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Abstract

In this thesis, we use concepts from Information Geometry (IG), such
as Natural Gradient Descent (NG), to improve the training of a Helmholtz
Machine (HM) through the design and implementation of a novel algorithm
called the Natural Reweighted Wake-Sleep (NRWS).

First, we prove that for any Directed Acyclic Graph (DAG) the associated
Fisher Information Matrix (FIM), which describes the geometry of the statis-
tical manifold, has a fine-grained block-diagonal structure that is efficient to
invert. By exploiting the fact that the HM is composed of two DAG networks,
we adapt its training algorithm into the NRWS implementing NG.

The NRWS not only achieves better performance in the minimum of the
optimization loss compared to other training methods, such as the Reweighted
Wake-Sleep (RWS) and Bidirectional Helmholtz Machine but also outperforms
them in both epochs and wall-clock time. In particular, we present how the
NRWS achieves state-of-the-art performance on standard benchmark datasets
(MNIST, FashionMNIST, and Toronto Face Dataset) based on the importance
sampling estimation of the log-likelihood of the HM.

By adapting Accelerated Gradients (AG) methods to operate within the
geometry defined by the FIM of the HM, we further improve the performance
of the NRWS. Using first-order AG methods, such as Momentum and Nes-
terov Momentum, improves the convergence rate of the NRWS without any
computational overhead. Additionally, we develop a regularizer method based
on the Maximum Entropy Principle, named the Entropy Regularizer (ER),
which we show further improves the NRWS by reaching lower optimization
loss and narrowing the generalization gap of the algorithm without extra
time penalty, which can also be applied to non-geometric training methods.
Conveniently, the NRWS framework is compatible with continuous random
variables; hence, we show how the FIM can be derived for normally distributed
hidden variables.

Finally, we explore the possibilities of using HMs with Convolutional
Neural Networks (CNNs) by computing the FIM for such network topologies
and showing that the resulting matrix also has a finely-grained block-diagonal
structure. We finish by presenting a hypothesis on the difficulties of using
CNNs with HMs and NRWS. We make significant contributions to the field
of IG and HM, with numerous findings that could be further explored or
reused in other research fields. Our results can represent a starting point
for future research on improving training algorithms for neural networks and
deep learning models using geometric methods, such as the NG.
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Chapter 1

Introduction
The Natural Gradient (NG), introduced by Shun-ichi Amari, is a non-
Euclidean extension of the traditional gradient for optimization over statistical
models. The NG follows the steepest descent during training, according to the
Fisher-Rao metric defined over the statistical model, and it has been proven
both empirically and theoretically to lead to a speed-up of the convergence
and to better optimization results.

In the last two decades, there has been a lot of research in the application
of the NG to Machine Learning tasks, however, there are only a few instances
where such a method reached mainstream use in real-world applications. The
reason for this is two-fold, the efficiency in the computation of the NG depends
both on the model and on its parameterization, which determines the Fisher
Information Matrix (FIM) representing the metric tensor. However, another
difficulty is in inverting the FIM, needed for the computation of the NG, an
operation that scales more than quadratically with the size of the parameters
of the statistical model.

In this thesis, we study the geometry of the statistical model associated
with a Helmholtz Machine (HM) and we show that HMs have the property
that their associated FIM have a fine-grained block-diagonal structure. Our
purpose is to leverage the geometric structure of HMs to facilitate the efficient
computation of the FIM and its inverse. This approach enables us to design a
novel family of algorithms based on the NG method. Our proposed algorithms
outperform modern state-of-the-art methods for the training of HMs in terms
of training time and in the quality of the reached optimum after convergence.
Additionally, we investigate how regularization, gradient acceleration, and
convolutional networks can take advantage of the geometrical properties in
the HM, such as the structure of the FIM and the locality of its gradients.

1.1 Context and Motivation

Deep generative models have been successfully employed in unsupervised
learning to model complex and high dimensional distributions thanks to their
ability to extract higher-order representations of the data and thus generalize
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better (Hinton et al., 2006; Bengio, 2009). An approach that proved to be
successful and thus is common to several models is based on the use of two
separate networks: the recognition network, i.e., the encoder, that provides
a compressed latent representation for the input data; and the generative
network, i.e., the decoder, able to reconstruct the observation in output.
Autoencoders (AEs) (LeCun, 1987; Bourlard and Kamp, 1988; Kramer, 1991;
Hinton and Zemel, 1993) are a classical example of this paradigm, where both
the encoder and the decoder are commonly implemented as deterministic
feed-forward networks.

Variational Autoencoders (VAEs) (Kingma and Welling, 2014; Rezende
et al., 2014) introduce an approximate posterior distribution over the latent
variables which are then sampled, thus resulting in stochastic models. More
modern variants of the VAE such as the VQ-VAE (Van Den Oord et al.,
2017; Razavi et al., 2019) are capable of learning and generating fully natural
looking images, with highly realistic details, and in some cases, they can even
generate realistic fantasy images based on text prompts, as in the case of
DALL-E (Ramesh et al., 2021).

Yet another generative model is in the form of Generative Adversarial
Networks (GANs)(Goodfellow et al., 2014), where the two networks are set
in an adversarial setting, where the one learns to generate samples that are
identical to the ones from the dataset, and the other attempts to discriminate
the generated samples from the original ones. Alternative and improved
versions of it, such as the WassersteinGAN (Arjovsky et al., 2017) reach
similarly good, state-of-the-art performance in image generation tasks, as the
aforementioned VQ-VAE.

Alternatively, Helmholtz Machines (HMs) (Dayan et al., 1995) are AEs
which consist of a recognition and a generative network both modeled as
Sigmoid Belief Networks (SBNs) (Neal, 1992), characterized by discrete hidden
variables, differently from standard VAEs which commonly adopt continuous
Gaussian variables only in the bottleneck layer. HMs did not garner popularity
in recent years such as VAEs and GANs, although their network structure has
some advantages over the other methods. Namely, from the locality of their
gradients, thanks to the SBNs, it follows that their training is not based on
back-propagation (Rumelhart et al., 1986) through the layers of the network,
but by local layer-wise interactions. In this thesis, we will exploit specifically
this property of HMs in order to design a novel algorithm with the use of IG
concepts.

The training of stochastic models is a challenging task in deep learn-
ing (Glorot and Bengio, 2010a). This extends to generative models based
on stochastic models, which are commonly trained by the maximization of
the likelihood, or equivalently, by the minimization of a divergence function
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between the unknown distribution of the data and the one of the generative
model. The challenges for the optimization task are due to the presence of
terms that are computationally expensive to estimate, such as the partition
function.

A possible solution to this problem resides in the introduction of a family
of tractable approximate posterior distributions (Wainwright et al., 2008),
parameterized by the encoder network. In the presence of continuous hidden
variables, for which the stochastic back-propagation of the gradient is possible,
as in VAEs, the encoder and decoder networks can be trained simultaneously,
through the definition of a unique loss function that corresponds to a lower-
bound for the likelihood, i.e., the ELBO (Kingma and Welling, 2014; Rezende
et al., 2014).

In the presence of discrete hidden variables, as for HMs, this approach
cannot be directly employed, since it is not possible to back-propagate through
stochastic layers. Thus the standard training procedure of HM is the well-
known Wake-Sleep (WS) (Hinton et al., 1995) algorithm, in which two opti-
mization steps for the parameters of the recognition and generative networks
are alternated. The WS algorithm, as well as more recent advances (Born-
schein and Bengio, 2015; Bornschein et al., 2016; Wenliang et al., 2020; Hewitt
et al., 2020), relies on the conditional independence between the hidden vari-
ables of each layer, which allows a factorization of the loss function as in
directed graphical models (Lauritzen, 1996). This leads to a computationally
efficient formula for the weights update which does not require the gradients to
be back-propagated through the full network. An alternative to WS for HMs
is given by the REINFORCE algorithm (Williams, 1992), which is popular in
the Reinforcement Learning literature. However, differently from WS, with
REINFORCE the variance of the gradient grows linearly with the number of
the parameters of the network, an issue addressed in several modern variants,
for instance, in the works of Mnih and Gregor (2014), Tucker et al. (2017),
Grathwohl et al. (2018) and Kool et al. (2020).

Besides the choice of the specific loss function to be optimized, depending
on the nature of the generative model, in the literature, several approaches
to speed up the convergence during training have been proposed, through
the definition of different optimization algorithms. One line of research,
initiated by Amari and co-workers (Amari, 1998, 1997), takes advantage of a
geometric framework based on notions of Information Geometry (IG) (Amari
and Nagaoka, 2000), leading to the definition and use of the Natural Gradient
(NG). Whenever the loss function is defined over a statistical manifold of
distributions, whose geometry is given by the Fisher-Rao metric, the NG
of the function to be optimized corresponds to the Riemannian gradient of
the function itself, computed with respect to the metric of the manifold.
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In general, the computation of the NG requires the inversion of the Fisher
Information Matrix (FIM), and for this reason, often it cannot be directly
applied for the training of large neural network due to its computation cost.

Several approaches have been proposed in the literature to counteract
the computational cost (Desjardins et al., 2013, 2015; Grosse and Martens,
2016; Ollivier, 2015; Martens and Grosse, 2015), which are all based on
more or less sophisticated approximations of the structure of the FIM. By
introducing different independence assumptions between random variables
from the network, certain blocks of the FIM are set to zero a priori or,
alternatively, they admit specific representations (such as low-rank updates of
a diagonal matrix or Kronecker products of matrices) which allow its efficient
inversion. A different view is provided by Sun and Nielsen (Sun and Nielsen,
2017), who propose to compute a local version of the Fisher-Rao metric,
that they call Relative Fisher Information Matrix, used to analyze the local
learning dynamics in a large system. Yet a different approach is introduced
by Lin et al. (2021), where they describe a method for the computation of
the natural gradient based on the use of local-parameter coordinates, which
can be applied to several distributions and algorithms.

NG has been previously applied for the training of generative models. In
particular, in the work of Lin et al. (2017) the NG is applied to the large
class of Variational Autoencoders with non-conjugate latent graphical models
by exploiting the geometry of the variational distribution in the computation
of the updates in the mean-parameter space. Along a similar line of research,
Zhang et al. (2018a) proposes the use of the NG in connection to variational
inference for the training of Bayesian neural networks. Differently from this
work, in both cases, the NG exploits a metric defined over the space of the
parameters that identify the approximate posterior distribution, instead of
the metric associated with the space of the weights associated with the whole
neural network.

In this thesis, we follow a different approach for the training of HM based
on the computation of the NG without the need to approximate the FIM
before its empirical evaluation. Motivated by preliminary results from (Ay,
2002) for the computation of the FIM for an SBN, we observe that the
matrix associated with the joint statistical model represented by a HM takes
a block-diagonal structure, where the block sizes depend linearly on the size
of each hidden layer. This result, which can be seen as a direct consequence
of the topology of the directed graphical model associated with the SBN,
does not require the introduction of any additional independence assumption
between random variables in the FIM, with the purpose of further simplifying
the structure of the FIM, before its empirical evaluation. Notice that the
level of sparsity for the FIM in SBNs is superior to that associated with the
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standard assumption of independence between layers, where the width of the
individual blocks of the FIM is given by the product of the sizes of adjacent
hidden layers. Indeed, for SBNs we have a finely-grained block-diagonal
structure for the FIM, with block widths given by the sizes of the hidden
layers. A consequence of these finer-grained blocks is that the number of zero
off-diagonal blocks in the FIM grows by a quadratic factor, which allows for
a more computationally efficient inversion of the matrix.

Based on these observations we propose an efficient geometric adaptation
of the Reweighted Wake-Sleep (RWS) (Bornschein and Bengio, 2015) for the
training of HMs, where the gradient is replaced by the corresponding NG. The
increased sparsity of the FIM, which is a direct consequence of the topology
of the network, limits the impact on the cost per iteration of the use of the
NG. This has the advantage of allowing for an exact computation of the NG
for a given batch, not requiring further assumptions in terms of the structure
of the FIM. This leads to an advantage in the speed-up in convergence during
training in terms of epochs, while limiting the computational overhead.

The main contributions of this thesis in order to design a computationally
efficient algorithm based on NG for the training of HMs are the following:

1. The design of a novel algorithm called Natural Reweighted Wake-Sleep
(NRWS) which exploits a finely-grained block-diagonal structure for the
FIM. Such structure for the FIM:

(a) has never been exploited before in the training of HMs, not even
for deterministic networks, indeed previous observations about the
structure of the FIM have not been used in training (Ay, 2002,
2020);

(b) differently from other models, it is exact, i.e., for HM the sparsity
structure is not an approximation/assumption but it derives from
conditional independence among variables set by the network
topology;

(c) is made of smaller-sized blocks (thus it is more efficient to be
computed) than the standard block-diagonal structure used in
previous works cf. Sun and Nielsen (2017) and Zhang et al. (2018a).

2. Our results on different datasets show that our algorithm is able not
only to converge to a better value for the loss both in training and
test compared to RWS and BiHM (which are state-of-the-art in the
literature for HM), but also to achieve faster convergence, not only in
terms of epochs but also in wall-clock time. This is a strong result, since
NG often suffers from large computation complexity which prevents
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its use in practice. We present an additional improvement for all WS
based algorithms, which can be used without any noticeable drawback
on performance.

3. We present how accelerated gradient methods such as Momentum
(Polyak, 1964), Nesterov Momentum (Nesterov, 1983) and Adam (Kingma
and Ba, 2015) can be used with NRWS to speed up the convergence
rate, under some simple assumptions. We show that HMs can benefit
from both accelerated and natural gradients, at the same time, reaching
state-of-the-art performance on our datasets.

4. We design a regularization method for training algorithms, called the
Entropy Regularizer, for HMs that is based on the Maximum Entropy
Principle (Jaynes, 1957). Such a regularization method:

(a) improves on the performance of all WS based algorithms in reaching
lower optimization minima on all the evaluated datasets;

(b) has a faster convergence rate in our experiments;
(c) improves the performance of the optimization on datasets where

traditional regularization methods based on the Euclidean norm
of the weights cannot.

5. We show how one can use continuous distributions, i.e., Gaussians,
together with HMs in order to represent continuous data, and we show
that the structure of the FIM remains finely-grained block-diagonal
when using such distributions with the NRWS.

6. We prove that convolutional networks also have finely-grained block-
diagonal structures in the FIM and we derive the exact formula for
the FIM of convolutional and deconvolutional layers. We present hy-
potheses about why convolutional layers present limitations when used
directly with HMs and give some intuition about the motivation for
such behavior.

1.2 Structure of the Thesis
The thesis is organized as follows: The first two chapters introduce topics that
are important for the understanding of the thesis. Chapter 2 describes basic
concepts about neural networks, an introduction to the HM, and the WS
algorithm, as well as improved versions of those, i.e., the RWS and the BiHM.
Chapter 3 describes the key concepts of IG that are needed to understand
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the work that we did in this thesis. Here we give formal definitions of
statistical manifolds, tangent spaces, metrics, divergences, curves, and parallel
transports, among others. Most importantly here we define the role of the
NG and its relationship to the FIM. In Chapter 4 we derive the FIM which
is associated with the statistical model defined by the HM, and we study
the intrinsic structure of the matrix. In Chapter 5 we describe an algorithm
that we call NRWS, which builds on the previous state-of-the-art method
RWSBornschein and Bengio (2015) to train HMs by using the NG. We present
how the novel algorithm and a couple of its variants outperform the other
methods on common benchmark datasets. In the following two chapters, we
present our work on developing the NRWS to be a more versatile algorithm.
In Chapter 6 we look at gradient acceleration methods and how they can
be employed effectively with NRWS. Furthermore, we study the behavior
of well-known regularization methods in conjunction with the NRWS and
develop a novel and geometrically sound regularization method. Finally, we
present the combined effect of regularization and gradient acceleration on
the NRWS to reach improved state-of-the-art performance, compared to the
previous chapter. In Chapter 7, we adapt NRWS to work with continuous
random variables, by deriving the FIM for HMs with normal distributions.
In the second part of the chapter, we prove that an HM using convolutional
networks has an associated FIM with a finely-grained block-diagonal structure,
similarly to dense layers, and we present the raised implications by it from a
practical perspective. Finally, in Chapter 8 we present the conclusions of the
thesis and potential future avenues of research.

At the end of the thesis, one can find sections that describe the acronyms
and symbols, as well as lists of the figures and tables, used in the thesis.
Finally, we finish with supplementary material in the form of appendices: a
guide to reproducing the experiments, information about hyperparameter
tuning and data augmentation, and an intuitive description of the working
mechanism behind convolutional layers.

1.3 Notation
Throughout this thesis, many concepts from probability theory and statistics
are used. In different research communities, different notations are used when
talking about the same concepts, therefore in this section, we describe briefly
the notation choices we made.

We will denote all probability measures and/or distributions with small
letters, typically p or q. Furthermore, since most of the time we are dealing
with specifically the statistical model associated with the HM, we introduce
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some notation that we use for states and random variables. We rarely use a
state that is different from 1 or 0 but some specific variable, so instead of using
capital letters for random variables, we use small letters, like x for visible
variables or h for hidden ones. These same symbols are used to represent
also the states of the variables, which usually correspond to the outputs of
individual nodes of the neural network, thus hi corresponds to the state of
the i-th layer.

We use small Greek letters such as θ and ϕ, as parameters of the probability
distributions. For specific distributions, i.e., normal distribution, we use their
canonical parameters µ as the mean and σ as the standard deviation.

Instead of the more commonly used p(·; θ) notation for underlining that
θ is the parameter that controls p, we use the simpler pθ(·). Sometimes, we
further simplify by writing just p(·), without θ, when the parameterization is
obvious or unnecessary in the calculations. In the context of HMs, we always
parameterize p by θ and q by ϕ for the generative and recognition networks,
respectively, so when a parameter is not explicitly specified for brevity, one
should assume such parameterization.

Calculating some quantities in the thesis requires using two separate
notations to differentiate between exact and empirically estimated values.
When referring to the exact values of some quantities, like the loss function L
and the FIM F , we represent them as uppercase calligraphic letters. When
these same quantities are estimated from samples, we represent them as
simple uppercase letters L and F with the relationship L ≃ L and F ≃ F ,
where ≃ represents similarity by estimation.

1.4 Reproducibility of Experiments
All experiments were programmed in Python and optimized with the help of
Tensorflow 1.15 (Abadi et al., 2015) to take advantage of the high levels of par-
allel computations by running the experiments on Graphical Processing Units
(GPU). Experimental details such as hyperparameters, hardware and datasets
are explained in the Appendix A. The implementation of the experiments is
publicly available at https://github.com/szokejokepu/natural-rws.

https://github.com/szokejokepu/natural-rws
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Chapter 2

Helmholtz Machines
The Helmholtz Machine (HM), introduced by Dayan et al. (1995), is a
generative model based on optimizing the Helmholtz Free Energy (HFE)
(Helmholtz, 1882) of the statistical model. In this section we present how the
HM is constructed, what is the basis for this structure and how to train it
through the Wake-Sleep (WS) algorithm (Hinton et al., 1995).

Later, we describe the Reweighted Wake-Sleep (RWS) (Bornschein and
Bengio, 2015) which improves on the performance of the WS with minimal to
no drawbacks. We also present the Bidirectional Helmholtz Machine (BiHM)
(Bornschein et al., 2016), which changes the learning mechanic of the HM
from the two alternating objectives of WS to a single objective. The RWS
and BiHM are the state-of-the-art methods on HM which we use as baseline
for our experiments later in the thesis.

We conclude the chapter by introducing some common generative models
that are used in Machine Learning research in order to show the current state
of generative models. We point to key differences, both the advantages and
disadvantages, between these and the HM, in order to put into context the
current research.

2.1 Helmholtz Machines

Deep generative models have been successfully employed in unsupervised
learning to model complex and high dimensional distributions thanks to their
ability to extract higher-order representations of the data and thus generalize
better (Hinton et al., 2006; Bengio, 2009). Generative models have as main
goal approximating some probability distribution of data pD(x) of which only
a subset is known in the form of a set of samples, called a dataset (D). Once
the distribution is learned, the model has to be able to generate samples
from it, which have a high likelihood w.r.t the true data distribution pD(x).

The HM is a deep generative model constructed from two networks, called
the generative and recognition networks. The generative network is the one
which is learning the true probability distribution pD, while the recognition
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network learns to infer the posterior distribution of the former. 1 This
two-network construction is common in deep generative models, which we
present in Section 2.3.

The networks of the HM, as classically defined in the work of Dayan et al.
(1995), are Sigmoid Belief Networks. However, this is not a constraint, as one
could use any probability distribution as we show in Section 7.1.

2.1.1 Sigmoid Belief Networks

Sigmoid Belief Networks (SBNs) (Neal, 1990) are a class of models correspond-
ing to a sequence of stochastic layers, which typically consist of vectors of
conditionally independent binary random variables. The activations on each
layer of an SBN are sigmoid functions, which generate as output the mean
parameters of Bernoulli distributions, one for each hidden random variable.
The sigmoid function s : R → (0, 1) is defined as

s(x) = 1
1 + e−x

.

Let x = (x1, . . . , xl0) be the vector of visible variables, h = {h1, . . . , hM}
the set of hidden variables, where each hi = (hi,1, . . . , hi,li) is a vector of
hidden variables, corresponding to layer i, M the total number of layers and
li is the length of the vector of variables of layer i. An SBN can be associated
to a joint probability distribution pθ(x, h), parameterized by θ = (θ0, . . . , θM )
which factorizes as a directed graphical model (Lauritzen, 1996)

pθ(x, h) = pθ0(x|h1)pθ1(h1|h2) · · · pθM−1(hM−1|hM)pθM (hM) , (2.1)

where each vector of random variables in hi at layer i only depends on
the variables hi+1 of the previous layer and (hi,1, . . . , hi,li) are conditionally
independent of each other.

Note 1
Often, to simplify sums and products we implicitly treat x as h0, therefore we
can abbreviate

p(x|h1)p(h1|h2) . . . p(hM) to
[︄

M−1∏︂
i=0

p(hi|hi+1)
]︄
p(hM) .

1The pair of networks is also sometimes referred to as the decoder (generative) and
encoder (recognition) networks in the literature.
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Typically in SBNs a node j from layer i will be a linear function with the
parameters θi,j = {W i,j, bi,j} followed by a sigmoid activation function

ρi,j = s
(︃(︂
W i,j

)︂⊤
· hi+1 + bi,j

)︃
. (2.2)

To simplify the notation we consider bi,j as the zeroth element of the vector
W i,j (W i,0 = bi), and expand hi+1 with a 1, to have a more compact inner-
product between the weights and the inputs (W i,j)⊤ · [1 : hi+1].

...

Bern
sample

Figure 2.1: Node of a sigmoid network

Finally, the output of the sigmoid is used as the mean parameter of a
Bernoulli distribution, from which the state of the next node is sampled

Bern
(︃
hi,j; ρ = s

(︃(︂
W i,j

)︂⊤
· [1 : hi+1]

)︃)︃
with p.d.f

p(hi,j|hi+1,j) = ρhi,j (1 − ρ)1−hi,j

.
(2.3)

The structure of such a node is represented in Figure 2.1.
We can calculate the activations for a whole layer i by treating the vector

W i,j as row j of the matrix W i, and sampling the next layer from li Bernoulli
distributions with the mean parameters s (W i · [1 : hi+1]).

The Helmholtz Machine (HM) (Dayan et al., 1995) is a generative model
that consists of a sequence of stochastic layers, one on top of the other, where
the layer at the bottom is the visible layer x, while the others are the hidden
ones hi. In an HM, the consecutive layers are connected in opposite directions
with two different SBNs, called the recognition and generative networks. The
recognition network starts from the input x towards the last hidden layer hM ,
and is meant to infer the latent variables of the HM, while the generative
network begins with hM and propagates down to the input x to generate new
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R net = G net = 

Figure 2.2: Structure of the Helmholtz Machine: (left) recognition network,
(right) generative network

data from the latent space. This enables us to define a generative distribution
p parameterized by θ, associated with the generative network, as well as a
recognition (conditional) distribution q parameterized by ϕ, representing the
recognition network. The distributions p and q factorize as follows:

pθ(x, h) = p(x|h1) p(h1|h2) · · · p(hM−1|hM) p(hM) and (2.4)
qϕ(h|x) = q(hM |hM−1) · · · q(h2|h1) q(h1|x) . (2.5)

Usually, the higher the layer i is in the sequence, it becomes narrower in
width li, with the top layer hM being the “bottleneck” layer. The structure
of an HM is illustrated in Figure 2.2.

2.1.2 The Objective of Helmholtz Machines

The objective of the training of the HM is to find the parameters θ∗ that min-
imizes the Kullback-Leibler (KL) divergence 2 between the data distribution
pD and the generative distribution p of the HM:

θ∗ = arg min DKL [pD(x)||pθ(x)] (2.6)

2For more details about the KL divergence see Section 3.4.
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where pθ(x) corresponds to the Markov Chain shown in Eq. (2.4) marginalized
over the hidden variables h. By expanding the KL divergence

DKL [pD(x)||pθ(x)] =
∫︂
pD(x) ln pD(x)

pθ(x) dx (2.7)

=
∫︂
pD(x) ln pD(x)dx⏞ ⏟⏟ ⏞

independent of θ

−
∫︂
pD(x) ln pθ(x)dx (2.8)

we notice that the first term of the KL is independent of the parameterization,
the only term one can minimize is the expectation of the negative log-likelihood
of the model

arg min
θ

DKL [pD(x)||pθ(x)] = arg min
θ

Ex∼D[− ln pθ(x)] . (2.9)

This quantity is also called the Helmholtz Free Energy, on which we expand
in the next subsection.

2.1.3 Helmholtz Free Energy
In this subsection we describe the Helmholtz Free Energy (HFE) from a
historical perspective, and outline why and how it is used to optimize prob-
ability measures. The HFE comes from the world of physics, introduced
by Hermann von Helmholtz (Helmholtz, 1882), and it is commonly used to
describe the behavior of gasses. The HFE is defined as the difference between
the internal energy of the system and the entropy of the system multiplied
by the temperature,

F ≡ U − TH , (2.10)

where F is the HFE (SI: joules), U is the internal energy of the system (SI:
joules), T is the absolute temperature (kelvins) of the surroundings, modelled
as a heat bath, H is the entropy of the system (SI: joules per kelvin). In this
definition U is the expected value of the energy, given by

U = Ep[E] =
∑︂

i

p(Ei)Ei ,

where the energy Ei of each state i is described by a probability distribution
p, which is a Boltzmann distribution with temperature T

p(Ei) = e− Ei
T∑︁

j e
−

Ej
T

.Ei
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Following the above definition, the HFE can be understood as the remaining
energy after the internal potential energy transformed into the entropy. The
system is optimal and most efficient when all the energy is transformed by
the system, from which follows that the HFE is minimal.

Having in mind the physical definition of HFE, the generative distribution
of a Helmholtz Machine can be seen in a new light. Given the generative
distribution, we can think of the explanations of the internal variables h as

p(h|x) = p(x, h)
p(x) = p(x, h)∑︁

h′ p(x, h′) .

Using the definition EG[x, h] := − ln p(x, h) the above equation becomes

p(h = Hi|x) = e−EG[x,h]∑︁
h′ e−EG[x,h′ ]

.

We can clearly see that after the rewrite, our explanations p(h|x) can be
understood as the internal energy of a HFE model with temperature T = 1.

We can approach our object of minimization as the HFE of the generative
network:

FG(x) = − ln p(x)

which we can rewrite as

FG(x) = − ln p(x)

= − ln p(x)
[︄∑︂

h

p(h|x)
]︄

= −
∑︂

h

p(h|x) ln p(x)

= −
∑︂

h

p(h|x) ln
[︄
p(x, h)
p(h|x)

]︄
=
∑︂

h

p(h|x) ln p(h|x) −
∑︂

h

p(h|x) ln p(x, h)

= −HG[h|x] +
∑︂

h

p(h|x)EG [x, h]

= Ep(h|x) [EG [x, h]] − HG [h|x] .

From the above equation U = Ep(h|x)
[︂
EG [x, h]

]︂
is the expected energy of

the system and HG[h|x] is the entropy of the posterior distribution p(h|x).
We can also see that FG = − ln p(x) can in fact be written in the form of the



2.1. HELMHOLTZ MACHINES 23

HFE from Eq. (2.10). The name Helmholtz Machine is derived from the fact
that its goal is minimizing the HFE of the model FG.

At this point we could start applying gradient descent to minimize this
quantity, but we would quickly run into a problem, since the posterior p(h|x)
does not factorize nicely and calculating it is hard to infer in practice. This
issue is solved by the widely used training algorithm REINFORCE, which
we present shortly in Subsection 2.3.3, however the HM uses the different
approach of introducing a second distribution to learn the posterior.

2.1.4 Variational Approach
A common approach to solve the problem of learning the posterior is to use
the Variational or Reparameterization trick (Wainwright et al., 2008). Using
this trick means that instead of trying to estimate the posterior distribution
p(h|x), we introduce a different distribution q(h|x) to approximate it. This
is used in practice also for the training of the very common Variational
Autoencoder (VAE)s (Kingma and Welling, 2014; Rezende et al., 2014), which
we present in Subsection 2.4.1.

We define a recognition network as presented in Eq. (2.5) and shown in
Figure 2.2. Sometimes we need the joint probabilities of q, then we consider
the real distribution pD(x) as the visible distribution, i.e.,

q(x, h) = qϕ(h|x)pD(x) .

We learn the approximate posterior in such a way that it behaves similarly to
the true posterior. We can minimize the KL divergence between the two:

DKL [q(h|x)||p(h|x)] =
∑︂

h

q(h|x) ln q(h|x)
p(h|x)

=
∑︂

h

q(h|x) ln q(h|x) −
∑︂

h

q(h|x) ln p(h|x)

=
∑︂

h

q(h|x) ln q(h|x) −
∑︂

h

q(h|x) ln p(x, h)
p(x)

=
∑︂

h

q(h|x) ln q(h|x) −
∑︂

h

q(h|x) ln p(x, h) +
∑︂

h

q(h|x) ln p(x)

= −HR[h|x] +
∑︂

h

q(h|x)EG [x, h] + ln p(x)
∑︂

h

q(h|x)⏞ ⏟⏟ ⏞
=1

= −HR[h|x] + Eq(h|x) [EG [x, h]] − FG(x)

Reordering the terms we get

FG(x) + DKL [q(h|x)||p(h|x)] = Eq(h|x)[EG(h, x)] − HR(h|x) . (2.11)
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We can define a new objective as the variational free energy FR
G(x), which

as we can see, still behaves as a HFE

FR
G(x) := FG(x) + DKL [q(h|x)||p(h|x)]

= Eq(h|x)[EG(h, x)] − HR(h|x) .
(2.12)

The variational free energy is also sometimes referred to as the Evidence
Lower Bound (ELBO), and it is also the objective function optimized in
VAEs.

Calculating the gradients w.r.t. parameters θ of the generative network p
can now be done

∇θFR
G(x) = ∇θEq(h|x)[EG(h, x)] − ∇θHR(h|x)

= ∇θ

∑︂
h

q(h|x) ln q(h|x)⏞ ⏟⏟ ⏞
const. w.r.t. G

−∇θ

∑︂
h

q(h|x) ln p(x, h)

= −∇θ

∑︂
h

q(h|x) ln p(x, h)

= −
∑︂

h

q(h|x)∇θ ln p(x, h) , expand using Eq. (2.1)

= −
∑︂

h

q(h|x)∇θ ln pθ1(x|h1)pθ2(h1|h2) . . . pθM
(hM)

= −
∑︂

h

q(h|x)
M−1∑︂
i=0

∇θi ln pθi(hi|hi+1)

= −Eq(h|x)

[︄
M−1∑︂
i=0

∇θi ln pθi(hi|hi+1)
]︄

= −Eq(h|x) [∇θ ln pθ(x, h)] .

(2.13)

Calculating the gradients w.r.t. θ comes down to layer-wise derivatives, how-
ever when we try to optimize with respect of the weights ϕ of the recognition
network q the solution does not simplify as nicely.

2.2 The Wake-Sleep Algorithm
In the Wake-Sleep (WS) algorithm Hinton et al. (1995) and Dayan (2000)
found a solution to the problem introduced in the previous section. The
optimization algorithm consists of two phases which optimize the two networks
in an alternating way. The wake phase optimizes the weights of the generative
network p as described in Eq. (2.13). By sampling from the distribution pD(x)
and propagating through the recognition network q(h|x) for each layer, the
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derivatives can be calculated for the layer i by having the samples hi and
hi+1.

The sleep phase optimizes the weights of the recognition network q, however
instead of optimizing the variational free energy FR

G(x) it uses an objective
with the arguments of the KL divergence switched compared to Eq. (2.12).
Thus the objective of the sleep phase is

F̃R

G(x) = FG(x) + DKL [p(h|x)||q(h|x)]⏞ ⏟⏟ ⏞
args. switched compared to (2.12)

, (2.14)

which we call the augmented free energy. By using this minor tweak, the
derivation w.r.t. the parameters ϕ of the recognition network q simplifies
dramatically, and we get something similar to Eq. (2.13):

∇ϕF̃R

G(x) = ∇ϕ FG(x)⏞ ⏟⏟ ⏞
const. w.r.t. ϕ

+∇ϕ DKL [p(h|x)||q(h|x)]

= ∇ϕ

⎡⎣∑︂
h

p(h|x) ln p(h|x)⏞ ⏟⏟ ⏞
const. w.r.t. ϕ

−
∑︂

h

p(h|x) ln q(h|x)
⎤⎦

= −
∑︂

h

p(h|x)∇ϕ ln q(h|x)

= −Ep(x,h)[∇ϕ ln q(h|x)] .

(2.15)

Note 2
Note that changing the KL divergence is not symmetric, as discussed in
Subsection 3.4, so switching the arguments is not a trivial change and as
such it questions the convergence properties of WS. Why does the inverted
KL objective from Eq. (2.14) work?

Ikeda et al. (1999) studied the convergence properties of the WS with
special attention on the switching of the arguments. They show that in fact
this change has consequences and introduce a possible solution to circumvent
these. In Section 5.4 we present in more detail the convergence properties of
the WS through this work and we propose an alternative technique, which we
test empirically.

Note 3
In these derivations, we used the language and concepts of the HFE to discuss
how the HM works, similarly to the paper of Kirby (2006). However from
here on we will simply refer to the variational free energy FR

G(x) (Eq. (2.12))
as the loss of the wake phase Lp and to the augmented free energy F̃R

G(x)
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(Eq. (2.14)) as the loss of the sleep phase Lq as

Lp(x; θ) = − ln pθ(x) and (2.16)
Lq(x, h;ϕ) = − ln qϕ(h|x) . (2.17)

Thus the derivatives of the two phases are

∇θLp (x, h) = −Eq(h|x) [∇θ ln p(x, h)] and (2.18)
∇ϕLq (x, h) = −Ep(h,x) [∇ϕ ln q(h|x)] . (2.19)

This allows us to better compare with other algorithms, which are not neces-
sarily focused around the HFE.

Example: Sigmoid Belief Networks

Using the standard SBN setting for each node of the HM, with sigmoid acti-
vation functions and Bernoulli distributions, we can calculate the derivatives
of the different objectives. Starting with the wake phase and its objective
from Eq. (2.13), we continue to differentiate w.r.t. the parameters θi of the
network p, which comprises of weights W i and biases W i,0.

∇θi ln pθi(hi|hi+1) =

= ∇θi ln
(︂
ρi
)︂hi

(1 − ρi)1−hi , where ρi = s(W i · [1 : hi+1])
= hi∇θi ln ρi + (1 − hi)∇θi ln(1 − ρi)

= hi

ρi
∇θiρi + (1 − hi)

(1 − ρi)∇θi(1 − ρi) , knowing s′ = s(1 − s)

= hi

ρi
ρi(1 − ρi)[1 : hi+1] − (1 − hi)

(1 − ρi)ρ
i(1 − ρi)[1 : hi+1]

= hi(1 − ρi)[1 : hi+1] − (1 − hi)ρi[1 : hi+1]
= hi(1 − ρi)[1 : hi+1] − (1 − hi)ρi[1 : hi+1]
= (hi − ρi)[1 : hi+1] ,

(2.20)

where the simplification W i[1 : hi+1] is a compact form of W ihi−1 + W i,0.
Similarly we can calculate the gradients of the sleep phase. We continue
the derivation from Eq. (2.15), where ϕi = {V i} are the parameters of the
distribution q

∇ϕi ln q(hi|hi−1) =

= ∇ϕi ln
(︂
ψi
)︂hi−1

(1 − ψi)1−hi−1
, where ψi = s(V i[1 : hi−1])

. . .

= (hi − ψi)[1 : hi−1] .

(2.21)
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Note 4
In these derivations we used W i[1 : hi+1], however in practice we will sim-
plify this notation even further by writing just W ihi+1 instead and implicitly
understand that it includes also the bias term W i,0. The same simplification
also applies for the weights V i of the recognition network q.

R net = G net = 

Figure 2.3: Wake phase propagation.

We see that the gradient of the sleep phase simplifies similarly to the
gradient of the wake phase. The only thing left is to estimate the expectation
from the Eqs. (2.13) and (2.15).

Implementation of Wake-Sleep
A straightforward way to estimate the gradients for the different phases is to
do a Monte Carlo sampling on each layer of the HM. We can estimate the
result of some expectation by sampling multiple times from the distribution
according which the expectation is taken. According to the Law of Large
Numbers (Wainwright et al., 2008) the average of the samples will converge
to the true result of the expectation. Thus, to have better estimations of the
gradients we can sample the distribution S times and average the results.

Another common technique in contemporary Machine Learning research,
is the use of Minibatch Gradient Descent (MBGD) (Dekel et al., 2012) which
we can use to our advantage. The MBGD method can be understood as a
compromise between Stochastic Gradient Descent (SGD) and Batch Gradient
Descent (BGD), where instead of using a single sample or the whole dataset
for a single training step, we divide the dataset into equal sized so-called
minibatches, and average their results per training step. MBGD has some
implementation benefits from a parallel computation perspective, but what
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prior

R net = G net = 

Figure 2.4: Sleep phase propagation.

we are interested in is using B samples of the minibatch to improve the
estimation of our expectations.

Combining the Monte Carlo sampling with MBGD results in a better
estimation of the expectations for the gradients, because of the increased
number of total samples. In the case of the wake phase the sampling is done
from the dataset, with x ∼ D which are propagated first upwards through
the recognition network q, by sampling hi from q(hi|hi−1). In the generation
network, we take a sample hi sampled from the recognition network and
transfer it to the generation network to sample hi−1 from it, as seen in Figure
2.3.3

The gradients are calculated layer-wise from the empirical estimation of
the loss Lp (≃ Lp), as in Eq. (2.20), and are averaged over S samples and B
number of elements in the mini-batch, i.e.,

B·S∑︂
k=1

∇θLp,(k) =
B·S∑︂
k=1

∂ ln p(x, h(k))
∂θ

with x(k), h(k) ∼ q(x, h) . (2.22)

In the case of the sleep phase, we take binary samples from a uniform prior
distribution, and we input these in the top-most layer hM . This operation is
called a “dream”, hence the name, sleep. These samples are then propagated
down through the generation network (hi ∼ p(hi|hi+1)) and then again layer-
wise into the recognition network, as shown in Figure 2.4. The gradients
are again calculated layer-wise as described in Eq.(2.21) on the empirical

3When transferring a sample from one network to the other, we simply refer to them as
layer-wise propagation.
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estimation of the loss Lq (≃ Lq), with

B·S∑︂
k=1

∇ϕLq,(k) =
B·S∑︂
k=1

∂ ln q(h(k)|x(k))
∂ϕ

with x(k), h(k) ∼ p(x, h) . (2.23)

The full WS is described in pseudo-code in Algorithm 1 and visualized in
Figure 2.5. At step t, let η be the learning rate, the final update rules will be

θt+1 = θt − η

B · S

B·S∑︂
k=1

∇θLp,(k)

ϕt+1 = ϕt − η

B · S

B·S∑︂
k=1

∇ϕLq,(k) .

(2.24)

Algorithm 1: Wake-Sleep
1 Let x be a sample from the dataset
2 Let p and q be the joint distributions of the generation and the

recognition networks with weights W and V , respectively
3 Let M be the depth of the HM
4 wake phase update
5 for each layer i from q ascending with h0 = x do
6 Sample hi+1 from q(hi+1|hi)
7 Compute the probability distribution p(hi|hi+1) of a sample hi

from p
8 Compute the gradients ∇θiLp with respect to W i as in (2.22)
9 Update W i using η with the ∇θiLp as in (2.24)

10 sleep phase update
11 for each layer i from p descending with hM sampled from the prior do
12 Sample hi−1 from p(hi−1|hi)
13 Compute the probability distribution q(hi|hi−1) of a sample hi

from q
14 Compute the gradients ∇ϕiLs

q with respect to V i as in (2.23)
15 Update V i using η with ∇ϕiLs

q as in (2.24)

2.3 Advances in Helmholtz Machines
Since the introduction of the HM a number of alternative training algorithms
were introduced, which we will present in this section. We use these algorithms
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prior

R net = G net = 

Figure 2.5: The structure of a Helmholtz Machine with M layers and a prior
distribution over hM . The colored arrows indicate the propagation of the
samples during the wake (red) and sleep (green) phases. In the wake phase the
sampling is done from pD(x) and samples propagate through the recognition
network by q(h|x). In the sleep phase we draw a sample from the prior p(hM )
(“dream”) and propagate it through the generative network through p(x|h).

as benchmarks for comparisons for our own algorithm later in the thesis.
Furthermore we build on top of some of them, taking the most effective
features of them and incorporating them in our own model in Section 5.3 and
5.3.8.

2.3.1 Reweighted Wake-Sleep
The Reweighted Wake-Sleep (RWS) was introduced by Bornschein and Bengio
(2015). In their paper the authors revisit the training of HMs and show how
the training algorithm WS can be recast in terms of a variational objective.
They introduce a third training step and a weighting of the gradients and
achieve state-of-the-art performance in reaching the best optimum for HMs.
The main idea is motivated by the observation that

ln p(x) ≥
∑︂

h

q(h|x) ln p(x, h)
q(h|x) , (2.25)

which is true for any inference network q and generative network p, where
this bound becomes tighter as the two distributions approach each other.
This method of approximating a probability distribution from below as in the
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right-hand side of Eq. (2.25) is also called importance sampling (Srinivasan,
2013). The inequality is an equality if and only if q(h|x) = p(h|x).

In the context of HMs the authors have shown that the derivative of the
log-likelihood of x can be approximated with the variational bound as

∂

∂θ
Lp(x ∼ D) = ∂ ln p(x)

∂θ

= 1
p(x)

∑︂
h

∂p(x, h)
∂θ

= 1
p(x)

∑︂
h

p(x, h)∂ ln p(x, h)
∂θ

= 1
p(x) E

h∼q(h|x)

[︄
p(x, h)
q(h|x)

∂ ln p(x, h)
∂θ

]︄
.

(2.26)

They call this learning step p-wake or just wake update, which optimizes
the objective Lp from Eq. (2.16) with samples coming from the dataset pD,
as done in Eq. (2.22). These derivatives of Lp can be empirically estimated
by the following formula

S∑︂
k=1

∇θLp,(k)(x) =
S∑︂

k=1
ω̃k

∂ ln p(x, h(k))
∂θ

with h(k) ∼ q(h|x) . (2.27)

The last step in Eq. (2.27) involves a Monte Carlo approximation of the
expectation value from Eq. (2.26) with ω̃k as importance weights, with

ω̃k = ωk∑︁
k′ ωk′

, with ωk = p(x, h(k))
q(h(k)|x) . (2.28)

The higher the number of samples S the tighter the approximation is. Notice
that the last step of Eq. (2.26) is true because we can rewrite p(x) as

p(x) =
∑︂

h

q(h|x)p(x, h)
q(h|x) = E

h∼q(h|x)

[︄
p(x, h)
q(h|x)

]︄
≃ 1

S

S∑︂
k=1

h(k)∼q(h|x)

p(x, h(k))
q(h(k)|x) . (2.29)

Eq. (2.26) can be referred to as the reconstruction likelihood which is optimized
in terms of the parameters θ. We can notice that taking S = 1 is equivalent
to the standard wake phase from Eq. (2.22).

With the help of the same variational bound the authors show how q
can be optimized by minimizing the variance of the Monte Carlo estimation
in Eq. (2.26), i.e., minimizing the KL divergence with the generative poste-
rior (Bornschein and Bengio, 2015; Le et al., 2020). This can be averaged by
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sampling x from the true data distribution pD(x) with h(k) ∼ q(h|x)

∂Lq (x ∼ pD(x))
∂ϕ

≃
S∑︂

k=1
∇ϕL

w
q,(k)(x)

=
S∑︂

k=1
ω̃k

∂ ln q(h(k)|x)
∂ϕ

with h(k) ∼ q(h|x),
(2.30)

where ∇ϕL
w
q (x) is the empirical estimate of the gradient. The authors call

this step of optimization the q-wake update.
Another reasonable way to optimize the parameters ϕ is to maximize

ln q(h|x) from the inference network q(h|x), with x, h sampled from the
generative model p(x, h), i.e.,

∂

∂ϕ
Ls

q((x, h) ∼ p(x, h)) = ∂

∂ϕ
ln q(h|x) ,

∂Lq ((x, h) ∼ p(x, h))
∂ϕ

≃
S∑︂

k=1
∇ϕL

s
q,(k)(x) =

S∑︂
k=1

∂ ln q(h(k)|x(k))
∂ϕ

, (2.31)

with ∇ϕL
s
q(x) as the empirical estimate of the gradient for the q-sleep

update. This is equivalent to the sleep phase in the classic WS from
Eq. (2.23).

RWS has been shown to learn better discrete models than the standard
VAE (Rezende et al., 2014) and its convergence properties were extensively
studied by Le et al. (2020). The full pseudo-code of the algorithm can be
seen in Algorithm 2. The final update rules of the RWS are the following

θt+1 = θt − η
1
B

B∑︂
r=1

S∑︂
k=1

ω̃k∇θLp,(k,r) ,

ϕt+1 = ϕt − η

2
1
B

B∑︂
r=1

S∑︂
k=1

(︃ 1
S

∇ϕL
s
q,(k,r) + ω̃k∇ϕL

w
q,(k,r)

)︃
.

(2.32)

The empirical estimates of the loss Lk,r are computed with minibatches of
size B indexed by r, sampled each S times with indices k.

2.3.2 Bidirectional Helmholtz Machines
In 2016, Bornschein et al. (2016) described a new type of optimization algo-
rithm using a different objective for the minimization, called the Bidirectional
Helmholtz Machine (BiHM). Their model is still an HM, with a generation
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Algorithm 2: Reweighted Wake-Sleep
1 Let x be a sample from the dataset
2 Let p and q be the distributions of the generation and the recognition

networks with weights W and V
3 Let ω be the importance weights from the RWS
4 Let M be the depth of the HM
5 #wake phase update
6 for each layer i from q ascending with h0 = x do
7 Sample hi+1 from q(hi+1|hi)
8 Compute the gradients ∇θiLp with respect to W i as in (2.27)
9 Compute the weights ω̃ from the multiple samples (2.28)

10 #q-wake update
11 Compute the gradients ∇ϕiLw

q with respect to V i similarily to the
sleep phase as in (2.30)

12 Update W i and V i using η with the ∇θiLp and ∇ϕiLw
q with the

ω̃-s as in (2.32)
13 #sleep phase update
14 for each layer i from p descending with hM sampled from the prior do
15 Sample hi−1 from p(hi−1|hi)
16 Compute the gradients ∇ϕiLs

q with respect to V i as in (2.31)
17 Update V i using η with ∇ϕiLs

q as in (2.32)
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network p and a recognition (or inference) network q, on which the authors
define a new probability distribution as the geometric mean of the two joint
distributions p and q as

p∗(x, h) = 1
Z

√︂
p(x, h)q(h, x) ,

where Z is a normalization constant

Z =
∑︂
x,h

√︂
p(x, h)q(h, x) .

The authors define q(x) through the marginalization

q(x) = p∗(x) =
∑︂

h

p∗(x, h)

and they show that it equals

q(x) =
∑︂

h

p∗(x, h)

=

√︂
q(x)
Z

∑︂
h

√︂
p(x, h)q(h|x)

=
(︄

1
Z

∑︂
h

√︂
p(x, h)q(h|x)

)︄2

.

Now using the Cauchy-Schwarz inequality

|
∑︂

h

f(h)g(h)|2 ≤
∑︂

h

|f(h)|2
∑︂

h

|g(h)|2 ,

we can notice that Z ≤ 1 and this gives an upper bound on the unnormalized
probability p̃∗(x)

p̃∗(x) =
(︄∑︂

h

√︂
p(x, h)q(h|x)

)︄2

= Z2p∗(x) ≤ p∗(x) .

From the above equality it also follows

ln p∗(x) ≥ ln p̃∗(x)

and thus the unnormalized likelihood ln p̃∗(x) is a lower bound of the likelihood,
so it can be used as proxy for the optimization. Furthermore p̃∗ can be
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estimated via importance sampling

p̃∗(x) =
(︄∑︂

h

√︂
p(x, h)q(h|x)

)︄2

=
⎛⎝ E

h∼q(h|x)

⎡⎣
⌜⃓⃓⎷p(x, h)
q(h|x)

⎤⎦⎞⎠2

≃

⎛⎝ 1
S

S∑︂
k=1

⌜⃓⃓⎷p(x, h(k))
q(h(k)|x)

⎞⎠2

with h(k) ∼ q(h|x) ,

which, by recalling Eq. (2.29) and using Jensen’s inequality (f(E[x]) ≤ E[f(x)]
for a convex function f), results in

p(x) ≃ 1
S

S∑︂
k=1

p(x, h(k))
q(h(k)|x) ≥

⎛⎝ 1
S

S∑︂
k=1

⌜⃓⃓⎷p(x, h(k))
q(h(k)|x)

⎞⎠2

≃ p̃∗(x) .

This is a key inequality in the paper of Bornschein et al. (2016) since this
means that optimizing their proposed objective p̃∗(x) is a proxy for the
optimization of p∗(x) which is a proxy for p(x).

The training in the paper proceeds with the minimization of ln p̃∗(x),
estimated analogously to the RWS paper (Bornschein and Bengio, 2015). We
can start from calculating the derivatives by ξ which is now a placeholder for
both θ and ϕ

∂ ln p̃∗(x)
∂ξ

= ∂

∂ξ
ln
(︄∑︂

h

√︂
p(x, h)q(h|x)

)︄2

(2.33)

=
2∑︁h

√︂
p(x, h)q(h|x) ∂

∂ξ
ln p(x, h)q(h|x)∑︁

h′

√︂
p(x, h′)q(h′|x)

(2.34)

≃ E
h∼π(h|x)

[︄
∂

∂ξ
ln p(x, h)q(h|x)

]︄
, (2.35)

where

π(h|x) =

√︂
p(x, h)q(h|x)∑︁

h′

√︂
p(x, h′)q(h′|x)

.

Now using importance sampling estimation

Eh∼π(h|x)

[︄
∂

∂ξ
ln p(x, h)q(h|x)

]︄
≃
∑︂

k

ω̃k
∂

∂ξ
ln p(x, h(k))q(h(k)|x)

with h(k) ∼ q(h|x) ,
(2.36)
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with importance weights

ωk =

⌜⃓⃓⎷p(x, h(k))
q(h(k)|x) ; ω̃k = ωk∑︁

k′ ωk′
. (2.37)

We can fill in both θ and ϕ in place of ξ in Eq. (2.33) and Eq. (2.36) to get
the real and the estimated gradients. The authors use the same loss for both
parameter updates, which means that the algorithm does not alternate two
phases but updates both sets of parameters simultaneously. One training step
for the BiHM instead of two means that there is reduction in execution time,
for the same number of epochs, which is a large improvement, compared to
WS and RWS. In addition, BiHM is shown to outperform its counterparts by
reaching better optimums on the same datasets.

Notice how the weights in Eq. (2.37) compare to the importance weights
in Eq. (2.28), we can see that the actual weighted gradients following from
(2.36) are the same as the ones of RWS wake and q-wake phases (Eqs. (2.26)
and (2.30)), with slightly different weights (see the extra square root). The
full pseudo-code of the algorithm can be seen in Algorithm 3 and the final
update rules of the BiHM are

θt+1 = θt − η

B

B∑︂
r=1

S∑︂
k=1

ω̃k∇θLp,(k,r) and

ϕt+1 = ϕt − η

B

B∑︂
r=1

S∑︂
k=1

ω̃k∇ϕL
w
q,(k,r) ,

(2.38)

with ∇θLp and ∇ϕL
w
q defined as in Eqs. (2.27) and (2.30) and are computed

with minibatches of size B indexed by r, sampled each S times with indices
k.

2.3.3 REINFORCE
Originally, a possible solution for learning HMs was the REINFORCE algo-
rithm (Williams, 1992), which already had uses in inference problems. The
major difference between the REINFORCE and WS methods is that the for-
mer only has one training objective, the ELBO, presented before in Eq. (2.12).
While optimizing w.r.t. θ in REINFORCE is equivalent to the wake phase,
optimizing w.r.t. ϕ has the well-known side-effect that the variance of the
estimation of the gradients grows linearly with the size of the network. For
this reason, it is not commonly used to train HMs.

The REINFORCE algorithm is used commonly in conjunction with other
algorithms specifically in the field of Reinforcement Learning (RL) as policy
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Algorithm 3: Bidirectional Helmholtz Machine
1 Let x be a sample from the dataset
2 Let p and q be the distributions of the generation and the recognition

networks with weights W and V
3 Let ω be the importance weights from the BiHM
4 Let M be the depth of the HM
5 for each layer i from q ascending with h0 = x do
6 Sample hi+1 from q(hi+1|hi)
7 Compute the weights ω̃ from the multiple samples
8 Compute the gradients ∇θiLp with respect to W i as in (2.27)
9 Compute the gradients ∇ϕiLw

q with respect to V i similarily to
q-wake as in (2.30)

10 Update W i and V i using η with the ∇θiLp and ∇ϕiLw
q with the

ω̃-s as in (2.38)

learning method (Mnih and Gregor, 2014). The advantage of using it in RL
is that it enables the training algorithm to learn the policy together with the
value and state functions, instead of learning it separately. However the issue
of reducing the variance is addressed in several modern variants (Mnih and
Gregor, 2014; Tucker et al., 2017; Grathwohl et al., 2018; Kool et al., 2020).

The exploding variance of the REINFORCE is not a problem in the case
of the WS, because of the switched objective in the sleep phase. This is in fact
is the reason why REINFORCE is not used in the literature and practice for
training HMs. Therefore, in this thesis we will not conduct any experiments
with REINFORCE and we will not do any comparison to it.

2.4 Other Generative models
In this section we give a short introduction of alternative generative models
which are used in Deep Learning, other than HMs.

2.4.1 Variational Auto-Encoder
An approach which proved to be successful and thus common to several deep
generative models is based on the use of two separate networks: the recognition
network, i.e., the encoder, which provides a compressed latent representation
for the input data, and the generative network, i.e., the decoder, able to
reconstruct the observation in output. Autoencoders (AE) (Goodfellow et al.,
2016) are classic examples of this paradigm, where both the encoder and the
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decoder are commonly implemented as deterministic feed-forward networks.
Variational Autoencoders (VAE) (Kingma and Welling, 2014), (Rezende et al.,
2014) on the other hand, introduce an approximate posterior distribution
over the latent variables which are then sampled, thus resulting in stochastic
networks. While HMs (Dayan et al., 1995) consist also of recognition and
generative networks, these are both commonly modeled as SBNs (Neal, 1992),
characterized by discrete hidden variables. In comparison, standard VAEs
commonly adopt continuous Gaussian variables only in the bottleneck layer.

In the presence of continuous hidden variables, for which the stochastic
back-propagation of the gradient is possible, as in VAEs, the generative and
recognition networks can be trained simultaneously, through the definition of
the ELBO, which corresponds to a lower-bound for the likelihood and the
use of the reparametrization trick (see Eq. (2.12)). In the presence of discrete
hidden variables, as for HMs, this approach cannot be directly employed,
and thus the need for the WS (Hinton et al., 1995).

Because VAE is one of the more common contemporary techniques, and
it is closely related to WS, we include them in some of our comparisons when
evaluating experimental results in Chapter 5.

2.4.2 Restricted Boltzmann Machine
The Restricted Boltzmann Machine as a deep generative model is one of
the first introduced (Smolensky, 1986), highly successful and highly popular
models (Hinton, 2002), (Hinton et al., 2006), (Hinton and Salakhutdinov,
2006) and (Zhang et al., 2018b). Similarly to the models described before,
it has an architecture of stacked layers, one on top of other, however with
the crucial difference that the edges connecting the nodes of the layers are
undirected. In practice this means that for each layer there is a single set of
weights which is being applied in both directions in the network, when it is
used either as generative or recognition network.

The undirected nature of the edges creates a huge conceptual difference
between the RBM and the models which consist of two different networks,
like the HM and VAEs. While the goal in the two-network models is to learn
some distribution with one network and at the same time train a second
network to learn the former, the RBM learns only one set of weights in
both directions. The RBM is trained with the help of an algorithm called
Contrastive Divergence (Hinton, 2002), which uses Gibbs-sampling to sample
alternatingly two adjacent layers. An overview of newer versions of these
algorithms is given in the work of Zhang et al. (2018b). Typically, the
improvements on RBMs are aimed towards learning faster and more accurate
estimations by improving the effectiveness of Contrastive Divergence and
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Gibbs-Sampling, which is known to be slow to converge.
The geometric properties of RBM, such as their expressive power, have

been studied in depth (Montúfar and Morton, 2015; Montúfar et al., 2015)
more recently. Indeed it has been shown that RBMs are universal approxi-
mators, with no theoretical drawbacks to feed-forward networks (Montúfar,
2015, 2016).

2.4.3 Generative Adversarial Networks
Generative Adversarial Networks (GAN) were introduced by Goodfellow et al.
(2014) and raised to popularity in recent years because of their impressive
capabilities (Karras et al., 2019) as generative models. GANs consist of
two networks which are called the generator and the discriminator, which
are trained in an adversarial setting, where the generator learns to generate
samples that look like they come from the target distribution, while the
discriminator learns to differentiate between the generated samples and the
target ones. While the construction of two networks might remind us of the
two networks of HMs and VAEs, the training objective represents a huge
paradigm shift in how the algorithm learns.

First, the generator and discriminator functions in principle need not be
stochastic networks, virtually any differentiable function can be used as these,
which creates already difficulties in comparing GANs with algorithms based
on stochastic networks. Secondly, the alternating min-max optimization used
to train the two networks of a GAN is conceptually very different from the
training of the HM. This makes it very difficult to cast the learning objective
of GANs as a variational inference problem, which most other generative
models discussed here are.

There are more modern versions of GANs as in the work of Arjovsky et al.
(2017), where the authors have introduced some variational inference, stochas-
ticity, and geometrical concepts into their model, by using the Wasserstein I
metric (Vaserstein, 1969).

Note 5
In our work, we only compare with training algorithms defined for the HM.
Sometimes we report results with VAE given that there is a reference for the
benchmark that we are testing.



40 CHAPTER 2. HELMHOLTZ MACHINES



41

Chapter 3

Information Geometry
Information Geometry (IG) (Amari, 1985; Amari and Nagaoka, 2000; Amari,
2016; Ay et al., 2017) studies the geometry of statistical models using the
language of Riemannian and affine geometry. For a better understanding of
the following sections, a baseline understanding of some differential geometry
concepts is required. In the present chapter, we will provide a brief introduc-
tion of the concepts that pertain to the thesis but we do not provide rigid
definitions for all of them. For additional details, we refer the reader to the
first two chapters from the book of Amari and Nagaoka (2000) or the works
of Nielsen (2020), Kass and Vos (2011) or Murray and Rice (1993).

3.1 Manifolds

A D-dimensional manifold M is a set of points such that each point has D-
dimensional extensions in its neighborhood. Such a neighborhood is locally
topologically equivalent to a D-dimensional Euclidean space RD. Given a
manifold M with D dimensions, we can define a function φ : M → RD as
a coordinate system, which maps every point p on M to D real numbers
φ(p) = [ξ1, · · · , ξD], which we call the coordinates of the point1. In this work,
we are only interested in smooth manifolds, which means that at any point
M is differentiable infinitely many times (the atlas is C∞).

At each point p ∈ M, we can define a tangent space TpM that locally
“linearizes” the manifold. On the tangent space, the inner product is defined
by the metric tensor g, which often depends on the specific point p on the
manifold. The definition of the inner product space on TpM enables the
calculation of angles between vectors and vector lengths. In this work, we
only discuss and use the Fisher-Rao metric described in Section 3.2.

In addition, we can define another local structure on the tangent bundle
TM, the affine connection ∇ which is a differential operator, that makes it

1Generally, not all manifolds have a global coordinate system, as we have defined here.
Some have local coordinate systems defined on disjoint open subsets of the manifold, in
order to cover the whole manifold. In this work we will not consider any such cases, and
will always assume a global coordinate system and by extension global coordinates.
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possible to define the covariant derivative, parallel transport, and the intrinsic
curvature and torsion of the manifold. In this work, we only discuss and use
the Levi-Civita connection described in Section 3.5.

For more details about manifolds, we refer the reader to the books of Lee
(2010, 2013, 2018) on the subject.

3.1.1 Statistical Models
We assume the reader to be familiar with probability theory, nevertheless, we
will give a brief introduction of basic concepts. A probability distribution
is a function µ that is defined on (X ,Σ), a set X with σ-algebra Σ, where
µ(X ) = 1. Using µ we can define a probability density function p as

p(x) ≥ 0 (∀x ∈ X ) and
∫︂
p(x)dµ(x) = 1

in case X is a continuous set and

p(x) ≥ 0 (∀x ∈ X ) and
∑︂
x∈X

p(x) = 1

in case X is discrete.
Now consider a set of probability density functions S which can be pa-

rameterized by a set of parameters [ξi] from an open subset Ξ of RD, where
D is the dimension of the parameter space. We write such a set as

S = { pξ = p(x; ξ) | ξ = [ξ1, ..., ξD] ∈ Ξ } ,

or abbreviate it as S = {pξ} and we call it a parametric model or a statistical
model. Most of the probability density functions that we are familiar with
are such parametric models: Bernoulli, Gaussian, Multivariate Gaussian and
the whole exponential and mixture families of probability distributions.

3.1.2 Statistical Manifolds
Given a statistical model S = {pξ}, under certain regularity conditions for ξ
(Amari and Nagaoka, 2000, Section 1.1), S is a statistical manifold and has
the parameterization [ξ] as a coordinate system (as there are infinitely many)
(Lauritzen, 1987, Chapter 4).

By looking at statistical models as manifolds, Machine Learning tasks
(regression, classification or more generally estimation tasks) beget geometric
interpretations. An estimation procedure for predictive models, as in the case
of HMs, in fact assumes there is some goal probability distribution p∗ that
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usually needs to be approximated as good as possible by some parametric
model pξ. This problem is equivalent to finding the point pξ∗ on the manifold
that is the closest to the projection of p∗ (or more generally, the closest w.r.t.
to some cost function to p∗). A visual representation of this can be seen in
Figure 3.1. A gradient descent based algorithm moves with small steps on

Figure 3.1: A geometric interpretation of learning based on GD. The GD
algorithm taking steps from an initial point pξ0 in the direction of the gradient
pointing to the optimal solution pξ∗ , which is the closest to the goal p∗.

the manifold towards the optimal solution pξ∗ . In this setting accounting for
the geometry of the manifold is crucial for an effective and efficient learning.

A question arises naturally, if statistical model S can be interpreted
as a manifold, then what is the appropriate metric tensor g and an affine
connection ∇ for it? In the next sections we present the Fisher-Rao metric
and Levi-Civita connection which are commonly used in Machine Learning
applications.

3.2 Fisher-Rao Metric
In IG, statistical manifolds are commonly endowed with the Riemannian
Fisher-Rao metric over the tangent bundle. By Chentsov’s theorem, the
Fisher-Rao metric on statistical models is the only Riemannian metric (up
to rescaling) that is invariant under sufficient statistics (Čencov, 1978; Amari
and Nagaoka, 2000, Chapter 2.4).

The metric is defined by the expected value in point p of the product of
two tangent vectors, represented by the derivation of log probabilities, which
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are centered random variables, i.e., with zero expected value. Given a basis
for the tangent space, derived from the choice of the parametrization, the
inner product associated with the Fisher-Rao metric is represented through a
quadratic form expressed with the Fisher Information Matrix (FIM) F with
entries gij. The elements of the FIM of S is defined at a given point ξ as

gij(ξ) = Eξ[∂i ln pξ(x)∂j ln pξ(x)] =
∫︂
pξ(x) ∂i ln pξ(x)∂j ln pξ(x)dx , (3.1)

where ∂i = ∂
∂ξi

and Eξ is the expectation at point ξ. Another equivalent
formulation is given by

gij(ξ) = −Eξ[∂i∂j ln pξ(x)] . (3.2)

It is easy to see that the FIM F (ξ) is symmetric and it is also easy to
show that it is positive-definite since the partial derivatives {∂1pξ, . . . , ∂Dpξ}
are linearly independent for smooth manifolds. The Fisher-Rao metric is an
intrinsic geometric quantity and it is invariant to the choice of coordinate
systems.

3.3 Natural Gradient
Amari (1997, 1998) in his seminal work introduces the Natural Gradient
(NG) and shows how it can be used to speed up the convergence rate of a
gradient descent optimization algorithm by taking a step in the direction of
the steepest descent w.r.t. the metric of the space. The use of the NG has
shown its advantages (but also limitations) in Machine Learning.

In Gradient Descent (GD) we minimize a loss function L over a parameter
space Θ, with parameters θ ∈ Θ. The optimization step of GD for the
minimization of L at iteration t is formulated as

θt+1 = θt − η∇L(θt) , (3.3)

where η is the learning rate and ∇ denotes the vector of partial derivatives
∂

∂θi
. In this thesis we are dealing with optimization over the parameter

space of probabilistic models, so we are going to assume implicitly that Θ are
parameters of some probability density function p. Additionally, we suppose L
is a cost function over the statistical model, such as the negative log-likelihood

L(θ) = −E [ln pθ (x)] . (3.4)
It is well known that, under certain conditions on the choice of η, GD

in Eq. (3.3) converges to a local optimum θ∗ where all elements of ∇L(θ∗)
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approach 0. However, if we use a different parametrization ζ ∈ Θ for the
function L

ζt+1 = ζt − η∇L(ζt) ,

we arrive at a different optimum ζ∗, depending on η, where pθ∗ ̸= pζ∗ . The
reason is that GD is not invariant with respect to the parametrization, in
particular because it does not take into account the underlying geometry of
the parameter space Θ.

The NG can be used to address the previous two issues. If we consider the
GD from a geometric perspective, the optimization of L should be done over
the statistical manifold M, as shown in Figure 3.1. In NG the optimization
step is computed in the direction of the steepest descent over a statistical
manifold M with associated metric g given by the FIM represented by the
Riemannian gradient of L. For infinitesimal steps the NG, by using the
Fisher-Rao metric, is independent of the choice of parametrization of θ or ζ.

The vector of partial derivatives ∇L represents the coordinates of a
covector on the cotangent space, ∂

∂θ
L(θ) ∈ T∗

pM. The NG is the vector in
TpM associated to ∇L through the canonical isomorphism between tangent
and cotangent space induced by the metric (Amari, 1998), i.e.,

˜︂∇L(θ) = F(θ)−1∇L(θ) , (3.5)

where F(θ) is the FIM defined as

F(θ) = E

⎡⎣ ∂
∂θ

log p(θ)
(︄
∂

∂θ
log p(θ)

)︄⊤
⎤⎦

= −E
[︄
∂2

∂θ∂θ
log p(θ)

]︄
,

(3.6)

adapted from Eq (3.1), where ∂
∂θ

log p(θ) is the vector of partial derivatives,
and ∂2

∂θ∂θ
log p(θ) is the Hessian matrix. The natural gradient descent update

then takes the form

θt+1 = Expθt

(︂
η˜︂∇L(θt)

)︂
, (3.7)

where the exponential map operator Exp (explained in Subsection 3.5.3) is a
retraction that guarantees that the iterates remain on the manifold (Absil
et al., 2009). In practice, often the Exp is avoided and the NG update is used
as

θt+1 = θt − η˜︂∇L(θt) , (3.8)
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as it is easier to compute and knowing that the domain of the θ is Rn and
there is no risk that θt+1 results in values which are not associated to the
distribution (Amari, 1998)2.

Because the natural gradient ˜︂∇L(θt) follows the steepest descent, with
respect to the metric of the underlying space, this in practice results in much
faster convergence (i.e., fewer steps) compared to regular (Euclidean) GD, as
proven by Amari (1998).

The Euclidean gradient is a special case of the Riemannian gradient, where
the FIM is the identity matrix, which describes the metric of the Euclidean
manifold.

3.4 Kullback–Leibler Divergence

In this work, we are mainly concerned with learning generative models, and
more specifically HMs. In these models, we have two distributions representing
the generative and recognition networks p and q. The primary goal of HMs,
similar to other generative models, is to learn a parametrized distribution
pθ(x) of some target distribution pD(x), i.e., for the two to be as similar as
possible pθ(x) ≃ pD(x). This goal is often obtained by learning a second
distribution simultaneously, i.e., to do inference of the parameters by learning
the recognition network q(h|x) ≃ p(h|x). In order to compare the similarities
between probability distributions, we need a measure that tells us how close
those distributions are. This is where the Kullback-Leibler (KL) divergence
becomes useful.

Divergences are a common way to measure dissimilarity between probabil-
ity distributions. A divergence is defined as a function D : P (X ) × P (X ) −→
R+, where P (X ) is a set of probability distributions defined on X . The
properties of a divergence D are:

1.
D(p||q) ≥ 0 for all p, q ∈ P (X ) ; (3.9)

2.
D(p||q) = 0 if and only if p = q. (3.10)

Note 6
There are two important properties to take notice of:

2To better understand the notion of the retraction, we point the reader to a more
detailed explanation in the work Absil et al. (2009, Section 4.1).
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1. There is no rule for symmetry, although for some divergences D(p||q) =
D(q||p) holds true, in general it is not true.

2. Sometimes divergences are erroneously referred to as distances, however,
these represent a different geometrical concept. Although Eqs. (3.9) and
(3.10) hold also for the concept of distances, distances also have to be
symmetric and obey the triangle inequality d(x, z) ≤ d(x, y) + d(y, z),
which do not necessarily apply to divergences.

On statistical manifolds, there is a number of divergences that can be de-
fined, such as the family of f -divergences and α-divergences (Amari, 2016,
Chapters 3.3 and 4.1). The one that most interests us however is the KL
divergence as it is the most commonly used divergence to compare probability
distributions and plays a key role in HMs. The KL divergence is defined as

DKL [p(x)||q(x)] =
∫︂
p(x) ln p(x)

q(x)dx .

We see that the KL divergence (being part of the f -divergence family) is
invariant to the parametrization of the distributions p and q (Rényi, 1961).

There is also a strong connection between the KL and the Fisher-Rao
metric (Jeffreys, 1946). We can recover the entries gij of the FIM (up to a
scaling factor) from the KL divergence by looking at how an infinitesimal
change dθ to the parameters θ affects the parametrization of the distribution
given the divergence

DKL [pθ(x)||p(x; θ + dθ)] =
∫︂
pθ(x) ln p(x; θ + dθ)

pθ(x) dx

≃ 1
2
∑︂

gij(θ)dθidθj .

This approximation is done by taking the Taylor expansion of the natural
logarithm from within the KL divergence (for a detailed explanation, consult
the work of Jeffreys (1946)).

3.5 Levi-Civita Connection and Parallel
Transport

The connection or covariate derivative describes how the tangent space of
a manifold changes on an infinitesimal scale. In Riemannian geometry, the
most commonly used connection is the Riemannian or Levi-Civita connection,
which is uniquely defined on every Riemannian manifold (Lee, 2018; Amari,
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2016). The two most important properties of this type of connection, by its
definition, are that it preserves the metric ∇g = 0 (where ∇ is the covariant
derivative operator) and that it is torsion-free3. All connections ∇ can be
defined on the tangent bundle, with coordinate basis vector fields ∂1, . . . , ∂D,
where ∇j stands for ∇∂j

, as

∇j∂k = Γl
jk∂l . (3.11)

The Γl
jk-s are called the Christoffel symbols, which describe how each indi-

vidual basis vector changes in relationship to other basis vectors. For the
Levi-Civita connection, these symbols are defined as

Γl
jk = 1

2g
lm (∂kgmj + ∂jgmk − ∂mgjk) ,

where gab are the elements of the metric described by the FIM in Eq. (3.2),
and gab are the elements of the inverse of the FIM.

3.5.1 Parallel Transport
Connections allow us to introduce the concept of parallel transport, which is
the action of transporting vectors along smooth curves on a manifold (Amari,
2016) from one tangent plane to another. The connection describes how we
can move a vector v from a point p to p+ dp. The parallel transport takes
it further, which means that we can take a vector v defined at a point p on
the tangent bundle TpM of a manifold M and move it to a different point
p′ defined on Tp′M along a curve, such that it remains parallel with itself
during the movement on the curve. The parallel transport describes how this
move is done along some smooth curve γ, where γ(0) = p and γ(1) = p′. We
write this transport as

v (γ(1)) =
p′=γ(1)∏︂
p=γ(0)

v (γ (0)) ,

where at each point on the curve, the direction of the vector is preserved along
the curve, i.e., is parallel with itself w.r.t. the connection. This condition
can also be formalized as the covariant derivative along the curve is zero, i.e.,
∇γ̇v(t) = 0.

In general, the parallel transport is not uniquely defined by the start
and end-points p and p′ but depends also on the curve γ. A consequence of

3Torsion-free means that the torsion-tensor is zero, which describes how much a vector
rotates (or rolls) around its axis. Thus in the case of the Levi-Civita connection, the vectors
do not rotate.



3.5. LEVI-CIVITA CONNECTION AND PARALLEL TRANSPORT 49

Figure 3.2: Parallel transport of the vector v along the curves γ1 and γ2.

this is that transporting a vector v along two different curves with the same
beginning and end-points may result in different orientations of the same
vector at the target space in p′, as presented in Figure 3.2.

Under the Levi-Civita connection, we can define a unique Riemannian
geodesic γ which by definition is a smooth curve that minimizes the distance
according to the metric g. Using this connection, we also have the following
property, for any vector v1 and v2

⟨v1, v2⟩γ(0) =
⟨︂∏︂

v1,
∏︂
v2
⟩︂

γ(1)
.

The property states that the parallel transport along γ preserves the angle
between vectors if they have been transported along the same geodesic and it
also implies that the vector is unchanged in length after the transport.

Remark 1
We call a manifold flat w.r.t. ∇ if there exists an affine coordinate system θ,
such that

∇j∂i = 0 ,
for all i ̸= j, from which it immediately follows

Γk
ij = 0 ,

based on Eq. (3.11). This means that for flat manifolds all geodesics w.r.t.
the connection ∇ are straight lines ((Amari and Nagaoka, 2000), Section 1.7)
and that parallel transport of vectors on flat manifolds works the same as in
Euclidean space. This implies that the direction and length of the vectors do
not change, i.e., two vectors defined at two different points on the manifold
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can be simply added together since the shift from one space to another leaves
the vector unchanged. A visual representation can be seen in Figure 3.3.

Figure 3.3: Adding two vectors on a flat manifold, is the same at every point
of the manifold, as parallel transport does not depend on the curve, only on
initial and ending points. With v defined at p and transported to p′ added to
w which is defined at p′ and transported to p results in the same vector with
the same orientation and size, at every point. Transporting both vectors v
and w to a third point p′′ and adding them results in the same vector as in p
and p′.

3.5.2 α-Connections and Exponential Families
In addition to the Levi-Civita connection, we can define a whole family of
connections, called α-connections (Amari and Nagaoka, 2000). This family
of connections is in function of a parameter α, which is a real number, and
for specific values of α we have specific connections defined: α = 0 is the
Levi-Civita connection, α = 1 is the Exponential connection and α = −1 is
defined as the Mixture connection. All these connections are naturally defined
and are distinct from one-another (see visual representation in Figure 3.4).

Let us introduce the notion of exponential families, which are statistical
models that can be written in the form

pθ(x) = exp
[︄
C(x) +

D∑︂
i=1

θifi(x) − ψ(θ)
]︄
,
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Figure 3.4: Geodesics for different alpha connections: red for α = 0 −→ γ0 the
Levi-Civita geodesic, blue for α = 1 −→ γe the exponential geodesic and green
for α = −1 −→ γm the mixture geodesic.

where θ are the parameters of the distribution p; C and fi are functions
defined on input space X and ψ a function on Θ the parameter space. This
family of distributions includes the most common distributions: Bernoulli,
Normal, Poisson, Binomial etc. (DasGupta, 2011).

Figure 3.5: The e-flatness of a geodesic for distribution from an exponential
family: a curve γe on the manifold M is a straight line in the coordinate
system defined by θi-s.

Remark 2
An important property of exponential families is that when parametrized by
θ they are flat in regards to the exponential connection, which is commonly
referred to as e-flat (Amari and Nagaoka, 2000, Theorem 2.4). This flatness



52 CHAPTER 3. INFORMATION GEOMETRY

implies that θ is a special coordinate system, in which the e-geodesic on the
manifold corresponds to a straight line in the coordinates. Visualized in Figure
3.5.

Thanks to the flatness, transporting vectors along any curves works
the same as in Euclidean space in a certain parametrization (based on the
observation from Remark 1). From the above property it follows that we can
easily move vectors between tangent spaces of the statistical manifold for the
exponential family.

3.5.3 Exponential and Logarithmic Maps
When dealing with vectors and geodesics it is important to define two im-
portant mappings, the exponential map and the logarithmic map, which is
described in more detail in the work of Absil et al. (2009).

Let v ∈ TpM be a tangent vector to the manifold at a point p. For a given
connection there is a unique geodesic γv(t) satisfying γv(0) = p with initial
tangent vector γ′

v(0) = d
dt
γ(t) = v. The exponential map Expp : TpM −→ M

is defined as
Expp(v) = γv(1) = p′ .

The exponential map thus gives us the endpoint p′ of a geodesic associated
to a vector v. The logarithmic map (log-map) Logp : M −→ TpM is defined
as the inverse operator to the exponential map, as it recovers the vector
associated to the geodesic for a given point p′

Logp(p′) = v .

In general, the exponential map is only locally defined, it only applies to
a neighborhood p, i.e., it may not be defined for certain v ∈ TpM. For flat
manifolds, because the geodesics connecting two points are straight lines, the
corresponding vector given by the log-map is self-evident, i.e., it is v = θ′ − θ

Note 7
We will use these notions when we talk about the geometrical concepts of
Accelerated Gradientss (AGs) in Section 6.1.2. However, since connections
and parallel transport only briefly appear in this work, we will not go into
more details, and we point the reader to the works of Amari and Nagaoka
(2000) and Amari (2016) for more information.
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Chapter 4

Geometry of Helmholtz Machines
The HM is a probabilistic model with a specific architecture which can be
described as two Directed Acyclic Graphs (DAG) (Ay, 2020; Cowell et al.,
2007; Lauritzen, 1996). In this section, we study the geometry of the HM,
through the lens of DAGs. Influenced by the previous work of Ay (2002),
we exploit a general property of these kinds of models, determined by the
underlying structure of DAGs, for the derivation of the FIM for SBNs and
HMs. Notably the FIM for SBNs has a fine-grained block-diagonal structure
which allows an efficient computation of the NG.

4.1 Gradients of Directed Acyclic Graphs

Consider a Directed Acyclic Graph (DAG), with N nodes divided into two
sets, i.e., N = {x} ∪ {h}, with x the observed random variables (points in
the data set) and h the hidden random variables. Furthermore, we suppose
that all variables are discrete and by definition, there are no cycles in the
graph. The joint distribution of the nodes in the DAG can be written in the
following way, as it is classically done for directed graphical models:

pθ(x, h) =
∏︂

r∈N

Kr(xr|xpa(r); θr) , (4.1)

where for each node r ∈ N , xpa(r) are the random variables corresponding to
the set of parent nodes of the random variable xr. Kr is a kernel function,
which in our case is the probability density function (pdf) of xr given its
parents, having parameters θr. If pD(x) is the true distribution underlying
the observation in the dataset D, our goal is to minimize KL(pD(x)||pθ(x)),
w.r.t. the parameters θ, which is equivalent to maximizing ∑︁x pD(x) ln pθ(x).
Therefore, the function we are optimizing during the training of the model is
L(θ) = ∑︁

x pD(x) ln pθ(x), where θ is the set of parameters θr of the kernels
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Kr. Calculating the gradients for a parameter θr gives
∂L(θ)
∂θr

= ∂

∂θr

∑︂
x

pD (x) ln pθ (x)

=
∑︂

x

pD (x) ∂

∂θr

ln
∑︂

h

pθ (x, h)

=
∑︂

x

pD (x) ∂

∂θr

ln
∑︂

h

∏︂
s∈N

Ks

(︂
xs|xpa(s); θs

)︂
(from Eq. (4.1))

=
∑︂

x

pD (x) 1
pθ (x)

∑︂
h

∂

∂θr

(︄∏︂
s∈N

Ks

(︂
xs|xpa(s); θs

)︂)︄

=
∑︂

x

pD (x)
pθ (x)

∑︂
h

(︄∏︂
s∈N

Ks

(︂
xs|xpa(s); θs

)︂)︄ ∂

∂θr

lnKr

(︂
xr|xpa(r); θr

)︂
=
∑︂
x,h

pD (x)
pθ (x)

∏︂
s∈N

Ks

(︂
xs|xpa(s); θs

)︂
) ∂

∂θr

lnKr

(︂
xr|xpa(r); θr

)︂

=
∑︂
x,h

pD (x) pθ (h|x) ∂

∂θr

lnKr

(︂
xr|xpa(r); θr

)︂
using p⋆

θ (x, h) = pD (x) pθ (h|x)

=
∑︂
x,h

p⋆
θ (x, h) ∂

∂θr

lnKr

(︂
xr|xpa(r); θr

)︂

= Ep∗
θ
(x,h)

[︄
∂

∂θr

lnKr

(︂
xr|xpa(r); θr

)︂]︄

Since the statement inside the expectation only depends on a specific xr and
its parents xpa(r), we can simplify the above expectation to

∂L(θ)
∂θr

= Ep∗
θ
(xr,xpa(r))

[︄
∂

∂θr

lnKr

(︂
xr|xpa(r); θr

)︂]︄

=
∑︂

xr,xpa(r)

p⋆
θ

(︂
xr, xpa(r)

)︂ ∂

∂θr

lnKr

(︂
xr|xpa(r); θr

)︂
.

(4.2)

Therefore, computing the gradient of L(θ) w.r.t. the variable θr is inde-
pendent of the computation of the gradient w.r.t. the other variables θs with
s ̸= r. However, this still requires knowing the posterior pθ(h|x), which is
generally intractable in practice. Gibbs sampling and other Markov Chain
Monte-Carlo methods are often computationally expensive in higher dimen-
sions for estimating the posterior distribution. A different approach used in
HM consists of introducing a second network to learn the posterior pθ (h|x)
by approximating it with a distribution qϕ (h|x).



4.2. FIM OF DAGS 55

4.2 The Fisher Information Matrix of
Directed Graphical Models

In this section we show how the FIM can be rewritten in a convenient way
in the case of SBNs, and in particular for HMs. The FIM for DAG models
takes a simplified block-diagonal form thanks to the locality of the connection
matrix, given by conditional independence among random variables. Let us
formalize this result through the following theorem:

Theorem 1
Let G be a DAG model, the variables of which are grouped in layers such that
each node from the i-th layer has parent nodes from the (i− 1)-th layer only.
The FIM associated to the joint probability distribution p that factorizes as
the product of conditional distributions according to G has a block-diagonal
structure, with one block for each hidden unit of size equal to the number of
its parent nodes.

The FIM for the distribution pθ (x, h) is defined as

F(θ) = Epθ(x,h)
[︂
∇θ ln pθ (x, h) ∇⊤

θ ln pθ (x, h)
]︂
,

where ∇ ln pθ is a column vector. Alternatively, it is easy to show that the
FIM can also be written as

F(θ) = −Epθ(x,h)
[︂
∇2

θ ln pθ (x, h)
]︂
,

where by ∇2
θ ln pθ (x, h) we understand the Hessian of ln pθ (x, h).

For each r ∈ N , θr is the vector of variables denoting the parameters of
the distribution of xr given its parents. From the Eq. (4.2) it follows that

∇θr∇θs ln pθ (x, h) = δrs∇2
θr

lnKr

(︂
xr|xpa(r); θr

)︂
,

with δrs = 1, if r = s and 0, otherwise. This shows that the Fisher information
matrix has a block-diagonal structure

F(θ) = −Epθ(x,h)

[︃
diag

(︂
∇2

θr
lnKr

(︂
xr|xpa(r); θr

)︂)︂
r∈N

]︃
, (4.3)

and thus, in order to compute the FIM F(θ), it is sufficient to compute
∇2

θr
lnKr

(︂
xr|xpa(r); θr

)︂
for every θr.

□
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The HM is a DAG and as such the above structure applies to both of its
networks. Using our previous notation from Chapter 2, introduced for HMs,
with the parameters of p being θi = W i, the formula becomes

F i,j
p = −Ep(x,h)

[︄
∂2

∂W i,j (∂W i,j)⊤ ln p
(︂
hi,j|hi+1

)︂]︄
(4.4)

which applies similarly to the recognition distribution q as well.
This shows that models such as SBNs, which have a topological structure

that can be described as layered DAGs, have an associated FIM with a
finer-grained block structure, consisting of one block per neuron, with size
equal to the cardinality of the previous layer.

Sun and Nielsen (2017) have demonstrated that the structure of the
FIM given some architectures of neural networks can be simplified without
approximation, compared to a fully dense matrix, to a block-diagonal structure,
where the blocks correspond to the sizes of layers. Our work goes beyond
their result and provides a crucial refinement of the previous works.

While block-diagonal structures as approximations for FIMs have been
used before (Desjardins et al., 2015), (Grosse and Martens, 2016), (Sun and
Nielsen, 2017) or (Bahamou et al., 2022), to the best of our knowledge, at the
writing of this thesis, this is the first application to algorithm design of such
a fine-grained block-diagonal structure for the FIM. Most importantly, the
structure is not derived from further approximations of the FIM but instead
is a consequence of the topology of the network itself.

The proof of this result is based on a generalization of Theorem 1 from
the work of Ay (2020), see also Lemma 1 in Ay (2002), where the locality of
NG is studied from a theoretical perspective.

The results presented in this section, which are key results from (Várady
et al., 2022), indeed prove that without the need of further approximations
the FIM for SBNs is block-diagonal with blocks of smaller size compared
to previous results from the literature, typically having one block per layer,
e.g., (Desjardins et al., 2015; Sun and Nielsen, 2017). This has significant
advantages from a computation perspective. A graphical representation of
the difference in the block-sizes between our methods and the ones from the
literature can be seen in Figure 4.1.

4.3 The Fisher Information Matrix of
Sigmoid Belief Networks

We rewrite Eq. (4.4) for a more compact representation, assuming our model
uses a Bernoulli distribution for Kr

(︂
xr|xpa(r); θr

)︂
, as commonly happens in
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SBNs and by extension HMs. With mean parameters given by the sigmoid of
a linear function of xpa(r), we have that

Kr

(︂
xr|xpa(r); θr

)︂
= s

(︂
(2xr − 1) θ⊤

r xpa(r)
)︂
.

Then the first and second derivatives are

∂

∂θri

lnKr

(︂
xr|xpa(r); θr

)︂
= (2xr − 1)xpa(r);i

[︂
1 − s

(︂
(2xr − 1) θ⊤

r xpa(r)
)︂]︂

and

∂2

∂θri∂θrj

lnKr

(︂
xr|xpa(r); θr

)︂
=

= ∂

∂θrj

(2xr − 1)xpa(r);i
[︂
1 − s

(︂
(2xr − 1) θ⊤

r xpa(r)
)︂]︂

= − (2xr − 1)2 xpa(r);ixpa(r);js
(︂
(2xr − 1) θ⊤

r xpa(r)
)︂ [︂

1 − s
(︂
(2xr − 1) θ⊤

r xpa(r)
)︂]︂

.

Therefore, the double derivative written using vector notation is

∇2
θr

lnKr

(︂
xr|xpa(r); θr

)︂
= −s′ (︂(2xr − 1) θ⊤

r xpa(r)
)︂
xpa(r)x

⊤
pa(r) , (4.5)

where s′ = s(1 − s) is the derivative of the sigmoid function s. This leads
to a block structure for the FIM F with respect to the weights θr of the
distribution p and similarly for ϕr of the distribution q.

Furthermore, such a fine-grained block-diagonal structure is not only true
for binary SBNs, but as we have seen in Eq.(4.2) it generalizes to all DAG
models, a result we will exploit in Section 7.1 to learn continuous distributions
with HMs.
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(a) Our structure for the FIM
of the Recognition network

(b) Our structure for the FIM
of the Generation network

(c) The structure of the Recognition
network FIM used in the literature*

(d) The structure of the Generation
network FIM used in the literature*

Figure 4.1: Graphical representation of the FIM for a Network with 3 layers
with respectfully 6, 3 and 2 nodes. The gray dotted lines identify the blocks
associated to the layers of the network. The matrix admits a fine-grained
block-diagonal structure with blocks of size equal to the size of the hidden
layers. The blocks are ordered in both cases from the bottom layer to the
top starting from the upper-left. *The comparison with the literature are
typically block-diagonal approximations based on layer sizes from the works
of (Desjardins et al., 2015; Sun and Nielsen, 2017).
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Chapter 5

Natural Reweighted Wake-Sleep
In the first part of this chapter, we show how one can use Monte-Carlo
sampling to estimate the FIM then compute its inverse. By applying results
from the previous chapter we derive an efficient formula for the computation
of the NG for HM.

We introduce the Natural Reweighted Wake-Sleep (NRWS) algorithm for
training HMs. We elaborate on some implementation details and hyperparam-
eters of the model. Finally, we compare experimentally the NRWS with other
training algorithms for the HM, and show how we achieve state-of-the-art
results for a fixed budget both on training epochs, and real-world time.

In the next part we show how the FIM used for the HM can be used not
only for the NRWS but also for other training algorithms, such as the BiHM
(Bornschein et al., 2016), which allows us define the Natural Bidirectional
Helmholtz Machine (NBiHM). Although there are some theoretical limitations
of this new model, we show how the new algorithm can still profit from the
FIM of the HM and reach better performance with it.

Finally we analyze the convergence properties of the NRWS through the
work of (Ikeda et al., 1999), and we suggest an alternate approximate solution,
the Rescaled-sleep (RS), to the convergence problem raised by the authors
for which they define the Sleep-well (SW). We compare the two solutions in
some experiments and find that both can improve over the standard model.

5.1 The Natural Gradient for Reweighted
Wake-Sleep

The definition of the FIM applied to the generation network is
Fp(θ) = −Epθ(x,h)[∇2

θ ln pθ(x, h)] .
If we treat the HM as a DAG model as in Chapter 4, where N = {x, h},
M is the total number of layers, with li the length of each individual layer
i ∈ [0..M ] we can write the joint distribution as:

pθ(x, h) =
M∏︂

i=0

li∏︂
j=1

p(hi,j|hi+1; θij) ,
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and the log probabilities as

ln pθ(x, h) =
M∑︂

i=0

li∑︂
j=1

ln p(hi,j|hi+1; θij) .

It is easy to see that after applying the Hessian ∇2, similarly to the derivation
in the previous chapter we get

∇θij
∇θlk

ln pθ (x, h) = δilδjk∇2
θij

ln p(hi,j|hi+1; θij) .

The FIM is block-diagonal following Theorem 1, with the structure shown
in Figure 4.1. From here, by looking at Eq. (4.4) it can easily be calculated

∇2
θj

ln pθ(hi,j|hi+1) = −pθ(hi,j|hi+1)[1 − pθ(hi,j|hi+1)]hi+1
(︂
hi+1

)︂⊤
, (5.1)

where each block of the FIM is

F i,j
p = −Ep(x,h)

[︄
∂2

∂W i,j (∂W i,j)⊤ ln p(hi,j|hi+1)
]︄

= Ep(x,h)

[︃
s

′
(︃(︂
W i,j

)︂⊤
hi+1

)︃
hi+1

(︂
hi+1

)︂⊤
]︃
,

(5.2)

where hi+1 is a column vector of the previous layers’ samples and W i,j is the
j-th row vector of the weights of the p network’s i-th layer. We stress the
fact that the FIM has a different block F i,j

p for each neuron j from each layer
i. Equivalently for the recognition network

F i,j
q = −Eq(h|x)

[︄
∂2

∂V i,j (∂V i,j)⊤ ln q(hi,j|hi−1)
]︄

= Eq(h|x)

[︃
s

′
(︃(︂
V i,j

)︂⊤
hi−1

)︃
hi−1

(︂
hi−1

)︂⊤
]︃
,

(5.3)

in which case the FIM of q is block-diagonal, with the largest blocks being of
the size of the input x × x. This will become more important later, where
the complexity of the algorithm is discussed in Subsection 5.3.3.

In the case of binary values {±1} instead of {0, 1}, we have

p(hi,j|hi+1) = s
(︃
hi,j

(︃(︂
W i,j

)︂⊤
hi+1

)︃)︃
, (5.4)

while the formula for the the FIM is the same as in Eq. (4.4).
In the light of Chapter 2 we know RWS works very well on HMs. Given

the above equations, knowing the structure of the FIMs of both networks,
we now have a way to compute a gradient step based on NG for layers of
the HM. We can use the formulas from Eqs. (5.2) and (5.3) to apply the NG
update to the three phases of the Reweighted Wake-Sleep:
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• wake phase: precondition the gradients of the wake phase w.r.t θ,
∇θLp(x, h), with the inverse FIM of the generation distribution p:

˜︂∇θLp(x, h) = F−1
p ∇θLp(x, h) ;

• q-wake update: precondition the gradients of the q-wake phase w.r.t ϕ,
∇ϕLw

q (x, h), with the inverse FIM of the recognition distribution q:

˜︂∇ϕLw
q (x, h) = F−1

q ∇ϕLw
q (x, h) ;

• sleep phase: precondition the gradients of the sleep phase w.r.t ϕ,
∇ϕLs

q(x, h), with the inverse FIM of the recognition distribution q:

˜︂∇ϕLs
q(x, h) = F−1

q ∇ϕLs
q(x, h) .

We will refer to this new algorithm, where we use the NG on the RWS, as
Natural Reweighted Wake-Sleep (NRWS). In the following subsections, we
will discuss the implementation and algorithmic details of the NRWS that
enable it to be an efficient method for the training of HMs.

Remark 3
The FIMs in Eqs. (5.2) and (5.3) only depend on the statistical models as-
sociated to the joint distributions p(x, h) and q(x, h), and in particular they
are independent from the specific loss function L defined over the model, as
well as from the chosen training algorithm. Hence, since the model of the
HM remains unchanged, the same FIMs can be used for different training
algorithms, such as WS and RWS.

Remark 4
There is a good argument to be made (Ay, 2020) that the reference distribution
of FIM should be the visible distribution p(x) instead of the joint p(x, h)
that we are using. However it has been suggested (Ollivier et al., 2017) that
the FIM profits from being computed w.r.t. p(x, h) when it is empirically
estimated, as it is numerically more stable and requires fewer examples to
estimate, compared to computing with p(x). Derivation of the FIM w.r.t. the
visible distribution p(x) however presents additional complications, which do
not make its empirical estimation computationally feasible, and is a subject
to be explored in future works.
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5.2 Estimation of the Fisher Information
Matrix

Notice that hi is a stochastic quantity which can be sampled based on the value
of the nodes from the previous layer, because of the conditional independence.
We can use this to compute a Monte Carlo estimate of each block of F with
n samples, Eqs. (5.2) and (5.3) can be estimated as

F i,j
p = Ep(x,h)

[︄
s

′
(︃(︂
W i,j

)︂⊤
hi+1

)︃
hi+1

(︂
hi+1

)︂⊤
]︄

F i,j
p ≃ 1

n

∑︂
s

′
(︃(︂
W i,j

)︂⊤
hi+1

)︃
hi+1

(︂
hi+1

)︂⊤

= U i+1Qi,j
p

(︂
U i+1

)︂⊤
with hi+1 ∼ p(hi+1|hi+2)

(5.5)

and

F i,j
q = Eq(h|x)pD(x)

[︄
s

′
(︃(︂
V i,j

)︂⊤
hi−1

)︃
hi−1

(︂
hi−1

)︂⊤
]︄

F i,j
q ≃ 1

n

∑︂
s

′
(︃(︂
V i,j

)︂⊤
hi−1

)︃
hi−1

(︂
hi−1

)︂⊤

= U i−1Qi,j
q

(︂
U i−1

)︂⊤
with hi−1 ∼ q(hi−1|hi−2) .

(5.6)

Eqs. (5.5)-(5.6) represent the blocks F i,j
p and F i,j

q of the empirical FIMs, for
W i,j and for V i,j , respectively, which are obtained by sampling hi+1 and hi−1

n times from the previous layers. In the last step, we introduced a matrix
representation for the empirical estimation F of F , where we obtain the U i

matrices by taking the r-th sample hi,r as column vector r of the matrix U i,
while the diagonal matrices Qi,j

p and Qi,j
q are diagonal matrices based on the

evaluation of the activation functions, i.e., Qi,j
p = diag

[︂
s

′
(︂
(W i,j)⊤

hi+1
)︂]︂

. A
visual representation can be seen in Figure 5.1.

Furthermore, we can reduce the variance of the estimation from Eq. (5.5),
by taking inspiration from RWS (Section 2.3.1) and its use of importance
sampling Eq. (2.25). By using reweighting for the samples in Eq (5.5), we
can get a lower variance estimation using the same amount of samples as
for the Monte-Carlo variant. Note that we can reuse the exact same weights
as the ones that the RWS uses, with no additional computation. Thus, to
obtain a lower variance estimation for the expected value using samples from
the distribution q(h|x)pD(x), we reweigh them by importance sampling with
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Figure 5.1: FIM represented in matrix notation as a matrix product.

the same weights ω̃k as in Eq. (2.28) and we get

F i,j
p =

n∑︂
k=1

ω̃ks
′
(︃(︂
W i,j

)︂⊤
hi+1

(k)

)︃
hi+1

(k)

(︂
hi+1

(k)

)︂⊤

= U i+1Q̃
i,j

p

(︂
U i+1

)︂⊤
with hi+1

(k) ∼ q(hi+1|hi) ,
(5.7)

where Q̃i,j

p = diag
[︂
ω̃ks

′
(︂
(W i,j)⊤

hi+1
(k)

)︂]︂
.

We only use this approach for the FIM of the generation distribution Fp.
The reason for reweighting Fp is because we prefer samples coming from the
real-world distribution pD to ones that come from the HM model since it
is the target distribution that we try to approximate. Applying the same
reweighting method to the Fq might counterintuitively bias the estimate from
samples that come from pD to samples coming from p which is a probability
distribution depending on parameters that are still in the process of being
learned.

5.3 Natural Reweighted Wake-Sleep

In this section, we introduce the Natural Reweighted Wake-Sleep (NRWS), a
geometric adaptation of the RWS (Bornschein and Bengio, 2015), where the
update of the weights is obtained through the computation of the NG of the
different loss functions in the wake and sleep phases.

The update rules of NRWS at step t for the weights θ =
(︂
W 0, . . . ,WM

)︂
and ϕ =

(︂
V 1, . . . , V M

)︂
of the generation and recognition networks are given
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by

θt+1 = θt − η ˜︁F−1
p

1
B

B∑︂
r=1

S∑︂
k=1

ω̃k∇Lp,(k,r) and

ϕt+1 = ϕt − η

2
˜︁F−1

q

1
B

B∑︂
r=1

S∑︂
k=1

(︃ 1
S

∇Ls
q,(k,r) + ω̃k∇Lw,(k,r)

q

)︃
,

(5.8)

where Lp, Ls
q and Lw

q are the empirical estimates of the loss functions Lp, Ls
q

and Lw
q for the wake, sleep and q-wake phases, respectively. Such empirical

estimates L(k,r) are computed with minibatches of size B indexed by r,
sampled each S times with indices k. Notice that in accordance with the
implementation of the RWS algorithm, the learning rate in the updating rule
for ϕ is halved to average the two gradients. Furthermore, the empirical FIMs˜︁F−1

p and ˜︁F−1
q are also estimated with B and S, based on Eqs. (5.6) and (5.7),

where n = B ∗ S.
The pseudo-code for NRWS is presented in Alg. 4. In the following

subsections, we address some of the implementation details of the NRWS
algorithm.

5.3.1 Solving systems with the Fisher Information
Matrix

In this subsection, for simplicity, we will only discuss the case of the generation
network since everything is analogously true for the recognition network as
well.

The computation of the NG update requires the inversion of the FIM,
which is not a trivial operation from a computational complexity perspective1.
It is well known that the inversion of an m×m matrix takes O(mω+o(1)), with
2 ≤ ω ≤ 3, by using some variant of the Cayley–Hamilton theorem (Decell,
1965; Williams, 2012)2.

The FIM has the size D×D, where D is the total size of all the parameters
of HM. The size of the parameters in our case is the sizes of the weights and
biases in each dense layer in the HM: D = ∑︁M

i=1 Di = ∑︁M
i=1(li + 1)li−1 for the

generation network, where Di. This sum can easily be in the millions, even
1Where we refer here as the inversion of a matrix, in the language of mathematics, in

practice in computational science, we are actually using the method of solving a linear
system, as there is no need to compute a full inverse of the FIM. Since the inverse is
multiplied with the gradient of the loss, which is a vector, F−1 · ∇L, their product can be
viewed as the solution to a linear system F · X = ∇L. From a mathematical perspective,
all the following derivations are valid and useful, this comment only serves to clarify that
we are using the computationally more efficient formulation in practice.

2Currently the smallest know value is ω ≃ 2.371552 (Williams et al., 2024).
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Algorithm 4: Natural Reweighted Wake-Sleep
1 Let x be a minibatch of samples from the dataset
2 Let p and q be the distributions of the generation and the recognition

networks with weights W and V
3 Let ω be the importance weights from the RWS
4 Let M be the depth of the HM
5 #wake phase update
6 for each layer i from q ascending with h0 = x do
7 Compute the gradients ∇θiLp with respect to W i as in (2.27)
8 Compute the weights ω̃ from the multiple samples (2.28)
9 Compute the matrices for ˜︁F i

p for the sub-blocks in i with hi+1 and
p(hi|hi+1) as in (5.5)

10 Compute ˜︂∇i
pLp = ( ˜︁F i

p)−1∇i
pLp

11 #q-wake update
12 Compute the gradients ∇ϕiLw

q with respect to V i similarly to the
sleep phase as in (2.30)

13 Compute the matrices ˜︁F i
q for the sub-blocks in i with hi−1 and

q(hi|hi−1) as in (5.6)
14 Compute ˜︂∇i

qL
w
q = ( ˜︁F i

q)−1∇i
qL

w
q

15 Update W i and V i using η with the ˜︂∇i
pLp and ˜︂∇i

qL
w
q with weights

ω̃ as in (5.8)
16 #sleep phase update
17 for each layer i from p descending with hM sampled from the prior do
18 Compute the gradients ∇ϕiLs

q with respect to V i as in (2.31)
19 Reuse the matrix ˜︁F i

q calculated in the q-wake phase
20 Compute ˜︂∇i

qL
s
q = ( ˜︁F i

q)−1∇i
qL

s
q

21 Update V i using η with ˜︂∇i
qL

s
q as in (5.8)
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for relatively small networks, which prevents the calculation of the inverse
due to the computation complexity.

This is where the usefulness of a block-diagonal structure comes in, because
the computational complexity of inverting a block-diagonal matrix equals that
of inverting its largest block since all blocks can be inverted independently of
the others and in parallel. In our case, the dimension of the largest block is
the product of the last two layers of the network, which already brings down
the complexity from O(Dω) to O ((l0l1)ω).

However, we can do even better by using the fact that the empirical
FIM is a low-rank estimation of the true one. Recall the matrix product
formulation of the FIM from the previous section and in Figure 5.1. If the
number of samples n = S ·B used for the estimation is less than D, which in
practice is almost always true, then F is a low-rank estimation of the true
FIM. This implies also that the empirical FIM is not even invertible, because
F is singular, and thus a perturbation of it is needed to make it invertible.

In our case, however, because of the block-diagonal nature of the FIM, the
condition is that the number of samples has to be smaller than the largest
block of the largest layer n < Di, typically l0l1. This is still sometimes the
case, as the largest layer usually grows with the size of the data. While we
can manipulate the size of n, we have some limitations as smaller B-s leads
to better fitting of the data, using the MBGD, and helps avoid overfitting,
and larger S-s lead to diminishing returns in estimation accuracy, thus the
FIM remains singular. Our only remaining option is the perturbation of the
singular matrix F using Tikhonov Regularization.

5.3.2 Renormalized Tikhonov Regularization
In order to approximate F by an invertible matrix, it is a common technique
to add a Tikhonov regularization term in the form of a damping factor αIn,
where α ∈ [0, 1] and In is the identity matrix of size n. Our regularized
estimate of the inverse FIM for a network with a single layer becomes

˜︁F−1 = (αIn + F )−1

= (αIn + UQU⊤)−1 .
(5.9)

We would prefer, that when α −→ ∞ then ˜︁F−1 −→ In and when α −→ 0 that˜︁F−1 −→ F−1. However

lim
α−→∞

˜︁F−1 = lim
α−→∞

(αIn + UQU⊤)−1 = 0 ,

lim
α−→0

˜︁F−1 = lim
α−→0

(αIn + UQU⊤)−1 = F−1 .
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To solve this problem, we can use the term 1/(1 + α) to renormalize the
inversion ˜︁F = αIn + F

1 + α
= αIn + UQU⊤

1 + α
. (5.10)

This renormalization term gives us the right limits for the inversion:

lim
α−→∞

˜︁F−1 = lim
α−→∞

(1 + α)(αIn + UQU⊤)−1 = In ,

and
lim

α−→0
˜︁F−1 = lim

α−→0
(1 + α)(αIn + UQU⊤)−1 = F−1 .

5.3.3 Low-rank Inversion of the Fisher Information
Matrix

Since ˜︁F is a symmetric and positive-definite matrix, for large enough α, we
can use the Sherman-Morisson-Woodbury formula (Woodbury, 1950), which
is the most efficient way to do a low-rank matrix inversion, or more precisely:
a low-rank update of an invertible matrix. While there are multiple equally
valid versions of this formula, which all have different advantages, we settled
on using the original Woodbury formulation.

The formula introduced by Woodbury states that for matrices Z is n× n,
C is k × k, U is n × k, and V is k × n, with assumed n > k, the following
holds true:

(Z + UCV )−1 = Z−1 − Z−1U(C−1 + V Z−1U)−1V Z−1 .

If we take Z = αIn, U = U , C = Q and V = U⊤, we have:

(αIn + UQU⊤)−1 = 1
α
In − 1

α2U(Q−1 + 1
α
U⊤U)−1U⊤ .

We took two main features into consideration when choosing the method:
the overall complexity of the operations needed to execute the formulation,
with our matrices, and how much memory is needed to keep in memory the
partial matrices. This last condition/requirement will become evident in
Section 5.3.4.

There are two advantages to this version: first, inverting Q is in linear time
because it is a diagonal matrix, so inverting it is just taking the reciprocal
of the diagonal. Second, we only have to keep in memory two matrices after
the first use of the formula U , which is n × k, and the inverse of the inner
parenthesis matrix k × k (more details about this in Section 5.3.4).
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Note 8
Using 1/α2 computationally might lead to numerical instability for α ≪ 1,
therefore we reformulate the equations.

For the Sherman-Morrison-Woodbury formula, it is possible to bring 1/α
out of the inner inversion, to get rid of 1/α2.

(αIn + UQU⊤)−1 = 1
α
In − 1

α2U(Q−1 + 1
α
U⊤U)−1U⊤

= 1
α
In − 1

α2U(α
α
Q−1 + 1

α
U⊤U)−1U⊤

= 1
α
In − 1

α2U
1
α

−1
(αQ−1 + U⊤U)−1U⊤

= 1
α
In − 1

α
U(αQ−1 + U⊤U)−1U⊤

= 1
α

[︄
In − U(αQ−1 + U⊤U)−1U⊤

]︄
.

5.3.4 K-step Update
By moving with a small step in the direction of the gradient descent, we can
make the assumption that the metric is changing slowly during a few training
steps. Under this assumption, we can choose to reuse the FIM for a certain
amount of steps K before recalculating it from the mini-batch. We will call
this technique the K-step update (a similar approach was used in (Martens
and Grosse, 2015)).

Notice that it is not very efficient to save in memory the whole inverse(︂
F i,j

p

)︂−1
of each block of the FIM, as it would take a memory requirement

of O (l2i ). Indeed, even when using the low-rank inversion of the diagonal
matrices for which we used the Sherman-Morisson-Woodbury technique, the
NG update step would have a computational complexity of O (l2i ).

We can do better than that in both memory requirement and computa-
tional complexity, when using the low-rank technique, by saving only the
U i+1 and the

(︂
Ai,j

p

)︂−1
partial matrices of the formula

(︂ ˜︁F i,j
p

)︂−1
=
(︃
αIn + U i+1Qi,j

p

(︂
U i+1

)︂⊤
)︃−1

= 1
α

⎡⎣In − U i+1
(︃
α
(︂
Qi,j

p

)︂−1
+
(︂
U i+1

)︂⊤
U i+1⏞ ⏟⏟ ⏞

Ai,j
p

)︃−1 (︂
U i+1

)︂⊤
⎤⎦ ,
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which we can use in the computation of ˜︁F−1 · ∇L when the NG update is
computed.

Saving the matrices U i+1 and the inverse of the inner matrix Ai,j
p , we

have a memory requirement of O (lin) and O (n2) respectively, which is much
smaller in comparison to keeping the whole inverse O (l2i ).

When reusing the previously computed FIM blocks, the computational
complexity for each update is dominated by the multiplication of the inverse
FIM with the vanilla gradient, and it becomes O (nω + lin) every K-th step
when the inverse is calculated and O (n2 + lin) every in-between step.

The result of using the K-step update is that we obtain a speed up every
time we are reusing the partial matrices, by trading in memory space, since
we need to save U i+1 and

(︂
Ai,j

p

)︂−1
among iterations.

5.3.5 Implementation Details

A final aspect related to the implementation is the technology we are using to
program/run the algorithm, and the side-effects arising from that choice. Our
decision fell on CUDA-optimized Tensorflow (Abadi et al., 2015)3 since we can
take advantage of the large level of parallelization built into the framework.
This means that we can parallelize the calculation of the inversion of the FIM
over the nodes of a layer, so we can calculate F i

p by calculating all F i,j
p in

parallel, and by extension the complexity of the algorithm O (l0 (l1n+ n2))
becomes in practice close to O (l1n+ n2) (if we suppose that complexity is
dominated by the sizes of the bottom two layers). In doing so we use 3
dimensional tensors for the FIM matrices F , which is visualized in Figure 5.2.

Figure 5.2: FIM defined as tensor products, notice that Qi is a made up of
diagonal matrices.

3More details about the technology in the Appendix A.2
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The final form of calculating the inverse of a series of blocks corresponding
to layer i of the FIM thus is given by

(︂
F̃

i

p

)︂−1
=
⎛⎝αIli + U i+1Qi

p (U i+1)⊤

1 + α

⎞⎠−1

(5.11)

= 1 + α

α

[︄
Ili − U i+1

(︃
α
(︂
Qi

p

)︂−1
+
(︂
U i+1

)︂⊤
U i+1

)︃−1 (︂
U i+1

)︂⊤
]︄
.

(5.12)

By saving the FIM blocks the memory usage for each layer li increases to
O (lin2 + li+1n) when using the low-rank inversion and saving U i+1 and (Ai)−1

matrices, as visualized in Figure 5.3, while this complexity is O (li+1l
2
i ) using

the straightforward inverse for weights W i of size li × li+1, and analogously
for V i.

Figure 5.3: Inverse of the FIM defined as tensor products.

Using the Woodbury formula thus reduces the theoretical complexity of
the method to O(l0(l1n + nω)) every K-th step and O(l0(l1n + n2)) on all
the other steps. In the layers i where n > li, which is true for the narrower
layers towards the top of the HM, there is no need to apply the Woodbury
formula, because calculating and storing the inverse of the block is actually
more efficient as in Eq. (5.11).

Remark 5
All calculations for computational complexities assume that the matrix products
are calculated as efficiently as possible. In our case this means multiplying
from the right, starting with the gradient vector and the last partial matrix. A
short explanation about the nuances of matrix multiplications for the FIM is
given in the Appendix B.

Besides the number of samples S, the minibatch size B and learning rate η,
two other hyperparameters have been introduced for the NRWS: the damping
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factor α, needed to invert the estimation of the FIM computed from the
samples when it is not full rank, and the number of steps K during which the
FIM is frozen, i.e., it is not updated with respect to the new minibatch, for
computational efficiency. Hyperparameter tuning for the learning rate η, the
damping factor α, and the value for K are presented in the Appendix C.2.

Our hyperparameter tuning experiments show that appropriate values for
α are in the range of 0.01 to 0.2, depending on the network topology. We
also found that K can be kept relatively high with values between 100 and
1, 000 with almost no loss in performance but with a significant gain in time.

This result shows that during training it is possible to avoid continu-
ously re-estimating the geometry of the manifold of probability distributions,
through the estimation of the FIM at each iteration, and that instead, a local
approximation is sufficient to speed up the convergence when using the NG.
A plausible explanation for this behavior is given by the use of the Tikhonov
regularization which allows us to obtain more robust estimations for the FIM.

5.3.6 Diagonal Natural Reweighted Wake-Sleep
As part of our study of the NRWS, we verified whether it is possible to further
constrain the structure of the FIMs and by extension make the algorithm
faster, but without loss of accuracy in training. A rough way of approximating
covariance matrices is to use only its diagonal components. The Diagonal
Natural Reweighted Wake-Sleep (DNRWS) is a version of the NRWS where
we approximate the FIM by taking only its diagonal elements. In the case of
the HM, it is easy to calculate them by

F i,j
p = 1

n

∑︂
s

′
(︃(︂
W i,j

)︂⊤
hi+1

)︃
(hi+1)2 and (5.13)

F i,j
q = 1

n

∑︂
s

′
(︃(︂
V i,j

)︂⊤
hi−1

)︃
(hi−1)2 . (5.14)

Inverting the matrices becomes trivial since they are diagonal in this
setting. Because it is much faster, we can calculate the FIM approximation
in every gradient step, with no need to save it for K steps.

Analyzing the change in the hyperparameters of the learning rate and
damping factor α in Figure 5.4 reveals that usually, the best combination
is similar to the one used for NRWS. Taking a smaller α leads to quicker
convergence, but a worse minimum, with some instability when closer to
convergence. Larger damping leads to a more stable convergence, but a
slower one, compensating by speeding up with a larger learning rate leads to
premature convergence. The DNRWS preserves the property of the damping
factor, that for α → ∞ we recover the Euclidean gradient.
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Figure 5.4: Loss of training (continuous line) and validation (dashed line) on
MNIST with different Learning Rates and Damping Factors for the DNRWS
[LR=learning rate η, Dp=Damping factor α].

Figure 5.5: Loss of training (continuous line) and validation (dashed line) of
RWS, DNRWS and NRWS on MNIST; (right) epochs (left) seconds of 500
epochs [LR=learning rate η, Dp=Damping factor α, K=K-step].

In Figure 5.5 we compare DNRWS to NRWS and RWS for a shorter period
of 500 epochs where S and B was kept the same for all algorithms. We see
a speedup of DNRWS compared to the RWS, but the achieved minimum
is worse than that of NRWS. This observation is in line with what we were
expecting, as the diagonal approximation of the FIM leads to worse results
than the estimation of the actual structure. In wall-clock time the DNRWS is
a bit more promising, as it manages to outperform RWS for a longer period. A
deeper analysis with a full comparison of training algorithms till convergence
can be found in the following section, where we find that our observations
from this small-scale experiments remain true as the DNRWS fails to improve
on either RWS or NRWS.
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5.3.7 Experiments with the Natural Reweighted
Wake-Sleep

For the performance evaluation of NRWS we use the binarized version of the
MNIST dataset of handwritten digits (Deng, 2012) as a standard benchmark.
In addition to MNIST, we show the efficiency of the NRWS on the FashionM-
NIST dataset and a downsampled version of the Toronto Face Dataset (TFD).
In addition, we used the miniMNIST dataset for a brief explorative analysis
of the hyperparameters shown in Appendix C, to determine good values for
the learning rate, damping factor, and K-step parameters4.

The functions optimized in training differ depending on the algorithm
updating phases, see Section 2.3.1. To favor comparisons, in our plots, we
report as loss function the Negative Log-Likelihood (NLL) (see Eq. (2.9))
averaged over minibatches and samples for all algorithms, since the NLL plays
a fundamental role in the training of HMs.

In addition, we compared NRWS also to a version of the algorithm noted
as DNRWS in the experiments, where only the diagonal elements of the FIM
are computed and used in the evaluation of the NG. DNRWS employs a
rough approximation of the FIM which is much faster to invert. We added
this algorithm to our experiments to assess whether or not this is a good
trade-off. We give some additional details about DNRWS and its performance
in Section 5.3.6.

Preliminary analysis on the miniMNIST showed a very small standard
deviation for the NLL over multiple runs of the same experiment, with different
seeds. We tested the miniMNIST dataset with 24 different seeds and the
best hyperparameters (LR 0.002 and Dp 0.05 as in Table D.1 and Figure
D.2 in Appendix D). After 100 epochs we obtain an average log likelihood
of −28.39 with std 0.04, while after 200 epochs an average of −28.20 and
std 0.03. This shows that the variance is relatively small for different seeds
and gets smaller over time. We repeated the experiments with multiple seeds
on the TFD dataset as well, with the best hyperparameters, with 10 seeds.
After 1, 000 epochs, the resulting LL on the test set had a mean of −370.0
and std 0.18. In light of these results, we could conclude that the algorithm
is robust against randomness and that there is no growth of the variance
(usually associated with the REINFORCE algorithm and its variants, see
Section 2.3.3). Based on these observations we only present a single run per
experiment with the confidence that they behave closely to an average run.

In all the experiments we worked with an epoch budget and a time budget

4More details about the datasets used for all experiments in this thesis are described in
Appendix A.1
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for the NRWS, or until the algorithm has converged, on the same hardware.
For Figures 5.6, 5.7 and 5.8 we used an epoch budget of 2, 000 and a time
budget of 70, 000 seconds which corresponds to roughly 20 hours. For each
training algorithm, in the plot comparisons, we present the results associated
with the best choice of the parameters (learning rate η, K, and damping
factor α), optimized for 2, 000 epochs5.

MNIST

The training is performed without data augmentation, with binary variables
in {−1, 1}. In Figure 5.6 and Table 5.1 we report the results of experiments on
the MNIST dataset with hyperparameters tuned for each individual algorithm.
The experiments are performed with a binarized dataset, equivalently to other
benchmarks in the literature (Bornschein and Bengio, 2015; Bornschein et al.,
2016).

Figure 5.6: Training curves for MNIST with MBGD, continuous lines represent
the quantities on the train set, and dashed lines the ones on validation; Left:
loss of algorithms in epochs; Right: loss of algorithms in wall-clock time (s)
[LR=learning rate η, Dp=Damping factor α, K=K-step].

In Figure 5.6 we present the loss curves during training, for the training
and validation sets. The advantage of NRWS over RWS in these experiments
comes in the form of convergence to a better minimum. NRWS converges
faster than its non-geometric counterpart in epochs. In time (right panel),
NRWS is faster than vanilla RWS, even if the time for each epoch is roughly
25% more (see Table 5.1).

5The complete details about the settings used in the experiments in this thesis, including
software and hardware details, are described in Appendix A.2
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The NG by pointing to the steepest direction with respect to the Fisher-
Rao metric, allows for higher rates of convergence, however at the same
time it might incur in premature convergence and thus reduce generalization
properties. This phenomenon is known in the literature and has been already
reported by other authors in different contexts (Glasmachers et al., 2010;
Martens and Grosse, 2015; Pajarinen et al., 2019). In our experiments,
we found that tuning the damping factor was sufficient to regularize the
experiments.

We compare our MBGDs implementations of WS, RWS and NRWS with
state-of-the-art algorithms (Bornschein and Bengio, 2015; Bornschein et al.,
2016), see Table 5.1. We found, based on the final convergence values of the
experiments, that our implementation of RWS and BiHM performs as well as
the ones from the literature. Implementations from the literature also take
advantage of accelerated gradient methods (ADAM(Kingma and Ba, 2015)),
learning rate decay (from 10−3 to 3 × 10−4), L1 and L2 regularizers, and an
increased number of samples towards the end of the training (from 10 to
100), in order to achieve better results. While using variable learning rates,
regularizers and variable number of samples (Bornschein et al., 2016) could
be successfully employed to improve our reported results, this was not the
scope of this work. Even with a simple training procedure (fixed learning
rate, no regularization and fixed number of samples S = 10), we notice how
the IS Likelihood on 10000 samples is better than RWS as reported from
the literature (Bornschein and Bengio, 2015) and even slightly better than
BiHM (Bornschein et al., 2016). The impact of variable learning rates and
increased number of samples at convergence provides a substantial advantage
for BiHM in (Bornschein et al., 2016), as it can be seen from the results
obtained with our implementation discussed in Section 5.3.8, where NRWS
compares favorably to BiHM using the same settings in training, up to hyper-
parameter tuning. In particular, we expect our results for NRWS to improve
further with the use of variable learning rates, additional regularizers6, and
an increased number of samples once the algorithm has reached convergence.

Additionally, notice that when training until convergence, the difference
between DNRWS and NRWS becomes more significant, we conjecture that
the rough approximation of the DNRWS is not able to capture information
useful to reach a better optimum.

6See experiments with NRWS using L1 and L2 regularizers in Section 6.2.
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ALG S η α K LL T/E
WS 10 0.002 - - -90.56 30s

RWS 10 0.002 - - -87.36 34s
DNRWS 10 0.002 0.2 - -86.88 39s
NRWS 10 0.002 0.2 1000 -84.91 43s
VAE - - - - ≈ -89.5 -
RWS 10-100 0.001-0.0003 - - ≈ -86.0 -
BiHM 10-100 0.001-0.0003 - - ≈ -85.0 -

Table 5.1: Importance Sampling estimation of the log-likelihood (LL) on
the test set with 10, 000 samples for different algorithms after training till
convergence with MBGD. T/E is the average time per epoch, S is the number
of samples in training, η is the learning rate, α is damping factor and K from
K-step. The values for VAE (Kingma and Welling, 2014), RWS (Bornschein
and Bengio, 2015), and BiHM are reported from (Bornschein et al., 2016)
however the T/E are not comparable because of different hardware used in
the experiments.

Toronto Face Dataset and FashionMNIST

We tested NRWS on a downsampled version of the Toronto Face Dataset
(TFD) (Susskind et al., 2010) and the FashionMNIST dataset (Xiao et al.,
2017). We used a 24 × 24 resized version for the TFD to be able to use only
dense layers in the neural networks of the HM. Given the absence in the
literature of experiments on HM with RWS on those datasets, the comparisons
were performed with our implementation of RWS and NRWS.

We used a similar setting for experiments for each of the datasets, as
for the MNIST. The same sample and batch size and architecture were
used for the RWS and NRWS, but the learning rate and damping factor
were individually tuned for each algorithm. For FashionMNIST we used
the same network as for the MNIST experiments and for TFD we used
300, 200, 100, 75, 50, 35, 30, 25, 20, 20 nodes for each layer, which is very similar,
but wider at the last layer.
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Figure 5.7: Training curves for FashionMNIST with Gradient Descent, con-
tinuous lines represent the quantities on the train set, and dashed lines the
ones on test; Left: loss of algorithms in epochs; Right: loss of algorithms in
wall-clock time (s) [LR=learning rate η, Dp=Damping factor α, K=K-step].

DS ALG S η α K LL T/E

FashionMNIST RWS 10 0.004 - - -236.96 38s
NRWS 10 0.002 0.1 1000 -235.65 51s

TFD RWS 10 0.002 - - -372.73 30s
NRWS 10 0.002 0.2 1000 -370.05 39s

Table 5.2: Importance Sampling estimation of the log-likelihood (LL) on
the test set with 10,000 samples for different algorithms after training till
convergence with MBGD. T/E is the average time per epoch, S is the
number of samples in training, η is the learning rate, α is damping factor and
K is from K-step. The values for RWS are from our own implementation.
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Figure 5.8: Training curves on TFD with Gradient Descent, continuous lines
represent the quantities on the train set, and dashed lines the ones on test;
Left: loss of algorithms in epochs; Right: loss of algorithms in wall-clock time
(s) [LR=learning rate η, Dp=Damping factor α, K=K-step].
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(a) Generated images FashionMNIST

(b) Generated images TFD

Figure 5.9: Example images generated with NRWS after 1000 epochs (a)
FashionMNIST (b) TFD

In the results in the Figures 5.7 and 5.8 we can observe similar curves
to what we saw in the case of MNIST. Even the best learning rate for the
RWS cannot catch up with the NRWS neither in epochs nor in real-world
time on both datasets. In the case of the TFD in particular we see a pretty
big difference in the algorithms’ ability to generalize. The test curves of
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the NRWS perform much better than the RWS on both datasets, which
the results from Table 5.2 corroborate. In Figures 5.9a and 5.9b we can
see some generated images from an HM after being trained with NRWS on
FashionMNIST and TFD respectively.

In the case of DNRWS, the limitations given by the use of a diagonal esti-
mation of the FIM becomes more apparent, as for both datasets the algorithm
behaves similarly to or marginally worse than RWS. From these experiments,
it is obvious that the DNRWS uses a much too crude an approximation to
the FIM to be useful in applications.

5.3.8 Natural Bidirectional Helmholtz Machine

The Bidirectional Helmholtz Machine (BiHM) (Bornschein et al., 2016),
has been shown to obtain better performances compared to WS and RWS.
However, differently from the former methods, BiHM optimizes a lower bound
of the log-likelihood with respect to the probability distribution

p∗(x) =
(︃ 1
Z

√︂
p(x, h)q(x, h)

)︃2
, (5.15)

where Z is the normalization constant7. The advantage of this method is
that both the p and q distributions are learned simultaneously without the
need for alternating phases. On the other hand, the update rules for BiHM
in practice are the same as the wake and q-wake phases from RWS, see
Eq. (2.26) and (2.30), only with different weights ω̃k.

Unfortunately, the computation of the FIM for BiHM does not lead to a
block-diagonal structure, due to how p∗ is defined. However, with the network
topology being the same in the two cases and due to the relationship of the
updating rules of BiHM with those of RWS, as well as the fact that the
underlying structure of the BiHM is an HM by construction, we propose, as
a possible workaround, to employ as FIM a block diagonal matrix with the
blocks Fp and Fq from Eqs. (5.6) and (5.7).

We are aware that this is not the true FIM for the underlying probability
model employed by BiHM, however motivated by the use of the same updating
rules for both algorithms and by promising experimental results presented
here, we decided to study such a variant and call it Natural Bidirectional

7See Section 2.3.2 for more details.
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Helmholtz Machine (NBiHM). The update rules of the NBiHM are

θt+1 = θt − η ˜︁F−1
p

1
B

B∑︂
r=1

S∑︂
k=1

ω̃k∇Lp,(k,r) and

ϕt+1 = ϕt − η ˜︁F−1
q

1
B

B∑︂
r=1

S∑︂
k=1

ω̃k∇Lw
q,(k,r) .

(5.16)

The algorithm is presented in Algorithm 5.

Algorithm 5: Natural Bidirectional Helmholtz Machine
1 Let x be a minibatch of samples from the dataset
2 Let p and q be the distributions of the generation and the recognition

networks with weights W and V
3 Let ω be the importance weights from the BiHM
4 Let M be the depth of the HM
5 for each layer i from q ascending with h0 = x do
6 Sample hi+1 from q(hi+1|hi)
7 Compute the weights ω̃ from the multiple samples (2.37)
8 Compute the gradients ∇θiLp with respect to W i as in (2.27)
9 Compute the matrices for ( ˜︁F i

p)−1 for the sub-blocks in i with hi+1

and p(hi|hi+1) as in (5.5)
10 Compute ˜︂∇i

pLp = ( ˜︁F i
p)−1∇i

pLp

11 Compute the gradients ∇ϕiLw
q with respect to V i similarly to

q-wake as in (2.30)
12 Compute the matrices ( ˜︁F i

q)−1 for the sub-blocks in i with hi−1 and
q(hi|hi−1) as in (5.6)

13 Compute ˜︂∇i
qL

w
q = ( ˜︁F i

q)−1∇i
qL

w
q

14 Update W i and V i using η with the ˜︂∇i
pLp and ˜︂∇i

qL
w
q with the ω̃-s

as in (5.16)

Experiments with the Natural Bidirectional Helmholtz
Machine
For the experiments with NBiHM and BiHM we use the exact same model
architecture, hyperparameters (mini-batch size and sample size) and data-
augmentation as we have previously described8. The exact values for the

8See Appendix D for more details.
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hyperparameters that are set on a per-experiment basis (learning rate, damp-
ing factor and K-step) are specified in the following and they have been
chosen always to favor each algorithm for the given experimental setting.

Figure 5.10: Training curves for MNIST for the BiHM and NBiHM algorithms,
continuous lines represent the quantities on the train set, and dashed lines
the ones on validation. Left: loss of algorithms over epochs; Right: loss of
algorithms over wall-clock time (s) [LR=learning rate η, Dp=Damping factor
α, K=K-step].

MNIST

We trained BiHM on MNIST as in the original paper (Bornschein et al., 2016),
with MBGD with fixed learning rate and sample size, and we compared it to
our NBiHM implementation, as in Section 2.3.2, to evaluate the impact of
the NG for BiHM based on the FIM computed in NRWS. Similarly to our
previous experiments, we performed them without gradient acceleration, no
regularization, and no adaptive sample size.

In Figure 5.10, we notice that NBiHM compared to BiHM benefits from
the use of the NG, both in convergence rate and for the value of the minimum
obtained at convergence, even though the FIM used in the computation of the
NG is not the proper one, but instead it is the one inherited from RWS. These
results are somewhat unexpected as we know that we are not computing the
gradient the correct FIM associated with the p∗ from Eq. (5.15). The same
finding can be observed in Table 5.3.

A further observation is that a big advantage of NBiHM versus NRWS
is its running time. Since NBiHM is doing a single update for the weights
of both networks, which corresponds to the wake and q-wake updates up
to different reweighting factors, while the NRWS has a total of 3 phases,
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ALG S η α K LL p LL p∗ T/E
BiHM 10 0.001 - - -87.6 -90.745 29s

NBiHM 10 0.001 0.1 1000 -86.18 -89.21 38s
NRWS 10 0.002 0.2 1000 -84.91 - 43s

Table 5.3: Importance Sampling estimation of the log-likelihood (LL) for
both p and p∗ on the test set for MNIST with 10,000 samples for different
algorithms after training till convergence with SGD. T/E is the average time
per epoch, S is the number of samples in training, η is the learning rate, α
is damping factor and K is from K-step. The values for BiHM and NBiHM
are from our own implementation.

NBiHM takes significantly less time for an epoch compared to NRWS (see
Table 5.3). However, in spite of this, even if NBiHM outperforms BiHM, we
could not reach the same accuracy and convergence rate obtained NRWS,
which surpasses both methods. We hypothesize that this could be the side-
effect of not using the proper FIM for the algorithm.

Toronto Face Dataset and FashionMNIST

DS ALG S η α K LL p LL p∗ T/E

F-MNIST
BiHM 10 0.002 - - -237.99 -239.41 31s

NBiHM 10 0.002 0.1 1000 -235.95 -237.15 38s
NRWS 10 0.002 0.1 1000 -235.65 - 48s

TFD
BiHM 10 0.002 - - -375.44 -375.54 27s

NBiHM 10 0.002 0.2 1000 -370.24 -370.39 30s
NRWS 10 0.002 0.2 1000 -370.05 - 37s

Table 5.4: Importance Sampling estimation of the log-likelihood (LL) for
both p and p∗ on the test set with 10, 000 samples for different algorithms
after training till convergence with SGD. T/E is the average time per epoch,
S is the number of samples in training, η is the learning rate, α is damping
factor and K is from K-step.

We compare BiHM and NBiHM to NRWS on the FashionMNIST and TFD
datasets as well, with the results visible in Figures 5.11 and 5.12, respectively.
The curves on the TFD seem to confirm that NRWS outperforms both
NBiHM and BiHM, as previously noticed on the MNIST dataset. On the
FashionMNIST dataset instead, we observe a different trend, NBiHM is the
best overall method, and BiHM keeps a lead on NRWS for half the running
time when looking at the wall-clock time.
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The trend previously seen in the training curves is corroborated by the final
convergence minima in Table 5.4, where NBiHM shows a large improvement
over its non-geometric counterpart, for both log-likelihoods p and p∗. However,
at convergence, in Table 5.4, the NRWS and NBiHM eventually catch up
and achieve for both datasets very close final minima. Hence, while in the
initial phases of training on the FashionMNIST, NBiHM prevails, as seen in
the training curves, the final values at convergence are approximately within
the standard deviation of the results (estimated to be approximately 0.18 on
TFD, as shown in the beginning of the present section).

Figure 5.11: Training curves for FashionMNIST for the BiHM and NBiHM
algorithms, continuous lines represent the quantities on the train set, and
dashed lines the ones on validation. Left: loss of algorithms over epochs; Right:
loss of algorithms over wall-clock time (s) [LR=learning rate η, Dp=Damping
factor α, K=K-step].

5.4 Convergence Properties
of the Wake-Sleep Algorithm

As introduced in Section 2.2 the WS algorithm switches parameters in the
KL divergence for the sleep step. The KL divergence is not symmetric (see
Section 3.4), so the switch in the order of the parameters breaks the basic
converge guarantee of optimizing a single objective.

Ikeda et al. (1999) shows through a factor analysis model that one can
understand each of the optimization steps as a geometric projection from one
data manifold to the other. Consequently, if you only had a single KL function
in both optimization steps (similarly to VAE Section 2.4.1 or REINFORCE
Section 2.3.3), the algorithm would be a version of the geometric em algorithm
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Figure 5.12: Training curves for TFD for the BiHM and NBiHM algorithms,
continuous lines represent the quantities on the train set, and dashed lines
the ones on validation. Left: loss of algorithms over epochs; Right: loss of
algorithms over wall-clock time (s) [LR=learning rate η, Dp=Damping factor
α, K=K-step].

m - proj

e - proj

Figure 5.13: Example of optimization with e and m projections for the KL
divergence; θt are the parameters of the generation network p and ϕt are the
parameters of the recognition network q at step t. Figure readapted from
(Ikeda et al., 1999)

as seen in Figure 5.13. The convergence of the em and their relationship
to the Expectation-Maximization (EM) optimization process is known in
literature and in particular has been studied by Fujiwara and Amari (1995)
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and Amari (1995).

m - proj

Figure 5.14: Optimization with e and m projections of the wake and sleep
phases. Figure readapted from (Ikeda et al., 1999).

In the case of WS because of the different objectives, while the wake phase
does behave like an m projection, the sleep phase does not conform to an
e projection. Therefore, there is no straightforward way to prove that WS
converges to an optimum for the primary objective. In Figure 5.14 we show a
possible oscillating behavior of the projections.

5.4.1 The Sleep-well and Rescaled-sleep Variants of
NRWS

Ikeda et al. describe a method, which they call Sleep-well (SW), where
between each consecutive wake phase, they perform as many sleep phase
gradient updates as needed until convergence. They prove that with this
modification the SW phase is in fact equivalent to a gradient flow in the e
step. Thus, the Wake-Sleep-well variant of the algorithm is a version of the
em algorithm, and thus it converges to the Maximum Likelihood Estimation
(MLE), but only when the model p is realizable by q, and can also be viewed
as a Generalized Expectation-Maximization (GEM) algorithm (McLachlan
and Krishnan, 2007). We illustrate in Figure 5.15 how the SW behaves
geometrically.
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m - projm - proj

...

e - proj

Figure 5.15: Optimization with e and m projections of the wake and sleep
phases for the Sleep-well variant of the Wake-Sleep, for comparison the WS
projection in dark red. ϕi

t+1 are the parameters of the recognition network
q at the i-th step sleep step within the t + 1 update step. ϕsw

t+1 is the final
parametrization of the Sleep-well when it converges.

Notice that the algorithm by Ikeda et al. uses the exact FIM, while in
the present work, we are employing an estimation of the gradients and of
the FIM based on the minibatch. In the training of the model and in the
estimation of the FIM RWS and NRWS are using weighted samples for each
point in the batch to improve the quality of the estimation, this does not
impact on the convergence properties derived for the WS, as the multiple
samples only serve to better estimate the exact FIM and gradient. The only
change RWS and NRWS introduce, is the use of the q-wake step, which is
analogous to optimizing the same KL as the wake phase, which supports
the original em convergence. Further studies on the convergence properties
of RWS and NRWS in relation to the number of samples used in training
represents an interesting research direction and will be the object of future
work.

To the best of our knowledge, the SW variant of the WS is not used
in practice in experiments in the literature. We show in a few experiments
in Subsection 5.4.2 that while there is a noticeable difference between the
WS and the SW algorithms from the perspective of the final convergence
minimum, it is more convenient to use the former because of the increased
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running time of the second.

m - proj
m - proj

Figure 5.16: Optimization with e and m projections of the wake and sleep
phases for the RS step variant of the Wake-Sleep. For comparison, we show
the WS projection in dark red.

However, what if we could have the best of both techniques? We could
approximate multiple sleep steps, by doing a larger step in the sleep step,
which does not carry any time penalty with it. By rescaling the learning rate
with some factor ηr, only for the sleep phase, could potentially carry most of
the benefits of the SW, with none of the drawbacks. We call this variant of
the WS Rescaled-sleep (RS) and we present in Figure 5.16 an illustration of
such a rescaled sleep step during training.

Whether the RS step is equivalent geometrically to the multiple sleep steps,
we can confirm that it is not. As in any GD based method, the consecutive
gradient steps can change direction based on the underlying geometry of the
manifold and are not equivalent to rescaling just one step. However, whether
the rescaled method is “close enough” in approximating the SW to have its
benefits, we show experimentally in the next section.

5.4.2 Experiments with Sleep-well and Rescaled-sleep
Variants of NRWS

As preliminary exploratory analysis, we studied briefly the SW variant of
Wake-Sleep. As mentioned in Section 5.4, WS only has theoretical convergence



5.4. CONVERGENCE OF WAKE-SLEEP 89

Figure 5.17: Loss on the train and validation sets of the miniMNIST with
different 1, 3, 5, 10 sleep steps for every wake step, with learning rate η = 0.001.
Left: loss of algorithms over epochs; Right: loss of algorithms over wall-clock
time (s).

guarantees for the variant where the sleep phase is repeated until convergence
after every wake phase. To the best of our knowledge, there are no studies in
the literature using this variant. It is usually commonly accepted to use WS
as a simple alternating algorithm, with one step of each phase instead.

In Figure 5.17 we compare 4 variants of the WS on miniMNIST9, with
the same hyperparameters, where we only changed the number of sleep steps:
1, 3, 5, 10 per one wake step. We see that there is a noticeable difference
between the variants, with more sleep steps resulting in better convergence in
epochs. However, looking at the real-time comparisons of the experiments, the
conclusion takes a different perspective, as the time penalty for the multiple
sleep phases ends up slowing down the algorithm significantly, with an amount
that scales linearly with the number of steps.

Next, in Figure 5.18 we studied how the SW affects the NRWS on a longer
training period. We noticed that the NRWS also benefits from extra steps in
the sleep cycle, however, seemingly to a lesser degree than the WS. We also
tested the RS variant, because taking a larger step could benefit the algorithm
in a similar way as taking more but smaller steps. We found that slightly
increasing the length of the sleep step with a factor of 3 does benefit both WS
and NRWS. The benefit of increasing the size rather than the number of steps
is that it does not come with any extra time penalty, however taking more
steps achieves consistently better minima. Doing both larger and more steps,
however, can impact negatively the algorithm (see red line in Figure 5.18).

9More details about the datasets and settings used in the experiments can be found in
the Appendix Sections A.1 and A.2.
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Figure 5.18: Loss on the train and validation sets of the miniMNIST with
different 1, 3 sleep steps and 1 or 3 times RS steps for NRWS, with learning
rate η = 0.001 and damping factor α = 0.2. Left: loss of algorithms over
epochs; Right: loss of algorithms over wall-clock time (s).
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Figure 5.19: Loss on the train and validation sets of the TFD with different
1, 3 sleep steps and 1 or 3 times RS steps for NRWS, with learning rate
η = 0.0005 and damping factor α = 0.2. Note that the orange and green
curves are almost completely overlapping in the left plot in epochs. Left: loss
of algorithms over epochs; Right: loss of algorithms over wall-clock time (s).
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To confirm these findings we repeated the same experiment but for the
TFD dataset, and for a longer period. As we can see in Figure 5.19 the results
are similar to the ones in the previous experiment, as 3 sleep steps and the
RS step by a factor of 3 are almost completely overlapping. Contrary to the
previous example, however, we see that in the case of TFD the combined
Rescaled-Sleep-well performs the best, but again, we conclude that it is not
worth doing multiple sleep steps, as it is too costly.

Remark 6
Given the relatively small loss improvement of SW and RS over WS and
NRWS in Figures 5.17, 5.18 and 5.19, we decided to opt for the original
variant of the WS with 1 sleep step and with the same size as the wake
phase for the rest of our experiments. The original variant is the fastest
time-wise and it is in line with all other works from the literature, that we
compare to, thus we used the standard single sleep step through all of our next
experiments. However, based on our analysis in this section, we recommend
the use of the RS for all variants of the WS for any future research, as it
is easy to implement, and it has virtually no drawbacks when combined with
an appropriate learning rate. In particular, RS does not lead to premature
convergence, or overshoot the minimum in the sleep phase.
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Chapter 6

Acceleration and Regularization
for Natural Reweighted
Wake-Sleep
In this chapter, we expand on our previous work on the NRWS by applying
techniques that are known to improve the performance of GD based algo-
rithms, in terms of faster convergence or generalization capabilities, gradient
acceleration and regularization.

We start by showing how we could adopt a class of methods to speed
up the convergence of NG that we will refer to as Accelerated Gradients
(AG). This class includes: Momentum (Polyak, 1964; Jacobs, 1988), Nesterov
Momentum (Nesterov) (Nesterov, 1983) and Adam (Kingma and Ba, 2015).
We discuss a formal framework for the definition of AG for training algorithms
and we show how we can use such methods with the NRWS to speed up the
convergence, with minimal drawbacks to the generalization capabilities.

Furthermore, we investigate the use of classical L1 and L2 regularization
methods with the NRWS and propose a parametrization invariant regulariza-
tion method, that can regularize independently from the choice of parameters.
We show how such a Geometric Regularizer (GR) can decrease the general-
ization error in both NRWS and its non-geometric counterpart.

6.1 Accelerated Natural Gradients

Accelerated Gradients (AG) methods (see for a review Goodfellow et al. (2016,
Chapter 8)) are very common in Deep Learning and have gained popularity
in recent years (Kingma and Ba, 2015; Dozat, 2016; Keskar and Socher, 2017;
Wilson et al., 2017; Duchi et al., 2011; Zeiler, 2012), as they can speed up
the learning process of gradient descent-based optimization, with negligible
increase in computation cost per iteration, compared to non-accelerated
gradients. Intuitively, some of these methods, such as Momentum (Polyak,
1964), Nesterov and Adam, work on the principle of modifying the gradient
vector based on how much it is aligned to the gradient vectors of previous
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steps. More formally acceleration is often obtained as the discretization of
second-order dynamics (Kingma and Ba, 2015). Additionally, for some AG
methods there is an additional term in the gradient update step, a correction
factor, which helps the GD based optimization to retain the correct direction,
to lower the probability of overshooting the optimization minimum (Nesterov,
1983).

Using AG methods with the Euclidean gradients for the optimization of
HMs does not present difficulties, and it has been applied in previous works by
Bornschein and Bengio (2015) for RWS and Bornschein et al. (2016) for BiHM.
In the following, we illustrate more in detail how AG methods are applied
to the GD, through the example of the Momentum method (Jacobs, 1988)
and the Nesterov Momentum (Nesterov) with the correction factor (Nesterov,
1983).

Momentum

We describe the gradient descent step as in (3.3)

θt+1 = θt − η∇L(θt) ,

where θ are the parameters of the model, that are optimized, and ∇L(θt) are
the gradients of the loss at step t and η is the learning rate. Compared to
the simple GD the Momentum method adds a vm

t−1 velocity component to the
parameter update rule, which is based on the previous update step at time
t− 1

vm
t = βvm

t−1 − ∇L(θt)
θt+1 = θt + ηvm

t

(6.1)

where β is a parameter that controls the strength of the momentum compo-
nent.

The inclusion of the velocity component results in much faster convergence
(in training steps), especially at the beginning of the optimization.

Nesterov Momentum

The intuition behind the Nesterov Momentum (Nesterov) is that the update of
the velocity vector and gradient vector is executed in reverse order, compared
to the standard Momentum. In the Nesterov case, first we take a step in
the direction of the velocity vector, which results in an intermediary point
θt+1/2, and from that point we calculate the gradient update. This second
step can be understood as a “correction” to the potential overshooting of the
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momentum 
 

gradient   

(a) Momentum step

momentum 
 

look-ahead gradient 

(b) Nesterov Momentum step

Figure 6.1: The (a) Momentum and (b) Nesterov Momentum steps are
illustrated as vector updates.

velocity term, therefore, it is also called the look-ahead gradient term or the
correction factor (Goodfellow et al., 2016). The Nesterov parameter updates
at step t are formulated as

θt+1/2 = θt + βvn
t−1

vn
t = βvn

t−1 − ∇L(θt+1/2)
θt+1 = θt + ηvn

t .

(6.2)

The Momentum and Nesterov steps are illustrated in Figure 6.1.

Adam

While Momentum and Nesterov incorporate only the first-order dynamics of
the gradient to adapt the learning rate, Adam (Kingma and Ba, 2015) also
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adapts the second moment to accelerate the gradients. An update step of
Adam is formulated as

va
t = β1v

a
t−1 − (1 − β1)∇L(θt)

mt = β2mt−1 − (1 − β2) (∇L(θt))2

θt+1 = θt + η
va

t√
mt + ϵ

,

(6.3)

where mt is the discretization of the second moment, β1 and β2 are parameters
setting the influence of va and m, and ϵ is used to control numerical tolerance.

In the remainder of this chapter, we will approach the AG methods from a
geometric perspective. In the context of Euclidean geometry, the parameters
are defined in θ ∈ RD, where RD could be understood as the Euclidean
manifold ME. Then, the vectors vt which are defined at θt are defined in the
tangent space associated to the manifold ME at point θt, vt ∈ TθtME. Let
us take as an example the equations defining Nesterov, from a geometrical
perspective we can notice how the vectors defined above belong to different
tangent spaces

θt,−η∇L(θt) ∈ TθtME

βvn
t−1 ∈ Tθt−1ME

−η∇L(θt + βvn
t−1) ∈ Tθt+1/2

ME .

(6.4)

In most applications making use of AG methods for the training of Neural
Networks, an underlying Euclidean geometry is implicitly assumed for the
parameters to be optimized. This does not pose any issue related to comparing
gradients belonging to different tangent spaces, since all the tangent spaces
are canonically isomorphic, thus they can be naturally identified (Lee, 2013,
p. 42), i.e.

TθtME
∼= Tθt−1ME

∼= Tθt+1/2
ME

∼= TME .

Therefore, the addition and subtraction of the vectors are well-defined.
However, AG methods in their basic formulation do not take into account

the geometry of the statistical model defined by the HM, therefore we cannot
apply them directly to NRWS.

6.1.1 Accelerated Gradients in Riemannian Geometry
AG methods have been studied before in the context of IG and Riemannian
Optimization in the works of Alimisis et al. (2021, 2020); Chirco et al. (2022);
Bécigneul and Ganea (2018); Liu et al. (2017). Furthermore, Martens (2020a)
discusses how popular AG training algorithms such as AdaGrad (Duchi et al.,
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2011), AdaDelta (Zeiler, 2012), and Adam (Kingma and Ba, 2015) are related
to the NG, since they can be interpreted as providing diagonal approximations
for the FIM.

On a Riemannian manifold M, as in our case for the statistical model
associated with the HM, the different vectors from Eq. (6.4) belong to different
tangent spaces

TθtM ≠ Tθt−1M ≠ Tθt+1/2
M (6.5)

hence they cannot be summed directly.

Note 9
Recall from Chapter 3 that we are using as retraction the subtraction oper-
ation, instead of an exponential map, in the case of vector operations on a
Riemannian manifold. For more details about retraction and gradient updates,
see Section 3.3 and the work of Absil et al. (2009).

In the following, we will revisit the concepts of connection, metric and
parallel transform. For a brief explanation of these concepts see Sections 3.5.

On a Riemannian manifold, given a connection ∇, a special mapping
can be defined among tangent spaces as the parallel transport, providing
a solution to transport vectors from one tangent space to another (Absil
et al., 2009). In the AG setting, the velocity vector vm

t−1 can be parallelly
transported to the tangent space TθtM of the current point pθt , in the case
of the Momentum or the look-ahead gradient in the case of Nesterov. We
illustrate visually the parallel transport before the sum of the gradient and
velocity vectors needed for the Nesterov in Figure 6.2.

To compute the parallel transport of a vector X on the tangent space
defined on the statistical manifold M, one needs to solve the following
differential equation

∇γ̇X = 0 , (6.6)
where γ is a curve connecting the source and destination points and ∇ is the
connection (see 3.5). The expression can be written as

∇γX =
∑︂
i,j,k

γj
(︂
XkΓi

jk + ∂jX
i
)︂
Ei , (6.7)

where Γi
jk are the Christoffel symbols, ∂j are the partial derivatives with

respect to the basis vector ej and Ei is the coordinate vector field corresponding
to the ei basis vector (Absil et al., 2009).

One option for the choice of parallel transport would be to use the Levi-
Civita connection, in which case the Christoffel symbols are defined as

Γl
jk = 1

2g
lm (∂kgmj + ∂jgmk − ∂mgjk) , (6.8)
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(a) The velocity vector vt−1 defined on the tangent plane Tθt−1M associated to
θt−1, while θt defines TθtM.

(b) Parallel transport of the velocity vector vt−1 from Tθt−1M to TθtM and the
look-ahead gradient vector ∇L on Tθt+1/2

M.

where gab are the elements of the metric described by the FIM, and gab are
the elements of the inverse of the FIM. Computing Eq. 6.8, and by extension
solving Eq. (6.6), is in general computationally very expensive on non-flat
manifolds ( Γl

jk ̸= 0).
Another option would be to use the exponential connection, which would

simplify the parallel transport in the general case, as for models in the
exponential family where the connection is flat, i.e., we could transport the
vectors as on the Euclidean manifold when models are parameterized in the
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(c) Parallel transport of the look-ahead gradient vector ∇L from Tθt+1/2
M to TθtM.

(d) The sum of velocity vt−1 and look-ahead gradient vectors ∇L with θt after the
parallel transport to get θt+1.

Figure 6.2: The sum of the velocity and look-ahead gradient vectors using
the parallel transport for a Nesterov Momentum update.

natural parametrization1. The HM, however, is by construction not part of
the exponential family. A requirement for an SBN (both networks of the HM)
to be part of the exponential family is for each node of the network, to have
parent nodes which are either only one, or married, i.e., to have a connection
between them (Lauritzen, 1987). This condition only applies for a HM if it is
a chain of one node per layer since the children of the nodes in one network

1See Section 3.5.3 for a detailed explanation of exponential families and the exponential
connection.
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become the parents in the other network.
In order to obtain a computationally feasible approach to parallel transport,

we relax these conditions, and we compute the parallel transport as if we had an
exponential family at hand. In other words, we behave as in a Euclidean space
with respect to the natural parameters and we transport vectors accordingly.
Our main argument, to support this choice is the following.

Based on our previous experiments with the NRWS we noticed that the
FIM describing the metric at a point θt is changing very slowly (see 5.3.4).
If we assume the slowly changing metric to be constant for large portions of
the statistical manifold, from equation (3.11) it follows that the Christoffel
symbols Γi

jk are 0, since the derivative of a constant metric is 0 (Zuoqin, 2016,
Chapter 10). Furthermore, it also follows according to Eq. (6.7) that the
parallel transport corresponds to the identity. Therefore we could assume,
that the tangent planes for the points θt, θt−1 and θt+1/2 are locally equivalent,
and we can transport vectors between them as in Euclidean spaces.

Therefore, to use AG methods with NRWS the only modification we need
to do to the methods is to exchange the gradients ∇ for the NG ∇̃. These
methods are then formulated as:

• Momentum
vm

t = βvm
t−1 − ∇̃L(θt)

θt+1 = θt + ηvm
t

(6.9)

• Nesterov

θt+1/2 = θt + βvn
t−1

vn
t = βvn

t−1 − ∇̃L(θt+1/2)
θt+1 = θt + ηvn

t .

(6.10)

• Adam
va

t = β1v
a
t−1 − (1 − β1)∇̃L(θt)

mt = β2mt−1 − (1 − β2)
(︂
∇̃L(θt)

)︂2

θt+1 = θt + η
va

t√
mt + ϵ

,

(6.11)

6.1.2 Experiments for NRWS with Accelerated
Gradients

In this section, we approach the training of the HM with AG from a practical
standpoint as we test through experiments the effect they have on RWS and
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NRWS. In these experiments, we do not use the mathematically correct (from
a Riemannian perspective) AG methods for the NRWS, which would have to
use parallel transport over statistical models, because, as we have discussed
in the previous section, it would be computationally too expensive to do so
in practice. Instead, we use the default version of the acceleration methods,
as they might still be helpful from an optimization perspective. For each
AG method we used the standard recommended parameters, which are the
following:

• Momentum (Jacobs, 1988): β = 0.95;

• Nesterov Momentum (Nesterov, 1983): β = 0.95;

• Adam (Kingma and Ba, 2015): β1 = 0.9 and β2 = 0.999.

Since we use the NG as a drop-in replacement for the gradient, we do not
fine-tune the parameters further for the individual algorithms, but take them
as given, to see how a NRWS improves on the recommended setting.

For each experiment, we report the results for 2, 000 epochs of training
for the NRWS and RWS. In Figures 6.4 and 6.6 we additionally compare the
algorithms with LR in wall-clock time for a period of 70, 000 seconds which
corresponds to roughly 20 hours. Finally, we train the RWS for 5, 000 epochs
to compare the final convergence minima of the algorithms, to compensate
for the larger per epoch run-time of the NRWS (see Table 5.1)2.

MNIST

We tested each of the AG methods discussed above with the RWS and NRWS
variants of WS. In the experiments, we used learning rates of η = 10−4, the
damping factor α = 0.2, K = 1, 000, and a network structure of 300, 200, 100,
75, 50, 35, 30, 25, 20, 10 dense layers3. The reason we used a lower η than
in the experiments in Chapter 5 is that we noticed a tendency for the AG
methods to overfit.

In Fig. 6.3 we see that both RWS and NRWS benefit from the AG methods,
outperforming in epochs the non-accelerated method by a visibly large margin,
reaching better minima in a fraction of the time. In the case of RWS, we
see that Momentum and Nesterov behave very similarly during the training,

2Based on the experiments in Section 5.3.7, the run-time of NRWS is only ∼ 1.4 times
slower than the one of RWS, which means that ∼ 3, 000 epochs would be enough to
compensate for the time difference. However, the latter did not converge in that period, so
we ran it till 5, 000 to compare final convergence values.

3The values for learning rate, damping factor and further hyper-parameters are described
and motivated in Appendix A.
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(a) AG on MNIST for RWS (b) AG on MNIST for NRWS

Figure 6.3: Comparison of Adaptive Gradient methods on MNIST for RWS
and NRWS, continuous lines represent the loss on the train set, and dashed
lines are the ones on validation.

with almost overlapping curves. At the same time, Adam outperforms them
both for the best results in convergence rate and minimum reached. These
results are in line with what we would expect from the literature about these
methods (Goodfellow et al., 2016). In the case of the NRWS, we see a slightly
different behavior, as both Momentum and Nesterov outperform Adam. This
behavior is somewhat surprising, as we would expect better performance from
Adam, based on what we have seen in the case of RWS. We speculate about
the reasons behind this behavior in the following section.

In Figure 6.4, we compare RWS and NRWS with their respective best
performing AG method, Adam for RWS and Nesterov for NRWS. In these
plots, we see that both in epochs and wall-clock time, NRWS using Nesterov
outperforms RWS using Adam, from the very beginning of the training. The
IS Likelihood estimations corroborate the results from the plots in Table 6.1.
For the RWS, we see that Adam presents the best results, while for NRWS
reaches the best log-likelihood value for Nesterov.

TFD and FashionMNIST

We begin the experiments by comparing the Momentum and Nesterov methods
on the TFD and FashionMNIST datasets and then Adam (Kingma and
Ba, 2015). We use the same structure for the underlying HM as in the
previous experiments, for the algorithms RWS and NRWS we use the same
hyperparameters as in Subsection 5.3.7, with a fixed learning rate of η = 0.0001
and the other hyperparameters set to the standard values as described in
Appendix A. Our aim in these experiments is to see whether any of the
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(a) AG on MNIST for RWS
and NRWS in epochs

(b) AG on MNIST for RWS
and NRWS in time

Figure 6.4: Comparison of best AG methods on MNIST for RWS and NRWS,
continuous lines represent the loss on the train set, and dashed lines are
the ones on validation. Left: loss of algorithms over epochs; Right: loss of
algorithms over wall-clock time (s).

ALG Epochs AG method LL

RWS

2000

- -97.58
Momentum -87.14

Nesterov -87.25
Adam -86.75

5000

- -92.83
Momentum -86

Nesterov -86.07
Adam -85.65

NRWS 2000

- -90.79
Momentum -85.7

Nesterov -85.47
Adam -86.59

Table 6.1: Importance Sampling estimation of the log-likelihood (LL) on
the test set with 10,000 samples for different algorithms after training till
convergence.

Momentum based AG methods can improve on the performance of the NRWS.
In Figure 6.5 we show how the curves of the loss evolve during the training

on the datasets, for the RWS and the NRWS. In each plot, we compare the 3
aforementioned AG methods to the simple non-AG variant of the algorithms.

We notice that the curves for Momentum and Nesterov almost completely
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(a) AG on TFD for RWS (b) AG on TFD for NRWS

(c) AG on FashionMNIST for RWS (d) AG on FashionMNIST for NRWS

Figure 6.5: Comparison of Adaptive Gradient methods on TFD and Fashion-
MNIST for RWS and NRWS, continuous lines represent the loss on the train
set, and dashed lines the ones on validation.

overlap. Even when they do not overlap, their behavior is very similar, with
approximately the same inflection points and minima, even though all weights
in the experiments are initialized with some random noise added. Therefore
we will mostly discuss the AG methods in pairs as the first-degree methods
(Momentum and Nesterov) and the second-degree method (Adam)4.

Looking at the experiments done with RWS (Figures 6.5a and 6.5c),
they reflect our expectations based on the literature, for both datasets. The
algorithms employing first-order AG methods outperform the plain gradient
variant, both in convergence rate and reached minimum loss. Adam further
improves on the performance over the first-order methods, in both speed and

4By first-degree and second-degree methods we mean that the former use the discretiza-
tion of the first derivative of the moment and the latter use the discretization of the first-
and second derivatives (Kingma and Ba, 2015), as described in the previous Section.
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convergence minima, more in the case of TFD than for FashionMNIST, but
also in the latter to a noticeable degree.

When analyzing the experiments done with NRWS (Figures 6.5b and
6.5d), we see a slightly different behavior. While all AG methods seem to
improve on the results in convergence rate and loss, we notice a switch in
the order of the methods from a performance perspective, as the first-order
methods overtake the Adam very early in the training (from the beginning in
the case of FashionMNIST and at around 100 epochs for TFD). Not only do
the first-order methods have a faster convergence rate, but they also reach
better minimums for both datasets.

(a) AG on TFD comparison in epochs (b) AG on TFD comparison in time

(c) AG on FashionMNIST comparison
in epochs

(d) AG on FashionMNIST comparison
in time

Figure 6.6: Comparison of the best Adaptive Gradient methods on TFD and
FashionMNIST for RWS and NRWS, continuous lines represent the loss on
the train set, and dashed lines the ones on validation. Left: loss of algorithms
over epochs; Right: loss of algorithms over wall-clock time (s).

In Figure 6.6, we compare RWS and NRWS on FashionMNIST and
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TFD with their respective best performing AG method, Adam for RWS and
Nesterov or Momentum for NRWS. In these plots, we see that both in epochs
and wall-clock time, for both datasets, NRWS outperforms RWS both using
AG, from the very beginning of the training.

The results are summarized in Table 6.2, where we present the losses
of the algorithms using Importance Sampling with 10, 000 samples after
2, 000 epochs for NRWS and 5, 000 epochs (till convergence) for RWS. We
see the results from Figure 6.6 reflected in the values of the table, namely,
that in the case of RWS, Adam dominates the other AG methods, while for
NRWS Momentum and Nesterov seem to be the best choices. It is worth
mentioning that in almost all cases the NRWS outperforms the RWS when
comparing them with the same AG, with the notable exception of Adam for
FashionMNIST.

Our hypothesis about the reason why NRWS prefers first-order methods
over Adam lies in the assumptions we take when we use the NG with AG
methods. When applying the first-order methods to an NG optimization
without taking into account the geometry, we are implicitly assuming a locally
flat manifold for the associated statistical model, where one can parallelly
transport vectors, as in the Euclidean space. Probably, if the manifold is close
to being flat in the neighborhood of a point, this action can be done, without
a strong impact on the optimization process, and it leads to good results, as
in our case for the Momentum and the Nesterov which both improve on the
non-AG variant.

When using second-degree methods, the implicit assumption of almost
flatness in a neighborhood of a point appears to be stronger compared to first-
order methods, since the covariant derivative (which we assume to vanish) is
used not only to compute parallel transports but also to compute accelerations.
While we see that the second-degree methods also improve on the NRWS,
not to the same degree as the first-degree ones. One could argue that this is
because of too strong of an assumption, however, we have seen in previous
experiments (Section 5.3.4 and Appendix C.2), that the FIM of the manifold
is very slowly changing allowing us to avoid the recalculation of it for a K
amount of steps. Seeing how Christoffel symbols for the Levi-Civita connection
depend on the gradient of the metric, small changes in the FIM result in
almost negligible changes in the covariant derivative on the manifold with
respect to the directional derivative.

Notice how Martens (2020b, Section 11) discusses how second-order meth-
ods, such as Adam can be understood as using empirical estimations of the
diagonal components of the FIM and by extension, they can be viewed as
NG variants. Therefore we could understand using Adam and NG at the
same time for HM as overlapping methods, where Adam adopts a rough
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approximation of the FIM in the computation of the gradient and NRWS
uses an estimation of the true FIM. In the light of this, we speculate that in
this context applying Adam to NG, appears to be incompatible, indeed, in
our experiments we found that using Adam with NRWS leads to sub-optimal
performance.

DS ALG Epochs AG method LL

FashionMNIST

RWS

2,000

- -249.44
Momentum -239.05

Nesterov -238.99
Adam -238.28

5,000

- -244.85
Momentum -237.44

Nesterov -237.39
Adam -236.66

NRWS 2,000

- -243.1
Momentum -236.16

Nesterov -236.29
Adam -237.33

TFD

RWS

2,000

- -377.77
Momentum -373.76

Nesterov -373.72
Adam -371.51

5,000

- -377.24
Momentum -372.57

Nesterov -372.42
Adam -370.89

NRWS 2,000

- -376.74
Momentum -369.7

Nesterov -369.68
Adam -370.01

Table 6.2: Importance Sampling estimation of the log-likelihood (LL) on
the test set with 10,000 samples for different algorithms after training till
convergence.

While our results using AG methods with NRWS are promising, the
adaptive steps of Momentum and Nesterov and the accumulated momentum
of Adam are still implicitly assuming a Euclidean manifold, which from a
geometrical perspective is not the correct approach, since it is not considering
the Fisher-Rao geometry of statistical models. This motivates the exploration
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of Adaptive Riemannian Gradient methods for HMs, in potential future works,
which account for the geometry of the statistical models.

6.2 Regularization of Weights in Helmholtz
Machines

A recurring problem in all Machine Learning tasks is the lack of generalization.
The most common way to quantify this issue is to measure the generalization
error, which measures how well a model can behave on yet unseen data, com-
pared to the performance on the training set. Commonly the generalization
error is measured by studying the generalization gap, which is the gap between
the losses measured on the train set and the validation set during training.
While we expand on our previous work, we can develop better methods to
improve the generalization gap, by regularizing the parameter space.

Regularization5 is a technique in Machine Learning that is commonly used
to obtain better generalization properties, a typical approach is by forcing
the weights of a model to be small, and implicitly to keep the model more
simple (Occam’s razor principle) (Goodfellow et al., 2016). The reason for
this is usually to prevent overfitting when a model learns the training data
too well and does not generalize on new unseen data. One method commonly
used is forcing a simplified structure on the model, so it does not get as
“overconfident” in its goal by learning noise in the training set, and thus as a
consequence, by reducing the number of weights it reduces the generalization
gap (or generalization error). We measure the generalization gap as the
distance between the performance of the algorithm on the training set and
the validation set (Bishop, 2006). This measure is not an absolute measure,
however, but a relative one. When comparing two different training methods
on the same dataset which have the same performance on the train set, we
prefer the one where the generalization gap is smaller, i.e. the performance of
the algorithm on the validation set is better or equal, as it usually generalizes
better on yet unseen data.

6.2.1 L1 and L2 Regularization
A common way of regularizing a training algorithm is to add to the loss
function a term that penalizes some norm of the weights, i.e. to force the
values to be small, as illustrated in Figure 6.7.

5We refer to Goodfellow et al. (2016, Chapter 7) for a review of common regularization
techniques in Machine Learning.
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0

Figure 6.7: L2-norm of a weight vector w = [w1, w2].

The most common regularizers, which we will be referring to as L1/L2

Regularizers (LR), are L1 and L2 regularizers, based on the L1 and L2 norms,
which are defined as

L1(x) = ∥x∥1 =
∑︂

i

|xi| ;and (6.12)

L2(x) = ∥x∥2 =
√︄∑︂

i

x2
i , (6.13)

which correspond to the first- and second-order p-norms

Lp(x) = ∥x∥p = p

√︄∑︂
i

xp
i .

Commonly, the norms are raised to the power of p so that the root functions
disappear, which simplifies the calculation of the gradients with respect to
them.

These common regularization methods, however, do not account for the
geometry of statistical models. In the case of statistical models that have
a Riemannian geometry, as for HMs, these regularization methods are not
compatible with the geometry, for instance, because they are not invariant
to the choice of parameters. This, in turn, means that LR for statistical
models might not lead to the desired effect of favoring models with better
generalization properties.

To evaluate the effectiveness of LR methods on HM, we add a regularization
term to the empirical estimate of the loss, with a coefficient β, to control the
strength of regularization. Thus the new update rules for the NRWS will be

θt+1 = θt − η ˜︁F−1
p

1
B

B∑︂
r=1

S∑︂
k=1

(︂
ω̃k∇Lp,(k,r)

)︂
+ β∇∥θt∥,

ϕt+1 = ϕt − η ˜︁F−1
q

1
B

B∑︂
r=1

S∑︂
k=1

(︃ 1
2S∇Ls

q,(k,r) + ω̃k

2 ∇Lw
q,(k,r)

)︃
+ β∇∥ϕt∥ ,

(6.14)
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where ∥ · ∥ is a placeholder for both L1 and L2 norms.

6.2.2 Experiments with L1 and L2 Regularization

We conducted some experiments with the LR on HMs, in order to evaluate
what effect they have on the training and generalization properties of the
algorithms. We tested the L1 and L2 regularizers on both FashionMNIST and
TFD in a similar experimental setting, as in Subsections 5.3.7 and Appendix A.
We chose the best-performing learning rates, damping factors, and K-step
for each algorithm from the previous experiments. For both FashionMNIST
and TFD datasets we used the same network as in all previous experiments
Subsection 5.3.7. The added regularization terms to the loss are equal in both
cases (RWS and NRWS) and the added time penalty is negligible, compared
to the cost of the other operations (dominated by the computation of the
FIM). We present the behaviors of the LR variants on RWS and NRWS during
training in Figures 6.8 and 6.9, where we used a budget of 2, 000 epochs.
In Table 6.3, we present the final convergence minima of the best-behaving
algorithms, where we let the RWS train till 5, 000 epochs, to compensate for
the slower per-epoch run-time of NRWS (see Table 5.1)6.

We tested different values for β for RWS and NRWS, for both datasets, to
see the effect that each regularization method has on the respective algorithm.
Through these experiments, we also want to find a candidate value for β,
which minimizes the generalization gap and provides good performance on
the validation set, for each training method and dataset.

We present in Figure 6.9 the effects of the L1 and L2 regularizers on both
RWS and NRWS for FashionMNIST and in Figure 6.8 for TFD.

In the case of the TFD in Figure 6.8, we see different behaviors for L1 and
L2 regularizers, while both improve on RWS and NRWS in some capacity.
Starting with the L1 case, notice that for RWS using most of the tested values
for β in the range of 0.0005−0.01 leads to almost the same performance on the
validation set, with an early convergence, compared to the non-regularized
version. We can see the same early convergence behavior in the case of
the NRWS for all values of β, however, it is immediately apparent that all
regularized models end up at a worse convergence minimum than the non-
regularized algorithm. In this sense, L1 regularization makes the learning
worse, than if we would not regularize at all.

6Based on the experiments in Section 5.3.7, the run-time of NRWS is only ∼ 1.4 times
slower than the one of RWS, which means that ∼ 3, 000 epochs would be enough to
compensate for the time difference. However, the latter did not converge in that period, so
we ran it till 5, 000 to compare final convergence values.
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(a) L1 on TFD with RWS.
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(b) L2 on TFD with RWS.
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(c) L1 on TFD with NRWS.
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(d) L2 on TFD with NRWS.

Figure 6.8: Training curves representing the loss using LR on TFD with RWS
and NRWS, for different values of β. Continuous lines represent the quantities
on the train set and dashed lines the ones on validation.

L2 regularization behaves as we expect on RWS, where we see that the
regularization improves the performance of the algorithm, with stronger
regularization being better up to a given value (β = 0.05). However for NRWS
we see a different behavior, compared to the non-geometric counterpart. We
see that a small amount of L2 regularization (β = 0.0005, 0.001) slowly derails
the algorithm from a better optimum to a worse convergence minimum, while
for larger amounts of regularization (β ≥ 0.05), the algorithm converges
almost instantaneously to a sub-optimal convergence value.

Therefore, in the case of the TFD, both LR methods fail to improve the
performance of the NRWS.

Studying the behavior of LR methods on FashionMNIST in Figure 6.9, we
notice that neither regularization method, for any tested value for β, improves
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on either RWS or NRWS. We see a clear trend for both L1 and L2 that the
larger β we take, the more the training underperforms to the non-regularized
version.

We compared the final minima after the convergence of the algorithms,
with the best β-s for each regularization type and without any regularization
and we present these results in Table 6.3. We used the best values for the
learning rate and damping factor as in the previous experiments. The findings
in the table corroborate the results from the previous figures, as we find again
that the tested Lp regularizers do not work for the geometric algorithm NRWS
as the non-regularized versions of the algorithms come out on top for both
datasets. In addition, for the RWS even if regularizers improve on the results,
as in the case of the TFD, they do so only marginally.

DS ALG Epochs Regularizer β LL

FashionMNIST

RWS

2000
- - -239.39

L1 0.00001 -239.29
L2 0.00001 -239.34

5000
- - -237.47

L1 0.00001 -237.61
L2 0.00001 -237.63

NRWS 2000
- - -236.49

L1 0.00001 -236.65
L2 0.00001 -236.51

TFD

RWS

2000
- - -373.87

L1 0.01 -372.89
L2 0.05 -370.39

5000
- - -372.63

L1 0.01 -372.9
L2 0.05 -370.3

NRWS 2000
- - -370.32

L1 0.01 -372.5
L2 0.1 -370.9

Table 6.3: Importance Sampling estimation of the log-likelihood on the test
set with 10,000 samples for different algorithms after training till conver-
gence (5, 000 epochs for RWS and 2, 000 epochs for NRWS) [β - the rate of
regularization; LL - log-likelihood].

Based on the previous results, the following questions arise: Why is the
performance of the LR less effective for the NRWS in the case of TFD and
why do they only affect the learning on FashionMNIST in a negative way?
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(a) L1 on FashionMNIST
with RWS.
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(b) L2 on FashionMNIST
with RWS.
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(c) L1 on FashionMNIST
with NRWS.
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(d) L2 on FashionMNIST
with NRWS.

Figure 6.9: Training curves representing the loss using LR on FashionMNIST
with RWS and NRWS, for different values of β. Continuous lines represent
the quantities on the train set and dashed lines the ones on validation.

Our hypothesis lies in how the regularizers work in the context of an HM
and what specifics the data of FashionMNIST has. As we have mentioned
previously, LR works by enforcing a constraint on the magnitude of weights
of the network, ensuring that the models do not learn extreme values for their
parameters.

The fact that regularized algorithms are discouraged from learning extreme
values for the parameters explains why regularizers have a detrimental effect
on the performance of the training algorithms on FashionMNIST. If we look
at any sample from the dataset (samples shown in Figure 6.10 and the
Appendix A, Figure A.1), we notice that every image has a black background.
A black value is represented as 0 (or analogously −1 for a tanh activation), to
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sample a 0 from a Bernoulli distribution one needs the output of the sigmoid
to be close to 0, which means that the input of the sigmoid has to approach
−∞ as

lim
x→−∞

s(x) = 0 ,

therefore, the model is required to learn extreme values for its parameters to
generate constant black backgrounds. Hence, regularizing the model with L1

or L2 for FashionMNIST is not beneficial to the learning, as it is discouraged
to learn the extreme values associated with the background of the images.

Figure 6.10: Sample images from the FashionMNIST dataset.

The success of NRWS over RWS is partially based on the fact that thanks
to the NG, the size of the gradients is modified depending on the metric,
and it can grow in magnitude, depending on their direction, compared to the
gradients of RWS (Amari, 1998). With larger values for gradients, the size of
the weights can grow faster, and as such the algorithm can explore a much
larger area in the parameter space, for a fixed amount of steps, so that it can
converge faster to better local minima of the optimization. The LR methods,
however, set constraints on the size of the weights, by definition, which limits
the area in the parameter space where the training algorithm explores, which
area consists of less extreme values. In this sense, we hypothesize that the
LRs for HMs actively work against the benefits of the NRWS, as it limits how
large the weights of the network can grow. Indeed, we can see this behavior
in the case of the black values of the FashionMNIST data, where the NRWS
is much better at learning the extreme values for the weights, representing
the black values, and achieves smaller losses than using LR methods.

We illustrate how the norms of the weights and gradients change through-
out the training of the wake phase7 with a regularized and a non-regularized

7We have verified that the curves of the loss and norms of the weights and gradients
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(a) Loss, weights and gradients of RWS with LR for TFD.

(b) Loss, weights and gradients of NRWS with LR for TFD.

(c) Loss, weights and gradients of RWS with LR for FashionMNIST.

(d) Loss, weights and gradients of NRWS with LR for FashionMNIST.

Figure 6.11: The evolution of the norms of the weights and gradients on TFD
and FashionMNIST with RWS and NRWS: (left) evolution of the loss during
training, validation set with dashed line, train with solid line; (center) norm
of weights; (right) norm of gradients; in epochs.
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algorithm for both RWS and NRWS in Figure 6.11. We see that the losses
for both methods and both datasets, the regularized versions in the first
few epochs get reduced to a minimal value, and stay there until the end
of the experiment. In all cases, except for the RWS on TFD, this minimal
convergence value on the validation set is larger, than the non-regularized
version. Simultaneously, the gradient becomes near constant but not 0 for the
entire experiment length. However, we see that for the non-regularized NRWS,
which outperforms the other methods by achieving a smaller value for the
loss, the norm of the weights takes a much higher value. We can also notice
that the norm of the gradients in this case decreases and eventually, it will
level out. The non-regularized RWS behaves similarly to the non-regularized
NRWS in loss and norms of gradient and weights, only it is slower, as we
know from previous experiments (see Section 5.3.7) to reach the same values
for the measured quantities. Furthermore, the behavior of the norms of the
weights shown in the plots confirms our hypothesis about FashionMNIST. We
can observe that the norms of the weights of the non-regularized algorithm in
Figures 6.11c and 6.11d reach much higher values than for the regularized
version, implying that the non-regularized algorithms learn larger weights.

We have seen that using the LR does not work for all datasets, as well as,
LR does not help the convergence of the NRWS. However, this does not mean
that we cannot regularize geometric algorithms on HMs. In the following
section, we explore some possibilities of regularizing statistical models using
IG concepts.

6.3 Geometrical Regularization over
Statistical Models

In the case of a statistical model pθ, we need a different measure of complexity,
than the norm of the parameters θ to differentiate between simple and complex
models (Occam’s Razor). A good geometric principle is to find a dissimilarity
measure that is independent of the parametrization θ. One such measure of
complexity could be the entropy of pθ, as it is most commonly associated
with a state of disorder, randomness, or uncertainty.

Another approach to measuring the complexity of a model pθ is to compare
it to some fixed reference distribution p0, one which is a standard or a non-
informative distribution, and preferably independent of the parametrization
θ. In the case of SBNs, using Bernoulli distributions for the random variables,
p0 could be chosen to be the uniform distribution, for which the weights of

during the sleep phase behave analogously to the curves of the wake phase.
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the parametrization are θi = 0. As a reference distribution p0 is independent
of the training data and it is always returning probability 1/2 independently
from input.

Given a reference distribution p0, there are multiple ways to regularize
our distribution pθ in relation to it, which usually requires that we have to
define some form of dissimilarity measure, a distance or more generally a
divergence, between the two distributions, where a smaller value for such a
measure relates to a higher similarity between the two. Regularization then
is understood as encouraging similarity between the two distributions. Some
of these measures we could use and minimize are the following:

1. The KL divergence8 between the distribution p and the reference p0:
The KL divergence has the advantage that it is independent of the
parametrization of pθ and p0. Indeed, we can show that using the KL
divergence as a measure equals maximizing the entropy of the statistical
model pθ if p0 is the uniform distribution over binary variables (see
Subsection 6.3.1 for more details).

2. The length of a geodesic defined on the probability manifold M con-
necting the distributions pθ and p0: Minimizing the length of geodesic
connecting p0 and pθ is not a trivial task, since calculating the geodesic
itself is generally computationally expensive (see Section 6.1.1 for more
details). Equivalently, one could minimize the norm of the velocity
vector associated with the geodesic, however, this requires calculating
the logarithmic map Logp0(pθ), which is also not easy to compute in
the general case. Such a method could be possible for proper choices of
the geodesic (not necessarily using the Levi-Civita connection) for some
statistical models, such as the ones in the Exponential family, but as
the HM is not part of any of those. Applying this type of regularization
is not trivial, and the exploration of such techniques could be explored
in future works9.

6.3.1 Entropy Regularization of a Helmholtz Machine
In this section, we calculate the KL divergence between the generative dis-
tribution pθ and a uniform one p0 with fixed parameters. Notice that the
uniform distribution p0 has maximum entropy, and is defined for finite sample
spaces. If we take the binary case where our pθ are Bernoulli distributions

8For more information about the KL divergence, see Section 3.4.
9Geodesics, velocity vectors, the exponential family and logarithmic maps are explained

in Chapter 3.
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and p0 is the uniform distribution, we get

arg min
θ

DKL [pθ(x, h)||p0(x, h)] = arg min
θ

∫︂
pθ(x, h) ln pθ(x, h)

p0(x, h)dxdh

= arg min
θ

∫︂
pθ(x, h) ln pθ(x, h)dxdh

− arg min
θ

∫︂
pθ(x, h) ln p0(x, h)dxdh⏞ ⏟⏟ ⏞

const. w.r.t. θ

= arg min
θ

∫︂
pθ(x, h) ln pθ(x, h)dxdh

= − arg min
θ

Hp[x, h] = arg max
θ

Hp[x, h] .
(6.15)

We see that by maximizing the entropy H of the distribution pθ we
minimize its divergence from p0.

Methods based on the maximization of the entropy are well known in the
literature, they have been introduced by Jaynes (1957) in the form of the
Maximum Entropy Principle and have had a rich research history since (Shore
and Johnson, 1980; Guiasu and Shenitzer, 1985; Fornalski et al., 2010). The
Principle of Maximum Entropy is based on the premise that when estimating
the probability distribution, one should select the distribution that leaves
the largest remaining uncertainty (i.e., the maximum entropy) consistent
with your constraints. This choice maximizes the probability that we do not
introduce any additional assumptions or biases into the estimation (Lloyd
and Penfield, 2003). In simpler terms, the principle states that when faced
with multiple probability distributions that all represent the same data points
from a dataset similarly well, the best choice is the distribution that has
the maximum entropy, as that one is the most likely to generalize well on
new/unseen data (Ma, 2021). Regularizing the entropy is very popular in
Reinforcement Learning (Audiffren et al., 2015; Haarnoja, 2018), in particular,
the method known as Soft Actor-Critic (Haarnoja et al., 2018) uses the concept
of maximizing the entropy in training to balance the exploration-exploitation
trade-off in continuous exploration spaces.

In the case of the HM, we can use entropy maximization to increase the
generalization capability of the learned model. By choosing as a reference
distribution the uniform distribution, in the light of Eq. (6.15), we can
estimate the entropy for both the generative and recognition distributions
of the HM and add it as a regularization term to the loss during training.
These extra terms force the training to converge towards minima with higher
entropy. Therefore, following the Maximum Entropy Principle, the model
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should be able to generalize better. The entropies for the HMs are defined as

Hp = Epθ(x,h) [ln pθ (x, h)] and
Hq = Eqϕ(h|x) [ln qϕ (h|x)] .

In the case of the generative distribution p, we can rewrite the KL diver-
gence from Eq. (6.15) as a sum of KL divergences following the chain rule
(Braverman, 2011)

DKL [p(x, h)||p0(x, h)] =
= DKL

[︂
p(x|h1)||p0(x|h1)

]︂
+ · · · + DKL

[︂
p(hM)||p0(hM)

]︂
.

(6.16)

Similarly, following (6.15), the entropy of p can be rewritten as a sum of
layer-wise entropies

Hp[x, h] = Hp[x|h1] + · · · + Hp[hM ] .

Because of this decomposition, by introducing regularization to the loss
function, we still conserve the advantage of WS based methods, that the
gradients can be computed and updated per-layer, a very important property
for the efficient use of HMs10. Hence, we can write the conditional entropies
for a layer i as

Hp

[︂
hi|hi+1

]︂
= Epθ(hi|hi+1)

[︂
ln pθ

(︂
hi|hi+1

)︂]︂
and

Hq

[︂
hi|hi−1

]︂
= Eqϕ(hi|hi−1)

[︂
ln qϕ

(︂
hi|hi−1

)︂]︂
.

(6.17)

In practice, the exact quantities are replaced by empirical estimations,
which allow the computation of the gradients by Monte Carlo sampling. We
estimate the gradients w.r.t. the expectations in Eq.(6.17) of Hp and Hq by
sampling from the parent layers

∇θHp = 1
B · S

S·B∑︂
k=1

∂ ln pθ(x(k), h(k))
∂θ

with x(k), h(k) ∼ pθ(x, h) and

∇ϕHq = 1
B · S

S·B∑︂
k=1

∂ ln qϕ(h(k)|x(k))
∂ϕ

with x(k), h(k) ∼ qϕ(x, h) .

Notice that the computations of the gradients of H are almost identical to
the computations we use for the gradients of the loss L in Eqs. (2.22) and
(2.23) only with samples coming from the opposite distributions. While the

10Although we only showed here the derivation of the entropy of Hp, the derivations are
analogous for the Hq.
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samples for calculating the losses L per layer come from either the data
distribution p∗ or the opposite distribution (p for the recognition and q for
the generative), the sampling needed for computing H-s layerwise come from
the same distributions, therefore the entropies are independent of the data.

By adding the gradients of the entropies to the update rule of the training
algorithm, we can regularize the statistical model to prefer higher entropy
distributions while learning p and q. We will refer to this method of regulariza-
tion as Entropy Regularizer (ER). The final update rules for the parameters
of the HM for the NRWS with ER can then be formulated as

θt+1 = θt − η ˜︁F−1
p

[︄
β∇θHp + 1

B

B∑︂
r=1

S∑︂
k=1

ω̃k∇θLp,(k,r)

]︄
and

ϕt+1 = ϕt − η ˜︁F−1
q

[︄
β∇ϕHq + 1

2B

B∑︂
r=1

S∑︂
k=1

1
S

∇ϕL
s
q,(k,r) + ω̃k∇ϕL

w
q,(k,r)

]︄
,

(6.18)
where we can control the strength of its effect with a parameter β.

6.3.2 Experiments with Entropy Regularization
We tested ER on both FashionMNIST and TFD in a similar experimental
setting, as in Subsections 5.3.7 and 6.2.2. We present the results in the plots
with algorithms running 2, 000 epochs for training both for RWS and NRWS.
For the final importance sampling values which we present in the tables,
we also include RWS ran for 5, 000 epochs, to compensate for the longer
per-epoch run-time of NRWS11. In all our experiments with ER we use a
warm-up period of 50 epochs, which we have shown to be appropriate in the
Appendix C.3. Similarly to the LR methods, in the case of the ER the added
time from the computation of the gradient of the entropy is negligible, as
it has the same complexity as the computation of the gradient of the loss,
therefore we report the experiments only in training epochs.

In Figure 6.12 we present the change in the loss of HM models trained
with RWS and NRWS on TFD and FashionMNIST for different values of β
for the ER (0, 0.8, 2.0, 5.0).

By analyzing the plots, we immediately notice that the ER for certain
values of β improves on the performance of both RWS and NRWS in con-
vergence rate and final minimum, compared to the non-regularized version,

11Based on the experiments in Section 5.3.7, the run-time of NRWS is only 1.4 times
slower than the one of RWS for all datasets, which means that ∼ 3, 000 epochs would be
enough to compensate for the time difference. However, the latter did not converge in that
period, so we ran it till 5, 000 to compare the final convergence values.
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(a) ER on TFD for RWS. (b) ER on TFD for NRWS.

(c) ER on FashionMNIST for RWS. (d) ER on FashionMNIST for NRWS.

Figure 6.12: Loss of the training algorithms using ER on TFD and Fash-
ionMNIST for RWS and NRWS, for β ∈ {0, 0.8, 2.0, 5.0}. Continuous lines
represent the quantities on the train set and dashed lines the ones on valida-
tion.

commonly on both the validation and train set. As we see in Figures 6.12c
and 6.12d, the ER also improves on the FashionMNIST dataset, on which
the LR methods failed to improve (see Section 6.2.2). Looking at the effect
of the different β-s on the loss, we conclude that the most favorable value is
β = 2.0 among those we tested, as smaller values lead to less performance,
and larger values can lead to sub-optimal behavior (Figure 6.12a) or worse
performance than the non-regularized variant (Figure 6.12d). In the case of
the NRWS the ER seems to have immediate benefits on the training, while
for RWS we see less improvement at the beginning of the training for TFD in
the convergence rate, but ultimately the curves of the regularized algorithms
overtake the non-regularized one.

An important difference to mention, when comparing the results of the ER
with the ones done with L1 and L2 regularizers, is that the former does not seem
to improve just on the generalization gap between the train and validation
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curves of the experiments, but they improve on the overall performance of
the algorithms, by achieving better performance on the train set as well, not
just the validation.

We analyzed the effect the ER has on the weights and gradients during
training for the TFD and FashionMNIST when using it with RWS and NRWS
in Figure 6.13. We see that, in fact, ER has the opposite effect on the weights
and gradients of the model than the L2 regularizer, while also outperforming
the latter in reached minimum loss. We observe that the ER encourages
larger norms for the weights, which, as we speculated before in Section 6.2.2
is likely to result in more extreme values, which leads to better minima of
the loss. We can also notice for both datasets and both RWS and NRWS
when using ER, that norms of the gradients converge to some minimum, after
which they stay constant, similarly to the non-regularized version, but with a
higher norm, which likely contributes to the higher norms for the weights.

DS ALG Epochs Regularizer β LL

FashionMNIST
RWS

2000 - - -239.17
ER 2.0 -238.71

5000 - - –237.52
ER 2.0 -237.04

NRWS 2000 - - -236.49
ER 2.0 -236.05

TFD
RWS

2000 - - -373.9
ER 2.0 -373.18

5000 - - -372.56
ER 2.0 -371.31

NRWS 2000 - - -370.32
ER 2.0 -369.61

Table 6.4: Importance Sampling estimation of the log-likelihood (LL) on
the test set with 10,000 samples for different algorithms after training till
convergence with SGD, where β is the regularization parameter.

Finally, in Table 6.4 we present the best performance of the algorithms
measured in the loss with and without ER, where we see the trends seen
in the plots confirmed by Importance Sampling estimation of the loss, with
10, 000 samples. We see that indeed, for both datasets and with both training
algorithms RWS and NRWS, using ER improves on the final optimization
minimum. We notice in fact even when we run the RWS for 5, 000 epochs,
the final log-likelihoods are lower than the ones for the NRWS. These results
are strengthened by what we learned from the curves in Figure 6.12, that the
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(a) Loss, weights and gradients of RWS with ER for TFD.

(b) Loss, weights and gradients of NRWS with ER for TFD.

(c) Loss, weights and gradients of RWS with ER for FashionMNIST.

(d) Loss, weights and gradients of NRWS with ER for FashionMNIST.

Figure 6.13: The evolution of weights and gradients in epochs on TFD and
FashionMNIST with RWS and NRWS: (left) evolution of the loss, validation
set is represented with a dashed line, train with a solid line; (center) norm of
weights; (right) norm of gradients.
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DS ALG Regularizer and AG LL

MNIST
RWS - -87.36

NRWS - -84.91
ER β = 0.5, Nesterov -84.88

FashionMNIST
RWS - -237.52

NRWS - -235.65
ER β = 0.5, Nesterov -235.43

TFD
RWS - -372.56

NRWS - -370.32
ER β = 2.0, Momentum -369.61

Table 6.5: Importance Sampling estimation of the log-likelihood (LL) on
the test set with 10,000 samples for different algorithms after training till
convergence, where β is the regularization parameter. The values for RWS
and the plainNRWS are taken from the tables of Chapter 5.

ER improves on the non-regularized algorithms in both convergence rate and
minima of the loss reached.

6.4 Regularized Natural Reweighted Wake-
Sleep

We have seen in Section 6.1 that we can improve the convergence rate of
NRWS by using AG methods. However, we noticed that in some cases there is
a need for regularizing the model. In Section 6.2 we showed that regularizing
the HM with LR techniques leads to some advantages in certain cases (TFD)
but in general, it cannot be applied to learning all datasets. Furthermore, we
discussed how LR methods are geometrically not sound for using them in
concordance with NRWS. Therefore, in Subsection 6.3.1 we showed how the
ER can be used as a geometrically suitable regularization method, to improve
the performance of NRWS on all datasets. In this section, we conclude the
chapter by combining all the improvements mentioned above (AG and ER)
to compare to the state-of-the-art results of NRWS presented in the previous
chapter.

In Table 6.5 we present the results on the MNIST, FashionMNIST and
TFD datasets using the best settings for gradient acceleration and regular-
ization, for each dataset. Notice that for all datasets, the version using ER
and AG outperforms the plain NRWS. For the MNIST and FashionMNIST
datasets, we see only marginal improvements, however, if we consider that
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both improvement methods have been shown in the previous sections to im-
prove the convergence rate of the algorithms, with no noticeable computational
time-penalty, we think they are improvements nonetheless as they converge
faster to better results, even if we do not train until convergence. In the case
of TFD, we see a larger improvement, compared to the other datasets, which
also confirms our hypotheses about the difference between black-background
images and more neutral images from the previous Subsection 6.2.2.

We conclude that using both AG and ER methods is almost always
beneficial to training. Since both methods can improve on both RWS and
NRWS methods, with no noticeable drawbacks it is an obvious choice for any
training method on an HM.
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Chapter 7

Applications to Natural Images
In this chapter, we focus on the flexibility and scalability of Natural Reweighted
Wake-Sleep, in particular, we focus on types of random variables that can be
modeled with Helmholtz Machines, and on the size of the data in terms of
image resolution that the model can process.

So far we modeled image data with binary variables, when continuous
variables would be a better representation, therefore, we adapt the NRWS to
represent non-binary data. We compute the FIM associated with Gaussian
random variables for the HM, which we show has a fine-grained block-diagonal
structure comparable to the one used for binary variables.

Later, we present how convolutional networks can also be used together
with the NRWS to learn datasets with higher resolution images, which would
be computationally demanding when using only dense layers, because of the
increased size of the blocks of the FIM.

7.1 The Normal Distribution in Helmholtz
Machines

In their work, Dayan and Hinton (1996) proposed multiple variants of the HM,
in addition to what we have used thus far, such as using different network
architectures, sampling methods, activation functions or distributions with
the model. One of the proposed options is to use Normal distributions to
represent continuous data, instead of the Bernoulli we have used up until
now, which enables us to use continuous random variables for the HM, which
is particularly useful for learning and representing natural images.

Natural images are typically represented as 256 discrete gray or color levels,
in machine learning applications we usually rescale the discrete values equally
spaced onto the [0, 1] interval. These discrete values are typically then treated
as continuous values, and generally, we use a continuous distribution, e.g.,
Gaussian, to model them, up to truncation for values outside the interval of
interest. While previously data augmentation techniques and sampling were
needed to learn continuous data represented through the mean parameters of
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Bernoulli distributions1, with a Normal distribution we can learn the values
directly.

When we use a Normal distribution in a HM the definition of the loss
function of the NRWS (log-likelihood of wake, q-wake and sleep) do not
change, however, the per-layer gradients for the parameters of the distribution
do. Recall the loss of a single layer of the HM as a conditional log-likelihood
ln p(hi|hi+1; θ), we can substitute p with the pdf of a conditional Normal distri-
bution N (µ, σ) having mean µ and standard deviation σ. More precisely2 we
consider the parameters of node j as θj = (W i,j

µ ,W i,j
σ ) with µi,j =

(︂
W i,j

µ

)︂⊤
hi+1

and σi,j = exp
(︂
(W i,j

σ )⊤
hi+1

)︂
, i.e.

pθ

(︂
hi,j|hi+1

)︂
= N (hi,j|µi,j, σi,j)

= 1√︂
2π (σi,j)2

exp
⎛⎝−(hi,j − µi,j)2

2 (σi,j)2

⎞⎠

= 1

exp
(︃(︂
W i,j

σ

)︂⊤
hi+1

)︃√
2π

exp

⎛⎜⎜⎜⎝−

(︃
hi,j −

(︂
W i,j

µ

)︂⊤
hi+1

)︃2

2exp
(︃(︂
W i,j

σ

)︂⊤
hi+1

)︃2

⎞⎟⎟⎟⎠ ,

(7.1)
where exp is the exponential function exp(x) = ex. The exp function in the
standard deviation ensures that σ has only non-negative values, which is
needed by definition3.

Remark 7
In this section, we will do all derivations for Gaussian random variables
only for the generation network p of the HM for simplicity, however, every
derivation applies analogously to the recognition network q as well, which we
skip for brevity.

We can calculate the gradients of the log-likelihood, first with respect to

1For more details about data augmentation for binary data see Appendix D.
2We make the same assumption as we made in Note 4, that there is an implicit bias

term as in W · x + b, but we shorten it for brevity.
3When putting in practice the above derivations, we add a constant ϵ to the σ, where

0 < ϵ ≪ 1, which is a common technique in machine learning, to ensure the σ is never 0 to
avoid numerical errors (i.e., the denominator of the first term in Eq. 7.1 ), however, we
ignore this term in the formulae.
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W i,j
µ as
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(7.2)
then with respect to W i,j

σ as
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(7.3)
The computation of the above gradients enables us to train the HM with

Gaussian distributions using the non-geometrical algorithms, such as: WS,
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RWS and BiHM. However, we are interested in training with the NRWS,
which is based on the NG and requires the computation of the FIM and its
inverse. We recall from Chapter 4 in Eq.(4.3) our previous result that the
FIM for the HM can be written as a block-diagonal matrix

F(θ) = −Epθ(x,h)

[︃
block-diag

(︂
∇2

θ ln p
(︂
hi,j|hi+1; θi,j

)︂)︂
i∈[0,M−1],j∈[0,li]

]︃
, (7.4)

where θi,j are the weights of network parameterizing the random variable hi,j

given its parents hi+1.

Theorem 2
The blocks of the FIM for the HM using Normal distributions for the random
variable µi,j, the mean of a node j in layer i, parameterized by W i,j

µ are

F i,j
p,µ = Ep(x,h)

[︄
1

(σi,j)2h
i+1

(︂
hi+1

)︂⊤
]︄
. (7.5)

For the random variable σi,j, the standard deviation of node j in layer i,
parameterized by W i,j

σ , the blocks of the FIM can be defined as

F i,j
p,σ = Ep(x,h)

⎡⎣2 (hi,j − µi,j)2

(σi,j)2 hi+1
(︂
hi+1

)︂⊤
⎤⎦ . (7.6)

The off-diagonal blocks of the FIM, using the derivatives of both µ and σ, are

F i,j
p,µ−σ = Ep(x,h)

⎡⎢⎣ ∂2

∂W i,j
µ ∂

(︂
W i,j

σ

)︂⊤ ln p
(︂
hi,j|hi+1

)︂⎤⎥⎦
= Ep(x,h)

[︄
−2 (hi,j − µi,j)

(σi,j)2 hi+1
(︂
hi+1

)︂⊤
]︄

= 0 .

(7.7)

From the above theorem, it follows that the FIM using Gaussian random
variables has a similar fine-grained block diagonal structure as we had with
Bernoulli distributions, which is one block per neuron j. In this case, the
blocks are twice as large because the distribution has two parameters (µ
and σ). However, following Eq. (7.7) the block of the neuron j also has two
diagonal blocks, one for µ and one for σ, resulting in double the number of
weights and blocks for a fixed network topology, compared to the Binary case.
A visual representation of a FIM for a single layer of the HM is shown in
Figure 7.1.

In the following two subsections, 7.1.1 and 7.1.2, we will prove this theorem.
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Figure 7.1: Graphical representation of the Fisher information matrix for a
Network with 3-2 nodes and the prior using Gaussian random variables. The
gray lines identify the blocks associated with the layers of the network and a
single node of the network. The matrix admits a fine-grained block-diagonal
structure with two blocks for each node. The blocks are ordered from the
bottom layer to the top starting from the upper left.

7.1.1 The Hessian of the Normal Distribution

To prove Theorem 2, we have to first calculate the Hessian of the joint
log-likelihood defined in Eq. (7.1). Let us calculate the derivatives w.r.t.

∂2

∂W i,j
µ ∂

(︂
W i,j

µ

)︂⊤ ,
∂2

∂W i,j
σ ∂

(︂
W i,j

σ

)︂⊤ and ∂2

∂W i,j
µ ∂

(︂
W i,j

σ

)︂⊤ .

Since we already calculated the first derivatives w.r.t. W i,j
µ in Eq. 7.2 and

w.r.t. W i,j
σ in Eq. 7.3, let us start by calculating the second derivative of the

first term W i,j
µ
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To calculate the derivative of the loss w.r.t. ∂2
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from the first derivative ∂
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we calculated in Eq. (7.3):
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.

Finally, we can compute the off-(block)diagonal elements of the FIM, by
taking the first derivative with respect to W i,j

µ from Eq. (7.2) and the second
derivative, with respect to W i,j

σ

∂2

∂W i,j
µ ∂

(︂
W i,j

σ

)︂⊤ ln p
(︂
hi,j|hi+1

)︂
= ∂

∂
(︂
W i,j

σ

)︂⊤
(hi,j − µi,j)

exp
(︃(︂
W i,j

σ

)︂⊤
hi+1

)︃2h
i+1

=
(︂
hi,j − µi,j

)︂
hi+1 ∂

∂
(︂
W i,j

σ,k

)︂⊤
1

exp
(︃(︂
W i,j

σ

)︂⊤
hi+1

)︃2

= −2 (hi,j − µi,j)
(σi,j)2 hi+1

(︂
hi+1

)︂⊤
.

To conclude, the Hessian of the loss of a layer i contains the following
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derivatives
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, (7.8)
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and
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7.1.2 The Fisher information matrix of a Normal
distribution

In order to derive the FIM for a statistical model associated with the HM with
conditional Gaussian random variables, we need to compute the expectation
for each Hessian from Eqs. (7.8), (7.9) and (7.10).

Starting with the FIM for the parameters of the random variable µi,j, we
get

F i,j
p,µ = −Ep(x,h)

⎡⎢⎣∂2 ln p (hi,j|hi+1)
∂W i,j

µ ∂
(︂
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= Ep(x,h)
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(σi,j)2h
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)︂⊤
]︄
.

(7.11)

Since the structure of the probability distribution p is a Markov chain

p(x, h) = p(x|h1)p(h1|h2)...p(hM) ,

we know that for any function f(hi) the following equivalence holds true

Ep(x,h)[f(hi)] = Ep(hM )

[︂
. . .Ep(hi+1|hi+2)

[︂
Ep(hi|hi+1)

[︂
f(hi)

]︂]︂]︂
. (7.12)

The expectation terms from p(hi−1|hi) to p(x|h1) can be ignored, since from
their perspective f(hi) is a constant, which can be extracted, and then they
all resolve to 1. Then the expectation of f(hi) can be estimated by Monte
Carlo sampling through the previous layers:

Ep(x,h)[f(hi)] ∼ 1
n

∑︂
f(hi), with hi+1 ∼ p(hi+1| . . . hM) . (7.13)
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In the case of the HM we can sample from q(hi+1|hi) instead, which is much
simpler.

Since the expectation (7.11) is only dependent on the random variable
hi+1 (σi,j is also a function of hi+1) we can compute the empirical estimation
of the block of the FIM by Monte-Carlo sampling hi+1 n times from the
approximate distribution4 as

F i,j
p,µ = 1

n

∑︂ 1
(σi,j)2h

i+1
(︂
hi+1

)︂⊤
, with hi+1 ∼ q(hi+1|hi) . (7.14)

In our case we use n = B · S, where B is the size of the minibatch and S
is the sample size, similarly to how we did it in Eqs. (5.5) and (5.6) from
Section 5.2. In the case of the FIM for the parameters of the random variable
σi,j, we have

F i,j
p,σ = −Ep(x,h)

[︄
∂2 ln p (hi,j|hi+1)
∂W i,j

σ ∂W i,j
σ

⊤

]︄

= Ep(x,h)

⎡⎣2 (hi,j − µi,j)2

(σi,j)2 hi+1
(︂
hi+1

)︂⊤
⎤⎦ .

Notice that, compared to Eq. (7.11), there are two random variables (hi and
hi+1) in the above expectation, which we can solve by splitting it over the
two separate variables. The innermost expectation concerning hi considers
hi+1 and thus the parameters µi,j and σi,j as constants, hence we can pull
them out of the expectation

Ep(hi|hi+1)

⎡⎣2 (hi,j − µi,j)2

(σi,j)2 hi+1
(︂
hi+1

)︂⊤
⎤⎦ =

= 2hi+1 (hi+1)⊤

(σi,j)2 Ep(hi|hi+1)

[︃(︂
hi,j − µi,j

)︂2
]︃
.

(7.15)

Knowing that for a random variable x sampled from a Normal distribution
N (µ, σ), the second central moment is E [(x− µ)2] = σ2, we can simplify the
above expectation as

2hi+1 (hi+1)⊤

(σi,j)2 Ep(hi|hi+1)

[︃(︂
hi,j − µi,j

)︂2
]︃

= 2 (σi,j)2

(σi,j)2 h
i+1

(︂
hi+1

)︂⊤

= 2hi+1
(︂
hi+1

)︂⊤
.

4This estimation is explained in detail in Section 5.2.
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Notice that the geometry of σ is constant over the individual nodes j and only
depends on the layer i+ 1. Furthermore, if p (hi+1|hi+2) is also a Gaussian
distribution, and knowing that for a normally distributed random variable x
the non-central moment is E [x2] = µ2 + σ2, we can simplify the expectation
from Eq. 7.12) as

Ep(hi+1|hi+2)

[︃
2hi+1

(︂
hi+1

)︂⊤
]︃

= 2
(︃
µi+1

(︂
µi+1

)︂⊤
+ σi+1

(︂
σi+1

)︂⊤
)︃
.

This result is satisfying since the solution to the expectation can be
estimated more simply and can be shared for all blocks of the layer i. The
empirical estimation of F i,j

p,σ can be obtained by

F i,j
p,σ = 2

n

∑︂
hi+1

(︂
hi+1

)︂⊤
, with hi+1 ∼ q(hi+1|hi) , (7.16)

which holds for any distribution of the random variable hi+1. If p(hi+1|hi+2)
is also a Gaussian distribution, we can estimate the block of the FIM as

F i,j
p,σ = 2

n

∑︂(︃
µi+1

(︂
µi+1

)︂⊤
+ σi+1

(︂
σi+1

)︂⊤
)︃

= 2
n

∑︂
W i+1

µ hi+2
(︂
W i+1

µ hi+2
)︂⊤

+ exp
(︂
W i+1

σ hi+2
)︂ (︂

exp
(︂
W i+1

σ hi+2
)︂)︂⊤

,

with hi+2 ∼ q(hi+2|hi+1) .
(7.17)

For the off-diagonal elements of the FIM for node j in layer i involving
both µ and σ, we have

Ep(x,h)

[︄
∂2

∂W i,j
µ ∂W i,j

σ

ln p
(︂
hi,j|hi+1

)︂]︄
=

= Ep(x,h)

[︄
2 (hi,j − µi,j)

(σi,j)2 hi+1
(︂
hi+1

)︂⊤
]︄
.

Refactoring the expectations with respect to hi,j as we did in Eqs. (7.12) and
(7.15), and knowing that the first central moment of a random variable x
sampled from a Normal distribution N (µ, σ) is E [x− µ] = 0, we have

Ep(hi|hi+1)

[︄
−2 (hi,j − µi,j)

(σi,j)2 hi+1
(︂
hi+1

)︂⊤
]︄

= −2hi+1 (hi+1)⊤

(σi,j)2 Ep(hi|hi+1)
[︂
hi,j − µi,j

]︂
= 0 .

(7.18)
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□
Since the expectation with respect to hi given hi+1 is 0, it follows that we

have a similarly fine-grained structure for the FIM to the one of the Bernoulli
case (see Section 4.3), which has smaller blocks than what is commonly used
in the literature. We visualize the structure of a FIM in Figure 7.2 with the
blocks reordered compared to Figure 7.1 to illustrate the difference to the
usual assumption from the literature (Desjardins et al., 2015; Grosse and
Salakhudinov, 2015; Sun and Nielsen, 2017).

(a) FIM structure of our model. (b) FIM structure of other’s model.

Figure 7.2: Graphical representation of the FIM for a network using Gaussian
variables with 3-2 nodes and the prior. The gray lines correspond to the
blocks associated with the network layers. The FIM admits a fine-grained
block-diagonal structure with blocks of size equal to the size of the hidden
layers. The blocks are ordered from the bottom layer to the top starting from
the upper left. The literature comparisons are from the works of Desjardins
et al. (2015),Grosse and Salakhudinov (2015) and Sun and Nielsen (2017).

7.1.3 Natural Reweighted Wake Sleep with Normal
Distributions

In order to use the NRWS with Gaussian distributions, we need to invert the
FIMs from the previous section.

Remark 8
Notice that the FIM in Eqs. (7.14) and (7.16) can be written as a product of
matrices in the form UQU⊤ as we have seen in Section 5.2, with different
values for Q compared to the binary case. It follows that Eq. (5.12), which
we introduced in Section 5.3.5, is still valid to invert and regularize the FIM
in the NRWS.



7.1. THE NORMAL DISTRIBUTION IN HELMHOLTZ MACHINES 137

Thus, the inverse of a series of blocks corresponding to layer i of the FIM
is given by

(︂
F̃

i

p

)︂−1
=
⎛⎝αIli + U i+1Qi (U i+1)⊤

1 + α

⎞⎠−1

= 1 + α

α

[︄
Ili − U i+1

(︃
α
(︂
Qi
)︂−1

+
(︂
U i+1

)︂⊤
U i+1

)︃−1 (︂
U i+1

)︂⊤
]︄
,

(7.19)
where α is the damping factor, U i+1 has as columns the samples hi+1 and Qi

is a diagonal matrix with entries 1/σi,j in the case of the F i,j
p,µ, and the identity

Ili for F i,j
p,σ.

When all layers of the HM are normally distributed we can directly
estimate the FIM from Eq. (7.17). In this case, we do not need an elaborate
inversion as in the Eq. (7.19), but we just calculate the inverse after the
summation of the terms, as it has the same computational cost as computing
the inner parenthesis in the former equation (α (Qi)−1 + (U i+1)⊤

U i+1).
As a consequence of the remark above, the complexity analysis we have

done in Chapter 5 also applies here, i.e., the complexity of the NRWS is
dominated by the inversion the FIMs of F i,j

p,µ and F i,j
p,σ (only in the general

case as in Eq. 7.16) using the Woodbury formula. Since usually, the bottom
two layers of the HM are the largest, in the general case for σ we have a
computational complexity of O(l0(l1n+ nω)) every K-th step and O(l0(l1n+
n2)) on all the other steps for both matrices. On the other side, when all layers
have a Gaussian distribution, only the inversion of F µ has the complexity
presented above, which still dominates the computation.

To illustrate the capabilities of our algorithm we used it on the TFD
(Susskind et al., 2010), with the same hyperparameters as we used in our
previous work (damping factor α, K-step, batch size B and sample size
S), except the network architecture, which has the same sizes with Normal
distributions on every layer and the learning rate η. The learning rate has
to be lowered compared to the binary case because the continuous random
variables are faster to learn, as a consequence, we chose the value of 10−4.

In Figure 7.3, we show generated images using binary and continuous
distributions. First, notice the difference between the number of iterations till
convergence of the methods, as in the continuous case just after 200 epochs
the faces look comparable to the ones of the binary case after 5, 000, thanks
to the faster convergence of continuous variables compared to binary ones. In
the binary case, we see faces with much stronger facial features, i.e., shadows,
orientation, mustaches or emotions, compared to the continuous case, but also
more salt-and-pepper noise and blurriness, sometimes to the point that the
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(a) Images generated as means of binary variables after 5, 000 epochs.

(b) Images generated as means of continuous variables after 200 epochs.

Figure 7.3: Images generated from an HM trained with NRWS with (top)
Bernoulli and (bottom) Normal distributions.

face is unrecognizable. While faces in the continuous case are more smooth,
but with less recognizable features (sometimes we cannot differentiate between
lips and teeth, and almost all faces are oriented directly towards the camera),
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however, there are no unrecognizable faces. Some of these problems may not
appear at different scales, as for larger images the small, pixel-scale mistakes
would be less noticeable.

7.2 Convolutional Neural Network
So far we have analyzed dense network architectures, where every neuron is
connected to every other neuron from the adjacent layers. However, we would
benefit from the flexibility of using other types of layer structures to introduce
sparsity in the weights, to be able to scale up HMs to support e.g. larger
images. Less dense structures, such as convolutional layers (LeCun et al.,
1998), through weight sharing and by exploiting spacial information, have
been shown to greatly reduce the number of parameters used for learning
datasets with larger data.

We aim at expanding the capabilities of the NRWS by being able to apply
it to convolutional networks. To achieve this, we first need to investigate the
geometry of convolutional layers through its FIM to enable us to use it in the
context of the NG update.

7.2.1 Convolutional Layer
Convolutional layers and Convolutional Neural Networks (CNNs) gained con-
siderable attention after the pioneering work of LeCun et al. (1998) where they
first used it for classification tasks on images. Typically such a convolutional
layer applied to images can be represented as a function, where the inputs
x and the outputs y are 3-dimensional tensors, where the weights V is a
4-dimensional tensor5 and the bias d is a vector. Let us define these quantities
with sizes as:

• x : H × W × C, where H is the height, W is the width and C is the number
of channels of the input x;

• y : H′ ×W′ ×F, where H′ is the height, W′ is the width and F is the number
of channels of the output y;

• V : K × L × C × F, where K is the height and L is the width of the weights
of the filter V ;

• d : F , which is the bias;
5Also usually referred to as filters in the context of CNNs
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Figure 7.4: Convolutional mapping of the input layer x to an example output
element from y. In this example H = 4, W = 4, C = 2, H′ = 2, W′ = 2, F = 2,
K = 2, L = 2, with s = 2. The blue area shows which area of x is multiplied
with the weights V ···f to define yijf in the case where i = 1, j = 1 and f = 1.
The bias df, represented as a yellow cube, is added output to the previous
multiplication which results in yijf, red cube. The dark green element Vklcf

is multiplied with the pink elements xsi+k−1,sj+l−1,c, thanks to the shift given
by the stride s.

• s : scalar, is the stride.

The weights V of the layer usually do not span the whole height and width
of the input layer x (K < H and L < W). The convolutional operation works
by applying the same filter V as a sliding window over the input x. The
weights V are shifted by s number of elements vertically and horizontally
until they cover the whole input. We can define the function implemented by
the convolutional layer for an element of the output yijf as

yijf =
K∑︂

k=1

L∑︂
l=1

C∑︂
c=1

V klcf xsi+k−1,sj+l−1,c + df . (7.20)

The result is that the outputs yijf capture only local information about the
input x, depending on the indices i, j, and the width and height of the filter
K × L. In Figure 7.4 we show an example image6, of how such a convolutional
function applies its weights V to an input x. Additionally, activation functions
and probability distributions can be applied to the end of such layers, similarly
to the previously used dense layers, to transform them into stochastic layers.

6In Figure 7.4 the notation · means all the indices along the axis, therefore V ···f

represents the f-th 3D sub-tensor of the 4-dimensional tensor V .
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Note 10
For an intuitive explanation of how we get to this many indices, and how
the convolutional formulae work, we refer to Appendix E, where we build up
from the simplest two-dimensional case to the final, complex version we see
in Eq. (7.20), with multiple input and output channels, padding, and stride.

Note, that the fact that in a convolutional operation, we shift the filter
V over the input x, can be understood as sharing the said weights per layer.
This is an important property of convolutional layers since the sharing of
weights reduces the number of weights per layer.

7.2.2 Deconvolutional Layer
The deconvolutional operation can also be used to define a deconvolutional
layer where the sizes of the parameters are equivalent to the convolutional
ones, only now we treat y as the input and x as the output

• x : H × W × C, where H is the height, W is the width, and C is the number
of channels of the output x;

• y : H′ ×W′ ×F, where H′ is the height, W′ is the width, and F is the number
of channels of the input y;

• W : K × L × F × C, where K is the height, and L is the width of the
weights of the filter W ;

• b: C , which is the bias;

• s : scalar, is the stride.
Note 11
For simplicity of notation, we assumed the same sizes H, W, C, F, K, L for heights,
widths, and depths of weight tensor, input and output tensors for the convolu-
tional and the deconvolutional case, which would mean that they are mirror
images of each other. In practice, that is not always the case, as by modifying
the sizes of the filter W and stride s we could end up with the same size for
the input and output, therefore sizes of the filters of the convolutional and
deconvolution layers may not be equal. We made this assumption only to
simplify the text and to not introduce any further constants.

The deconvolution operation for a single element xijc can be defined as

xijc =
K∑︂

k=1

L∑︂
l=1

F∑︂
f=1

W klfc y(i−k)/s+1,(j−l)/s+1,f + bc ,where

y(i−k)/s+1,(j−l)/s+1,f = 0 if (i− k)
s

+ 1, (j − l)
s

+ 1 /∈ N .

(7.21)
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Figure 7.5: Deconvolutional mapping of the input layer y to an example
output element from x. In this example H = 4, W = 4, C = 2, H′ = 2, W′ = 2,
F = 2, K = 2, L = 2, with s = 2. The blue area shows which area of x is the
result of the deconvolution of yijf, red cube, with the weights W ···c, green
cube, summed with the bias bc, yellow cube, in the case where i = 1 j = 1,
and c = 1, summed. The pink blocks of x are the result of the deconvolution
of y by the elements Wklfc, dark green, thanks to the shift given by the stride
s.

Similarly to the convolutional layer, we can view the deconvolutional operation
as a sliding window of shared weights over the input. In Fig 7.5 we present
an illustration of a deconvolution operation.

Remark 9
Note that a deconvolutional layer is not an inverse operator of a convolutional
one, as there is no direct, one-to-one correspondence between the weights W
and V .

7.3 The Geometry of a Convolutional Neural
Network

Recall our derivation of the gradients of a DAG from Theorem 1, where we
have shown that the FIM of a DAG is block-diagonal. It is easy to see that
CNNs are still DAGs, which means that the theorem holds for these types of
layers as well. However, CNNs introduce an extra property by weight sharing,
which means we have to treat them differently.

Theorem 3
Let G be a directed acyclic graphical model, whose variables are grouped in
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layers such that each node from the i-th layer has parent nodes from the
(i− 1)-th layer. The variables are grouped per layer in disjoint sets (partition)⋃︁
Si = N , where Si

⋂︁
Sj = ∅, ∀Si, Sj ⊂ N , where the same variables are

applied to multiple pairs of parent-child nodes within one set. The FIM
associated with the joint probability distribution p that factorizes as the product
of conditional distributions according to G has a block-diagonal structure, with
one block for each subset Si per layer, of size equal to the number of parent
nodes.

In the following section, we prove Theorem 3, and we see how it applies
to CNNs in HMs.

7.3.1 The Directed Acyclic Graph View of a Convolu-
tional Network

Let N be a directed graphical model, with the nodes divided into two sets,
N = {x, h}, with x the set of observed random variables (points in the data
set) and h the set of hidden random variables, generating the observations. We
suppose in our calculations that x and h are discrete. The joint distribution
of the nodes in N can be written in the following way, as it is classically done
in directed graphical models:

pθ(x, h) =
∏︂

r∈N

Kr(xr|xpa(r); θr) (7.22)

where for each node r ∈ N , xpa(r) are the random variables corresponding to
the set of parent nodes of the random variable xr, and Kr is the pdf (or pmf)
of xr given its parents, having parameters θr.

However, since our weights θi are shared within subsets Si ⊂ N , where
Si
⋃︁
Sj = ∅, ∀Si, Sj ⊂ N and i ̸= j, with a total of R subsets, we can rewrite

Eq. (7.22) as

pθ(x, h) =
R∏︂
r

∏︂
s∈Sr

Kr(xs|xpa(s); θr) . (7.23)

We illustrate an example DAG with shared weights in Figure 7.6. In
this example, we have two kernels K1(·; θ1) parameterized by θ1 = {α},
and K2(·; θ2) with θ2 = {β, γ}, where K1 is applied to the set of nodes
S1 = {x5, x6, x7, x8}, as K1(x5|x1; θ1), K1(x6|x2; θ1), etc., and K2 is applied
to the set of nodes S2 = {x9, x10, x11}, as K2(x9|x5, x6; θ2), K2(x10|x6, x7; θ2),
etc. Note, that in the general case, the nodes of Si do not need to be
distributed per layer, as shown in the current example, but can be arbitrarily
arranged throughout the DAG. We chose a layered distribution of the nodes
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Figure 7.6: Example DAG with shared weights θ1 = {α} (green arrows)
for the set S1 = {x5, x6, x7, x8}, and θ2 = {β, γ} (red arrows) for the set
S2 = {x9, x10, x11}.

to more closely resemble an SBN’s structure, which forms the networks of an
HM.

If pD (x) is the true distribution of the dataset, our goal is to minimize
DKL [pD(x)||pθ(x)], w.r.t. the parameters θ, which is in the discrete case is
equivalent to maximizing ∑︁x pD (x) ln pθ(x) as shown in Chapter 2. The loss
function we are optimizing is L(θ) = ∑︁

x p(x) ln pθ(x), where θ is the set of
parameters θr which define the kernels Kr. The derivatives of the loss can be
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computed as
∂L(θ)
∂θr

= ∂

∂θr

∑︂
x

pD (x) ln pθ (x)

=
∑︂

x

pD (x) ∂

∂θr

ln
∑︂

h

pθ (x, h)

=
∑︂

x

pD (x) ∂

∂θr

ln
∑︂

h

R∏︂
i

∏︂
s∈Si

Ki

(︂
xs|xpa(s); θi

)︂
(from Eq. (7.23))

=
∑︂

x

pD (x) 1
pθ (x)

∑︂
h

∂

∂θr

⎛⎝ R∏︂
i

∏︂
s∈Si

Ki

(︂
xs|xpa(s); θi

)︂⎞⎠
=
∑︂

x

pD (x)
pθ (x)

∑︂
h

⎛⎝ R∏︂
j

∏︂
t∈Sj

Kj

(︂
xt|xpa(t)

)︂⎞⎠ ∂

∂θr

ln
R∏︂
i

∏︂
s∈Si

Ki

(︂
xs|xpa(s); θi

)︂

=
∑︂
x,h

pD (x)
pθ (x) pθ (x, h) ∂

∂θr

∑︂
Si⊂N

∑︂
s∈Si

lnKi

(︂
xs|xpa(s); θi

)︂

=
∑︂
x,h

pD (x) pθ (h|x)
∑︂

s∈Sr

∂

∂θr

lnKr

(︂
xs|xpa(s); θr

)︂
,

using p⋆
θ (x, h) = pD (x) pθ (h|x)

=
∑︂
x,h

p⋆
θ (x, h)

∑︂
s∈Sr

∂

∂θr

lnKr

(︂
xs|xpa(s); θr

)︂

= Ep⋆
θ
(x,h)

⎡⎣∑︂
s∈Sr

∂

∂θr

lnKr

(︂
xs|xpa(s); θr

)︂⎤⎦
Since the statement inside the expectation only depends on xs and its parents
xpa(s), where s ∈ Sr, we can simplify the above expectation to

∂L(θ)
∂θr

= Exs,xpa(s);s∈Sr

⎡⎣∑︂
s∈Sr

∂

∂θr

lnKr

(︂
xs|xpa(s); θr

)︂⎤⎦ (7.24)

Therefore, computing the gradient w.r.t. the variable θr is independent of
the computation of the gradient w.r.t. the other variables. Notice that the
gradient w.r.t. a variable θr is dependent on the sum of all gradients of the
kernels in which it is involved.

In order to compute the FIM for a DAG with a convolutional structure, we
have to calculate the Hessian for the loss function above. From the Eq. (7.24)
it follows that

∇θr∇θt ln pθ (x, h) = δrt

∑︂
s∈Sr

∇2
θr

lnKr

(︂
xs|xpa(s); θr

)︂
,
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with δrt = 1, if r = t and 0, otherwise, since the partitions Sr and St are by
definition disjoint if r ≠ t. This shows that the FIM has a block-diagonal
structure, where the blocks are sums over the individual applications of the
shared weights

F(θ) = −Epθ(x,h)

⎡⎣block-diag
⎛⎝∑︂

s∈Sr

∇2
θr

lnKr

(︂
xs|xpa(s); θr

)︂⎞⎠
r∈N

⎤⎦ . (7.25)

□

7.3.2 Helmholtz Machines based on Convolutional Net-
works

In this section, we present how to apply Theorem 3 to a HM using convo-
lutional or deconvolutional layers. Since the HM is by construction a DAG,
based on Theorem 3 we have that both convolutional and deconvolutional
layers will have a FIM that is block-diagonal, with a number of blocks equal
to the number of output channels, and with size equal to the product of the
layers’ weights’ first three dimensions. To understand these blocks, we have
to derive the formula for the FIM incrementally by calculating the first-order
derivative of the loss and then the FIM.

We start from the representation of the loss as the log-likelihood of the
model7:

L(θ) = E[ln pθ (x, h; θ)]

We can split the nodes of the model θ into sets Sl,r by M layers and by Rl

filters that share the same parameters, where l is the index of the layer, and r
is the index of the shared set within layer l. We can describe the parameters
that are shared by the nodes of the set Sl,r as {θl,r} ∈ θ. Calculating the
gradient w.r.t. a specific θl,r for a network containing M convolutional or
deconvolutional layers we get

∂L(θ)
∂θl,r

= ∂

∂θl,r
ln pθ (x, h; θ)

= ∂

∂θl,r

M−1∑︂
i=0

Rl∑︂
t

∑︂
s∈Sl,t

ln p
(︂
hi,s|hi+1, θi,t

)︂

=
∑︂

s∈Sl,r

∂

∂θl,r
ln p

(︂
hl,s|hl+1; θl,r

)︂
,

7For a more detailed explanation of the basics of HMs, see Chapter 2
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We know that the weights of the convolution and deconvolution are shared
along the horizontal and vertical axes of the output layer, the set Sl,r cor-
responds to the set of indices on those axes. Since both convolution and
deconvolution layers are independent over their respective output channels8,
C or F, these correspond to the number of unique blocks R. Therefore, the
gradient w.r.t. the loss, for both types of layers is

∂L(θ)
∂θl,r

=
H′

l∑︂
i=1

W′
l∑︂

j=1

∂

∂θl,r
ln p

(︂
hl,ijr|hl+1; θl,r

)︂
.

Consequently, according to Eq. (7.25) we can define the FIM of a belief
network containing convolutional or deconvolutional layers as

F(θ) = −Epθ(x,h)

⎡⎣ block-diag
l∈[0,M−1];r∈[1,Rl]

⎛⎝ H′
l∑︂

i=1

W′
l∑︂

j=1
∇2

θl,r ln p
(︂
hl,ijr|hl+1; θl,r

)︂⎞⎠⎤⎦ ,

(7.26)
with a single block for layer hl with output channel r will have the form

F l,r
p = −Ep(x,h)

⎡⎣ H′
l∑︂

i=1

W′
l∑︂

j=1
∇2

θl,r ln p
(︂
hl,ijr|hl+1; θl,r

)︂⎤⎦ . (7.27)

Let us focus on a single layer l of the belief network to understand better
the derivations of the FIM, as illustrated in Figure 7.7. If we view HM as
an SBN, we have the layered formulation of the gradients, which holds true
when we use convolutional layers as well. Consider a single layer with the
distribution p (y|x; θ), parametrized by θ, with input x and output y of the
layer. In the following, the distribution p can have an underlying convolutional
or deconvolutional layer, the distinction is not important at this point.

Knowing that the loss of the HM is the log-likelihood of the network, we
can calculate the gradients of the layer with respect to the loss as

∂

∂θ
ln p (y|x; θ) =

H′∑︂
i=1

W′∑︂
j=1

R∑︂
r=1

∂

∂θr
ln p

(︂
yijr|x; θr

)︂
, (7.28)

where the sums over H′ and W′ represent the sliding window over the height and
width of the output, and R represents the output channel, which corresponds
to the C in case of the convolutional layer and F for a deconvolutional layer.

8All the constants and indices that are written Monospace fonts are used as they have
been defined in Sections 7.2.1 and 7.2.2.
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(a) Convolutional layer with F = 3 output layers.

(b) FIM of a convolutional layer with F = 3 output layers.

Figure 7.7: (a) Graphic representation of a convolutional layer with input
x of size H × W × C and output y of size H′ × W′ × F with weights W of size
K × L × C × F, W ···f represents the f-th tensor of size K × L × C; each color
represents a different output channel in both the weights W and output y; (b)
the structure of the FIM associated to the weights W of such a convolutional
layer, with the different colors aligned with the blocks of the FIM.

We consider θr to be a linear function of x with the weights W . Taking
the derivative w.r.t. a specific weight W kltr using the chain rule

∂

∂W kltr
ln p

(︂
yijr|x; θr

)︂
= ∂

∂θr
ln p

(︂
yijr|x; θr

)︂
⏞ ⏟⏟ ⏞

1

∂

∂W kltr
θr (W, i, j)⏞ ⏟⏟ ⏞

2

.
(7.29)

In this formulation, we assume that the activation function is part of the
first term 1 , e.g., the sigmoid function for a Bernoulli distribution or the
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exponential function for the σ of the Normal distribution, and we consider
the second term 2 to be a derivative of a linear function of W .

We know that 2 will result in a variable of the input layer x (since
θr (W, i, j) is a linear function), depending on the indices of the output ijr
and the indices of the weights kltr. We can define a function Ω that recovers
the input variable from x with the right indices, based on the ijr and kltr to
replace our derivative as

Ωijr
kltr = ∂

∂W kltr
θr (W, i, j) . (7.30)

This function is defined for convolutional layers according to Eq. (7.20) as

Ωijr
kltr = ∂

∂W kltr

K∑︂
k=1

L∑︂
l=1

C∑︂
c=1

W klcf xsi+k−1,sj+l−1,c

= xsi+k−1,sj+l−1,t

(7.31)

and for deconvolutional layers according to Eq. (7.21) as

Ωijr
kltr = ∂

∂W kltr

K∑︂
k=1

L∑︂
l=1

F∑︂
f=1

W klfc x(i−k)/s+1,(j−l)/s+1,f

= x(i−k)/s+1,(j−l)/s+1,t ,

(7.32)

where x(i−k)/s+1,(j−l)/s+1,t is defined only for (i−k)
s + 1, (j−l)

s + 1 ∈ N.
Notice, that in both cases in the definition of Ω, the index r does not

appear on the right side of the equation. This is not surprising, since in the
convolutional case the weights are shared per output channel f, and in the
deconvolutional case the same for c, therefore, we can drop the respective
indices from Ω. We can rewrite Eq. 7.29 using Ω as

∂

∂W kltr
ln p

(︂
yijr|x; θr

)︂
=
(︄
∂

∂θr
ln p

(︂
yijr|x; θr

)︂)︄
Ωij

klt . (7.33)

Furthermore, we can vectorize the operation above by noticing that the
second term Ωij

klt, which is a derivative of θr, is shared for all indices klt, and
therefore we can flatten the Ω-s to a vector as9

∂

∂vect (W ···r) ln p
(︂
yijr|x; θr

)︂
= ∂

∂θr
ln p

(︂
yijr|x; θr

)︂
vect

(︂
Ωij
)︂
, (7.34)

9The notation · means all the indices along the axis, therefore W ···r represents the r-th
3D sub-tensor of the 4-dimensional tensor W .
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where Ωij is the tensor made out of Ωij
klt for all indices klt. In order to derive

the final form of the FIM according to Eq. (7.27) we need to compute the
Hessian of the loss, which results in

∂2

∂vect (W ···r)∂vect (W ···r)⊤ ln p
(︂
yijr|x; θr

)︂
=

= ∂2

∂θr∂(θr)⊤ ln p
(︂
yijr|x; θr

)︂
vect

(︂
Ωij
)︂
vect

(︂
Ωij
)︂⊤

.

(7.35)

Based on Theorem 3 all other blocks of the Hessian for vect (W ···r) and
vect (W ···t), where r ̸= t are 0.

Remark 10
Notice, that the formulation of the Hessian of the loss in Eq. (7.35) applies to
both types of distributions which we have studied thus far, i.e., Bernoulli and
Gaussian.

Finally, to define the FIM of either the convolutional or deconvolutional
layers for binary and continuous variables, we only have to replace 1

∂2

∂θr∂(θr)⊤ ln p
(︂
yijr|x; θr

)︂

with the appropriate derivatives for the respective distributions. In the
Bernoulli case where yijt ∼ Bern(ρijt), for θr = ρijt we have

∂2

∂ρijt∂(ρijt)⊤ ln p
(︂
yijt|x; ρijt

)︂
= −ρijt

(︂
1 − ρijt

)︂

according to Eq. (5.1). In the Gaussian case, where yijt ∼ N (µijt, σijt), for
θr = µijt we have

∂2

∂µijt∂(µijt)⊤ ln p
(︂
yijt|x;µijt

)︂
= − 1

(σijt)2

as in Eq. (7.8) and for θr = σijt we have

∂2

∂σijt∂(σijt)⊤ ln p
(︂
yijt|x;σijt

)︂
= −2 (yijt − µijt)2

(σijt)2

as in Eq. (7.9).
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Having all the ingredients we can define a block of the FIM for the
parameters of W ···r as

F l,r
p = −Ep(x,h)

⎡⎣ H′
l∑︂

i=1

W′
l∑︂

j=1
∇2

θl,r ln p
(︂
hl,ijr|hl+1; θl,r

)︂⎤⎦
= −Ep(x,h)

⎡⎣ H′
l∑︂

i=1

W′
l∑︂

j=1

∂2 ln p
(︂
hl,ijr|x; θr

)︂
∂θr∂(θr)⊤ vect

(︂
Ωl+1,ij

)︂
vect

(︂
Ωl+1,ij

)︂⊤
⎤⎦

= −
H′

l∑︂
i=1

W′
l∑︂

j=1
Ep(x,h)

⎡⎣∂2 ln p
(︂
hl,ijr|x; θr

)︂
∂θr∂(θr)⊤ vect

(︂
Ωl+1,ij

)︂
vect

(︂
Ωl+1,ij

)︂⊤
⎤⎦ ,

(7.36)
where Ωl+1,ij is the Ωij function for the l + 1-th layer.

Remark 11
From Eq. (7.36) it follows that all versions of the convolutional and decon-
volutional FIMs, whether they are Bernoulli or Normal distributions can be
written as a product of matrices in the form of UQU⊤.

It is clear to see that for the UQU⊤ representation of layers using Bernoulli
and Normal distributions only differ in Q matrices (see Remark 8). Notice
that we can use the same sampling technique from Section 5.2 to estimate
the block of the FIM as

F l,r
p = 1

n

n∑︂ H′
l∑︂

i=1

W′
l∑︂

j=1

−∂2 ln p
(︂
hl,ijr|x; θr

)︂
∂θr∂(θr)⊤ vect

(︂
Ωl+1,ij

)︂
vect

(︂
Ωl+1,ij

)︂⊤

with Ωl+1,ij ⊆ hl+1 ∼ q(hl+1|hl) ,

where n = B · S, B is the size of the minibatch and S is the sample size.
The only difference between the UQU⊤ representation of convolutional/

deconvolutional and dense layers is that U matrices grow larger because the
former take more samples per parameters θr thanks to the shared weights
over height H′ and width W′ of the output. While for dense layers U is of size
li ×n , where n = B ·S, for convolutional layers nc becomes nc = B ·S · Wl · Hl

and for deconvolutional layers nd = B · S · Wl+1 · Hl+1. Thanks to the higher
number of samples for convolutional and deconvolutional layers the estimation
of their associated FIMs become more accurate, compared to a dense network
with the same number of input/output variables.

We notice that in both the convolutional and deconvolutional case the FIM
is block-diagonal along the output layers’ channels according to Eq. (7.26),
which is axis C for a convolutional layer and axis F for a deconvolutional
one. This means that for a convolutional layer instead of having blocks the
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size of (K · L · F · C)2 we get C blocks of the size (K · L · F)2 in the case of the
deconvolutional layer and F blocks of the size of (K · L · C)2.

Another consequence of Remark 11 is that we can reuse all derivations
from Section 5.3 (Tikhonov Regularization, Shermann-Morisson-Woodbury
method, and K-step) to invert and regularize the FIM of convolutional and
deconvolutional layers in an HM. Hence we can use the NRWS as defined in
Algorithm 4 using these layers without any modifications.

7.4 Convolutional Helmholtz Machines
We start by performing experiments where we compare RWS and NRWS
using CNNs. We use continuous variables in all layers of the HM as shown
in Section 7.1, with the same hyperparameters as we used in our previous
experiments (damping factor α = 0.2, K = 1, 000, batch size B = 32 and
sample size S = 10), except learning rate η. The learning rate has to be
smaller compared to the binary case and compared to the continuous case
without CNNs because the sharing of the weights in the convolutional and
deconvolutional layers speeds up the convergence of the respective layers by
summing up the gradients. We chose the value of η = 10−5.

One of the advantages of using CNNs is that the total number of weights
gets reduced, compared to a dense layer, therefore we can use a higher
resolution version of the TFD dataset, where the images are 48×48, compared
to the 24 × 24 pixel images we have used so far. Using larger images generally
benefits convolutional layers (depending on the filter sizes K and L), as their
“field of view” (convolutional window) is focused on a smaller area of the image,
therefore, convolutional layers are capable of capturing smaller details/features.
Being able to use larger images with HMs was also one of our primary goals
to derive the NRWS for CNNs.

We start by evaluating the performance of CNNs in the non-geometric
setting by comparing the use of convolutional and dense layers in an HM.
Note that by construction, for an HM we have the restriction that layer sizes
in the p and q networks must match. However, that does not mean that
for every deconvolutional layer in p, a convolutional one in q is enforced or
vice-versa. Using one type of layer in one network does not set any restriction
on the other one as long as the size of the input/output layers is kept the same.
Hence, one is free to choose combinations like convolutional/deconvolutional,
convolutional/dense, dense/deconvolutional, or dense/dense for a given layer
pair. In case we use the asymmetric pairs, we have to take care to flatten or
reshape the input-output nodes for the respective layers.

We saw in our preliminary experiments that replacing dense layers with
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Figure 7.8: Curves of the loss in terms of epochs on the TFD dataset using
the RWS with different network configurations for the bottom layer: Conv/
DeConv = convolutional q/ deconvolutional p, Dense = dense q/ dense p, Only
Conv = convolutional q/ dense p and Only DeConv = dense q/ deconvolutional
p .

convolutional and, particularly deconvolutional ones decreases the perfor-
mance and introduces some unexpected behavior. We experimented with
replacing multiple dense layers with convolutional/deconvolutional layers,
where we saw that the more dense layers we replace, the worse the perfor-
mance gets, even if we increased the number of filters per layer.

To illustrate this issue, we performed experiments using only RWS, with
4 different layer configurations for the bottom layer l0: dense/dense, convolu-
tional/dense, dense/ deconvolutional, and convolutional/deconvolutional for
the q/p distribution pairs. In order to test the impact of the new types of
layers, we keep the top of the HM by using the exact same network structure
from layers l1 to lM , i.e., dense layers of the size 75, 50, 35, 25, 20, 20. When
we use the convolutional/deconvolutional layers for q(h1|x) and p(x|h1) we
use 3 × 3 convolutional filters, with a stride of 2 and 8 output channels (8
input channels in the deconvolutional case). In Figure 7.8 we show the losses
associated with the 4 experiments.

We notice that the network architecture using only dense layers (Dense)
and the one where we have only one convolutional layer in the network q
but no deconvolutional layer in p (Only Conv), perform comparably well,
with the latter being slightly better. The network architectures that use
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Figure 7.9: Loss curves for TFD in epochs using RWS and NRWS to train
an HM with one convolutional/deconvolutional layer at the bottom of the
network, continuous lines represent the quantities on the train set, and dashed
lines the ones on validation.

both a convolutional and a deconvolutional layer (Conv/ DeConv) or just a
deconvolutional one in p (Only DeConv) underperform significantly to the
former two, with some unexpected behaviors in the curves of the loss.

Recall that these experiments were performed without using NG, which
suggests that there is a problem with using convolutional and deconvolutional
layers with HM independently of the training algorithm used. However, the
sub-optimal performance of the Conv/ DeConv and Only DeConv could be
explained by these structures being harder to train for HMs using training
algorithms like the RWS.

We performed our next experiments with CNNs using the NRWS. We
kept the top l1 to lM layers as before and we replaced the bottom layer l0
with a convolutional layer in q(h1|x) and a deconvolutional layer in p(x|h1)
with 3 × 3 convolutional filters, with a stride of 2 and 8 output channels (8
input channels in the deconvolutional case)10.

In Figure 7.9, we compare the losses of RWS and NRWS trained on
the same HM. One can notice that both algorithms converge to the same
minimum of the loss, with the NRWS converging slightly faster, however, in

10We needed to restrict our test to using only the Conv/ DeConv setting because the
size of the FIM of a dense layer, for the resolution we are using, ran into a memory limit
on our testing hardware (which is described in Appendix A).
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both cases, the curves have some unexpected behavior. The NRWS has a
bump in the loss briefly around epoch 150, while the RWS seems to perform
slightly better for a period between epochs 200 to 500 before converging.

7.5 Comments about the experiments

In the following, we form some hypotheses to explain the unexpected behavior
we have noticed in our experiments. Such consideration could present insights
useful for the design of more effective strategies for HMs employing CNNs.

If we take a look at the literature, we see that there are but a few examples
of convolutional structures being used with stochastic networks, specifically
Belief Networks, such as RBMs. The few examples we can find are typically
based on the works of Norouzi et al. (2009) and Lee et al. (2009), and usually
employ some atypical approaches to make use of convolutional layers with the
statistical model, such as relaxing the weight-sharing requirement and using
only a few layers (typically 1 or 2). However, there have also been stochastic
models that use convolutional layers very successfully, in particular, the ones
based on VAEs, starting from the work of Kingma and Welling (2014)11, even
if typically the stochastic layers are associated with the latent variables and
do not appear in the encoder and decoder networks.

In our hypothesis, two main observations contribute to why the HM does
not show improvement with convolutional and, in particular, deconvolutional
layers. First, there is an inherent limitation given by the conditional indepen-
dence structure of the HM, secondly, the convolutional and deconvolutional
layers are constrained by their topology and the sharing of their weights.

Starting from the first observation, we can notice immediately that there
is a structural difference between, from one side, the HM and RBM, where it
appears that the convolutional structure cannot be employed in the topologies
as is, and from the other the VAE, where it can be. The difference is that the
former two typically employ a Markov-chain structure for each layer of both
recognition and generative networks, while the latter is usually composed of
a distribution per network, which does not decompose per layers12.

The consequence of having a Markov-chain structure for the joint distri-
11In Sections 2.4.2 and 2.4.1 we present in details RBMs and VAEs
12In this section when we discuss the inherent structure of statistical models, we are

referring to the typical formulation of those models, like HM, RBM and VAE. We are
aware of more recent works, such as the ones of Sohn et al. (2015), Goyal et al. (2017),
Chen et al. (2020), etc., which use hybrid solutions combined from the aforementioned
structures, that blur the lines between these stochastic models, but we will not discuss
them in this setting, as they would have to be individually addressed.
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bution of p(x, h), which we are using to learn pD(x), is that the optimization
can be executed layer-wise as in HMs, compared to VAEs, which use back-
propagation. This could be viewed as an advantage for an HM since it allows
us to formulate the FIM as a block-diagonal matrix and use NRWS efficiently
to train our models. However, this layered structure introduces a constraint,
that the distribution of each layer p(hi|hi+1) has to be as close as possible to
its counterpart in the corresponding layer q(hi+1|hi), through the optimization
steps which minimize

DKL

[︂
p(hi|hi+1)||q(hi+1|hi)

]︂
for the wake phase and

DKL

[︂
q(hi+1|hi)||p(hi|hi+1)

]︂
for the sleep phase.

(7.37)

The VAE based methods typically do not have this constraint, as p(x, h)
and q(h|x) usually do not decompose into stochastic layers in such structures.
As such, we can think of the VAE as a one-layer belief network, where the
decoder and encoder networks are treated as one, very expressive, stochastic
layer in p and q respectively. Note that there are variants of VAEs (e.g.,
Ladder Variational Autoencoder (Sønderby et al., 2016)), where the hidden
layers decompose in some way, however, usually in these cases the first hidden
layer in both distributions p and q correspond to the decoder and encoder
network, and the rest of the layers form the bottleneck as a small Markov-
chain. In the bottleneck layers, the constraint illustrated in our first point
still applies.

For our second observation, let us compare the simplest possible cases of
a dense layer versus a convolutional layer13, where we have a feed-forward
network with 3 input nodes and 2 output nodes, with a sigmoid activation.
In one case we have the nodes fully connected (dense layer), and in the other,
we connect them with a convolutional filter of size 2, as in Figure 7.10.

We can formulate both distributions with the formula

y ∼ Bernoulli
(︂
s
(︂
(W )⊤ · x

)︂)︂
,

where y is the output vector, sampled from the Bernoulli distribution having
as mean parameter the output of the sigmoid function s and the linear
transformation14 with the matrix W of the input vector x. The difference
between dense and convolutional layers is the formulation of the matrix W .

13We illustrate our points on a convolutional layer for simplicity, but it applies analogously
to a deconvolutional layer as well.

14A linear layer is typically formulated as W · x + b, but for simplicity, we ignore the
bias term b, as it is not important for our current argument.
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(a) Dense layer with weights
{a, b, c, d, e, f}.

(b) Convolutional layer with shared
weights {α, β}.

Figure 7.10: Toy examples of feed-forward networks with 3 inputs, vector x,
and 2 outputs, vector y, with (a) dense layer and (b) convolutional layer.

In the case of a dense layer, the matrix can be described as a dense matrix

Wd =

⎛⎜⎝a b
c d
e f

⎞⎟⎠ ,

with {a, b, c, d, e, f} individual weights, while a convolutional layer can be
described by a so-called Toeplitz matrix (Petersen et al., 2008) as

Wc =

⎛⎜⎝α 0
β α
0 β

⎞⎟⎠ ,

with {α, β} individual weights. The individual weights of Wd and Wc are
represented as arrows in Figure 7.10. Notice, that Wc for the convolutional
layer contains 0-s in the corners of the matrix, which correspond to the missing
connections compared to the dense layer. Furthermore, since a convolutional
layer shares its weights through a sliding filter, we have only two weights
{α, β} controlling the linear transformation, compared to the six degrees of
freedom of the dense layer {a, b, c, d, e, f}. From this simple example, we can
immediately tell that a convolutional layer is less expressive than a dense
layer, in fact, it is a special case of the latter. Notice, that the effect of the
lower expressivity of a single convolutional layer is amplified when increasing
the sizes of the input/output layers for a fixed filter size.
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While we know that a densely connected feed-forward network, with
a single hidden layer, is a universal approximator (Hornik et al., 1989)15,
the same cannot be said about a convolutional network with one hidden
layer. However, a convolutional network can be a universal approximator
given enough layers (Zhou, 2020). Hence, the reduced expressivity of the
convolutional layers is not a drawback, in fact, it is a strength because a
convolutional network can trade off the expressivity of one layer, for extracting
local information. Therefore a CNN can achieve the same performance as a
dense layer using less weights per layer but multiple layers.

Our two observations then are as follows: First, the nature of the HM
dictates that layers of the generation and recognition networks have to
be forced to be close (in the Kullback-Leibler sense). Second, convolu-
tional/deconvolutional layers are less expressive than dense ones. As a
convolutional layer is trying to learn the inference problem at hand, it is also
forced to learn an approximate distribution to the corresponding layer of the
opposite network, see Eq. (7.37). If the corresponding layer is a deconvolu-
tional layer, with similarly few weights, the problem is even more difficult, as
their mutual reduced expressivity works to their detriment when trying to
learn each others’ inverse. The reduced expressivity of a convolutional layer
combined with the layerwise constraint of HMs results in the sub-optimal
generalization capabilities of layers including convolutional and deconvolu-
tional layers compared to fully dense layers. Based on these observations, we
hypothesize that unless a modification is done in the way CNNs are employed,
HM cannot take advantage of convolutional and deconvolutional structures.

15In this context we understand the Universal Approximation Theorem as stating that
any continuous function f : [0, 1]n → R, where y = f(x), with inputs x = [0, 1]n, can
be approximated arbitrarily well by a neural network with at least one sufficiently large
hidden layer (Hecht-Nielsen, 1987).
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Chapter 8

Conclusions
In this thesis, we showed how HMs can be effectively trained using the
Natural Gradient (NG), thanks to properties of Sigmoid Belief Networks
(SBNs), which allow efficient computation of the Fisher Information Matrix
(FIM). Indeed, by exploiting the locality of the connection matrix given by
the network topology of SBNs, the structure of the FIM is a smaller-grained
block-diagonal matrix than what is generally used in the literature. In such
models, it is not required to introduce any extra conditional independence
assumption between random variables for computing the Natural Gradient
(NG) efficiently, due to the sparse structure of the FIM and the use of coarser
representations of its blocks in terms of low-rank updates of diagonal matrices.

We introduced the Natural Reweighted Wake-Sleep (NRWS) algorithm
and we demonstrated an improvement of the convergence during training for
stochastic gradient descent. NRWS was not only faster to converge, both in
time and number of epochs, but the obtained optimum resulted in better values
for the likelihood estimation compared to the Wake-Sleep (WS)(Hinton et al.,
1995), Reweighted Wake-Sleep (RWS) (Bornschein and Bengio, 2015) and
Bidirectional Helmholtz Machine (BiHM) (Bornschein et al., 2016) algorithms.
Our findings have been corroborated by experiments on MNIST as well as on
continuous datasets such as FashionMNIST and Toronto Face Dataset (TFD).
Furthermore, on these datasets, NRWS outperformed RWS and BiHM also
exhibiting a better generalization gap. These results defined new state-of-the-
art performance for HMs on these datasets, concerning not only WS and RWS,
but also in comparison to the more recent BiHM. The faster convergence in
terms of wall-clock time is indeed a key aspect of using NRWS, as it is not
common in the literature that a training algorithm based on NG can compete
with non-geometric ones in this aspect.

The K-step update version of the NRWS algorithm showed considerable
speed-up in terms of training time, without a decrease in performance, with
respect to its baseline (K = 1). Noticeably, we showed how in our experiments
a delayed, and thus less accurate estimation of the FIM, was enough to
achieve state-of-the-art performances for HMs. Additionally, the damping
factor introduced in training effectively acts as a regularizer reducing the gap
between train and validation.
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We studied the computational complexity of the algorithm which is domi-
nated by O (l0 (l1n+ n2.376)) where l0 and l1 are the bottom two layers of the
HM, which are usually the largest, and n = B ∗ S is the minibatch size times
the sample size. Notice that the computation of the NG requires storing the
FIM, which has increased memory usage compared to the vanilla gradient,
even if the compact representations of the matrix are used. Hence, the current
version of the algorithm designed for dense SBNs is unsuitable for datasets
with high resolution and color images due to the computational complexity
depending on l0 ∗ l1. This is not considered a limiting factor, since dense
layers are not usually employed for such datasets in favor of more efficient
networks based on convolutional filters.

We introduced the Diagonal Natural Reweighted Wake-Sleep (DNRWS),
which has a simplified diagonal FIM, to check whether the FIM of the HM
can be approximated more efficiently. We have shown that the exact FIM
used in the NRWS cannot be further simplified and approximated without
loss of accuracy since the DNRWS significantly underperformed compared
to the NRWS but also to the RWS, as it failed to converge to a reasonable
minimum of the loss in all tested settings.

We developed the Natural Bidirectional Helmholtz Machine (NBiHM), by
using the FIM computed for the NRWS with the training steps and losses of
the BiHM. While the FIM is not the appropriate one, because it should be
derived from the special p∗ loss of the BiHM instead, we can still reasonably
use it because of the underlying HM structure, for which the matrix was
defined. We showed through experiments, that the NBiHM, still improves on
the BiHM in terms of convergence speed and reached optimization minima,
however, it does not reach the performance of the NRWS.

While we studied the convergence properties of the NRWS we found a
simple refinement, which we named the Rescaled-sleep (RS), that we can use
on all methods based on the WS to improve the convergence compared to their
baseline. The RS is based on the fact that we approximate the performance
of the Sleep-well (SW) variant of the WS algorithm (which is guaranteed to
converge to the optimum), by simply scaling up the gradients of the sleep
phase, so that the algorithm mimics the em algorithm. Hence, the RS can
take larger steps in the sleep phase, which is much less computationally
expensive, instead of doing multiple in the case of SW, while achieving almost
identical performance.

Next, we adapted gradient acceleration and regularization to the geometric
NRWS. We noticed that with a couple of simple assumptions, we can use
first-order Accelerated Gradients (AG) methods on NRWS, such as the
Momentum (Jacobs, 1988) and Nesterov Momentum (Nesterov) (Nesterov,
1983) to improve the convergence rate of the algorithm, without noticeable
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drawbacks, still outperforming its non-geometric counterpart using the same
method. Using second-order AG methods on NRWS, like Adam (Kingma and
Ba, 2015), underperformed compared to the first-order methods, while still
improving on the non-accelerated version. We hypothesized that the reason
why the second-order methods did not improve is due to the fact that our
assumptions about the local regularity of the manifold are too strong beyond
the first-order.

During our experiments with the regularization of the NRWS, we have
found that L1/L2 Regularizerss (LRs) did not improve on the performance of
our algorithm because of the effects the constraining the norm of the weights
has on stochastic networks. Therefore, we introduced a new regularization
method called the Entropy Regularizer (ER), based on the Maximum Entropy
Principle (Jaynes, 1957). We showed through experiments that, by adding a
term to the loss that boosts the entropy of the model, the ER can improve
on all WS based models, including the NRWS, with no noticeable drawbacks.

We evaluated the NRWS with both AG and ER, and we showed that we
could improve on our state-of-the-art result, on all tested datasets: MNIST,
FashionMNIST and TFD.

Finally, we explored the possibilities of expanding the capabilities of
the NRWS by exploring how the algorithm behaves when using continuous
random variables instead of binary ones, and how it could profit from using
convolutional network structures.

We derived the FIM for a layer of the HM using Normally distributed
random variables and we found a very similar structure compared to the binary
case, which preserves the property of being finely-grained block-diagonal, with
2 blocks per node in a layer. We could efficiently compute the inverse of the
FIM, thanks to its structure, which enabled us to use continuous variables with
the NRWS. We showed through experiments done on TFD that continuous
random variables can help us to train a HM in fewer steps to similar results
as with binary variables.

We proved that by using convolutional and deconvolutional layer structures
in an HM we can still describe the model’s geometry with a finely-grained
block-diagonal FIMs. In practice, however, using a HM with convolutional
layers resulted in lower performance than expected. We formulated two
hypotheses about why we think these types of layers do not work well with
HMs, and why other generative models do not have this constraint.

We started this thesis with the goal of exploring the possibilities and bene-
fits of training Helmholtz Machines using Information Geometry. Throughout
it, we have developed a novel algorithm called the Natural Reweighted Wake-
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Sleep, that introduced Natural Gradient learning to HMs by building on
the Wake-Sleep algorithm. During our research, we have designed geometric
variants of common machine learning techniques in training, such as gra-
dient acceleration and regularization, which we could use to improve our
algorithm and reach state-of-the-art performance on HMs. We improved
the expressiveness of HMs, through the use of continuous variables, while
maintaining the benefits of geometric learning and we derived the geometry
of their convolutional and deconvolutional layers.

Although this thesis does not exhaust all the possibilities of the proposed
research question, we have made significant contributions to the field of IG
and HM, with numerous findings that could be further explored, or just
reused in other research fields. Our results can represent a starting point for
future research on improving training algorithms for Neural Networks and
Deep Learning models using geometric algorithms, such as the NG.
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Chirco, G., Malagò, L., and Pistone, G. (2022). Lagrangian and hamiltonian
dynamics for probabilities on the statistical bundle. International Journal
of Geometric Methods in Modern Physics, 19(13).

Cowell, R. G., Dawid, P., Lauritzen, S. L., and Spiegelhalter, D. J. (2007).
Probabilistic networks and expert systems: Exact computational methods
for Bayesian networks. Springer Science & Business Media.

DasGupta, A. (2011). The exponential family and statistical applications. In
Probability for statistics and machine learning. Springer.

Dayan, P. (2000). Helmholtz Machines and Wake-Sleep learning. Handbook
of Brain Theory and Neural Network. MIT Press, Cambridge, MA, 44(0).

Dayan, P. and Hinton, G. E. (1996). Varieties of Helmholtz Machine. Neural
Networks, 9(8).

Dayan, P., Hinton, G. E., Neal, R. M., and Zemel, R. S. (1995). The Helmholtz
Machine. Neural computation, 7(5).

Decell, Jr, H. P. (1965). An application of the Cayley-Hamilton theorem to
generalized matrix inversion. SIAM review, 7(4).

Dekel, O., Gilad-Bachrach, R., Shamir, O., and Xiao, L. (2012). Optimal
distributed online prediction using mini-batches. Journal of Machine
Learning Research, 13(1).

Deng, L. (2012). The MNIST database of handwritten digit images for
machine learning research. IEEE Signal Processing Magazine, 29(6).

Desjardins, G., Pascanu, R., Courville, A., and Bengio, Y. (2013). Metric-free
natural gradient for joint-training of Boltzmann Machines. International
Conference on Learning Representations.

Desjardins, G., Simonyan, K., Pascanu, R., et al. (2015). Natural neural
networks. In Advances in Neural Information Processing Systems.

Dozat, T. (2016). Incorporating Nesterov momentum into ADAM. Workshop
track - International Conference on Learning Representations 2016.

Duchi, J., Hazan, E., and Singer, Y. (2011). Adaptive subgradient methods for
online learning and stochastic optimization. Journal of Machine Learning
Research, 12.



166 BIBLIOGRAPHY

Fornalski, K., Parzych, G., Pylak, M., Satula, D., and Dobrzyński, L. (2010).
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List of Symbols
The next list describes several symbols that are used within the body of the
document. A general rule is, that we use calligraphic symbols for the exact
values of the given mathematical quantities and simple capital letters for
the empirical estimations of those same values. In particular, we used it for
the Loss, Entropy and the Fisher Information Matrix. Furthermore, we use
a Monospace font for constants and indices used for Convolutional Neural
Networks.

Convolutional Neural Networks

c Index commonly used for channels of input in CNN’s

C Input node channels

H Height of input node

W Width of input node

f Index commonly used for channels of output in CNN’s

F Output node channels

H′ Height of output node

W′ Width of output node

s Stride

K Height of weights

k Index commonly used for height of weights in CNN’s

L Width of weights

l Index commonly used for width of weights in CNN’s

Fisher Information Matrix

˜︁F Augmented empirical estimation of Fisher information matrix

F Fisher information matrix
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F Empirical estimation of Fisher information matrix

U Matrix of samples used for the Empirical estimation of Fisher informa-
tion matrix, when using the Woodbury formula

A The “inner-inverse matrix” when using the Woodbury formula A =
αQ−1 + U⊤U

F i,j
p Empirical estimation of the Fisher information matrix for the distribu-

tion p, of the j-th element of the i-th layer.

F i,j
p Fisher information matrix for the distribution p, of the j-th element of

the i-th layer.

Q Diagonal matrix of probabilities used for the Empirical estimation of
Fisher information matrix, when using the Woodbury formula

Helmholtz Free Energy

F̃R

G Augmented free energy of the generative network with respect to
the recognition network, which is used only in the sleep step of the
Wake-Sleep Algorithm

Ei Energy of some state i

EG Energy of a state of the generative network

H Entropy of the system

HG Entropy of the generative network

HR Entropy of the recognition network

F Free energy

FG Free energy of the generative network

U Internal energy of the system

T Temperature of the system

FR
G Variational free energy of the generative network with respect to the

recognition network, also called Evidence Lower Bound (ELBO)

Information Geometry

γ A curve
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D A divergence function

DKL [·||·] The Kullback-Leibler divergence function

M Manifold

X Set on which the manifold is defined

S Submanifold

K-step

α Damping factor hyperparameter of NRWS

K K-step hyperparameter of NRWS

Loss

H The entropy calculated for the HM

H The estimation of the entropy

L Loss

L Empirical estimation of Loss

Probability distributions

ρ The activation value after applying the sigmoid function to the inputs
of the layer.

hi,j j-th element of hidden layer i

N (µ, σ) Normal distribution parameterized by µ and σ

µ Mean (of Normal distribution)

θ Generic parameters of the generation network p

W Parameters of the generation network p used in linear function of the
node

ϕ Generic parameters of the recognition network q

V Parameters of the generation network q used in linear function of the
node

σ Standard deviation
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s The sigmoid function s(x) = 1
(1+e−x) .

N Set of all nodes in the network, visible and hidden {x, h}

h Hidden nodes

pθ Probability distribution p parameterized by θ, sometimes written also
as p(. . . ; θ)

pD(x) The true distribution of data from some dataset D

qϕ Probability distribution q parameterized by ϕ, sometimes written also
as q(. . . ;ϕ)

x Visible nodes

Regularization

Lp A p-norm type regularizer

β Parameter that controls the strength of regularization

Run-time constants

n Sample size times Mini-Batch size

B Mini-Batch size

D Dataset

M Depth / total number of layers of the network

D Dimension of the parameter space of a statistical model

η Learning rate

ω Complexity factor for matix inversion 2 ≤ ω ≤ 3

ηr Rescaled learning rate parameter (in the Rescaled-sleep method)

S Sample size

ω̃k, ωk Weights for the RWS and BiHM
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Chapter A

Experimental Details
In this section, we present all the experimental details for the experiments
in this thesis. The goal of the experiments is to train an HM on a dataset
by learning to generate images that look indistinguishable from the ones
that come from the dataset. To perform such experiments in a repeatable
fashion, we define which datasets we use, what hyperparameters the training
algorithms use and what kind of hardware are we using.

A.1 Datasets
In the following, we present the datasets that are being used for the experi-
ments, to evaluate which competing training algorithm performs better, and
also for tuning the hyperparameters of the algorithms.

• The ThreeByThree (denoted in the following as 3by3) is a synthetic
dataset, which was introduced by Kirby (2006). It consists of 12 vertical
and horizontal patterns on a 3 × 3 grid, represented in Figure A.1,
where vertical patterns are two times more likely to appear as horizontal
ones. In our experiments, as a dataset, we used 10, 000 samples for each
horizontal pattern and 20, 000 for each vertical one. The advantage of
this dataset is that the KL divergence value between the generation
distribution p and the true distribution of the data pD can be calculated
exactly, and we don’t have to rely solely on the approximation by
importance sampling, traditionally used to evaluate generative models.
The algorithms training on 3by3 converge very quickly to a minimum,
so the rate of convergence can be monitored in steps as well as epochs.
3by3 was mainly used for preliminary tests to explore the ranges of the
hyperparameters quickly and serve as preliminary comparisons between
the different variants of WS.

• For the final performance evaluation of NRWS we use the binarized
version of the MNIST dataset of handwritten digits (Deng, 2012) as
a standardized benchmark. The dataset consists of 60, 000 black and
white images of handwritten digits of size 28 × 28, shown in Figure A.1.
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MNIST has been long used as a benchmark by the ML community,
and as such it can be used to compare with different methods from the
literature, however, nowadays it is considered a somewhat small dataset.
We use MNIST for some of the hyperparameter tuning however we
mostly use it to benchmark the performance of the algorithms. The
network used for experiments with MNIST is usually composed o dense
layers of size 300, 200, 100, 75, 50, 35, 30, 25, 20, 15, 10, 10 (identical to
the one used by Bornschein et al. (2016)), unless specified otherwise. In
specific use cases, we also use the non-binarized, continuous version of
the dataset.

• In addition to the datasets mentioned above, we used the miniMNIST
dataset for hyperparameter tuning. The miniMNIST is a downsized
binarized version of the MNIST dataset, from 28 × 28 to 14 × 14
(Figure A.1), similar to the one used by Hinton et al. (1995). Because
of its reduced size compared to MNIST, but increased complexity from
3by3, it is well suited as a middle-ground between the two datasets.
This makes it ideal for tuning the more complex hyperparameters such
as the damping factor α, the effects of which could not be clearly seen
on the 3by3. We usually used a model consisting of 100, 50, 20, 10, 10
layers to test with this dataset.

• In addition to MNIST, we show the efficacy of the NRWS on the
FashionMNIST dataset (Xiao et al., 2017). It is also a very well-
known dataset for benchmarking with the same size images as MNIST
but with more difficulty, represented in Figure A.1. We used it for
benchmarking and hyperparameter tuning. A similar network was used
for FashionMNIST as for MNIST.

• A small version of Toronto Face Dataset (TFD) (Susskind et al.,
2010) was also used for final benchmarking. The dataset contains images
of black and white faces cropped to 48 × 48 size. Since NRWS has a
memory requirement that increases with the size of the images (see
Section 5.3), we needed to use the reduced 24 × 24 size version of the
dataset, shown in Figure A.1. For benchmarking a similar network
was used for TFD as for MNIST, only with larger bottleneck layers
with 300, 200, 100, 75, 50, 35, 30, 25, 20, 20 nodes. For other experiments,
where benchmarking is not the aim, we specify what network we use.

In order to test NRWS in Section 5.3.7, not only on binary datasets but
continuous ones as well, we resorted to a form of data augmentation, where
the gray values of the images were taken as probabilities for the bottom layer
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(a) 3by3 (b) MNIST

(c) miniMNIST (d) FashionMNIST

(e) TFD

Figure A.1: Random samples from each dataset used in the thesis: (a) 3by3;
(b) MNIST; (c) miniMNIST; (d) FashionMNIST; (e) TFD.

of the HM. In Appendix D we go into more detail about how this works and
present some results on the miniMNIST dataset.
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A.2 Basic Settings for the Experiments
All experiments were run with CUDA-optimized Tensorflow 1.15 (Abadi
et al., 2015). Benchmarks were run on Nvidia GTX1080 Ti GPUs; for
other experiments, where clock-time was not as important a comparison,
and hyperparameter tuning we used also an Nvidia RTX2080 Ti GPU or an
Nvidia Titan X GPU. Whenever we compare algorithms based on time or
epochs, these were run always on the same GPUs without other tasks running
in parallel, to ensure a fair comparison.

In all of our experiments (unless explicitly specified otherwise) we used
the following basic settings:

• mini-batch size B = 32

• sample size S = 10

• K = 1000

• α = 0.2 unless specified otherwise

• all datasets are normalized to −1, 1 and all output functions of the
layers (i.e. the output of sampling from Bernoulli distributions) are
scaled to [−1, 1] as well

• Glorot-normal initialization (Glorot and Bengio, 2010b) for the weights
of the network, and a constant initialization of −1 for the biases, except
in the case of the weights of the BiHM and NBiHM1, where we used a
truncated normal initialization, with mean 0 and standard deviation
0.001.

To favor comparisons between models and features, in our plots we report
as a loss function the Negative Log-Likelihood (NLL) averaged over mini-
batches and samples for all algorithms. We chose the NLL since it plays a
fundamental role in the training of HMs, see Eq. (2.9), even if some of the
algorithms have a different loss function, which we also present.

Our implementation is publicly available at:
https://github.com/szokejokepu/natural-rws .

1The reason for the different initialization method is because that was used in the
original sourcecode associated to the paper (Bornschein et al., 2016), and we found that
these algorithms also performed better with the different initialization.

https://github.com/szokejokepu/natural-rws
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Chapter B

Efficient Matrix Multiplication for
the Inverse of the Fisher
Information Matrix
When calculating the product ˜︁F−1 · ∇L, between the inverse of regularized
FIM (see Eq.(5.9)) and the gradient of the loss, the order of the operations
is important from a computational complexity perspective. When using the
Woodbury formula our matrices that make up the FIM have the following
sizes

(︂
F̃

i,j

p

)︂−1
· ∇L = 1 + α

α

⎡⎢⎢⎢⎣Ili − U i+1⏞ ⏟⏟ ⏞
li+1×n

(︂
Ai,j

)︂−1

⏞ ⏟⏟ ⏞
n×n

(︂
U i+1

)︂⊤

⏞ ⏟⏟ ⏞
n×li+1

⎤⎥⎥⎥⎦∇Li+1⏞ ⏟⏟ ⏞
li+1×1

. (B.1)

Knowing that multiplying two matrices of size a × b and b × c have the
computational complexity O(abc) and results in a matrix of size a × c, we
can find the optimal order in which to calculate the matrix products in
(B.1), since matrix multiplication is an associative operation. The optimal
order is to multiply the matrices from right to left, as this minimizes the
computational complexity of the sequence of multiplications to O(li+1n+ n2).
In the following formulation, we can observe how this is calculated

U i+1 ·
(︂
Ai,j

)︂−1
·

(︂
U i+1

)︂⊤
· ∇Li+1⏞ ⏟⏟ ⏞

n×li+1·li+1×1→n×1 : O(li+1n)⏞ ⏟⏟ ⏞
n×n·n×1→n×1 : O(li+1n+n2)⏞ ⏟⏟ ⏞

li+1×n·n×1→li+1×1 : O(li+1n+n2)

.

All other orders of multiplying the same matrices would lead to worse results,
than the optimal order. For example, multiplying from left to right would
lead to a computational complexity of O(li+1n

2 + l2i+1n).
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Chapter C

Hyperparameter tuning
In this section, we will present more in detail some preliminary experiments to
determine the right configuration of hyperparameters for the NRWS, depend-
ing on datasets, performance, and time to converge. The hyperparameters
that we are interested in are the damping factor α, the learning rate η, and
K.

C.1 Learning Rate and Damping Factor
Using a large damping factor leads to an optimization similar to the non-
natural gradient algorithms while using damping factors that are too small
leads to a large conditioning number in the estimated FIM. The inversion of
which then carries serious numerical issues. This behavior can be seen clearly
in Figure C.1. Ideally, we want to find the smallest damping factor that still
maintains the optimization stable.

Figure C.1: The loss for WS and NWS with different damping values for the
3by3 dataset.

We searched empirically for the right combination of learning rate η and
damping factor α leading to the best convergence rate. For the 3by3 dataset,
we determined a range of 0.001 − 0.1 for damping values that outperform the
vanilla algorithm, which is suitable for different learning rates η of interest.
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As one can observe, very low damping leads the algorithm to converge almost
instantly but the loss remains noisy, as the inverse of the FIM is less regularized
which is applied to the gradient. Large values however lead to convergence
that is similar to the one of WS. From this general range, the parameter
has to be fine-tuned for each dataset/model, to determine the appropriate
combination of learning rate versus damping factor.

In Figure C.2 and Figure C.3 we compare different learning rates and
damping factors on a smaller architecture to determine the appropriate values
for optimal convergence in the case of the miniMNIST and MNIST. We found
that the appropriate damping factor for this dataset for similar models is
around 0.005 − 0.1, with a learning rate in the neighborhood of 0.005 − 0.02.

Figure C.2: The minimum loss of experiments comparing the learning rate
η vs the damping factor α, on a model with 100, 50, 20, 10, 10 layers on
miniMNIST.

We can notice a linear relation between the learning rate and the damping
factor. When we grow the damping factor, we can also grow the learning rate
up to a given point. The explanation for this phenomenon is that the smaller
the damping, the closer the algorithm follows the geometry of the manifold
defined by the statistical model (as presented in Subsection 5.3.2). Thus,
smaller steps lead to better improvements, also a larger damping mitigates
instabilities due to few-samples statistical estimations.

We also observe a correlation between the size of the image and the
magnitude of the damping factor. The larger the image in the first layer,
the more samples are needed to estimate the FIM of the network accurately.



C.2. K-STEP 197

Figure C.3: The minimum loss of experiments comparing the learning rate η
vs the damping factor α, on a model with 200,100,10 layers on MNIST.

When the number of samples cannot be grown anymore for practical reasons
(the complexity of the algorithm grows quadratically with the number of
samples, see Subsection 5.3.3), a larger damping factor is needed for the
matrix to have a reasonable conditioning number.

C.2 K-step

Figure C.4: Loss curves for MNIST for different values of
K={0,1,2,3,5,10,20,50,100,500,1000}; left: in epochs; right: in seconds

Once we found the best combination of hyperparameters for the NRWS,
we explored the possibility of computing the FIM only every K-step and thus
speeding up the computational time of the algorithm. In Figure C.4 we see
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Figure C.5: Loss for train and test on
FashionMNIST for different values of
K

K median. time (s)
100 286.17
200 234.74
500 207.63
1000 201.74
10000 191.1
100000 184.28

Table C.1: Average time per
epoch for different values of K

the changes in the loss on the validation set for MNIST for a fixed learning
rate and damping factor. We observe that when using the K-steps technique,
the algorithm can speed up significantly but loses stability at very high values
of K, which is most noticeable in the case of K = 1, 000 steps, and to a
lesser degree for K = 500. Consequently, we can use K-step in the range
of [1, 100] without a noticeable impact on the behavior of the algorithm. In
these experiments, after 2, 000 steps all curves for K < 500 seem to converge
to the same minimum, however, we consider this short time interval to not
be enough to conclude on the optimal value for K.

To thoroughly explore the effects of the K-step, we analyzed the conver-
gence of the NRWS on the FashionMNIST dataset, we fixed the learning rate
η = 0.001 and damping factor α = 0.1, while varying K. In Figure C.5 we
can see that K = 100, 000 is pushing the algorithm too far, as it breaks down
on both the train and test curves. All-in-all we notice that most of the curves
converge to the same minimum, contrary to what we might have expected
from the previous experiment. Furthermore, we can notice a slight advantage
in the test curve for K = 100, which hints that keeping the K value as low
as possible might still bring some advantages. However, there is a significant
difference in the time an epoch takes in Table C.1 to prefer larger values in
order to make the algorithm as fast as possible. We concluded that K values
in the range of 100 − 1000 are the most preferable, which are acceptable from
a speed and final convergence perspective. This result seems quite surprising
and might hint at the fact that for some problems the metric on the manifold
varies slowly from point to point.
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C.3 Warm-up coefficient

When testing the Entropy Regularizer (ER), we noticed that at the beginning
of the training procedure, the loss of the algorithm gets a huge bump in the
loss compared to the non-regularized version, thanks to the regularization
term. Such a bump eventually levels out. This is not a huge problem, as
over time the loss of the regularized algorithm eventually outperforms the
non-regularized version. However, this behavior could still be of concern,
because it suggests that the regularization is too strong at the start of the
training, where the parameters of the model are at a state where they do
not need to be regularized yet. A common technique to circumvent this is to
use a so-called warm-up coefficient, which scales up the regularization rate β
from 0 until its specified value during a given number of epochs.

We can formulate the warm-up of β in the following way

β̃(t) =
⎧⎨⎩

1
tw−t

β if t < tw

β if t ≥ tw

where β̃(t) is the adjusted β scaled at time t, which represents the current
time-step, and tw the target warm-up time-step when β should reach its
specified maximum value.

To test the effects of the warm-up, we compared different periods for
tw when training with ER to test the impact it has on the algorithm. In
Figure C.6 we compare multiple values for the warm-up period tw (defined in
epochs), for relatively weak (β = 0.5) and strong (β = 5) ER for the RWS
and NRWS on the TFD for 500 epochs.

Our findings for low β (in C.6a and C.6b) show that the warm-up barely
affects the training of the RWS regardless of the period. The warm-up affects
similarly the NRWS but with a slightly better effect of the smaller periods tw
on the loss.

When looking at larger β (in C.6c and C.6d) all the effects of the warm-up
get amplified. For the RWS we see that for the short term analyzed in these
experiments, the warm-up does not help the ER overtake the non-regularized
version, and all losses seem to end up at roughly the same value at the end of
the 500 epochs. We will show in Section 6.3.2 that for larger training periods
the warm-up does not affect negatively the training with ER.

In the case of NRWS we see a similar delay of the ER, but no improvement
overall on the value of the loss, as seemingly all the regularized versions of
the algorithms seem to coalesce to a similar curve, which is better than the
non-regularized version, usually before the first 100 epochs. However, for
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(a) Warm up coefficients for ER 0.5
on TFD for RWS

(b) Warm up coefficients for ER 0.5
on TFD for NRWS

(c) Warm up coefficients for ER 5.0
on TFD for RWS

(d) Warm up coefficients for ER 5.0
on TFD for NRWS

Figure C.6: Loss of RWS and NRWS with different warm up coefficients for ER.
[WU - warm up time-step (in epochs); ER beta - Entropy Regularization β]

larger values of tw (ex. 250 − 500), we do not notice any benefit for the
training, only the delay of the regularized value.

We conclude that using the warm-up for the ER does not have any
immediate benefits on the training of the algorithms, other than the smoother
behavior of the curves, however, it is also not detrimental to the training so
we will continue using them when training with ER, in the range tw ≤ 50.
For larger warm-up periods (> 100 epochs) the curves of the loss seem to be
delayed too much, without any benefits..
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Chapter D

Data augmentation
In the thesis, we use two techniques to learn binary datasets. The first
approach, which we call B, is to simply binarize all the samples from the
dataset once, by rounding to {0, 1}. This is used for standard benchmarking
usually and on average leads to smaller log-likelihoods.

The second technique, Binary Stochastic or Continuous C, consists of
taking the gray values of the images as the means of Bernoulli distributions,
for each sample from the dataset and each pixel in the image. C enables us
to learn continuous data with an SBN and it is a technique that is widely
used in the literature, for example in the paper by Bornschein et al. (2016).
At each training step, we sample from the distributions, thus we get a range
of samples, from a single image, which together approximates the original
continuous sample better than B. In Figure D.1 (a) and (b) we see samples
from models trained with the two differing techniques, while in (c) we see
samples from the Bernoulli distributions with the respective means.

In Figure D.2 we compare the loss curves for three different models: WS,
RWS and NRWS, comparing the two strategies for the miniMNIST dataset. In
Table D.1 we report the importance-sampled estimation of the log-likelihood.
We can see that in all cases the NRWS eventually outperforms both models
in achieving the better minimum, as well as in the rate of convergence and
wall-clock time. Moreover, a clear advantage is visible early on in the training,

(a) miniMNIST B probs (b) miniMNIST C probs (c) miniMNIST samples

Figure D.1: miniMNIST examples learned by our model.
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Figure D.2: The loss of training miniMNIST until convergence with B
and C, with the algorithms WS, RWS and NRWS with the layers of size
100,50,20,10,10. On the left the convergence in epochs and on the right
convergence in wall-clock time (s), both in log-scale.

DS ALG η LL T/E
WS 0.04 -29.337 19s

B RWS 0.02 -28.695 21s
NRWS 0.004 -27.606 31s

WS 0.02 -38.232 23s
C RWS 0.01 -37.811 25s

NRWS 0.004 -36.578 32s

Table D.1: Importance Sampling estimation of the log-likelihood (LL) with
10,000 samples for different algorithms after 500 epochs of training with SGD.
η is the learning rate, T/E is the average time per epoch. The damping
factor used for NRWS is 0.05. For all algorithms, the number of samples used
in training is 10.
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in the case of B from the 12th epoch and in C from the very beginning.
Our preliminary analysis shows on miniMNIST a very small standard

deviation for multiple runs of the same experiment, with different seeds. We
tested the experiment with 24 different seeds and the best hyperparameters
(LR 0.002 DP 0.05 as in Table D.1 and Figure D.2 ). After 100 epochs we
obtain mean −28.3891 and std 0.0396 while after 200 epochs mean −28.2024
std 0.0299. This shows that the variance is relatively small for different seeds
and gets smaller over time. Based on this observation we only present one
run per experiment with the confidence that they behave as an average run.
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Chapter E

Introduction to Convolutional
Neural Networks
In this Appendix, we present Convolutional Neural Networks (CNNs) through
a step-by-step buildup, to understand the underlying operations, constants,
and indices. We start from the simplest possible case, and introduce compli-
cating elements, until we arrive at the final form, that we use in Chapter 7.

Simple 2D Convolutional Layer
The simplest 2-dimensional convolutional case involves an input x, an output
y, and a set of weights V and bias d. In this simplest of cases these variables
x, y, and V are matrices. Let us define these quantities with sizes as:

• x : H × W, where H is the height and W is the width of the input x;

• y : H′ × W′, where H′ is the height, W′ is the width of the output y;

• V : K × L, where K is the height and L is the width of the weights V ;

• d : scalar, which is the bias;

In the case when H = 4, W = 4, K = 2 and L = 2

x =

⎡⎢⎢⎢⎣
x11 x12 x13 x14

x21 x22 x23 x24

x31 x32 x33 x34

x41 x42 x43 x44

⎤⎥⎥⎥⎦

V =
[︄
V 11 V 12

V 21 V 22

]︄ .

Convolution is an operation where we take the weights V and we apply it
multiple times to the input x, as a sliding window, horizontally and vertically.
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Figure E.1: 2D Convolutional layer, the blue area shows which area of x is
involved with the weights V to define yij, in the case where i = 1 and j = 1.

Each application of the window results in a different output yij. With the x
and V as above, we can define the convolutional operation for y:

y11 = V 11x11 + V 12x12 + V 21x21 + V 22x22 + d
y12 = V 11x12 + V 12x13 + V 21x22 + V 22x23 + d
. . .

by extension, the y will have shape H′ = 3, W′ = 3 as

y =

⎡⎢⎣ y11 y12 y13

y21 y22 y23

y31 y32 y33

⎤⎥⎦ .

We can define the operation of convolution for indices i and j of y generally
as

yij =
(︄ K∑︂

k=1

L∑︂
l=1

V klxi+k−1,j+l−1
)︄

+ d ∀i, j ∈ {1, 2, 3} , (E.1)

which we show in Figure E.1.
Suppose that the convolutional layer is part of a larger network, and we

know the derivative of the loss L w.r.t. y, defined as:

dyij =
(︄
∂L
∂yij

)︄
,
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then we can compute the derivatives of V , d and x w.r.t. the loss L. It is
straightforward to see that the derivative w.r.t. d is

∂L
∂d

=
H′∑︂

i=1

W′∑︂
j=1

dyij . (E.2)

The derivative w.r.t. an element m,n of V is

∂L
∂V mn

=
H′∑︂

i=1

W′∑︂
j=1

dyij
K∑︂

k=1

L∑︂
l=1

∂V kl

∂V mn
xi+k−1,j+l−1 , (E.3)

knowing that
∂V kl

∂V mn
=
⎧⎨⎩1 if m = k and n = l

0 otherwise

and since (n,m) = (k, l) is only true for one pair of indices, we can reduce
the Eq. (E.3) to

∂L
∂V kl =

H′∑︂
i=1

W′∑︂
j=1

dyijxi+k−1,j+l−1 .

Note, that the derivative w.r.t. V can be done with a convolutional operation
as well. In Figure E.2 we present which areas are involved in the derivative
of V kl.

The gradients of the loss w.r.t. x are

∂L
∂xkl =

H′∑︂
i=1

W′∑︂
j=1

dyijV k−i+1,l−j+1 .

2D Convolutional Layer with Stride
We can introduce the concept of stride to convolutional layers, by having a
variable s, which defines how much the window of V slides over the input
x, where for s = 1 we have the case defined in the previous section. Let us
reiterate these quantities with sizes as:

• x : H × W, where H is the height and W is the width of the input x;

• y : H′ × W′, where H′ is the height, W′ is the width of the output y;

• V : K × L, where K is the height and L is the width of the weights V ;

• d : scalar, which is the bias;
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Figure E.2: 2D Convolutional layer, the blue area shows which area of x is
involved with the weights V to define yij, in the case where i = 1 and j = 1
and the pink area shows which elements of x influence the derivative w.r.t.
V kl when k = 1 and l = 1.

• s : scalar, is the stride.

We can formalize the output function of a convolutional layer using stride as

yij =
(︄ K∑︂

k=1

L∑︂
l=1

V klxsi+k−1,sj+l−1
)︄

+ d .

The derivative of the loss with respect to d is unaffected by this change and it
stays as defined in Eq. (E.2), while the derivatives with respect to V become

∂L
∂V kl =

H′∑︂
i=1

W′∑︂
j=1

dyijxsi+k−1,sj+l−1 ,

and derivatives w.r.t. x is

∂L
∂xkl =

H′∑︂
i=1

W′∑︂
j=1

dyijV k−si+1,l−sj+1 .

The consequence of using a stride s > 1 to shift the sliding window is that
the application of V to x can be non-overlapping, which can be advantageous
for two reasons. First, it means that elements of the input x contribute
equally to each element of the output yij, i.e., no element of x is involved
in the computation of two distinct elements of yij. Secondly, the size of the
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Figure E.3: 2D Convolutional layer with stride, where the blue area shows
which area of x is involved with the weights V to define yij, in the case
i = 1 and j = 1 and the pink area shows which elements of x influence the
derivative V kl when k = 1 and l = 1, for a stride of s = 2.

output y is shrunk, which can be understood as compressing the information
from x through the mapping of the convolutional layer. The convolutional
operation with stride can be seen in Figure E.3.

2D Convolution with Multiple Output Layers
and Stride
To increase the capability of a convolutional layer, we can add multiple layers
to the weights V , which results in multiple layers for the output y. We
usually refer to the depth of the y as output channels. The quantities of a
convolutional layer with sizes then are:

• x : H × W, where H is the height and W is the width of the input x;

• y : H′ × W′ × F, where H′ is the height, W′ is the width and F are the depth
of the output y;

• V : K × L × F, where K is the height, L is the width and F is the depth
(output channels) of the weights V ;
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• d : F , which is the bias;

• s : scalar, is the stride.

Notice, that V and y are no longer matrices, but 3-dimensional tensors, where
each layer f ∈ F of V can be understood as learning a different “feature” (as
commonly referred to in the literature) or property of the input x. We can
define the output function of a convolutional layer with multiple outputs and
stride as

yijf =
(︄ K∑︂

k=1

L∑︂
l=1

V klf xsi+k−1,sj+l−1
)︄

+ df

Now the derivative of the loss is

dyijf =
(︄
∂L
∂yijf

)︄
,

which we treat as known. The derivatives of d and V become dependent on
the output channels f

∂L
∂df =

H′∑︂
i=1

W′∑︂
j=1

dyijf ,

∂L
∂V klf =

H′∑︂
i=1

W′∑︂
j=1

dyijfxsi+k−1,sj+l−1 ;

while the gradients for x are summed over the extra dimension F

∂L
∂xkl =

H′∑︂
i=1

W′∑︂
j=1

F∑︂
f=1

dyijfV k−si+1,l−sj+1,f .

In Figure E.4 we present how a single layer f of the weights V ··f interacts
with the input x and output y layers1.

2D case Multi-Channel Multi-Output with stride
We can further increase the capability of a convolutional layer, by processing
multiple layers C of the input x simultaneously, by expanding the weights
V by a 4-th dimension. However, the sliding window of the convolutional
operation is kept on the first two dimensions of V which we refer to as the

1We use the notation · for a variable, to represent a span over all indices in the given
position. Therefore, V ··f represents the f-th 2D matrix slice of the 3 dimensional tensor
that is V in this case.
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Figure E.4: 2D Convolutional layer with one input channel and multiple
output channels with stride. The blue area shows which area of x is involved
with the f-th layer of the weights, V ··f, to define yijf, in the case where i = 1,
j = 1 and f = 1. The pink area shows which elements of x influence the
derivative V klf when k = 1 and l = 1, for a stride of s = 2.

width and height, while spanning through the whole depth C of the input x.
We usually refer to the depth of the x as input channels, and we can define
the elements with sizes as:

• x : H × W × C, where H is the height, W is the width and C is the depth of
the input x;

• y : H′ × W′ × F, where H′ is the height, W′ is the width and F are the depth
of the output y;

• V : K × L × C × F, where K is the height and L is the width of the
weights V , while C and F correspond to the input and output channels
respectively;

• d : F , which is the bias;

• s : scalar, is the stride.

Since the weights V is now a 4-dimensional tensor, we can think of the
convolutional operation as sliding F distinct cuboids windows horizontally
and vertically over the input x. We can define the output function of a
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convolutional layer with multiple input and output layers as

yijf =
(︄ K∑︂

k=1

L∑︂
l=1

C∑︂
c=1

V klcf xsi+k−1,sj+l−1,c

)︄
+ df (E.4)

Treating dy as known, the gradients then can be defined as

∂L
∂df =

H′∑︂
i=1

W′∑︂
j=1

dyijf , (E.5)

∂L
∂V klcf =

H′∑︂
i=1

W′∑︂
j=1

dyijfxsi+k−1,sj+l−1,c , (E.6)

∂L
∂xklc =

H′∑︂
i=1

W′∑︂
j=1

F∑︂
f=1

dyijfV k−si+1,l−sj+1,c,f (E.7)

Having multiple channels for both the input x and the output y results in
the possibility of stacking convolutional layers, as this is commonly done
in CNNs. Stacking multiple convolutional layers, each progressively adding
more channels and condensing the width and height of the layers is employed
usually to “compress” the size of the input, and split it into different features,
so that more specific layers can deal with a more condensed representation of
the input data of the network.

An example of multiple input/multiple output convolutional layer is
presented in Figure E.5.

Deconvolutional Layer
We can define the inverse operation of a convolutional layer which is the
deconvolutional layer, also known as the transposed convolution in the litera-
ture. In this case, the input is y, the elements of which we multiply by the
weights W which results in the output x. In the deconvolutional layer, the
weights W still slide over x with the stride s, the same as in the convolutional
case. Let us define these quantities with sizes:

• x : H × W × C, where H is the height, W is the width and C is the depth of
the output x;

• y : H′ × W′ × F, where H′ is the height, W′ is the width and F are the depth
of the input y;
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Figure E.5: 2D Convolutional layer with multiple input channels and multiple
output channels with stride. The blue area shows which area of x is involved
with the weights of the f layer, V ···f, to define yijf, in the case where i = 1,
j = 1 and f = 1. The pink area shows which elements of x influence the
derivative V klcf when k = 1 and l = 1, for a stride of s = 2.

Figure E.6: 2D Deconvolutional layer with multiple input channels and
multiple output channels with stride. The blue area shows which area of x is
the result of the deconvolution of yijf with the weights of the f layer, W ···f, in
the case where i = 1, j = 1 and f = F. The pink area shows which elements
of x influence the derivative W klcf when k = 1 and l = 1, for a stride of
s = 2.
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• W : K×L×C×F, where K is the height and L is the width of the weights
W ;

• b : C , which is the bias;

• s : scalar, is the stride.

The deconvolutional operation can be defined as follows

xijc =
F∑︂

f=1

K∑︂
k=1

L∑︂
l=1

W cklf y(i−k)/s+1,(j−l)/s+1,f + bc where

y(i−k)/s+1,(j−l)/s+1,f = 0 if (i− k)
s

+ 1, (j − l)
s

+ 1 ∈ R\N .

(E.8)

If we know the derivative of the loss with respect to x

dxijc =
(︄
∂L
∂xijc

)︄
,

we can define the gradients

∂L
∂bc =

H∑︂
i=1

W∑︂
j=1

dxijc ,

∂L
∂W klcf =

H∑︂
i=1

W∑︂
j=1

dxijcy(i−k)/s+1,(j−l)/s+1,f ,

∂L
∂yijf =

K∑︂
k=1

L∑︂
l=1

C∑︂
c=1

W klcf dxsi+k−1,sj+l−1,c (E.9)

Notice that the derivative of w.r.t. y is a convolutional operation, as well as that
the derivative of x in the convolutional step in Eq. (E.7) is a deconvolutional
operation.

The deconvolutional layer can be used opposite to the convolutional layer
to serve as a decoder pair, to the encoding role of the latter. Indeed in
Chapter 7 we use both types of layers to be able to process larger input data
for HMs. The deconvolutional operation is illustrated in Figure E.6.
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