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Abstract
In this work, the robustness of phase-field fracture simulations is increased by introducing a new hybrid approach to take
advantages of both explicit and implicit solvers. Switching to an explicit solver at critical load cases enables us to define a threshold
on the maximum number of staggered iterations per load step. Having this threshold would be very useful in complicated FCM
problems since we cannot wait for a full convergence of the implicit solver at critical load steps. With the new hybrid method,
the problem is implicit as long as the implicit solver can converge within a specified threshold; otherwise, the failed load step will
be solved robustly using an explicit approach. The method can resolve the highly nonlinear part of the global load–displacement
curve. The superiority of the approach is shown in different benchmark examples.

1 Introduction

The phase-field modeling of brittle fracture addresses a coupling
between the elastic field and the crack phase-field. In phase-field
modeling, a crack is not a discrete and discontinuous feature but
a smooth transition from fully cracked toward the intact area [1,
2]. This transition is defined by a length-scale parameter which
must be greater than the size of a couple of elements at the
critical region.

For predicting the crack initiation/propagation in complex
geometries, the phase-field approach can be integrated to the
finite cell method (FCM). The basic idea of the FCM is to
combine the existing physical domain with a fictitious domain
in order to have an extended domain which is simple to mesh
[3, 4]. On the other hand, this simple mesh generation makes
the integration of broken elements/cells more difficult. In the
FCM, the physical/implicit geometry is immersed in a simple
structured mesh and special integration methods like space-tree

[5, 6] or moment fitting [7, 8] should be employed. In space-
tree methods, broken cells are subdivided into smaller sub-cells
to increase the accuracy of integration, while moment-fitting
methods generate cell-specific quadrature points and weights.
The combination of the phase-field approach with the FCM has
been already addressed in previous works like [9, 10].

The coupled phase-field problems can be solved either mono-
tonically [11, 12] or by using the staggered [13, 14] approaches.
In the monolithic approach, the system of coupled differen-
tial equations is solved simultaneously, while in the staggered
schemes, displacement, and phase-fields are solved separately
together with exchanging required data at each iteration. The
monolithic approach has a high convergence rate but suffers from
convergence issues, especially at highly nonlinear load steps. On
the other hand, staggered approaches are robust and are easier to
be implemented in existing software. Staggered approaches can
also be divided into explicit staggered as well as implicit staggered
ones [15]. In the explicit approach, there is no convergence check
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FIGURE 1 Sketch of the idea behind the FCM. The physical domain is combined with a fictitious domain, such that the extended domain can be
discretized using Cartesian meshes.

after each iteration, but very refined load steps are needed for
fair accuracy. Therefore, the advantage of the implicit approach
is the accuracy, but the advantage of the explicit approach is
the robustness, it means that choosing between the implicit or
explicit approach is choosing between accuracy and robustness.

In FCM problems, we cannot always afford the high number
of iterations needed for the implicit solvers to converge. On the
other hand, opting for a fully explicit scheme without previous
knowledge of the level of refined load steps is also risky. In
this paper, we introduce a solution to take advantage of both
methods. According to the new method, a threshold is defined
as the maximum number of staggered iterations. The solver is
implicit as long as this threshold has not been reached; otherwise,
the failed load step is divided into a set of refined explicit sub-
load steps. With this hybrid method, we try to capture both
the accuracy of the implicit approach and the robustness of the
explicit approach.

The paper is organized as follows: Section 2 introduces the theo-
retical prerequisites. The proposed hybrid approach is explained
in Section 3. In Section 4, two benchmark examples are provided
to show the advantage of the proposedmethod. Finally, the paper
is concluded in Section 5.

2 Theoretical Backgrounds

2.1 The Finite Cell Method

The concept of the FCM is shown in Figure 1. In FCM, a fictitious
domain is added to the physical domain to have a simple-shape
extended domain. This extended domain can be meshed easily.
During the integration phase, the indicator function 𝛼(𝒙) is used
to distinguish between the physical and the fictitious domain
integration points:

𝛼(𝒙) =

{
1, 𝒙 ∈ Ω

𝛼0, 𝒙 ∈ Ωe ⧵ Ω ,
(1)

𝛼0 is the stabilization parameter which is usually chosen to be
a very small positive number to avoid ill-conditioning of the
stiffness matrices. For linear elastic problems, the weak form for
the extended domain is given by

∫
Ω𝑒

𝛼(𝒙)𝛿𝜺 ⋅ 𝝈 dΩ = ∫
Ω𝑒

𝛼(𝒙)𝛿𝒖 ⋅ 𝒃 dΩ + ∫
ΓN

𝛿𝒖 ⋅ 𝒕 dΓ , (2)

𝝈 is theCauchy stress, 𝛿𝒖 is the virtual displacement,𝒃 is the body
force, 𝛿𝜺 is the virtual strain and finally 𝒕 is the traction force. For
further details, interested readers may refer to [3, 16, 17].

The complexity arises when it comes to the integration of the
broken cells. There are various methods to tackle this challenge
among them are the space-tree methods, the moment-fitting
methods, and the nonnegative moment-fitting method. Space-
tree methods are very robust but numerically expensive due to
very large number of integration points needed [5]. In order
to reduce the number of integration points, the moment-fitting
can be employed, which creates a special case of the quadrature
rule for each broken cell [8]. In the current work, we use the
nonnegative moment fitting approach, which is an extended
version of the standard moment fitting method [18, 19]. The
nonnegative moment fitting approach forces the weights to
be positive, which has a strong effect on the stability of the
numerical integration.

2.2 Phase-Field Fracture

The main concept of the phase-field approach is shown in
Figure 2. The total potential energy of a cracked system is defined
by adding the fracture surface energy s to the classical elastic
energy el [10, 20]

(𝒖) = ∫
Ω∖Γ𝑠

Ψ𝑒(𝜺(𝒖)) dΩ

⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟
el(𝒖)

+∫
Γ𝑠

𝐺𝑐 dΓ

⏟⎴⏟⎴⏟
s

. (3)

𝐺𝑐 is the material’s fracture energy and Ψ𝑒 denotes the strain
energy density. According to the phase-field concept, a sharp
crack is regularized through a smooth function 𝑠(𝒙, 𝑡), therefore,
Equation (3) can be rewritten as [21, 22]

(𝒖, 𝑠) = ∫
Ω

𝑔(𝑠) Ψ𝑒(𝒖) dΩ

⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟
el(𝒖,𝑠)

+∫
Ω

𝐺𝑐

𝑐𝑤

(
𝑤(𝑠)

𝓁
+ 𝓁|∇𝑠|2) dΩ

⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟
s(𝑠)

. (4)

In this equation, 𝑔(𝑠) is the degradation function, 𝑤(𝑠) is
the dissipation function and 𝓁0 ≪ size(Ω) is the length-scale
parameter. The length-scale parameter defines the intensity of
regularization. In the current work, a quadratic degradation
function, namely 𝑔(𝑠) = (1 − 𝑠)2 + 𝜅, is employed where 𝜅 ≪ 1

is a stability parameter. Also we utilize an AT-2 model for the
dissipation function, 𝑤(𝑠) = 𝑠2 and 𝑐𝑤 = 2 [22].
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FIGURE 2 Phase-field modeling approach. (a) Problem setup with sharp crack representation and (b) smooth crack representation by the phase-
field 𝑠.

Deriving the weak form and then discretization are the very next
steps to obtain the system of coupled equations. A history field is
adopted to enforce the irreversibility [23]. Furthermore, a hybrid
volumetric-deviatoric strain energy split is used to prevent crack
formation due to compressive stresses [24].

In this work, this system of coupled equations is solved using the
staggered approach. In contrast to the fully coupled monolithic
approach, the staggered approach has the advantage of a better
convergence at critical load steps as well as simplicity in imple-
mentation within already existing finite element (FE) software.
The staggered approach can be implemented in both explicit and
implicit manners, as shown in Figure 3. As can be inferred, the
implicit approach is a very accurate method since it checks the
convergence of each load step, but implicit solvers lack robustness
at crack initiation/propagation load steps. On the other hand, the
explicit approaches are very robust, but a very large number of
load steps are needed for fair accuracy. In the next section, we
introduce a hybrid method to gain the advantages of both solvers.

3 Combined Implicit–Explicit Scheme

In phase-field simulations of brittle fracture, it is very common to
face very strong nonlinearities. These nonlinearities have physi-
cal interpretations like sudden crack growth within the domain.
At these highly nonlinear load steps, implicit solvers need a very
large number of iterations to obtain convergence. In complex
problems, such a high number of iterations is prohibitive. Also,
due to the zigzag behavior of the residuals at critical load steps,
a higher number of unconverged iterations does not necessarily
mean higher accuracy.

In this work, we introduce a combined explicit–implicit approach
to increase the robustness of FCM phase-field simulations. The
concept of this hybridmethod is shown in Figure 4. The approach
is implicit as long as themaximumnumber of staggered iterations
(MNoSI) is reached; otherwise, the implicit-failed load step is
solved using a predefined set of explicit sub-load steps. The
predefined number of explicit load steps is called the “number
of local explicit load steps” or “number of local explicit load steps

(NoLELS)” in Figure 4. Overall, the explicit solver can robustly
bypass highly nonlinear load steps that are difficult to solve
implicitly. The superiority of the hybrid method will be discussed
in two benchmark examples in the next section. In this work,
the phase-field approach is integrated with the FCM within the
framework of a finite cell code called AdhoC++ [25].

4 Benchmark Examples

Two benchmark examples are provided in this section to numer-
ically investigate the proposed method. The effect of different
model parameters is also discussed accordingly.

4.1 Notched Plate With Hole (2D)

The geometry and material/simulation data of this example are
shown in Figure 5 and Table 1. Two small pinholes are the places
where mechanical boundary conditions are applied: the plate is
fixed at the lower pinhole and a displacement is applied at the
top pinhole is loaded. The plate is fixed; as mentioned earlier,
the mesh in the FCM is not boundary conforming; therefore, the
middle hole in this example is taken into account only during the
integration step.

As it can be seen in Figure 5, multilevel ℎ𝑝 refinement is
employed to refine the predicted crack path area. It should be
pointed out that due to the simplicity of elements in FCM, mul-
tilevel ℎ𝑝 refinement can be applied to almost all FCM examples
if needed. Also, the preexisting crack is defined using Dirichlet
boundary conditions. For better understanding, two holes at the
load introduction points are shown in Figure 5, but in reality,
loads, and boundary conditions are applied directly on bounded
nodes without further considerations. The fully propagated crack
path is also shown in Figure 5 which is consistent with the
literature [26].

The effect of different NoLELS and MNoSI values are shown in
Figures 6 and 7. In Figure 6, the value of NoLELS is fixed to 100.
This figure shows that combined explicit–implicit cases follow
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FIGURE 3 Flowcharts of the (a) implicit and (b) explicit staggered phase-field approaches.

FIGURE 4 Flowchart of the combined explicit–implicit approach.
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FIGURE 5 Notched plate with hole: geometry and mesh (including fully propagated crack path).

TABLE 1 Material/solver input parameters for the first benchmark
example.

𝐸 5.982 kN∕mm2

𝑣 0.22
𝐺𝑐 2.28 N∕mm

𝑙0 1.25 mm

𝜅 10−6

𝛼FCM 10−8

Convergence tolerance 10−5

Space-tree subdivision depth within
non-negative moment fitting (NNMF)

5

Load step 0.01 mm
Cell type Four-node linear

rectangular cell
Number of global implicit load steps
(NoGILS)

100

Multilevel ℎ-refinement level at critical
areas

3

Note: Number of global implicit load steps.

the full implicit curve quite well. It means that without existing
information about the maximum number of staggered iterations
for full implicit convergence, a hybrid method with insufficient
number of staggered iterations makes the solver more robust. In
Figure 7, the value of MNoSI is fixed to 125. This figure shows
that by increasing NoLELS, the resulting curve follows the full-
implicit curve more closely. In fact, by having a higher number
of explicit sub-load steps, it is more likely to have convergence
of the implicit approach in the subsequent load steps. Overall,
it should be mentioned that all load–displacement curves are
almost similar and using the hybrid formulation, no preexisting

FIGURE 6 Notched plate with hole: load–displacement curves for
different MNoSI values (NoLELS = 100).

FIGURE 7 Notched plate with hole: load–displacement curves for
different NoLELS values (MNoSI = 125).

information on the number staggered information for a full-
converged situation is needed and, on the other hand, we have
not continued with an unconverged load step. It should be again
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FIGURE 8 Plate with two holes: geometry and mesh (including fully propagated crack path).

TABLE 2 Material/solver input parameters for the second bench-
mark example.

𝐸 210𝑒3 MPa

𝑣 0.3
𝐺𝑐 2.7 N∕mm

𝑙0 0.0166 mm

𝜅 10−6

𝛼FCM 10−6

Convergence tolerance 10−5

Space-tree subdivision depth within
NNMF

6

Load step 0.0001 mm
Cell type Four-node linear

rectangular cell
Number of global implicit load steps
(NoGILS)

70

Multilevel ℎ-refinement level at critical
areas

2

pointed out that in all cases, we have a very robust approach
with almost similar load–displacement results in reasonable and
predictable simulation time.

4.2 Plate With Two Holes

The second benchmark example is a 2D square with two circular
holes. Figure 8 demonstrates the geometry and meshing of this
example. Material/solver input parameters of this example are
provided in Table 2. The body is fixed at the bottom and loaded
on the top.

In this example, the NoLELS value is fixed to 100, and the load–
displacement results are provided for three MNoSI values. The
load–displacement results are shown in Figure 9.

FIGURE 9 Plate with two holes: load–displacement curves for
different MNoSI values (NoLELS = 100).

The results suggest that in the hybrid cases, there would be a
delay in sharp drops which can be controlled by refining the
number of global load steps. However, like the first example,
hybrid cases follow the accurate implicit case quite well and few
differences can be compensated in the subsequent steps since
the solver always tries to first solve the subsequent load steps
implicitly.

5 Conclusion

A hybrid explicit–implicit approach was introduced in this
work to increase the robustness of solving FCM phase-field
fracture problems. It was shown that the method successfully
takes care of failed implicit load steps at critical crack initia-
tion/propagation steps. The effect of different parameters like
the maximum number of staggered iterations and/or the number
of local explicit load steps was investigated and discussed. The
results of two benchmark examples suggested that the load–
displacement results obtained from the hybrid cases closely
follow those of fully-converged implicit cases. In future, the
method can be combined with the acceleration techniques to
increase not only the robustness but also the speed of the
analyses.
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