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Summary

This thesis focuses on solving vehicle routing problems (VRP) with side constraints
that complicate the process of e�ciently �nding optimal solutions. The goal is to de-
velop approaches that require less extensive expert knowledge compared to existing highly
specialized exact and heuristic methods, while still delivering close to optimal solutions.

To achieve this, we develop novel approaches for solving the capacitated vehicle rout-
ing problem with time windows (CVRPTW) by incorporating new deep learning models
into heuristic combinatorial optimization methods. For this, we design graph convolutional
neural networks that can e�ciently extract relevant information from the graph input with
respect to the optimization problem. These networks generate graph representations to
predict the most promising edges to be included in the optimal solution. These predictions
are then integrated into heuristic approaches to solve vehicle routing problems by building
solutions sequentially. Firstly, we employ a limited-width-breadth-�rst tree search that
iteratively constructs a solution by adding one vertex per iteration. This approach main-
tains only a limited number of search tree nodes at each layer, guided by a scoring policy
informed by the neural network's predictions. Secondly, we develop a Monte Carlo Tree
Search for the CVRPTW. This method aims to balance the exploration of the entire search
space with the exploitation of the most promising areas, leveraging the predictions of the
neural network within the search.

Additionally, we explore new methods for integrating novel hardware techniques spe-
cialized in solving quadratic unconstrained binary optimization problems by quantum(-
inspired) computation. While the current state of quantum computing hardware cannot
handle optimization problems of practical size, we explore methods to incorporate such
hardware into frameworks that utilize its computational capabilities without exceeding
its limitations to solve vehicle routing problems. For this, we employ a deep learning-
based problem reduction to reduce the size of the instance representation formulated as
a quadratic unconstrained binary optimization problem, which is subsequently solved us-
ing specialized quantum-inspired computing hardware. Furthermore, we design a hybrid
heuristic that leverages the strengths of this specialized hardware in combination with
deep learning-assisted heuristic methods to �nd optimal solutions while providing scala-
bility for larger instances. The heuristic is structured into three phases, each address-
ing di�erent aspects of the optimization process. This approach allows us to leverage
quantum-inspired computing for solving binary optimization problems while addressing
side constraints, which are challenging to incorporate within a binary framework, through
heuristic methods in their respective phases. We then utilize quantum-inspired computing
hardware to execute the developed heuristic.
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Chapter 1

Introduction

1.1 Motivation

The Capacitated Vehicle Routing Problem (CVRP), a generalization of the Travelling
Salesman Problem (TSP), is one of the most studied combinatorial optimization problems.
In the CVRP, a �eet of vehicles must be routed to deliver goods from a depot to a number
of customers. Each customer's good has a speci�c size, so the capacity of the vehicles must
be taken into account when deciding on the routing. Finding a solution that minimizes
the total distance traveled is NP-hard [TV14].

First introduced by George Dantzig and John Ramser in 1959 [DR59], who proposed
a simple heuristic to solve this problem in the context of petrol deliveries, numerous ap-
proaches have been proposed over the years to solve vehicle routing problems. Exact
algorithms such as branch-and-bound with their derivatives branch-and-cut and branch-
and-price o�er optimal solutions, but are computationally demanding and therefore often
cannot be applied to larger-sized problems. Alternatively, heuristics such as Large Neigh-
borhood Search or genetic algorithms o�er approximate solutions with lower computational
costs than exact methods, often providing scalability and adequate solution quality for large
instances where exact techniques fail. What these methods have in common is that they
are based on highly specialized, hand-crafted algorithms that require expert knowledge to
e�ciently extract the relevant information and guide the search for an optimal solution.

Over the years, a number of di�erent variants of the CVRP have been proposed, of-
ten motivated by real-world applications with additional constraints. One of the most
well-known variants of the CVRP is the Capacitated Vehicle Routing Problem with Time
Windows (CVRPTW), where customers not only have a demand but also a time window
that speci�es the allowable time periods for deliveries for each customer. First introduced
by Marius Solomon in 1987 [Sol87], the CVRPTW �nds application in a variety of practi-
cal contexts, including delivery scheduling, emergency response planning, and supply chain
management. Other variants of the CVRP include the consideration of heterogeneous ve-
hicle �eets, customers who not only have a delivery demand but also a pickup requirement,
or the consideration of multiple depots, all based on real-world applications. What they all
have in common is that �nding the optimal routes for the vehicles that minimize the total
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1.2. Main Results 2

driving distance while taking into account the constraints remains a challenging problem.
On the other hand, Machine Learning (ML) has celebrated many successes recently

and is very present in the public perception. In the context of optimization, however,
machine learning is not trivial to apply, as it is not possible to simply assign an arti�cial
intelligence (AI) the task of �nding the best solution as optimization problems often in-
volve complex constraints, objective functions, and solution spaces that are not directly
compatible with standard machine learning approaches, which are typically designed to
recognize patterns in data rather than systematically search for the best solution. Addi-
tionally, machine learning models require extensive training on relevant data, and their
predictions or decisions may not always satisfy the strict requirements of optimization
problems. Integrating AI into optimization requires combining data-driven insights with
domain knowledge and specialized algorithms. But since [VFJ15] has shown that com-
binatorial optimization problems can be tackled e�ectively using deep learning methods,
these techniques are increasingly being used to solve combinatorial optimization problems.
Since combinatorial optimization problems have a high-dimensional solution space, ML
techniques can help classical approaches to guide them more e�ciently through the large
search spaces and thus accelerate the approaches and increase the quality of the solutions
found. The combination of recent advances in the �eld of arti�cial intelligence with classical
methods has the potential to revolutionize the �eld of optimization [BLP21].

In addition, interest in quantum computers and their potential for solving complex
optimization problems that exceed the capabilities of classical computers has increased
recently. Quantum computers are able to solve certain types of optimization tasks much
faster and more e�ciently than classical computers [vA20]. As quantum computers may
become more advanced and accessible in the near future, the development of models for
optimization problems that can take advantage of their unique capabilities will become
more important. However since these hardware systems can only handle a limited number
of variables, it is crucial to develop new scalable methods for integrating this hardware
into optimization frameworks.

In this thesis, we will focus on the CVRPTW and explore new methods for approx-
imately solving the CVRPTW by developing novel approaches to combine deep learning
with combinatorial optimization techniques as well as quantum-inspired computing tech-
niques. Our goal is to develop approaches that require less in-depth expert knowledge
than the existing highly specialized exact and heuristic methods, while at the same time
providing high-quality solutions.

1.2 Main Results

In this section, we provide an overview of the most important results of this work. For
this purpose, the various approaches that are developed and presented in more detail in
the following chapters are brie�y outlined.
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Figure 1.1: Graph Convolutional Network Diagram for the CVRPTW

1.2.1 Deep Neural Network Assisted Tree Search

We develop a new deep neural network for the CVRPTW to assist in �nding solutions by
providing what can be interpreted as a probability distribution over the set of edges of the
graph representing a CVRPTW instance. For this, we build on the work of [BL17], who
propose the Residual Gated Graph Convnet, a neural network structure that is especially
suited to extract information of graph-structured data of arbitrary size and �nd e�cient
and meaningful representations of graphs.

We use this model to develop a graph convolutional neural network for the CVRPTW,
which takes the instance as input and assigns a value to each edge in the graph as output,
which indicates how likely it is that this edge is contained in the correct solution. The
input consists of the node features and edge features as well as other indicator functions
that declare the depot as a special node, for example. The node features consist of the
coordinates, the demand and the time window at this node. The edge features consist of
the travel times that are assigned to the edges.

All this information is then embedded in an h−dimensional space, where h ∈ N denotes
the number of parameters each hidden state within the network stores, before they are
passed on to the convolutional part of the neural network, which consists of a number
of stacked layers through which all information is passed. Within each of these layers,
the embeddings of the nodes xi and edges eij are updated, using the representations of
neighboring nodes and edges from the previous layer, combined with learnable parameters.

Finally, the edge representations eLij of the last convolutional layer are passed to a
multi-layer perceptron, which is a fully connected feedforward neural network, which then
assigns a value pij to each edge (i, j). Figure 1.1 provides a simpli�ed overview of the
network's structure.

The network is trained in a supervised manner, i.e. we give the network a training
dataset consisting of pairs of inputs and targets. The inputs are instances of the CVRPTW,
the targets are n×n adjacency matrices with an entry equal to 1 if the corresponding edge
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Figure 1.2: Example Output of the Graph Convolutional Network

is contained in the optimal solution. An extensive training procedure is used to train the
model parameters by minimizing the cross-entropy loss using the gradient descent method.

The output of the network can be interpreted as a heatmap over the set of edges,
indicating promising edges with higher values. Figure 1.2 shows an example of the output of
the neural network. On the left side, we see a graph with 20 customers, the depot (marked
in red), as well as the correct solution of the instance, shown as red edges, consisting of
two routes starting and ending at the red depot node. The edges of the complete graph
on 20 nodes can be seen in gray in the background. The right side shows the heatmap
of the neural network, in which only edges with a probability of at least 25% are shown.
The higher the assigned value to the edge, the darker the red color in which the edge is
represented, where the most probable edges appear brown. As we can see, for this instance
the neural network is able to identify most of the correct edges as being highly probable
to be contained in a solution.

This o�ers great opportunities to build solutions by using the output of the neural
network. However, the question also arises as to how this can be done e�ciently, as
simply selecting the edges with the highest probabilities is not guaranteed to generate
valid solutions with respect to the side constraints.

Our �rst approach is to apply a limited-width-breadth-�rst tree search, also called a
beam search, to iteratively construct solutions [Dor23]. By considering the network's values
during this process, we follow the paths with the highest probabilities while considering
the validity of the built solutions. We start with the depot node 0 and iteratively build a
search tree. Each node in the search tree represents a partial solution, and in each layer
of the search tree one customer node is added to the partial solution represented by the
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c = [0, 2, 5, 1]
P (c) = 0.9

c = [0, 2, 5, 1, 3]
P (c) = 0.45
c = [0, 2, 5, 1, 4]

P (c) = 0.81
c = [0, 2, 5, 1, 9]
P (c) = 0.72

c = [0, 2, 5, 1, 7]
P (c) = 0.09

p1,3 = 0.9

p1,4 = 0.5

p1,9 = 0.8

p1,7 = 0.1

p3,4 = 0.5

p3,6 = 0.2 p3,7 = 0.1

p3,9 = 0.7 p9,3 = 0.95

p9,8 = 0.3

p9,10 = 0.92

c = [0, 2, 5, 1, 3, 4]
P (c) = 0.405

c = [0, 2, 5, 1, 3, 6]
P (c) = 0.162

c = [0, 2, 5, 1, 3, 7]
P (c) = 0.081

c = [0, 2, 5, 1, 3, 9]
P (c) = 0.567

c = [0, 2, 5, 1, 9, 3]
P (c) = 0.684

c = [0, 2, 5, 1, 9, 8]
P (c) = 0.216

c = [0, 2, 5, 1, 9, 10]
P (c) = 0.6624P (c) = 0.6624

Figure 1.3: Beam Search Example

parent search tree node. In each iteration, we select the b most promising leaves in the
search tree with respect to a scoring policy. The scoring policy P of a (partially) built tour
c = [v1, . . . , vk] is given as

P (c) =
∏
i∼j

pij ,

where i ∼ j denotes that node vj follows node vi in c.
For each of the b selected leaves in the search tree, we add child vertices corresponding

to adding a customer node to the partial solution that is represented by the search tree
node. While adding the child vertices, we consider feasibility with respect to the capacity
and time window constraints, assuring that we only build valid solutions. After adding all
valid child vertices to the b selected leaf nodes, we proceed to the next iteration. In this
iteration, we evaluate the scoring policy once again to select the b most promising leaves
in the newly created layer of the search tree. Therefore, by the end of the search tree, we
have built b valid solutions that are most promising with respect to the neural network's
predicted edge probabilities. For each of the b solutions we calculate the objective value
and return the solution that minimizes this.

Choosing b = n2n would result in an asymptotically optimal and therefore exact
method. However, selecting smaller values for b allows us to reduce the search space,
thereby optimizing computational performance, though this may result in pruning the
best solutions during the process.

Example 1.1. Figure 1.3 shows an example of the execution of a beam search. Given a

graph G with n = 10 nodes, we want to apply a beam search with beam width b = 2. We

start with a partial solution c = [0, 2, 5, 1] that has a scoring policy value of P (c) = 0.9.

From the current partial solution, we generate all possible child nodes by adding one

more node to the current sequence that has not yet been included in c and that results in

a feasible partial solution with respect to the side constraints. In this case, this holds true
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for the vertices {3, 4, 7, 9}. Therefore, four child nodes are added and the scoring policy

is evaluated for each of the new partial solutions. As the scoring policy is the highest for

the partial solutions c = [0, 2, 5, 1, 3] and c = [0, 2, 5, 1, 9], these two search tree nodes are

selected and further explored, while the others are disregarded.

In the next layer, the partial solution c = [0, 2, 5, 1, 3] has 4 valid expansions, i.e. 4

not yet visited nodes, {4, 6, 7, 9} can be added to c without validating any constraints. For

c = [0, 2, 5, 1, 9], only 3 not yet visited nodes, {3, 8, 10} comply with the constraints and

are therefore allowed to be added to c as new child nodes. For all partial solutions in this

layer, the scoring policy is calculated, and the 2 with the best score with respect to the

scoring policy P are selected, namely c = [0, 2, 5, 1, 9, 3] and c = [0, 2, 5, 1, 9, 10]. Only

these two are explored further, and all other search tree nodes are disregarded. The beam

search continues, expanding and selecting the best paths iteratively, ensuring that at each

step, only the top b solutions are kept for further exploration, until all nodes have been

visited.

Computational experiments for this approach show that we can produce solutions ef-
�ciently with a high quality in terms of optimality gap with respect to the best known
solution for smaller instances of 20 nodes with beam widths up to 50000 [Dor23]. For
medium instances with 50 nodes and large instances with 100 nodes, the results show that
this tree search has its weaknesses. Sometimes it does not succeed in �nding the right
paths in the search space to obtain the best solutions, as the size of the search space grows
exponentially with the problem size.

1.2.2 Monte Carlo Tree Search

To overcome the limitations of the beam search, we develop a more sophisticated tree
search that utilizes the edge probabilities of a neural network to guide the search through
a search tree and uses the developed beam search as an indicator of how promising partial
solutions are, which is subsequently also used to guide its search. This approach, the graph
convolutional neural network assisted Monte Carlo tree search [DK24], also constructs a
solution iteratively.

At each iteration, one node is added to the partially constructed solution. Within each
iteration, a thorough exploration of the search space is done to investigate which node
is the most promising to add. Each iteration consists of a prede�ned number of so-called
rollouts, and each rollout consists of the following phases: Selection, Expansion, Simulation
and Backpropagation.

Starting from the root node in iteration i, which holds the partial solution constructed in
the �rst i−1 iterations, similar to the beam search each search tree node represents adding
one node to the partial solution of its parent node. In the Selection phase, we iteratively
select a child node from the currently selected node until we reach a leaf node. The selection
criterium is a variant of the Upper Con�dence Bound applied to Trees algorithm, which is
suited to balance exploration and exploitation of the search tree. It takes into account the
best (shortest) solution qmin and worst (longest) solution qmax found within the subtree
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of this search tree node, the number of times n this part of the tree and of the parent
node nparent was already explored as well as the edge probability pij assigned by our graph
convolutional neural network. We select the child node that minimizes:

min
q − qmin

qmax − qmin
− cpuct · pij ·

√
nparent

n
, (1.1)

with q being the simulated tour travel time at this node and cpuct a manually chosen
parameter to weigh the tradeo� between the two terms. This approach ensures that while
more promising areas of the search tree are investigated more deeply, other parts of the
search tree are not entirely neglected, which helps mitigate the main drawback of the beam
search - focusing too narrowly on one part of the search tree.

For better predictions, we develop a new graph convolutional neural network, which
adapts the neural network depicted in Figure 1.1 and complements it with more inputs,
namely the already partially constructed solution as well as the context of this partial
solution, consisting of the geographical point where the vehicle is at the end of the partial
solution together with its current time and capacity. This neural network is evaluated at
the start of each iteration, i.e. after we choose the next node to add to the partial solution.
The updated edge probabilities are then incorporated in the next iteration.

After a leaf node is selected, in the Expansion phase we add child nodes to this node
for every node that is eligible to be added to the partial solution of the leaf node, similar to
the expansion in the beam search. For each of the added child nodes, a simulation is done
estimating the travel time of the complete solution if started with the given partial solution
of this node. For this, we utilize the beam search from Chapter 2, which is well-suited for
e�ciently estimating the travel time of the entire tour and identifying promising partial
solutions. The weakness of the beam search, not always �nding the optimal solutions,
does not impact our approach in this context, as these simulated values are solely used to
navigate the search in the search tree.

After simulating the travel times of all newly added child nodes, the Backpropagation
phase updates the values stored at each node, consisting of the best and worst simulated
solutions in the respective subtree and a count of how often this node was explored. These
values are then backpropagated up to the root node. Then, the next rollout is initiated.
Once the speci�ed number of rollouts is reached, the child node of the root node with the
best solution found in its subtree is selected and initialized as the root node for the next
iteration.

The following example shows the steps of one rollout within one iteration of the algo-
rithm.

Example 1.2. Assume the search tree of our algorithm is at the point as depicted in Figure

1.4.

First, in the Selection phase in Figure 1.5, we select nodes starting from the root node

by criterium (1.1) until we reach a leaf node.

We then proceed in Figure 1.6 to expand this search tree node by adding a child node

for every not yet visited vertex that is feasible to add to the partial solution [0, 2, 5, 7]. In
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tour = [0,2,5]
q = 3.5

qmin = 3.5

qmax = 4.1

pij = 63%
n = 7

tour = [0,2,5,0]
q = 4.3
qmin = 4.3
qmax = 4.3
pij = 13%
n = 1

tour = [0,2,5,7]
q = 3.5
qmin = 3.5
qmax = 3.5
pij = 89%
n = 1

tour = [0,2,5,6]
q = 3.7
qmin = 3.7
qmax = 4.1
pij = 67%
n = 4

Figure 1.4: MCTS Example Current State

Figure 1.7, all child nodes are simulated.

Next, in Figure 1.8 we backpropagate the updated values up to the root node.

The Monte Carlo Tree Search algorithm allows us to e�ciently search the search tree
guided by our context-complemented graph convolutional neural network while balancing
the exploration of the search space and the exploitation of the most promising areas of
the search tree. Computational results show that we can outperform commercial solvers
in terms of solution quality and runtime. Furthermore, the algorithm is suitable for being
adapted easily. Instead of applying our beam search heuristic in the Simulation phase, we
can also apply other heuristics. With the state-of-the-art heuristic LKH [Hel17] we are
able to �nd even better solutions for large instances at the expense of runtime. However,
there are also some disadvantages to our approach. The runtime scales signi�cantly with
the size of the problem instances, making the application of this method for large instances
very time-consuming.

1.2.3 Quantum-inspired Computing

To develop an approach that is both computationally e�cient, produces high-quality so-
lutions and is scalable to large instances, in Chapter 4 we explore how we can approach
the CVRPTW with new hardware technology. Quantum computers o�er great potential
to solve combinatorial optimization problems very quickly. The optimization problems are
formulated as quadratic unconstrained binary optimization (QUBO) problems, which are
currently the most widely used formulation in quantum computing among other things
due to their equivalence to the Ising model [GKD22]. An introduction to quadratic uncon-
strained binary optimization can be found in Section 1.3.2.

For this purpose, in Chapter 4.1 we �rst develop a formulation of the CVRPTW as
a QUBO. This poses particular challenges in the formulation of the constraints because
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Figure 1.5: Selection Phase

both the capacity constraints and the time window constraints require integer variables
and inequalities to be modeled. We discuss this in more detail in Section 1.3.1. Both are
concepts that do not exist in QUBOs. This means that in order to solve the CVRPTW
directly as a QUBO, we have to de�ne binary representations for the integer variables and
convert the inequalities into equations using slack variables, which also have to be converted
from integer to binary. This leads to a large number of variables that are included in the
QUBO representation of a CVRPTW instance.

We then proceed to solve this QUBO with the help of specialized hardware. We use
the Digital Annealer (DA), which is a hardware by Fujitsu specialized to solve fully con-
nected quadratic unconstrained binary optimization problems [MTM+20]. With the DA,
Fujitsu is trying to close the gap between classical computers and quantum computers, the
latter of which promise great increases in performance, but are still at an early stage in
their development and realization and cannot be used for such complicated optimization
problems as we are considering here. A detailed description of the DA can be found in
Section 1.3.3.

Computational experiments show that an e�ective solution of the CVRPTW as a
QUBO on the DA is di�cult as the size of the QUBO representation reaches the limit
of what is currently possible to solve with the DA. To overcome this di�culty, we use the
graph convolutional network from Figure 1.1 as a so-called learned problem reduction. This
means that we use the edge probabilities produced by the network to exclude potentially ir-
relevant edges from the graph and thus signi�cantly reduce the problem size of the QUBO.
We apply di�erent thresholds for the edge probabilities to include edges in the problem,
and compare the results when we then let the DA solve the reduced QUBO. It turns out
that this leads to performance increases for smaller problem sizes, but for medium and
large instances the DA still reaches its limits. This is because the CVRPTW with all its
integer variables and inequalities is so complex that even a reduced representation as a
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Figure 1.6: Expansion Phase

QUBO is quickly too large for the current hardware.
To address this, we focus on the strengths of the DA: solving optimization problems

with only binary variables and without inequality constraints. In Section 4.2, we present a
heuristic that integrates the DA's capabilities with our prior methods, achieving both scal-
ability and high-quality solutions. This approach circumvents the problems of formulating
all side constraints in a QUBO but rather outsources the handling of the side constraints
to a heuristic.

For this, we develop a heuristic that we divide into three di�erent phases. In the �rst
phase, we use the DA to divide our problem instance into smaller subproblems. We do this
by formulating a cluster problem that splits the node set into a given number of k subsets.
This cluster problem can be easily formulated as a QUBO. Let the binary variable xim be
equal to 1 if and only if node i is assigned to cluster m. The QUBO of the cluster problem
then has the following form:

min

k∑
m=1

n∑
i=1

n∑
j=1

cijximxjm +

 n∑
i=1

(
k∑

m=1

xim − 1

)2
 . (1.2)

The weighting cij for each edge is crucial for this problem to produce accurate clusters. We
introduce the concept of path probabilities, which de�ne the cij in this optimization prob-
lem. For this, we apply the graph convolutional network to output the edge probabilities
pij and de�ne
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Figure 1.7: Simulation Phase

ppathij := max

 ∏
(v,w)∈P

pvw : P is i, j − path

 .

Then using (1 − ppathij ) instead of cij in the QUBO formulation (1.2), we maximize the
probability that nodes within the same cluster are served by the same vehicle in the �nal
solution.

Next, we apply the beam search to generate candidate routes for each of the clusters.
The beam search is very useful for this task as we are only interested in generating a set
of routes for each cluster that will be used to construct our solution in the next step.
Therefore, it is advantageous to generate not only one possible solution per cluster but
several di�erent routes. The beam search can do this in parallel and has proven to �nd
near-optimal solutions for smaller instances, making it well-suited for the small clusters we
generated in the �rst phase.

For the last phase, we again utilize the DA to solve a QUBO that chooses a subset
from the set of candidate routes R generated in the second phase, such that every node
is included in exactly one route, therefore building a complete solution for our problem
instance. For this, let yr be the binary decision variable that is equal to one if and only if
candidate route r ∈ R is selected for the �nal solution, let δvr be a coe�cient that is one
if node v is included in route r and zero otherwise and let cr be the travel time of route r.
With this, we formulate a set partition problem as follows:
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Figure 1.8: Backpropagation Phase

min
∑
r∈R

cryr +

 n∑
v∈V

(∑
r∈R

δvryr − 1

)2
 . (1.3)

A solution to this QUBO is equivalent to a feasible solution of our instance, as every node
is visited and all routes ful�ll the side constraints, as guaranteed by our beam search. The
optimal solution minimizing this QUBO therefore corresponds to the best solution of the
instance given the candidate route set R.

The big advantage of this 3-phase heuristic is that we use the strengths of the DA to
solve QUBOs with a smaller number of variables without the need to handle integer and
slack variables. In the cluster QUBO (1.2), the number of variables is equal to the number
of nodes times the number of clusters, while the set partition QUBO (1.3) contains a
number of variables equal to the number of candidate routes generated in the second phase,
which we can control by the choice of the beam width. Computational experiments show
that this 3-phase heuristic is both time e�cient and provides optimal solutions to smaller
instances while o�ering better scalability to larger instances than the previous approaches.
This shows what potential new hardware technologies and the development of new deep
learning models o�er for e�ciently solving complex combinatorial optimization problems
in the future. Research into the combination of new technologies and new developments
from di�erent areas is an important future research path.

Before discussing all the approaches described above in detail in the following chapters,
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we �rst de�ne our tools and notation and provide a literature review in the following
sections.

1.3 Tools and Notation

In the following section, we formally de�ne the CVRPTW and introduce the notation used
throughout this thesis. Additionally, we will present the tools employed in the subsequent
chapters.

1.3.1 Problem De�nition

A CVRPTW instance is given as a directed complete graph G = (V,E) with n+ 1 nodes,
where node 0 is the special depot node. The cost for edge e = (i, j) is given by cij
and represents the transition costs from node i to j. Besides its coordinates, each node
has additional attributes, namely a demand and a time window, imposing conditional
constraints on the nodes. Therefore we can de�ne a problem instance of the CVRPTW to
consist of:

� X = {x1, . . . , xn}, where xi ∈ [0, 1]2 are the coordinates of node i in the two-
dimensional unit square.

� The location of the depot, given as x0 ∈ [0, 1]2.

� The demands at each node i ∈ [n], given as D = {d1, . . . , dn}.

� T = {[a0, b0], [a1, b1], . . . , [an, bn]}, where [ai, bi] are the time windows for each node
i ∈ [n] and [a0, b0] represents the planning horizon regarding earliest possible depar-
ture from and latest possible return to the depot.

� The capacity Z of the vehicles.

Moreover each node i ∈ V requires a speci�c service duration hi. Given a �eet of K
vehicles, the goal is to �nd up to K routes rk, k ∈ [K], such that all nodes are visited
and the capacity and time window constraints are met. A tour rk is a sequence of nodes,
starting and ending at the depot node 0, representing the order in which vehicle k visits
the nodes. A set of tours R = {r1, . . . , rK} is considered a solution, if

∪k∈[K]rk = V,

rk1 ∩ rk2 = {0} ∀k1, k2 ∈ [K], k1 ̸= k2

and all tours satisfy the capacity and time window constraints. The capacity constraint is
given as

∑
i∈rk di ≤ Z and the time window constraint states, that the time service starts

at node i, si, has to satisfy ai ≤ si ≤ bi. An arrival at node i before ai is considered valid,
the vehicle then has to wait until ai to start the service.
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The components of the instances contain a few assumptions. We assume a homogenous
�eet of K vehicles so that the capacity and travel time are equal for all vehicles. Further-
more, the edge weights cij represent the transit costs from node i to node j and without
loss of generality include the service durations hi of node i. To simplify the notation, in the
remainder of this thesis we assume that the transition cost cij is equal to the travel time
it takes to get from node i to j and refer to our objective as minimizing travel times or
equivalently the overall tour length or cost. To model this separately, we could introduce
a second parameter representing travel times to model the time window constraints.

There are di�erent approaches to formulating the objective function. The classical
objective is to minimize the total time traveled over all vehicles. But there are more ad-
vanced formulations of the objective, for example, [FST20] take a more holistic perspective
by also including the waiting times into the objective, searching for a good trade-o� be-
tween total travel time, waiting times and number of vehicles. The main objective can
also be de�ned to �rst minimize the number of vehicles, including the total travel time
just as a secondary ([KLMS05], [FST20]). Other objectives include minimizing the total
time traveled while using all K vehicles [ABH13]. In this work, we focus on the classical
approach by minimizing the total travel time.

We can formulate the CVRPTW as a Mixed Integer Linear Program (MILP), which
can be used to solve the problem by general-purpose MILP solvers such as Gurobi [GO22].
There are various ways to formulate the CVRPTW as a MILP, which di�er in how the
decision variables are de�ned. For the CVPRTW, there are 2-index and 3-index formula-
tions that refer to the number of di�erent indices for the decision variables [KLMS05]. In
the following, we brie�y present both formulations.

Following [KLMS05], for the 2-index formulation, let the decision variables xij for
i, j ∈ V , with i ̸= j, be de�ned as

xij =

{
1, if edge (i, j) is used by a vehicle

0, else.
(1.4)

Note that in order to minimize the number of decision variables needed, the vehicle that
uses this edge is not speci�ed with the decision variable. To model the time window
constraints, let the variable si represent the time at which the vehicle arrives at node i and
let yi be the available capacity of the vehicle after visiting node i ∈ [n]. The 2-index-MILP
for the CVRPTW can be formulated as follows [KLMS05]:

min
n∑

i,j=0

cijxij s.t. (1.5)

n∑
i=0

xij = 1 ∀j ∈ [n] (1.6)

n∑
i=1

x0i −
n∑

j=1

xj0 = 0 (1.7)
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n∑
i=0

xih −
n∑

j=0

xhj = 0 ∀h ∈ V (1.8)

yj ≤ yi − djxij + Z(1− xij) ∀i, j ∈ V, i ̸= j (1.9)

0 ≤ yi ≤ Z ∀i ∈ V (1.10)

sj ≥ si + cijxij −M(1− xij) ∀i, j ∈ V, i ̸= j (1.11)

ai ≤ si ≤ bi ∀i ∈ V (1.12)
n∑

j=1

x0j ≤ K (1.13)

xij ∈ {0, 1} ∀i, j ∈ V, i ̸= j (1.14)

si, yi ∈ Z+ ∀i ∈ [n], (1.15)

where (1.6) are the assignment constraints requiring each customer to be served by exactly
one vehicle (note that the depot is excepted), (1.7) and (1.8) are the �ow constraints that
guarantee that the number of vehicles entering a node is equal to the number of vehicles
leaving this node. Constraints (1.9) and (1.10) are the capacity constraints, where (1.9)
guarantees the demands at each node are loaded and (1.10) restricts the maximal load to
the capacity of the vehicle. Constraint (1.11) linearizes the conditional statement that, if
edge (i, j) is used, then the arrival time at node j is at least the arrival time at node i

plus the travel time to get from i to j. The constant M can be set to maxi,j{bi + cij − aj}
[KLMS05]. Constraint (1.12) guarantees the arrival time to be within the time window,
while Constraint (1.13) sets the maximum number of vehicles to be used. Finally, (1.14)
and (1.15) are the binary and integer constraints.

A more natural way to formulate the CVRPTW as a MILP is to de�ne the decision
variables with three indices as follows:

xijk =

{
1 if vehicle k uses edge (i, j) in the tour

0 else.

With the decision variables being structured by also having index k for speci�c vehicles,
one can keep track of the capacity constraints by simply adding the inequality∑

i∈V
di
∑
j∈V

xijk ≤ Z (1.16)

for each vehicle k ∈ [K], which eliminates the need for the additional integer variables yi in
the 2-index-formulation. Let the variable sik be the time at which vehicle k arrives at node
i. In the case vehicle k does not serve node i, the variable sik has no meaning. Following
[KLMS05], the 3-index-MILP formulation for the CVRPTW is then given as:

min
∑
k∈K

n∑
i,j=0

cijxijk s.t. (1.17)
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∑
k∈K

n∑
i=0

xijk = 1 ∀j ∈ [n] (1.18)

n∑
j=1

x0jk ≤ 1 ∀k ∈ K (1.19)

n∑
i=0

xihk −
n∑

j=0

xhjk = 0 ∀h ∈ V, ∀k ∈ K (1.20)

∑
i∈[n]

di
∑
j∈V

xijk ≤ Z ∀k ∈ K (1.21)

ai ≤ sik ≤ bi ∀i ∈ [n], ∀k ∈ K (1.22)

sik + cij −M(1− xijk) ≤ sjk ∀i, j ∈ V, i ̸= j, ∀k ∈ K (1.23)

xijk ∈ {0, 1} ∀i, j ∈ V, i ̸= j, ∀k ∈ K (1.24)

sik ∈ Z+ ∀i ∈ V, ∀k ∈ K (1.25)

where (1.18) are the assignment constraints requiring each customer to be served by exactly
one vehicle (note that the depot is excepted), (1.19) ensures each vehicle leaves the depot
at most once, (1.20) is the �ow constraint and (1.21) is the capacity constraint. Inequalities
(1.22) de�ne the upper and lower bounds for the variable sik. Constraint (1.23) linearizes
the condition that, if edge (i, j) is used, then the arrival time at node j is at least the
arrival time at node i plus the travel time to get from i to j with the constant M chosen
as before. Again, (1.24) and (1.25) are the binary and integer constraints.

By using the 3-index formulation, the number of inequalities needed to model the
CVRPTW decreases signi�cantly. Speci�cally, Constraint (1.21) only adds K inequalities,
instead of the n2 inequalities required for our formulation of the capacity Constraint (1.9).
On the other hand, the number of decision variables x in the 3-index formulation increases
to n2K compared to the n2 decision variables needed in the 2-index formulation. Depending
on which method is chosen to solve the problem, this may or may not be advantageous.

In this thesis, we will focus on the classical 2-index formulation (1.5) as detailed above,
but the CVRPTW is predestined to model other real-life optimization problems as well.
Additional constraints or properties can be added to the problem so that even more complex
problems can be modeled properly. This includes the consideration of heterogeneous �eets
in which each vehicle has individual properties [GLMT99]. In the multi-depot variant,
customers are served from several depots, each of which has its own �eet [LSL90]. In the
Vehicle Routing Problem with Pick-up and Delivery, each vehicle has to bring one item to
the customer and pick up another [BCGL07]. In the Vehicle Routing Problem with Soft
Time Windows, arrivals outside the given time windows are also allowed, but these are
then penalized, where a non-decreasing penalty function is given [KPS92]. For a detailed
overview of all variations of the CVRPTW, we refer to [ES10].
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1.3.2 Quadratic Unconstrained Binary Optimization

Oftentimes, optimization problems can be formulated as �nding the minimum of a function
that models problem P. The global minimum of the function represents the optimal
solution of P. Quadratic unconstrained binary optimization (QUBO) aims at formulating
optimization problems as quadratic polynomials, where the decision variables are binary.
In detail, a QUBO problem is of the form

min
x∈{0,1}n

xTQx, (1.26)

where x is our decision vector containing the binary decision variables and Q is a square
upper-triangular matrix taking values in the reals. The goal is to �nd the vector x∗ that
minimizes (1.26). This general form includes quadratic as well as linear objective functions
ifQ is a diagonal matrix and one notices that x2i = xi for xi ∈ {0, 1}. A more comprehensive
introduction to QUBO can be found in [GKD22].

In general, we are given an MILP problem of the form

min
k∑

i=1

cizi s.t. (1.27)

k∑
i=1

aizi = b

zi ∈ {0, 1},

where ai, b ∈ R, or equivalently in matrix notation

min y = zTCz (1.28)

Az = b

zi ∈ {0, 1}

with C being a diagonal matrix and again z2i = zi for zi ∈ {0, 1}. We can then obtain a
QUBO formulation by transforming the equality constraints into the objective function:

min
k∑

i=1

ciz
2
i + P (

k∑
i=1

aizi − b)2, (1.29)

where the scalar P ∈ R≥0 is a factor for the penalty term that has to be set to weigh the
constraints [GKD22]. This means that violating the constraint would lead to a greater
increase in the objective value than violating it could reduce the value of the actual objec-
tive function. Setting an appropriate penalty value is crucial for the success of the solution
process. A penalty value that is too large can hinder the solution process by causing the
penalty terms to dominate the original objective function. This dominance disguises the
di�erences in solution quality, making it challenging to distinguish between potential so-
lutions. Conversely, a penalty value that is too small compromises the search for feasible
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solutions, as the penalties may not adequately enforce the constraints [GKD22]. In prac-
tice, there tends to be a range of penalty values that strike the right balance. Within this
region, the penalty is neither too large nor too small, allowing the algorithm to e�ectively
explore the solution space while maintaining feasibility and optimizing the objective func-
tion. Identifying this region often involves domain knowledge, empirical testing or adaptive
techniques that adjust the penalty dynamically during the optimization process [GKD22].

This way, we obtain a new function that is equal to the original MILP if and only if
the binary decision variables zi ful�ll the equality constraint. To obtain the matrix Q from
(1.26), we just have to transform the matrix form as follows:

y = zTCz + P (Az − b)T (Az − b) (1.30)

= zTCz + zTDz + k

= zTQz + k,

where the matrix D and the constant k are obtained by mulitplicating. Since the constant
is to be neglected during optimization, this is equivalent to (1.26). In the remainder of this
thesis, for readability, we will typically refer to formulation (1.29) when discussing QUBO
formulations.

Now, assume we are given a MILP problem, where the variables zi are not binary, but
rather integer variables with bounds zℓi ≤ zi ≤ zui . Since a QUBO problem is only able
to handle binary variables, we have to convert the integer variables to binary by replacing
each variable z with its binary expansion [SGM22]:

B(z, zℓ, zu) := zℓ +

kz−2∑
j=0

2jxz,j +

zu − zℓ −
kz−2∑
j=0

2j

xz,kz−1, (1.31)

where kz := ⌈log2(zu − zl + 1)⌉ and xz,j are new binary variables.
If linear inequality constraints are given in the form

k∑
i=1

aizi ≤ b,

they must be converted into equality constraints by adding slack variables λ to derive

k∑
i=1

aizi + λ = b.

These additional integer slack variables also have to be optimized, resulting in a larger
representation of the original problem after applying the binary expansion (1.31). To
bound the number of additional variables needed, we can de�ne sharp upper and lower
limits for the value the slack variables can take. Generally speaking, it holds that

0 ≤ λ ≤ −

(
k∑

i=1

min(aiz
ℓ
i , aiz

u
i )− b

)
, (1.32)

but problem-speci�c knowledge oftentimes allows us to �nd sharper bounds.
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1.3.3 Fujitsu's Digital Annealer

We will utilize Fujitsu's Digital Annealer (DA) [MTM+20] to solve di�erent QUBO for-
mulations that we will develop in the following chapters. The DA is a product developed
by Fujitsu to �ll in the performance gap between classical computers, which hit their limit
rather quickly when solving larger QUBO formulations, and quantum computers, which
are still in their experimental stage. The DA is a hardware accelerator speci�cally designed
to solve fully connected QUBO problems, which are problems where all pairs (xi, xj) have
a non-zero coe�cient Qij in the QUBO formulation (1.26). This is equivalent to saying the
problem's graph is a complete graph, where every node (variable) is directly connected to
every other node. The DA internally uses a modi�ed version of the Markov Chain Monte
Carlo (MCMC) method. A major advantage of the DA hardware is its massively parallel
implementation and an innovative sampling technique. The hardware can take into ac-
count all bits simultaneously in each step before deciding which bit to �ip. Each MCMC
step takes the same amount of time, regardless of whether a bit �ip is accepted or not.
In addition, the computational e�ort for updating the e�ective �elds, which determine the
energy di�erence caused by a bit �ip and thus the probability of this bit being �ipped,
remains constant. In addition, the DA supports parallel tempering. Parallel tempering is
a MCMC technique designed to enhance the exploration of a system's state space, partic-
ularly for systems with complex energy landscapes. It helps overcome challenges such as
getting trapped in local minima, which are common in high-dimensional or rugged energy
landscapes. The method involves running multiple copies of the system simultaneously
[KAHL22].

In its 3rd generation, the DA can handle optimization problems with up to 100000
decision variables, a major improvement from the 8192 supported decision variables in its
2nd generation. This is done by joining multiple Digital Annealer Units (DAU) together.
These DAUs are dedicated processors executing the minimization algorithm parallel tem-
pering. Using additional software, the large QUBO formulation is decomposed into smaller
QUBO formulations, which are then minimized on one or multiple DAUs, depending on
the problem size.

Another major improvement from its 2nd to 3rd generation is the ability to handle in-
equalities. As previously explained, formulating inequality constraints as binary quadratic
polynomials is connected to introducing new variables for each inequality, as one needs to
convert those inequalities to equalities by adding slack variables. To limit the number of
variables needed for the formulation, �nding sharp upper and lower bounds for those slack
variables is important. Adding those slack variables and subsequently converting them to
binary variables adds a large number of decision variables to the formulation, which makes
it harder to solve. When using the DA in its 3rd generation, one can declare the inequal-
ities separately from the QUBO formulation and is, therefore, able to solve optimization
problems in the form of binary quadratic programming problems (BQP). This means that
inequality constraints are not converted to a penalty term and thus do not use any ad-
ditional decision variables. A detailed experimental analysis of the size of the problem
formulation with and without inequalities is done in Section 4.1. There is no sharp upper
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bound for the number of inequalities the DA can handle, but it is limited to a number in
the lower 6-digit range. It depends on the complexity of the BQP formulation to solve,
which has to be examined experimentally.

The DA has additional features such as auto-scaling, which automatically scales the
penalty factors in the energy function. For that, the objective term and penalty terms are
initialized separately to allow the adjustment of the penalty coe�cient P . Starting from a
preset initial value, P is multiplied with a factor θ ∈ [1, 2] every time the objective value
is not improved for a set number of iterations. With this approach, the weighting of the
penalty term is automatically adjusted to fall within the appropriate range, as outlined
in Section 1.3.2. This eliminates the need for domain-speci�c knowledge or empirical
testing to determine the correct value. For a more detailed explanation including examples
concerning the DA for combinatorial optimization, we refer to [SWMU19].

1.4 Related Literature

Over the years, a wide range of approaches have been proposed for solving the CVRPTW,
including both exact algorithms and heuristics. These methods di�er in their complexity
and the quality of the solutions they produce. In recent years, there has been a growing
interest in developing approximate algorithms for the CVRPTW, as these methods can
scale to large instances and produce high-quality solutions in a reasonable time. In the
following, we present the existing approaches to tackling the CVRPTW.

1.4.1 Exact Approaches

Exact solution methods for the CVRPTW can be divided into three categories according
to [TV14]: Branch-Cut-and-Price, Branch-and-Cut, and reduced set partitioning. Most
successful algorithms have been based on column generation, where the problem is decom-
posed into a restricted master problem that selects new routes from a subset of candidate
routes and a pricing subproblem that generates new routes to be considered in the re-
stricted master problem. In general, the pricing subproblem obtained is a shortest path
problem with resource constraint (SPPRC) [ID05], which is NP-hard [Dro94].

To obtain better lower bounds in the Branch and Bound search tree di�erent methods
have been proposed. [KDM+99] introduce the Branch-Cut-and-Price (BCP) approach by
adding valid inequalities dynamically to strengthen linear relaxations. Other families of
inequalities were subsequently proposed over the years [JPSP08], [PPPU17], [PCDU17].
Other approaches aim at strengthening the pricing subproblem by using algorithms to gen-
erate new routes which include labeling algorithms [FDGG04], [ID05], [BDD06] and heuris-
tics [FGR07], [DLH08], but solving the SPPRC exactly remains an obstacle. [BMR11]
therefore develop a di�erent relaxation approach for the pricing subproblem, the ng-path
relaxation, where a set partitioning formulation is used in which routes are dynamically
generated via column generation. Their algorithm can be seen as a three-step method,
where calculated lower and upper bounds are used to enumerate a subset of all feasible
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routes whose reduced cost with respect to the dual solution is less than or equal to the gap
between the lower and upper bound. Afterward, the CVRPTW is formulated as a MILP,
where the previously determined subset of feasible solutions is incorporated and solved
using a commercial MILP solver.

Currently, the best exact solution method for vehicle routing problems in terms of ex-
ecution time and the quality of the solutions found is a complex Branch-Cut-and Price
(BCP) incorporating most of the key elements found in the best BCP approaches of recent
years [CCD19]. That includes sophisticated labeling algorithms for pricing [SUP21], ng-
path relaxation [BMR11], rounded capacity cuts [LLE04], non-robustness control [PPP+17],
rank-1 cuts with limited memory [JPSP08], [PPPU17], [PCDU17] [PPP+17], [BPPU18],
path enumeration [BCM07], [CM14] and hierarchical strong branching [Rø12], [PPP+17],
as detailed in [EQSU23]. The main methodological and modeling approaches for the BCP
are surveyed in [CCD19]. We refer the reader to [CCD19] for extensive details on the BCP
as well as to [BMR12], [DMR14] for an extensive overview of exact solution methods for
the CVRPTW.

1.4.2 Heuristic Approaches

Given the complexity and computational costs of exactly solving the CVRPTW, heuristics
aim at quickly �nding relatively high-quality feasible solutions. Because of their speed and
their ability to handle larger instances, heuristics are widely employed in industry, even
though there is no guarantee regarding solution quality.

Heuristics for routing problems can be divided into two categories: construction heuris-
tics and improvement heuristics [TV14]. Constructive methods can generate solutions
within a set number of steps that is linearly dependent on the size of the problem, usually,
customers are selected sequentially to create feasible solutions. However, limited infor-
mation available about the other tours while constructing new tours node by node can
lead to ine�cient constructions, and obtaining additional information in the space of solu-
tions that are constructed sequentially becomes expensive quickly. The �rst constructive
heuristic for the CVRPTW is proposed by [BS86]. The heuristic starts with all customers
served individually and in each iteration, it is calculated which two routes can be combined
to maximize the savings. [Sol87] proposes a similar savings-based constructive heuristic.
Time-based heuristics, where �rst the customers are sorted depending on their time win-
dows and then inserted in a route, were proposed by [PR93], [Sol87], [Rus95].

Improvement approaches typically rely on an initial solution that they can then re�ne
over time. However, it may be challenging to �nd a suitable starting solution for more
complex problems like the CVRPTW. In fact, �nding the �rst feasible solution for the
CVRPTW with a �xed number of vehicles is an NP-hard problem on its own [Sav85].
Improvement heuristics are based on local search operators. Given a feasible solution, the
neighborhood of this solution is de�ned as the set of feasible solutions that are reachable
by small changes to the solution using the local search operator. For the CVRPTW, these
operators usually are de�ned as interchanging customers, i.e. exchanging two customers
within a route, customer removal of one route and insertion in another route as well as
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combining partial routes. [BG05] provide an extensive overview of the di�erent neighbor-
hood structures that are used to tackle the CVRPTW. One potential danger with these
approaches is being trapped in local minima if the local search criteria are too narrow to
escape from this minimum. To circumvent this problem, the concept of Large Neighbor-
hood Search is introduced [Sha98]. Destroy and repair operators are applied repeatedly to
explore more complex neighborhoods, making it possible to �nd better candidate solutions
in each iteration and therefore traversing a more promising search path. This has been
the base of the most successful heuristics for the CVRPTW ([PR07], [PGDR09]). The
Lin-Kernighan heuristic [LK73] is such a local search improvement heuristic for the sym-
metric TSP, which swaps segments from one route with segments from other routes. The
applied measure of distance between two routes is the number of edges that are in one but
not the other. New routes are created by reordering old routes, sometimes by reversing
the direction in which they are traversed. It has been re�ned and improved over the years
and is one of the best known heuristics for the symmetric TSP [Hel17]. Building on this,
[Hel17] introduces the LKH heuristic, an extension of the Lin-Kernighan heuristic for con-
strained vehicle routing problems by transforming the problems into standard symmetric
TSPs, and is one of the best available heuristics for solving routing problems with side
constraints [KvHGW22].

Clustering-based heuristics aim at dividing the problem instance into smaller sub-
problems such that a good solution can be obtained by combining the results of the indi-
vidual sub-problems. According to [LS02], clustering-based approaches for vehicle routing
problems can be categorized into two groups, namely Cluster First, Route Second and
Route First, Cluster Second. Cluster First, Route Second translates to decomposing the
original problem into smaller problems, where each smaller problem (cluster) is solved
individually. Depending on the criteria of how the clusters are built, there are di�erent
approaches to achieve this. If the number of vehicles to be used is known, this is done
by building a number of clusters equaling the number of vehicles and then solving a TSP
instance within each cluster, as done in [FJ81]. Other approaches build so-called macro
nodes from each cluster, �nd routes to visit all macro nodes, then deconstruct the macro
nodes and modify the routes found to accommodate for the constraints [DC07]. Route

First, Cluster Second builds solutions by starting with one route visiting all vertices while
neglecting the side constraints. Afterward, this route is iteratively divided into smaller
routes until all constraints are ful�lled.

For the Capacitated Vehicle Routing Problem with Time Windows, there exist only a
limited number of approaches that cluster the set of customers while taking into account
the time window constraints. Most methods focus on the spatial characteristics of the
customer's features. The sweep-based heuristic ([GM74], [Sol87]) clusters the customers
based on their polar coordinates based on a center of gravity, which in the context of vehicle
routing is the depot. An imaginary ray originating from the depot is swept counterclockwise
over all vertices. The demand of each swept vertex is accumulated. Once the accumulated
demands reach the capacity for one vehicle, or if including the next vertex exceeds the
capacity, the current nodes are included in a cluster. Building on the work of [ND86],
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who developed a spatial partition technique assuming underlying density distributions,
[Ouy07] uses a combination of a disk model and weighted centroidal Voronoi tessellation
to obtain spatial cluster zones. [GN07] apply a spatial clustering heuristic for the VRPDP
by dividing the vertex set into three categories and then solve a general assignment problem
to allocate vehicles to the clusters taking into account capacity constraints.

[TV02] propose the so-called popmusic framework, where a precalculated solution is
decomposed into p parts, then some of these parts are aggregated into a subproblem,
which is subsequently tried to be improved by some optimizer. As an improvement in
the subproblem corresponds to an improvement of the whole solution, if the optimizer
�nds an improvement the solution is re�ned. This process is repeated for di�erent sub-
problems until no improvement is found. [BVH07] propose a randomized adaptive spatial
decoupling scheme that iteratively selects random vehicle-based subproblems, which are
solved independently by an optimization algorithm, and then reinserted into an existing
solution, where the decouplings depend not only on the instance data but also on the
current solution. Similar to this, [ODH08] and [ODH+09] present a spatial decomposition
approach based on the popmusic framework in [TV02], where iteratively routes are chosen
and subproblems are created based on nearness to that route. The iteration stops if for all
routes subproblems are created that do not lead to improvement. Building on [BVH07], in
[BVH10] the authors propose a re�ned adaptive clustering heuristic that also incorporates
the temporal features of the customers. [DC07] and [Pug14] propose heuristic approaches,
where the time window constraints are incorporated in the heuristic clustering phase, such
that the waiting time due to early arrivals is kept as small as possible, while also mini-
mizing the average distance between vertices within the clusters. The resulting clusters
then represent TSPTW instances, which are solved and sequenced to build a full solu-
tion. The three-phase structure of these approaches, i.e., clustering, solving each cluster
independently, and then combining the cluster results, is similar to our proposed approach
presented in Section 4.2, with signi�cant di�erences in the way each phase is performed.
[QLLM12] use time geography theory to represent time and space in the same coordination
system de�ning a spatiotemporal distance, which is used to build clusters minimizing this
distance. The temporal part of the distance between two vertices is based on the time at
which the destination is reached, which is penalized when the arrival time falls outside the
time window. Based on this time window violation, an additional cost is added to the ob-
jective function and a VRP with soft time windows is solved for each cluster. For the VRP
with hard time windows, this approach is not suitable as the routes are not necessarily
feasible.

We refer to [DMR14] for a detailed and comprehensive description of all heuristic
approaches for the CVRPTW.

1.4.3 Machine Learning in Routing Problems

The idea of solving routing problems with arti�cial neural networks dates back approxi-
mately 40 years, but only recently has it been applied in ways that outperform traditional
heuristic methods. One of the earliest neural network models designed to address rout-
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ing problems, namely the TSP, was introduced by Hop�eld and Tank [HT85]. The pro-
posed Hop�eld neural network, a fully connected model, minimizes an energy function that
represents the TSP's objective function. Unlike modern neural networks, the connection
weights in the Hop�eld model are not learned but are prede�ned based on the problem data
[Pot93]. The network evolves according to its operational equations, ultimately converging
to a locally optimal solution. Although the Hop�eld neural network theoretically o�ers
near-optimal solutions for the TSP, it has signi�cant limitations, including poor scalability
and a tendency to become trapped in local minima that often fail to represent feasible
solutions. Over the years, many variants have been proposed to improve the model, a
comprehensive overview can be found in [Pot93].

Around the same time, two alternative neural network approaches for solving the TSP
were introduced: the elastic net approach [DW87] and the self-organizing maps approach
[Koh90]. Both methods di�er signi�cantly from the Hop�eld neural network and are con-
ceptually closely related. In both approaches, a ring is initially de�ned and then progres-
sively adjusted until it passes close enough to each city to form a tour. However, the two
methods di�er in how they update the coordinates of the points on the ring [Pot93]. By
the time, both approaches outperformed the Hop�eld neural network, but the performance
gap to the best heuristics at that time were still quite large. Research on arti�cial neu-
ral networks stalled due to limitations in computational power, insu�cient data, and a
preference for simpler models like support vector machines, decision trees, and Bayesian
methods, which were easier to train with limited data. The �eld experienced a resurgence
with the availability of powerful hardware, particularly GPUs and large datasets, and the
development of improved techniques for training deep networks.

With the introduction of the Pointer Network architecture by [VFJ15] to solve the
TSP, the combination of neural networks with heuristics to solve routing problems has
seen an uprise in recent years. Similar to the heuristic approaches, some machine learning
approaches for solving routing problems that utilize neural networks, such as those in
[CT19] and [LZY20], focus on iteratively improving an existing solution, while others, such
as those developed by [NOST18], [KvW19] and [FST20] generate a solution for routing
problems by adding one node at a time.

The Pointer Network approach by [VFJ15] is based on a supervised learning approach,
which is then adapted to reinforcement learning by [BPL+16]. The �rst deep learning
model for sequential solutions to the CVRP is presented by [NOST18], who adapt the
Pointer Network, but make substantial modi�cations to the encoder model by replacing
the recurrent neural network part of the encoder with a linear embedding layer with shared
parameters. Reinforcement learning has been explored as a training strategy for construc-
tive methods for routing problems, including TSP variants [KW18], [JLB19b], [KCK+20],
as well as the CVRP [KvW19], [PWZ20], [DAT20], [KCK+20], achieving promising results.
This approach has gained traction due to the inherent limitations of supervised learning
methods, which heavily rely on access to extensive datasets containing high-quality solu-
tions [BLP21]. These constructive approaches employ autoregressive methods, wherein the
model is evaluated for each new node that is added to the tour.
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Works that apply non-autoregressive methods consider producing a heatmap of promis-
ing edges at the beginning and building solutions from this without further evaluating the
neural network. The �rst approach by [NVBB17] trains a graph neural network [SGT+09]
in a supervised way to directly output an adjacency matrix and construct the solution by
applying a tree search. Their approach performs poorly even on smaller instances. [JLB19a]
build on the work of [NVBB17], but instead of using a graph neural network, they apply
a deep graph convolutional neural network [BL17], to enable learning from larger training
sets. With their approach, they outperform other learning-based techniques for the TSP.
This result is not surprising, since supervised learning techniques generally perform better
when su�cient training data are available. [KvHGW22] build on the idea of predicting
promising edges in a non-autoregressive form to solve the TSP and CVRP, but use these
predictions more e�ciently by applying a potential function in a dynamic programming
framework to exploit known problem structures in a controlled manner.

However, incorporating time window constraints is a di�cult task, and there have been
only a few recent proposals for constructive approaches to the CVRPTW that utilize deep
learning. The �rst constructive method using deep learning for the CVRPTW is proposed
by [FST20]. They use the attention model from [KvW19] for the CVRP, which constructs
one route at a time by treating all not yet visited nodes as actions and learning a policy
model to choose the next node via reinforcement learning. [FST20] extend this approach for
the CVRPTW by constructing multiple routes simultaneously and using the information
of all partially constructed routes to choose the next node. Although the computational
results of this model are promising, it is computationally intensive to use. Furthermore,
their main objective is not to minimize the total distance traveled, but a combination of
total distance traveled, waiting times for the vehicles, and the number of vehicles used
as well as also considering soft time windows, where violating time window constraints is
penalized rather than forbidden, but through appropriate weighting the objective func-
tion could be adjusted to focus on one goal. [FTST22] extend the work of [FST20] by
replacing the self-attention layers of their model with graph neural networks to encode the
problem and propose a Large Neighborhood Search using a learned construction heuristic
via reinforcement learning to re-construct partially destructed solutions in an autoregres-
sive manner. A hierarchical reinforcement learning model based on pointer networks is
proposed by [WSL21]. This model involves learning to obtain feasible solutions at a lower
level and using these solutions as input for a second decoder to minimize the total distance.
However, this approach is only e�ective for relatively small numbers of customers. Two
improvement-based methods for the CVRPTW have been proposed recently. The �rst
one by [GCC+20] uses an enhanced version of the graph attention network [VCC+18] to
learn a heuristic for Very Large-scale Neighborhood Search that includes both improve-
ment and destruction operators. They are able to approximately solve instances with up
to 400 nodes, with respect to standard heuristics the improvements in terms of solution
quality are at around 4-5 %. A Variable Neighbourhood Descent heuristic with tabular
Q-learning that uses eight di�erent neighborhood functions is proposed by [SdSSB19]. In
their approach, the local search functions are learned in a reinforcement learning setting,
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which makes use of the graph attention network in the encoder part of the network, while
the decoder structure is based on the architecture of the pointer network [VFJ15] to render
pairs of di�erent destroy and repair operators.

The only literature to our knowledge that uses machine learning assistance within a
clustering algorithm for the CVRPTW is [Pou20]. They develop an Optimal Classi�cation
Tree (OCT) Method [BD17] to predict the number of vehicles. A classi�cation tree takes
a set of features as input and outputs a label, which in this case corresponds to the
number of vehicles needed to serve all customers. Each node in the tree can be viewed
as a partition of the feature space according to a simple equation, where the ful�llment
of this equation indicates which branch to follow until a leaf is reached. The leaf then
corresponds to the output label. The trees are trained on generated training datasets, from
which several features are extracted, such as the spatial stop distribution, the demand
served in combination with the number of stops needed and the approximate routing
distance, calculated by a simple heuristic. The OCT outperforms two other deep learning
approaches, namely a convolutional neural network for image classi�cation and a graph
neural network for graph classi�cation, in terms of accuracy, but exhibits similar accuracy
as the naive k−means clustering algorithm [SRV18].

1.4.4 Quantum(-inspired) Computing

The utilization of specialized QUBO hardware for solving vehicle routing and similar prob-
lems is still in its early stages of exploration. Most of these approaches have a hybrid struc-
ture, as the physical limitations of specialized hardware require dividing the problem into
smaller subproblems that can be handled. [TDR+21] propose a hybrid quantum-classical
tree search, where a classical processer maintains a global search tree and enforces con-
straints on relaxed sub-problems, and a quantum annealer is applied to obtain strong candi-
date solutions by sampling from the con�guration space of the relaxed problem. [RVO+14]
investigate the e�ectiveness of a quantum annealer in solving small instances within families
of hard operational planning problems. They explore various mappings to QUBO prob-
lems and embeddings. [SC17] present a systematic, simpli�ed approach to tune a Quantum
Annealing algorithm for vehicle schedule problems implemented on a classical computer.
[HNN+20] model the dynamic multi-depot CVRP as a QUBO problem and propose a so-
lution approach to solving it on D-Waves quantum annealer. [FRG+19] follow the Cluster
First, Route Second approach to solve the CVRP using D-Waves quantum annealer. In
their 2-phase heuristic, they divide the set of customers into clusters by formulating this
as a QUBO Knapsack problem with additional distance minimization. Each cluster is
then mapped to a TSP QUBO formulation and subsequently solved using the quantum
annealer. In their work, [BGK+20] develop a hybrid algorithm for solving the CVRP using
D-Wave's Leap framework by dividing the problem into smaller subproblems using classical
components which are then solved as QUBOs. [IWT+19] develop a QUBO formulation for
the CVRP that incorporates constraints with time, state and capacity and conduct exper-
iments on D-Waves quantum annealer, but their formulation quickly exceeds the hardware
limits regarding the number of quantum bits even for smaller instances. [SPL22] propose a
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multi-start approach driven by a prediction model to use QUBO solvers more e�ciently by
improving the initial states adjustment method and testing their approach with Fujitsu's
DA.

1.5 Organization

The remainder of the thesis is organized as follows.
In Chapter 2, we present a neural network-assisted tree search for the CVRPTW, in

which we develop and train a Graph Convolutional Network for the CVRPTW, which is
subsequently used to guide a limited-width-breadth-�rst tree search to iteratively construct
feasible solutions. This is based on the published work [Dor23].

Chapter 3 is based on a work published jointly with Tobias Klein [DK24]. We present
a Monte Carlo Tree Search approach for the CVRPTW, incorporating a Context Com-
plemented Graph Convolutional Network as well as the heuristic approach developed in
Chapter 2.

In Chapter 4 we then develop di�erent methods to use Quadratic Unconstrained Binary
Optimization to solve the CVRPTW. First, we apply a learned problem reduction to reduce
the instance size and thus the QUBO representation matrix. This is based on the published
work [Dor23]. Second, we develop a 3-phase heuristic that exploits the strengths of QUBOs,
the binary optimization of fully connected problems, in combination with a heuristic to
which the handling of constraints that are di�cult to �t into the framework of binary
unconstrained optimization are outsourced. This is based on the joint work with Salwa
Shaglel, Martin Kliesch and Anusch Taraz [DSKT24]. For both approaches, we conduct
experiments using Fujitsu's DA.



Chapter 2

Solving the CVRPTW via Graph

Convolutional Neural Network

Assisted Tree Search

In this chapter, which is based on the paper [Dor23], we propose a novel method for
approximately solving the CVRPTW via a supervised deep learning-based tree search.
The model uses a deep neural network to assist in �nding solutions in a non-autoregressive
manner by providing a probability distribution to guide a tree search, resulting in a deep
learning-assisted heuristic. The model is built upon a new neural network architecture,
called graph convolutional network, which is particularly suited for deep learning tasks.

For this, we develop the graph convolutional neural network for the CVRPTW in
Section 2.1 and the neural network guided tree search in Section 2.2. In Section 2.3, we
conduct computational experiments and discuss the results.

2.1 Graph Convolutional Network

For our model, we use a graph neural network called Residual Gated Graph ConvNet
(GCN) [BL17], which is adapted for the TSP in [JLB19a]. They provide a framework to
solve routing problems using the GCN architecture, however, they only adapt it to solve
the TSP. In this section, we present our extension to address the CVRPTW, which relies on
modifying the layers to adapt additional constraints within the framework and modifying
the search method for constructing full solutions.

The neural network assigns a value to each edge in the graph to predict which edges are
most promising to include in a solution. These associated edge values can be interpreted
as probabilities, although they do not sum up to one and therefore do not possess all the
characteristics of a proper probability measure. In the following, we describe each of the
neural network's layers in detail. The high-level structure of the neural network is shown
in Figure 1.1 in Chapter 1.

28
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Input Layer

The input for the node features is �ve-dimensional. For node i we have the two-dimensional
coordinates xi ∈ [0, 1]2, the time window given as [ai, bi] and the normalized demand di/Z,
where we set d0 = 0 for the depot. These features are concatenated to the �ve-dimensional
input feature vector yi and are then embedded to a h

2 -dimensional representation, where
h denotes the hidden dimension of our network that represents the number of parameters
each hidden state within the network stores. Similar to [KvHGW22], the special depot
node gets a separate learned initial embedding parameter in order to mark the depot node
as special for the network. For that, de�ne ŷ0 ∈ {0, 1}n+1 to be the unit vector with entry
one at the �rst position and zeros otherwise. This is put together as the node input feature
as follows:

αi = A1yi ⊕A2ŷ0, (2.1)

where A1 ∈ R
h
2
×5, A2 ∈ R

h
2
×(n+1) are the weight parameters that are learned during the

training procedure and · ⊕ · is the concatenation operator.
For the input edge feature, the edge values cij are embedded as a h

2 -dimensional feature
vector. We do not integrate the K-nearest neighbor feature used in [JLB19a], since, in
contrast to the TSP without time windows, the assumption that a node in the solution
is usually connected to nodes in its close proximity does not necessarily hold with time
window constraints. Instead, we use an indicator function δij of an edge which has the
value one for edges connecting nodes i and j, with i ̸= j and i, j not the depot, and value
two for edges connecting nodes with itself. To tag the depot as a special node, the indicator
function δij furthermore has a value of 3 for edges to and from the depot and a value of 4
for the depot self-loop. Together, the input edge feature is given as:

βij = A3cij ⊕A4δij , (2.2)

where A3 ∈ R
h
2
×1 and A4 ∈ R

h
2
×4 as above are weight parameters to be learned. As for

the parameters A2, we apply a separate embedding layer to learn the embedding param-
eters A4 for our indicator function δij . These h/2−dimensional edge and node feature
representations are then concatenated to form the h−dimensional input for the �rst graph
convolution layer and are subsequently passed through all graph convolution layers be-
fore producing our desired output within our classi�er layers, which is described in the
following.

Graph Convolution Layer

In each of the graph convolution layers the model updates the edge and node embeddings.
We leverage the design of the Residual Gated Graph ConvNet developed in [BL17] by
adding an edge feature representation. Let ℓ be the current layer and for node i and edge
(i, j), let xℓi be the node features vector and eℓij the edge features vector. We de�ne the
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features for layer ℓ+ 1 in the following way:

xℓ+1
i = xℓi + ReLU

BN
W ℓ

1x
ℓ
i +

∑
j∈N(i)

ηℓij ⊙W ℓ
2x

ℓ
j

 , (2.3)

eℓ+1
ij = eℓij + ReLU

(
BN

(
W ℓ

3e
ℓ
ij +W ℓ

4x
ℓ
i +W ℓ

5x
ℓ
j

))
, (2.4)

where W ℓ
k ∈ Rh×h for k ∈ [5] again are the weight parameters to learn, with the notation

[n] = {1, . . . , n} for any positive integer n, σ is the sigmoid function, ε is a small value,
ReLU being the recti�ed linear unit, BN stands for batch normalization, N(i) denotes the
neighborhood of node i, moreover · ⊙ · denotes the Hadamard product operator and ηℓij
being de�ned as

ηℓij =
σ(eℓij)∑

j′∈N(i) σ(e
ℓ
ij′) + ε

.

For the input layer, we set x0i = αi and e0ij = βij . We implement W ℓ
5 as a separate

parameter to allow the model to distinguish di�erent directions of edges since in the context
of CVRPTW we have directed edges in our solutions. The training labels for the edges
are also set accordingly, meaning if edge (i, j) is contained in the solution, then edge (j, i)

will have label zero, although edge (i, j) is labeled with a one. Batch normalization is a
mechanism that normalizes layer inputs to reduce internal covariate shifts which allows
the usage of higher learning rates and hence accelerates the learning of deep architectures
[IS15].

MLP Classi�er

A Multi-layer Perceptron (MLP), which is a fully connected feedforward neural network
with a number ℓC of hidden layers, is used for generating the desired output, a �nite
measure that represents probabilities over the edges of our fully connected graph. For each
edge embedding eLij of the last graph convolution layer L, the MLP outputs the probability
pij that this edge is included in the tours of the CVRPTW solution:

pij = MLP(eLij). (2.5)

The edge representations are linked to the ground-truth tour, which is the best known
solution for this instance, through a softmax output layer that converts the raw outputs
of the network into probabilities that sum to 1, allowing them to be interpreted as the
likelihood of each class. With this, we train the model parameters end-to-end by minimizing
the cross-entropy loss via gradient descent.

2.2 Beam Search

To create valid and complete solutions from our network model's output, we cannot simply
select the edges with the highest probability until all nodes are visited, as this often results
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in invalid tours. Instead, we use a beam search [MCF+77], which is a limited-width-
breadth-�rst tree search, to e�ciently construct valid solutions.

Starting from the root node, which in our case contains only the depot but can also
contain an initial partial solution as we will see in Chapter 3, in each layer of the search
tree, only a subset of the nodes with regard to a scoring policy P is further explored, where
P is given as

P (c) =
∏
i∼j

pij ,

where i ∼ j denotes that node vj follows node vi in c.
The descendants of a node in layer ℓ of the search tree are those nodes that are eligible

as the next stop for the partially constructed tour. In the context of CVRPTW, where we
have dynamic parts of partial solutions, such as the current point of time and the already
occupied capacity of the vehicle, we apply a masking strategy to e�ciently build valid
solutions. This is done by masking out invalid descendants in layer ℓ + 1 with respect to
the time window and demand constraints as well as the already visited nodes in this partial
solution.

For this, let Sℓ ∈ Rb×(n+1) be the scoring matrix in layer ℓ with respect to P . Given
the partially constructed tour cb′ = [v1, . . . , vℓ], the b′−th row of the scoring matrix Sℓ+1

is given as the policy score P (cb′), multiplied with the decision weight given by the GCN
to transit at the next step from vℓ to w for all nodes w ∈ [n+ 1]:

Sℓ+1
b′w = P (c′b) · pvℓw.

Then, the invalid expansions are excluded. For this, de�ne the binary matrix M ℓ+1 ∈
{0, 1}b×n+1 to be the mask for step ℓ + 1, which will take the role of �ltering the already
visited nodes as well as those nodes that violate the capacity and time windows constraint,
given the partial tour cb′ for every row b′ of Sℓ+1. The boolean entries in M ℓ+1 indicate
infeasible expansions. De�neM ℓ+1

bj = 0, if node vj is already visited in the partial tour cb or
if adding vj to cb as the next node would violate the capacity or time windows constraints,
and 1 otherwise. From the b · (n + 1) values in the masked scoring matrix Sℓ+1 ·M ℓ+1,
the b highest scores are chosen, and the associated b search tree nodes are expanded in the
next step.

The parameter b is called the beam width. In our case, the scoring function is the
probabilities gained by the GCN and we choose the b nodes whose connecting edges hold
the highest probability. This is done iteratively until all nodes in the graph are visited. If a
node contains a full solution, the solution is evaluated and stored. The beam search stops
when no more branches are possible on the current level, i.e. when b complete solutions
have been found. The �nal solution then is the one that yields the highest score with
respect to the scoring function, which translates to having the highest probability out of
the b found solutions regarding the output of our neural network. For an example of several
beam search steps and the underlying decisions, we refer to Example 1.1.

Beam search is asymptotically optimal for b = n · 2n, but choosing a smaller value for
b allows us to trade solution quality for computational performance and memory needed
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since it decreases the search space but possibly the best solution is pruned. The pseudocode
for the beam search is presented in Algorithm 1.

Algorithm 1: Beam Search

1 Input: graph G, beam width b, policy model P
2 Output: tour length
3 Initialize OpenList = {[0]}
4 while OpenList ̸= ∅ do
5 candidates = ∅
6 for each s in OpenList do

7 for each node v with v /∈ s do

8 if s ∪ {v} is feasible w.r.t. the constraints then
9 candidates = candidates ∪ {s ∪ {v}}

10 end

11 end

12 end

13 for each c ∈ candidates do

14 Compute policy score P (c) =
∏

i∼j pij

15 end

16 OpenList = ∅
17 while |OpenList| < b and candidates ̸= ∅ do
18 c = argmax

c′∈candidates
(P (c′))

19 OpenList = OpenList ∪ {c}
20 candidates = candidates \ {c}
21 end

22 end

23 Compute tour length of c = argmax
c′∈OpenList

(P (c′))

24 return tour length

The approach of choosing the solution with the highest probability produced by the
beam search is called GCNBS in the following. However, out of the b solutions found,
we can also select the one with the shortest overall tour. This follows the approach in
[BPL+16], where they sample a set of solutions and select the shortest one as the �nal
solution out of this set, and can be interpreted as a shortest tour heuristic [JLB19a], which
is therefore called GCNBSSTH in the remainder of this chapter.

2.3 Computational Experiments

We evaluate our approaches on three di�erent problem sizes, ranging from 20 to 100 nodes.
For each problem size, we train our neural network on di�erent datasets. We report
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the results of our approaches and compare them to highly developed heuristics like LKH
[Hel17] and Google's OR-Tools [PF22], which frequently serve as heuristic baselines in
related work, as well as the commercial state-of-the-art exact solver Gurobi [GO22]. The
heuristic LKH plays a crucial role in this, as it serves as both the source of training data
for our neural network and the benchmark against which the quality of solutions generated
by other methods is evaluated. We refer to this as the solution gap, which denotes the
disparity between the solutions produced by various methods and the solution obtained
by LKH. The found solutions are compared in terms of objective value (cost), solution
gap and computation times. We show that our approaches achieve results close to the
LKH solutions for smaller problem instances, but are outperformed by Gurobi for large
instances, which achieves better results but requires more computation time.

2.3.1 Implementation and Hyperparameters

All models are implemented in Python 3.9 and run under Linux. The neural network archi-
tecture is implemented using PyTorch version 1.12.1 [PGM+19] to use GPU computation
with Cuda version 11.3.

Our neural network model does not contain a large number of hyperparameters. The
graph convolutional neural network consists of ℓGCN = 30 hidden layers and ℓC = 3 layers
in the MLP. We use a hidden dimension h = 300 in each of the layers. For the beam width
b we use di�erent values from b = 1000 to b = 50000.

For the implementation of the beam search, we de�ne similar to [KvHGW22] an aux-
iliary graph G′ = (V ′, E′), which is obtained from the input graph G = (V,E) for the
beam search in the following way: For V = {0, . . . , n} with 0 being the depot node, let
V ′ = (0, . . . , n, n + 1, . . . , 2n) be the set of nodes, where we add for each node i in the
original graph (except the depot) a new node i′. Connections to these new nodes denote
connections via the depot to node i. This allows us to implement the beam search such
that at step k in the beam search exactly k of the n nodes are visited, so that comparisons
of partial solutions and building the full solution incrementally are more straightforward.
The transition probabilities pij for edges (i, j) for i, j ∈ {0, . . . , n} are given by the neural
network. For edges (i, j′) with j′ ∈ {n + 1, . . . , 2n} set pij′ = pi1 · p1j · 0.1, where multi-
plication is used so that cij′ ∈ (0, 1) can still be interpreted as a probability. The factor
0.1 is multiplied to incentivize building as few routes as possible and therefore implicitly
minimize the number of vehicles used.

Remember that infeasible connections concerning the demand and time window con-
straints are masked out in each beam search step so that a connection from i to a node
j′ ∈ {n+1, . . . , 2n} is only included if the travel times from i via the depot to j = (j′ mod n)

are feasible with regard to the time window constraints. On the other hand, if a connection
from i to a node j ∈ {1, . . . , n} is masked out for a partial solution because of the demand
constraint, the connection from i to j′ = j+n is included, as the route via the depot resets
the occupied capacity.
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2.3.2 Experiment Setup

Data Generation

We sample problem instances based on the distribution given in the R201 instance of the
benchmark set of [Sol87], which consists of randomly generated geographical data, a long
scheduling horizon and short to medium-sized time windows allowing only a few customers
per route. We follow the approach used in [FST20] for the data generation.

The node locations are uniformly and randomly sampled within the square region
[0, 100]2 for all instances. Capacities are assigned based on problem sizes, with values of
Z20 = 500, Z50 = 750, and Z100 = 1000. To determine the node demands, we adopt the
R201 distribution, drawing values from a normal distribution q̂ ∼ N (15, 10). This choice
is motivated by the fact that the R201 instance exhibits demands with a mean of 17.24
and a standard deviation of 9.4175. The obtained demand values are then rounded down
to integers. For the time windows, we ensure feasibility by considering the travel time
required from the depot to each node. We de�ne a suitable time window horizon, denoted
as Ti = [T 0

i , T
1
i ], for each node vi, which depends on the travel time between the depot

and node vi. To construct the time windows, we uniformly sample the start time t0i from
the interval Ti and then sample the end time t1i uniformly from the range [t̂0i , T

1
i ]. Here,

t̂0i = t0i + 300ε is determined by adding a small perturbation, where ε = max(|ε̂|, 1/100)
and ε̂ ∼ N (0, 1).

To generate solutions for the randomly sampled instances for training purposes, we use
machines with two CPUs of type Intel Xeon E5-2680v3 @ 2,50GHz with 12 cores from the
High-Performance Computing Cluster at Hamburg University of Technology. The instances
with 20 customers are solved to optimality by Gurobi [GO22], whereas the instances with
50 and 100 customers, respectively, are solved using one run of LKH [Hel17].

Training and Evaluation

For each problem size, an individual neural network is trained on 1 million instances with
the respective number of nodes, which is split into training, test, and validation sets with
an 80/10/10 ratio. We use a supervised learning approach to train the model. Given a
graph with additional node features such as time windows and demands, the model learns
to output a probability matrix. This is achieved by minimizing the cross-entropy loss via
gradient descent, using the adjacency matrix of the target solution as the reference. We
utilize the Adam optimizer [KB14] along with a gradual decrease in the learning rate for
smoother convergence, starting at a rate of 10−3. The target solutions are generated using
the LKH heuristic and are therefore not necessarily optimal. We train using a batch size
of 24, which was chosen as the result of manual tests on our GPUs. We train the nets for
1500 epochs with 500 randomly chosen batches and select the point of training with the
lowest validation loss. The training procedure is executed on machines with two CPUs of
type Intel Xeon E5-2680v3 @ 2,50GHz with 12 Cores and four NVidia Tesla K80 GPUs
with 12GB RAM each. We note however that it is not necessary to use a multi-GPU setup



2.3. Computational Experiments 35

to train or evaluate our models, identical results can be attained by training longer on a
single GPU.

For the evaluation of our model GCNBS, we use the same machines as for the training
procedure. The baseline models are run on a machine with two CPUs of type Intel Xeon
E5-2680v3 @ 2,50GHz with 12 Cores.

Baseline Models

We compare our models to the commercial exact solver Gurobi version 10.0.0 [GO22],
as well as the highly-optimized heuristic solvers LKH [Hel17] and the Google OR-Tools
(GORT) version 9.5.2237 library [PF22], both of which frequently are used as heuristic
baselines in related work. Although Gurobi may not be the best exact solution method,
it serves as a representative example of commercial solvers. Gurobi is applied to the two-
index-MILP presented in Section 1.3.1 and solves the model with a single run using all
available threads. Since Gurobi strives to �nd the best solution, we have to set a time limit
after which Gurobi stops searching for better solutions. We set this time limit to 1800, 3600
and 5400 seconds for the di�erent problem sizes, respectively, as a lower time limit does
not yield any high-quality solutions for large instances. LKH is executed using one run
per instance. For GORT, one can choose di�erent con�gurations regarding the underlying
local search heuristic. Experiments have shown the guided local search (GLS) to be best
suited for our needs. As a time limit has to be set for the GLS, we have chosen time limits
of 10, 100, and 300 seconds for di�erent problem sizes based on manual experiments.

2.3.3 Results

We compare our results in terms of the quality of the solutions, which is measured as the
percentage gap between the found solution and the solution found by LKH, as this was the
baseline solver for generating the training data for our neural network, and computation
time with results from commercial solvers (Gurobi) and heuristics (LKH, GORT). However,
the calculation times are generally di�cult to compare, as they depend heavily on di�erent
factors such as the implementation (Python vs C++) and which hardware (GPUs vs CPUs)
was used. Therefore the comparison of run times can only be done conditionally.

Experimental Results

Table 2.1 shows the results of our models for the three di�erent problem sizes with beam
width b = 1000 and b = 50000, denoted as 1K and 50K in the model name, and compares
our results to results obtained by the previously described exact and heuristic baseline
solvers. The dataset consists of 1000 randomly sampled instances from the distribution
described in Chapter 2.3.2. We report the average gap to the solution that was obtained
by LKH, as well as the average calculation time per instance in seconds. According to the
data presented in Table 2.1, for instances with n = 50 nodes, Gurobi has a negative gap
with respect to the ground-truth solutions.
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Problem size

Model
n = 20 n = 50 n = 100

cost gap time cost gap time cost gap time

GCNBS 1K 6.40 7.56 6.82 12.14 19.84 32.49 19.91 32.03 97.28

GCNBSSTH 1K 6.28 5.54 7.24 11.73 15.79 33.51 18.63 23.54 98.79

GCNBS 50K 6.31 6.05 237.51 11.87 17.18 1148.73 18.86 25.06 4306.82

GCNBSSTH 50K 6.12 2.86 240.01 11.31 11.64 1153.01 17.86 18.43 4313.61

Gurobi 5,95 0.00 0.60 10.10 −0.29 2092.37 16.98 12.63 5337.80

GORT-GLS 5.95 0.00 10.00 10.13 0.03 100.00 15.12 0.28 300.00

LKH 5.95 0.00 6.20 10.13 0.00 11.74 15.08 0.00 19.69

Table 2.1: Mean Cost, Optimality Gap and Computation Time (sec) Per Instance

In general, our learning-based approach can improve its performance over the initial
setting by additionally applying the shortest tour heuristic without noticeable implications
regarding the computation time. For small instance sizes, with a beam width of 50000
GCNBSSTH �nds solutions close to the LKH results with a mean gap of approximately
2.86% on the dataset used to also train the neural networks. Our heuristic outperforms
the commercial solver Gurobi [GO22] in terms of speed for larger instance sizes. In fact
for instances with 100 nodes, Gurobi could not �nd valid solutions within the time limit
most of the time. The state-of-the-art heuristics LKH [Hel17] and Google's OR-Tools
[PF22] outperformed our heuristic in terms of speed and solution quality on all instance
sizes. Especially for large instances with 100 nodes the shortcoming of our model becomes
apparent, as the beam search becomes computationally expensive for larger instances and
beam widths. The computation time mainly depends on the chosen beam width and it
seems to be close to a linear correlation between beam width and computation time. Tests
have shown that most of the computation time in the current implementation is used in
the masking of invalid next nodes with respect to the time window constraints within the
beam search and a more e�cient implementation of the masking scheme could lead to
signi�cant improvements regarding the computation time. The results of our heuristic for
small instances are promising, as it is shown that the relevant graph and instance properties
can be extracted by our graph convolutional network, which allows us to e�ciently build
high-quality solutions for small instances. However, it is evident that for larger instance
sizes, the beam search has problems �nding the best solutions. The search tree becomes
very large very quickly and the greedy decisions of the heuristic lead to the wrong part of
the search tree more often for larger instances.

Figures 2.1 and 2.2 show solution plots for two di�erent instances with 20 nodes as
well as the groundtruth tour in the upper left corner and the probabilistic heatmap output
of our GCN in the upper right corner of Figure 2.1 (left and middle plot in Figure 2.2,
respectively). A darker red color in the heatmap implies a higher probability and only
edges with a probability of at least 0.25 are plotted. The grey edges show all edges of
the fully connected graph. In Figure 2.1 we can see the improvement of the solution by
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Figure 2.1: Heatmap and Solution Plot GCNBS for n = 20

Figure 2.2: Heatmap and Solution Plot GCNBSSTH for n = 20

applying the shortest tour heuristic. The solution of the beam search uses one vehicle less
than the groundtruth tour, but by using one more vehicle, GCNBSSTH can lower the total
time traveled and �nd the best solution. Figure 2.2 showcases the ability of GCNBSSTH to
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correctly identify most of the important edges as important, while also excluding most of
the irrelevant edges. But in contrast to the solution found in Figure 2.1, here GCNBSSTH
uses one vehicle less than the best solution.

2.4 Discussion

We proposed a deep learning-assisted heuristic to solve the capacitated vehicle routing
problem with time windows. For this, we combined a Graph Convolutional Network with
a classical tree search heuristic. Although our approach is not as advanced and specialized
as other existing heuristics and the computational results for the approach using a beam
search were not quite as good as those of state-of-the-art heuristic approaches such as LKH
[Hel17] and Google's OR-Tools [PF22], it is still competitive on smaller instances, showing
promising results by achieving close to optimal results on datasets containing instances
with 20 nodes. Even though our model is not as e�cient as these other heuristics, it is
remarkable that it is possible to produce near-optimal results for smaller instances without
requiring deep expert knowledge regarding the combinatorial optimization problem, which
displays the potential of applying deep learning techniques to accelerate combinatorial
optimization techniques.

On the other hand, it became clear that the beam search has its weaknesses for larger
instances. While the results for smaller instances show the ability of the GCN to capture
the relevant information of the graph and the instance constraints, the beam search was
not always able to �nd high-quality solutions for larger instances. This is due to the fact
that the decisions of the heuristic are greedy and choosing a wrong path in the search tree
is irreversible. For this reason, in the following chapter, we develop a more sophisticated
tree search heuristic to solve the CVRPTW. In doing so, we address the shortcoming of
the beam search by not greedily deciding which path to follow, but iteratively simulating
the e�ects of di�erent decisions on the search process before deciding which node to add
to the current tour. For this purpose, we adapt the GCN developed in Section 2.1 and use
the beam search to support the decision process.



Chapter 3

Graph Convolutional Neural

Network Assisted Monte Carlo Tree

Search for the CVRPTW

In Chapter 2, we developed a deep neural network to assist a tree search in �nding the best
solution. While the computational results for smaller instances demonstrated the potential
of using the deep neural network's predictions, the tree search for larger instances revealed
its weakness: getting lost within the search tree. Therefore, in this chapter, we develop a
more sophisticated tree search that utilizes the network's predictions to guide the search
and applies mechanisms to balance the exploration of the most promising paths while
ensuring that other parts of the search tree are not neglected. This chapter is based on
the paper [DK24] that is joint work with Tobias Klein.

For this, we propose a novel context-complemented graph convolutional network which
is integrated into a Monte Carlo Tree Search (MCTS) to solve the CVRPTW. The deep
convolutional part of the proposed neural network builds e�cient CVRPTW graph repre-
sentations, whereas the context part processes information of partial solutions to output
probabilities on which vertex to add next to the tour, which is used during the expansion
of the search tree. In each iteration of the MCTS procedure, one vertex is added to the
solution, building the solution sequentially. At each iteration, the context-complemented
graph convolutional network (CCGCN) is evaluated given the new context of the partial
solution. For simulating �nal solution values within the Monte Carlo search tree, we con-
ducted experiments using two di�erent heuristics: LKH and a beam search. By leveraging
the probabilities provided by our CCGCN and employing a variation of the Upper Con�-
dence Bound Applied to Trees method, we manage the tradeo� between exploration and
exploitation.

In the subsequent sections, we provide a detailed description of the MCTS procedure,
explain the neural network's architecture and in which ways it is used within the MCTS
framework and conduct computational experiments.

39
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3.1 Monte Carlo Tree Search

The MCTS is a powerful combination of the Monte Carlo Sampling and a Tree Search, �rst
proposed by [Cou07]. By iteratively simulating decisions and assessing their outcomes, a
search tree is gradually constructed while emphasizing promising paths. To balance the
tradeo� between exploration of the search tree and exploitation of the most promising
areas of the search tree, the Upper Con�dence Bounds applied to Trees (UCT) [KS06] is
applied (cf. Section 3.1.1).

In recent years, due to Google's famous algorithm AlphaGo [SHM+16], the MCTS
gained popularity as a heuristic in combination with neural approaches for solving combi-
natorial optimization problems. [SHM+16] demonstrate with their program AlphaGo the
potential of combining MCTS with neural networks in the selection and simulation phases
by defeating professional players in the board game Go. In the context of two-player games
such as Go or Chess, the value of a node in the search tree corresponds to the estimated
probability of winning based on the aggregated outcomes of its subnodes. Simulation in-
volves playing out the remainder of a game from a particular node, resulting in a win or
loss outcome that is then propagated back through the tree, updating the values of all
preceding nodes. In the context of CVRPTW, where we do not have an outcome of either
a win or loss, but rather are interested in minimizing some objective value, modi�cations
need to be made to all phases of the traditional MCTS algorithm [Cou07]. An overview of
recent modi�cations and applications of the MCTS applied to a wide range of problems is
given in [�GSM22].

The MCTS consists of a four-step process: selection, expansion, simulation and back-
propagation. During the selection phase, starting at the root node, the tree is traversed to
�nd the most promising leaf for further exploration. This leaf node is then expanded by
generating a set of new child nodes, each representing a feasible continuation. Then, every
new node undergoes simulation to generate an associated value estimating the costs of a
complete solution starting from this node, which is then backpropagated through the tree
up to the root node.

Algorithm 2 provides an overview of the MCTS process at a higher level, omitting the
speci�c details for each individual phase of the process.

In each iteration i ∈ [n] of the algorithm, one node of the graph is added to the solution.
For this, an MCTS search tree Ti is iteratively constructed to guide the decision process
for each iteration step i ∈ [n]. Starting from the root node of Ti, which represents the
solution built in the �rst i − 1 iteration steps, each node in the search tree represents a
continuation of the solution from its parent node.

Each rollout of the iteration consists of selecting a leaf node L in the search tree Ti

representing a partial solution Ls = [v0 . . . , vk], which is then subsequently expanded by
adding child nodes to L. Let UL = V \Ls = {vu1 . . . , vur} be the set of vertices of G which
are not in Ls. For each u in UL, a child node Lu in the search tree is added to L, with
Lu
s = [v0 . . . , vk, u].
Each edge to a child node Lu of L is assigned a decision weight pvku, which is used to
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Algorithm 2: CCGCN-MCTS

1 Input: Graph G = (V,E) with |V | = n, neural network N , number of rollouts M
2 Output: solution S

3 Initialise solution S = ∅.
4 for i = 1 . . . , n do

5 Set root node R = S of the MCTS search tree Ti.
6 Evaluate neural network N(G,S).
7 for r = 1, . . . ,M do

8 Select leaf node L in Ti with associated partial solution Ls w.r.t. decision
weights of edges in Ti

9 if Ls is complete solution then
10 Backpropagate tour length of L
11 end

12 else

13 Expand L with decision weights for edges to child nodes of L obtained
by N(G,L)

14 Simulate tour length Lq of complete solution starting with partial
solution Ls

15 Backpropagate simulated tour length Lq of Ls

16 end

17 end

18 Select B = argmin
B child of R

(Bqmin)

19 Set S = B

20 end

guide the selection phase and can be interpreted as the probability of visiting u after vk.
These decision weights are obtained by the neural network presented in Section 3.2, which
is evaluated at the start of every iteration i by propagating the graph G as well as the
partial solution S from iterations 1 to i − 1 to incorporate the context of S with respect
to time window and capacity constraints.

It is then simulated which travel time of a complete solution is to be expected, if we
start with the partial solution Ls, by applying a value function. This simulated value is
subsequently backpropagated in the search tree up to the root node of Ti and the values
stored at each node in the search tree, which are used during the selection of a leaf node,
are updated accordingly. These values consist of the best (qmin) and worst (qmax) tour
lengths found in their respective subtrees and the number of times the search tree node
was visited, which are used to guide the selection of leaf nodes during the selection phase
(cf. Section 3.1.1). Additionally, parameters regarding the partial tour are stored at this
node to accelerate the computation of the expansion process (cf. Section 3.1.4).

When the number of rollouts for this iteration is reached, which is also an upper bound
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for the depth of Ti, the child node B of the root node R with the best (minimal) tour
length found in its subtree is chosen to be the root node for the next iteration i+1 and all
other child nodes of R are disregarded, while all information in the subtree of B obtained
in iteration i regarding values and parameters at the search tree nodes is kept.

The �owchart presented in Figure 3.1 from [DK24] outlines the step-by-step progression
within one rollout of the MCTS. Example 1.2 in Chapter 1 shows each phase of one rollout
within one iteration of the MCTS.

Selection All nodes visited?

Backpropagation

Expansion

Neural Network MCTS

Simulation

Value Function

Beam SearchLKH

Neural Network BS

leaf-node

yes

no
new node

decision weightpartial tour partial tour simulated tour

partial tour decision weight

simulated tour

Figure 3.1: Decision Flowchart of One Rollout of the MCTS

A detailed explanation of the four phases is given in the following sections.

3.1.1 Selection Phase

The selection phase in our approach involves iteratively choosing the most promising child
node until a leaf node is reached, starting from the root node. In each iteration, we calculate
a value based on the simulated tour length q for every child node, which is combined with
an adapted variant of the Upper Con�dence Bound applied to Trees (PUCT) algorithm
[KS06] to handle probabilities e�ectively while balancing exploitation and exploration. The
child node is selected that minimizes the following expression:

min
q − qmin

qmax − qmin
− cpuct · pij ·

√
nparent

n
. (3.1)

In the �rst term, qmin and qmax represent the lowest and highest node values found in
the subtree starting at the current node. The simulated tour length q is normalized to
accommodate for variations in travel times across di�erent problem instances, as we are
concerned with tour lengths rather than win probabilities encountered in two-player games
like Go. In the second term of (3.1), which represents the PUCT value, cpuct denotes
a manually chosen constant value that regulates the trade-o� between exploration and
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exploitation, pij represents a decision weight that the current node vj is visited by a
vehicle after node vi (cf. Section 3.1.2), nparents indicates the count of how many times
the backpropagation has processed the parent node, and n represents the count for the
current node. As our objective is to �nd the tour of minimum length, we select the child
node that minimizes (3.1). The inclusion of the second term ensures a balance of selecting
the node with the best simulated tour length value, the �rst term of (3.1), and the one
suggested by the decision policy pij . Not normalizing the simulated tour length would lead
to an imbalance in the impact of the second term on the overall selection process across
various problem sizes as the tour lengths increase. This imbalance could alternatively be
mitigated by dynamically adjusting the value of cpuct based on the problem size. However,
implementing such an adjustment would necessitate a signi�cant amount of trial and error.

3.1.2 Expansion Phase

We use a deep neural network (cf. Section 3.2) to obtain a decision policy, denoted as pij ,
for each vertex vj ̸= vi, indicating the likelihood of visiting vertex vj next in the optimal
tour given the partial tour represented by the selected node. A higher decision weight
pij implies a higher probability of vertex vj being visited after vertex vi. However, it is
important to note that although the decision weights are in the range of 0 to 1, they do
not sum up to 1. The n-dimensional decision weight vector obtained from the CCGCN
is subsequently �ltered to exclude decisions that are not permissible. These exclusions
occur when a vertex has already been visited or cannot be visited due to demand or time
window constraints. For each remaining vertex v, a child node is added to the tree with
the decision weight pij obtained from the CCGCN incorporating the context of the partial
solution of v. The context consists of the current position, time and load of the partial
tour. Subsequently, each expanded node is simulated to calculate the simulated tour length
q, as well as the maximum qmax and minimum qmin tour lengths associated with the node.
These values are essential for the selection phase of the MCTS algorithm.

3.1.3 Simulation Phase

In contrast to the AlphaGo approach [SHM+16], where a learned value function is applied
to estimate the probability of the player winning from the current position, we apply a
heuristic value function to calculate the expected tour length after completing the partial
solution from the current position in the search tree.

For this, we apply two di�erent value functions. First, we use the LKH heuristic [Hel17]
by creating a new instance based on the partially given solution, which only consists of
the unvisited nodes together with the last node v of the partial solution. By adding an
auxiliary node with special edge weights, demand and time window we ensure that the
LKH correctly completes any partial tour included in the partial solution of the initial
instance with respect to the capacity and time window constraints. The weights of the
edges connecting va with all unvisited nodes besides v and the depot are set to in�nity,
whereas the other two weights are set to zero, which forces the LKH to use these edges.
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By setting the time window and demand of va to the time and load of the partially built
route in the partial solution, we can mirror the context and obtain a valid estimation of
the solution value.

For the second value function, we adapt the beam search developed in Chapter 2 and
combine it with our trained CCGCN in a non-autoregressive form to get a good estimation
of the possible tour length from the current partial solution. The value function is presented
in Algorithm 3 and described in the following.

Starting from the root node, which usually contains a partial solution, in each layer of
the beam search tree, only a subset of the nodes with regard to a scoring policy is further
explored. For this, let b be the beam width, Sk ∈ Rb×(n+1) be the scoring matrix at the
k−th step of the beam search, which is subsequently calculated in each step of the beam
search, and cb′ be one of the b partial solutions currently ending in node v′. The scoring
policy P of a (partially) built tour c is given as

P (c) =
∏
i∼j

pij ,

where i ∼ j denotes that node vj follows node vi in c and, for a graph G, partial solution
c and v /∈ c a not yet visited node, we denote by f(G, c | v) the probability of v being the
next node to add to c given by our model. The b′−th row of the scoring matrix Sk is then
given as the cumulated policy score P (cb′), multiplied with the decision weight given by
the CCGCN to transit at the next step from v′ to w for all nodes w ∈ [n+ 1]:

Sk+1
b′w = P (c′b) · f(G, cb′ | w).

Then, the invalid expansions are excluded by applying a binary masking scheme for �ltering
the already visited nodes as well as those nodes that violate the capacity and time windows
constraint, given the partial tour cb′ for every row b′ of Sk+1, as described in Section 2.2.
From the b·(n+1) values in the masked scoring matrix, the b highest scores are chosen, and
the associated b expansions are expanded in the next step. To encourage the simulation
to minimize the number of routes, for tours via the depot node 0, we multiply the score
by a factor of 0.1, similar to [KvHGW22].

Determining the invalid expansions during the beam search is computationally demand-
ing since calculating them with regard to the constraints is unique for every beam in the
search, which leads to a linear dependency between the run time of the simulation and
the chosen beam width. To accelerate the simulation process, we alternatively apply a
relaxed value function, where the task of �ltering invalid expansions with regards to the
constraints is delegated to the neural network's decision weights pij , as in theory, the net-
work should naturally assign low weights to invalid next nodes. This translates to relaxing
the CVRPTW instances to VRP instances to be solved with the deep neural network-
assisted beam search. After the beam search is �nished �nding b solutions, a heuristic is
applied to check their feasibility and returns the lowest value from the subset of feasible
solutions. If all b solutions are deemed infeasible, the lowest value of those is returned.
Given that the value function's determined value serves solely as a guide for the MCTS
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Algorithm 3: Value Function

1 Input: graph G, beam width b, partially constructed solution T , policy function P

2 Output: tour length
3 Initialize OpenList = {T}
4 while OpenList ̸= ∅ do
5 candidates = ∅
6 for each s in OpenList do

7 for each node v with v /∈ s do

8 if s ∪ {v} is feasible w.r.t. the constraints then
9 candidates = candidates ∪ {s ∪ {v}}

10 end

11 end

12 end

13 for each c ∈ candidates do

14 Compute policy score P (c) =
∏|c|

i=1 f(G,T | c(i))
15 end

16 OpenList = ∅
17 while |OpenList| < b and candidates ̸= ∅ do
18 c = argmax

c′∈candidates
(P (c′))

19 OpenList = OpenList ∪ {c}
20 candidates = candidates \ {c}
21 end

22 Choose arbitrary c̄ from OpenList

23 if c̄ is a complete solution then
24 Compute tour length of c = argmax

c′∈OpenList
(P (c′))

25 return tour length

26 end

27 end

exploration, any errors resulting from invalid simulations during the simulation phase do
not lead to overall invalid solutions, as the feasibility is monitored within the MCTS.

3.1.4 Backpropagation

The purpose of the backpropagation phase is to propagate the simulated tour values of
a node back through the tree to use these values during the selection phase. In contrast
to backpropagation methods employed in two-player games, where values of child nodes
are typically added to those of the parent node, our objective is to �nd the shortest tour.
Therefore, the simulated tour length q is propagated back alongside the minimum (qmin)
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and maximum (qmax) tour lengths using the following formula:

qparent = min(qparent, qchild)

qmin_parent = min(qmin_parent, qmin_child)

qmax_parent = max(qmax_parent, qmax_child).

By applying these backpropagation rules, the q value of a node is only updated if the
propagated value from its child node is smaller than its current q value. The same principle
applies for updating qmin, ensuring that these values are only updated with smaller values
during the backpropagation and never increase. Conversely, qmax is updated when the
value of the child node is greater, thus qmax only increases during the backpropagation. Our
approach ensures that during the selection phase, the q value of a node always represents
the smallest q value among all its descendants, aligning with our goal of searching for the
smallest tour. In addition, we update the step count n at each node that is visited during
the backpropagation.

3.2 Neural Network Architecture

We propose an extension to the deep Graph Convolutional Network framework devel-
oped in Chapter 2 that incorporates two supplementary encoders. These encoders capture
contextual information about previously visited nodes and the current partial tour state
representation, respectively. By leveraging this additional information, our model can be
used autoregressively to make more informed decisions regarding the selection of the next
vertex in the graph traversal process. The complete architecture of our neural network
model is shown in Figure 3.2 [DK24].

The GCN presented in Chapter 2 allows us to e�ciently learn to �nd representations
of a graph by computing h1-dimensional representations of all nodes and edges integrating
the node and edge features, respectively, which can be used to produce a `heatmap' over
the edges of a graph, indicating promising edges to be used in a solution. For a detailed
description, we refer to Section 2.1.

For the context embedding, de�ne the partial tour state to consist of the current po-
sition of the vehicle, given by the coordinates of the last visited node, the current time
and the remaining available capacity of the vehicle. The partial tour, consisting of the al-
ready visited nodes, gets a separate learned initial embedding parameter. For that, de�ne
ytour ∈ {0, 1}n+1 to be the indicator vector with entry one for every already visited node.
Let hs and hv be the dimensions of the state and tour embeddings, respectively. The partial
tour state features are concatenated to the four-dimensional partial tour state feature vector
and are then embedded by a feed-forward neural networkNs to an hs-dimensional represen-
tation consisting of the hs

3 -dimensional representations γ
loc, γload, γtime for the three partial

tour state features, respectively. The tour vector ytour is embedded into a hv-dimensional
representation by a second feed forward neural network Nv given as γtour = Nv(ytour) .
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Figure 3.2: Context-Complemented Graph Convolutional Network Diagram

The context embedding Cemb is then given as

Cemb = [γloc, γload, γtime, γtour],

the concatenated state and tour representations with a dimension of h2 = hs + hv, which
is then subsequently passed through the context feed-forward neural network Nc as follows
to derive the h2-dimensional context representation C = Nc(Cemb):

Cℓ+1 = Cℓ + ReLU
(
W ℓCℓ

)
,

where W ℓ ∈ Rh2×h2 are the learned parameters and ReLU is the recti�ed linear unit
activation function.

The h2-dimensional context embedding C together with the embedded h1-dimensional
graph representation, which is passed through several graph convolutional layers, are used
to compute the probability of each node to be selected as the next node of the partial
solution by being passed through an MLP Classi�er, which is a fully connected feedforward
neural network, to generate the desired output.
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3.3 Computational Experiments

We evaluate our approach on randomly generated instances for three di�erent sizes, ranging
from 20 to 100 nodes, and compare the results to baseline models, which include exact
commercial solvers as well as state-of-the-art heuristics for routing problems and the neural
network-assisted beam search heuristic from Chapter 2. The results are compared in terms
of solution quality and computation times. For each instance size we train di�erent neural
networks based on datasets containing one million pairs of instances and solutions of the
same instance size. Furthermore, we analyze how the GCN's predictions enhance the
e�ectiveness of the MCTS by conducting experiments where the prediction values are
uniformly distributed.

3.3.1 Implementation and Hyperparameters

For the neural network, we set the hidden dimension for the graph convolutional part to
h1 = 300 with 30 hidden layers. The context hidden dimension is set to h2 = 128 with
6 layers and the MLP classi�er contains 3 layers. In the MCTS we vary the values for
the number of playouts per round between 200 and 1000, the beam size for the simulation
is set to values between 1 and 10. To �nd the best con�guration of hyperparameters for
the MCTS, each combination of (number of playouts, beam size) was tested on datasets
containing 50 instances with di�erent cpuct values. We report the results for the parameter
combinations (200,10), (500,5) and (1000,10) to illustrate the trade-o� between computa-
tional e�ciency and accuracy. We choose a cpuct value of 1.4 based on manual experiments.

All models are implemented in Python 3.10 and run under Linux, but it is to be
mentioned that computational runtimes could be reduced by coding it in C++. The
neural network architecture is implemented using PyTorch version 2.0.0 [PGM+19] to use
GPU computation with Cuda version 11.8.

3.3.2 Experiment Setup

We use the same set of instances sampled as described in Section 2.3.2. For each problem
size, we generate a dataset containing one million pairs of instances and solutions, which is
split into training, test, and validation sets with an 80/10/10 ratio. For each instance, we
divide the solution s = [v1, . . . , vn̂] at a randomly chosen position r to obtain the partial
solutions s1 = [v1, . . . , vr] and s2 = [vr, . . . , vn̂]. The partial solution s1 is then added to
the instance which is passed to the neural network as input. The target for the training
procedure is computed as the (n × n)−dimensional adjacency matrix M with Mij = 1 if
node vj follows node vi in s2, and zero otherwise.

In our approach, we employ a supervised learning methodology to train the model.
The input consists of a graph with the additional node features time windows and de-
mands along with a partial solution. The objective is to train the model to generate a
probability matrix by minimizing the cross-entropy loss via gradient descent with respect
to the adjacency matrix given as the target. To optimize the learning process, we utilize
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the Adam optimizer [KB14] and gradually reduce the learning rate to facilitate smoother
convergence, starting at a value of 10−3. Each neural network is trained for a maximum
of 2000 epochs, each epoch consisting of 500 batches containing 48 randomly chosen pairs
of instances and targets. We then select the training level with the lowest validation loss.
The training procedure is conducted on machines equipped with the same CPUs as for
the data generation. Additionally, the machines are equipped with four NVidia Tesla K80
GPUs, each with a RAM capacity of 12GB. It is worth noting that although a multi-GPU
setup is available, achieving identical results can be accomplished by training for a longer
duration on a single GPU.

3.3.3 Computational Results

We compare our approach to the same baseline solvers that include highly specialized and
optimized methods tailored explicitly for this problem, such as the LKH heuristic [Hel17]
and Google's OR-Tools library [PF22], as well as commercial general-purpose solver Gurobi
[GO22]. The details of the baseline solvers are outlined in Section 2.3.2. The solution
quality is measured by calculating the gap between the solution obtained by our approach
and the solution obtained by one run of the LKH heuristic, as these solutions were used to
train the neural networks. Furthermore, we report the results of the LKH heuristic, where
the number of runs is adjusted to achieve a similar runtime as our approach, to make the
results more comparable, which is abbreviated by LKHadj.

The evaluation of our approach as well as the baseline models is done on datasets
containing 1000 randomly generated instances following the same data distribution as
discussed in Section 2.3.2. Table 3.1 shows the results of our approach, abbreviated as
CGMbs for the beam search with exact masking and CGMrs for the relaxed simulation
approach, as well as CGMLKH for the version with LKH as the value function, compared
to the baseline models.

For n = 20, our heuristic CGMbs achieves an optimality gap of 0.43% in the best
case, while CGMLKH as well as the baseline models can �nd the optimal solution. While
for medium and large-sized instances the optimality gap widens for CGMbs, it is able to
outperform the commercial solver Gurobi in both computational time and solution quality
for instances with 100 nodes and is also able to outperform the beam search with a beam
width of 50000. With an optimality gap of 8 to 12% for large instances, and runtimes
between 1300 and 5500 seconds, we can see the trade-o� between running time and solution
quality by choosing di�erent hyperparameters.

For medium instances with 50 nodes, CGMLKH can outperform LKH with one run
and GORT and achieve optimal solutions, albeit with a signi�cantly longer runtime, which
also holds for Gurobi and LKH with an adjusted number of runs. The CGMLKH heuristic
achieves optimality for small instances while outperforming GORT-GLS, Gurobi as well
as LKH with one run on medium and large instances, albeit with a signi�cantly longer
runtime. It also outperforms the beam search heuristic for all instance sizes.

The negative optimality gap with respect to LKH indicates that the solutions calculated
by one run of LKH are 0.31% worse on average compared to an optimal solution. As our
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Model
n = 20 n = 50 n = 100

cost gap time cost gap time cost gap time

CGM
bs
(200,10) 6.03 1.28 29.48 11.18 10.39 421.05 16.90 12.05 1355.04

CGM
bs
(500,5) 6.01 0.98 50.47 10.93 7.89 766.18 16.53 9.60 2458.87

CGM
bs
(1000,10) 5.97 0.43 112.99 10.79 6.50 1877.02 16.36 8.52 5464.28

CGM
LKH
200 5.95 0.00 91.47 10.12 -0.14 1128.64 15.04 -0.24 2641.07

CGM
LKH
500 5.95 0.00 187.02 10.11 -0.19 2687.38 15.01 -0.45 5486.11

CGM
LKH
1000 5.95 0.00 410.29 10.10 -0.31 4392.90 14.92 -1.04 9542.22

CGM
rs
(200,10) 6.15 3.37 19.62 12.07 19.16 245.62 19.99 32.57 825.47

CGM
rs
(500,5) 6.13 2.96 36.36 11.57 14.22 546.02 19.21 27.35 1639.50

CGM
rs
(1000,10) 6.09 2.39 73.89 11.29 11.48 1107.66 18.92 25.48 3243.79

BS 50k 6.12 2.97 240.01 11.31 11.73 1153.01 17.86 18.43 4313.61

Gurobi 5,95 0.00 0.60 10.10 -0.29 2092.37 16.98 12.63 5337.80

GORT-GLS 5.95 0.00 10.00 10.13 0.03 100.00 15.12 0.28 300.00

LKH 1x 5.95 0.00 6.20 10.13 0.00 11.74 15.08 0.00 19.69

LKHadj 5.95 0.00 89.40 10.10 -0.31 453.61 14.88 -1.30 2126.33

Table 3.1: Mean Cost, Optimality Gap and Computation Time Per Instance

neural network was trained with datasets calculated by one run of LKH, this negative
optimality gap could in�uence the accuracy. The fact that a better optimality gap can be
achieved shows the strength of this approach, that even with imperfect data the neural
network manages to learn the important characteristics of the instances and can abstract
them and thus outperform the heuristic used to create the data.

This holds for large instances with 100 nodes, where an optimality gap of -1.04% is
achieved by CGMLKH

1000 , outperforming the LKH with one run and coming close to the
optimality gap of LKH with an adjusted number of runs. This comes at the cost of long
runtimes but displays the potential of neural network-guided tree searches.

3.3.4 Value Function

The value function plays a pivotal role in the MCTS, as it is utilized in every playout
within each iteration of the MCTS. Hence, we undertake a comprehensive analysis of
the performance of the value function concerning both accuracy and computation, while
considering di�erent beam widths as well as varying lengths of partial solutions provided
as initial inputs to the value function.

Figures 3.3 and 3.4 demonstrate the relationship between the beam width and the
performance of the value function, where larger beam widths yield superior results, but
it is worth noting that slight �uctuations can be observed. This can be attributed to
the evaluation of the scoring policy at each step of the beam search. This continuous
evaluation process can potentially yield di�erent solutions when for example using a beam
width of 2 compared to the solution obtained with a beam width of 1. Although utilizing
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Figure 3.3: Performance of Value Function for Di�erent Problem Sizes
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selection expansion simulation backpropagation

CGMbs
500

n = 20 0.0910 0.4371 99.4440 0.0279

n = 50 0.0076 0.2669 99.7093 0.0163

n = 100 0.0025 0.1375 99.8413 0.0187

CGMrs
500

n = 20 0.1445 0.4947 99.3284 0.0324

n = 50 0.0125 0.3560 99.6106 0.0209

n = 100 0.0041 0.1886 99.7908 0.0164

CGMLKH
500

n = 20 0.0092 0.0262 99.8096 0.0052

n = 50 0.0009 0.0205 99.9659 0.0051

n = 100 0.0004 0.0221 99.9581 0.0045

Table 3.2: Relative Running Time of the Four Phases With and Without Exact Masking
Strategy

a signi�cantly larger beam width can mitigate the mentioned �uctuations, it comes at
the cost of substantially increased computation time. However, since our beam search
primarily serves as an assistance for the MCTS algorithm, minor �uctuations in accuracy
for di�erent small beam widths are negligible. Balancing runtime and accuracy is crucial
for our approach, with the value function being the primary contributor to overall runtime
(cf. Section 3.3.5). Figure 3.4 illustrates that the computation time associated with beam
width 10 is relatively higher compared to the other beam widths. Consequently, we have
opted to utilize a beam width of 5 for our primary experiments, as it has a favorable
balance between prediction accuracy and computation time.

3.3.5 Computational Runtime Analysis

Table 3.2 provides an overview of the time distribution across the four phases in the
CGMbs

(500,5) algorithm. Nearly all (over 99 %) of the computational time is consumed
by the simulation phase. It needs to be mentioned that the computational time of the
simulation phase is based on the runtime of the beam search as well as the evaluation of
the neural network that is called for each simulation. In relative terms, the MCTS with
a relaxed simulation phase remains time-intensive, but in absolute terms it is signi�cantly
faster. This suggests the ability of our MCTS heuristic to reduce the computation time by
re�ning the value function.

3.3.6 Analysis of Predictions

We further conduct experiments where we distribute the pij values uniformly to obtain
insights into how these predictions enhance the performance of the MCTS. Table 3.3 com-
pares the performance of CGMLKH for 200 to 1000 playouts with predictions pij obtained
by the neural network to the performance of the MCTS approach without neural network-
assisted decisions. The CCGCN predictions enhance the e�ectiveness of the MCTS, show-
ing that the neural network is able to capture non-trivial instance characteristics and
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predictions playouts n = 20 n = 50 n = 100

GCN
200 5.95 10.12 15.04

500 5.95 10.11 15.01

1000 5.95 10.10 14.92

uniformly
distributed

200 6.07 10.42 15.58

500 6.01 10.35 15.49

1000 5.98 10.32 15.37

Table 3.3: Mean Cost of CGMLKH with and without Predictions Given by the GCN

demonstrating the possibility for improvement of classical approaches with neural network
assistance.

3.4 Discussion

In this chapter, we presented a MCTS approach to solving the CVRPTW by using a
deep neural network to guide the search procedure within the MCTS and balance the
trade-o� between exploration of the search tree and exploitation of the most promising
paths within the tree. Furthermore, we applied the beam search, which was developed in
Chapter 2, as the value function during the simulation phase of the MCTS. By using the
iteratively built partial solutions during the search as a secondary input for the context-
complemented graph convolutional network, we are able to incorporate the context of these
partially developed solutions, speci�cally addressing the challenging time windows and ca-
pacity constraints, into the neural network's predictions of promising edges to guide the
search process in the search tree. Encouraging results were achieved for smaller instances,
demonstrating the potential of approaches that combine MCTS with AI techniques for
routing problems with hard side constraints. We conducted tests with various hyperpa-
rameter con�gurations to assess their in�uence on the trade-o� between computation time
and solution quality. Computational results showed that the neural network-guided search
was able to outperform the beam search as well as the heuristic used for creating the
training data, demonstrating the network's ability to learn non-trivial characteristics from
imperfect training data. An ablation study was conducted to show how the network's pre-
dictions improve the e�ectiveness of MCTS, demonstrating the possibility of improvement
over classical approaches through neural network support. We further tested the concept
of relaxed simulations during the simulation phase of the MCTS for the beam search value
function to improve computation times. By allowing the neural network to handle hard
constraints implicitly during the beam search by incorporating context into its predictions,
the time spent in the simulation phase can be signi�cantly reduced, while still obtaining
high-quality solutions for small instances. However, for larger instances, this approach
revealed its shortcomings, as inaccurate predictions by the neural network lead the MCTS
into unpromising areas of the search tree.

E�ciently traversing a search tree for complex problems such as the CVRPTW re-
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mains challenging. We have demonstrated that deep learning can accelerate the search
process within the tree by predicting promising paths. However, to build solutions more
e�ciently and tackle problems like the CVRPTW, alternative techniques need to be ex-
plored. Quantum computing holds the promise of solving optimization problems faster
than current technologies through specialized hardware, which in theory can perform some
calculations exponentially faster than any modern classical computer. Although the cur-
rent state of quantum computing hardware is not yet capable of handling optimization
problems with more than a few variables, it is essential to explore theoretical methods for
utilizing quantum computing hardware for combinatorial optimization problems. This en-
sures that when the hardware becomes widely available, the theoretical frameworks will be
ready for implementation. For this reason, the next chapter is dedicated to investigating
ways to leverage quantum computing for solving the CVRPTW.



Chapter 4

Solving the CVRPTW with

Quadratic Unconstrained Binary

Optimization

In recent years, specialized hardware has been developed to address combinatorial opti-
mization problems, including quantum computers. Oftentimes, quantum and quantum-
inspired algorithms are designed to solve quadratic unconstrained binary optimization
(QUBO) problems, which are equivalent to Ising models, playing a signi�cant role in
physics [Luc14]. Many combinatorial optimization problems can be formulated as QUBOs
using special reformulation techniques, hence, it is increasingly intriguing to explore ways
to utilize specialized hardware for solving combinatorial optimization problems formulated
as QUBOs. However, since these hardware systems can handle only a limited number of
variables, it is essential to develop new scalable methods for integrating this hardware into
a solving framework. This will enable us to e�ciently solve larger instances despite the
hardware limitations.

For this, in Section 4.1 we will formulate the CVRPTW as a QUBO problem and
experiment with solving this formulation using specialized quantum-inspired computing
hardware. We will apply a learned problem reduction to decrease the number of variables
required to represent the CVRPTW as a QUBO. This reduction aims to solve larger
instances on this hardware more e�ectively and to achieve better results.

In Section 4.2, we will develop a heuristic consisting of three phases that also uses
quadratic unconstrained binary optimization to solve the CVRPTW. This heuristic is
designed to leverage the strengths of QUBO hardware solvers, namely their e�ciency in
handling quadratic binary optimization problems with a lower number of variables. This
approach aims to avoid the issues identi�ed in Section 4.1 that arise from directly solving
the CVRPTW as a QUBO.

We will conclude this chapter with Section 4.3, which presents some ideas and remarks
on how to integrate QUBO solvers within a branch-and-bound framework to solve the
CVRPTW exactly using quantum(-inspired) computing hardware.

56
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4.1 Learned Problem Reduction to Solve the CVRPTW Us-

ing Quantum-Inspired Computing Hardware

Building on the work of [SGM22], we develop a new formulation for the CVRPTW as
a quadratic unconstrained binary optimization problem. We work with the MILP for-
mulation (1.5)-(1.15) presented in Section 1.3.1 based on edge representations, as this
approach is best suited to bene�t from our learning-based problem reduction. We derive
a novel QUBO formulation for the CVRPTW and asymptotically calculate the number
of variables needed to model this formulation. We then solve the CVRPTW on hardware
specialized for solving QUBO problems, as described in Section 1.3.3. This section is based
on the published work [Dor23].

4.1.1 QUBO Formulation of the CVRPTW

The CVRPTW imposes time window and capacity constraints that are expressed as in-
equality constraints. Generally speaking, inequalities are known to be particularly di�cult
to handle within QUBO models. In the following, we will see how to deal with inequalities
in the context of QUBOs.

Recall from Section 1.3.2 that a QUBO is of the form

min
x∈{0,1}ñ×ñ

f = xTQx, (4.1)

with Q ∈ Rñ×ñ being an upper triangular matrix and x ∈ {0, 1}ñ being the binary decision
vector. The goal is to �nd the vector x∗ that minimizes f . Furthermore, recall that the
MILP for the CVRPTW is of the form

min
n∑

i,j=0

cijxij s.t. (4.2)

n∑
i=0

xij = 1 ∀j ∈ [n] (4.3)

n∑
i=1

x0i −
n∑

j=1

xj0 = 0 (4.4)

n∑
i=0

xih −
n∑

j=0

xhj = 0 ∀h ∈ V (4.5)

yj ≥ yi − djxij − Z(1− xij) ∀i, j ∈ V, i ̸= j (4.6)

0 ≤ yi ≤ Z ∀i ∈ V (4.7)

sj ≥ si + cijxij −M(1− xij) ∀i, j ∈ V, i ̸= j (4.8)

ai ≤ si ≤ bi ∀i ∈ V (4.9)
n∑

j=1

x0j ≤ K (4.10)
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xij ∈ {0, 1} ∀i, j ∈ V, i ̸= j (4.11)

si, yi ∈ Z+ ∀i ∈ [n]. (4.12)

Note that the number of vertices n does not equal the dimension of our binary decision
vector x in (4.1), as the number of variables ñ in the QUBO formulation includes binary
variables representing the side constraints that are represented as integer variables in the
MILP (4.2)-(4.12). In the following, we will elaborate on how to convert this MILP to a
QUBO.

To obtain a QUBO formulation from this MILP, we have to transform this MILP into
the general form

min
k∑

i=1

cizi s.t. (4.13)

k∑
i=1

aizi = b (4.14)

zi ∈ {0, 1}, (4.15)

as described in Section 1.3.2. Therefore, we have to change the inequalities (4.6) to (4.10)
to equalities by introducing slack variables for each inequality. As an example, Inequality
(4.6) can be rewritten as

yi − yj − djxij − Z(1− xij) ≤ 0.

By introducing an integer slack variable λ4.6
i,j for each edge (i, j), Inequality (4.6) is equiv-

alent to
yi − yj − djxij − Z(1− xij) + λ4.6

i,j = 0.

This is done for all inequalities from (4.6) to (4.10), resulting in the inclusion of O(n2) new
integer variables. Note that the constraints in (4.7) and (4.9) are two inequalities per node,
therefore two variables are needed for the lower and upper bound, respectively, denoted
as λ4.7

i,0 for the lower bound and λ4.7
i,1 for the upper bound, respectively, and likewise for

Constraint (4.9).
Next, we have to convert each integer variable, including the newly introduced slack

variables, into its binary representation, as detailed in Section 1.3.2. Suppose we have
an integer variable z that can take values between 0 and 16. To represent z in a binary
form, we introduce a su�cient number of binary variables zbm ∈ {0, 1} such that each value
between 0 and 16 can be represented by a combination of these binary variables. In this
case, the binary representation of z would be

z =
4∑

m=0

2mzbm = zb0 + 2zb1 + 4zb2 + 8zb3 + 16zb4.

By taking into account the lower and upper bounds for each integer variable, we can lower
the number of binary variables needed to represent the integer variable by applying the
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binary expansion function B, de�ned in Equation (1.31). To do this, we have to de�ne
upper bounds for each newly included integer slack variable. For slack variable λ4.6

i,j for
Inequality (4.6), Formula (1.32) gives us

λ4.6
i,j ≤−min{yℓi , yui } −min{−yℓj ,−yuj }

−min{−djxℓij ,−djxuij} −min{xℓij , xuij}+ Z

≤ 2Z + dj .

For the slack variable λ4.8
i,j for Constraint (4.8) we have

λ4.8
i,j ≤ −min{sℓi , sui } −min{−sℓj ,−suj } −min{cijxℓij , cijxuij} −min{xℓij , xuij}+M

≤ −ai + bj +M.

The slack variable λ4.10 for Constraint (4.10) can clearly be bounded by K and the lower
bounds for the slack variables λ4.7

i,0 and λ4.9
i,0 and upper bounds for the slack variables λ4.7

i,1

and λ4.9
i,1 are given by the constraints.

Now we can state the full quadratic binary polynomial fCVRPTWQ for modeling the
CVRPTW. Applying the binary expansion functionB (1.31) with the de�ned upper bounds
for our integer variables and slack variables, the function can be stated as

fCVRPTWQ = P1 · fobj + P2 · froute + P3 · fcap + P4 · ftw, (4.16)

with

fobj =
n∑

i,j=0

cijxij ,

froute =
n∑

j=1

(
n∑

i=0

xij − 1

)2

+

 n∑
i=1

x0,i −
n∑

j=1

xj,0

2

+
∑
h∈V

 n∑
i=0

xi,h −
n∑

j=0

xh,j

2

,

fcap =
∑
i∈V

∑
j∈V

(
B(yi, 0, Z)−B(yj , 0, Z)− djxij − Z(1− xij) +B(λ4.6

i,j , 0, 2Z + dj)
)2

+

n∑
i=1

(
B(yi, 0, Z)−B(λ4.7

i,0 , 0, Z)
)2

+

n∑
i=1

(
B(yi, 0, Z) +B(λ4.7

i,1 , 0, Z)− Z
)2

+

n∑
i=1

(
B(si, ai, bi)− ai −B(λ4.9

i,0 , ai, bi)
)2

+

n∑
i=1

(
B(si, ai, bi)− bi +B(λ4.9

i,1 , ai, bi)
)2

+

 n∑
j=1

x0,j +B(λ4.10, 0,K)−K

2

,
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ftw =
∑
i∈V

∑
j∈V

(
B(si, ai, bi)−B(sj , aj , bj) + cijxij −M(1− xij)

+B(λ4.8
i,j , 0,−ai + bj +M)

)2

.

The penalty constants Pi ∈ R≥0, i ∈ [4], have to be adjusted accordingly, such that a viola-
tion of the constraints in froute, fcap or ftw results in a larger increase of the function value
than the decrease it might produces in the value of fobj. Selecting penalty constants for the
constraints greater than the optimal tour length provides a theoretical assurance that the
QUBO solution with the lowest energy corresponds to a feasible solution. Computational
experiments have shown that the performance from the QUBO hardware solver we applied
is best when choosing the penalty constants su�ciently large, but not arbitrarily large.
Fujitsu's DA [MTM+20] o�ers the functionality to automatically adjust the penalty coef-
�cients during the optimization process, a description of that process is found in Section
1.3.3.

Utilizing the lower and upper bounds of integer variables for the binary expansions
allows the prevention of excessively large coe�cients for the newly introduced binary vari-
ables in the majority of cases. However, using these binary expansions is still problematic
as it can cause di�culties for solvers to �nd the correct assignments [VPD19]. For example,
if an integer variable's value needs to be changed from 16 (binary encoding: 10000) to 15
(binary encoding: 01111) during the optimization process, �ve bit switches are required.
This becomes increasingly more challenging as the values of the integer variables increase,
as it leads to large coe�cients for the binary variables, further complicating the process
of �nding the correct assignment for each binary variable. In Section 4.1.3 we will see
the impact of an increasing number of binary expanded variables on the solver's ability to
identify solutions.

We are now able to determine the number of variables required for our QUBO formu-
lation of the CVRPTW. For the binary representation of the integer and slack variables,
let us look at Equation (1.31) again. For each integer variable z, the number of new binary
variables added to the model is exactly

kz = ⌈log2(zu − zl + 1)⌉.

The integer variables si, yi and slack variables λ4.6
i,j , λ

4.7
i , λ4.8

i,j , λ
4.9
i , λ4.10 therefore require at

most ⌈log2(maxi bi−ai+1)⌉, ⌈log2(Z+1)⌉, ⌈log2(maxi 2Z+di)⌉, ⌈log2(maxij −ai+bj+M)⌉
and ⌈log2(K + 1)⌉ binary variables, respectively. If we de�ne δ to be

δ := ⌈log2(max{max
ij
{−ai + bj +M} ,max

i
{2Z + di} ,K + 1})⌉, (4.17)

then for every integer and slack variable at most δ binary variables are required for the
binary encoding. Overall, we need O(n2) variables to represent the xij . For the integer
variables si, yi we have O(nδ) variables for the binary encoding. Since we have O(n2)

inequalities, we need O(n2δ) additional slack variables in binary form. Thus, in total
O(n2 + n2δ) variables are required for our QUBO formulation of the CVRPTW.
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As pointed out earlier, some variables can be removed beforehand to lower the total
number of variables needed. This holds for example if ai+cij > bj for some i, j ∈ V or we do
not have a fully connected graph to begin with. In the �rst case, we can simply set xij = 0.
In the latter case, the overall number of variables needed is reduced to O(|E|+ |E|δ).

4.1.2 Sparsity of Graphs

As the number of binary variables in the QUBO formulation of the CVRPTW increases
rapidly due to the need for slack variables and binary representations of integer variables,
as discussed in Section 4.1.1, our goal is to reduce the size of a speci�c problem instance.
We do this by applying a threshold to the edge probabilities generated by the graph
convolutional neural network presented in Chapter 2. This threshold should be set to
su�ciently reduce the instance size, enabling the DA to handle larger instances while still
�nding good solutions. Therefore, we �rst have to evaluate the trade-o� between the value
of the probability threshold and the number of deleted edges as well as the number of
remaining binary variables and inequalities and the resulting instance size.

Table 4.1 shows the mean number of deleted edges over 10000 instances for the di�erent
problem sizes and edge probability thresholds. One can see that even with a comparatively
large threshold of 0.001, the neural network con�dently excludes most of the edges. The
percentage number of deleted edges for the same threshold increases with the problem
sizes, since for larger graphs the percentage of edges irrelevant for the solution increases.
A threshold of 0.00001 excludes at least 3/4 of the edges, for graphs with 100 nodes the
neural network excludes all but 10 percent of the edges, which reduces the number of edges
included in the graph from 10201 to just under 1000 edges on average.

Problem size
n = 20 n = 50 n = 100

threshold p del. edges % del. edges % del. edges %

10−3 306.73 69.55 2169.42 83.41 9248.41 90.66

10−4 279.42 63.36 2059.04 79.16 9019.67 88.42

10−5 254.58 57.73 1966.48 75.60 8784.17 86.11

Table 4.1: Number and Percentage of Deleted Edges for Di�erent Problem Sizes and
Thresholds

These sparse graphs act as a learned problem reduction [SELW20]. Table 4.2 analyzes
the impact of the problem reduction on the size of the instances for the DA. For the number
of binary variables needed to represent integer variables, for our datasets an upper bound
for δ in Equation (4.17) is given as δ = 10. Note however that we can reduce the number of
auxiliary binary variables needed by taking into account the upper and lower bound of each
integer variable individually before initializing the auxiliary binary variables. As shown
in Table 4.2, the learned problem reduction allows us to reduce the size of our instances
signi�cantly.
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Problem size
n = 20 n = 50 n = 100

number of bits x 441 2601 10201

number of bits s 200 500 1000

number of bits y 200 500 1000

inequalities 841 5101 20201

threshold p 10−3 10−4 10−5 10−3 10−4 10−5 10−3 10−4 10−5

deleted bits x 307 279 255 2169 2059 1966 9248 9020 8784

deleted ineqs 613 559 509 4339 4118 3933 18496 18039 17568

remaining bits 534 562 586 1432 1542 1635 2953 3181 3417

remaining ineqs 228 282 332 762 983 1168 1705 2162 2633

Table 4.2: Estimation of Instance Sizes for Digital Annealer after Applying Learned Prob-
lem Reduction

In the following, we will test how this a�ects the solving process of the DA in terms of
solution quality.

4.1.3 Computational Experiments

Experiment Setup

For Fujitsu's DA we use the following parameters: In the energy function (4.16), P1 is
set to one and the penalties P2, P3 and P4 are automatically incrementally adapted to the
optimal value. This is done by multiplying them by a factor of 1.5, if the result, i.e. the
objective value fCVRPTWQ , did not improve for 500 iterations. That way, the DA focuses
on satisfying the side constraints before minimizing the objective fobj. The time limit for
the optimization process is set to one second per two bits. The selection of the parameter
values for the automatic adaption is based on empirical experiments, which demonstrate
that the parameters provide a good balance between the performance of the DA and the
computational resources required by the optimization process. This amounts on average
to a time limit of roughly 300 seconds for instances with 20 nodes and 800 seconds for the
50 node instances, since we set the time limit for the optimization process to one second
per two bits and on average the number of remaining bits is around 600 and 1600 for the
two problem sizes, respectively, as can be seen in Table 4.2. As the amount of time to run
experiments on the DA was limited, we conducted the experiments on a smaller dataset
only consisting of the Solomon benchmark instances from the set R [Sol87], which was
also the baseline distribution for our data generation. The dataset consists of 115 and 46
instances for the problem sizes with 20 and 50 customers, respectively.

The preprocessing for the model is done on a machine with an Intel Core i7-8650U
CPU @ 1.90GHz and one Nvidia Geforce GTX 1050 with 2GB RAM, the optimization is
executed on Fujitsu's DA hardware [MTM+20].
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Problem size

Model
n = 20 n = 50

cost gap time cost gap time

GCNDA 10−3 3.87 15.83 107.71 12.57 108.48 901.54

GCNDA 10−4 3.92 17.33 113.52 12.32 104.37 907.40

GCNDA 10−5 3.96 18.38 113.81 12.43 106.21 920.86

DA 3.97 18.70 116.52 12.33 104.48 914.58

CGMbs

500,5 3.38 1.26 57.91 6.56 8.85 752.17

GCNBSSTH 10K 3.37 0.69 33.57 6.31 4.70 208.58

Gurobi 3.35 0.00 0.85 6.03 0.00 1962.92

GORT-GLS 3.34 0.00 10.00 6.04 0.03 30.00

LKH 3.34 0.00 7.67 6.03 0.00 12.04

Table 4.3: Mean Cost, Optimality Gap and Computation Time Per Instance

Computational Results

Table 4.3 shows the results of our experiments for solving the QUBO formulation (4.16) of
the CVRPTW with the DA, which is called GCNDA in the following, compared to results
obtained by our beam search heuristic from Chapter 2 with a beam width of 10000 and our
Monte Carlo Tree Search approach from Chapter 3 with 500 rollouts and a beam width
of 5 to have a similar runtime as the DA, as well as the baseline models, as described
in Section 2.3.2. The di�erent applied edge probability thresholds are stated behind the
model name GCNDA. The model DA refers to solving our developed QUBO formulation
(4.16) on the DA without applying the learned problem reduction.

The performance of the GCNDA method is inferior to that of GCNBSSTH and es-
pecially the baseline models, in terms of both run time and quality of results. While for
instances with 20 nodes, the DA is able to �nd solutions with an optimality gap between
15.8% for the reduced instance with an edge probability threshold of 0.001 and 18.7%
without the reduction, it has its di�culties for larger instances with 50 nodes to �nd a
good solution, only �nding solutions twice as costly as the best solution. Comparing the
computation time between the DA and CPU approaches is di�cult, as the DA lacks a ter-
mination criterion, meaning it continues to optimize until the given time limit is reached.
This can lead to variable computation times and potentially idle periods, a�ecting the
reported computation time. Given the substantial di�erences in underlying technology,
making a direct comparison to CPU times is di�cult.

However, the results from Table 4.3 demonstrate the e�ectiveness of the learned prob-
lem reduction method in improving solution quality by reducing the size of the considered
graph for smaller instances. A performance improvement of around 3%, while also accel-
erating the optimization process, is a promising result. It is reasonable to assume that the
decrease in computation time becomes more obvious if a higher time limit is given. As seen
in Table 4.2, the higher the edge probability threshold used in the reduction, the fewer
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integer variables are required. The risk of the best solutions not being obtained due to the
removal of important edges during the reduction process is found to be negligible within
the range of solution gaps presented in Table 4.3. As the size of the CVRPTW problem
increases, the optimization of the number of integer variables in their binary representation
becomes increasingly challenging. Since the learned problem reduction only applies to the
decision variables x, whereas the number of integer variables y and s is not reduced, the
e�ect of the reduction for larger instances is negligible.

The di�culties the DA encounters in �nding good solutions, especially for larger in-
stances, can be attributed to the following issue. Suppose that node i has the time window
[128, 255], which means the integer variable si that represents the arrival time of a vehicle
at node i, can take values between 128 with a binary encoding of 10000000 and 255, with
a binary encoding of 11111111. Furthermore, suppose that the correct solution includes
visiting node j after node i, with j having a time window of [300, 400] and the travel time
cij between i and j being negligible. This means that for the best solution, the value of
si is not relevant as long as it is in the range of [128, 255]. But the DA does not know
that and may try to optimize si by going through all possible bit switches, in this case,
27 = 128, and checking whether the objective value improves. As the number of integer
variables that keep track of the side constraints increases signi�cantly for larger instance
sizes, the DA has problems �nding good solutions. Therefore, given the current version
of the DA and the resources available for our experimental study, the limitations of the
approach of solving the CVRPTW directly on the DA have been reached.

Figure 4.1 visualizes the optimization process by the DA for two di�erent instances. The
x-axis refers to the solution time and the two y-axes indicate the energy of the objective
function and the constraints (penalties), respectively. The DA starts with a condition
where the energy of the objective function is zero and the energy of the penalties is positive.
Then the solution is optimized by �rst decreasing the energy of the penalties to zero, which
translates to �nding a valid solution, and implies increasing the energy of the objective
function. Then, the energy of the objective function is increased while the energy of the
penalties remains at zero.

Discussion

The application of a deep neural network as a learned problem reduction for solving the
CVRPTW via quadratic unconstrained binary optimization on Fujitsu's DA demonstrated
the potential of using learned problem reductions in improving solution quality and re-
ducing computation time on quantum-inspired computers. However, the large size of
CVRPTW instances and the requirement for a signi�cant number of integer variables
to model the problem as a quadratic unconstrained binary optimization problem make it
challenging to optimize for larger instances, even with the reduction of the instance size.

Therefore, in the following section, we will develop a more sophisticated heuristic that
also utilizes quadratic unconstrained binary optimization, but avoids solving QUBO for-
mulations of optimization problems including large integer variables as well as the handling
of the time window and capacity constraints on the QUBO solving hardware.
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Figure 4.1: Visualization of the Optimization Process by the Digital Annealer for Two
Di�erent Instances
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4.2 Three-Phase Heuristic

When solving the CVRPTW with quantum(-inspired) computing, we have seen in the
previous section that a direct solution is impractical for larger instances, mainly because of
the number of slack variables required to transform integer variables into binary variables
and to transform inequalities into equations very quickly becomes too large to be handled
e�ciently by the current hardware. The applied learned problem reduction in Section 4.1
based on the predictions of the deep neural network led to performance improvements for
smaller instances, but the limits of the hardware were quickly reached as the problem size
increased, which is mainly caused by the side constraints of the CVRPTW, the capacity
and time window constraints, which necessitate integer variables as well as inequalities.

On the other hand, it has also been demonstrated in the previous chapters that the
graph convolutional deep neural network developed in Section 2.1 is well suited to extract
the important properties from the graph representations to make high-quality predictions
about the set of edges contained in the solution while taking the side constraints into
account. The presented approaches, the beam search and the Monte Carlo Tree Search
that utilize these predictions show that these predictions can be used to produce high-
quality solutions.

In this section, we want to overcome the disadvantages of these two approaches, namely
the lack of e�ective scalability to larger instances, and provide certain scalability so that
even relatively large instances can also be solved to near optimality.

For this, we propose a hybrid approach to approximately solve the CVRPTW con-
sisting of three individual phases. The proposed 3-phase heuristic combines quadratic
unconstrained binary optimization hardware with a deep learning-assisted heuristic within
a framework that o�ers scalability to larger instances. The goal is to leverage the strengths
of QUBO-solving hardware while ensuring that the hardware limits are not exceeded. For
this, we �rst use a deep learning-complemented QUBO formulation to cluster the set of ver-
tices into subsets, generate sets of feasible candidate routes for each cluster employing the
beam search that is then combined into a complete solution by a quadratic unconstrained
binary set partition problem. The QUBOs are solved using Fujitsu's Digital Annealer (DA)
[MTM+20]. We demonstrate that this 3-phase heuristic provides scalability to larger-sized
instances and produces optimal results for smaller instances as well as near-optimal solu-
tions for large instances while ensuring feasibility with respect to capacity and time window
constraints.

4.2.1 Structure of the Three-Phase Heuristic

We have seen in Section 4.1 that solving the CVRPTW formulated as a QUBO directly
using quantum(-inspired) computing hardware is not a feasible option because the number
of binary variables required to represent an instance quickly surpasses the capabilities of
dedicated hardware like the DA. Therefore, we propose a version of the Cluster First,

Route Second method [DMR14] to solve the CVRPTW utilizing QUBO-solving hardware.
Our 3-phase heuristic aims at leveraging the strengths of the DA [MTM+20] as well as the
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graph convolutional neural network while providing scalability to larger instances. The
three phases can be described as follows:

1. Split the set of vertices into a number of k clusters by solving a cluster optimization
problem, complemented with weights given by a deep neural network, formulated as
a quadratic unconstrained binary optimization problem on the DA. Repeat this for
di�erent values of k to diversify the set of clusters.

2. Generate candidate routes on each of the found clusters by applying the beam
search (cf. Chapter 2) to create a set of di�erent feasible candidate routes for the
CVRPTW restricted to that cluster.

3. Solve a Set Partition Problem (SPP) [TV14] formulated as a QUBO on the DA
to compose a complete solution by choosing a subset of the set of candidate routes
generated in Phase 2 minimizing the total travel times.

This approach o�ers the advantage of signi�cantly reducing the size of the QUBOs solved
by the DA compared to solving a CVRPTW instance directly on the DA. Additionally, we
can avoid the complexities associated with inequalities, as it turned out to be challenging
for the DA in our case, as well as integer variables with large values by outsourcing the
handling of those constraints to the heuristic employed in Phase 2. The number of decision
variables is O(n) for the Clustering and O(n) for the SPP. The heuristic applied in Phase
2 is highly �exible, as it does not attempt to solve each cluster as a single-route instance
but instead �nds the best set of routes within each cluster and can build di�erent sets of
routes for each cluster in parallel. This �exibility allows us to vary the number of clusters
in Phase 1 by a parameter λ that we call cluster range, forcing di�erent cluster assignments
and thereby creating a more diverse set of candidate routes for inclusion in Phase 3. In this
way, we leverage the strengths of the DA, particularly its ability to handle binary quadratic
unconstrained optimization problems with a manageable number of binary variables and
delegate the handling of the hard capacity and time window constraints to a heuristic for
more e�cient processing. Algorithm 4 gives a high-level overview of the 3-phase heuristic.
In the following sections, we describe each of the three phases in more detail.

4.2.2 Vertex Clustering

In each iteration of Phase 1, we split the set of vertices into a varying number of k subsets
to vary the assignment of vertices to the clusters and subsequently obtain a more diverse
set of candidate routes in Phase 2. To achieve this, we bound k from above by the minimal
number of vehicles needed to solve the instance as a number of clusters exceeding this
bound could potentially exclude the overall optimal solution to this instance by forcing
more routes than necessary. The bound k̄ is given as the sum over all demands divided by
the capacity of a vehicle:

k̄ =


∑
v∈V

dv

Z

 .
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Algorithm 4: 3-Phase Heuristic

1 Input: Graph G = (V,E), upper bound k̄ for the number of clusters, number of
cluster range λ

2 Output: solution S

3

4 Initialize C = ∅
5 Evaluate neural network N for graph G to obtain edge probabilities p
6 for k in

[
k̄ − λ, . . . , k̄

]
do

7 clusters ← SolveClusterQUBO (G, p, k)
8 C ← C ∪ clusters
9 end

10 Initialize R = ∅
11 for c in C do

12 routes ← BeamSearch (c, p)
13 R← R ∪ routes
14 end

15 S ← SolveSPPQUBO (R)
16 return S

We de�ne our decision variables xvm to be

xvm =

{
1 if vertex v is assigned to cluster m

0 else.
(4.18)

With this, we can formulate the clustering problem as a quadratic integer program as
follows:

min
k∑

m=1

n∑
i=1

n∑
j=1

cijximxjm s.t. (4.19)

k∑
m=1

xim = 1 ∀i ∈ V,

xim ∈ {0, 1} ∀i ∈ V,m ∈ [k],

where we minimize the sum of travel times between all vertex pairs in each cluster under
the constraint that each vertex belongs to exactly one cluster. The equivalent QUBO
formulation is given as:

min

k∑
m=1

n∑
i=1

n∑
j=1

cijximxjm + P

 n∑
i=1

(
k∑

m=1

xim − 1

)2
 , (4.20)

where the constraint is added as a penalty term with a penalty factor P . This QUBO is
subsequently solved using the DA. In contrast to other formulations, we do not include
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inequality constraints ensuring that the sum of the demands of each cluster does not exceed
the capacity of the vehicles as well as taking into account the time windows within the
clusters, as we do not solve each cluster with one route. This aligns with the strengths
of the DA, as inequalities and integer variables cause di�culties. The purpose of our
clustering approach is to split the instance into smaller instances to heuristically generate
routes on these subsets to be included in the SPP.

We exclude the depot node from this formulation. Including the depot node only
once fails to account for the fact that each cluster is solved as an independent CVRPTW
instance in phase two. Consequently, we would need to include the depot node in each
cluster by adding the constraint

x0m = 1 ∀m ∈ [k]

and summing from i, j = 0 in the objective function. However, this implies that for
each node i in V there is exactly one m for which xim = 1 = x0m. Including the depot
node would therefore mean adding the constant term

∑n
i=1 c0i to the objective function.

Therefore, we can exclude the depot node from the beginning.
By augmenting the objective function with additional terms, we can incorporate ad-

ditional information gained by the graph convolutional neural network (GCN) presented
in Chapter 2 into the cluster decision process instead of relying solely on the travel times
cij . For this purpose, for each edge (i, j) let pij be the probability to be included in the
correct solution. Note that this associated probability value is directional, i.e., pij ̸= pji.
For the clustering procedure, however, the directions do not have to be considered and
would even distort the result, as a large probability for one direction does not mean that
the probability for the other direction is also large. We therefore take the maximum value
of the two directions, because if the associated probability value in one of the directions is
reasonable, it is to be assumed that the pair will be routed on the same route, i.e. should
be assigned to the same cluster:

pij = max {pij , pji} .

Furthermore, let αdist and αprob denote the tuning parameters assigned to each part of
the objective function summing up to 1, then the clustering problem can be formulated as
follows:

min αdist

k∑
m=1

n∑
i=1

n∑
j=1

cijximxjm (4.21)

+ αprob

k∑
m=1

n∑
i=1

n∑
j=i+1

(1− pij)ximxjm s.t.

k∑
m=1

xim = 1 ∀i ∈ V,

xim ∈ {0, 1} ∀i ∈ V,m ∈ [k].
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A shortcoming of using these probabilities straightforwardly for clustering is that it may
overlook important relationships between nodes. For example, if we have edges (v1, v2) and
(v2, v3) with high probabilities, but the GCN assigns a low probability to the edge (v1, v3)
because it recognizes the bene�t of visiting v2 between v1 and v3, we want to incorporate
the insight that v1 and v3 should be assigned to the same cluster into the optimization
problem. We do this by replacing the probabilities pij in (4.21) by path probabilities, which
we de�ne as:

ppathij := max

 ∏
(v,w)∈P

pvw : P is i, j − path

 . (4.22)

In the following examples, we will show how this a�ects the cluster building.

Figure 4.2: Example of a 5-node Instance with the Optimal Solution

Example 4.1. Figure 4.2 shows an instance with 5 customers, which are shown as circles,

and the depot, which is shown as a square. The correct solution consists of two routes,

which means that two clusters must be formed. We now solve the clustering problem (4.20)

0.7
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0.1

Figure 4.3: Cluster Assignment with Probabilities

with cij given as the edge weights as in Figure 4.3, where for the sake of simplicity, only
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those edges are shown that have been assigned a signi�cant probability by the neural network

and the edges to or from the depot are omitted. Solving the clustering problem (4.20) yields

the two clusters marked as red and green in Figure 4.3, respectively. We can see that one

vertex is not assigned to the correct cluster compared to the optimal solution depicted in

Figure 4.2. If we now transform the pij values into the path probabilities (4.22), some of
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Figure 4.4: Cluster Assignment with Path Probabilities

the depicted edge values do change, which are marked red in Figure 4.4. By solving the

clustering problem with the new edge weights ppathij , we do obtain the two correct clusters,

again labeled in red and green, respectively.

Figure 4.5 shows an example of the edge heatmaps after transforming the associated

edge values pij to the path probabilities ppathij for an instance with 20 vertices. The op-

timal solution consists of three tours, corresponding to three clusters. These clusters are

represented by nodes of di�erent colors in Figure 4.5(b) and (c). In Figure 4.5(b), edges

(i, j) with pij ≥ 0.25 are shown, with darker red indicating larger values. Edges to and

from the depot node, which is displayed in red, are omitted for clarity. In Figure 4.5(c),

the transformed ppathij values are displayed, highlighting an increase in associated probability

values, particularly for edges within the true clusters.

Figures 4.6 and 4.7 show an example solution of the Clustering Problem (4.21) for an

instance with 50 nodes. Figure 4.6 shows the optimal solution on the left and the edge

probability heatmap on the right, where only edges with an associated value greater than

0.25 are displayed. Figure 4.7 shows the clusters built by solving (4.21), where each cluster

is depicted as a di�erent node color, for the di�erent values of k. As can be seen, no single

solution constructs all clusters correctly, although the built clusters already exhibit high

accuracy. However, by combining the three di�erent cluster solutions, we achieve that each

correct cluster is included as a subset. This also highlights that spatial arguments alone do

not accurately represent the solution structures of CVRPTW instances.

Instead of using the travel times as a criterion for the inclusion of two vertices in the
same cluster, we can use another measure, the so-called polar angular di�erence. Based
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(a) Optimal Solution

(b) Edge Probability Heatmap

(c) Path Probability Heatmap

Figure 4.5: Example Predictions and Transformation to Path Probabilities for 20 Node
Instance
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(a) Optimal Solution (b) Heatmap

Figure 4.6: Optimal Solution and Path Probability Heatmap for 50 Node Instance

on the idea of the sweep heuristics ([GM74], [Sol87]), for any two vertices i and j, we can
calculate the angle βij between the arrays going from the depot to i and j, respectively,
and then minimize the sum of the polar angle di�erences in each cluster the same way as
with the travel times cij in (4.21). Figure 4.8 illustrates the calculated polar angles to be
used for minimization, where the square node represents the depot and a selection of the
angles to be used is displayed.

4.2.3 Candidate Route Generation

For each cluster Ci, i ∈ [k], we solve the CVRPTW by employing the deep learning-assisted
beam search developed in Chapter 2. Note that a CVRPTW solution for Ci can consist of
several routes. Since the purpose of this phase is to generate candidate routes to be included
in the SPP in Phase 3, which then selects routes from the set of generated candidate routes
in Phase 2 to form a feasible solution to the complete instance, it is bene�cial to not only
create one set of candidate routes per cluster. Therefore, we apply a heuristic that is
well suited to generate multiple sets of feasible routes with respect to the side constraints
simultaneously and has a high accuracy on small instances as represented by the clusters.
Each unique route in the set of candidate routes is then included as a variable in the SPP.

4.2.4 Set Partition Problem

As described in [DMR14], the CVRPTW can be formulated as a Set Partition Problem
(SPP), which we will de�ne in the following. The SPP is the basis of the currently best
exact method for the CVRPTW, the branch-cut-and-price algorithm [DMR14]. It uses the
SPP as the master problem, as the solution of the linear relaxations of the SPP provides
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(a) Clustering Problem Solution for 5 Clusters (b) Clustering Problem Solution for 4 Clusters

(c) Clustering Problem Solution for 3 Clusters

Figure 4.7: Solution for Clustering Problem (4.20) for Di�erent Number of Clusters
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Figure 4.8: Example Angles for Inclusion in Polar Angular Di�erence Minimization
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better lower bounds than, for example, the linear relaxation of the MILP (4.2).
For this, let R be the set of all feasible routes on subsets of vertices. For r ∈ R denote

with cr the travel time of route r, let δvr be a binary coe�cient that is equal to one if and
only if vertex v ∈ V is in route r. De�ne the decision variable yr to be:

yr =

{
1 if route r is used in the optimal solution,

0 else.
(4.23)

Then the SPP can be formulated as an integer program

min
∑
r∈R

cryr s.t. (4.24)∑
r∈R

δvryr = 1, v ∈ V

yr ∈ {0, 1} ∀r ∈ R,

where we minimize the travel times of the chosen subsets of routes under the constraint
that each vertex appears in exactly one route. For a given solution y of this problem we
can link together all routes indicated by y to obtain a feasible solution to the instance
with respect to the side constraints such that every node is visited and every route starts
and ends at the depot, therefore representing a complete solution to the CVRPTW. This
translates to the following QUBO formulation:

min
∑
r∈R

cryr + P

∑
v∈V

(∑
r∈R

δvryr − 1

)2
 , (4.25)

with P being a penalty factor. This QUBO problem is then solved by the DA. The optimal
solution of (4.25) is a set of routes R∗ such that for each vertex v ∈ V (except for the depot)
there is exactly one route r∗ ∈ R∗ with v ∈ r∗ such that the sum of the travel times of
the routes in R∗ is minimal. With R being the set of all feasible routes, this corresponds
to the optimal solution of the CVRPTW. But in general, �nding the optimal solution for
this problem is only possible for small instances if all feasible routes are included in R, as
the number of routes grows exponentially fast. For our approach, we do not choose R as
the set of all possible routes but only include the subset of routes generated as described
in Section 4.2.3 in the consideration, such that the number of routes included in the SPP
is easily controllable via the beam width b.

4.2.5 Computational Experiments

This section aims to evaluate the overall performance of our approach, comparing the
results to other developed approaches in this thesis and state-of-the-art solution methods
for the CVRPTW. Additionally, we conduct experiments on hyperparameter con�guration.
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weighting c+ p β + p c+ ppath β + ppath

(1.0, 0.0) 0.52 0.43 0.52 0.43
(0.8, 0.2) 0.54 0.49 0.71 0.64
(0.5, 0.5) 0.73 0.73 0.79 0.74
(0.2, 0.8) 0.75 0.67 0.91 0.85
(0.0, 1.0) 0.72 0.72 0.83 0.80

Table 4.4: Cluster Assignment Analysis For Di�erent Parameters and Weights Solving
(4.20) in Phase 1

4.2.6 Implementation and Hyperparameters

All models are implemented in Python 3.10 and run under Windows 10. The neural
network architecture as well as the beam search are implemented as described in Section
2.3.1. The path probabilites ppathij are calculated by applying the Floyd-Warshall algorithm
[Flo62] to the graph (G,ω) with the weight function ω : E 7→ R, ω((i, j)) = − log(pij) to
�nd shortest paths. With the weight function ω de�ned like this, the shortest path in
(G,ω) corresponds to maximizing (4.22).

To �nd the best con�guration of weights in the objective function (4.21), each combi-
nation of weights in {0.0, 0.1, . . . , 0.9, 1.0} such that the sum is one is tested on a dataset
containing 50 instances for combinations of the travel times c, the edge probabilities p

given by the neural network, the path probabilities ppath as well as the polar angles β.
For each combination, we report the accuracy of the cluster solution by determining the
percentage number of vertices that were assigned to the correct cluster in the solution of
(4.20), where a value of 0.5 translates to 50% of the nodes were assigned to the correct
clusters. A representative selection of the results is shown in Table 4.4. The best weigh-
ing of the objective function given by the manual experiments presented in Table 4.4 is
given as αdist = 0.2, αprob = 0.8. The accuracy of determining clusters based solely on
travel times or polar angle di�erences is lower because the time window constraints in
CVRPTW signi�cantly impact route feasibility, making spatial arguments less relevant.
However, we observe that accuracy increases when using path probabilities rather than
plain probabilities provided by the neural network combined with spatial arguments.

To set the hyperparameters of the beam search, namely the beam width, as well as
the time limit for calculations using the DA, we manually conduct di�erent experiments
on small sets of instances for all problem sizes to test di�erent impacts. First, given the
correct clusters, we test the impact of beam width and time limit for the SPP optimization
problem. The results are reported in Table 4.5. Second, given the clusters found by solving
(4.20) with the DA and the routes built by the beam search for each cluster, we include
the routes of the correct solution to �nd the average calculation time it takes the DA to
�nd this solution when solving the SPP (4.25). The results are presented in Table 4.6.

In Table 4.5 we include the average number of routes included in the SPPP, representing
the total number of unique routes across all clusters in Phase 2, which, in turn, directly
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problem size b cand. routes route factor tSPP gap

n = 20

10 37.8 11.75
1 0.0179
2 0.0179
5 0.0179

20 63.6 20.54
1 0.0103
2 0.0074
5 0.0074

50 123.1 38.67
1 0.0091
2 0
5 0

n = 50

50 198.4 45.08

5 0.0326
10 0.0297
20 0.0297

100 348.4 78.84

5 0.0298
10 0.0105
20 0.0105

150 541.2 136.26

5 0.0128
10 0
20 0

n = 100

100 577.4 87.86

10 0.0649
20 0.0608
40 0.0605
50 0.0605

200 1345.46 158.66

10 0.0627
20 0.0488
40 0.0314
50 0.0314

300 2078.91 232.12

10 0.0483
20 0.0224
40 0
50 0

Table 4.5: Accuracy Analysis for Phase 2 and 3

problem size b λ |R| average solving time for SPP (4.25)

20 50 2 126 2.46
50 150 3 518 5.05
50 300 3 1015 7.06
100 300 3 2162 22.63
100 400 3 3107 30.45

Table 4.6: Time Limit Analysis for Phase 3
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correlates to the number of decision variables included in the SPP (4.25). We further list
the average route factor, which we de�ne to be the average of the number of unique routes
built per cluster given by the beam search. Column b states the applied beam width,
whereas tSPP is the time limit in seconds given to the DA for solving the SPP. The gap
column states the gap between the objective value of the found solution to the objective
value of the best known solution. The reported runtimes are from a local machine and
include the runtime of the beam search and the DA. For n = 20, we choose a cluster size
range λ = 2, for the other problem sizes λ = 3.

With between 3 and 4 clusters built on average for instances with 20 nodes, the route
factor 38.67 corresponds to 123 decision variables included. The beam width b may be
larger than the route factor because the beam search may generate di�erent solutions that
include the same routes or di�erent orderings of the same routes. These variations are
treated as distinct solutions by the beam search, leading to a higher beam width. As this
is done individually for each cluster, the number of candidate routes to be included in
the SPP is subsequently larger than the beam width. The results show that even one to
two seconds is enough to solve the SPP (4.25) to optimality for this problem size. We
further observe that in this range of beam sizes, the di�erence in runtime is minimal. We,
therefore, choose a beam width of 50 and a time limit of 5 seconds for the DA to account
for the increase of variables when solving the clustering problem (4.20) for multiple values
of k to be su�cient for further evaluation of the approach. With the results reported for
instances with 50 and 100 nodes in Table 4.5, we choose a beam width of 150 and 300,
respectively.

Table 4.6 shows the average calculation time it takes the DA to �nd the best solution
for the SPP QUBO problem (4.25), where b denotes the beam width, λ is the cluster range,
and |R| is the number of decision variables included in (4.25). Based on the results, we
choose a value of 5, 15, and 50 seconds for tSPP for n = 20, 50, 100, respectively, to allow
for some variance.

4.2.7 Computational Results

In Table 4.7, we compare our approach to the commercial exact MILP solver Gurobi
version 10.0.0 [GO22] as well as to the best known exact solution method for vehicle
routing problems, the branch-cut-and-price (BCP) algorithm ([SUP21], [EQSU23]). We
further compare results to the heuristic LKH3 [Hel17] and Google's OR-Tools (GORT)
version 9.5.2237 library [PF22], both of which frequently serve as heuristic baselines in
related literature. The comparison is done by calculating the percentage gap between the
objective value of the found solution to the objective value of the best known solution for
each instance. The computing time for our 3-phase heuristic is measured as the time for
the execution of all three steps without the communication and idle time with the DA.
The values are averages over 100 instances.

For GORT, one can choose di�erent con�gurations regarding the underlying local search
heuristic. We conducted experiments for di�erent settings of GORT, which have shown
the guided local search (GLS) to be best suited for our needs. As a time limit is needed
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for the GLS, we have chosen time limits of 10, 100, and 300 seconds for di�erent problem
sizes. Gurobi is applied to the 2-index MILP formulation (4.2)-(4.12) of the CVRPTW
and is given a time limit of 10, 100, and 300 seconds per instance for the di�erent problem
sizes, respectively. The time limits are chosen to align with the runtime of our method.
However, comparing these computation times is challenging, as they are heavily in�uenced
by factors such as implementation e�ciency (e.g., Python vs. C++) and the hardware used.
In this case, the utilized hardware includes not only GPUs and CPUs but also specialized
components, namely the Digital Annealer. We evaluate the baseline models on machines
with two Intel Xeon E5-2680v3 @ 2.50GHz CPUs with 12 cores and 128GB RAM available
at the High-Performance Computing Cluster of Hamburg University of Technology, while
the execution of our 3-phase heuristic is done on a local machine with an Intel Core
i7-1165G7 CPU @ 2.80GHz and 16GB RAM running on Windows 11. The reason for
this is that communication with Fujitsu's DA is limited to selected local machines, which
requires the entire heuristic, including the beam search, to be run on this machine. This
in turn a�ects the runtime of our approach and complicates the comparison with the other
approaches in terms of execution time. Therefore, we mark our time in italics in Table 4.7
and also report results for LKH3, GORT-GLS, and BCP on our local machine used for the
3-phase heuristic to provide some more comparability regarding the computational time.
We furthermore list the results of the beam search (cf. Chapter 2) used to generate the
candidate routes within each cluster applied to the whole instance with a beam width of
1000.

The evaluation of our approach as well as the baseline models is done on datasets con-
taining 100 randomly generated instances following the same data distribution as described
in Chapter 2.

Model
n = 20 n = 50 n = 100

cost gap (%) time cost gap (%) time cost gap (%) time

3-Phase Heuristic 5.95 0.00 10.18 10.22 0.30 80.08 15.10 1.45 153.53

Gurobi 5.95 0.00 0.60 10.27 1.63 51.61 17.92 18.47 300.00

BCP 5.95 0.00 1.07 10.10 0.00 10.68 14.89 0.00 119.87

GORT-GLS 5.95 0.00 10.00 10.13 0.33 100.00 15.12 1.56 300.00

LKH3 5.95 0.00 6.20 10.13 0.30 11.74 15.08 1.28 19.69

GORT-GLS local 5.95 0.00 20.00 10.16 0.58 100.00 15.68 3.99 300.00

LKH3 local 5.95 0.00 10.41 10.13 0.30 23.75 15.08 1.28 40.96

BCP local 5.95 0.00 3.31 10.10 0.00 19.30 14.89 0.00 227.17

BS 1k 6.28 5.47 7.24 11.73 16.14 33.51 18.63 25.12 98.79

Table 4.7: Mean Cost, Gap and Computation Time per Instance for Di�erent Problem
Sizes

Our 3-phase heuristic demonstrates optimal performance for small instance sizes. For
instances with 50 nodes, the heuristic yields results comparable to GORT-GLS and LKH
executed on a high-performance computer, while outperforming GORT-GLS on the same
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local machine in terms of solution quality given the same computation time. For medium-
sized instances, Gurobi already cannot solve most of the instances to optimality within
the given time limit. The BCP method outperforms all heuristics for medium instances.
However, it shows a larger relative increase in running time for large instances, whereas
LKH and our heuristic exhibit much slower scaling in computation time.

For n = 100 nodes, our heuristic surpasses GORT-GLS in both running time and
quality on both local and high-performance setups, albeit producing slightly inferior results
compared to the LKH heuristic. Gurobi is generally unable to solve large instances within
the time limit and has a signi�cantly worse optimality gap compared to the heuristics.
While BCP continues to produce the best results, our heuristic begins to outperform BCP
in terms of running time on the local machine for large instances. This trend is likely to
continue as the problem size increases, which shows the potential of our approach to o�er
better scalability.

4.2.8 Discussion

With our proposed 3-phase heuristic, we provide a proof of concept of how to use special-
ized quantum(-inspired) computing hardware such as Fujitsu's DA in combination with
deep learning to solve combinatorial optimization problems with constraints that are dif-
�cult to solve directly with the current state of quantum(-inspired) computing hardware.
Computational results show that this approach is promising, as it utilizes the strengths
of quantum(-inspired) computing to provide better scalability than other state-of-the-art
methods while yielding near-optimal solutions for larger instances.

Future research could focus on improving our approach in di�erent ways. First, opti-
mizing the computation time could involve implementing the heuristic more e�ciently in
C++ instead of using Python. However, optimizing the calculation time on the DA itself
remains challenging, as no termination criterion can be set for the DA. Hence, the DA con-
tinues to optimize its found solution until the given time limit is reached. To account for
some variance in the calculation time within the same problem size class, the calculation
time on the DA typically includes some idle time.

Secondly, the structure of our approach allows each phase to be approached using
di�erent methods. For instance, one could compare di�erent approaches for clustering the
set of vertices in phase 1. Also, using di�erent methods for �nding solutions within each
cluster and solving the set partitioning problem might improve the quality of the solutions
or the computation time.

Our work demonstrates the potential of leveraging quantum-inspired computing in con-
junction with deep learning for complex combinatorial optimization tasks. As quantum and
quantum-inspired technologies continue to evolve, the integration of diverse computational
techniques and hardware has the potential to provide even more e�cient and versatile
solutions for complex combinatorial optimization problems.
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4.3 Ideas for Exact Approaches

In the previous sections, we have explored how quantum(-inspired) computing can be used
to accelerate heuristic solution methods for the CVRPTW, and have conducted experi-
ments to test the extent to which currently available quantum-inspired computing hard-
ware is already capable of doing so. At the same time, it is also of interest to explore
theoretical approaches for the use of quantum(-inspired) computation in exact methods,
even if the current state of hardware is not yet advanced enough for practical application.
In this section, we will investigate how quantum(-inspired) computation can be used in a
branch-and-bound framework to determine exact solutions for the CVRPTW.

4.3.1 Branch and Bound

The Branch and Bound method, �rst proposed by [LD60], is an approach for solving opti-
mization problems by systemically enumerating the candidate solutions within the search
space and is the most commonly used tool for solving NP-hard optimization problems
[Cla99]. For the CVRPTW, it is also the base for the best known exact approach, the
Branch-Cut-and-Price method (cf. Section 1.4).

The set of all candidate solutions builds the root node of a search tree. During the
process, the algorithm explores branches of the tree that correspond to subsets of the
complete set of solutions. Branching is done by �xing decisions, which exclude subsets of
the candidate solution set. Before a branch is explored, it is checked whether this branch
can produce a better solution than the best feasible solution found so far, the so-called
upper bound. For this purpose, a lower bound is estimated for this branch that restricts
the value of the solution that can be found in this branch. If this lower bound is worse
than the global upper bound, this branch is not examined further, as no better solution
can be found here. Therefore, an e�cient execution of the Branch and Bound algorithm
depends on �nding good lower and upper bounds in the process.

Our approach for solving the CVRPTW with a Branch and Bound algorithm using
quantum-inspired computing builds a solution sequentially by adding one node to the
solution in each layer of the search tree. This structure enables us to apply bounding
strategies that make use of reduced bounding problems with respect to the partial solution.
The Branch and Bound algorithm can be executed as follows.

The root node of our Branch and Bound search tree is initialized with the partial
solution P0 = [0]. At each step of the algorithm, one search tree node is selected and
evaluated to obtain a lower bound. Afterward, if the lower bound does not exceed the
upper bound, we apply a branching strategy and add child nodes to our selected search
tree node, which represents adding one vertex to the partial solution represented by its
parent search tree node. These new nodes are initialized with the lower bound from its
parent. Therefore, we can use this value to select the next node, for which a lower bound
is calculated. Otherwise, if the lower bound exceeds the global upper bound, we prune this
branch.

For the upper bound, we periodically apply the DA to solve the QUBO formulation
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presented in Section 4.1.1. For this, we select the search tree node holding the partial
solution with the best lower bound as a starting point for evaluation to improve the upper
bound faster and subsequently achieve a faster termination by pruning a greater amount
of branches. The partial solution is represented in the QUBO formulation by �xing the
corresponding decision variables xij to 1 if (i, j) is contained in the partial solution and to
0 for all (i, j′) with j′ ̸= j, respectively. Likewise, the integer variables s and y from the
QUBO formulation are �xed accordingly. In this way, the size of the QUBO formulation
decreases the longer the partial solution becomes. At the beginning, the upper bound is
set to ∞ or calculated using a heuristic.

Algorithm 5 provides a high-level overview of the above-described Branch and Bound
algorithm for the CVRPTW with a classical branching strategy applied, but we will elab-
orate on di�erent branching strategies in Section 4.3.5.

Next, we describe di�erent strategies to obtain upper and lower bounds, choose the next
node to branch on, examine various branching strategies and elaborate on preprocessing
and masking strategies to accelerate the optimization process.

4.3.2 Upper Bounds

Obtaining upper bounds during the search process accelerates the search by allowing us
to prune the search tree when the lower bound at a node surpasses the best upper bound.
At the beginning, an upper bound is calculated using a heuristic. In the Branch and
Bound algorithm, a new upper bound is naturally found when reaching a leaf of the search
tree, indicating a complete solution. The solution value is then compared to the best
upper bound, and if it is lower, is saved as the new best solution and subsequently used
for pruning decisions. In this case, all previously calculated lower bounds are compared
to the new upper bound and pruned accordingly. As reaching a leaf in the search tree
typically occurs only later in the search process, introducing strategies to obtain strong
upper bounds early in the search process can expedite the algorithm and lead to faster
termination.

Quadratic Unconstrained Binary Optimization

We can employ the DA (cf. Section 4.1) to solve the QUBO formulation (4.16) with its
corresponding matrix Q for the CVRPTW via quantum-inspired computing. This o�ers
two ways to integrate the DA into our Branch and Bound algorithm for �nding upper
bounds.

On the one hand, the DA can be applied to �nd upper bounds for subtrees of our search
tree. For this, we can �x the values of some of the variables. Each node in the search tree
holds information imposed by the branching decisions from the root node to that speci�c
node. As we build our solution sequentially, each edge in the search tree corresponds to
appending a vertex to the partial solution. Therefore, each search tree node holds a partial
solution P = [v1, . . . , vℓ] as well as a set of decision variables with �xed values. For all
edges e = (vi−1, vi), with i ∈ {2, . . . , ℓ}, that are contained in the partial solution, the
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Algorithm 5: Branch and Bound for the CVRPTW

1 Input: Instance G, period t

2 Output: best solution s and its cost
3 Initialize upper_bound←∞
4 Initialize best_route← []

5 Initialize initial_route← [0]

6 Initialize initial_load← 0

7 Initialize initial_cost← 0

8 Initialize stack← [(initial_route, initial_load, initial_cost)]

9 while stack is not empty do
10 (current_route, current_load, current_cost) ← stack.pop()
11 if all customers are visited and current_cost < upper_bound then

12 upper_bound ← current_cost
13 best_route ← current_route

14 end

15 else

16 for each unvisited customer c /∈ current_route do
17 if adding c to current_route is feasible w.r.t. constraints then
18 new_route ← current_route + c

19 new_load ← current_load + c.demand
20 new_cost ← current_cost + cost(current_route[-1], c)
21 if lower_bound(new_route) < upper_bound then

22 stack.append((new_route, new_load, new_cost))
23 end

24 end

25 end

26 end

27 if current_time == kt for some k ∈ Z then

28 choose route r from stack with minimal cost
29 new_upper_bound, new_route ← DigitalAnnealer(G, r)
30 if new_upper_bound < upper_bound then

31 upper_bound ← new_upper_bound
32 best_route ← new_route

33 end

34 end

35 end

36 return best_route, upper_bound
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values of xe are set to 1. Likewise, variables xe′ are set to 0 for those edges e′ that are
already excluded because of branching decisions or because e′ = (u′, v) and there exists
e = (u, v) with xe = 1, i.e. customer v has already been visited and therefore all other
edges that enter v are excluded. Speci�cally, for a partial solution P = [v1, . . . , vℓ] and
k ∈ {1, . . . , ℓ− 1}, if vk is not the depot node, we set the following decision variables:

xvkj =

{
1 if j = vk+1

0 else.
(4.26)

Additionally, a partial solution inherits context information regarding the current position,
time and load of the partially built route, which is stored at the search tree node. This
context is easily computed within the search tree by utilizing the context from its parent
node, it is only necessary to examine the last added edge to obtain the current context.
The integer variables s and y from the QUBO formulation are �xed accordingly. In this
way, the size of the QUBO formulation decreases the longer the partial solution becomes.

By including the context of the partial solution, we can �x decision variables to zero
whenever the edge (vℓ, j) violates the side constraints for j /∈ P . Optimizing the resulting
reduced QUBO results in an upper bound for all subproblems sharing these �xed variables,
and therefore can serve as an upper bound for this subtree.

Alternatively, due to its underlying optimization process, the DA can incorporate a
guidance con�guration as a starting point for its search. This guidance con�guration
allows us to set values of decision variables as guidance for the DA to start its optimization
process. Note that, in contrast to the �rst approach to apply the DA by �xing the variables
corresponding to a partial solution, setting the values of these decision variables in the
guidance con�guration does not imply that their values are �xed and that these variables
are not directly involved in the optimization process. Instead, these assigned values serve
as indicators instructing the DA with a starting point for its search process.

This can be utilized in two di�erent ways. First, in each call of the DA, we can use the
best feasible integer solution found up to that point as the guidance con�guration. This
solution can be obtained from a leaf in the search tree or from the last iteration of the
Annealer's search process. Second, similar to the lower bound strategies, we can select the
search tree node with the best lower bound and utilize the partial solution as the initial
guidance con�guration. For each node added to the solution, we de�ne the initial starting
point of the DA's search process by assigning the corresponding decision variable a value of
one in our guidance con�guration. Starting its optimization process with this information,
the DA generates a valid solution that serves as an upper bound for the entire search
process.

Since the optimization process of the DA requires communication time to the hardware
in addition to computing time, it is necessary to limit the number of applications of the DA
during the execution of the Branch and Bound algorithm. This is achieved by specifying
the time period t as a hyperparameter, which speci�es the time interval in which the DA
is applied.
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4.3.3 Lower Bounds

Since a lower bound is calculated for each newly added search tree node, it is essential
that the determination of the lower bound is not computationally demanding to maintain
a reasonable computational approach. Furthermore, while �nding a feasible lower bound
is straightforward (e.g., zero is always a valid lower bound), such trivial bounds do not
help in accelerating the algorithm as they do not help in pruning branches where the lower
bound exceeds the upper bound. Therefore, the goal is to �nd lower bounds that are as
large as possible, ideally close to the feasible solution, to e�ectively prune non-promising
branches and accelerate the search process.

In the following, we describe the approach of utilizing the QUBO formulation for deter-
mining lower bounds using semide�nite programming as well as other methods for �nding
good lower bounds in a reasonable amount of time that �t into our Branch and Bound
framework of sequentially adding vertices to partial solutions.

Semide�nite Programming

We utilize the QUBO matrix Q of the CVRPTW that is used to solve the problem via
quantum-inspired computing (cf. Section 4.1), to also determine lower bounds. By chang-
ing the domain of the decision variables x from {0, 1} to [0, 1], we transform the problem
into a convex optimization problem that is subsequently solved using semide�nite program-
ming (SDP) techniques. This o�ers the advantage of formulating the problem only once
as a QUBO matrix, which, when combined with the quantum-inspired computing method
for obtaining upper bounds, eliminates the need for translating formulations and results
between the lower bound and upper bound strategies.

For this, let Q ∈ Rñ×ñ be the upper triangular matrix of the QUBO formulation (4.16)
of a CVRPTW instance and let z = {0, 1}ñ be the vector holding the decision variables.
Note that ñ is greater than |V |2, as we have to transform the decision variables xij , yi, si
from the formulation (4.2) and slack variables to single-indexed binary variables for our
QUBO formulation. The objective is to �nd the vector z ∈ {0, 1}ñ that minimizes the
energy function E(z):

min
z∈{0,1}ñ

E(z) = min
z∈{0,1}ñ

zTQz.

Denote by Sn the space of all n× n real symmetric matrices. We de�ne the matrix inner
product for this space to be the Frobenius inner product:

De�nition 4.2 (Frobenius inner product). Let A,B ∈ Sn. Then

⟨A,B⟩Sn := A ◦B =
∑

i,j∈[n]

aijbij = Tr(ABT ).

De�nition 4.3 (Semide�nite program). A Semide�nite Program (SDP) is of the form

min
X∈Sn

C ◦X subject to

Ai ◦X = bi, i = 1, . . . ,m
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X ⪰ 0,

with X,C,A1, . . . , Am ∈ Sn. The last condition, X ⪰ 0, is an order relation that states X
is positive semide�nite (PSD). A matrix X is PSD if, for any real-valued nonzero vector
v, the value vTXv is non-negative.

Now, let zzT = Z = (zi,j)1≤i,j≤ñ ∈ Rñ×ñ.

Lemma 4.4. The above-de�ned matrix Z is positive semide�nite and symmetric.

Proof. The symmetric property can easily seen by multiplicating. To show that Z is PSD,
let v ∈ Rñ be any real-valued nonzero vector. Then

vTZv = (vT z)(zT v) = (vT z)2 ≥ 0.

We are interested in �nding lower bounds for the energy function E(z), i.e. we want
to �nd values LBSDP, such that

LBSDP ≤ E(z).

Recall that the matrix Q from our original QUBO formulation is upper triangular. Since Z
is symmetric, without changing the result we can transform Q to be symmetric by changing
the entries of Q to qij+qji

2 for i, j ∈ [ñ]. It then follows that

zTQz = Z ◦Q = Tr(ZQT )

and, since Z is symmetric, this is equal to Tr(ZQ). Since the energy function can be
expressed as zTQz, a lower bound for the energy function can be obtained by optimizing
the relaxed problem using an SDP:

LBSDP = min
Z∈Sñ

Tr[ZQ] subject to (4.27)

Z ⪰ 0

0 ≤ zi,j ≤ 1 ∀i, j ∈ [ñ].

Using this approach, we are able to also calculate lower bounds at nodes in the search tree
that hold partial solutions, i.e. zi ∈ {0, 1} for some subset i ∈ S ⊂ [ñ], by pre-determining
the corresponding values in Z, since the convex PSD constraint intersected with linear
constraints, half spaces or hyperplanes, remains a convex set.

For this, let F = {(i, j) | i, j ∈ [ñ], zi,j = 0} and I = {(i, j) | i, j ∈ [ñ], zi,j = 1} denote
the sets of indices corresponding to edges that are already excluded and included by a
partial solution, respectively. Then the SDP is given as:

LBSDP = min
Z∈Sñ

Tr[ZQ] subject to (4.28)

Z ⪰ 0
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0 ≤ zi,j ≤ 1 ∀i, j ∈ [ñ]

zi,j = 1 ∀(i, j) ∈ I

zi,j = 0 ∀(i, j) ∈ F.

The resulting objective value serves as a lower bound for our energy function because of
the relaxation of the domain to the interval [0, 1]. The non-integer values of the decision
variables can be used for branching decisions (cf. Section 4.3.5).

Assignment Problem

By the design of our Branch and Bound algorithm, at each layer of the search tree, we
add nodes to partial solutions. This sequential approach allows us to derive lower bounds
and make branching decisions by adapting the TSP lower bound strategy from [Chr72].
To apply TSP lower bounds to our problem, the CVRPTW is transformed into a TSP
by de�ning an appropriate auxiliary graph. For this, let P = [v1, . . . , vℓ] be the partial
solution at the search tree node for which we want to �nd a lower bound. We de�ne a
TSP instance by creating an auxiliary graph GP = (VP , EP ), where the vertex set VP is
initialized as the vertices that are not included in P together with the depot. We fully
connect GP and initialize the edge weight

cPij =

{
cij if i ̸= j

∞ else

to exclude cycles of length 1, with c being the cost matrix of the original problem instance.
Dropping the subtour elimination constraints from the TSP yields an Assignment Problem
(AP):

(AP) LBAP := min
n∑

i,j=0

cPijxij s.t. (4.29)

n∑
i=0

xij = 1 ∀j ∈ [n]

n∑
j=0

xij = 1 ∀i ∈ [n]

n∑
i=1

x0i −
n∑

j=1

xj0 = 0

xij ∈ {0, 1} ∀i, j ∈ V.

This is an integer linear program, but it can be e�ciently solved through standard linear
programming techniques by removing the integrality constraints. The resulting optimal
solution will always be an integer solution because the constrained matrix of the linear
program is totally unimodular [Reb74]. Moreover, the AP can be solved in O(n3) by
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means of an e�cient implementation of the Hungarian algorithm [Mun57], which can be
reduced to O(mn+ n2 log n) with m being the number of edges [FT87].

As our auxiliary graph GP contains the depot, solving the AP results in an assignment
with two edges connected to the depot. As solutions to the CVRPTW consist of several
di�erent routes, the depot is usually connected to more than two nodes. To account for this
and to subsequently improve the lower bound, we add several dummy depots to GP . Since
we do not know the correct number of routes for the optimal solution of our CVRPTW
instance in advance, we use an estimation. For this, we adapt the lower bounds on the
number of vehicles for CVRPTWs developed in [AGM14] to obtain a good estimate. We
then determine how many already built routes exist in P and subtract this to obtain the
number of dummy depots k̄ we are allowed to add to our auxiliary problem. The dummy
depots

{
vd1 , . . . , vdk̄

}
with edges to all other nodes are added to GP with the following

edge weights for v ∈
{
vd1 , . . . , vdk̄

}
:

cPvj =

{
c0j if j /∈

{
0, vd1 , . . . , vdk̄

}
∞ else,

cPiv =

{
ci0 if i /∈

{
0, vd1 , . . . , vdk̄

}
∞ else.

By setting these edge weights for the dummy depots, we ensure that no depots are directly
connected in the solution of the AP. Furthermore, as we work with partial solutions, assume
that the last visited node vℓ in P is not the depot. To obtain valid lower bounds, we also
have to factor in that only one more edge connected to vℓ is allowed as well as one edge
already leaves the depot. For that, we add another dummy node vx to GP with:

cPij =

{
0 if (i, j) = (vx, vℓ) or (i, j) = (0, vx)

∞ else.

This ensures that in the solution of the AP, only one edge with a weight greater than zero
is leaving vℓ and entering the depot, respectively. Solving the AP for GP = (VP , EP , c

P )

with VP = (V \ P ) ∪
{
vd1 , . . . , vdk̄ , vx

}
yields a valid lower bound for the CVRPTW.

Example 4.5. Figure 4.9(a) shows an instance of the CVRPTW that is already partially

solved with the partial solution displayed as the edges included in the plot. The depot

node is marked as a square, whereas the customer nodes are shown as circles. The partial

solution consists of one completed route visiting �ve nodes and one partially constructed

route. Figure 4.9(b) shows the auxiliary graph GP , with the partial solution still shown in

grey for clarity. The red squares are two dummy depots, because the lower bound on the

number of vehicles equals four for this instance, and the dummy node vx is shown as the

red circle. The sum of the edge weights from the edges contained in the solution is added

to obtain the lower bound LBAP.
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(a) Instance with partial solution

(b) Solution of Assignment Problem on auxiliary graph GP

Figure 4.9: Solution of Assignment Problem Considering Partial Solution

Recursive Assignment Problem

Christo�des [Chr72] introduced an improvement to the assignment bound for the TSP.
Typically, the solution to the AP contains cycles. To address this, he developed a recursive
method for incorporating the necessary costs to connect these cycles. Using the Hungarian
method, the AP is solved and the reduced cost matrix, which is calculated during the
Hungarian algorithm [Mun57], is stored. Then, the cycles of the solution are contracted,
where a single node replaces the nodes in a cycle. For these new nodes, a new cost matrix
is derived from the reduced matrix, considering the minimal costs between cycles. Then,
the cost matrix is compressed by replacing each element cij with min {cij ,mink {cik + ckj}}
to maintain the triangle inequality. Using this updated matrix, the assignment problem is
solved again. The optimal value obtained is then added to the current lower bound. This
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is repeated until the solution consists of only one cycle, at which point the calculated lower
bound LBRAP is returned.

(a) Solution of �rst recursion

(b) Solution of second recursion

Figure 4.10: Solution of Recursive Assignment Problem

Example 4.6. Figure 4.10 displays the recursive application of the assignment problem.

The solution to the assignment problem in Figure 4.9(b) contains �ve cycles. These are

contracted to single nodes and, together with the reduced and compressed cost matrix, the

assignment problem is solved again, which yields the solution as shown in Figure 4.10(a).

The reduced edge weights of the �ve edges, which are contained in the solution, are added

to the lower bound LBAP obtained from the solution in Figure 4.9(b). As the number

of cycles of this solution is still greater than one, the same procedure is applied again to

obtain the solution displayed in Figure 4.10(b), and the reduced edge weights are added to

the lower bound. Since this solution consists of only one cycle, the recursion terminates
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and the calculated lower bound LBRAP is returned.

Minimal Spanning Trees

In the paper of Held and Karp [HK71], minimal spanning trees are used to obtain lower
bounds for the TSP. More speci�cally, they use minimum-weight 1-trees, which are trees
that consist of a vertex attached with two edges to a spanning tree. For this, let T ∗ be the
weight of the optimal TSP solution and W ∗ be the weight of a minimum-weight 1-tree on
the vertex set {1 . . . , n} with the depot node 0 attached with two distinct minimal weight
edges. Because a TSP solution is a special 1-tree, where every vertex has degree two, W ∗

can serve as a lower bound for the TSP. Moreover, if the minimum-weight 1-tree is a TSP
tour, it is a tour of minimum weight. A minimal spanning tree can be obtained e�ciently
by applying for example the Kruskal algorithm [Kru56] with a complexity of O(n2 log n).
As described in Section 4.3.3, in the context of solving the CVRPTW and having a partial
solution P = [v1, . . . , vℓ], we can transform our instance on the set of unvisited vertices to a
TSP instance and therefore obtain valid lower bounds by �nding minimum-weight 1-trees.
For this, the cost matrix needs to be symmetric, therefore we set c̄ij = min (cij , cji).

Held and Karp [HK71] describe an iterative method, called the subgradient ascend
method, to tighten the lower bound found via minimum-weight 1-trees by altering the
original graph to generate di�erent minimum-1-trees in each iteration. The method is
based on the idea of penalizing vertices in the minimum-weight 1-tree that do not have a
degree of two such that the degrees of all vertices get iteratively closer to two and therefore
closer to a feasible tour. For this, at each iteration a weighted cost matrix (γij)1≤i,j≤n is
calculated by setting the edge weights to γij = c̄ij + πi + πj , with π being the penalty
vector. Let Wk be the weight of the k-th 1-tree and dik the degree of vertex i in the k-th
1-tree, it then holds that

T ∗ + 2
n∑

i=1

πi ≥ min
k

{
Wk +

n∑
i=1

πidik

}
, (4.30)

since every vertex in the TSP tour has degree two. By de�ning W ∗(π) to be the weight
of the minimum-weight 1-tree with penalty vector π, νi = di − 2 and ω(π) = W ∗(π) + πν,
we have that (4.30) is equivalent to

T ∗ ≥ ω(π). (4.31)

As this is an in�nite family of lower bounds, the best of these bounds is given as

LBMST := max
π

(ω(π)). (4.32)

The subgradient ascent method iteratively changes the penalty vector π to obtain better
lower bounds from this family by approaching degree two for every vertex in the 1-tree.
For this, let νmi be the degree minus two of vertex i in the 1-tree found in iteration m. The
penalty for the next iteration is set to πm+1

i = πm
i + tνmi , with t being an appropriately

chosen step size. This decreases the weight of edges connected to vertices with a degree
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of one and increases the weight of edges connected to vertices with a degree greater than
two. The penalty vector is initialized as the n−dimensional vector containing only zeros.

4.3.4 Preprocessing and Masking Strategies

As shown in [KLMS05], preprocessing can be used to narrow the solution space before the
actual optimization starts to accelerate the optimization process. This can be done among
other things by determining the value for a subset of the decision variables beforehand.

The lower bounds obtained by the assignment problem (AP) and its variant, the re-
cursive assignment problem (RAP) are valid, but they do not account for side constraints,
such as time windows and capacity limitations, which results in a larger search space. To
address this and improve the lower bounds obtained through the AP, we can preprocess
the problem instance by applying a masking scheme to the cost matrix. The time window
constraints exhibit both static and dynamic characteristics, with certain edges consistently
invalid and others depending on the speci�c arrival time at the node within a partial
solution. In contrast, capacity constraints are primarily dynamic. The static time win-
dow constraints can be used for preprocessing the instance before starting the Branch and
Bound algorithm by assigning an edge weight of ∞ to invalid edges. Moreover, at each
node in the search tree, we can consider the context of the partial solution to apply an
additional masking scheme. Assuming that the last visited node vℓ in the partial solution
is not the depot, we can calculate the exact visit time for this node and determine the
remaining vehicle capacity. With this information, we can set edge weights to ∞ for all
edges (vℓ, j) that do not conform to the context-speci�c constraints. This also implies that
the edge selected in the AP solution, departing from node vℓ, is valid for our CVRPTW
and can be used for branching decisions. As solutions are constructed sequentially, we can
store the context at each tree node, ensuring that computing the context for their child
nodes is computationally e�cient. Experiments show that this preprocessing signi�cantly
enhances the lower bounds obtained by the AP.

4.3.5 Branching Strategies

Branching at a search tree node divides the search space into smaller spaces, creating two
or more instances that represent usually disjoint subsets of the original problem. Classical
branching strategies usually consider branching on the decision variables, which consists
of selecting the fractional variable that would produce the largest increase in the value
of the objective function if it was set to either zero or one, and then branching in both
directions (cf. [LN83], [TV14]). Other strategies include branching on resource windows
or, depending on the formulation of the CVRPTW, branching on the number of vehicles
[KLMS05]. These branching strategies have in common that the selection of the variable
to branch on relies on either the expected impact of �xing this variable or the calculated
reduced costs in the framework of pricing subproblems. In our sequential Branch and
Bound approach for the CVRPTW, the branching decision involves choosing the path
to follow when incrementally constructing a partial solution until complete and feasible
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solutions are obtained. Therefore, only sequential branching decisions are considered.
In the following, we discuss di�erent strategies to make sequential branching decisions

in our Branch and Bound search tree depending on the lower bound strategy applied. For
this, we assume to have selected a search tree node to branch on which contains the partial
solution P = [v1, . . . , vℓ].

Branching on Flow Variables

When obtaining lower bounds via the SDP (4.28), we can de�ne the set of candidate
variables to branch on as:

BSDP =
{
xij : x

SDP
ij ∈ (0, 1), (i, j) ∈ E, i = vℓ, j /∈ P

}
,

with xSDPij denoting the value assigned to the variable in the SDP solution. That is, we
select the edge to branch on from the set of edges corresponding to those edges leaving vℓ
that have fractional values in the lower bound solution. In general, if there is more than
one candidate in BSDP, we want to select an edge with a fractional value that is neither
close to 0 nor 1 to have a greater e�ect on the lower bound through branching. A common
heuristic when selecting the edge to branch on is to select the variable that maximizes
cij (min {xij , 1− xij}) (cf. [KLMS05]). Therefore, when branching on edges is applied, at
each node of the search tree an edge is selected to extend the current partial path and
two descendant nodes are generated: the �rst node is associated with the inclusion of the
selected edge in the solution (i.e. xe = 1), while in the second node, the edge is excluded
(i.e. xe = 0).

Branching on Customers

In the case that the lower bound is not obtained by the SDP approach (4.28), but by the
(recursive) assignment problem (4.29) or the minimal spanning trees method (4.32), we
do not have relaxed decision variables with fractional values to include in our branching
decision.

Instead, we can utilize the solution of the lower bound obtained by solving the assign-
ment problem. If the masking scheme as detailed in Section 4.3.4 is applied, the edge (vℓ, u),
which is included in the (recursive) assignment problem solution for the lower bound, does
comply with the side constraints. Therefore, selecting this edge as a branching decision is
valid with respect to our CVRPTW problem. The candidate set is given as:

BAP =
{
xij : x

AP
ij = 1, (i, j) ∈ E, i = vℓ, j /∈ P

}
,

which does contain exactly one variable. Similar to branching on the �ow variables, we
then create two descendants in the search tree corresponding to the inclusion and exclusion
of this variable, respectively.

If the current subproblem does not contain a partially built route, e.g. at the root
node or when in the previous step a route has been closed by arriving at the depot, in the
context of solving the CVRP sequentially within a branch and bound algorithm, it has
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been proven bene�cial to select the next edge to start a new route as the unvisited node
with the highest demand [Mil95]. For the CVRPTW, it is advantageous to rather select
the edge going to the unserved customer with the earliest time window, as capacity is
signi�cantly less constraining in the CVRPTW [KLMS05]. We apply this strategy within
the binary BSDP and BAP strategies.

Additionally, we apply a deep learning-assisted branching strategy that is based on
probabilities pe associated with edge each e ∈ E. For this, we utilize the graph convolu-
tional neural network that is also applied for the problem reduction of the QUBO instance
as detailed in Section 4.1. Given a threshold p̄, let

BGCN = {xij : e = (i, j) ∈ E, i = vℓ, j /∈ P, pe > p̄} ,

be the set of decision variables corresponding to those edges leaving vℓ to unvisited nodes,
whose associated probability exceeds the threshold. As a binary branching strategy we can
now choose the decision variable xij ∈ BGCN with the highest probability and use this to
create two branches the same way as described before.

In most of the literature, only binary branching strategies are considered, although
developing non-binary branching strategies is generally possible (cf. [KLMS05]). Let T ∈ N
be a parameter determining the number of branches we want to create for each branching
decision. Then, we can select the T−1 elements of BGCN with the highest associated value,
and generate T new nodes in the Branch and Bound search tree. Each of the �rst T − 1

nodes corresponds to the inclusion of one of the selected edges as the next visited customer
for our partial solution, while in the last node, those T − 1 edges are excluded. This
ensures a division of the search space into smaller spaces without excluding any solution,
maintaining the possibility of �nding the exact solution. However, if we do not include
the last branch excluding all edges building their own branch, we build signi�cantly fewer
branches in the process, as all children in this branch are discarded directly. However, this
comes with the downside of losing the property of being an exact solving method as not
the complete solution space is being searched, resulting in a heuristic approach that we
denote with BGCNH.

4.3.6 Implementation and Experiments

Although we have learned in Section 4.1 that with the current state of quantum(-inspired)
computing hardware it is generally not feasible to apply it as the bounding function for
�nding upper bounds, as described in Section 4.3.2, due to computational time and time
contingency limits, we proceeded to implement the Branch and Bound algorithm as detailed
in this section. Additionally, we conducted experiments to test the in�uence of di�erent
lower bound strategies.

Implementation

The Branch and Bound algorithm is implemented in parallel with Python 3.10 using the
PyBnB package to allow for parallel evaluation of numerous search tree nodes for lower
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lower bound method branching # tree nodes # pruned branches optimality gap

SDP BSDP 95152 3287 0.1819

MST BGCN 4892016 1903347 0
AP BAP 6903829 1423855 0
RAP BAP 12039203 920481 0
RAP BGCN 4120728 2794791 0
RAP BGCNH 278601 99808 0.0287

Table 4.8: Branch and Bound Comparison of Di�erent Branching and Bounding Strategies

bounds while simultaneously applying the DA [MTM+20] to calculate upper bounds. For
the search tree, we use Python's heap queue algorithm to maintain a priority queue, de-
termining which search tree node to explore next. The priority queue is structured as a
binary tree where each parent node has a value (i.e., a lower bound) less than or equal to
that of any of its children. This con�guration allows for e�cient sorting of the queue while
maintaining the correct ordering after each iteration when a better upper bound is found.
This enables us to delete all nodes from the heap queue that now have a lower bound
exceeding the new best upper bound. The calculation of a new upper bound starts after
100000 lower bounds have been calculated, which is a manually chosen hyperparameter to
manage the available time contingent on the DA. For solving the SDPs, we use CVXPY
[DB16] and found the SDPA solver (cf. [YFK03], [YFF+12], [Nak10], [KKMY11]), an
interior-point method, to be best suited for our application. We choose 100 iterations for
the minimal spanning trees lower bound method.

For the branching strategy BGCN, we choose T = 4, which corresponds to introduc-
ing three branches for the three most promising edges to be included, respectively, while
the fourth branch excludes all three edges. Additionally, we conduct experiments where
we discard this fourth branch, resulting in signi�cantly fewer branches and a heuristic
approach.

Computational Experiments

We test the di�erent con�gurations of our Branch and Bound algorithm on test instances
with 20 nodes as detailed in Section 2.3.2 with a time limit of �ve hours to allow for
the algorithm to terminate for each con�guration to compare the e�ectiveness of di�erent
bounding and branching strategies albeit longer computation times. In Table 4.8 we report
the number of simulated search tree nodes and the number of branches pruned due to their
lower bound exceeding the current upper bound indicating the e�ectiveness of the di�erent
lower bound strategies, as well as the solution quality in terms of the gap to the optimal
solution.

The results indicate that the recursive assignment problem is the most e�ective method
for determining lower bounds in this context. This e�ectiveness stems from the number
of branches we were able to prune, allowing us to exclude more search tree nodes before
simulation and thus reducing the overall number of nodes that needed to be simulated.
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On the other hand, the available solvers for solving semide�nite programming problems
struggle with e�ciently solving our speci�c SDP (4.28) for �nding lower bounds. The
results for this con�guration are italicized because the algorithm did not terminate within
the time limit for this con�guration. As evidenced by the small number of simulated nodes,
the relatively long computation times required to solve the SDP (4.28) for lower bounds
resulted in only a few pruning decisions, which typically occur more frequently deeper
in the search tree. The optimality gap of approximately 18% is due to the heuristic used
initially to obtain an upper bound. In practice, this ine�ciency undermines the theoretical
advantages of using the same QUBO formulation as for the upper bound. Given the large
number of simulated search tree nodes for which a lower bound needs to be calculated,
faster computation times for the lower bound are more bene�cial.

Table 4.8 further demonstrates that employing the BGCN branching strategy signi�-
cantly reduces the number of simulated tree nodes. This is because generating multiple
branches for the most promising edges within the same branching step, rather than just
two branches for including or excluding a speci�c edge, proves to be more advantageous.
Also, applying the heuristic branching strategy BGCNH signi�cantly reduces the number
of search tree nodes investigated. This reduction results in improved computation times
while still providing close to optimal solutions for smaller instances.

For this approach to be more e�cient and result in an exact method applicable to larger
instances, the hardware for solving QUBOs needs to handle instances with a larger number
of variables more e�ciently. Additionally, more e�cient SDP solvers are necessary.

In summary, while our approach demonstrates potential in reducing computational
complexity through e�ective pruning strategies and heuristic methods, the current lim-
itations of available hardware and solvers highlight the need for further advancements.
Improvements in both QUBO-solving hardware and SDP solvers will be crucial for making
this method a viable option for application.



Chapter 5

Conclusion

This thesis explored the integration of deep learning methods into heuristics to address
routing problems, focusing on the development and evaluation of innovative methodologies
combining arti�cial intelligence and heuristic search techniques to solve the capacitated
vehicle routing problem with time windows. The contributions of this work demonstrate
the potential for AI-enhanced approaches to provide competitive solutions for complex
combinatorial optimization problems, even in the presence of hard constraints such as
time windows and capacity limitations.

For this, we designed a deep graph convolutional neural network to analyze problem
instances and predict edge probabilities for each edge in the complete graph how likely
it is that this edge is included in the correct solution. This deep learning model served
as a tool to guide heuristic methods. By using the network's predictions, we developed
a limited-width breadth-�rst tree search that sequentially constructed solutions. In each
step, partial solutions were evaluated based on the network's output, ensuring that only the
most promising branches were further explored while maintaining feasibility with respect to
the side constraints. Computational results demonstrated that while this method achieved
promising results for small instances, its scalability was limited. For larger problem sizes,
the tree search became less e�ective, failing to reliably identify optimal or high-quality
solutions and lagging behind state-of-the-art heuristics.

To address these shortcomings, we developed a Monte Carlo tree search algorithm.
For this, we integrated techniques to balance the exploration of the whole search tree and
the exploitation of the most promising areas of the search tree and leveraged the graph
convolutional neural network's output in two ways: simulating the objective value of par-
tial solutions through a limited-width breadth-�rst tree search and weighting search tree
edges by their predicted probabilities. This iterative process allowed the Monte Carlo tree
search to gather contextual information on partially constructed solutions, which were in-
corporated as a secondary input to the neural network to predict promising search paths
more e�ectively. Computational results showed signi�cant improvements over the orig-
inal limited-width breadth-�rst tree search, with better solution quality and enhanced
scalability to larger instances. An ablation study con�rmed that the network's predictions
enhanced the performance of the Monte Carlo tree search, validating the potential of neural
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networks to improve heuristic-based methods. Nonetheless, the approach's computational
runtime and scalability still fell short compared to highly specialized heuristics.

In the �nal phase of this research, we investigated the use of quantum-inspired comput-
ing hardware to address routing problems. By modeling the capacitated vehicle routing
problem with time windows as a quadratic unconstrained binary optimization (QUBO)
problem, we explored how quantum-inspired computing hardware specialized in solving
QUBOs could be utilized to �nd solutions e�ciently. Due to hardware limitations, a graph
convolutional neural network was employed as a learned problem reduction, excluding the
majority of edges of the complete graph to reduce the size of the problem representa-
tion. While this approach achieved comparable results to the limited-width breadth-�rst
search for small instances, scalability remained an issue for larger problems, as the number
of variables needed for representing the side constraints quickly exceeded the hardware's
capabilities.

To overcome these limitations, we developed a three-phase heuristic that combines
quantum-inspired computing hardware with deep learning-assisted heuristics. This method
involved a deep learning-complemented QUBO formulation to cluster the set of vertices into
subsets, generating sets of candidate routes for each cluster using deep learning-assisted
tree searches, and �nally combining these routes into a complete solution through a QUBO-
based set partitioning approach. With this structure, the challenge of handling the side
constraints, which proved di�cult for the quantum-inspired computing hardware, was del-
egated to a heuristic tree search. This approach allowed the specialized hardware to focus
on its strengths, solving quadratic binary problems with a smaller number of variables. The
resulting three-phase heuristic demonstrated scalability to larger instances while maintain-
ing high quality and feasibility with respect to the side constraints. This proof of concept
highlighted how quantum-inspired computing and AI techniques can be combined to ad-
dress complex combinatorial optimization problems. Computational experiments showed
that the three-phase heuristic provided similar scalability as other state-of-the-art methods
and produced near-optimal solutions for larger instances.

The �ndings of this thesis highlight the potential of integrating AI with heuristic meth-
ods to tackle complex optimization problems. Future research could explore several direc-
tions. Deep learning, a rapidly evolving �eld, o�ers opportunities to improve prediction
models by leveraging di�erent neural network architectures. In particular, reinforcement
learning holds great promise for enhancing prediction quality in combinatorial optimiza-
tion tasks. Combining reinforcement learning models with unsupervised or self-supervised
learning could enable the development of models that generalize well across diverse problem
instances. This could reduce the dependence on large labeled datasets and in combination
with heuristics improve solution quality and computational e�ciency for combinatorial
optimization problems.

Moreover, each phase in the proposed three-phase heuristic o�ers opportunities for
improvement. For instance, alternative clustering algorithms could be explored to improve
the partitioning of vertices in the initial step. Similarly, di�erent hardware and software
for solving QUBOs may yield further improvements. Expanding the applicability to other
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combinatorial optimization problems with hard constraints could also demonstrate the
generalizability of the proposed methods.

In summary, this thesis demonstrated the potential of combining neural networks,
heuristic algorithms, and emerging computing technologies. While there is still room for
improvement, the proposed approaches lay a promising groundwork for addressing complex
routing problems and advancing the �eld of combinatorial optimization.
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