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Abstract 

The application of a gradient extended theory to the computation of the mechanical response of a single crystalline sub-micron 
gold, which is the part of nano-composites, is in the focus of the contribution. The research takes into account the dependence 
of the macroscopic behavior of a crystalline material on the size and morphology of the grains, the volume fraction of different 
phases, and the subgrain material modeling. A gradient hardening contribution is included into the crystal plasticity model in 
order to study the influence of the grain size on the response of single crystalline. It is assumed that the grain boundaries act as 
barriers to plastic deformation. The highly coupled system of equations is solved by applying a dual mixed finite element 
algorithm. Numerical results of the sub-micron gold crystal deformation under cyclic shear loading are presented. The gradient 
effect in the deformation field is discussed. 
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1. Introduction 

The focus of the research is the investigation of metal – polymer composites. The overarching significance is 
elucidated by the mechanical characterization of these material structures. In this contribution the numerical 
analysis of the composite’s metal part - in our case nanoporous gold - is considered. This material system is very 
attractive for sensor applications, for example. Further, the use of nanoporous gold in composites allows for the 
development of advanced materials, such as low-density high-strength foams, as well as high-surface low-elastic 
modulus coatings for chemo-mechanical sensors, see, e.g., Seker et al. (2009). Nanoporous gold has intriguing 
material properties that show potential benefits for some applications due to its high specific surface area, high 
electrical conductivity, and reduced stiffness. The experimental investigations show a significant size effect in nano 
deformations of nanoporous gold (Greer et al. (2005); Volkert and Lilleodden (2006)).  

Simulations and numerical analysis of the experimentally observed phenomena, especially the size effect, can be 
realized by application of a gradient extended crystal plasticity theory, see, e.g., Gurtin (2000), Evers et al. (2004), 
Bardella (2006), Ohno and Okumura (2007), Kuroda and Tvergaard (2008), Lele and Anand (2008), Svendsen and 
Bargmann (2010), Bargmann and Ekh (2013). The model applied in the current contribution is based on Bargmann 
et al. (2011). The single crystal gold is considered as a basic part of a nano-porous gold structure. 

2. Material modeling 

In this work, the study of the mechanical behavior of nanoporous gold is done within the framework of extended 
continuum mechanics. Single crystal gold is considered as a part of a solid body undergoing a nanodeformation. 
From this point of view, the crystal reflects the physical properties of the solid body B . The crystal deforms 
continuously under the action of applied forces, displacements and tractions. The body B  in the undeformed and 
stress-free configuration 0B  is homogeneous and does not have any singularities. The kinematics are based on the 
multiplicative split of the deformation gradient F  into an elastic eF  and a plastic part pF  which dates back to 
Lee (1969) and Rice (1971): 

pe FFF .           (1) 

The deformation is studied with help of the right Cauchy-Green tensor C  in the reference configuration 
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the elastic right Cauchy-Green tensor e
T
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Lagrange strain  
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in the intermediate configuration B . The relevant stress measures are the first Piola-Kirchhoff stress P  
T-1
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and the second Piola--Kirchhoff stress eS   
T-1

e
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Here,  is the Kirchhoff stress. The deformation problem is linked to the microscopic behavior via the plastic 
velocity gradient tensor pL : 

nsFFL 1
ppp ,         (6) 

where the slip rate , the slip direction s  and slip normal n  are introduced. Together with the direction 
snt  they form an orthonormal system on the slip system . The resolved shear stress is associated with 

the slip system and defined as 
nMs e ,          (7) 
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where eee SCM  is the Mandel stress on the intermediate configuration B . The mechanical problem is governed 
by the balance of momentum 

0 Div bP0 ,          (8) 

where 0b  is the body force.  
Further, the free energy  is introduced as a function of the elastic right Cauchy-Green deformation tensor eC , 
the plastic slip rate  and the slip rate gradient i :   

ie ,,C           (9) 

(here and below the index “ i ” refers to the intermediate configuration). Thus, the free energy includes gradient 
effects. In the following, model properties are introduced for the description of the effect of geometrically 
necessary dislocations (GNDs), size dependent hardening behavior as well as the Bauschinger effect. In our case, 
the free energy is split into an elastic and two hardening parts:  

ighlneeie ,, CC ,       (10) 

where ee C  is the elastic contribution. The hardening contribution is decomposed into local hardening ln

and gradient hardening igh : 
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Here, the local hardening modulus lH  and the gradient hardening modulus gH are introduced. Further, b is the 
length of the Burgers vector sb b , and l is an internal length. Following Bargmann et al. (2011), we introduce 
the following evolution equations for the geometrically necessary dislocations (GND) densities ig  

s1
iii b

gg sn .        (11) 

The first term captures latent hardening, while the second term maps size effects. Moreover, following Ekh et al. 
(2007), we introduce a hardening microstress   

i

i
i

i Div .         (12) 

The elastic response E  is described as  

slip,,2,1,0, nE , 

where Y  is the yield function. The initial yield stress Y  and the hardening microstress  
characterize the material behavior in the plastic state. The flow rule is assumed as follows  

m

Ct 0

1 .          (13) 

The relaxation time t , the constant drag stress 0C  and the rate sensitivity parameter m  are the same for all slip 
systems.   

3. Numerical examples 

3.1. Finite element formulation and discretization  

For solving the highly coupled and nonlinear system of governing equations a so-called dual mixed finite 
element algorithm is used, cf. Ekh et al. (2007), Svedberg and Runesson (1998). The finite element method in 
space and a mixed implicit-explicit integration procedure in time are realized. A monolithic Newton-Raphson 
iteration scheme is used to account for the coupling resp. the nonlinearity of the equations. The finite element mesh 
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consist of 1226 elements and 1297 nodes. Six slip systems are assumed for the face central cubic (FCC) crystal. 
For the plastic slip rate, micro-hard conditions are assumed on the boundary:  

0on0 B .          (14) 

Boundary conditions for the mechanical problem are given by prescribing the displacements at the boundaries of 
the crystal structure. Plane strain conditions are assumed. Computations are carried out for the cyclic loading 
during which simple shear deformation to the right is applied first. Then, the load is reversed and the crystal is 
simple-shear-deformed to the left afterwards. Simulations of three loading cycles in monotonic loading are run. 
Different side lengths L  of the crystal structure are analyzed.  

3.2. Sub-micron single crystal gold   

Single crystal sub-micron gold is under consideration. The mechanical behavior of the gold is investigated in the 
experiments of, e.g., Volkert and Lilleodden (2006), Jin et al. (2009), Seker et al. (2009). As observed in tests, the 
strength of nanoporous gold crystals increases when the crystal dimensions are reduced. Taking the experimental 
data as a basis, the grain lengths L  of 1, 10 and 22 m are used in the numerical tests to investigate the size effect. 
The Young`s modulus of 79 GPa, Poisson`s ratio of 0.44, the yield stress of nanoporous gold of 154 MPa, and the 
strain hardening coefficient of 472 MPa are stated in Volkert and Lilleodden (2006).  

The macro-scale cyclic loading with the maximal strain magnitude of 0.025 to the right and to the left direction 
for different lengths of sub-micron gold crystal structure are simulated. Monotonic loading with the constant 
loading rate is accomplished. 240 equidistant time steps are applied. Three loading cycles are simulated. The 
numerical results are presented in Figures 1-3.  

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Macroscopic stress-strain response for cycling loading of single crystalline gold. 

The macroscopic stress-strain response in terms of the nominal shear stress component versus the macroscopic 
strain is shown in Fig. 1 for the crystal side lengths L  of 1, 10 and 22 m. The stress-strain responses show the 
strong size effect which is caputred due to the existence of the gradient hardening part in the evolution equation of 
the GND density. Moreover, the Bauschinger effect is clearly observed. The yield stress decreases after the loading 
direction is reversed. It can be explained by the motion of the dislocations. Upon load reversal, the local back stress 
allows the dislocations to move easily in the reverse direction, resulting in a lower yield stress. The points of 
maximal loading on each loading cycle are different for all three cases. The difference between the extreme stress 
values increases with decreasing crystal dimensions. The numerical results demonstrate the strong size dependence 
of the maximal stress values with fixed material parameters and given strain. Moreover, the phenomena of the 
increasing hardening due to plastic deformation during each loading cycles can be observed for all three 
macroscopic stress-strain curves.  
Local obstacles to dislocation motion, e.g., at grain boundaries, lead to geometrically necessary dislocations. The 
increase in hardening in the second and third cycle is quite intensive for the crystal with the smallest grain size 
compared to the other crystals under consideration. The difference of the increasing hardening on the same loading 
cycles for the crystals with the side length L  of 10 and 22 m are rather small. Thus, a stiffer mechanical response 
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in the hardening regime is seen for smaller crystal sizes. It demonstrates once more the dependence on the 
microstructural length. 

To study the hardening nature, the distributions of the effective hardening and the effective geometrically 
necessary dislocations density after the third cycle for a grain structure with grain length L = 1 m are depicted in 
Figs. 2 and 3. 

 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Distribution of effective hardening 
2

dt
t

.  Fig. 3. Distribution of effective GND density 
2

ig . 

 

In the end of the loading the hardening is more active in the central area of the crystal and it is vanishes near the 
crystal boundaries which mimics the assumed micro-hard boundary conditions (see Fig. 2). The analysis of the 
geometrically necessary dislocations density (Fig. 3) shows that the extreme values are placed at the boundaries of 
the crystal. The distribution indicates that dislocations move more intensively at the horizontal crystal boundaries 
due to the shear cycling loading in the same direction. The dislocations act stronger at the crystal walls and vanish 
towards the structure`s core.  

4. Discussion and Conclusion 

The gradient extended crystal plasticity model has been applied to the computation of the mechanical response 
of metal part of singe crystalline gold. The size length L  of the grain was varied during the simulations in order to 
study its influence. The mechanical behavior of the nanoporous gold crystals with the side lengths of 1, 10 and 22 

m are modeled for the case of cyclic shear loading. The introduction of the gradient hardening part allows to 
describe the grain size dependent plastic deformation and the Bauschinger effect. This is in accordance to the 
experimental results on the strength investigation in nanoporous gold (Wang and Weissmüller, 2013). The strength 
of crystals is increased when the crystal dimensions are reduced. Moreover, the changes of the maximal values of 
stresses in each load cycle are seen. The crystal with the smaller grain size has the stronger difference between the 
extreme stress values. The dependence of the hardening rate on the grain size is observed. The stiffer hardening 
response can be observed for smaller grain size. It corresponds to the experimental data on the investigation of size 
effects in the deformation of sub-micron Au columns in which the strain hardening rate increases strongly with 
decreasing column diameter (Volkert and Lilleodden, 2006).  

The model applied in the current work allows to describe latent hardening, i.e., the hardening of inactive slip 
systems due to active slip systems. Six active slip systems are assumed in the simulation of face central cubic 
crystal of nanoporous gold. The active and latent states of the slip system are accounted for during calculation. Of 
course, if one or more glide systems are latent, it does not mean that the plastic deformation is absent in the 
material (see Eq. (11)). 

2
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