). For µ-almost all ω, the sample path S1(ω)

.
= (Ũ1(ω), Y1(ω)) ∈ B.
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Now, consider any Ũ2 ∈ L2 (Ω,F , µ;Rnũ)Z such that Ũ2(t) = Ũ1(t) for all t ≤ 0. Define
a new stochastic process S2

.
= Π(Ũ2, Y2) as follows: for µ-almost all ω, let S2(ω) ∈ B be

such that

Ũ2(t, ω) = Ũ1(t, ω) for all t ≤ 0, and Y2(t, ω) = Y1(t, ω) for all t ≤ 0,

which is possible by the non-anticipation property of B (Definition 2.7).
Replacing “µ-almost all ω ∈ Ω” with L2-equality as in (3.4), we obtain (Ũ2, Y2) =

Π−1S̃ ∈ Π−1S and Y2(t) = Y1(t) for all t ≤ 0, as required.
iii): Let (Ũ , Y1), (Ũ , Y2) ∈ Π−1S. Then there exist S1, S2 ∈ S such that ΠS1 = (Ũ , Y1),

ΠS2 = (Ũ , Y2). For µ-almost all ω, the sample paths S1(ω), S2(ω) ∈ B and satisfy

Ũ1(t, ω) = Ũ2(t, ω), Y1(t, ω) = Y2(t, ω) for all t < 0.

By the processing property of B, it follows that Y1(t, ω) = Y2(t, ω) for all t ∈ Z and for
µ-almost all ω. Therefore, Y1(t) = Y2(t) for all t ∈ Z.

iv): Let nũ
′ > nũ and suppose that there exists an input/output partitioning of S with

nũ
′ inputs satisfying i)–iii). Then this would induce a corresponding partitioning of B

with more than nũ inputs, contradicting the maximality of the original partitioning of
B by Definition 2.7. Hence, nũ is maximal.

Observe that a stochastic process is considered as an input component if it can be
chosen freely from L2 (Ω,F , µ;Rnũ)Z. As elaborated in Section 4.1, we further distin-
guish the input process Ũ ∈ L2 (Ω,F , µ;Rnũ)Z into two components: the manipulated
process U ∈ L2 (Ω,F , µ;Rnu)Z and the disturbance process W ∈ L2 (Ω,F , µ;Rnw)Z.
Both are freely chosen from their respective spaces; however, U is chosen by the users,
while W is determined by the uncertain environment.

Another property of the i/o partitioning is that the outputs processes the inputs.
That is, the future outputs are only dependent on previous inputs and initial condi-
tions. In the context of stochastic process, it can be linked to the filtration. We have the
following result that is a direct corollary of Lemma 2.12.

Corollary 4.1 (Filtration of LTI stochastic behavior): If (Ũ , Y )[−ℓ,N−1] ∈ SN+ℓ, then Y[0,N−1] is

adapted to the filtration {Fk}k∈I[0,N−1]
with Fk = σ

(
Y[−ℓ,−1], Ũ[−ℓ,k]

)
, k ∈ I[0,N−1].

Proof. By the definition of the stochastic behavior S, for µ-almost all ω ∈ Ω, (ũ, y)
.
=

(Ũ(ω), Y (ω)) ∈ B. From Lemma 2.12, we know that if the initial trajectory (ũ, y)[−ℓ,−1] ∈
Bℓ is fixed, and for k ∈ I[0,N−1] the input trajectory ũ[0,k] is specified, then the output
trajectory y[0,k] is uniquely determined. That is, there exists some deterministic function
ϕk such that

yk = ϕ(ũ[−ℓ,−1], y[−ℓ,−1], ũ[0,k]).

Translating this to the stochastic setting: since Y (ω) = y and Ũ(ω) = ũ for µ-almost
all ω, it follows that each Y (k) is Fk-measurable, where

Fk
.
= σ

(
Y[−ℓ,−1], Ũ[−ℓ,k]

)
.

Hence, Y[0,N−1] is adapted to the filtration {Fk}k∈I[0,N−1]
.
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The definition of stochastic behavior in (4.3) involves L2 random variables, which
are generally infinite-dimensional objects in a Hilbert space. To facilitate a practical
analysis and representation, we further characterize stochastic behavior in terms of
PCE coefficients and statistical moments, which are finite-dimensional.

4.2.2. The PCE Coefficient Behavior

In this section, we first apply PCE to all stochastic processes in S following approaches
in Section 3.3, then analyze the dynamics and the behavior of the resulting coefficients.

We begin by constructing a suitable polynomial basis that allows stochastic processes
within S to admit PCEs. Note that according to Proposition 4.1, all admissible input
processes within S span the entire L2 space, denoted as ΠŨ(S) = L2 (Ω,F , µ;Rnũ).
Therefore, to construct PCEs for all stochastic processes S ∈ L2 (Ω,F , µ;Rns)Z in S, we
require a stochastic germ ξ ∈ L2 (Ω,F , µ;Rnξ), nξ ∈ N+∪{∞}, satisfying σ(ξ) = F . Con-
sequently, there exists an orthogonal polynomial basis {ϕj}j∈N spanning L2(Ω,F , µ;R).
This way, all stochastic processes S ∈ L2 (Ω,F , µ;Rns)Z in S admit PCEs in the ba-
sis {ϕj}j∈N, given by S =

∑
j∈N s

jϕj(ξ) as shown in (3.13). The PCE coefficients of a
stochastic process are introduced in (3.13).

We proceed by applying PCEs to all stochastic processes in S, particularly focusing
on its kernel representation S(R). By substituting all random variables in S(R) with
their respective PCEs and performing Galerkin projection onto the basis functions ϕj ,
j ∈ N, we derive the dynamics of the PCE coefficients

R(σ)sj = 0, ∀j ∈ N. (4.9)

Due to the linearity of PCE, the PCE coefficients for all basis dimensions j ∈ N satisfy
the same linear system equations as shown in (4.9), which aligns with the realization
behavior B(R) = B. This leads us to define the behavior of the PCE coefficients as
follows.

Definition 4.3 (PCE coefficient behavior): Consider the stochastic behavior S of an LTI
dynamical system Σ = (Z,Rns ,B). The PCE coefficients of all stochastic processes in
S, with respect to any orthogonal polynomial basis {ϕj}j∈N spanning L2(Ω,F , µ;R),
are elements of the PCE coefficient behavior

C
.
=
{
s ∈ (ℓ2(Rns))Z

∣∣ sj ∈ B, ∀j ∈ N
}
. (4.10)

Observe that the PCE coefficient behavior C and the realization behavior B satisfy
the inclusion

C⊂
∏
j∈N

B, if B is LTI. (4.11)

where the product
∏

j∈NB denotes the set of all sequence sjj∈N such that each sj ∈ B.
This inclusion arises from the fact that, for all dimensions j ∈ N, the PCE coefficient

trajectories are compatible with the LTI dynamics encoded in B. As shown in (4.9), this
compatibility stems from the linearity of both the PCE representation of the random
variable and the system dynamics. However, we remark that the inclusion (4.11) may
not hold if the system dynamics are nonlinear.

The coefficient behavior C inherits desirable properties like linearity, shift invariance,
and completeness from the realization behavior B.
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Lemma 4.2 (Linear time-invariant C): The PCE coefficient behavior C in (4.10) is

i) linear, i.e., C is a linear subspace of (ℓ2(Rns))Z,

ii) shift-invariant, i.e., C = σC,

iii) and complete, i.e. c[t1,t2] ∈ C[t1,t2] for all t1, t2 ∈ Z, t1 ≤ t2 implies c ∈ C.

Proof. i) Linearity: Consider s1, s2 ∈ C, we have sj1, s
j
2 ∈ B for all j ∈ N. Therefore,

asj1+bsj2 remains within B for any real numbers a, b due to the linearity of B. Moreover,
the square-summability of sequences (sj1)j∈N and (sj2)j∈N guarantees that (asj1 + bsj2)j∈N
is also square-summable. Thus, we have as1 + bs2 ∈ C by (4.10).

ii) Shift-invariance: by the equivalence in (4.4) and the shift-invariance of B, we have

σC
.
=
{
σs
∣∣ sj ∈ B

}
=
{
s̃
∣∣σ−1s̃j ∈ B

}
=
{
s̃
∣∣ s̃j ∈ σB

}
=
{
s̃
∣∣ s̃j ∈ B

}
= C.

iii) Completeness: Consider s satisfying s[t1,t2] ∈ C[t1,t2] for all t1, t2 ∈ Z and t1 ≤ t2.
It implies that sj[t1,t2] ∈ B[t1,t−2] by (4.10). Furthermore, by completeness of B, we have
sj ∈ B for all j ∈ N, which further implies s ∈ C by (4.10).

By shift invariance, we define the finite-length PCE coefficient behavior as

CT
.
= {s[t1,t1+T−1] | s ∈ C, t1 ∈ Z},

which matches any restricted behavior C[t1,t2] with t2 − t1 = T − 1.

4.2.3. The Behavior of the First Two Moments

An alternative way to describe the L2 random-variable behavior is by focusing on its
first two moments, namely the mean and covariance. This second-order characteriza-
tion is especially relevant in cases where the underlying processes are Gaussian.

Consider the following definition of the behavior associated to the dynamics of the
first two moments (in short moment behavior),

M
.
=

{
(m,Γ)

∣∣∣∣∣ S ∈ S, m
.
= E[S] ∈ (Rns)Z

Γ : Z× Z→ Rns×ns , Γ(k, t)
.
= Σ[S(k), S(t)], k, t ∈ Z

}
. (4.12)

where Γ is the covariance function corresponding to the stochastic process S ∈ S. The
restriction of M to interval [t1, t2] is denoted as M[t1,t2]

.
= {(m,Γ)[t1,t2]|(m,Γ) ∈M} with

restriction of covariance function as Γ[t1,t2]
.
= (Γ(k, t))k,t∈I[t1,t2]

.
It is worth noting that Γ[t1,t2] can be interpreted both as a two-dimensional matrix-

valued sequence in (Rns×ns)I[t1,t2]×I[t1,t2] and as a matrix in Rns(t2−t1+1)×ns(t2−t1+1). More-
over, due to the positive semi-definiteness of the covariance operator, we have

Γ[t1,t2] = Σ[S[t1,t2], S[t1,t2]] ⪰ 0,

which implies that Γ[t1,t2] is a positive semi-definite matrix for all t1, t2 ∈ Z.
Though M is not a linear subspace, its shift-invariance and completeness are inher-

ited from the stochastic behavior S.
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Lemma 4.3 (Shift-invariance and completeness of M): The moment behavior M is shift-
invariant, i.e. M[t1,t2] = M[t′1,t

′
2]

for all t1, t2, t′1, t′2 ∈ Z and t2 − t1 = t′2 − t′1. The moment
behavior M is complete, i.e., if (m,Γ)[t1,t2] ∈ M[t1,t2] for all t1, t2 ∈ Z, t1 ≤ t2, then
(m,Γ) ∈M.

Proof. Due to the shift invariance of S, we have S[t1,t2] = S[t′1,t
′
2]

for t2 − t1 = t′2 − t′1,
thus their first two moments are also equivalent. Hence, M[t1,t2] = M[t′1,t

′
2]

. For the
completeness of the moment behavior, by (4.12), if (m,Γ)[t1,t2] ∈M[t1,t2] for all t1, t2 ∈ Z,
t1 ≤ t2, then there is S[t1,t2] ∈ S[t1,t2] for all t1, t2 ∈ Z, t1 ≤ t2. By completeness of S, we
have S ∈ S, which implies its first two moments (m,Γ) ∈M by (4.12).

By shift invariance, we define the finite-length moment behavior as

MT
.
= {(m,Γ)[0,T−1] | (m,Γ) ∈M}. (4.13)

In the following discussion, we present an alternative representation of the moment
behavior (4.12) by linking it to the underlying realization behavior B.

Fixing one time argument t ∈ Z in the covariance function Γ, the mapping Γ(·, t)
defines a sequence of covariance matrices (Σ[S(k), S(t)])k∈Z, each in Rns×ns . Owing to
the bilinearity and time-invariance of the covariance operator, we will show that Γ(·, t)
inherits the LTI structure from B.

To formalize this, we introduce the stacked behavior Bns
.
=
∏ns

i=1B. We interpret
Γ(·, t) as a matrix-valued trajectory whose columns lie in B, and hence Γ(·, t) ∈ Bns .
Moreover, by the symmetry of the covariance function, Γ(k, t) = Γ(t, k)⊤, it follows
that the row-wise slices Γ(k, ·) also lie in Bns .

Proposition 4.2 (Moment behavior of LTI systems): Given a stochastic LTI behavior S, its
realization behavior B, and its moment behavior M defined in (4.12). For a given
horizon length T ∈ N+, the finite-length moment behavior MT can be equivalently
represented as

MT =

{
(m,Γ)[0,T−1]

∣∣∣∣∣ m[0,T−1] ∈ B, Γ : I[0,T−1] × I[0,T−1] → Rns×ns ,

Γ[0,T−1] ⪰ 0, (Γ(k, t))k∈I[0,T−1]
∈ Bns

T , ∀t ∈ I[0,T−1]

}
. (4.14)

Proof. For the equivalence between (4.13) and (4.14), concerning the behavior of mean
trajectories, with ϕ0 ≡ 1, it coincides with the behavior of the 0-th PCE coefficients.
Hence, based on the property of the PCE coefficient behavior as in Definition 4.3, we
conclude that E[S[0,T−1]] ∈ BT for S[0,T−1] ∈ ST .

Next, we investigate the behavior of the covariance function Γ. To this end, we first
prove (4.12) ⇒ (4.14). Define S̄[0,T−1]

.
= S[0,T−1] − E[S[0,T−1]]. Given S[0,T−1] ∈ ST and

E[S[0,T−1]] ∈ BT , it follows that S̄[0,T−1] ∈ ST . Thus, considering the kernel representa-
tion S̄T ∈ ST (R), we obtain

R(σ)S̄ = 0⇒
∑ℓ

i=0 RiS̄(k + i) = 0, ∀k ∈ I[0,T−1].

For all k, t ∈ I[0,T−1], multiplying the above equation from the right by S̄(t)⊤ and taking
the mean over the whole equation, we have

E
[∑ℓ

i=0 RiS̄(k + i)S̄(t)⊤
]
= 0⇒

∑ℓ
i=0RiE

[
S̄(k + i)S̄(t)⊤

]
= 0
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⇒
∑ℓ

i=0RiΓ(k + i, t) = 0, ∀k, t ∈ I[0,T−1].

Compactly, the above implies R(σ)Γ(·, t) = 0,∀t ∈ I[0,T−1]. In other words, we have
Γ(·, t) ∈ Bns . Combining the positive semi-definiteness of the covariance matrix

Γ[0,T−1]
.
=

 Γ(0, 0) · · · Γ(0, T − 1)
... . . . ...

Γ(T − 1, 0) · · · Γ(T − 1, T − 1)

 ,

we establish (4.14). Moreover, it implies that Γ[0,T−1] ∈ (Bns
T )T .

(4.14) ⇒ (4.12): We aim to prove that for all (m,Γ)[0,T−1] satisfying (4.14), there is a
stochastic process S[0,T−1] ∈ ST such that E[S[0,T−1]] = m[0,T−1] and Σ[S[0,T−1]] = Γ[0,T−1].

Applying Cholesky decomposition to Γ[0,T−1] ⪰ 0, we obtain a unique lower-triangular
matrix LT with nsT − nT columns of zeros such that Γ[0,T−1] = LTL

⊤
T , where nT is the

rank of Γ[0,T−1]. Since each column of Γ[0,T−1] is an element of BT , we have

colspan(Γ[0,T−1]) = colspan(LT ) ⊆ BT .

Thus, each column of LT (including zeros) lies in BT as well, i.e., Lj
T ∈ BT , j ∈

I[1,nsT ].
Let ξ[0,T−1] ∈ RnsT be an independent distributed stochastic process with zero means

and unit covariance, we can construct S[0,T−1]
.
= m[0,T−1] + LT ξ[0,T−1]. By considering

{ϕj}nsT
j=0 = P1(ξ[0,T−1]) similar as defined in (3.8), we have

S[0,T−1] =
nsT∑
j=0

sj[0,T−1]ϕ
j(ξ), sj[0,T−1] =

{
m[0,T−1], j = 0

Lj
T , j ∈ I[1,nsT ]

⇒ s[0,T−1] ∈ CT .

Due to the behavioral equivalence that will be proven in Theorem 4.3, we have S[0,T−1] ∈
ST .

For the relation between M and B, by (4.14), we have

MT ⊂ BT × (Bns
T )T , (4.15)

where the relation holds with equality if positive semi-definiteness is imposed on ele-
ments of (Bns

T )T .

4.2.4. Behavioral Lift, Reconstruction, and Equivalence

The stochastic behavior S, the PCE coefficient behavior C, and the first two moment
behavior M, as defined in (4.3), (4.10), and (4.14), are all linked to the realization be-
havior B. The following theorem by Faulwasser et al., 2023 further establishes the
mappings among these behaviors.

Theorem 4.2 (Behavioral lift (Faulwasser et al., 2023)):

i) The linear map
Φ : C→ S, Φ(s)

.
=
∑
j∈N

ϕj(ξ)sj (4.16a)

is bijective, with the inverse given by

Φ−1 : S→ C, Φ−1(S) = s, sj(k) =
⟨S(k), ϕj(ξ)⟩
∥ϕj(ξ)∥2

, j ∈ N, k ∈ Z. (4.16b)
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Stochastic L2-behavior S PCE coeff. behavior C

Realization behavior B Moment behavior M

Φ

Φ−1

Sampling Ψω

estimation

Υ ◦ ΦΥ

Ψω
◦ Φ

Figure 4.2.: Relations and maps between the behaviors B,C, S, and M (Faulwasser et al., 2023)

ii) For fixed ω ∈ Ω, the linear map

Ψω : S→ B, Ψω(S)
.
= S(ω)

is surjective. The concatenation

Ψω ◦ Φ : C→ B, (Ψω ◦ Φ)(s) =
∑
j∈N

ϕj(ω)sj

is also surjective.

iii) The map
Υ : S→M, S 7→ Υ(S)

.
= (E[S],Σ[S]) ,

is surjective. The concatenation

Υ ◦ Φ : C→M, Υ ◦ Φ(s) =
(
s0,
∑∞

j=1 s
jsj⊤

)
is also surjective.

See Faulwasser et al., 2023 for a detailed proof. The relations between the behaviors
and the maps derived in Theorem 4.2 are sketched in Figure 4.2.

Conceptual Reconstruction and Behavioral Equivalence

As shown in Figure 4.2, the relations S ⇒ B, C ⇒ B, S ⇒ M, and C ⇒ M are
one-directional. That is, the mappings from left to right are surjective, which leads to
information loss. In the following, we show that conceptual reconstructions from right
to left only recover subsets of the original set on the left.

For the reconstruction from B to S, we note that any deterministic trajectory s ∈ B

can be interpreted as a stochastic process that is almost surely constant at each time
instant. Therefore, the stochastic behavior defined in (4.3) includes its realization be-
havior,

B ⊂ S. (4.17)

Furthermore, the reconstruction from B to C can be achieved using the inverse map
Φ−1 : S→ C, since B is a subset of S. That is,

Φ−1(B) ⊂ Φ−1(S) = C.

In particular, for any deterministic trajectory s ∈ B, we can construct the correspond-
ing PCE coefficient trajectory s = Φ−1(s) ∈ C, with

sj =

{
s, if j = 0,

0, if j ∈ N \ {0}.
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The reconstruction from the moment behavior M to the PCE coefficient behavior C,
and subsequently to the random-variable behavior S, relies on covariance decomposi-
tion.

Corollary 4.2 (MT → ST , MT → CT ): Let ξ[0,T−1] ∈ L2
(
Ω,F , µ;RnsT

)
be an arbitrary

random variable with zero mean and unit covariance. For (m,Γ)[0,T−1] ∈ M, consider
a Cholesky decomposition Γ[0,T−1] = LTL

⊤
T , there are S[0,T−1] ∈ ST and s[T−1] ∈ CT with

S[0,T−1]
.
= m[0,T−1] + LT ξ[0,T−1], s0[0,T−1]

.
= m[0,T−1], s

j
[0,T−1] = Lj

T ,

where Lj
T is the j-th column of LT with j ∈ I[1,nsT ].

Due to the lower triangular structure of L from the Cholesky decomposition, we
ensure that LT is a principal submatrix of LT+1, i.e.,

Γ[0,T ] = LT+1L
⊤
T+1, LT+1

.
=

[
LT 0nsT×ns

ℓT

]
, ℓT ∈ Rns×(T+1).

This structure facilitates the recursive construction of S[0,T ] as

S[0,T ]
.
= m[0,T ] + LT+1ξ[0,T ] =

[
S[0,T−1]

ST

]
, ST = mT + ℓT ξ[0,T ].

Furthermore, the selection of ξ provides an additional degree of freedom in construct-
ing S. By choosing the germ ξ to be Gaussian, one can bijectively recover LTI Gaussian
processes from the moment behavior.

Note that the relation in S⇔ C is bilateral as a consequence of the bijective mapping
Φ. This leads to the equivalence of behaviors.

Theorem 4.3 (Behavioral equivalence (Faulwasser et al., 2023)): Let S ∈ L2 (Ω,F , µ;Rns)Z

with its corresponding PCE coefficients s ∈ (ℓ2(Rns))Z and for ω ∈ Ω its realizations
S(ω) ∈ (Rns)Z. Then, the following statements are equivalent:

i) S(ω) ∈ B for µ-almost all ω ∈ Ω,

ii) S ∈ S,

iii) s ∈ C,

iv) sj ∈ B for all j ∈ N.

Proof. The equivalence between i) and ii) as well as between iii) and iv) follows by
definition. The equivalence of ii) and iii) follows with the behavioral lift, Theorem 4.2 i).

By restricting the elements of B, S, and C to a finite time horizon T , one obtains the
equivalences for BT , ST , and CT .
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4.2.5. Discussion

As illustrated in Figure 4.2, stochastic LTI systems can be described through four dis-
tinct behavioral representations, each with its own characteristics, advantages, and
limitations:

• Stochastic behavior S with L2 random variables.

The L2 random-variable framework is general and extends beyond standard linear-
Gaussian settings. It conceptually enables exact forward propagation of uncer-
tainty through dynamics. However, in practice, L2 random variables are defined
within infinite-dimensional Hilbert spaces, which makes numerical implementa-
tion challenging. Approximations have to be employed to deal with this infinite-
dimensional nature.

• Realization behavior B with sampled trajectories.

The realization behavior leverages sampled trajectories and thus makes it inher-
ently finite-dimensional. However, uncertainty propagation in this setting has
certain limitations: It either assumes unrealistically perfect knowledge of future
disturbances, or it relies on sampling-based methods, which introduce approxi-
mation errors and often scale poorly in non-Gaussian settings.

• The first two moments behavior M.

Representing the system via its statistical moments, especially the first two mo-
ments, is a standard approach in control theory. This is sufficient for the Gaussian
setting. However, in non-Gaussian settings, restricting the representation to the
first two moments can lead to significant information loss. Moreover, existing
approaches for moment propagation often assume a fixed feedback policy, such
as U(k) = KX(k), to simplify covariance pair characterizations across variables
(e.g., U, Y,X) and across time instances.

• The PCE coefficient behavior C.

Due to the linearity of PCE, the PCE coefficient behavior aligns naturally with the
linear dynamics encoded by B. Unlike the realization behavior, PCE does not re-
quire perfect knowledge of future disturbances; instead, it relies only on the statis-
tical information about them. Moreover, PCE behavior enables an exact propaga-
tion of uncertainties and can determine moment behavior through the map Υ◦Φ.
While the PCE coefficient behavior is initially introduced with an infinite PCE
dimension, subsequent chapters demonstrate how Lemma 3.2 can be employed
to obtain a finite-dimensional representation. This finite-dimensional framework
enables efficient stochastic predictions in Chapter 5 and facilitates computation-
ally tractable optimal control approaches in Chapters 6–7.

4.3. Non-Parametric Stochastic Representation

The behavioral lift and equivalence, as established in Theorems 4.2 and 4.3, respec-
tively, provide a foundation for formulating a version of the fundamental lemma tai-
lored for stochastic systems. In particular, leveraging these results allows us to lift the
non-parametric representation of realization behavior to its stochastic counterparts.
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4.3.1. Column Spaces Equivalence and Inclusion

Notice that the PCE coefficients of the random variables are determined concerning
their known distributions, and thus, the PCE coefficient behavior C is deterministic.
Therefore, it admits the conceptual application of the usual LTI fundamental lemma.

Lemma 4.4 (Fundamental lemma for PCE coefficients (Pan et al., 2023c)):
Consider a controllable LTI system Σ = (Z,Rns ,B), its input-output partitioning (ũ, y) =
s, and its minimal state dimension n⋆. Suppose S represents the stochastic behavior in
(4.3), and C denotes the corresponding PCE coefficient behavior in (4.10).

Consider T,N ∈ N+. Let Sd
[0,T−1] ∈ ST with corresponding expansion coefficients

sd
[0,T−1] = (ũd, yd)[0,T−1] ∈ CT be such that ũd,j

[0,T−1] is persistently exciting of order N + n⋆

for all j ∈ N. Then, s[0,N−1] ∈ CN if and only if there is gj ∈ RT−N+1 such that

HN

(
sd,j
[0,T−1]

)
gj = sj[0,N−1] (4.18)

holds for all j ∈ N.

The proof follows from Lemma 2.11 and is thus omitted.
While Lemma 4.4 is relatively straightforward, measuring or estimating the PCE

coefficients of a stochastic LTI system is non-trivial. Therefore, the previous result may
appear to be of limited practical use. However, as will be demonstrated below, the
structural similarity of the PCE coefficient behavior, the realization behavior, and the
original stochastic behavior enables further valuable insights.

Lemma 4.5 (Column-space equivalence and inclusion (Pan et al., 2023c)):
Consider a controllable LTI system Σ = (Z,Rns ,B), its input-output partitioning (ũ, y) =
s, and its minimal state dimension n⋆. Suppose S represents the stochastic behavior in
(4.3), and C denotes the corresponding PCE coefficient behavior in (4.10).

For T ∈ N+, let S[0,T−1] ∈ ST with corresponding expansion coefficients s[0,T−1] =
(ũ, y)[0,T−1] ∈ CT and s[0,T−1] = (ũ, y)[0,T−1] ∈ BT .

i) Assume that both the realization ũ[0,T−1] and the coefficients ũj[0,T−1] for all j ∈ N
are persistently exciting of order N + n⋆. Then, for all j ∈ N

colspan
(
HN

(
sj[0,T−1]

))
= colspan

(
HN

(
s[0,T−1]

))
= BN . (4.19a)

ii) Assume that only ũ[0,T−1] is persistently exciting of order N + n⋆. Then,

colspan
(
HN

(
sj[0,T−1]

))
⊆ colspan

(
HN

(
s[0,T−1]

))
. (4.19b)

Proof. The proof of (4.19a) in Part i) follows directly from the observation that the re-
alization behavior B and the j-th PCE coefficient of C share the same dynamics for all
j ∈ N. Thus, by applying the fundamental lemma (Lemma 2.11) to them respectively,
we prove assertion i). Statement ii) follows by relaxing the persistency of excitation of
the PCE coefficients trajectories.

It should be noted that from the perspective of the applications, statement i) of the
previous lemma has significant limitations due to the assumption of persistency of
excitation for all expansion indices j ∈ N in (4.19a). By relaxing this assumption, state-
ment ii) illustrates the inclusion of column spaces between the trajectories of PCE co-
efficients and realization trajectories.
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4.3. Non-Parametric Stochastic Representation

4.3.2. A Stochastic Fundamental Lemma

Based on the result of column inclusion, we can now formulate the fundamental lemma
for stochastic LTI systems as suggested by Faulwasser et al., 2023; Pan et al., 2023c.

Lemma 4.6 (Stochastic fundamental lemma):
Consider a controllable LTI system Σ = (Z,Rns ,B), its input-output partitioning
(ũ, y) = s, and its minimal state dimension n⋆. Denote by S the stochastic behavior
in (4.3), and C the corresponding PCE coefficient behavior in (4.10).

Let sd
[0,T−1] =

(
ũd, yd

)
[0,T−1]

be an element of BT with ũd
[0,T−1] persistently exciting of

order N + n⋆. Then, the following statements hold:

i) s[0,N−1] ∈ CN if and only if there is g ∈ ℓ2(RT−N+1) such that

HN

(
sd
[0,T−1]

)
gj = sj[0,N−1] (4.20a)

holds for all j ∈ N.

ii) S[0,N−1] ∈ SN if and only if there is G ∈ L2
(
Ω,F , µ;RT−N+1

)
such that

HN

(
sd
[0,T−1]

)
G = S[0,N−1]. (4.20b)

iii) (m,Γ)[0,N−1] ∈MN if and only if there exist mG ∈ RT−N+1 and ΓG ∈ R(T−N+1)×(T−N+1)

such that

HN

(
sd
[0,T−1]

)
mG = m[0,N−1] (4.20c)

HN

(
sd
[0,T−1]

)
ΓGHN

(
sd
[0,T−1]

)⊤
= Γ[0,N−1], ΓG ⪰ 0. (4.20d)

Proof. Statement i) builds on the column space equivalence of Lemma 4.5 and di-
rectly follows from the fundamental lemma for PCE coefficients (Lemma 4.4). We now
demonstrate that gj is squarely summable for all j ∈ N, i.e., g ∈ ℓ2(RT−N+1).

Since the linear equation (4.20a) is underdetermined, for a given coefficient trajectory
s[0,N−1] ∈ CN , the least-square solution g is

gj = HN

(
sd
[0,T−1]

)†
sj[0,N−1], ∀j ∈ N.

With bounded
∥∥∥∥HN

(
sd
[0,T−1]

)†∥∥∥∥
F

≤ ∞, the square summability of this gj for all j ∈ N

then is inherited from square summability of sj[0,N−1] for all j ∈ N.
Statement ii) follows by combining Statement i) and the behavioral lift established

in Theorem 4.2. The relation between G ∈ L2
(
Ω,F , µ;RT−N+1

)
and g ∈ ℓ2(RT−N+1) is

given by
G =

∑
j∈N

ϕj(ξ)gj.

The third statement is derived by evaluating the mean and covariance of (4.20b),
where

mG = E[G], ΓG = Σ[G].
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Stochastic L2-column selector
G ∈ L2

(
Ω,F , µ;RT−N+1

) PCE coeff. column selector
g ∈ ℓ2(RT−N+1)

Realization column selector
g ∈ RT−N+1

Moment column selector
mG ∈ RT−N+1,ΓG ⪰ 0

Φ

Φ−1

Sampling Ψω

estimation

Υ ◦ ΦΥ

Ψω
◦ Φ

Figure 4.3.: Relations and maps between column selectors appeared in Lemma 4.6.

The standard form of the fundamental lemma states that the columns of the Han-
kel matrix constructed from past trajectories span the linear subspace of all potential
trajectories of the behavior. However, obtaining the past trajectories of S, C, and M is
challenging, as it typically requires a large number of realization trajectories for accu-
rate estimation. In contrast, the equivalence and inclusion properties of column spaces
established in Lemma 4.5 provide a crucial link: one can safely use a Hankel matrix
of realizations to represent trajectories in terms of random variables, PCE coefficients,
and moment pairs.

While the data-driven representations of S, C, and M share the same Hankel matri-
ces derived from realization trajectories, the column selectors in (4.20) serve the role of
behavioral lifting. As shown in Figure 4.3, the relations between the column selectors
in (4.20) exhibit the same structural patterns as those among the behaviors shown in
Figure 4.2. Specifically, g, gj , and (mG,ΓG) represent the realization, the PCE coeffi-
cients, and the first two moments of the random-variable column selector G, respec-
tively.

In addition, as demonstrated in Proposition 4.2, every column—and, by symmetry,
every row—of the covariance matrix Γ[0,T−1] belongs to the realization behavior BT .
This property aligns with the structure of HNΓ

GH⊤
N in (4.20d), as the column space of

the Hankel matrix satisfies colspan(HN) = BT .

Non-iff Formulation of the Stochastic Fundamental Lemma

In the stochastic setting, if the Hankel matrix is constructed directly from random vari-
ables, the standard form of the fundamental lemma does not necessarily hold. In other
words, this alternative version of the stochastic fundamental lemma does not admit an
iff condition.

Corollary 4.3 (Non-iff formulation (Pan et al., 2023c)): Let S[0,T−1] = (Ũ , Y )[0,T−1] ∈ ST with
corresponding expansion coefficients s[0,T−1] = (ũ, y)[0,T−1] ∈ CT be such that ũj[0,T−1] are
persistently exciting of order N + n⋆ for all j ∈ N. Additionally, let the realization
trajectory s[0,T−1] = (ũ, y)[0,T−1] ∈ BT be such that ũ[0,T−1] is persistently exciting of
order N + n⋆.

i) For arbitrary g ∈ RT−L+1, there exists G ∈ L2(Ω,F , µ;RT−L+1) such that

HN

(
S[0,T−1]

)
g = HN

(
s[0,T−1]

)
G. (4.21a)

ii) If there exists g ∈ RT−N+1 such that

HN

(
S[0,T−1]

)
g = S ′

[0,N−1], (4.21b)
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4.3. Non-Parametric Stochastic Representation

then S ′
[0,N−1] ∈ SN .

Proof. Part i): Note that we have the following reformulation

HN(S[0,T−1])g = HN

(
∞∑
j=0

sj[0,T−1]ϕ
j(ξ)

)
g

=
∞∑
j=0

HN

(
sj[0,T−1]ϕ

j(ξ)
)
g =

∞∑
j=0

ϕj(ξ)HN

(
sj[0,T−1]

)
g.

Here, the second equality holds since H(·) and the summation are both linear opera-
tions. Moreover, the basis function ϕj(ξ) is a scalar polynomial of ξ ∈ L2 (Ω,F , µ;Rnξ),
i.e., ϕj(ξ) ∈ L2(Ω,F , µ;R). Therefore, the third equality holds by pulling ϕj(ξ) out from
HN(·).

Then, using the column space equivalence (4.19a), for all j ∈ N+ and any g ∈ RT−N+1,
we can find gj ∈ RT−N+1, such thatHN

(
sj[0,T−1]

)
g = HN

(
s[0,T−1]

)
gj . This leads to

HN(S[0,T−1])g =
∞∑
j=0

ϕj(ξ)HN

(
sj[0,T−1]

)
g = HN(s[0,T−1])

∞∑
j=0

ϕj(ξ)gj.

The assertion follows with G
.
=
∑∞

j=0 ϕ
j(ξ)gj .

Part ii): Note that this statement only asserts that g 7→ S ′
[0,N−1]. With statement i), we

have that for any g ∈ RT−N+1 there exists G ∈ L2
(
Ω,F , µ;RT−N+1

)
such that (4.21a)

holds. Furthermore, Part ii) of Lemma 4.6 gives that G determines a random variable
trajectory S ′ ∈ S by (4.20b).

We conclude our discussion with a simple example illustrating this observation.

Example 4.1: Consider the scalar stochastic system X (k + 1) = X (k) + U (k) with past
data given by the PCEs

X (0) = 0ϕ0 + 0ϕ1, U (0) = 0ϕ0 + 1ϕ1,

X (1) = 0ϕ0 + 1ϕ1, U (1) = 1ϕ0 + 0ϕ1,

X (2) = 1ϕ0 + 1ϕ1, U (2) = 1ϕ0 + 1ϕ1.

Note that the PCE coefficients of U[0,2] satisfy the persistency of excitation required by
Part ii) of Lemma 4.6. We aim to find g in (4.21b) to represent X ′ (0) = 0ϕ0 + 1ϕ1 and
U ′ (0) = 0ϕ0 + 1ϕ1. We obtain (4.21b) as[

X (0) X (1) X (2)
U (0) U (1) U (2)

]
g =

[
X ′ (0)
U ′ (0)

]
. (4.22)

After applying Galerkin projection onto the basis functions and stacking the projected
equations we obtain Mg = c with

M =


0 0 1
0 1 1

0 1 1
1 0 1

 c =


0
0

1
1


where the upper block corresponds to ϕ0 and the lower one to ϕ1.

By the Rouché–Capelli theorem, Mg = c admits a solution g if and only if the block
matrix [M c] has the same rank as M . Observe that in the example above rank(M) = 3
and rank ([M c]) = 4. Thus, we conclude that (4.22) does not admit solutions g ∈ R4.
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4.4. Summary

In this chapter, we have studied the stochastic behavior of dynamical systems. Stochas-
tic behavior encompasses all stochastic processes whose realizations are compatible
with the dynamics encoded by the deterministic behavior, while the uncertain envi-
ronment is represented by the underlying probability space. Furthermore, the random-
variable stochastic behavior can be further characterized by its PCE coefficients and the
first two moments.

A key observation in our development is that the random-variable behavior S (4.3),
the realization behavior B (2.6), and the PCE coefficient behavior C (4.9) are governed
by the same dynamics. These behaviors share identical LTI kernels R(σ), as proved in
Theorem 4.2. This structural similarity results from the synergy of the linearity of the
system structures and the linearity of the PCEs of the random variables.

In contrast, the moment behavior deviates from this pattern. It focuses on covari-
ance matrices Σ [S(k), S(t)] at time pairs or, with input/output partitioning, on input-
output covariances Σ

[
Ũ(k), Y (t)

]
, which require tracking dependencies between mul-

tiple variables over time. Especially in control applications, this results in complex
parametric forms and increased computational burden. On the other hand, the PCE
approach expands the random variables into a set of independent coefficients. Because
of its linearity, PCE behavior shares the same parametric representation as realization
behavior. Moreover, it enables the reconstruction of moment behavior through the
mapping Υ ◦ Φ, offering a more computationally efficient alternative.

The PCE approach allows us to extend the standard fundamental lemma to stochas-
tic behaviors. Crucially, these extensions are built on Hankel matrices constructed us-
ing realizations of stochastic variables, i.e., they rely on measurement data only. More-
over, in the later development of data-driven stochastic prediction and control, PCE
serves as a unifying tool to bridge the gap between representing stochastic behavior,
extracting moment information, and sampling realizations.
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5. Prediction of Stochastic System Behaviors

In the previous chapter, the stochastic behavior of a dynamical system is defined by
considering the system trajectory S to be stochastic. As shown in Section 4.1, the
stochastic uncertainties arise from treating the exogenous disturbance W as stochas-
tic. However, many disturbances cannot be measured, or their statics are not mod-
eled, such as occupancy rates in buildings, door openings, or other unobserved events.
While additional sensors can be deployed to measure new disturbance variables, there
will always remain unstructured (unmeasured or unmodeled) ones. This highlights
the need for the representation and the prediction of stochastic behaviors influenced
by both structured and unstructured disturbances.

In this chapter, we follow the routine established by Willems, 2012 and Baggio et
al., 2017 to define stochastic behaviors corrupted by unstructured disturbances using
a residual disturbance framework. By introducing the ARX representation of the cor-
rupted stochastic behavior, we explicitly characterize key properties of these behaviors.
Building on this, we extend the stochastic fundamental lemma to construct a data-
driven representation of the corrupted behavior. Furthermore, we demonstrate that
past realizations of residual disturbances can be estimated using recorded input and
output data. With these estimated disturbances, we propose a regularized stochastic
predictor which mitigates the effects of estimation. Finally, in Section 5.3, we exam-
ine the effectiveness of the proposed approach using measured data from a real-world
building.

5.1. Stochastic Behavior with Residual Disturbance

As illustrated in Figure 5.1, in addition to the manifest inputs Ũ = (U,W ), which in-
clude the manipulated input U and the structured (measured and modeled) exoge-
nous disturbances W , we introduce a disturbance process V ∈ (L2 (Ω,F , µ;Rny))Z to
capture all unstructured (unmeasured or unmodeled) disturbances. We refer to W as
the structured disturbance and V as the residual disturbance. We collectively describe all
unmeasured or unmodeled disturbances as the unstructured disturbance, denoted by
W ′. Later, we will demonstrate how consolidating all unstructured disturbances into
a single residual term allows for the estimation of V ∈ (L2 (Ω,F , µ;Rny))Z and partial
modeling of its statistical properties.

Suppose that the stochastic behavior without the residual disturbance can be de-

Figure 5.1.: A corrupted stochastic dynamical system ΣV = (Z,Rns ,SV ) with the structured distur-
bance W ∈ (L2 (Ω,F , µ;Rnw))Z, the residual disturbance V ∈ (L2 (Ω,F , µ;Rnx))Z, and the
input U ∈ (L2 (Ω,F , µ;Rnu))Z
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5. Prediction of Stochastic System Behaviors

scribed by S(R) with R(z) ∈ Rny×ns of full row rank. Following the framework pro-
posed by Willems, 2012 and Baggio et al., 2017, we define the corrupted stochastic behav-
ior for a given residual disturbance V ∈ (L2 (Ω,F , µ;Rny))Z in a kernel representation
as

SV (R)
.
=
{
S ∈ (L2 (Ω,F , µ;Rns))Z

∣∣R(σ)S = V
}
. (5.1)

Finally, we define the corrupted stochastic dynamical system as ΣV = (Z,Rns ,SV ).

5.1.1. Parametric Representations

Consider the input and output partition with S = (Ũ , Y ), the kernel representation (5.1)
can be reformulated as

Y (k) = Ξ

[
Ũ[k−ℓ,k−1]

Y[k−ℓ,k−1]

]
+DŨ(k) + V (k), ∀k ∈ Z. (5.2)

For a specific V ∈ (L2 (Ω,F , µ;Rny))Z, we define its ARX representation as

SV (Ξ, D)
.
=
{
(Ũ , Y ) ∈ (L2

(
Ω,F , µ;Rny+nũ

)
)Z
∣∣∣ (Ũ , Y, V ) satisfy (5.2)

}
. (5.3)

Lemma 5.1 (Equivalence of kernel and ARX representations): Consider the corrupted stochas-
tic behavior SV with its kernel representation SV (R) with R(z) ∈ Rny×ns [z, z−1] of full
row rank. Then, there exists a unimodular polynomial matrix U(z) ∈ Rny×ny [z, z−1]
such that

U(z)R(z) =
[∑ℓ

i=0 Qℓ−iz
−i I +

∑ℓ
i=1 Pℓ−iz

−i
]

Then, consider Ξ as in (2.18), D = Qℓ, and V ′ = U(z)V , we have

SV (R) = SV ′
(Ξ, D). (5.4)

Proof. The equivalence between the kernel representation and the ARX representation
follows directly from Lemma 2.4 and Lemma 2.8. Moreover, since U(z) is unimodular,
its inverse U−1(z) exists and is also unimodular. This allows the transformation of an
ARX representation into a kernel representation use U−1(z), thereby establishing the
equivalence stated in (5.4).

Note that the ARX model (5.2) serves as the input/output counterpart of σX =
AX+BU+V . Specifically, the disturbance V represents the residual term that accounts
for deviations from the corrupted behavior to the ideal behavior S(Ξ, D). Thus, V
captures the influence of all disturbances not included in the structured disturbances
W . The following result highlights this point.

Consider there are unmeasured or unmodeled disturbances W ′ (k) ∈ L2 (Ω,F , µ;Rnw′ )
alongside the structured disturbance W (k) ∈ L2 (Ω,F , µ;Rnw). We denote W ′ (k)
as unstructured disturbances. We use an observer-inspired technique to consolidate
W ′ ∈ L2 (Ω,F , µ;Rnw′ )Z into a single term V ∈ L2 (Ω,F , µ;Rny)Z.

Proposition 5.1 (Compression of unstructured disturbances): Consider any minimal state-
space representation with unstructured disturbance process W ′ ∈ L2 (Ω,F , µ;Rnw′ )Z

X (k + 1) = AX (k) +BŨ (k) + EW ′ (k) , k ∈ Z
Y (k) = CX (k) +DŨ (k) + FW ′ (k) .

(5.5)
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5.1. Stochastic Behavior with Residual Disturbance

There exists a dead-beat observer gain H such that (A−HC)ℓ = 0 for ℓ not smaller than
the minimal lag of system (5.5). Moreover, for any input-output trajectory (Ũ , Y )[0,N−1]

of (5.5), there exists V[0,N−1] ∈ L2
(
Ω,F , µ;RNny

)
such that (Ũ , Y )[0,N−1] is an N -length

input-output trajectory of SV (Ξ, D) with Ξ as given in (2.23).

Proof. This proof follows similarly to the proof of Lemma 2.10. Since (5.5) is state ob-
servable, for any ℓ ∈ N+ not smaller than the minimal lag of (5.5), there exists a dead-
beat observer gain H such that (A − HC)ℓ = 0 (Fahmy et al., 1980). Furthermore,
leveraging the observer gain H , we can construct the following dynamics mimic an
observer

X̂ (k + 1) = AX̂ (k) +BŨ (k) +H
(
Y (k)− Ŷ (k)

)
, X̂ (0) = X (0) (5.6a)

Ŷ (k) = CX̂ (k) +DŨ (k) . (5.6b)

Define V (k)
.
= Y (k)− Ŷ (k), we have

X̂ (k + 1) = (A−HC)X̂ (k) + (B −HD)Ũ (k) +HY (k)

Y (k) = CX̂ (k) +DŨ (k) + V (k) .

Similar as the proof of Lemma 2.10, recursively expressing X̂ from k − ℓ to k by the
above equation, we obtain the following

X̂(k) = (A−HC)ℓX̂(k−ℓ)+
∑ℓ

i=1(A−HC)i−1

(
HY (k− i)+(B−HD)Ũ(k− i)

)
. (5.7)

Note that with the dead-beat observer gain H , the term (A−HC)ℓX̂(k − ℓ) = 0.
By multiplying C and adding DŨ(k) and V (k) on both sides of the above equation,

we arrive at

Y (k) =
∑ℓ

i=1C(A−HC)i−1

(
HY (k − i) + (B −HD)Ũ(k − i)

)
+DŨ(k) + V (k).

Then, following the proof of Lemma 2.10, we have the above equation equivalent to
the ARX expression (5.2) with Ξ the same as (2.23).

Since we focus on data-driven representations, the system matrices A,B,C,D, Ξ, and
H are used here solely for the convenient explanation of how V captures all unstruc-
tured disturbances. These matrices are neither required to be known nor computed in
our approach.

Observe that (5.6) can be reformulated as follows

X̂ (k + 1) = AX̂ (k) +BŨ (k) +HV (k) , (5.8a)

Y (k) = CX̂ (k) +DŨ (k) + V (k) , (5.8b)

which closely resembles the state-space representation in innovation form, commonly
used in stochastic subspace identification problems (van Overschee et al., 2012). The
main difference lies in the observer gain: the dead-beat observer gain H is replaced by
the Kalman filter gain K. However, with K, the residual term (A − KC)ℓX̂(k − ℓ) in
(5.7) is not zero. As a result, the innovation-form representation with K is not strictly
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equivalent to the ARX model. For a recent development on using innovation form for
data-driven control, we refer to Wang et al., 2025.

Leveraging only the input and output data, we bypass the step of subspace iden-
tification of the innovation-form representation. Instead, we directly represent the
stochastic behavior with residual disturbances SV through the stochastic fundamental
lemma.

To this end, we first extend the result of Lemma 2.9 to transform the ARX model (5.2)
to a non-minimial state-space representation. We recall that Z composed of past mani-
fest inputs Ũ = (U,W ) and outputs Y is denoted as the extended state

Z(k)
.
=

[
Ũ[k−ℓ,k−1]

Y[k−ℓ,k−1]

]
∈ L2 (Ω,F , µ;Rnz) , nz = ℓ(ny + nũ). (5.9)

Using the extended state Z (k), we construct a state-space representation of (5.2),

Z (k + 1) = ÃZ (k) + B̃Ũ (k) + H̃V (k) , ∀k ∈ Z (5.10a)

Y (k) = ΞZ(k) +DŨ(k) + V (k) (5.10b)

with Ã =

[
Ā
Ξ

]
, B̃ =

[
B̄
D

]
, H̃ =

[
0
Iny

]
as given in (2.22). Moreover, since Y (k) is the last

component of Z (k + 1), it follows that

Y (k) = H̃⊤Z (k + 1) . (5.10c)

Note that (5.10) corresponds to a stochastic behavior S̃
(
Ã, [B̃, H̃],Ξ, D

)
. Here, we

denote S̃ as the extended stochastic behavior with input component expanded from Ũ to
(Ũ , V ).

Combining previous results, we establish the following relation. For given V ∈
L2 (Ω,F , µ;Rny)Z, we have

S(Ξ, D) = SV=0(Ξ, D), SV (Ξ, D) = Π(Ũ ,Y )S̃
(
Ã,
[
B̃, H̃

]
,Ξ, D

)
(5.11)

which shows the relations among

• S, the stochastic LTI behavior without the residual disturbance V ,

• SV , the behavior corrupted by the residual disturbance V , and

• S̃, the extended behavior that consider V as part of its input component.

Furthermore, by explicitly considering the residual disturbance V as part of the input
component, we derive the following result.

Lemma 5.2: In the state-space representation (5.10), the pair
(
Ã,
[
B̃, H̃

])
is controllable

regardless of the ARX system matrices Ξ and D.

Proof. We examine the controllability of the pair
(
Ã,
[
B̃, H̃

])
via the rank of the reach-

ability matricesRnz

(
Ã, B̃

)
andRnz

(
Ã, H̃

)
per (2.15).
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Recall from (2.22) that

Ã =

[
Ā
Ξ

]
, B̃ =

[
B̄

D

]
, Ā =

 0 I(ℓ−1)nũ
0 0

0nũ×nũ
0 0nũ×ny 0

0 0 0 I(ℓ−1)ny

 , B̄ =

 0(ℓ−1)nũ×nũ

Inũ

0(ℓ−1)ny×nũ

 .

Observe that for i ∈ I[0,ℓ−1],

ÃiB̃ =


0(ℓ−1−i)nũ×nũ

Inũ

0nũi×nũ

⋆ℓny×nũ

 , ÃiH̃ =


0ℓnũ×ny

0(ℓ−1−i)ny×ny

Iny

⋆nyi×ny

 ,

where ⋆ indicates matrix blocks depending on Ξ and D. Observe that when multiplied
by Ãi, the identity matrix blocks Inũ

in B̃ and Iny in H̃ are shifted upwards by nũi rows
and nyi rows, respectively. As a result,

Rnz(Ã, B̃) =

[
Iℓnũ

⋆

]
, Rnz(Ã, H̃) =


0ℓnũ×ny 0 0
Iny 0 0

... . . . 0
⋆ ⋆ Iny

 .

Therefore,Rnz

(
Ã,
[
B̃, H̃

])
, whose row rank is the same as

[
Rnz

(
Ã, B̃

)
Rnz

(
Ã, H̃

)]
,

is of full row rank. Hence,
(
Ã,
[
B̃, H̃

])
is a controllable pair.

Remark 5.1 (Residual disturbance vs. measurement noise): Note that the ARX model (5.2)
inherently incorporates the residual disturbance V (k) but it does not explicitly con-
sider measurement noise. To include measurement noise M (k) ∈ L2 (Ω,F , µ;Rny), one
can modify the state-space realization (5.10) with the output channel (5.10c) replaced
by Ŷ (k) = H̃⊤Z (k + 1) + M (k). The distinction between Ŷ (k) and Y (k) is impor-
tant since the output Y (k) contributes directly to the system dynamics as it is part of
Z (k + 1), while M (k) acts on the feedback channel. In this thesis, we focus on exoge-
nous disturbances while a detailed analysis of noisy measurements is left for future
work. We conjecture that the approaches proposed by Berberich et al., 2020; Coulson
et al., 2019 offer a promising direction for addressing this issue.

Remark 5.2 (Residual disturbance vs. model residual): In addition to accounting for un-
structured disturbances, the residual V (k) can also be used to capture plant nonlinear-
ity. In this context, V (k) in (5.2) is commonly referred to as the model residual and is
expected to have a nonlinear dependence on the extended state Z (k). This nonlinear
dependence can be modeled using data-driven techniques, e.g., Gaussian process re-
gression by Hewing et al., 2020a. However, incorporating such a nonlinear mapping
into online optimization remains challenging. Hence, in this work, we do not explic-
itly consider the influence of model residual in V (k) and instead assume that V (k) is
independent of Z (k).

5.1.2. Non-Parametric Representation

By applying the stochastic fundamental lemma (Lemma 4.6) to the extended behavior
S̃, we arrive at the non-parametric representation for stochastic behaviors with the
residual disturbance.
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Corollary 5.1 (Extended stochastic fundamental lemma (Pan et al., 2025a)): Consider the ex-
tended stochastic behavior S̃

(
Ã, [B̃, H̃],Ξ, D

)
, its realization behavior B̃, and its PCE

coefficient behavior C̃. For T ∈ N+, let (ũd, vd, yd)[0,T−1] ∈ B̃T with (ũd, vd)[0,T−1] persis-
tently exciting of order N + ℓ(nũ + ny). Then,

i) (ũ, v, y)[0,N−1] ∈ B̃N if and only if there is g ∈ RT−N+1 such that
HN

(
ũd
[0,T−1]

)
HN

(
vd
[0,T−1]

)
HN

(
yd
[0,T−1]

)
 g =

ũ[0,N−1]

v[0,N−1]

y[0,N−1]

 (5.12)

holds.

ii) (ũ, v, y)[0,N−1] ∈ C̃N if and only if for all j ∈ N, there is g ∈ ℓ2(RT−N+1) such that
HN

(
ũd
[0,T−1]

)
HN

(
vd
[0,T−1]

)
HN

(
yd
[0,T−1]

)
 gj =

ũ
j
[0,N−1]

vj[0,N−1]

yj[0,N−1]

 (5.13)

holds for all j ∈ N.

iii) (Ũ , V, Y )[0,N−1] ∈ S̃N if and only if there is G ∈ L2
(
Ω,F , µ;RT−N+1

)
such that

HN

(
ũd
[0,T−1]

)
HN

(
vd
[0,T−1]

)
HN

(
yd
[0,T−1]

)
G =

Ũ[0,N−1]

V[0,N−1]

Y[0,N−1]

 (5.14)

holds.

This corollary is a direct consequence of Lemma 4.6. By considering V as an ad-
ditional input component, the persistency of excitation is imposed for (ũd, vd)[0,T−1].
Moreover, thanks to Lemma 5.2, the extended lemma does not require any additional
controllability assumption.

The key difference between (5.12) and (5.14) lies in the treatment of future residual
disturbances. In (5.14), the future random variable V[0,N−1] is required. As will be
shown later, V[0,N−1] can be estimated. In contrast, (5.12) assumes knowledge of the
future realizations of residual disturbance, which is generally impractical. Next, we
show that with the extended dynamics (5.10), the past vd

[0,T−1] and the future V[0,N−1]

used in (5.14) can be estimated from recorded (ũ, y)d
[0,T−1].

Estimation of Past Residual Disturbances

Consider a realization trajectory (z, ũ, v, y)d
[0,T−1] of (5.10), the measured data satisfy the

following proposition.
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Proposition 5.2 (Consistency of data): Any realization trajectory (z, ũ, v, y)d
[0,T−1] of (5.10)

satisfies

(
H1

(
yd
[0,T−1]

)
−H1

(
vd
[0,T−1]

))IT −

H1

(
zd
[0,T−1]

)
H1

(
ũd
[0,T−1]

)† H1

(
zd
[0,T−1]

)
H1

(
ũd
[0,T−1]

)
 = 0, (5.15)

where IT denotes an identity matrix of size T , and ·† denotes the Moore-Penrose in-
verse.

Proof. By horizontally stacking (5.10b) for k ∈ I[1,T ], we have

H1

(
yd
[0,T−1]

)
= [Ξ, D]

H1

(
zd
[0,T−1]

)
H1

(
ũd
[0,T−1]

)+H1

(
vd
[0,T−1]

)
.

Let M .
=

[
H1

(
zd
[0,T−1]

)⊤
,H1

(
ũd
[0,T−1]

)⊤]⊤
, its Moore-Penrose inverse M † exists regard-

less of the row rank of M . Moreover, M † is unique and satisfies MM †M = M . Thus,
we obtain

H1

(
yd
[0,T−1]

)
= [Ξ, D]MM †M +H1

(
vd
[0,T−1]

)
.

After substituting [Ξ, D]M withH1

(
yd
[0,T−1]

)
−H1

(
vd
[0,T−1]

)
, we have

H1

(
yd
[0,T−1]

)
=
(
H1

(
yd
[0,T−1]

)
−H1

(
vd
[0,T−1]

))
M †M +H1

(
vd
[0,T−1]

)
,

which is equivalent to (5.15).

Note that (5.15) admits infinitely many solutions of vd
[0,T−1]. Since we do not have

further information about the statistics of v(k), we rely on the least-squares estimate

v̂d
[0,T−1] = argmin

vd
[0,T−1]

∥∥vd
[0,T−1]

∥∥2 , subject to (5.15), (5.16)

which admits a closed-form solution

H1(v̂
d
[0,T−1]) = H1

(
yd
[0,T−1]

)IT −

H1

(
zd
[0,T−1]

)
H1

(
ũd
[0,T−1]

)† H1

(
zd
[0,T−1]

)
H1

(
ũd
[0,T−1]

)
 .

Proposition 5.3: Consider a realization trajectory (z, ũ, v, y)d
[0,T−1] of (5.10). Then, for any

estimated v̂d
[0,T−1] satisfying (5.15), there exist Ξ̂ ∈ Rny×ℓ(nũ+ny) and D̂ ∈ Rny×nũ such

that (z, ũ, v̂, y)d
[0,T−1] satisfies

yd (k) = Ξ̂zd (k) + D̂ũd (k) + v̂d (k) . (5.17)

Proof. Let M =

[
H1

(
zd
[0,T−1]

)⊤
,H1

(
ũd
[0,T−1]

)⊤]⊤
,
(
IT −M †M

)
represents the orthogo-

nal projection onto the rightkernel of M , i.e.,

M
(
IT −M †M

)
= 0.
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Thus, (z, ũ, v̂, y)d
[0,T−1] satisfying (5.15) implies that its projection onto the rightkernel of

M is zero; in other words, it lies in the rowspan of M . Thus, for each tuple (z, ũ, v̂, y)d
[0,T−1]

satisfying (5.15), there exists a matrix Γ ∈ Rny×ℓ(nũ+ny) such that

H1

(
yd
[0,T−1]

)
−H1

(
v̂d
[0,T−1]

)
= ΓM.

Then, for each row of the above equation, we have

yd (k) = Γ

[
zd (k)
ũd (k)

]
+ v̂d (k) , ∀k ∈ I[0,T−1].

By splitting Γ into [Ξ̂, D̂] the assertion follows.

As shown in Proposition 5.3, any (z, ũ, v̂, y)d
[0,T−1] satisfying (5.15) implicitly deter-

mines an LTI system. Thus, the usual Hankel matrix equations stated in Corollary 5.1
hold for (z, ũ, v̂, y)d

[0,T−1].

Prediction of Future Residual Disturbances

With the estimated past disturbance v̂d
[0,T−1], we then predict its future stochastic trajec-

tory V[0,N−1] required in (5.14). For the sake of simplicity, we assume V ∈ L2 (Ω,F , µ;Rny)Z

to be an i.i.d. stochastic process and independent of the extended state Z as discussed
in Remark 5.2. Then, the identical distribution of V (k) can be estimated by the empir-
ical distribution of the past samples.

Let V̂ ∈ L2 (Ω,F , µ;Rny)Z be an estimate of V ∈ L2 (Ω,F , µ;Rny)Z, we consider

V̂ (k) ∼ µV̂ , ∀k ∈ Z, µV̂ =
1

T

T−1∑
i=0

δv̂d(i),

where δv̂ is the Dirac measure at the point v̂ ∈ Rny . The mean and covariance of µV̂ are
given by

m̂v =
1

T

T−1∑
i=0

v̂d(i), Σ̂v =
1

T − 1

T−1∑
i=0

(
v̂d (i)− m̂v

) (
v̂d (i)− m̂v

)⊤
.

To construct exact PCEs of V̂ (k), we reformulate V (k) as

V̂ (k) = m̂v + Σ̂
1
2
v ξ (k) , ξ (k) ∼ 1

T

T−1∑
i=0

δξd(i), ξd (i) = Σ̂
− 1

2
v

(
v̂d (i)− m̂v

)
where ξ (k) ∈ L2 (Ω,F , µ;Rny) follows the normalized empirical distribution with zero
mean and unit covariance. By Lemma 3.2, V̂ (k) admits an exact PCE in the basis

P1(ξ (k))
.
= {1, ξ1 (k) , · · · , ξny (k)},

where ξi (k), i ∈ I[0,ny ] are elements of ξ (k).
Suppose a prediction of the future W[0,N−1] is available, and that W[0,N−1] admits an

exact PCE in the basis {ϕW}Lw−1
j=0 . We can construct a joint basis {ϕ}L−1

j=0 that allows exact
PCEs for both W[0,N−1] and V̂[0,N−1] as the union of ϕW and P1(ξ (k))

{ϕ}L−1
j=0

.
= {ϕj

W}
Lw−1
j=0

⋃{
ξ1 (k) , · · · , ξny (k)

}N−1

k=0
, L = Lw +Nny. (5.18)
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Furthermore, considering U[0,N−1] as admitting an exact PCE in (5.18) is equivalent to
determining U[0,N−1] through affine disturbance-feedback policies, which will be dis-
cussed in Chapter 6.

Based on this construction, we formalize the following assumption.

Assumption 5.1 (Exact PCEs for Ũ and V̂ ): For a prediction horizon N , we assume that
the manifest input Ũ[0,N−1] composed of the manipulated input U[0,N−1], the structured
disturbance W[0,N−1], and the estimated residual disturbance V̂[0,N−1] admit exact PCEs
in a finite-dimensional orthogonal basis {ϕj(ξ)}L−1

j=0 with ξ ∈ L2 (Ω,F , µ;Rnξ). More-
over, the exact PCEs are

U[0,N−1] =
∑L−1

j=0 uj[0,N−1]ϕ
j(ξ), W[0,N−1] =

∑L−1
j=0 wj

[0,N−1]ϕ
j(ξ),

Ũ[0,N−1] =
∑L−1

j=0 ũj[0,N−1]ϕ
j(ξ), V̂[0,N−1] =

∑L−1
j=0 v̂j[0,N−1]ϕ

j(ξ).

Remark 5.3 (Non-i.i.d. future residual disturbances): Following Remark 5.2, the residual
disturbance V (k) can be decomposed into two components

V (k) = g(Z (k)) + Vd (k) .

Both components may be non-i.i.d. The fist term g(Z (k)) corresponds to the model
mismatch and depends on the extended state Z (k), which can lead to potential depen-
dencies across time instants. The second term Vd (k) captures residual disturbances
and can be dominated by some non-i.i.d. factors, such as windows opening or changes
in occupancy. We conjecture that machine learning techniques, e.g. LSTM neural net-
works (Hochreiter, 1997), could improve the prediction of non-i.i.d. future residual
disturbances. However, by assuming that V (k) is i.i.d., we will demonstrate the effec-
tiveness of our approach through a real-world example in Section 5.3.

5.2. Data-Driven Stochastic Prediction

By estimating past residual disturbances v̂d
[0,T−1] and predicting future V̂[0,N−1], we for-

mulate a causal data-driven stochastic predictor. Given a T -length measured trajec-
tory (ũd, yd)[0,T−1] of (5.10), we estimate v̂d

[0,T−1] by (5.16). Assume (ũd, v̂d)[0,T−1] is per-
sistently exciting of order N + nz + ℓ. Let p and f denote the ranges [−ℓ,−1] and
[0, N − 1], respectively. Adopt the same partitioning of Hankel matrices as in (2.26).
With ℓ past measurements (ũ, y)[−ℓ,−1], the predicted (Ũ , V̂ )[0,N−1] and their PCEs per
Assumption 5.1, a causal data-driven stochastic predictor reads

Ŷf = Hy,f

L−1∑
j=0

gj, gj s.t.


Hũ,p

Hy,p

Hũ,f

Ĥv,f

 gj =


δ0jũp

δ0jyp

ũjf
v̂jf

 . (5.19)

By Proposition 5.3 and Corollary 5.1, (Ũ , V, Ŷ )[0,N−1] is a trajectory of a stochastic LTI
system. Hence, the input components Ũ and V are non-anticipated by the predicted
output Ŷ . In other words, (5.19) is a causal prediction. Moreover, similar to (2.28),
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5. Prediction of Stochastic System Behaviors

(5.19) admits a unique solution in closed form as

Ŷf = Hy,f


Hũ,p

Hy,p

Hũ,f

Ĥv,f


† 

ũp

yp

Ũf

V̂f

 .

We note that the estimation error between the estimated disturbances and the true
disturbance introduces a bias. This discrepancy arises in the context where we impose
the equality constraint

Ĥv,fg
j − v̂jf = 0.

However, due to estimation errors, the true past disturbances and predictions satisfy

Htrue
v,f gj − vj,true

f ̸= 0.

To hedge against the estimation error, we propose the following robust predictor

min
gj

max
∥[∆ δ]∥F≤βj

∥∥∥(Ĥv,f +∆)gj − (v̂jf + δ)
∥∥∥2 , (5.20a)

subject to

Hũ,p

Hy,p

Hũ,f

 gj =

δ0jũp

δ0jyp

ũjf

 , (5.20b)

where ∆ ∈ RNny×ng and δ ∈ RNny denote the perturbations affecting the estimation
of past disturbance and the prediction of future disturbance, respectively. Moreover,
∥[∆ δ]∥F denotes the Frobenius norm, and βj ∈ R+ is the bound on ∥[∆ δ]∥F . The above
equation minimizes the worst-case deviation with respect to all possible perturbations
on Ĥv,f and v̂jf . Hence, the minimizer gj,⋆ is robust to estimation errors.

The following result shows how the minimizer of (5.20) can be obtained with a
quadratic regularization of gj .

Proposition 5.4 (Robust prediction by regularization): Let gj,⋆ ∈ Rng be the minimizer of

min
gj
∥Ĥv,fg

j − v̂jf ∥
2 + λg∥gj∥2, gj subject to (5.20b) (5.21)

then gj,⋆ also minimizes (5.20) with

βj =


λg

√
∥gj∥2 + 1

∥Ĥv,fgj,⋆ − v̂jf ∥
if Ĥv,fg

j,⋆ ̸= v̂jf

λg

√
∥gj,⋆∥2 + 1 otherwise.

(5.22)

Moreover, if gj,⋆ ̸= 0, βj (5.22) is strictly monotonically increasing with λg from (5.21).

Proof. We recall that the robust optimization problem in (5.20) can be interpreted as a
robust least-squares estimation with uncertainty in the regressor matrix as discussed
by El Ghaoui et al., 1997. Specifically, the formulation allows for uncertainty in Hv,f,
bounded in Frobenius norm, and seeks to minimize the worst-case residual.

Huang et al., 2021 showed that the robust solution of (5.20) can be obtained by simply
adding a quadrativ regularization term. The regularization weight is determined by
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the uncertainty bound and the norm of the solution. Applying Corollary 2 from that
work, we obtain the regularized form in (5.21), and the corresponding regularization
weight βj as in (5.22).

To make this explicit, let us denote the solution to (5.21) by gj,⋆. If gj,⋆ ̸= 0, the
regularization parameter βj adjusts to compensate for the uncertainty, maintaining
equivalence to the robust formulation. The specific form of βj given in (5.22). follows
directly from the robust-to-regularized equivalence shown by Huang et al., 2021. The
monotonic dependence of βj on λg follows from the convexity and scaling properties
of the regularization term.

This completes the proof.

Observe that (5.21) is a quadratic optimization problem subject to linear constraints.
Its optimal solution can be obtained compactly via solving a linear system ,i.e. Karush–
Kuhn–Tucker (KKT) system, as

[
2(Ĥ⊤

v,fĤv,f + λgIng) H⊤

H 0

] [
gj,⋆

η⋆

]
=


2Ĥ⊤

v,fv̂
j
f

δ0jũp

δ0jyp

ũjf

 , H =

Hũ,p

Hy,p

Hũ,f

 ,

where η⋆ is the optimal Lagrange multiplier corresponding to the equality constraints
in (5.20b). We have

[
M
M̄

]
.
=

[
2(Ĥ⊤

v,fĤv,f + λgIng) H⊤

H 0

]†
, gj,⋆ = M


2Ĥ⊤

v,fv̂
j
f

δ0jũp

δ0jyp

ũjf

 ,

which provides the closed-form solution of the stochastic predictor based on (5.21) as

Ŷf
.
= Hy,f

L−1∑
j=0

gj,⋆ = M


2Ĥ⊤

v,fV̂f

ũp

yp

Ũf

 .

Comparisons of Predictors

First, note that the subspace predictor (2.29) does not propagate the uncertainty caused
by the unstructured disturbances. If the future inputs and the structured disturbances
are considered deterministic, the output response is also deterministic. In contrast,
by estimating the past residual disturbances and then including them in the Hankel-
matrix equalities, (5.19) and (5.21) take the influence of unstructured disturbances into
account.

Second, the regularized predictor (5.21) serves as an interpolation between the causal
predictor (5.19) and the subspace predictor (2.29). When λg = 0, the regularized pre-
dictor (5.21) recovers the causal predictor (5.19). Conversely, as λg → +∞, it converges
to the subspace predictor (2.29). Note that the λg is proportional to the robustness
bound βj . If λg is too small, the prediction heavily depends on the estimation, making
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it sensitive to estimation quality. Conversely, if λg is too large, the uncertainty of the
unstructured disturbance is not effectively propagated to the output. In practice, λg

can be gradually increased from λg = 0 to optimize the performance of the regularized
predictor (5.21).

Among the three predictors, (5.19) is causal. This follows from Proposition 5.3 and
Corollary 5.1, which establish that (Ũ , V̂ , Y )[0,N−1] is a trajectory of a stochastic LTI
system. By Proposition 4.1, the output of a stochastic LTI system is non-anticipated by
input. In contrast, the predictions from (5.20) and (2.29) are not necessarily causal.

5.3. Case Study: A Real-World Residential Building

To demonstrate the effectiveness of the proposed stochastic prediction method, we
apply it to a dataset from a real-world residential building located in Norway, operated
by Norwegian University of Science and Technology (NTNU). For more details, see
Reinhardt et al., 2025. The results presented in this section are based on a dataset
provided by NTNU (Reinhardt et al., 2025) and a data preprocessing code developed
by Kaupmann, 2023 as part of his master’s thesis.

In cold climates, heating systems contribute significantly to total energy consump-
tion. Efficient management of these systems is therefore crucial for achieving energy
savings in residential buildings. However, modeling heating systems is challenging
due to the complex interactions among various components and the stochastic nature
of disturbances. Many of these disturbances, such as occupant behavior and certain
weather conditions, are often not measured or statistically modeled.

To encourage widespread adoption, prediction tools for the thermal response of res-
idential buildings need to be cost-effective. The proposed data-driven stochastic pre-
diction method, combined with residual disturbance estimation, effectively addresses
this need. It relies solely on measurements of the heating system’s inputs and out-
puts, eliminating the need for additional sensors or exogenous disturbance predictions.
Moreover, its data-driven nature bypasses the system identification step for individual
residential buildings, which is typically time-consuming. Importantly, the method en-
ables the prediction of the stochastic behavior of the thermal response, which further
allows for the use of stochastic control tools.

5.3.1. Real-World Dataset and Preprocessing

The residence in the NTNU dataset is divided into four distinct volumes, each with
different thermal capacities and different thermal losses to the environment. Each vol-
ume has a temperature sensor and a heating device connected to heat pumps. Heating
power is controlled indirectly by setting the unit to ON/OFF (Oi ∈ {0, 1}), selecting a
target temperature (T set

i ∈ I[16,31] [◦C]), and adjusting the fan speed level (Fi ∈ I[1,7]) to
promote air circulation. These variables form the manipulable input vector

u
.
= (O, T set, F )[1,4] ∈ R12. (5.23)

In addition, the temperatures Ti ∈ R+ [◦C] in the four volumes are considered as the
output

y
.
= [T1, · · · , T4]

⊤ ∈ R4. (5.24)
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Figure 5.2.: Conceptual block diagram of a residential building with input u as in (5.23), output y as
in (5.24), measured disturbance wm as in (5.25), and unmeasured disturbance wu

Moreover, the solar azimuth angle θa [◦], solar zenith angle θz [◦], outdoor air temper-
ature T out ∈ R+ [◦C], wind speed vw [m/s], cloud opacity τc [-], and global horizontal
irradiance IG [W/m2] are measured disturbances. Specifically, we denote the measured
disturbance as

wm .
= [θa, θz, T

out, vw, τc, IG]
⊤, (5.25)

and the unmeasured disturbance as wu. The dataset provides the real measurements
of inputs, outputs, and the measured disturbances from May 11th, 2021, 00:00, to De-
cember 29th, 2021, 00:00, with a sampling time of 15 minutes.

Figure 5.2 presents a conceptual block diagram of the residential building, illustrat-
ing the relations among input u, output y, measured disturbance wm, and unmeasured
disturbance wu.

We employ the stochastic data-driven predictors outlined in Section 5.2 to forecast
future thermal response based on historical data. At each prediction instant, we use
the data from the most recent 30 days (T = 2880) to estimate the past realizations v̂d

and the future prediction V̂ of the residual disturbance as described in Section 5.2.
Combining the measured data and the estimated residual disturbances, we predict the
stochastic thermal response for the upcoming 24 hours (prediction horizon N = 96) by
(5.20) with different λg and ℓ.
We assess the impact on choosing different structured disturbances. Specifically, we
consider three schemes:

i) no structured disturbance w = [],

ii) only solar angles as the structured disturbance w = [θa, θz]
⊤,

iii) and all measured disturbances as the structured disturbance w = wm.

The process of disturbance estimation and output prediction is recursively applied at
time instants from November 8, 2021, 00:00 to December 27, 2021, 00:00, every 6 hours
(∆ = 24), resulting in a total of Ns = 200 test scenarios during the typical winter period.

At each prediction instant t∆, we denote the predicted random variables at time
t∆+ k as M(k | t∆) for M ∈ {U,W, V̂ , Ŷ }. In this section, we focus on the propagation
of uncertainties arising from unstructured disturbances. To simplify the exposition, we
assume future inputs U (k | t∆) and structured disturbances W (k | t∆) are determinis-
tic. In other words, we consider that the future structured disturbances are perfectly
predicted. Hence, the basis (5.18) can be further simplified with ϕW = {1}

{ϕ}L−1
j=0

.
= {1}

⋃{
ξ1 (k) , · · · , ξny (k)

}N−1

k=0
, L = 1 +Nny. (5.26)
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Then the input components V̂ , U , and W admits exact PCEs in this basis as follows

V̂ (k | t∆) =
∑L−1

j=0 v̂j (k | t∆)ϕj(ξ), v̂0 (k | t∆) = m̂v, H1

(
v̂[(k−1)ny , kny ] (k | t∆)

)
=
(
Σ̂v

)1/2
,

Ũ (k | t∆) =
∑L−1

j=0 ũj (k | t∆)ϕj(ξ), ũj (k | t∆) = δ0jũ (k | t∆) , ∀k ∈ I[0,N−1],

with Ũ = (U,W ), ũj = (uj,wj), and ũ = (u,w). In addition, the predicted outputs
Ŷ (k | t∆) also admits an exact PCE in (5.26) according to Lemma 3.3.

Basis (5.26) consists of independently distributed terms, specifically {1} and i.i.d.
ξ (k). The fourth-order moments of Ŷ (k | t∆) can then be determined using the simpli-
fied calculation (3.18). Consequently, offline computation only requires evaluating the
second and fourth moments of ξ (k).

5.3.2. Numerical Validation

At each prediction instant t∆, the predicted output at time t∆+k is denoted as Ŷ (k | t∆),
with its corresponding predicted PCE coefficients given by ŷj(k | t∆). Note that ŷ0(k | t∆)
corresponds to the predicted mean of Ŷ (k | t∆). To quantify the accuracy of the pre-
dicted means, we compute the Root Mean Square Error (RMSE) between the true out-
put y (t∆+ k) and its predicted mean ŷ0 (k | t∆) across all samples

RMSE .
=

√√√√Ns−1∑
t=0

N−1∑
k=0

∥ŷ0 (k | t∆)− y (t∆+ k) ∥2
NNs

. (5.27)

Additionally, to assess the accuracy of the stochastic prediction, we compute the per-
centage of ground-truth temperature samples that fall within the predicted 90% confi-
dence intervals, denoted as the averaged coverage rate c̄90%. With the indicator func-
tion I(p) defined as I(p) = 1 if statement p is true, and I(p) = 0 otherwise, the averaged
coverage rate is given by

c̄90%
.
=

Ns−1∑
t=0

ny∑
i=1

N−1∑
k=0

I (|yi (t∆+ k)− ŷ0i (k | t∆)| ≤ ri,90% (k | t∆))

NNsny

. (5.28a)

The predicted 90% confidence interval for yi (t∆+ k) is centered around the predicted
mean ŷ0i (k | t∆) with the radius chosen from three variants as introduced in Section 3.4.1:
the original Chebyshev bound, the Chebyshev bound incorporating fourth-order cen-
tral moments, and the bound for Gaussian distributions. The radius is calculated as
follows

ri,90%(k | t∆)
.
=



√
µ2(Ŷi(k | t∆))

1−90%
≈ 3.16

√
µ2, (Chebyshev µ2)

4

√
µ4(Ŷi(k | t∆))

1−90%
≈ 1.78 4

√
µ4, (Chebyshev µ4)

F−1
N
(
1+γ
2

)
µ2

(
Ŷi (k | t∆)

)
≈ 1.64

√
µ2 (Gaussian).

(5.28b)

Additionally, we define the averaged interval radius as

r̄90%
.
=

Ns−1∑
t=0

ny∑
i=1

N−1∑
k=0

ri,90%(k | t∆)

NNsny

. (5.28c)
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Table 5.1.: Comparison of the prediction results for different ℓ with λg = 0 and w = [].

ℓ RMSE
Chebyshev µ2 Chebyshev µ4 Gaussian

c̄0.9 [−] r̄0.9 [
◦
C] c̄0.9 [−] r̄0.9 [

◦
C] c̄0.9 [−] r̄0.9 [

◦
C]

2 0.9663 96.29% 2.377 92.35% 1.793 81.67% 1.236
4 0.9124 96.99% 2.426 93.63% 1.824 84.78% 1.262
6 0.8850 97.22% 2.422 94.20% 1.819 85.93% 1.260
8 0.8740 97.30% 2.407 94.13% 1.807 85.78% 1.252
10 0.8586 97.29% 2.360 94.34% 1.772 85.96% 1.228
12 0.8745 97.11% 2.324 93.77% 1.745 85.01% 1.209
14 0.8574 97.19% 2.273 93.67% 1.706 84.90% 1.182
16 0.8481 97.19% 2.241 93.66% 1.682 84.74% 1.166
18 0.8468 97.07% 2.178 93.30% 1.635 83.95% 1.133
20 0.8457 96.97% 2.143 92.95% 1.610 83.39% 1.115

Table 5.2.: Comparison of the prediction results for different λg with ℓ = 10 and w = [].

λg RMSE
Chebyshev µ2 Chebyshev µ4 Gaussian

c̄0.9 [−] r̄0.9 [
◦
C] c̄0.9 [−] r̄0.9 [

◦
C] c̄0.9 [−] r̄0.9 [

◦
C]

0 0.8586 97.29% 2.360 94.34% 1.772 85.96% 1.228
0.01 0.8583 97.28% 2.358 94.33% 1.770 85.93% 1.227
0.1 0.8563 97.24% 2.339 94.21% 1.756 85.73% 1.217
1 0.8431 96.61% 2.181 93.19% 1.638 83.70 % 1.134
2 0.8369 95.97% 2.050 91.99% 1.540 81.69% 1.066
5 0.8363 94.06% 1.784 88.41% 1.340 76.11% 0.928

10 0.8497 90.49% 1.515 82.85% 1.138 68.48% 0.788
100 0.9763 45.96% 0.526 36.42% 0.364 26.10 % 0.273
+∞ 1.0676 0 0 0 0 0 0

The coverage rate and confidence interval radius offer two complementary perspec-
tives for evaluating stochastic predictions. A higher coverage rate indicates a more ro-
bust prediction, as it means that more actual values fall within the predicted intervals.
However, a wider confidence interval corresponds to a more conservative prediction,
as it covers a broader range of potential outcomes. Thus, there is a trade-off between
robustness and conservatism: increasing the coverage rate generally leads to a wider
confidence interval.

Table 5.1 compares the aforementioned performance metrics for the stochastic pre-
dictions (5.20) with different ℓ, which reflects the system order of the underlying ARX
models. In this comparison, the regularization factor is fixed at λg = 0 and no struc-
tured disturbances are considered (w = []). As shown in Table 5.1, when ℓ increases
from 2 to 10, RMSE decreases by approximately 0.1◦C. For ℓ ≥ 10, further increases
in ℓ yield only slight improvements in the mean prediction accuracy. Additionally, the
coverage rates and confidence interval radius remain relatively constant across differ-
ent values of ℓ. Among the variants of (5.28b), the fourth-order Chebyshev approach
generally yields a tighter confidence bound than the original Chebyshev’s approach
and achieves a higher coverage probability than the Gaussian setting. Thus, the fourth-
order Chebyshev approach effectively balances robustness, as indicated by the cover-
age probability, and conservatism, as reflected in the interval radius, in this specific
example.

Table 5.2 presents the prediction results of the regularized predictor (5.20) for differ-
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Table 5.3.: Comparison of the prediction results for different choices of structured disturbances with
λg = 0 and ℓ = 10.

w RMSE
Chebyshev µ2 Chebyshev µ4 Gaussian

c̄0.9 [−] r̄0.9 [
◦
C] c̄0.9 [−] r̄0.9 [

◦
C] c̄0.9 [−] r̄0.9 [

◦
C]

[] 0.8586 97.29% 2.360 94.34% 1.772 85.96% 1.228
[θa, θz]

⊤ 0.8016 96.90% 2.067 93.40% 1.558 84.02% 1.075
[θa, θz, T

out, vw, τc, IG]
⊤ 0.7846 95.97% 1.784 91.11% 1.351 78.62% 0.928

ent values of λg. Note that when λg = 0, the regularized predictor (5.20) reduces to
the causal predictor (5.19), whereas for λg = ∞, (5.20) simplifies to the subspace pre-
dictor (2.29). As λg increases, RMSE decreases slightly until λg = 5, beyond which it
begins to increase. This indicates that tuning λg can enhance prediction accuracy. In
addition, the coverage rate decreases as λg increases, consistent with the discussion in
Section 5.2 that the predictor tends to propagate less uncertainty as λg increases. Espe-
cially for λg = ∞, the subspace predictor (2.29) is a deterministic prediction and fails
to account for uncertainties induced by unmeasured disturbances.

Table 5.3 presents a comparison of the results for different choices of structured dis-
turbances. The solar azimuth angle θa and the zenith angle θz can be perfectly pre-
dicted for any given time and location. Including the solar angles as structured dis-
turbances improves RMSE by approximately 0.05◦C, while the average radius of the
confidence intervals decreases by about 0.2–0.3◦C. However, the outdoor air tempera-
ture T out, wind speed vw, cloud opacity τc, and global horizontal irradiance IG depend
on weather conditions, making them costly to measure and difficult to forecast accu-
rately. Even with perfect forecasts of these values, incorporating additional weather
conditions improves RMSE by only about 0.02◦C, suggesting that the potential bene-
fits may not justify the effort.
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5.3. Case Study: A Real-World Residential Building

Figure 5.3.: Comparison of the true and the predicted thermal responses for November 17, 2021. Black-
solid lines show measured input and output trajectories. Blue-dotted, green dash-dotted,
and red-dashed lines represent predicted mean trajectories with 90% confidence intervals
for w = [], w = [θa, θz]

⊤, and w = [θa, θz, T
out, vw, τc, IG]

⊤, respectively.
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Figure 5.3 illustrates the comparison of the true and predicted output responses
for different choices of structured disturbances. Specifically, in black solid lines, we
plot the true input and output trajectories of the four volumes for the whole day of
November 17, 2021. Furthermore, we use blue-dotted, green dash-dotted, and red-
dashed lines to show the predicted mean trajectories for w = [], w = [θa, θz]

⊤, and
w = [θa, θz, T

out, vw, τc, IG]
⊤, respectively. The 90% confidence intervals, calculated us-

ing fourth-order moments, are shown as shaded areas around the mean predictions.
Overall, incorporating solar azimuth and zenith angles as structured disturbances

(green lines) significantly improves prediction accuracy and reduces the confidence
interval radius. In comparison, adding weather conditions as structured disturbances
(red lines) does not significantly improve the prediction, which aligns with the results
in Table 5.3.

5.4. Summary

In this chapter, we classified exogenous disturbances into two categories: structured
disturbances, which have known external sources and are therefore supported by past
measurements and statistical forecasts; and unstructured disturbances, which origi-
nate from unspecified sources and are consequently unmeasured or unmodeled. For
the latter, we condensed them as one residual disturbance and proposed a least-squares
approach to estimate its past realizations and the associated statistics. Furthermore, we
developed both parametric and non-parametric representations for the stochastic be-
havior of dynamical systems subject to residual disturbances.

Based on the stochastic fundamental lemma, we introduced a regularized data-driven
stochastic predictor to propagate uncertainties from unknown disturbances to system
outputs. By incorporating regularization techniques, the regularized predictor en-
hances robustness against errors in estimating past disturbances. Additionally, lever-
aging PCE representations, we computed the fourth-order moments of the stochastic
predictions. This enabled us to quantify the uncertainty through confidence intervals
derived from the fourth-order Chebyshev inequality. As demonstrated in the example,
the fourth-order Chebyshev interval generally provides a tighter bound than the origi-
nal Chebyshev interval. Moreover, the example using real building data demonstrates
the practical applicability and effectiveness of the proposed techniques.

As discussed in Remarks 5.1, 5.2, and 5.3, future work may extend these methods
to account for measurement noise, nonlinear model mismatch, and non-i.i.d. residual
disturbances.
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The previous chapter focused on data-driven propagation of uncertainties in stochas-
tic LTI systems, laying the groundwork for predicting stochastic behaviors based on
historical data. In Chapters 6–7, we transition from representation and prediction to
control, focusing on optimal control in the presence of exogenous disturbances. In
Chapter 6, we address the optimal control of stochastic discrete-time LTI systems with
structured disturbances W , building on the results from Chapter 4. In Chapter 7, we
consider stochastic systems with residual disturbance V , as introduced in Chapter 5.

In this chapter, Section 6.1 first presents the stochastic OCP of interest in a model-
based framework. We discuss control policies and chance constraints, which are essen-
tial components of stochastic optimal control. In Section 6.2, we provide a data-driven
reformulation of the proposed OCP and discuss the conditions under which the model-
based and data-driven OCPs are equivalent, based on our previous paper (Pan et al.,
2023c). Additionally, we establish sufficient conditions for the optimality of the affine
disturbance-feedback policy and propose a simplified Toeplitz-structured policy to re-
duce computational complexity. These results constitute a novel contribution and have
not yet been published.

Section 6.3 extends the analysis to disturbances with Gelbrich ambiguity, enhancing
distributional robustness against uncertainty in future disturbance predictions. This
result builds upon and extends the paper (Pan et al., 2023a). Finally, in Section 6.4,
we demonstrate the effectiveness of the proposed data-driven optimal control scheme
through numerical simulations.

6.1. Model-Based Stochastic Optimal Control

In this chapter, we consider the stochastic discrete-time LTI systems with structured
disturbances W

X (k + 1) = AX (k) +BU (k) + EW (k) , X (0) = xini (6.1a)
Y (k) = CX (k) +DU (k) + FW (k) , (6.1b)

with state X(k) ∈ L2(Ω,F , µ;Rnx), input U(k) ∈ L2(Ω,F , µ;Rnu), output Y (k) ∈ L2(Ω,F
, µ;Rny), and disturbance W ∈ L2(Ω,F , µ;Rnw) for all k ≥ 0. Here, we assume that
(A, [B,E]) is a controllable pair and that (A,C) is an observable pair. We suppose that
the matrices (A, [B,E], C, [D,F ]) are unknown. Throughout this chapter, we consider
that the future stochastic disturbances W (k) ∈ L2(Ω,F , µ;Rnw) for k ≥ 0 are not nec-
essarily identically distributed, independent, or Gaussian.

At time instant 0, we consider all past inputs, outputs, and disturbances have been
realized, i.e., U (k) = u (k), Y (k) = y (k), and W (k) = w (k) almost surely for k < 0.
In addition, we consider X (k) = x (k) almost surely for k ≤ 0. For future inputs U(k),
k ≥ 1, only historical information of stochastic uncertainties is available. Therefore, we
assume that the input process is adapted to a filtration (Fk)k∈N, cf. Definition 3.8, with

U (k) ∈ L2(Ω,Fk, µ;Rnu), Fk =

{
σ(x(0)), k = 0,

σ(W[0,k−1]), k ≥ 1,
(6.2)
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where Fk represents the σ-algebra generated by all unrealized disturbances up to time
k. Since X (0) has been realized for i = 0 and the σ-algebra generated by a realized ran-
dom variable is trivial, we have σ(x(0)) = {∅,Ω}. This assumption reflects a causality
condition: the control input at time k depends only on information available up to time
k− 1. Such a setting is typical in real-time control scenarios, where future disturbances
are not observable in advance.

Moreover, by Corollary 4.1, the state X and the output Y are also adapted to the
filtration (6.2). Thus,

X (k) ∈ L2 (Ω,Fk, µ;Rnx) , Y (k) ∈ L2 (Ω,Fk+1, µ;Rny) , k ∈ N.

We begin our analysis with the following stochastic OCP in the conventional model-
based setting. At time instant 0, given the realized initial state xini and a stochastic
prediction of future disturbances W[0,N−1], we consider the following OCP

min
π, U, Y,X

N−1∑
k=0

E
[
∥Y (k) ∥2Q+∥U (k) ∥2R

]
(6.3a)

subject to ∀k ∈ I[0,N−1],

X (k + 1) = AX (k) +BU (k) + EW (k) , X (0) = xini, (6.3b)
Y (k) = CX (k) +DU (k) + FW (k) , (6.3c)

U (k) = πk

(
W[0,k−1]

)
, (6.3d)

P[a⊤u,iU (k) ≤ 1] ≥ γu, ∀i ∈ I[1,Nu], (6.3e)

P[a⊤y,iY (k) ≤ 1] ≥ γy, ∀i ∈ I[1,Ny ]. (6.3f)

The objective function is the expected value of a quadratic form with Q ⪰ 0 and R ≻ 0.
Moreover, the filtration (6.2) requires that the input is determined from its past distur-
bances. Hence, we consider a causal policy in (6.3d) with πk : L2

(
Ω,F , µ;Rknw

)
→

L2(Ω,Fk, µ;Rnu). Instead of optimizing over deterministic future inputs, we optimize
over stochastic input policies that provide feedback maps based on future disturbance
realizations. After solving the OCP, the input can be determined in real-time using the
measurements of realized disturbances, i.e.,

u (k) = π⋆
k(w[0,k−1]), k ∈ I[0,N−1].

Chance constraints are imposed as individual half-space constraints using au,i ∈ Rnu

for i ∈ I[1,Nu] and ay,i ∈ Rny for i ∈ I[1,Ny ], with respective probability levels γu and γy,
as given in (6.3e)-(6.3f).

Causal Affine Disturbance-Feedback Policy

Instead of general nonlinear policies, we consider causal and affine disturbance-feedback
policies

U (k) = ū (k) +
k−1∑
j=0

Kk,jW (j) . (6.4a)
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Consider a finite horizon N ∈ N+, the above policies can be rephrased in a condensed
form

U[0,N−1] = ū[0,N−1] +KNW[0,N−1], KN =


0 0 · · · 0

K1,0 0 · · · 0
... . . . 0

...
KN−1,0 · · · KN−1,N−2 0

 . (6.4b)

In Section 6.2.2, we will show that restricting to affine functions still preserves optimal-
ity for the considered optimal control problem.

Lemma 6.1 (Equivalence of affine parametrizations (Goulart et al., 2006)): Consider the stochas-
tic dynamics (6.1). For any parametrization (6.4) with given ū (k) , Kk,j , ∀k ∈ N, j ∈
I[0,k−1], there exists ūX (k) , KX

k,j , ∀k ∈ N, j ∈ I[0,k], satisfying

U (k) = ūX (k) +
k∑

j=0

KX
k,jX (j) , (6.5)

which yields the same state, input, and output sequences for all realizations of the
disturbance sequence (W (k, ω))k∈N and for all ω ∈ Ω.

Though the two parametrizations are equivalent in the sense of generating the same
system trajectories, their numerical properties are different. Since ūX (k), KX

k,j , and
X (j) are all decision variables, (6.5) is bilinear, whereas (6.4) is linear in terms of the
decision variables ū (k) and Kk,j . Therefore, the affine disturbance feedback policy (6.4)
allows for further construction of convex optimal control problem. Another reason for
not using state-feedback policies is that, in the data-driven setting, state information is
often unavailable.

We note that one special case of (6.5)

U (k) = ūX (k) +KX
k,kX (k) (6.6)

is usually considered in the literature to induce an explicit propagation of the state
covariances, cf. Farina et al., 2013,

Σ[X (k + 1)] = (A+BKX
k,k)Σ[X (k)](A+BKX

k,k)
⊤ + EΣ[W (k)]E⊤.

Compared to (6.4) and (6.5), (6.6) has a relatively limited parameterization, which may
lead to suboptimality. Similar to (6.5), since both KX

k,k and X (k) are decision variables,
the resulting optimization is also non-convex (Farina et al., 2013). Therefore, in tube-
based stochastic optimal control, all KX

k,k are typically chosen as fixed gains before
optimization, which further introduces suboptimality (Mesbah, 2016).

Chance Constraints

By applying the refined Cantelli inequality (3.19), we obtain a conservative reformula-
tion of the chance constraints (6.3e)-(6.3f)

a⊤u,iE[U (k)] + α(γu)
√

trace
(
a⊤u,iΣ[U (k)]au,i

)
≤ 1, ∀i ∈ I[1,Nu], (6.7a)
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a⊤y,iE[Y (k)] + α(γy)
√

trace
(
a⊤y,iΣ[Y (k)]ay,i

)
≤ 1, ∀i ∈ I[1,Ny ]. (6.7b)

We note that, by Lemma 3.7, the sets of all real-valued random variables with Gaussian
distribution (Definition 3.4), symmetric distributions (Definition 3.9), or with symmet-
ric linear unimodal distributions (Definitions 3.9–3.10) are closed under linear oper-
ations. Note that, due to the linear dynamics (6.1) and the affine policy (6.4), both
a⊤u,iU (k) and a⊤y,iY (k) can be obtained by applying linear operations to W[0,N−1]. Hence,
if W[0,N−1] possess one of these distribution types, then a⊤u,iU (k) and a⊤y,iY (k) will also
adhere to the same distribution type. As a result, as shown in (3.19), the Cantelli factor
α(γ) in (6.7a)-(6.7b) can be improved compared to the arbitrary L2 case.

6.2. Data-Driven Stochastic Optimal Control

Next, we apply the results from Chapter 4 to stochastic optimal control, providing a
data-driven reformulation of OCP (6.3).

6.2.1. Reformulation via PCE

We first recall the PCE formulation of (6.1) with the following corollary of Lemma 3.3.

Corollary 6.1 (Exact PCEs): Suppose W[0,N−1] admits an exact PCE with the first L terms
of {ϕj(ξ)}∞j=0, consider the stochastic LTI system (6.1) with U[0,N−1] determined from
the affine causal policy (6.4), then (U, Y,X) admits exact PCEs with the first L terms of
{ϕj(ξ)}∞j=0.

Using the basis {ϕj(ξ)}∞j=0, the dynamics of the PCE coefficients are given by

xj (k + 1) = Axj (k) +Buj (k) + Ewj (k) , xj (0) = δ0jxini, ∀j ∈ I[0,L−1], (6.8a)
yj (k) = Cxj (k) +Duj (k) + Fwj (k) , ∀k ∈ I[0,N−1]. (6.8b)

Assumption 6.1 (Data availability): Consider a given realization trajectory (u,w, y)d
[0,T−1]

of (6.1). We suppose that (u,w)d
[0,T−1] is persistently exciting of order nx +N + ℓ with ℓ

not smaller than the system lag of (6.1).

Let p and f denote the ranges [−ℓ,−1] and [0, N−1], respectively, and follow the same
partitioning of Hankel matrices as in (2.26). Let the stacked Hankel matrices be Hp

.
=

[H⊤
u,p,H⊤

y,p,H⊤
w,p]

⊤ and Hf
.
= [H⊤

u,f,H⊤
y,f,H⊤

w,f]
⊤. Applying the stochastic fundamental

lemma (Lemma 4.6), we obtain the following data-driven reformulation of OCP (6.3)
in terms of PCE coefficients:

min
ū,KN ,u,y,g

N−1∑
k=0

L−1∑
j=0

(
∥yj (k) ∥2Q + ∥uj (k) ∥2R

)
∥ϕj∥2 (6.9a)

subject toHpg
j = δ0j[u⊤

p , y
⊤
p , w

⊤
p ]

⊤, ∀j ∈ I[0,L−1], (6.9b)

Hfg
j = [uj⊤f , yj⊤f ,wj⊤

f ]⊤, ∀j ∈ I[0,L−1], (6.9c)

ujf = δ0jūf +KNw
j
f , ∀j ∈ I[1,L−1], (6.9d)

a⊤u,iu
0 (k) + α(γu)

√√√√L−1∑
j=1

∥a⊤u,iuj (k) ∥2∥ϕj∥2 ≤ 1, ∀i ∈ I[1,Nu], k ∈ I[0,N−1], (6.9e)
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a⊤y,iy
0 (k) + α(γy)

√√√√L−1∑
j=1

∥a⊤y,iyj (k) ∥2∥ϕj∥2 ≤ 1, ∀i ∈ I[1,Ny ], k ∈ I[0,N−1], (6.9f)

where δ0j is the Kronecker delta, KN collects all feedback gains Kk,i as in (6.4b). More-
over, the stochastic fundamental lemma, i.e. Lemma 4.6, justifies the data-driven rep-
resentation of the PCE dynamics (6.8) in (6.9b)–(6.9c). The Kronecker delta δ0j in (6.9b)
ensures that the PCE coefficients of the initial condition are zero for j > 0, implying
a deterministic initial condition. Causality and affiness of polices in (6.4) are stated in
(6.9d). The chance constraints (6.7a)–(6.7b) are reformulated in (6.9e) by substituting
the mean and covariance terms with PCE coefficients.

Observe that (6.9) is a second-order cone program. After eliminating the equal-
ity constraints, using interior-point methods to solve (6.9) typically requires at most
O(
√
nc) iterations, with a per-iteration complexity of O(ncn

2
d) (Lobo et al., 1998). Here,

the per-iteration complexity

O(ncn
2
d) ∼ O(N5), nc = N(Nu +Ny) and nd = Nnu + nunwN(N − 1)/2 (6.10)

scales up to O(N5), with nc and nd representing the number of second-order cone con-
straints and the number of decision variables in (ūf,KN), respectively.

To reduce this complexity, one may opt for a simplified feedback

U (k) = ū (k) +
k−1∑
j=0

Kk−jW (j) , k ∈ I[0,N−1], ⇒ Uf = ūf +K′
NWf (6.11a)

with the condensed feedback matrix K′
N in a Toeplitz structure

K′
N =


0 0 0 · · · 0
K1 0 0 · · · 0
K2 K1 0 · · · 0
... . . . . . . . . . 0

KN−1 · · · K2 K1 0

 . (6.11b)

This modification reduces the per-iteration complexity from O(N5) to O(N3), i.e.,

O
(
nc(n

s
d)

2
)
∼ O(N3), nc = N(Nu +Ny) and ns

d = Nnu + (N − 1)nunw, (6.12)

where the number of decision variables in (ūf,K
′
N), i.e. ns

d, is substantially reduced
due to the Toeplitz structure. Theoretically, this simplification introduces some degree
of suboptimality compared to the full policy (6.4). However, as demonstrated in Sec-
tion 6.4, this suboptimality is relatively minor, whereas the simplification significantly
reduces computational complexity.

Remark 6.1 (Multiple-shooting implementation): Compared to the state-space model in
(6.3), the equality constraint (6.9c) increases the computational burden due to the large
dense Hankel matrices. To overcome this issue, O’Dwyer et al., 2023 suggests segment-
ing the prediction horizon into shorter intervals and using Hankel matrices of smaller
dimensions. Furthermore, the solution pieces in consecutive intervals are coupled by
continuity constraints. This idea resembles the classic concept of multiple shooting by
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Bock et al., 1984 in the data-driven setting. Ou et al., 2023 further tailor this concept
to the data-driven stochastic OCP (6.9). Moreover, combined with a moment matching
strategy, one can show that the dimension of the PCE basis and the number of decision
variables can be reduced substantially. For further details, we refer to Ou et al., 2023.

Remark 6.2 (Measurement noise compensation via regularizations): Considering that the
outputs are corrupted by measurement noise, we can employ the regularization tech-
niques from Coulson et al., 2019; Huang et al., 2021 to improve robustness in optimal-
ity. Specifically, in the original objective (6.9a), we can incorporate quadratic regular-
izations of the column selectors gj for j ∈ I[0,L−1] and introduce a slack variable s ∈ Rℓny

to account for measurement noises. Specifically, we consider

N−1∑
k=0

L−1∑
j=0

(
∥yj (k) ∥2Q + ∥uj (k) ∥2R

)
∥ϕj∥2 + λg

L−1∑
j=0

∥gj∥2 + λy∥s∥2,

where λg ∈ R+ and λy ∈ R+ are the regularization parameters. Furthermore, the initial
condition is relaxed by introducing s, which compensates for measurement noise in
the initial outputs yp

Hpg
j = δ0j[u⊤

p , y
⊤
p + s⊤, w⊤

p ]
⊤.

As demonstrated in Huang et al., 2021, the quadratic regularization is equivalent to a
min-max formulation, minimizing the worst-case cost for a bounded noise set that af-
fects the data Hankel matrices and the initial trajectory. We refer to our recent work by
Özmeteler et al., 2024 on data-driven optimal control of multi-energy systems, which
simultaneously account for exogenous disturbances and measurement noise.

6.2.2. Equivalence and Optimality

Recall that, to ensure causality, the stochastic inputs U[0,N−1] must be adapted to the
filtration {Fk}k∈I[0,N−1]

in (6.2). Although choosing affine parametrizations, as in (6.4),
simplifies the numerical complexity of the OCP implementation, a remaining question
is whether this choice sacrifices optimality for all possible parametrizations allowed in
(6.2). Beyond establishing the equivalence between (6.3) and (6.9), the following results
further confirm the optimality of affine parametrizations.

To this end, let L be the set of all PCE orders I[0,L−1], we define the sets of the optimal
input-output trajectories for the two OCPs as

S1
.
=

(U⋆
f , Y

⋆
f )

∣∣∣∣∣∣∣∣∣
given xini, W[0,N−1], ∃X⋆

f , π
⋆
f such that

(X⋆
f , U

⋆
f , Y

⋆
f , π

⋆
f ) is optimal in OCP (6.3)

with the chance constraints (6.3e)–(6.3f)
replaced by (6.7a)–(6.7b)

 , (6.13a)

S ′
1
.
=


(U⋆

f , Y
⋆

f )

∣∣∣∣∣∣∣∣∣∣∣∣

given xini, W[0,N−1], ∃X⋆
f , π

⋆
f such that

(X⋆
f , U

⋆
f , Y

⋆
f , π

⋆
f ) is optimal in OCP (6.3)

with the chance constraints (6.3e)–(6.3f)
replaced by (6.7a)–(6.7b)

and the control policy (6.3d) replaced by (6.4)


, (6.13b)
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S2
.
=

{(
u⋆,Lf , y⋆,Lf

) ∣∣∣∣∣ given (u,w, y)p,w̃L
f , k ∈ I[0,N−1], ∃g⋆,L,K⋆

N , ū
⋆ such that

(u⋆,Lf , y⋆,Lf , g⋆,L,K⋆
N , ū

⋆) is optimal in OCP (6.9)

}
. (6.13c)

Note that S1 and S ′
1 are subsets of L2

(
Ω,F , µ;R(nu+ny)N

)
whereas S2 is a subset of

R(nu+ny)NL. Given the PCE basis {ϕj(ξ)}∞j=0 on which OCP (6.9) is based, the PCE co-
efficients and L2 random variables can be bijectively transformed through the linear
maps Φ and Φ−1, as defined in (4.16).

Theorem 6.1 (Equivalence stochastic OCPs): Consider the sets S1, S ′
1, and S2 defined in

(6.13). Let Assumption 6.1 hold. Then, for any given initial condition (u, y, w)[−ℓ,−1] for
OCP (6.9), which is a ℓ-length realization trajectory of (6.1), there exists xini ∈ Rnx for
OCP (6.3) such that

Φ (S2) = S ′
1 = S1,

where Φ(S2) is the element-wise image of S2.

Proof. The proof consists of two parts: first, we prove the equivalence Φ (S2) = S ′
1.

Then, we prove the optimality of the affine and causal policy (6.4) by showing S ′
1 = S1.

Since the system is observable and the measurements (u,w, y) are exact, (u, y, w)[−ℓ,−1]

uniquely determine the initial state xini in OCP (6.3) given that ℓ is not smaller than the
minimal system lag. For any basis {ϕj(ξ)}∞j=0, where W[0,N−1] admits exact PCEs with
L terms, by Corollary 6.1, all random variables in OCP (6.3) admit exact PCEs with
at most L terms. Replacing all random variables with their PCEs, the objective (6.3a)
is equivalent to (6.9a) due to the orthogonality of the basis {ϕj(ξ)}∞j=0. With Assump-
tion 6.1, (6.9b)-(6.9c) exactly capture the stochastic LTI dynamics, cf. the stochastic
fundamental lemma in Lemma 4.6. Moreover, (6.9d) exactly expresses the causal and
affine policies (6.4) in PCE coefficients. The reformulation of chance constraints (6.7a)–
(6.7b) to (6.9e)–(6.9f) is exact by expressing moments in PCE, cf. (3.7). Since the re-
formulation of OCP (6.3), where (6.3d), (6.3e), and (6.3f) are replaced by (6.4), (6.7a),
and (6.7b), respectively, to obtain OCP (6.9) is exact, it follows that S ′

1 = Φ(S2). Since
the reformulation of OCP (6.3)—in which (6.3d), (6.3e), and (6.3f) are replaced by (6.4),
(6.7a), and (6.7b), respectively—to obtain OCP (6.9) is exact, it follows that S ′

1 = Φ(S2).
Next, we prove the optimality, i.e., S ′

1 = S1. To establish that the affine and causal
policies (6.4). are optimal among all causal policies, we use a contradiction argument.
Specifically, we assume that the optimal causal policies of OCP (6.3) are not affine. We
then show a contradiction by constructing a feasible trajectory that achieves a smaller
value for the objective function.

To this end, we first construct an infinite-dimensional basis {ϕj(ξ)}∞j=0, which spans
the space of all L2 random variables that admit affine or nonlinear mappings from
W[0,N−1]. Assume that there exists a covariance decomposition Σ[W[0,N−1]] = MwM

⊤
w ,

where Mw ∈ Rnξ×Nnw is of full column rank. Then, by Lemma 3.2, there exists a zero-
mean, unit-covariance random variable ξ ∈ L2 (Ω,F , µ;Rnξ) such that

W[0,N−1] = E[W[0,N−1]] +Mwξ.

This implies W[0,N−1] admits an exact PCE in P1(ξ) with L
.
= 1 + nξ terms. Based

on P1(ξ), we can then construct an infinite-dimensional orthogonal polynomial basis
{ϕj(ξ)}∞j=0 that covers all polynomial degrees by the Gram-Schmidt process (Witteveen
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et al., 2006). Without loss of generality, we assume that the polynomials of degree not
larger than 1, i.e. P1(ξ), are the first L terms of {ϕj(ξ)}∞j=0.

Consider the optimal solution (X⋆
f , U

⋆
f , Y

⋆
f , π

⋆
f ) of S1 in (6.13). Suppose there ex-

ists k̃ ∈ I[0,N−1] such that U⋆
(
k̃
)

= π⋆
k̃
(W[0,k̃−1]), where π⋆

k̃
: L2

(
Ω,F , µ;Rk̃nw

)
→

L2 (Ω,F , µ;Rnu) is a nonlinear function. As a result, U
(
k̃
)

admits a PCE in the con-

structed {ϕj(ξ)}∞j=0 with

U⋆
(
k̃
)
=

∞∑
j=0

u⋆j
(
k̃
)
ϕj(ξ), u⋆,L1

(
k̃
)
̸= 0, for some L1 ≥ L. (6.14)

This result similarly applies to Y and X , as stated in Corollary 6.1.
Furthermore, we introduce the projection ΠL of a random variable Z ∈ L2 (Ω,F , µ;Rnz)

expressed in the basis {ϕj(ξ)}∞j=0 onto a reduced basis containing a subset of functions
L ⊆ N ∪ {∞} as ΠL : L2 → L2

ΠL : Z =
∞∑
j=0

zjϕj 7→ Z̄ =
∑
j∈L

zjϕj. (6.15)

Now, consider truncating (X⋆, Y ⋆, U⋆) to the first L PCE terms via Π, with L .
= I[0,L−1]

from (6.15),
(X̄, Ū , Ȳ )[0,N−1]

.
= ΠL

(
(X⋆, U⋆, Y ⋆)[0,N−1]

)
.

Crucially, since the first L basis functions are P1(ξ), Ū[0,N−1] follows an affine map-
ping from ξ and, consequently, from W[0,N−1]. Moreover, this truncation preserves the
causality of π⋆, and hence implicitly determines an affine and causal policy {π̄k}N−1

k=0

from the nonlinear policy {π⋆
k}N−1

k=0 .
Since the trajectory tuple (x̄j, ȳj, ūj)[0,N−1], k ∈ I[0,N−1] satisfies the PCE dynamics (6.8)

for every j ∈ I[0,L−1], it follows that (X̄, Ȳ , Ū)[0,N−1] satisfies (6.3b)-(6.3c). Moreover,
with the PCEs of U⋆, the PCE reformulations of the chance constraint (6.7a) read

a⊤u,iu
⋆,0 (k) + α(γu)

√√√√ ∞∑
j=1

∥a⊤u,iu⋆,j (k) ∥2∥ϕj∥2 ≤ 1, ∀i ∈ I[1,Nu].

Note that

L−1∑
j=1

∥a⊤u,iūj (k) ∥2∥ϕj∥2 =
L−1∑
j=1

∥a⊤u,iuj,⋆ (k) ∥2∥ϕj∥2 ≤
∞∑
j=1

∥a⊤u,iuj,⋆ (k) ∥2∥ϕj∥2. (6.16)

This implies that truncating the higher-order PCEs does not result in a violation of the
chance constraints. Likewise, it holds for the constraints of Y . Therefore, the trun-
cated variables (Ū , Ȳ ) still satisfy the chance constraints. Thus, (X̄, Ū , Ȳ ) is a feasible
trajectory of OCP (6.3).

In addition, the PCE reformulation of objective function (7.5a) satisfies

E

[
N−1∑
k=0

(
∥U⋆ (k) ∥2R + ∥Y ⋆ (k) ∥2Q

)]
=

N−1∑
k=0

∞∑
j=0

(
∥y⋆,j (k) ∥2Q + ∥u⋆,j (k) ∥2R

)
∥ϕj∥2
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=
N−1∑
k=0

L−1∑
j=0

(
∥y⋆,j (k) ∥2Q + ∥u⋆,j (k) ∥2R

)
∥ϕj∥2 +

N−1∑
k=0

∞∑
j=L

(
∥y⋆,j (k) ∥2Q + ∥u⋆,j (k) ∥2R

)
≥ E

[
N−1∑
k=0

(
∥Ū (k) ∥2R + ∥Ȳ (k) ∥2Q

)]
+ ∥u⋆,L1

(
k̃
)
∥2R,

since ∥u⋆,L1

(
k̃
)
∥2R > 0 holds for R ≻ 0, cf.(6.14). Thus, (X̄, Ū , Ȳ )[0,N−1] achieves a

smaller objective value than (X,U, Y )[0,N−1], leading to a contradiction that proves the
statement.

6.3. Distributionally Robust Reformulation

Previously, we assumed that the random-variable prediction of future disturbances,
Wf, is exact. However, exact knowledge of the underlying distribution of future dis-
turbances Wf is often not realistic. To hedge against the uncertainty surrounding the
disturbance statistics, distributionally robust formulations optimize over an ambiguity
set of possible disturbance distributions ensuring robust satisfaction of equality and
inequality constraints (Wiesemann et al., 2014).

There are two main data-driven approaches to distributionally robust optimal con-
trol: data-based synthesis of ambiguity sets to capture the distributional ambiguity in
the disturbances while requiring explicit knowledge of a system model (Coppens et al.,
2021; Fochesato et al., 2022; Lu et al., 2020) and robustness analysis of data-driven sys-
tem descriptions with respect to the distributional ambiguity of the measurement noise
(Coulson et al., 2022). However, uncertainty propagation through dynamics without
explicit knowledge of the system model and considering distributional uncertainty of
the disturbance is still an open problem. In this section, we address this gap by extend-
ing the data-driven description of stochastic linear systems from the previous chapters
to incorporate uncertainty surrounding the disturbance distribution.

6.3.1. Distributional Ambiguity Sets

Instead of requiring exact knowledge, we can model the unknown true distribution
as an element of a predefined ambiguity set. The most commonly used ambiguity
sets employ the Wasserstein metric. However, tractable reformulations of Wasserstein
ambiguity sets are often restricted to specific empirical distributions (Aolaritei et al.,
2023a; Wiesemann et al., 2014) or Gaussian-based ambiguity sets (Nguyen et al., 2023).
As an alternative, Gelbrich ambiguity sets include all distributions with moments that
closely match a given nominal pair (m̄, Γ̄) based on the Gelbrich distance.

Definition 6.1 (Gelbrich distance (Givens et al., 1984)): Consider two tuples of mean vec-
tors and covariance matrices (m,Γ) and (m̄, Γ̄), their Gelbrich distance is

G
(
(m,Γ), (m̄, Γ̄)

) .
=

√
∥m− m̄∥2 + trace(Γ + Γ̄− 2(Γ̄

1
2ΓΓ̄

1
2 )

1
2 ). (6.17)

Using the Gelbrich distance, we define the Gelbrich ambiguity set as the collection
of all random variables whose first two moments are within a given radius ρ ∈ R+ of a
specified nominal moment pair. Specifically, the Gelbrich ambiguity set is given by

Gρ
(
m̄, Γ̄

) .
=
{
Wf ∈ C(m,Γ)

∣∣Γ ⪰ 0, G
(
(m,Γ), (m̄, Γ̄)

)
≤ ρ
}
. (6.18)
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The 0-radius Gelbrich set corresponds to the Cantelli ambiguity set defined in (3.20),
i.e., G0(m,Γ) = C (m,Γ). Notably, the Gelbrich ambiguity set serves as an outer ap-
proximation of the corresponding Wasserstein set (Givens et al., 1984), as discussed
below.

Next, we compare various ambiguity sets to position the Gelbrich ambiguity within
the spectrum of distributional uncertainties. Consider two random variables V, V̄ ∈
L2 (Ω,F , µ;Rnv) whose distributions are µV and µV̄ , respectively. Suppose their mean-
covariance pairs are (m,Γ) and (m̄, Γ̄), respectively. We quantify the distances be-
tween distributions, moment pairs, and random variables via the Wasserstein metric
W(µV , µV̄ ), the Gelbrich distance G

(
(m,Γ), (m̄, Γ̄)

)
, and the L2 distance ∥V − V̄ ∥ .

=√
E[(V − V̄ )⊤(V − V̄ )], respectively. The Wasserstein metric is defined as

W(µV , µV̄ )
.
= inf

V1,V2

∥V1 − V2∥, subject to V1 ∼ µV , V2 ∼ µV̄ . (6.19)

According to Gelbrich, 1990, the Gelbrich distance defined in (6.17) is equivalent to

G
(
(m,Γ), (m̄, Γ̄)

)
= inf

V1,V2

∥V1 − V2∥, subject to V1 ∈ C(m,Γ), V2 ∈ C(m̄, Γ̄). (6.20)

Note that the feasible region in (6.20) contains that of (6.19). Thus, the optimization
formulations in (6.19) and (6.20) lead to the following relations

∥V − V̄ ∥ ≥W(µV , µV̄ ) ≥ G
(
(m,Γ), (m̄, Γ̄)

)
. (6.21)

This result shows that the Wasserstein distance is upper-bounded by the L2 distance
and lower-bounded by the Gelbrich distance. Computing the Wasserstein distance
between two probability distributions is generally #P-hard, as stated in Theorem 2.2 of
Taşkesen et al., 2023. In contrast, both the L2 and Gelbrich distances can be computed
efficiently. Thus, in practice, we can estimate the Wasserstein distance by utilizing
these bounds.

The bounds in (6.21) are tight in certain cases of practical relevance.

Lemma 6.2 (Equivalence of distances (Nguyen et al., 2021)): Consider random variables
V, V̄ ∈ L2 (Ω,F , µ;Rnv), if

Γ̄ ≻ 0, V = AV̄ + b, A ⪰ 0, (6.22)

then there exists a PCE basis {ϕj(ξ)}L−1
j=0 in which V and V̄ admit exact PCEs, and the

following equivalence of distances holds, i.e.,∥∥v[0,L−1] − v̄[0,L−1]
∥∥2
D = ∥V − V̄ ∥ = W(µV , µV̄ ) = G

(
(m,Γ), (m̄, Γ̄)

)
, (6.23)

with D .
= diag

(
{∥ϕj(ξ)∥2}L−1

j=0

)
. The equivalence condition (6.22) holds if any of the

following statements holds.

i) For given A ⪰ 0, b ∈ Rnv , Γ̄ ⪰ 0, m̄ = v̄0 ∈ Rnv , and v̄[1,L−1] ∈ Rnv(L−1),

Γ = AΓ̄A⊤, v0 = m = Am̄+ b, H1(v
[1,L−1]) = AH1(v̄

[1,L−1]). (6.24)

ii) For given Γ̄ ⪰ 0, m̄ ∈ Rnv , Γ ⪰ 0, m ∈ Rnv , m̄ = v̄0 ∈ Rnv , and v̄[1,L−1] ∈ Rnv(L−1),

A = Γ̄− 1
2

(
Γ̄

1
2ΓΓ̄

1
2

)
Γ̄− 1

2 , b = m− Am̄, v0 = m, H1(v
[1,L−1]) = AH1(v̄

[1,L−1]). (6.25)
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Proof. This result follows from Theorem 2 of Nguyen et al., 2021, which proves that
(6.22) implies ∥V − V̄ ∥ = W(µV , µV̄ ) = G

(
(m,Γ), (m̄, Γ̄)

)
. Thus, we focus on proving

the equivalence to the weighted norm of the PCE coefficients
By Lemma 3.2, there exists a PCE basis {ϕj(ξ)}L−1

j=0 in which V admits an exact PCE.
Moreover, since V = AV̄ + b, Lemma 3.3 ensures that V also admits an exact PCE in
the same basis. Hence,

v0 = Av̄0 + b, H1(v
[1,L−1]) = AH1(v̄

[1,L−1]),
∥∥v[0,L−1] − v̄[0,L−1]

∥∥2
D = ∥V − V̄ ∥,

where the L2 norm reformulation using PCE follows from (3.6).
Furthermore, regarding the equivalence of statements i)–ii) to (6.22), the implication

from statement i) is straightforward, while that from statement ii) follows from the
proof of Theorem 2 by Nguyen et al., 2021.

In addition to the distances appearing in the inequality (6.21), equality (6.23) also
incorporates the weighted Euclidean distance of the PCE coefficients. A comparable
condition for the equivalence of the PCE-based distance and the Gelbrich distance has
been proposed by Pan et al., 2023a.

Using these distances, we define their corresponding ambiguity sets as follows. First,
the Gelbrich ambiguity set Gρ(m̄, Γ̄), defined in (6.18), consists of all random variables
whose moment pairs are within a Gelbrich distance ρ of the nominal pair (m̄, Γ̄). Sec-
ond, the Wasserstein setWρ(µV̄ ) contains all random variables whose distributions are
within a Wasserstein distance ρ of the nominal distribution µV̄ . That is,

Wρ(µV̄ )
.
=
{
V ∼ µV

∣∣W(µV , µV̄ )
2 ≤ ρ2

}
. (6.26)

Third, the ambiguity set Uρ(V̄ ), induced by the L2 norm, contains all random variables
close to the nominal V̄ ,

Uρ(V̄ )
.
=
{
V ∈ L2 (Ω,F , µ;Rnv)

∣∣ ∥V − V̄ ∥2 ≤ ρ2
}
.

Finally, restricting V and V̄ in Uρ(V̄ ) to random variables that admit exact PCEs in the
basis {ϕj}L−1

j=0 , we define the ambiguity set corresponding to the distance between PCE
coefficients as

Pρ

(
v̄[0,L−1]

) .
=

{
V =

L−1∑
j=0

vjϕj

∣∣∣∣∣ ∥∥v[0,L−1] − ṽ[0,L−1]
∥∥2
D ≤ ρ2

}
.

Then, the inequality of distances in (6.21) implies

Pρ

(
v̄[0,L−1]

)
⊆ Uρ

(
V̄
)
⊆ Wρ (µ̄) ⊆ Gρ

(
m̄, Γ̄

)
. (6.27)

Given the set S
(
V̄
) .
= {V = AV̄ + b |A ≻ 0, b ∈ Rnv} and assuming Γ̄ ≻ 0, we obtain

(Pρ ∩ S) = (Uρ ∩ S) = (Wρ ∩ S) = (Gρ ∩ S) . (6.28)

These results show that the Gelbrich ambiguity set provides an outer approximation
of the Wasserstein ambiguity set. However, the approximation can be exact if the dis-
tributional ambiguity is limited to affine transformations with positive semi-definite
matrices.
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6.3.2. Distributionally Robust Chance Constraints

Note that the chance constraints (6.3e)–(6.3f) are imposed on scalar random variables
a⊤u,iU (k) and a⊤y,iY (k), both of which are affinely transformed from Wf. To investigate
the distributionally robust formulation of (6.3e)–(6.3f), without loss of generality, we
consider a general scalar random variable M generated from Wf via an affine mapping,
i.e.,

M = a⊤Wf + b, (6.29)

where a, b ∈ RnwN are determined from the optimization decision variables ū and KN .
Consider the distributionally robust formulation of chance constraints

∀Wf ∈ Gρ(m̄, Γ̄), P[M ≤ 1] ≥ γ, (6.30)

which requires the chance constraints to hold for all possible Wf within the Gelbrich
ambiguity set Gρ(m̄, Γ̄).

Lemma 6.3 (Exact reformulation of Gelbrich constraints (Nguyen et al., 2021)): Consider a
scalar random variable M satisfying (6.29) with Wf ∈ Gρ(m̄, Γ̄). Then, the distribution-
ally robust chance constraint (6.30) is equivalent to the following reformulation

a⊤m̄+ b+ α(γ)
√
a⊤Γ̄a+ ρ

√
1 + α(γ)2∥a∥ ≤ 1, (6.31)

where α(γ) is the concentration factor in (3.19), which can be further reduced by re-
stricting the distribution type of Wf.

The above formulation requires an explicit expression for the map M = a⊤Wf + b.
However, in the case of M ∈

{
a⊤u,iU (k) , a⊤y,iY (k)

}
within OCP (6.9), these maps are

implicitly defined through the data-driven propagation (6.9c) and the affine input poli-
cies (6.9d). Instead of explicitly constructing these maps, we can extract a by leveraging
the PCE coefficients of W and M . Consequently, the following proposition provides
an exact reformulation of (6.30) in terms of PCE coefficients.

Proposition 6.1 (Exact PCE reformulation of Gelbrich constraints): Consider the PCE of
a nominal future disturbance trajectory W̄f

.
=
∑L−1

j=0 w̄j
fϕ

j with and a nominal M̄ .
=∑L−1

j=0 m̄jϕj satisfying M̄ = a⊤W̄f + b.
Consider the true M satisfying (6.29) with Wf ∈ Gρ

(
E[W̄f],Σ[W̄f]

)
. Then, the distri-

butionally robust chance constraint (6.30) is equivalent to the following reformulation
in terms of PCE coefficients

m̄0 + α(γ)

√√√√L−1∑
j=1

∥m̄j∥2∥ϕj∥2 + ρ
√

1 + α(γ)2

∥∥∥∥∥
((
H1(w̄

[1,L−1]
f )

)†)⊤

m̄[1,L−1]

∥∥∥∥∥ ≤ 1. (6.32)

This can be equivalently reformulated as the following two second-order cone con-
straints

m̄0 + α(γ)

√√√√L−1∑
j=1

∥m̄j∥2∥ϕj∥2 + t ≤ 1,

t ≥ 0, ρ
√
1 + α(γ)2

∥∥∥∥∥
((
H1(w̄

[1,L−1]
f )

)†)⊤

m̄[1,L−1]

∥∥∥∥∥ ≤ t.

(6.33)
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Proof. Instead of explicitly specifying the nominal moment pair (m̄, Γ̄) as in Lemma 6.3,
we consider a nominal random variable W̄f. With M̄ = a⊤W̄f + b, the chance constraint
reformulation in Lemma 6.3 can be rewritten as

E[M̄ ] + α(γ)
√

µ2(M̄) + ρ
√
1 + α(γ)2∥a∥ ≤ 1, (6.34)

since E[M̄ ] and µ2(M̄) can be directly obtained from the PCE coefficients of M̄ , the
remaining challenge is to obtain a using the PCE coefficients of W̄f and M̄ .

By plugging the PCE coefficients into M̄ = a⊤W̄f + b, we obtain

m̄0 = a⊤w̄0
f + b, m̄j = a⊤w̄j

f .

By horizontally stacking the PCE coefficients from j = 1 to L− 1, we have

H1

(
m̄[1,L−1]

)
= a⊤H1

(
w̄

[1,L−1]
f

)
. (6.35)

Moreover, let Mw
.
= H1(w̄

[1,L−1]
f ), we note that Mw is of full row rank since Σ[W̄f] =

MwM
⊤
w is positive definite. As a result, the Moore-Penrose inverse M†

w serves as the
right inverse, i.e., MwM

†
w = I . Multiplying both sides of (6.35) by M†

w, we obtain

a⊤ = H1

(
m̄[1,L−1]

)
M†

w.

Since H1

(
m̄[1,L−1]

)
= (m̄[1,L−1])⊤, it follows that a = (Mw)

†⊤m̄[1,L−1]. Finally, substitut-
ing the PCE reformulations of M̄ and a into (6.34) leads to (6.32) and its equivalent
reformulation in (6.33).

This result appeared previously as Proposition 1 of Pan et al., 2023a with ρ = 0.

Remark 6.3 (Construction of W̄f): The preceding analysis assumes that the nominal dis-
turbances W̄f are represented as random variables. However, in cases where only the
nominal moment pair (m̄, Γ̄) is available, with Γ̄ ≻ 0, we can proceed as follows. By
Lemma 3.2, we can construct a nominal random variable W̄f = m̄ +Mwξ where Mw ∈
RNnw×nξ is a full row-rank decomposition of Γ̄, satisfying MwM

⊤
w = Γ̄, with nξ > Nnw.

The distribution of ξ ∈ L2 (Ω,F , µ;Rnξ) is unspecified, but its elements {ξj}
nξ

j=1 are
independently distributed with zero mean and unit variance. As a result, the basis
P1(ξ) = {1, ξ1, ..., ξNnw} forms a valid orthonormal PCE basis, allowing for an exact
PCE representation of W̄f. Specifically, W̄f =

∑nξ

j=0 w̄
j
fϕ

j with H1(w̄
[1,nξ]

f ) = Mw. This
construction ensures that W̄f has the prescribed first- and second-order moments, even
in the absence of an explicit probability distribution.

Consider the PCE of a nominal future trajectory of disturbances W̄f =
∑L−1

j=0 w̄j
fϕ

j is
given. We denote the shorthand notation for (6.33) as (m̄[0,L−1], t) ∈ DRCρ(W̄f). This
leads us to the distributionally robust extension of OCP (6.9) as follows

min
ū,KN ,u,y,g,t

N−1∑
k=0

L−1∑
j=0

(
∥yj (k) ∥2Q+∥uj (k) ∥2R

)
∥ϕj∥2 (6.36a)

subject toHpg
j = δ0j[u⊤

p , y
⊤
p , w

⊤
p ]

⊤, ∀j ∈ I[0,L−1], (6.36b)

Hfg
j = [uj⊤f , yj⊤f , w̄j⊤

f ]⊤, ∀j ∈ I[0,L−1], (6.36c)
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Figure 6.1.: Schematic of a mass-spring-damper system

ujf = δ0jūf +KN w̄
j
f , ∀j ∈ I[1,L−1], (6.36d)(

a⊤u,iu
[0,L−1] (k) , tu,i

)
∈ DRCρ(W̄f), ∀i ∈ I[1,Nu], k ∈ I[0,N−1], (6.36e)(

a⊤y,iy
[0,L−1] (k) , ty,i

)
∈ DRCρ(W̄f), ∀i ∈ I[1,Ny ], k ∈ I[0,N−1]. (6.36f)

Aside from the distributionally robust chance constraints (6.36e)–(6.36f), the remaining
components of (6.36) are expressed in terms of the PCE coefficients of the nominal
disturbances W̄f. Hence, (6.36) reduces to OCP (6.9) when ρ = 0. In practice, the
parameter ρ ∈ R+ can be incrementally tuned from 0 to enhance the distributionally
robust satisfaction of chance constraints compared to (6.9).

6.4. Case Study: Mass-Spring-Damper System

6.4.1. Simulation Setup

We consider a mass-spring-damper system as shown in Figure 6.1. The system consists
of two masses m1 = 2kg and m2 = 0.5 kg, two springs with constants k1 = 6N/m and
k2 = 1.5N/m, and two dampers with coefficients b1 = 3Ns/m and b2 = 1Ns/m. An
external input force, denoted as u(t) [N], is applied to m1, while a disturbance force,
represented by w(t) [N], acts on m2. The displacements of m1 and m2 are considered as
the system outputs, denoted as y1(t) [m] and y2(t) [m], respectively.

The system can be modeled by the following equations. For m1, we have

m1ÿ1(t) = u(t)− k1y1(t)− b1ẏ1(t)− k2 (y1(t)− y2(t))− b2 (ẏ1(t)− ẏ2(t)) .

For m2, we have

m2ÿ2(t) = w(t)− k2 (y2(t)− y1(t))− b2 (ẏ2(t)− ẏ1(t)) .

By considering the state variable x(t) =
[
y1(t) ẏ1(t) y2(t) ẏ2(t)

]
and a sampling in-

stant 0.4s, we obtain the following state-space representation

x(k + 1) =


0.7863 0.2564 0.0331 0.0273
−0.8797 0.3279 0.1105 0.1068
0.1219 0.1090 0.8296 0.2616
0.3760 0.4270 −0.7030 0.3610

x(k) +


0.0301
0.1282
0.0081
0.0545

u(k) +


0.0081
0.0545
0.1217
0.5232

w(k),

y(k) =

[
1 0 0 0
0 0 1 0

]
x(k).
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Since we are exploring data-driven control design, the system matrices mentioned
above are not directly accessible to the controller; they are only used as part of the
simulated environment.

The disturbance force w(k), k ∈ N, is modeled as a realization of a random-walk pro-
cess, given by

w (k)
.
= W (k, ω), W (k+1) = W (k)+

2
√
3

30
ξ(k+1), W (0) =

2
√
3

30
ξ(0), ξ(k) ∼

√
3U([−1, 1])

with the stochastic germ ξ(k) to be i.i.d. uniform distributed over k ∈ N. Moreover,
we have E[ξ(k)] = 0 and µ2(ξ(k)) = 1 for all k ∈ N. Note that the random-walk
process W has increments (W (k + 1)−W (k)) ∼ U(−0.2, 0.2) to be i.i.d. and uniformly
distributed. Consequently, W itself is neither i.i.d. nor Gaussian.

In addition, we consider a system lag of ℓ = 2, a control horizon N = 10, and weight-
ing matrices Q = 10I2 and R = 1. The chance constraints require that U(k) ≤ 0.5,
U(k) ≥ −0.5, Y1(k) ≤ 5, and Y1(k) ≥ −5 are satisfied individually with a probability of
no less than γ = 90% for k ∈ I[0,N−1].

To construct exact PCEs, we consider the basis

{ϕj}L−1
j=0 = P1(ξ[0,N−1]) = {1, ξ (0) , · · · , ξ (N − 1)}

with L = 1 +N . Since ξ(k) is i.i.d. and has unit variance, the basis is orthonormal. We
note that (U, Y,W )[0,N−1] admit exact PCEs in {ϕj}L−1

j=0 , with k ∈ I[0,N−1],

wj (k) =


(k + 1)µ, j = 0,

σ, 1 ≤ j ≤ k + 1,

0, else.

(6.37)

In other words, (U, Y,W )[0,N−1] can be mapped from ξ[0,N−1] via affine mappings. Fur-
thermore, since the uniform distribution is symmetric and linear unimodal, and ξ (k)
is i.i.d. uniform, it follows from Lemma 3.7 that U(k) and Y (k) are also symmetric
linear unimodal for all k ∈ I[0,N−1]. Hence, the concentration factor in (6.9e) is chosen

accordingly as α(γ) = 2/
(
3
√
2 · 0.1

)
≈ 1.491.

To construct OCPs (6.9) and (6.36) using measured data, we first apply T = 160
random inputs ud

[0,T−1] to the system and record the output responses yd
[0,T−1] as well as

the realized disturbances wd
[0,T−1]. Then, we use this data to construct Hankel matrices

and estimate the mean and variance of the increment W (k + 1) − W (k). With the
recorded disturbance trajectory wd

[0,T−1], we compute the empirical mean and variance
of the increment as follows

µ̄ =
1

T − 1

T−2∑
k=0

(wd(k + 1)− wd(k)), σ̄2 =
1

T − 2

T−2∑
k=0

(wd(k + 1)− wd(k)− µ̄)2.

Specifically, the estimates yield µ̄ ≈ −0.0176 and σ̄2 ≈ 0.0121, in contrast to the true
values µtrue = 0 and σ2

true ≈ 0.0133. By replacing µtrue and σtrue with µ̄ and σ̄ in (6.37),
we obtain the estimated PCE coefficients w̄j(k) for k ∈ I[0,N−11] and j ∈ I[0,L−1]. Note
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Figure 6.2.: Comparison of computation time and open-loop performance for OCP (6.9) with the full
control policy (6.4) and the simplified control policy (6.11) for different control horizons N

that the estimated disturbance trajectory W̄f =
∑L−1

j=0 w̄j
fϕ

j can be linked to the true one
Wf =

∑L−1
j=0 wj

fϕ
j via an affine transformation, i.e.,

W̄f =
σtrue

σ̄
INWf −

σtrueµ̄

σ̄
. (6.38)

Since
σtrue

σ̄
IN is positive definite, it follows from Lemma 6.2 and the orthonormality of

the basis that the Gelbrich distance between the moment pairs of Wf and W̄f is the same
as the distance between their PCE coefficients

G
((
E[Wf],Σ[Wf]

)
,
(
E[W̄f],Σ[W̄f]

))
=
∥∥∥w[0,L−1]

[0,N−1] − w̄
[0,L−1]
[0,N−1]

∥∥∥ ≈ 0.564 for N = 14. (6.39)

6.4.2. Simplified Policy vs. Full Policy

We first examine the influence of using the simplified control policy in (6.11) instead of
the full policy in (6.4). To this end, we solve (6.9) with the initial condition[

u⊤
p w⊤

p y⊤p
]
=
[
0.0715 0.0019 −2.7489 −2.8328 4 4 3.2568 3.4721

]
(6.40)

and the PCE coefficients of the exact Wf using policies with different control horizons
N = 6, 8, · · · , 30. Moreover, we eliminate the equalities in OCP (6.9) by using the
explicit solution to the Hankel representation, similarly to (2.27).

As shown in Figure 6.2, the computation time (top-left plot) grows significantly as
N increases, particularly for the full policy in (6.4) (dashed black line), compared to
the simplified policy (6.4b) (solid blue line). This observation aligns with the com-
plexity analyses (6.10) and (6.12). In the bottom-left plot, the computation time ratio
(full/simplified) indicates the relative computational expense of the full policy com-
pared to the simplified one. This ratio steadily increases and exceeds 15 for horizons

100



6.4. Case Study: Mass-Spring-Damper System

Table 6.1.: Comparison of the computation times, the average costs, and the number of violations for
1000 realized open-loop trajectories. The results are presented for OCP (6.9) using both true
and estimated PCE coefficients, as well as for OCP (6.36) with estimated PCE coefficients for
different values of ρ ∈ R+.

Case Computation time ℓ max
k

Pu (k) max
k

Pl (k)

true 0.623 18.80 1.7%, k = 5 7.4%, k = 9
estimated 0.647 18.80 3.6%, k = 5 14.9%, k = 9
ρ = 0.01 0.958 18.80 0 13.7%, k = 9
ρ = 0.1 1.131 18.80 0 5.8%, k = 9
ρ = 0.2 1.157 18.81 0 0.8%, k = 8
ρ = 0.4 1.457 18.81 0 0
ρ = 0.6 1.535 18.81 0 0

larger than 30. These two plots highlights the growing computational burden of the
full control policy compared to the simplified one.

The top-right and bottom-right plots both examine the open-loop performance of the
full and simplified control policies. To this end, we define the average stage cost ℓ as

ℓ(N) =
1

Ns

Ns−1∑
i=0

N−1∑
k=0

∥ui (k) ∥2R + ∥yi (k) ∥2Q, (6.41)

where (ui, yi) represents the realization trajectory corresponding to the disturbance re-
alization wi, i ∈ I[0,Ns−1], and Ns = 1000 samples are evaluated. In the top-right plot,
the average stage cost ℓ(N) decreases as the control horizon N increases. Both poli-
cies show almost identical performance in reducing the cost. The bottom-right plot
presents the relative cost difference

(
ℓsimp(N)− ℓfull(N)

)
/ℓfull(N). As N increases, the

cost difference remains small but gradually grows to around 0.8%. This indicates that
while the simplified policy leads to a slightly higher cost, it remains very close in per-
formance to the full policy.

In summary, these plots demonstrate that while the computational cost of the full
policy increases significantly with N , the simplified policy offers a more efficient alter-
native with only a minor trade-off in performance.

6.4.3. Distributionally Robust Implementation

In the following, we investigate the impact of incorporating distributionally robust
chance constraints when using the estimated PCE coefficients, w̄, instead of the true
values. To do this, we compare the optimal policies obtained by

i) solving (6.9) with the PCE coefficients of the true Wf,

ii) solving (6.9) with the PCE coefficients of the estimated W̄f from (6.38),

iii) and solving the distributionally robust OCP (6.36) with the estimated PCE coeffi-
cients for different values of the Gelbrich radius, ρ ∈ R+.

In all scenarios, we use the initial condition from (6.40), apply the simplified policy in
(6.11), and set the control horizon to N = 14.
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Next, we generate 1000 different disturbance realization sequences, each of length
N = 14, and compute the corresponding open-loop responses by applying the ob-
tained optimal policies. The computation times, the average stage cost, and the highest
empirical relative frequency of constraint violations maxk Pl (k), maxk Pu (k) are sum-
marized in Table 6.1. Here, the empirical relative frequency of constraint violation
Pl (k) represents the percentage of time instants where u (k) < −0.5 over all 1000 re-
alizations at time instant k ∈ I[0,N−1], and Pu (k) is defined similarly for u (k) > 0.5.
We note that there are no violations of the output constraints in this example across all
scenarios.

As shown in Table 6.1, while the average stage costs remain consistent across all
approaches, using estimated coefficients leads to more frequent constraint violations
compared to using true coefficients. Specifically, without including distributional ro-
bustness, the maximum violation rate for the estimated coefficients exceeds the al-
lowed 10% violation rate. However, incorporating distributionally robust constraints
reduces violations. In particular, for ρ = 0.1, the maximum violation rate drops below
drops below 10%, and for ρ ≥ 0.4, there are no violations. However, this robustness
comes at the cost of increased computation time due to the additional second-order
cone constraints in OCP (6.36), compared to OCP (6.9).

It is important to note that although ρ ≥ 0.564 is required to ensure that the Gelbrich

Figure 6.3.: Input and output response for 1000 disturbance sequences across three cases: using the
true PCE coefficients, the estimated coefficients, and the estimated coefficients with ambi-
guity radius ρ = 0.1. Dark-solid lines represent the mean trajectories of the response. Grey
dash-dotted lines represent the 90% and 10% empirical quantile paths. Red crosses high-
light the points where chance constraints are violated, i.e., where quantile values exceed
the defined constraints (dark-dash line) .
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radius is larger than the Gelbrich distance in (6.39), we can incrementally tune ρ from
ρ = 0 and opt for the minimal value that ensures the empirical violation rate to be be-
low the allowed threshold. This tuning approach prevents unnecessary conservatism
while maintaining robustness.

Figure 6.3 compares the input and output responses for the 1000 disturbance se-
quences across the “true”, “estimated”, and “ρ = 0.1” cases from Table 6.1. Here,
dark-solid lines represent the mean response, and grey dash-dotted lines show the 10-
th and 90-th empirical quantile values of the response trajectories. In the middle plot
(with estimated coefficients), red crosses highlight time points where the 10-th quantile
of the inputs violates the lower constraint U = −0.5. This indicates the violations of
the chance constraint P[U (k) ≥ −0.5] ≥ 0.9 in the absence of distributional robustness.
In contrast, no such violations are observed when using true PCE coefficients or when
applying the distributionally robust chance constraint with ρ = 0.1. Overall, the figure
illustrates that incorporating distributional robustness effectively mitigates constraint
violations while maintaining control performance comparable to the true PCE case.

6.5. Summary

In this chapter, we addressed the challenges of optimal control for stochastic discrete-
time LTI systems under exogenous disturbances. We began by formulating a model-
based stochastic OCP that incorporated disturbance-feedback control policies and chance
constraints. Next, we introduced a data-driven reformulation of the OCP using PCE
and established conditions for the equivalence between model-based and data-driven
OCPs. We also provided a proof demonstrating the optimality of affine disturbance-
feedback policies. This part of the results is based on Pan et al., 2023c.

Additionally, we extended the analysis to cases involving Gelbrich ambiguity, which
enhances distributional robustness against uncertainty in future disturbance predic-
tions. This extension builds upon the results presented in Pan et al., 2023a. Finally,
we concluded with numerical simulations that demonstrated the efficacy of the pro-
posed data-driven stochastic control approach. Specifically, we observed that using
simplified control policies and a properly tuned Gelbrich radius enables distribution-
ally robust optimal control while maintaining low computational effort.

103





7. Data-Driven Stochastic Output-Feedback Predictive
Control

In this chapter, we extend the data-driven optimal control framework developed in
the previous chapters to address stochastic output-feedback predictive control. While
our earlier discussions focused on open-loop control, we now shift our attention to
predictive control strategies that ensure closed-loop guarantees despite the presence
of stochastic uncertainties. This chapter builds upon the results presented by Pan et
al., 2023b, 2025a,b.

7.1. Stochastic Output-Feedback Predictive Control

In this chapter, we consider the input-output dynamics of stochastic discrete-time LTI
systems with the residual disturbance V ,

Y (k) = ΞZ (k) +DU (k) + V (k) , Z (0) = z̄ (0) , (7.1)

which is the same as (5.2). Here, we do not explicitly consider exogenous disturbances
W ; instead, these disturbances are captured within the residual disturbance V . More-
over, instead of having exact knowledge of the disturbance V (k), k ∈ N, we assume
the following.

Assumption 7.1 (Disturbance with known first two moments): For all k ∈ N, we consider
i.i.d., possibly non-Gaussian, disturbances with zero mean E[V (k)] = 0 and covariance
Σ[V (k)] = ΣV .

In practice, the first two moments—mean and covariance—of the disturbance can be
obtained through empirical estimation from previously measured or estimated distur-
bances. We present our main results assuming that the disturbances are i.i.d. with zero
mean. Extensions to non-i.i.d. settings are discussed in Remark 7.1.

Recall that the extended state Z (k) collects the last ℓ ∈ N+ inputs and outputs,

Z (k)
.
=

[
U[k−ℓ,k−1]

Y[k−ℓ,k−1]

]
∈ L2(Ω,Fk−1, µ;Rnz). (7.2)

The state-space representation of (7.1) with Z (k) as the state is given by

Z (k + 1) = ÃZ (k) + B̃U (k) + H̃V (k) , Y (k) = H̃⊤Z (k + 1) . (7.3)

with Ã =

[
Ā

Ξ

]
, B̃ =

[
B̄

D

]
, H̃ =

[
0
Iny

]
and Ā, B̄ from (2.22). As shown by Berberich

et al., 2021; De Persis et al., 2019; Sadamoto, 2023, the benefit of considering (7.2) is that
it allows us to leverage data-driven state-feedback design concepts to achieve output
feedback control. To this end, we make the following assumption.

Assumption 7.2: The pair
(
Ã, B̃

)
from (7.3) is stabilizable.

This assumption ensures that system (7.3) is stabilizable when V = 0. In the presence
of stochastic disturbances, we remark that

(
Ã, [B̃, H̃]

)
remains controllable regardless

of the system matrices (Ξ, D) as shown in Lemma 5.2.
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The focus of this chapter is then to design a feedback law u (k) = κk(z (k)) via a
data-driven stochastic predictive control approach. Instead of estimating the internal
state x, we utilize past inputs and outputs to construct the extended state z. Hence, the
resulting control strategy is output-feedback. In addition, the influence of the distur-
bances V (k) is implicitly handled via state recursion, eliminating the need for direct
measurement of the residual disturbance.

For a specific uncertainty outcome ω ∈ Ω, we denote the realization of V (k) as v (k) .
=

V (k, ω). Likewise, the realizations of input, output, and extended state are written as

u (k)
.
= U(k, ω), y (k)

.
= Y (k, ω), z (k)

.
= Z(k, ω).

For a specific outcome, the stochastic system (7.1) induces the realization dynamics, i.e.,
the dynamics satisfied by path-wise sampled trajectories,

y (k) = Ξz (k) +Du (k) + v (k) , z (0) = z̄ (0) . (7.4)

Assumption 7.3 (Data availability): While the system matrices Ξ ∈ Rny×nz and D ∈
Rny×nu are considered to be unknown, throughout this chapter, inputs and outputs,
i.e., u (k) and y (k) are available at time k through measurements.

To present the main theoretical results, we initially assume perfect knowledge of the
disturbance realizations v (k). Then, we perform a robustness analysis of the proposed
scheme when using the estimated realizations from (5.16).

7.1.1. Conceptual Model-Based Formulation

Next, we present a conceptual framework for stochastic output feedback predictive
control. We begin with a model-based exposition and then discuss the challenges of
transitioning to a data-driven setting, focusing on ensuring closed-loop guarantees.

At time instant k, we denote the predicted input, output, disturbance, and the ex-
tended state at time k + t for t ∈ I[0,N−1] as U (t | k), Y (t | k), V (t | k), and Z (t | k),
respectively. For a prediction horizon N ∈ N+, we consider the following predicted
dynamics

Z (t+ 1 | k) = ÃZ (t | k) + B̃U (t | k) + H̃V (t | k) , Y (k) = H̃⊤Z (t+ 1 | k)
Z (0 | k) = Z̄ (k) .

For shorthand, we use subscript f to denote the predictions over the horizon [k, k+N−
1] at time k. Here, we consider a stochastic initial condition Z̄ (k) ∈ L2 (Ω,F , µ;Rnz)
instead of simply using the measurement z(k) ∈ Rnz . In Section 7.2, we will show that
the design of Z̄ (k) is the key to establishing the recursive feasibility of our algorithm.
Since the first two moments of the disturbance are given in Assumption 7.1, we assume
that the disturbance sequence Vf resides in the Cantelli ambiguity set C(0, IN ⊗ ΣV ),
where ⊗ denotes the Kronecker product. Additionally, we allow for an ambiguous
initial condition Z̄(k) ∈ C(m (k) ,Σ (k)).

With the predicted dynamics, the conceptual model-based OCP to be solved at time
step k reads

min
Zf(k),Uf(k),Yf(k),KN (k),ūf(k)

JN (Uf(k), Yf(k), Z (N | k) , z (k)) (7.5a)
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subject to ∀Z̄(k) ∈ C(m (k) ,Σ (k)), ∀Vf ∈ C(0, IN ⊗ ΣV ), ∀t ∈ I[0,N−1]

Z (t+ 1 | k) = ÃZ (t | k) + B̃U (t | k) + H̃V (k + t) , Y (t | k) = H̃⊤Z (t+ 1 | k) , (7.5b)
Z (0 | k) = Z̄ (k) , (7.5c)

U (t | k) = ū (t | k) +K (t | k) Z̄ (k) +
∑t−1

j=0K (t, j | k)V (k + j) , (7.5d)

P
[
a⊤u,iU (t | k) ≤ 1

]
≥ γu, ∀i ∈ I[1,Nu], (7.5e)

P
[
a⊤y,iY (t | k) ≤ 1

]
≥ γy, ∀i ∈ I[1,Ny ], (7.5f)

E [Z (N | k)] ∈ ZF, E
[
∥Z (N | k) ∥2Γ

]
≤ τ. (7.5g)

As the knowledge of the initial condition and of the disturbance is limited to the first
two moments, we consider a distributionally robust formulation where the initial con-
dition and the disturbance sequence are taken from Cantelli ambiguity sets (3.20).

We consider the objective functional JN from (7.5a) by

JN (Uf(k), Yf(k), Z (N | k) , z (k)) .
=

E

[
N−1∑
t=0

(∥Y (t | k) ∥2Q + ∥U (t | k) ∥2R) + ∥Z (N | k) ∥2P

∣∣∣∣∣ Z̄(k, ω) = z (k)

]
.

The objective functional represents the sum of conditional expected values of the pre-
dicted stage costs with weight matrices R = R⊤ ≻ 0, Q = Q⊤ ⪰ 0, and P = P⊤ ⪰ 0.
Specifically, the matrix P = P⊤ ⪰ 0 specifies the terminal cost associated with the
predicted extended state Z (N | k).

Rather than considering the expectation over all outcomes ω ∈ Ω, we focus on the
conditional expectation for the outcomes {ω | Z̄(k, ω) = z (k)}. Here, the realization
z (k) ∈ Rnz is constructed by stacking past ℓ measured inputs and outputs following
the structure of (7.2). Similar to Hewing et al., 2020b, this approach allows including
the measured z (k) to enhance performance while considering the stochastic Z̄ (k) to
ensure feasibility. As will be shown in Section 7.2.2, the stochastic initial condition
Z̄ (k) can be designed to guarantee recursive feasibility, while z (k) in (7.5a) is used to
establish average performance decay.

Following the open-loop optimal control strategy from the previous chapter, we im-
pose causal and affine feedback policies using (7.5d). Moreover, due to the stochastic
nature of the initial condition Z̄ (k), we introduce K (t | k) as an additional feedback
gain from Z̄ (k) to U (t | k). Compactly, we define KN(k) ∈ RNnu×(nz+Nnw) as

KN(k)
.
=


K (0 | k) 0 0 · · · 0
K (1 | k) K (1, 0 | k) 0 · · · 0

...
... . . . . . . ...

K (N − 1 | k) K (N − 1, 0 | k) · · · K (N − 1, N − 2 | k) 0

 ,

which transforms (7.5d) into the following compact form

Uf(k) = ūf(k) +KN(k)

[
Z̄ (k)
Vf(k)

]
.

After solving (7.5), the closed-loop input applied in each time instant is

u (k) = ū⋆ (0 | k) +K⋆ (0 | k) z (k) (7.6)
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where z (k) is the current measured extended state, and is also the realization of the
stochastic initial condition Z̄ (k). Thus, u (k) represents the realized value of U (0 | k).

Although OCP (7.5) utilizes disturbance-feedback policies, its closed-loop imple-
mentations do not require explicit knowledge of disturbance realizations. Instead, as
shown in (7.6), the implementation results in an output-feedback policy since the ex-
tended state z (k) is constructed from past inputs and outputs.

Additionally, we impose distributionally robust chance constraints on U (t | k) and
Y (t | k) for all t ∈ I[0,N−1] using (7.5e)–(7.5f), ensuring that these constraints hold for all
disturbances in the Cantelli ambiguity set. Specifically, we define Nu input constraints
as individual half-space constraints with probability γu, where au,i ∈ Rnu for i ∈ I[1,Nu].
Similarly, Ny output constraints are included.

Similar to the terminal ingredients design in state-feedback stochastic MPC (Farina
et al., 2013; Pan et al., 2025b), we consider terminal constraints in (7.5g). These con-
straints require that the expected value of Z (N | k) lies within the set ZF ⊆ Rnz , and the
terminal covariance weighted by Γ ∈ Rnz×nz is bounded by τ ∈ R+.

Furthermore, we impose that the terminal ingredients—including the terminal cost
weight P used in the objective functional (7.5a) and the terminal constraints (7.5g)—are
not predefined but are designed to satisfy the following assumption.

Assumption 7.4 (Terminal ingredients): Consider the system matrices Ã ∈ Rnz×nz , B̃ ∈
Rnz×nu , and H̃ ∈ Rnz×nw from (7.3). We assume that there exist matrices P = P⊤ ⪰ 0
∈ Rnz×nz , Γ = Γ⊤ ⪰ 0 ∈ Rnz×nz , K ∈ Rnu×nz , and a positive real number τ ∈ R+, such
that AK = Ã+ B̃K is Schur stable and

A⊤
KPAK − P = −K⊤RK − A⊤

KH̃QH̃⊤AK , (7.7a)

A⊤
KΓAK − Γ = −Inz , (7.7b)

τ = λmax(Γ) · trace
(
ΣV H̃

⊤ΓH̃
)
. (7.7c)

Moreover, we assume that there exists a set ZF ⊆ Rnz such that for all Z (N | k) satis-
fying (7.5g), we have AKE[Z (N | k)] ∈ ZF, U (N | k) = KZ (N | k) satisfies (7.5e), and
Y (N | k) = H̃⊤AKZ (N | k) + V (N | k) satisfies (7.5f).

Utilizing the not necessarily minimal state-space representation (7.3), Assumption 7.4
modifies the terminal ingredients of the model-based state-feedback case (Farina et al.,
2013) to the output-feedback case. Specifically, (7.7a) is a Lyapunov equality tailored
to the objective function (7.5a) with inputs and outputs; (7.7b)–(7.7c) ensure that the
Γ-weighted norm of the covariance of the terminal extended state remains bounded in
the presence of stochastic disturbances. Note that (7.7a)–(7.7b) are Lyapunov equali-
ties. Thus, the solutions P and Γ exist provided that AK = Ã+ B̃K is Schur stable and
that K⊤RK+A⊤

KH̃QH̃⊤AK is positive definite. In Section 7.2.2, we illustrate the crucial
role that the Lyapunov equalities (7.7a)–(7.7b) play in ensuring closed-loop properties.

The main challenge of adapting (7.5) to a data-driven predictive output-feedback
setting is threefold:

i) The data-driven tractable reformulation of (7.5) involves infinite-dimensional L2

random variables and chance constraints with distributional ambiguity. We ad-
dress this issue in Section 7.1.2 using ideas from Section 6.3.
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ii) The design of a predictive control algorithm with recursive feasibility guarantees
can be achieved via the design of the initial condition; see Section 7.2.

iii) Additionally, the terminal ingredients need to be designed without explicit knowl-
edge of the system matrices; see Section 7.1.3.

7.1.2. Data-Driven Reformulation in PCE Coefficients

Given Z̄(k) ∈ C(m (k) ,Σ (k)) and Vf ∈ C(0, IN ⊗ ΣV ), we construct their bases and
PCEs using covariance decomposition as per Lemma 3.2. With the decompositions
MkM

⊤
k = Σ(k) and MvM

⊤
v = ΣV , with Mk ∈ Rnz×nξ and Mv ∈ Rny×nη , the bases and

PCEs are constructed as follows

P1(ξ (k)), Z̄ (k) = m(k) +Mkξ (k) , t ∈ I[0,N−1].

P1(η (k)), V (k + t) = Mvη (k + t) , t ∈ I[0,N−1].

Moreover, uncertainty propagation through the predicted dynamics (7.5b)–(7.5c) with
affine policies (7.5d) can be achieved using exact PCEs in the following orthonormal
basis

{ϕj(ξ (k))}L−1
j=0

.
= P1(ξ (k)), ξ (k)

.
= [ξ⊤ (k) , η⊤ (k) , ..., η⊤ (k +N − 1)]⊤, (7.8)

where L = Nnη +nξ +1, cf. Lemma 3.3. Due to the distributionally robust formulation
of OCP (7.5), we do not require the exact information of ξ (k) and η (k) for OCP (7.5).
Instead, we consider all possible ξ (k) ∈ C(0, Inξ

) and η (k + t) ∈ C(0, Inη), t ∈ I[0,N−1],
cf. (3.20). In other words, the constraints of OCP (7.5) are required to hold for all
ξ (k) ∈ C(0, INnη+nξ

).
Applying Galerkin projection onto the basis (7.8) yields the dynamics of the PCE

coefficients, for all j ∈ I[0,L−1] and t ∈ I[0,N−1],

zj (t+ 1 | k) = Ãzj (t | k) + B̃uj (t | k) + H̃vj (t | k) , yj (t | k) = H̃⊤zj (t | k + 1) (7.9a)
zj (0 | k) = z̄j (k) , (7.9b)

where the PCE coefficients of Z̄ (k) and Vf (k) for f = [0, N − 1] are

z̄0 (k)
.
= m (k) , H1

(
z̄[1,nξ] (k)

) .
= Mk, z̄

j (k)
.
= 0,∀j ∈ I[nξ+1,L−1],

v0f (k)
.
= 0, H1

(
v
[1,L−1]
f (k)

)
.
= IN ⊗Mv,

(7.10)

Note that the distributional ambiguity surrounding Vf (k) and Z̄ (k) leads to a situ-
ation where the predictions obtained through (7.5b)–(7.5d) are characterized by am-
biguous distributions. However, representing all random variables by their PCEs in
the basis (7.8), we obtain deterministic coefficients that correspond to the mean and
the covariance decomposition. In other words, the distributional ambiguities are en-
coded in the basis {ϕj(ξ (k))}L−1

j=0 with ξ (k) ∈ C(0, INnη+nξ
), cf. (3.20).

Before presenting the data-driven reformulation of OCP (7.5), we first obtain the PCE
reformulation of the objective JN in (7.5a). Recall that (7.5a) is a conditional expectation
for the outcomes {ω | Z̄ (k, ω) = z (k)}. Using the PCE coefficients of Z̄ (k) in (7.10), we
reformulate the set of corresponding outcomes accordingly{

ω
∣∣ z̄0 (k) +H1

(
z̄[1,nξ] (k)

)
ξ (k, ω) = z (k)

}
. (7.11)
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At this point, there are two principal options: either determine ξ (k, ω) prior to opti-
mization or treat it as an additional decision variable. For the further developments,
we temporarily assume that ξ (k, ω) is known, while we show how it can be determined
in Section 7.2.1.

Given the realization ξ (k, ω), the reformulation of (7.5a) reads

JN =
N−1∑
t=0

(ℓu,t (k) + ℓy,t (k)) + ℓz,N (k) , (7.12)

ℓu,t (k) = E
[
∥
∑L−1

j=0 uj (t | k)ϕj(ξ (k))∥2R
∣∣∣ ξ(k, ω)]

= ∥u0 (t | k) +H1

(
u[1,nξ] (t | k)

)
ξ(k, ω)∥2R +

∑L−1
j=nξ+1 ∥uj (t | k) ∥2R,

ℓy,t (k) = ∥y0 (t | k) +H1

(
y[1,nξ] (t | k)

)
ξ(k, ω)∥2Q +

∑L−1
j=nξ+1 ∥yj (t | k) ∥2Q,

ℓz,N (k) = ∥z0N (k) +H1

(
z[1,nξ] (N | k)

)
ξ(k, ω)∥2P +

∑L−1
j=nξ+1 ∥zj (N | k) ∥2P .

Now, consider a realization trajectory of length T , (ud, yd, vd)[0,T−1], from (7.4). Let
p and f denote the ranges [−ℓ,−1] and [0, N − 1], respectively, and follow the same
partitioning of Hankel matrices as in (2.26). Using the extended stochastic fundamen-
tal lemma from Corollary 5.1, we are ready to state the data-driven reformulation of
OCP (7.5). At time instant k, given the PCE coefficients z̄[0,L−1] (k) and v

[0,L−1]
f (k) as in

(7.10), we solve

min
ūf(k),KN (k),uf(k),yf(k),g

JN
(
uf(k), yf(k), z

[0,L−1] (N | k) , ξ(k, ω)
)

(7.13a)

subject to ∀j ∈ I[0,L−1], ∀t ∈ I[0,N−1] Hu,f

Hy,f

Hv,f

 gj =

 ujf (k)

yjf (k)

vjf (k)

 (7.13b)

[
Hu,p

Hy,p

]
gj = z̄j (k) (7.13c)

ujf (k) = δ0jūf(k) +KN (k)

[
z̄j (k)

vjf (k)

]
(7.13d)

a⊤u,iu
0
t|k + σ(εu)∥a⊤u,iH1

(
u[1,L−1] (t | k)

)
∥ ≤ 1,∀i ∈ I[1,Nu] (7.13e)

a⊤y,iy
0
t|k + σ(εy)∥a⊤y,iH1

(
y[1,L−1] (t | k)

)
∥ ≤ 1, ∀i ∈ I[1,Ny ] (7.13f)[

uj[N−ℓ,N−1] (k)

yj[N−ℓ,N−1] (k)

]
= zj (N | k) , z0N (k) ∈ ZF,

∑L−1
j=1 ∥z

j
N (k) ∥2Γ ≤ τ. (7.13g)

Here, uf(k) denotes the shorthand for the collection of all PCE coefficients of Ut (k), i.e.
uj (t | k) for j ∈ I[0,L−1] and t ∈ I[0,N−1]. Similarly, we define yf(k) and g.

The equivalence of OCP (7.5) and OCP (7.13) relies on several factors similar to those
in Theorem 4.3. First, the PCE representations of all random variables are exact by the
construction of basis (7.8). Second, by Corollary 5.1, the data-driven reformulation of
the system dynamics from (7.5b)–(7.5c) to (7.13b)–(7.13c) is exact if the disturbance re-
alization vd

[ℓ,T−1] is known exact. Third, the reformulation of the distributionally robust
chance constraints from (7.5e)–(7.5f) to (7.13e)–(7.13f) is also exact by Proposition 6.1
with ρ = 0. Note that (7.13) does not explicitly depend on the basis {ϕj(ξ)}L−1

j=0 and
thus the knowledge of the exact distribution of ξ ∈ C(0, INnη+nξ

) is not required.
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7.1.3. Data-Driven Design of Terminal Ingredients

We now turn to the data-driven design of terminal ingredients. Consider a realization
trajectory (ud, yd, vd)[0,T−1] of (7.4), with given initial condition (ud, yd)[−ℓ,−1] and distur-
bance realizations vd (k) for k ∈ I[0,T ]. Here, the subscript “d” indicates recorded data.
We have the following assumption regarding the data.

Assumption 7.5: The block matrix

H1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

) ∈ R(nz+nu)×T is of full row rank.

For LTI systems without disturbance, a sufficient condition for Assumption 7.5 to
hold is ℓ ·ny = nx, where nx is the minimal state dimension; see Lemma 13 of Berberich
et al., 2021. This condition requires the system to admit a specific structure, and hence
renders Assumption 7.5 relatively restrictive in disturbance-free scenarios. However,
when disturbances are present, the pair

(
Ã,
[
B̃, H̃

])
in (7.3) is controllable, as shown

in Lemma 5.2. This implies that a sufficient condition for Assumption 7.5 is that
(u, v)d

[0,T−1] is persistently exciting of order nz+1 as shown by Corollary 2 of Willems et
al., 2005. Therefore, the full-rank condition in Assumption 7.5 becomes less restrictive
in the presence of disturbances.

Next, we provide a data-driven surrogate for AK = Ã + B̃K as an extension of the
state-feedback design by De Persis et al., 2019.

Lemma 7.1 (Data-driven surrogate of AK): Let Assumption 7.5 hold. Then, for any given
K ∈ Rnu×nz , there exists a Ψ ∈ RT×nz such thatH1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

)Ψ =

[
I
K

]
. (7.14)

The data-driven reformulation of AK
.
= Ã+ B̃K reads

AK = SΨ, S
.
=

ĀH1

(
zd
[0,T−1]

)
+ B̄H1

(
ud
[0,T−1]

)
H1

(
yd
[0,T−1]

)
−H1

(
vd
[0,T−1]

)  ∈ Rnz×T .

Proof. Observe that (7.14) holds given the full row rank condition of Assumption 7.5.
Horizontally stacking the data of the realization dynamics in (7.4), we have

H1

(
yd
[0,T−1]

)
= [Ξ D]

H1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

)+H1

(
vd
[0,T−1]

)
.

We arrive at AK =
[
Ã B̃

] [Inz

K

]
=

[
Ā B̄

Ξ D

]H1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

)Ψ = SΨ.

A key difference between this result and the approach of De Persis et al., 2019 is that
it leverages the known matrix components Ā and B̄ from (2.22), whereas De Persis et
al., 2019 treat the system matrices [Ã B̃] as unknown.
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Using the data-driven surrogate SΨ for AK , we now focus on constructing K, P , and
Γ. Observe that the Lyapunov equality (7.7a) is equivalent to

A⊤
K

(
P + Q̃

)
AK −

(
P + Q̃

)
= −

(
K⊤RK + Q̃

)
with Q̃

.
= H̃QH̃⊤ ⪰ 0. Since this structure resembles the closed-loop Lyapunov

equation of an LQR design, we select K as the LQR feedback gain for the state-space
model (7.3).

For stabilizable (Ã, B̃), Dörfler et al., 2023b show that the LQR design for (7.3) is
equivalent to

min
P̃∈Rnz×nz ,K∈Rnu×nz

trace
(
Q̃P̃ +K⊤RKP̃

)
(7.15a)

subject to P̃ ⪰ H̃H̃⊤, (Ã+ B̃K)P̃ (Ã+ B̃K)⊤ − P̃ + H̃H̃⊤ ⪯ 0. (7.15b)

Replacing Ã+ B̃K = SΨ and applying the convexification procedure outlined by Dör-
fler et al., 2023b, we obtain the following data-driven and tractable reformulation of
(7.15)

min
X1∈Rnu×nu ,X2∈RT×nz

trace(Q̃H1

(
zd
[0,T−1]

)
X2) + trace(X1) (7.16a)

subject to

H1

(
zd
[0,T−1]

)
X2 − H̃H̃⊤ SX2

⋆ H1

(
zd
[0,T−1]

)
X2

 ⪰ 0, (7.16b)

X1 R
1
2H1

(
ud
[0,T−1]

)
X2

⋆ H1

(
zd
[0,T−1]

)
X2

 ⪰ 0, (7.16c)

with K = H1

(
ud
[0,T−1]

)
X2

(
H1

(
zd
[0,T−1]

)
X2

)−1

and Ψ = X2

(
H1

(
zd
[0,T−1]

)
X2

)−1

.
Using K and Ψ, we compute P and Γ by solving

Ψ⊤S⊤(P + Q̃)SΨ− P = −K⊤RK, (7.17a)

Ψ⊤S⊤ΓSΨ− Γ = −Inz . (7.17b)

We compute τ using (7.7c). Finally, we define the terminal constraint on the expected
value ZF as a sublevel set of the terminal cost: ZF

.
= {z ∈ Rnz | ∥z∥2P ≤ εz} where

εz ∈ R+ is chosen sufficiently small to ensure that Assumption 7.4 holds.

7.2. Closed-Loop Guarantees

Next, we introduce our output-feedback stochastic data-driven predictive control scheme
based on OCP (7.13). To this end, we design a stochastic initial condition to ensure re-
cursive feasibility and then conduct a closed-loop analysis of the proposed predictive
control scheme.

112



7.2. Closed-Loop Guarantees

7.2.1. Recursive Feasibility

Given the measured past ℓ input and output realizations, i.e. the current realization
z (k) of the extended state Z (k), one can set the initial condition of (7.13) as

z̄j (k) = δ0jz (k) , j ∈ I[0,L−1] (7.18)

with δ0j as the Kronecker delta. In other words, we construct a deterministic initial con-
dition by assigning the measured value to the 0-th PCE coefficient while setting higher-
order PCE coefficients, which represent stochastic uncertainties, to zero. Henceforth,
we refer to (7.18) as the measured initial condition.

However, at time step k, OCP (7.13) may become infeasible, for example, if the dis-
turbance V has infinite support and a large realization v (k − 1) occurs at step k − 1. If
so, we rely on a so-called backup initial condition to ensure recursive feasibility. For the
underlying concept from model-based stochastic predictive control, we refer to Farina
et al., 2013; Hewing et al., 2018.

Similar to deterministic predictive control, one way for constructing a backup ini-
tial condition Z̄ (k) is to consider its predicted value based on the optimal solution of
the last OCP solved, i.e. Z̄ (k) = Z⋆ (1 | k − 1). However, the one-step prediction of
Z⋆ (1 | k − 1) by (7.3) with the last initial condition Z̄ (k − 1) involves the stochastic un-
certainty of V (k − 1). This leads to the growth of the PCE basis; see, e.g. Pan et al.,
2025b. Here, using the insights of Lemma 3.2, we update the basis (7.8) at each time
instant to keep its dimensionality constant.

For all k ∈ N, we can define a feasibility-preserving initial condition for OCP (7.13) in
this updated basis. At time instant k− 1, suppose OCP (7.13) is feasible with the initial
condition z̄ (k − 1) , where z̄j (k − 1) = 0 for all j ∈ I[1+nξ,L−1]. The optimal solution of
the OCP determines a prediction

Z⋆ (1 | k − 1) = z0,⋆ (1 | k − 1) +H1

(
z[1,nξ+nη ],⋆ (1 | k − 1)

) [ξ (k − 1)
η (k − 1)

]
.

Note that the above represents an exact PCE of Z⋆ (1 | k − 1) with dimensionality nξ +
nη. To avoid any dimension growth of the PCE basis, we design an orthonormal pro-
jection matrix T (k) ∈ R(nξ+nη)×nξ , i.e., T⊤ (k)T (k) = Inξ

.

Proposition 7.1 (Recursive feasibility with updated basis (Pan et al., 2025a)): Let Assump-
tions 7.3–7.4 hold. At time instant k − 1, suppose OCP (7.13) is feasible in the ba-
sis {ϕj(ξ (k − 1))}L−1

j=0 from (7.8). Then, at time instant k, for any orthonormal matrix
T (k) ∈ R(nξ+nη)×nξ satisfying T⊤ (k)T (k) = Inξ

, considering {ϕj(ξ (k))}L−1
j=0 with

ξ (k)
.
= T⊤ (k)

[
ξ (k − 1)
η (k − 1)

]
, ξ (k)

.
= [ξ⊤ (k) , η⊤ (k) , ..., η⊤ (k +N − 1)]⊤, (7.19)

OCP (7.13) is feasible with the initial condition z̄ (k) with z̄j (k)
.
= 0 for all j ∈ I[1+nξ,L−1]

and

z̄0 (k)
.
= z0,⋆ (1 | k − 1) , H1

(
z̄[1,nξ] (k)

) .
= H1

(
z[1,nξ+nη ],⋆ (1 | k − 1)

)
T (k) . (7.20)

The detailed proof is given in Section A.1. Observe that the updated ξ (k) still sat-
isfies ξ (k) ∈ C(0, INnη+nξ

), ensuring that the chance constraint reformulation remains
valid.
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Design of the Projection T (k)

Given the backup initial condition (7.20) in terms of PCE coefficients, its random-
variable counterpart is expressed as

Z̄ (k) = z̄0 (k) +H1

(
z̄[1,nξ] (k)

)
ξ (k)

= z0,⋆ (1 | k − 1) +H1

(
z[1,nξ+nη ],⋆ (1 | k − 1)

)
T (k)T⊤ (k)

[
ξ (k − 1)
η (k − 1)

]
.

(7.21)

Note that the orthonormal matrix T (k) ∈ R(nξ+nη)×nξ satisfies

T⊤ (k)T (k) = Inξ
, T (k)T⊤ (k) ̸= Inξ+nη .

Thus, using the projection T (k) to prevent the growth of the PCE basis, we do not
achieve the equality Z̄ (k) = Z⋆ (1 | k − 1) almost surely, as considered by Pan et al.,
2025b. Instead, we design T (k) to ensure that the realizations of both the prediction
Z⋆ (1 | k − 1) and the backup initial condition Z̄ (k) coincide with the current measure-
ment z (k). This leads to a conditional equality

Z̄ (k, ω) = Z⋆ (1 | k − 1, ω) , ∀ω ∈ {ω |Z⋆ (1 | k − 1, ω) = z (k)}. (7.22)

To enforce (7.22), we treat ξ (k) ∈ L2(Ω,F , µ;R) in (7.21) as a scalar-valued random
variable with realization

ξ(k, ω) =

∥∥∥∥[ξ (k − 1, ω)
η (k − 1, ω)

]∥∥∥∥ ∈ R. (7.23a)

Moreover, we use the projection

T (k) =
[ξ (k − 1, ω) , η⊤ (k − 1, ω)]⊤

∥[ξ (k − 1, ω) , η⊤ (k − 1, ω)]⊤∥
∈ R(1+nη)×1 (7.23b)

ensuring that

ξ (k, ω) = T⊤ (k)

[
ξ (k − 1, ω)
η (k − 1, ω)

]
, T (k)T⊤ (k)

[
ξ (k − 1, ω)
η (k − 1, ω)

]
=

[
ξ (k − 1, ω)
η (k − 1, ω)

]
.

Substituting this into (7.21) ensures the conditional equality (7.22). Furthermore, recall
that the current measurement z (k) is the realization of the prediction Z⋆ (1 | k − 1), i.e.,

Z⋆
1 (k − 1, ω) = z0,⋆1 (k − 1) +H1

(
z
[1,1+nη ],⋆
1 (k − 1)

)[ξ (k − 1, ω)
η (k − 1, ω)

]
= z (k) .

Since H1

(
z
[2,1+nη ],⋆
1 (k − 1)

)
= H̃Mv by (7.9)–(7.10), we compute η (k − 1, ω) using the

least-square solution to the above equality

η (k − 1, ω) = M†
vH̃

⊤ (z (k)− z0,⋆1 (k − 1)− z1,⋆1 (k − 1) ξ (k − 1, ω)
)
. (7.23c)
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Online Selection of Initial Conditions

To distinguish the initial conditions, we refer to (7.18) as the measured initial condition
and to (7.20) as the backup initial condition. Moreover, we denote the optimal value
function of OCP (7.13) obtained with the measured initial condition (7.18) as V m

N and
to its counterpart obtained with the backup initial condition (7.20) as V b

N . The notion
backup initial condition reflects the principle of using measured data as much as possible,
as it provides feedback. Eventually, we consider an initial condition selection strategy
similar to Farina et al., 2013:

i) At each time instant k ∈ N, initialize V b
N = +∞ and V m

N = +∞.

ii) If the OCP (7.13) with the measured initial condition (7.18) is infeasible, then re-
solve with the backup one (7.20). The optimal cost V b

N is updated correspondingly.

iii) Otherwise, if the OCP (7.13) with the measured initial condition (7.18) is fea-
sible, update the resulting optimal cost V m

N and compare it to the performance
J̄N (k) obtained from a feasible candidate solution, whose construction is detailed
in (A.4). If V m

N ≤ J̄N (k) holds, apply the optimal input obtained with the mea-
sured initial condition.

iv) Else, i.e., whenever V m
N > J̄N (k) holds, we re-solve OCP (7.13) with the backup

initial condition (7.20). Note that due to optimality the resulting V b
N satisfies V b

N ≤
J̄N (k).

It is easy to see that this procedure ensures that the resulting optimal cost at time instant
k satisfies

VN (k)
.
= min

{
V m
N , V b

N

}
≤ J̄N (k) , k ∈ N. (7.24)

Online Interpolation of Initial Conditions

Instead of the selection strategy described above, as proposed in Pan et al., 2023b, we
consider an approach that interpolates between the measured and the backup initial
conditions. In model-based stochastic predictive control this has been considered by
Köhler et al., 2022b; Schlüter et al., 2023, 2022.

Specifically, we define the interpolated initial condition as

z̄0 (k) = µz (k) + (1− µ)z0,⋆ (1 | k − 1) , 0 ≤ µ (k) ≤ 1

H1

(
z̄[1,nξ] (k)

)
= (1− µ)H1

(
z[1,nξ+nη ],⋆ (1 | k − 1)

)
T (k) .

(7.25)

Here, µ (k) ∈ [0, 1] is an additional decision variable governing the interpolation be-
tween the PCE coefficients of the measured and the backup initial conditions. Due to
optimality, this approach also ensures the resulting optimal cost to be minimized, i.e.

VN(k) ≤ J̄N(k), ∀k ∈ N. (7.26)

7.2.2. Closed-Loop Analysis

We are ready to present the main result, i.e., a data-driven stochastic output-feedback
predictive control scheme with closed-loop guarantees based on OCP (7.13). The scheme
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Algorithm 1 Output-feedback stochastic data-driven predictive control algorithm with OCP
(7.13)
Input: T , N , J̄N (0)← +∞, V m

N ← +∞, V b
N ← +∞, k ← 0

Offline data collection:
1: Randomly sample ud (k) ∈ U for k ∈ I[0,T−1]

2: Apply ud
[0,T−1] to system (7.1) under disturbances vd

[0,T−1] for given (ud, yd)[−ℓ,−1], record
yd
[0,T−1]

3: Record vd
[0,T−1] or estimate v̂d

[0,T−1] via (5.16)
4: Determine terminal ingredients (K, P , Γ, τ ) with (ud, vd, yd)[0,T−1]

5: Construct (7.13) with (ud, vd, yd)[0,T−1] and P , Γ and τ

Online optimization with selection of initial conditions
1: Measure z (k) = (u, y)[k−ℓ,k−1]

2: if k ≥ 1 then update T (k), ξ(k, ω), η (k − 1, ω) and J̄N (k)
3: end if
4: Solve OCP (7.13) with the measured initial condition (7.18)
5: if (7.13) is feasible with optimal cost V m

N ≤ J̄N (k) then continue
6: else
7: Solve (7.13) with the backup initial condition (7.20), update V b

N

8: end if
9: Apply u (k) from (7.6) to system (7.4)

10: VN (k)← min{V m
N , V b

N}
11: k ← k + 1, V m

N ← +∞, V b
N ← +∞ go to Step 1

Online optimization with interpolation of initial conditions
1: Measure z (k) = (u, y)[k−ℓ,k−1]

2: if k = 0 then
3: Solve OCP (7.13) with the measured initial condition (7.18)
4: else update T (k), ξ(k, ω), η (k − 1, ω)
5: Solve (7.13) with the interpolated initial condition (7.25) with 0 ≤ µ (k) ≤ 1 as an addi-

tional decision variable
6: end if
7: Apply u (k) from (7.6) to system (7.4)
8: k ← k + 1, go to Step 1

consists of an offline data collection phase and an online optimization phase. We con-
sider two variants of the online phase that includes different initial condition design
strategies. The overall scheme is summarized in Algorithm 1.

In the offline phase, a random input trajectory ud
[0,T−1] is generated to obtain yd

[0,T−1]

under disturbances vd
[0,T−1]. With the recorded input and output, we obtain the esti-

mated disturbance data v̂d
[0,T−1]. These recorded trajectories, along with the estimated

disturbances, are then used to determine the terminal ingredients as proposed in Sec-
tion 7.1.3 and to construct the Hankel matrices required for OCP (7.13).

In the online optimization phase, we assume that the OCP (7.13) is initially feasible
with the measured initial condition at k = 0. At each time instant k, before applying
the initial condition selection strategy, we update η (k − 1, ω), T (k), ξ (k, ω) using (7.23),
based on the measured z (k), the predicted z⋆ (1 | k − 1), and the previous ξ(k − 1, ω).
Subsequently, we update J̄N (k) by evaluating (7.12) with ξ(k, ω) and the feasible can-
didate (A.4). After solving OCP (7.13) with initial condition selection, we obtain the
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optimal policy ū⋆
0(k) and K⋆

0 (k). Then, we obtain the input u (k) from (7.6), which is a
feedback of z (k).

Alternatively, Algorithm 1 includes an online optimization phase that utilizes the
interpolation strategy. By introducing an additional interpolation decision variable,
this approach not only eliminates the need to solve the OCP twice, as required by the
selection strategy, but also simplifies implementation by removing the need to store
and adapt the parameters V m

N , V b
N , and J̄N(k).

Stability Analysis via Averaged Performance Bound

For a given initial condition z̄ (0) and a disturbance realization trajectory {v (k)}k∈N, we
obtain a realization trajectory (u, v, y, z)k∈N of (7.4) by applying the feedback input u (k)
computed from Algorithm 1. Moreover, Algorithm 1 generates a sequence VN (k) ∈ R,
k ∈ N, corresponding to the optimal value functions arising in the closed loop.

Accordingly, for a probabilistic initial condition Z̄(0) and disturbance V (k), k ∈ N,
we determine a stochastic trajectory (Z,U, V, Y )k∈N of (7.1) by setting the realization of
U (k) as u (k). Similarly, we define the probabilistic optimal cost VN (k) ∈ L2(Ω,F , µ;R)
as VN (k, ω)

.
= VN (k). Thus, the tuple (Z,U, V, Y,VN)k∈N represents the probabilistic

collection of all closed-loop realizations.
The next theorem summarizes the closed-loop properties of the proposed scheme.

Theorem 7.1 (Closed-loop properties (Pan et al., 2025a)): Let Assumptions 7.3–7.4 hold
and let the closed-loop stochastic trajectory (Z,U, V, Y,VN)k∈N be determined by Al-
gorithm 1 with perfectly measured disturbance realizations vd

[0,T−1]. Suppose that at
time instant k = 0, OCP (7.13) is feasible under the measured initial condition (7.18).
Then, for

β
.
= trace

(
ΣV (Q+ H̃⊤PH̃)

)
∈ R+ (7.27a)

the following statements hold:

i) For all k ∈ N, OCP (7.13), with the selection (or interpolation) of initial conditions
from Algorithm 1, is feasible.

ii) The probabilistic optimal costs at consecutive time instants satisfy

E [VN (k + 1)− VN (k)] ≤ −E
[
∥U (k) ∥2R + ∥Y (k) ∥2Q

]
+ β. (7.27b)

iii) The average asymptotic cost is bounded from above by

lim
k→∞

1

k

k∑
i=0

E
[
∥U (i) ∥2R + ∥Y (i) ∥2Q

]
≤ β. (7.27c)

The detailed proof is given in Section A.2.
We note that recursive feasibility of the OCP (statement i)) does not guarantee the re-

cursive satisfaction of chance constraints in closed loop, which can be interpreted as the
recursive satisfaction of one-step conditional probability constraints, i.e., P[a⊤y Y (k) ≤
1 | k] ≥ γy. While one-step chance constraints hold when measured initial conditions
are used, with backup initial conditions only P[a⊤y Y (k) ≤ 1, |, k − t] ≥ γy can be guar-
anteed, where k−t, t ∈ I[0,k−1], is the last time a measured initial condition was applied.
We refer the readers to Farina et al., 2016, Remark 1 for a comprehensive discussion.
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Moreover, similar to Cannon et al., 2009; Hewing et al., 2020b, statements ii)-iii) uti-
lize the average asymptotic performance bound as a notion of stability for the stochas-
tic closed-loop dynamics. We note that β stands for the asymptotic average cost calcu-
lated under U (k) = KZ (k) with K corresponding to P via (7.7a). Thus, the proposed
scheme guarantees either improved or equal asymptotic average cost compared to the
feedback policy U (k) = KZ (k) (Hewing et al., 2020b). The equivalence holds when K
is determined by a linear-quadratic Riccati design.

Remark 7.1 (Extension to non-i.i.d. disturbances): If the disturbances have non-zero mean,
one can consider an offset-free data-driven scheme to ensure recursive feasibility and
performance guarantees (Lazar et al., 2022). Conceptually, this offset-free scheme con-
siders the stage cost ∥Y (k) ∥2Q + ∥U (k) − U (k − 1) ∥2R to compensate the mean part
of the disturbance. For cases of zero-mean disturbance, if V (k + t) are independent
but not identically distributed for different t ∈ I[0,N−1], one can still use the basis (7.8).
However, one will obtain different PCE coefficients for each V (k + t). To ensure the
closed-loop properties of Theorem 7.1, one can choose ΣV to be element-wise larger
than all Σ[V (k)], k ∈ N, in this case. However, handling dependent disturbances in the
closed-loop analysis remains an open problem.

Robustness Analysis with Estimated Disturbances

The previous discussions are based on the assumption of exact measurement of past
disturbances. Next, we analyze the closed-loop behavior of Algorithm 1 when past
disturbances are estimated using the method described in (5.16).

Lemma 7.2 (Data-driven one-step representation): Let Assumption 7.5 hold. Then, sys-
tem (7.4) has the following equivalent representation

y (k) =
(
H1

(
yd
[0,T−1]

)
−H1

(
vd
[0,T−1]

))H1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

)† [
z (k)
u (k)

]
+ v (k) . (7.28a)

Moreover, replacing vd with its least-squares estimate v̂d from (5.16), we have the one-
step prediction

ŷ (k) = H1

(
yd
[0,T−1]

)H1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

)† [
z (k)
u (k)

]
+ v (k) . (7.28b)

Proof. The proof of (7.28a) follows arguments similar to those used in the state-feedback
case in Theorem 1 of De Persis et al., 2019. Moreover, with vd replaced by its least-
squares estimate v̂d, we have

ŷ (k) =
(
H1

(
yd
[0,T−1]

)
−H1(v̂

d
[0,T−1])

)H1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

)† [
z (k)
u (k)

]
+ v (k)

(5.16)
= H1

(
yd
[0,T−1]

)H1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

)† [
z (k)
u (k)

]
+ v (k) .
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Notice that the Hankel matrix equation (7.13b) in OCP (7.13) holds for (u, y, v̂)d
[0,T−1]

when combined with the estimated disturbances v̂d
[0,T−1]. They characterize the system

dynamics of (7.28b). We define the underlying model mismatch between (7.28a) and
(7.28b), which arises due to disturbance estimation error, as

∆
.
= H1

(
vd
[0,T−1]

)H1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

)†

∈ Rny×(nz+nu). (7.29)

Assumption 7.6 (Bounded optimal solution): For all z̄[0,L−1] (k) for which OCP (7.13) is
feasible, the set of optimal solutions (u⋆ (k) , y⋆ (k)) of OCP (7.13) is non-empty and
bounded.

Note that this assumption can be satisfied by imposing compact constraints on the
decision variables.

Proposition 7.2 (Robustness of performance (Pan et al., 2025a)): Let Assumption 7.6 and the
conditions of Theorem 7.1 hold. Consider OCP (7.13) with vd

[0,T−1] replaced by v̂d
[0,T−1]

from (5.16). At time instant k = 0, suppose that OCP (7.13) is feasible with the mea-
sured initial condition (7.18). Then, statement i) of Theorem 7.1 holds, and there exists
C ∈ R+ such that

E[VN (k + 1)−VN (k)] ≤ −E

[
∥U (k) ∥2R +

∥∥∥∥Y (k)−∆

[
Z (k)
U (k)

]∥∥∥∥2
Q

]
+β+E

[
C

∥∥∥∥∆ [Z (k)
U (k)

]∥∥∥∥] .
(7.30)

The detailed proof is given in Section A.3. Note that (7.30) reduces to (7.27b) when
there is no model mismatch, i.e., when ∆→ 0.

7.3. Case Study: Aircraft Dynamics

The results of this section have been published in Pan et al., 2025a.
We consider an LTI aircraft model, exactly discretized with sampling time ts = 0.5 s,

taken from Maciejowski, 2002. The ARX matrices are

Ξ =

−0.019 − 1.440 − 0.201 0.256 0.050 0.160 − 0.256 0.086
0.711 − 1.800 − 4.773 3.688 0.650 2.982 − 2.688 1.707
1.444 −26.922 −15.746 12.898 2.319 10.461 −12.897 5.171

 ,

and D = 03×1 with ny = 3, nu = 1, ℓ = 2, and thus nz = 8. A minimal state-space repre-
sentation with nx = 4 is given in Pan et al., 2023c. We consider the ARX dynamics with
data as above, where V (k) , k ∈ N, are i.i.d. random variables following a Gaussian
mixture model, used as the simulated plant. The underlying Gaussian mixture model
is a mixture of

V ∼ 0.5N

−0.005−0.5
−0.05

 ,

0.0001 0 0
0 1 0
0 0 0.01

+ 0.5N

0.0050.5
0.05

 ,

0.0001 0 0
0 1 0
0 0 0.01


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with zero mean. Despite its name, Gaussian mixture models do not correspond to
a single Gaussian distribution. They admit infinite support, which renders recursive
feasibility and robust constraint satisfaction challenging. The corresponding

Mv =

0.011 0.002 0.002
0.002 1.118 0.020
0.002 0.020 0.110


in (7.9) is determined as the principal square root of the disturbance covariance matrix.
Note that Y j denotes the j-th element of Y . We impose chance constraints P[Y 1 (i | k) ≥
−1] ≥ γy and P[Y 1 (i | k) ≤ 1] ≥ γy for all i ∈ I[0,N−1], ensuring that the output remains
within the specified bounds with probability at least γy. We choose γy = 0.9 which
corresponds to α(γy) = 3. The weighting matrices in the stage cost are given by Q =
diag([1, 1, 1]) and R = 1.

We compare two schemes:

I) Algorithm 1 with exact disturbance data.

II) Algorithm 1 with estimated disturbance data.

In the data collection phase of Scheme I), we record an input-output-disturbance tra-
jectory of 1000 steps; while in Scheme II), only the input-output trajectory is recorded
and subsequently used to estimate the disturbance realizations via (5.16).

We use the first 22 recorded input-output data pairs along with the measured or
estimated disturbances to determine the terminal ingredients P , Γ, τ , and ZF for both
schemes using the data-driven procedure outlined in Section 7.1.3. Note that ℓ · ny =
nx does not hold for this system, as 2 · 3 ̸= 4, yet the generated data still satisfies
Assumption 7.5. For the sake of comparison, we also generate a 22-step input-output
trajectory with the same inputs and initial condition without disturbance. We observe
that for this data Assumption 7.5 is not satisfied. This indicates that in the presence of
disturbances, the data requirement condition of Assumption 7.5 is less restrictive than
in the disturbance-free case.

We use MOSEK ApS, 2023 to solve (7.16) for K and H . Compared to the feedback K⋆

obtained by directly solving the usual discrete-time algebraic Riccati equation for the
exact system matrices of (7.3), the relative difference is ∥K −K⋆∥22 · (∥K⋆∥22)−1 = 0.088
for Scheme II), while it is 1.01 · 10−3 for Scheme I). Note that for both cases AK is Schur
stable. Finally, we calculate P and Γ solving (7.17) and thus obtain τ via (7.7c).

We implement Algorithm 1 with a prediction horizon N = 10 using IPOPT (Wächter
et al., 2006). The computations are done on a virtual machine with an AMD EPYC
processer with 2.8 GHz, 32GB of RAM in julia. Similar to before, in the data col-
lection phase we use the first 90 recorded inputs-outputs and measured/estimated
disturbances to construct the Hankel matrices. Applying Lemma 3.2 we obtain the
PCE representation for each component of V (k). Moreover, the dimension of the over-
all PCE basis is L = 1 + nξ + Nnη = 32 and the number of decision variables for the
considered OCP is 3488.

We sample 1000 different disturbance realization sequences of length 31 each and
then compute the corresponding closed-loop responses of the two schemes using dis-
tributed computing in julia. The computation times, the average asymptotic costs,
and the highest empirical relative frequency of constraint violations maxk Pl (k) and
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7.3. Case Study: Aircraft Dynamics

Table 7.1.: Comparison of the computation times, the average costs, and the number of violations for
1000 realized closed-loop trajectories with a length of 31 steps for measured and estimated
disturbances for Schemes I) and II).

Scheme Computation time
ℓ̄ max

k
Pl (k) max

k
Pu (k)

Mean [s] SD [s]

I 0.66 0.050 537.99 0.3%, k = 11 3.1%, k = 3
II 0.68 0.049 543.54 0.2%, k = 7 4.1%, k = 3
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Figure 7.1.: Histograms of the output Y 2 from 1000 closed-loop realization trajectories of Scheme II)
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Figure 7.2.: 20 different closed-loop realization trajectories of Algorithm 1. Blue-dashed line: y1 = −1;
red-dashed line: y1 = 1. Left: Scheme I) with measured disturbances; right: Scheme II) with
estimated disturbances.

maxk Pu (k) are summarized in Tab. 7.1. Here, the empirical relative frequency of con-
straint violation Pl (k) represents the percentage of time instants where y1 (k) < −1
over all 1000 realizations at time instant k, and Pu (k) is defined similarly for y (k)1 > 1.
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7. Data-Driven Stochastic Output-Feedback Predictive Control

Due to the distributionally robust formulation of (7.13), the highest empirical relative
frequencies of constraint violation for Schemes I) and II) is substantially lower than the
allowed violation probability of 10%. The two schemes exhibit similar results when
compared based on the mean and the Standard Deviation (SD) of the computation
time of each time step evaluated in the closed loop.

Moreover, evaluating the closed-loop realization trajectories over time, we obtain the
average cost

ℓ̄
.
= E

[
30∑

k=11

ℓ(k)

]
/20, ℓ(k)

.
= ∥u (k) ∥2R + ∥y (k) ∥2Q.

The two schemes achieve similar average costs. Moreover, since K is determined from
data-driven LQR design as in Section 7.1.3, the theoretical value of the average asymp-
totic cost for Scheme I) is β = 540.94 by Theorem 7.1, which is consistent with the
simulation results of Scheme I) with ℓ̄ = 537.99 and Scheme II) with ℓ̄ = 543.54.

Additionally, for Scheme II), Figure. 7.1 depicts the time evolution of the (normal-
ized) histograms of the output realizations y2 at k = 0, 5, 10, 15, 20, 25, 30, where the
vertical axis represents the (approximated) probability density of Y 2. As one can see,
the proposed scheme controls the system to a stationary distribution of Y 2 centered at
0. With 20 different sampled sequences of disturbance realizations, we show the corre-
sponding closed-loop realization trajectories of Schemes I) and II) in Figure 7.2. Both
schemes exhibit similar closed-loop responses.

7.4. Summary

This chapter has presented and analyzed a data-driven output-feedback predictive
control scheme for stochastic LTI systems, building on the results of Pan et al., 2023b,
2025a,b. Using a stochastic variant of the fundamental lemma—which relies on poly-
nomial chaos expansions—we have presented sufficient conditions for recursive fea-
sibility and characterized the closed-loop performance. Moreover, we have discussed
the data-driven design of terminal ingredients that satisfy the proposed conditions.

It deserves to be noted that the proposed approach requires only knowledge of the
first two moments, without needing exact information about the underlying distribu-
tion. Thus, the proposed scheme incorporates a weak form of distributional robustness
and is applicable to a broad class of both Gaussian and non-Gaussian settings. A nu-
merical example has demonstrated the efficacy of the proposed scheme in handling
Gaussian mixture models. Future work will focus on enhancing robustness, extend-
ing the approach to nonlinear systems, and incorporating regularization techniques
for measurement noise from Berberich et al., 2020; Coulson et al., 2019.
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8. Conclusions and Perspectives

In this thesis, we have explored the following research question
How to represent, predict, and control stochastic systems in data-driven fashion?

In Chapter 4, we introduced the stochastic behavior of dynamical systems as all
stochastic processes that are compatible with the dynamics encoded in the determin-
istic behavior. Moreover, the probability space on which the stochastic behavior is de-
fined represents the uncertain environment to which the systems are exposed. Further-
more, we showed that the stochastic behavior of LTI systems is linear, time-invariant,
and complete. By applying PCE and moments evaluation to stochastic processes, we
further obtained the other two variants of behavioral characterizations for stochastic
LTI systems, i.e., the behavior of PCE coefficients and the behavior of mean-covariance
moment pairs. We demonstrated that these behaviors are all connected to the deter-
ministic behavior of the realization system. Consequently, in the stochastic funda-
mental lemma, we showed that these behaviors of stochastic LTI systems can all be
represented by selecting columns from the same Hankel matrices, constructed from
realization data, but with different column selectors.

In Chapter 5, we investigated the stochastic behavior of dynamical systems influ-
enced by unstructured (unmeasured or statistically unmodeled) disturbances by con-
solidating them into a residual disturbance that can be estimated and partially sta-
tistically modeled. We then proposed a data-driven stochastic prediction method. A
simulation study using real residential building data shows that while prediction accu-
racy can be improved by identifying additional disturbances through costly measure-
ments and forecasts, the proposed approach—based on the estimation of the residual
disturbance—already provides reasonable predictions.

In Chapters 6–7, we addressed optimal control problems for stochastic systems with
structured or unstructured disturbances. For structured (measured and modeled) dis-
turbances, we formulated data-driven stochastic optimal control problems and their
distributionally robust extensions. We provided sufficient conditions for the optimality
of the proposed affine disturbance-feedback policies. For systems with unstructured
disturbances, we leveraged the residual disturbance as in Chapter 5. Then, we devel-
oped an output-feedback predictive control scheme with closed-loop guarantees that
relies only on the first two moments of the residual disturbance.

Finally, this thesis paves the way for several promising avenues for future research,
as outlined below.

Towards Fast Computation of Data-Driven Stochastic Optimal Control

The data-driven stochastic optimal control problems considered in this thesis, such as
OCP (6.9), can be formulated as distributed optimization problems. This interpreta-
tion arises from the linearity of polynomial chaos expansion, which ensures that the
equality constraints induced by system dynamics are imposed independently for each
PCE order, and the quadratic objective functional is decomposed into the sum of per-
formance evaluations for each order. Thus, (6.9) can be reformulated as follows

min
x[0,L−1]

L−1∑
j=0

f j(xj)
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subject to Axj = bj, x[0,L−1] ∈ SOC,

where xj represents all decision variables for the j-th order PCE coefficients, f j(xj)
captures their corresponding contribution to the performance, Axj = bj summarizes
the equalities in (6.9b)–(6.9c), and SOC represents all second order cone constraints by
(6.9e)–(6.9f).

This reformulation highlights that the problem can be decomposed into L subprob-
lems, each corresponding to a specific PCE order, coupled by second-order cone con-
straints. We can tailor the Alternating Direction Method of Multipliers (ADMM) (Boyd
et al., 2011) to efficiently solve the problem, especially addressing the coupling through
second-order cone constraints. We remark that this approach effectively leverages the
problem’s distributed structure to achieve computational efficiency, and holds promis-
ing potential for real-world applications.

Towards Data-driven Propagation of Epistemic Uncertainty

In this thesis, we focus on aleatoric uncertainty, which refers to exogenous disturbances
affecting the system. This type of uncertainty is associated with the inherent variability
and unpredictability of the environment. On the other hand, we also acknowledge the
presence of epistemic uncertainty, which arises from the lack of knowledge or imprecise
understanding of the system itself; see Hüllermeier et al., 2021 for the discussion of
aleatoric and epistemic uncertainties.

In model-based approaches, epistemic uncertainty is typically represented as paramet-
ric uncertainty stemmed from system identification, for example:

X (k + 1) = A(Θ)X (k) +B(Θ)U (k)

Y (k) = C(Θ)X (k) +D(Θ)U (k) ,

where Θ ∈ L2 (Ω,F , µ;RnΘ) models the epistemic uncertainty surrounding system ma-
trices. The propagation of such uncertainty using PCE has been studied extensively, as
seen in Fisher et al., 2008; Wan et al., 2023, 2021.

In contrast, in data-driven approaches, we focus on non-parametric models derived
from collected data. Here, the epistemic uncertainty stems from the estimation of past
realizations vd

[0,T−1] of the unstructured disturbances V . Furthermore, in Chapter 5, we
hedge against the estimation error appeared during the estimation of past disturbance
v̂d
[0,T−1] by using a regularized stochastic predictor in Chapter 7.
However, since the estimation itself is uncertain, we can treat the estimated values as

random variables. Leveraging the consistency of data (Proposition (5.2)), the uncertain
disturbance realization can be represented as

H1(V
d
[0,T−1]) = H1

(
yd
[0,T−1]

) (
IT −M †M

)
+ΘM, M =

H1

(
zd
[0,T−1]

)
H1

(
ud
[0,T−1]

)
where Θ ∈ L2

(
Ω,F , µ;Rny×(ℓny+(ℓ+1)nu)

)
represents the epistemic uncertainty in the data-

driven setting. Moreover, we can include the stochastic past disturbance into Hankel
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matrix to propagate epistemic uncertainty through dynamics HN(y
d
[0,T−1])

HN(u
d
[0,T−1])

HN

(
V d
[0,T−1](Θ)

)
G =

YU
0

 . (8.1)

As future work, a comparison between the data-driven formulation and its model-
based counterpart could be considered to assess their respective strengths and effec-
tiveness in handling uncertainty.

Towards a Data-Driven Representation for Nonlinear Stochastic Systems

PCE has been applied to nonlinear MPC with parametric uncertainty, as shown by Fa-
giano et al., 2012 and Mesbah et al., 2014; see a recent review by Mishra et al., 2024.
However, when it comes to additive disturbances, the problem remains open. Further-
more, the development of data-driven approaches for nonlinear stochastic systems is
also an unsolved challenge.

A promising direction for data-driven representation of deterministic nonlinear sys-
tems is to mimic kernel regression methods, as explored by Huang et al., 2024 and
Molodchyk et al., 2024. To extend this framework to stochastic nonlinear systems, a
potential approach is to combine kernel regression with collocation methods, as pro-
posed by Xiu, 2007 and Lefebvre et al., 2017. Future work could focus on enabling ef-
ficient and accurate data-driven representations of nonlinear stochastic systems while
addressing both theoretical and computational challenges.
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A. Proofs

A.1. Proof of Proposition 7.1

This proof is organized into two main steps. As a preparatory step, we give a technical
lemma that demonstrates the recursive feasibility of OCP (7.13) using an extended PCE
basis. Then, we turn to the proof of Proposition 7.1 by using projection T (k) to keep
the dimension of the basis constant.

Lemma A.1 (Recursive feasibility with extended basis): Let Assumptions 7.3–7.4 hold. At
time instant k−1, given the basis {ϕj(ξ (k − 1))}L−1

j=0 as in (7.8), suppose that OCP (7.13)
is feasible with the initial condition z̄[0,L−1] (k − 1) where z̄j (k − 1) = 0, ∀j ∈ I[1+nξ,L−1].

At time instant k, considering the extended basis{
ϕj (ξ (k − 1) , η (N − 1 | k))

}L+nη−1

j=0
,with {ϕj}L+nη−1

j=L
.
= P1(η (N − 1 | k)), (A.1)

OCP (7.13) is feasible with the initial condition

z̄j (k)
.
=

{
zj,⋆ (1 | k − 1) , j ∈ I[0,nξ+nη ]

0, j ∈ I[nξ+nη+1,L+nη−1]

(A.2)

where zj,⋆ (1 | k − 1) is the predicted optimal solution of zj (k) at time instant k − 1.

Proof. Consider the optimal solution at k − 1, i.e. (u, y, z)j,⋆ (t | k − 1) for j ∈ I[0,L−1]

and t ∈ I[0,N−1]. Similar to the proof of recursive feasibility in deterministic MPC, we
construct a candidate feasible solution of OCP (7.13) at time instant k by shifting the
last optimal solution based on the original basis (7.8). For all j ∈ I[0,L−1], we have

{ũj (t | k)}N−2
t=0

.
= {uj,⋆ (t | k − 1)}N−1

t=1 , ũj (N − 1 | k) .
= Kzj,⋆ (N | k − 1) (A.3a)

{ỹj (t | k)}N−2
t=0

.
= {yj,⋆ (t | k − 1)}N−1

t=1 , ỹj (N − 1 | k) .
= H̃⊤z̃j (N | k) (A.3b)

{z̃j (t | k)}N−1
t=0

.
= {zj,⋆ (t | k − 1)}Nt=1, z̃j (N | k) .

= AKz
j,⋆ (N | k − 1) (A.3c)

and for all j ∈ I[L,L+nη−1] we have

{ũj (t | k)}N−1
t=0

.
= 0, {ỹj (t | k)}N−2

t=0
.
= 0, {z̃j (t | k)}N−1

t=0
.
= 0, (A.3d)

ỹj (N − 1 | k) .
= vj (N − 1 | k) , z̃j (N | k) .

= H̃vj (N − 1 | k) . (A.3e)

Note that the last disturbance involves new independent stochastic uncertainty with
the corresponding input coefficients being set to 0 in (A.3d).

Next, we prove the feasibility of (A.3) in OCP (7.13) with respect to the extended
basis (A.1). Thanks to the shift construction of (A.3) and Assumption 7.4, constraints
(7.13b)–(7.13f) are satisfied. For the terminal constraints (7.13g), we see z̃0 (N | k) =
AKz

0,⋆ (N | k − 1) ∈ ZF holds for z0,⋆ (N | k − 1) ∈ ZF, cf. Assumption 7.4. For the termi-
nal constraint on the covariance, we have∑L+nη−1

j=1 ∥z̃j (N | k) ∥2Γ

=
L−1∑
j=1

zj,⋆⊤ (N | k − 1)A⊤
KΓAK︸ ︷︷ ︸

(7.7b)
= Γ−Inz

zj,⋆ (N | k − 1) +

L+nη−1∑
j=L

vj⊤ (N − 1 | k) H̃⊤ΓH̃vj (N − 1 | k)

≤
(
1− 1

λmax(Γ)

)∑L−1
j=1 ∥zj,⋆ (N | k − 1) ∥2Γ + trace(ΣV H̃

⊤ΓH̃)

≤
(
1− 1

λmax(Γ)

)
τ + trace(ΣV H̃

⊤ΓH̃)
(7.7c)
= τ.
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Thus, we conclude that at time instant k, OCP (7.13) constructed with the extended
basis {ϕj}L+nη−1

j=0 is feasible when (A.2) is used as initial condition, and (A.3) is a feasible
solution.

Now, we give the proof of Proposition 7.1.

Proof. We construct a feasible solution candidate using the projection matrix T (k).
According to Corollary 5.1, for each j ∈ I[0,L+nη−1], there exists g̃j corresponding to
{(ũ, ỹ, z̃)j (t | k)}N−1

t=0 as shown in (A.3) such that the Hankel equality constraint (7.13b)
holds. Since the initial conditions are related by the projection T (k) in (7.20), we con-
sider

ḡ0
.
= g̃0, ḡj

.
= g̃j+nη , ∀j ∈ I[nξ+1,L−1], H1

(
ḡ[1,nξ]

) .
= H1

(
g̃[1,nξ+nη ]

)
T (k) .

Next, we exploit Corollary 5.1 again. For each j ∈ I[0,L−1], the resulting {(ū, ȳ, z̄)j (t | k)}N−1
t=0

of evaluating (7.13b) with ḡj is an input-output trajectory of the PCE coefficient dynam-
ics. For all h ∈ {u, y, z} and all t ∈ I[0,N−1], they satisfy

h̄j (t | k) = h̃j (t | k) , h̄j (t | k) = h̃j+nη (t | k) , ∀j ∈ I[nξ+1,L−1],

H1

(
h̄[1,nξ] (t | k)

)
= H1

(
h̃[1,nξ+nη ] (t | k)

)
T (k) .

(A.4)

In other words, the resulting {(ū, ȳ, z̄)j (t | k)}N−1
t=0 satisfies (7.13b)–(7.13d). Turning to

the chance constraints (7.13e)–(7.13f), we note that for all i ∈ I[1,Nu], t ∈ I[0,N−1], we
have

∥a⊤u,iH1

(
ū[1,L−1] (t | k)

)
∥2 − ∥a⊤u,iH1

(
ũ[1,L+nη−1] (t | k)

)
∥2

= −
∥∥a⊤u,iH1

(
ū[1,nξ+nη ] (t | k)

)∥∥2
M
≤ 0, M

.
=
(
Inξ+nη − T (k)T⊤ (k)

)
⪰ 0.

Note that M is positive semi-definite since T (k) ∈ R(nξ+nη)×nξ is orthonormal. This
holds similarly for the PCE coefficients of outputs. Therefore, applying the projection
of the feasible solution (A.3) by (A.4), the left-hand sides of (7.13e)–(7.13f) do not in-
crease. Thus, the chance constraints are satisfied with {(ū, ȳ, z̄)j (t | k)}N−1

t=0 . Similarly,
applying (A.4) the left-hand side of the terminal constraint (7.13g) also does not in-
crease. Thus, we conclude the feasibility of OCP with respect to the basis (7.8) and the
initial condition specified per (7.20).

A.2. Proof of Theorem 7.1

Proof. Note that assertion i) regarding recursive feasibility directly follows from Propo-
sition 7.1 and the procedure of initial condition selection. In the following, we first
prove the closed-loop cost decay condition (7.27b) (assertion ii)) and then use it to es-
tablish the average asymptotic performance bound (7.27c) (assertion iii)).
Assertion ii): To show that the closed-loop cost decay between time instant k and
k + 1 results from the selection (or interpolation) of the initial condition, we rely on
the optimal solution at time instant k, i.e. (u, y, z)

[0,L−1],⋆
[0,N−1] (k) and its shifted trajecto-

ries (ũ, ỹ, z̃)
[0,L+nη−1]

[0,N−1] (k + 1) from (A.3). Furthermore, using (7.23) and (A.4), we obtain

138



Appendices

the candidate solution (ū, ȳ, z̄)
[0,L−1]
[0,N−1] (k + 1) for the OCP with the backup initial condi-

tion (7.20). For clarity, we simplify (i | k + 1) and (i | k) to (i) whereever this does not
introduce ambiguity.

We evaluate the candidate solution’s resulting performance using (7.12)

J̄N (k + 1)
.
=

N−1∑
t=0

(ℓ̄y,t + ℓ̄u,t) + ℓ̄z,N .

We show that J̄N (k + 1) can be expressed using the shifted solution (ũ, ỹ, z̃). We first
link the part ℓ̄y,t in (7.12) to ỹ. With nξ = 1, we have

ℓ̄y,t
.
= ∥ȳ0 (i) + ȳ1 (i) ξ (k + 1, ω) ∥2Q +

L−1∑
j=2

∥ȳj (i) ∥2Q

(A.4)
=

∥∥∥∥ỹ0 (i) +H1

(
ỹ[1,1+nη ] (i)

)
T (k)T (k)⊤

[
ξ (k, ω)
η (k, ω)

]∥∥∥∥2
Q

+

L+nη−1∑
j=2+nη

∥ỹj (i) ∥2Q

(7.23)
=

∥∥∥∥ỹ0 (i) +H1

(
ỹ[1,1+nη ] (i)

) [ξ(k, ω)
η(k, ω)

]∥∥∥∥2
Q

+

L+nη−1∑
j=2+nη

∥ỹj (i) ∥2Q.

Note that the above evaluation requires the realization of η(k, ω) at time instant k. Re-
call η(k) is the stochastic germ corresponding to the disturbance V (k), whose realiza-
tion is not available at time instant k. However, its mean E[η (k)] = 0 and covariance
Σ[η (k)] = Inη are known. Hence, we can determine the expected value of ℓ̄.

Denote E[ℓ̄y,t | k] as the conditional expectation of ℓ̄y,t at time instant k given ξ(k, ω)
but with unknown η(k, ω). Let ỹ (t) .

= ỹ0 (t) + ỹ1 (t) ξ(k, ω), we have

E[ℓ̄y,t | k] = E
[
∥ỹ (t) +H1(ỹ

[2,1+nη ] (t))η (k) ∥2Q
]
+

L+nη−1∑
j=2+nη

∥ỹj (i) ∥2Q

= ∥ỹ (t) ∥2Q + trace
(
H1(ỹ

[2,1+nη ] (t))⊤QH1(ỹ
[2,1+nη ] (t))Σ[η (k)]

)
(A.5)

+ 2ỹ⊤ (t)QH1

(
ỹ[2,1+nη ] (t)

)
E[η (k)] +

L+nη−1∑
j=2+nη

∥ỹj (t) ∥2Q (A.6)

= ∥ỹ0 (t) + ỹ1 (t) ξ(k, ω)∥2Q +

L+nη−1∑
j=2

∥ỹj (t) ∥2Q
.
= ℓ̃y,t.

Similarly, the above also holds for the other parts of J̄N (k + 1), i.e., E[ℓ̄u,t | k] = ℓ̃u,t and
E[ℓ̄z,N | k] = ℓ̃z,N . As a result, we have

E[J̄N (k + 1) | k] =
N−1∑
t=0

(ℓ̃y,t + ℓ̃u,t) + ℓ̃z,N .

Moreover, from (7.24) and (7.26), we have VN (k + 1) ≤ J̄N (k + 1) for both strategies of
selection or interpolation of initial conditions. Thus, we have

E[VN (k + 1) | k] ≤ E[J̄N (k + 1) | k].
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Now, we have the upper bound for E[VN (k + 1) | k]− VN (k) as

E[VN (k + 1) | k]− VN (k) ≤ E[J̄N (k + 1) | k]− VN (k)

= ℓ̃y,N−1 + ℓ̃u,N−1 + ℓ̃z,N − ℓ⋆u,0 − ℓ⋆y,0 − ℓ⋆z,N

where the identical terms {ℓ̃u,t, ℓ̃y,t}N−2
t=0 and {ℓ⋆u,t, ℓ⋆y,t}N−1

t=1 are cancelled. Furthermore,

ℓ̃y,N−1 + ℓ̃u,N−1 + ℓ̃z,N − ℓ⋆z,N

= ∥ỹ0 (N − 1) + ỹ1 (N − 1) ξ(k, ω)∥2Q +
∑L−1

j=2 ∥ỹj (N − 1) ∥2Q (i)

+ ∥ũ0 (N − 1) + ũ1 (N − 1) ξ(k, ω)∥2R +
∑L−1

j=2 ∥ũj (N − 1) ∥2R (ii)

+ ∥z̃0 (N) + z̃1 (N) ξ(k, ω)∥2P +
∑L−1

j=2 ∥z̃j (N) ∥2P (iii)

− ∥z0,⋆ (N) + z1,⋆ (N) ξ(k, ω)∥2P −
∑L−1

j=2 ∥zj,⋆ (N − 1) ∥2P (iv)

+
∑L+nη−1

j=L

(
∥ỹj (N − 1) ∥2Q + ∥ũj (N − 1) ∥2R + ∥z̃j (N) ∥2P

)
. (v)

Exploiting (A.3), we rewrite the terms (i) + (ii) + (iii) and (v)

(i) + (ii) + (iii) = ∥z0,⋆ (N) + z1,⋆ (N) ξ(k, ω)∥2Ξ +
L−1∑
j=2

∥zj,⋆ (N − 1) ∥2Ξ,

Ξ = K⊤RK + A⊤
KH̃

⊤QH̃AK + A⊤
KPAK

(7.7a)
= P,

(v)
(A.3)
=

L+nη−1∑
j=L

∥vj (N) ∥2
Q+H̃⊤PH̃

= trace(ΣV (Q+ H̃⊤PH̃)) = β.

Hence, (i) + (ii) + (iii) + (iv) = 0 and (v) = β.
Combining the previous results, we arrive at

E[VN (k + 1) | k]− VN (k) ≤ −ℓ⋆u,0 − ℓ⋆y,0 + β

= −
(
∥u0,⋆ (0 | k) + u1,⋆ (0 | k) ξ(k, ω)∥2R + ∥y0,⋆ (0 | k) + y1,⋆ (0 | k) ξ(k, ω)∥2Q

)
+ β

= −∥u (k) ∥2R − E
[
∥Y (0 | k) ∥2Q

]
+ β.

As the above inequality holds for each closed-loop implementation, we lift VN (k + 1)−
VN (k) to its random variable counterpart and obtain (7.27b).
Assertion iii): Recursively using (7.27b) from 0 to k and let k →∞, we have

0 ≤ lim
k→∞

1

k
E [VN (k)− VN (0)] = lim

k→∞

1

k

k∑
i=0

(E [VN (i+ 1)− VN (i)])

≤β − 1

k
lim
k→∞

k∑
i=0

E
[
∥U (i) ∥2R + ∥Y (i) ∥2Q

]
.

Thus, we obtain the average cost condition (7.27c) for the closed-loop system in ran-
dom variables (7.1).

A.3. Proof of Proposition 7.2

Proof. At time instant k, given z (k), u (k), and e (k), the model mismatch between

(7.28a) and (7.28b) leads to a prediction error of y (k) as δ (k) = y (k)−ŷ (k) = ∆

[
z (k)
u (k)

]
.
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By appending y (k) and ŷ (k) to previously recorded inputs and outputs, we obtain

z (k + 1) =
[
u⊤
[k−ℓ+2,k+1], y

⊤
[k−ℓ+2,k], y

⊤ (k)
]⊤

, ẑ (k + 1) =
[
u⊤
[k−ℓ+2,k+1], y

⊤
[k−ℓ+2,k], ŷ

⊤ (k)
]⊤

,

which leads to different η(k, ω) and η̂(k, ω) by (7.23c).
Note that E[η̂ (k)] = 0 and Σ[η̂ (k)] = Inη , and

η (k)− η̂ (k) = M†
vH̃

⊤(z (k + 1)− ẑ (k + 1)) = M†
vδ (k) ,

E[η (k)] = E[η̂ (k)] + η (k)− η̂ (k) = η (k)− η̂ (k) = M†
vδ (k) ,

Σ[η (k)] = Σ[η̂ (k) + η (k)− η̂ (k)] = Σ[η̂ (k)] = Iη.

Due to E[η (k)] ̸= E[η̂ (k)] = 0, (A.5) in the proof of Theorem 7.1 does not hold but

E[ℓ̄y,t | k] = ℓ̃y,t + 2ỹ⊤ (t)QH1

(
ỹ[2,1+nη ] (t)

)
M†

vδ (k) .

Note that the shifted solution (ũ, ỹ) is constructed from the optimal solution of the last
time instant. Given the optimal solution lives in a bounded set due to Assumption 7.6,
there exists Cy,t ∈ R+ such that

E[ℓ̄y,t | k] ≤ ℓ̃y,t + Cy,t∥δ (k) ∥.

Subsequently, there exist Cy,t, Cu,t ∈ R+ for i ∈ I[0,N−1], Cz,N ∈ R+, and C ∈ R+ such
that

E[J̄N (k + 1) | k] ≤
∑N−1

i=0 (ℓ̃y,i + ℓ̃u,i) + ℓ̃z,N +
(∑N−1

i=0 (Cy,t + Cu,t) + Cz,N

)
∥δ (k) ∥

.
= J̃N (k + 1) + C∥δ (k) ∥.

Finally, we arrive at

E[VN (k + 1) | k]− VN (k) ≤ E[J̄N (k + 1) | k]− VN (k) ≤ J̃N (k + 1)− VN (k) + C∥δ (k) ∥

= β + C∥δ (k) ∥ − ∥u (k) ∥2R − E
[
∥Ŷ (k) ∥2Q

∣∣∣ k]
= β + C∥δ (k) ∥ − ∥u (k) ∥2R − E

[
∥Y (k)− δ (k) ∥2Q

∣∣ k] .
As the above inequality holds for all ω ∈ Ω, we lift it to its random variable counterpart
and thus arrive at (7.30).
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