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Abstract
The influence of roughness on adhesion has been studied since the time of Fuller and Tabor, but recently there has been debate 
about how roughness exactly seems to kill (but sometimes enhance!) adhesion, particularly with reference to the accepted 
model of fractal roughness. We show that the Persson–Tosatti criterion does not depend on anisotropy of the surface for a 
typical power law PSD if written in terms of rms roughness and magnification. Instead, a very simple extension of the Bear-
ing Area Model (BAM) of Ciavarella to anisotropic fractal surface shows a weak but clear dependence on the anisotropy, 
with higher adhesion in the 1D case, showing better agreement than the Persson–Tosatti criterion to actual numerical results 
of Afferrante Violano and Dini. However, neither of the two models permit to capture the strong hysteresis found in experi-
ments between loading and unloading, which is very likely to enhance adhesion more as we move from the isotropic to the 
full 1D case. This suggests the mechanism of load amplification along contact lines and the associated elastic instabilities, 
is not captured by either the Persson–Tosatti or the BAM model applied to anisotropic surfaces.
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1  Introduction

Adhesion in contact mechanics has important applications 
in bio and soft materials whose low elastic modulus makes 
them easily conform even to relatively rough surfaces per-
mitting exploitation of van der Waals adhesive forces [10]. 
Early investigation about the effect of roughness on adhe-
sion was given by [12], who addressed what is also called 
as the adhesion "paradox" namely why relatively strong van 
der Waals adhesive forces are not felt at the macroscopic 
scale. Fuller and Tabor used the asperity Greenwood and 
Williamson (GW) model of identical spherical asperities of 

radius R whose summit heights followed a Gaussian distri-
bution. In fact, their theory seemed to fit reasonably well 
experimental results on rubber spheres contacting a perspex 
plane with varying roughness amplitudes, which may be for-
tuitous. Indeed, as discussed by [8], given the very strong 
assumptions in the theory, of identical and independent JKR 
asperities with PSD measured only at a crude resolution, and 
finally that they had really made an equivalence between the 
pull-off of the smooth case and that with all the asperities 
in the model detaching at the same time, the results cannot 
be quantitative.

Classical approaches to adhesion contact are based on 
short range adhesion (JKR theory) which permits an ener-
getic treatment which is equivalent to Griffith theory of frac-
ture if materials are elastic, and the DMT approach, which 
is applicable for more long-range adhesion (see, e.g., [10]). 
Johnson [17] demonstrated that for a single sinusoidal rough 
contact, the solution in terms of mean pressure divided by 
the mean pressure in full contact depended on a single 
parameter: the ratio of the surface energy in the nominal 
area A0 to the elastic strain energy in the state of full contact 
for that area (Johnson’s parameter)
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and they found that when � is greater than a value of the 
order of 1, jump to full contact is predicted, i.e., the surface 
is very ‘sticky.’

1.1 � Persson and Tosatti Criterion

Persson and Tosatti [25] later extended the concept to study 
the effect of any nominal shape of a body for which a JKR 
solution is known, by reducing the surface energy available 
for adhesion of an amount related to the strain energy in the 
state of full contact Uel

where A is not the real contact area, but rather an area in full 
contact, increased with respect to the nominal one A0 , 
because of an effect of roughness-induced increase of con-
tact area, A

A0

> 1 , which attempted to model the occasional 
finding of an roughness-increased adhesion. An alternative 
much more powerful explanation for roughness enhanced 
adhesion was suggested much later [14], see also [5] which 
can be understood by comparing the JKR pull-off of a 
smooth sphere vs the possibly orders of magnitude higher 
pull-off force for a sphere with a rather contrived rough sur-
face as a set of concentric waves. We shall return to this 
point when we discuss one of the main issues of this note.

The term Uel for a halfspace having roughness with iso-
tropic power spectrum C(q)1 is given by

where we have integrated over wavevectors in the range q0 , 
q1 , and we have introduced in (3) a length scale l(�) where 
� = q1∕q0 is the so called “magnification.” For a nominally 
flat rough surface, we neglect the effect of A

A0

 since this was 
introduced to attempt to explain the apparent roughness-
induced increase of adhesion in some experiments with 
spheres, (where it is questionable anyway as it cannot really 
explain more than a factor 1.4−1.5 increase). Also, we 
assume that the range of adhesive forces remains the same, 
then we could write from (2,3) then the tension at pull-off 
for the contact of nominally flat rough surfaces should 
decrease with respect to the theoretical one �0 as

(1)� =
Δ�A0

Uel

(2)Δ�eff =
A

A0

Δ� −
Uel

A0

(3)
Uel(�)

A0

=
�E∗

2 ∫
q1

q0

q2C(q)dq = E∗l(�)

where la = Δ�∕E∗ is a characteristic length of adhesion and 
�(�) a "generalized Johnson parameter" as defined in [9]. 
Therefore, the PT criterion gives complete absence of pull-
off when �(�) = 1 , which defines a "stickiness" range.

Recently, [11] have shown detailed experimental data of 
adhesion of soft spheres with rough substrates with rough-
ness measured down to almost the atomic scale, confirming 
that the Persson and Tosatti theory gave satisfactory predic-
tions of the apparent work of adhesion only during loading. 
Papangelo and Ciavarella [19] tried to combine the Guduru 
idea and a generalized Johnson parameter to explain the 
non-monotonic effect of roughness amplitude on pull-off of 
such spheres. However, recently [18] in generalizing Pers-
son–Tosatti’s criterion to layered solids, found again a good 
correlation during loading, but an impossible correlation 
during unloading at least within the range of data observed, 
which showed no clear drop of the pull-off up to 90 nm of 
roughness, contradicting also the [19] at least in the form 
which was tuned to the Dalvi data.

Considering a typical power law isotropic PSD 
C(q) = Zq−2(1+H) for q > q0 =

2𝜋

𝜆L
 , where H is the Hurst expo-

nent (equal to 3 − D where D is the fractal dimension of the 

surface), where Z =
H

2�

(
h0

q0

)2(
1

q0

)−2(H+1)

 and h2
0
= 2h2

rms
 , for 

H ≠ 0.5

In Appendix, we show that the final result is equally valid for 
1D or indeed anisotropic roughness showing that, according 
to the Persson–Tosatti criterion, there should be absolutely 
no change in between 1D and 2D roughness.

For the usual case of H > 0.5 (low D) the integral con-
verges quickly, is relatively insensitive to high wavevector 
truncation and indeed for practical purposes we can use the 
limit value

Persson [22] includes an extension of the Persson–Tosatti’s 
theory to partial contact but it implies a much more complex 
calculation.

(4)
�pulloff

�0
=

Δ�eff

Δ�
= 1 −

Uel

Δ�A0

= 1 −
1

�(�)
= 1 −

l(�)

la

(5)
l(�) =

�

2 ∫
q1

q0

q2C(q)dq =
�Z

2 ∫
q1

q0

q−2H

dq =q0
h2
rms

2
H
�−2H+1 − 1

−2H + 1

(6)l(∞)lowD = �
h2
rms

�L

H

2H − 1

1  Notice we use the original Persson’s convention and notation for 
C(q) . See [25] and al other numerous papers by Persson on the sub-
ject.
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1.2 � Ciavarella’s BAM Criterion

In [7], it was shown that the "Persson–Tosatti" stickiness cri-
terion (PT) has exactly the same qualitative form as the one 
obtained from a DMT like approach introduced by Ciavarella 
called BAM (Bearing Area Model) in [6], which adds the 
repulsive load solution of Persson (which is a simple closed 
form result for not too large compressive loads) to a geometric 
estimate of the adhesive force (which is also a simple closed 
form result). The two, BAM and Persson–Tosatti, give sticki-
ness for a pure power law PSD only for (for relatively large 
enough magnification)

where �PT = 0.24 and �BAM = 0.6 for pure power law PSD 
and H = 0.8 , so that the prefactor are even quantitatively 
close — even closer they will appear considering the factor 
A∕A0 as discussed in [7].

The fact that neither Persson–Tosatti nor the Ciavarella 
BAM models can predict the difference between loading and 
unloading is clearly a strong limitation of both.

1.3 � About Persson–Tosatti Versus Ciavarella’s BAM 
Model at High Fractal Dimensions

Wang and Müser [27] have a very detailed numerical investi-
gation for the Hurst exponent H = 0.8 , showing that each sur-
face has its own clearly threshold for stickiness (he shows for 
example one case for �(�) ≃ 1∕2 ), whereas by averaging over 
various realization, the threshold in �(�) is more "blurred" (not 
clear or distinct). The single realization drop corresponds to a 
particularly dramatic decrease from a close-to-percolating con-
tact to a single-asperity contact and an equally drastic reduc-
t ion of repulsive contact  area.  For H = 0.8 , 
�(�) =

la

l(� )
∼ 1∕h2

rms
 , the factor �BAM∕�PT = 0.6∕0.24 = 2. 5 

means that the threshold for stickiness expected by BAM, 
given that by Persson–Tosatti is �(�)|PT = 1 , is instead 
�(�)|BAM =

1

2.5
= 0.4 , in agreement with some of the surfaces 

in [27].
More in general, however, [26] show that BAM’s prefactor 

� converges in the fractal limit (i.e., infinite magnification, 
where we don’t specify the large wavevector cutoff), whereas 
Persson–Tosatti doesn’t, and hence for high fractal dimension 
the two criteria differ. Indeed, for very high magnifications, 
and considering the case of high fractal dimensions H < 0.5

(7)hrms <

√

𝛽la
2𝜋

q0

(8)
lim
�→∞

�BAM = (0.9H − 0.1)2,

lim
�→∞

�PT (�) =
1

�H

1 − 2H

�1−2H − 1
→ 0

However, the value reported in [26] is relative to 𝜁 > 107 , 
i.e., for very large magnifications. Even in BAM, in other 
words, there is a significant dependence on magnification, 
before reaching this limit, as it is very clear from [10], in 
particular their Fig. 6b.

BAM was found to predict well the [20] data for adhe-
sive rough surfaces both at high and low fractal dimen-
sions, see more discussion in [9, 10]. BAM was found 
in reasonable agreement also comparing with a more 
extensive data set of JTB theory [16]. The JTB theory is 
a very accurate model which builds on an elegant recur-
sive and multiscale numerical procedure to determine the 
effect of adding a small packet of waves on the probability 
distribution function (PDF) of the local interfacial gap. 
By this procedure, it is seen that the PDF converges at 
large wavenumber, and hence they have definitively dem-
onstrated that the problem of truncation does not occur, 
as was already suggested by the BAM model. In [10] we 
already gave detailed comparison between BAM results 
and the JTB theory [16] finding generally (at least qualita-
tive) excellent agreement. In particular, while at low frac-
tal dimensions, the curves of force-separation, pull-off, 
and effective adhesion energy are all almost completely 
independent on high truncation wavenumber, some small 
sensitivity appears at high fractal dimension namely a 
slow convergence toward a “fractal limit.” Nevertheless, 
a fractal limit clearly exists, and is found by both the JTB 
theory and BAM, whereas it doesn’t exist in the Persson 
and Tosatti theory.

2 � An Extension of BAM’s Model 
to Anisotropic Rough Surfaces

We assume that the surfaces have a Gaussian height dis-
tribution. However, we consider anisotropic, self-affine 
surfaces, with a power spectrum given by [1, 3] with 
q =

√
q2
x
+ q2

y

where H is the Hurst exponent, qx and qy are the wave-num-
bers (related to wavelength as q = 2�∕� ) and � controls ani-
sotropy. The surfaces considered have H = 0.8 , which is a 
common value in real surfaces [23], and cut-off wave-num-
bers given by q0 = 8(2�∕L) and q1 = 64(2�∕L) , where L is 
the size of the domain. The appropriateness of these values 
for isotropic surfaces is discussed in [21]. The approach by 
[15] is used to generate the Gaussian surface. Figure 1 show, 
as an example, the shape of the various surfaces considered.

(9)C(q) =

{
C
(
q2
x
+ �2q2

y

)−1−H

q0 ≤ q ≤ q1

0 else
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However, for later comparisons we also use a roll-off 
region where the PSD is flat, which improves the Gaussian-
ity of the surfaces, and corresponds to the PSD of [2].

The extension of BAM is not in closed form, because 
the load-separation repulsive solution from Persson does not 
exist, so we use the same BEM code already discussed in 
[21], while the adhesive contribution comes from geometric 
estimates which depend only on the height distribution, and 
hence this term is identical to the original BAM theory and 
is the difference between two error functions [6]. In particu-
lar, the BAM model is exact for a single sphere, and assumes 
a Maugis-Dugdale force separation law, so that the adhe-
sive traction can be computed as �0Aad , where �0 is cohesive 
strength (the surface energy is therefore Δ� = �0� where � 
is range of attractive forces). Deformations are neglected to 
estimate the adhesive area as

(10)Aad(u) ≈ B(u + �) − B(u),

where B(u) is the classical bearing area, that is the area over 
which the bodies, if taken as rigid, would interpenetrate each 
other when moved together up to a mean separation u . For 
a Gaussian nominally flat surface, either isotropic or aniso-
tropic, the results does not change, and is

where hrms is rms amplitude of roughness.
The repulsive pressure at mean separation u which is eas-

ily obtained with Persson’s theory only for isotropic surfaces. 
This gives, for a surface with the pure power law spectrum and 
H = 0.8 for sufficiently small loads,

where � ≃ 0.5 is a corrective factor. For anisotropic surfaces, 
we estimate prep

(
u
)
 by the BEM numerical code.

(11)
Aad

A0

=
1

2

�
Erfc

�
u − �
√
2hrms

�
− Erfc

�
u

√
2hrms

��

(12)
prep

(
u
)

E∗
≃ q0hrms exp

(
−u

�hrms

)
,
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Fig. 1   Examples of the surfaces considered with increasing anisotropy from a � = 1 (isotropic), b � = 2 c � = 4 and d � = 8
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3 � Results and Comparisons

In a recent paper, Afferrante et al. (AVD in some figure 
captions in the following [2]), the authors conduct a Finite 
Element investigation on random rough 1D profile, adding 
some experimental investigation (which are however on 2D 
roughness so cannot really be compared with the numeri-
cal results), but their 1D results are interesting and deserve 
some further comment. They seem to conclude that adhe-
sion is very different for small or large fractal dimensions, 
and that their results support Persson–Tosatti stickiness cri-
terion rather than the Ciavarella’s BAM.2 There is to date 
no quantitative criterion for adhesion or stickiness in 1D 
profiles, and no comparison has been attempted with the 
Persson–Tosatti criterion, but, as we show in Appendix, the 
Persson–Tosatti criterion predicts no difference at all in the 
two types of roughness.

In [2] case, the Young modulus is E = 380MPa , Poisson’s 
ratio � = 0.49 , surface energy Δ� = 0.05J∕m2 and hence 
la = Δ�∕E∗ =

0.05

380×106

(
1 − 0.492

)
= 0.1 nm . Also, there is a 

small region of roll-off in the PSD, but there is no great 
effect if we assume a pure power law by assuming an average 
value for small wavevector cutoff between the long cutoff 
and the roll-off cutoff, at q0 ≃ 2 × 106m−1 . We gather from 
t h e  f i g u r e s  a t  ve r y  l ow  r o u g h n e s s  t h a t 
�0 ≃ 0.05E∗ = 0.05 ×

380×106

(1−0.492)
= 25MPa which is in any 

case an appropriate value for a Lennard Jones force-separa-
tion law, leading to � =

0.05

25×106
= 2 nm.

First of all, we reproduce in Fig. 2 the results of Fig. 3 
in [2] with starred marks on retraction and with a power 
law trend curve fitting the data as solid black line, where 
hrms = 20 nm , and � = 64 , together with the prediction from 
the Persson–Tosatti criterion (blue solid line), and those of 
the new extended BAM criterion with � = 1, 2, 4, 8 (dashed 
lines with red, green, purple, and magenta lines), where we 
have used the same PSD of the AVD paper. Figure 2a in par-
ticular contains the data of H = 0.8 , while Fig. 2b the case 
of H = 0.4 . As it is clear from the figure, adhesion persists 
in 1D roughness for one or two orders of magnitude larger 
rms roughness. Precise details depend on how we decide to 
define stickiness, since here pull-off seems to decay as an 
exponential function so there is not a real threshold as there 
is instead in the Persson–Tosatti, and in the BAM criteria.

In the AVD paper the calculation involves obviously an 
approach phase and a retraction phase. Both Persson–Tosatti 
and Ciavarella’s theory do not distinguish between approach 
and retraction so it may be argued that they may work better 

during approach. We have therefore plotted in Fig. 2 data 
both on approach (open "O" symbols) and on retraction ("*" 
stars symbol, which follow a power law fit). Although the 
data are clearly in much better agreement on approach, and 
particularly for the BAM method, the agreement is not per-
fect. The disagreement is particularly evident for the large 
fractal dimension case (H=0.4), and hence it is not due to 
the possible effect of long-range adhesion. In these respects, 
a theory like [24] one is likely to be extremely similar in 
results to BAM (in fact, they are based on the very similar 
DMT assumptions), except that Persson-Scaraggi makes a 
more complex convolution of gap distribution with possible 
long-range adhesion pressure-gap relationships, and hence 
not likely to explain the difference we observe with the FEM 
results of AVD.

(a)

(b)

Fig. 2   Pull-off should decay �pulloff
E∗

 as a function of rms roughness hrms 
for the case discussed in Fig.  3 in [2] where magnification � = 64 . 
The numerical results of [2] are reported as starred marks ("*") on 
retraction and "O" on approach, and with a power law trend curve 
fitting the data on retraction as solid black line, while the prediction 
from the Persson–Tosatti criterion predictions for isotropic or 1D 
roughness (4) (blue solid line), and those of the new extended BAM 
criterion with � = 1, 2, 4, 8 (dashed lines with red, green, purple, and 
magenta lines), where we have used the same PSD of the AVD paper. 
a H = 0.8 , b H = 0.4 (Color figure online)

2  In the AVD paper the calculation involves a long range LJ potential 
so both the Persson–Tosatti or BAM simple models are not expected 
to give the same results as they involve hard contact calculations.
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The difference between approach and retraction clearly 
shows that there is a different mechanism at play, which is 
likely that of elastic instabilities of Guduru [14], see also [5] 
because the contact proceed on infinitely long contact lines 
where the load is amplified by the small scale roughness 
and produces instabilities and dissipation when the solution 
jumps from one crest to another crest of roughness. The new 
extended BAM criterion gives a better prediction than Pers-
son–Tosatti in both cases of fractal dimensions, and gives 
also a correct trend of increasing adhesion toward the 1D 
case, but the dependence is anyway weak.

The difference in the results between the two fractal 
dimensions is significant, but not large enough to make 
definitive statements, neither in the simulations nor in the 
Persson–Tosatti criterion, also because the magnification is 
low, � = 64 . In any case BAM gives a better prediction than 
the Persson–Tosatti criterion.

Moving to the results in Fig.  5 in [2] which report 
the pull-off should decay �pulloff

E∗
 with magnification � for 

hrms = 20 nm , Fig. 2 shows their results as black solid line 
for H = 0.8 (a) H = 0.4 (b) as "AVD." To avoid confusion, 

we report separately the case of H = 0.8 (Fig.  3a), and 
H = 0.4 (Fig. 3b). Once again, we find the 1D rough pro-
files are much more sticky than the isotropic counterpart, so 
we don’t show in the figure the Persson–Tosatti prediction 
for the correct roughness amplitude, which would have no 
pull-off value at all. Instead, we report much smaller rms 
amplitudes for comparative purposes, namely to evaluate if 
the expected trend with magnification is correctly predicted, 
since this is one of the main points raised by [2], and by the 
debate about low vs high fractal dimension.

For the case of H = 0.8 (a) we find that PT criterion 
would lead to expect similar pull-off for a surface with 
roughness of about hrms = 8 nm , and that there is indeed 
almost no dependence on magnification for rms roughness 
smaller than the threshold, but notice that at just larger 
roughness hrms = 8.7 nm (which is near the threshold for 
stickiness) a very large dependence of pull-off on magni-
fication appears. Moving to the case of high fractal dimen-
sion H = 0.4 , Fig. 3b shows that there is no rms amplitude 
of roughness which seems to imitate reasonably well the 
behavior of simulations, although close to correct prediction 
occurs for hrms = 4 nm , i.e., a much larger distance appears 
between the Persson–Tosatti prediction and the effective 1D 
simulation. This is a sign that the larger dependence on mag-
nification for high fractal dimensions of the Persson–Tosatti 
criterion may not be correct at all, which is somehow in 
contrast to the conclusions in [2].

Regarding BAM, using the BAM criterion for isotropic 
surfaces, we can say that at very high magnifications 
( 𝜁 > 107 ) the limit for stickiness is

so H = 0.8 gives hrms < 10. 5 nm and H = 0.4 gives 4.4 nm : 
all the profiles in the simulations again are predicted not 
sticky. So in this sense also BAM does not seem to work 
for these 1D profiles, and on the other hand, the 1D profiles 
look much more adhesive than their expected isotropic coun-
terparts. However, considering results already obtained in 
[10], convergence of pull-off with magnification can require 
� as large as � = 104 or 106 and hence the qualitative trend 
in Fig. 5 in [2] are not incompatible with BAM results, 
although at a different rms amplitude of roughness.

4 � Discussion

As recollected in the introduction, the BAM criterion for 
stickiness and the entire prediction of pull-off was found 
reasonably good to predict well the [20] data for adhesive 
rough surfaces both at high and low fractal dimensions, and 
also in comparison with the extensive data set of JTB theory 
[16], again at both low and high fractal dimensions. The JTB 

(13)hrms < (0.9H − 0.1) × 17 [nm]

(a)

(b)

Fig. 3   Pull-off should decay �pulloff

E∗
 with magnification � for 

hrms = 20 nm in the Fig. 5 case of [2] (black solid line for H = 0.8 (a) 
H = 0.4 (b)). Color lines are the Persson–Tosatti predictions for iso-
tropic PSD roughness (4) for hrms = 7, 8, 8.7 nm (a) and 3.5, 4, 4.5 nm 
(b) (Color figure online)
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theory is a strong reason to believe the fractal limit is well 
defined and there must be convergence of the gap between 
surfaces, as well as pull-off and other quantities with mag-
nification. After all, when the surfaces introduce amplitude 
of roughness below the range of attraction of the adhesive 
forces, no difference can be felt by the problem.

There are many papers now which show that there is a 
strong difference between loading and unloading (hyster-
esis) and this is also geometry-dependent. For the simula-
tions of ideally nominally flat surfaces, there is no possibility 
of roughness-enhancement since the theoretical limit with 
no roughness cannot be overpassed. The situation changes 
when we explore pull-off of spheres, where the JKR result 
for a smooth sphere can be overpassed, and indeed has been 
found experimentally to be overpassed by a factor of more 
than one order of magnitude with very particular roughness 
(1D or axisymmetric) by [14].

In the paper [2], the authors use a 1D profile, but argue 
about the isotropic Persson–Tosatti criterion. This has moti-
vated the present authors to check if there is any dependence 
in the Persson–Tosatti criterion on the anisotropy of the sur-
face, and we demonstrated here that there is none. Next, we 
generalized the BAM model of [6] to anisotropic surfaces, 
and we show here that it leads to a distinct, although weak, 
dependence on anisotropy, namely adhesion increases with 
anisotropy and is highest for 1D surface, in qualitative agree-
ment with theoretical experimental or numerical observa-
tions [4, 14], but not in quantitative one, because BAM is 
essentially a DMT model, and cannot capture the mechanism 
of adhesion increase by elastic instabilities.

It is certainly true that small scale wavelengths affect 
adhesion in a more pronounced form for high fractal dimen-
sion, as it was found already in the JTB theory, but also in 
BAM, see Fig. 6b in [10], but the trend predicted by the 
Persson–Tosatti criterion doesn’t seem to agree well with 
the 1D simulations of [2], as we have discussed.

5 � Conclusion

We have shown that for power law PSD, the Persson–Tosatti 
criterion would give the same stickiness for 1D or 2D rough 
surfaces, in terms of rms amplitude and magnification of 
the profile/surface. However, even considering the possi-
ble order of error for 2D surfaces in the approximate Pers-
son–Tosatti criterion, clearly the results of the 1D simula-
tions in [2] show a much enhanced adhesion which is likely 
due to the nature of the 1D roughness and the elastic ampli-
fications of the load along infinitely long contact lines, an 
effect already noticed in single sinusoidal roughness [14], 
see also [5], but also in 1D rough profiles previously [4].

We have therefore extended the BAM model of [6] to ani-
sotropic surfaces, and found that it has a weak dependence 

on anisotropy, and in the correct direction of increasing 
adhesion toward the 1D limit case.

Concerning the effect of fractal dimensions, it is certainly 
true that the necessarily limited simulations in [2] seem to 
show a reduced dependence on magnification, but the Pers-
son–Tosatti and BAM criteria also show a possibly large 
dependence on magnification both at large and small fractal 
dimensions, so in these respects, the debate is not conclu-
sive, except that they certainly do not apply precisely for 
1D roughness.

Appendix: The Energy to Flatten a 1D Profile

The term Uel for a halfspace having roughness of height 
h(x, y) with isotropic power spectrum C(q) is given by (3). 
Here, 2D rough surfaces PSD is defined as3

and 1D rough surfaces PSD is

where the connection between 1D and 2D PSD is

It is known that 1D rough surfaces with PSD and 2D iso-
tropic rough surfaces with PSD C2D(|q|) behave exactly in 
the same way if they have the same angular average (see 
Geike and Popov [13]) and hence if

Therefore, this means that for 1D random rough profiles,

Now having a power law PSD C1D(q) = Zq−1−2H  for 
q1 > q > q0,

we get Z = Hh2
rms

q2H
0

 and hence

(14)C(q) =
1

(2�)2 ∫ d2x

⟨
h(0)h(x)

⟩
e−i�⋅�

(15)C1D(q) =
1

2� ∫ dx

⟨
h(0)h(x)

⟩
e−iqx

(16)C2D(q) = �
(
qy
)
C1D

(
qx
)

(17)C1D(q) = �qC2D(q)

(18)
Uel(�)

A0

=
E∗

2 ∫
q1

q0

qC1D(q)dq.

(19)h2
rms

= 2∫
q1

q0

C1D(q)dq = Z
q−2H
0

H

3  Notice we use the original Persson’s convention and notation for 
C(q) , whereas other authors use C

2D(q) = 4�2C(q).
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which is exactly the same as the 2D counterpart (5). There-
fore, the Persson–Tosatti criterion for 1D roughness is iden-
tical to the isotropic roughness counterpart, when written 
in terms of rms roughness and magnification for a power 
law PSD. The same result can also be obtained of course 
starting directly from a single sinusoid h(x) = h0 cos (qx) in 
a plane contact [17] and integrating the strain energy of a 
single wave which is

More in general, for anisotropic, self-affine surfaces, with a 
power spectrum as used in this paper, using cylindrical coor-
dinates, qx = q cos � and qy = q sin � so that d2q = qdqd�

wi t h  I(�,H) = ∫ 2�

0

d�

(cos2 �+�2 sin2 �)
1+H  .  Now wr i t ing 

∫ q1
q0

q−2Hdq = q1−2H
0

1−�−2H+1

2H−1
 , we get

On the other hand,

Hence,

which is the same result obtained for isotropic roughness, 
or for 1D roughness.
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(20)

l(�) =
1

2 ∫
q1

q0

qC1D(q)dq =
Z

2 ∫
q1

q0

q−2Hdq

=
Hh2

rms
q0

2(1 − 2H)

(
�−2H+1 − 1

)

(21)U0 =
1

2
h(x)p(x) = E∗

qh2
0

8
.

(22)

Uel =
A0E

∗Z

4 ∫
q1

q0
∫

2�

0

q−2Hdqd�
(
cos2 � + �2 sin2 �

)1+H

=
A0E

∗Z

4
I(�,H)∫

q1

q0

q−2Hdq

(23)Uel =
A0E

∗Z

4
I(�,H)q1−2H

0

1 − �−2H+1

2H − 1

(24)

h2
rms

= ∫ d2qC(q) = ZI(�,H)∫
q1

q0

q−1−2Hdq ≃ ZI(�,H)
q−2H
0

2H

(25)Uel =
A0E

∗

2
Hh2

rms
q0

1 − �−2H+1

2H − 1
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