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ABSTRACT
We study evolutionary equations in exponentially weighted L2-spaces as introduced by Picard in 2009. First, for a
given evolutionary equation, we explicitly describe the 𝜈-adjoint system, which turns out to describe a system back-
wards in time. We prove well-posedness for the 𝜈-adjoint system. We then apply the obtained duality to introduce
and study notions of null controllability for evolutionary equations.
MSC2020 Classification: 35Axx, 35F35, 35M10, 47F05, 47N20

1 | Introduction

Evolutionary equations provide a model class for studying various partial differential equations in a unified way. Since
their introduction by Rainer Picard in 2009 [1] (see also [2]), quite a few particular situations have been considered in this
framework. Let us provide a (by no means exhaustive) list of examples. Many classical equations such as, for example, the
heat equation, the wave equation, Maxwell’s equations (see Example 2.3), and poroelasticity (e.g., [3]) as well as fractional
elasticity (e.g., [4]) can be modeled as evolutionary equations. A more intricate example is certain piezoelectric coupling
models. In [5], they were treated with boundary dynamics using abstract boundary data spaces that do not require any
regularity assumptions on the boundary (see [6, 7]). Moreover, in [8], thermal coupling without boundary dynamics was
included, and recently in [9], thermo-piezoelectric coupling with boundary dynamics was modeled in this framework.
Another example are (infinite-dimensional) differential-algebraic equations that were also treated in the evolutionary
context (e.g., [10]). A general overview on evolutionary equations can be found in the monographs [11, 12].

In order to explain evolutionary equations in a nutshell, let be a Hilbert space of functions of a spatial variable; we may
think of ∶= L2(Ω) for some subset Ω ⊆ ℝ𝑑 . Given a (spatial) differential operator 𝐴 and a material law function 𝑀(⋅),
that is, a holomorphic mapping from a subset of ℂ to the bounded operators on , describing the constituent relations,
we consider exponentially weighted Bochner–Lebesgue spaces L2

𝜈
(ℝ,), where 𝜈 is the weight parameter. Elements of
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L2
𝜈
(ℝ,) are interpreted as functions of time ℝ mapping to the spatial function space. Introducing the temporal deriva-

tive as an invertible operator 𝜕
𝑡,𝜈

in L2
𝜈
(ℝ,), the prototype of an evolutionary equation is of the form

(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)𝑢 = 𝑓,

where𝑀(𝜕
𝑡,𝜈
) is given by functional calculus via the Fourier–Laplace transformation,𝐴 is lifted to the Bochner space as a

multiplication operator, and 𝑓 ∈ L2
𝜈
(ℝ,). Thus, in contrast to the prototypical abstract Cauchy problem from semigroup

theory, studying evolutionary equations is based on studying inhomogeneous equations rather than initial value problems.
The solution theory for evolutionary equations provides well-posedness under mild assumptions on 𝐴 and𝑀(⋅); see, for
example, [12, Chapter 6].

The first question we raise and answer is about duality: Given an evolutionary equation, how does the adjoint equation
look like (if it exists)? In order to do this, we make use of the unweighted L2-space L2(ℝ,) as pivot space; thus, the
𝜈-adjoint equation is formulated in L2

−𝜈(ℝ,) rather than in L2
𝜈
(ℝ,). This idea already came up in [13]. It turns out that

the 𝜈-adjoint equation is again close to an evolutionary equation; however, it is running backwards in time which can be
nicely investigated by the time-reversal operator.

As a second goal of the article, we want to study control theory for evolutionary equations. Here, we want to focus on
the notion of null controllability for evolutionary equations, which to the best of our knowledge has not been studied
before. Recall that null controllability for an inhomogeneous initial value problem with a solution existing pointwise
in time means that, given a final time horizon 𝑇 , for every initial condition, we can find a suitable control function
essentially acting as inhomogeneity such that the solution at time 𝑇 is zero. We refer to [14–16] for null controllability
for evolution equations. When trying to put a corresponding definition for evolutionary equations, we have to deal with
the difficulty that the solutions of evolutionary equations are only in L2

𝜈
(ℝ,), that is, the time regularity is only L2,

and we thus cannot make use of a pointwise statement on the solution at 𝑇 . To overcome this issue, we propose two
different notions; one tailored to the L2-setting and another one which can make use of pointwise statements in a weaker
spatial space. In order to study null controllability, one key method is to establish a so-called observability estimate for
the dual problem; see, for example, [14, 17–24]. Because we have established the duality for evolutionary equations in
the first part of the article, we can now apply this duality to prove the corresponding duality statement in the context of
null controllability for evolutionary equations. We again find the well-known equivalence between null controllability
and (a version of) observability estimates for the 𝜈-adjoint system; however, due to the lack of pointwise statements, the
observability estimate has to be interpreted accordingly. In a special case, we also formulate a version of a pointwise
interpretation of the null controllability and pose an open problem in this situation.

Let us outline the remaining parts of the paper. In Section 2, we will recall the basic theory of evolutionary equations, as
well as the duality of null controllability and observability estimates in the context of abstract Cauchy problems. Section 3
is devoted to the duality of evolutionary equations. Finally, in Section 4, we first introduce a notion of null controllability
for general evolutionary equations and apply the general duality results of Section 3 to establish the duality between
null controllability and an observability estimate for the adjoint evolutionary equation. We further suggest a pointwise
interpretation of null controllability.

2 | Preliminaries

Hilbert spaces considered in this paper are always endowed with an inner product ⟨⋅, ⋅⟩


that is antilinear in the first
and linear in the second argument. If 𝐴 ∶ dom(𝐴) ⊆  →  is a closed operator on a Hilbert space  and dom(𝐴) is
not explicitly considered as a subspace, then we consider dom(𝐴) as the Hilbert space endowed with the inner product
⟨⋅, ⋅⟩


+ ⟨𝐴⋅, 𝐴⋅⟩


.

2.1 | Evolutionary Equations

Here, we will revisit the theory of evolutionary equations that can be found in [12]. For the sake of simplicity, we will
restrict ourselves to the autonomous case.

2 Mathematical Methods in the Applied Sciences, 2026
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For a Hilbert space  and a 𝜈 ∈ ℝ, we consider the exponentially 𝜈-weighted L2-space of -valued (equivalence classes
of) functions

L2
𝜈
(ℝ,) ∶=

{
𝑓 |𝑓 ∶ ℝ →  Bochner-meas. and (𝑡 ↦ e−𝜈𝑡||𝑓 (𝑡)||


) ∈ L2(ℝ)

}
.

On this Hilbert space, we consider the unitary multiplication operator

exp(−𝜈m) ∶

{
L2
𝜈
(ℝ,) → L2(ℝ,),
𝑓 ↦ e−𝜈⋅𝑓 (⋅),

Together with the unitary Fourier transformation  on L2(ℝ,), this yields the unitary Fourier–Laplace transformation
ℒ
𝜈
∶= ℱ exp(−𝜈m) ∶ L2

𝜈
(ℝ,) → L2(ℝ,). The core idea now is to think of  as the space of spatial functions and

to write the system we want to model (respectively, its solution operator) as the Fourier–Laplace transformation of a
holomorphic function that in each point linearly maps to itself.

For 𝑓, 𝑔 ∈ L2
𝜈
(ℝ,), we define the weak time derivative 𝜕

𝑡,𝜈
in the usual way

𝑓 ∈ dom(𝜕
𝑡,𝜈
) and 𝑔 = 𝜕

𝑡,𝜈
𝑓 ∶⟺ ∀𝜑 ∈ C∞

c (ℝ) ∶ ∫ℝ
𝜑(𝑡)𝑔(𝑡) d𝑡 = −

∫ℝ
𝜑
′(𝑡)𝑓 (𝑡) d𝑡,

and get (cf. [12, Chapter 3.2 and Proposition 4.1.1]).

Lemma 2.1. For 𝜈 ∈ ℝ and a Hilbert space, the weak time derivative 𝜕
𝑡,𝜈

on L2
𝜈
(ℝ,) is a densely defined, closed, and

normal operator. Moreover,

• 𝜕
𝑡,𝜈
= ∗

𝜈
(im + 𝜈)

𝜈
holds, where m denotes the usual multiplication-by-argument operator on L2(ℝ,) (i.e., m𝑓 ∶=

[𝑥 ↦ 𝑥𝑓 (𝑥)]), and

• for 𝜈 ≠ 0, the weak time derivative is one-to-one and onto with bounded inverse

(𝜕
𝑡,𝜈
)−1
𝑔 =

{
𝑡↦ ∫

𝑡

−∞𝑔(𝑠) d𝑠 for 𝜈 > 0,
𝑡↦ −∫ ∞

𝑡
𝑔(𝑠) d𝑠 for 𝜈 < 0,

for 𝑔 ∈ L2
𝜈
(ℝ,).

The coupling of our evolutionary system will be encoded via a functional calculus for 𝜕
𝑡,𝜈

in a material law. That is, a
holomorphic𝑀 ∶ 𝑈 → Lb() where Lb() denotes the space of bounded linear operators on, and 𝑈 ⊆ ℂ is open and
contains a half plane {𝑧 ∈ ℂ|Re𝑧 ≥ 𝜈} ⊆ 𝑈 for a 𝜈 ∈ ℝ on which𝑀 is bounded, that is,

sup
𝑧∈ℂ,Re𝑧≥𝜈

||𝑀(𝑧)|| <∞.

We write sb(𝑀) for the infimum over all such 𝜈 ∈ ℝ. Corresponding to each material law, there exists the bounded material
law operator 𝑀(𝜕

𝑡,𝜈
) ∶=ℒ ∗

𝜈
𝑀(im + 𝜈)ℒ

𝜈
∈ Lb(L2

𝜈
(ℝ,)), where

𝑀(im + 𝜈) ∶

{
L2(ℝ,) → L2(ℝ,),

𝑓 ↦ 𝑀(i ⋅ +𝜈)𝑓 (⋅)

is a bounded operator.

Finally, consider a spatial operator𝐴 ∶ dom(𝐴) ⊆  →  which is closed and densely defined. This operator, for example,
encodes the spatial differential operators of our system. Via

𝐴L2
𝜈

∶

{
L2
𝜈
(ℝ, dom(𝐴)) ⊆ L2

𝜈
(ℝ,) → L2

𝜈
(ℝ,),

𝑓 ↦ [𝑡↦ 𝐴(𝑓 (𝑡))].
(1)

Mathematical Methods in the Applied Sciences, 2026 3
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𝐴 can be lifted to a closed and densely defined operator on L2
𝜈
(ℝ,)with (𝐴L2

𝜈

)∗ = (𝐴∗)L2
𝜈

. We will abuse notation writing
𝐴 for 𝐴L2

𝜈

and dom(𝐴) for L2
𝜈
(ℝ, dom(𝐴)).

With all the necessary tools at hand, we are capable of defining an evolutionary equation

(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)𝑢 = 𝑓, (2)

where 𝑢, 𝑓 ∈ L2
𝜈
(ℝ,). Well-posedness would now mean that 𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴 is boundedly invertible. Unfortunately, the

operator sum may not be closed. In fact, it already turns out not to be in very simple cases, for example, the transport
equation (cf. [12, Example 15.1.1]). As a consequence, the following theorem (see, e.g., [12, Theorem 6.2.1]) weakens (2)
by closing 𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴.

Theorem 2.2 (Picard’s Well-Posedness). Consider a Hilbert space , a material law 𝑀 ∶ dom(𝑀) ⊆ ℂ→ Lb()
with

∀ℎ ∈ ∀𝑧 ∈ ℂ,Re𝑧 ≥ 𝜈0 ∶ Re⟨ℎ, 𝑧𝑀(𝑧)ℎ⟩

≥ 𝑐||ℎ||2


,

for a 𝑐 > 0 and a 𝜈0 > sb(𝑀) and a skew-self-adjoint 𝐴 ∶ dom(𝐴) ⊆  → . Then,

• the closed subset 𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴 of L2

𝜈
(ℝ,) × L2

𝜈
(ℝ,) is an (unbounded) operator for all 𝜈 ≥ 𝜈0.

• For 𝜈 ≥ 𝜈0, 𝑆
𝜈
∶= (−𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)−1 ∈ Lb(L2

𝜈
(ℝ,)) with ||𝑆

𝜈
|| ≤ 1∕𝑐.

• 𝑆
𝜈

is causal: 𝑓 ∈ dom(𝑆
𝜈
) = L2

𝜈
(ℝ,) for 𝜈 ≥ 𝜈0 with spt𝑓 ⊆ [𝑎,∞) for an 𝑎 ∈ ℝ implies spt𝑆

𝜈
𝑓 ⊆ [𝑎,∞).

• 𝑆
𝜈

is eventually independent of 𝜈 : 𝑓 ∈ dom(𝑆
𝜈1
) ∩ dom(𝑆

𝜈2
) = L2

𝜈1
(ℝ,) ∩ L2

𝜈2
(ℝ,) for 𝜈1, 𝜈2 ≥ 𝜈0 implies 𝑆

𝜈1
𝑓 =

𝑆
𝜈2
𝑓 .

• 𝑓 ∈ dom(𝜕
𝑡,𝜈
) for a 𝜈 ≥ 𝜈0 implies 𝑆

𝜈
𝑓 ∈ dom(𝜕

𝑡,𝜈
) ∩ dom(𝐴), that is, by 𝑀(𝜕

𝑡,𝜈
)𝜕
𝑡,𝜈
⊆ 𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) we get a solution in

the sense of (2).

In order to apply Theorem 2.2 to explicit examples, we need to specify , 𝑀 , and 𝐴. For our purposes, it will suffice to
consider 𝐴 that arise from the following spatial differential operators.

On an open subset Ω ⊆ ℝ𝑑 for 𝑑 ∈ ℕ, we have the usual spatial differential operators gradC∞c
∶ C∞

c (Ω) ⊆ L2(Ω) → L2(Ω)𝑑

and divC∞c
∶ C∞

c (ℝ)
𝑑
⊆ L2(Ω)𝑑 → L2(Ω). In the case 𝑑 = 3, we can also consider curlC∞c

∶ C∞
c (Ω)

3
⊆ L2(Ω)3 → L2(Ω)3.

Via their L2-adjoints, these can now be extended to their maximal L2-domains in the usual weak/distributional sense:
grad ∶= −(divC∞c

)∗, div ∶= −(gradC∞c
)∗ and curl ∶= (curlC∞c

)∗. Adjoining again, we obtain the corresponding weak spatial
differential operators with homogeneous boundary conditions: grad0 ∶= −div∗ = gradC∞c

, div0 ∶= −grad∗ = divC∞c
, and

curl0 ∶= curl∗ = curlC∞c
.

Example 2.3. Employing these spatial differential operators, we can provide some classical systems in the framework
of evolutionary equations. In each case, we can immediately verify the conditions of Theorem 2.2.

• Heat equation:
For 𝜈 > 0, an open subsetΩ ⊆ ℝ𝑑 and ∶= L2(Ω) × L2(Ω)𝑑 , the heat equation with heat source𝑄 ∈ dom(𝜕

𝑡,𝜈
), mea-

surable and bounded heat conductivity 𝑎 ∶ Ω → ℝ𝑑×𝑑 with

∀𝑥 ∈ Ω ∶ Re 𝑎(𝑥) ≥ 𝑐,

for a 𝑐 > 0 and thermally insulated boundary conditions reads
(

𝜕
𝑡,𝜈

(
1 0
0 0

)

+

(
0 0
0 𝑎

−1

)

+

(
0 div0

grad 0

))(
𝜗

𝑞

)

=

(
𝑄

0

)

,

where 𝜗 is the heat distribution and 𝑞 the heat flux.
Formally, after elimination of 𝑞, this corresponds to the well-known standard form:

𝜗̇ − div0 𝑎 grad 𝜗 = 𝑄.

4 Mathematical Methods in the Applied Sciences, 2026
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• Wave equation:
For 𝜈 > 0, an open subsetΩ ⊆ ℝ𝑑 and ∶= L2(Ω) × L2(Ω)𝑑 , the wave equation with balancing forces 𝑓 ∈ dom(𝜕

𝑡,𝜈
),

measurable and bounded elasticity tensor 𝑇 ∶ Ω→ ℝ𝑑×𝑑 with

∀𝑥 ∈ Ω ∶ 𝑇 (𝑥) = 𝑇 (𝑥)∗ ≥ 𝑐,

for a 𝑐 > 0 and clamped boundary conditions reads
(

𝜕
𝑡,𝜈

(
1 0
0 𝑇

−1

)

−

(
0 div

grad0 0

))(
𝑣

𝜎

)

=

(
𝑓

0

)

,

where 𝑣 ∶= 𝜕
𝑡,𝜈
𝑢 for the displacement 𝑢 and 𝜎 is the stress.

Formally, after elimination of 𝜎, this corresponds to the well-known standard form:

𝑢̈ − div 𝑇 grad0𝑢 = 𝑓 .

• Maxwell’s equations:
For an open subsetΩ ⊆ ℝ3 and ∶= L2(Ω)3 × L2(Ω)3, assume that 𝑐 > 0 and 𝜈0 > 0 exist such that the bounded and
measurable dielectric permittivity, magnetic permeability, and electric conductivity 𝜀, 𝜇, 𝜎 ∶ Ω → ℝ3×3 satisfy

∀𝑥 ∈ Ω ∶ 𝜇(𝑥) = 𝜇(𝑥)∗ ≥ 𝑐 and 𝜈𝜀(𝑥) + Re𝜎(𝑥) = 𝜈𝜀(𝑥)∗ + Re𝜎(𝑥) ≥ 𝑐,

for 𝜈 ≥ 𝜈0. Then, Maxwell’s equations with current 𝑗0 ∈ dom(𝜕
𝑡,𝜈
) and perfect conductor boundary conditions read

(

𝜕
𝑡,𝜈

(
𝜀 0
0 𝜇

)

+

(
𝜎 0
0 0

)

+

(
0 −curl

curl0 0

))(
𝐸

𝐻

)

=

(
𝑗0

0

)

,

where 𝐸 is the electric and𝐻 is the magnetic field.

We see that, in a certain way, the skew-self-adjointness of 𝐴 asks for fulfilling boundary conditions. On the other hand,
initial values are replaced with the weight 𝜈. That means they only appear implicitly in the general case. For specific
classes of material laws, explicit initial conditions can be implemented in a distributional sense (see, e.g., [12, Chapter 9]
and Theorem 4.7).

2.2 | Control Theory

In this subsection, we shortly revisit some aspects of control theory for initial value problems. We restrict to the Hilbert
space case; however, the theory is developed also in Banach spaces; compare [14, 17–19].

Let 𝑋,𝑈 be Hilbert spaces, 𝐴 the generator of a strongly continuous semigroup (𝑆
𝑡
)
𝑡≥0 on 𝑋, 𝐵 ∈ Lb(𝑈,𝑋), and 𝑇 > 0.

We consider the initial value problem
𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) (𝑡 ∈ (0, 𝑇 ]),

𝑥(0) = 𝑥0
(3)

for some initial value 𝑥0 ∈ 𝑋.

We say that system (3) is null controllable in time 𝑇 if for all 𝑥0 ∈ 𝑋, there exists 𝑢 ∈ L2((0, 𝑇 ), 𝑈 ) such that for the solution
𝑥, we have 𝑥(𝑇 ) = 0.

As it turns out (see [17–19]), null controllability in time 𝑇 is equivalent to an observability inequality for the so-called
adjoint system, which is given by

𝜑̇(𝑡) = −𝐴∗𝜑(𝑡) (𝑡 ∈ [0, 𝑇 )),

𝜑(𝑇 ) = 𝜑
𝑇
,

𝜓(𝑡) = 𝐵∗𝜑(𝑡) (𝑡 ∈ [0, 𝑇 ]),

(4)

Mathematical Methods in the Applied Sciences, 2026 5
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for 𝜑
𝑇
∈ 𝑋. More precisely, (3) is null controllable in time 𝑇 if and only if there exists𝐾 ≥ 0 such that for all 𝜑

𝑇
∈ 𝑋, the

solution 𝜑 of (4) satisfies
||𝜑(0)||

𝑋
≤ 𝐾||𝜓||L2 . (5)

Note that (4) is an equation backwards in time. By means of the substitutions 𝜑̃(𝑡) ∶= 𝜑(𝑇 − 𝑡) and 𝜓̃(𝑡) ∶= 𝜓(𝑇 − 𝑡) for
𝑡 ∈ [0, 𝑇 ], we can reformulate the adjoint system (4) to an equation forward in time of the form

̇̃𝜑(𝑡) = 𝐴∗𝜑̃(𝑡) (𝑡 ∈ (0, 𝑇 ]),

𝜑̃(0) = 𝜑̃0,

𝜓̃(𝑡) = 𝐵∗𝜑̃(𝑡) (𝑡 ∈ [0, 𝑇 ]),

(6)

for 𝜑̃0 ∈ 𝑋. The observability inequality (5) then turns into a so-called final-state observability inequality

||𝜑̃(𝑇 )||
𝑋
≤ 𝐾||𝜓̃||L2 .

Example 2.4. We review the duality for the systems (without external sources) in Example 2.3, formulated by means
of semigroup theory.

• The controlled heat equation can be written as

𝜗̇(𝑡) = div0 𝑎 grad 𝜗(𝑡) + 𝐵𝑢(𝑡) (𝑡 ∈ (0, 𝑇 ]),

𝜗(0) = 𝜗0,

in L2(Ω), where Ω ⊆ ℝ𝑑 is open. Here, 𝐴 ∶= div0 𝑎 grad is the elliptic operator in L2(Ω) with Neumann boundary
conditions, and 𝐵 ∈ Lb(𝑈,L2(Ω)) and 𝑈 is some Hilbert space. Then, the adjoint system is given by

𝜑̇(𝑡) = −div0 𝑎
∗ grad 𝜑(𝑡) (𝑡 ∈ [0, 𝑇 )),

𝜑(𝑇 ) = 𝜑
𝑇
,

𝜓(𝑡) = 𝐵∗𝜑(𝑡) (𝑡 ∈ [0, 𝑇 ]).

Thus, the adjoint system is governed by a backward heat equation.

• The controlled wave equation can be written as1

𝑥̈(𝑡) = div 𝑇 grad0 𝑥(𝑡) + 𝐵𝑢(𝑡) (𝑡 ∈ (0, 𝑆]),

𝑥(0) = 𝑥0,

𝑥̇(0) = 𝑥1,

in L2(Ω), whereΩ ⊆ ℝ𝑑 is open. Here,𝐴 ∶= div 𝑇 grad0 is the elliptic operator in L2(Ω)with Dirichlet boundary con-
ditions and𝐵 ∈ Lb(𝑈,L2(Ω)) and𝑈 is some Hilbert space. Introducing 𝑣 ∶= 𝑥̇, we can reformulate this as a first-order
system

̇
(
𝑥

𝑣

)

(𝑡) =

(
0 1

div 𝑇 grad0 0

)(
𝑥

𝑣

)

(𝑡) +

(
0

𝐵𝑢(𝑡)

)

(
𝑥

𝑣

)

(0) =

(
𝑥0

𝑥1

)

.

Then, the adjoint system is given by

̇
(
𝜑

𝜓

)

(𝑡) = −

(
0 div 𝑇 grad0

1 0

)(
𝜑

𝜓

)

(𝑡) (𝑡 ∈ [0, 𝑆))

(
𝜑

𝜓

)

(𝑆) =

(
𝜑
𝑆

𝜓
𝑆

)

𝜂(𝑡) = 𝐵∗𝜓(𝑡) (𝑡 ∈ [0, 𝑆]).

6 Mathematical Methods in the Applied Sciences, 2026
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Put differently, for 𝜓 , we observe
𝜓̈(𝑡) = div 𝑇 grad0𝜓(𝑡) (𝑡 ∈ [0, 𝑆)),

so the adjoint system is governed by a wave equation.

• The controlled Maxwell’s equations in the simplified situation with 𝜀 = 𝜇 = 1 can be written as

̇
(
𝐸

𝐻

)

(𝑡) =

(
− 𝜎 curl

− curl0 0

)(
𝐸

𝐻

)

(𝑡) + 𝐵𝑢(𝑡) (𝑡 ∈ (0, 𝑇 ]),

(
𝐸

𝐻

)

(0) =

(
𝐸0

𝐻0

)

,

in L2(Ω)3 × L2(Ω)3, where Ω ⊆ ℝ3 is open, 𝐵 ∈ Lb(𝑈,L2(Ω)3 × L2(Ω)3) for some Hilbert space 𝑈 . Then, the adjoint
system is given by

̇
(
𝜑

𝜓

)

(𝑡) = −

(
− 𝜎∗ −curl
curl0 0

)(
𝜑

𝜓

)

(𝑡) (𝑡 ∈ [0, 𝑇 ))

(
𝜑

𝜓

)

(𝑇 ) =

(
𝜑
𝑇

𝜓
𝑇

)

𝜂(𝑡) = 𝐵∗
(
𝜑

𝜓

)

(𝑡) (𝑡 ∈ [0, 𝑇 ]).

This is again a Maxwell’s equation with 𝜎 replaced by −𝜎∗.

3 | Evolutionary Equations Backwards in Time

For a Hilbert space, a material law𝑀 ∶ dom(𝑀) ⊆ ℂ→ Lb() with

∀ℎ ∈ ∀𝑧 ∈ ℂ,Re𝑧 ≥ 𝜈0 ∶ Re⟨ℎ, 𝑧𝑀(𝑧)ℎ⟩

≥ 𝑐||ℎ||2


,

for a 𝑐 > 0 and a skew-self-adjoint𝐴 ∶ dom(𝐴) ⊆  → , we consider the evolutionary equation arising from the densely
defined and closable operator (cf. 2 and Theorem 2.2)

𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴 = ∗

𝜈
(im + 𝜈)𝑀(im + 𝜈)

𝜈
+ 𝐴, (7)

where 𝜈 ≥ 𝜈0 > max(sb(𝑀), 0) and 𝐴 is considered as its extension 𝐴L2
𝜈

to L2
𝜈
(ℝ,) (cf. 1). Via the space L2

𝜈
, this opera-

tor itself implicitly only allows for solutions forward in time. Therefore, interpreting the adjoint system (4) as another
evolutionary equation running backwards in time requires us to somehow get from L2

𝜈
to L2

−𝜈 while adjoining (7).

3.1 | The 𝝂-Product

Because exp(2𝜈m) ∶ L2
−𝜈(ℝ,)→ L2

𝜈
(ℝ,) is a unitary map for a Hilbert space and 𝜈 ∈ ℝ, we have

∫ℝ
⟨𝑓 (𝑡), 𝑔(𝑡)⟩


d𝑡 =

∫ℝ
⟨𝑓 (𝑡), exp(2𝜈𝑡)𝑔(𝑡)⟩


e−2𝜈𝑡d𝑡 ∈ ℂ, (8)

for 𝑓 ∈ L2
𝜈
(ℝ,) and 𝑔 ∈ L2

−𝜈(ℝ,).

Definition 3.1. We define the 𝜈-product

[⋅, ⋅]
,𝜈

∶

{
L2
𝜈
(ℝ,) × L2

−𝜈(ℝ,) → ℂ,
(𝑓, 𝑔) ↦ ∫ℝ⟨𝑓 (𝑡), 𝑔(𝑡)⟩d𝑡.

Mathematical Methods in the Applied Sciences, 2026 7
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If clear from the context, we will drop the index. The 𝜈-product inherits many properties from the weighted L2-products.
Note that the 𝜈-product was already implicitly used in [13].

Remark 3.2. Obviously, the 𝜈-product is antilinear in the first and linear in the second argument, conjugate symmetric
in the sense that

[𝑓, 𝑔]
𝜈
= [𝑔, 𝑓 ]−𝜈

holds, and we have a Cauchy–Schwarz inequality in the sense that

|[𝑓, 𝑔]
𝜈
| =

|
|
|
|∫ℝ

⟨𝑓 (𝑡), exp(2𝜈𝑡)𝑔(𝑡)⟩


e−2𝜈𝑡d𝑡
|
|
|
|
≤ ||𝑓 ||L2

𝜈

|| exp(2𝜈m)𝑔||L2
𝜈

= ||𝑓 ||L2
𝜈

||𝑔||L2
−𝜈

holds true for 𝑓 ∈ L2
𝜈
(ℝ,) and 𝑔 ∈ L2

−𝜈(ℝ,).

With that we also get an adapted version of the Riesz representation theorem.

Lemma 3.3. Let  be a Hilbert space and 𝜈 ∈ ℝ. Consider the mappings

[𝑓, ⋅]
𝜈
∶ L2

−𝜈(ℝ,) → ℂ,

and
[⋅, 𝑔]

𝜈
∶ L2

𝜈
(ℝ,)→ ℂ,

for 𝑓 ∈ L2
𝜈
(ℝ,) and 𝑔 ∈ L2

−𝜈(ℝ,).They define (anti)linear bounded functionals attaining their respective operator norms
||𝑓 ||L2

𝜈

and ||𝑔||L2
−𝜈

,that is,

||𝑓 ||L2
𝜈

= max
ℎ∈L2

−𝜈 (ℝ,)
||ℎ||L2

−𝜈
≤1

|[𝑓, ℎ]
𝜈
| and ||𝑔||L2

−𝜈
= max

ℎ∈L2
𝜈
(ℝ,)

||ℎ||L2
𝜈

≤1

|[ℎ, 𝑔]
𝜈
|.

Moreover, the mapping

Φ ∶

{
L2
𝜈
(ℝ,) → L2

−𝜈(ℝ,)
′
,

𝑓 ↦ [𝑓, ⋅]
𝜈

is an antilinear bijective isometry.

Proof. The linearity and boundedness of [𝑓, .]
𝜈

with upper bound ||𝑓 ||L2
𝜈

for the norm immediately follow from
Remark 3.2. Testing with exp(−2𝜈m)𝑓 and using that exp(−2𝜈m) ∶ L2

𝜈
(ℝ,)→ L2

−𝜈(ℝ,) is unitary, we see

[𝑓, exp(−2𝜈m)𝑓 ]
𝜈
=
∫ℝ

⟨𝑓 (𝑡), 𝑓 (𝑡)⟩


e−2𝜈𝑡d𝑡 = ||𝑓 ||2L2
𝜈

= ||𝑓 ||L2
𝜈

|| exp(−2𝜈m)𝑓 ||L2
−𝜈
,

that is, the operator norm ||𝑓 ||L2
𝜈

is attained. Analogously, the statements regarding 𝑔 are obtained. It remains to show
that Φ is onto. This immediately follows from the Riesz representation theorem on L2

−𝜈(ℝ,) because any element of
L2
−𝜈(ℝ,)

′ is of the form

∫ℝ
⟨𝑔(𝑡), .⟩


e2𝜈𝑡d𝑡 = [exp(2𝜈m)𝑔, ⋅]

𝜈
= Φ(exp(2𝜈m)𝑔),

where 𝑔 ∈ L2
−𝜈(ℝ,) and thus exp(2𝜈m)𝑔 ∈ L2

𝜈
(ℝ,). ◽

Remark 3.4. For 𝐹 ⊆ L2
𝜈
(ℝ,) and 𝐺 ⊆ L2

−𝜈(ℝ,), the continuity and the conjugate symmetry of the 𝜈-product imply
that the annihilators (we will once again drop the index if clear from context)

𝐹
⊥
,𝜈 ∶= {𝑔 ∈ L2

−𝜈(ℝ,) |∀𝑓 ∈ 𝐹 ∶ [𝑓, 𝑔]𝜈 = 0} =
⋂

𝑓∈𝐹
ker[𝑓, ⋅]

𝜈
⊆ L2

−𝜈(ℝ,),

⊥
,𝜈𝐺 ∶= {𝑓 ∈ L2

𝜈
(ℝ,) |∀𝑔 ∈ 𝐺 ∶ [𝑓, 𝑔]

𝜈
= 0} =

⋂

𝑔∈𝐺
ker[⋅, 𝑔]

𝜈
⊆ L2

𝜈
(ℝ,)

8 Mathematical Methods in the Applied Sciences, 2026
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are closed linear subspaces with 𝐹
⊥
𝜈 = 𝐹⊥𝜈 = ⊥−𝜈

𝐹 and
⊥−𝜈
𝐺 = ⊥−𝜈

𝐺 = 𝐺⊥−𝜈 . Moreover, we can easily verify

𝐹
⊥
𝜈 = exp(−2𝜈m)(𝐹⊥) = (exp(−2𝜈m)𝐹 )⊥

and thus get
(
L2
𝜈
(ℝ,)

)
⊥
𝜈 = {0},

as well as
⊥
𝜈 (𝐹⊥𝜈 ) = (exp(−2𝜈m)(𝐹⊥))⊥−𝜈 = (𝐹⊥)⊥ = span(𝐹 ).

3.2 | The 𝝂-Adjoint

The reason we introduced the 𝜈-product was to get from L2
𝜈

to L2
−𝜈 by adjoining.

Definition 3.5. For 𝜈 ∈ ℝ, Hilbert spaces0,1 and a relation 𝐴 ⊆ L2
𝜈
(ℝ,0) × L2

𝜈
(ℝ,1), we define the 𝜈-adjoint

𝐴
∗
𝜈 ∶= −

(
(𝐴−1)⊥1×0 ,𝜈×𝜈

)
⊆ L2

−𝜈(ℝ,1) × L2
−𝜈(ℝ,0), (9)

where we endowed L2
𝜈
(ℝ,1) × L2

𝜈
(ℝ,0) with ⟨⋅, ⋅⟩

1,𝜈
+ ⟨⋅, ⋅⟩

0,𝜈
and ⊥

1×0,𝜈×𝜈 stands for the respective annihilators.

Remark 3.6. Reformulating (9), we have

𝐴
∗
𝜈 = {(𝑔1, 𝑔2) ∈ L2

−𝜈(ℝ,1) × L2
−𝜈(ℝ,0) |∀(𝑓1, 𝑓2) ∈ 𝐴 ∶ ⟨𝑓1, 𝑔2⟩0,𝜈

= ⟨𝑓2, 𝑔1⟩1,𝜈
}

= (exp(−2𝜈m) × exp(−2𝜈m))(𝐴∗)

= ((exp(−2𝜈m) × exp(−2𝜈m))(𝐴))∗.

(10)

For a linear operator 𝐴 ⊆ L2
𝜈
(ℝ,0) × L2

𝜈
(ℝ,1) and 𝑔 ∈ L2

−𝜈(ℝ,1), ℎ ∈ L2
−𝜈(ℝ,0), we obtain

(𝑔, ℎ) ∈ 𝐴∗𝜈 ⟺ ∀𝑓 ∈ dom(𝐴) ∶ ⟨𝑓, ℎ⟩
0,𝜈

= ⟨𝐴𝑓, 𝑔⟩
1,𝜈

. (11)

Remark 3.7. Analogously to the classical Hilbert space adjoint, the 𝜈-adjoint has the following properties:

• In (9), any order of application of −, (⋅)−1 and ⊥
1×0,𝜈×𝜈 or ⊥

0×1,𝜈×𝜈 yields the same relation.

• 𝐴
∗
𝜈 is a closed linear subspace and 𝐴∗𝜈 = (𝐴)∗𝜈 holds.

• Identity (10) implies

(𝐴∗𝜈 )∗−𝜈 = ((exp(2𝜈m) × exp(2𝜈m))((exp(−2𝜈m) × exp(−2𝜈m))(𝐴∗)))∗

= (𝐴∗)∗ = span(𝐴).

If 𝐴 even is a linear subspace, we can additionally infer from (10):

• ran(𝐴)⊥𝜈 = exp(−2𝜈m)(ran(𝐴)⊥) = exp(−2𝜈m)(ker(𝐴∗)) = ker(𝐴∗𝜈 ).

• ker (𝐴)⊥𝜈 = exp(−2𝜈m)(ker (𝐴)⊥) = exp(−2𝜈m)(ran(𝐴∗)) = ran(𝐴∗𝜈 ).

• 𝐴
∗
𝜈 is a linear operator if and only if 𝐴 is densely defined. If 𝐴 is a densely defined operator, then (11) reads

⟨𝑓,𝐴∗𝜈 𝑔⟩
0,𝜈

= ⟨𝐴𝑓, 𝑔⟩
1,𝜈

, (12)

for all 𝑓 ∈ dom(𝐴) and 𝑔 ∈ dom(𝐴∗𝜈 ).

Mathematical Methods in the Applied Sciences, 2026 9
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Once again, (10) shows that a linear operator 𝐴 is closable if and only if 𝐴∗𝜈 is densely defined, and for a linear 𝐴 that
the closure 𝐴 is a bounded operator (including dom(𝐴) = L2

𝜈
(ℝ,)) if and only if 𝐴∗𝜈 is. In the latter case, ||𝐴|| = ||𝐴∗𝜈 ||

holds.

We close with a few more easy technical lemmas that we will use in order to compute the 𝜈-adjoints of concrete operators.

Lemma 3.8. Consider 𝜈 ∈ ℝ and Hilbert spaces 0,1,2. For 𝐴,𝐶 ∈ Lb
(
L2
𝜈
(ℝ,0),L2

𝜈
(ℝ,1)

)
and

𝐵 ∈ Lb
(
L2
𝜈
(ℝ,1),L2

𝜈
(ℝ,2)

)
, we have (𝐵𝐴)∗𝜈 = 𝐴∗𝜈𝐵∗𝜈 and (𝐴 + 𝐶)∗𝜈 = 𝐴∗𝜈 + 𝐶∗𝜈 .

Proof. This immediately follows from (12), because 𝐴,𝐵, 𝐶, 𝐵𝐴,𝐴 + 𝐶 , and their respective 𝜈-adjoints are bounded by
Remark 3.7. ◽

Lemma 3.9. Consider 𝜈 ∈ ℝ and Hilbert spaces 0,1,2. For 𝐴,𝐶 ⊆ L2
𝜈
(ℝ,0) × L2

𝜈
(ℝ,1) and

𝐵 ⊆ L2
𝜈
(ℝ,1) × L2

𝜈
(ℝ,2), we have (𝐵𝐴)∗𝜈 ⊇ 𝐴∗𝜈𝐵∗𝜈 and (𝐴 + 𝐶)∗𝜈 ⊇ 𝐴∗𝜈 + 𝐶∗𝜈 . If 𝐵 is a closed linear subspace

and 𝐴 ∈ Lb
(
L2
𝜈
(ℝ,0),L2

𝜈
(ℝ,1)

)
, then we have (𝐵𝐴)∗𝜈 = 𝐴∗𝜈𝐵∗𝜈 . Alternatively, if 𝐵 ∈ Lb

(
L2
𝜈
(ℝ,1),L2

𝜈
(ℝ,2)

)
and 𝐴

either is a closed linear subspace or a densely defined operator, then we have (𝐵𝐴)∗𝜈 = 𝐴∗𝜈𝐵∗𝜈 .

Proof. The first two statements immediately follow from (10) and the 𝜈-adjoint being closed. For the third statement, one
can readily show 𝐵𝐴 = (𝐴∗𝜈𝐵∗𝜈 )∗−𝜈 using the boundedness of 𝐴 and𝐴∗𝜈 , (𝐵∗𝜈 )∗−𝜈 = 𝐵 and (10). For a bounded operator 𝐵
and a closed linear subspace𝐴, we can compute (𝐴∗𝜈𝐵∗𝜈 )∗−𝜈 = 𝐵𝐴 by virtue of the third statement. For a bounded operator
𝐵 and a densely defined operator 𝐴, one can use the boundedness of 𝐵 and 𝐵∗𝜈 , dom(𝐵𝐴) = dom(𝐴), and (12) to easily
show that 𝑓 ∈ dom((𝐵𝐴)∗𝜈 ) implies 𝐵∗𝜈 𝑓 ∈ dom(𝐴∗𝜈 ) ⟺ 𝑓 ∈ dom(𝐴∗𝜈𝐵∗𝜈 ). ◽

Lemma 3.10. Consider Hilbert spaces0,1. Let 𝐴 ∶ dom(𝐴) ⊆ 0 → 1 be densely defined and closed. Then, for 𝜈 ∈
ℝ, its extension (cf. (1)) to L2

𝜈
(ℝ,0) has the extension of its adjoint to L2

−𝜈(ℝ,1) as its 𝜈 -adjoint, that is, (𝐴L2
𝜈

)∗𝜈 = (𝐴∗)L2
−𝜈

.

Proof. From Remark 3.6 and (𝐴L2
𝜈

)∗ = (𝐴∗)L2
𝜈

, we can infer

(𝐴L2
𝜈

)∗𝜈 = (exp(−2𝜈m) × exp(−2𝜈m))((𝐴L2
𝜈

)∗)

= (exp(−2𝜈m) × exp(−2𝜈m))((𝐴∗)L2
𝜈

)

= (𝐴∗)L2
−𝜈

.

(13)

The last equality is a consequence of exp(−2𝜈m)(L2
𝜈
(ℝ, dom(𝐴∗))) = L2

−𝜈(ℝ, dom(𝐴∗)). ◽

3.3 | The 𝝂-Adjoint of Material Laws

We first want to compute the 𝜈-adjoint of 𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) = ∗

𝜈
(im + 𝜈)𝑀(im + 𝜈)

𝜈
in (7).

Lemma 3.11. For 𝜈 ∈ ℝ, a Hilbert space and a linear operator 𝑅 ⊆ L2
𝜈
(ℝ,) × L2

𝜈
(ℝ,), we have

𝑅
∗
𝜈 = ∗−𝜈(𝜈𝑅

∗
𝜈
)∗−𝜈 .

Proof. As ∗
𝜈
= −1

𝜈
holds, we have (𝑔1, 𝑔2) ∈ 𝑅∗𝜈 if and only if

[∗
𝜈

𝜈
𝑓 , 𝑔2]𝜈 = [𝑓, 𝑔2]𝜈 = [𝑅𝑓, 𝑔1]𝜈 = [∗𝜈𝜈𝑅

∗
𝜈

𝜈
𝑓 , 𝑔1]𝜈 (14)

for all 𝑓 ∈ dom(𝑅). For any ℎ1 ∈ L2(ℝ,) and ℎ2 ∈ L2
−𝜈(ℝ,), we have

⟨∗
𝜈
ℎ1, ℎ2⟩𝜈 = ⟨∗

𝜈
ℎ1, exp(2𝜈m)ℎ2⟩L2

𝜈

= ⟨ℎ1,𝜈 exp(2𝜈m)ℎ2⟩L2

= ⟨ℎ1,−𝜈ℎ2⟩L2 .
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The last identity −𝜈 = 𝜈 exp(2𝜈m) follows from

−𝜈 =  exp(𝜈m) =  exp(−𝜈m) exp(2𝜈m) = 
𝜈

exp(2𝜈m).

Hence, (14) turns into
⟨ℎ,−𝜈𝑔2⟩L2 = ⟨

𝜈
𝑅

∗
𝜈
ℎ,−𝜈𝑔1⟩L2 , (15)

for all ℎ ∈ 
𝜈
dom(𝑅) = dom(

𝜈
𝑅

∗
𝜈
). By definition, (15) is true if and only if (−𝜈𝑔1,−𝜈𝑔2) ∈ (𝜈𝑅∗𝜈)

∗ holds. ◽

Definition 3.12. For a Hilbert space and a material law𝑀 ∶ dom(𝑀) ⊆ ℂ→ Lb(), we define

𝑀
∗ ∶

{
dom(𝑀) ⊆ ℂ → Lb(),

𝑧 ↦ 𝑀(𝑧)∗.

Remark 3.13. In a certain way,𝑀∗ defines a “dual” material law with 𝑠b(𝑀∗) = sb(𝑀) and ||𝑀||∞,ℂRe>𝜈
= ||𝑀∗||∞,ℂRe>𝜈

for all 𝜈 > sb(𝑀). Note that in general, 𝑀∗ will not be holomorphic. Moreover, we immediately get (𝑀(im + 𝜈))∗ =
𝑀

∗(im + 𝜈) for such 𝜈. Thus, Lemma 3.18 yields

𝑀(𝜕
𝑡,𝜈
)∗𝜈 = ∗−𝜈(𝑀(im + 𝜈))∗−𝜈 = ∗−𝜈𝑀

∗(im + 𝜈)−𝜈 .

Lemma 3.14. Consider a Hilbert space, a material law 𝑀 ∶ dom(𝑀) ⊆ ℂ→ Lb() and 𝜈 > max(sb(𝑀), 0). Then,

(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
))∗𝜈 = −𝜕

𝑡,−𝜈
∗
−𝜈𝑀

∗(im + 𝜈)−𝜈

holds.

Proof. Boundedness of 𝑀∗(im + 𝜈) shows 𝑀∗(im + 𝜈)(im − 𝜈) ⊆ (im − 𝜈)𝑀∗(im + 𝜈) with dom(𝑀∗(im + 𝜈)(im −
𝜈)) = dom((im − 𝜈)). Consider the closed operator


∗
−𝜈(im − 𝜈)𝑀∗(im + 𝜈)−𝜈 = 𝜕𝑡,−𝜈∗−𝜈𝑀

∗(im + 𝜈)−𝜈

and the operator

∗
−𝜈𝑀

∗(im + 𝜈)(im − 𝜈)−𝜈 = ∗−𝜈𝑀
∗(im + 𝜈)−𝜈𝜕𝑡,−𝜈 .

We then have

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈𝜕𝑡,−𝜈 ⊆ 𝜕𝑡,−𝜈∗−𝜈𝑀
∗(im + 𝜈)−𝜈 (16)

(the domain of the left operator is dom(𝜕
𝑡,−𝜈)). This implies


∗
−𝜈𝑀

∗(im + 𝜈)−𝜈(1 − 𝜀𝜕𝑡,−𝜈)−1 = (1 − 𝜀𝜕
𝑡,−𝜈)−1


∗
−𝜈𝑀

∗(im + 𝜈)−𝜈, (17)

for 𝜀 > 0 because ∗−𝜈𝑀
∗(im + 𝜈)−𝜈 is bounded. For an element 𝑔 ∈ dom(𝜕

𝑡,−𝜈
∗
−𝜈𝑀

∗(im + 𝜈)−𝜈) of the domain of the
operator on the right-hand side, we define 𝑔

𝜀
∶= (1 − 𝜀𝜕

𝑡,−𝜈)−1
𝑔 for 𝜀 > 0 (cf. the Yosida-approximation approach in [12,

proof of Lemma 16.3.3]). Hence, we have 𝑔
𝜀

𝜀→0+
−−−→𝑔 in L2

−𝜈(ℝ,) and 𝑔
𝜀
∈ dom(𝜕

𝑡,−𝜈) holds. Therefore, (16) and (17) yield


∗
−𝜈𝑀

∗(im + 𝜈)−𝜈𝜕𝑡,−𝜈𝑔𝜀 = 𝜕𝑡,−𝜈∗−𝜈𝑀
∗(im + 𝜈)−𝜈𝑔𝜀

= 𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈(1 − 𝜀𝜕𝑡,−𝜈)−1
𝑔

= 𝜕
𝑡,−𝜈(1 − 𝜀𝜕𝑡,−𝜈)−1


∗
−𝜈𝑀

∗(im + 𝜈)−𝜈𝑔.

As an (unbounded) operator and its resolvent commute on the domain of the operator and as 𝑔 ∈ dom(𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im +
𝜈)−𝜈) implies ∗−𝜈𝑀

∗(im + 𝜈)−𝜈𝑔 ∈ dom(𝜕
𝑡,−𝜈), we conclude

= (1 − 𝜀𝜕
𝑡,−𝜈)−1

𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈𝑔
𝜀→0+
−−−→𝜕

𝑡,−𝜈
∗
−𝜈𝑀

∗(im + 𝜈)−𝜈𝑔,
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in L2
−𝜈(ℝ,), that is, we have shown

∗−𝜈𝑀
∗(im + 𝜈)−𝜈𝜕𝑡,−𝜈 = 𝜕𝑡,−𝜈∗−𝜈𝑀

∗(im + 𝜈)−𝜈 . (18)

Applying Lemma 3.18 to 𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) and using (18), we infer

(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
))∗𝜈 = ∗−𝜈((im + 𝜈)𝑀(im + 𝜈))∗−𝜈

= ∗−𝜈𝑀∗(im + 𝜈)(−im + 𝜈)−𝜈

= −∗−𝜈𝑀∗(im + 𝜈)(im − 𝜈)−𝜈
= −𝜕

𝑡,−𝜈
∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 . ◽

Remark 3.15. If we take the constant identity as the material law, Lemma 3.14 reads (𝜕
𝑡,𝜈
)∗𝜈 = −𝜕

𝑡,−𝜈 for any Hilbert
space and 𝜈 > 0; see also [13, Remark 2.9].

3.4 | The 𝝂-Adjoint System

We are now able to compute the 𝜈-adjoint of our operator (7).

Remark 3.16. Applying Lemma 3.10 to the skew-self-adjoint 𝐴 in (7), we have (𝐴L2
𝜈

)∗𝜈 = −(𝐴)L2
−𝜈

. Abusing notation,
we will write 𝐴∗𝜈 = −𝐴, and we will denominate the domain of (𝐴L2

𝜈

)∗𝜈 as dom(𝐴∗𝜈 ) = dom(𝐴). Combining this and
Lemma 3.14 via Lemma 3.9, we conclude

− 𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 − 𝐴 ⊆ (𝜕𝑡,𝜈𝑀(𝜕
𝑡,𝜈
) + 𝐴)∗𝜈 , (19)

and the domain of the operator on the left side is (cf. 16)

dom(𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈) ∩ dom(𝐴) ⊇ dom(𝜕
𝑡,−𝜈) ∩ dom(𝐴). (20)

Unfortunately, the spatial operator 𝐴 usually does not render the operator −𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 − 𝐴 closed. This is
for the same reason that already appeared in Theorem 2.2. In other words, the best improvement possible for (19) is the
following result based on [12, proof of Lemma 16.3.4].

Theorem 3.17. Consider a Hilbert space , a material law 𝑀 ∶ dom(𝑀) ⊆ ℂ→ Lb() with 𝜈 > max(sb(𝑀), 0), as
well as a skew-self-adjoint 𝐴 ∶ dom(𝐴) ⊆  → . Then, we have

−𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 − 𝐴 = (𝜕𝑡,𝜈𝑀(𝜕
𝑡,𝜈
) + 𝐴)∗𝜈 , (21)

and (21) is a linear operator.

Proof. First, note that (𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)∗𝜈 is an operator because 𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴 is densely defined.

For 𝑔 ∈ dom((𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)∗𝜈 ), define 𝑔

𝜀
∶= (1 − 𝜀𝜕

𝑡,−𝜈)−1
𝑔 for 𝜀 > 0 as in Lemma 3.14 again. Applying Lemma 3.18 to

1 + 𝜀𝜕
𝑡,𝜈
= 1 + 𝜀∗

𝜈
(im + 𝜈)

𝜈
yields2

(1 + 𝜀𝜕
𝑡,𝜈
)∗𝜈 = (1 + 𝜀∗

𝜈
(im + 𝜈)

𝜈
)∗𝜈

= 1 + 𝜀∗−𝜈(im + 𝜈)∗−𝜈
= 1 − 𝜀∗−𝜈(im − 𝜈)−𝜈
= 1 − 𝜀𝜕

𝑡,−𝜈 .

For 𝑓 ∈ dom(𝐴), the theorem of Hille for Bochner integrals and the properties of (𝜕
𝑡,𝜈
)−1 (cf. Lemma 2.1) imply

(𝜕
𝑡,𝜈
)−1
𝐴𝑓 =

[

𝑡↦
∫

𝑡

−∞
𝐴𝑓 (𝑠)d𝑠

]

=
[

𝑡↦ 𝐴

∫

𝑡

−∞
𝑓 (𝑠)d𝑠

]

= 𝐴(𝜕
𝑡,𝜈
)−1
𝑓. (22)
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This yields (𝜕
𝑡,𝜈
)−1
𝐴 ⊆ 𝐴(𝜕

𝑡,𝜈
)−1, and consequently, for 𝜀 > 0,

(1 + 𝜀𝜕
𝑡,𝜈
)−1
𝐴 ⊆ 𝐴(1 + 𝜀𝜕

𝑡,𝜈
)−1.

Arguing similarly to (16) and (17), we can show 𝑀(𝜕
𝑡,𝜈
)𝜕
𝑡,𝜈
⊆ 𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
), and thus, we also have (1 + 𝜀𝜕

𝑡,𝜈
)−1
𝑀(𝜕

𝑡,𝜈
) =

𝑀(𝜕
𝑡,𝜈
)(1 + 𝜀𝜕

𝑡,𝜈
)−1. Clearly, (1 − 𝜀𝜕

𝑡,−𝜈)−1
𝜕
𝑡,−𝜈 ⊆ 𝜕𝑡,−𝜈(1 − 𝜀𝜕𝑡,−𝜈)−1 holds. Moreover, 𝑓 ∈ dom(𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
)) implies

𝑀(𝜕
𝑡,𝜈
)𝑓 ∈ dom(𝜕

𝑡,𝜈
). Hence, (1 + 𝜀𝜕

𝑡,𝜈
)−1
𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
)𝑓 = 𝜕

𝑡,𝜈
(1 + 𝜀𝜕

𝑡,𝜈
)−1
𝑀(𝜕

𝑡,𝜈
)𝑓 holds for such 𝑓 . Therefore,

[(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)𝑓, 𝑔

𝜀
]
𝜈
= [(1 + 𝜀𝜕

𝑡,𝜈
)−1(𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)𝑓, 𝑔]

𝜈

= [(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)(1 + 𝜀𝜕

𝑡,𝜈
)−1
𝑓, 𝑔]

𝜈

= [𝑓, (1 − 𝜀𝜕
𝑡,−𝜈)−1(𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)∗𝜈 𝑔]

𝜈

(23)

holds true for 𝑓 ∈ dom(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
)) ∩ dom(𝐴). In other words, we have shown that 𝑔

𝜀
∈ dom((𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)∗𝜈 ) and

(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)∗𝜈 𝑔

𝜀
= (1 − 𝜀𝜕

𝑡,−𝜈)−1(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)∗𝜈 𝑔

𝜀→0+
−−−→(𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)∗𝜈 𝑔.

Rewriting (23) yields

[𝐴𝑓, 𝑔
𝜀
]
𝜈
= [𝑓, (1 − 𝜀𝜕

𝑡,−𝜈)−1(𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)∗𝜈 𝑔]

𝜈
− [𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
)𝑓, 𝑔

𝜀
]
𝜈

= [𝑓, (1 − 𝜀𝜕
𝑡,−𝜈)−1(𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴)∗𝜈 𝑔]

𝜈

+ [𝑓, 𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈𝑔𝜀]𝜈 ,

for 𝑓 ∈ dom(𝜕
𝑡,𝜈
) ∩ dom(𝐴). As the 𝜈-product is bounded and dom(𝜕

𝑡,𝜈
) ∩ dom(𝐴) is a dense subset of dom(𝐴),3 we con-

clude 𝑔
𝜀
∈ dom(𝐴∗𝜈 ) = dom(𝐴). To sum up, we have proven that 𝑔

𝜀
converges to 𝑔 in the domain of the 𝜈-adjoint, that the

image of 𝑔
𝜀

converges to the image of 𝑔, and that 𝑔
𝜀

even lies in the domain of the operator on the left side of (19). ◽

Definition 3.18. Taking Theorem 3.17 into consideration in the setting of (7), we will call

(−𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 − 𝐴)𝑢 = 𝑓, (24)

for suitable 𝑢, 𝑓 ∈ L2
−𝜈(ℝ,) (cf. Theorem 3.28), the 𝜈-adjoint system corresponding to the spatial operator 𝐴 and the

material law𝑀 .

Remark 3.19. In the special case

𝑀(𝑧) ∶=
𝑛∑

𝑘=0
𝑧
−𝑘
𝑀

𝑘
, (25)

for 𝑛 ∈ ℕ ⊎ {0}, 𝑧 ∈ ℂ ⧵ {0} and𝑀0,𝑀1, … ,𝑀
𝑛
∈ Lb(), we can compute


∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 = ∗−𝜈

(
𝑛∑

𝑘=0
(−im + 𝜈)−𝑘𝑀∗

𝑘

)

−𝜈

=
𝑛∑

𝑘=0
(−1)𝑘∗−𝜈(im − 𝜈)−𝑘−𝜈𝑀∗

𝑘

=
𝑛∑

𝑘=0
(−1)𝑘𝜕−𝑘

𝑡,−𝜈𝑀
∗
𝑘

.

(26)

Here, the first equality follows from (im + 𝜈)−1 being bounded and the second one because the theorem of Hille (applied
to bounded operators) implies

(𝑀∗
𝑘
)L2−𝜈𝜑 = −𝜈(𝑀∗

𝑘
)L2

−𝜈
𝜑,

for all 𝜑 from the dense subset C∞
c (ℝ,) of L2

−𝜈(ℝ,).

Example 3.20. Applying (26) to Example 2.3, we can provide a few examples:
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• Heat equation
The differential operator of the 𝜈-adjoint heat equation reads

− 𝜕
𝑡,−𝜈

(
1 0
0 0

)

+

(
0 0
0 𝑎

−∗

)

−

(
0 div0

grad 0

)

.

• Wave equation
The differential operator of the 𝜈-adjoint wave equation reads

− 𝜕
𝑡,−𝜈

(
1 0
0 𝑇

−1

)

+

(
0 div

grad0 0

)

.

• Maxwell’s equations
The differential operator of the 𝜈-adjoint Maxwell’s equations reads

− 𝜕
𝑡,−𝜈

(
𝜀 0
0 𝜇

)

+

(
𝜎
∗ 0

0 0

)

−

(
0 −curl

curl0 0

)

.

Comparing with Example 2.4 (for the cases 𝐵 = 0), we obtain that these 𝜈-adjoint systems are consistent with the adjoint
systems in Example 2.4.

3.5 | Time Reversal

Instead of treating the plain adjoint system (4), it is common to apply a time shift, that is, to let the time run forward again,
see (6). At least in the special case (25), we have the same goal.

Definition 3.21. For a Hilbert space and 𝜈 ∈ ℝ, we call the unitary mapping


𝜈
∶

{
L2
𝜈
(ℝ,) → L2

−𝜈(ℝ,),
𝑓 ↦ 𝑓 (−⋅),

the time-reversal operator.

Remark 3.22. Clearly, we have  −1
𝜈

=  ∗
𝜈
= −𝜈 for 𝜈 ∈ ℝ.

Lemma 3.23. For 𝜈 ∈ ℝ and a Hilbert space, we have 
𝜈
𝜕
𝑡,𝜈
= −𝜕

𝑡,−𝜈𝜈 .

Proof. For 𝑓 ∈ dom(𝜕
𝑡,𝜈
), we have

∫ℝ
𝜑(𝑠)(

𝜈
𝜕
𝑡,𝜈
𝑓 )(𝑠)d𝑠 =

∫ℝ
𝜑(𝑠)(𝜕

𝑡,𝜈
𝑓 )(−𝑠)d𝑠 = −

∫ℝ
𝜑(−𝑠)(𝜕

𝑡,𝜈
𝑓 )(𝑠)d𝑠

=
∫ℝ

d
d𝑠
𝜑(−𝑠)𝑓 (𝑠)d𝑠 = −

∫ℝ
𝜑
′(−𝑠)𝑓 (𝑠)d𝑠 =

∫ℝ
𝜑
′(𝑠)𝑓 (−𝑠)d𝑠 =

∫ℝ
𝜑
′(𝑠)(

𝜈
𝑓 )(𝑠)d𝑠,

for any 𝜑 ∈ C∞
c (ℝ) which implies 

𝜈
𝑓 ∈ dom(𝜕

𝑡,−𝜈) with 𝜕
𝑡,−𝜈𝜈𝑓 = −𝜈𝜕𝑡,𝜈𝑓 . In addition, the same argument applied to

−𝜈 = (𝜈)−1 shows that (
𝜈
)−1(dom(𝜕

𝑡,−𝜈)) = dom(𝜕
𝑡,𝜈
). ◽

Lemma 3.24. Assume we have the material law from (25), that is, 𝑀(𝑧) ∶=
∑
𝑛

𝑘=0𝑧
−𝑘
𝑀

𝑘
for 𝑛 ∈ ℕ ⊎ {0}, 𝑧 ∈ ℂ ⧵ {0},

a Hilbert space and 𝑀0,𝑀1, … ,𝑀
𝑛
∈ L(). Then, (𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
))∗𝜈 = 

𝜈
(𝜕
𝑡,𝜈

∑
𝑛

𝑘=0𝜕
−𝑘
𝑡,𝜈
𝑀

∗
𝑘
)−𝜈 for 𝜈 > 0.

Proof. This is a direct consequence of Lemma 3.14, Lemma 3.23 and (26). ◽

We want to stress that Lemma 3.24 heavily relies on the material law having the form (25). We cannot expect a similar
statement to hold in the general case.

14 Mathematical Methods in the Applied Sciences, 2026
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Lemma 3.25. Consider a Hilbert space . Let 𝐴 ∶ dom(𝐴) ⊆  →  be densely defined and closed. Then, for 𝜈 ∈ ℝ,

𝜈
𝐴L2

𝜈

= 𝐴L2
−𝜈

𝜈
.

Proof. This immediately follows from (1). ◽

Theorem 3.26. Consider a Hilbert space , 𝜈 > 0, and 𝑀(𝑧) ∶=
∑
𝑛

𝑘=0𝑧
−𝑘
𝑀

𝑘
for 𝑛 ∈ ℕ ⊎ {0}, 𝑧 ∈ ℂ ⧵ {0} and

𝑀0,𝑀1, … ,𝑀
𝑛
∈ Lb(), as well as a skew-self-adjoint 𝐴 ∶ dom(𝐴) ⊆  → . Then, we have


𝜈

⎛
⎜
⎜
⎝

𝜕
𝑡,𝜈

𝑛∑

𝑘=0
𝜕
−𝑘
𝑡,𝜈
𝑀

∗
𝑘
− 𝐴

⎞
⎟
⎟
⎠

−𝜈 = (𝜕𝑡,𝜈𝑀(𝜕
𝑡,𝜈
) + 𝐴)∗𝜈 .

Proof. This is a combination of Lemmas 3.24 and 3.25 and Theorem 3.17. ◽

In other words, in the special case (25), the dual system (6) should correspond to an evolutionary equation of type
(

𝜕
𝑡,𝜈

𝑛∑

𝑘=0
𝜕
−𝑘
𝑡,𝜈
𝑀

∗
𝑘
− 𝐴

)

𝑢 = 𝑓, (27)

for suitable 𝑢, 𝑓 ∈ L2
𝜈
(ℝ,) and 𝜈 > 0 (cf. Theorem 2.2).

Example 3.27. Applying (27) to Examples 2.3 and 3.20, we can provide a few examples:

• Heat equation
The time-reversed differential operator of the 𝜈-adjoint heat equation reads

𝜕
𝑡,𝜈

(
1 0
0 0

)

+

(
0 0
0 𝑎

−∗

)

−

(
0 div0

grad 0

)

.

• Wave equation
The time-reversed differential operator of the 𝜈-adjoint wave equation reads

𝜕
𝑡,𝜈

(
1 0
0 𝑇

−1

)

+

(
0 div

grad0 0

)

.

• Maxwell’s equations
The time-reversed differential operator of the 𝜈-adjoint Maxwell’s equations read

𝜕
𝑡,𝜈

(
𝜀 0
0 𝜇

)

+

(
𝜎
∗ 0

0 0

)

−

(
0 −curl

curl0 0

)

.

It is easy to see that these time-reversed operators are consistent with the corresponding ones obtained via (6).

3.6 | Solution Theory for 𝝂-Adjoint Systems

Apparently, we will have to tweak the existing solution theory for evolutionary equations in order to apply it to the back-
wards in time adjoint systems. Analogously to Theorem 2.2, we have the following theorem.

Theorem 3.28. Consider a Hilbert space, a material law 𝑀 ∶ dom(𝑀) ⊆ ℂ→ Lb() with

∀ℎ ∈ ∀𝑧 ∈ ℂ,Re𝑧 ≥ 𝜈0 ∶ Re⟨ℎ, 𝑧𝑀(𝑧)ℎ⟩

≥ 𝑐||ℎ||2


,

for a 𝑐 > 0 and a 𝜈0 > max(sb(𝑀), 0), and a skew-self-adjoint 𝐴 ∶ dom(𝐴) ⊆  → . Then,

• the closed subset −𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 − 𝐴 of L2
−𝜈(ℝ,) × L2

−𝜈(ℝ,) is an (unbounded) operator for all 𝜈 ≥ 𝜈0.

Mathematical Methods in the Applied Sciences, 2026 15
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• For 𝜈 ≥ 𝜈0, 𝑆∗𝜈
𝜈
= (−𝜕

𝑡,−𝜈
∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 − 𝐴)−1 ∈ Lb(L2
−𝜈(ℝ,)) with ||𝑆

∗
𝜈

𝜈
|| ≤ 1∕𝑐, where 𝑆

𝜈
is the solution oper-

ator defined in Theorem 2.2.

• 𝑓 ∈ L2
−𝜈(ℝ,) for a 𝜈 ≥ 𝜈0 with spt𝑓 ⊆ (−∞, 𝑎] for an 𝑎 ∈ ℝ implies spt𝑆∗𝜈

𝜈
𝑓 ⊆ (−∞, 𝑎].

• 𝑆
∗
𝜈

𝜈
is eventually independent of 𝜈.

• 𝑓 ∈ dom(𝜕
𝑡,−𝜈) for a 𝜈 ≥ 𝜈0 implies 𝑆∗𝜈

𝜈
𝑓 ∈ dom(𝜕

𝑡,−𝜈) ∩ dom(𝐴), that is, by (20), we get a solution in the sense of (24).

Proof. As a first immediate consequence of the properties of the 𝜈-adjoint and Theorem 3.17, we infer that
−𝜕

𝑡,−𝜈
∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 − 𝐴 is a linear operator with

−𝜕
𝑡,−𝜈

∗
−𝜈𝑀

∗(im + 𝜈)−𝜈 − 𝐴
−1
=
((
𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴

)∗
𝜈

)−1
=
((
𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴

)−1

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=𝑆
𝜈

)∗
𝜈

,

and ||𝑆
∗
𝜈

𝜈
|| = ||𝑆

𝜈
|| ≤ 1∕𝑐 for all 𝜈 ≥ 𝜈0.

Next, consider 𝑓 ∈ L2
−𝜈(ℝ,) with spt𝑓 ⊆ (−∞, 𝑎] for 𝑎 ∈ ℝ and 𝜈 ≥ 𝜈0. For any 𝑔 ∈ L2

𝜈
(ℝ,), we have

∫ℝ
⟨𝑔(𝑡), 𝟏[𝑎,∞)(𝑡)(𝑆

∗
𝜈

𝜈
𝑓 )(𝑡)⟩


d𝑡 =

∫ℝ
⟨𝟏[𝑎,∞)(𝑡)𝑔(𝑡), (𝑆

∗
𝜈

𝜈
𝑓 )(𝑡)⟩


d𝑡

=
∫ℝ

⟨𝑆
𝜈
(𝟏[𝑎,∞)(𝑡)𝑔(𝑡)), 𝑓 (𝑡)⟩d𝑡.

(28)

Causality of 𝑆
𝜈

yields spt𝑆
𝜈
(𝟏[𝑎,∞)𝑔) ⊆ [𝑎,∞). Together with spt𝑓 ⊆ (−∞, 𝑎], this implies

∫ℝ
⟨𝑔(𝑡)𝟏[𝑎,∞)(𝑡)(𝑆

∗
𝜈

𝜈
𝑓 )(𝑡), d𝑡⟩


= 0. (29)

As 𝑔 ∈ L2
𝜈
(ℝ,) was arbitrary, the properties of the 𝜈-adjoint show 𝟏[𝑎,∞)𝑆

∗
𝜈

𝜈
𝑓 = 0, i.e., spt𝑆∗𝜈

𝜈
𝑓 ⊆ (−∞, 𝑎].

For eventual independence, consider 𝜂, 𝜈 ≥ 𝜈0 and 𝑓 ∈ L2
−𝜈(ℝ,) ∩ L2

−𝜂(ℝ,). For a fixed 𝑥 ∈  and any 𝜑 ∈ C∞
c (ℝ), we

have4

∫ℝ
𝜑(𝑡)⟨𝑥, (𝑆∗𝜈

𝜈
𝑓 )(𝑡) − (𝑆∗𝜂

𝜂
𝑓 )(𝑡)⟩


d𝑡 =

∫ℝ
⟨𝜑(𝑡) ⋅ 𝑥, (𝑆∗𝜈

𝜈
𝑓 )(𝑡) − (𝑆∗𝜂

𝜂
𝑓 )(𝑡)⟩


d𝑡

=
∫ℝ

⟨𝜑(𝑡) ⋅ 𝑥, (𝑆∗𝜈
𝜈
𝑓 )(𝑡)⟩


d𝑡 −

∫ℝ
⟨𝜑(𝑡) ⋅ 𝑥, (𝑆∗𝜂

𝜂
𝑓 )(𝑡)⟩


d𝑡

=
∫ℝ

⟨𝑆
𝜈
(𝜑(⋅) ⋅ 𝑥)(𝑡), 𝑓 (𝑡)⟩


d𝑡 −

∫ℝ
⟨𝑆

𝜂
(𝜑(⋅) ⋅ 𝑥)(𝑡), 𝑓 (𝑡)⟩


d𝑡

= 0.

Hence, the fundamental lemma of calculus of variations yields ⟨𝑥, (𝑆∗𝜈
𝜈
𝑓 )(𝑡) − (𝑆∗𝜂

𝜂
𝑓 )(𝑡)⟩


= 0 for 𝑡 ∈ ℝ. A density argu-

ment implies 𝑆∗𝜈
𝜈
𝑓 = 𝑆∗𝜂

𝜂
𝑓 .

Finally, consider some 𝜈 ≥ 𝜈0. We know that 𝑆
𝜈
𝜕
𝑡,𝜈
⊆ 𝜕

𝑡,𝜈
𝑆
𝜈

(cf. [12, Remark 6.3.4]). Applying the 𝜈-adjoint first and
then Lemma 3.9 as well as Remark 3.15, we obtain −𝑆∗𝜈

𝜈
𝜕
𝑡,−𝜈 ⊆ −𝜕𝑡,−𝜈𝑆

∗
𝜈

𝜈
, that is, we get 𝑆∗𝜈

𝜈
𝜕
𝑡,−𝜈 ⊆ 𝜕𝑡,−𝜈𝑆

∗
𝜈

𝜈
. Moreover,

by𝑀(𝜕
𝑡,𝜈
)𝜕
𝑡,𝜈
⊆ 𝜕

𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
), we have

𝑆
𝜈
𝐴 ↾dom(𝜕

𝑡,𝜈
) = 1 − 𝑆

𝜈
𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) ↾dom(𝜕

𝑡,𝜈
)∩dom(𝐴),

and once again by 𝑆
𝜈
𝜕
𝑡,𝜈
⊆ 𝜕

𝑡,𝜈
𝑆
𝜈

that

= 1 − 𝜕
𝑡,𝜈
𝑆
𝜈
𝑀(𝜕

𝑡,𝜈
) ↾dom(𝜕

𝑡,𝜈
)∩dom(𝐴)

⊆ 1 − 𝜕
𝑡,𝜈
𝑆
𝜈
𝑀(𝜕

𝑡,𝜈
).
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Applying the 𝜈-adjoint first and then Lemma 3.9 as well as Remarks 3.13 and 3.15, we obtain5 1 + ∗−𝜈𝑀
∗(im +

𝜈)−𝜈𝑆
∗
𝜈

𝜈
𝜕
𝑡,−𝜈 ⊆ −𝐴𝑆

∗
𝜈

𝜈
. ◽

Definition 3.29. Following [25, Chapter 3.2], we call a linear operator 𝑆 ∶ dom(𝑆) ⊆ L2
𝜈
(ℝ,) → L2

𝜈
(ℝ,) for a

Hilbert space and 𝜈 ∈ ℝ amnesic if spt𝑓 ⊆ (−∞, 𝑎] implies spt𝑆𝑓 ⊆ (−∞, 𝑎] for all 𝑓 ∈ dom(𝑆) and 𝑎 ∈ ℝ.

In Theorem 3.28, we have shown that the solution operator corresponding to a well-posed 𝜈-adjoint system is amnesic.
In fact, we have the following more general statement that can be seen as a (bounded) counterpart of [25, Lemma 3.2.7].

Corollary 3.30. For a Hilbert space and 𝜈 ∈ ℝ, a bounded operator 𝑆 ∈ Lb(L2
𝜈
(ℝ,)) is amnesic if and only if 𝑆∗𝜈 ∈

Lb(L2
−𝜈(ℝ,)) is causal.

Proof. Arguing similarly to (28) and (29) yields the statement. ◽

4 | Control Theory for Evolutionary Equations

In this section, we focus on control theory for evolutionary equations.

4.1 | Duality Statements

We start with a version of Douglas’ lemma. For a proof, see, for example, [17, Theorem 1] and [19, Theorem 2.2] as well
as [26, Theorem 1.4]. For a normed space𝑋 and 𝑐 ≥ 0, we write 𝐾

𝑐
∶= {𝑥 ∈ 𝑋 | ||𝑥||

𝑋
≤ 𝑐}.

Lemma 4.1. Let 0,1, be Hilbert spaces, 𝐴 ∈ Lb(1,), and 𝐵 ∈ Lb(0,). The following are equivalent:

i. ran(𝐴) ⊆ ran(𝐵).

ii. There exists 𝐶 ∈ Lb(1,0) such that 𝐴 = 𝐵𝐶 .

iii. There exists 𝑐 ≥ 0 such that 𝐴(𝐾1) ⊆ 𝐵(𝐾𝑐).

iv. There exists 𝑐 ≥ 0 such that ||𝐴∗𝑥||
1
≤ 𝑐||𝐵∗𝑥||

0
for all 𝑥 ∈ .

Lemma 4.1 remains true for Banach spaces instead of Hilbert spaces as long as0 is reflexive.

Lemma 4.2. Let 𝜈 ∈ ℝ,0, be Hilbert spaces,𝐴 ∈ Lb
(
L2
𝜈
(ℝ,)

)
and𝐵 ∈ Lb

(
L2
𝜈
(ℝ,0),L2

𝜈
(ℝ,)

)
. The following are

equivalent:

i. ran(𝐴) ⊆ ran(𝐵).

ii. There exists 𝑐 ≥ 0 such that ||𝐴∗𝜈 𝑔||L2
−𝜈
≤ 𝑐||𝐵∗𝜈 𝑔||L2

−𝜈
for all 𝑔 ∈ L2

−𝜈(ℝ,).

Proof.

i.⇒ ii. By Lemma 4.1, there exists 𝑐 ≥ 0 such that 𝐴(𝐾1) ⊆ 𝐵(𝐾𝑐). Let 𝑔 ∈ L2
−𝜈(ℝ,). Then,

||𝐴∗𝜈 𝑔||L2
−𝜈
= sup
𝑓∈L2

𝜈
(ℝ,), ||𝑓 ||L2

𝜈

≤1
|
[
𝑓,𝐴

∗
𝜈 𝑔

]

𝜈

|

= sup
𝑓∈L2

𝜈
(ℝ,), ||𝑓 ||L2

𝜈

≤1
|[𝐴𝑓, 𝑔]

𝜈
|

≤ sup
𝑓∈L2

𝜈
(ℝ,0), ||𝑓 ||L2

𝜈

≤𝑐

|[𝐵𝑓, 𝑔]
𝜈
|

= sup
𝑓∈L2

𝜈
(ℝ,0), ||𝑓 ||L2

𝜈

≤𝑐

|
[
𝑓, 𝐵

∗
𝜈 𝑔

]

0,𝜈
|

= 𝑐||𝐵∗𝜈 𝑔||L2
−𝜈
.
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ii.⇒ i. Note that 𝑀 ∶= 𝐴(𝐾1) and 𝑁 ∶= 𝐵(𝐾
𝑐
) are convex, and 𝑁 is closed by the Banach–Alaoglu theorem. For all

𝑔 ∈ L2
−𝜈(ℝ,), we estimate

sup
𝑓∈𝑀

|[𝑓, 𝑔]
𝜈
| = ||𝐴∗𝜈 𝑔||L2

−𝜈
≤ 𝑐||𝐵∗𝜈 𝑔||L2

−𝜈
= sup
𝑓∈𝑁

|[𝑓, 𝑔]
𝜈
|.

Because exp(2𝜈m) ∶ L2
−𝜈(ℝ,)→ L2

𝜈
(ℝ,) is unitary, (8) implies

sup
𝑓∈𝑀

|[𝑓, ℎ]L2
𝜈

| ≤ sup
𝑓∈𝑁

|[𝑓, ℎ]L2
𝜈

|,

for all ℎ ∈ L2
𝜈
(ℝ,). From [27, Lemma 2.9], we obtain𝑀 ⊆ 𝑁 , and Lemma 4.1 yields the assertion. ◽

4.2 | Null Controllability for Evolutionary Equations

Let ,0 be Hilbert spaces, 𝜈 > 0, 𝑀 a material law and 𝐴 skew-self-adjoint in . Let 𝐵 ∈ Lb(0,). Like 𝐴 (see (1)),
we lift 𝐵 via action as a multiplication operator such that 𝐵 ∈ Lb

(
L2
𝜈
(ℝ,0),L2

𝜈
(ℝ,)

)
. Furthermore, assume

∀ℎ ∈ ∀𝑧 ∈ ℂ,Re𝑧 ≥ 𝜈0 ∶ Re⟨ℎ, 𝑧𝑀(𝑧)ℎ⟩

≥ 𝑐||ℎ||2


,

for a 𝑐 > 0 and a 𝜈0 > max(sb(𝑀), 0). Then, we consider the evolutionary equation:
(
𝜕
𝑡
𝑀(𝜕

𝑡
) + 𝐴

)
𝑈 = 𝐹 + 𝐵𝐺. (30)

Let 𝑆
𝜈
∶=

(
𝜕
𝑡,𝜈
𝑀(𝜕

𝑡,𝜈
) + 𝐴

)−1
∈ Lb

(
L2
𝜈
(ℝ,)

)
be the corresponding solution operator from Theorem 2.2.

Definition 4.3. Let 𝑇 > 0. We call (30) null controllable in time 𝑇 if for all 𝐹 ∈ L2
𝜈
(ℝ,), there exists 𝐺 ∈ L2

𝜈
(ℝ,0)

such that spt𝑆
𝜈
(𝐹 + 𝐵𝐺) ⊆ (−∞, 𝑇 ].

For 𝑇 > 0, we identify
L2
𝜈
((−∞, 𝑇 ],) ∶= {𝑓 ∈ L2

𝜈
(ℝ,) | spt𝑓 ⊆ (−∞, 𝑇 ]},

L2
𝜈
([𝑇 ,∞),) ∶= {𝑓 ∈ L2

𝜈
(ℝ,) | spt𝑓 ⊆ [𝑇 ,∞)}.

Thus, null controllability in time 𝑇 can be rephrased as for all 𝐹 ∈ L2
𝜈
(ℝ,), there exists𝐺 ∈ L2

𝜈
(ℝ,0) such that 𝑆

𝜈
(𝐹 +

𝐵𝐺) ∈ L2
𝜈
((−∞, 𝑇 ],).

For 𝜈 ∈ ℝ and 𝑇 ∈ ℝ, we define 𝟏
≤𝑇 ,𝜈

∶ L2
𝜈
((−∞, 𝑇 ],)→ L2

𝜈
(ℝ,) and 𝟏

≥𝑇 ,𝜈
∶ L2

𝜈
([𝑇 ,∞),)→ L2

𝜈
(ℝ,) to be the

canonical embeddings. We write 𝑟
≤𝑇 ,𝜈

∶= 𝟏
≤𝑇 ,𝜈

𝟏∗
≤𝑇 ,𝜈

and 𝑟
≥𝑇 ,𝜈

∶= 𝟏
≥𝑇 ,𝜈

𝟏∗
≥𝑇 ,𝜈

for the restriction maps.

Lemma 4.4. Let 𝜈 ∈ ℝ and 𝑇 > 0. Then 𝟏∗
≤𝑇 ,𝜈

∶ L2
𝜈
(ℝ,) → L2

𝜈
((−∞, 𝑇 ],) is given by

𝟏∗
≤𝑇 ,𝜈

𝑓 = 𝑓
𝑇
,

for 𝑓 ∈ L2
𝜈
(ℝ,), where 𝑓

𝑇
∈ L2

𝜈
((−∞, 𝑇 ],) is defined to coincide with 𝑓 on (−∞, 𝑇 ]. Furthermore, (𝑟

≤𝑇 ,𝜈
)∗𝜈 = 𝑟

≤𝑇 ,−𝜈 .

Analogous statements for 𝟏∗
≥𝑇 ,𝜈

and 𝑟
≥𝑇 ,𝜈

hold.

Proof. Let 𝑓 ∈ L2
𝜈
(ℝ,) and 𝑔 ∈ L2

𝜈
((−∞, 𝑇 ],). Then, clearly,

⟨𝑔, 𝟏∗
≤𝑇 ,𝜈

𝑓⟩L2
𝜈

= ⟨𝟏
≤𝑇 ,𝜈

𝑔, 𝑓⟩L2
𝜈

= ⟨𝟏
≤𝑇 ,𝜈

𝑔, 𝟏
≤𝑇 ,𝜈

𝑓
𝑇
⟩L2

𝜈

= ⟨𝑔, 𝑓
𝑇
⟩L2

𝜈

.

Next, for 𝑓 ∈ L2
𝜈
(ℝ,) and 𝑔 ∈ L2

−𝜈(ℝ,),

[
𝑟
≤𝑇 ,𝜈

𝑓𝑔

]

𝜈

=
∫ℝ

⟨𝟏
≤𝑇 ,𝜈

𝑓
𝑇
(𝑡), 𝑔(𝑡)⟩


𝑑𝑡 =

∫

𝑇

−∞
⟨𝑓 (𝑡), 𝑔(𝑡)⟩


𝑑𝑡

=
∫ℝ

⟨𝑓 (𝑡), 𝟏
≤𝑇 ,−𝜈𝑔𝑇 (𝑡)⟩ 𝑑𝑡 =

[
𝑓, 𝑟

≤𝑇 ,−𝜈𝑔
]

𝜈

.
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◽

Theorem 4.5. Let 𝑇 > 0. The following are equivalent:

i. Equation (30) is null controllable in time 𝑇 .

ii. ran(𝑟
≥𝑇 ,𝜈

𝑆
𝜈
) ⊆ ran(𝑟

≥𝑇 ,𝜈
𝑆
𝜈
𝐵).

iii. There exists 𝑐 ≥ 0 with ||(𝑟
≥𝑇 ,𝜈

𝑆
𝜈
)∗𝜈𝐹 ||L2

−𝜈
≤ 𝑐||(𝑟

≥𝑇 ,𝜈
𝑆
𝜈
𝐵)∗𝜈𝐹 ||L2

−𝜈
for all 𝐹 ∈ L2

−𝜈(ℝ,).

iv. There exists 𝑐 ≥ 0 with ||𝑆
∗
𝜈

𝜈
𝟏
≥𝑇 ,−𝜈𝐹 ||L2

−𝜈
≤ 𝑐||𝐵∗𝜈𝑆

∗
𝜈

𝜈
𝟏
≥𝑇 ,−𝜈𝐹 ||L2

−𝜈
for all 𝐹 ∈ L2

−𝜈([𝑇 ,∞),).

Proof.

i.⇒ ii. Letℎ ∈ ran(𝑟
≥𝑇 ,𝜈

𝑆
𝜈
), that is, there exists 𝑓 ∈ L2

𝜈
(ℝ,) such that 𝑟

≥𝑇 ,𝜈
𝑆
𝜈
𝑓 = ℎ. By (i), there exists 𝑔 ∈ L2

𝜈
(ℝ,0)

such that spt𝑆
𝜈
(𝑓 + 𝐵𝑔) ⊆ (−∞, 𝑇 ], that is, 𝑟

≥𝑇 ,𝜈
𝑆
𝜈
(𝑓 + 𝐵𝑔) = 0. This yields ℎ = 𝑟

≥𝑇 ,𝜈
𝑆
𝜈
𝑓 = 𝑟

≥𝑇 ,𝜈
𝑆
𝜈
𝐵(−𝑔);

that is, ℎ ∈ ran(𝑟
≥𝑇 ,𝜈

𝑆
𝜈
𝐵).

ii.⇒ i. Let 𝑓 ∈ L2
𝜈
(ℝ,) and ℎ ∶= 𝑟

≥𝑇 ,𝜈
𝑆
𝜈
𝑓 ∈ ran(𝑟

≥𝑇 ,𝜈
𝑆
𝜈
). By (ii), there exists 𝑔 ∈ L2

𝜈
(ℝ,0) such that ℎ =

𝑟
≥𝑇 ,𝜈

𝑆
𝜈
𝐵𝑔. Then, 𝑟

≥𝑇 ,𝜈
𝑆
𝜈
(𝑓 + 𝐵(−𝑔)) = 0; that is, spt𝑆

𝜈
(𝑓 + 𝐵(−𝑔)) ⊆ (−∞, 𝑇 ], so (30) is null controllable in

time 𝑇 .

ii.⇔ iii. This is a consequence of Lemma 4.2.

iii.⇔ iv. The claim follows from Lemma 4.4 and (𝑟
≥𝑇 ,𝜈

𝑆
𝜈
)∗𝜈 = 𝑆∗𝜈

𝜈
𝑟
≥𝑇 ,−𝜈 and (𝑟

≥𝑇 ,𝜈
𝑆
𝜈
𝐵)∗𝜈 = 𝐵∗𝜈𝑆∗𝜈

𝜈
𝑟
≥𝑇 ,−𝜈 . ◽

Example 4.6. We get back to our set of examples.

• Heat equation: Let Ω ⊆ ℝ𝑑 be open, Ω0 ⊆ Ω, and let  ∶= L2(Ω) × L2(Ω)𝑑 and 0 ∶= L2(Ω0). Let 𝐵0 ∶ L2(Ω0)→

L2(Ω) be the embedding by extending functions on Ω0 to Ω by zero, and let 𝐵 ∈ Lb(0,) be given by 𝐵 ∶=
(
𝐵0
0

)

.

Then, the controlled heat equation is given by
(

𝜕
𝑡,𝜈

(
1 0
0 0

)

+

(
0 0
0 𝑎

−1

)

+

(
0 div0

grad 0

))(
𝜗

𝑞

)

=

(
𝑄

0

)

+ 𝐵𝐺.

For 𝑇 > 0, the heat equation is null controllable in time 𝑇 if and only if there exists 𝑐 ≥ 0 such that for all 𝐹 ∈

L2
−𝜈([𝑇 ,∞),) and the solution

(
𝜗

𝑞

)

of the 𝜈-adjoint system

(

−𝜕
𝑡,−𝜈

(
1 0
0 0

)

+

(
0 0
0 𝑎

−∗

)

−

(
0 div0

grad 0

))(
𝜗

𝑞

)

= 𝟏
≥𝑇
𝐹

satisfies ||
(
𝜗

𝑞

)

||L2
−𝜈
≤ 𝑐||𝜗 ↾Ω0

||L2
−𝜈

.

• Wave equation: Let Ω ⊆ ℝ𝑑 be open, Ω0 ⊆ Ω, and let  ∶= L2(Ω) × L2(Ω)𝑑 and 0 ∶= L2(Ω0). Let 𝐵0 ∶ L2(Ω0)→

L2(Ω) be the embedding by extending functions on Ω0 to Ω by zero, and let 𝐵 ∈ Lb(0,) be given by 𝐵 ∶=
(
𝐵0
0

)

.

Then, the controlled wave equation is given by
(

𝜕
𝑡,𝜈

(
1 0
0 𝑇

−1

)

−

(
0 div

grad0 0

))(
𝑣

𝜎

)

=

(
𝑓

0

)

+ 𝐵𝐺.

For 𝑆 > 0, the wave equation is null controllable in time 𝑆 if and only if there exists 𝑐 ≥ 0 such that for all 𝐹 ∈

L2
−𝜈([𝑇 ,∞),) and the solution

(
𝑣

𝜎

)

of the 𝜈-adjoint system

(

−𝜕
𝑡,−𝜈

(
1 0
0 𝑇

−1

)

+

(
0 div0

grad 0

))(
𝑣

𝜎

)

= 𝟏
≥𝑆
𝐹
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satisfies ||
(
𝑣

𝜎

)

||L2
−𝜈
≤ 𝑐||𝑣 ↾Ω0

||L2
−𝜈

.

• Maxwell’s equation: Let Ω ⊆ ℝ𝑑 be open, Ω0 ⊆ Ω, and let  ∶= L2(Ω)3 × L2(Ω)3, and 0 ∶= L2(Ω0)3 × L2(Ω0)3. Let
𝐵 ∶ 0 →  be the embedding by extending functions onΩ0 toΩ by zero. Then, the controlled Maxwell’s equations
are given by

(

𝜕
𝑡,𝜈

(
𝜀 0
0 𝜇

)

+

(
𝜎 0
0 0

)

+

(
0 −curl

curl0 0

))(
𝐸

𝐻

)

=

(
𝑗0

0

)

+ 𝐵𝐺.

For 𝑡 ∈ ℝ, the Maxwell’s equations are null controllable in time 𝑇 if and only if there exists 𝑐 ≥ 0 such that for all

𝐹 ∈ L2
−𝜈([𝑇 ,∞),) and the solution

(
𝐸

𝐻

)

of the 𝜈-adjoint system

(

−𝜕
𝑡,−𝜈

(
𝜀 0
0 𝜇

)

+

(
𝜎
∗ 0

0 0

)

−

(
0 −curl

curl0 0

))(
𝐸

𝐻

)

= 𝟏
≥𝑇
𝐹

satisfies
‖
‖
‖
‖
‖

(
𝐸

𝐻

)‖
‖
‖
‖
‖L2

−𝜈

≤ 𝑐

‖
‖
‖
‖
‖

(
𝐸

𝐻

)

↾Ω0

‖
‖
‖
‖
‖L2

−𝜈

.

4.3 | Pointwise Statements for Null Controllability

In this subsection, we specialize to a particular class of material laws that covers all the examples we treat in this paper. To
this end, we consider the same assumptions as in Section 4.2, and we additionally ask the material law to be of the form
𝑀(𝑧) ∶=𝑀0 + 𝑧−1

𝑀1, where𝑀0,𝑀1 ∈ Lb() and Re𝑧 > 0. In this particular situation, we can obtain a pointwise inter-
pretation of solutions of evolutionary equations. Note that these material laws describe exactly those equations without
memory terms [25, Proposition 3.2.10]. We start with a version of [12, Theorem 9.4.3] that includes inhomogeneities at
the right-hand side. We write

H1
𝜈
(ℝ,) ∶= dom(𝜕

𝑡,𝜈
),

H−1
𝜈
(ℝ,) ∶= dom(𝜕

𝑡,𝜈
)′,

as well as
H−1(𝐴) ∶= dom(𝐴)′;

compare [12, Section 9.2].

The next theorem is a slight generalization of [12, Theorem 9.4.3], where only 𝐹 = 0 was treated.

Theorem 4.7 (Compare [12, Theorem 9.4.3]). Let 𝑈0 ∈ dom(𝐴) ⊆ , 𝑈 ∈ L2
𝜈
(ℝ,), 𝐹 ∈ L2

𝜈
([0,∞),). Then, the

following are equivalent:

i. 𝑀0𝑈 − 𝟏[0,∞)𝑀0𝑈0 ∶ ℝ → H−1(𝐴) is continuous, spt𝑈 ⊆ [0,∞) and

𝜕
𝑡,𝜈
𝑀0𝑈 +𝑀1𝑈 + 𝐴𝑈 = 𝐹 on (0,∞),

𝑀0𝑈 (0+) =𝑀0𝑈0 in H−1(𝐴).

ii. 𝑈 − 𝟏[0,∞)𝑈0 ∈ dom
(
𝜕
𝑡,𝜈
𝑀0 +𝑀1 + 𝐴

)
and

(
𝜕
𝑡,𝜈
𝑀0 +𝑀1 + 𝐴

)
(𝑈 − 𝟏[0,∞)𝑈0) = 𝐹 − 𝟏[0,∞)(𝑀1 + 𝐴)𝑈0 ∈ L2

𝜈
([0,∞),).

iii. 𝑈 = 𝑆
𝜈
(𝐹 + 𝛿0𝑀0𝑈0), where 𝛿0 is the Dirac distribution centered at 0, and we extended 𝑆

𝜈
∈ Lb(H−1

𝜈
(ℝ,)).
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In either case,𝑀0𝑈 − 𝟏[0,∞)𝑀0𝑈0 ∈ H1
𝜈
(ℝ,H−1(𝐴)).

Proof. The proof is analogous to the one in [12, Theorem 9.4.3]; one only has to take into account the additional term
𝐹 on the right-hand side. ◽

Let us now turn to null controllability for evolution equations with material laws 𝑀 of the form𝑀(𝑧) ∶=𝑀0 + 𝑧−1
𝑀1.

Definition 4.8. We say that
𝜕
𝑡,𝜈
𝑀0𝑈 +𝑀1𝑈 + 𝐴𝑈 = 𝐵𝐺 on (0,∞),

𝑀0𝑈 (0+) =𝑀0𝑈0 in H−1(𝐴)
(31)

is pointwise null controllable in time 𝑇 > 0 if for all 𝑈0 ∈ dom(𝐴), there exists 𝐺 ∈ L2
𝜈
(ℝ,0) with spt𝐺 ⊆ [0,∞) such

that the solution 𝑈 ∈ L2
𝜈
(ℝ,) given by

𝑈 = 𝑆
𝜈

(
𝐵𝐺 − 𝟏[0,∞)(𝑀1 + 𝐴)𝑈0

)
+ 𝟏[0,∞)𝑈0

satisfies𝐻−1(𝐴) ∋𝑀0𝑈 (𝑇 ) = 0.

Note that in view of Theorem 4.7, we have 𝑀0𝑈 − 𝟏[0,∞)𝑀0𝑈0 ∈ 𝐻1
𝜈
(ℝ,𝐻−1(𝐴)), so we can actually perform the point

evaluation at 𝑇 .

For 𝑈0 ∈ dom(𝐴) and 𝐺 ∈ L2
𝜈
(ℝ,0) with spt𝐺 ⊆ [0,∞), let 𝑈𝐺 ∈ L2

𝜈
(ℝ,) be given by

𝑈
𝐺 ∶= 𝑆

𝜈

(
𝐵𝐺 − 𝟏[0,∞)(𝑀1 + 𝐴)𝑈0

)
+ 𝟏[0,∞)𝑈0.

Moreover, let 𝑈 ∈ L2
𝜈
(ℝ,) be given by

𝑈 ∶= 𝑆
𝜈

(
−𝟏[0,∞)(𝑀1 + 𝐴)𝑈0

)
+ 𝟏[0,∞)𝑈0.

Then,𝑀0𝑈
𝐺 − 1[0,∞)𝑀0𝑈0, 𝑀0𝑈 − 1[0,∞)𝑀0𝑈0 ∈ H1

𝜈
(ℝ,H−1(𝐴)) and therefore also their difference

𝑀0𝑆𝜈(𝐵𝐺) =𝑀0(𝑈𝐺 − 𝑈 ) ∈ H1
𝜈
(ℝ,H−1(𝐴)).

Theorem 4.9. Let 𝑇 > 0. The following are equivalent:

i. Equation (31) is pointwise null controllability.

ii. ran
(
𝑀0𝑆𝜈

(
𝟏[0,∞)(𝑀1 + 𝐴)(⋅)

)
(𝑇 ) −𝑀0(⋅)

)
⊆ ran

(
𝑀0𝑆𝜈𝐵𝟏≥𝑇 ,𝜈(⋅)(𝑇 )

)
.

Proof.

i.⇒ ii. Let ℎ ∈ ran
(
𝑀0𝑆𝜈

(
𝟏[0,∞)(𝑀1 + 𝐴)(⋅)

)
(𝑇 ) −𝑀0(⋅)

)
. Then, there exists 𝑈0 ∈ dom(𝐴) such that

ℎ =𝑀0𝑆𝜈
(
𝟏[0,∞)(𝑀1 + 𝐴)𝑈0

)
(𝑇 ) −𝑀0𝑈0. By (i), there exists 𝐺 ∈ L2

𝜈
(ℝ,0) with spt𝐺 ⊆ [0,∞) such

that𝑀0𝑆𝜈
(
𝐵𝐺 − 𝟏[0,∞)(𝑀1 + 𝐴)𝑈0

)
(𝑇 ) +𝑀0𝑈0 = 0. Thus,

ℎ =𝑀0𝑆𝜈(𝐵𝐺)(𝑇 ) ∈ ran
(
𝑀0𝑆𝜈

(
𝐵𝟏
≥𝑇 ,𝜈

(⋅)
)
(𝑇 )

)
.

ii.⇒ i. Let 𝑈0 ∈ dom(𝐴). Then, by (ii), there exists some 𝐺 ∈ L2
𝜈
(ℝ,0) with spt𝐺 ⊆ [0,∞) such that

𝑀0𝑆𝜈
(
𝟏[0,∞)(𝑀1 + 𝐴)𝑈0

)
(𝑇 ) −𝑀0𝑈0 =𝑀0𝑆𝜈(𝐵𝐺)(𝑇 ).

Let 𝑈 ∶= 𝑆
𝜈

(
𝐵𝐺 − 𝟏[0,∞)(𝑀1 + 𝐴)𝑈0

)
+ 𝟏[0,∞)𝑈0 ∈ L2

𝜈
(ℝ,). Then, 𝑈 − 𝟏[0,∞)𝑈0 ∶ ℝ→ 𝐻

−1(𝐴) is continuous,
and thus,

𝑀0𝑈 (𝑇 ) =𝑀0𝑆𝜈
(
𝐵𝐺 − 𝟏[0,∞)(𝑀1 + 𝐴)𝑈0

)
(𝑇 ) +𝑀0𝑈0 = 0. ◽

In view of Theorem 4.9, we are missing is a corresponding observability inequality for the 𝜈-adjoint operators. The key
difficulty here is to cope with the point evaluations with values in H−1(𝐴) and their representations in L2

𝜈
(ℝ,H−1(𝐴)). We

thus formulate this as an open problem.

Open Problem 4.10. Find a suitable observability inequality for the 𝜈 -adjoint operators in the context of Theorem 4.9.
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Endnotes
1 We are using [0, 𝑆] for the time interval in this example because 𝑇 already stands for the elasticity.
2 Mind that the boundedness of 1 and the closedness of 𝜕

𝑡,𝜈
allow for the sum and the adjoint to interchange.

3 For 𝑓 ∈ dom(𝐴), we have (1 + 𝜀𝜕
𝑡,𝜈
)−1
𝑓

𝜀→0+
−−−→𝑓 and 𝐴(1 + 𝜀𝜕

𝑡,𝜈
)−1
𝑓 = (1 + 𝜀𝜕

𝑡,𝜈
)−1
𝐴𝑓

𝜀→0+
−−−→𝐴𝑓 .

4 Recall that the eventual independence of the original evolutionary equation and 𝜑(⋅) ⋅ 𝑥 ∈ L2
𝜈
(ℝ,) ∩ L2

−𝜂(ℝ,) imply 𝑆
𝜈
(𝜑(⋅) ⋅ 𝑥) =

𝑆
𝜂
(𝜑(⋅) ⋅ 𝑥).

5 Recall 𝐴∗𝜈 = −𝐴 and 𝐴 ↾dom(𝜕
𝑡,𝜈
) = 𝐴.

References

1. R. Picard, “A Structural Observation for Linear Material Laws in Classical Mathematical Physics,” Mathematical Methods in the
Applied Sciences 32, no. 14 (2009): 1768–1803, https://doi.org/10.1002/mma.1110.

2. R. Picard and D. McGhee, Partial Differential Equations. A Unified Hilbert Space Approach, vol. 55 (De Gruyter, 2011), https://doi.
org/10.1515/9783110250275.

3. D. McGhee and R. Picard, “A Note on Anisotropic, Inhomogeneous, Poro-Elastic Media,” Mathematical Methods in the Applied
Sciences 33, no. 3 (2010): 313–322, https://doi.org/10.1002/mma.1171.

4. R. Picard, S. Trostorff, and M. Waurick, “On Evolutionary Equations With Material Laws Containing Fractional Integrals,” Mathe-
matical Methods in the Applied Sciences 38, no. 15 (2015): 3141–3154, https://doi.org/10.1002/mma.3286.

5. R. Picard, “On Well-Posedness for a Piezo-Electromagnetic Coupling Model With Boundary Dynamics. An Evo-System Approach,”
Computational Methods in Applied Mathematics 17, no. 3 (2017): 499–513, https://doi.org/10.1515/cmam-2017-0005.

6. R. Picard, S. Trostorff, and M. Waurick, “On a Comprehensive Class of Linear Control Problems,” IMA Journal of Mathematical
Control and Information 33, no. 2 (2016): 257–291, https://doi.org/10.1093/imamci/dnu035.

7. R. Picard, S. Seidler, S. Trostorff, and M. Waurick, “On Abstract Grad-div Systems,” Journal of Differential Equations 260, no. 6 (2016):
4888–4917, https://doi.org/10.1016/j.jde.2015.11.033.

8. A. J. Mulholland, R. Picard, S. Trostorff, and M. Waurick, “On Well-Posedness for Some Thermo-Piezoelectric Coupling Models,”
Mathematical Methods in the Applied Sciences 39, no. 15 (2016): 4375–4384, https://doi.org/10.1002/mma.3866.

9. A. Buchinger and M. Doherty, “On Some Impedance Boundary Conditions for a Thermo-Piezo-Electromagnetic System,” in Systems
Theory and PDEs. Open Problems, Recent Results, and New Directions, eds. F. L. Schwenninger and M. Waurick (Birkhäuser, 2024), 1–24,
https://doi.org/10.1007/978-3-031-64991-21.

10. S. Trostorff and M. Waurick, “On Differential-Algebraic Equations in Infinite Dimensions,” Journal of Differential Equations 266,
no. 1 (2019): 526–561, https://doi.org/10.1016/j.jde.2018.07.051.

11. R. Picard, D. McGhee, S. Trostorff, and M. Waurick, A Primer for a Secret Shortcut to PDEs of Mathematical Physics (Birkhäuser,
2020), https://doi.org/10.1007/978-3-030-47333-4.

22 Mathematical Methods in the Applied Sciences, 2026

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.70339 by T

echnische U
niversität H

am
burg U

niversitätsbibliothek, W
iley O

nline L
ibrary on [25/01/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

https://doi.org/10.1002/mma.1110
https://doi.org/10.1002/mma.1110
https://doi.org/10.1515/9783110250275
https://doi.org/10.1515/9783110250275
https://doi.org/10.1515/9783110250275
https://doi.org/10.1002/mma.1171
https://doi.org/10.1002/mma.1171
https://doi.org/10.1002/mma.3286
https://doi.org/10.1002/mma.3286
https://doi.org/10.1515/cmam-2017-0005
https://doi.org/10.1515/cmam-2017-0005
https://doi.org/10.1093/imamci/dnu035
https://doi.org/10.1093/imamci/dnu035
https://doi.org/10.1016/j.jde.2015.11.033
https://doi.org/10.1016/j.jde.2015.11.033
https://doi.org/10.1002/mma.3866
https://doi.org/10.1002/mma.3866
https://doi.org/10.1007/978-3-031-64991-21
https://doi.org/10.1007/978-3-031-64991-21
https://doi.org/10.1016/j.jde.2018.07.051
https://doi.org/10.1016/j.jde.2018.07.051
https://doi.org/10.1007/978-3-030-47333-4
https://doi.org/10.1007/978-3-030-47333-4


12. C. Seifert, S. Trostorff, and M. Waurick, Evolutionary Equations. Picards Theorem for Partial Differential Equations, and Applications,
vol. 287 (Birkhäuser, 2022), https://doi.org/10.1007/978-3-030-89397-2.

13. A. Kalauch, R. Picard, S. Siegmund, S. Trostorff, and M. Waurick, “A Hilbert Space Perspective on Ordinary Differential
Equations With Memory Term,” Journal of Dynamics and Differential Equations 26, no. 2 (2014): 369–399, https://doi.org/10.1007/
s10884-014-9353-6.

14. J.-L. Lions, Contrôlabilité Exacte, Perturbations et Stabilisation de Systèmes Distribués. Tome 1: Contrôlabilité Exacte, vol. 8 (Masson,
1988).

15. A. V. Fursikov and O. Y. Imanuvilov, Controllability of Evolution Equations. Lecture Notes Series 34. (Seoul National University,
Research Institute of Mathematics, Global Analysis Research Center, 1996).

16. M. Tucsnak and G. Weiss, Observation and Control for Operator Semigroups (Birkhäuser, 2009), https://doi.org/10.1007/
978-3-7643-8994-9.

17. R. G. Douglas, “On Majorization, Factorization, and Range Inclusion of Operators on Hilbert Space,” Proceedings of the American
Mathematical Society 17, no. 2 (1966): 413–415, https://doi.org/10.1090/S0002-9939-1966-0203464-1.

18. S. Dolecki and D. L. Russell, “A General Theory of Observation and Control,” SIAM Journal on Control and Optimization 15, no. 2
(1977): 185–220, https://doi.org/10.1137/0315015.
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