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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/hpsint/hpsint This work presents a novel meso-scale phase-field model of solid-state sintering that couples the continuum
thermodynamics and continuum mechanics governing the sintering process. The microstructure evolution
is described by a system of equations consisting of one Cahn-Hilliard equation and a set of Allen-Cahn
equations to distinguish neighboring particles. These equations are coupled with the balance of momentum
of linear elasticity. The latter is defined by applying the Wang sintering forces as distributed body loads to
compute advection velocities for the phase-field equations. This introduces long-range interaction mechanisms
between particles. Our numerical implementation uses monolithic coupling and implicit time integration. It is
based on the hpsint code, an efficient matrix-free finite element solver for phase-field simulations of many-
particle sintering processes with advanced grain tracking capabilities and block preconditioning. With a simple
academic test setup that analyzes a chain of identical particles we investigate in detail the problems of the
original sintering model proposed by Wang around two decades ago and then clearly demonstrate how our new
coupled approach resolves them. We then study a series of two- and three-dimensional benchmark problems
to demonstrate the advantages of our novel model that clearly exhibits invariance of shrinkage regarding the
model size (number of particles in the packing) and renders microstructures whose metrics agree well with
estimates based on analytical and experimental studies.
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1. Introduction Optimizing the entire sintering time-temperature profile remains a key

challenge and is currently performed mainly by trial and error, which is

Solid-state sintering has been studied by scientists for decades but
only became widely used by manufacturers when advanced and robust
binder-assisted shaping techniques, such as metal injection molding [1]
and 3D printing [2], enabled the reproducible production of green parts
with complex shapes and sufficient density. With these technologies
now available, the industry’s focus has shifted towards optimizing sin-
tering process parameters to ensure desirable microstructures, shrink-
age control, and optimal mechanical properties. These features strongly
depend on the powder characteristics and sintering conditions, includ-
ing atmosphere, maximum temperature, hold time at the maximum
temperature, additional holding steps, and heating and cooling rates.

* Corresponding author.

expensive, time-consuming, and suboptimal, as it is nearly impossible
to test all combinations of manufacturing parameters. Therefore, there
is a pressing need to complement and partially replace experiments
with predictive computer simulations.

To resolve both microstructure and shrinkage' evolution, meso-
scale models, i.e., models at the scale of individual particles, are
typically required. Application scenarios include, for instance, the man-
ufacturing of patient-specific biodegradable magnesium implants [3],
where the mechanical properties and the biodegradation process sig-
nificantly depend on both the geometry and microstructure of the

E-mail addresses: vladimir.ivannikov@hereon.de (V. Ivannikov), muench@math.tu-berlin.de (P. Munch), thomas.ebel@hereon.de (T. Ebel),
regine.willumeit@hereon.de (R. Willumeit-Romer), christian.cyron@hereon.de (C.J. Cyron).
1 One should keep in mind the subtle difference between the terms “shrinkage” and “densification”. The former refers to the geometric changes of a part
during sintering, whereas the latter primarily describes the increase in the relative density of a part, which also encompasses corresponding microstructural
changes (i.e., pore elimination). However, since these two terms are closely related (shrinkage is hardly possible without underlying microstructural changes and

vice versa), we use them interchangeably throughout the text.
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implant [4]. Various numerical techniques are available for study-
ing sintering at the meso-scale, but not all are capable of handling
both aforementioned quantities of interest. For instance, Monte—Carlo
simulations [5] capture mainly grain evolution, whereas the mecha-
nisms responsible for shrinkage are often introduced in rather artificial,
heuristic manners and often render unphysical behavior like inhomo-
geneous densification [6,7] that needs a further special treatment [8].
The discrete element method (DEM) can address both microstructure
evolution and shrinkage [9-11], but its ability to capture grain coars-
ening during the later stages of sintering, despite recent advances [12],
remains questionable due to the underlying geometric assumptions
regarding particle shapes.

Phase-field approaches can resolve both grain evolution and shrink-
age at a feasible computational cost. In particular, the recent progress
in high-performance computing (HPC) has led to the rapid emer-
gence of powerful generalized phase-field simulation frameworks and
specialized tools for modeling sintering, such as PACE3D [13,14],
Tusas [15], OpenPhase [16,17], PRISMS-PF [18], and MOOSE
[19-21].

Most phase-field models of sintering are based on the landmark
work of Wang [22] and use the Cahn-Hilliard and Allen-Cahn equa-
tions to describe microstructure evolution. Wang’s model introduced
the concept of sintering forces to capture the rigid-body motions of
particles and, thus, shrinkage, albeit with certain limitations. The be-
havior of this model has been extensively studied and advanced in the
subsequent works. For example, the Wang formulation was enhanced
in [23] by incorporating tensorial mobility instead of the originally
considered scalar one, improving the description of mass fluxes on the
surface and at the grain boundaries. It was demonstrated in [24] how
real material data can be integrated into numerical simulations. The
effects of grain orientation and anisotropic grain boundary properties
were discussed in detail in [25].

A significant amount of effort has been devoted to identifying
the nuances in the evaluation of sintering forces and improving the
advection mechanisms introduced by Wang. For instance, the studies
reported in [21] were based on the implementation of the Wang
model in MOOSE[19], a modern modular finite element method (FEM)
framework. This code, among other useful features, includes a grain
tracking algorithm [26] that allows multiple grains to be mapped to a
single order parameter. This functionality has optimized and simplified
the evaluation of sintering forces for multiparticle systems. A similar
order parameter reassignment strategy, but in the context of a finite
difference (FD) implementation, was used in [27], where the effect of
the Wang densifying forces was demonstrated for systems containing
several hundred particles. The computation of the advection velocities
used in [21] was also simplified by eliminating interpolation over the
order parameters. Another notable simplification was proposed in [28],
where the rotational effects were omitted, allowing two prefactors k
and m, to be merged into one. While a 2-particle system was studied
in [21], a 3-particle system was used in [29] to investigate the influence
of rigid-body motions on pore shrinkage.

From its inception, the concept of sintering forces as introduced
by Wang [22] lacked a rigorous theoretical foundation and was based
primarily on heuristic assumptions. This led to multiple revisions of
the definition of sintering forces. Initially, Wang’s sintering forces
required the evaluation of integrals over each inter-particle contact
zone. This operation significantly increases computational cost and
introduces non-local terms in FEM discretizations, which are difficult
to linearize when an implicit time-stepping scheme is used. To address
this issue, [30] computed the forces based solely on the deviation of the
phase-field variables at a single point — specifically, at the center of the
inter-particle contact zone. Another alternative formulation for com-
puting the advection velocities was proposed in [31]. This approach is
based on the free energy change due to particle motion, which should
minimize in equilibrium. The idea was successfully validated through
a series of 2D two-particle simulations, with the results compared to
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existing experimental data, proving to be a reasonable alternative to
the original definition from [22].

The rigid-body motions during sintering were thoroughly bench-
marked in [32] using a specifically designed test involving a linear
chain of identical particles. In a subsequent contribution [33], the
authors demonstrated how the Wang advection mechanism can be
integrated into a different, grand-potential phase-field model originally
derived in [14]. This latter work also showed the incorporation of
CALPHAD databases [34] into the model to describe the energy proper-
ties of real materials and, moreover, was the first to report large-scale
phase-field sintering simulations of systems containing thousands of
particles. In addition to adopting the Wang forces for a grand-potential
sintering model, several improvements were proposed in [33] for evalu-
ating the equilibrium concentration value at the grain boundary, which
deviates from that in the bulk due to local geometric effects. The
work also clearly revealed a significant limitation of Wang’s advection
formulation: the dependence of the obtained shrinkage on packing
size. To resolve this issue, the same authors proposed in [35] to use
molecular dynamics simulations to study the influence of atomic mass
transport during pore elimination on the size of the simulated domain
for a simple geometry. These observations were then translated to a
phase-field model as advective rules of motion. While promising and
capable of delivering invariance of shrinkage regarding system size, this
concept introduced a predefined behavior derived from a numerical
model of a different type, which brings certain drawbacks (such as
heuristic assumptions and, specifically due to the use of molecular
dynamics, a high computational cost). Nevertheless, [33] represents
a significant advancement compared to the original [22] and most
commonly used phase-field approaches in handling particle advection.

In addition to this large family of works, where the advection
behavior was ultimately defined using the idea of Wang [22], there
are several contributions proposing original and distinctly different
approaches for incorporating rigid-body motions into numerical anal-
yses using the phase-field technique. One such approach coupled the
phase-field and discrete element methods [36]. This work employed
background DEM simulations, where surface tension forces were used
to compute particle advection fields, which were then incorporated
back into the phase-field equations. However, this approach has not
been further developed due to its high complexity and the questionable
applicability of surface tension forces in the context of solid-state (as
opposed to liquid-phase) sintering. In [37], the authors derived a grand-
potential phase-field model in which the rigid-body motions of particles
were formulated around the hypothesis that vacancies arrive at a grain
boundary and remain there until a complete vacancy layer is formed.
When a grain boundary between two particles has a continuous layer
of vacancies, the two particles move toward each other as rigid bodies.
Thus, under this hypothesis, the rigid-body motions driving shrinkage
are controlled by the grain boundary vacancy diffusion rate and the
modified equilibrium concentration of vacancies at grain boundaries
(segregation). While this is an interesting idea, it remains unclear to
what extent it can realistically capture the shrinkage of large particle
packings, as the derived phase-field equations do not explicitly include
advection components.

The popularity of Wang’s advection formulation and the underly-
ing sintering force terms stems from their simplicity and the ability
to incorporate shrinkage mechanisms into practically any phase-field
sintering model with relatively low effort. However, as demonstrated
later in the present work, there are certain fundamental drawbacks to
Wang’s sintering forces that inherently lead to physically unrealistic
behavior.

In the current work, we analyze these aspects and propose an al-
ternative approach to incorporating densification behavior into phase-
field models of sintering. To this end, the phase-field equations are
coupled with continuum mechanics, allowing the advection velocities
to be derived from the solution of a coupled elasticity problem. This
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Fig. 1. The particle representations available in hpsint and the key information each provides relevant to the present work. The representations are illustrated for a sample case
of a 5-particle packing in 2D. We maintain a 0D representation of particles described by their position, radius, and additional statistical quantities. This reduced model is used
for postprocessing, to determine potential contacts between grains, and to ensure that order parameters can only include non-neighboring particles, which may involve remapping

certain grains within the solution vectors.
Source: Adopted from [38].

problem is defined by replacing Wang’s sintering forces with stati-
cally equivalent distributed body forces for each particle. In this way,
we can address one of the most significant issues of Wang’s original
formulation of the sintering forces: its inability to capture long-range
interactions between particles.

Our new model is implemented in our matrix-free phase-field code
hpsint [38], which is available on GitHub.? As its backbone, the code
utilizes the open-source library deal.IT [39-41].

The work is structured as follows. In Section 2, we recall the original
phase-field formulation of Wang [22], along with its advection terms,
which are critically discussed in Section 3, where we study sintering
using the simple academic example of a chain of identical circular
particles in two dimensions. This section explains why the chain’s
shrinkage unphysically decreases as the number of particles in the
chain increases when using Wang’s sintering forces. In Section 4, we
present our new model, which couples a thermodynamic phase-field
model with a linear elasticity problem. Section 5 discusses numerical
examples, and finally, Section 6 summarizes our conclusions.

In this work, first- and second-order tensors are printed in italic
boldface, fourth-order tensors in capital double-struck, and discretized
quantities in boldface. Scalar and cross products are denoted as - and
X, respectively, while double contraction products of two second-order
tensors are indicated by a colon.

2. Wang’s phase-field sintering model
2.1. Governing equations
We recall the phase-field model of solid-state sintering introduced

in [22], which is based on a system of Cahn-Hilliard and Allen-Cahn
equations:

de S5F
E(x,t)=V-[MVE]—V-(vc), (1a)
on; 5F

E(X,I)Z—La—rli -V (V,-I’]l-). (1b)

2 https://github.com/hpsint/hpsint

where ¢ denotes time, x is the position vector in space R, and N
is the number of particles in the packing. As usual, V- p = divp is
the divergence of an arbitrary tensor p with the spatial derivatives
being gathered in a vector operator V = (%, e % . The set of
variables #5; describes individual particles (or grains; in this work, we
use these terms interchangeably): ; = 1 inside the ith particle and
n; = 0 elsewhere. The variable ¢ represents the molar fraction of the
material, i.e., concentration; therefore, ¢ = 1 inside any of the particles
and ¢ = 0 in the voids. For optimization purposes, it is common
to reuse [26,42,43] the same variable 5; for multiple non-interacting
particles. The variable #; is then referred to as an order parameter and
groups multiple particles together. We have previously [38] developed
an efficient, fully distributed algorithm for constructing such groups in
an optimal manner, thus minimizing the number of order parameters
in use. This algorithm employs the grain tracking feature that synchro-
nizes the spatial and reduced 0D representations of individual particles,
and, depending on the microstructure topology, remaps them between
the domain unknowns when needed, see Fig. 1.

The kinetics of the system containing N particles is determined by
the free energy

N
F:/ [f (c,n,-)+%KC|VC|Z+Z%K,1|V71,-|2:| dQ, @
Q i

where

N
f(c,n,.) =A*(1-c)+B [62+6(1 —0)2111.2

3

i

N N 2
_ 4(2—c)znf+3<znf)

is the chemical free energy density contributing to the bulk and inter-
face energies, and the remaining two gradient terms provide additional
contribution to the interface energy. The energy parameters A, B, k,,
and «, can be derived from the surface and grain boundary energy
values of the material, as shown in [24].

The mass transport is captured by the Cahn-Hilliard equation and
is introduced through various diffusion mechanisms described by the
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mobility term [22]:

N N
M = Mo+ My, (1 = ) +4Myc? (1 = ) + Mgy, D' Y i (4)
i=1 j#i

where ¢ = ¢ (10 - 15¢ + 6¢?) . Here, the subscripts “vo”, “va”, “s”, and
“gb” denote the mobility coefficients for the volumetric, vapor, surface,
and grain boundary paths, respectively. For simplicity, the scalar form
(4) of the mobility is used in this work. Alternatively, one can introduce
the so-called tensorial mobility, as proposed in [23]. Implementation
details of this approach in the context of high-performance matrix-free
methods are provided in [38]. Similar to M, the parameter L from
the Allen-Cahn equations defines the mobility of grain boundaries and
thus describes the intensity of grain coarsening. Both M and L can
be expressed via the Arrhenius formula by defining the corresponding
prefactors and activation energies [21], to account for the increase in
mobility with rising sintering temperature.

2.2. Introducing rigid-body motions

The conventional Cahn-Hilliard and Allen—Cahn equations directly
address the mass-transport-related aspects of sintering. However,
shrinkage mechanisms induced by the compressive stresses arising in
the vicinity of grain boundaries due to the rapid diffusion of atoms
remain completely missing. These processes may evoke complex par-
ticle interactions in large, realistic packings, resulting in significant
microstructure changes. To resolve this issue, Wang [22] added to
system (1) the corresponding advection terms, where v = Z,N v;
and the advection velocity within individual particles v; consists of
translational and rotational components:

v,(x) = { :)1, i(x)+ v, (%), i)ft::‘i?s: particle ©)
with

v, ;(x) = %’F,-, (62)
v”uy:%qyxu_x“y (6b)

i
where m, and m, are coefficients characterizing the magnitude of the
particle translation and rotation velocities with respect to the sintering
force and where

vi= [ naa @)
Q

is the particle volume. The vector x,; denotes the mass center of the
ith particle. The velocity components v,; and v, ; are proportional to
the force and torque [22], respectively, given by

F, = / dF;, (8a)
Q

T,.=/ (x—x,;)x dF;. (8b)
Q

The effective local force density dF; is the key component of the entire
shrinkage mechanism and is computed as

dF; =k Z (c - co) ¢ (n,-nj) [Vn,- - an] dQ. 9
J#

Here, ¢ is the equilibrium value of the mass concentration at the grain
boundary, meaning the force vanishes when ¢ = ¢,. The factor k is a
sintering force coefficient that describes the dependency of the sintering
forces on the mass concentration imbalance at the grain boundaries.
The term ¢ (n;1;) acts as a filter identifying grain boundaries through
the order parameters:

1, ifgn; = s,
¢ (Vlﬂlj )=¢ (ninj)wa“g - {0 oth'erjwiseg a0
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Fig. 2. Visualization of the continuous grain boundary filter function ¢ ('71'7,) for
different values of the smoothening parameter g, threshold value s,, = 0.14.

where s, is the threshold value, which we usually set to 0.14 following
the practices of the other researchers [27,32]. However, in [32], it was
observed that this discontinuous definition of ¢ ('1;'1,-) leads to jumps
in the advection velocities. In our case, since we use an implicit time
marching scheme, this term may result in poor convergence of Newton
iterations. To eliminate this discontinuity, we redefine ¢ (;1,.;1].) as

1

¢ (’1[']/) = 1+ e*q(ﬂmﬁf‘gb) 1)
Fig. 2 shows how this continuous function behaves within the range
of mn; € [0...0.25] for different values of g. The upper limit of the
range is determined by the fact that at each point in the domain,
Z,N n; = 1, and therefore, for a grain boundary between two arbitrary
particles described by order parameters #; and #;, max (;1,-;1/-) = 0.25
when n; = ; = 0.5. The minimum value of g is then constrained by
the requirement that ¢ (0) — 0 and ¢ (0.25) — 1. For this reason, the
curve for ¢ = 20 in Fig. 2 clearly violates this restriction. Our numerical
experiments revealed that one should choose ¢ > 50. A detailed analysis
of the influence of this parameter on the accuracy of the numerical
results is presented in Supplementary Material S1, from which the only
important outcome we need to refer at the moment is that all numerical
simulations from Section 5 are performed using (11) with ¢ = 200.

3. Critical analysis of Wang’s phase-field model
3.1. The advection terms

As pointed out in the introduction, the approach proposed by
Wang [22] has been widely and successfully used by many researchers
for both small- and large-scale simulations. To capture shrinkage, Wang
introduced elementary compressive forces per unit area at the grain
boundary (9), computed from the difference between the effective mass
concentration and its corresponding equilibrium value. The advection
velocities are then defined to be proportional to this quantity, as seen
in expressions (6), (8), and (9). The idea is clear and reasonable: the
higher the imbalance of mass concentration at the grain boundary,
the larger the forces, and the more intensive the densification. This
behavior correlates well with what is observed in practice: indeed, the
shrinkage rate is higher in the early stages of sintering when the necks
are yet relatively small and actively growing. Moreover, its numerical
implementation is relatively simple while effectively capturing the
desirable effects, at least qualitatively.

However, one should recall that this concept is not based on any
rigorous theoretical derivations and was rather intuitively constructed.
The lack of a sound theoretical foundation is, in itself, not an overly
serious issue for the model. What makes it crucial is the fact that certain
components of the introduced heuristics may significantly limit the
practical applicability of the Wang approach. In particular, the explicit
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Ly=2Nh,

(a) Initial configuration.

hy | n | n

L =N -2)h+2h,

(b) Final configuration.

Fig. 3. Sintering of a chain containing N identical particles.

linear dependency (6) between forces and velocities — an assumption
that notably simplifies computations — may easily lead to non-physical
behavior, especially pronounced in some edge cases.

3.2. Benchmark: a chain of identical particles

To illustrate the aforementioned issues, consider a chain containing
N identical particles, all having a radius r, at the time instance ¢, as
shown in Fig. 3. For the given material, fixed sintering conditions, and
identical green density values, the real metallic parts having different
dimensions exhibit identical shrinkage. This observation should also
apply to the chain geometry from Fig. 3, and therefore one should
expect shrinkage along the horizontal axis to be independent of N
provided N — oo. Indeed, let h, = r, be the distance between a
particle’s center and one of its grain boundaries at ;. After sintering,
this distance reduces to 7 < h,. The initial and final lengths of the chain

are then given as
Ly=2Nhy and L=@2N -2)h+2h, (12)

respectively. The shrinkage of the chain can then be computed as
follows:

Ly—L —
=0T NI as)
L, N hy

The shrinkage invariance is then evident since

6—><1—£> if N - 0. 14)
hy
Expression (13) implies that the outside semicircles of two particles
on the ends of the chain retain the same shape as in the initial
configuration, so that the distance from their center to the outside edge
of the particle remains h,. This is a reasonable assumption given that
the chemical potential in those outmost regions is constant along the
particle surface due to the constant curvature of the latter. A detailed
justification of this assumption is presented in Supplementary Material
S2.

Let us now analyze the behavior of the chain based on the definition
of sintering forces (9). For such geometry, at the initial time instance
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to, forces F; = 0 Vi # {1, N} due to symmetry, since the grain boundary
effects for each particle in the interior cancel each other. Only F; # 0
and Fy # 0, and therefore, at ¢, particles 1 and N start moving towards
their neighbors. If the advection velocities are low, then the additional
mass brought to the neck area does not influence the grain boundary
fluxes, and the growth rates remain identical for all the necks in the
chain. Consequently, all forces Vi # {1, N} remain zero throughout the
entire process, with only the outermost particles exhibiting rigid-body
motions and contributing to shrinkage.

However, if the advection velocities are sufficiently high to alter the
mass fluxes along the grain boundaries between particles 1, N and their
direct neighbors i =2 and i = N — 1, then forces F, and F_, are no
longer zero. This delayed process, in which the particles gradually push
their neighbors, propagates along the entire chain, resulting in all forces
F; ultimately becoming different from zero. The exact magnitudes
and even signs of these forces depend on the interplay of the grain
boundary diffusion and advection properties, specifically Mgy, m,, and
k (with m, being irrelevant in this geometry). Thus, all particles in the
chain exhibit rigid-body motions, contributing to shrinkage; however,
it remains unclear whether the resulting shrinkage is homogeneous and
how it aligns with the estimate (14).

To investigate these two questions in more detail and to verify
this preliminary analysis, we implemented the original formulation
(1) and ran simulations for chains of different lengths with N =
{2,4,6,8,10,12} measuring the shrinkage of this system along the x-
axis. Only even values of N are considered to simplify the subsequent
analysis of strains in the chain, however, any packing with an odd
number of particles exhibits qualitatively the same behavior. The initial
radius of the particles was set to r, = 10, and the material energy
properties were defined as A = 17.4, B = 0.6, x, = 2.25, and «, = 0.5.
The diffusion prefactors were set to My, = 0.01, M, = 10719, M, = 4,
and Mgy, = 0.4, while the grain boundary mobility was defined as L = 1.
The advection properties were chosen as m, = 0, m, = 1, with k varied
in the range 30 ... 3000. By selecting these advection-related parameters,
we effectively eliminate m, and m, from discussion and focus solely
on the magnitude of k. This approach simplifies further comparisons
with the later-presented coupled model, which does not employ (6)
and, therefore, contains neither m, nor m,. According to the analytical
limit studies from [24], the chosen energy parameters render the diffuse
interface having thickness w =~ 1.0. For numerical analysis, we used
the matrix-free FEM-based implementation of the model in our code
hpsint, which was previously thoroughly validated in [38]. Only the
2D case was analyzed, as the chain shows no qualitative differences in
its behavior in 3D.

Numerical studies were performed for three different values of
the sintering force coefficient k: 30, 300, and 3000. As seen in Fig.
4(a), as expected, the low value k = 30 does not induce significant
advection velocities capable to initiate the densification process of the
entire chain, resulting in only the outermost particles contributing to
the shrinkage behavior. In this scenario, the length of the chain after
sintering is merely given by

L =Q2N —-2)hy+2h, (15)

and its shrinkage can therefore be estimated as

Ly— L
e=0 "= _L(j_2) 16)
I, N ho

from which € — 0 if N — oo. However, if the prefactor k is increased
to k = 300 or k = 3000, the outermost particles start influencing
their neighbors, emitting more complex particle interactions and lead-
ing to more pronounced shrinkage, as seen in Figs. 4(b) and 4(c).
Though large values of the sintering force coefficient k lead to greater
shrinkage and involve more than just the outermost particles in the
densification process, they still do not meet the analytical estimate (13).
Furthermore, the curves in Figs. 4(b) and 4(c) show that although
the shrinkage for N > 2 is larger than for N = 2, the strain ¢ still
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Fig. 4. Shrinkage of the particle chain with different numbers of particles N and sintering force coefficient k, using the original Wang model with a grain boundary diffusion

prefactor My, = 0.4.
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Fig. 5. Unphysical shrinkage oscillations of the particle chain at the initial phase of the simulation for different N and a sintering force coefficient k = 3000 when using the

original Wang model.

decreases as N increases. Overall, the curves presented in Figs. 4(b) and
4(c) initially seem to confirm the observation from [29] that suggests
beyond a certain threshold, further increases in k have little effect
on shrinkage. However, a more detailed analysis of shrinkage-related
quantities (strains within this section and velocities in Supplementary
Material S3.1) for different grain boundary diffusion parameters reveals
that this statement is not entirely correct.

Another unphysical defect that can be observed when the original
Wang sintering forces are used is the mechanical oscillations. They
are introduced by the wave-like propagation of the advection behavior
along the chain axis and get reflected in the shrinkage curves, especially
for large values of k. They are not visible in Fig. 4(c) due to the x-axis
scale, but their presence becomes apparent when zoomed in, as shown
in Fig. 5(a). These oscillations are inevitable and are a side effect of the
shrinkage mechanism introduced by (6) and (9).

The observed oscillations indicate that the advection fluxes supply
excessive amounts of mass to the neck region, such that it cannot be
timely transported then by the grain boundary diffusion mechanism
from the neck center to its surface. The increase of the grain boundary
diffusion prefactor My, indeed alleviates this issue. As seen in Fig. 5(b),
the oscillations are no longer present in the sintering curves, but they
are still inconsistent for different N and far from being in agreement
with the estimates provided by (13), see Supplementary Material S3.1
for more details.

A perfectly homogeneous strain field is expected during sintering
for the chain geometry due to its symmetry. To verify this, we compute
the axial strain measure £;; between the centers of two symmetrically
opposite particles, i and j, in the chain:

?,-j _ (x/ 0~ X 0) (xj xl) ) (17)

(xj0=Xi0)

Since the particles are always selected symmetrically, we note that
Jj = N —i and simplify the notation by dropping the second index in &,
referring to this quantity simply as €;, where the subscript then repre-
sents the pair number. Although the grain tracker feature of hpsint
provides the center coordinates of individual particles, we cannot use
this information to accurately evaluate (17) because the locations of
the particle centers of mass change not only due to advection but also
due to the geometric evolution of the particles themselves (e.g., neck
growth). To eliminate this additional dependency, at each time instance
t,, numerically integrated with timestep r,, we compute the position of
the ith particle center of mass from its previous value and the current
advection velocity as follows:

(18)

Xjg = Xi k=1t Uxj k=17~

Fig. 6 illustrates the evolution of £ for six pairs of particles in a 12-
particle chain at three different values of the sintering force coefficient
k. The curves clearly indicate that the strain field generated by the
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Fig. 6. Shrinkage strain £, computed for 6 pairs of symmetrically located particles in a chain with N = 12, for different sintering force coefficient k, using the original Wang

model with a grain boundary diffusion prefactor Mg, = 0.4.
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Fig. 7. Comparison of the necks formed between the different pairs of particles of the 12-particle chain at time instance 7 = 2.25 using the original Wang and the proposed coupled

models, grain boundary diffusion prefactor Mg, = 0.4.

original Wang model is not homogeneous; however, the results improve
significantly for larger values of k. These observations align perfectly
with those in Fig. 4.

On the microstructure level, inhomogeneous shrinkage gets re-
flected also in forming such necks within a symmetric chain which are
different from each other. As seen in Fig. 7(a) that compares the necks
for three different contact pairs of the 12-particle chain, the very left
neck is larger than the others whereas the central one reveals to be the
smallest. This is again related to the wave-like propagation of advective
behavior across the packing that initiates from the outmost particles of
the packing.

A very similar inconsistent densifying behavior was reported in
[32], where a chain of N particles with slightly different geometry
and material properties was analyzed. Although the problem of the
Wang formulation was not explicitly addressed in that work, Figure
4(b) from [32], especially if rescaled using a linear scale instead of
logarithmic, exhibits a steady decrease in shrinkage as the number of
particles in the chain increases.

This unphysical behavior of the Wang model is particularly evident
in this simple edge case benchmark. In more practically relevant tests,
when the initial packing is formed as a scattered assembly of randomly

distributed particles with different radii, this side effect is less visible
but still present. For instance, Termuhlen et al. [27] performed an in-
depth analysis of rigid-body effects in large three-dimensional packings
containing hundreds or thousands of particles. In Figure 7(d) of [27],
they show the contour lines on the z = 10 pm plane taken at the end
of the sintering process, highlighting the difference between the cases
when advection was accounted for and when it was not. It is possible
to observe that the outer contours indeed exhibit rigid-body motions
toward the center of the entire sintered structure, but this effect is
significantly less pronounced in the packing interior. This is due to the
fact that the forces are more prone to compensate each other in the
bulk rather than on the packing surface.

Another manifestation of this problem can be observed in the results
obtained by Seiz et al. in [33], where the sintering of three different
cubic packings containing 263, 3446, and 34460 particles was simu-
lated. Figure 6 from [33] shows a clear dependency of shrinkage on the
scale of the packings: the largest packing exhibits significantly lower
densification.

From the analyzed chain benchmark and the other numerical ex-
amples shown in the literature, we can summarize the following limi-
tations of the original Wang advection formulation:
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1. the proposed shrinkage mechanism lacks a physically grounded
and rigorous foundation,

2. it may introduce unphysical oscillations in the packing, and the
appearance of these oscillations is difficult to predict,

3. it may lead to significantly different densification behavior for
similar systems, even when they differ only slightly in scale,

4. the obtained densification is not homogeneous even for packings
with evenly distributed particles, and

5. shrinkage decreases with an increase in system size.

The source of all these problems stems from the artificial nature of
the force-velocity linear dependency (6) and the heuristic definition
of sintering forces (9).

4. Novel coupled phase-field sintering model
4.1. Coupling phase-field model with continuum mechanics

In order to resolve the limitations described in Section 3, we must
recall that sintering is, in fact, a multiphysics process that couples mass
transport and mechanical phenomena. In the late 1960s, Johnson [44],
through rigorous physics-based derivations, demonstrated the role of
the stresses induced at the grain boundary by the evolution of chemical
potential due to material flow as a driving force for sintering, particu-
larly shrinkage. He then successfully applied the constructed equations
to obtain volume, grain boundary, and surface diffusion coefficients
from experimental sintering data.

Keeping this important concept in mind, we introduce the conven-
tional continuum mechanics static equilibrium

V-oc+b=0, 19)

which needs to be solved at each timestep in addition to the original
phase-field equations. Here ¢ and b represent the domain stresses
and distributed body forces, respectively. The latter are composed
of individual forces uniformly distributed over the volume V; of the
corresponding particle, as given by

F;
b= 2 ey (20)
Similarly, as in [22], the forces F; are computed using expressions (9)
and (8a).

One must choose a suitable constitutive relation for the mechanical
part of the model. Since the sintering process occurs at high tem-
peratures close to the material’s melting point, viscoelastic material
behavior should generally be considered. However, even for simple
viscoelastic models (e.g., the Maxwell model), the numerical imple-
mentation of the discrete FEM solution scheme based on Egs. (19) and
with (1) coupled together proves to be exceptionally challenging for
the following reasons:

1. stresses and strains need to be accumulated over time for vis-
coelastic materials,

2. phase-field equations are constructed using the Eulerian spec-
ification, whereas the mechanical ones usually operate on the
Lagrangian frame of reference [45].

These aspects necessitate a complex time history tracking procedure,
along with a technique to appropriately transfer relevant quantities of
interest between the Lagrangian and Eulerian grids, such as through
the use of an arbitrary Lagrangian—Eulerian approach [46,47]. For the
initial benchmarking and verification of the proposed coupling concept,
we deemed this strategy excessive. To avoid these complications, we
introduce another hypothesis at this point.

We assume that the material viscosity is sufficiently small compared
to the timescale of the sintering process (as well as the individual
timesteps in our simulations), allowing us to consider that a fully
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relaxed state is achieved at each timestep. This assumption is funda-
mental to the currently derived coupled model and implies that the
mechanical stress generated during the sintering process is relaxed in-
finitely fast. This hypothesis is reasonable for the behavior of metals at
elevated temperatures over timescales of several hours. Consequently,
a much simpler, linear elastic material constitutive relation can be
employed:

o = Deff L€, (21)
with
Deff = C]D), (22)

where the concentration c is also used to account for the presence of
voids in some parts of the domain, and D is the elasticity tensor of the
solid phase.

Since metallic parts do not typically exhibit large deflections during
sintering and densification is driven by meso-scale processes, small
strain elasticity can be considered. Therefore, the displacements trans-
late into the strain field via

1(ou  ou”

The assumption regarding the infinitely fast relaxation of the arising
mechanical stress also allows one to interpret the displacement field u
obtained from the solution of (19) as particle advection velocities

v=u and v, =u, 24)

which are then plugged into the phase-field system (1). This is a very
important result that, together with (20), completes the coupling be-
tween the mass transport and mechanical phenomena in the proposed
model. Note that, distinctly from the original Wang formulation, the
velocity v entering the Cahn-Hilliard equation (1a) is no longer a sum
of individual v;.

The coupled model derived herein introduces more complex inter-
action mechanisms between powder particles during sintering: the ve-
locity is obtained now from the displacements of the mechanical model.
This can be understood as a version of the Wang model where particles
are no longer conceptualized as largely separate mechanical entities
but as parts of a mechanical continuum, so that long-range interactions
between distant particles due to elastic coupling through intermediate
particles are now (unlike in the Wang model) automatically accounted
for.

The proposed model, though, is still not fully physically consistent
since the body forces (11) are computed at the moment using the
original heuristics proposed by Wang [22]. However, each force F, still
being applied locally over the ith particle only, now has an influence
on the entire packing, distinctly from the situation when relations (6)
are used.

4.2. Weak form and preconditioning

The system (1) and Eq. (19) are solved at each timestep in a mono-
lithically coupled manner. After introducing the chemical potential
u = 6F /éc as an auxiliary variable, expanding explicitly the variational
derivatives §F /6c and 6F /én;, and exploiting the definition (2), the
complete system of equations can be written as

% =V -[MVu]l-V - (ve), (25a)
o k. Ve, (25b)
dc
on; of 2
~ = [ o~ KV =V (i) (25¢)
v (Deff . 6) +b=0 (25(1)
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Fig. 8. Visualization of the block sparsity pattern of (1) the system matrix and of

(2) the considered preconditioner obtained when discretizing (26) for the case of four
order parameters and a 2D displacement field.

By denoting the test functions for an arbitrary variable f as ¢, the
weak form of system (25) then reads as

0
(¢ 5 ) == (Voo MV)

or (26a)
—((pc, Vc~v) — ((pc, cV-v),
of
((pw u) = Pu o0 + (V(pﬂ, IAZIN (26b)
an; of
(o0 51) == (o0 57
— (V(p,, , Lk, Vn; (26¢)
—(co,,, Vi v ) = (rpm, mV~v[),
(V(pu, Deff : E) - ((pu, b) =0. (26d)

The boundary integrals emerging from integration by parts vanish
since zero natural boundary conditions are considered for all phase-
field components. Note also that, distinctly from the situation where
we used velocities (5), the divergence terms V - v and V - v; do not
vanish, since the advection components are computed using (24), and
the displacement field u is an arbitrary continuous function. The first
three equations of (26) are scalar, whereas the last one is written for
a vectorial unknown u. The weak form (26) then results in a nonlinear
system R(d) = 0, with all the unknowns gathered in the vector d =
[c uoon u]T. The implicit BDF2 scheme is applied, and NOX from
the Trilinos library [48] is used as a nonlinear solver, as was done
in [38]. The reader is referred to this work for the details regarding the
linearization of R(d).

The sparsity pattern of the Jacobian matrix corresponding to the
FEM discretization of the weak form (26) is illustrated in Fig. 8. Its
high complexity arises from the definitions of free energy (2), mobility
(4) and body forces (20). Since hpsint is a matrix-free code, only
iterative linear solvers can be utilized, necessitating the selection of an
appropriate preconditioner. The topic of preconditioning of the phase-
field part of the coupled model is discussed in detail in [38], where
we proposed a specifically constructed block Jacobi preconditioner
that employs incomplete LU (ILU) factorization for the Cahn-Hilliard
equation and blockwise averaged ILU for the Allen-Cahn ones. Now,
we need to add a third component to the preconditioner to address
the mechanical part of the model. To this end, we employ algebraic
multigrid (AMG) [49], setting the polynomial degree of the Chebyshev
smoother to 6 and applying 7 multigrid cycles.

4.3. Stiffness matrix ill-conditioning

By examining (21) and (22), one can easily identify a potential
numerical issue for the discretized problem: void regions deliver zero
contributions to the resultant tangent matrix, rendering it singular. To
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resolve this issue, we limit the minimum material stiffness within the
domain by replacing (22) with

Deff = min (C, 0.1 ) D. (27)

This approach is straightforward to implement and, and preliminary
numerical tests indicate that a minimum value of ¢ ;, = 0.1 has no
significant impact on the results. Without this strategy, we would need
to address the cells with zero stiffness by eliminating the corresponding
degrees of freedom from the finite element assembly. This would
require frequent reconstruction of the underlying sparsity pattern at
each timestep, which is a costly operation in our case.

4.4. Dirichlet boundary conditions

To solve the linear elastic problem, Dirichlet boundary conditions
are required, and their imposition is not straightforward in the present
case. Since we generate computational domains such that the packings
are always surrounded by void padding [38], applying constraints
at the boundaries is not physically relevant, especially when elastic
properties are defined as in (27). To circumvent this issue, we im-
pose zero displacement constraints over specific cell faces within the
computational domain according to the following algorithm.

First, the mass center O of the packing is identified, as illustrated in
Fig. 9. Using the simplified 0D particle representation, shown in Fig. 1,
we then determine the reference point R as the centroid C,, of a growing
grain m nearest to O:

R=C,  lxc, —xoll = min A V> Voo (28)

where V,, is the grain volume as computed by (7). Condition V,,, >
Viak—1 implies that the mth grain has grown between the two con-
secutive time instances 7, and #,_;. This guards the algorithm against
selecting a grain that might be the closest but is on the verge of being
consumed by neighboring grains due to grain growth. Our experience
shows that choosing a very small particle can result in too few mechan-
ical constraints being enforced on the packing, significantly degrading
the convergence of both linear and nonlinear iterative solvers. The
application of condition (28) is illustrated in Fig. 9, where the centroid
of particle 3 is chosen as the reference point, while particle 4, though
an eligible candidate, is discarded.

In the next step, the active cell containing the reference point R is
identified within the mth particle. The coarsest parent of this active cell
is then tracked, and the vertex closest to R is selected as the origin point
O with coordinates x,. For the d-dimensional space, the individual
components u; of the displacement vector u are restrained over d
hyperplanes passing through vertex Q. These constraints are applied
not over the entire hyperplanes but only to points within particle
m, which was previously detected using condition (28). If particle m
is mapped to an order parameter #;, then the resulting mechanical
constraints applied to the packing can be written as

u; =0Vx;=x;0 A 1;(X) 2 iy 29)

Condition (29) is a heuristic engineering approach, designed for
easy implementation to benchmark the coupling between the phase-
field and mechanical models. However, one should be aware of its side
effects. The presented strategy for imposing essential boundary condi-
tions violates certain principles of continuum mechanics, particularly
equilibrium in the vicinity of the restrained region, since the constraints
are applied in the domain’s interior rather than on its boundary. To
mitigate the extent of equilibrium violation, we introduced the second
condition in (29). Naturally, a more rigorous method for applying these
constraints should be developed, but this is deferred for future work.
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Choosing a reference point

The reference point R is chosen
as the centroid C; of a growing
particle closest to the packing
barycenter O.

Searching an origin point

The origin point Q is the vertex
closest to R of the cell from

the coarsest level containing the
reference point.

Applying kinematic constraints

Constraints u, = 0 and u, = 0
are applied within particle

3 along the vertical and
horizontal faces, respectively.

Fig. 9. Imposing kinematic boundary conditions for different choices of the reference point for the case of sintering of 5 particles in 2D with adaptive mesh refinement.

4.5. Defining the model parameters

In addition to the parameters related to the phase-field part of the
model and introduced in Section 3, the conventional elastic mechanical
properties, such as the Young’s modulus E and Poisson’s ratio v, also
need to be specified. It is important to remember that the mechanical
part of the formulation, in its current form, lacks a direct physical
counterpart. While it effectively captures the mechanism, it currently
has no solid theoretical foundation. Consequently, the mechanical prop-
erties can be set somewhat arbitrarily, aimed at simplifying the overall
calibration process. Typically, we assign E =1 and v = 0.25.

The intensity of the shrinkage forces is then governed solely by the
coefficient k, unlike in the original Wang model, where m, = 0 and
m, = 1 are used for ease of comparison with the coupled formulation,
as stated in Section 3. Since the forces F; are utilized differently in each
of the models — acting as mere velocities in the original Wang model
via (6) and as distributed body loads via (20) in the coupled model —
the parameter k will differ significantly in value and even in orders of
magnitude between the two. To ensure comparative simulations, once
k is identified for the Wang model, it is then adjusted for the coupled
model so that the same shrinkage behavior over time is achieved for a
given material in a simple 2-particle sintering case in 2D.

4.6. Computing particle velocities

For postprocessing, it is convenient to output the advective veloc-
ities of individual particles during numerical simulations. In the case
of the original Wang model, this information is available via the grain
tracker in our code hpsint as v,;. However, for the coupled model,
the grain tracker provides only the forces F; acting on individual
particles, and the corresponding advective velocities are computed
from the displacement field using (24). To do this, we simply evaluate
the displacement field u at the particle centers, which are identified
during the grain tracking phase.

5. Numerical examples
5.1. Chain of identical particles in 2D
First, we apply the derived coupled approach to the chain example

analyzed previously in Section 3, with the initial configuration depicted
in Fig. 3(a). The material properties remain consistent with those

10

outlined in Section 3, except for the sintering force coefficient k, which
must be defined several orders of magnitude lower. This adjustment
is necessary to achieve the same level of shrinkage delivered by both
the generic and coupled Wang approaches for the 2-particle case, as
discussed in Section 4.5.

Fig. 10(a) presents the evolution of shrinkage along the x-axis for
different numbers of particles N. The results are qualitatively different
from those in Fig. 4: the strain increases with the number of particles N,
ultimately approaching the limiting value as anticipated by (14). The
behavior pattern is no longer dependent on the magnitudes of k and
Mgy, and all the obtained curves qualitatively show no differences. For
this reason, we demonstrate here only the results for k = 0.1 and My, =
0.4, presenting a more detailed complete analysis in Supplementary
Material S3.2. When making this plot, we also analyzed a chain with
24 particles to demonstrate more explicitly that the obtained shrinkage
evolutions indeed perfectly approach the limit curve built from (14).

In contrast to the original Wang model, the obtained strain field
is strictly homogeneous, as demonstrated in Fig. 10(b), which depicts
the evolution of quantity £ computed for individual pairs of particles
in the chain with N = 12. Observe from expression (17) that since
quantity £ does not account for the outer regions of the two outmost
particles of the chain, it is expected for € to be in agreement with the
limit estimate (14) too for all values of N, as revealed in Fig. 10(b).
As another consequence of having homogeneous strain field across the
whole chain, the mass flow does not differ for individual necks any
longer leading to identical necks, see Fig. 7(b), where the corresponding
three particle pairs are indistinguishable and simply collide to a single
blue line.

To plot the limit dashed curve in Fig. 10(a), the actual value of h
is required for (14). Since this quantity is not directly provided by the
numerical simulations, it is evaluated from the observed shrinkage &
by inverting equation (13) for N = 10. Note that the choice of N for
this reference calculations is arbitrary, and the obtained value of 4 is
practically identical for all the considered number of particles in the
chain, as expected thanks to the consistent shrinkage behavior of the
proposed coupled model.

5.2. Square domain of particles in 2D
We analyze a square 2D domain containing 40 particles having radii

in the range 7.5...13.5, the initial configuration is shown in Fig. 11.
The material properties are identical to those used in Sections 3 and
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(a) Shrinkage of the particle chain with different numbers of
particles N.
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(b) Shrinkage strain £, computed for 6 pairs of symmetrically
located particles of the chain with N = 12.

Fig. 10. Shrinkage behavior of the particle chain obtained with the aid of the coupled model for the sintering force coefficient k = 0.1 and the grain boundary diffusion prefactor

Mg, = 0.4.

initial configuration

current configuration

Fig. 11. The initial and current configurations of a square domain of 40 particles in 2D. The particles mapped to the same order parameter share the same color. The number

of order parameters is n
packing’s bounding box.

op

5.1. We examine four different cases: one with advection disabled and
three using the coupled model with k = 0.05, k = 0.1 and k¥ = 0.2.
The simulation time is extended to t,,q = 500 to observe the long-
term effects of various shrinkage magnitudes on grain growth occurring
during the later stage of sintering.

Figs. 12a-12c show shrinkage of the packing over time along the
two Cartesian axes and the resultant volumetric shrinkage, respectively.
These quantities are given by

LxO_Lx
e i 0

* LxO (3 a)
Ly-L

ey = =, (30Db)

30

Vo—-V LyoyLoy—L,L

P B A e e (300)

LyoLy

and evaluated by constructing a bounding box around the packing at
each timestep, measuring its dimensions L,, L, and then calculating
the volume V' = L, L,, as shown in Fig. 11. As seen from the plots, the
advection mechanism plays a crucial role in the densification process.
Interestingly, while different values of the sintering force prefactor k
result in different shrinkage rates, all three cases eventually reach the
same final shrinkage value. This is reasonable, since once the equilib-
rium concentration is achieved at the grain boundaries, no advection

force is generated, and the value of k merely influences the timing

11

=4 for the initial configuration and n,, =5 for the exposed current one. Shrinkage is quantified by measuring the change in the dimensions of the

of this saturation. As a result, grain growth starts earlier for larger
k = 0.2 and later — for smaller k = 0.05, as observed in Fig. 12f,
which shows the evolution of the average particle radius. However, Fig.
13 illustrates, the resulting microstructures for all three cases are quite
similar throughout all stages of sintering — whether in the early stage
(t = 50), the onset of the later stage (+ = 200), or the later stage itself
(t =500).

The last column of Fig. 13 highlights the importance of rigid-
body motions not only for shrinkage but also for the elimination of
microstructural porosity. Note that this effect is more pronounced for
the presented 2D case than if a 3D analysis for the same domain
is performed, as seen in Supplementary Material S4. This is due to
topological differences between 2D and 3D geometries and availability
of additional diffusion paths from internal porosity to external surfaces
in the three-dimensional case. This nuance was also revealed in [37]
when comparing the pore behavior for an 8-particle 3D domain with a
4-particle 2D packing: the pore of interest gets eliminated in the former
case much earlier than in the latter.

To validate the physical admissibility of the obtained results, we
also examined the total free energy (2) and the total solid volume of
the system, which is given by

£ = / cdQ.
Q

(31)



V. Ivannikov et al.

Computational Materials Science 253 (2025) 113844

0.05 °

k=0.1

——k=0.2 —o— no advection

0.08 ois g EE
0.06
. 0.1 .
o 0.04 & >
0 | | O | | |
0 200 400 0 200 400 0 200 400
time time time

(a) shrinkage along x-axis.

(b) shrinkage along y-axis.

(c) volumetric shrinkage.

13514
15
13512 |- i
f@gga Saa 14
B s S o ° "
B 13510;"j et e K
F 13
13508 |- N )
12 |
13506 . ‘ | |
0 200 400 200 400
time time time

(d) total free energy.

(e) total solid volume.

(f) average particle radius.

Fig. 12. Solution metrics of a square domain of 40 particles in 2D for different sintering force coefficients k.

As expected, the former decreases and the latter remains conserved
during the numerical simulations, see Figs. 12d and 12e, respectively.

5.3. Cubic domains of particles in 3D

We now switch our focus to the three-dimensional mid-scale pack-
ings shown in Fig. 14, which were also used for performance analysis
in [38]. Bounding boxes of different sizes are employed to extract
smaller packings containing 51 ... 603 particles from the largest one,
which has 10245 grains. The latter was obtained through preliminary
DEM simulations performed in the package Yade [50], following the
procedure proposed in [51], which was designed to deliver an isotropic
initial configuration with irregular, realistic distributions of particles
having relatively low porosity. Note that, distinct from [38], the pack-
ings containing more than 1000 particles are not currently used; their
investigation is deferred to future work.

The values of the energy parameters of all the simulations within
this section are defined as A = 4.35, B = 0.15, x, = 9.0, and «,, = 1.79,
which render the diffuse interface thickness w = 4 for surface and grain
boundary free energy values y, = 1.8 and y,, = 0.6, respectively. The
sintering force coefficient is set to k = 0.1. The diffusion mobilities are
defined as My, = 1072, M, = 107, M, = 10.0, My, = 4.0, and the grain
boundary mobility is set to L = 0.1 to suppress grain growth effects and
eliminate their potential influence on the densification behavior. The
initial number of divisions per interface thickness is chosen as ¢ = 2.5.
For time marching, the BDF2 scheme is used with the initial timestep
size 7 = 0.1, and its growth limited by the maximum value 7, = 100.

Like in the previous 2D case, we study shrinkage behavior of the
packings from Fig. 14. However, for the 3D case, the assessment made
using (30) is less reliable than it was for the 2D analysis, since even a
single particle can significantly increase the size of the bounding box in
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any of the three directions, thus leading to a substantially larger error in
computing the packing dimensions. For this reason, in the present case,
we instead evaluate the relative density using a numerical integration
procedure similar to that introduced in [37] and successfully reused
in [33,35]. At each timestep, the grain tracker, among other quantities,
outputs particle barycenters and volumes computed using (7). We
build a packing of spheres whose centers correspond to the original
centroids of the grains, with radii defined such that the spheres have
the same volumes as the grains. A convex hull H is then constructed
around the sphere centers as illustrated for simplicity in Fig. 15 for
the previously analyzed 2D case of the 40-particle square domain.
Distinctly from [33,37], we do not apply the Monte-Carlo approach
but instead use a simpler full sampling scheme. The bounding box of
the hull is divided into a grid of uniformly distributed points with a
predefined interval. Points outside the hull are discarded, and among
the remaining ones, those covered by at least one sphere are counted.
The ratio of the number of points lying within any of the spheres to
the total number of points inside the hull then estimates the relative
density of the packing preipul-

Fig. 16(a) shows that all the packings exhibit very similar densifi-
cation behavior, and the obtained relative density is invariant to the
number of particles in the packing. This confirms admissibility of the
proposed mechanism for capturing particle advection during sintering.
Note that the maximum value of 0.9 is consistently observed in all
simulation cases. The fact that the value of 1.0 is not reached is related
to the chosen method for evaluating the packing’s relative density.
Although the proposed strategy, based on constructing a convex hull
around the particle centers, may exclude some parts of the particles
from consideration, it can also capture substantially larger void regions,
leading to an overestimation of the convex hull volume and, conse-
quently, the theoretical maximum density of the packing. As already
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Fig. 13. Microstructures obtained for the square domain containing 40 particles in 2D for different values of the sintering force coefficient k. Particles mapped to the same order
parameter share the same color. Notice, how particles are automatically remapped during simulation by the grain tracking algorithm of hpsint.
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Fig. 14. Considered cubic domains of particles in 3D: 51, 102, 212, 316, and 603 particles, and the distribution of particle radii for the domain containing 603 particles.
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Fig. 15. The computational domain, packing bonding box, convex hull and an
exemplary representative volume element (RVE) for the initial configuration of the
square domain containing 40 particles in 2D. Semi-transparent particles represent those
not fully captured by the RVE and are thus excluded from the evaluation of the average
coordination number within the RVE.

observed in [33], for more accurate estimates of relative density, an
advanced approach based on constructing concave hulls should instead
be adopted.

To check whether the theoretical density value of 1.0 is achieved
in the packing interior, we construct a representative volume ele-
ment (RVE) within the packing, offset slightly from the boundaries of
the computational domain. The relative density of this RVE is then
evaluated as

ERVE

PreIRVE = 3 (32)

where &y is the total solid volume in the RVE, computed by (31), and
Vrye is the volume of the RVE itself. Again, for simplicity, the process
of building such an RVE is illustrated for the two-dimensional 40-
particle square domain. As shown in Fig. 15, we use the bounding box B
constructed over all particles of the packing in its initial configuration
and apply a predefined padding® to get the desirable RVE Y. The
padding is defined as follows:

Xa =0.5rmay +9Lg, (33)

where 0.5r,., is the radius of the largest particle in the packing and
9L, is the additional padding along the corresponding a-axis, where
the index a« = {x,y,z}. Additional paddings 9L, are introduced to
account for packing shrinkage and to ensure that none of the outer
void regions enter the RVE throughout the entire simulation time range.
In the present case, we anticipate approximately 10% shrinkage along
each axis, as identified in the preliminary runs for the smallest packing
containing 51 particles. Therefore, we choose 9 = 0.1, effectively
reducing the RVE size by a value twice as large as the expected 10%
shrinkage.

Fig. 16(b) shows the evolution of p.ryg for the considered pack-
ings. Similar to Fig. 16(a), the curves are in perfect agreement with
each other, thus confirming the physical plausibility of the introduced
coupled densification mechanism. Notably, the maximum value of 1.0
is now achieved, indicating that no pores are left in the RVE by the end
of sintering.

3 Note that the same bounding box B is used to build a computational
domain itself [38], as illustrated in Fig. 15, where the corresponding boundary
padding y = 0.25r,,, is shown. In [38], we employed y = 0.5r,,, however,
considering that particle systems densify during numerical simulations when
using the coupled model, we have reduced the padding to y = 0.25r,, to
minimize boundary void regions in the later stages of sintering.
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To further analyze the obtained microstructures, we examine the
evolution of the packing coordination number N during densification.
As mentioned in [35], the classical Coble’s model [52] assumes that
grains attain the shape of a tetrakaidecahedron, implying that the av-
erage coordination number in the packing, N¢ .y, should approach the
value of 14. German [53], based on literature data, derived a quadratic
dependency between the relative density p. and the coordination
number:

Neavg =2+ 117, 39

rel

that renders N 4yg = 13 for pre = 1.

To evaluate N¢,,,, we could have employed the simplified rep-
resentation of particles shown in Fig. 1, as was done for computing
the relative density p.e p,- However, we opted instead to utilize the
information provided by the grain tracker feature of hpsint [38],
which enables us to compute N,y exactly. To accomplish this, we
iterate over all cells in the domain and query the grain tracker to
identify which particles are located in the current cell across all or-
der parameters. We then build the connectivity relationships between
those particles. This loop computes the coordination numbers N; for
individual particles, from which the average value is directly obtained.

Fig. 16(c) illustrates the evolution of the average coordination
number N ,,, With respect to the relative density pej - As shown, for
low relative densities, N ,,, remains nearly constant; however, it then
begins to increase linearly, albeit with some fluctuations. The growth
trend is consistent across packings with different particle counts, and
as N increases, the curve approaches the reference values from the
German’s estimate. However, the maximum value of p¢ 1, reached in
Figs. 16(a) and 16(c) is 0.9 only but not 1.0. It seems that the layer
of the boundary particles introduces tangible postprocessing errors,
particularly in smaller packings with fewer particles.

When we filter these boundary particles out by using the RVE
introduced earlier for the relative density analysis — counting only
the neighbors of particles fully located inside the control volume —
we obtain much better results, as seen in Fig. 16(d). The curves align
closely with each other, indicating the invariance of the densification
behavior with respect to the number of particles in the packing. They
also agree with the assessment provided by (34). Notably, the curve
for the 51-particle case primarily fluctuates between integer values,
reflecting the fact that only a single grain is captured by the RVE.
Clearly, having just one grain in a control volume is insufficient for
a statistically meaningful analysis; however, this simple and compu-
tationally inexpensive edge case provides a qualitative understanding
of the behavior of an entire family of packings with similar particle
size distributions. Interestingly, as depicted in Fig. 17, the number of
order parameters n,, in use, which is dynamically adjusted during the
simulation, correlates well with the average coordination number of
the packing, allowing thus the grain tracker technical information to
be leveraged for estimating N 4v-

To understand how the reported metrics correlate with the obtained
microstructures, selected configurations of the 603-particle packing are
presented in Fig. 18. It is evident that there is an overall volumetric
shrinkage of the packing and a polyhedralization of the grains during
sintering.

6. Conclusion

This work has proposed a novel solid-state sintering model that
directly couples the well-known phase-field model of thermodynamic
mass transport during sintering [22] with the balance of momentum of
linear elasticity. It addresses one of the main drawbacks of the model
introduced by Wang [22]: the fact that the particle advection velocities
are proportional to the sintering forces, leading to a rigid-body motion
behavior that fails to account for the long-range interactions among
particles as components of a mechanical system. In contrast, our new
model defines distributed body forces equivalent to Wang’s sintering
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Fig. 16. Relative density and average coordination number evolutions for the considered cubic domains of particles in 3D estimated using (i) spatial integration of the convex
hull region built around the centers of spheres representing individual particles, and (ii) a specifically constructed representative volume element.
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Fig. 17. Evolution of the number of order parameters during sintering simulations for
the considered cubic domains of particles in 3D.

forces. It utilizes these body forces to solve a linear elasticity problem
that accounts for long-range interactions between particles, thereby
realistically conceptualizing them as parts of a cohesive mechanical
body. Our model emphasizes the necessity of simulating sintering
as a coupled (multiphysics) problem to obtain plausible, physically
meaningful results.

To support this claim, we analyzed a simple particle chain bench-
mark problem. In this scenario, the original sintering force concept
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proposed by Wang [22] reveals an unphysical dependency of shrink-
age on the system size, renders a nonhomogeneous strain field and
unphysical oscillations in certain regions of the packing. By contrast,
our new model naturally overcame all these issues through its more
realistic representation of the underlying physics of sintering.

Currently, our model relies on several simplifying assumptions, such
as the notion that the mechanical stress generated during the sintering
process relaxes infinitely fast (or at least much faster than the diffusive
mass transport). However, these are not inherent to our modeling
concept; rather, they have been made for the sake of simplicity in
this proof-of-concept contribution. We plan to replace them with more
realistic assumptions in future work.

In addition to these major contributions, we have replaced the
discontinuous grain boundary filter function originally proposed by
Wang [22] with a novel continuous smooth alternative. This new
formulation is more suitable for discretized numerical solution schemes
and results in improved convergence of the applied iterative solvers.

The numerical implementation of our new model is based on the
high-performance FEM code hpsint [38], which employs various
holistic optimizations, including but not limited to the tailored block
preconditioner, the distributed graph-based grain tracking algorithm,
and fast matrix-free evaluation kernels, all aimed at providing superior
efficiency in MPI environments. For the preconditioning of the coupled
model, we extended the previously proposed block preconditioner by
incorporating a regular AMG block that handles the linear mechanics
equations.
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Fig. 18. Three-dimensional view of the 603-particle domain at selected time instances. The axes grid is adjusted to be identical for all three time instances such that the packing

shrinkage is clearly visible.
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