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ABSTRACT

We study evolutionary equations in exponentially weighted L2-spaces as introduced by Picard in 2009. First, for a
given evolutionary equation, we explicitly describe the v-adjoint system, which turns out to describe a system back-
wards in time. We prove well-posedness for the v-adjoint system. We then apply the obtained duality to introduce
and study notions of null controllability for evolutionary equations.
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1 | Introduction

Evolutionary equations provide a model class for studying various partial differential equations in a unified way. Since
their introduction by Rainer Picard in 2009 [1] (see also [2]), quite a few particular situations have been considered in this
framework. Let us provide a (by no means exhaustive) list of examples. Many classical equations such as, for example, the
heat equation, the wave equation, Maxwell’s equations (see Example 2.3), and poroelasticity (e.g., [3]) as well as fractional
elasticity (e.g., [4]) can be modeled as evolutionary equations. A more intricate example is certain piezoelectric coupling
models. In [5], they were treated with boundary dynamics using abstract boundary data spaces that do not require any
regularity assumptions on the boundary (see [6, 7]). Moreover, in [8], thermal coupling without boundary dynamics was
included, and recently in [9], thermo-piezoelectric coupling with boundary dynamics was modeled in this framework.
Another example are (infinite-dimensional) differential-algebraic equations that were also treated in the evolutionary
context (e.g., [10]). A general overview on evolutionary equations can be found in the monographs [11, 12].

In order to explain evolutionary equations in a nutshell, let H be a Hilbert space of functions of a spatial variable; we may
think of H := L*(Q) for some subset Q C R“. Given a (spatial) differential operator A and a material law function M(-),
that is, a holomorphic mapping from a subset of C to the bounded operators on H, describing the constituent relations,
we consider exponentially weighted Bochner-Lebesgue spaces Li(R, H), where v is the weight parameter. Elements of
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Li([R, H) are interpreted as functions of time R mapping to the spatial function space H. Introducing the temporal deriva-
tive as an invertible operator 9, , in Li(R, H), the prototype of an evolutionary equation is of the form

0,,M(@,,)+ Au = f,

where M (9, ) is given by functional calculus via the Fourier-Laplace transformation, A is lifted to the Bochner space as a
multiplication operator, and f € Li([R{, H). Thus, in contrast to the prototypical abstract Cauchy problem from semigroup
theory, studying evolutionary equations is based on studying inhomogeneous equations rather than initial value problems.
The solution theory for evolutionary equations provides well-posedness under mild assumptions on A and M(-); see, for
example, [12, Chapter 6].

The first question we raise and answer is about duality: Given an evolutionary equation, how does the adjoint equation
look like (if it exists)? In order to do this, we make use of the unweighted Lz—space L* (R, H) as pivot space; thus, the
v-adjoint equation is formulated in LZ_V(R, H) rather than in Li(R, H). This idea already came up in [13]. It turns out that
the v-adjoint equation is again close to an evolutionary equation; however, it is running backwards in time which can be
nicely investigated by the time-reversal operator.

As a second goal of the article, we want to study control theory for evolutionary equations. Here, we want to focus on
the notion of null controllability for evolutionary equations, which to the best of our knowledge has not been studied
before. Recall that null controllability for an inhomogeneous initial value problem with a solution existing pointwise
in time means that, given a final time horizon T, for every initial condition, we can find a suitable control function
essentially acting as inhomogeneity such that the solution at time T is zero. We refer to [14-16] for null controllability
for evolution equations. When trying to put a corresponding definition for evolutionary equations, we have to deal with
the difficulty that the solutions of evolutionary equations are only in Li(R, H), that is, the time regularity is only L?,
and we thus cannot make use of a pointwise statement on the solution at 7. To overcome this issue, we propose two
different notions; one tailored to the L*-setting and another one which can make use of pointwise statements in a weaker
spatial space. In order to study null controllability, one key method is to establish a so-called observability estimate for
the dual problem; see, for example, [14, 17-24]. Because we have established the duality for evolutionary equations in
the first part of the article, we can now apply this duality to prove the corresponding duality statement in the context of
null controllability for evolutionary equations. We again find the well-known equivalence between null controllability
and (a version of)) observability estimates for the v-adjoint system; however, due to the lack of pointwise statements, the
observability estimate has to be interpreted accordingly. In a special case, we also formulate a version of a pointwise
interpretation of the null controllability and pose an open problem in this situation.

Let us outline the remaining parts of the paper. In Section 2, we will recall the basic theory of evolutionary equations, as
well as the duality of null controllability and observability estimates in the context of abstract Cauchy problems. Section 3
is devoted to the duality of evolutionary equations. Finally, in Section 4, we first introduce a notion of null controllability
for general evolutionary equations and apply the general duality results of Section 3 to establish the duality between
null controllability and an observability estimate for the adjoint evolutionary equation. We further suggest a pointwise
interpretation of null controllability.

2 | Preliminaries

Hilbert spaces H considered in this paper are always endowed with an inner product (-, -);, that is antilinear in the first
and linear in the second argument. If A : dom(A) C H — H is a closed operator on a Hilbert space H and dom(A) is
not explicitly considered as a subspace, then we consider dom(A) as the Hilbert space endowed with the inner product

(503 + (A A )y

2.1 | Evolutionary Equations

Here, we will revisit the theory of evolutionary equations that can be found in [12]. For the sake of simplicity, we will
restrict ourselves to the autonomous case.
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For a Hilbert space H and a v € R, we consider the exponentially v-weighted L*-space of H-valued (equivalence classes
of) functions

L2(R,H) := {f|f : R > H Bochner-meas. and (t = e[| f(1)ll;,) € L*(R)}.

On this Hilbert space, we consider the unitary multiplication operator

LX(R,H) - L*R,H),
exp(—vm) : v
S = eV (),

Together with the unitary Fourier transformation 7 on L3(R, M), this yields the unitary Fourier-Laplace transformation
&L, :=F exp(-vm) : Lf(R, H) — L*(R, H). The core idea now is to think of 2 as the space of spatial functions and
to write the system we want to model (respectively, its solution operator) as the Fourier-Laplace transformation of a
holomorphic function that in each point linearly maps H to itself.

For f,g € Li(R, H), we define the weak time derivative o, , in the usual way

fedom@,)andg=0,,f e VpeC R): / pt)g(tdt = — / o' (Of @) dt,
R R

and get (cf. [12, Chapter 3.2 and Proposition 4.1.1]).

Lemma 2.1. Forv € R and a Hilbert space H, the weak time derivative d,, on Lf (R, H) is a densely defined, closed, and
normal operator. Moreover,

© J,, = Ej(im + v)L, holds, where m denotes the usual multiplication-by-argument operator on LR, H) (i.e, mf :=
[x = xf(x)]), and

 forv # 0, the weak time derivative is one-to-one and onto with bounded inverse

@ )lg = te [’ _g(s)ds forv >0,
" s —/twg(s) ds for v <O,

for g € L2(R, H).

The coupling of our evolutionary system will be encoded via a functional calculus for 0, , in a material law. That is, a
holomorphic M : U — L,(H) where L, (H) denotes the space of bounded linear operators on H, and U C C is open and
contains a half plane {z € C|Rez > v} C U fora v € R on which M is bounded, that is,

sup ||M(z)| < .

zeC,Rez>v

We write s, (M) for the infimum over all such v € R. Corresponding to each material law, there exists the bounded material
law operator M(9,,) := Z*M(im+v)Z, € Lb(Lf(R, H)), where

: LR.H) » L*R.H),
M(@m+v) : .
f= MG -+v)f(Q)
is a bounded operator.

Finally, consider a spatial operator A : dom(A) C H — H which is closed and densely defined. This operator, for example,
encodes the spatial differential operators of our system. Via

(€Y)

L L2(R,dom(A)) C LAR,H) - L3R, H),
e fe o lte A
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A can be lifted to a closed and densely defined operator on Li(IR, H) with (A;2)* = (A*).2. We will abuse notation writing
A for Aj» and dom(A) for L2(R, dom(A)).

With all the necessary tools at hand, we are capable of defining an evolutionary equation
(at,vM(at,v) + A)u = fa (2)

where u, f € Le(R, H). Well-posedness would now mean that 9, ,M (9, ) + A is boundedly invertible. Unfortunately, the
operator sum may not be closed. In fact, it already turns out not to be in very simple cases, for example, the transport
equation (cf. [12, Example 15.1.1]). As a consequence, the following theorem (see, e.g., [12, Theorem 6.2.1]) weakens (2)
by closing 9, ,M (9, ) + A.

Theorem 2.2 (Picard’s Well-Posedness).  Consider a Hilbert space H, a material law M : dom(M) C C — L, (H)
with
Vh € HVz € C,Rez > v, : Re(h, zM (2)h);; > c|lhll3,,

forac>0andav, > s,(M) and a skew-self-adjoint A : dom(A) € H — H. Then,

* the closed subset 0, ,M (9, ,) + A of Li(IR, H) x Li(IR, H) is an (unbounded) operator for all v > v,.
« Forv>v,, S, 1=(=0,,M(@9,,)+ A" € Ly(L(R, H)) with ||S,|| <1/c.
e S, iscausal: f € dom(S,) = Lf(R, H) for v > v, with sptf C [a, o) for an a € R implies sptS, f C [a, ).

» S, is eventually independent of v : f € dom(S, ) ndom(S, ) = Lﬁl(R, H)n sz(R, H) for vi, v, > v, implies S, [ =
S, f.

« f €dom(d,,) forav > v, implies S, f € dom(d, ) N dom(A), that is, by M (9, )0
the sense of (2).

C9,,M(9,,) we get a solution in

ty =

In order to apply Theorem 2.2 to explicit examples, we need to specify H, M, and A. For our purposes, it will suffice to
consider A that arise from the following spatial differential operators.

On an open subset Q C RY for d € N, we have the usual spatial differential operators grad« : Cr(Q) C L2(Q) —» L2(Q)
and divee : CO(R)! C LA(Q) — L*(Q). In the case d = 3, we can also consider curles : CI(Q)* C L*(Q)* - LA(Q)°.
Via their Lz-adjoints, these can now be extended to their maximal L?>-domains in the usual weak/distributional sense:
grad := —(divcg.o)*, div : = —(gradczo)* and curl := (curlcg.a)*. Adjoining again, we obtain the corresponding weak spatial

differential operators with homogeneous boundary conditions: grad, := —div" = grad.«, div, := —grad” = div¢~, and

P *o_
curly 1= curl” = curlee.

Example 2.3. Employing these spatial differential operators, we can provide some classical systems in the framework
of evolutionary equations. In each case, we can immediately verify the conditions of Theorem 2.2.

« Heat equation:
For v > 0, an open subset Q C R? and M := L*(Q) x L?(Q)?, the heat equation with heat source Q € dom(d, ), mea-
surable and bounded heat conductivity a : Q — R**“ with

Vx e Q : Rea(x)>c,

for a ¢ > 0 and thermally insulated boundary conditions reads

10 0 0 0 div, 9 0]
9, + + = ,
“\0 0 0 a! grad 0 q 0
where 9 is the heat distribution and ¢ the heat flux.

Formally, after elimination of ¢, this corresponds to the well-known standard form:

9 —div, a grad 9 =0Q.
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« Wave equation:
For v > 0, an open subset Q C R? and H := L3(Q) x L2(Q)?, the wave equation with balancing forces f € dom(o,,),
measurable and bounded elasticity tensor T : Q — R9*? with

VxeQ: Tx)=Tx)" >c,

for a ¢ > 0 and clamped boundary conditions reads

(o)L D)E)-C)

where v := 0, ,u for the displacement u and ¢ is the stress.
Formally, after elimination of ¢, this corresponds to the well-known standard form:

ii—divT gradju = f.

» Maxwell’s equations:
For an open subset Q C R?> and H := L*(Q)? x L*(Q)*, assume that ¢ > 0 and v, > 0 exist such that the bounded and
measurable dielectric permittivity, magnetic permeability, and electric conductivity &, u, o : Q — R3*3 satisfy

Vx € Q : u(x) = u(x)* > ¢ and ve(x) + Reo(x) = ve(x)* + Reo(x) > c,

for v > v;. Then, Maxwell’s equations with current j, € dom(9, ,) and perfect conductor boundary conditions read

e 0 c 0 0 —curl E Jo
at 7 + + = k]
“\O pu 00 curl, 0 H 0
where F is the electric and H is the magnetic field.

We see that, in a certain way, the skew-self-adjointness of A asks for fulfilling boundary conditions. On the other hand,
initial values are replaced with the weight v. That means they only appear implicitly in the general case. For specific
classes of material laws, explicit initial conditions can be implemented in a distributional sense (see, e.g., [12, Chapter 9]
and Theorem 4.7).

2.2 | Control Theory

In this subsection, we shortly revisit some aspects of control theory for initial value problems. We restrict to the Hilbert
space case; however, the theory is developed also in Banach spaces; compare [14, 17-19].

Let X, U be Hilbert spaces, A the generator of a strongly continuous semigroup (:S;),5o on X, B € Ly (U, X),and T > 0.
We consider the initial value problem
x(t) = Ax(t) + Bu(®) (t € (0,T]),

x(0) = x,

3

for some initial value x, € X.

We say that system (3) is null controllable in time T if for all x, € X, there exists u € L*((0, T"), U) such that for the solution
x, we have x(T') = 0.

As it turns out (see [17-19]), null controllability in time T is equivalent to an observability inequality for the so-called
adjoint system, which is given by
p()=-Ap(t) (1 €[0,T)),

o(T) = @r, 4)
w(t)=B*et) (tel0,T)),
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for ¢, € X. More precisely, (3) is null controllable in time 7 if and only if there exists K > 0 such that for all ¢, € X, the
solution ¢ of (4) satisfies
le@llx < Kllyllea. (5)

Note that (4) is an equation backwards in time. By means of the substitutions @(¢) := @(T — t) and @ (¢) := w(T —1t) for
t € [0, T], we can reformulate the adjoint system (4) to an equation forward in time of the form

@)= A"p(t) (1€ (0,T),
?(0) = @y, (6)
() =B"p(1) (1 €[0,T),

for ¢, € X. The observability inequality (5) then turns into a so-called final-state observability inequality

12Dl < KI[#llp2.

Example 2.4. We review the duality for the systems (without external sources) in Example 2.3, formulated by means
of semigroup theory.

« The controlled heat equation can be written as
I(t) = div, a grad 9(t) + Bu(t) (t € (0,T]),
9(0) = 9,,

in L?(Q), where Q C R is open. Here, A := div, a grad is the elliptic operator in L*(Q) with Neumann boundary
conditions, and B € L,(U,L*(Q)) and U is some Hilbert space. Then, the adjoint system is given by

@(t) = —div, a" grad () (t €1[0,7)),
o(T) = or,
w(®) =B (1) (€[0,T]).
Thus, the adjoint system is governed by a backward heat equation.
« The controlled wave equation can be written as!

X(t) =div T grad, x(t)+ Bu(t) (¢t € (0,S]),

x(0) = xq,

x(0) = xq,

in L*(Q), where Q C R isopen. Here, A := div T grad, is the elliptic operator in L*(Q) with Dirichlet boundary con-
ditionsand B € L, (U, L*(Q))and U is some Hilbert space. Introducing v := x, we can reformulate this as a first-order

system )
N = 0 NNy ©
v) \ divT grad, 0/\ v Bu(t)
(2)o-(2)
v X,

Then, the adjoint system is given by

("’)(r)=—<° diVTgrad‘))("’)(t) (t €10,5))
v 1 0 1
<¢>(S):<%>

/78 Ys

n() = By (@) (t €[0,S).
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Put differently, for v, we observe
y(t) =div T gradyw(t) (¢t €[0,5)),

so the adjoint system is governed by a wave equation.

« The controlled Maxwell’s equations in the simplified situation with e = y = 1 can be written as

<E> < -0 curl><E)
(= (1) + Bu(t) (1 €(0,T]),
H —curl, 0 H

H H,

in L*(Q)* x L*(Q)3, where Q C R3 is open, B € L, (U, L*(Q)* x L*(Q)*) for some Hilbert space U. Then, the adjoint

system is given by .
<(”>(r)=—(_“* _Cuﬂ><(”>(t) (1 € 10.7)
v curl, 0 W
0)o-()
4 Yr
<« P
n( =B < )(t) (r€[0,T).
v

This is again a Maxwell’s equation with o replaced by —c*.

3 | Evolutionary Equations Backwards in Time
For a Hilbert space H, a material law M : dom(M) € C — L,(H) with
Vh € HVz € C,Rez > v, : Re(h, zM(2)h)y, > c||hll3,,

forac > 0 and a skew-self-adjoint A : dom(A) C H — H,we consider the evolutionary equation arising from the densely
defined and closable operator (cf. 2 and Theorem 2.2)

0,,M(@©,,)+A=L(Im+v)M{Im+ V)L, + A, 7
where v > v, > max(s,(M),0) and A is considered as its extension A;: to Li(R, H) (cf. 1). Via the space Lg, this opera-

tor itself implicitly only allows for solutions forward in time. Therefore, interpreting the adjoint system (4) as another
evolutionary equation running backwards in time requires us to somehow get from Li to L2 , While adjoining (7).

31 | The v-Product

Because exp(2vm) : LZ_V(R, H) — Li([R{, H) is a unitary map for a Hilbert space H and v € R, we have

/ (PO, 80yt = / (F(, exp@yDg)yedt € C, ®)
R R

for f € L2 (R,H)and g € L (R, H).

Definition 3.1. We define the v-product

L2 (R,H)xL?> (R,H) - C,
['7']7—[\, : v v
(f,8) P [ol (1), g(1)ydr.
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If clear from the context, we will drop the index 7. The v-product inherits many properties from the weighted L>-products.
Note that the v-product was already implicitly used in [13].

Remark 3.2. Obviously, the v-product is antilinear in the first and linear in the second argument, conjugate symmetric
in the sense that

[f.gl, =g 1,

holds, and we have a Cauchy-Schwarz inequality in the sense that

ILf.gl,l =

/ (/). expui)g(D)y,e > dr| < |12l exp2vimgllyz = [1/1l2 gz,
R

holds true for f € L>(R,H) and g € L? (R, H).

With that we also get an adapted version of the Riesz representation theorem.

Lemma 3.3. Let H be a Hilbert space and v € R. Consider the mappings
[f. 1, : L2, R,H) = C,

and
[.gl, : LAR,H) - C,

for f € Lf(IR, H)and g € LZ_V([R{, H).They define (anti)linear bounded functionals attaining their respective operator norms
1711,z and ligll,2 that s,

Ifll: = max |[f.AL] and gl = max |(h.gl,l.
v hel?  R.H) v heL2(R,H)
Wil 2 <t Wil p <1

Moreover, the mapping

o JLRH - L2 ®RHY,
' VSN
is an antilinear bijective isometry.

Proof. The linearity and boundedness of [f,.]
Remark 3.2. Testing with exp(—2vm) f and using that exp(—2vm) : Lﬁ(R, H) - LZ_V(R, H) is unitary, we see

with upper bound || f||;> for the norm immediately follow from

v

[/, exp(=2vm)f], = / (SO, fO)ye™"dt = IFII7, = 11 £l Nl exp(=2vm) /1|2 ,
R v

that is, the operator norm || f||;2 is attained. Analogously, the statements regarding g are obtained. It remains to show

that @ is onto. This immediately follows from the Riesz representation theorem on LZ_V(R, H) because any element of
L? (R,H) is of the form

/ (g(1),.)3*"dr = [exp(2vm)g, -], = P(exp(2vm)g),
R

where g € L? (R, H) and thus exp(2vm)g € L2(R, H). ]

Remark 3.4. For F C Li(IR, H)and G C L (R, H), the continuity and the conjugate symmetry of the v-product imply
that the annihilators (we will once again drop the index H if clear from context)

Flu = {g €12 R,H)|Vf € F : [f,gl, =0} = [ ker[f,-], L2 (R, H),
feF

LG = {f € LXRH) Vg € G 1 [f,gl, =0} = () kerl-, g, € LAR, H)
geCG
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—1 11—
are closed linear subspaces with F* = F- =1+ Fand "G =1+ G = G*-. Moreover, we can easily verify
F1 = exp(—2vm)(F1) = (exp(—2vm) F)*

and thus get
(LX®R, 7)™ = {0},

as well as
H(FY) = (exp(=2vm)(FY)t = (FY)* = Span(F).

3.2 | The v-Adjoint

The reason we introduced the v-product was to get from Li to Lz_v by adjoining.

Definition 3.5. Forv € R, Hilbert spaces H,, H, and a relation A C L>(R, H,) X L>(R, M, ), we define the v-adjoint
A% = (Ao ) C 12 (R, Hy) X L2 (R, Hy), ©)

where we endowed L2(R, H,) x L2(R, H,) with (-, V0 F D @0 Ly g 1y, stands for the respective annihilators.

Remark 3.6. Reformulating (9), we have

A" = {(gp gz) € LZ_V(R, Hl) X LEV(R, Ho) | V(fp fz) EA: <f1’ gz);—[o,v = (fza g1>Hl,v}
= (exp(—2vm) X exp(—2vm))(A*) (10)
= ((exp(—2vm) X exp(—2vm))(A))*.

For a linear operator A C L2(R, Hy) x L2 (R, H,) and g € L? (R, H,), h € L* (R, H,), we obtain

(g.h) € A" & Vf edom(A) 1 (f,h)y , = (AL, &) - (11)

Remark 3.7. Analogously to the classical Hilbert space adjoint, the v-adjoint has the following properties:

« In (9), any order of application of —, ()™" and Ly .3/ \x, OF Ly 4, v Yields the same relation.

« A* isa closed linear subspace and A™ = (Z)*v holds.

« Identity (10) implies

(A%)"™ = ((exp(2vm) X exp(2vm))((exp(—2vim) X exp(—2vm))(A*)))"
= (A")" = 5pan(A).

If A even is a linear subspace, we can additionally infer from (10):

o ran(A)t = exp(—2vm)(ran(A)*') = exp(—2vm)(ker(4*)) = ker(A*).
« ker (A = exp(—2vm)(ker (A)}) = exp(—2vm)(Tan(A*)) = ran(A™).

« A* isalinear operator if and only if A is densely defined. If A is a densely defined operator, then (11) reads

<f9A*vg>H0,v = <Af9 g>H1,v’ (12)

for all f € dom(A) and g € dom(A*).
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Once again, (10) shows that a linear operator A is closable if and only if A™ is densely defined, and for a linear A that
the closure A is a bounded operator (including dom(A) = Li(R, H)) if and only if A* is. In the latter case, ||A|| = |[|A™||
holds.

We close with a few more easy technical lemmas that we will use in order to compute the v-adjoints of concrete operators.

Lemma 3.8. Consider veR and Hilbert spaces Hy Hy,H,. For A,C € Ly(L2R,Hy,LAR,H,)) and
B € Ly(LA(R, Hy), L3 (R, H,)), we have (BA)* = A* B* and (A + C)* = A* + C*.

Proof. This immediately follows from (12), because A, B, C, BA, A + C, and their respective v-adjoints are bounded by
Remark 3.7. |

Lemma 3.9. Consider veR and Hilbert spaces M, Hy,H,. For A,CCLXR,Hy)XLXR,H,) and
BC Li(R, Hl)xLi(lR,Hz), we have (BA) 2 A*B* and (A+C)* 2 A +C*. If B is a closed linear subspace
and A € Ly (LR, Hy), L2 (R, H,)), then we have (BA)* = A* B*. Alternatively, if B € L,(L2(R, H,), LX(R,H,)) and A
either is a closed linear subspace or a densely defined operator, then we have (BA)* = A* B*.

Proof.  The first two statements immediately follow from (10) and the v-adjoint being closed. For the third statement, one
can readily show BA = (A* B* )*~ using the boundedness of A and A*, (B* )*- = B and (10). For a bounded operator B
and a closed linear subspace A, we can compute (A* B*)*+ = BA by virtue of the third statement. For a bounded operator
B and a densely defined operator A, one can use the boundedness of B and B*', dom(BA) = dom(A), and (12) to easily
show that f € dom((BA)*) implies B* f € dom(A*) < f € dom(A* B*). O

Lemma 3.10. Consider Hilbert spaces H,, H,. Let A : dom(A) C H, — H, be densely defined and closed. Then, for v €
R, its extension (cf. (1)) to Li(R, H,) has the extension of its adjoint to LiV(R, H,) as its v -adjoint, that is, (A;2)* = (A")2 .

Proof. From Remark 3.6 and (A;2)* = (A*)2, we can infer

(Ar2)* = (exp(~2vm) X exp(~2vm))((Ar2)")

= (exp(—2vm) X exp(~2vm))((A*);2) (13)
= (A*)Lgv-
The last equality is a consequence of exp(—2vm)(Lf([R, dom(A*))) = LiV(R, dom(A*)). |

3.3 | The v-Adjoint of Material Laws
We first want to compute the v-adjoint of 9, ,M (9, ) = L (im + v)M (im + v)L, in (7).

Lemma 3.11. Forv € R, a Hilbert space H and a linear operator R C Lf(IR, H) x Li(R, H), we have

R =L* (L,RLYL_,.

Proof. As £* = L7 holds, we have (g,, g,) € R* if and only if
[LL,f, 8], =1f.&], =[Rf.&], =L L,RLL, f, 8], (14)
for all f/ € dom(R). For any h; € L*(R,H) and h, € L? (R, H), we have

(L7hy, hy), = (LS hy, exp(2vm)h, )2
= (hy, L, expvm)h,);2
= (. L_ hy)ye.

10 Mathematical Methods in the Applied Sciences, 2026

85UB017 SUOWILLIOD) BAIERID B|eotjdde ) Aq peusenob ake 9l VO 85N J0 S9|NI o} A1q1T 8Ul|UO AB]1M UO (SUOTIPUOd-PUe-SWBIALID" A8 | 1M Ake.q 1 pul|uo//SAny) SUonIpUOD pue swis 1 81 89S *[9202/T0/S2] Uo Akeiq18uliuo A8|1M U0l gIgsIeISBAIUN BInquieH TISIBAIUN SYSIUYIS | AQ 6EE0. BUILI/ZOOT 0T/I0p/W0D" A8 1M Ateiq1jeul|uoy/sdiy woly papeojumod ‘0 9.y T660T



The last identity £_, = £ exp(2vm) follows from
L_, =T exp(vim) = F exp(—vm) exp(2vin) = L exp(2vm).

Hence, (14) turns into
(h,L_,g))1> =(L,RLIA,L_ g )2, (15)

forall h € £ ,dom(R) = dom(L,RL?). By definition, (15) is true if and only if (£_,g;, £_,g,) € (£, RLY)* holds. O

Definition 3.12. For a Hilbert space H and a material law M : dom(M) C C — L,(H), we define

e {dom(M)ga: —~ L),
z - M(2)".

Remark 3.13. In a certain way, M* defines a “dual” material law with s,(M*) = s, (M) and || M oo, = M o iy
for all v > sy (M). Note that in general, M* will not be holomorphic. Moreover, we immediately get (M (im + v))* =
M*@{im + v) for such v. Thus, Lemma 3.18 yields

M(@0,,)" = L* (M(m+v))*L_, = L M*(im +vV)L_,.

Lemma 3.14. Consider a Hilbert space H, a material law M : dom(M) C C — L, (H) and v > max(sy(M),0). Then,
(0,,M(©9,)"* =—0,_,L* M*(im+Vv)L_,
holds.

Proof. Boundedness of M*(im +v) shows M*({im + v)(im — v) C (im — v)M*(im + v) with dom(M*(im + v)(im —
v)) = dom((im — v)). Consider the closed operator

£* (im —v)M*(m+v)L_, =9, L5 M*(im+v)L_,

and the operator
LY M*(im+v)(im—-v)L_, =L* M*(im+v)L_,0

t,—v*

‘We then have
L£* M*(im+v)L_0,_,Co,_ L" M*(im+v)L_, (16)
(the domain of the left operator is dom(d, _,)). This implies
£* M*(im+wL_(1-€0,_) "' =1 -e0,_)'L* M*(im+v)L_, 17)

for e > 0 because £L* M*(im + v)L_, is bounded. For an element g € dom(9, _,£* M*(im + v)L_) of the domain of the
operator on the right-hand side, we define g, := (1 — €9,_,)™' g for £ > 0 (cf. the Yosida-approximation approach in [12,

proof of Lemma 16.3.3]). Hence, we have g:;otg in LEV(R, H) and g, € dom(9, _,) holds. Therefore, (16) and (17) yield

L£* M*(im+v)L_0,_,g =09, ,L* M*(im+Vv)L_g,
=0,_ L' M*(im+v)L_(1-e0,_)""'g
=0,_,(1—¢0,_)'L* M*(im+v)L_g.

t—v
As an (unbounded) operator and its resolvent commute on the domain of the operator and as g € dom(9, _,£* M*(im +
v)L_)) implies £* M*(im +v)L_ g € dom(d, _,), we conclude

=(1-¢€0

-0+

—0, LY M*(im+Vv)L_g,

)10, LF M*(im + V)L_ g

t,—v
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in L? (R, H), that is, we have shown

L M*(im+wWL_,0,_, =0, ,L* M*(im+v)L_,. (18)

t—v

Applying Lemma 3.18 to d, ,M (9, ) and using (18), we infer

0, ,M(@,,)" =L* ((im+v)M(@{m+v))"L_,

= £* M*(m + v)(—im + v)L_,

=—C£* M*(im+v)(im - v)L_,

=—0,_,C* M*(im+v)L_,. .

Remark 3.15.  If we take the constant identity as the material law, Lemma 3.14 reads (9, ,)* = —9, _, for any Hilbert
space H and v > 0; see also [13, Remark 2.9].

3.4 | The v-Adjoint System
We are now able to compute the v-adjoint of our operator (7).
Remark 3.16. Applying Lemma 3.10 to the skew-self-adjoint A in (7), we have (A;2)* = —(A),: . Abusing notation,
we will write A* = —A, and we will denominate the domain of (A;2)* as dom(A*) = dom(A). Combining this and
Lemma 3.14 via Lemma 3.9, we conclude
-0, ,L" M*(im+v)L_ —AC(@O,,M(@,,)+ A", (19)

and the domain of the operator on the left side is (cf. 16)

dom(9, _,L* M*(im +v)L_ )N dom(A) 2 dom(d, _,) N dom(A). (20)
Unfortunately, the spatial operator A usually does not render the operator —d, _,£* M*(im +v)L_, — A closed. This is
for the same reason that already appeared in Theorem 2.2. In other words, the best improvement possible for (19) is the

following result based on [12, proof of Lemma 16.3.4].

Theorem 3.17. Consider a Hilbert space H, a material law M : dom(M) C C — L, (H) with v > max(s,(M),0), as
well as a skew-self-adjoint A : dom(A) C H — H. Then, we have

—0,_,L* M*(im+v)L_, —A=(,,M(Q,,)+ A", (21)
and (21) is a linear operator.
Proof.  First, note that (d,, M (9,,) + A)* is an operator because d,,M (9, ) + A is densely defined.

For g € dom((9, ,M (9, ) + A)*), define g, := (1 — €9, _,)~'g for € > 0 as in Lemma 3.14 again. Applying Lemma 3.18 to
1460, =1+¢eLi(im+ v)L, yields?
(1+e€0, )" =1 +eL(im+v)L)™

=1+eL" (im+v)'L_,
=1-eL’ (im-v)L_,
=1-e9,_,.
For f € dom(A), the theorem of Hille for Bochner integrals and the properties of (()t,v)‘1 (cf. Lemma 2.1) imply
t t
(0t’v)‘1Af = [t — / Af(s)ds] = [t — A/ f(s)ds] = A(d,,v)‘lf. (22)

o0 o0
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This yields (9,,)"*A C A(9, )", and consequently, for ¢ > 0,
(1+€0,,)"AC A1 +¢9,,)7".

Arguing similarly to (16) and (17), we can show M(9,,)d,, C d,,M(9,,), and thus, we also have (1+¢9,,)"'M(9,,) =
M(@©,,)(1+¢€0,,)"". Clearly, (1—-€d,_)"9,_, C09,_,(1—¢9,_)"" holds. Moreover, f € dom(d, ,M(9,,)) implies

t—v =

M@,,)f € dom(d,,). Hence, (1 + €9, )9, ,M(9,,)f = 9,,(1+¢€9,,) "M (9,,)f holds for such f. Therefore,

[(9,,M(0,,) + A)f,g], =1 +€0,,)7'(9,,M(©0,,) + A)f.gl,
=[(9,,M(9,,) + A)(1 +€9,,)7' f. gl, (23)
=[f.(1-€9,_,)"(0,,M(9,,) + A)"gl,

holds true for / € dom(9, , M (9, ,)) N dom(A). In other words, we have shown that g, € dom((9, ,M(9,,) + A)* ) and

. _ s -0+ "
(0, ,M(@,,)+A)vg, =(1—-e€0,_,) l(a,,vM(a,,v) + A)g—(,,M(9,,) + A)*g.
Rewriting (23) yields

[Af.8.], =f.(1—¢0,_)"(0,,M(9,,) + A)"gl, —[0,,M(,,)f.8&],
=[f.(1-€9d,_)"(9,,M(@3,,) + A)"gl,
+1/.0,_,L* M*(im+v)L_ g,

for f € dom(d, ,) N dom(A). As the v-product is bounded and dom(9, ,) N dom(A) is a dense subset of dom(A),? we con-
clude g, € dom(A*) = dom(A). To sum up, we have proven that g, converges to g in the domain of the v-adjoint, that the
image of g, converges to the image of g, and that g, even lies in the domain of the operator on the left side of (19). O

Definition 3.18. Taking Theorem 3.17 into consideration in the setting of (7), we will call
(=0, LT M*(im+V)L_, — Au = f, (24)

for suitable u, f € L* (R, H) (cf. Theorem 3.28), the v-adjoint system corresponding to the spatial operator A and the
material law M.

Remark 3.19. 1In the special case

M(z) := Zz_kMk, (25)
k=0

forneNw{0},z€ C\ {0} and M, M,, ... , M, € L,(H), we can compute
L£* M*(im+wv)L_, = EjV(Z(—im + v)‘kM,f)L_V
k=0

= (=1Lt (im —v)FL_ M (26)

k=0
= Y (1o k M.
k=0

Here, the first equality follows from (im + v)~! being bounded and the second one because the theorem of Hille (applied
to bounded operators) implies

M)L_yo =L (M) @,
for all ¢ from the dense subset C°(R, H) of Liv([R, H).

Example 3.20. Applying (26) to Example 2.3, we can provide a few examples:
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« Heat equation
The differential operator of the v-adjoint heat equation reads

10 00 0 div,
-0,_, + - .
"\0 0 0 a* grad O
« Wave equation

The differential operator of the v-adjoint wave equation reads

10 0 div
-0,_, + .
“\o T! grad, 0
« Maxwell’s equations

The differential operator of the v-adjoint Maxwell’s equations reads

€0 c* 0 0 —curl
-0,_, + - .
T \O u 00 curl, 0

Comparing with Example 2.4 (for the cases B = 0), we obtain that these v-adjoint systems are consistent with the adjoint
systems in Example 2.4.

3.5 | Time Reversal

Instead of treating the plain adjoint system (4), it is common to apply a time shift, that is, to let the time run forward again,
see (6). At least in the special case (25), we have the same goal.

Definition 3.21. For a Hilbert space H and v € R, we call the unitary mapping

- LAR,H) - L2 (R,H),
. [ f=)

the time-reversal operator.
Remark 3.22. Clearly,wehave 77 = 7* =7_ forv e R.
Lemma 3.23. Forv € R and a Hilbert space H, we have 7,0, , = -0, _T,.

Proof. For f € dom(d, ), we have

/ @(s)(T,0,,f)(s)ds = / @(s)(9,, f)(=s)ds = — / @(=5)(0,, f)(s)ds
R R R
= / di(p(—S)f(S)ds=— / @' (=) f(s)ds = / @'(s)f(=s)ds = / @' ()T, f)(s)ds,
R AS R R R

for any ¢ € C°(R) which implies 7, f € dom(9, _,) with 9, _, T, f = =T,9,, f. In addition, the same argument applied to
T_, = (7,)"" shows that (7,)~'(dom(d, _,)) = dom(9, ). o

Lemma 3.24.  Assume we have the material law from (25), that is, M(z) := Y,/_z"*M, forn € Nw {0}, z € C\ {0},

a Hilbert space H and My, M, ... , M, € L(H). Then, (9,,M (3,,))" = T,(9,, ., _s0, *M)T_, for v > 0.

Proof. This is a direct consequence of Lemma 3.14, Lemma 3.23 and (26). O

We want to stress that Lemma 3.24 heavily relies on the material law having the form (25). We cannot expect a similar
statement to hold in the general case.
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Lemma 3.25. Consider a Hilbert space H. Let A : dom(A) C H — H be densely defined and closed. Then, for v € R,
T A.=Ap T,

Proof.  This immediately follows from (1). O

Theorem 3.26. Consider a Hilbert space H, v>0, and M(z) := Y, _z7*M, for ne Nw {0}, z€ C\ {0} and
My, M, ... ,M, € L,(H), aswell as a skew-self-adjoint A : dom(A) C H — H. Then, we have

v

T, a,VZa “MP— AT, =(0,,M@,,) + A)*.

Proof. This is a combination of Lemmas 3.24 and 3.25 and Theorem 3.17. O

In other words, in the special case (25), the dual system (6) should correspond to an evolutionary equation of type

( rvza My - >u=f, (27)

for suitable u, f € L(R, H) and v > 0 (cf. Theorem 2.2).
Example 3.27. Applying (27) to Examples 2.3 and 3.20, we can provide a few examples:

« Heat equation
The time-reversed differential operator of the v-adjoint heat equation reads

10 0 0 0 div,
0,, + - .
“\0 O 0 a* grad 0
« Wave equation

The time-reversed differential operator of the v-adjoint wave equation reads

10 0 div
o,, + :
“\o 7! grad, 0
« Maxwell’s equations

The time-reversed differential operator of the v-adjoint Maxwell’s equations read

€0 c* 0 0 —curl
0,, + - .
“\O u 00 curl, 0
It is easy to see that these time-reversed operators are consistent with the corresponding ones obtained via (6).

3.6 | Solution Theory for v-Adjoint Systems

Apparently, we will have to tweak the existing solution theory for evolutionary equations in order to apply it to the back-
wards in time adjoint systems. Analogously to Theorem 2.2, we have the following theorem.

Theorem 3.28. Consider a Hilbert space H, a material law M : dom(M) C C — L,(H) with
Vh € HVz € C,Rez > v, : Re(h, zM(2)h)y, > c||hll5,.

forac > 0anda v, > max(s,(M),0), and a skew-self-adjoint A : dom(A) C H — H. Then,

« the closed subset —o, _,L* M*(im+v)L_, — A of LEV(IR, H) x LfV(R, H) is an (unbounded) operator for all v > v,.
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« Forv>v,, S, = (=0,_,L* M*(im+v)L_, —A)" e Lb(LiV(IR, H)) with || S,"|| < 1/c, where S, is the solution oper-
ator defined in Theorem 2.2.

fe LEV(R, H) fora v > v, with sptf C (—c0,a] for an a € R implies sptS," f C (-0, al.

« S." is eventually independent of v.

f €dom(o, _,) forav > v, implies Svfe dom(o, _,) N dom(A), that is, by (20), we get a solution in the sense of (24).

Proof. As a first immediate consequence of the properties of the v-adjoint and Theorem 3.17, we infer that
—0,_,L* M*(im+v)L_, — Aisalinear operator with

#,\ ~1 PE—— N
oL M im AL, -4 =((0, MO+ 4) ") =((0.MG)+4) ).

7

g

=S,
and ||, || = ISl < 1/c forall v > v,.

Next, consider f € L? (R, H) with sptf C (—o0,a] fora € R and v > v,. For any g € LX(R, H), we have

/ (8(1), 11y o) (DS F)(D))5,dE = / (14.00) (DG, (S0 1)(1))5,dt
R R

(28)
= /(Sv(l[u,m)(t)g(t)),f(t)>Hdt-
R
Causality of S, yields spt.S, (1}, &) C [a, o). Together with sptf C (—co, a], this implies
[ OS5 0.1 =0, (29)
R

Asg e Li(R, H) was arbitrary, the properties of the v-adjoint show l[a,m)Sf”f =0,i.e.,sptS," f C(—c0,al.

For eventual independence, consider #,v > v, and f € LZ_V(R, H)n LZ_”([R{, H). For a fixed x € H and any ¢ € C7(R), we
have*

/ PO(x, (S ))B) = (S, )D))yedt = / (@) - x, (S () = (S, [)(D))5,dt
R R
= / (@) - X, (S [)(1)),dt — / (@) - x,(S," [)(1)),dr
R R

=/(Sv((/’(-)-X)(t),f(t»Hdt—/(S,,(qo(')'X)(t),f(tDde
R R

=0.

Hence, the fundamental lemma of calculus of variations yields (x, (S,* £)(t) — (S:” @), =0fort € R. A density argu-
ment implies S," f = S," f.

(cf. [12, Remark 6.3.4]). Applying the v-adjoint first and

then Lemma 3.9 as well as Remark 3.15, we obtain —S,*9,_, € —d,_,S,", that is, we get S,"0,_, C 0, _,.S,". Moreover,
by M (9, ,)o,, € 9,,M(9,,), we have

Finally, consider some v > v,. We know that S,9,, C 9, ,S

v

S,A rdom(&,ﬁv) =1- Svat,vM (at,\/) rdom((),ﬁv)ndom(A)’

and once again by S0, , C 9, S, that

vy

=1-0,,8,M(9,,) ldom,,ndom(4)
1-0,,8,M@,,).
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Applying the v-adjoint first and then Lemma 3.9 as well as Remarks 3.13 and 3.15, we obtain® 1+ £* M*(im +
VIL_,S,0,_, C—AS,". O

Definition 3.29. Following [25, Chapter 3.2], we call a linear operator .S : dom(S) C Li([R, H) - Lﬁ([R, H) for a
Hilbert space H and v € R amnesic if sptf C (—o0, a] implies sptS f C (—o0, a] for all f € dom(S) and a € R.

In Theorem 3.28, we have shown that the solution operator corresponding to a well-posed v-adjoint system is amnesic.
In fact, we have the following more general statement that can be seen as a (bounded) counterpart of [25, Lemma 3.2.7].

Corollary 3.30. Fora Hilbert space H and v € R, a bounded operator S € Ly(LX(R, H)) is amnesic if and only if S* €
Ly(L? (R, H)) is causal.

Proof.  Arguing similarly to (28) and (29) yields the statement. O

4 | Control Theory for Evolutionary Equations

In this section, we focus on control theory for evolutionary equations.

4.1 | Duality Statements

We start with a version of Douglas’ lemma. For a proof, see, for example, [17, Theorem 1] and [19, Theorem 2.2] as well
as [26, Theorem 1.4]. For a normed space X and ¢ > 0, we write K, := {x € X | ||x||y < c}.

Lemma4.1. Let Hy, H,, H be Hilbert spaces, A € Ly(H,,H), and B € Ly(H,, H). The following are equivalent:

i. ran(A) C ran(B).
ii. There exists C € Ly(H,, H,) such that A = BC.
iii. There exists ¢ > 0 such that A(K;) C B(K,).

iv. There exists ¢ > 0 such that [A*x|l5, < c||B*x||H0for allx e H.

Lemma 4.1 remains true for Banach spaces instead of Hilbert spaces as long as H, is reflexive.

Lemma 4.2. Letv € R, H,, H beHilbertspaces, A € L, (LX(R, H)) and B € L, (L2 (R, H,), L2(R, H)). The following are
equivalent:
i. ran(A) C ran(B).

ii. There exists ¢ > 0 such that ||A*gl|l;2 <c||B*gll;2 forallg € L’ (R, H).
Proof.

i.=ii. By Lemma 4.1, there exists ¢ > 0 such that A(K;) C B(K,). Let g € L? (R, H). Then,

A™ gl = sup I[f.A*g],|
FELZRID, [1£1l2<1

= sup I[Af,gl,l
TELLRHD. |Ifll2<1

< sup I[Bf. gl
FELXRH). [Ifll2<e

= s I[£B],
FELIRH,y), 71l 2 <e

= cl| B*glly2 .
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ii.=>1i. Note that M := A(K;) and N := B(K,) are convex, and N is closed by the Banach-Alaoglu theorem. For all
g € L? (R, H), we estimate

sup|[f.gl,| = [A™gll2 <clB™gll;2 = supllf.gl,l.
fEM v v fEN

Because exp(2vm) : L? (R, H) — L2(R, H) is unitary, (8) implies

sup |Lf, Alz| < supl[f, Al 2|,
feEM v fEN Y

forall h € Li(R, H). From [27, Lemma 2.9], we obtain M C N, and Lemma 4.1 yields the assertion. O

4.2 | Null Controllability for Evolutionary Equations

Let H, H, be Hilbert spaces, v > 0, M a material law and A skew-self-adjoint in H. Let B € L, (H,, H). Like A (see (1)),
we lift B via action as a multiplication operator such that B € L (Li([R{, Hy), Li(IR, H)). Furthermore, assume

Vh € HVz € C,Rez > v, : Re(h, zM (2)h);; > c|lhll3,,
fora ¢ > 0 and a v, > max(s,(M), 0). Then, we consider the evolutionary equation:

(o,M(9,)+ A)U = F + BG. (30)
P—_ |
LetS, := (awM 0,,) + A> € L, (L2(R, H)) be the corresponding solution operator from Theorem 2.2.

Definition 4.3. Let T > 0. We call (30) null controllable in time 7" if for all F € L}(R, H), there exists G € L>(R, H,)
such that sptS (F + BG) C (-0, T1].

For T > 0, we identify
L} (=00, TL, H) := {f € LX(R, H) | sptf C (=00, T1},

LX([T, ), H) 1= {f € L (R, H)|sptf C [T, 0)}.

Thus, null controllability in time 7" can be rephrased as for all F € Li(R, H), there exists G € Li([R, H,) such that S, (F +
BG) € Lﬁ((—oo,T], H).

For ve R and T € R, we define 1.7, : L}((—o0,T],H) —» L3R, H) and 1,5, : L2([T, ), H) - LR, H) to be the

canonical embeddings. We write roy., =1, 1%, andryy, 1= 1,7,13,  for the restriction maps.

Lemmad4.4. LetveRandT > 0. Then1*

<T.,v

: LAR,H) - L2((—c0, T1, M) is given by
lzT,vf = fT’
for f € LAR, H), where f € L2((—o0,T1, H) is defined to coincide with f on (—co, T. Furthermore, (r oy ,)* = rr_,.
Analogous statements for 13, and ryy , hold.
Proof. Let f € L>(R,H)and g € L?((—o0, T], H). Then, clearly,
(g IZT,Vf>L§ = (lgr,vg,f>L§ = <1§T,vg’ 15T,va>L§ = (gsz>L3~

Next, for f € LA (R, H)and g € L? (R, H),

T
[rer,fe], = /R (Aer, [ (1), 8(0))y dt = / (f(0), &)y dt

= A(f(t)’lgr,—ng(t)>H dt = [f’rST,—vg]v'
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Theorem 4.5. Let T > 0. The following are equivalent:

i. Equation (30) is null controllable in time T.
ii. ran(ryr,S,) C ran(ryz S, B).
iii. Thereexists ¢ 2 Owith ||(ryr,S)™ Flly2 < c|l(ryr,,S,B)* Flly2 forall F e L’ (R, H).

iv. There exists ¢ > 0 with ||Sf‘12T’_VF||L3v < c||B*vSf"12T’_VF||L3V forall F € Liv([T, 00), H).
Proof.

i.=ii. Leth € ran(r,;,S,), thatis, there exists f € L2(R, H) such thatr,; S, f = h. By (i), there exists g € L2 (R, H,)
such that sptS,(f + Bg) C (=0, T, that is, 7S, (f + Bg) = 0. This yields h =r,; S, f = rs7 S, B(=2);
thatis, 2 € ran(ryr S, B).

ii. =i Let f€LXR,H) and h :=ryp,S, f €ran(rsy,S,). By (ii), there exists g € LX(R,H,) such that h =
rsr.,S,Bg. Then, rop S, (f + B(=g)) = 0; that is, sptS,(f + B(=g)) € (=0, T], so (30) is null controllable in
time T'.

ii. ©iii. Thisis a consequence of Lemma 4.2.

iii. < iv. The claim follows from Lemma 4.4 and (r5;,S,)" = S, rs_, and (rs7,S, B)* = B*S,"ryp _,. O
Example 4.6. 'We get back to our set of examples.

« Heat equation: Let Q C R be open, Q, C Q, and let H := L*(Q) x L*(Q)¢ and M, := L*(Q,). Let B, : L*(Q,) -
L*(Q) be the embedding by extending functions on Q to Q by zero, and let B € L, (H,, H) be given by B := <l;°> .
Then, the controlled heat equation is given by

(12 D0 0)-

For T > 0, the heat equation is null controllable in time 7 if and only if there exists ¢ > 0 such that for all F €
Liv([T, ), H) and the solution <§> of the v-adjoint system

10 0 0 0 div, 9
_at—v + - = 1>TF
"\0 0 0 a* grad 0 q -

- 9
satisfies || <q> ”Lfv <c|l9 rgolngv.

« Wave equation: Let Q C R? be open, Q, C Q, and let H :=L*(Q) x LA(Q)? and H,, := L*(Q,). Let B, : L*(Q,) -
L*(Q) be the embedding by extending functions on Q, to Q by zero, and let B € L, (H,, H) be given by B := <l(?)°> .
Then, the controlled wave equation is given by

25 G )

For S > 0, the wave equation is null controllable in time .S if and only if there exists ¢ > 0 such that for all F €

LZ_V([T, 00), H) and the solution <Z> of the v-adjoint system

10 0 div, v
-0, _, Lt =1,4F
0T grad O o
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o v
satisfies || (6> ”Lfv <c|lv rQOHLEV.

« Maxwell’s equation: Let Q C R? be open, Q, C Q, and let H := L*(Q)* x L*(Q)*, and H, := L*(Q,)> x L*(Q,)>. Let
B : H, — H be the embedding by extending functions on €, to Q by zero. Then, the controlled Maxwell’s equations

are given by
€0 c 0 0 —curl E Jo
d,, + + = + BG.
“\O pu 00 curl, O H 0

For t € R, the Maxwell’s equations are null controllable in time 7 if and only if there exists ¢ > 0 such that for all

F e LEV([T, ), H) and the solution <IEJ> of the v-adjoint system

(G 2) o) )
(). =)

4.3 | Pointwise Statements for Null Controllability

satisfies <c

2
L—\/

12

v

In this subsection, we specialize to a particular class of material laws that covers all the examples we treat in this paper. To
this end, we consider the same assumptions as in Section 4.2, and we additionally ask the material law to be of the form
M(z) ;= M, + z7' M, where M,, M, € Ly(}H) and Rez > 0. In this particular situation, we can obtain a pointwise inter-
pretation of solutions of evolutionary equations. Note that these material laws describe exactly those equations without
memory terms [25, Proposition 3.2.10]. We start with a version of [12, Theorem 9.4.3] that includes inhomogeneities at
the right-hand side. We write

H!(R,H) :=dom(d, ),

H 'R, H) := dom(d,,)’,

as well as
H'(A) := dom(A)';

compare [12, Section 9.2].
The next theorem is a slight generalization of [12, Theorem 9.4.3], where only F = 0 was treated.

Theorem 4.7 (Compare [12, Theorem 9.4.3]).  Let U, € dom(A) € H,U € LX(R, M), F € L2([0, ), H). Then, the
following are equivalent:

i MU -1 MyU, : R — H™'(A) is continuous, sptU C [0, o) and

0,,MyU + MU + AU = F on (0, ),
M,U(0+) = MyU, in H'(A).

ii. U-1,,U, € dom(deO + M, + A) and
(@NMO T M, + A)(U — i) Up) = F — 1 (M, + AU, € LA([0, 00), H).

iii. U=S,(F+8,M,U,), where & is the Dirac distribution centered at 0, and we extended S, € Ly(H, (R, H)).

20 Mathematical Methods in the Applied Sciences, 2026

85UB017 SUOWILLIOD) BAIERID B|eotjdde ) Aq peusenob ake 9l VO 85N J0 S9|NI o} A1q1T 8Ul|UO AB]1M UO (SUOTIPUOd-PUe-SWBIALID" A8 | 1M Ake.q 1 pul|uo//SAny) SUonIpUOD pue swis 1 81 89S *[9202/T0/S2] Uo Akeiq18uliuo A8|1M U0l gIgsIeISBAIUN BInquieH TISIBAIUN SYSIUYIS | AQ 6EE0. BUILI/ZOOT 0T/I0p/W0D" A8 1M Ateiq1jeul|uoy/sdiy woly papeojumod ‘0 9.y T660T



In either case, MU — 1, ., MU, € Hi(IR, H™(A)).

Proof. The proof is analogous to the one in [12, Theorem 9.4.3]; one only has to take into account the additional term
F on the right-hand side. O

Let us now turn to null controllability for evolution equations with material laws M of the form M(z) := M, + z7' M.

Definition 4.8. We say that
9,,MyU + M\U + AU = BG on (0, ),

(31)
MyU(0+) = MU, inH(A)

is pointwise null controllable in time 7" > 0 if for all U, € dom(A), there exists G € Li(R, H,) with sptG C [0, c0) such
that the solution U € L?(R, H) given by

U =S,(BG -1y (M, + AU,) + 15U,
satisfies H=1(A) M, U(T) = 0.

Note that in view of Theorem 4.7, we have MU — 1y, ,,M,U, € H!(R, H™'(A)), so we can actually perform the point
evaluation at 7.

For U, € dom(A) and G € L(R, H,) with sptG C [0, c0), let U¢ € L(R, H) be given by
U :=S,(BG -1y \(M; + AU,) + 1)Uy
Moreover, let U € L2(R, H) be given by
U =58, (—1e0)(M; + AUy) + 1.4, U,.
Then, MyU® — 1, .y MUy, MU — 115 ., MU, € H (R, H™'(A)) and therefore also their difference
M,S,(BG) = My(U® - U) € H(R,H™'(A)).
Theorem 4.9. Let T > 0. The following are equivalent:

i. Equation (31) is pointwise null controllability.
ii. ran(MyS, (19,0 (M; + A)())(T) = My(+)) C ran(M,S, Bl ,()(T)).

Proof.

i.=>ii. Let h€ran(MyS, (1. (M, + A)())(T) — My(-)). Then, there exists U, € dom(A) such that
h=MyS, (1. (M, + AU, )(T) — MyU,. By (i), there exists G € L}(R,H,) with sptG C[0,c0) such
that M,S, (BG — 1, ., (M, + A)U,)(T) + M,U, = 0. Thus,

h = M,yS,(BG)T) € ran(M,S, (Bl,r,())(T)).

ii.=>1i. Let U, € dom(A). Then, by (ii), there exists some G & Lf(R, H,) with sptG C[0,00) such that
MyS, (1jg,0)(M; + AU )(T) = MUy = M, S,(BG)(T).
LetU :=S,(BG — 1y (M, + A)U,) + 14, \Uy € LAR, H). Then, U — 1, U, : R - H~'(A) is continuous,
and thus,
MyU(T) = MyS,(BG — 1; ., (M, + A)U, )(T) + MyU, = 0. O

In view of Theorem 4.9, we are missing is a corresponding observability inequality for the v-adjoint operators. The key
difficulty here is to cope with the point evaluations with values in H™!(A) and their representations in Lﬁ(IR, H(A)). We
thus formulate this as an open problem.

Open Problem 4.10. Find a suitable observability inequality for the v -adjoint operators in the context of Theorem 4.9.
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Endnotes

1We are using [0, S] for the time interval in this example because T already stands for the elasticity.

2Mind that the boundedness of 1 and the closedness of 9, , allow for the sum and the adjoint to interchange.
3For f € dom(A), we have (1 + ea,yv)‘lf:Otf and A(L+¢0, ) f =1+ ga,yv)‘lAf:OtAf.

“4Recall that the eventual independence of the original evolutionary equation and ¢@(-) - x € Lﬁ([R{, H)n Lfn([R{, H) imply S, (¢(-) - x) =
S, (@) - x).
*Recall A* = —Aand A lyom, ) = A
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