On Algorithmical Methods Facilitating
Clinical Translation
of Magnetic Particle Imaging

Vom Promotionsausschuss der
Technischen Universitdit Hamburg

zur Erlangung des akademischen Grades

Doktor-Ingenieur (Dr.-Ing.)

genehmigte kumulative Dissertation

von

Konrad Scheffler

aus Dresden

2025



Author's ORCID: https://orcid.org/0000-0002-6842-9204

Unless otherwise indicated, this work is licensed under a Creative Commons License
Attribution 4.0 International. This does not apply to quoted content and works based on
other permissions.

1. Gutachter: Prof. Dr.-Ing Tobias Knopp
2. Gutachterin: Prof. Dr. rer. nat. Christina Brandt

Tag der miindlichen Prifung: 13.10.2025



Abstract

Magnetic Particle Imaging (MPI) is an emerging tomographic imaging modality that has
demonstrated significant potential in pre-clinical applications. As MPI| moves towards clini-
cal translation, the field faces a variety of interdisciplinary challenges that must be addressed
through advancements in hardware, algorithmic methodologies, and application-driven re-
finements. This dissertation explores algorithmic methods that facilitate the transition of
MPI from a research-oriented technology to a clinically viable imaging tool.

The work presented in this dissertation highlights the crucial interplay between applicational
demands, hardware design and limitations, and methodological development. Hardware in-
novations define the fundamental capabilities of MPI, such as sensitivity, resolution, and
acquisition speed. However, these capabilities alone are insufficient to meet the stringent
requirements of clinical imaging. Algorithmic research plays a pivotal role in bridging this
gap by optimizing imaging performance, improving reconstruction accuracy, and addressing
practical constraints in system usability. From accelerating system calibration to refining
signal processing techniques and optimizing field encoding strategies, computational ad-
vancements serve as a critical link between hardware constraints and the needs of real-world
medical applications. By focusing on the synergies between these three domains, this dis-
sertation demonstrates how methodological improvements can drive the clinical adoption of
MPI.

Building on this foundation, the dissertation presents key methodological contributions that
address specific challenges in MPI. The research contributions of the author are embedded
within this broader framework, showcasing innovations that improve the efficiency and feasi-
bility of MPI for clinical use. The core of the dissertation is composed of three peer-reviewed
research articles, each addressing a distinct methodological challenge in MPI.

The first contribution introduces a novel approach to system calibration by leveraging ex-
trapolation techniques for system matrices. Traditional MPI calibration is time-intensive and
requires extensive measurements, limiting the scalability of the method for clinical applica-
tions. By employing an extrapolation-based methodology, this work significantly reduces the
calibration burden while maintaining reconstruction accuracy, thereby improving efficiency
and reducing experimental effort.

The second contribution focuses on regularization techniques in MPI reconstruction, present-
ing a method with automatically tuned parameters. Image reconstruction in MPI requires
balancing noise suppression with the preservation of fine structural details, which is partic-
ularly crucial for medical imaging applications. This research introduces an adaptive reg-
ularization framework that dynamically adjusts parameters based on image characteristics,



enhancing robustness, improving reconstruction quality, and reducing the need for manual
parameter selection.

The third contribution explores the use of ellipsoidal harmonic expansions to efficiently repre-
sent magnetic fields, addressing a fundamental challenge in MPI system modeling. Accurate
field representations are essential for precise spatial encoding and the development of tailored
field-cameras for MPI scanners. Compared to spherical harmonic representations, ellipsoidal
harmonics provide greater geometric flexibility, enabling optimized field encoding strategies
that are better suited for specific scanner designs. This study develops a mathematically rig-
orous yet efficient method for representing complex field distributions, offering improvements
in encoding efficiency and adaptability to application-specific requirements.

Additional research contributions contextualize these advancements within collaborative ef-
forts involving multiple research institutions. These collaborations have furthered the de-
velopment of MPIl modeling techniques, investigated the MPI performance of the clinically
approved tracer Resotran, and contributed to studies on the development of novel MPI
tracers. The findings presented in this dissertation have been disseminated through vari-
ous peer-reviewed journal articles and conference proceedings, reinforcing the significance of
algorithmic research in driving the clinical translation of MPI.

In conclusion, this dissertation demonstrates that algorithmic innovations are fundamental
to bridging the gap between pre-clinical research and clinical implementation in MPI. By en-
hancing calibration processes, improving reconstruction methodologies, and optimizing field
representations, these advancements facilitate the practical deployment of MPI in medical
imaging. The final chapter provides a summary of the key findings and an outlook on future
algorithmic research directions that will further support the integration of MPI into clinical
workflows.



Kurzfassung

Die Magnetpartikelbildgebung (MPI) ist eine aufstrebende tomographische Bildgebungsmeth-
ode, die bereits groBes Potenzial in praklinischen Anwendungen gezeigt hat. Mit der zu-
nehmenden klinischen Translation von MPI steht das Forschungsfeld vor einer Vielzahl inter-
disziplinarer Herausforderungen, die durch Fortschritte in der Hardwareentwicklung, algorith-
mischen Methoden und anwendungsgetriebenen Optimierungen bewaltigt werden miissen.
Diese Dissertation untersucht algorithmische Methoden, die den Ubergang von MPI von einer
forschungsorientierten Technologie zu einem klinisch einsetzbaren Bildgebungsverfahren er-
leichtern.

Die in dieser Arbeit vorgestellten Untersuchungen betonen das entscheidende Zusammenspiel
zwischen anwendungsspezifischen Anforderungen, Hardwaredesign und -beschrankungen so-
wie algorithmischer und methodischer Entwicklung. Hardware-Innovationen definieren die
grundlegenden Leistungsmerkmale von MPI, wie Sensibilitdt, Auflésung und Bildaufnah-
merate. Diese Eigenschaften allein reichen jedoch nicht aus, um die hohen Anforderun-
gen der klinischen Bildgebung zu erfiillen. Algorithmische Forschung spielt eine Schliis-
selrolle bei der Uberbriickung dieser Liicke, indem sie die Bildgebungsleistung optimiert,
die Rekonstruktionsgenauigkeit verbessert und praktische Einschrankungen in der Syste-
manwendbarkeit adressiert. Von der Beschleunigung der Systemkalibrierung lber die Ver-
feinerung der Signalverarbeitung bis hin zur Optimierung der Feldkodierung stellen algo-
rithmische Entwicklungen eine essenzielle Verbindung zwischen Hardwaregrenzen und den
Anforderungen realer medizinischer Anwendungen dar. Durch die Fokussierung auf die Syn-
ergien zwischen diesen drei Bereichen zeigt diese Dissertation, wie methodische Verbesserun-
gen die klinische Etablierung von MPI vorantreiben kénnen.

Aufbauend auf dieser Grundlage prasentiert die Dissertation wesentliche methodische Bei-
trage, die spezifische Herausforderungen in der MPI-Technologie adressieren. Die Forschungs-
arbeiten des Autors sind in dieses iibergeordnete Rahmenwerk eingebettet und demonstri-
eren Innovationen, die die Effizienz und Realisierbarkeit von MPI fiir den klinischen Einsatz
verbessern. Der Kern dieser Dissertation besteht aus drei begutachteten Forschungsartikeln,
die jeweils eine spezifische methodische Fragestellung in MPI behandeln.

Der erste Beitrag stellt einen neuartigen Ansatz zur Systemkalibrierung vor, der auf Extrap-
olationstechniken fiir Systemmatrizen basiert. Die herkémmliche Kalibrierung von MPI ist
zeitaufwendig und erfordert umfangreiche Messungen, was die Skalierbarkeit der Methode
fir klinische Anwendungen einschrankt. Durch die Verwendung eines extrapolationsbasierten
Verfahrens reduziert diese Arbeit die Kalibrierungsanforderungen erheblich, wahrend die
Rekonstruktionsgenauigkeit erhalten bleibt. Die steigert die Effizienz und senkt den ex-
perimentellen Aufwand.



Der zweite Beitrag konzentriert sich auf Regularisierungstechniken in der MPI-Rekonstruktion
und stellt eine Methode mit automatisch gewahlten Parametern vor. Die Bildrekonstruktion
in MPI erfordert eine sorgfaltige Balance zwischen Rauschunterdriickung und der Erhaltung
feiner struktureller Details, was insbesondere fiir medizinische Anwendungen von entschei-
dender Bedeutung ist. Diese Arbeit entwickelt ein adaptives Regularisierungsverfahren, das
Parameter dynamisch an die Bildcharakteristika anpasst, wodurch die Robustheit erhoht, die
Rekonstruktionsqualitat verbessert und der Bedarf an manueller Parameterauswahl reduziert
wird.

Der dritte Beitrag untersucht den Einsatz von ellipsoidischen Harmonischen zur effizienten
Darstellung magnetischer Felder, um eine zentrale Herausforderung in der MPI-Systemmodel-
lierung zu bewaltigen. Eine prazise Feldbeschreibung ist essenziell fiir die raumliche Kodierung
und die Entwicklung maBgeschneiderter Feldkameras fiir MPI-Scanner. Im Vergleich zu
spharischen harmonischen Darstellungen bieten ellipsoidische Harmonische eine groBere ge-
ometrische Flexibilitadt, die optimierte Feldkodierungsstrategien ermoglicht und spezifische
Scannerdesigns besser unterstiitzt. Diese Studie entwickelt eine mathematisch fundierte und
effiziente Methode zur Darstellung komplexer Feldverteilungen, die Verbesserungen in der
Kodierungseffizienz und der Anpassungsfahigkeit an anwendungsspezifische Anforderungen
bietet.

Weitere Forschungsarbeiten betten diese Entwicklungen in den Kontext gemeinschaftlicher
Projekte mit verschiedenen Forschungseinrichtungen ein. Diese Kooperationen umfassten
neben der Entwicklung von Modellierungstechniken fiir MPI auch Studien zur Leistungs-
fahigkeit des klinisch zugelassenen Tracers Resotran sowie Untersuchungen zur Entwicklung
neuer MPI-Tracer. Die in dieser Dissertation vorgestellten Ergebnisse wurden durch ver-
schiedene begutachtete Fachartikel und Konferenzbeitrdge verbreitet und unterstreichen die
Bedeutung der algorithmischen Forschung fiir die klinische Translation von MPI.

Zusammenfassend zeigt diese Dissertation, dass algorithmische Innovationen entscheidend
sind, um die Liicke zwischen praklinischer Forschung und klinischer Anwendung in MPI zu
schlieBen. Durch die Verbesserung der Kalibrierungsprozesse, die Optimierung von Rekon-
struktionsmethoden und die Weiterentwicklung von Feldreprasentationen erleichtern diese
Fortschritte die praktische Implementierung von MPI in der medizinischen Bildgebung. Das
abschlieBende Kapitel der Arbeit bietet eine Zusammenfassung der zentralen Erkenntnisse
sowie einen Ausblick auf zukiinftige algorithmische Forschungsrichtungen, welche die Inte-
gration von MPI in klinische Arbeitsabldufe weiter vorantreiben werden.
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Acronyms

ADC analog-to-digital converter.
ADMM alternating direction method of multipliers.

Al artificial intelligence.
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CT computed tomography.

DF-FOV drive-field field of view.
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FFP field-free point.

FFT fast Fourier transform.
FNOs Fourier neural operators.
FOV field of view.

FPGAs field-programmable gate arrays.
GUI graphic user interface.
LFR low-field region.

MPI magnetic particle imaging.

MRI magnetic resonance imaging.
OR overscan region.

PDF probability density function.

PEG polyethylene glycol.



Acronyms

PET positron emission tomography.

PNS peripheral nerve stimulation.
RF radio frequency.

SAR specific absorption rate.
SDE Stochastic Differential Equation.
SNR signal-to-noise ratio.

SPIONSs superparamagnetic iron oxide nanoparticles.
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Introduction

Medical Imaging

Medical imaging is a cornerstone of modern healthcare, offering non-invasive techniques to
visualize the internal structures and functions of the human body. Historically, this field
began as a diagnostic tool, starting with Wilhelm Conrad Roéntgen’s discovery of X-rays in
1895, which allowed physicians for the first time to examine the skeletal system without
surgery. This discovery laid the foundation for the entire field of radiology and soon became
essential for diagnosing fractures, infections, and later, lung diseases. Over the last century,
medical imaging has rapidly evolved, integrating principles from physics, biology, engineering,
mathematics, and computer science, leading to the development of a variety of imaging
modalities, each with its own strengths and limitations.

These modalities can be classified into projection imaging methods, such as classical radiog-
raphy [205], which produces static two-dimensional images, and tomographic methods, such
as computed tomography (CT) [184] and magnetic resonance imaging (MRI) [292], which
produce detailed cross-sectional views. Techniques such as ultrasound, which emerged in the
mid-20th century, and MRI in the 1980s revolutionized soft tissue imaging, allowing precise
visualisation of organs and structures such as the brain, muscles and joints [23].

Beyond diagnostics, the role of medical imaging has expanded significantly into the realm
of intervention and therapy. The shift began with the advent of interventional radiology in
the 1960s, pioneered by advances such as the Seldinger technique for vascular access [250]
and the development of angiography. In the 1970s and 1980s, techniques such as percu-
taneous transluminal angioplasty and image-guided biopsies began to replace more invasive
surgical procedures, reducing patient recovery times and improving outcomes. This marked
the beginning of the use of imaging not only for diagnosis but also to guide therapeutic
interventions, a trend that has continued with technologies such as real-time ultrasound and
CT for minimally invasive procedures [23, 228, 20, 224].

Indirect imaging methods, which are dependent on the use of tracers, have further broadened
the scope of medical imaging. Techniques such as positron emission tomography (PET) [289]
and potentially magnetic particle imaging (MPI) [87] allow clinicians to assess metabolic and
molecular processes, providing critical insights into diseases like cancer, where functional
information is as important as anatomical detail [42, 213].

Methodological research and development are essential for advancing tomographic imaging,
as they enable the full potential of hardware innovations and optimize imaging performance
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for specific clinical and research applications. The scope of methodological development is
illustrated by the following two examples. The incorporation of prior knowledge into the
solution is evident in the case of compressed sensing (CS) in CT and MRI, where method-
ological advances in signal processing and reconstruction algorithms have led to significant
improvements in image acquisition efficiency. CS exploits the sparsity of medical images in a
suitable transform domain, allowing for high-fidelity reconstruction from undersampled data,
thereby reducing radiation exposure in CT without compromising diagnostic quality [157].
In MRI, CS accelerates acquisition by undersampling k-space data and applying nonlinear
reconstruction algorithms, effectively reducing scan times [84]. Another example — showing
the improvement of models through algorithmic approaches — is the optimization of MRI
shimming, a critical technique for counteracting magnetic field inhomogeneities that can
degrade image quality, particularly in high-field and ultra-high-field MRI. Recent develop-
ments have introduced higher-order spherical harmonics for dynamic shimming, improving
field uniformity in complex anatomical regions [120]. Moreover, more advanced ellipsoidal
harmonics have been proposed as an orthogonal basis for designing shim coils, offering pre-
cise field corrections tailored to specific anatomical geometries [49, 24]. These refinements
in shimming methods enable improved spectral and functional imaging, reduce susceptibility
artifacts, and enhance quantitative imaging accuracy. By continuously refining acquisition
strategies, reconstruction algorithms, and signal processing techniques, methodological re-
search directly influences the practical utility and clinical translation of tomographic imaging
technologies. As a result, different imaging modalities have evolved to address specific clin-
ical needs, each with distinct strengths and limitations that define their applications and
complementary roles in medical diagnostics. Examples of their use on the human body are
shown in the representative Figure 1.1. A brief introduction to the basic principles and
applications of the aforementioned methods is given below.

X-ray Radiography

In projection radiography, ionizing X-rays are emitted from a source and traverse the body
before reaching a detector. The attenuation coefficients of different tissues vary, resulting in
differing levels of X-ray absorption. The detector records these variations in intensity, thereby
creating a two-dimensional projection image. Dense structures, such as bones, absorb more
radiation, resulting in a white appearance. Conversely, softer tissues absorb less radiation,
appearing in shades of gray or black. This modality is fundamental for the diagnosis of
fractures, lung infections, dental issues and breast abnormalities (mammography) [178].

The fundamental principle is the Beer-Lambert law, which describes how X-ray intensity
decreases as it passes through tissues of varying thickness and density. Modern advance-
ments, such as digital radiography, facilitate the acquisition of higher-quality images while
reducing radiation exposure [205]. Despite its benefits, X-ray radiography offers limited soft
tissue contrast and involves exposure to ionizing radiation, necessitating dose optimization
for patient safety. Nevertheless, the speed, cost-effectiveness and versatility of this technique
make it a cornerstone of diagnostic imaging.

Computed Tomography

Computed tomography produces detailed cross-sectional and three-dimensional images by
combining multiple X-ray projections taken from different angles around the body. This
method is of great value for the visualization of complex structures and the differentiation
of tissues with subtle density variations [178]. Computed tomography is a widely utilized
diagnostic modality for a multitude of conditions, including brain injury, stroke, cancer,
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Figure 1.1: Important medical imaging modalities and examples of their use on the human body.
(1) CT (left) and PET/CT (right) images show a STAS-positive lung adenocarcinoma [163]. (2) A
series of three coronal T1-weighted MRI scans taken one year apart shows a progressive hippocampal
atrophy consistent with Alzheimer's disease [126]. (3) Preclinical MPI scans of a dedicated balloon
catheter for the treatment of coronary artery disease [270]. (4) A classic projection radiography of
an ankle dislocation with comminuted fractures [139]. (5) Ultrasound image of the four chamber
heart view of a fetus in the second trimester [231].

vascular disease, and internal bleeding. Furthermore, it is a vital instrument in the field of
emergency medicine and surgical planning [311].

The reconstruction of CT images is dependent upon the Radon transform, which converts
projections into spatial representations. The process is typically achieved through filtered
back projection, a mathematical algorithm that inverts the Radon Transform in order to
generate high-resolution cross-sectional images [311]. Modern CT scanners utilize iterative
reconstruction algorithms with the objective of reducing image noise, enhancing detail and
lowering radiation exposure [184].

The technology of CT has advanced significantly, with innovations like high-speed spiral
(helical) CT enabling entire body scans in seconds [184]. Dual-energy CT, which employs
two distinct X-ray energy levels, can differentiate materials more effectively, thus facilitating
the characterization of tissues and the detection of pathologies. Contrast-enhanced CT scans
further improve the visualization of vascular and organ structures. Despite the involvement
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of ionizing radiation, CT is a fundamental tool in modern diagnostics due to its speed,
accuracy, and capacity to provide comprehensive anatomical details [224].

Magnetic Resonance Imaging

Magnetic resonance imaging employs the use of strong magnetic fields and radio frequency
(RF) pulses to generate detailed images of soft tissues, particularly the brain, spinal cord,
muscles, and internal organs. It is a crucial diagnostic tool for neurological, musculoskeletal,
and cardiovascular disorders [178, 132].

MRI exploits the magnetic properties of hydrogen atoms, which are abundant in water and
fat. When exposed to a magnetic field, the spin of hydrogen nuclei align, and RF pulses
temporarily disturb this alignment. As the nuclei undergo relaxation and return to their
equilibrium state, the nuclei emit RF signals, which are detected by the scanner. These
signals are encoded spatially with the aid of magnetic gradient fields [132].

The image reconstruction process uses the inverse Fourier transform, which converts the
frequency-domain data (k-space) into a spatial image. This enables the generation of high-
contrast images, particularly of soft tissues [132]. Furthermore, MRI incorporates sophis-
ticated methodologies such as functional MRI for mapping cerebral activity and diffusion-
weighted imaging to assess tissue integrity [127].

Since MRI does not involve ionizing radiation, it is a safer modality for repeated use. lIts
capacity to produce high-resolution images of soft tissues renders it an indispensable tool in
modern medical imaging [292, 127]. However, it remains relatively expensive and complex
and is primarily used in advanced healthcare settings.

Ultrasound Imaging

Ultrasound imaging, also referred to as sonography, uses high-frequency sound waves to
generate real-time images of internal structures. A transducer emits sound waves that
pass through tissues, with the reflected echoes being measured to generate images. The
absence of ionizing radiation and the capacity for real-time imaging render sonography an
indispensable and adaptable instrument across a spectrum of medical specialities [122, 302].
It is extensively used in obstetrics for monitoring fetal development, in cardiology for the
evaluation of cardiac function, and in musculoskeletal imaging for the assessment of soft
tissues, joints, and tendons [255]. Furthermore, it is commonly utilized in point-of-care
diagnostics for the examination of organs such as the liver, kidneys, and bladder.

The fundamental mathematical technique employed in ultrasound is beamforming, in which
signals emanating from multiple transducer elements are processed to create a focused image.
This process involves combining the echoes from various angles, using time delays to steer
the signal, ultimately constructing a coherent image. Doppler ultrasound takes advantage of
the Doppler effect to measure blood flow. By analyzing frequency shifts in the echoes caused
by moving blood cells, Doppler imaging allows clinicians to assess blood flow direction and
speed, which is vital for diagnosing conditions like blockages, clots, or valve dysfunction
[125, 38].

Positron Emission Tomography

Positron emission tomography imaging allows for the visualization of metabolic and molecular
activity in the body by using radioactive tracers that emit positrons. These positrons interact
with electrons in the body, annihilating and producing gamma rays. These gamma rays are
detected by the PET scanner, which creates images based on the tracer distribution. PET
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is particularly useful for assessing functional activity in tissues and organs, as the tracers
accumulate in areas with higher metabolic activity [284].

The image reconstruction process is commonly based on iteratively solving inverse problems
by incorporating the physics of positron annihilation to reconstruct accurate images. PET is
invaluable in oncology for detecting cancer, in cardiology for assessing myocardial perfusion,
and in neurology for evaluating conditions such as Alzheimer's disease, epilepsy, and brain
tumors [249]. By tracking metabolic processes, PET provides detailed functional insights
that complement structural imaging modalities like CT and MRI.

PET is often combined with CT or MRI to produce hybrid images (PET/CT or PET/MRI),
improving the accuracy of anatomical information, enhancing diagnostic precision, and pro-
viding a more comprehensive understanding of disease processes [289].

Magnetic Particle Imaging

Magnetic particle imaging is an emerging modality that employs superparamagnetic iron
oxide nanoparticles (SPIONs) as tracers to directly assess their response to oscillating mag-
netic fields. Tailored and biocompatible SPIONs must be injected prior to imaging. MPI
provides quantitative, high-contrast and sensitive images of the tracer concentration with
sub-millimeter resolution and without ionizing radiation, complementing imaging modalities
that provide anatomical information such as MRI and CT. The MPI image reconstruction is
based on the solution of a Fredholm integral of the first kind [87, 141] and can be achieved
in a fast way [142].

As this work is focused on algorithmical methods in the context of the clinical translation of
MPI, further details on the state of the art of MPI are provided in the following section 1.2
and section 1.3.

The field of medical imaging is undergoing a transformation driven by technological advance-
ments, such as artificial intelligence (Al) (in particular machine learning), and hybrid imaging
systems like CT/PET. These innovations are enhancing image quality, reducing radiation
exposure, and facilitating more sophisticated analysis of complex data. Al is particularly
influencing workflows by assisting radiologists in detecting subtle abnormalities, forecast-
ing disease progression, and tailoring treatment strategies to individual patients [290, 321].
However, these developments also give rise to ethical concerns, including the assurance of
data privacy, the safeguarding of patient confidentiality, and the addressing of biases inher-
ent in Al systems. It is essential to establish robust frameworks for informed consent and
the responsible use of imaging data in order to effectively address these challenges [130,
19, 327]. Furthermore, the integration of real-time imaging into minimally invasive surgeries
and targeted drug delivery is revolutionizing patient care by enabling precision medicine [122,
142, 162, 287, 95]. Portable and bedside imaging devices, such as point-of-care ultrasound
and low field MRI, are facilitating the accessibility of medical imaging in resource-limited
settings. These technologies are closing gaps in healthcare access, enhancing equity, and
improving global health outcomes.

Basic Principle of MPI

Magnetic particle imaging was invented by Bernhard Gleich and Jiirgen Weizenecker at the
Phillips Research Department in Hamburg in the early 2000s [87]. As an indirect imaging
method, it relies on SPIONs injected into the body prior to imaging. SPIONs have an
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iron-core size of approximately 10-50 nm, ensuring superparamagnetic behavior. In the
absence of an external field these particles show a zero net magnetization because thermal
fluctuations lead to constant change of the magnetic moment. However, when exposed to
an external magnetic field, the magnetic moment of the particles align with the field over a
characteristic relaxation time, producing a measurable net magnetization [141].

MPI uses oscillating drive fields HP(t) : R — R3 to excite the SPIONs, causing nonlinear
magnetization changes. These changes induce voltage signals in receive coils, which are
often processed in the frequency domain using a fast Fourier transform (FFT). The relative
amplitudes of higher harmonics in the signal provide quantitative information about SPION
concentration [141].

To achieve spatial encoding, a static magnetic gradient field is superimposed. This gradient
creates a field-free line (FFL) or field-free point field-free point (FFP) — locations where the
magnetic field strength is exactly zero. In the following we will focus on FFP based MPI. The
gradient or selection field can be described mathematically as H® : R® — R3. Ideally H®
is assumed to be linear and can thus be represented by the gradient matrix G € R3*3 with
H®(r) = Gr. Surrounding the FFP is the low-field region (LFR), a small area where the field
is weak enough that SPIONs remain unsaturated and respond dynamically to the drive fields.
Outside the LFR, SPIONs are saturated and have only a negligible contribution to the signal.
By systematically shifting the FFP along a predefined trajectory using controlled changes
in the superposition of gradient and drive fields H(r,t) = H°(r) + HP(t), the system
scans the region of interest and collects spatially resolved data on the SPION distribution.
This process enables high-resolution 3D imaging of tracer concentration [141]. The two most
widely used movement trajectories are discussed in subsection 2.2.1. For a three-dimensional
Lissajous excitation, the drive field HP(t) : R — RR? can be represented as

Ay sin(wyt + ¢x)
HP(t) = | Aysin(wyt +¢y) |,
Az sin(w;t + ¢z)

with amplitudes A; € R, angle frequencies w; = 27f; and phase-shifts ¢; € [0,27) for
i € {x,y,z}. The excitation frequencies f; can be defined through f; = I{,—BB,fy = %,fz =

Nﬁil for a frequency divider Ng € IN and the scanners base frequency fp [220].

The linear dependence between the time-dependent voltage signal u(t) with t € R and the
particle concentration c¢(r) with r € Q) C R® can be described via the following Fredholm
integral of first kind [146, 135]

() = /Qs;(r,t)c(r) dr, (L.1)

where I € {1,...,.L}, L € N denotes the receive coil index and the so-called system function
s;: R® x Ry — € includes various parameters like the receive coil sensitivity profiles, the
predefined trajectory of the FFP and the temporal derivative of the particle magnetization.
This magnetization response is governed by the dynamic behavior of the tracer particles
under the influence of the spatio-temporally varying magnetic field. A visual representation
of the MPI signal Equation (1.1) in the time domain and it's terms is given in Figure 1.2.

With the knowledge of the time-dependent position of the LFR at hand, and assuming a
simplified analytical model of an instatanous particle relaxation, the particle concentration
can be directly mapped and deconvolved [92-94, 48]. This so-called X-space reconstruction
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The system function s;(r,t) in dependence of the FFP position
and the temporal derivative of the particle magnetization M.

M
M
dM/dt

|
= /Q si(r, t) dr

Induced voltage signal u;(t) MPI Reconstruction of the
in receive coil . particle distribution c(r

[ |

Figure 1.2: The MPI signal equation in time domain for receive coil I and one dimensional excitation
field HID. Top: The system function describes the relation between measured voltage signal and
particle concentration in dependence of the temporal derivative of the particle magnetization M
for each point r and time t. Left: The induced voltage signal in one receive coil I. Right: The
reconstructed particle concentration after solving the integral equation.

voltage signal

is a fast and straightforward method but the assumptions introduce several inaccuracies and
challenges: the reconstructed signal may appear blurred, and spatial resolution is biased.
The signal does not perfectly map the instantaneous position of the LFR [220, 92, 48].
Another approach is to formulate the reconstruction of the particle concentration ¢ from the
measured voltage signal u as a linear inverse problem in the frequency domain. A Fourier
series expansion of Equation (1.1) gives the Fourier coefficients

= [ Sx(r)e(r) dr, (12)

with K € N frequency components and k € {1,...,K}. With a spatial discretization of the
field of view (FOV) Q at N € N nodes r,, n € Iy = {1,..., N}, the integral in Equation (1.2)
can be approximated as a finite sum and the MPI reconstruction problem can be stated in
matrix-vector form as

Umeas = SC. (1.3)
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Here S = <w”5k(r”))k€ILK,n€IN denotes the system matrix with quadrature weights w,, and
Irgk = {1,..,L-K} and ¢ = (C("n))neIN
(Uk)gey,, +1 with 57 € CHK is the measured voltage vector with additive background noise.

is the particle concentration vector. #Umeas =

The system matrix S can be obtained through various approaches. The most common
method in practice involves measurement-based calibration, where a single delta sample of
the tracer is used to characterize the scanner’s response [141]. This approach fully captures
the physical behavior of the system but ties the calibration and subsequent image resolution
to a predefined grid. For a fully measured system matrix, a delta probe — mounted on a robot
— is moved systematically across the grid to sample the entire FOV. This process is labor-
intensive and time-consuming, particularly for three-dimensional and large high-resolution
grids [17, 268]. A faster alternative is the hybrid system matrix approach, in which the
delta sample is measured only in the central voxel [300]. This single measurement can
be performed using an MPI scanner, but also with a magnetic particle spectrometer with
three-dimensional excitation. Spatial encoding is achieved by using a magnetic offset field
that represents the magnetic gradient field at an infinitesimal area. However, this approach
is limited because the drive field range restricts the achievable displacement [300, 301].
Alternatively, the system matrix can be constructed using model-based methods, which
rely on physical models incorporating assumptions about magnetic particle dynamics and
magnetic fields [146]. These models vary in accuracy and computational cost [135]. The
main advantage of the model-based approach is that it minimizes scanner calibration and
provides flexibility in resolution, making it particularly suitable for scenarios requiring rapid
setup.

With the system matrix at hand, solving the linear system (1.3) for the particle concentra-
tion boils down to a discrete linear inverse problem, which is typically solved using a least
squares approach. However, the MPI system is highly ill-posed, it is overdetermined and the
measurements have additive background noise [65, 137]. Therefore, a Tikhonov regularized
least squares approach is usually considered [141]:

cy = argmin ||Sc— umeas||§ + A HcH% (1.4)
ce]Rf

The parameter A € R controls the influence of the regularization term and real and non-
negativity constraints are typically applied [141, 306]. There are many well-known algorithms
for solving optimization problems of this type. Due to the size and high memory demands of
the MPI system matrix, iterative solvers — in particular the regularized Kaczmarz method —
have proven to be the most suitable. The Kaczmarz method [128] operates on a row-by-row
basis, iteratively improving the solution by projecting it onto hyperplanes defined by the
rows of the system matrix. This approach is both memory- and computationally efficient,
as it avoids storing or manipulating the full matrix, and it is robust to small fluctuations
arising from the ill-posed nature of the reconstruction problem. Moreover, the Kaczmarz
method achieves relatively fast convergence, especially when the matrix rows are processed
in optimized order [143, 110]. Regardless of the specific solver used, the strength and
formulation of regularization have a profound impact on the quality of the reconstruction.
In addition to the regularization parameter A, several other factors — for example the choice of
the regularization term and the number of iterations — contribute to a high-dimensional and
interdependent parameter space. This complexity makes parameter selection a challenging
and active area of research in MPI reconstruction [26, 242].

The linear relationship between MPI signal strength and iron mass allows absolute quan-
tification of nanoparticle concentration in a given volume. This is particularly useful for
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applications such as drug delivery monitoring, where knowing the exact tracer concentration
allows precise evaluation of the dosage at the target site to ensure therapeutic efficacy while
minimizing side effects.

State of the art in MPI

Since its introduction, MPI has attracted significant research interest as a novel imaging
modality [141]. This section highlights key advancements and the current state of MPI
research.

Hardware advancements have played a critical role in MPI's evolution since its first demon-
stration in 2005. Initial efforts focused on scaling scanner bores for preclinical rodent imag-
ing [89] and later adapting the technology for human-sized systems [180, 219, 99, 294, 280,
183], facilitated by the introduction of focus-field coils. Innovations like higher magnetic
field gradients [155] and optimized receiver coils [97] have significantly enhanced sensitivity
and spatial resolution, achieving sub-millimeter accuracy and enabling detection of SPIONs
in minute concentrations. Moreover, novel hardware designs, such as combined MRI/MPI
systems [295, 79], MRI/CT systems [296], single-sided MPI [234, 186], flexible receive coils
[294], and handheld MPI systems [181, 123, 320], have expanded MPI's potential clinical
applications.

With classical sinusoidal excitation fields and spatial encoding using a gradient field, the size
of the FOV is determined by the ratio of the excitation amplitude to the gradient strength.
Consequently, increasing the gradient strength to achieve higher spatial resolution reduces
the FOV. Conversely, increasing the excitation amplitude can expand the FOV, but at typical
excitation frequencies of 10 kHz to 100 kHz, higher amplitudes risk inducing peripheral nerve
stimulation (PNS) in the patient [280, 206, 101]. Multi-patch sequencing overcomes these
limitations by dividing the imaging volume into smaller patches, acquired sequentially and
combined into a complete image. Patch displacement is achieved using a low-frequency focus
field, enabling efficient imaging of larger regions without exceeding PNS or FOV constraints
[268, 89, 144].

The first commercially available preclinical MPI scanner for three dimensional imaging was
introduced by Bruker BioSpin GmbH in 2014 [90]. Magnetic Insight Inc. developed the first
commercially available FFL MPI system in 2017 [177]. Both companies have since iterated
on their designs and are actively developing next generation scanners.

Since the introduction of MPI, significant efforts have been made to accurately model the
MPI system equation, as model-based reconstruction allows for arbitrary resolution and rapid
system calibration. While the modeling of the signal acquisition chain has advanced to a
stage where minimal calibration is required [281], the development of an adequate particle
magnetization model remains an active area of research [220, 146, 135, 150, 308]. The
most accurate particle magnetization model to date is based on the Fokker-Planck equation,
but its high computational requirements make it impractical for three-dimensional imaging
[4]. A major breakthrough in MPI modeling was the derivation of an analytical formulation
for the equilibrium model using the Langevin function [176], which provides computational
efficiency but does not account for relaxation effects. Recently, this model has been extended
to include anisotropy [175], allowing for better reconstruction results, and a formulation for
fast reconstruction has been introduced and validated [58].

MPI's real-time imaging capabilities are supported by sequence speeds of up to 46 volumes
per second using Lissajous trajectories [306, 140] and iterative reconstruction methods [142,
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143]. These advancements facilitate dynamic applications, such as monitoring blood flow,
cardiac perfusion, and drug delivery tracking in vivo [306, 97, 98].

Advances in nanoparticle development have also been instrumental for higher sensitivity
and resolution. Optimizing SPION core size for MPI performance was demonstrated early
[68], followed by the presentation of an high-performing tracer featuring monodisperse iron
cores coated with polyethylene glycol (PEG) [67]. Micelle-based tracers [259] achieved
comparable results, while studies on commercially available tracers [171, 62, 63] highlighted
the significant impact of particle clustering on MPI signals. Furthermore, polyethylene glycol
(PEG)-coated SPIONs with long circulation times and strong MPI performance in blood have
been introduced [134]. More recently, MPI-tailored and commercially available tracers have
been developed by micromod Partikeltechnologie GmbH [315, 170, 85].

Functional contrast in MPI is achieved by distinguishing between different nanoparticle types
or environments that affect relaxation dynamics or spectral responses, such as variations in
ambient temperature or viscosity [217, 190, 293, 56]. This capability enables applications
like multi-functional imaging, environmental sensing, and enhanced diagnostics, offering both
spatial and material-specific insights.

In addition to the preclinical MPI research focused on vascular medicine and cerebral hem-
orrhage [123, 170, 47, 15, 271, 297], there are various studies on the ability to use SPIONs
not only as imaging agents but also as therapeutic tools, positioning MPI as a promising
theranostic platform. Examples are hyperthermia therapy [196, 3, 272, 43, 34], targeted
drug delivery [291, 158, 102, 35|, tumor targeting [69, 70, 8], implantation and treatment
monitoring [43, 230, 103, 276], cardiovascular interventions [113, 115, 222, 288, 189], and
untethered activation of micro- and nanorobots [201, 16, 14, 36].

Publications, Research Contributions, and Dissertation Structure

The current challenges in MPI research are largely focused on bringing the technology
and its various potential applications to the clinical stage. This interdisciplinary task re-
quires a strong interplay between hardware development, methodological advancements,
and application-driven requirements. While hardware innovations define the fundamental
capabilities of MPI — such as sensitivity, resolution, and acquisition speed — methodologi-
cal research is crucial for optimizing these capabilities and ensuring their clinical viability.
Advanced algorithmic techniques not only enhance image reconstruction but also address
practical limitations in system calibration, signal processing, field optimization, and artifact
reduction.

For example, compressed sensing has been instrumental in reducing the time required for
MPI system calibration [104, 105], making the technology more feasible for clinical use.
Likewise, efficient representations of magnetic fields using spherical or ellipsoidal harmonics
improve field parameterization, ultimately enhancing hardware development and reconstruc-
tion accuracy [28, 74, 243]. These examples demonstrate that, just as in CT and MRI,
methodological advancements in MPI are not merely supplementary but are fundamental
to overcoming hardware limitations and unlocking the full potential of the technology. By
improving efficiency, reducing acquisition times, and refining imaging precision, these devel-
opments play a critical role in driving MPI toward clinical translation.

The second chapter 2 of this dissertation provides a structured overview of the clinical

translation of MPI, emphasizing the interplay between hardware, algorithmic research, and
application-driven constraints. It highlights key methodological advancements that facilitate
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this transition, embedding and contextualizing the author’s research contributions within the
broader framework of MPI development.

The three peer-reviewed research articles that comprise the main part of this cumulative
dissertation are presented in the ensuing chapters. Chapter 3 presents a methodology for
reducing MPI calibration time and memory usage by extrapolating system matrices beyond
the measured field-of-view [237]. Chapter 4 addresses the challenge of regularization in MPI
reconstruction and introduces a method for automatic parameter tuning, enabling robust and
user-independent image reconstruction [239]. Chapter 5 introduces the use of ellipsoidal
harmonic expansions to efficiently measure and represent magnetic fields in tomographic
imaging. The primary research article delves into the theoretical underpinnings and provides
extensive validation of the method through simulations in MRI [243]. To contextualize this
topic within the scope of this dissertation, the author has elected to follow up with two
peer-reviewed proceedings articles. The first is a simulation study [241], and the second is
a measurement study [240] of ellipsoidal harmonic expansions on magnetic fields present in
MPI.

Other notable research publications that the author worked on during his doctoral studies
are embedded in the context of this dissertation in chapter 2. They include collaborations
with various research groups from the Swiss Federal Institute of Technology ETH Ziirich
and the Swiss Federal Laboratories for Materials Science and Technology EMPA St. Gallen
[194, 260], the University of Salento and the University of Urbino [256], the Fraunhofer
Research Institution for Individualized and Cell-Based Medical Engineering IMTE Liibeck,
the University of Liibeck and the University of Wiirzburg [192], the German Research Center
for Artificial Intelligence DFKI Liibeck, the University of Liibeck, and the University of
Bremen [175, 58]. Furthermore, a variety of proceedings articles and abstracts have been
presented at the International Workshop on Magnetic Particle Imaging (IWMPI) 2022 in
Wirzburg [236, 193], the IWMPI 2023 in Aachen [238, 235, 244, 5], the IWMPI 2024 in
Flaeli-Ranft [110, 241, 279, 174, 136] and the IWMPI 2025 in Liibeck [240, 119, 286].

In the last chapter 6, the dissertation is concluded with a small summarizing discussion and
an outlook on algorithmical research for clinical translation of MPI.
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Clinical Translation of MPI

Since its inception, MPI has undergone significant advancements, as presented in Chapter
1. These breakthroughs have expanded the boundaries of the technology, demonstrating
its immense potential across a wide range of applications. However, despite its promising
capabilities, MPI has yet to transition from preclinical research to widespread clinical adop-
tion. This critical milestone remains a distant goal, as numerous challenges still need to
be addressed. Comprehensive scientific review articles on clinical translation of MPI have
been presented by Chandrasekharan et al. [44] and more recently in german by Gréser et al.
[100].

Pathways to Translating MPI into Clinical Practice

The journey toward clinical translation is undeniably complex, requiring progress on multiple
fronts — technological, algorithmic, regulatory, and industrial. Encouragingly, many of the
foundational elements for this transition are either well understood or actively being explored
by research groups worldwide. The interplay of advancements in these domains holds the
potential to accelerate progress. For instance, a landmark achievement such as obtaining
the first human MPI image could serve as a pivotal moment, sparking heightened interest,
additional research efforts, and significant industrial investments.

This chapter provides a comprehensive overview of the multifaceted pathway toward the
clinical implementation of MPIl. While a range of contributing factors will be discussed,
the primary focus lies on algorithmic advancements, reflecting the author’s specific area
of expertise. The first section aims to offer a general perspective on MPI's translational
journey. It begins by outlining the key domains of fundamental research that underpin
MPI's potential in clinical imaging. This is followed by an overview of prospective clinical
applications, highlighting how MPI could be integrated into routine practice. The section
concludes with a discussion of the overarching challenges and limitations that currently
hinder clinical adoption, thereby motivating the more detailed investigations that follow.
These subsequent sections explore the major research domains — hardware development,
methodological development, and tracer development — while also situating the author’s
own contributions within the broader context of MPI's clinical translation. The chapters that
follow, forming the core of this cumulative dissertation, present and discuss these algorithmic
contributions in detail.

12
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Fundamental Research Domains

The diverse potential clinical applications of MPI each demand a unique emphasis on specific
technological aspects. However, three primary research domains stand out as the essential
roots for establishing MPI in clinical practice. These domains, visualized as the foundational
roots of clinical translation in Figure 2.1, are deeply interconnected, with progress in one
area often driving advancements in the others.

Emergency
Early Diagnosis

Portable
& Low-Cost
Devices

Rural &
Resource
Limited
Settings

Bed-Side
Monitoring

Algorithmical Research

Calibration

Reconstruction

Figure 2.1: The clinical translation of MPI is illustrated in a tree-shaped mind map. The three
primary research domains are represented by fundamental roots: hardware development, algorithmical
research, and tracer development, which have associated sub-roots. The treetop illustrates various
potential clinical applications, which are sorted into five categories from left to right: perfusion
imaging, SPION navigation and activation, structural and anatomical detection, device navigation,
and portable and low-cost imaging devices.
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The first and most apparent root is the development of advanced hardware solutions. This
encompasses intelligent and efficient design across all components of the send-and-receive
chains, tailored to the requirements of specific use cases. Key challenges include scaling up
hardware to accommodate full-body scanners and addressing patient safety concerns, along
with ethical considerations regarding risks and benefits.

The second crucial domain is algorithmic research, which is central to extracting meaningful
images from the measured signals. This involves two primary steps: calibration, which
ensures accurate system interpretation, and reconstruction, which visualizes the tracer's
distribution within the tissue. As MPI evolves, there is an increasing need for algorithms that
enable fast and efficient image acquisition and reconstruction, with minimal calibration effort.
Advancements are also vital for overcoming hardware limitations, particularly in scaling MPI
to larger fields of view or higher resolutions. Ensuring rapid, high-quality imaging is key to
making MPI practical for real-time clinical applications.

The third foundational area is tracer development. Since MPI relies on the magnetization
behavior of SPIONSs, the quality of the image is inherently tied to the signal performance
of the tracer. For MPI to transition to clinical practice, SPIONs must meet stringent re-
quirements for safety and biocompatibility. This includes ensuring that they are non-toxic,
biodegradable, and stable in the bloodstream, with the ability to maintain a stable signal
for a predefined duration before degradation. Additionally, these particles must be cleared
from the body in a safe manner, particularly in applications involving repeated imaging, such
as chronic disease monitoring, where the risk of accumulation or long-term adverse effects
must be minimized.

In section 2.2, section 2.3, and section 2.4 we will delve deeper into these three roots,
exploring their individual challenges, interdependencies, and contributions to the clinical
translation of MPI.

Prospective Clinical Applications

Returning to the many potential clinical applications of MPI, as depicted in Figure 2.1, many
of these are already being explored in preclinical research, with feasibility studies highlighted
in chapter 1. These applications all rely on MPI's unique properties and capabilities, which
often make it more suitable than traditional imaging modalities for specific scenarios [314].
However, realizing the full clinical potential of MPI depends not only on identifying these
applications but also on addressing the technological challenges that underpin them.

One of MPI's strongest capabilities lies in its ability to not only detect SPIONs but also
navigate and activate them, including heating for therapeutic purposes. The latter is usually
accomplished by using specific inserts to stimulate particles at higher frequencies, as well
as gradient fields for arbitrary localization [272]. This multifunctionality naturally distin-
guishes between purely diagnostic applications, such as perfusion imaging, and theranostic
applications, such as magnetic hyperthermia. However, because diagnostic imaging often
serves as a prerequisite for therapy planning, guidance, and monitoring, a more integrated
and application-oriented categorization is required. This categorization should reflect the
overlapping functional requirements and shared technical challenges of combined diagnostic-
therapeutic MPI use cases.

Perfusion imaging is a major category of MPI applications, focusing on the visualization of
blood flow and tissue perfusion with high temporal resolution [30]. This allows for quanti-
tative imaging of vascular dynamics, which is critical for assessing conditions like stroke and
cardiovascular health. For perfusion imaging to be effective, it requires fast image acquisition
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to capture rapid changes in blood flow, high spatial resolution to detect anomalies or block-
ages, and low noise to ensure sharp, clear images. Additionally, the use of a suitable tracer is
essential for providing consistent signal strength throughout the imaging process. MPI's high
sensitivity to the SPION distribution offers significant advantages over established imaging
modalities like MRl or CT, particularly in terms of temporal resolution and tracer-specific
contrast, making it especially valuable for real-time monitoring and assessment of vascular
conditions [169]. A number of pre-clinical studies have demonstrated the feasibility of per-
fusion imaging with MPI [97, 170, 189, 169, 313, 207]. Recently first angiographic studies
in a human cadaveric perfusion model have been presented [297].

Structural and anatomical detection is another key area for MPI applications, leveraging its
high sensitivity and contrast through the use of magnetic nanoparticles. These nanoparticles
can be functionalized to bind specifically to antigens on targets such as tumors or pathogens,
enabling direct imaging with exceptional clarity [69, 70, 8, 227]. Targeted imaging of specific
biomarkers necessitates advancements in nanoparticle design to improve targeting efficiency
and imaging specificity, which are critical for enabling early detection and precise monitoring
of disease progression [273]. This capability is particularly valuable for early tumor detec-
tion and pathogen identification, where MPI's precision and sensitivity outperforms many
conventional imaging modalities [227, 273]. Additionally, the dual functionality of these
nanoparticles bridges diagnostic and therapeutic applications. The same particles used for
imaging can be heated via magnetic hyperthermia, enabling localized treatment [272]. In
this area, too, many feasibility studies have paved the way towards clinical application [314].

This seamless integration of diagnostic and therapeutic capabilities naturally leads to another
categorie of applications: SPION navigation and activation. MPI's ability to provide real-
time tracking and manipulation of SPIONs makes it particularly well-suited for applications
like targeted drug delivery [291, 158, 102, 35] and magnetic hyperthermia [196, 3, 272, 43,
34]. By combining high-resolution imaging with functional capabilities, MPI establishes itself
as a powerful theranostic platform, especially in areas such as localized cancer treatment
and other specialized therapies.

Device navigation is another transformative application of MPI, combining both imaging
and active navigation capabilities [113, 115, 222, 288, 201, 16, 14, 36]. The real-time
imaging capabilities of MPI are crucial for the precise guidance of interventional devices,
such as catheters or balloons, significantly enhancing the safety and accuracy of minimally
invasive procedures [113]. MPI's ability to provide immediate, high-resolution images en-
ables clinicians to make informed decisions during the procedure, ensuring optimal outcomes
[181]. Beyond imaging, the magnetic fields intrinsic to MPI can actively navigate nano- and
microrobots, as well as assist in directing catheters through complex vascular networks to
specific targets [14]. This dual functionality, which combines both real-time imaging and
active navigation, is an important ingredient for the clinical translation of MPI, as it facil-
itates advanced interventions such as delivering therapeutic agents or performing targeted
procedures with high precision [102]. The ability to track and control devices in real-time is
essential for minimizing risks, improving efficiency, and expanding the potential of minimally
invasive treatments [142, 201].

Finally, MPI's scalability and hardware design potential make it a promising candidate for the
development of portable and low-cost imaging systems [294, 234, 186, 181, 123, 320, 112].
Such devices could facilitate rapid diagnostics in resource-limited settings, such as rural areas
or emergency scenarios, where access to advanced imaging modalities is often restricted
[314]. Additionally, integrating MPI with existing imaging modalities like MRI or CT in
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well-equipped clinical environments could provide complementary diagnostic information,
combining MPI's sensitivity to tracer distribution with the anatomical detail of MRl or CT
to offer more comprehensive assessments [97, 295, 79, 296].

Challenges and Limitations

By organizing MPI applications according to their core clinical functions, we establish a
framework that clarifies how MPI can contribute to diverse medical scenarios. This perspec-
tive not only helps to align technical development with clinical priorities but also exposes
key gaps where further innovation is needed to translate MPI into routine clinical use. In
doing so, it becomes evident that the path to clinical translation is shaped as much by MPI's
potential as by its current limitations.

A general limitation of MPI is its lack of structural information. As a tracer-based modality,
its clinical utility is significantly enhanced when combined with anatomical imaging tech-
niques such as MRI or CT. For MPI to function independently or in hybrid settings, it must
demonstrate tangible benefits over established modalities like PET, especially in terms of
workflow integration, operational simplicity, and clinical outcome relevance [313].

The clinical translation of MPI will depend on rigorous validation through clinical trials to
confirm its safety, efficacy, and reproducibility. At the same time, compliance with regulatory
standards for medical devices is essential for progressing from preclinical promise to real-world
impact.

In the following sections, we provide a detailed breakdown of the challenges MPI faces in
clinical adoption, focusing on key research areas related to hardware, methodology, and
tracer development. These challenges will be explored in greater depth, with a focus on
their potential solutions and how they contribute to the successful clinical implementation
of MPI.

Hardware Developement

While MPI has demonstrated strong potential for clinical applications, it remains in the
preclinical stage, with human-sized imaging systems still in development [180, 219, 99, 294,
280, 183]. Bringing MPI into clinical practice requires substantial advancements in hardware
design to meet performance, safety, and regulatory requirements. This section explores the
critical hardware innovations necessary for clinical translation, addressing both the challenges
and opportunities associated with widespread adoption.

As a starting point, let us first outline one of the potential use cases described in subsec-
tion 2.1.2. Consider an emergency room where a stroke patient arrives exhibiting severe
neurological symptoms. Traditionally, a CT scan would be used to rule out bleeding, but it
lacks real-time perfusion imaging capabilities. MRI might provide better soft tissue contrast
but is often too slow and unavailable in emergency settings due to high costs and main-
tenance demands [169]. With an MPI scanner, emergency physicians could immediately
visualize cerebral perfusion in real time, accurately identifying blockages and guiding rapid
intervention without exposure to ionizing radiation [314]. Furthermore, portable MPI sys-
tems could be deployed even earlier in the diagnostic chain — inside an ambulance [169]. As
soon as paramedics suspect a stroke, an onboard MPI scanner could assess cerebral perfu-
sion en route to the hospital. This early insight would allow for critical decisions regarding
the choice of treatment facility: should the patient be transported to the nearest hospital
for immediate stabilization, or should they be taken to a specialized stroke center equipped
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with neurosurgical teams and advanced imaging modalities? By providing rapid and precise
information, portable MPI could significantly optimize pre-hospital decision-making, ensur-
ing patients receive the most appropriate and timely care, potentially improving long-term
outcomes [210].

Translating such applications into clinical reality demands significant hardware innovations.
We categorize the primary hardware-related challenges into three key areas that are highly
interdependent: Scaling & Engineering, Efficiency & Safety, and Cost & Accessibility, as
shown on the left side of Figure 2.2.
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Figure 2.2: The left side presents key challenges in MPI hardware development, categorized into
Scaling & Engineering, Efficiency & Safety, and Cost & Accessibility. The right side highlights
essential properties for future MPI applications, along with a mapping of the hardware challenges
that are critical to achieving these goals.
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On the right side of Figure 2.2, these barriers are linked to critical performance requirements
for clinical applications:

Scaling MPI systems to human dimensions presents several challenges, particularly in achiev-
ing high spatial resolution and a sufficiently large field of view while maintaining patient
safety. This requires overcoming the inherent trade-off between gradient strength and exci-
tation amplitude [12]. For example, stroke imaging demands a resolution of at least 5mm
[204, 39], which is difficult to achieve in a single large FOV. Splitting a large region of interest
into several patches — called multi-patch MPI and described in more detail later — addresses
these limitations but introduces additional complexity and may compromise image quality
[144, 237, 305, 2]. Moreover, scaling MPI for human use involves engineering and regulatory
challenges, such as the need for larger gradient fields, powerful drive-field generators, and
advanced coil designs, all while ensuring high spatial and temporal resolution [30].

Power consumption in large-scale MPI systems significantly impacts system flexibility, partic-
ularly in real-world clinical settings [73]. This constraint is especially critical in use cases de-
manding compact or mobile systems, such as emergency or bedside imaging, where miniatur-
ization must be achieved without compromising performance or requiring specialized power
supplies and excessive cooling [12]. Efficient system design must balance power consump-
tion, magnetic field strength, and heat dissipation to ensure practical clinical deployment.
Additionally, patient safety remains a top priority, necessitating measures to minimize tissue
heating, control magnetic field exposure, and ensure the biocompatibility and stability of
SPIONs used as tracers.

Moreover, to enable widespread adoption, MP| hardware must be economically viable, with
low-cost designs, reduced maintenance, and minimal infrastructure requirements. These fac-
tors are critical in determining MPI's comparative advantage over established modalities and
directly impact its accessibility and healthcare equity. Additionally, patient safety is essential
for the clinical translation of MPI, ensuring compliance with medical device standards and
addressing concerns related to long-term nanoparticle administration and equitable access
to this emerging technology [280]. While tracer development is discussed in section 2.4,
the following subsection focuses on hardware development, particularly magnetic field gen-
eration and scanner design, followed by receive coil and signal acquisition. Subsequently,
subsection 2.2.2 discusses the associated safety and ethical considerations.

Hardware Design

As the advancement of MPI technology hinges on the continuous improvement of hardware
components to enhance imaging performance, this section aims to outline key considerations
in hardware development. A crucial aspect of MPI hardware design is the generation of
the necessary magnetic fields that facilitate imaging, as well as the engineering of scanner
configurations optimized for clinical applications.

Magnetic Field Generation and Scanner Design

MPI relies on precisely controlled magnetic fields to encode spatial and temporal information,
facilitating the visualization of SPIONs distributed within the body. The design of these
magnetic fields plays a fundamental role in image resolution, sensitivity, and scanning speed,
making hardware development a critical aspect of MPI's translation into clinical applications.

The first fundamental component of MPI hardware is the gradient H®, which offers a LFR
where SPIONs remain unsaturated and thus contribute to the imaging signal. As described
in section 1.2, this region can take the form of either an FFP or an FFL. The gradient
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field is generated by one or multiple gradient coils that produce a static selection field with
a gradient strength typically ranging from 0.3 Tm™! to 6 Tm~! [280, 53]. High gradient
strengths are necessary to ensure that SPIONs outside the field free region remain magnet-
ically saturated, preventing background signal contributions. FFP-based MPI systems offer
high spatial selectivity and flexibility in sampling strategies [280], making them well-suited
for high-resolution imaging. In contrast, FFL-based systems provide increased sensitivity
due to the larger volume of the LFR, improving signal strength and enabling more efficient
imaging of large volumes [141, 294, 183, 13]. The choice between FFP and FFL configura-
tions influences scanning trajectories, image acquisition speed, and resolution, all of which
are critical considerations in system design [91].

The generation of sufficiently strong and stable magnetic fields over an expanded FOV
requires substantial power, with the majority of it being allocated to the static selection field
[73]. Maintaining high gradient strengths while scaling up from small-animal (cm-range) to
human-sized (dm-range) imaging volumes leads to a superlinear increase in power demand
due to the growing current density. Consequently, optimizing power efficiency is essential
for the feasibility of clinical MPI systems. One promising approach is the development of
power-optimized field generators utilizing soft magnetic materials, which enhance magnetic
flux generation while reducing energy losses [73, 1]. The optimization process involves
complex nonlinear dependencies due to the iron core coils. Additional design constraints
such as weight, cost, and thermal management must be carefully considered.

As marked out in the beginning of section 1.2, MPI employs drive coils in addition to the
selection field, to generate time-varying magnetic fields that manipulate the position of the
LFR. These drive fields typically oscillate at frequencies of 10 — 25 kHz, with field strengths
of 0.1 —20mT [53]. The high frequency of drive coils facilitates rapid scanning, making real-
time imaging feasible and positioning MPI as a promising modality for the many dynamic
applications discussed above.

The movement of the LFR follows specific scanning trajectories that determine the efficiency
and speed of image acquisition. The two most widely used patterns are Cartesian and Lis-
sajous trajectories. Cartesian scanning follows a structured, grid-based pattern, resulting in
a high signal-to-noise ratio (SNR) and uniform sampling. This approach is advantageous for
static imaging and applications requiring high spatial resolution. Lissajous scanning is based
on the superposition of the frequencies of two orthogonal drive fields, producing a trajectory
that covers the imaging volume more efficiently. Lissajous-based scanning allows for faster
image acquisition, as it exploits frequency-dependent resonance properties to achieve high
resolution with fewer excitation cycles [142, 306]. This makes it particularly beneficial for
dynamic imaging applications where rapid data acquisition is essential.

The physical design of MPI scanners significantly impacts imaging depth, field of view, and
clinical applicability. Several bore configurations have been developed, each presenting spe-
cific advantages and challenges. Closed-bore systems, such as the author's institute's head
scanner [280], maximize coil efficiency and penetration depth, making them well-suited for
whole-body and deep-tissue imaging [294]. However, their enclosed design limits accessibil-
ity and poses challenges for interventional procedures. Open-bore Systems provide greater
patient accessibility and accommodate interventional applications, but they require novel
hardware solutions to maintain high penetration depths [283]. Current developments fo-
cus on optimizing gradient and drive field configurations to balance FOV size and imaging
performance. Single-sided MPI systems [181, 276, 208] prioritize portability and bedside
imaging but currently suffer from limited penetration depths (approximately 2-4cm). De-
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spite this limitation, they hold promise for targeted applications such as superficial imaging,
interventional guidance, and pre-hospital diagnostics.

A comprehensive understanding of the magnetic field properties of MPI — spatial inhomo-
geneities, gradient distributions, and dynamic interactions — is crucial for the design and op-
timization of clinically viable scanner systems. Detailed characterization of gradient strength
and field uniformity directly informs the engineering of selection and drive fields, enabling
more accurate spatial encoding and consistent LFR trajectories [73]. This, in turn, supports
the design of coils that maximize sensitivity and resolution.

The impact of magnetic field variations on MPI image reconstruction is illustrated in Fig-
ure 2.3.

Undistorted Field Distorted Field
il

Figure 2.3: Effect of magnetic field distortion on multi-patch MPI reconstruction. Top right:
Magnetic field with a shifted FOV as encountered in off-center patches. Top left: Undistorted
magnetic field from the central patch. Bottom left: Reconstruction artifacts caused by assuming
an undistorted field across all patches. Bottom right: Improved reconstruction result when using
patch-specific system matrices that account for field distortions. Adapted from Szwargulski et al.

[268].

The top right shows a magnetic field with a shifted FOV, as it may occur in an off-center
patch. The adjacent image displays the undistorted field from a central patch (top left).
The shift is most obvious in the lower left corner and in the color-coded absolute value.
cornerUsing the undistorted field assumption for all patches in a joint multi-patch recon-
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struction (see subsection 2.3.2) leads to artifacts, as demonstrated in the bottom left image
[268]. In contrast, incorporating field distortions by using the corresponding system matrix
significantly improves reconstruction quality, as shown in the bottom right.

Moreover, a precise understanding of magnetic field behavior allows for the implementation of
advanced compensation strategies to reduce imaging artifacts and improve spatial resolution
[27].

Thus, efficient methods for measuring and representing magnetic fields are crucial and part of
current research [28, 33]. Spherical harmonic expansions provide a mathematical framework
for reconstructing the magnetic field from a sparse set of measurement points distributed
on a spherical surface. This approach enables the calculation of the field within a spherical
region Bg (p) of arbitrary radius R € R centered at p € R3:
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where AY™ € R are the spherical harmonic coefficients, and Z" : R?> — R denote the
normalized real solid spherical harmonics. The coefficients are determined through measure-
ments taken at discrete nodes on the spherical surface using a t-design quadrature. Further
details on this methodology are provided in section 5.4. While the representation in Equa-
tion (2.1) neglects the temporal dependence of the magnetic field, the technique can be
leveraged for high temporal and spatial resolution field measurements through the design of
a field-camera, which enables single-shot magnetic field acquisition over a spherical surface
[74]. Such a system has significant potential for advanced current-to-field prediction [76]
and power-efficiency control [265] in nonlinear magnetic systems, including the iron-core field
generation array discussed earlier [73]. Beyond MPI, the field-camera presents broad appli-
cations for developing and validating magnetic field generation hardware. However, a key
limitation of this approach is its restriction to a spherical domain with a predefined radius,
which often fails to fully encompass the entire region of interest. To address this limitation,
an alternative approach employing ellipsoidal harmonic expansions has been proposed by the
author [243]. The underlying procedure follows the same principles as the spherical harmonic
method but extends the representation to an ellipsoidal coordinate system (p, p, v):
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where E"(p,11,v) € R are the inner ellipsoidal harmonics, and A;" € R are the corre-
sponding coefficients, dependent on a reference ellipsoid with semi-axes 0 < a3 < ap < a.
While ellipsoidal harmonic expansions offer greater geometric flexibility compared to their
spherical counterparts, their implementation introduces additional computational challenges.
Specifically, the calculation of E!" and Ap;™ is inherently more complex due to the structure
of the ellipsoidal coordinate system. Chapter 6 presents a detailed discussion of ellipsoidal
harmonic expansions as a tool for magnetic field measurement and representation. The
method is validated through simulations of magnetic fields encountered in both MRI and
MPI, as well as experimental MPI field data. The key advantage of this approach lies in its
enhanced geometric adaptability, enabling dedicated field-camera configurations specifically
optimized for the FOV constraints of MPI and MRI systems.

Receive Coils and Signal Acquisition

In MPI, receive coils play a crucial role in capturing the signal induced by the dynamic
magnetization response of SPIONs within the LFR. As with drive coils, it is common practice
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to use orthogonal receive coils for each spatial dimension being imaged; however, multiple
receive channels are not necessarily required to reconstruct three-dimensional images. In this
regard, single-channel systems that are optimized for SNR may offer certain advantages, as
multiple channels exhibit data redundancy and require decoupling effort [280, 269]. To
maximize the SNR, receive coils are typically positioned as close as possible to the FOV.

Receive coils detect signals in the form of an induced voltage, which arises due to the
nonlinear magnetization response of SPIONs within the oscillating LFR. However, because
receive coils are placed in close proximity to the drive coils, they are susceptible to unwanted
inductive coupling from the fundamental drive frequency fy. Since the SPION-generated
signal consists of higher harmonics of f, effective signal separation techniques are required to
extract the relevant imaging information while suppressing interference from the fundamental
drive frequency. Two primary methods are employed in the receive chain to mitigate this
interference. The first one is frequency-based filtering: since the unwanted drive-field signal
primarily occurs at the fundamental frequency fo, while the SPION response generates
harmonics at f = kfy for a one dimensional excitation and k € N,k > 2, band-pass
filtering techniques can selectively retain the higher harmonic components while attenuating
the fundamental frequency. The second one is a geometric gradiometric design, where
differential coil configurations exploit symmetry to cancel out the strong drive field signal
while preserving the SPION signal [97, 185], illustrating that the design of the receive
coils has a significant impact on system sensitivity and SNR. Both approaches are integral
components of the MPI receive chain, which also introduces its own frequency-dependent
scaling and phase shifts to the voltage signal. Accurate receive path calibration is essential
to account for these transformations and ensure precise image reconstruction [281].

Once the signal has been filtered and amplified, it must be digitized for further processing
[141, 142, 112]. An analog-to-digital converter (ADC) sampels the voltage signal at a defined
sampling rate and with a specific sampling resolution. The sampling rate determines how
frequently the analog signal is measured and must be sufficiently high to capture the highest
significant harmonics of the SPION response. Insufficient sampling rates can lead to aliasing
artifacts, distorting the reconstructed signal and reducing image quality. The sampling
resolution, defined by the bit depth of the ADC, determines the precision with which signal
amplitudes are digitized. A higher bit depth reduces quantization noise, improving SNR and
allowing the detection of weak SPION signals. In practice, however, sampling resolution is
not the primary source of weak SNR.

To handle the high data throughput of MPI systems, field-programmable gate arrays (FP-
GAs) and digital signal processors (DSPs) are frequently used. FPGAs enable real-time signal
demodulation and filtering with low latency, while DSPs provide additional computational
flexibility for adaptive noise suppression and gain correction. While high-performance ADCs
are typically employed in MPI systems, low-cost data acquisition platforms such as Red
Pitaya-based systems have been explored as compact and affordable alternatives. These
platforms offer sufficient performance for certain applications, particularly in portable or
resource-limited MPI implementations [112].

Several research groups around the world are currently working on advancing MPI hardware
for human imaging. A recent review of the state of the art in human-sized MPI systems is
given by Davida [53]. This is complemented by two recent papers on the current progress of
the Berkeley-based head system [183] and the head system of the authors’ research group
in Hamburg [280].
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Hardware Safety and Ethics

The transition of MPI from preclinical research to human imaging requires rigorous eval-
uation of patient safety and ethical considerations. While MPI does not expose patients
to ionizing radiation like CT or PET, it involves strong, time-varying magnetic fields and
contrast agents that must be carefully assessed for biological effects, long-term safety, and
equitable access. Regulatory agencies such as the U.S. Food and Drug Administration (FDA)
and the European Medicines Agency (EMA) require comprehensive safety evaluations and
ethical justifications before any new imaging technology can be approved for human use.
Even research publications based on first human MPI| measurements must adhere to strict
patient safety regulations and require ethical approval regarding the risks and benefits of the
measurements.

One of the primary concerns in MPI hardware safety is electromagnetic exposure, which can
affect the human body in multiple ways. Unlike MRI, which operates at higher frequen-
cies, MPI employs low-frequency oscillating magnetic fields in the kilohertz range. Two key
physiological effects must be addressed: PNS and specific absorption rate (SAR). Rapidly
changing magnetic fields induce electric fields within biological tissue, potentially triggering
involuntary nerve activation. PNS thresholds are dependent on the size of the imaged body
part and stabilize for arms and legs at approximately 15 mT peak-to-peak for frequencies
above 25 kHz, meaning that exceeding this limit may induce neuromuscular effects [233].
For MPI head-imaging, however, PNS limits of about 6.5 mT peak-to-peak have been found
[206]. Unlike MRI, where PNS can be tolerated at higher intensities, MPI's continuous drive
field operation necessitates stricter constraints. Simultaneously, power absorption from mag-
netic field interactions with tissue leads to heating, with SAR limits decreasing as frequency
increases. While remaining above 15 mT peak-to-peak at the typical MPI frequency range
of 25 — 50 kHz [233], hardware must be carefully optimized to ensure safe operation without
excessive heating.

These constraints on drive field amplitude directly affect the design of the selection field,
which determines spatial resolution. High gradient strengths are required for fine spatial
resolution but inherently restrict the FOV. To achieve whole-organ imaging while maintaining
a resolution of < 5mm, two primary approaches are employed: mechanical translation of
the scanner or subject, which extends coverage but limits temporal resolution [183], and
focus fields, which enable flexible FOV shifting through additional low-frequency magnetic
fields [280] as described in section 1.3. Since focus fields typically operate in the 5 — 100 Hz
range, they remain well below PNS and SAR thresholds, making them a safer alternative for
large-volume imaging.

Beyond electromagnetic exposure, the strong electrical currents required for MPI scanner
operation pose additional safety considerations. High-power gradient and drive coils, partic-
ularly in human-scale systems, generate intense magnetic flux and necessitate active cooling
mechanisms to prevent overheating [180]. Moreover, high-voltage circuits in close proximity
to the patient require stringent electrical isolation and emergency shutoff mechanisms to
mitigate the risk of accidental exposure [280]. These factors must be thoroughly assessed
before regulatory approval to ensure that MPI hardware balances spatial resolution, imaging
speed, and patient safety within clinically acceptable limits.

Another key safety concern is the use of SPION tracers, which must be evaluated for bio-
compatibility, biodistribution, and clearance [192]. While some iron oxide nanoparticles
are FDA-approved for therapeutic use, MPI tracers may have different properties requiring
further assessment. Determining safe dosage levels is essential to ensure sufficient signal
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generation without exceeding safety thresholds. A detailed overview on tracer development
is given in section 2.4.

Furthermore, data security is an integral component of hardware safety and ethical com-
pliance in human MPI imaging. The high data throughput of MPI systems requires secure
acquisition, processing, and storage to protect patient information from unauthorized ac-
cess. All hardware components must adhere to medical cybersecurity standards, ensuring
encrypted data transmission and restricted access to prevent breaches. Ethical approval for
clinical use mandates compliance with stringent data protection regulations, reinforcing the
need for secure system design.

Regarding ethical approval of human imaging trials, guidelines such as the Declaration of
Helsinki, the Belmont Report, and national research ethics frameworks define the standards
for human subject research, ensuring that safety, patient autonomy, and fair access are pri-
oritized. A fundamental requirement in this process is informed consent, which ensures that
patients fully understand the potential risks, benefits, and alternatives before undergoing ex-
perimental imaging procedures. While MPI presents a radiation-free alternative to PET and
CT, its benefit-risk assessment must be carefully compared to existing imaging modalities.
MRI, for example, offers superior soft tissue contrast but is expensive and often requires
superconducting magnets, while PET-CT provides functional imaging at the cost of ionizing
radiation exposure and dependence on short-lived radiotracers. MPI, if proven clinically vi-
able, could serve as a safer alternative for certain applications, as discussed before. However,
any current limitations and risks must be clearly communicated.

Another important ethical consideration is equitable access. Advanced medical imaging tech-
nologies are often concentrated in high-income healthcare systems, raising concerns about
their availability in lower-resource settings. While MPI does not require expensive infras-
tructure like traditional MRI, it still involves high power demands and advanced electronics,
which may limit accessibility in remote or underfunded healthcare facilities. The cost of
MPI tracers will also play a crucial role in its adoption. Although iron oxide nanoparticles
are relatively inexpensive to produce compared to PET radiotracers, the regulatory approval
process and large-scale manufacturing could influence affordability.

However, MPI's potential for portable, low-cost scanner designs may facilitate broader acces-
sibility, particularly in emergency or pre-hospital settings, offering an alternative for mobile
healthcare applications where traditional imaging modalities are not feasible [112]. In this
context, open-hardware initiatives play a critical role in reducing development costs, fos-
tering innovation, and enabling broader access to MPI technology. By sharing designs,
hardware specifications, and software implementations openly, researchers and engineers can
collaborate to create cost-effective, scalable solutions tailored for low-resource environments.
Open-hardware approaches also encourage modular, adaptable designs, ensuring that MPI
systems can be customized for specific clinical needs while remaining financially viable. In-
tegrating these efforts with open-source software development can further accelerate the
broader accessibility of MPI, making it a more practical option for widespread medical de-
ployment.

As MPI moves toward clinical translation, ensuring patient safety, regulatory compliance, and
ethical integrity will be critical. Strict control of electromagnetic exposure, comprehensive
evaluation of contrast agent safety, and a transparent ethical framework for human trials
are essential for gaining approval. Furthermore, considerations regarding cost, infrastructure
requirements, and global accessibility must be addressed to ensure that MPI can be equitably
integrated into diverse healthcare environments.
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Methodological Development

Even with secure, cost-efficient, flexible, and low-noise hardware solutions, the clinical suc-
cess of MPI hinges on easy-to-handle, fast, and reproducible measurement protocols. MPI's
unique strengths — such as its ability to provide real-time, radiation-free imaging with high
sensitivity to SPIONs — make it particularly promising for various clinical applications, in-
cluding emergency diagnostics. However, for MPI to realize its potential in such settings,
its workflows must be carefully streamlined. This includes optimizing calibration and recon-
struction processes to enable efficient and accurate imaging.

To illustrate this, consider again an MPI system designed for use in an emergency room as
described in the motivation of section 2.2. Such a system must be mobile, compact, and
energy-efficient to accommodate the constraints of busy and resource-limited environments.
The inherent speed and sensitivity of MPl make it ideal for acute conditions like stroke,
where rapid diagnosis can mean the difference between full recovery and severe disability. In
this scenario, a patient presenting with stroke symptoms may require immediate imaging to
localize a potential clot and decide between thrombectomy or thrombolysis.

An MPI system could generate perfusion images of the brain with high temporal resolu-
tion and precision, accurately identifying ischemic regions [280]. Given the urgency and
the possible absence of an experienced radiologist, the system must automatically produce
high-quality images without requiring extensive parameter adjustments. Moreover, compu-
tationally efficient reconstruction algorithms are essential for delivering results quickly, even
with limited hardware resources.

Operational readiness is equally critical in such environments. Emergency room systems
must be available at all times, making lengthy calibration scans impractical. Calibration
processes must account for potential variability in the clinical setup — such as differences
in patient anatomy, tracer distribution, or system configuration — while remaining minimal,
fast, and adaptable. These processes must also ensure reliability and reproducibility across
different operators and systems, reducing variability in clinical outcomes.

The following sections focus on algorithmic strategies to address these challenges, with par-
ticular emphasis on the calibration and reconstruction steps — two interdependent processes
that critically influence the temporal resolution, image quality, and robustness of MPI in
clinical workflows. Within this framework, calibration refers to the generation or modeling
of the system matrix S, which defines the system's spatial encoding properties and under-
pins the fidelity of all subsequent reconstructions. Reconstruction, in turn, refers to the
numerical inversion of the measured signal to recover the underlying particle distribution,
as introduced in section 1.2. Methodological development in MPI must therefore address
both steps simultaneously: minimizing the time, memory, and variability associated with cal-
ibration, while enabling fast, automated, and artifact-free reconstruction. Advancing these
methods is essential for achieving the reproducibility and operational efficiency required for
MPI to function effectively in time-sensitive, real-world clinical environments.

Calibration Step

While X-space MPI reconstruction offers computational efficiency and direct signal inter-
pretation, its limitations in spatial resolution, noise propagation, and system-dependent
distortions [92, 48] make system matrix-based reconstruction the preferred approach for
high-quality imaging. Furthermore, achieving accurate X-space reconstruction would still
require frequency- and space-dependent calibration, making it less straightforward than of-
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ten assumed [316]. Thus, we consider the MPI reconstruction problem as it is decribed in
Equation (1.3).

Despite ongoing developments in MPI modeling, which will be discussed later, the most
commonly used approach remains a measured system matrix S € CXN, K € N,N € N, as
it inherently captures the full physical behavior of the scanner, including field inhomogeneities
and system-specific imperfections [175]. System matrix acquisition involves systematically
shifting a small delta sample across a predefined grid of N grid-points within the FOV and
recording the system'’s response at each position. While this method is conceptually simple,
it introduces significant challenges related to image resolution and calibration time. In MPI,
the spatial resolution refers to the smallest distinguishable distance between two separate
sources of SPION signal within the reconstructed image. This resolution is influenced by
several factors, including the strength of magnetic field gradients, the magnetic properties
of the SPIONSs, and, notably in system matrix-based reconstruction, the resolution of the
calibration grid [274]. This calibration grid defines the sampling density at which the system’s
response is measured: a finer grid means smaller spatial intervals between calibration points,
thereby providing more detailed information about the system’s encoding characteristics. In
principle, reducing the step size between calibration points improves the spatial resolution
of the reconstruction, since the forward model more finely resolves the spatial encoding of
particle positions. However, this improvement is not without cost: the number of grid points
— and thus the duration and storage requirements of calibration — scales cubically with spatial
resolution in 3D, leading to impractically long calibration durations. For example, acquiring a
system matrix with 9 X 9 X 9 voxels takes 32 min, whereas increasing the resolution to 37 X
37 X 37 extends the acquisition time to 32 h [17]. While such durations may be acceptable for
a single calibration, they pose a significant challenge for clinical applications, where periodic
recalibration is necessary to ensure consistent imaging performance. This challenge is further
amplified in large-FOV imaging techniques that rely on focus field shifts. Each shift requires
an additional system matrix acquisition (as demonstrated in Figure 2.3), resulting in total
calibration times that can extend over several days [268]. Furthermore, refinement beyond
a certain threshold offers diminishing returns due to physical and instrumental limitations,
like finite sensitivity of receiver coils and the presence of thermal noise [274, 211]. Given
these constraints, alternative calibration strategies are essential to reduce acquisition times
or enhance resolution without significantly prolonging measurement duration. The following
subsections will provide an insight into state-of-the-art approaches aimed at addressing these
limitations.

Improvements in System Matrix Acquisition

A major avenue for reducing calibration time is minimizing the number of required mea-
surements. The most straightforward strategy is sub-sampling the FOV — acquiring system
matrix data only at a subset of spatial positions and reconstructing the full system matrix by
solving the corresponding inverse problem. Various sub-sampling and sparse reconstruction
techniques have been explored [105, 160, 154, 129, 124, 106]. Among these, compressed
sensing has proven particularly effective due to the inherent sparsity of the system matrix
when transformed into an appropriate basis domain, such as the discrete cosine transform
[160].

By strategically selecting only a fraction of the N calibration points, compressed sensing
enables high-fidelity reconstruction while significantly reducing acquisition time. Considering
the kth row of the system matrix Si, dropping to S < N non-zero coefficients in the vector
a € CN can be described by S; = ETa, where & € € Q%N being a left-invertible sparsifying
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transform with pseudo-inverse & and Q € N. Then, an estimator for S; can be found, by

solving

1
argmin||ES||1 subject to §stsk —yl3 < €. (2.3)
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Here, Ws € C 5*N denotes the measurement matrix to extract the vector y € C° via
y = WsSi +n, where n € C° is an additive Gaussian noise vector [105]. The effectiveness of
this approach depends on the choice of the sampling pattern, which forms the measurement
matrix Wgs. While conventional random sampling guarantees recovery of S, and offers
moderate sub-sampling rates, more advanced strategies leverage prior knowledge of the
system matrix structure to improve accuracy at higher sub-sampling rates [105, 106]. As
shown by Grosser et al. [105] the benefits of compressed sensing are most pronounced within
the physical FOV defined by the ratio of the drive field amplitude to the gradient strength,
known as the drive-field field of view (DF-FOV).

However, a principal limitation of compressed sensing is that it can only be applied to future
calibrations, not retrospectively to already measured system matrices. This is where system
matrix extrapolation provides an advantage. While compressed sensing is particularly strong
on efficiently acquiring a system matrix inside the DF-FOV [105], extrapolation methods
extend the system matrix beyond the measured region, particularly into the overscan region
(OR). The OR is critical for multi-patch imaging since restricting calibration to the DF-FOV
alone can introduce artifacts at patch boundaries. However, the signal in the OR is merely
a smooth continuation of the signal in the DF-FOV. This fact is motivated and validated
in section 3.2. The extrapolation method presented in Chapter 3 leverages this by using a
variational method to ensure a harmonic continuation of the system matrix in the OR over
all frequencies k € {1, ..., K}:

ASk|og =0- (2.4)

Moreover, a promising approach is to combine compressed sensing within the DF-FOV with
this diffusion-based extrapolation into the OR as represented in Figure 2.4. After measuring
only on an optimized subsection of the grid inside the DF-FOV, the system matrix is fully
retrieved on the whole DF-FOV using CS in a first step. In a second step, the signal is
harmonically extrapolated into the OR. This approach was introduced by the author and is
further detailed and verified on measured data in Chapter 3.

Both methods — compressed sensing and extrapolation — play a crucial role in joint recon-
struction strategies for multi-patch MPI [268], as high sub-sampling rates enable the use of
larger overscan regions for each patch, which effectively reduces patch boundary artifacts.
Moreover, as sub-sampling rates scale with the number of patches, the advantages of these
approaches become even more pronounced in large-scale imaging setups [104, 237, 106].

Beyond these techniques, alternative approaches have been proposed to mitigate the cali-
bration burden in multi-patch imaging. Using a single (central) system matrix for all patches
introduces inaccuracies, as system matrices are inherently position-dependent [268]. A more
effective approach involves warping a centrally acquired system matrix to account for the
spatial displacement of off-center patches. This can be achieved by leveraging knowledge of
the underlying magnetic fields [27, 29], a task that benefits from efficient field measurement
and representation techniques described in chapter 5 [28, 243].

Deep learning-based methods provide another promising direction for reducing calibration ef-
fort. Machine learning models can enhance system matrix resolution through post-processing
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Figure 2.4: Combination of compressed sensing inside the DF-FOV and diffusion-based extrapolation
in the overscan region. The optimized sparse sampling pattern within the DF-FOV (orange line)
is indicated on the right. The diffusion method extrapolates the signal into the overscan region
(indicated as the black area outside the orange border of the DF-FOV).

[11, 246], improve temporal resolution via denoising [286], and further refine sub-sampling
strategies [17]. However, these approaches introduce their own set of challenges. Training
such models requires large, high-quality datasets, which are often difficult to obtain due to
the labor-intensive nature of system matrix acquisition. As a result, deep learning models are
often trained on simulated datasets rather than directly on measured data. To improve gen-
eralizability, these datasets are often complemented with realistic noise distributions, helping
to bridge the gap between idealized simulations and real-world MPI acquisitions. Neverthe-
less, results remain predominantly superior on simulated test sets, and adapting these models
to measured data as in Baltruschat et al. [17] remains an active area of research. Ensuring
robust performance across different scanner configurations and experimental conditions is a
key challenge that must be addressed before deep learning-based calibration methods can
be reliably implemented in clinical MPI systems.

Reducing system calibration time is not merely a technical challenge but a critical prerequisite
for clinical translation. Long calibration durations remain a major bottleneck for integrating
MPI into routine human imaging, as clinical systems require periodic recalibration to main-
tain consistent performance. In a clinical context, calibration procedures ideally need to be
completed within minutes to an hour — comparable to quality assesment procedures for MRI
or CT systems [71] — to avoid disrupting clinical workflow or causing scanner downtime.
The next step is to transfer recent advances in efficient calibration strategies into preclini-
cal MPI systems and continue refining these techniques — especially data-driven and deep
learning-based approaches. Such improvements could significantly reduce scanner downtime,
making MPI more practical for real-world applications. Additionally, by enabling larger FOVs
and enhancing temporal resolution, these methods are essential for advancing whole-organ
imaging and perfusion imaging, further strengthening MPI's potential for clinical adoption.

Model-based Imaging

In the previous section 2.3.1, we discussed strategies to address the labor-intensive acquisition
of measured system matrices. Another key limitation, introduced earlier in subsection 2.3.1,
is the inflexibility of measured system matrices with respect to image resolution. This
constraint highlights the need for accurate and efficient modeling approaches. An ideal
system matrix model would eliminate the need for exhaustive calibration while preserving
high imaging fidelity and minimizing the risk of reconstruction artifacts. However, achieving
this balance is inherently challenging: as model accuracy increases, so does computational
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complexity. This trade-off necessitates a deep understanding of the underlying physical
principles governing particle magnetization.

Particle physics: A crucial foundation for MPl modeling lies in an accurate particle model,
which must capture the nonlinear magnetization and relaxation dynamics of SPIONs under
periodic excitation. Understanding these mechanisms is essential for both system matrix
generation and the prediction of MPI signal behavior in different imaging scenarios.

Ferromagnetic materials, when reduced to sufficiently small sizes, transition into a single
magnetic domain state. At this scale, thermal fluctuations can cause spontaneous magneti-
zation reversals, resulting in an average magnetization of zero in the absence of an external
field [46]. When an external magnetic field is applied, these particles exhibit a significantly
stronger response than conventional paramagnetic materials, a phenomenon known as su-
perparamagnetism.

Superparamagnetic particles respond to external magnetic fields through two primary re-
laxation mechanisms: Brownian relaxation and Néel relaxation. The dominant relaxation
mechanism depends on the physical state of the particle and its surrounding medium.

Brownian Relaxation: This mechanism describes the physical rotation of the entire parti-
cle within a fluid in response to an applied field. The internal magnetization remains fixed
relative to the particle's crystalline structure, while the particle itself rotates. Brownian relax-
ation is influenced by factors such as fluid viscosity, temperature, and particle hydrodynamic
size [55].

Néel Relaxation: Unlike Brownian relaxation, Néel relaxation involves internal magnetization
reorientation within a stationary particle. This process depends on material-specific param-
eters such as the gyromagnetic ratio, saturation magnetization, and anisotropy energy [55].
Immobilized particles, such as those embedded in a solid or frozen medium, undergo Néel
relaxation exclusively, as Brownian motion is suppressed.

The interplay between these two relaxation mechanisms introduces additional complexity
into MPI signal modeling. At low field amplitudes, Brownian relaxation often dominates due
to the relatively free rotational mobility of particles. However, at high field strengths, Néel
relaxation becomes more significant due to the increasing influence of magnetic anisotropy
[55]. Furthermore, particle core size strongly influences this interplay, with Brownian relax-
ation dominating for core sizes larger than about 25nm [253]. These transitions highlight
the intricate dependence of MPI signal behavior on both particle properties and experimental
conditions, reinforcing the necessity of precise particle models for accurate system matrix
generation.

Modeling the system function: Building upon the foundational understanding of particle
magnetization and relaxation dynamics, the next step in MPIl modeling involves construct-
ing comprehensive mathematical representations of the system response. A fundamental
assumption common to most MPI| models is the neglect of particle-particle interactions,
which simplifies the response to a linear dependence on tracer concentration.

As a starting point, we consider again the system Equation (1.1) describing the connection
of the measured time-varying voltage signal u; : R — R and the spatial SPION distribution
c: O C R® = R together with the system function s; : R? x R, — C. The system
function can be described in general by

51(r,6) = —po [ it =) (1) A-Tw(t, H(r, ) d. (25)



2.3. Methodological Development 30

Here 3 denotes the vacuum permeability, p, : Q — R? the I-th receive coil sensitivity
profile, a; : R — R the analog filter and T'; : R x C(RR, R3) — RR3 describes the mean
magnetic moment of an SPION as a function of the spatio-temporally changing magnetic
field H : R® x R — R3 [175].

MPI models can be classified according to their level of abstraction in modeling I';;, ranging
from stochastic micro-scale simulations to analytical equilibrium models. A recent study,
conducted in cooperation with the author [175], provides a structured overview of common
MPI models and their hierarchical relationship, as illustrated in Figure 2.5. These models
vary in complexity and accuracy, with different underlying assumptions that influence their
applicability and computational feasibility. In the following we will discuss these models from
top to bottom in more detail.

Stochastic Differential Equation (SDE) Models: These models directly simulate the magnetic
moment of individual SPIONSs using stochastic differential equations [309, 251, 96, 198]. The
macroscopic magnetization required for MPI is then obtained by averaging over a sufficiently
large number of simulated particles within a given volume. While this approach naturally
incorporates various physical effects, such as arbitrary anisotropies [198], its major drawback
is computational cost. Due to the stochastic nature of the simulation, a large number of
particles must be modeled to obtain an accurate estimate of the mean magnetic moment,
making this method computationally expensive and impractical. Note therefore that these
models are not included in Figure 2.4. In particular, in the large particle number limit, these
stochastic models become equivalent to the Fokker-Planck equation approach [175].

Fokker-Planck Models: Instead of tracking individual particles, FP models describe the
probability density function (PDF) of the magnetic moment distribution within an ensemble.
This formulation significantly reduces computational cost compared to SDE models while
retaining high physical fidelity [4, 5, 136]. Including the Brownian and Néel magnetization
dynamics requires the solution of a differential equation and I'; remains as complex as
given above. A simplification neglects Brownian rotation and assumes uniacial anistropy.
However, all FP models remain computationally demanding [4]. Moreover, solving for Néel
relaxation dynamics necessitates detailed knowledge of material-specific parameters such as
the anisotropy energy constant.

Equilibrium Models: To further reduce computational complexity, analytical equilibrium
models have been introduced. These models assume that relaxation occurs instantaneously,
leading to a direct relationship between the applied magnetic field and the magnetization
response:

rm<t1H(r1')) :ﬁl(H(r/t))/ (2-6)

where 7 : R? — R3. These models are based on an analytical representation of the
system function in the frequency domain for Lissajous excitation, formulated as a linear
combination of products of Chebyshev polynomials convolved with a frequency-independent
kernel [176]. A prominent example is the Equilibrium Model with Anisotropy (EQANIS)
[175], which retains anisotropic effects. This model offers a valuable compromise between
computationally intensive numerical simulations and overly simplified approximations.
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Figure 2.5: A schematic overview of various MPI particle models and their underlying assumptions.
The figure starts with the measured system matrix (red), which assumes no particle interactions
and a linear dependence of particle response on concentration. The Fokker-Planck model (blue)
accounts for a large ensemble of particles with uniaxial anisotropy, considering both Brownian and
Néel relaxation, or just Néel relaxation. The simpler equilibrium model with anisotropy (orange)
assumes slow variation of the magnetic field with respect to Néel relaxation. The equilibrium model
without anisotropy (green) further simplifies this by assuming isotropic particles. Finally, both the

equilibrium models can be further reduced by truncating the Chebyshev series.

This figure was

designed by Konrad Scheffler and Marco Maass and published in 2024 [175].
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Reduced Models for Computational Efficiency: The EQANIS can be simplified in two prin-
cipal ways: by reducing the Chebyshev series expansion to a single coefficient, yielding the
reduced EQANIS [59]; and by assuming isotropic particles, leading to the equilibrium model
(EQ) [176]. These two reductions can be further combined into the reduced equilibrium
model, which has been explored for direct MPI reconstruction [58, 60].

The trade-off across these models lies in balancing accuracy and computational feasibility —
while high-fidelity models improve realism, their complexity often limits practical applications,
especially in real-time imaging scenarios. By structuring MPIl modeling in this hierarchical
manner, researchers can choose an appropriate model based on the requirements of their
specific imaging application, optimizing for accuracy, computational cost, and experimental
feasibility.

Recent advancements in MPIl modeling have significantly improved the trade-off between
computational efficiency and reconstruction accuracy, marking a crucial step toward clinical
feasibility. For the first time, accurate results can be achieved with computational resources
suitable for clinical MPI applications. A key milestone in this progress was the compre-
hensive understanding and calibration of the receive path [281, 5]. When combined with
the EQANIS, this represents the current pinnacle of model-based reconstruction, offering a
balance between low computational complexity and accuracy comparable to measured sys-
tem matrix reconstructions [175]. A major advantage of this approach is that it requires
only a single calibration measurement to estimate the receive path, drastically reducing the
calibration burden compared to traditional system matrix acquisition — a transformative de-
velopment for medical applications. Moreover, first promising results on measured data using
an efficient implementation of the reduced EQANIS have been presented [119].

Despite these advances, further research is necessary to refine model parameters such as
the anisotropy constant and particle core size, ensuring optimal adaptation to different
tracers and imaging conditions. A primary limitation of the EQANIS model is its inability to
fully account for relaxation effects, which can become significant under specific excitation
sequences, such as 1D excitations. Addressing these challenges will be essential to further
improving model accuracy and expanding its applicability.

Future Directions in MPI Calibration

Beyond model development, optimizing the calibration process itself is critical for translat-
ing MPI into clinical practice. As demonstrated, accurate modeling enables the reduction
of required calibration measurements without compromising image quality. This not only
accelerates system calibration but also facilitates a more efficient transition from setup to
imaging.

Further refinements in the calibration workflow can further increase this efficiency. Automa-
tion of calibration procedures could reduce time-consuming manual steps, minimize human
error, and ensure reproducibility across imaging sessions. Standardized SPION phantoms and
pre-tuned magnetic field configurations allow for streamlined setup, minimizing the need for
case-specific recalibration. In addition, adaptive calibration strategies that adjust parameters
in real time based on initial measurement feedback can improve system stability and reduce
recalibration frequency - particularly valuable in dynamic imaging scenarios where patient
motion or tracer redistribution affects signal consistency.

Looking ahead, deep learning-based approaches offer exciting opportunities to enhance MPI
modeling and calibration. Neural networks trained on simulated and experimental data
could refine particle response models, correct for relaxation effects, and further reduce the
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dependency on extensive calibration measurements. In particular, Fourier neural operators
(FNOs) have emerged as powerful tools for learning complex physical mappings in MPI.
Recent studies demonstrate that FNOs can significantly accelerate the simulation of mag-
netization dynamics and solve system matrix estimation from limited calibration data —
outperforming classical numerical solvers and compressed sensing methods in both accuracy
and speed [107, 133]. These capabilities position FNOs as promising components of future
model-driven calibration pipelines.

By integrating these advancements in calibration methodology with emerging Al-driven
modeling techniques, MPI| can move closer to becoming a practical, high-precision imag-
ing modality suitable for routine medical use.

Reconstruction Step

Beyond rapid calibration, the emergency scenario introduced earlier highlights the critical
need for fast, reliable, and accessible reconstruction frameworks. In clinical applications,
particularly in time-sensitive settings, image reconstruction must balance efficiency, accuracy,
and ease of use. Conventional reconstruction techniques often require expert knowledge for
selecting regularization strategies, fine-tuning parameters, and configuring solver algorithms,
making them impractical in urgent medical contexts. However, in real-world scenarios where
rapid decision-making is crucial, reconstruction methods must be highly automated, intuitive,
and robust, minimizing technical complexity while ensuring consistently high-quality results.

To meet these demands, recent MPI reconstruction research has advanced along several
dimensions. Each of the reconstruction challenges discussed in this section originates from
fundamental limitations imposed either by hardware design or clinical requirements. The
difficulty of regularization parameter selection motivates the development of automated
and adaptive reconstruction frameworks. FOV limitations necessitate multi-patch imaging
techniques, which in turn increase the need for dynamic and time-dependent reconstruction
methods. Real-time applications, such as interventional imaging, call for highly accelerated
or even instantaneous reconstruction solutions. Furthermore, the growing adoption of data-
driven and deep learning-based methods offers promising avenues to enhance reconstruction
fidelity and speed. Lastly, we emphasize the role of software engineering and open-source
initiatives.

While the following sections explore these research areas in detail, Figure 2.6 provides a
structured overview that serves as a conceptual entry point. The figure outlines the pro-
gression from signal acquisition — highlighting the critical role of high-SNR voltage signal
measurements — to clinical and research applications that rely on good MPI reconstruction
pipelines. Central to this progression are two thematic pillars. The first, reconstruction
efficiency, encompasses algorithmic innovations ranging from traditional iterative solvers to
real-time reconstruction strategies and deep learning integration. The second, reconstruction
handling, focuses on methodological advances and software development aimed at improving
usability, automation, and clinical readiness. Particular attention is given to the challenge of
regularization parameter selection, a practical bottleneck and a central focus of the author’s
research.
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Figure 2.6: Overview of the MPI reconstruction pipeline, illustrating the stages from signal acqui-
sition to clinical and research applications. It highlights two key aspects: reconstruction efficiency,
which includes algorithmic innovations like real-time reconstruction and deep learning, and recon-
struction handling, focusing on methodological and software development to improve usability and

automation.
published by Knopp et al. [142].

The schematic description of real-time reconstruction on the left was designed and
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Towards Automated Reconstruction

Recalling the discrete linear inverse problem described in section 1.2, the selection of regular-
ization strategies presents a significant challenge. For the Tikhonov-regularized least squares
problem given in Equation (1.4), the primary regularization parameter is A € R. How-
ever, in practical applications involving measured system matrices, regularization is further
influenced by the frequency selection, defined as

IK® = {k € IK‘k > kmin A SNR; > @},

where kmin denotes the minimum frequency and ® € R is the SNR threshold. Additionally,
in iterative reconstruction algorithms, the number of iterations : € IN acts as an implicit reg-
ularization parameter, since early termination yields stronger regularization effects [72]. The
complexity of parameter tuning increases further with the inclusion of additional penalty
terms, such as [1-norm regularization or total variation constraints. Even when confined
to standard l-norm regularization, the resulting optimization spans a highly interdepen-
dent three-dimensional parameter space. Moreover, the appropriate level of regularization is
heavily dependent on measurement-specific factors, including tracer concentration and noise
characteristics.

To illustrate this, we consider the example of a mouse kidney phantom shown in Figure 2.7.
In each row, one of the three parameters controlling the regularization — the regularization
pre-factor A, the SNR threshold ®, and the number of iterations ¢ — is varied while keeping
the others fixed. Depending on the parameter setting, the reconstruction exhibits either
appropriate, insufficient, or excessive regularization. These changes have a fundamental
impact on the reconstructed image, affecting both the level of visible detail and the amount
of noise and artifacts. While this example isolates the effect of each parameter, the real-
world scenario is even more complex, as the parameters influence each other and must be
jointly optimized.

Moreover, the reconstruction results in Figure 2.7 illustrate the problem of selecting reg-
ularization parameters on a single phantom. However, each individual measurement may
require a different amount of regularization strength. Consequently, optimal parameter se-
lection often necessitates expert knowledge in MPI reconstruction — expertise that cannot
be expected from medical personnel in routine clinical settings. To address this barrier, an
essential requirement for clinical deployment is the integration of Plug-and-Play reconstruc-
tion strategies that minimize manual parameter tuning. These approaches aim to automate
the reconstruction process, offering robust default configurations and adaptive regularization
schemes that dynamically adjust based on input data characteristics. By enabling immedi-
ate, high-quality image generation with minimal user intervention, such strategies are key to
bridging the gap between technical reconstruction frameworks and clinical usability.

The method developed by the author and discussed in detail in Chapter 4 unifies all reg-
ularization parameters under a single control variable: the number of iterations ¢. In this
approach, earlier termination of the iterative reconstruction results in stronger regularization,
while high-SNR data permits more iterations, progressively incorporating higher-frequency
components and reducing regularization strength. A central challenge remains the deter-
mination of the optimal stopping criterion. While the author proposes a heuristic stopping
rule that generalizes well across multiple datasets, leveraging a data-driven deep learning
approach may offer further improvements in adaptivity and performance.

Automated regularization strategies significantly enhance consistency across varying imaging
conditions and improve reproducibility in clinical applications. This is particularly advanta-
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Figure 2.7: Influence of regularization parameters on the reconstruction quality of a mouse kidney
phantom. Each row shows the effect of varying one regularization parameter — the pre-factor A,
the SNR threshold ®, or the number of iterations ¢ — while keeping the others fixed. The examples
demonstrate how insufficient or excessive regularization alters the balance between image detail,
noise, and artifacts.

geous in time-sensitive scenarios, where rapid image reconstruction is critical for informed
decision-making. Moreover, automated adaptation of regularization is especially beneficial in
dynamic applications such as perfusion imaging, where tracer distribution evolves over time,
necessitating continuous adjustment of regularization parameters to ensure high-quality im-
age reconstruction. This concept is further explored and demonstrated with experimental
data in Chapter 4.

Multi-Patch and Dynamic Reconstruction

As explained in section 2.2, MPI is constrained by a limited FOV, requiring multi-patch
reconstruction to extend coverage. Signal outside the FOV of each single patch might lead
to artifacts on the patch boundaries. Early approaches used overlapping patches and post-
processing to mitigate these artifacts, but at the cost of increased acquisition time. More
recent joint reconstruction algorithms enable artifact-free reconstruction of non-overlapping
patches, significantly improving efficiency [144]. Zdun et al. [319] proposed using the
stochastic primal-dual hybrid gradient method to solve the multi-patch reconstruction task,
demonstrating superior reconstruction quality over Tikhonov regularization and Kaczmarz-
based methods while reducing computational costs.
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However, sequential scanning in multi-patch MPI reduces temporal resolution, leading to
motion artifacts — particularly from cardiac and respiratory motion — necessitating advanced
reconstruction strategies. A promising approach synchronizes raw data to specific motion
phases, effectively “freezing” movement at different states without requiring additional nav-
igator signals [83]. Additionally, incorporating motion priors derived from flow-parameter-
dependent partial differential equations into the reconstruction process has shown significant
improvements in suppressing motion artifacts. Brandt et al. [31] developed a reconstruction
framework that models dynamic MPI as a time-dependent inverse problem. Their approach
was validated using simulated data, rotational phantom experiments, and in-vivo mouse
measurements, demonstrating enhanced image quality in dynamic MPI reconstructions.

Artifact-free dynamic multi-patch reconstruction is essential for numerous MPI applications,
particularly in perfusion imaging, where high temporal fidelity is required to capture rapid
tracer dynamics.

Accelerated and Real-Time Reconstruction

Reconstruction speed is a critical factor for the clinical application of MPI, as the time
required for image reconstruction depends on the specific application. For routine diagnostic
imaging (e.g., tumor detection), longer reconstruction durations are acceptable in exchange
for higher resolution. In contrast, urgent diagnostic imaging (e.g., stroke monitoring) requires
reconstruction within minutes, while real-time or near-real-time reconstruction with latencies
below one second is essential for intraoperative guidance and emergency diagnostics.

To meet these diverse time constraints, several strategies are employed.

Leveraging hardware: High data rates in MPI necessitate accelerated reconstruction meth-
ods. Parallel processing and GPU acceleration are pivotal, enabling significant reduction in
reconstruction times from minutes to seconds. The massively parallel architecture of modern
GPUs allows real-time or near-real-time image reconstruction [216].

Sparse reconstruction: Another important strategy for acceleration involves sparse recon-
struction techniques, which exploit the inherent sparsity of MPI images in specific transform
domains. By incorporating compressed sensing approaches, the size of the underlying sys-
tem to be solved is significantly reduced, leading to substantial computational savings while
preserving image fidelity [164, 263].

Iterative solvers: Further improvements in MPI reconstruction stem from advancements
in iterative solvers, with the Kaczmarz method [128] being the most widely used approach
to date. Its efficiency arises from the sequential projection onto hyperplanes defined by the
measured data, ensuring rapid convergence even for large-scale problems. This method is
particularly well-suited for MPI, where the system matrix is typically ill-conditioned, as hy-
perplane projections inherently promote numerical stability [143, 110]. Additionally, precon-
ditioned conjugate gradient methods and other optimization strategies have been explored to
enhance convergence rates while reducing computational overhead, enabling high-accuracy
reconstruction even in complex imaging scenarios [156, 261].

Online reconstruction: The shift from offline to online reconstruction introduces a balance
between image quality and reconstruction speed. Offline reconstruction prioritizes optimal
image quality with more iterations, adaptive regularization, and post-processing. In contrast,
online reconstruction shifts the focus towards minimizing latency to provide continuous visu-
alization of acquired data. This necessitates an efficient computational pipeline that balances
speed and quality [142]. To achieve low-latency reconstruction, system matrices must be
preloaded into memory, eliminating costly disk access delays. The reconstruction process
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itself relies on the Kaczmarz method with a minimal number of iterations, significantly re-
ducing computational effort per frame. Additionally, all required memory is preallocated and
reused for successive frames, further streamlining performance. However, even with an opti-
mized pipeline, data acquisition can still outpace reconstruction. In such cases, the system
prioritizes displaying the latest available frame rather than processing every individual data
set, ensuring real-time feedback at the cost of potential data loss. While frame skipping
would be unacceptable in offline reconstruction, it is a practical compromise in real-time
imaging. Alternatively, averaging consecutive frames can help maintain temporal coher-
ence without excessive computational overhead. Furthermore, unlike offline reconstruction
workflows, where results are stored for later analysis, real-time systems bypass disk writing
entirely, directly displaying reconstructed images to ensure immediate visualization.

Direct reconstruction: An alternative approach is direct reconstruction, which bypasses
iterative solvers by utilizing modeled system functions [59]. Although this method enables
near-instantaneous image formation, it relies on a simplified equilibrium model that omits
anisotropy effects, limiting its reconstruction accuracy. Recently, a fast implementation of
direct reconstruction incorporating anisotropy has been presented in cooperation with the
author [58]. However, these methods still require further integration and validation in pre-
clinical MPI systems to assess their potential as a robust alternative for clinical applications.

These optimizations enable real-time MPI reconstruction to meet the stringent demands of
interventional procedures, providing clinicians with rapid and continuous imaging feedback
necessary for precision treatments.

Deep Learning-based Reconstruction

Deep learning is emerging as a transformative tool in MPI reconstruction, offering advantages
in speed, accuracy, and adaptability over traditional model-based methods [200, 148, 264,
45, 323]. Conventional approaches rely on explicitly defined system models and handcrafted
regularization, which can be computationally expensive and suboptimal in complex imaging
scenarios. In contrast, deep learning can learn the mapping between raw MPI signals and
reconstructed images, bypassing computationally intensive steps and enabling more efficient
processing.

Deep learning-based approaches in MPI have shown promising potential for improving recon-
struction quality, particularly in challenging scenarios with low signal-to-noise ratios [199].
Trained neural networks may learn to suppress artifacts and noise by capturing complex sig-
nal characteristics present in diverse datasets, which could lead to improved image fidelity.
Additionally, data-driven super-resolution techniques offer a possible means to enhance spa-
tial and temporal resolution by inferring fine structural details from undersampled or noisy
data [17, 246, 247]. In contrast to conventional methods that rely on fixed regularization
schemes, deep learning models may offer increased adaptability and robustness by adjusting
dynamically to varying imaging conditions.

A particularly promising approach is deep learning-based plug-and-play reconstruction, which
integrates learned priors into iterative solvers. Recent work has incorporated pre-trained
priors into alternating direction method of multipliers (ADMM) frameworks, significantly
improving reconstruction robustness [10, 81]. A similar method was presented for the Kacz-
marz algorithm [285]. Traditional handcrafted priors struggle to capture the complex spatial
and temporal patterns inherent in MPI data, while purely data-driven methods can be com-
putationally demanding or limited in generalization. To address these issues, Giingor et al.
introduced DEQ-MPI, a deep equilibrium model embedding learned data consistency into



2.3. Methodological Development 39

reconstruction [109]. This approach ensures convergence while achieving high image quality
and competitive inference times.

As deep learning continues to influence MPI reconstruction, it is anticipated to significantly
shape algorithmic research in the coming years. Neural networks have the potential to gen-
eralize across various imaging setups, improving reconstruction processes and minimizing the
need for extensive manual tuning. However, several challenges persist, including the require-
ment for large, high-quality training datasets, the need for improved model interpretability,
and ensuring robust generalization across diverse hardware configurations.

Hybrid approaches that integrate physics-based models with deep learning frameworks offer
a promising direction for real-time MPI reconstruction. By combining model-driven and
data-driven methods, these techniques may refine reconstructions efficiently, reducing com-
putational burden while preserving structural details. This synergy holds great potential
for accelerating MPI reconstruction and advancing the field toward real-time, high-fidelity
imaging suitable for clinical applications.

Software Development

For MPI to become a clinically viable imaging modality, reconstruction frameworks must not
only be efficient and accurate but also accessible and adaptable. Open-source software plat-
forms play a critical role in achieving these goals by ensuring standardization, reproducibility,
and continuous innovation. By providing well-documented and validated reconstruction
methods, these platforms enable researchers to consistently apply algorithms across different
MPI systems, promoting comparability and scientific rigor.

A key factor in making these reconstruction frameworks user-friendly is the development of
an intuitive graphic user interface (GUI). A well-designed GUI simplifies complex workflows,
lowering the barrier to entry for clinicians and non-experts. By guiding users through intricate
reconstruction processes, such interfaces shift the focus away from technical algorithmic
details and towards the clinical interpretation of the images. In the open-source MPI software
framework developed in Julia by the authors’ research group, in collaboration with leading
MPI experts worldwide, a GUI is being continuously refined to meet these usability objectives
and ensure an effective user experience [111].

Moreover, the open-source approach fosters a culture of collaborative development, creating
a global network where scientists and engineers can collectively refine and enhance recon-
struction techniques. This exchange accelerates innovation, facilitates cross-institutional
cooperation, and ensures that MPIl methodologies remain at the forefront of technological
advancements.

Beyond fostering innovation, open-source software also plays a crucial role in data security
and regulatory compliance. Transparent and well-audited reconstruction frameworks help
ensure adherence to medical standards and regulations. By making source codes openly
accessible, researchers and regulatory bodies can assess and verify the implementation of
safety measures, data handling protocols, and quality assurance procedures. Moreover,
open-source development facilitates compliance with privacy frameworks (e.g. the Health
Insurance Portability and Accountability Act in the United States and the General Data
Protection Regulation in the European Union), ensuring that patient data is securely man-
aged and anonymized when integrated into clinical workflows. This level of transparency
and adaptability is vital for MPI's transition from research to clinical practice, where strict
validation and regulatory oversight are required.
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Recent open-source initiatives in MPI have highlighted the potential of community-driven de-
velopment, enabling the rapid integration of advancements such as GPU acceleration, sparse
reconstruction, and deep learning-based methods. Notably, the authors' research group has
been a key contributor to these efforts, providing open-data initiatives and a comprehen-
sive MPI open-software framework written in Julia https://www.tuhh.de/ibi/research/
software/magnetic-particle-imaging [110, 111, 152, 149, 151]. In addition, numerous
research groups worldwide actively contribute to open-source software development, foster-
ing collaboration and innovation within the field https://os-mpi.github.io/ [182, 254],
https://www.opensourceimaging.org/project/mfs-magnetic-field-simulator/
[131].

As research advances toward real-time, high-quality imaging, the next steps will focus on
refining these approaches for robust clinical use. In particular, hybrid strategies that in-
tegrate model-based techniques with deep learning hold significant promise for achieving
both speed and accuracy, ultimately enhancing MPI's utility in medical applications such
as cardiovascular diagnostics, tumor tracking, and interventional guidance. By maintaining
an open and collaborative approach, the field can continue evolving toward clinically viable,
high-performance MPI reconstruction.

Tracer Development

The availability of suitable magnetic nanoparticle tracers with medical approval is a key
factor in translating MPI to clinical applications. MPI's signal generation and spatial encod-
ing fundamentally rely on the nonlinear magnetization response of magnetic nanoparticles.
However, clinical adoption is hindered by a trade-off between MPIl-optimized tracers, which
exhibit strong signal responses, and SPION formulations already approved for MRI, which
often lack the necessary magnetic properties for MPI. This section examines the challenges
associated with MPI tracer development, focusing on clinical approval pathways, signal
strength optimization, and tracer stability.

Clinical Approval

MPI tracers must undergo stringent regulatory approval processes governed by agencies
such as the U.S. Food and Drug Administration (FDA) and the European Medicines Agency
(EMA). The approval process requires extensive preclinical and clinical studies to establish
safety, efficacy, and biocompatibility. Historically, SPION formulations such as ferucarbotran
(Resovist®) have received medical approval for liver MRI applications, and more recently,
Resotran®(b.e.imaging GmbH, Germany) has been approved for MRI in Germany and Swe-
den [192, 244]. Additionally, a phase IlI clinical trial is currently evaluating ferumoxtran
(Ferrotran®), an ultra-small SPION formulation, for MRI applications. While these SPION
formulations are not explicitly designed nor approved for MPI, they represent the closest
available options for clinical MPI imaging.

A major challenge in tracer approval is ensuring biocompatibility and long-term safety. SPI-
ONs are primarily cleared by the mononuclear phagocyte system, with liver and spleen uptake
being the dominant clearance pathways [225, 114, 168]. Dextran-coated SPIONs, such as
Resovist, exhibit rapid hepatic clearance with a half-life of approximately 10 min, whereas
PEG-coated SPIONSs can achieve circulation half-lives of up to 7 h in mice [168]. While these
clearance mechanisms ensure iron homeostasis, iron dose limitations and potential long-term
toxicity remain concerns [262, 25]. Safe iron dose ranges for human applications vary from
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2.24 mgFe/ kg (for Resovist) to 8.5 mgFe/kg (for Feraheme) [258], providing a reference for
MPI tracer safety considerations.

The regulatory approval process is costly and time-intensive, requiring a strong business
case for investment. Since tailored MPI tracers have yet to receive approval, the field faces
a chicken-and-egg problem: without approved MPI-specific tracers, the clinical potential
of MPI remains unproven, while the lack of clinical MPI systems discourages commercial
interest in tracer development.

Signal Strength and Optimization

The effectiveness of MPI tracers is largely determined by their magnetic properties, partic-
ularly their ability to generate a strong signal under MPI excitation. The optimal SPION
size range is dictated by a balance between Néel and Brownian relaxation mechanisms [274,
55]. Particles that are too small exhibit nearly linear magnetization behavior due to domi-
nant thermal energy effects, making them unsuitable for MPI. In contrast, excessively large
particles lose their superparamagnetism and transition to a ferromagnetic state, resulting in
strong magnetic anisotropies. As a result, Néel relaxation is suppressed, and their ability to
respond at MPI excitation frequencies of 10 — 150 kHz is significantly reduced. Addition-
ally, system-specific optimization has been explored, such as particle chain formation, which
enhances the nonlinear response for one-dimensional MPI excitations [275].

Among MRI-approved SPIONSs, ferucarbotran (Resovist, Resotran) has shown the most
favorable MPI properties, yet its broad size distribution results in only 3% of its total iron
mass contributing to an effective MPI signal [318]. To address these limitations, several
MPI-specific tracers have been developed, a selection is listed in Table 2.1.

Table 2.1: Overview of different MPI tracers and their properties.

Tracer Manufacturer Description

Ferucarbotran Bayer Schering Pharma, | MRI-approved, but only 3% effective

(Resovist, Resotran) | Germany MPI signal [318]

Perimag micromod, Germany ~19 nm core, optimized for Brownian
and Néel relaxation [63, 172]

Synomag micromod, Germany Improved MPI performance over feru-
carbotran [315, 170]

VivoTrax+ Magnetic Insight, USA | Relabeled version of Ferucarbotran for
distribution in the USA [315, 85]

PrecisionMRX Imagion  Biosystems, | Monodisperse iron core SPIONs [67]

Australia

LS-008 LodeSpin Labs, USA Designed specifically for MPI applica-
tions [67]

Magnetosomes Biogenic sources Biogenic SPIONs with high MPI signal
potential [63, 170, 278]

Moreover, in Figure 2.8 MPI system matrices and SNR characteristics are shown for the MPI-
tailored tracer Perimag and the approved MRI tracers Resotran, Resovist and Ferrotran. It is
clearly visible that Perimag shows the best results — both in SNR characteristics and on the
system matrix level, where clear structures can be seen even at the sideband frequency of
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108.76 kHz. However, due to it's approval for MRI the ferucarbotran-based tracer Resotran
is a promising candidate for first human MPI experiments.

Despite promising results, none of these MPI-specific tracers have progressed to clinical
approval due to the high regulatory costs and lack of a defined commercial market. The
author contributed to this research area during the course of his dissertation through multiple
collaborative projects [194, 260, 256, 192].

Stability and Pharmacokinetics

For clinical applications, the stability of MPI tracers in the bloodstream is critical to ensuring
reproducible imaging performance. Several key factors influence tracer stability, including
circulation half-life, aggregation tendencies, protein interactions, and hemocompatibility.

The circulation half-life of an MPI tracer determines its suitability for different imaging
applications. Long-circulating tracers are advantageous for continuous imaging, provid-
ing sustained signal availability, whereas short-circulating tracers are preferred for perfusion
imaging, where repeated bolus injections are required to capture rapid physiological changes
[191]. Certain strategies, such as red blood cell labeling, have been proposed to extend circu-
lation times, with approximately 30 % of the MPI signal persisting after 24 hours [256, 6, 7].
However, prolonged circulation can increase the risk of off-target accumulation, necessitating
careful optimization of tracer clearance properties.

A major challenge in MPI tracer design is the prevention of nanoparticle aggregation in bio-
logical fluids. SPIONs have a natural tendency to aggregate, which can compromise imaging
efficacy and, in extreme cases, lead to embolism. Surface modifications with biocompati-
ble coatings, such as polyethylene glycol or dextran, improve colloidal stability and reduce
aggregation risk, thereby enhancing the safety and reliability of MPI contrast agents [63].

Another critical aspect of tracer stability is its interaction with serum proteins, leading to the
formation of a protein corona. This corona can significantly influence the biodistribution,
clearance, and overall biological behavior of the tracer [168]. Strategies to mitigate these
effects include the use of anti-fouling coatings such as PEGylation, which helps minimize
unwanted protein adsorption and ensures a more predictable pharmacokinetic profile.

Furthermore, MPI tracers must demonstrate excellent hemocompatibility, meaning they
should not induce hemolysis, thrombosis, or immune activation. While ferucarbotran has
been associated with a relatively low adverse event rate of approximately 7.1 % [303], further
studies are necessary to evaluate the long-term hemocompatibility of MPIl-specific tracers,
particularly those optimized for high signal strength and prolonged circulation.

Ultimately, the ideal MPI tracer must balance high imaging performance with long-term
stability and biocompatibility while meeting stringent regulatory requirements for clinical
translation. Advancements in SPION formulation, surface engineering, and biocompatibility
research will be essential in addressing these challenges, paving the way for the safe and
widespread adoption of MPI in clinical practice.
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Figure 2.8: SNR characteristics and system matrices measured on the preclinical system Bruker MPI
20/25 FF for the tailored tracer Perimag, as well as the currently approved MPI tracers Resotran,
Resovist, and Ferrotran. The figure provides insights into the SNR of the x-channel for all tracers,
measured with xy-excitation. A zoom on the fourth harmonic (90 — 115kHz) with its sidebands
is shown, along with the SSIM values of Perimag, Resovist, and Ferrotran relative to Resotran for
the full spectrum. Additionally, the figure includes color-coded system matrix patterns for three key
frequencies (marked by red crosses), illustrating the variations across tracers. The figure was designed

by the author and published in Mohn et al. [192].
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Extrapolation of System Matrices
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Abstract

Magnetic particle imaging exploits the non-linear magnetization of superparamagnetic iron-
oxide particles to generate a tomographic image in a defined field-of-view. For reconstruction
of the particle distribution, a time-consuming calibration step is required, in which system
matrices get measured using a robot. To achieve artifact-free images, system matrices need
to cover not only the field-of-view but also a larger area around it. Especially for large
measurements — inevitable for future clinical application — this leads to long calibration
time and high consumption of persistent memory. In this work, we analyze the signal in
the outer part of the system matrix and motivate the usage of extrapolation methods to
computationally expand the system matrix after restricting the calibration to the field-of-
view. We propose a suitable extrapolation method and show its applicability on measured
2D and 3D data. In doing so, we achieve a considerable reduction of calibration time and
consumption of persistent memory while preserving an artifact-free result.

Introduction

As a preclinical non-invasive tomographic method without ionizing radiation, magnetic par-
ticle imaging (MPI) has huge potential for biomedical imaging applications [87, 141]. The
non-linear magnetization of superparamagnetic iron-oxide particles is exploited to determine
their concentration by using sinusoidal excitation fields (drive fields). To obtain spatial res-
olution, a field-free point (FFP) is generated by applying an additional static gradient field.
The FFP is moved by the drive field in the region of interest along a trajectory. The size of
the area covered by this trajectory, called field-of-view (FOV), is determined by the ratio of

44
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the drive fields amplitudes and the gradient strength of the static field. Since the drive-field
amplitude is limited due to physiological constraints, the maximal possible size of the FOV
is too small for human applications [141]. This limitation is commonly resolved by adding a
homogeneous focus field with low frequency onto the gradient field and shifting the FOV in
space [87]. In this way, the full region of interest is divided into multiple patches. Within a
static multi-patch measurement, the full FOV is assembled by measuring a volume via the
drive field and then moving the FFP to the next position acquiring the next patch [218].
For the reconstruction of the particle distribution, system matrices (SMs) are received in
an additional calibration step by measuring a point sample on a grid covering each patch.
Although in principle system matrices can be reused for multiple patches [29], this leads to
a reduction in image quality due to field imperfections, which cannot be tolerated in many
applications.

As shown in experiments on measured data [144, 305], particles located outside the FOV of
a patch are still excited and contribute to the measurement signal. This poses a problem
especially in multi-patch MPI by generating artifacts at patch boundaries. Such artifacts on
a simple two-patch configuration can be seen in Fig. 3.1.

excitation sequence phantom

overscan
—

e s
0.0.0.9.99199:9:0.9.90.9.9

B s

RKRXRMIRKS

<

setup

S S S S R0 28 252523288

reconstruction

no overscan large overscan

Figure 3.1: 2D MPI results on two horizontally aligned patches. Top left: schematic configuration
of the two patches. Top right: visualization of the phantom. Bottom left: multi-patch reconstruction
without any overscan leads to artifacts on the patch boundary. Bottom right: artifact-free recon-
struction using a large overscan (long calibration time and large consumption of persistent memory).

For future use of MPI in medical applications e.g. for the diagnosis of vascular diseases
like arteriosclerosis, multi-patch MPI will be important to maintain a high spatial resolution
when imaging large FOVs as for instance required for heart imaging. To avoid reconstruction
artifacts at patch boundaries, a joint reconstruction algorithm for non-overlapping patches
was proposed in [144, 2]. While the approach can handle non-overlapping patches, it requires
the patch-wise SM acquisition to not only cover the FOV, but also a bigger surrounding area,
called overscan (as displayed in Fig. 3.1) [144]. This is very time and memory consuming,
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especially for large 3D SMs. In practice, such system matrices are commonly measured
with a small overscan to avoid execive calibration times. In turn, boundary artifacts are
still present. For example in Szwargulski et al. [268], 15 SMs of size 25 x 21 x 27 were
used, each covering a FOV of 16 x 16 x 16 voxels. The calibration took ~8.67 h for each
of the SMs, leading to a total net calibration time of ~5.4d. The reconstruction results
still contained visible artifacts. By adding another two voxels of overscan in each direction
for a better result, the net calibration time would have exceeded ~8.5d. Calibration scans
have to be repeated at least after each scanner maintenance, which is needed roughly once
a year.

The challenge of long calibration times has been tackled in various research articles originat-
ing to [154], which proposed to use compressed sensing (CS) in order to subsample the SM
at random positions, achieving subsampling rates of about 5-10 in 2D and about 30 in 3D
[106]. The method has been gradually improved by new sparsity transformations [106, 173],
improved sampling strategies [105, 124] and recently, by replacing classical CS by modern
learning-based algorithms [17, 108]. Another direction of research is to use model-based
approaches [146, 150, 118], which have been greatly improved by the use of sophisticated
particle models [4, 138]. Model-based methods usually require only a fraction of calibra-
tion data, but on the other hand, have still not reached the accuracy provided by classical
delta-sample based measurement of the system matrix.

The focus of the present work lies on the overscan region (OR) and the development of
methods that are capable of restoring the information in this region either without, or with
only few calibration points. We examine the signal propagation in the OR from an analytical
as well as from a numerical point of view. Starting from this motivation, we propose a
method where the system matrices are only acquired within the FOV or a small OR. In a
post-acquisition step, the SMs get computationally extrapolated into a large OR, directly
before the reconstruction. To this end, we use two variations of a diffusion-ansatz with
different constraints and homogeneous Dirichlet boundary conditions. On the one hand
this extrapolation step can be used to reduce time and consumption of persistent memory
of new calibration measurements. On the other hand, it can also be applied to already
measured system matrices to enlarge the OR and enhance the reconstruction results. We
show and discuss the feasibility of the proposed method on 2D and 3D experimental MPI
data. We compare our method to the aforementioned system matrix retrieval methods based
on sparse sampling of the system matrix and show that our method can be combined with
them providing even higher subsampling rates. This paper is the full and extended version
of our conference abstract [236].

Methods

Analytical Motivation

As a first step, we want to examine the signal in the overscan region from a model-based,
analytical point of view. Considering the equilibrium model for MPI, where the particle
magnetization is described with the help of the Langevin function, the reconstruction problem
in MPI can be modeled as

u(t) = '/Qs(r,t)c(r) dr, (3.1)

where Q = Qrov U Qos, with Oroy € R3 denoting the FOV and Qos C R3 denot-
ing the OR. Furthermore, u: R, — R> is (up to a time-constant factor consisting of
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the homogeneous coil sensitivity profile, the vacuum permeability and the magnetic mo-
ment of a nanoparticle) the voltage signal, ¢ : 3 — R is the particle distribution and
s: O x Ry — R3 is the system function given as

s(r,1) = 2 L(BG(reso(t) — 1))
Here & : R® — RR3 is the vectorial Langevin function, G € R3*3 are the gradients of the
selection field, repp(t) € R3 is the time dependent position of the FFP and B € R are
the remaining physical constants [135, 176]. Equation (3.1) is typically considered in the
frequency domain after evaluating the Fourier series. In the common case of a Lissajous-
trajectory of the FFP, the frequency component of the system function s; : QO — C3, k €
Ix = {1,...,K} C N can be described as a component-wise convolution

sy =Y *x oy, (3.2)

where o : QO — €2 is a linear combination of tensor products of Chebyshev polynomials
of 2nd kind (CP2s) in each component and ¥ : O — R3 is a frequency-independent
kernel [176]. For a 2D excitation, the kernel is defined over entries of the Hessian of the

vectorial Langevin function:
Yo — —2 & (G (%
— X
b ax18x2 ('B ( C§ )) !

where c3 € R. This convolution using ¥,p in one receive channel is examplarily shown
for one frequency component in the lower part of Fig. 3.2. Recently it was proposed by
Droigk et al. in [60] to interpret ¥2p as an approximate derivative in y-direction for the first
component and in x-direction for the second component and respectively a smoothing filter
in the other direction. With further investigation one can see, that the kernel is similar to
a convolution of a central difference in one direction and a wide blurring kernel. With the
central difference working only in one direction, the blurring kernel leads also to a smoothing
in the other one. In other words, we can decompose ¥,p into

Yop = B x4,

where J is the first order central difference and B is a wide blurring kernel, as seen in the
upper part of Fig. 3.2.

It is visible in Fig. 3.2, that the convolution with the central difference § leads to a shift
shaping on the linear combination of CP2s (as derived in [176], the first derivative of CP2s are
Chebyshev polynomials of 1st kind (CP1s) with some prefactors). The additional convolution
with the wide blurring kernel B leads to a transport of information outside of the FOV (since
the sharp support of the CPs gets blurred). This indicates, that the signal in the OR is — from
an analytical point of view — a continuation of the blurred signal in the outer parts of the
FOV. Therefore, especially frequency components with high signal amplitudes on the border
of the FOV will have much signal in the OR. Because of the repeating pattern of the SM
structure over higher harmonics, we assume that such components also occur in a repeating
pattern, where the repetition is dependent on the frequency divider of the Lissajous-curve.
Despite the fact that the analytical convolution kernel does not have a finite support leading
to a theoretically infinite OR, we can see in Fig. 3.2, that the part of the kernel, which is
displayed and used, already leads to a strong decay of signal in the OR. This is because the
kernel tends to zero in all directions. Thus, when transferring to discrete measured system
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Convolution of blurring kernel and derivative
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Figure 3.2: Top: frequency independent ¥, derived from a convolution of a blurring kernel B
and the central difference § (note, that ¥,p is restricted in size after the convolution). Bottom:
convolution of the linear combination of tensor products of CP2s o} with ¥,p gives the system
function s; for an exemplary frequency component k € Ix. Qpoy is denoted by the dashed line.

matrices, it is meaningful to make use of homogeneous Dirichlet boundary conditions when
expanding data into a finite OR. The placement of this boundary condition should be at a
distance to the FOV, where the signal for the vast majority of frequencies is close to zero.
This is the case for an OR of approximately one third of the size of the FOV.

The analytical representation of s; in equation (3.2) was also derived for three dimen-
sions [176]. In this case the linear combination of tensor products of CP2s gets convolved
with a kernel derived from third order partial derivatives of the Langevin function. This
kernel can be decomposed accordingly as the second order central difference convolved with
a wide 3D blurring kernel and we end up with the same considerations as in the 2D case.
We therefore leave out further discussions on 3D excitations.

Numerical Motivation

In the following we consider the system functions s, measured on a discrete grid of L € N
voxels as the system matrix § € CK*L. The analytical considerations have shown that
the signal in the OR is just a continuation of the signal inside the FOV, which promises
good results for extrapolation methods. To verify this assumption on experimental data, we
study spatial lines of voxels from the border of the FOV into the OR on measured data, as
examplarily shown in Fig. 3.3.

Each voxel of these lines corresponds to a certain column S; of the system matrix S € CK*L
forl € I; C I = {1,...,L}. We collect the frequency vectors along the considered spatial
lines into a matrix S; = (S, Sy,...), where {I3,15,..} = I;.
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Figure 3.3: Investigation of the numerical independence of frequency vectors along straight lines in
the OR.

We investigate the effective linear dependency of these frequency vectors along the spatial
lines by considering the effective rank erank (S; ) of this matrix [229]. By using the Shannon
entropy, the effective rank embeds the singular value distribution of a complex valued matrix
S; into a setting similar to the normal rank, such that 1 < erank (S;) < rank (S;). An
effective rank near to the amount of considered voxels implies a strong linear independence
along the spatial line, whereas an effective rank of one implies a complete linear dependence.
For the continuation of signal from the FOV into the OR, we therefore expect a small effective
rank on measured SMs. If this expectation holds true, a continuation of signal along these
lines using a harmonic extrapolation method is feasible.

Moreover, from the analytical motivation we assume, that especially frequency components
with high signal amplitudes on the border of the FOV have much signal in the OR. To
detect and examine such frequency components, we consider the proportion of the energy of
the signal in the overscan region in relation to the total energy of the system-matrix rows,
denoted by EP°. Let the index set In,, C I contain all voxels in (0os. Then EP® is defined
as

2

Lielnys ISkl
Yier, [Skil*

Following the analytical considerations, we expect a majority of frequency components with
low values of EZ® and a repeating pattern of frequency components with higher values of
EZ®. Depending on the impact of such components on the reconstruction, further methods
and improvements for artifact reduction are thinkable. For this reason, a comparison with
the associated mixing factors [221] and the signal-to-noise ratio (SNR) [79] is meaningful.
By considering the frequency-divider N” € IN of the Lissajous excitation, the mixing factors
My, My, M, € 7 are connected to the frequency component k for a 3D excitation via

os __
Ep =

Reduced Frequency Selection

A simple method to avoid boundary artifacts is to alter the frequency selection used for
reconstruction. Following the aforementioned considerations, the idea is that frequency
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components with Ep® higher than a certain threshold T € [0,1] (i.e. the frequencies with a
lot of signal in the OR) are not taken into account during reconstruction. For all remaining
frequency components with Ep® < T, the system matrices restricted to the FOV are used.
The threshold T must be chosen such that the frequencies with peaks in EP® are not used
for reconstruction (to suppress boundary artifacts effectively), while the vast majority of the
frequencies should remain, to achieve good spatial resolution. In the following we denote

this method TRUNCATEDT.

Minimization Problem

To simplify the definition of the extrapolation method, let QO C RY, d € {2,3} be of the
same size in each direction. To analyze boundary artifacts on different sizes of overscan, we
consider finite sequences of system matrix rows S;'( forie {M,M—1,..,0}, M €N, with
frequency component k € Ix. The outermost voxel line in each dimension gets truncated in
each step, down to a truncation to the FOV. Let P; C () be the area to which the system
matrix gets truncated in step i, such that in each step i equals the amount of lines of voxels
in the overscan. l.e. for i = M we obtain the original full system matrix on Py; = () and
for i = 0 we get the system matrix truncated to Py = Qpgy. The truncation sequence is
shown on an exemplary grid on the left side of Fig. 3.4.

Pfori=M,M-1,..,0

o o
o o
oo o

Figure 3.4: Left: sequence of system matrix truncation on grid P; for i € {M, M — 1, ...,0}, where
Py = Q) (gray) and Py = Qpgy (orange). Right: fully truncated grid with few kept voxels in the
OR (VARIANT II) (all kept voxels are visualized in orange).

In order to achieve an extrapolation of the SMs, which follows the wave patterns harmonically
into the overscan, we define the cost functional

J (wi) := || Vogf3.- (3.3)

J has to be minimized over vy € C2(Q, ©3), Vk € Ix using homogeneous Dirichlet boundary
conditions [32]. After discretization of vy on the system matrices grid to V;, € CL, we get
the following minimization problem for each truncation step i:

2 yi
) —£ min, (3.4)

va;;
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under the constraints
Vilp =Si and Vi|,,=0.
For a minimizer ‘7;( to the minimization problem (3.4) it follows that
i
AVk\Q\Pi =0, (3.5)

i.e. the minimization leads to a harmonic extrapolation of the system matrix. The discrete
minimization problem is solved by setting up the Laplacian matrix of a discrete Laplace
operator and using a least squares approach. In the following, this method is denoted as
VARIANT I for the full truncation to Py = Qroy. Moreover, emanating from VARIANT I,
we propose a second variant of the minimization problem (3.4), where few single voxels in
the OR are left as additional constraints to improve the extrapolation accuracy while still
truncating the vast majority of voxels in the overscan region (denoted as VARIANT II). A
possible choice for additional kept voxels is shown on the right side of Fig. 3.4.

In addition, we also consider a fourth method, where the same extrapolation as in VARIANT 11
is used only on the frequencies with high signal in the overscan. It is therefore a combination
of the methods VARIANT II and TRUNCATED " and will be denoted as VARIANT IIT in the
following. The advantage to VARIANT I is the reduction of the computation time, especially
for 3D data.

In summary we study four methods to reduce boundary artifacts: TRUNCATED ™ is using a
reduced frequency selection to avoid frequencies with high energy in the OR, VARIANT I is
using the plain harmonic extrapolation in the OR, VARIANT 11 is using few voxels in the OR
as additional constraints to the extrapolation and VARIANT II" is a combination where only
frequencies with high energy in the OR get extrapolated to the OR. A graphical summary
of the four methods is given in Fig. 3.5.

( N M)

TRUNCATED T
VARIANT |

. L reconstruction only with fre-
harmonic extrapolation in the OR . . -
quencies with Ep* < T

AN J
s N 7
VARIANT 11 VARIANT II*
VARIANT I with few mea- VARIANT IT only for fre-
sured voxels in the OR quencies with Ep* > T
= AN J

Figure 3.5: Summary of the four considered methods to reduce boundary artifacts.

Study Design

To analyze and verify the proposed methods on measured MPI data, we use a small 2D
multi-patch configuration. We also show results on 3D data, by expanding the 2D setup
in the third dimension. We use an artificial capillary-like phantom placed over the patch
boundary in both cases.
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Experimental 2D Setup

Consider two in the area of the FOV non-overlapping horizontally aligned patches as shown
in Fig. 3.1. Both patches have a large overscan for a clear and artifact-free reconstruction
as ground truth. The measurement was performed on the preclinical MPI system 25/20FF
(Bruker Corporation, Ettlingen, Germany) with base frequency fg = 2.5MHz and mea-
surement parameters given in Table 3.1.

Table 3.1: Measurement Parameters for 2D configuration.

excitation frequencies (f8/102, fg/96)
gradient strength (-1, -1)Tm!
drive-field amplitude (12, 12) mT

FOV 24x24 mm?

composed FOV 24x48 mm?

delta sample size 1x1 mm?

grid 40 x 40 per patch
overscan 8 mm in each direction
acquisition time ~ 20 minutes per patch

For later reconstruction, we used a frequency selection Y C Ix with a minimum cut-off
frequency of 60kHz and an SNR threshold of 5. The measured system matrices were
truncated to the FOV and extrapolated by VARIANT I and VARIANT II. For the discrete 2D
Laplace operator the classical 5-point stencil was used. The truncation to the FOV leads
to an acquisition point reduction of 64 %. For VARIANT II, a total of 24 measured values
in the OR were kept per patch: three lines with two data points placed equidistantly along
each direction (as shown on the right side in Fig. 3.4). This results in an acquisition point
reduction of 63 % for VARIANT II.

For evaluation of the methods on reconstructed images, we measured a phantom consisting
of a seahorse-shaped capillary of 18 mm line length, 1 mm width and 5mm height, filled
with perimag (micromod Partikeltechnologie GmbH, Rostock, Germany) with an iron con-
centration of 10 mg/ml, placed over the patch intersection. The reconstruction problem was
solved by a joint multi-patch approach [268] with 8 outer Kaczmarz iterations and a relative
regularization parameter of A = 0.01 using MPIReco.j1 [152].

To show that a combination of CS and the described extrapolation methods is feasible, a
DCT-based SM retrieval was performed on the FOV using optimal sparse sampling [105] on
the FOV. In a second step the extrapolation to the OR was performed using VARIANT I and
VARIANT II. Note that for VARIANT II 24 extra voxels in the OR are used. To achieve a
fair comparison, the used sampling pattern was reduced by 24 voxels for this case.

Experimental 3D-Setup

To show the applicability of the proposed methods in three dimensions, we consider the 2D
configuration in the xy-plane and expand it in z-direction. To reduce the calibration time
of the full SMs, we cut the resolution in half. The measurement parameters are given in
Table 3.2.

We used a frequency selection with a minimum cut-off frequency of 60 kHz and an SNR
threshold of 10. For the discrete 3D Laplace operator a 7-point stencil was used. The



3.3.3

3.3.4

3.3. Study Design 53

Table 3.2: Measurement Parameters for 3D configuration.

excitation frequencies (fB/102, fg/96, f5/99)
gradient strength (-1,-1,2) Tm™?
drive-field amplitude (12,12, 12) mT

FOV 24x24x12 mm?3
composed FOV 24x48x12 mm?3

delta sample size 2x2x2 mm3

grid 20 x 20 x 10 per patch
overscan (8,8,4)mm

acquisition time ~ 2.25 hours per patch

truncation to the FOV in this 3D setup leads to an acquisition point reduction of 78 %. For
VARIANT 11, a total of 24 measured values in the OR were kept per patch: nine lines with
two data points placed equidistantly along each direction. This equals an acquisition point
reduction of 77 % for VARIANT II.

For analysis of reconstructed data, a straight capillary phantom of 20 mm length, 1 mm
width and 5 mm height was used. The phantom was filled with perimag (iron concentration
10 mg/ml) and placed in the xy-plane, diagonally over the patch boundary. The reconstruc-
tion problem was solved by a joint multi-patch approach with 10 outer Kaczmarz iterations
and a relative regularization parameter of A = 0.01 using MPIReco. j1 [152].

Computation

The extrapolation was performed in serial calculation on an AMD Ryzen PRO 7, using the
iterative LSMR-solver based on the Golub-Kahan bidiagonalization [77]. The extrapolation
for the 2D SMs fully truncated to the FOV takes less than 2 ms in serial calculation. For the
fully truncated 3D SMs it takes about 30s.

Error Measures
For a quantitative analysis of the results on system matrix level on the 2D data, we use the
root mean squared error (RMSE) of the analyzed SMs (denoted as S, € CL) compared to

the original SMs (denoted as Séle € C!) over all used frequency components k € Y and
both patches j = 1,2:

2 Jst- 5,
i = 20Y]y /10y

To quantify the reconstruction results, we consider the normalized root mean squared error
(NRMSE) between the ground-truth reconstruction using the original SMs cor € R_ﬁ and
the reconstruction using the analyzed SMs ¢ € Ri:

RMSE =

le — corll, '
v/L(max cor — min coR)

NRMSE =
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Since we are looking for artifact reduction, another important measure for quantitative
analysis is the normalized maximum absolute error (NMaxAE), defined as

NMaxAE — 1€ = Corll
[lcor|[eo

Results

We use the data from the 2D experiments to examine the considerations from the methods
section and show the proof of principle of the proposed methods. Results from the methods
on the 3D data are used to show the usability in three dimensions.

2D

At first, let us investigate the continuation of signal from the FOV into the OR on the
measured data. By considering spatial lines of 9 voxels from the border of the FOV into
the OR in x- and y-direction for both patches (see Fig. 3.3) we collect the corresponding
frequency vectors into eight matrices S]ig for j € {1,2} and { € {x,y}. A part of the

frequency vectors of every second voxel in Slﬂ (patch 1, positive x-direction) is exemplarily
shown in Fig. 3.6. The real values of the frequency vectors in the overscan show a similar
course, which mainly differs by a scaling factor. This indicates a strong linear dependence.
Between the real values of the frequency vectors in the FOV more sign-changes are visible
signifying a greater linear independence.
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Figure 3.6: Real value of SM columns along the positive x-axis in the x-receive channel for the
first eighty frequency components k € Y of the used frequency selection. Top: four equidistantly
placed voxels in the overscan. Bottom: four equidistantly placed voxels in the FOV. Voxel 0 indicates
the central voxel in the FOV, the other ones correspond to the respective positions along positive
x-direction.
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This can be verified by the calculation of the effective ranks and comparison to the full ranks
of 9. The results are given in Table 3.3.

This can be verified by the calculation of the effective ranks and comparison to the full ranks
of 9. The results are given in Table 3.3.

Table 3.3: Effective ranks of the matrices Sli/éz.

AN | x +x -y +y
1 203 292 263 2.69
2 315 278 279 2.79

For all eight matrices erank (S]i§> < rank (S]i ) = 9 is fulfilled. This shows, that
there is high linear dependency between the frequency vectors along the considered lines of
voxels. Therefore, it is meaningful to emulate the propagation of signal along those lines
with harmonic extrapolation.

For the evaluation of the relative energy of the signal in the overscan, we calculate EZ° for
each frequency component k € Y and take the mean value of the values from both patches.
As it can be seen in Fig. 3.7, frequencies with high EP* show up in a repeating pattern for
both receive-channels.
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Figure 3.7: Relative Energy E2® in the OR for all frequency components k € Y of the used frequency
selection.

Considering the frequency-components generating the first 5 peaks in Fig. 3.7, we find
k € {51,68,85,102,119} in the x-receive channel and k € {48,64,80,96,112} in the y-

receive channel. By considering the scanners frequency-ratio for a xy-excitation of in; =

NIZ;l = %, we get the corresponding mixing factors m, = 0 and m, € {3,4,5,6,7} in the
x-receive channel and m, = 0 and m, € {3,4,5,6,7} in the y-receive channel. Because
one mixing factor is always zero, these frequencies have a high overall energy and a high
SNR [221]. Therefore, leaving these frequencies out of the reconstruction (as done for the
method TRUNCATED') may lead to less boundary artifacts, but also to a worse overall

reconstruction result and must be handled with care. For the 2D reconstructions with the
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reduced frequency selection TRUNCATED ™, as well as for method VARIANT 11", we choose
the threshold value T = 0.15 ~ 0.25 max; EZ°.

For an exemplary qualitative analysis of the extrapolated SMs, we consider the frequency
component k = 68 from the x-receive channel. As mentioned before, this is a frequency
component with high EP* and therefore an appropriate extrapolation is important for a good
reconstruction and more demanding in comparison to other frequency components with low
Ep®. In Fig. 3.8 it can be seen, that VARIANT I and VARIANT II are both able to continue
the wave pattern correctly into the overscan.

LARGE OVERSCAN NO OVERSCAN

VARIANT 1

Figure 3.8: 2D system matrices of both patches for the 68th frequency component. The first row
displays the original SMs (left) and the SMs truncated to the FOV (right). In the second row, the
extrapolated SMs by VARIANT I (left) and VARIANT II (right) are shown. The orange dashed line
exemplarily denotes the FOV in the right patch. The complex phase is color coded, the absolute
value is given by the intensity, normalized to the maximum absolute value of the original SMs.
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Considering the RMSE of the system matrices, we obtain
RMSETR - 35.5, RMSE\/I - 20.6, RMSE\/II - 15.5,

which equals an improvement of 42 % for VARIANT I and 56 % for VARIANT II compared
to the RMSE of the truncated SMs.

For further analysis, the reconstructed images are compared. In Fig. 3.9, the reconstruction
results for all considered methods are shown next to the reconstruction with the original
SMs as ground truth and the reconstruction with the truncated SMs. All methods are
able to significantly reduce the artifacts compared to the result with the truncated SMs.
VARIANT II and VARIANT II" show the best results, whereby the result from the latter is less
sharp. The reconstructions using VARIANT I as well as using TRUNCATED ™ still show some
distortions on the patch boundary. Furthermore, the reconstruction using TRUNCATED " is
slightly thinner in shape than the ground truth. Compared to the original reconstruction all
reconstructions using the different methods show slightly enhanced noise in areas where no
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signal is. However for all methods the noise is reduced compared to the reconstruction using
the truncated SMs. Method VARIANT II achieves the least noisy result.

LARGE OVERSCAN VARIANT [ TRUNCATED "

:

NO OVERSCAN VARIANT II VARIANT IIT

] L (5

Figure 3.9: 2D reconstruction results of the different methods compared to the ground-truth re-
construction using the original SMs and the reconstruction with strong boundary artifacts using the
truncated SMs (with no overscan). All reconstruction plots are normalized to the maximum value of
the ground-truth reconstruction using the fully measured SMs (LARGE OVERSCAN).

The reconstruction results are quantitatively compared in Table 3.4 using the NRMSE and
the NMaxAE. Note, that the improvements are calculated before the error values are rounded
for better clarity.

Table 3.4: Error values for the 2D reconstruction results.

TR vl vil  TrRT VIIT

NRMSE | 0.066 0.039 0.019 0.041 0.031
-impr. 41% T71% 39% 54%
NMaxAE | 0.83 048 0.18 042 0.29
-impr. 42% T78% 49% 66 %

Considering the error values in both measures, we can confirm that VARIANT II indeed
gives the best results. VARIANT I also reduces the error significantly, but performs worse in
comparison to VARIANT I1I. For the methods without or with less extrapolation, we find that
TRUNCATED™ also yields good results for the NMaxAE, which implies that strong artifacts
get reduced efficiently. But the NRMSE gives a much worse result. Extrapolating the
frequencies with high EP° by using VARIANT II" gives better results, especially considering
the NRMSE.

Since VARIANT I could not fully resolve the artifacts, it is meaningful to gain a more
detailed insight on how much overscan is needed to give artifact-free results using the plain
extrapolation. We consider the results of the reconstruction using extrapolation on the
sequence of step-by-step truncated SMs given in Fig. 3.10.

For the TRUNCATED reconstructions, first small artifacts on the patches boundary appear
with a truncation of the SMs to an overscan of i = 4 lines of voxels. In comparison, the
reconstructions using the simple extrapolation remain essentially artifact free up to i = 2.
Significant artifacts start to appear for i = 1, which is just one remaining line of voxels as
overscan.
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Figure 3.10: Comparison of reconstruction results for truncated system matrices with respect to
truncated and extrapolated system matrices (using VARIANT I) for different truncation steps i and
the difference to the full SM (i = 8) respectively. The reconstruction plots are normalized to the
reconstruction with the full system matrix (i = 8), the difference plots are normalized to the maximum

difference between reconstructions with full system matrices and with system matrices truncated to
the FOV.
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A comparison and combination of the extrapolation methods with matrix retrieval methods
using DCT-based CS is shown in Fig. 3.11. Classical SM retrieval on the whole SM with
optimal sparse sampling [105] on () and SM retrieval on the whole SM using optimal sparse
sampling on the FOV and a zero padded OR are compared to a combination of CS and
extrapolation. A rather moderate subsampling factor of ¥ = 6, leading to n = 264 sampling
points as well as a strong subsampling factor of » = 12 leading to n = 132 sampling points
are shown. In both cases, CS on () is advantageous over CS with denser sampling in the
FOV using a zero padded OR. The latter gives a less clear reconstruction result and artifacts
at the patch boundaries. However, the combination of CS within the FOV and extrapolation
within the OR gives even better results than classical CS on the whole SM. For ¥ = 6 both
extrapolation methods VARIANT I and VARIANT II in combination with CS give a clearer,
less disturbed reconstruction result. For r = 12 the combined methods are able to reduce
the boundary artifacts in comparison to regular CS on () and result in a better overal image
quality.

A quantitative comparison of the CS-based reconstructions using the NRMSE is given in
Table 3.5. One can see that the combined methods indeed give the best results. For sub-
sampling factor ¥ = 6 the error value of the combination of CS on the FOV and VARIANT 11
is very close to the NRMSE of the reconstruction using VARIANT II without subsampling
with the FOV. The error value of the combination of CS on the FOV and VARIANT I is even
better than the NRMSE using VARIANT I without sparse sampling. For the subsampling
factor ¥ = 12 the errors of all methods are higher and closer to each other.

Table 3.5: NRMSE for the cs-based reconstruction results using optimal sampling pattern.

CSon () CSonFOV CS+ vl CS+ vII
r= 0.039 0.052 0.032 0.023
r=12 | 0.055 0.068 0.042 0.045
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CSon Q CS on FOV CS on FOV CS on FOV
+ zero padded OR + VARIANT 1 + VARIANT II

\ \

Figure 3.11: Comparison and combination of system matrix retrieval methods based on optimal
sparse sampling with the proposed extrapolation methods. Given are the reconstruction results and
the sampling patterns for a subsampling factor of ¥ = 6 leading to n = 264 sampling points (first
and second row) as well as for a subsampling factor of ¥ = 12 leading to n = 132 sampling points
(third and fourth row). Comparison of the methods from left to right: (1) CS on Q) using an optimal
sampling pattern on ), (2) CS on the FOV and zero padded OR using an optimal sampling pattern
on the FOV, (3) CS on the FOV, then extrapolation in OR using VARIANT I, (4) CS on the FOV, then
extrapolation in OR using VARIANT II. All reconstruction results are normalized to the maximum
value of the ground-truth reconstruction using the fully measured SMs.

3D

To present a proof of principle of the proposed methods also on 3D MPI data, we consider
results on the introduced 3D-setup. In Fig. 3.12, the 2045th frequency component of the
system matrix in the xy-plane on the 5th slice in z-direction is shown for both patches.

It becomes apparent, that both extrapolation variants continue the SMs phase information
correctly in the overscan. In y-direction, where signal stretches up to the boundary of the
large overscan, the absolute value decays much faster in the extrapolated overscan. Similar
to the 2D case, VARIANT II yields a slightly better result.

To visualize the three dimensional reconstruction results, all values above a certain threshold
of 0.1 are displayed in a volume plot in Fig. 3.13. Moreover, the corresponding central xy
cross-sections are given as 2D heatmaps in the xy-plane.

The measured overscan of the SMs gives an artifact-free reconstruction as ground truth.
Clearly visible artifacts arise along the patch boundary in the xy-planes in the reconstruction
using the SMs without any overscan. In comparison, the extrapolation methods VARIANT 1
and VARIANT II are able to reduce the artifacts significantly. As in the 2D case, VARIANT 11
outperforms VARIANT I. For the methods with an altered frequency selection, a threshold
of T = 0.2 ~ 0.25maxy EQ* was chosen. Method TRUNCATED™ and method VARIANT IT*
also strongly reduce the boundary artifacts, but the reconstruction using TRUNCATED " has
a slightly smaller volume (in width and height) with values above 0.1. The results of the
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LARGE OVERSCAN NO OVERSCAN

Figure 3.12: 3D system matrices for the 2045th frequency component. Displayed is the xy-plane
on the 5th slice in z-direction. In the first row are the original SM (left) and the SM truncated to the
FOV (right). In the second row, the extrapolated SM by VARIANT I (left) and VARIANT II (right)
are shown. The complex phase is color coded, the absolute value is given by the intensity, normalized
to the maximum absolute value of the original SMs. The colorbar is given in Fig. 3.8.

error analysis are summarized in Table 3.6. Again, the improvements are calculated before
the error values are rounded for better clarity.

Table 3.6: Error values for the 3D reconstruction results.

TR vI vil  TRT  VIIT

NRMSE | 0.043 0.020 0.015 0.030 0.018
-impr. 5% 64% 29% 58%
NMaxAE | 061 035 032 038 0.32
-impr. 43% 4A7% 37% 47%

Considering the NRMSE, all methods show a similar error reduction as in the 2D case. The
methods VARIANT I, VARIANT II and VARIANT IIT show good results, whereas method
TRUNCATED™ performs worse. Taking into account the NMaxAE, the error of the recon-
struction without overscan is not as high as on the 2D data. Thus, the relative improvements
are not as high as before.

Discussion and Qutlook

It was analytically reasoned and shown on measured 2D system matrices, that the signal
in the OR is highly linear dependent on the signal inside the FOV. Thus, a continuation
of signal into the overscan region by harmonic extrapolation is justified. The presented
extrapolation methods are able to follow the wave pattern of the SMs correctly and can be
used to decrease the calibration time and the consumption of persistent memory significantly,
by simultaneously maintaining an artifact-free reconstruction result. If the system matrices
are only acquired inside the FOV and a plain reconstruction gives strong boundary artifacts,
an extrapolation using VARIANT I is not able to fully resolve the artifacts. As shown in
Fig. 3.10, one or two additional lines of voxels as overscan are necessary. This would directly
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LARGE OVERSCAN VARIANT [ TRUNCATED "
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Figure 3.13: 3D reconstruction results of the different methods compared to the ground-truth
reconstruction using the original SMs and the reconstruction using the truncated SMs. Displayed
are all values larger than 0.1 as a 3D volume plot. Furthermore, the corresponding central xy cross-
sections are shown below. All images are normalized to the maximum value of the ground-truth
reconstruction using the fully measured SMs (LARGE OVERSCAN).

translate to significantly more calibration measurements. VARIANT II resolves this issue.
Only the voxels in the FOV and a few equidistantly placed voxels in the OR need to be
measured. On the provided 2D data, a nearly artifact-free reconstruction was achieved using
63 % less acquisition points, compared to the fully acquired SMs. The possible data reduction
on 3D system matrices is even higher. On the investigated 3D configuration a reduction of
77 % of the acquisition points was achieved using VARIANT II. Since calibration time and
consumption of persistent memory is linearly dependent on the amount of measured grid
points, the reduction achievement directly translates to them. Concerning the placement of
the additional voxels in the OR for VARIANT II we achieved good results with an equidistant
distribution with at least two different distances to the FOV as shown in Fig. 3.4. However,
there are probably even better sampling strategies, which need to be investigated in future
work on this topic.

A simple reconstruction using only frequencies with low signal energy in the overscan re-
gion TRUNCATED ™, can also reduce the boundary artifacts significantly, but gives a weaker
and less clear reconstruction result. The reason is that the left-out frequencies have a high
overall energy, good SNR and are therefore important for good reconstruction results. The
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in-between method VARIANT IIT is able to overcome this challenge by using all frequen-
cies, although extrapolating only those with high signal energy in the overscan. Thus, the
choice between VARIANT II and VARIANT IIT' is a trade-off between better performance
(VARIANT II) and less computation time (VARIANT IIT). Since the values E® — used to
find the frequencies with low signal energy in the OR — are not known without measuring
the overscan, the frequency choice for methods TRUNCATED " and VARIANT II" has to be
made using the mixing factors. Our results show, that frequency components with one of
the mixing factors equal to zero have the highest signal energy in the overscan.

In this work, a proof of concept is given for extrapolating system matrices in two and three
dimensions. In practice, a major obstacle for large 3D multi-patch MPI| measurements is
the long calibration time and the consumption of persistent memory. Both can be lowered
significantly with the proposed methods, since the extrapolation is a lot faster and can be
performed right before the reconstruction. Furthermore, a patch-wise parallelization is easy
to realize and speeds up the computation additionally.

The focus of the present work was mainly on regularly sampled system matrices (i.e. for
VARIANT I). This implies that the method can also be applied retrospectively to already
measured data. This is an important advantage over sparse sampling methods [105, 154,
124, 106], which can only be applied to future calibrations. However, we showed that
extrapolation and sparse sampling can actually be combined and profit from each other. To
this end, matrix retrieval was done based on an optimal sparse sampling pattern within the
FOV in the first step and afterwards the extrapolation to the OR was applied. The restriction
to the FOV in the first step allows to better exploit sparsity in a transform domain (e.g. the
discrete cosine or the discrete Chebyshev functions domain), which has been shown in [245].
The combination of CS on the FOV with a following extrapolation gave superior results
compared to classical CS on the whole SM as well as CS on the zero padded FOV using
an optimal sparse sampling pattern in the FOV. Additional results using traditional random
sampling patterns are given in Appendix 3.7.1.

We restricted the application of the extrapolation methods in this work to system matrices
with almost no field distortions. For a possible application on large 3D configurations, this
issue has to be considered, since the magnetic fields show strong imperfections in outer
patches. It has to be assumed, that the provided methods will perform worse on such data,
since the inhomogeneities lead to a distortion of the system matrices and a shifting of the
FOVs [27, 29]. There are several possible solutions to solve this issue in future work on
large multi-patch configurations. The obvious option is, to take the field distortions into
account and use only the SMs acquired on the correct FOVs. However, it would be much
more convenient to connect the SM extrapolation for large multi-patch configurations with
SM warping. At first, the central patch could be measured in the FOV and extrapolated into
a large overscan. Since the fields can be assumed to be homogeneous in the central patch,
the extrapolation takes place on an undisturbed system matrix. In a second step, the SMs
of the outer patches could be acquired following the methods proposed in [27]. The other
direction may also be possible: warping the central FOV to all patches in a first step and
using the correctly placed FOVs as the starting point for the extrapolation.

Another possible perturbation to the extrapolation is noise on the measured part of the
system matrix. This could lead to errors in the extrapolation of frequencies with low SNR.
On the other hand, it can be assumed that the harmonic extrapolation would smoothen
noise in the OR. However, studies on the influence of SM-noise to the extrapolation remain
for future work.
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Conclusion

In conclusion we have investigated extrapolation methods for extending magnetic particle
imaging system matrices into the overscan region. We proposed multiple variants, of which
the first yields satisfying results and needs no additional measurements in the OR. The second
method requires some additional measurements and can improve the accuracy further. The
methods allow to substantially reduce calibration time, in particular in multi-patch MPI
scenarios.

Appendix

Random Sampling

A comparison of the combined usage of CS and extrapolation with regular CS using a
random sampling pattern is given in Fig. 3.14. As for the optimized sampling pattern, the
combination of CS on the FOV using a random sampling pattern and extrapolation in the
OR gives superior results at both considered sampling rates. The corresponding error values
are given in Table 3.7.

CSon Q CS on FOV CS on FOV CS on FOV
+ zero padded OR + VARIANT 1 + VARIANT II

Figure 3.14: Combined use of system matrix retrieval based on random sparse sampling and extrap-
olation. Given are the reconstruction results and the sampling patterns for a subsampling factor of
r = 6, leading to n = 264 sampling points (first and second row) as well as for a subsampling factor
of r = 12, leading to n = 132 sampling points (third and fourth row). Comparison of the methods
from left to right: (1) CS on Q) using a random sampling pattern on (), (2) CS on the FOV and zero
padded OR using a random sampling pattern on the FOV, (3) CS on the FOV, then extrapolation
in OR using VARIANT I, (4) CS on the FOV, then extrapolation in OR using VARIANT II. All
reconstruction results are normalized to the maximum value of the ground-truth reconstruction using
the fully measured SMs.

As for the optimized sampling pattern, the combination of CS in the FOV using a random
sampling pattern and extrapolation in the OR gives superior results at both considered
sampling rates. The corresponding error values are given in Table 3.7.
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Table 3.7: NRMSE for the cs-based reconstruction results using random sampling pattern.

CSon () CSonFOV CS+ vl CS+ vII
r=6 | 0.040 0.050 0.032 0.024
r=12 | 0.084 0.066 0.039 0.037

3.7.2 Additional two object 2D Phantom

To show that the findings and conclusions of this work generalize to different phantoms, we
show additional results in this appendix. The seahorse-shaped capillary was supplemented
by a straight capillary phantom of 3mm length to increase the complexity. The straight
phantom partially juts out of the FOV. Thus, the reconstruction with the fully measured
SMs is already slightly smeared out in this part, as can be seen in Fig. 3.15.

LARGE OVERSCAN VARIANT [ TRUNCATED "

Figure 3.15: Reconstruction results of the different methods on the two object 2D data set. All
reconstruction plots are normalized to the maximum value of the ground-truth reconstruction using
the fully measured SMs LARGE OVERSCAN.

The reconstruction using the SMs truncated to the FOV has clearly visible boundary artifacts
between the two patches on both objects. As expected from [305], the signal from the part of
the straight phantom located outside of the FOV gets shifted to the border of the FOV. While
the method TRUNCATED™ is able to reduce the boundary artifacts, it fails to reconstruct
any data outside the FOV. The extrapolation methods show good results and reduce the
boundary artifacts for both objects. Moreover, they prevent the signal shifting from the OR
to the FOV and locate the signal of the straight phantom at the correct position in the
OR. However, the reconstructed signal in the OR is more blurred compared to the original
reconstruction using SMs with measured overscan.

Reconstruction results for this data using the combination of CS on the FOV with optimal
sampling pattern and extrapolation in the OR are given in Fig. 3.16.

The results confirm that the combination of CS and extrapolation is powerful. Compared
to CS using an optimal sampling pattern on (), the combination with extrapolation shows
slightly worse results for the signal located outside the FOV for the moderate subsampling
factor r = 6. For this case, higher sampling in the OR is beneficial. For the strong
subsampling factor r = 12, the combination of CS on the FOV and extrapolation outperforms
regular CS on Q). This can be affirmed by looking at the NRMSE values compared to the
reconstruction using the fully measured SMs in Table 3.8.
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CSonQ CS on FOV CS on FOV CS on FOV
+ zero padded OR + VARIANT I + VARIANT II

Figure 3.16: Reconstruction results and sampling patterns for the combined use of CS using optimal
sampling patterns on the two object 2D data set. The figure setup is the same as for Fig 3.11.

Table 3.8: NRMSE results for the two object phantom

TR vI vII IRAS vIIT

0.085 0.040 0.027 0.069 0.038
CSon() CSonFOV CS+ vl CS + vII

r==6 0.035 0.069 0.041 0.034

r=12 0.074 0.082 0.054 0.054
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Handsfree MP| Reconstruction

The content of this chapter was published under the CC BY 4.0 license in

K. Scheffler, M. Boberg, and T. Knopp, "Solving the MPI reconstruction problem with auto-
matically tuned regularization parameters", Physics in Medicine & Biology, Vol. 69, 045024,
February 2024,
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International Workshop on Magnetic Particle Imaging 2023, Aachen, Germany.

Abstract

In the field of medical imaging, Magnetic Particle Imaging (MPI) poses a promising non-
ionizing tomographic technique with high spatial and temporal resolution. In MPI, iterative
solvers are used to reconstruct the particle distribution out of the measured voltage signal
based on a system matrix. The amount of regularization needed to reconstruct an image of
good quality differs from measurement to measurement, depending on the MPI system and
the measurement settings. Finding the right choice for the three major parameters controlling
the regularization is commonly done by hand and requires time and experience. In this work,
we study the reduction to a single regularization parameter and propose a method that
enables automatic reconstruction. The method is qualitatively and quantitatively validated
on several MPI data sets showing promising results.

Introduction

Magnetic Particle Imaging (MPI) is a tomographic imaging technique with huge potential
in non-invasive diagnostic imaging [87]. Using various magnetic fields, it directly measures
the distribution of superparamagnetic tracer in a three-dimensional region of interest. The
method is sensitive with respect to tracer concentration and enables imaging at a very
high temporal and spatial resolution without ionizing radiation [87, 141]. After measuring a
voltage signal in several receive coils, the particle distribution can be determined by solving an
inverse problem based on a measured system matrix [141]. This system is commonly solved
using a regularized least squares approach and an iterative solver [143]. Regularization is an
important ingredient of this process, since it strongly influences the quality of the solution

66
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regularization strength

phantom too strong good too weak

3.12mmol L1

0.19mmol L1

Figure 4.1: The amount of regularization strongly influences the quality of the reconstructed images
in MPI.

(as it can be seen in Fig. 4.1). Using an iterative solver, the amount of regularization mainly
depends on three parameters: the weighting of the regularization term itself, the frequency
selection of the voltage signal and the number of total iterations [26]. For the reconstruction
of a noisy measurement, the regularization needs to be strong. This is achieved by using
only frequencies with good signal-to-noise ratio (SNR), a highly weighted regularization
term and only few iterations. This comes at the cost of a lower resolution. For clear
data, only a weak or no regularization at all is needed. Thus, the vast majority of frequency
components should be used for a reconstruction with more iterations to ensure a sharp image.
Generally speaking, the choice of these reconstruction parameters depends on the quality of
the measurement itself, i.e., the scanner topology and the measurement settings, as well as on
shape and iron concentration of the phantom. When considering time-dependent MPI data,
e.g. the circulation of a tracer bolus through the cardiovascular system, the concentration
may change over time. Thus, different parameters are needed for different stages of the
bolus. Moreover, in the clinical context, there is a maximum iron dose for safe usage of
superparamagnetic tracers in humans [258]. Thus, a high concentrated tracer circulating
constantly through the body for a longer time period is not suitable. New concepts like
negative contrast perfusion try to tackle this problem [191]. This underlines the importance
of getting good reconstruction results on preferably low iron concentrations and thus the
relevance of finding a good amount of regularization at each stage of a bolus.

Algorithms on the choice of regularization strength for general imaging inverse problems
and especially magnetic resonance imaging are broadly studied in academic research. There
are different strategies to emphasize: the classical methods based on the L-curve and the
condition of the system [116, 166, 317], SURE-based methods [223], Bayesian approaches
[232, 41] and learning-based methods [282]. However, all of these methods tackle only the
regularization term and not the choice of the frequency selection. Up to now, only the L-
curve approach has been adapted to MPI [145]. Considerations on an automatically chosen
SNR threshold have been done for single sided MPI [298]. Furthermore, there has been
proposed a more efficient frequency selection method based on the energy spectral density
recently [322].
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However, it remains a major challenge for each single MPI reconstruction to identify a good
choice of parameters, leading to an ideal image. This is due to the complexity of the
iterative solving process of the ill-posed inverse MPI reconstruction problem with different
parameters not only controlling the regularization term but through the frequency selection
also the system itself. The current state-of-the-art modus operandi is still trial-and-error as
described in [307], requiring much experience in MPI reconstruction. In order to establish
MPI in medical imaging and, in particular, taking into account medical feasibility, an easy
reconstruction leading to good results would be most beneficial. The methods presented
in [142] enable an online reconstruction for MPI, however all settings for the regularization
must be done by hand.

Motivated from this practical point of view, we present a way to reduce the MPI reconstruc-
tion parameter set to a single parameter by adapting the SNR threshold and regularization
weight in each iteration. Based on this, we propose a hands-free reconstruction method
using a stopping criterion based on the quality of the data. A validation of the method is
shown on various MPI data: dilution series with two different phantoms and an in vivo bolus
experiment on the cardiovascular system of a mouse.

This paper is the full and extended version of our conference abstract (Scheffler et al., Hands-
free reconstruction for MPI, IWMPI 2023). The method has been further developed and the
focus has been broadened to include sound theoretical descriptions of the proposed methods.
The evaluation of additional data, including in vivo data, and the careful discussion of the
method are also substantial additions to this manuscript.

Methods

Basics of MPI image reconstruction

In MPI several magnetic fields are used to derive the three-dimensional density distribution
of superparamagnetic iron-oxid particles (SPI1Os) inside a region of interest. The particle
magnetization gets excited using an excitation field, which is spatially homogeneous but
sinusoidal in time. A spatial resolution is achieved by adding a time-constant spatial gradient
field bringing the SP1Os in saturation everywhere but a small low-field region. The non-linear
magnetization response of the SP10s in the low-field region induces a voltage signal including
higher harmonics of the excitation frequency in L € {1,2,3} receive coils. The connection
between the frequency components (i.e. the coefficients of the Fourier series) of the voltage
signal u; € C,k € 7 and the particle concentration ¢ : R®> — R can be described by

U = /st(r)c(r) dr,

where s; : R? — C is the system function with support Q) C IR3. The system function is
typically measured on a spatial grid with equidistantly placed grid-points 7, for n € Iy =
{1, ..., N} by using a delta-probe. In combination with the discrete sampling of the voltage
signal leading to a finite number of frequency components k € Ix = {1, ..., K}, the discrete
MPI equation can be given in matrix-vector form as

Umeas = S¢, (4-1)

where ¢ = (c(ry)) is the particle concentration vector, S = (Wusk(*n))er, nery 19

nely
the system matrix with quadrature weights w, and #meas = <”k>keIK + 5 with € CK is
the measured voltage vector with additive background noise. Solving (4.1) for the particle
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concentration vector poses an ill-conditioned inverse problem, which is commonly adressed
by formulating the Tikhonov regularized least squares problem

cy = argmin ||Sc—umeas||§ + /\||C||§, (4.2)
cE]Rf

with the parameter A € R controlling the influence of the regularization term. Additional
real and non-negativity constraints are beneficial [141, 306]. Using an iterative solver (e.g.
the Kaczmarz method), one ends up with the reconstructed particle distribution.

In the course of the reconstruction in MPI, the regularization is controlled by three main
parameters as described in [26]:

1. A € R4, controlling the strength of the regularization term in (4.2). Bigger values for
A lead to a stronger regularization.

2. The frequency selection, determined by a minimum frequency ki, and an SNR thresh-
old ®@ € R, such that only frequency components in

IK@ = {k S IK|k > kmin A SNR; > @},

where SNR; denotes the SNR of frequency component k, are considered for reconstruc-
tion. By excluding noisy frequencies, a high threshold ® leads to a small frequency
selection and a weak noise amplification. Thus, the results get less noisy at the cost
of loosing resolution. Due to the distribution of high-SNR frequencies around higher
harmonics of the excitation frequency [269, 221], the connection between ® and the
number of rows in the linear system is not linear.

3. The number of iterations ¢ € IN used by the iterative solver. Stopping the recon-
struction early is equivalent to a further regularization and less noise amplification
[72].

The minimum frequency is mainly for excluding frequencies close to the excitation frequency,
which are hardly measured correctly due to hardware limitations [281, 277]. In the following,
we will drop further considerations on the minimum frequency and consider the frequency
selection only to be determined by the SNR threshold ®. The effect of ® to the system can
be described using projections

Po : CK — Ko,
1"')@ . (DKXN N (DK@XN

from K to Kg frequency components. Thus, we end up with the final reconstruction problem
as

solve, (argmin HP@(S)C—P@(umeas)H; + A HCH%)

ce]Rf
The regularization of this reconstruction process is described by the parameter set

P = (A0O,1).
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Projection to a single parameter

For the standard Kaczmarz reconstruction, the parameter set P is defined a priori and has to
match the noise level of the used MPI scanner as well as the measurement settings. Important
scanner-dependent factors are properties of the receive coils as well as the overall quality
of the receive path, which includes the receive coils and all electronic components involved
in voltage processing and digitization, e.g. a low-noise amplifier [301, 98]. Moreover, the
amount and concentration of the tracer directly determines the SNR of the measurement and
thus the amount of needed regularization. To achieve a reconstruction result of good quality
without any user input, an appropriate parameter choice has to be derived automatically from
the measurement data. To this end, the first goal is to condense P into a single parameter,
i.e., mapping the regularization strength A and the SNR threshold © to :. Thus, in each
iteration there are different but consistent values for A and ®. Starting with high values in
the first iterations, these reconstruction steps only work on few high-SNR frequencies with
a strong regularization. For measurements with low signal intensity, the reconstruction can
already stop at this point to achieve an artifact-free image with low noise. For measurements
with high signal intensity, more iterations with a higher amount of used frequencies and less
regularization are needed. Thus, low values for @ and A are chosen for later iterations. The
transition in between should be a steady and smooth decrease. These properties are satisfied
by functions of the form

Xj
1+ (Bix — B)"’

for 1 <x €R, a;,B,7 € Ry and j € {©,A}. Here, a; controls the starting value in the
first iteration, and f3; as well as 7y; control the behavior and slope of decrease for the transition
of the parameters in later iterations. For hg also a minimum SNR threshold O, € Ry is
needed, to exclude pure noise frequencies also for late iterations. It is important to note,
that the values of &), ®g and O, are dependent on the total noise level and therefore on
the receive path of the MPI scanner. Thus, it is sufficient to determine these parameters
once for a certain receive path. Afterwards they can be used for all measurements using this
receive path.

hi(x) =

When altering the scanner hardware (e.g. changing the receive coil), an empty measurement

ugmpty over several frames f € {1, ..., Fempty}, Fempty € N can be used to calculate the mean
noise 7 via

1 F empty

Hempty = Fi Z Uempty-
empty (77

1 Fem pty

f _
E Z |uempty — Uempty|,
empty f=1

1
’7:?2’71«

kelk

]7:

Then, the parameters o), &g and @nin, which depend on the noise level of the scanner,
can be estimated by a scaling of 77. Since short empty measurements before each signal
measurement are commonly done for background subtraction, auto-tuning the parameters
from this empty measurement (as described in section 4.3) does not pose additional work.



4.2.3

424

4.2. Methods 71

Stopping criterion

After the described parameter projection, the number of iterations ¢ of the iterative solver
remains to control the amount of regularization. For an automated reconstruction a suitable
stopping criterion is needed. When the measurement is noisy, this stopping criterion should
take effect already after few iterations. For less noisy measurements, less regularization is
needed and the stopping criterion shouldn't take effect too early, allowing more iterations.
Typical stopping criteria for iterative solvers are build upon the L-curve between the 2-norms
of the residuum ¥ = S¢ — Umeas and ¢. The usage of the regularized Kaczmarz method poses
an advantage, since the auxiliary vector v; € CK, calculated in each iteration step i € N,
converges to the scaled residual = A2 (S¢ — Umeas). In order to take into account
the change in system size and regularization in each iteration, it is important to normalize
r* with respect to the amount of considered frequencies in each iteration. Then, a stopping
criterion based on a jump in the curvature ¥ € R of the L-curve [145] can be used. It is
meaningful that the curvature should exceed a certain level dependent on the size of the
solution norm, to hinder the reconstruction from stopping too early. In conclusion, we end
up with the following stopping criterion at iteration step i € N:

i

>0 A

> €
e ]2 Y4 ’

for 5,€ € R4, where ¢ is the particle concentration vector after the first iteration. The
values for § and € describe the lower thresholds for curvature and change of curvature at
which the stopping criterion takes effect.

Bolus reconstructions

Because of the high frame rate of typical MPl measurements, it can be assumed, that the
tracer concentration does not change abruptly between two frames of time-dependent MPI
data, e.g. bolus experiments. Thus, the number of iterations of the hands-free reconstruction
should also not change too rapidly between two frames. To exploit this additional form of
prior knowledge and enforce this behavior, we propose the following two-step flattening
approach.

1. The number of iterations is not only dependent on the stopping criterion but also on
the number of iterations of the previous frames. This value defines for each frame
exp

f € N a number of iterations to be expected o € N. The actual number of
iterations must not exceed a certain margin

Biz®) = [0+ D] ce o),

around the expected number (5. When the stopping criterion is triggered before the
margin around the expected number of iterations, more iterations are performed until
this margin is reached. When the stopping criterion is not triggered as the highest
number of iterations in the margin is reached, the reconstruction stops at this point.
The margin should be big enough to allow a gradually adjustment of the number of
iterations over the course of the frames, but low enough to hinder the number of
iterations to jump back and forth.

2. After a first reconstruction using the stopping criterion as well as the additional con-
straints of step (i), a second reconstruction is performed to handle remaining peaks.
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In this second round, the number of iterations over the course of the frames gets
smoothed using a rolling average of the number of iterations from the first step (i).

Grid search reconstruction

For validation of the proposed method, a quantitative comparison to a reference solution is
needed next to subjective statements on the reconstructed images. To this end, a three-
dimensional parameter grid Py, , 1, (/\11,6)12,113)11112’136{1’_",8} is introduced. Note that
as mentioned before, the connection between the parameter values and the amount of
regularization is non-linear. To span over a wide enough space of regularization strength,
the parameter grid needs to have higher order exponential spacing in each component. A
costly brute-force approach with 8% reconstructions is used to find the optimal parameter
sets compared to a ground-truth phantom in two different measures. The normalized root
mean squared error (NRMSE) was chosen because of its establishment and interpretability.
Because the NRMSE does have issues when it comes to noise, we also consider the structural
similarity index measure (SSIM) as a perception based measure [304]. For both measures,
the reconstruction results get normalized to the interval [0,1]. We ranked all reconstructions
from the parameter grid in both measures, respectively. The reference reconstruction is then
chosen as the reconstruction with the parameter set with the lowest additive rank over both
measures.

Study Design

The proposed hands-free reconstruction was implemented by adapting the regularized Kacz-
marz method from the MPIReco.jl framework in Julia [153]. The general structure of the
reconstruction is given as pseudo code in Algorithm 1. Here, dcdr; is the approximate deriva-
tive of the solution norm at the iteration i € INg as an intermediate step to calculate the
approximate curvature ;. We suggest a zero-initialization for the initial values. The function
getParameter() calculates A; and ©; at iteration i € N by using the mapping functions 7,
and hg. The full code is published under a Creative Commons Attribution 4.0 International
license and can be found at https://github.com/IBIResearch/HandsfreeReco.

To verify the method on a broad variety of MPI data with different iron concentrations, it
was tested on the dilution series described in [26]. Moreover, the bolus study describing
the blood-flow of a mouse heart from [97] was used to test the hands-free reconstruction
on in vivo data. All studies have been performed on the preclinical MPI system 25/20FF
(Bruker Corporation, Ettlingen, Germany), however the bolus experiment used a dedicated
receive coil with better SNR. Based on experience on MPI reconstruction with the Kaczmarz
method, the parameters describing the slope of the mapping functions were chosen as ) =
02,74 =5 and Be = 0.28,79 = 2. The remaining parameters dependent on the noise
level of the receive path, were calculated from the mean noise of the data sets 77 (derived
from empty measurements, as described in 4.2.2), such that they work for all data sets on
all concentrations:

1

— _ -2 = _ 4 -
— m, DC@ — 12 10 77, @min — 31 * 10 17

L9

The resulting mapping functions are shown in Fig. 4.2. The parameters for the stopping
criterion were set to 6 = %,e =2.
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Algorithm 1 Hands-free reconstruction

Input: S, Umeas, X770, Br/0, VA0, 0, €
i+ 0
co, 1o, dedrg, ¥o, dedry, ¥ < getlnitialValues()
repeat
i+=1
Ai, ©; < getParameter(«, /0, Br/0, YA/0)
Ik, < getFrequencySelection(®;)
c, 1171' < performKaczmarzlter(S, #meas, IK@,-r/\i)
ri = [I=A0ill2
if i > 1 then
dedr; < (leilla=lleictll2)/ (r;—ri_1)
Y, < (dedr;—dcdri 1)/ ((ri—ri,l)(1+dcdr%)3/2)
stoplter < Yi/|c1||, > 0 and Y¥i/¥;_, > €

end if
until stoplter
return ¢;
~< 10 — dot ® 250 — dot
= kidne kidne
o0 0.2 xianey < 50 xianey
e_) In vivo 2 In vivo
i 0.005 < 10
E 4 % 2
g 10~ z
10 20 30 10 20 30
iteration i iteration i

Figure 4.2: Mapping functions for the parameter condensation on the different data sets (calculated
from the mean noise which is derived from empty measurements). The left image shows the course
of the regularization pre-factor A over the iterations, the right image the course of the SNR threshold
©. Note, that the y-axes are logarithmic.

Dilution series

The dilution series is taken from [26] and was recorded using a three dimensional Lissajous
trajectory and a gradient strength of (—0.75, —0.75,1.5) Tm™~L. The drive-field amplitudes
were set to 12mT in each direction, resulting in a FOV of 32x32x16 mm3. The system
matrices were measured using a 2x2x1 mm?3 delta-sample filled with perimag (micromod
Partikeltechnologie GmbH, Rostock, Germany) diluted to 300 mmol I~ on a 21x21x24 grid.

The single dot phantom series consists of 12 measurements where the iron concentration is
halved for each new measurement starting with Kf°t = 400 mmol =1 in a small glass capillary
with an inner diameter of 2.4 mm. The dot phantom was only filled with a small amount
(20 pL) of tracer. Furthermore, we consider the dilution series on the rat kidney phantom.
Two kidneys from a realistic rat phantom [66] are each filled with 781 pL tracer. The iron
concentration is halved 5 times, starting with Kll(idney = 3.05 mmol I71.

For the reference reconstruction as well as the error analysis a ground truth was voxelized
out of the CAD files of the dot phantom and the kidney phantom. The 8> sized parameter
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grid for the reference reconstruction was derived proportional to higher order exponential
functions giving

Ay, €{14-107%,88-107%45-1072,2-107%,7.6-107%,0.28,1.1,7.3},
@), € {1.32,1.64,2.24,3.4,5.88,11.71,27.33,76},
u, € {1,2,3,5,7,11,16,25}.

The grid searches were performed in parallel on 8 kernels and took about 6 to 8 hours for
each concentration on both phantoms resulting in a total net reconstruction time of about
5.25 days.

In vivo bolus experiment

In addition to phantom measurements we consider the in vivo measurements from [97],
which were measured with a dedicated high-sensitivity receive chain that shows a very dif-
ferent frequency response and noise characteristic than the standard receive coils used in the
previous phantom experiments. The measurements were performed using a finer system ma-
trix dedicated to the fine structures in the cardiovascular system of a mouse. The cylindrical
delta probe had a diameter as well as a height of 0.7 mm, filled with undiluted LS-008 ([134],
91.7mmol I71). The system matrix was measured on a 46x36x19 grid. The measurement
of the mouse itself used three separate boli of LS-008, sequentially injected into the tail
vain. In this work, we only consider the second bolus with a volume of 10 pL concentrated
at 9.17 mmol =1, The concentration strongly changes in the course of the bolus throughout
the cardiovascular system of the mouse. Thus, different regularization strength in differ-
ent stages of the bolus are needed for good image reconstruction. The measurement was
performed on a 32x32x16 mm? sized FOV covering the mouse heart and took 21.54 ms per
frame, resulting in a temporal resolution of 46 Hz. For evaluation we consider a passage of
the measurement over 115 frames in total.

No averaging on the data was performed to preserve the temporal resolution. This leads
to a stronger influence of noise and thus may lead to an erratic number of iterations in the
course of the frames. Since we know, that the bolus does only need a gradually changing
strength of regularization, we want to enforce a smooth transition in the reconstruction
results between the frames. To this end, the number of iterations of the previous frames is
also considered next to the plain stopping criterion. Let if € N be the number of iterations
of the hands-free reconstruction at frame f € {4,...,115}. To get the number of expected
iterations for 17, we weight the latest numbers of iterations via

op 1 3 6
b = Elf,;), + Elf,Z + Elf,l.

Then, the number of iterations Lf for each frame is restricted to fulfill

Iy € 31/2(172(") = BL;XPI ;L;Xp] . (4.3)
This rather large margin enables the algorithm to easily adjust the number of iterations over
the course of the frames, but still allows large jumps in the number of iterations between
two frames. Therefore, the course of the number of iterations over the frames is further
smoothed in a second reconstruction step, by using a rolling average. In other words, we set
the maximum number of iterations for each frame in the second step as the average of the
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two previous and two subsequent frames from the first round. The result of this two-step
flattening is exemplarily shown in Fig. 4.3.
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Figure 4.3: Enforcing a smooth transition between the frames of the in vivo data using the hands-
free method is done by a two-step flattening. The number of iterations from the plain stopping
criterion is shown in blue, the restriction by an equalization following (4.3) is shown in orange and
the final flattened course is shown in green.

For anatomical reference, the reconstructed MPI data is overlayed on magnetic resonance
imaging (MRI) data that was acquired with an isotropic gradient echo sequence using the
preclinical 7T device BioSpec 70/30 (Bruker Corporation, Ettlingen, Germany) as described
in [97].

Results

Dot phantom

The reconstruction results of the dilution series with the dot phantom are shown in Fig. 4.4.
On the left side (framed by the blue box), the reconstructions using the parameter projection
are given, with different values for ¢ as the only remaining parameter. It can be seen over
the course of the dilution series, that the optimal number of iterations strongly differs
with the concentration. For high concentrations, the best results are achieved after many
iterations (1 = 22). Over the course of decreasing concentrations, the result after too many
iterations (with the corresponding low regularization strength) starts to get noisy. Thus the
best results are achieved after a decreasing number of iterations. Eventually, for the lowest
concentrations, the best results are obtained after only one to three iterations.

The stopping criterion is triggered in a similar manner over the course of decreasing concen-
trations. Starting with 24 iterations for the highest concentration, the hands-free method
stops after fewer iterations for each further dilution step. For the lowest concentrations, the
method stops after 2 iterations. A comparison to the reference reconstruction resulting from
the grid search is shown on the right side of Fig. 4.4. By using the grid search regularization
parameters we are able to produce even sharper images, however, this comes with slightly
enhanced noise. All grid search parameters are given in Table 4.1 next to the resulting
NRMSD and SSIM values compared to the voxelized phantom.

Considering the NRMSD results of the hands-free method, the lowest error values are
achieved for the highest concentrations and are very close to the NRSMD values of the
grid search reconstruction. Over the course of decreasing concentrations, the NRMSD val-
ues get worse and are significantly higher than the NRMSD values of the reference images
resulting from the grid search. For the lowest concentrations the NRMSD values corre-
sponding to hands-free method and grid search are closer to each other again. The SSIM



(o)}

4.4, Results 7

phantom 1 2 4 8 14 22 hands-free reference

n--... 2_1

H(]lut

|
0 1
signal
intensity

—1,.dot
27KY

-2 .dot
1

2

2-3 Htllot

—4 ,.dot
1

2

25 H.(llot

—6 .dot,
1

2

dot,
1

27K

-8 .dot
1

2

2-9 Hrllot

1

9-10 .dot

241 1 H.Lllut

Figure 4.4: Reconstruction results for the dot phantom at each concentration (K‘f"t = 400 mmol I 1)
in the xy-plane with a maximum projection on the central slices in z-direction. On the left side (blue
box), the reconstructions resulting from the parameter projection with various number of iterations
are shown. On the right side (yellow box), the hands-free reconstruction (the number of total
iterations dedicated by the stopping criterion is superposed) and the reconstructions with an optimal
parameter set resulting from the grid search are shown. All results are normalized to the range [0,1],
the colorbar is given next to the phantom.
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Table 4.1: Error results for the dot phantom

s hands-free grid search

NRMSD | SSIM | iter. | NRMSD | SSIM P=(10,)
400 | 0.014 0.874 | 24 | 0.011 0.928 | (0.00014, 3.4, 25)
200 | 0.015 0.917 | 18 | 0.010 0.930 | (0.00014, 3.4, 25)
100 | 0.017 0.918 | 16 | 0.011 0.918 | (0.00014, 3.4, 25)
50 | 0.021 0.899 | 13 | 0.011 0.879 | (0.00088, 3.4, 25)
25 1 0.029 0.872 | 10 | 0.017 0.824 | (0.0045, 3.4, 3)
12.5] 0.037 0.839 | 8 0.017 0.820 | (0.0045, 3.4, 1)
6.25] 0.057 0.770 | 3 0.021 0.797 | (0.076, 3.4, 1)
3.13] 0.058 0.727 | 3 0.024 0.657 | (0.076, 5.9, 1)
1.56] 0.056 0.441 | 5 0.042 0.556 | (0.28, 27.3, 1)
0.78] 0.077 0.262 | 2 0.068 0.335 | (1.1, 76, 1)
0.39] 0.150 0.098 | 2 0.101 0.164 | (1.1, 76, 1)
0.2 | 0.189 0.073 | 2 0.164 0.109 | (7.3, 76, 1)

value of both methods are similar to each other for all concentrations. On the intermediate
concentrations, the SSIM values of the hands-free method are — in contrast to the NRMSD
results — even higher than the SSIM values from the reconstruction resultung from the grid
search.

Kidney phantom

The reconstruction results of the kidney phantom from the hands-free method as well as the
results of the grid search are shown in Fig. 4.5. Similar to the dot-phantom, the stopping
criterion is triggered at earlier iterations for lower concentrations.

phantom eldid 9-1xKid 9-2gkid 98 gkid

hands-free

|
0 18
signal %
intensity :u}
3]
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Figure 4.5: Reconstruction results for the kidney phantom. Shown are the hands-free method (top,
the number of total iterations dedicated by the stopping criterion is superposed) and the optimal
parameter set resulting from the grid search (bottom) for each concentration (x4 = 3.05 mmol I~1)
in the xy-plane on slice 10 in z-direction. All results are normalized to the range [0, 1], the colorbar
is given next to the phantom.
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Table 4.2: Error results for the kidney phantom

_kid hands-free grid search

NRMSD | SSIM | iter. | NRMSD | SSIM P=(10,)
3.05] 0.085 0.564 | 18 | 0.080 0.619 | (0.076, 2.2, 2)
1.52] 0.080 0.629 | 15 | 0.079 0.601 | (0.28, 2.2, 2)
0.76] 0.084 0.670 | 10 | 0.086 0.666 | (0.28,5.9, 1)
0.38] 0.083 0.674 | 9 0.088 0.688 | (0.28, 11.7, 1)
0.19] 0.100 0.578 | 3 0.097 0.613 | (1.12,11.7, 1)
0.1 | 0.103 0.503 | 2 0.097 0.530 | (1.12,11.7, 1)

e e e e N

In comparison to the reference image resulting from the regularization parameter set from the
grid search (as given in Table 4.2), the results from the hands-free method are qualitatively
similar for each iteration.

This is confirmed when considering the NRMSD as well as the SSIM of both methods in
Table 4.2. The deviations to the voxelized phantom is close between both methods in both
measures over all concentrations.

In vivo bolus

For the evaluation of the hands-free method on the in vivo bolus, we consider Fig. 4.6.
Shown is the hands-free reconstruction result column-wise compared to reconstructions using
a strong and a weak regularization constantly over all frames. The bolus is displayed row-
wise for 8 frames with equidistant time difference of 0.32s in a single xz-slice. The total
time distance between the first and the last shown frame is 2.25s.

By laying the reconstructed MPI signal on top of the corresponding MRI data, the flow of
the bolus through the mouse can be followed. We expect to see the bolus entering the
vena cava inferior in the first frames and evolve to the heart by entering the right atrium.
Following the results of [97], the bolus will then fill the right ventricle and lung. However,
since we show only the slice, where the vena cava and the right atrium are visible, we expect
the MPI signal to vanish.

We see that the strong regularized solution lacks of accuracy in the first frames (frames
5, 20, and 35), when the bolus enters the vena cava and flows to the atrium at high
concentration. When the bolus gets weaker at later frames, its position is still identifiable
but the reconstructed signal is very weak.

In contrast, the solution using weak regularization has high accuracy but also shows large
artifacts and noise. For later frames, the bolus is even not distinguishable from the noise
anymore.

The hands-free method is able to adapt the regularization strength frame-wise (with the
number of iterations after which the stopping criterion is triggered superposed in white). It
generates images with high accuracy and low noise for all shown frames. After entering the
vena cava inferior in frames 5 and 20, the tracer enters the right atrium of the mouse heart,
as it can be seen in the frames 35,50 and 65. Furthermore, the vanishing of the tracer in
the mouse heart in the later frames is clearly visible. For more details, a comparison to the
images shown in [97] is meaningful. However, it has to be noted, that Graeser et al. use
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Figure 4.6: MPI results of the in vivo bolus visualized on top of corresponding MRI data. Shown is
a solution using strong respectively weak regularization as well as the hands-free method on several
frames with equidistant time difference. The number of iterations after which the stopping criterion
was triggered is superposed in white. The results are normalized to the maximum of the hands-free
solution cHF . with the common colorbar given below. Furthermore, the number of iterations of the

hands-free method over the course of the frames is given on the right side.
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the bolus experiment with a ten-fold higher concentration. The hands-free method is able
to give good results on the bolus progression at a lower concentration.

The total course of number of iterations over the frames is shown in the lower part of
Fig. 4.6. It can be seen, that the number of iterations climbs (and therefore the amount of
regularization shrinks), when the bolus enters the vena cava inferior at the first frames. Then,
the number of iterations gradually decreases and the amount of regularization increases, as
the bolus is weaker at later frames.

Discussion and Qutlook

Considering the presented reconstruction results of the dilution series of the dot phantom,
we see that the presented regularization parameter condensation works as intended. The
number of iterations is inversely proportional to the amount of regularization and poses a
trade-off between blurred images and sharp but noisy images. Thus, for high concentrations,
a higher number of iterations and for low concentrations a low number of iterations gives the
best results. This itself is a very promising step towards simplifying the problem of choosing
the right amount of regularization for system-matrix-based MPI reconstruction.

The choice of the parameters of the mapping functions &), xg and O, is dependent on
the scanner hardware. The step from choosing different regularization parameter setups for
each measurement to choosing different mapping function parameters only one time for an
MPI system is huge. Furthermore, a first idea on auto-leveling these parameters out of the
noise data was given and tested on different receive paths.

In combination with the proposed stopping criterion, the hands-free method is able to find a
reasonable amount of regularization for all 12 different concentrations of the dot phantom as
well as the 6 concentrations of the kidney phantom and thus over a vast range of MPI data.
It selects a good compromise between resolution and noise. With enough time and compu-
tation power, it is possible to find better solutions for each measurement by a traditional
reconstruction with hand-chosen regularization parameters. However, this does not weaken
the huge potential of the hands-free reconstruction, since it aims to find a good reconstruc-
tion result without any user input in a short time. This goal is achieved and the hands-free
reconstruction enables automatic reconstructions without experience and prior knowledge
on the data. Further validation of the method requires future application to different data
sets and different MPI systems. A runtime analysis of the hands-free reconstruction was not
part of this work. However, since the underlying iterative solver remains, the reconstruc-
tion times are comparable to the regular Tikhonov regularized Kaczmarz method, for which
online reconstruction has been shown to be possible [142].

The hands-free methods also shows its benefits on the time-dependent in vivo data with
varying concentration. Whereas the reconstructions using either strong or weak (static)
regularization do not give good results over all frames as they are either good for the frames
with low concentration or respectively with high concentration. The hands-free method is
able to adapt the regularization strength over the course of the frames and does give superior
results. In comparison to [97], the hands-free method is able to give good results on a ten-
fold weaker concentration. This is especially important with regard of the usability of MPI
for human imaging, since too high tracer concentrations are a medical issue [258].

To hinder jumps in the course of reconstructed images, a dual approach with two rounds
of reconstructions as described in 4.3.2 was used. This procedure is efficient to produce a
smooth transition between the single frames. However, for an instant online reconstruction
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a method using only one round of reconstruction may be beneficial. In this case, the second
round can be used for post-processing the data.

Combining the results of the hands-free method on the different data sets, the hands-free
method poses a very promising step for MPI application in the medical context, where
fast and user friendly solutions are important, especially considering time-dependent bo-
lus measurements. The hands-free method enables good reconstruction results on a low
concentrated bolus, which is important when considering the maximum amount of human
compatible iron particles. Furthermore, the method can also be used to get a fast first view
on new data.

All data were derived from the same MPI scanner, but different receive coils with differing
frequency responses and noise characteristics. Thus, it was shown, that the method is
capable to adapt to different MPI receive chains. However, it remains to show that the
method can be directly transferred to other MPI systems with different exciting frequencies
and gradient strengths. In doing so, the auto-leveling of the mapping-parameters dependent
on the receive path can get further investigated and improved.

Furthermore, it is meaningful to adapt different methods on hyperparameter tuning for in-
verse problems, like bayesian approaches or learning-based methods to the MPI setting.
Adaptions on such methods would be necessary, to include the choice of the frequency selec-
tion. But especially combinations with the method presented in this paper are conceivable,
for instance an advanced estimation of the parameters of the mapping functions.

Conclusion

In this work we investigated a possible simplification of the problem of finding the right
amount of regularization for system matrix based MPI reconstruction. By condensing the
regularization parameter triplet to a single parameter (the number of iterations of the iter-
ative solver) and deriving a fitting stopping criterion, a method was presented, that is able
to produce good reconstruction results in a fast manner. This can be achieved without ad-
ditional user input, prior knowledge on the data nor additional measurements. The method
was validated on several MPI measurements using different phantoms on a broad band of
iron concentrations. Furthermore it was shown, that the method is very promising for in
vivo bolus experiments with time-dependent concentration. This hands-free reconstruction
represents a crucial step towards medical usage of MPI systems.
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Abstract

Given the pivotal role of magnetic fields in modern medicine, there is an increasing necessity
for a precise characterization of their strength and orientation at high spatial and temporal
resolution. As source-free magnetic fields present in tomographic imaging can be described
by harmonic polynomials, they can be efficiently represented using spherical harmonic ex-
pansions, which allows for measurement at a small set of points on a sphere surrounding
the field of view. However, the majority of closed-bore systems possess a cylindrical field
of view, making a sphere an inadequate choice for coverage. Ellipsoids represent a supe-
rior geometrical choice, and the theory of ellipsoidal harmonic expansions can be applied to
magnetic fields in an analogous manner. Despite the mathematical principles underpinning
ellipsoidal harmonics being well-established, their utilization in practical applications remains
relatively limited. In this study, we present an effective and flexible approach to measuring
and representing magnetic fields present in tomographic imaging, which draws upon the
theory of ellipsoidal harmonic expansions.

Introduction

Magnetic fields are the basis for many applications in future medicine and play an important
role in both diagnostics and therapy. For example, they can be used to drive and control
magnetic micro- and nanorobots for various potential biomedical applications. Such robots
have great potential in many areas of medicine as they can perform medical procedures
even in remote and sensitive parts of the human body. This includes targeted delivery and
release of drugs and therapeutics, cell manipulation, and minimally invasive surgery such
as stenting [197, 22, 40, 167, 88, 324, 299, 57]. In addition, magnetic fields are used to
visualize, navigate, and heat magnetic nanoparticles (MNP), allowing the focal treatment
of tumors with hyperthermia [257, 212]. Finally, magnetic fields are at the heart of the
tomographic imaging techniques magnetic resonance imaging (MRI) and magnetic particle
imaging (MPI) [195] and magnetorelaxometry (MRX) [165]. Here, knowledge of the exact
values of the magnetic fields in the field of view (FOV) is of great importance for signal
encoding [220, 248|.

In particular, the complex setup of coils or permanent magnets often leads to non-ideal
magnetic fields and the benefits of accurate knowledge of the magnetic fields are manifold.
Firstly, it is essential for hardware development, particularly in designing and arranging mag-
netic field generators to achieve ideal fields in the scanner’s field of view. In the context
of low-field MRI systems, which are increasingly important in the context of low-cost and
point-of-care systems, high By-field homogeneity is a crucial factor in ensuring high-quality
images [179, 80, 310]. Similarly, the non-linearity of gradient fields plays a major role in
image quality [97, 179, 187, 75], so knowledge of magnetic fields is important and enables
verification and quality control of imaging systems in both science and industry. Furthermore,
it can be used for a precise sequence design in MRI. Moving on to image reconstruction,
knowledge of the magnetic fields is very important to account for field inhomogeneity and
reduce off-resonance artifacts [266, 64, 147, 159, 61, 117]. Moreover, field values can be
used to enhance various reconstruction methods and mitigate the reconstruction error [4,
27].

Measurements of a magnetic field in tomographic imaging can be performed using a magnetic
field sensor, such as a Hall sensor or an inductive sensor[281]. To cover a three-dimensional
FOV, the sensor is moved voxel by voxel through the FOV along a dense grid. An increase in
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spatial resolution directly correlates with an expansion in the number of measurement points,
making this naive measurement procedure both time-consuming and labour-intensive. For
illustration, a bisection of the distances results in eight times the number of measurement
points. A more sophisticated alternative to the measurement on a dense grid is to employ
spherical harmonics, given that source-free magnetic fields satisfy Laplace’s equation and
can thus be expanded into a series of spherical harmonic functions [202]. In scenarios
where magnetic fields can be adequately represented by low-degree polynomials, it becomes
feasible to truncate the series at an early stage. This approach enables the implementation
of efficient measurement methods that require only a limited number of field evaluation
points defined by a spherical t-design. A t-design is a sampling distribution that facilitates
the exact integration of polynomials up to degree t [28, 33]. The magnetic field values
can then be derived at any position within the sphere, i.e. sampled at any resolution.
Spherical harmonic expansions also allow for a higher temporal resolution of magnetic field
measurements. However, one limitation is that the size of the sphere is fixed in advance.
Tomographic imaging systems with a closed bore often have a cylindrical shape. The bores
are meant to fit a rodent, a human head or extremities, or even the whole human body.
To cover a cylindrical FOV (shown by the green line in Figure 5.1), several spheres need
to be shifted along the bore axis (indicated by the red dashed lines). Each sphere must
be measured independently and the results combined. This process is tedious, reduces the
temporal resolution of the measurements, and can leave parts of the field of view uncovered.
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Figure 5.1: Shown is the coverage of an cylindrical field of view (displayed as a green line) when
using several shifted spheres (displayed as red dashed lines) and an ellipsoid (displayed as a blue
dotted line) in the central x,z-plane of the permanent magnet By-field presented by O'Reilly et al.
[203]. The By-field is indicated in the background.

If we consider an ellipsoid instead, we gain two more degrees of freedom to adopt its shape.
Thus, a cylindrical FOV can be covered much better (as shown by the blue dotted line in
Figure 5.1). The theory of ellipsoidal harmonic functions as a basis of harmonic polynomials
is well known. Although the series expansion is comparable to that of spherical harmonics,
the underlying derivations for ellipsoidal coordinates are more complex. While ellipsoidal
harmonic expansions have been studied in several scientific fields, such as chemical physics
[226] and fluid dynamics [188], translations to practical applications are rare. In astrophysics
they allow a more efficient calculation of the gravitational potential of celestial bodies [82].
Potential applications are also conceivable in other scientific fields that rely on solving equa-
tion systems of similar structure, for example plasma science [267]. For magnetic fields,
and particularly in tomographic imaging, ellipsoidal harmonics have been studied to improve
MRI shimming on an ellipsoidal region of interest [49, 24, 215, 214]. Moreover, ellipsoidal
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coordinates can be used to improve methods in many areas of medical applications, e.g.,
reconstruction of ellipsoidal areas with a minimal number of radiographs in computed to-
mography [50], brain activity in ellipsoidal geometry [51], and electroencephalography on
ellipsoidal surfaces [161]. In the context of application, effective and accurate methods for
calculating the arising surface integrals are important. In this context, a variable splitting
combined with Gauss quadratures has been presented [215]. Recently, a semi-analytical
approach for the computation of ellipsoidal harmonics has been presented [78]. However, it
is noted that for higher degree polynomials, a numerical approach is slower but more stable
and accurate. It is to the best of the authors’ knowledge that there is no existing literature
on the use of spherical t-designs shifted to an ellipsoidal surface for the efficient computation
of ellipsoidal harmonic expansions. Furthermore, there is a lack of publicly available software
packages on the topic of ellipsoidal harmonics. Open-source implementations in MATLAB
and Python have been presented in [18] using a simple midpoint quadrature to solve the
surface integrals that arise in this context. However, this method is known to be slow to
converge.

The geometric shape of prolate and oblate spheroids is an intermediate between spheres
and ellipsoids. Thus, they are less flexible in covering a given FOV than ellipsoids, but
still an improvement over spheres. Spheroidal harmonics could offer an advantage over
ellipsoidal harmonics in some settings because their derivation is less complex [121, 9, 86,
252]. However, this work focuses on the more flexible ellipsoidal case.

The principal objective of this study is to demonstrate that ellipsoidal harmonics can be
employed to effectively measure and represent magnetic fields in tomographic imaging. The
following section outlines the structure of the paper. A brief introduction to ellipsoidal har-
monics, along with a review of the necessary ingredients for their implementation in practice
is given in the methods section 5.4. For readers interested in further details, additional
information is provided in the end of the methods section 5.4.5, while the cited literature
contains derivations and more detailed explanations of the mathematics. The application of
ellipsoidal harmonic expansions to simulated magnetic fields present in MRI is demonstrated.
A comparison with spherical harmonic expansions is provided to illustrate the potential of el-
lipsoidal harmonics in tomographic imaging. The software tool, written in Julia, is published
as an open source package.

At the 2024 International Workshop on Magnetic Particle Imaging, the authors presented
preliminary results on utilizing ellipsoidal harmonic expansions to represent magnetic fields
in magnetic particle imaging [242].

Results

The main objective of this work is showcasing that magnetic fields in tomographic imaging
can be represented efficiently by using ellipsoidal harmonic expansions. To illustrate this, we
have performed simulation studies on magnetic fields present in MRI. The implementation
of the ellipsoidal harmonic expansion was written in Julia and is published under the MIT Li-
cense at https://github.com/IBIResearch/EllipsoidalHarmonicExpansions. The
polynomial calculations and the root finding are based on the package Polynomials.jl (https:
//github.com/JuliaMath/Polynomials.jl). For spherical harmonic expansions the Ju-
lia package SphericalHarmonicExpansions.jl

(https://github.com/hofmannmartin/SphericalHarmonicExpansions.jl) was used.
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Experimental design: homogeneous field

Constant and ideally homogeneous By fields are essential in MRI, as they polarize spins and
generate magnetization. The development of By fields with low energy consumption and
small system size is an important topic of current research in the emerging field of low-field
MRI. Arrays of permanent magnets arranged in a discretized version of a Halbach ring can
be used to produce By fields, where a high length-to-diameter ratio is important for high
homogeneity. The higher this ratio, the more suitable ellipsoidal harmonics are for efficient
field measurement compared to spherical harmonics. Such a Halbach configuration for a
potential low-field and low-cost MRI with length-to-diameter ratio of 2:1 was presented by
[203]. The setup consists of 23 double rings with 27 cm bore diameter. In total 2948 cuboid
N48 neodynium magnets are used to generate a homogeneous 50 mT field transversal to
the bore (in positive z-direction). A simulation of the setup was conducted on a three-
dimensional grid comprising 61 x 27 x 27 grid points and a point distance of 1cm. This
was achieved by superpositioning the magnetic fields calculated in accordance with the Biot-
Savart law based on the surface currents of each individual magnet. The simulated field was
interpolated to the data points of the t-designs by using cubic splines.

The reference ellipsoid was chosen with semi-axes a = (0.26,0.125,0.1249) m around the
coordinate origin in the center of the Halbach configuration to comprise a cylindrical FOV
(Qrov) with 0.2m height and 0.07 m radius as shown in Figure 5.1. To calculate the
inner ellipsoidal harmonics, a 14-design comprising 114 data points on the reference ellipsoid
was employed. Although the simulated magnetic field has a large homogeneous area, it is
reasonable to assume that a t-design of this scale is necessary to accurately represent the
inhomogeneities in the outer region. To validate this assumption, an ellipsoidal harmonic
expansion was performed on the same reference ellipsoid using an 8-design containing only
44 data points. In addition, we also considered the conjunction of three spheres with radius
0.12 m, shifted along the x-axis to cover the FOV. Here, three separate 14-designs with 114
data points per sphere (i.e. a total of 342 data points) were used to compute the spherical
harmonic expansion. Thus, in this case, the ellipsoidal representation using a single 14-design
is three times more efficient than the spherical representation. Furthermore, we consider the
same spheres with three separate 7-designs, each comprising 38 data points. This ensures
that the total number of 114 data points is comparable to the number of data points in the
ellipsoidal 14-design. The cylindrical FOV, the reference ellipsoid and the spheres are shown
in Figure 5.1.

For a quantitative evaluation we set the simulated By field as ground truth and consider
difference maps of the locally normalized root mean squared deviation to the fields calculated
by both harmonic expansions:

B, ._ | Bene — Bl B, ._ lIBske — B2 51
IBl, Csne 1B (5.1)

Experimental design: gradient field

Gradient fields play an important role in spatial encoding in tomographic imaging. Ex-
emplarily we consider the MRI By field produced by the permanent Halbach configura-
tion again. Appropriate coil setups for optimized linear gradients in each spatial direction
have been presented by [54]. Using their gradient design tool (https://github.com/
LUMC-LowFieldMRI/GradientDesignTool/tree/master) and the FEM software COM-
SOL Multiphysics (v.6.0. www.comsol.com. COMSOL AB, Stockholm, Sweden) a linear
gradient was simulated along the bore, with the field oriented transversally in the direction



5.2.3

5.2. Results 87

of By on the same grid as that used for the By field. As previously, the simulated field was
interpolated to the data points of the t-designs by using cubic splines.

Because of the highly non-linear parts of the field in the vicinity of the coils, the reference
ellipsoid was chosen with semi-axes a = (0.25,0.1,0.099) m around the coordinate origin in
the center of the Halbach configuration to comprise a cylindrical FOV with 0.18 m height
and 0.06 m radius as shown in Figure 5.2. For comparison we consider again the conjunction
of three spheres with radius 0.1 m, shifted along the x-axis. The t-designs were chosen
analogously to the Bg case: a single 14-design with 114 data points on the ellipsoid and
three separate 14-designs with 114 data points on each sphere. Studies with smaller t-designs
on the gradient field show a similar effect as shown for the By field. Therefore, we do not
show it again to avoid redundancy.
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Figure 5.2: Shown is the central x,y-plane of the MRI gradient field. The reference ellipsoid
(displayed as a blue dotted line) and three shifted spheres (displayed as red dashed lines) are chosen
to comprise the field of view of the gradient field (displayed as a green line). The z-component of
the simulated gradient field is indicated in the background.

For an error analysis, the simulated gradient field is considered as ground truth and difference
maps of the globally normalized root mean squared deviation to the fields calculated by both
harmonic expansions:

g o= 1Bere—Bllz g [Bone Bl 52)
max|| B||2 max|| B|2
Qrov Qrov
It should be noted that a local normalization would result in a singularity due to the zero
crossing of the gradient field. Therefore, a global error normalization using the maximum
value inside the FOV was selected as an alternative.

Experimental results: homogeneous field

Exemplary results of the By field in the x,z-plane are shown in Figure 5.3. In the second
column, the calculated fields are given next to the ground truth. When using the 14-design,
no visual differences are detectable inside the volume of the reference ellipsoid. Towards
the edges and outside of these regions, slight differences can be seen. This becomes clearer
when looking at the difference plots in the right column. The relative error is smaller than
1% in most of the FOV, becomes slightly larger towards the edges of the ellipsoid (up to
5%), and increases rapidly outside the FOV. A consideration of the difference plot of the
ellipsoidal harmonic expansion with the smaller 8-design reveals that the error increases more
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strongly inside the reference ellipsoid, yet remains below 10 %. A similar behavior is observed
in the conjunction of the three spheres. With 14-designs, the error is smaller than 1 % inside
the spheres. However, when using 7-designs, the error is visibly larger in the outer spheres,
where the field tends to become less homogeneous. In this case, the result is clearly worse
than for the ellipsoidal harmonic expansion with one 14-design, despite using the same total
number of data points.
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Figure 5.3: Shown are the experimental results of the By-field in the x, z-plane. The simulated MRI
By-field is labeled as Ground Truth and includes the cylindrical field of view as green dashed line.
The calculated By-fields using an ellipsoidal harmonic expansion with a 14-design and a 8-design and
spherical harmonic expansions with 14-designs and 7-designs are shown and labeled accordingly. The
reference ellipsoid and the spheres are indicated as green dashed lines within the field plots. A joint
color bar indicating the absolute field values from 47 mT (dark blue) to 60 mT (dark red) is provided.
Moreover, the relative errors (as defined in 5.1) to the ground truth are shown for all four cases,
labeled as Difference plots. The reference ellipsoid and the spheres are indicated as blue dashed lines
within the difference plots. A joint color bar for the difference plots indicating the relative error within
six bins from 0—1 % (light pink) to >30% (dark red) is provided.

Firstly, we consider the quantitative results for the ellipsoidal harmonic expansion on the
Byp-field when using a smaller 8-design with only 44 data points. This method yielded a

mean error of mean (ggf_'E ) = 1.22% and a maximum error of max ( E?_'E ) = 5.78%
Qrov 8 Qrov 8

inside the cylindrical FOV. The error exhibited an increase outside the FOV, approaching
the edge of the reference ellipsoid, as can be observed in Figure 5.3. In the context of the

ellipsoidal 14-design with 114 data points, a mean error of n&ean (gg‘,{,EM) = 0.32% and
FOV

a maximum error of max (é‘léﬁlElJ = 3.64 % were attained within the FOV. This signifies
FOV
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a substantial enhancement over the 8-design. The error is negligible in the center of the
reference ellipsoid, increasing towards the border.

For validation of the presented methods we also consider the error for the spherical harmonic
expansions. Considering the field resulting from the concatenation of three spherical har-
monic expansions with 7-designs and thus the same number of 114 total data points, a mean

error of mean ({fgoHE ) = 0.55% and a maximum error of max (@'gOHE ) = 4.12% was
Orov 7 Qrov 7
achieved inside the FOV. A mean error of mean (é‘gﬁ'EM) = 0.09% and a maximum error
FOV

of max (ggf_,EM) = 0.54 % inside the FOV was achieved with threefold data points using
FOV
the concatenation of results on three shifted spherical harmonic expansions with 14-designs.

Experimental results: gradient field

Qualitative results of the gradient field are plotted in the x,y-plane (transversal to the By-
direction) in Figure 5.4. The field points in Bp-direction (positive z), thus no field arrows
are displayed. Inside the regions of convergence (respectively the reference ellipsoid and the
conjunction of the three spheres) and especially in the predefined FOV no visual differences
to the ground truth are detectable. This is underlined by difference plots in the second row
of Figure 5.4. The relative error is smaller than 1% everywhere in the FOV and increasing
outside the edges regions of convergence. The linearity of the gradient in the center line
of the Halbach configuration is showcased on the lower left side. Between —0.15m and
0.15m the gradient shows nearly perfect linearity. In this section, all three lines are visually
on top of each other. The difference from the harmonic expansion gradients to the ground
truth increases on the outer ends (outside the reference ellipsoid and the outer spheres,
respectively).

Using the 14-design on the reference ellipsoid for the simulated gradient field, a mean er-

ror of mean (g%ﬁg) = 0.34% and a maximum error of max (@,‘Eﬁg) = 2.19% have
Qrov Qrov

been attained inside the FOV. Again the error increases towards the border of the ellip-
soid but remains below 1% for the majority of the FOV. Considering the three shifted
spheres with threefold data points for a spherical harmonic expansion, a mean error of

mean (&£29) = 0.16% and a maximum error of max {,‘grad = 2.23% was achieved
SHE SHE
Qrov Qrov

inside the FOV.

Discussion

Although the geometric form of an ellipsoid can be continuously simplified to a sphere, such
a reduction from ellipsoidal to spherical harmonics is not straightforward and unique [52].
However, as shown in the methods section 5.4, spherical and ellipsoidal harmonic expansions
have great similarities in structure. In both cases, we consider a linear combination of basis
functions of harmonic polynomials up to a certain degree on the spherical or ellipsoidal FOV.
In both cases we have to solve a surface integral (on the sphere or reference ellipsoid) to
obtain the coefficients. These surface integrals can be solved efficiently using f-designs.
To do this, we use the transformation formula 5.12 between the two integrals to define
ellipsoidal f-designs on the reference ellipsoid from their counterparts on the unit sphere. This
transformation step is crucial for an efficient calculation of ellipsoidal harmonic expansions
and thus enables their use for efficient representation of magnetic fields.
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Figure 5.4: Shown are the experimental results of the MRI gradient field in the x,y-plane. The
simulated gradient field is labeled as Ground Truth and includes the cylindrical field of view as green
dashed line. Heatmaps of the calculated gradient fields using ellipsoidal and spherical harmonics are
shown and labeled accordingly. The reference ellipsoid and the spheres are indicated as green dashed
lines within the field plots. A joint color bar indicating the z-component of the field values from
—0.05mT (dark blue) to 0.05mT (dark red) is provided. The relative errors (as defined in 5.2) to
the ground truth are shown for both cases, labeled as Difference EHE for the ellipsoidal harmonic
expansion and Difference SHE for the spherical harmonic expansion. The reference ellipsoid and
the spheres are indicated as blue dashed lines within the difference plots. A joint color bar for the
difference plots indicating the relative error within six bins from 0—1 % (light pink) to >30% (dark
red) is provided. Moreover, the B, values of the ground truth, the spherical harmonic expansion
(SHE) and the ellipsoidal harmonic expansion (EHE) at y = z = 0 are compared in a separate line-
plot labeled as Gradient @ y = z = 0. The border of the ellipsoid and the spheres in x — direction
are displayed as gray dashed lines.

In order to validate the accuracy of the numerical integration using ellipsoidal t-designs and
— by doing so — to demonstrate the representation of magnetic fields present in tomographic
imaging using ellipsoidal harmonic expansions, a permanent magnet Halbach ring array for
low field MRI was considered. In this context, a high length-to-diameter ratio directly
correlates with enhanced field homogeneity. This allows the FOV to be efficiently covered by
an ellipsoid, thereby underscoring the practical utility of ellipsoidal harmonics. Two ellipsoidal
t-designs of different sizes were used to emphasize the gain in accuracy with increasing t.
Three shifted spheres were used for comparison. We considered two spherical {-designs,
one of them with the same total number of data points compared to the larger ellipsoidal
t-design. This allows for a direct comparison and highlights the gain in accuracy that can
be achieved with ellipsoidal harmonic expansions.

The results presented in section 5.2.3 show that the ellipsoidal harmonic expansion — effi-
ciently computed using an ellipsoidal t-design — is fully capable of recovering the By field.
Although a small 8-design with only 44 data points can be interesting to get a first im-
pression of the fields, it produces some inaccuracies. In contrast, the larger 14-design with
114 data points gives a very good result. With a mean error of less than 1% within the
FOV, the accuracy is comparable to the field recovered using a spherical harmonic expansion,
but requires only a third of the data points. Compared to a spherical harmonic expansion
with the same number of data points, the ellipsoidal harmonic expansion achieves a gain in
accuracy. For both methods, the error increases in the outer regions of the FOV. This is
expected because both expansions converge only within the reference ellipsoid or spheres.

The results on the gradient field presented in section 5.2.4 corroborate these assertions. The
mean error within the reference ellipsoid is notably minimal, falling well below 1%. This
is comparable to the mean error obtained using spherical harmonics on the conjunction of
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three shifted spheres, but again using only a third of the data points. The overall smaller
error can be explained by the good linearity of the gradient field within the selected reference
ellipsoid and spheres.

It should be noted that for both methods there is also an error in the interpolation of
the field values to the points of the corresponding f-design. The results in this paper
are based on simulated fields. In actual measurements, there will be discrepancies due to
factors such as the accuracy of the robot resulting in small displacements and the accuracy
of the magnetometer due to time drifts or measurement noise. The analysis of the total
error for real magnetic field measurements remains a subject for future research. However, t-
designs represent a very robust quadrature in the context of node displacements and function
evaluation.

In general, we can conclude that ellipsoidal harmonic expansions provide a valuable gain for
efficient measurement and representation of magnetic fields in tomographic imaging. Two
additional degrees of freedom compared to spherical regions provide significant advantages
in covering a variety of scanner bores. Therefore, ellipsoidal harmonic expansions should
be considered over spherical harmonic expansions whenever the physical dimensions require
this geometric flexibility. An effective and accurate calculation of the ellipsoidal coefficients
was presented by solving the surface integrals using ellipsoidal t{-designs. To this end, the
implementation of precise transformations between Cartesian coordinates and ellipsoidal co-
ordinates must be handled carefully, taking into account the sign conventions. To reduce the
computational cost, it is mandatory to construct the (% +1)? Lamé functions depending
on the selected reference ellipsoid and t-design only once before the field evaluations. The

Lamé functions can be computed efficiently by setting up the determinants of matrices up

to size %2 as defined in subsection 5.4.6 and finding their roots in a fast way. The Lamé

functions can be stored for later evaluation of the fields. A fast implementation in Julia
is published alongside the paper. It should be noted that the presented methods and the
provided code could also be of great use in other research fields where ellipsoidal harmonics
are applied (e.g., chemical physics, fluid dynamics, astrophysics and plasma science).

A comprehensive examination of the measurement and representation of magnetic fields
in tomographic imaging employing prolate or oblate spheroidal harmonics is of significant
interest. These harmonics provide an intermediate level of flexibility and complexity, situated
between spherical and ellipsoidal harmonics. Consequently, this research question serves as
a logical starting point for future studies.

The flexibility gained in covering a cylindrical FOV using ellipsoidal harmonic expansions
pose a great advantage for high temporal resolution magnetic field measurements. Such
measurements provide valuable insight into signal generation, for example in MRl or MPI.
A spherical single-shot magnetic field measurement device capable of a measurement rate
of 10 Hz has recently been presented [74]. A similar ellipsoidal device could be designed to
provide such a measurement rate over a larger non-spherical FOV.

Methods

Spherical harmonics series expansion

Solid real spherical harmonics can be used for an efficient representation of source-free
magnetic fields inside an arbitrary spherical volume as follows [28]. Let us consider a ball
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Br (p) with arbitrary radius R € R and center p € R3. Further, let the function f :
Br (p) — R fulfill Laplace’s equation with Dirichlet boundary conditions, i.e.

{ fla)=0, VaeBr(p),
f(a) =F(a), VacdBr(p),

where F € C® (0Bg (p)). Then f can be represented through

_ Y Y AV (p,R ()"z:?(a—p) Va e Be(p), (5.3)

n=0m=—n

where the spherical coefficients are calculated on the unit sphere via

AL (p,R) = § F(Ra+p)Z}!(a) da, (5.4)
and the normalized real solid spherical harmonics are given as

V2 cos mp, m >0,

ZI R SR, (r,8,0) — " P (cos 9) { v/2sin m|p, m <0, (5.5)
1, m = 0.
Here, P" are the associated Legendre polynomials and 'yg"m‘ = % EZ;Z;: is the spherical

normalization factor.

If fis a polynomial of maximum degree N € N, the outer sum in equation (5.3) can be
truncated to n € {0,1,..,N}. Since we assume that the magnetic field B : Bg (p) —
R? inside the chosen ball, its components can be described by a harmonic polynomial of
maximum degree N € N and thus N 4+ 1 summands in the outer sum are sufficient for an
exact spherical harmonic expansion. Furthermore, following [28], the spherical coefficients
Ag’m can be calculated exactly by using a spherical t-design {y,} with L € N nodes y, € g2
and i € {0,..,L—1} fort > 2N.

Ellipsoidal harmonics series expansion

The objective of the following sections is to extend the considerations of the last section to
ellipsoids. For a detailed reference work on ellipsoidal harmonics we refer to [52]. Let us
now consider a region of ellipsoidal shape Q) C IR?, called reference ellipsoid. The reference
ellipsoid is defined by its three semi-axes 0 < a3 < a; < a7 via

2 2 2
! (5.6)

A reference ellipsoid with its semi-axes is visualized in Figure 5.5.

The linear eccentricities of the reference ellipsoid are given as

@@, h= @2, n=\eE-a). 57)

In order to describe the Laplace’s partial differential equation inside the reference ellipsoid,
we introduce an orthogonal ellipsoidal coordinate system p, 1, v. A proper definition of p, u, v
and the connection to Cartesian coordinates can be found in subsection 5.4.5.
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Figure 5.5: Shown is a reference ellipsoid defined by its semi-axes 0 < a3 < a, < a7 displayed as red
arrows. Furthermore, the measurement points of an ellipsoidal t-design (with t = 14) are indicated
as crosses on the ellipsoidal surface.

Let the function f : (3 — IR fulfill Laplace’s equation inside the reference ellipsoid, i.e.

{Af(P/VrV):O/ h2§P<ﬂl;
flo,wv) =F(uwv), p=m,

where F € C®(S,,) and S,, describes the surface of the reference ellipsoid.

Expressing Laplace’s equation inside the reference ellipsoid in ellipsoidal coordinates and
using a separation of variables leads to the Lamé equation. Solutions of this equation are
the so called Lamé functions E} : R — R with degree n € N and order m € {1,...,2n+1}.
The exact definitions are given in more detail in subsection 5.4.6.

With the Lamé functions at hand, we consider the inner ellipsoidal harmonics

Ey (o, 1,v) = By (0) B (W E (v), (5.8)

which form a basis of the harmonic polynomials of degree n < N, N € IN (more details are
given in subsection 5.4.7).

It follows, that

co 2n-+1

flomv) =3, Z ALMEN (0,1, v), (5.9)

n=0 m=
and on the boundary
oo 2n+1

=) Z A}EN (a1) S (1, v). (5.10)

n=0 m=
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S(u,v) = Ep(u)EN(v) are the so-called surface ellipsoidal harmonics and the coefficients
Ap™ € R are obtained from their orthogonality via

nm ]'

= m
Aai” = va" Ejt(ay) 7{[,1 F(u,v)Si (p,v) dQ(p,v), (5.11)

with the ellipsoidal normalization factor ;"

as defined in subsection 5.4.7..

Furthermore, if f is a polynomial of maximum degree N € N, the outer sums in equation
(5.9) and equation (5.10) can be truncated to n € {0,1, ..., N}.

Quadrature on ellipsoidal surface

In order to solve the surface integrals in equations (5.11) and (5.30) numerically, we consider
the following transformation-formula between integrals on ellipsoidal surfaces and spheres

27T
j{ F(u,v) dQ(p,v / / (B¢, @e), v(De, @e)) sind, dd, de,, (5.12)

1

where F is defined on the surface of the reference ellipsoid and ¢, € [0, 7], . € [0,271)
are so-called elliptospherical coordinates (see chapter 6 in [52]). We consider a spherical
t-design {y,} [21] with L € N nodes y; € $* and i € {0,...,L — 1}, i.e. for a polynomial g
on the unit sphere with maximum degree t € N it holds, that

ar i
]gzg(w d0 =+ ZZZO 8(y,)-

In particular, if we consider g such that F(u(9., ¢¢), v(9, ¢.)) = g(, @.) it follows, that

2
7{ F(u,v) dO(p, v / § / (8, 9), V(80 o)) sin b, dBe e

1

27T
= / / 2 (e, ¢e) sind, dd, de,
o Jo
41 L-1
=T Z s(y;),
i=0

and F is a polynomial with maximum degree t € IN on the ellipsoidal surface, if and only
if g is a polynomial with maximum degree t € IN on the unit sphere. Here, the angular
coordinates ¥, ¢, can be transformed into Cartesian coordinates on the unit sphere using

(Y1, Y2, y3) = (sin(8e) cos(@e), sin(¥e) sin(¢ ), cos(e))

and further into Cartesian coordinates on the ellipsoidal surface using

(x1,x2,x3) = <3/3Pr 1 \/.02 —h3, \/P2 - h%) :

Using this coordinate transformation on the spherical t-design {y,} C S2, we get points
{xi} C Sul on the ellipsoidal surface. Since F(x;) = g(y;) follows directly from F(y(8e, 9¢), v(Se, 9e)) =
2(0e, ¢e), {xi} poses an ellipsoidal t-design, i.e.

%ﬂ F(u,v) dQ(p,v ——ZFxl

1



5.4.4

5.4.5

5.4. Methods 95

As a result of these considerations, ,;" and A’ can be calculated exactly using an ellipsoidal
t-design with t > 2n.

Despite the fact that quadratures using a t-design are exact for integrals over polynomials
with maximal degree ¢, the robustness of such quadratures is primarily contingent on distur-
bances in the node positions and errors in the function evaluation at these positions. The
first point is often addressed by introducing small neighborhoods around the node positions
in which the design remains a positive quadrature rule. The determination of upper limits
for the radius of these neighborhoods remains an active area of research [326, 325].
important property of a f-design is the uniformity of its quadrature weights, which makes it
particularly robust to perturbations in node positions compared to other quadratures. The
evaluation of the function is subject to uncertainty due to measurement and interpolation
errors. Furthermore, the consideration of functions as polynomials is often subject to spe-
cific assumptions. However, upper limits for the quadrature error do exist for continuously
differentiable functions. The error diminishes with increasing smoothness of the functions
under consideration and larger values of t [312].

Efficient calculation of source-free magnetic fields

As mentioned above, the magnetic fields inside the bore of MRI scanners can be assumed
to be harmonic. We consider an ellipsoidal region Q) C R3 inside the bore and define the
semi-axes of the reference ellipsoid accordingly. Further, we assume that the magnetic field
B : Q) — R3 can be described by a harmonic polynomial of maximum degree N € N

N 2n+1

B(o,u,v) =Y Y AN"EN(o,u,v). (5.13)
n=0 m=1
Considering an ellipsoidal t-design {x;} with t > 2N we transform the L € N nodes into
ellipsoidal coordinates (p, #,v) using the transformation given in subsection 5.4.5. After
obtaining an ellipsoidal t-design in ellipsoidal coordinates {(p;, i, vi) }, the coefficients AZ{’“
can be calculated exactly via

47t L]
Ag" = Ly En (an) 1;) B(pi, pi, vi) Sy (pis vi), (5.14)
4 ]
Yar = T (S (i i) (5.15)
i=0

Ellipsoidal coordinates

In this section we give a proper definition of the ellipsoidal coordinates p, u,v, in which
the Laplace partial differential equation can be decomposed into separable functions. This
definition is based on the work presented in [52]. Moreover, using ellipsoidal coordinates
0, 4, v, the surface of a triaxial ellipsoid can be expressed easily in comparison to Cartesian
coordinates. However, integration schemes are commonly given in Cartesian coordinates.
Thus, analytical conversion between the coordinate systems is crucial and thus also given
below.

For a parameter s € R, a family of confocal quadrics based on the reference ellipsoid (5.6)
is given by

x2 yZ ZZ

+ +
a?+s  ai+s ai+s

=1, (5.16)
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and especially, when —a% <'s < 00, (5.16) represents a triaxial ellipsoid. For every point
(x,y,z) with xyz # 0, (5.16) is a cubic equation in s with three real roots (see chapter 1
in [52])

—a3 < 53 < —a3 < 5y < —a3 <51 < 0,

defining an ellipsoidal coordinate system. Now, we can introduce ellipsoidal coordinates with
dimension of length (p, i, v) by

2_ 2 2_ 2 2_ 2
s =p"—aj, sy=Wu" —aj, S3=v" —aj. (5.17)

Given a point in these ellipsoidal coordinates, the corresponding Cartesian coordinates can
be calculated with the following connection formula [121, 37, 209]

X = %p‘uv,

:hllhg)\/pz_h%\/yz_h%\/h%_UZ’ (5.18)
AR G

where 0 < v < h3 < u < hy < p < o0 and sign(x) = sign(v), sign(y) = sign(y/h3 —12),
sign(z) = sign(y/h3 — p2) and hy, ha, h3 asin (5.7). Thus, to fully fix a Cartesian coordinate

in space, we need to store the signs next to the values of p, u and v.
To obtain the ellipsoidal coordinates given Cartesian coordinates, we start by substituting
the system (5.18) into (5.16) and get the cubic equation

S+ s?+os+c=0

where

Q:ﬁ+ﬁ+ﬁ—f—f—ﬁ

1= a%a% + a%a% + a%a%
2, 2).2 2, 2y.2 2. 2y.,2
— (a3 +a3)x” — (a1 + a3)y” — (a1 + a3)z
co = ajasa3 — a3a3x® — atady* — ajasz>.

This equation has the three real roots

w c
s1 = 2,/pcos (§> 32,
w 27 c
s = 2,/pcos <3 3) 52,
w 4 c
s3 = 2,/pcos <3 3>—32,
where
arccos <#>, for g < p%/2,
w =
0, for g > p%/2,
. —3C1
p - 9 /

_9c10p — 27¢9 — 263
— = .
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Using equation (5.17) we can calculate p, 4, v while taking into account the above sign
conventions.

A family of ellipsoids in ellipsoidal coordinates is given by

2 2 2
X z
-2

+ =1.
PP PP

For a given reference ellipsoid (a1,4a2,a3), a constant p € (hp, o0) describes the surface of
an ellipsoid from that family and especially by setting p = a; the surface of the reference
ellipsoid.

Lamé functions

This section is based on the work [52].

Lamé functions can be divided in four classes
K={P()}
L ={/Ix*=1nIP(x)},
M ={y/Ix* = KIP(x)},
N = {Ix = By 12 - BIP(x)},

where P(x) = agx" + a1x" % + ... + a;x" "2 4 ... is a polynomial of maximum degree 1,
ar € R and x € {p,u,v}. There are always 2n + 1 linearly independent Lamé functions
of degree n, distributed over the four classes and sorted using the index m = 1,...,2n + 1.
Developing the Lamé functions of degree n for a given reference ellipsoid is an O(n>) problem
for all four classes, presented in [52]. The prefactors of the classes £, M and N involve
square roots where the sign conventions need to be respected for x = p and x = v, but the
polynomial parts remain the same.

We follow the derivations in chapter 3 of [52] for the calculations of the Lamé functions.
Let & = h3 + h3 and B = h3h3.

Lamé functions in class K

Lamé functions of class K and degree n € N have the form

Ka(x) = Y ax" (5.19)
k=0
with coefficients 2 € R and x € {p, i, v}. We define
. 5, for n even,
”771, for n odd.

When substituting equation (5.19) into the Lamé equation, the following algebraic system
can be found

2(k+2)(2n — 2k —1)ay,1 = (5.20)

a [p— (n—2k)% a
+B(n—2k+2)(n—2k+1)ag_q,
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for k € {0,...,r} and initial coefficients a9 = 1, a_; = 0. Moreover, it holds, that Vk >
r+1:a, = 0. For equation (5.20) non-trivial solutions exist for r + 1 different constants
p. These constants can be determined by solving

K1,1 Kl,Z 0 ce 0
Ky1 Koo Kos :

0 Kso Kss

. . . —0

Krfl,rfl Krfl,r 0
Kr,r—l Kr,r Kr,r+1
0 s 0 Kr+1,1' Kr+1,1'+1
where
Kjj=—-a[p—(n—2j+2)%] forje{l,..r+1} (5.21)

Kjjyn = 2j(2n —2j+1), for j € {1,..., 7}
Kj1j = —p(n—2j+1)(n —2j+2), for j € {1,...,r}.

For each of the r 4-1 solutions p, r 4+ 1 coefficients a; can be calculated recursively and we
thus obtain r + 1 Lamé functions of class K and degree n.

Lamé functions in classes £ and M

Lamé functions of class £ and degree n € N have the form L, (x) = 1/|x? — 13| Pu—1(x).
where

Puoi(x) =Y bex" 1% (5.22)
=0

with coefficients by € R and x € {p,jt,v}. Note, that the sign convention needs to be
respected for the non-polynomial part when evaluating for x = v. We define

. {;, for n even,

1rl for n odd.

When substituting equation (5.22) into the Lamé equation, the following algebraic system
can be found

2(k+1)(2n — 2k — 1) by = (5.23)

(x [p— (n—2k—1)*] — (2n — 4k — 1)h3) by
+ B(n—2k+1)(n —2k)by_1,
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for k € {0,...,r — 1} and initial coefficients by = 1, b_; = 0. Moreover, it holds, that
Vk > r: by = 0. For equation (5.23) non-trivial solutions exist for r different constants p.
These constants can be determined by solving

Lii L, 0 ... 0
Lr1 Lop Lps ;
0 Lzp L33
. _ _ _o,
erZ,er Lr—2,r—1 0
erl,er erl,rfl erl,r
0o ... 0 L1 L,
where
Lijj=—u [p —(n—2j+ 1)2] +(2n—4j+ 4)h3, (5.24)

forje{1,..r}
Liji1=2j(2n—2j+1), forje {1,..,r—1}
Lit1j=—B(n—2j+1)(n—2j), forje{1,..,r—1}

With 7 solutions p the coefficients by can be calculated and we obtain » Lamé functions of
class £ and degree n.

Lamé functions of class M and degree n € N have the form M, (x) = +/|x% — h3|Pu—1(x)-

Here, the sign convention needs to be respected for the non-polynomial part when evaluating
for x = p. The calculation of the coefficients by is similar to class £, but h% needs to be
replaced with /2 in equations (5.23) and (5.24).

Lamé functions in class N

Lamé functions of class A/ and degree n € N have the form
Nu(x) = \/‘Xz - h§|\/|7c2 — h3|Py—2(x), where

Pia(x) = Y ax" 2 (5.25)
k=0

with coefficients ¢, € R and x € {p,u,v}. Note, that the sign convention needs to be
respected for the non-polynomial part when evaluating for x = v and x = u. We define

. 5, for n even,
”T_l, for n odd.

When substituting equation (5.25) into the Lamé equation, the following algebraic system
can be found

2(k+1)2n =2k — 1)ckyq = (5.26)

ap—(n—2k—1)% ¢
+ B(n—2k —1)(n — 2k)ck_1,
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for k € {0,...,r — 1} and initial coefficients ¢g = 1, c_1 = 0. Moreover, it holds, that
Vk > r: ¢y = 0. For equation (5.26) non-trivial solutions exist for r different constants p.
These constants can be determined by solving

Nii Nio 0 ... 0
No1 Nap Npgj :
0 N32 N3
: . . _o,
Ny_2r—2 Nror1 0
Nr—l,r—Z Nr—l,r—l Nr—l,r
0 ... 0 N, 1 N,

where
Njj=—a[p—(n—2j+1)%], forje{1,.,r}
Njjp1 =2j(2n—2j+1), forj € {1,..,r — 1}
Njj1; = —B(n—2j—1)(n—2j), forje{1,..,r—1}.

(5.27)

With these 7 solutions p the coefficients ¢, can be calculated and we obtain r Lamé functions
of class N and degree n.

Ellipsoidal Harmonics

This section is based on the work [52].

After calculation of the Lamé functions, the inner ellipsoidal harmonics [E}’ can be derived
as the product of the Lamé functions evaluated at the ellipsoidal coordinates

Ey (o, 1,v) = E5(p) Ex (W) Ey' (v).

It is shown in [52], that IE! are harmonic polynomials. It follows directly, that {E : n < N}
for N € N is a set with 2N + 1]+ [2(N —1) + 1] + ... + [2(1) + 1] + [1] = (N + 1)?
linearly independent elements and a subset of the set of harmonic polynomials. Since the
space of harmonic polynomials with degree n < N has the dimension (N + 1)?, it follows
that {IE” : n < N} is a maximal linear independent subset and thus a basis of the harmonic
polynomials of degree n < N.

(5.28)

Furthermore, we define surface ellipsoidal harmonics S} as

Su (1, v) = Eq'(WEy (v),

recalling, that p = a; holds on the surface of the reference ellipsoid S,,. It follows, that also
E"(p) = E"(aq) is a constant on the ellipsoid surface and thus S (p,v) = Ei(aupv)/Er (ay)
is a polynomial with maximum degree n. In [52] it is shown, that the surface ellipsoidal
harmonics are orthogonal to each other with normalization constants ;" € R given via

(5.29)

7= (S a0, (530)

a1
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Inproceedings 1: Simulation Study

Abstract

Exact knowledge on the magnetic fields used in tomographic imaging systems is important
for accurate sequence planning and model-based image reconstruction in existing devices.
It is common to measure the magnetic fields on a small subset of points and use spherical
harmonics to approximate the fields inside a spherical region. However, most scanner bores
could be better filled using a cylindrical or ellipsoidal region. In this work, we present the
application of ellipsoidal harmonics for efficient approximation of a typical magnetic field in
magnetic particle imaging.

Introduction

In tomographic imaging methods based on magnetic fields, e.g. magnetic resonance imaging
and magnetic particle imaging (MPI), the exact values of the magnetic fields in the field of
view (FOV) are of great interest and play a major role in signal encoding [220, 248]. De-
pending on the scanners underlying coil setup, the magnetic fields are by no means ideal in
the FOV. For instance in MPI, knowledge on the non-linearity of the magnetic fields can be
used for accurate sequence design, to speed up the calibration process when using multiple
patches [27], or for higher accuracy of model-based system matrices [4]. Furthermore, know-
ing the exact values of the magnetic fields is important for the development and verification
of new receive coils or field generators [97, 75].

The magnetic fields can be measured using a magnetic field sensor attached to a robot.
The naive ansatz, covering every position on a highly resolved three-dimensional grid would
be a long and tedious process. For this reason, more efficient measurement methods were
introduced in which the field can be expanded very efficiently into a series of spherical
harmonic functions with only a few measurement points on a spherical surface in the form of
t-designs [28, 33]. However, typical scanner bores have a cylindrical shape, such that several
spheres, shifted along the bore axis, have to be measured to cover the entire FOV. But even
when the spheres are shifted with big overlap, this procedure leaves areas uncovered by any
of the spheres. In this work we instead consider an ellipsoidal volume, which much better
covers typical scanner bores. To this end, we consider ellipsoidal harmonic functions and
the associated series expansion, which has not yet been applied to describe magnetic fields
in tomographic imaging so far. However, in astrophysics calculations of the gravitational
potential of (non ideally round) celestial bodies get more efficient using ellipsoidal harmonics
[82]. In this study we show, how ellipsoidal harmonics can be used to efficiently measure
and represent magnetic fields in MPI.

Methods and Materials
Theory

Magnetic fields in a source-free region Qroy C R3 can be assumed to be harmonic, i.e.
they fulfill Laplace's equation. This applies to all magnetic fields B : R® — R? that are
located within the bore of an MPI scanner, as no currents flow there. The transformation
of the Laplace equation AB;(x) = 0, for i € {1,2,3} and x € Qpgy into an ellipsoidal
coordinates, starts with the definition of a reference ellipsoid

2 2 2
X X X
S+2+32 =1, (5.31)
ap 4 a3
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where 0 < a3 < ap < aq are the three semi-axes and x1, xp, x3 € R Cartesian coordinates.
The linear eccentricities of the reference ellipsoid are given as

— S @@k =\ =)k = (@ ). (5.32)

By introducing an orthogonal ellipsoidal coordinate system p, yt, v with 0 < 2 < h% < ;42 <
h% < p2 < oo and performing a separation of variables on the Laplace equation, one ends
up with the so-called Lamé equation [52], whose solutions E}}' : R — R for m € N,n € Ny
are called Lamé functions. Lamé functions can be divided in four classes

K = {P(x)},
£={\/]x2 - [P(x)}
M = {\/]x2 - 13|P(x)}
N = {12 — 1] \/122 ~ i|P(x)},

where P(x) = aox" + a1x" 2 + ... + agx™ 2k 4 ... is a polynomial of maximum degree n
and x € {p,u,v}. There are always 2n + 1 Lamé functions of degree n, distributed over
the four classes and sorted using the index m = 1,...,2n + 1. The conversion between
Cartesian coordinates (x1, X2, x3) and ellipsoidal coordinates (p, ¢, V) is not straightforward
and additional sign conventions have to be respected to achieve uniqueness. We refer the
interested reader to [209]. Lamé functions of each class can be determined for a given
reference ellipsoid, by solving an O(n®) eigenvalue problem for each class and each n € N
[52], leading to the inner ellipsoidal harmonics Ef (o, u,v) = EI(p)EX(u)EN(v) and the
surface ellipsoidal harmonics S (pu,v) = E(u)ElN(v). On the ellipsoidal surface holds
p = ai. With help of the inner ellipsoidal harmonics E) with n < L, which pose a basis
of the harmonic polynomials with maximum degree L € IN, the magnetic field components
can be calculated inside the reference ellipsoid (by placing Dirichlet boundary conditions on
the surface) using the following expansion:

L 2n+1
Bi(o,p,v) = ) Z AVEN (o, 1, v), (5.33)
n=0 m=
where
1
Anmzijl{ Bi(ay, u,v)S) (p,v) dQ(u,v), 5.34
() Js, (a1, u,v)Sy (w,v) dQ(p,v) (5.34)
= S v d(y), (5.:35)
Say

where S,, is the surface of the reference ellipsoid. Equation (5.33) is exact, if the magnetic
field can be described by a polynomial of maximum degree L. Under this assumption, the
surface integrals in (5.34) can be calculated exactly using a finite sum over an ellipsoidal
t-design with t > 2L (this follows from the existence of a transformation between ellipsoidal
surface integrals and spherical surface integrals given in [52]). To this end, the Cartesian
coordinates (11,Y2,y3) of a spherical t-design need to be shifted to the ellipsoid surface

using
X1 =y3a1, Xp =yi1\/a? —h3, x3 =y2\/a7 — b3,

and converted to ellipsoidal coordinates afterwards.
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Simulations

To demonstrate the accuracy and applicability of the presented expansion, we consider the
x-drive field of the preclinical MPI system (25/20 FF) from Bruker Corporation, Ettlingen,
Germany. Field amplitude values calculated by the FEM software COMSOL Multiphysics!
are used on the ellipsoidal surface points given by the t-design. To highlight the benefits of
ellipsoidal harmonics, we want the magnetic field to be calculated inside a cylinder of 21.2cm
length and 9 cm diameter, which are the dimensions of the dedicated receive coil presented
in [97]. To this end, the reference ellipsoid is set using the semi-axis a = (17.5,5.61,5.6) cm
and an ellipsoidal 12-design with 86 points is chosen, as displayed in Figure 5.6. The
implementation of the ellipsoidal harmonic expansion was written in Julia.

y / cm

Figure 5.6: Surface-plot of the reference ellipsoid with semi-axis a = (17.5,5.61,5.6) cm. The 86
points of an ellipsoidal 12-design are displayed on top.

Results

The calculated field for z = 0 on an 71 x 23 rectangular grid using the ellipsoidal harmonic
expansion is shown in the upper plot in Figure 5.7. The magnetic field aligns in negative
x-direction, as it would be expected for the x-drive field. For comparison, the simulated
magnetic field using COMSOL is shown on the same grid as well as a difference plot. The
absolute error inside the ellipsoid has a mean value of 0.1 mT equaling 1.5 % of the mean
absolute value of the simulated field and gets slightly larger towards the edges of the ellipsoid
(with a maximum absolute error of 0.8 mT). Outside the ellipsoid, the absolute error gets
very large, which can be even observed in the plotted fields and not only in the difference
plot.

Discussion and Conclusion

With the presented ellipsoidal harmonic expansion, a typical MPI drive-field could be repre-
sented effectively using only 86 data points for the above given reference ellipsoid enveloping
a cylinder of 21.2cm length and 9 cm diameter. Using spherical harmonics to represent the
magnetic field in the full cylinder, at least three separate spheres along the x-axis would be
necessary.

LCOMSOL Multiphysics v.6.0. www.comsol.com. COMSOL AB, Stockholm, Sweden
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Figure 5.7: Shown are the calculated magnetic fields in the xy-plane for z = 0 using ellipsoidal
harmonics (top) and the simulation software COMSOL (middle). The norm is color-coded, the field
direction is displayed using field arrows. Furthermore, a difference plot is given (bottom).

The small absolute error of the field inside the ellipsoid underlines the accuracy of the
ellipsoidal expansion. It was to be expected, that the error raises outside the ellipsoid,
since equation (5.33) is not valid there. The slightly increasing error close to the edge of
the ellipsoid could be circumvented by using a reference ellipsoid, which is slightly bigger
than the FOV. Moreover, a lower truncation error could be expected, when using a larger
ellipsoidal t-design, with { > 12. When using the method on measured data, the rather
small approximation error has to be contextualized to the displacement error of the robot
and the accuracy of the magnetic field sensor.

Concluding, ellipsoidal harmonic expansion proves to be a very powerful tool for the effective
measurement and representation of magnetic fields in tomographic imaging devices. The
effectiveness of this method was demonstrated through the simulation of a drive-field on a
preclinical MPl-scanner. In comparison to the currently used spherical harmonics, two more
degrees of freedom allow to much better match the region of interest. This is especially
useful for an oval scanner bore [99]. An in-dept error analysis as well as a profound variety
of test cases remain necessary for future work.



5.6

5.6.1

5.6.2

5.6. Inproceedings 2: Experimental Study 105

Inproceedings 2: Experimental Study

Abstract

This work demonstrates the application of ellipsoidal harmonic expansions for magnetic field
representation in Magnetic Particle Imaging (MPI) using measured data. While previous
studies focused on simulated fields, we validate the method with field data acquired from a
selection field generator of an MPI head imaging system using an ellipsoidal t-design. The
approach is validated by comparing the harmonic expansion results to dense principal axis
measurements, confirming accurate field characterization. This study highlights the potential
of ellipsoidal harmonics to improve the speed and accuracy of magnetic field measurements
and representation in MPI.

Introduction

Understanding magnetic fields in Magnetic Particle Imaging (MPI) is essential for optimizing
system performance and accuracy. Field inhomogeneities or distortions can cause inaccurate
spatial representation of nanoparticles, affecting diagnostic outcomes or industrial processes.
Accurate field knowledge allows for improved system design, leading to higher image quality
and more precise nanoparticle localization.

Measuring magnetic fields on a dense three-dimensional grid is time-consuming and inef-
ficient. To overcome this, more efficient measurement techniques have been developed
enabling the magnetic field to be effectively represented as a series expansion of harmonic
functions [28, 33]. To determine the coefficients of this expansion, only a limited number
of measurement points, arranged according to t-designs, are required. These points are
typically distributed on a spherical surface. Recently, the use of Ellipsoidal Harmonic Ex-
pansions (EHE) was introduced. They offer two more degrees of freedom enabling a much
more flexible and efficient description of magnetic fields in MPI as scanner bores usually
have cylindrical shape [242].

While ellipsoidal harmonics have previously been applied to simulated data, this study extends
their application to experimentally acquired data. We demonstrate the effectiveness of this
approach by collecting field data from the gradient field of our institute's head imaging
system [280] using an ellipsoidal t-design. To assess the accuracy and reliability of the
method we compare the ellipsoidal harmonic representation with dense measurements taken
along the principal axes.

Methods and Materials

Source-free magnetic fields B : R> D 0 — R3 can be represented by a polynomial of
maximum degree N € N. Thus, using an EHE within a reference ellipsoid defined by it's
semi-axes (a1,az,a3) € R3, the field can be expressed as:

N 2n+1
B(o,pv) =Y, Y, Ay"E} (o, uv). (5.36)

n=0 m=1
Here (p,u,v) are ellipsoidal coordinates, E} : R — R are inner ellipsoidal harmonics of
degree n € N and order m € {1,...,2n+1} and Az/" € R denote the according coefficients.
To compute these coefficients, surface integrals over the reference ellipsoid need to be solved,
for which we employ an ellipsoidal t-design as a quadrature. For further details on the theory
of ellipsoidal harmonics, ellipsoidal t-designs and how to use them to describe magnetic fields,

we refer to [242, 52].
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Figure 5.8: Top row: sectional views of the magnetic field resulting from the ellipsoidal harmonic
expansion. Bottom row: comparison of the field values with the test measurements along the principle
axis.

A reference ellipsoid with a = (0.11,0.08,0.07) m centered at (0.01,0,0) m was chosen
to cover the scanner bore of the imaging system described in [280]. An ellipsoidal t-design
with t = 14 was used, defining 114 measurement points on the surface of the reference
ellipsoid. Measurements used a three-axis Hall-effect sensor on a robot connected to a 3-
channel Gaussmeter (M460, Lake Shore Cryotronics). For verification, measurements were
taken at 55 control points () with equidistant intervals of 0.01m on the three main
axes: 23 in x-direction (y = z = 0m), 17 in y-direction (x = 0.01m, z =0m) and 15 in
z-direction (x = 0.01m, ¥ = Om). A quantitative evaluation is done by calculating the
mean relative error normalized by the mean field.

Results

In Figure 5.8 sectional views of the magnetic field obtained from the EHE are shown for
each central plane. The characteristics of the MPI selection field are well represented and
the dominant y-gradient is clearly visible. White dashed lines show the reference ellipsoid
on which the points of the t-design are located. A comparison of the gradients on the
control points is shown along the principal axes in the second row. No visual differences are
apparent. Quantitative analysis confirms a high accuracy with a mean error of ¢ = 0.78 %.

Discussion and Conclusion

The results clearly demonstrate that EHE are a powerful tool for measuring and representing
magnetic fields in MPI. While previous work has only used simulated field data, we have
shown in this study that the method can also be applied to measured data. The greater
flexibility of the geometric shape of an ellipsoid permits superior coverage of typical MPI
scanner bores in comparison to the well-established spherical harmonic expansions. Potential
measurement inaccuracies did not affect the stability of the method in our case as the mean
error below 1% confirms. However, a sophisticated error analysis remains for future work.



Discussion

Chapter 2 provided a structured overview of the challenges and necessary advancements for
the clinical translation of MPI. It examined the current state of research and highlighted
critical issues such as hardware requirements, tracer availability, regulatory approval, image
reconstruction, and algorithmic developments. Despite MPI's promise as a highly sensi-
tive and quantitative imaging modality, its clinical adoption is currently hindered by the
lack of tailored and medically approved tracers, accredited hardware solutions, and suffi-
cient robustness in patient environments. Additionally, state-of-the-art image reconstruction
remains reliant on manual input from imaging experts and does not yet meet the diverse
requirements of different clinical applications.

A key takeaway from this discussion is the intricate interplay between different research do-
mains in MPI. Hardware developments influence reconstruction strategies, while algorithmic
advancements can compensate for limitations in signal detection and tracer performance.
The challenge of achieving clinically viable MPI solutions is thus not confined to any single
research track but instead depends on a holistic approach that integrates hardware, tracer
development, and computational methodologies. For instance, the development of fast im-
age acquisition, in combination with robust and efficient reconstruction algorithms, directly
impacts MPI's feasibility for real-world medical applications.

A major strategic milestone for the field would be the ability to generate super-resolved, high-
contrast images with minimal calibration effort and without the need for manual parameter
fine-tuning. This could be achieved through a combination of sophisticated reconstruction
methodologies and deep-learning-based approaches that leverage accurate modeling of the
MPI system equation. Furthermore, a breakthrough such as the publication of the first
human MPI image would not only validate MPI's clinical potential but also serve as a
catalyst for accelerated research efforts and industrial investment. Such progress would
further drive the development of tailored, medically approved tracers optimized for MPI's
unique signal generation mechanism.

Within this broader landscape, the cumulative part of this dissertation has contributed to
advancing MPI toward clinical usability by focusing on improvements in calibration, regular-
ization, and efficient field representation. These contributions directly address key challenges
in image reconstruction.

Chapter 3 introduced an extrapolation method to reduce the extensive measurement effort
required for system matrix calibration. This addresses a fundamental limitation in MPI,
where system matrix acquisition can be highly time-consuming and impractical for clinical
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deployment. By enabling accurate extrapolation of calibration data to a larger FOV, this
method paves the way for significantly streamlined workflows in clinical applications. More
importantly, its full potential lies in its integration with complementary techniques such as
compressed sensing and learning-based approaches, which could further minimize calibration
requirements while maintaining reconstruction accuracy.

Chapter 4 tackled another major challenge in MPI image reconstruction — regularization tun-
ing — by proposing an automated parameter selection approach. This method reformulates
the complex interplay of multiple regularization parameters into a single hyperparameter: the
number of iterations in the iterative solver. By simplifying parameter selection, this approach
reduces the manual fine-tuning required for high-quality image reconstruction, making MPI
more accessible for clinical use. Furthermore, learning-based strategies trained on diverse
MPI datasets could enhance this approach by optimizing termination criteria across different
imaging scenarios, measurement settings, and noise statistics. The ability to automatically
adapt regularization to varying clinical conditions represents a crucial step toward robust and
user-independent MPI reconstruction.

Finally, Chapter 5 explored a novel approach to efficiently measure and represent magnetic
fields using ellipsoidal harmonic expansions. This method has broad applicability to all
tomographic imaging modalities relying on magnetic fields with different geometric configu-
rations. The demonstrated effectiveness of ellipsoidal harmonic expansions for field modeling
in cylindrical bores of both MRI and MPI suggests their potential for multimodal imaging
systems. Notably, this method could contribute to the development of integrated MPI/MRI
platforms, which combine the high anatomical resolution of MRI with MPI's high-sensitivity
functional imaging capabilities. Such hybrid systems could offer unparalleled advantages by
merging background tissue data from MRI with functional or contrast-enhanced imaging
from MPI within a single scanner, thereby expanding MPI's clinical utility.

The findings and methodologies presented in this dissertation contribute to the overarch-
ing goal of making MPI clinically viable. By addressing fundamental challenges in image
reconstruction and calibration, these contributions help pave the way for MPI's transition
from a promising preclinical technology to a deployable clinical imaging modality. Future
research must continue to bridge the gap between theoretical advancements and practical
implementation, ensuring that innovations in tracers, hardware, and computational tech-
niques collectively result in reliable and scalable imaging solutions. Furthermore, the clinical
adoption of MPI critically depends on rigorous validation of its quantitative capabilities.
Establishing MPI as a robust quantitative imaging tool requires reproducibility across dif-
ferent MPI systems, tracer formulations, and imaging protocols. Standardized calibration
procedures, inter-scanner variability assessments, and harmonized data acquisition strategies
are necessary to meet regulatory requirements and ensure consistency in clinical applica-
tions. Addressing these challenges will be instrumental in unlocking MPI's full potential
for quantification in medical diagnostics and therapeutic monitoring. Moreover, achieving
clinical translation requires not only improvements in image reconstruction, hardware and
tracer, but also seamless integration into clinical workflows. To maximize MPI's impact,
future research must continue to explore its role in clinical decision-making, ensuring that
it provides actionable diagnostic or therapeutic insights beyond what is currently achievable
with established imaging techniques.
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