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A B S T R A C T   

An original discrete element model for coupling thermo-mechanics with sintering is presented to disclose the 
thermo-micromechanical behavior of particulate systems and their densification process under rapid firing. This 
paper focuses on the numerical model formulation and application on the fast firing of Al2O3, including its 
verification with literature. Particular emphasis is given to the evolution of thermal and densification gradients 
over sintering conditions and sample length, zeroing in on the shrinkage evolution and the characteristic 
densification phenomena. Relationships between defects, microstructure, and sintering parameters are also 
explored. Finally, the time-dependent change of material microstructure concerning coordination number evo
lution, cohesive neck size distribution, gradients of temperature, and sample length are analyzed. The numerical 
results present good agreement with experimental data from the literature.   

1. Introduction 

Sintering is a process where a substance in a dispersed state is 
transformed into a solid body with a higher density. It is a critical step in 
the microstructural development of parts produced by powder tech
nology [1–3]. Fast heating rates have attracted scientific and techno
logical interest to obtain highly dense ceramics with fine-grained 
microstructure in periods as short as some minutes [4,5]. The main 
technological advantages of fast firing lie in the economic and envi
ronmental benefits of lower energy consumption per payload, lower 
emissions, reduced scrap and re-fire, lower labor costs, shorter produc
tion times, and more reliable product consistency [6–8]. 

Experimental procedures on fast firing ceramic systems are vastly 
found in the literature [9–15]. These studies focus on hardness, relative 
density, water absorption, bending strength, and microstructural fea
tures, essentially grain growth and phase evolution. García and collab
orators [16] experimentally assessed the thermal gradients generated 
through an Al2O3 body and the resultant densification front throughout 
a fast sintering protocol. However, the determination of the thermal 

gradients was limited to low temperatures (up to 1050 ◦C). Thus, despite 
the significant progress in the area, it has been challenging to fully un
derstand the rearrangement, the densification, and the heat transfer 
phenomena on particulate systems under rapid sintering via experi
mentation only. 

Numerical approaches have played a crucial role in elucidating 
thermomechanical phenomena, contributing to the control and opti
mization of the materials processing chain. Namely, the finite element 
method (FEM), the finite volume method (FVM) and the discrete 
element method (DEM) have been applied to model thermal phenomena 
in fluidized and packed beds [17–31] as well as for modeling of 
isothermal sintering [32–38]. Nevertheless, scarce numerical studies on 
fast-firing, based on FEM and FVM essentially, are found in the literature 
[4,36,39]. Besides, in most cases, unrealistic assumptions are made, 
such as considering the green ceramic a non-porous body and the 
absence of shrinkage during the densification. Furthermore, the FEM 
and FVM are well known element-based approaches for continuum 
media. Thus, the behavior of individual particles is neglected by design, 
and the discretization of small particles in the mesh may have its 
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accuracy diminished by the loss of microstructural information [4,37, 
39]. 

The DEM approach overcomes the aforementioned issues by ac
counting for the granulated nature of the powder that composes the 
green body. Each powder particle can be considered a discrete unit that 
interacts with its neighbors according to the appropriate sintering laws. 
This method offers the advantage of considering grain rearrangement 
effects by design [40]. It also allows accessing micro/mesoscopic 
properties such as position, velocity, contact area, and coordination 
number of every particle [41]. Many DEM-based studies of sintering 
processes were performed using the model proposed by Parhami & 
McMeeking [42] for free and pressure-assisted isothermal sintering. This 
model has been extensively applied to model particles [35,40,43–45] 
and pores [33,34] rearrangement, anisotropic [46,47] and constrained 
[38,48] sintering, as well as the evolution of heterogeneities/defects 
during sintering. The Parhami & McMeeking model [42] was extended 
to describe grain coarsening [43,49], to consider variable coordination 
numbers [37], and to model the elastic component of sintering besides 
viscous flow [50–52]. Lately, it was applied to the modeling of com
posites sintering [32,51,53]. Note that none of the preceding approaches 
addressed sintering under non-isothermal conditions, i.e., fast sintering, 
in which the high heating rates generate gradients of temperature that 
contribute significantly to microstructure development, densification, 
and final product properties. 

In this contribution, we present an original model for coupling 
thermo-mechanics with sintering model (TMS) to further understand the 
thermo-micromechanical behavior of particulate systems and their 
microstructure evolution during sintering, especially under the non- 
isothermal procedure. The TMS model was developed based on the 
DEM and applied on a ceramic body of Al2O3. The main equations and 
assumptions were consistently described. Microstructural and thermal 
features were compared with experimental data. Relationships between 
defects, microstructure, and sintering parameters were explored. The 
time-dependent change of material microstructure concerning coordi
nation number, cohesive neck size, gradients of temperature and sample 
length are also analyzed. 

The simulation framework MUSEN [54] was used to perform the 
simulations, an open-source software widely used in DEM investigations 
[32–34,41,55,56]. This system supports parallel computing on GPU 
based on the CUDA platform, which significantly reduces computation 
time, thus efficiently simulating millions of discrete objects [34,54]. 

2. Thermo-mechanics coupled with sintering (TMS) model 

2.1. Problem set-up 

A transient heating process was assumed to determine the temper
ature field inside the solid body. Fast firing simulations were carried out 
in the temperature range of 1250–1350 ◦C. An instantaneous heating 
rate was applied to resemble the direct introduction of the sample into a 
pre-heated furnace at sintering temperature. Further decreases in the 
heating rate were considered to evaluate its relationship with micro
structural development. The furnace was modeled only by the boundary 
conditions applied to the body surface. Its temperature was assumed to 
remain constant over the process, and heat losses between the sample 
and the enclosed environment were neglected. 

The proposed TMS model was applied to an Al2O3 system and vali
dated with previously published experimental results.The numerical 
sample was designed to preserve particle size and scale the compact 
dimensions down due to computational limitations. The specific heat 
capacity cp(T) and thermal conductivity κ(T) of alumina were consid
ered to be temperature-dependent [57] according to Eqn (1) and (2): 

cp(T)= 1117 + 0.14 T − 411 e− 0.006 T (1)  

κ(T)= 5.85 +
15360 e− 0.002 T

T + 516
(2)  

where T is the particle temperature (◦C). 
Applying the TMS model, thermal and relative density gradients 

were assessed and correlated with the microstructure evolution. More
over, defects were purposefully introduced inside the Al2O3 compact 
addressing their influence on the final microstructure and relationship 
with sintering parameters. Lastly, micromechanical features were esti
mated based on the evolution of the coordination number and the 
cohesive neck size distribution. 

2.2. Heat transfer phenomena 

Heat transfer was approached as a thermomechanical problem. The 
particles were assumed to be opaque grey emitting spherical bodies with 
identical chemical compositions. Only thermal energy was transferred. 
The production/consumption of heat due to chemical reactions and 
thermal expansion were neglected. The determination of a temperature 
field for each particle is computationally unfeasible since granular as
semblies contain many objects. Therefore, the isothermal premise was 
adopted in which each particle has one temperature degree of freedom 
only. The TMS model considered the following heat transfer 
mechanisms: 

• Radiation – among particles at the sample surface and their sur
roundings, which corresponds to furnace environment; 

• Convection – between the stagnant air inside the furnace and parti
cles on the sample surface;  

• Conduction – pair-wise heat transfers between contacting particles. 

The particles were grouped in two zones based on their position to 
consider the different heat transfer mechanisms: the outer layer where 
all the heat transfer mechanisms are active and the inner zone, where 
only interparticle conductive heat transfer occurs. Radiative and 
convective heat transfer was approximated to happen in the exposed 
area Ap of outer particles solely. Fig. 1 depicts the half-section view of 
the numerical sample highlighting the outer layer and the inner zone, 
along with an illustration of the heat transfer mechanisms considered in 
the TMS model. 

2.2.1. Radiation 
The amount of thermal energy emitted by the environment and 

absorbed on outer particles surface was calculated by the Stefan- 
Boltzmann law assuming isothermal surfaces (Eqn (3)). For the sake of 
simplicity and to reduce computational complexity, the representative 
contact area Ap (m2) was approximated as the projection of each outer 
particle surface area facing the enclosing environment [39] (Eqn (4)). 

Qrad = ε Ap σ Sa
(
T4

env − T4
outer

)
(3)  

Ap = π R2 (4)  

Here Qrad is the heat transfer rate by radiation (W), ε is the surface 
emissivity (− ), σ is the Stefan-Boltzmann constant (W/m2⋅K4), Sa is the 
parameter of scaling for mass-surface-dependent heat transfer (− ), Tenv 
is the environment temperature (K), Touter is the outer particle temper
ature (K), and R is the particle radius (m). The detailed description of Sa 
is provided in Section 2.4.2. Eqn (3) admits that the furnace cavity is 
considered a black body and the radiative heat rate is uniformly 
distributed over the outer particles. 

2.2.2. Convection 
The convective heat transfer rate Qconv (W) was calculated according 

to Newton’s law of cooling by [4,39,58,59] by Eqn (5): 
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Qconv =Ap ​ Sa ​ hc(Tenv − Touter) (5)  

here hc is the convective heat transfer coefficient, typically in the range 
of 2–25 W/m2.K for free convection in the air [59]. Ap and Sa are defined 
similarly as for radiation. 

2.2.3. Conduction 
The heat transfer rate by conduction Qcond (W) in the contact be

tween particles i and j was modeled by Eqn (6) [26,59–61]. The contact 
radius rc (m) was derived from Coble geometric model (Eqn (7)) [33,62, 
63]. Note that i and j can be two outer particles, two inner particles, or 
an inner-outer contacting pair. 

Qcond = 2 ​ rc⋅Sℓ⋅fres(δn)⋅κ(T)⋅
(
Tj − Ti

)
(6)  

rc =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2 R δn

√
(7)  

Here Sℓ is the scaling parameter for mass-length-dependent heat transfer 
(− ), κ(T) is the temperature-dependent thermal conductivity (W/m⋅K) 
of the particles, Ti and Tj are the particle temperatures (K), fres(δn) is the 
thermal conduction resistivity factor, and δn is the normal overlap (m) 
estimated as the sum of particles radii diminished by the distance be
tween the centers of contacting partners (s. Appendix). The calculation 
of Sℓ is presented in Section 2.4.2. The existence of surface heteroge
neities in the Al2O3 powder can restrict the effective contact area to a 
small fraction of the nominal contact area. The resistance to heat 
transfer at these contacts is often amplified [58,64,65] as a consequence. 
Thus, a resistivity factor fres was included to consider this effect and was 
fitted to experimental data. Here the three different regimes were 

distinguished (s. Eqn (8)):  

• Initial contact formation: at the early sintering stages, when the 
overlaps are smaller than the minimum threshold λminR, the con
duction is limited by f*

res;  
• Transition zone: as overlaps increase due to sintering, interparticle 

contacts become more effective. Hence, fres effect gradually loses its 
importance. Accordingly, the thermal conductivity of contacting 
particles is linearly increased to the effective value in the range be
tween λminR and λmaxR;  

• Late stages: when the upper limit of an overlap λmaxR is reached. 

fres(δn)=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

f∗res,σn ≤ λminR

fres +

(
1 − fres

λmax − λmin

) (δn

R
− λmin

)
, λminR < σn < λmaxR

1, λmaxR < σn

(8) 

The conductive heat transfer model assumed quasi-static contacts 
and conduction by a stagnant interstitial medium was neglected under 
the assumption of having much smaller thermal conductivity than the 
particles. 

2.2.4. Global heat transfer 
The overall heat Q̇tot transferred to a single particle is expressed by 

Eqn (9) as the sum of each thermal exchange experienced: 

Q̇tot =
˙​ Qrad

+ Q̇conv
+
∑

Q̇cond (9) 

Thus, the energy conservation equation for every particle at each 

Fig. 1. Half section view of the 3D simula
tion sample highlights the outer layer and 
the inner zone, and illustrates the heat 
transfer mechanisms recognized in the TMS 
model. The arrows schematically depict the 
direction of heat flow. The heat flows from 
the hot environment surrounding (furnace 
atmosphere) to the outer particles through 
their representative contact area Ap. As the 
outer particles increase their temperature, 
heat is transferred particle by particle to the 
inner zone along the ceramic body through 
the interparticle contact with radius rc.   
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time-step was calculated by Eqn (10): 

mpcp(T)
dT
dt

= Q̇rad
+ Q̇conv

+
∑

Q̇cond (10)  

here mp (kg) is the particle mass. 
Thereby, the incremental temperature change T(t+Δt) (Eqn (11)) of 

a single particle at each time-step Δt was computed by increasing its 
previous temperature T(t) by the overall heat transfer. 

T(t+Δt)=T(t) + Δt
Q̇tot

mpcp(T)
(11)  

2.3. Interparticle interaction 

Different contact models were used for the modeling of particle- 
particle interactions. Either the non-isothermal sintering model, the 
modified Hertz-Mindlin, or repulsive force contact models were applied 
depending on two parameters: the average temperature of contacted 
particles T and the normalized neck radius rc/R. 

As sintering is a thermally activated process, it is consistent (in a 
mono-sized single-phase system) to consider a minimum temperature at 
which its mechanisms begin to activate. García et al. [16] found out that 
up to 1050 ◦C, powder compacts of ultrafine alumina particles (~0.2 
μm) showed no evidence of significant dimensional changes, that is, 
sintering mechanisms seemed to be still inactive up to this temperature. 
Hence, this temperature threshold has been implemented as a minimum 
temperature Tsint

min, below which no sintering occurs. 
The relative density can be calculated using the evolution of rc [63]. 

Thereby, a stop criterion for densification was defined based on the 
dimensionless parameter rc/R, which was derived by normalizing the 
contact radius rc over the particle radius R. Exploratory simulations 
confirmed that a fully dense sample was achieved at rc/ R = 0.8. Note 
that rc/R is neither material nor number of particles dependent. The 
application of each contact model according to the specified conditions 
is expressed by Eqn (12): 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

T < Tsint
min Hertz − MindlinT ≥ Tsint

min and
rc

R
≤ 0.8 Sintering forcesT

≥ Tsint
min and

rc

R
> 0.8 Repulsive force

(12)  

2.3.1. Contact model 
For low temperatures (T< Tsint

min) at which sintering mechanisms are 
inactive, the modified non-linear Hertz-Mindlin contact force model was 
applied to allow particles to have rotational and translational degrees of 
freedom [25,66,67]. The formulated rheological model [25,67] treated 
particle interaction as a viscoelastic contact consisting of elastic stiffness 
K and viscous damping β components in normal FHM

n (Eqn (13)) and 
tangential FHM

t (Eqn (14)) directions. Note that both K and β parameters 
depend on the normal overlap (s. Appendix – Eqn A.2-4,5). 

FHM
n =KnδHM

n − βnvrel,n (13)  

FHM
t =Ktδt − βtvrel,t (14)  

Here δHM
n and δt are the interparticle overlaps (m) in normal and 

tangential directions. Compared to the standard formulation of the 
Hertz-Mindlin model, where the normal overlap is calculated based on 
the particle positions and their radii only, the present model incorpo
rated an additional parameter δpl to describe flattening of initial contact 
surface and further “plastic”deformation caused by material sintering. 
The resulting normal overlap was calculated as Eqn (15): 

δHM
n = δn − δpl (15) 

After the densification stage, particles in the initial packing, which 
represent the green body, may have significant overlaps, and the direct 
application of the Hertz-Mindlin model may cause unphysical initial 
stresses. To avoid them, Eqn (16) was applied to consider all initial 
overlaps as initial flattening of the contact surface. The initial plastic 
deformation was calculated based on the particle positions at the initial 
time step. 

δpl =Ri + Rj −

⃒
⃒
⃒
⃒X
→

i(t0) − X→j(t0)

⃒
⃒
⃒
⃒ (16)  

When the average temperature at the interparticle contact is larger than 
the sintering temperature (T ≥ Tsint

min) and the overlap is larger than the 
predetermined threshold (s. Eqn (12)), then only the repulsive force acts 
between the particles. This force was introduced to avoid sample over- 
densification, which could lead to non-physical negative porosities. 
The repulsive force acted in normal direction and was calculated as Eqn 
(17): 

Frep
n =Knδrep

n − βnvrel,n (17)  

δrep
n = δn − δmax (18)  

here δmax is the maximal interparticle overlap in the fully densified state. 
This parameter has been identified as 80% of particle radius. 

2.3.2. Non-isothermal solid-state sintering 
When particles temperature is high enough (T ≥ Tsint

min), sintering 
starts. It is supposed that all the mechanical stresses previously caused 
due to compression or traction are relaxed and δpl is equaled to δn. Given 
account for non-isothermal conditions, the mass transfer parameter δ b 

(m4∙s/kg) was discretized as a function of the average temperature T (K) 
of every pair-wise contacting particle at each time step by Eqn (19): 

δ b =
Ω

κBT
δbD0b e

− Qb
RgT (19)  

here Ω is the atomic volume (m3), κB is the Boltzmann constant (m2⋅kg/ 
K⋅s2), δb is the grain boundary thickness (m), D0b is the diffusion coef
ficient (m2/s), Qb is the activation energy (J/mol), and Rg is the uni
versal gas constant (J/K⋅mol). 

The average temperature T was computed by Eqn (20), where Ti and 
Tj are the temperatures of contacting particles. 

T=
​ Ti + Tj

2
(20)  

With the activation of sintering, forces in the normal Fsint
n (N) and 

tangential Fsint
t (N) directions appear [42,68]. Sintering normal force 

(Eqn (21)) consisted of an attractive component leading to densification, 
and a dissipative part, acting against the relative motion of the particles. 

Fsint
n =Fattractive + Fdissipative =

α
β

π R γs −
π

2 βδb
r4

c vrel,n (21)  

Here α and β are model parameters (− ) related to the dominant mass 
transport mechanism, γs is the surface energy of particles (J/m2), and 
vrel,n is the relative velocity (m/s) of the particles in the normal direc
tion. Parameters α and β depend on the ratio of the grain boundary to the 
surface diffusion. According to Bouvard & McMeeking calculations [69], 
β = 4 may be used in all the cases. The parameter α = 9/2 is applicable 
when grain-boundary diffusion is considered as a dominant sintering 
mechanism, whereas α = 5/2 is suitable when surface diffusion prevails 
over grain-boundary diffusion. Grain-boundary diffusion was assumed 
to be the dominant mechanism of mass transfer during the sintering of 
Al2O3 [33,38,68,70]. Besides, it was previously demonstrated that the 
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dihedral angle has a limited effect on α and β [48,69]; therefore, it was 
neglected. The contact radius ​ rc was calculated as previously stated in 
Eqn (7). 

The tangential sintering force Fsint
t consisted of a dissipative 

component opposing to the relative motion in the tangential direction 
vrel,t (m/s) as shown in Eqn (22): 

Fsint
t = − η π R

βδb
r2

c vrel,t (22)  

Here η is the viscous coefficient (− ), typically set in the range between 
0 and 0.1, which describes the resistance to slip (viscosity) of particle- 
particle contacts [46,48,68]. Furthermore, grain growth is essentially 
hindered during fast sintering due to rapid heating rates [5,71,72]; thus, 
it was neglected in the present model. 

2.4. Generation of numerical samples 

The numerical sample was produced by randomly placing spherical 
particles with a diameter of 0.2 μm into a cylindrical volume. The 
random generation was carried out via the force-biased algorithm 
implemented in the MUSEN software [54,73]. Particles were iteratively 
rearranged to minimize interparticle forces, which were calculated as a 
function of their normal overlaps. The rearrangement ended when the 
maximum overlap between all contacting bodies was smaller than a 
threshold specified by the user. It allows the generation of more ho
mogeneous and isotropic packings. However, a minimal initial connec
tivity between particles is obtained, which does not represent the actual 
microstructure of the ceramic compacts. Therefore, after the placement 
of the particles was completed, the particle overlaps were increased to 
generate realistic initial connectivity by scaling particle size up by 1.5% 
of their primary diameter. This led to a final particle size of 0.203 μm, an 
increment of maximum overlap to 1.48% of the final particle size, and an 
average initial packing density of 0.62. 

2.4.1. Specification of the outer layer 
The determination of particles belonging to the outer layer was done 

in two stages based on the particle positions. Firstly, the number of 
particles belonging to the outer layer Nouter

p was calculated. To conserve 
overall heat transfer from the environment to the specimen, Nouter

p was 
approximated as the ratio between packing surface area Asample (cylin
drical shape) and the projected surface area Ap of a particle (s. Eqn (4)) 
by Eqn (23): 

Nouter
p =

Asample

Ap
(23) 

A total of 72,600 particles were estimated as belonging to the outer 
layer, considering the particles and sample dimensions presented in 
Table 1. In the second stage, the calculated number of particles was 
selected to define the outer layer. Two sets were composed of all the 
particles for the correct distribution of objects between the cylinder 
bases and side. The first included all particles sorted by their distance to 
the plane parallel to the base and intersecting the center of the cylinder 
(XY plane). The second had all particles sorted by their distance to the 
central axis (Z). Then, from each set, particles were selected in an 
amount corresponding to the ratio of the side area and area of the base of 
the cylinder, taking explicitly into account that the two obtained sets 
may intersect. 

The TMS algorithm is presented in Fig. 2. In the first step, the initial 
interparticle overlap is taken as the plastic overlap representing the 
contact surface flattening. That allows avoiding any initial stresses in the 
material. Afterward, at each time step, the interparticle contacts are 
initially detected, and subsequently, followed by calculations of 
conductive heat transfer. For the particles in the outer layer, the addi
tional convective and radiative transfer is computed. For each particle- 
particle contact, an average temperature is calculated and used as a 

criterion to determine what type of contact models will be used. The 
modified Hertz-Mindlin contact model is applied if the average tem
perature is below the minimum sintering temperature (s. Eqn (13)– 
(15)). When the average contact temperature reaches values equal to or 
higher than the minimum sintering temperature, and if the max densi
fication criterion is below its threshold, the sintering model (s. Eqn (19)– 
(22)) is applied. Otherwise, if the temperature exceeds the minimum 
sintering temperature but the interparticle overlap is higher than the 
specific threshold, the repulsive force (s. Eqn (16)–(18)) is applied. The 
calculated forces and heat streams update particle properties such as 
positions, temperatures, and velocities. Finally, the simulation time is 
updated, and a new calculation iteration is started. The algorithm runs 
until the simulation end time is reached. 

2.4.2. Scaling of mass and sample size 
The size of the simulation time step directly influences the numerical 

stability of the solution [34,74]. As a means for speeding up DEM sim
ulations, the mass of particles is often increased by several orders of 
magnitude, which allows increasing the simulation step [34,40,45,48, 
53]. Henrich and collaborators [40] have found that the scaling of 
particle mass Smp up to 8.6.10− 11 R8

γs δ b 
can be effectively used. Dosta et al. 

[34] applied a density scale factor of 1013, which led to a condition 
Smp < 4⋅10− 11 R8

γs Δ b
. In the present study, the density was scaled by a 

factor of 1.8⋅1019, which satisfies the described requirement. Consid
ering the scaling of mass applied, the TMS model presented stability and 
convergence for time steps up to 1⋅10− 3 s. 

Besides, the number of individual objects is a limiting factor for 
discrete element approaches [34,40,46,75,76]. Thus, a limitation of 
about one million particles was imposed in the present work. Hence, the 
numerical packing was generated by scaling the experimental sample 
size down. Size correlations dependent on surface area and length were 
estimated by geometric derivations. Saving the proportions of the 
experimental and numerical sample dimensions, a quadratic and a linear 
relationship of the diameters were obtained as the surface area a (Eqn 
(24)) and length ℓ (Eqn (25)) dependent size correlations: 

a=
d2

s,exp ​

d2
s,num ​

(24)  

ℓ=
ds,exp

ds,num
(25) 

To counterbalance the heat exchange given the mass and size scale, 
the scale parameters Sa and Sℓ (Eqn (26) and (27)) were calculated by 
multiplying the size correlations (s. Eqn (24) and (25)) by the particle 

Table 1 
Features of the numerical particles and the packing.   

Parameters Symbol Unit Value 

Alumina 
particles 

Diameter dp μm 0.203 
Density of alumina ρexp kg/m3 3.95⋅103 

Young modulus E Pa 3.8⋅1011 

Atomic volume Ω m3 8.47⋅10− 30 

Surface energy ɤs J/m2 1.1 
Grain boundary thickness 
times diffusion parameter 

δb D0b m3/s 1.3⋅10− 8 

Activation energy Qb J/mol 4.75⋅105 

Packing 
features 

Initial packing size (height x 
diameter) 

– μm 22 × 22 

Average initial packing 
density 

ρ0 – 0.62 

Total number of particles Ntot – 1,157,970 
Number of particles in the 
outer layer 

Np
outer – 72,600 

Maximum overlap δmax μm 3.01⋅10− 3 

Average overlap δ  μm 2.82⋅10− 3 

Total overlap δtot μm 9556.88  
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mass ratio. Substituting m = ρ V for the numerical and experimental 
geometries, a ratio between the densities multiplied by the size corre
lation and the volume ratio is obtained. Knowing that the volumes are 
functions of the respective cubic numerical and experimental diameters, 
they can be simplified to the diameter with the size correlations. Thus, Sa 

and Sℓ assume the final linear and quadratic relationships with the di
ameters, respectively. 

Sa =
d2

s,exp ​ mnum

d2
s,num ​ mexp

=
d2

s,exp ​ ρnum Vnum

d2
s,num ​ ρexpVexp

=
ds,numρnum

ds,expρexp
=

ds,num

ds,exp
Smp (26)  

Sℓ =
ds,exp mnum

ds,num mexp
=

ds,exp ρnum ​ Vnum

ds,num ρexpVexp
=

d2
s,num ​ ρnum

d2
s,exp ​ ρexp

=
d2

s,num ​

d2
s,exp ​

Smp (27)  

Here ds,exp is the experimental sample diameter, ds,num is the numerical 
sample diameter, mexp is the mass of Al2O3, mnum is the mass of nu
merical particles, ρexp is the Al2O3 density, ρnum is the numerical particle 
density, Vnum and Vexp are the respective numerical and experimental 
volumes. 

The characteristics of the particles and the packing used here are 
presented in Table 1. A summary of all the parameters applied to the 
TMS model and their respective values are given in the Table A.1 in the 
Appendix. 

Fig. 2. Schematic representation of the algorithm of the TMS model explicating the main steps.  
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3. Results and discussion 

3.1. Heat transfer and thermal gradients 

The fast heating of the numerical specimen before and during rapid 
sintering is presented in this section. Fig. 3 reveals the profile of tem
perature evolution in the packing from room temperature to 1050 ◦C 
over soaking time. The outer particles hit furnace temperature almost 
immediately –in less than 10 s– owing to the high heat input by radiation 
and convection. Heat tended to build up near the outer surface at first. 
Thus, the temperature in this region increased rapidly while the inner
most layers of particles remained essentially at room temperature. 
Hence, the temperature gradient reached its maximum. Thermal radi
ation contributes to the heating of particles with the delta of the fourth 
power of the temperature of transmitting and receiving bodies 

(Q̇rad
∼ T4

env − T4
outer). Therefore, it was indicated as the primary heating 

source when the cold sample was introduced into the hot furnace. Af
terward, the transmission of heat particle by particle via thermal con
duction promoted the raising temperature in the inner zone. With the 
properties and conditions applied, the numerical sample’s core reached 
48% of furnace temperature in 60 s, and 90% in 240 s. In 540 s – less 
than 10 min – the entire numerical sample arrived at furnace tempera
ture, and the permanent regime was achieved. 

The temperature difference between the sample’s surface (Touter) and 
its center (Tcenter) over time is shown in Fig. 4(a) for both experimental 
and modeling data. A remarked initial steep thermal gradient was noted 

due to the low thermal diffusivity of the green Al2O3 body [4,16]. 
Simulation results indicated temperature differences of up to 700 ◦C 
after 60 s of soaking time, revealing high thermal gradients within the 
sample. In 240 s, the thermal difference was still over 145 ◦C and 
decreased to less than 10 ◦C after 540 min. A strong correlation and 
fitting were observed between the experimental and simulation results, 
as disclosed by Fig. 4(b). A Pearson’s R of 0.994 was obtained, 
expressing a remarkable degree of linear correlation. Besides, 98.7% of 
the variation in the simulation result was explained by the regression 
equation, demonstrating a good fit. The consistent agreement of the 
numerical and experimental results also reinforced that the thermal 
model parameters have been appropriately approximated. The statistic 
coefficients demonstrated the potential of the TMS model in the 
description of thermal phenomena. 

The simulation results of temperature distribution through the Al2O3 
sample introduced in a pre-heated furnace at 1050 ◦C, 1250 ◦C, and 
1350 ◦C are presented in Fig. 5. The temperature difference (y-axis) 
depicted the furnace temperature subtracted from the average temper
ature of a set of Al2O3 particles placed in equally-sized spherical vol
umes, which were homogeneously distributed along the radial direction 
of the numerical sample. Zones near the external surface disclosed lower 
temperature differences with the furnace, whereas an increased thermal 
difference was observed moving toward the center. Sample’s center, i.e., 
normalized distance = 0, required a considerable amount of time to 
achieve furnace temperature (temperature difference = 0). The tem
perature distribution indicated that heat dynamically transferred along 

Fig. 3. Profile of temperature evolution over the soaking time at 1050 ◦C of the numerical alumina sample initially at room temperature.  
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the sample length from the outer shell towards its core. As a result, the 
inner particles did not experience the same thermal history as the outer 
particles most of the time. Hence, the non-isothermal behavior due to 
temperature gradients along the body was evidenced. 

In regions closer to the center (normalized distances between − 0.6 
and 0.6), the sample sintered at 1350 ◦C showed higher temperature 
gradients in the first 90 s, followed by the treatments at 1250 ◦C and 
1050 ◦C, respectively. Sintering at 1350 ◦C led to a maximum thermal 
gradient of ~1100 ◦C in 30 s at the sample’s center. This temperature 
difference dropped to 750 ◦C after 90 s. For fast firing at 1250 ◦C, the 
temperature gradient reduced from ~1000 ◦C to 650 ◦C between 30 and 
90s. The lowest thermal gradients in this range were obtained for 
treatment at 1050 ◦C. This result showed that the heating flux toward 
the lower temperature zones is increased as the energy transferred to the 
compact is amplified, i.e., the higher the sintering/furnace temperature. 

Furthermore, increasing the sintering temperature rises the densifi
cation of the green ceramic body by enhancing the diffusion process 
[77–81]. The progress of the densification implies an increase in the 
local thermal diffusivity leading to a synergistic effect on the heating 
rate [82]. The boost in thermal diffusivity due to densification causes a 
substantial enhancement in the speed of heat propagation; therefore, the 

thermal gradients tend to disappear sooner [4,72]. The decreasing 
thermal gradient towards the external surface with time at 1350 ◦C, 
suggests an increasing thermal diffusivity of Al2O3 by the progress of 
densification from the outwards toward the interior. Treatment at 
1050 ◦C did not lead to densification since this temperature is not high 
enough to activate sintering mechanisms [16]. Therefore, it took longer 
for thermal gradients to disappear when compared to treatments at 
1250 ◦C and 1350 ◦C. 

3.2. Microstructure evolution and densification 

3.2.1. Micro-macro densification 
Numerically accessed microkinetic details can provide additional 

insights into microstructural development during the intermediate stage 
of rapid sintering. The evolution of the average coordination number 
(ACN) and rc/R along the sample’s radial length is disclosed in Fig. 6. 

The ACN (Fig. 6 (a)) was constant and equal to 6 along initially. 
Exposure to the hot environment showed a noticeable increase within 
150 s for fast firing at 1350 ◦C, whereas it took between 150 and 300 s at 
1250 ◦C. The ACN in the most adjacent zone to the outer surface (dis
tance = 0.8) increased from 6 to 8 in just 300 s, reaching 9 closest 
neighbors after 1200 s at 1350 ◦C. In contrast, the coordination number 
remained its initial value closer to the center (distance = 0.2) after 300 s. 
This demonstrated that the amount of heat propagated to the sample’s 
core in the first 300 s was not enough to cause significant microstruc
tural changes in that region. 

The coordination number of the sample sintered at 1250 ◦C, at a 0.8 
normalized distance, increased 1 unit after 300 s and reached approxi
mately 9 at the end. Worth mentioning that a minor variation in ACN 
along the sample’s length was observed when reducing the sintering 
temperature by 100 ◦C. 

The evolution of rc/R over the sample’s length (Fig. 6 (b)) was 
notable from 150 s for both sintering temperatures. At this time point, 
rc/R essentially kept its initial value in the center, whereas an increase in 
2.14 times occurred at a normalized distance of 0.8 at 1350 ◦C. How
ever, the rc/R in the center increased by 2.1 times from 150 to 200 s. 
After 200 s, rc/R presented a less accentuated gradient between the 
center and the surface. 

For the Al2O3 particles sintered at 1250 ◦C, no variation in rc/R was 
observed at the center within the first 200 s. Nevertheless, at the dis
tance of 0.8, there was a 2-fold increase over the same time interval. 
Significant differences in the center become noticeable only after 300 s. 

In summary, the evolution of the coordination number and the rc/R 
was not homogeneous throughout the ceramic packing; it rose from the 
outer surface toward the center during the intermediate stage of sin
tering. Consequently, it is expected that macroscale densification will 

Fig. 4. (a) Difference of temperature between furnace environment and sample’s center (Tenv – Tcenter) over soaking time at 1050 ◦C, and (b) correlation graph – 
comparison of numerical and experimental [16] results. 

Fig. 5. Progress of temperature profile as a function of sample’s position in the 
radial direction over immersion time at 1050 ◦C (dotted), 1250 ◦C (dashed), 
and 1350 ◦C (solid). The normalized distance equal to 0 corresponds to the 
average temperature at the center, whereas negative and positive values 
represent left- and right-hand sides, respectively. 
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also show this trend, which can be attributed to thermal gradients under 
the non-isothermal conditions of fast firing. The steep increases of ACN 
and rc/R in the zones closer to the outer surface suggest the formation of 
a densification front that tends to advance in the direction of the thermal 
gradients, that is, toward the compact interior, controlling further heat 
flux. 

The macroscopic behavior of a ceramic body under fast sintering has 

its source at the sum of many microscopic interactions between powder 
particles. The micro-macro dependences were analyzed herein. The 
numerical results of the relative density over soaking time are shown in 
Fig. 7(a). The graph considered the heating and sintering stages only. 
The y-axis outlined the overall increase in bulk density within the whole 
ceramic body. 

The increase in the relative density of the fast sintered sample at 

Fig. 6. Evolution of the (a) average coordination number (ACN) and (b) normalized contact radius (rc/R) over the normalized radial distance from sample’s center 
and dwell time for Al2O3 fast-fired at 1250 ◦C and 1350 ◦C. 

Fig. 7. Numerical evolution of (a) relative density, (b) average coordination number (ACN), (c) densification rate over dwell time, and the (d) progress of the 
normalized average neck radius (rc/R) over the temperature difference (bottom x-axis) and sintering time (upper x-axis) at 1250 ◦C and 1350 ◦C. 
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1350 ◦C began within ~ 100 s of treatment, whereas it took 150 s at 
1250 ◦C. The densification advanced rapidly, achieving 92% of relative 
density in 350 s for fast firing at 1350 ◦C. Considering the same time 
interval, the fast-fired sample at 1250 ◦C reached 73.5% of relative 
density. Following, a modest densification trend was observed at 
1350 ◦C until it reaches 98.85% of maximum relative density in 1200 s. 
Although it progressed at a considerably lower rate than 1350 ◦C, the 
treatment at 1250 ◦C kept a moderate increase in the densification, 
obtaining 94% of maximum relative density. 

The coordination number results from the higher mobility of parti
cles due to the higher sintering driving force [48,49], considering par
ticles of equivalent size, shape, and mass. The steep increase in the 
relative density was also reflected in the fast increment of the ACN 
(Fig. 7(b)). The rapid sintering procedure at 1350 ◦C led to an increase in 
ACN of 1.4 times in the first 350 s, whereas an increment of 1.2 times 
was observed at 1250 ◦C for the same time frame. Nevertheless, the ACN 
raised by 23% (350–1200 s) at 1250 ◦C, whereas a modest increase 
above 13% was observed by increasing sintering temperature in 100 ◦C. 
The lessening trend in the dynamic growth rate of the ACN (Fig. 7(b)) 
and densification (Fig. 7(c)) after 350 s, especially at 1350 ◦C, suggested 
that microstructural changes were reaching their maximum. This 
behavior has been identified experimentally as a ‘frozen microstructure 
point’ [20,81] that ceramics might develop when the relative density 
reaches a certain point. The numerical results showed a frozen point at 
~ 92% of relative density, which is consistent with the experimental 
data of Wang and collaborators [20], in which the ‘frozen microstruc
ture point’ was found at approximately 95% of relative density for pure 
sub-micrometric Al2O3, fast-fired by the direct-furnace-insertion pro
cedure. On balance, an ACN of 1.5 and 1.4 times was achieved at the end 
for the fired samples at 1350 ◦C and 1250 ◦C, respectively. 

Comparatively, a tendency to a sharp increase in the densification 
rate was registered within the first 350 s at both sintering temperatures, 
as indicated in Fig. 7(c). The increment of 100 ◦C at sintering temper
ature intensified heat input into the particles leading to an increase of 
almost 61% in the densification rate. Afterward, the densification rate 
decreased for the sample sintered at 1350 ◦C while it remained almost 
constant until the end of the treatment at 1250 ◦C. At the endpoint 
(1200 s), the difference between the densification rates of sintering at 
1350 and 1250 ◦C was just 13%. 

The progress of the normalized average neck radius rc/R of the 
overall particles over the temperature difference and the sintering time 
is presented in Fig. 7(d). It was observed a 3-fold increase in rc/R 

accompanying the temperature gradient regime from 1250 ◦C to 
approximated 0 ◦C in the first 200 s for fast sintering at 1350 ◦C. The 
sample sintered at 1250 ◦C experienced an increase of only 1.75 times in 
rc/R for the same time interval, which indicates that the decrease in 
sintering temperature leads to a delay of 50% in densification within the 
first 200 s. Besides, it was observed that the sample fired at 1250 ◦C 
remained under thermal gradients for 100 s longer. Thus, increasing 
sintering temperature enhances the densification rate and the speed at 
which temperature gradients passed throughout the sample. 

3.2.2. Microstructural effects of temperature gradients 
Experimental studies point to a characteristic densification behavior 

of fast firing [6,7,9] in which a denser shell is formed in the sample 
surface and moves inwards. The simulation results foresaw this char
acteristic microstructure owing to forming a densification front in the 
intermediate stage of fastsintering at 1350 ◦C, as shown in Fig. 8. A 
denser outer layer of particles was formed and enveloped the porous 
inner region (Fig. 8(a)). The highlighted region of the simulation image 
nicely corresponds to the micrography (Fig. 8(b)) obtained experimen
tally by García and collaborators [16]. The densification front is the 
product of thermal gradients generated by the rapid heat input and is 
pointed as the controller agent of the heat flow within the compact. 
Thus, forming a dense layer of Al2O3 at the interface between the 
furnace environment and the green sample has a significant effect on the 
temperature profile distribution. High densification rates observed 
during fast sintering seem to be related to a change in the sample’s in
ternal structure, which is not considered a complementary sintering 
mechanism but can contribute to the improvement of sintering [16]. 

3.2.3. Radial shrinkage 
The radial shrinkage of the simulation samples sintered at 1250 ◦C 

and 1350 ◦C is shown in Fig. 9. The initial stage, 250 s, 350 s, and the last 
simulation time point are illustrated. The radial shrinkage Sr was 
defined by Eqn (28) as a function of the cross-section diameter of the 
cylindrical sample at the beginning Dt=0 and after each specified time 
interval Dt=x. 

Sr =
Dt=0 − Dt=x

Dt=0
(28) 

A radial shrinkage of 10% accompanied the increment in the density 
after 250 s of fast firing at 1350 ◦C, while this value is 2.2 times smaller 
when 100 ◦C decreased the sintering temperature. At 350 s, the radial 

Fig. 8. Visualization of the densification front from (a) the numerical sample by the TMS model, and (b) SEM image of a cross-section of fast-fired Al2O3, showing the 
densification front moving from the dense outer surface D toward the porous center of the sample P [16] (with copyright permission from the journal). The numerical 
representation is a half-section in the y-axis of the cylindrical sample, with a thickness of 2 layers of particles, at 550 s, and fast-fired at 1350 ◦C. 
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Fig. 9. Visualization of cross-sections of 3D simulation in initial (t = 0s), intermediate (t = 250s, t = 350s) and end-stage (t = 1200s) for the Al2O3 samples fast-fired 
at 1250 ◦C and 1350 ◦C. The cross-section view represents the circular section of the cylindrical sample cut in half of its height (z-axis). 

Fig. 10. Microstructural evolution of defects after sintering at different temperatures and heating rates. The pristine sample represents the initial microstructure and 
the following images refers to the endpoint of each treatment. The defects are purple-colored at the initial condition and cyan after each treatment. The numerical 
representation is a half-section view in the y-axis of the cylindrical sample with 2 layers of particles thickness. (For interpretation of the references to color in this 
figure legend, the reader is referred to the Web version of this article.) 
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shrinkage progressed to 13.6% and 7.8% for fast sintering at 1350 ◦C 
and 1250 ◦C, respectively. After 1200 s, the TMS model forecasted 
15.4% of radial shrinkage for the Al2O3 body fast-fired at 1350 ◦C and 
14.5% for sintering at 1250 ◦C. The foretold values for the radial 
shrinkage agree with the micro-macro densification features discussed 
beforehand. Furthermore, the shrinkage values predicted by the present 
method agree with previous experimental work [83,84]. 

3.2.4. Influence of sintering parameters on microstructural evolution of 
defects 

Randomly distributed mesoscopic defects were artificially intro
duced by deleting particles inside the initial Al2O3 sample with the scope 
of further analysis of the microstructure development. The defects were 
created in spherical-shaped regions (purple colored), simulating a sort of 
internal mesopores. The defects evolution in the final microstructures 
after sintering at 1350 ◦C with instantaneous heating rate, 250 ◦C/s, and 
10 ◦C/min, in contrast with fastsintering at 1250 ◦C, is depicted in 
Fig. 10. 

Compared to the pristine sample, the morphology of the defects did 
not present considerable dissimilarity between the high heating rates 
(instantaneous and 250 ◦C/s) modeled under fast firing at 1350 ◦C. 
However, an essential microstructural evolution with a definite trend to 
the closure of internal defects was observed by applying a conventional 
firing protocol (Ř = 10 ◦C/min) at 1350 ◦C. Decreasing sintering tem
perature by 100 ◦C (Tsint = 1250 ◦C) and keeping the instantaneous 
heating rate, a substantial reduction in the size of the defects was 
observed, which led to a significant morphological variation in the area 
of defects with a tendency to obtaining a denser sample. 

The antagonistic effect of temperatures and heating rates on the 
significant evolution of defects under rapid firing may have originated, 
among other factors, in the fast spread of heat due to high thermal 
gradients. The abrupt propagation of heat did not provide enough time 
for activation of specific mechanisms that might have favored mass 
transfer and the relief of stresses trapped in the region of the defects. 
Therefore, the higher temperature did not lead to a significant evolution 
of the defects under rapid firing, which may have originated in the rapid 
spread of heat due to the high thermal gradients. 

4. Conclusion and outlook 

An original model for thermomechanics coupled with sintering 
(TMS) was formulated and implemented in the DEM simulation frame
work MUSEN. The incorporation of heat transfer concepts, transient 
temperature regime and sintering allowed the representation of fast 
sintering kinetics. The TMS model provided new insights into microscale 
features that contribute to the macro behavior of ceramics under rapid 

firing. 
The simulation results showed relevant details of the densification 

process concerning sintering temperature, thermal and density gradi
ents, including the evolution of micro-kinetics, named the coordination 
number and the distribution of the cohesive neck size, and the progress 
of defects. The TMS model showed a good agreement with experimental 
data of thermal gradients in the range analyzed. The numerical heating 
profiles showed that the outer surface reached furnace temperature 
almost immediately. Afterward, the heat flowed particle by particle 
toward the sample’s core. The densification did not occur homoge
neously according to the micro-kinetics investigation over the sample’s 
length; the gradients of density tended to be accentuated at higher sin
tering temperatures. The densification front phenomenon was also 
foreseen. The increment in the neck radius and coordination number 
from the outer layer to the center of the sample confirmed the densifi
cation path during the fast firing procedure. The interplay of the 
microscopic phenomena led to the increase of the overall relative den
sity and shrinkage. Despite the increase in sintering temperature has 
indicated a positive effect on the relative density, densification rate, and 
coordination number, higher sintering temperatures did not necessarily 
represent the best condition for internal defect retrenchment. Indeed, an 
opposite effect was observed — the substantial enhancement in the 
speed of heat propagation that caused the thermal gradients to disap
pear sooner. 

The proposed TMS model allows analyzing and predicting micro
scale phenomena during fast sintering, which are not trivial to be ob
tained experimentally. This model has high potential to be applied in 
other systems, including incorporating other mechanisms for rear
rangement and densification, such as viscous flow. 
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Appendix 

Complementary equations: 

δn =Ri + Rj −

⃒
⃒
⃒
⃒X
→

i − X→j

⃒
⃒
⃒
⃒ (A.1)  

Kn = 2 E∗

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

R∗ δHM
n

√

(A.2)  

βn = 1.8257 μ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Kn m∗

√
(A.3)  

Kt = 8 G∗

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

R∗ δHM
n

√

(A.4)  

δδt = vrel,t Δt (A.5)  

βt = 1.8257 μ
̅̅̅̅̅̅̅̅̅̅̅̅̅
Kt m∗

√
(A.6) 
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μ=
− ln2e
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
π2 + ln2e

√ (A.7)  

m∗ =
mi mj

mi + mj
(A.8)  

R∗ =
Ri Rj

Ri + Rj
(A.9)  

E∗ =

(
1 − ν2

i

Ei
+

1 − ν2
j

Ej

)− 1

(A.10)  

G∗ =

(
2 − νi

Gi
+

2 − νj

Gj

)− 1

(A.11)  

Here, E∗, R∗, m∗, and G∗ are the equivalent Young’s modulus, radius, mass, and shear modulus of the two contacting bodies, e is the 
restitution coefficient, and ν is Poisson’s ratio.  

Table A.1 
Summary of TMS model parameters.  

Parameters Symbol Unit Value 

Convective heat transfer hc W/m2⋅K 5 
Surface emissivity ε – 0.8 
Stefan-Boltzmann constant σ W/m2⋅K4 5.67⋅10− 8 

Initial temperature of particles To K 298 
Inner temperature of furnace Tenv K 1323.15–1623.15 
Heating rate Ř ◦C/s 0.17-Instant. 
Thermal conduction resistivity factor fres – 0.18 
Minimum average normal overlap λmin  – 0.03 
Maximum average normal overlap λmax  – 0.05 
Factor of size scaling for surface dependency Sa  – 1.1⋅10− 3 

Factor of size scaling for length dependency Sℓ – 1.21⋅10− 6 

Slip parameter η – 0.01 
Sintering model parameter α – 4 
Sintering model parameter β – 4.5 
Minimum temperature for sintering Tsint

min  K 1373.15 
Stop criterion max ​ rc/R  – 0.8 
Initial temperature T0 K 298.15–373.15 
Treatment temperature T K 1523.15–1623.15 
Factor of mass scaling Smp  – 1.8⋅1019 

Restitution coefficient e  – 0.1 
Poisson’s ratio ν  – 0.23 
Simulation time step Δt s 0.001  
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