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Summary
The problem of reconstructing a bathymetry from measurements of the free surface

can be formulated as an optimisation problem constrained by partial differential equations
(PDEs). In this thesis, we describe the water depth by the shallow water equations (SWE)
and use the ’first optimise, then discretise’-approach to solve this problem numerically.
Then we investigate the use of parallel-in-time methods to accelerate the computations.

In Chapter 2 we explain theory and different approaches on PDE-constrained optimi-
sation problems, followed by solution techniques such as optimisation algorithms. Further-
more, we introduce the SWE and the numerical solver that is being used for all PDEs in
this work.

These methods are being applied to different problems in Chapter 3. First, we consider
SWE with periodic boundary conditions. The adjoint SWE and gradient of the reduced
objective functional are being derived and then used to infer a sinusoidal and a Gaussian-
shaped bathymetry. Results for the gradient descent method and the L-BFGS algorithm
are being compared. Then we work with time-dependent boundary conditions that corre-
spond to an experiment in a wave flume. We infer a bathymetry with roughly Gaussian
shape that was placed in the wave flume, where we use the previously introduced methods.
Results for simulated and measured observations are being compared. It is also shown that
the errors in the reconstruction are in line with results from existing literature.

Chapter 4 introduces several parallel-in-time methods and investigates their conver-
gence for the forward and adjoint SWE. We apply the Parareal method to both equations
and show results for spatial coarsening for the advection-diffusion equation and the SWE.
As a more suitable method for hyperbolic problems we use Asymptotic Parareal, for which
the SWE has to be reformulated by using a perturbation height instead of the water depth.
For the adjoint problem we use the ParaExp method and investigate its convergence for
the adjoint equation.

The results for serial and time-parallel optimisations are being compared in Chapter 5.
There we reconstruct bathymetries for SWE with periodic boundary conditions and for
the wave flume experiment.
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Chapter 1

Introduction

For the prediction of flooding as well as for some applications in science and engineering
like the prediction of meteorological tsunamis or hazardous materials in estuaries [1, 2], the
knowledge of the bathymetry, that is the bottom topography, is indispensable. Existing
measuring techniques such as side scan sonars or airborne LiDAR are usually time consum-
ing and costly [3]. Besides, when using side scan sonars there is the risk of stranding and
the use of airborne LiDAR is limited to areas where flying is not prohibited [3]. An alter-
native is to analyse satellite images. This technique is called satellite derived bathymetry
(SDB) [4]. It can gather data from large areas much faster than oceanographic vessels or
aeroplanes [5]. The disadvantage of this method is that the quality of the measurement
data suffers from atmospheric effects, sun reflection and the ripple of the water surface [6].
This drives the need for different methods to infer bathymetries, for instance by measure-
ments of the water height, usually called the free surface elevation. In this thesis, this
problem will be formulated as an optimisation problem that is constrained by shallow wa-
ter equations (SWE). This problem will be solved with use of iterative methods, where at
each iteration partial differential equations (PDEs) have to be solved. As this requires the
computation of a lot of time steps in total, a parallelisation in time can be a promising
approach to accelerate computations.

The theoretical background for PDE-constrained optimisation and all used algorithms
is explained in Chapter 2. A functional is defined which measures the error of the solution
of the PDE to some desired state or an observation. This functional has to be minimised
under the constraint that the PDE has to be fulfilled. To this end, we introduce suitable
iterative minimisation algorithms. There are two approaches on PDE-constrained optimi-
sation problems, namely the ’first optimise, then discretise’ and the ’first discretise, then
optimise’-approach. In this thesis, we optimise first which means to derive optimality con-
ditions in function space. This involves the derivation of a continuous adjoint equation
and gradient of the functional. In each iteration of the minimisation algorithm, the state
equations and adjoint equations have to be solved in order to compute the gradient for the
descent direction. This is illustrated in Figure 1.1. Starting with an initial guess c0, the
control is being updated in each iteration of the optimisation algorithm. This approach
gives more flexibility on how to solve the PDE and its adjoint. When discretising first, the
adjoint problem is discrete already and this allows for usage of techniques such as auto-
matic differentiation. For a deeper understanding of this topic, we refer to Hinze et al. [7]
and Tröltzsch [8]. They give a good overview and explanations on how to solve optimi-
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Figure 1.1: Optimisation with PDE constraints.

sation problems with parabolic and elliptic PDEs as constraints. However, for hyperbolic
problems, there is not much information about the regularity of the solutions [8]. There
is some theory on optimisation constrained by hyperbolic equations [9, 10, 11, 12, 13, 14],
but solving these kind of problems remains challenging as shocks in the solution can occur.
Nevertheless, we avoid these by considering only smooth bathymetries and short time hori-
zons. Thus, we can use known iterative optimisation algorithms which we will introduce in
Chapter 2. Furthermore, we state the nonlinear one-dimensional SWE with linear bottom
friction term and explain the solvers that are being used for the forward and adjoint SWE.

Chapter 3 focuses on bathymetry reconstruction as an optimisation problem with SWE
as constraints. Different bathymetries are being inferred from observations of the free
surface. We work with periodic as well as time-dependent Dirichlet boundary conditions
that arise from an experimental setup in a wave flume. We will also see reconstructions
from real measurement data and compare the errors in the reconstruction for different
types of observation. The continuous adjoint and gradient that we derive are then being
discretised using spectral methods. Most other authors who reconstruct bathymetries from
an observation of the free surface discretise before optimising. Hajduk et al. [15] discretise
the SWE with a Discontinuous Galerkin method and then use a pseudo-time stepping
scheme to infer the bathymetry. Monnier et al. [16] discretise the two-dimensional SWE
with Finite Volume methods and use Data Assimilation to reconstruct the topography
under the water as well as in dry areas. Gessese and Sellier [17] use a one-shot technique
to reconstruct the bathymetry from measurements of the free surface. They substitute the
bathymetry in the SWE, solve it numerically for the free surface elevation and water depth
and then compute the bathymetry by resubstitution. Vasan and Deconinck [18] use the
Euler equations for the bathymetry reconstruction. They use observations of the water
wave height and its first two time derivatives to numerically compute the bathymetry
via the solution of a set of two coupled equations. In a later paper, Vasan et al. [19]
infer a bathymetry via two separate inverse problems. The ’first optimise, then discretise’-
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approach is being used by Sanders and Katopodes [2]. They determine a continuous adjoint
of the SWE with nonlinear bottom friction term using the method of Lagrange multipliers
like it is being done in this thesis. But instead of the bathymetry, like it is done in this work,
they optimise the boundary conditions in order to avoid flooding in river and estuarine
systems. Thus, the paper by Angel et al. [20] where part of this thesis is based on is the
first to use the ’first optimise, then discretise’-approach for bathymetry reconstruction with
nonlinear SWE.

Chapter 4 treats parallel-in-time (PinT) methods for SWE and its adjoint. First,
we consider the classical Parareal method that was introduced by Lions, Maday and
Turinici [21] and apply it to the forward and adjoint SWE. Very few people have ap-
plied Parareal to SWE as the method is known to have issues with hyperbolic prob-
lems [22]. This is also confirmed numerically for the forward and adjoint SWE in Sec-
tion 4.1.2. Authors who have worked with Parareal for SWE use slightly adapted Parareal
methods. Nielsen [23] uses the Communication-aware Adaptive Parareal and Caldas Ste-
instraesser [24] uses a variant of Parareal with reduced-order models. As an option to
improve Parareal convergence for SWE we consider the so-called Asymptotic Parareal that
was developed by Haut and Wingate [25]. It uses a transformation on the SWE from which
the modulation equation is obtained and applies averaging on this equation. Asymptotic
Parareal has drawn some attention in the past years [26, 27, 28]. It has been applied to
SWE with rotation, but we use a non-rotating SWE here. Our equation has to be refor-
mulated in terms of a perturbation height instead of the water depth which appears in
the original SWE. When applying Asymptotic Parareal on this equation we find that the
averaging can significantly improve Parareal convergence. Researchers have also applied
other PinT methods to SWE recently [29, 30, 31, 32, 33], but they work with SWE on the
sphere and have only considered Asymptotic Parareal, but not Parareal for the modulation
equation solely. In this thesis, Asymptotic Parareal, Parareal for the modulation equation
and for the original SWE will be compared in terms of iterations. We will see, that only
using the modulation equation can already improve Parareal convergence.

In order to deal with the adjoint equation, we apply the nonlinear ParaExp method [34],
a variant of the ParaExp algorithm which was developed by Gander and Güttel [35]. It
seems to be a promising method as ParaExp works well for linear hyperbolic problems [35]
and our adjoint problem is linear, but with time-dependent coefficients. However, its
convergence proves to be disappointing.

There is a lot of recent work for the PinT solution of optimisation problems with
PDE constraints. But many of them use the ’first discretise, then optimise’-approach,
like Hahne et al. [36] who use the PinT method multigrid reduction in time. Also in the
work on linear-quadratic optimisation problems by Heinkenschloss and Kroeger [37] the
optimality system is first being discretised and then diagonalised in order to solve it parallel
in time. Parpas and Muir [38] optimise neural networks using PinT methods. Authors who
optimise first are e.g. Heinzelreiter and Pearson [39] who derive a PinT preconditioner for
fluid flow problems and Ulbrich [40], who proposes the use of Parareal as a preconditioner
for the forward and adjoint problem. He shows that Parareal has potential for the parallel
solution of parabolic optimal control problems, as only few Parareal iterations are needed
in order to keep the needed number of iterations for the conjugate gradient method very
moderate [41]. Here we deal with hyperbolic problems such that we cannot apply this
method. Götschel and Minion [42] use the PinT method PFASST within an optimisation
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problem, also constrained by parabolic equations. They showed that a warm start, i.e.
using the solution from the previous optimisation iteration as initial guess for the PinT
method, is very useful in this context. Appel and Alexandersen [43] use a one-shot Parareal
method for topology optimisation of transient heat flow. Skene et al. [44] use ParaExp
to accelerate the computation of the continuous adjoint of a general nonlinear equation.
Constanzo et al. [45] generalise this method to the Navier-Stokes equations.

In Chapter 5 the previously introduced PinT methods will be applied to the forward
and adjoint equation in order to perform a PinT optimisation. We will see that using
PinT methods does not harm the quality of the reconstructed bathymetries, even though
the solution of the PDEs is less accurate compared to the serial computations. We show
results of the serial and PinT optimisation for periodic boundary conditions, where we use
Asymptotic Parareal for the reformulated SWE and ParaExp for the adjoint equation. We
compare the reconstructions and see that the quality does not suffer a lot from the slightly
larger discretisation error that we get from using PinT methods. Asymptotic Parareal
cannot be applied to the problem with time-dependent boundary conditions due to the way
it has to be implemented within the software that we use. Hence, we will perform the PinT
reconstruction using the original Parareal algorithm and obtain relatively good convergence
for the forward SWE. But Parareal for the adjoint converges too slowly throughout the
optimisation to obtain any speed-up. The same is true for ParaExp such that the main
challenge remains to efficiently parallelise the adjoint equation in time.



Chapter 2

Optimal control problems for
hyperbolic PDEs and solution
techniques

The problem of bathymetry reconstruction can be formulated as an optimisation problem
constrained with PDEs, in our case the SWE. In this chapter, all methods that are being
used in this thesis will be explained. First, we will define a general optimisation problem
with PDE constraints and shortly discuss approaches on how to solve it. Then we will look
at different minimisation algorithms. After that, the SWE will be introduced, followed
by explanations on a spectral methods framework which we use to solve the SWE and its
adjoint.

2.1 PDE-constrained optimisation

2.1.1 Theoretical background

Consider a partial differential equation with initial and boundary conditions

e(y, c) = 0, (2.1)

where e : Y ×C → Z is an operator and Y,C, Z are real Banach spaces with norm ∥·∥. We
call y ∈ Y the state and c ∈ C the control and assume that y is a solution to the PDE (2.1)
for a given control c. In order to express this dependence of the state on the control we
sometimes write y(c). The space-time domain will always be denoted by Q = Ω× [0, T ] in
the following. Equation (2.1) could be the heat equation for example, that is

yt = yxx + c in Q

y = 0 on Γ

y(·, 0) = y0 in Ω,

(2.2)

where Γ denotes the boundary of Ω. In this case the function y describes the temperature
in a room and the control c the heating. Suppose we have a desired state or an observation
yobs and aim to find the control for which the solution y of Equation (2.1) is as close as
possible to yobs. That is, we want to minimise the error ∥y− yobs∥. To this end, we define
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6 Chapter 2. Optimal control problems for hyperbolic PDEs and solution techniques

an objective functional J that measures this distance of a state to the observation and
also contains a regularisation term for the control. Let λ > 0 and define the objective
functional

J(y, c) =
1

2
∥y − yobs∥2 +

λ

2
∥c∥2. (2.3)

The regularisation will ensure better smoothness properties of the optimal control given
that λ > 0 [7]. In some applications, it can also be interpreted as e.g. energy costs [8] which
is also true for our example with the heat equation. There, we try to get as close as possible
to the desired temperature y while saving costs for heating. In general, we call a control
optimal if it locally minimises the objective functional such that the PDE (2.1) holds [8],
i.e. it solves the PDE-constrained optimisation problem. The parameter λ should be chosen
positive [8] and sufficiently small, such that the main focus is still on the minimisation of
the error ∥y − yobs∥. Suppose there is a control c∗ for which this error is zero, but with
∥c∗∥ being large. If the regularisation parameter is chosen too large, the optimal control
will possibly be a control c∗∗ with ∥c∗∗∥ ≪ ∥c∗∥ but the error to the observation only
being slightly larger. In the case that the control is an actual bathymetry that we want
to reconstruct this would mean that the result of the optimisation is rather useless. Often
there are restrictions on the control [7, 8], i.e. a set of admissible controls is being defined
which we call Cad. The problem of finding the optimal control can then be formulated as
the minimisation problem with PDE constraints

min
c∈Cad

J(y, c) subject to e(y, c) = 0. (2.4)

If the operator e is continuously Fréchet differentiable and ey has a bounded inverse, then,
by the implicit function theorem there is a control-to-state operator that maps a control c
to the locally unique solution y(c) [7]. Using the control-to-state operator we can eliminate
the argument y in J and obtain the reduced objective functional

f(c) := J(y(c), c). (2.5)

For the numerical solution of Problem (2.4) we will use minimisation algorithms that
use the gradient of the reduced objective functional f to determine a descent direction
and iteratively move towards the minimum. The gradient can be computed using the
solution of the so-called adjoint equations. We derive these using the formal Lagrange
technique [8]. Let p = (p1, . . . , pd) ∈ Z∗ be Lagrange multipliers, where d ∈ N is the
number of components in Equation (2.1). In the case of the heat equation (2.2) we have
d = 3. We want to minimise the scalar product of p and the PDE (2.1). Thus, the Lagrange
multipliers punish a violation of the PDE constraints. We define the Lagrange function as

L(y, c, p) = J(y, c)− ⟨p, e(y, c)⟩Z∗,Z , (2.6)

where ⟨·, ·⟩Z∗,Z is the dual pairing. Suppose we have an optimal control c∗ and corre-
sponding solutions y∗ of the state equations and p∗ of the adjoint equations. Then for the
optimal point (y∗, c∗, p∗) the optimality conditions

Lp(y∗, c∗, p∗)φ = 0 ∀φ ∈ C∞
0 (Q) (2.7)

Ly(y∗, c∗, p∗)φ = 0 ∀φ ∈ C∞
0 (Q) (2.8)

⟨Lc(y∗, c∗, p∗), c− c∗⟩C∗,C ≥ 0 ∀ c ∈ Cad (2.9)
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have to be satisfied [8]. Condition (2.7) yields the state equations, from the second Equa-
tion (2.8) the adjoint equations can be derived. These are often referred to as the backward
equations as they run backwards in time. Likewise, the state equations are often referred
to as the forward equations. The variational inequality (2.9) can be used to derive the gra-
dient of the reduced objective functional which we need for the minimisation algorithms.
The corresponding derivation for the specific problems that will be considered in this work
will be shown in detail in Chapter 3. Note that inequality (2.9) turns into an equation in
the case Cad = C [7].

There are different approaches on how to solve PDE-constrained optimisation problems.
One possibility is to use the "First discretise, then optimise"-approach (FDTO). This
means, the forward problem and objective functional are being discretised to obtain a
finite dimensional optimisation problem. This has the advantages that the discrete adjoint
and gradient are consistent and it is possible to use automatic differentiation software [46].
But sometimes it is necessary to treat the adjoint problem differently [46]. This is only
possible with the "First optimise, then discretise"-approach (FOTD). It depends on the
specific optimisation problem which one of the two approaches is better, so there is no
general recommendation on which one to choose [7].

2.1.2 Optimisation algorithms

In this section, we will introduce iterative methods to solve the minimisation problem (2.4)
using FOTD. Figure 2.1 shows the general procedure for this approach. The state equations
are being solved forward in time. The result is then used to compute the solution of the
adjoint equation which is backwards in time, and its solution is needed for the computation
of the gradient. This is what has to be done in each iteration of the optimisation algo-
rithm, where we mainly discuss the gradient descent method, but also shortly introduce
alternatives. Quasi-Newton methods use an approximation on the second derivative and
consequently they are expected to converge faster to the minimum [47], Gradient descent
has the advantage that it is much easier to implement and still gives satisfactory results
as we will see later. Suppose we have discretised the forward and adjoint problem. We

state
t = 0 time

adjoint
time t = T

gradient

Figure 2.1: Illustration of the computation of the adjoint solution and gradient during the
optimisation.

denote all discrete instances with a bar, e.g. ȳ ∈ Rn for n ∈ N as the discretised state. We
also use the notation f̄ j := f̄(c̄j) and c̄j+1 = c̄j − αj∇f̄ j .
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2.1.2.1 Gradient descent method

The well-known gradient descent method is one of the simplest algorithms to minimise
a function and often the method of choice for highly nonlinear problems, despite its slow
convergence [8, p. 73]. The minimum of the function is being computed by taking a step in
the direction of the anti-gradient in each iteration. Algorithm 1 gives a detailed description
of the method. In Lines 2 and 3 the solution of the forward and backward problem are
being computed for the current control c̄. These results are needed for the computation of
the gradient in Line 4. At iteration j, a step length αj for the descent direction is chosen

Algorithm 1 Gradient descent method
Require: ȳobs, c̄0, ε
1: for j = 0, 1, 2, . . . do
2: ȳ ← solveForwardProblem(c̄)
3: p̄← solveAdjointProblem(ȳ, c̄, ȳobs)
4: v ← computeGradient(p̄, ȳ, c̄, ȳobs)
5: if ||v|| < ε then
6: break
7: α← chooseStepsize(v)
8: c̄← c̄− αv

using a line search in Line 7 such that for some β ∈ R, e.g. β = 10−4, it satisfies the
Armijo condition [47]

f̄ j+1 ≤ f̄ j − βαj∥∇f̄ j∥22, (2.10)

where ∇f̄ j := ∇f̄(c̄j). This condition demands that the next value f̄ j+1 should be below
the line l(αj) = f̄ j − βαj∥∇f̄ j∥22 [47], which is illustrated in Figure 2.2. The line search

αj

l

f

fj

Figure 2.2: Sketch of the Armijo condition. All values αj for which the value f̄ j+1 is smaller
than l(αj) are acceptable.

method to determine the step size works as follows. Starting with some initial step length,
we halve the value of αj as long as the Armijo conditions do not hold. Once the condition
is satisfied, the algorithm proceeds with the chosen step size. In case that there is no
such value αj found, the gradient descent algorithm stops. This would mean that, with
the given gradient v, we cannot reach a control for which the objective functional has a
significantly smaller value. This can happen if the discretisation of the gradient is not
accurate enough or the tolerance ε was chosen too small. After determining the step size,
the current control is being updated in Line 8 of Algorithm 1 by taking a step in direction
of the anti-gradient. The algorithm stops as soon as the norm of the gradient is smaller
than some previously chosen tolerance ε.
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2.1.2.2 Alternatives to gradient descent

Quasi-Newton methods like the Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm [48]
can be a good alternative to the gradient descent method. This method requires more effort
in the implementation and needs more memory, but it can have a superlinear convergence
rate [47, Chapter 7]. In the BFGS method an approximation of the inverse Hessian is
computed. This can require a lot of memory and computational cost as possibly large,
non-sparse matrices have to be computed and saved [47]. This problem is addressed by
the limited-memory (L-BFGS) algorithm [47, Chapter 7.2] that only saves some vectors
to compute an approximation on the inverse of the Hessian which we denote by Hj in
iteration j of the optimisation algorithm. In each iteration, there is information added and
the oldest saved information deleted. The downside of this method is that the convergence
rate is only linear [47].

L-BFGS works as follows. Let dj := Hj∇f̄ j , i.e. −dj is the descent direction. We
denote the updated control by c̄j+1 := c̄j − αjdj and the new value of the objective
functional by f̄ j+1 := f̄(c̄j+1). Let

sj := c̄j+1 − c̄j , yj := ∇f̄ j+1 −∇f̄ j . (2.11)

The initial approximation H0
j of the inverse Hessian can be chosen freely, but H0

j = γjI
has proven to be effective [47], where

γj :=
sTj−1yj−1

yTj−1yj−1
. (2.12)

Then the matrix-vector product Hj∇f̄ j =: r is computed using the L-BFGS two-loop
recursion [47] which is shown in Algorithm 2. Within the two-loop recursion the last m
values of sj and yj are needed for the approximation Hj . The larger m is chosen, the
better is the approximation, but this would of course require more memory. For choosing

Algorithm 2 L-BFGS two-loop recursion
Require: m, yi, si,∇f̄ j

1: q ← ∇f̄ j

2: for i = j − 1, j − 2, . . . , j −m do
3: ρi ← 1

yT
j si

4: ai ← ρis
T
i q

5: q ← q − aiyi

6: r ← H0
j q

7: for i = j −m, j −m+ 1, . . . , j − 1 do
8: b← ρiy

T
i r

9: r ← r + si(ai − b)

step lengths in a BFGS method, one should use Wolfe or strong Wolfe conditions instead
of Armijo line search in order to ensure stable updates [47]. We take the following from
Nocedal and Wright [47]. Note the changed sign in the update as we defined −dj as the
descent direction. The strong Wolfe conditions, which we will use for L-BFGS, read

f̄(c̄j − αjdj) ≤ f̄(c̄j)− β1αj∇f̄(c̄j)Tdj (2.13a)
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|∇f̄(c̄j − αjdj)
Tdj | ≤ β2|∇f̄(c̄j)Tdj | (2.13b)

with 0 < β1 < β2 < 1. Equation (2.13a) is called the sufficient decrease condition and is
a generalisation of the Armijo condition (2.10). Equation (2.13b) demands that the slope
of the reduced objective functional for step length αj should be at least β2 times the slope
for step length zero and is therefore called the curvature condition. With this condition,
we can expect further decrease of f when moving along the descent direction −dj .

There exists a step length satisfying the strong Wolfe conditions if f is smooth and
bounded from below [47, Lemma 3.1]. An initial step length of 1 is a natural choice for a
Newton direction [47]. Typical choices for the other parameters would be β1 = 10−4 and
β2 = 0.9 for Newton or quasi-Newton methods [47]. For all computations with L-BFGS in
the following chapters these values are being used.

2.1.2.3 Taylor remainder test

The computed gradient and adjoint can be verified using the Taylor remainder convergence
test [49]. It is based on the following observation. For any perturbation c̃ we have that

|f(c+ hc̃)− f(c)| → 0 at O(|h|), (2.14)

but
|f(c+ hc̃)− f(c)− hc̃T∇f(c)| → 0 at O(|h|2). (2.15)

This means, if the discretised version of Equation (2.15) holds true for the numerical gra-
dient v, it must have been computed correctly and consequently also the adjoint solution.
This test is very sensitive to small errors in the adjoint [49]. Numerically, the Taylor test
can be performed as described in Algorithm 3. Starting with an initial perturbation hini
which is halved in each iteration, the corresponding remainder and its logarithm to basis
2, denoted by erri, is being computed. The order is the difference of two consecutive errors
erri and erri−1. Finally, the algorithm checks if all the computed orders are close to 2.

Algorithm 3 Taylor remainder convergence test
1: for i = 1 to imax do
2: h← hini · 2−i

3: remainder ← |f̄(c̄+ hc̃)− f̄(c̄)− hc̃T v|
4: erri ← log(remainder, 2)

5: for i = 1 to imax − 1 do
6: orderi ← erri − erri−1

7: if all(order) > 2− ϵ then return True

2.2 Shallow water equations

SWE are hyperbolic PDEs that can be used to describe e.g. tsunami waves, dam break
waves as well as dynamics in the atmosphere [50]. Le Méhauté [51, Chapter 15, Figure
15-7] gives a good overview on different types of waves and states that shallow water waves
are those with a ratio of at most 0.05 from water depth to wavelength. Here, we use
the one-dimensional SWE to describe the water depth h and depth-averaged velocity u
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in a channel with rectangular cross-section. In the following, the spatial domain is a one-
dimensional interval [L,R] =: Ω. We consider a possibly non-flat bottom topography b -
usually called bathymetry - which does not change over time. This will be the control in
our PDE-constrained optimisation problem.

The probably most common form of the nonlinear SWE is the conservative form [52](︃
h
hu

)︃
t

+

(︄
hu

hu2 +
1

2
gh2

)︄
x

=

(︃
0
0

)︃
, (2.16)

where g is the gravitational acceleration. A non-flat bathymetry b will lead to an additional
source term −ghbx in the second component of the right hand side [53]. As we will use
discretisation methods that do not require the SWE to be given in conservation law, we
will use the non-conservative form. This simplifies the derivation of the corresponding
adjoint equation. By plugging in ht from the first into the second equation and dividing
by h - supposing it is non-zero - we obtain the non-conservative form of the SWE. Often,
a bottom friction term is included [54, 55]. Here, we will use a linear bottom friction term
and denote the corresponding coefficient by κ. Then the SWE with initial conditions read(︃

h
u

)︃
t

+

(︃
hu

1
2u

2 + gh

)︃
x

=

(︃
0

−gbx − κu

)︃
h(·, 0) = h0 on Ω

u(·, 0) = 0 on Ω.

(2.17)

The derivative of the bathymetry that appears in the source term of the SWE has an
influence on the water depth. We want to use this fact to infer the bathymetry from
observations of the free surface elevation H = h+ b. We denote the observation by Hobs.
A sketch of the relation between the bathymetry b, the water depth h and the free surface
elevation H can be found in Figure 2.3. In the PDE-constrained optimisation problem, the

x

HHH

bbb
h

Figure 2.3: Free surface elevation H, water depth h and bathymetry b.

control is the bathymetry b and the state is the free surface elevation H. We will work on
the SWE with different boundary conditions. The derivation of the corresponding adjoint
problems that is needed to solve the PDE-constrained optimisation problem will be shown
in the following chapters. The next section will focus on the numerical methods that we
use to compute the solutions of the SWE and its adjoint.

2.3 Numerical solution of the PDEs

For the discretisation of forward and adjoint SWE a suitable numerical method has to be
chosen. Here we will use spectral methods for the spatial discretisation. These converge
fast but are limited to simple geometries [56]. The latter is not an issue in our case as
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we work on one-dimensional finite intervals. Spectral methods work best for cases where
smooth solutions are expected [57]. SWE can develop shocks after some time, but we only
work with setups where this is not the case.

2.3.1 Spectral methods

The following explanations on spectral methods are taken from Burns et al. [56] and
Boyd [57]. Spectral methods discretise functions using a set of basis functions. Consider
an orthogonal basis {ϕn} with associated inner product (·, ·)ϕ such that

(ϕn, ϕm)ϕ = δn,m. (2.18)

Then, a function f can be represented by

f(x) =

∞∑︂
n=0

fϕ
nϕn(x), (2.19)

where
fϕ
n =

(ϕn, f)ϕ
(ϕn, ϕn)ϕ

(2.20)

are the coefficients. One example is the Fourier basis

ϕk(x) = exp(ikx) (2.21)

on the interval [0, 2π]. The best choice for a basis are usually Chebyshev polynomials,
unless the spatial domain is periodic, in which case the Fourier basis is better [57]. In all
cases, the derivatives of the basis functions should be a linear combination of few basis
functions. For instance, the first spatial derivatives of the Fourier basis functions are

∂xϕk(x) = ikϕk(x). (2.22)

In this way, we obtain a discretisation of spatial derivatives in a PDE. The resulting semi-
discrete equation can be solved with appropriate numerical solvers.

2.3.2 Runge-Kutta methods

An ordinary differential equation

y′ = f(t, y), y(t0) = y0 (2.23)

can be solved numerically using Runge-Kutta methods. Let bi, aij ∈ R, i, j = 1, . . . , s and
ci =

∑︁s
j=1 aij and let h > 0 be the step length, i.e. tn+1 = tn+h. An s-stage Runge-Kutta

method is defined by [58]

ki = f

⎛⎝tn + cih, yn + h

s∑︂
j=1

aijkj

⎞⎠ , i = 1, . . . , s

yn+1 = yn + h

s∑︂
i=1

biki,

(2.24)
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where ki are called the stages [59]. The method is called implicit if aij ̸= 0 for i ≤ j [59].
When applying the scheme, we obtain approximations

y(tn) ≈ yn. (2.25)

When using spectral methods, the solution of the semi-discrete PDE can be computed
using Runge-Kutta methods.

2.3.3 Dedalus

For our computations, we use the software package Dedalus [56] which is a spectral frame-
work. It is open source and written in Python. Besides boundary value problems and
generalised eigenvalue problems, Dedalus can be used to solve initial value problems of the
form

ut + Lu = N (u)

u(0) = u0
(2.26)

with L being a linear operator and N denoting the nonlinearity of the equation. Dedalus
allows to enter the equations as strings as can be seen in Figure 2.4. Everything that
is written on the left hand side in the equations will be solved implicitly and the right
hand side will be treated explicitly. Several time steppers, e.g. Runge-Kutta methods of
different orders, are already included in the Dedalus package. One advantage of Dedalus

1 problem . add_equation (" dt (h) = −dx(hu )" )
2 problem . add_equation (" dt (u) = −1/2∗dx (u∗∗2)
3 + g∗dx (h) − g∗dx (b )" )

Figure 2.4: Shallow water equations in Dedalus.

is that spatial derivatives are being determined analytically, because these can also be
expressed in the used basis, see e.g. Equation (2.22). They can be computed with the
built-in function Differentiate.

Depending on the boundary conditions of the problem that needs to be solved, there
are different types of bases available. For periodic boundary conditions, one should choose
a Fourier basis, either RealFourier or ComplexFourier. For other types of boundary con-
ditions such as Dirichlet, the Chebyshev basis can be used. The Dedalus documentation1

provides further and more detailed information and example scripts. Dedalus also allows
for parallelisation with Message Passing Interface (MPI) if the spatial domain is at least
two-dimensional. This does not apply in our case though as the spatial domain that is
considered for the bathymetry reconstruction is only one-dimensional.

1https://dedalus-project.readthedocs.io/en/latest/
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Chapter 3

Bathymetry reconstruction

In this chapter, we will derive adjoint equations and gradients in order to numerically
perform a bathymetry reconstruction with SWE for different types of boundary conditions.
We will use the methods introduced in Chapter 2, using the FOTD approach. In Section 3.1
we will consider SWE with periodic boundary conditions and reconstruct a sinusoidal
and a Gaussian shaped bathymetry from observations that were previously computed.
Section 3.2 will treat SWE with time-dependent Dirichlet boundary conditions which arise
from an experimental setup in a wave flume. After inferring the bathymetry from simulated
observations, we will use actual measurements for the reconstruction.

3.1 Shallow water equations with periodic boundary condi-
tions

The derivation of the adjoint problem in the case of periodic boundary conditions is simpler
than for other boundary conditions. We can include the periodic conditions in the function
space. Let Q = Ω× [0, T ], Ω = [L,R] with L,R ∈ R. In this section, we assume the state
function and adjoint to be in H1

#(Ω)×H1([0, T ]), where H1
#(Ω) is the Sobolev space that

contains all H1-functions f with f(L) = f(R). The bathymetry b is assumed to be in
H2

#(Ω), because we need a higher regularity, as we will see later.

3.1.1 Formulation of the PDE-constrained optimisation problem

We will formulate the optimisation problem constrained by the SWE (2.17) and derive the
corresponding continuous adjoint problem and the continuous gradient. To this end, we
apply the Lagrange technique as explained in Chapter 2.

15
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3.1.1.1 Objective functional and Lagrangian

We observe the state function H = h+ b on the whole interval [0, T ] and in all of Ω. This
observation is denoted by Hobs. We define the objective functional

J(b,H) :=
γ

2

∫︂
Q
(H −Hobs)

2 d(x, t) +
δ

2

∫︂
Ω
(H(·, T )−Hobs(·, T ))2 dx

+
λ1

2

∫︂
Ω

b2 dx+
λ2

2

∫︂
Ω

b2x dx
(3.1)

with γ = δ = 0.5 and λ1/2 > 0. The first two terms measure the error to the observation.
Note that in the first term the set {T} × Ω has measure zero and therefore does not
contribute to the value of the integral. This means, that the mismatch at the final time
has no influence on the value of the first term. Thus, we include the second term in order
to take the mismatch to the observation at the final time into account. We will also see
in the following that this term contributes to the initial condition for the adjoint problem.
The last two terms in the functional J are regularisation terms which are needed for better
smoothness properties of the optimal control [8]. For λ1 = λ2 we would regularise with the
H1-norm of the bathymetry, but in order to have more flexibility we allow the parameters
to be different. We do not put any restrictions on the control and write our optimisation
problem as

min
b∈H2

#(Ω)
J(b,H) subject to (2.17). (3.2)

As explained in Chapter 2 we will use the Lagrangian to derive the adjoint equation and
the gradient. With Lagrange multipliers pi, i ∈ {1, 2, 3}, the Lagrangian reads

L(h, u, b, p) = γ

2

∫︂
Q
(h+ b−Hobs)

2 d(x, t) +
δ

2

∫︂
Ω
(h(·, T ) + b−Hobs(·, T ))2 dx

+
λ1

2

∫︂
Ω

b2 dx+
λ2

2

∫︂
Ω

b2x dx−
∫︂
Q
(ht + (hu)x)p1 d(x, t)

−
∫︂
Q

(︃
ut +

(︃
1

2
u2 + gh

)︃
x

+ gbx + κu

)︃
p2 d(x, t)

−
∫︂
Ω
(h(·, 0)− (Hobs(·, 0)− b))p3 dx.

(3.3)

The first part of the Lagrangian is the objective functional. After moving the right hand
side of the SWE (2.17) to the left, the second part of the Lagrange function is the L2 scalar
product of the Lagrange multipliers with the left hand sides of the SWE.

3.1.1.2 Derivation of the adjoint equations and the descent direction

For the numerical computation of the descent direction we need the adjoint equations as
the corresponding solution contributes to the gradient of the reduced objective functional.
The adjoint problem can be derived from the necessary optimality conditions (2.8) which
read

Lh(h, u, b, p)φ = 0

Lu(h, u, b, p)φ = 0
(3.4)



3.1. Shallow water equations with periodic boundary conditions 17

for all φ ∈ C∞
0 (Q). Thus, we have to compute the partial derivatives of the Lagrange

function. In order to move derivatives away from φ we use integration by parts and obtain

Lh(h, u, b, p)φ = γ

∫︂
Q
(h+ b−Hobs)φ d(x, t)

+ δ

∫︂
Ω
(h(·, T ) + b−Hobs(·, T ))φ(·, T ) dx

−
∫︂
Q
φtp1 d(x, t)−

∫︂
Q
(φu)x p1 d(x, t)−

∫︂
Q
gφxp2 d(x, t)

−
∫︂
Ω
φ(·, 0)p3 dx

= γ

∫︂
Q
(h+ b−Hobs)φ d(x, t)

+ δ

∫︂
Ω
(h(·, T ) + b−Hobs(·, T ))φ(·, T ) dx

+

∫︂
Q
φp1,t d(x, t)−

∫︂
Ω
[φp1]

T
0 dx

+

∫︂
Q
φup1,x d(x, t)−

∫︂ T

0
[φup1]

R
L dt

+

∫︂
Q
gφp2,x d(x, t)−

∫︂ T

0
[gφp2]

R
L dt−

∫︂
Ω
φ(·, 0)p3 dx.

(3.5)

Using the optimality condition (2.8) we set this to zero for all φ ∈ C∞
0 (Q). This yields∫︂

Q
γ (h+ b−Hobs)φ+ φp1,t + φup1,x + gφp2,x d(x, t) = 0

⇔
∫︂
Q
(γ (h+ b−Hobs) + p1,t + up1,x + gp2,x)φ d(x, t) = 0

and using the fundamental lemma of calculus of variations we get the first part of the
adjoint equation

p1,t + up1,x + gp2,x = −γ (h+ b−Hobs) . (3.6)

As the term in (3.5) is zero for all φ ∈ C∞
0 (Q), this is also true if we leave out the condition

φ(·, T ) = 0. By doing this, we obtain the final condition for p1∫︂
Ω
δ (h(·, T ) + b−Hobs(·, T ))φ(·, T ) dx−

∫︂
Ω
φ(·, T )p1(·, T ) dx = 0

⇔ p1(·, T ) = δ (h(·, T ) + b−Hobs(·, T )) .
(3.7)

If we now let φ(·, 0) vary we get∫︂
Ω
φ(·, 0)p1(·, 0) dx−

∫︂
Ω
φ(·, 0)p3 dx = 0 (3.8)

and thus we have
p1(·, 0) = p3. (3.9)
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For the second part of the adjoint equation we need the derivative

Lu(h, u, b, p)φ = −
∫︂
Q
(hφ)xp1 d(x, t)−

∫︂
Q
(φt + (uφ)x + κφ) p2 d(x, t)

=

∫︂
Q
hφp1,x d(x, t)−

∫︂ T

0
[hφp1]

R
L dt+

∫︂
Q
φp2,t d(x, t)−

∫︂
Ω
[φp2]

T
0 dx

+

∫︂
Q
uφp2,x d(x, t)−

∫︂ T

0
[uφp2]

R
L dt−

∫︂
Q
κφp2 d(x, t).

(3.10)
Setting this to zero for all φ ∈ C∞

0 (Q), we get

∫︂
Q
hφp1,x + φp2,t + uφp2,x − κφp2 d(x, t) = 0

and using again the fundamental lemma of calculus of variations we get the second part of
the adjoint equation

p2,t + hp1,x + up2,x − κp2 = 0. (3.11)

Now we let φ(·, T ) vary to obtain the final condition for p2, which is

p2(·, T ) = 0. (3.12)

Note that as we have final conditions for the adjoint problem, it runs backwards in time as
already mentioned in Chapter 2. To reformulate it as an initial value problem, we define
a new (backward) time variable τ := T − t and the corresponding functions

p̃(x, τ) := p(x, T − t)

h̃(x, τ) := h(x, T − t)

ũ(x, τ) := u(x, T − t).

Now we can rewrite the adjoint equations as the initial value problem

p̃1,τ − ũp1,x − gp̃2,x = γ
(︂
h̃+ b− H̃obs

)︂
p̃2,τ − h̃p̃1,x − ũp̃2,x = −κp̃2,

p̃1(x, 0) = δ
(︂
h̃(·, 0) + b− H̃obs(·, 0)

)︂
p̃2(x, 0) = 0.

(3.13)

As mentioned beforehand, we will need the solution of the adjoint problem (3.13) for the
computation of the gradient which we will derive now. We obtain the L2-gradient from
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the condition Lb(h, u, b, p)δb = 0. To this end, we compute the partial derivative

Lb(h, u, b, p)δb = γ

∫︂
Ω

(︃∫︂ T

0
h−Hobs dt+ bT

)︃
δb dx+ δ

∫︂
Ω
(h(·, T ) + b−Hobs(·, T )) δb dx

+ λ1

∫︂
Ω
bδb dx+ λ2

∫︂
Ω
bx(δb)x dx−

∫︂
Ω

∫︂ T

0
gp2 dt(δb)x dx−

∫︂
Ω
δbp3 dx

= γ

∫︂
Ω

(︃∫︂ T

0
h−Hobs dt+ bT

)︃
δb dx

+

∫︂
Ω
(δ (h(·, T ) + b−Hobs(·, T )) + λ1b− λ2bxx) δb dx

+ λ[bxδb]
R
L + g

∫︂
Ω

(︃∫︂ T

0
p2 dt

)︃
x

δb d(x, t)− g

[︃∫︂ T

0
δbp2 dt

]︃R
L

−
∫︂
Ω
δbp3 dx

=

∫︂
Ω

(︃
γ

∫︂ T

0
h−Hobs dt+ γbT

)︃
δb dx

+

∫︂
Ω
(δ (h(·, T ) + b−Hobs(·, T )) + λ1b− λbxx) δb dx

+ g

∫︂
Ω

∫︂ T

0
p2,x dtδb d(x, t)−

∫︂
Ω
δbp3 dx,

(3.14)
where we use the periodic boundary conditions. Setting this to zero we obtain

ṽ := γ

∫︂ T

0
h−Hobs dt+ γbT + δ (h(·, T ) + b−Hobs(·, T )) + λ1b− λ2bxx

+ g

∫︂ T

0
p2,x dt− p1(·, 0).

(3.15)

As the bathymetry b is a H1-function, the true gradient of the reduced objective func-
tional is the H1-gradient. We can determine it using the Fréchet-Riesz representation
theorem [60]. We have

⟨Lb, δb⟩H1
#(Ω)∗,H1

#(Ω) = (v, δb)H1
#(Ω)

=

∫︂
Ω
vδb dx+

∫︂
Ω
∇v∇δb dx

=

∫︂
Ω
vδb dx−

∫︂
Ω
∆vδb dx+

∫︂
Γ
vδb ds

=

∫︂
Ω
(v −∆v)δb dx

= (v −∆v, δb)L2(Ω).

(3.16)

As we have v, δb ∈ H1
#(Ω), the integral over the boundary is zero. With the identi-

fication theorem, Lb(h, u, b, p) is identified with ṽ in L2(Ω) and with v in H1
#(Ω). As

the functional Lb is not only in H1
#(Ω)

∗ = H−1(Ω), but also in L2(Ω), the dual pairing
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⟨Lb, δb⟩H1
#(Ω)∗,H1

#(Ω) is equal to ⟨Lb, δb⟩L2(Ω)∗,L2(Ω) [61, p. 283]. We used the latter to
derive ṽ in Equation (3.14), so we have the equality

−∆v + v = ṽ. (3.17)

The solution v of this stationary PDE is the H1-gradient.

3.1.2 Implementation

We will use the numerical methods that were explained in Chapter 2. We use gradient
descent as well as L-BFGS to iterate towards the minimum of the reduced objective func-
tional. In each iteration of the optimisation, we compute the solution of the forward and
adjoint equation with Dedalus. We use the RealFourier basis, which is the basis in Dedalus
that has to be used for real periodic functions. From the time steppers available in Dedalus
we choose the Runge-Kutta method with the highest order, that is RK443. For the time
integrals that appear in the L2-gradient ṽ we use the Scipy function integrate.simpson
and all derivatives are computed with the Dedalus function Differentiate. The equation
for the H1-gradient can be defined as a linear boundary value problem in Dedalus as shown
in Figure 3.1 and does not require much time to solve as it is a stationary problem.

1 v = d i s t . F i e ld ( bases=xbas i s )
2 vTi lde = d i s t . F i e ld ( bases=xbas i s )
3 de f dx (A) : r e turn d3 . D i f f e r e n t i a t e (A, xcoord )
4 vTi lde [ ’ g ’ ] = L2grad
5 problem = d3 .LBVP( [ v ] , namespace=l o c a l s ( ) )
6 problem . add_equation("−dx (dx (v ) ) + v = vTi lde ")

Figure 3.1: Computation of the H1-gradient in Dedalus.

3.1.3 Reconstructions

In the following we will see reconstructed bathymetries from previously computed obser-
vations. That is, we plug in the exact bathymetry bex into the forward equation (2.17) and
numerically compute a fine solution (hf , uf ). Then the observation is

Hobs = hf + bex. (3.18)

In the following we always define Ω = [L,R] = [0, 10], T = 10, g = 9.81 and κ = 0.2. The
parameters in the objective functional we choose to be γ = δ = 0.5 and λ1 = λ2 = 10−7. To
compute the observation we use 130 spatial grid points and a time step of δtf = 5× 10−5 s.
For the optimisation we use M = 64 spatial grid points and a time step of δt = 0.01 s.
Here, the tolerance for the stopping criterion for gradient descent and L-BFGS is set to
ε = 10−7 and the initial step size for the line search to αini = 16.

3.1.3.1 Sinusoidal bathymetry

Consider the exact bathymetry

bex(x) = 0.05 sin(0.2πx) + 0.1 ∀x ∈ Ω (3.19)
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and the initial condition

h0(x) = 0.05 exp(−0.2(x− 5)2) + 0.35− b(x) ∀x ∈ Ω. (3.20)

Note that the initial condition h0 changes throughout the reconstruction process as the
bathymetry b is different at each iteration. In order to show how much information is
available for the bathymetry reconstruction the difference of the water height H(bex) for the
sinusoidal bathymetry to the water height for zero bathymetry H(0) is shown in Figure 3.2.
The difference in water heights has amplitudes of at most 1.5 cm, whereas the amplitude
in the initial condition is 5 cm.
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Figure 3.2: Difference in water height with and without the sinusoidal bathymetry (3.19) in the
middle of the spatial domain (left) and the end of the spatial domain (right).

For the optimisation, we set the starting value for the bathymetry to

b0(x) = 0 (3.21)

for x ∈ Ω. The errors, runtimes and number of iterations for the following reconstructions
are collected in Table 3.1. The bathymetry bex and its reconstruction from gradient de-
scent are shown in Figure 3.3 on the left. There is only a small difference between the
bathymetries visible. The relative ℓ2-error of the reconstruction is approximately 2.11%.
On the right of Figure 3.3 the relative errors are plotted against the iteration counter.
At first, the error decreases rapidly and then more and more slowly. The values of the
objective functional, which are shown on the left of Figure 3.4 show a similar behaviour.
As the mismatch decreases, the regularisation term gets closer to the value f(bex) at the
exact bathymetry. This is to be expected if the optimisation works correctly, because the
value f(bex) only consists of the regularisation up to rounding errors. Gradient descent
took about 4.03 hours to run and terminated after 2579 iterations, when the norm of the
gradient reached its tolerance ε. The norms of the gradient are shown in Figure 3.4 (right).

We perform another reconstruction with exactly the same parameters using L-BFGS
with a memory of 10 descent directions. The corresponding reconstruction is shown in
Figure 3.5 on the left together with the exact bathymetry. There are only small differences
visible compared to the reconstruction with gradient descent. The plot with the relative
ℓ2-errors in Figure 3.5 is quite different, but this is not surprising since L-BFGS uses a
different descent direction than gradient descent. Besides the fact that the values of the
objective in Figure 3.6 on the left do not form a smooth looking graph, they decrease
monotonically as they should. L-BFGS stopped after only 13 iterations as no step size
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could be found in the line search with Wolfe conditions. This took about 135 seconds,
which is only 1.4% of the runtime of gradient descent. But L-BFGS yields almost the same
reconstruction. The relative ℓ2-error in the reconstruction is 5.06% for L-BFGS versus
2.48% for gradient descent. Using more memory in L-BFGS does not improve this error.
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Figure 3.3: Reconstruction of the sinusoidal bathymetry (3.19) (left) and relative errors against
iteration in gradient descent (right) for initial guess b = 0.
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Figure 3.4: Norms of the gradients (right) and values of the objective functional (left) for the
optimisation with gradient descent for initial guess b = 0. The values of the objective functional
are the sum of the mismatch (orange dashed) and the regularisation term (green dashed). The
value for the exact bathymetry is indicated by the red line.

Now we change the initial guess for the bathymetry to

b0(x) = 0.1 (3.22)

for x ∈ Ω and reconstruct the same bathymetry again with gradient descent and L-BFGS.
Gradient descent took 2.67 hours runtime and terminated after 1527 iterations, because
the stopping criterion was met. The relative error of the reconstruction, which can be seen
in Figure 3.7, is 1.52%. The reconstruction with L-BFGS, which is shown in Figure 3.8, has
almost the same relative ℓ2-error, that is 1.58%. The algorithm stopped after 46 iterations
as no more step size was found and took 319 seconds to run. Hence, L-BFGS was again
much faster than gradient descent and yielded almost the same result. In comparison to
the zero initial guess for the bathymetry, the error in the reconstruction went down for
both gradient descent and L-BFGS, but for L-BFGS the difference is larger. Here, the
initial guess is the average height of the true bathymetry and thus closer to it than the
zero initial guess. This could be a reason for the better reconstruction.
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Figure 3.5: Reconstruction of the sinusoidal bathymetry (3.19) (left) and relative errors against
iteration in L-BFGS (right) for initial guess b = 0.
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Figure 3.6: Norms of the gradients (right) and values of the objective functional (left) for the
optimisation with L-BFGS for initial guess b = 0. The values of the objective functional are the
sum of the mismatch (orange dashed) and the regularisation term (green dashed). The value for
the exact bathymetry is indicated by the red line.
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Figure 3.7: Reconstruction of the sinusoidal bathymetry (3.19) (left) and relative errors against
iteration in gradient descent (right) for initial guess b = 0.1.
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Figure 3.8: Reconstruction of the sinusoidal bathymetry (3.19) (left) and relative errors against
iteration in L-BFGS (right) for initial guess b = 0.1.
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Initial guess Method ℓ2-error Runtime [s] Iterations

b = 0 Gradient descent 2.11% 14507 2579
L-BFGS 5.06% 135 13

b = 0.1 Gradient descent 1.52% 9601 1527
L-BFGS 1.58% 319 46

Table 3.1: Relative ℓ2-errors, runtime and number of iterations for the reconstruction of the
sinusoidal bathymetry (3.19) for gradient descent and L-BFGS.

3.1.3.2 Gaussian shape

Now consider a bathymetry that has a Gaussian shape, i.e.

bex(x) = 0.1e−(x−6)2 ∀x ∈ Ω. (3.23)

The difference in the water height compared to zero bathymetry is even smaller than for
the sinusoidal bathymetry, see Figure 3.9. That means, we have less information for the
reconstruction, which makes it more challenging.
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Figure 3.9: Difference in water height with and without the Gaussian shaped bathymetry (3.23)
in the middle of the spatial domain (left) and the end of the spatial domain (right).

We use the same parameters and initial conditions as before, starting the optimisation
with

b0 = 0 on Ω. (3.24)

The reconstruction with gradient descent is shown in Figure 3.10 on the left. The exact
bathymetry is matched very well except for some smaller oscillations. The algorithm
stopped after 2689 iterations, because the stopping criterion was fulfilled. The runtime
was very long, taking around 4.2 hours. The relative ℓ2-errors, which can be seen in
Figure 3.10 (right), decrease similarly as for the reconstruction of the sinusoidal bathymetry
in Figure 3.3. The error of the final reconstruction is about 8.2%. The values of the
objective functional in Figure 3.11 decrease fast for the first few iterations and then more
and more slowly. The value of the regularisation term almost reaches the value f(bex).
The mismatch crosses this value towards the end of the optimisation. All step sizes were
chosen by the step size control to be the largest possible value which is αini = 16.
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Figure 3.10: Reconstruction of the Gaussian bathymetry (3.23) (left) and relative errors against
iteration in gradient descent (right).
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Figure 3.11: Norms of the gradients (right) and values of the objective functional (left) for the
optimisation with gradient descent. The values of the objective functional are the sum of the
mismatch (orange dashed) and the regularisation term (green dashed). The value for the exact
bathymetry is indicated by the red line.

Figure 3.12 (left) shows the reconstruction that was obtained when using L-BFGS.
It has very small differences to the bathymetry that was inferred using gradient descent.
After 30 iterations L-BFGS stopped with a relative ℓ2-error of 7.14%, even smaller than the
error of the gradient descent reconstruction. The runtime of 245 seconds is only about 1.6%
of the runtime for gradient descent. The relative ℓ2-errors to the exact bathymetry, see
Figure 3.12 (right), go down much faster than in the gradient descent optimisation. From
Figure 3.13 it can be observed that the value of the objective functional gets very close
to f(bex). L-BFGS stopped, because the stopping criterion was fulfilled. In Figure 3.13
(right) it can be seen that the norm of the gradient reaches the tolerance ε = 10−7. The
errors of the reconstruction, runtimes and number of iterations are also shown in Table 3.2.
Compared to the sinusoidal bathymetry, the errors are larger. The reason is probably that
the signal from which the bathymetry is inferred is about ten times smaller, see Figure 3.2
and Figure 3.9 for the differences in the water height with and without bathymetry.
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Figure 3.12: Reconstruction of the Gaussian bathymetry (3.23) (left) and relative errors against
iteration in L-BFGS (right).
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Figure 3.13: Norms of the gradients (right) and values of the objective functional (left) for the
optimisation with L-BFGS. The values of the objective functional are the sum of the mismatch
(orange dashed) and the regularisation term (green dashed). The value for the exact bathymetry
is indicated by the red line.

Initial guess Method ℓ2-error Runtime [s] Iterations

b = 0 Gradient descent 8.20% 15098 2689
L-BFGS 7.14% 245 30

Table 3.2: Relative ℓ2-errors, runtime and number of iterations for the reconstruction of the
Gaussian bathymetry (3.23) for gradient descent and L-BFGS.
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3.2 Bathymetry reconstruction in a wave flume

In the previous section we have seen that for periodic boundary conditions the FOTD-
approach yields fairly good reconstructions from little information. The Gaussian bathy-
metry could be reconstructed with error less than 10% even though the difference in wave
height with and without bathymetry was only around 1% of the largest wave amplitude. In
this section we use this approach for other boundary conditions related to an experimental
setup, which leads to additional challenges. We reconstruct a roughly Gaussian shaped
bathymetry in a wave flume based at the Institute of Mechanics and Ocean Engineering
at Hamburg University of Technology, see Figure 3.14.

Figure 3.14: Photographs of the wave flume in the Institute of Mechanics and Ocean Engineer-
ing at Hamburg University of Technology with installed bathymetry from two different perspec-
tives [62].

First, we will use a simulated observation and then experimental data. As in the
previous section, we compute a very fine solution of the forward problem for the exact
bathymetry and use the corresponding free surface elevation as our observation Hobs.
Then, we use the experimental data we obtain from measurements in the wave flume.
All simulations are being computed with Dedalus. We will assume all functions h, u, b and
the observation to be in the space H1(Ω). Compared to the previous section, the main
difference in the problem formulation are the boundary conditions which have to be chosen
according to the experimental setup. Most of the content in this section is published in
Angel et al. [20]. Also the code that was used for the discretisation and optimisation in
the paper is available online [63].

3.2.1 Experimental setup

First, we describe the wave flume and the bathymetry which we want to infer from data
of the water depth. For additional information, we refer to the very detailed description
of the experiment that is available online [62]. A sketch of the wave flume is depicted in
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Figure 3.15. The flume has a total length of 12m, where at time 0 s the water is at rest.
After 30 s, waves are being generated by a wave flap that moves in a previously determined
frequency within the flap angle γwf. The flap is positioned at 0m and at the end of the
flume, there is a “beach” installed to mitigate reflections from the end of the flume. There
are four sensors in the water at positions 1.5m, 3.5m, 5.5m, 7.5m that can detect the free
surface level over time. In the experiment, measurements of the free surface were taken
over a time of 100 s, where the flap starts moving after 30 s.

γwf

12m

7.5m

5.5m

1.5m

still water surfacewave flap

sensor 1

sensor 3

bathymetry

sensor 2

sensor 4 beach

4m

3.5m

1.5m

Figure 3.15: Sketch of the wave flume in the Institute of Mechanics and Ocean Engineering at
Hamburg University of Technology with the installed bathymetry, sensor positions and wave flap
with flap angle γwf [20].

The water at rest has a depth of 0.3m, so the SWE could yield a sufficiently accurate
description of the water depth and velocity. This will be verified in Subsection 3.2.5. For
the reconstruction, a hill of a roughly Gaussian shape with height 0.2m was placed into
the flume, with the maximum of the hill at 4m. To construct the physical hill, three skate-
board ramps were attached next to each other and covered with a very thin PVC plate,
which can be seen in Figure 3.16. Weights were placed below the PVC plate to prevent
the bathymetry from floating. In order to obtain observations for the bathymetry recon-

Figure 3.16: Sketch of the bathymetry that was used in the experiment [62].

struction, measurements with and without bathymetry were performed 20 times each. To
minimise the effect of noise within the optimisation, we took the mean of all measurements
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and used this as the observation Hobs. Measurement data from one of the experiments is
shown in Figure 3.17.

Figure 3.17: Measurement data from all four sensors [62].

Note that after about 45 s the wave amplitudes at sensor 3 and 4 increase significantly.
The reason are most likely wave reflections that occur despite the beach being installed
at the end of the wave flume. These additional waves are not visible in the measurement
data from sensor 1 which is the closest to the wave flap.

3.2.2 Forward problem

To model the water height and velocity in the wave flume we use Equation (2.17). The
spatial domain is set to Ω = [L,R] = [1.5, 15], because we define the left boundary condition
for the water depth to be determined by measurements from sensor 1 at position x = 1.5m.
The right boundary was determined by trial and error such that the numerical solution is
as close as possible to the measurements. The boundary condition for the velocity is set
to zero. Then our forward problem reads(︃

h
u

)︃
t

+

(︃
hu

1
2u

2 + gh

)︃
x

=

(︃
0

−gbx − κu

)︃
on Q

h(·, 0) = Hobs(·, 0)− b on Ω

u(·, 0) = 0 on Ω

h(L, ·) = Hobs(L, ·)− b(L) on [0, T ]

u(R, ·) = 0 on [0, T ],

(3.25)

where g = 9.81 is the gravitational acceleration and κ = 0.2 the bottom friction coefficient.
Note that the left boundary condition is time-dependent as it is determined by the sensor
data from sensor 1, i.e. by Hobs(L, ·). We only use the measurements from 10 seconds after
the waves were generated, thus in the interval [30 s, 40 s]. This is because the reflections
from the end of the channel are only noticeable after about 45 s and these are hard to model.
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Another advantage of keeping the time interval small is that this keeps computation times
shorter. However, this short time suffices for obtaining a decent reconstruction of the
bathymetry. We define the time 30 s as t = 0 such that we work on the time interval
[0, T ] = [0, 10]. This implies that Hobs(·, 0) is the water height at rest, i.e. 0.3m, such that
in our case the initial condition for the water depth is h(·, 0) = 0.3− b. The initial velocity
u(·, 0) = 0 is a reasonable choice in this setup, because the water is at rest at time t = 0.

3.2.3 Optimisation problem

For the case where we have an observation given on the whole spatial domain, the objective
functional can be defined exactly the same as in the previous section, where we considered
SWE with periodic boundary conditions. The objective functional will be adapted later
when we consider an observation that is limited some discrete points in space. Let the
parameters γ, δ, λ1, λ2 > 0 and define the objective functional as

J(b,H) :=
γ

2

∫︂
Q
(H −Hobs)

2 d(x, t) +
δ

2

∫︂
Ω
(H(·, T )−Hobs(·, T ))2 dx

+
λ1

2

∫︂
Ω

b2 dx+
λ2

2

∫︂
Ω

b2x dx.
(3.26)

The problem of bathymetry reconstruction reads

min
b

J(b,H) subject to (3.25). (3.27)

As before, we will derive the continuous adjoint equations and gradient and discretise them
with Dedalus.

3.2.4 Derivation of adjoint equations and gradient

As in the previous section, we use the Lagrangian approach to determine the adjoint
equations and the gradient. Compared to Section 3.1, the Lagrange function has additional
terms due to the boundary conditions, because these cannot be included in the function
space H1(Ω) like the periodic boundary conditions. Our Lagrange multipliers are denoted
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p1, . . . , p4. The Lagrange function for our optimisation problem reads

L(h, u, b, p) = γ

2

∫︂
Q
(h+ b−Hobs)

2 d(x, t)

+
δ

2

∫︂
Ω
(h(·, T ) + b−Hobs(·, T ))2 dx

+
λ1

2

∫︂
Ω
b2 dx+

λ2

2

∫︂
Ω
b2x dx

−
∫︂
Q
(ht + (hu)x)p1 d(x, t)

−
∫︂
Q
(ut + uux + ghx + gbx + κu) p2 d(x, t)

−
∫︂ T

0
(h(L, ·)−Hobs(L, ·) + b(L))p3 dt

−
∫︂
Ω
(h(·, 0)− (Hobs(·, 0)− b))p4 dx.

(3.28)

The necessary optimality condition

∇(h,u)L(h, u, b, p) = 0 (3.29)

yields the adjoint equations. We compute the partial derivatives of the Lagrange function
and use integration by parts. We get

Lh(h, u, b, p)φ = γ

∫︂
Q
(h+ b−Hobs)φ d(x, t)

+ δ

∫︂
Ω
(h(·, T ) + b−Hobs(·, T ))φ(·, T ) dx

−
∫︂
Q
φtp1 d(x, t)−

∫︂
Q
(φu)xp1 d(x, t)−

∫︂
Q
gφxp2 d(x, t)

−
∫︂ T

0
φ(L, ·)p3 dt−

∫︂
Ω
φ(·, 0)p4 dx

= γ

∫︂
Q
(h+ b−Hobs)φ d(x, t)

+ δ

∫︂
Ω
(h(·, T ) + b−Hobs(·, T ))φ(·, T ) dx

+

∫︂
Q
φp1,t d(x, t)−

∫︂
Ω
[φp1]

T
0 dx+

∫︂
Q
φup1,x d(x, t)

−
∫︂ T

0
[φup1]

R
L dt+

∫︂
Q
gφp2,x d(x, t)−

∫︂ T

0
[gφp2]

R
L dt

−
∫︂ T

0
φ(L, ·)p3 dt−

∫︂
Ω
φ(·, 0)p4 dx

(3.30)

which has to be zero for all φ ∈ C∞
0 (Q) due to the optimality condition (3.29). This leads

to ∫︂
Q
(γ (h+ b−Hobs) + p1,t + up1,x + gp2,x)φ d(x, t) = 0.
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Using the fundamental lemma of calculus of variations, we obtain the first part of the
adjoint problem

p1,t + up1,x + gp2,x = −γ (h+ b−Hobs) . (3.31)

Now we let single conditions on the function φ vary in order to derive final and boundary
conditions for the adjoint equation. By allowing any value for φ(·, T ) in Equation (3.30)
we obtain the final condition for the first adjoint variable

p1(·, T ) = δ (h(·, T ) + b−Hobs(·, T )) . (3.32)

Letting the initial value φ(·, 0) vary we get

p1(·, 0) = p4 (3.33)

and leaving out the condition for φ(R, ·) we get

gp2(R, ·) = 0. (3.34)

Leaving out φ(L, ·) = 0 yields an expression for the Lagrange multiplier p3, which is

p3 = u(L, ·)p1(L, ·) + gp2(L, ·). (3.35)

The other partial derivative is

Lu(h, u, b, p)φ = −
∫︂
Q
(hφ)xp1 d(x, t)−

∫︂
Q
(φt + (uφ)x + κφ) p2 d(x, t)

=

∫︂
Q
hφp1,x d(x, t)−

∫︂ T

0
[hφp1]

R
L dt+

∫︂
Q
φp2,t d(x, t)

−
∫︂
Ω
[φp2]

T
0 dx+

∫︂
Q
uφp2,x d(x, t)

−
∫︂ T

0
[uφp2]

R
L dt−

∫︂
Q
κφp2 d(x, t).

(3.36)

Thus, the second part of the adjoint equation is

p2,t + hp1,x + up2,x = κp2. (3.37)

We let φ(·, T ) vary and obtain the final condition for the second adjoint variable

p2(·, T ) = 0. (3.38)

If we omit the condition φ(L, ·) = 0, we get

u(L, ·)p2(L, ·) = −p1(L, ·)h(L, ·)

⇔ p1(L, ·) = −
u(L, ·)
h(L, ·)

p2(L, ·).
(3.39)

With Equation (3.35) this implies that

p3 =

(︃
g − (u(L, ·))2

h(L, ·)

)︃
p2(L, ·). (3.40)
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In order to solve the adjoint problem numerically, we need to transform it into an initial
value problem. This we can do by setting τ := T − t and defining the backward variables

p̃1/2(x, τ) := p1/2(x, T − t)

h̃(x, τ) := h(x, T − t)

ũ(x, τ) := u(x, T − t)

H̃obs(x, τ) := Hobs(x, T − t).

The time transformed adjoint problem is

p̃1,τ − ũp̃1,x − gp̃2,x = γ
(︂
h̃+ b− H̃obs

)︂
p̃2,τ − h̃p̃1,x − ũp̃2,x = −κp̃2
p̃1(·, 0) = δ

(︂
h̃(·, 0) + b− H̃obs(·, 0)

)︂
p̃2(·, 0) = 0

p̃1(L, ·) = −
ũ(L, ·)
h̃(L, ·)

p̃2(L, ·)

p̃2(R, ·) = 0.

(3.41)

Now we need to determine the L2-gradient, because we need it to compute the H1-gradient.
The L2-gradient can be obtained by computing the derivative Lb and using integration by
parts as before. The derivative of the Lagrangian with respect to b is

Lb(h, u, b, p)δb = γ

∫︂
Ω

∫︂ T

0
(h+ b−Hobs) dt δb dx

+ δ

∫︂
Ω
(h(·, T ) + b−Hobs(·, T )) δb dx

+ λ1

∫︂
Ω
bδb dx+ λ2

∫︂
Ω
bx(δb)x dx−

∫︂
Ω

∫︂ T

0
gp2 dt (δb)x dx

−
∫︂ T

0
δb(L)p3 dt−

∫︂
Ω
p4δb dx

(3.42)

After applying integration by parts and demanding no change of the bathymetry at the
boundaries, we obtain

Lb(h, u, b, p)δb =
∫︂
Ω

(︃∫︂ T

0
γ(h+ b−Hobs) + gp2,x dt

)︃
δb dx

+

∫︂
Ω
(δ (h(·, T ) + b−Hobs(·, T )) + λ1b− λ2bxx − p4) δb dx.

(3.43)

Hence, the L2-gradient is

ṽ :=

∫︂ T

0
γ(h+ b−Hobs) + gp2,x dt

+ δ (h(·, T ) + b−Hobs(·, T )) + λ1b− λ2bxx − p4.

(3.44)
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With v(L) = v(R) = 0, the H1-gradient is the solution v of the problem

v −∆v = ṽ

v(R) = 0

v(L) = 0.

(3.45)

3.2.5 Discretisation and comparison with measurement data

As mentioned beforehand, all PDEs will be solved with Dedalus. We use a Chebyshev
basis with M = 64 grid points and a time step of 1× 10−3 s. Before we solve the
PDE-constrained optimisation problem, we have to ensure that the numerical solution
is sufficiently close to the measurement data. From the n = 20 measurements with the
Gaussian-shape bathymetry we take the average and compare it to the numerical solution
of the SWE. The corresponding simulated water height and mean of the measurements
with bathymetry are shown in Figure 3.18. As the data from sensor 1 is used for the left
boundary condition, it is equal to the numerical solution and therefore not shown in the
plot.
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Figure 3.18: Average of measurements (dashed) with 95% confidence interval (grey) and numer-
ical solution (dotted). [20]

A 95% confidence interval is plotted as well, but it is hardly distinguishable from the
dashed line which shows the mean of all measurements. The confidence interval was deter-
mined as follows. We assume the observations to be normally distributed and stochastically
independent. Let x̄ be the mean value of the measurements and sx the standard deviation.
With certainty 1−α, α ∈ (0, 1), the true value lies in the confidence interval [64], which is
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given by [65]

[︂
x̄±

sxtn−1,1−α/2√
n

]︂
. (3.46)

For a 95% confidence interval, we have α = 0.05 and consequently have to use the t-value
1.729 [65].

The simulation is the closest to the measurement data at sensor 2 with a relative ℓ2-
error of 1.9× 10−3 and slightly underestimates the wave amplitude at sensor 3 and sensor
4 with relative ℓ2-errors of 1.6× 10−3 and 1.3× 10−3, respectively. The good match of the
measurement data with the simulation is promising for a reasonable reconstruction of the
bathymetry from the experimental data.

3.2.6 Reconstructed bathymetries from different types of observations

We will move step by step towards the reconstruction from experimental data. First, we
will use simulated observations. This is easier, as in this case we have no modelling error.
We start with results for an observation that was computed numerically by solving the SWE
for the bathymetry that we want to reconstruct. First, the computed observation is used
on the whole spatial domain, also with added random noise. Then, we use a scenario that
is closer to the experimental setup where the measurements are only given at the sensor
positions. We perform reconstructions, where we only use the computed observation at a
few points in the spatial domain. This is more challenging, because less information about
the free surface level is available. Here we also add noise to the observation. After this, we
show reconstructions from experimental data. There, we have an additional modelling error
in the observation. At first, we use the gradient descent method for all optimisations. In all
plots, the reconstructions will only be shown on an interval from 1.5m to 10m for improved
visibility. Outside this domain there are only smaller oscillations in the reconstructions
that are negligible for the plots. All errors were computed on the full interval [1.5, 15] as
this is the spatial domain we are working on.

3.2.6.1 Reconstruction from simulated observations

In this part, we examine the quality of the bathymetry reconstruction from an observation
that was computed from the solution the forward problem for the exact bathymetry. The
exact bathymetry here means an interpolation of the data that were measured at the actual
bathymetry, see Figure 3.19.
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Figure 3.19: Measured points (top) and Dedalus representation (bottom) of the bathymetry that
was used in the experiment. The Dedalus representation was obtained by manually copying the
coordinates from the data points in the upper sketch and connecting them by using the SciPy
interpolation function PchipInterpolator [20].

We computed the observation using M = 128 spatial grid points and chose a relatively
fine time step of 5× 10−5 s. The resolution needs to be different from the one used in
the optimisation, otherwise this would mean to ignore the discretisation error, which is a
so-called inverse crime [66].

We deal with the different spatial resolution by applying the change_scales function
incorporated in Dedalus. The discretised functions, e.g. the water depth h can be saved in
a Dedalus Field and these can be scaled onto a grid with a different number of grid points
using change_scales. In time, we interpolate with the Scipy function CubicSpline. The
regularisation parameters were chosen to be λ1 = 10−7 and λ2 = 10−6. A small change
of these values does only lead to a small change in the reconstruction, but these values
produce the best results in our case. The other coefficients in the objective functional we
set to γ = δ = 0.5. We will also add noise to the observation and show the corresponding
reconstructed bathymetries. In the presence of noise in the observation we increase the
second regularisation parameter to λ2 = 10−5, because the noise leads to additional small
hills in the reconstruction. The noise was normally distributed with a standard deviation
of 5% of the maximal local wave height, where we took the maximum over the time
interval [0, 10].

Observation on the whole spatial domain. In the following we used the computed
observation on the complete spatial domain with and without added noise. Figure 3.20
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shows the corresponding reconstructions along with the exact bathymetry. Except for
some smaller oscillations, the reconstructed hill is very close to the exact bathymetry. The
relative ℓ2-error is 29.44% for the case without noise. In the case where noise was added
to the observation, there are some smaller artefacts on the right hand side of the spatial
domain, but we still obtain a good approximation on the hill at 4m.
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Figure 3.20: Reconstructed bathymetries from simulated data and relative ℓ2-errors to exact
bathymetry [20].

The corresponding reconstruction has a relative error of 44.25%. Here, the algorithm
stopped before reaching the tolerance ε = 10−7 for the norm of the gradient, because no
step size was found for which the value of the objective functional was significantly smaller.
This means, that the approximation on the anti-gradient was no longer a descent direction.
A possible explanation is that at some point the mismatch to the observation is mainly
noise. It might be hard to change the bathymetry in such a way that this random noise
in the free surface level is produced. When using an observation on a coarser grid, the
algorithm runs until the stopping criterion is fulfilled.

Observation at sensor positions. Here, we use the simulated observation at several
equidistant points in space and then at the positions where the real sensors in the experi-
ment are placed. Let xi, i = 1, . . . ,mp, be the sensor positions and Hobs,i the corresponding
observations. These are obtained by evaluating the interpolation of the observation at the
sensor positions. As the observation is no longer given on the whole spatial domain, we
have to adapt the objective functional. Formally, we would have Dirac deltas for each
observation point. To approximate these, we choose Gaussians with peak at the sensor
positions and maximum value being the observed values Hobs,i. The variance of the Gaus-
sians is set to

√
0.045 such that these are narrow, but still significantly larger than the

distance of two adjacent grid points.

x3.5m 5.5m 7.5m

Figure 3.21: Sketch of the Gaussians in the objective functional.
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Then the objective functional changes to

J(b,H) :=
γ

2

∫︂
Q

(︄mp∑︂
i=1

(H(xi, t)−Hobs,i(t)) exp

(︃
−1

2

(x− xi)
2

0.045

)︃)︄2

d(x, t)

+
δ

2

∫︂
Ω

(︄mp∑︂
i=1

(H(xi, T )−Hobs,i(T )) exp

(︃
−1

2

(x− xi)
2

0.045

)︃)︄2

dx

+
λ1

2

∫︂
Ω

b2 dx+
λ2

2

∫︂
Ω

b2x dx.

(3.47)

In this case the L2-gradient reads

ṽ :=

∫︂ T

0
γ

(︄mp∑︂
i=1

(H(xi, t)−Hobs,i(t)) exp

(︃
−1

2

(x− xi)
2

0.045

)︃)︄
+ gp2,x dt

+ δ

(︄mp∑︂
i=1

(H(xi, T )−Hobs,i(T )) exp

(︃
−1

2

(x− xi)
2

0.045

)︃)︄
+ λ1b− λ2bxx − p4.

(3.48)

Figure 3.22 shows reconstructions with and without noise from a simulated observation at
several data points which we also call "sensor positions" in the plots. The reconstructed
bathymetry from noisy data shows some large artefacts next to the real bathymetry. But
the reconstruction from the observation without noise is very close to the one from the full
observation that we saw previously in Figure 3.20. It has a relative ℓ2-error to the exact
bathymetry of 31.33% which is a bit larger than the error of 29.44% for the full observation.
The reconstruction from noisy data in Figure 3.22 has a relative error of 55.52%.

Now we increase the regularisation parameter to λ1 = 10−4. The corresponding re-
construction is shown in Figure 3.23. The error in the reconstruction is 71.59% which
is higher than the error for the smaller regularisation parameter. Here the effect of the
regularisation with the norm of the bathymetry b is visible. The artefacts between x = 5m
and x = 9m are much smaller, but also the maximum of the hill at the position of the
exact bathymetry.
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Figure 3.22: Reconstructed bathymetries from simulated data at sensor positions (left) and
relative ℓ2-errors to exact bathymetry (right).
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Figure 3.23: Reconstructed bathymetries from simulated data with noise at sensor positions
(left) and relative ℓ2-errors to exact bathymetry for λ1 = 10−4 (right).

Now we limit the number of used points for the observation to the positions of sensor
2, 3 and 4 and again perform a second reconstruction with noise added to the observation.
Both results are shown in Figure 3.24. The errors of 57.84% without noise and 68.56%
with noise are higher than when using more observation points, see Table 3.3. This is
not surprising as there is less information available from which the bathymetry can be
inferred. The maximum of the reconstructed hill is smaller than the maximal height of
the true bathymetry, but still positioned correctly. In contrast to Figure 3.22 the effect
of noise in the observation seems to be much less. There is hardly any difference in the
ℓ2-errors to the exact bathymetry in Figure 3.24.
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Figure 3.24: Reconstructed bathymetries from simulated data at sensor positions (left) and
relative ℓ2-errors to exact bathymetry (right) [20].

3.2.6.2 Reconstruction from measurements

Inferring the bathymetry from experimental data is more challenging than from simu-
lated observations, as we have a model error additionally. Furthermore, the impact of
the bathymetry on the water depth is in fact very small, see Figure 3.25, which shows the
difference between the average of the 20 experiments with and the average of the 20 experi-
ments without bathymetry. The 95% confidence interval is shown in grey. Here we used the
t-value for 38 degrees of freedom which is 1.686 [67], because this is a two-sample problem
with two different experiments, see Dümbgen [65]. The maximum difference in the water
depths is around 1.5mm at sensor 2 and 3mm at sensor 3 and 4. For the reconstruction,
we used the same parameters as in the case with a noisy observation. Figure 3.26 shows
the reconstructed bathymetry which looks similar to the ones in Figure 3.24, but a with
a larger error, especially at around 8m, where the artefact has become larger. The larger
reconstruction error is not surprising due to the modelling error. The maximum height on
the other hand is slightly closer to the true bathymetry with 0.111m compared to 0.105m
in the noisy case in Figure 3.24. Remarkable is that the error to the measurement data
is the largest at sensor 4. We performed another reconstruction with the data from only
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sensor 2 and 3, which is shown in Figure 3.27. The fact that this reconstruction has a
smaller error to the exact bathymetry shows that the information from sensor 4 is not only
useless for the reconstruction but even harming. As can be seen in Figure 3.27 on the left,
the small hill in the reconstruction at around 8m has vanished. Also, the relative ℓ2-error
is significantly smaller (83.76% versus 93.89%). It can be observed from Figure 3.18 that
at sensor 4 the difference from the measurement to the simulation is larger than for the
other sensors. This could be the reason for the artefact at around 8m.
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Figure 3.25: Difference between the averages of measurements with and without bathymetry
(dashed) and 95% confidence interval (grey). [20]
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Figure 3.26: Reconstructed bathymetry from measurements (left) and relative ℓ2-errors to the
exact bathymetry (right) [20].
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Figure 3.27: Reconstructed bathymetry from measurements at sensor 2 and 3 (left) and relative
ℓ2-errors to the exact bathymetry (right).

Observation

Type Used sensor positions ℓ2-error ℓ∞-error NRMSE

Simulated 16 equidistant pos. 31.33 17.19 05.48
2,3,4 57.84 35.35 10.12
2,3 59.08 34.91 10.34
2 65.60 43.33 11.48
3 89.92 67.83 15.73

Simulated + noise 16 equidistant pos. 69.91 31.12 12.23
55.52 30.04 09.71

2,3,4 68.56 49.23 11.99
2,3 74.53 49.02 13.04
2 72.21 48.71 12.63
3 85.16 74.61 14.90

Measured 2,3,4 93.89 51.65 16.42
2,3 83.76 51.20 14.65
2 90.43 55.64 15.82
3 97.82 59.47 17.11

Table 3.3: Relative error in the ℓ2- and ℓ∞-norm and normalised root mean squared er-
ror (NRMSE) between reconstructed bathymetry and the model representation of the exact
bathymetry for reconstructions using data from different sensors [20].

In order to compare the results with other publications, we additionally consider the
normalised root mean squared error (NRMSE), defined as [68]

NRMSE =

√︂
1
M

∑︁M
i=1(bi − bex,i)2

bex, max − bex, min
. (3.49)

Table 3.3 shows relative ℓ2- and ℓ∞-norm errors and the NRMSE for simulated and mea-
sured observations on different sensor positions. With an NRMSE of around 14% the
results are in line with those listed by Hao et al. [68, Table 2] which have NRMSEs be-
tween 20.6% and 31.8%. From the table, we also observe that the relative ℓ∞-errors in the
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case "simulated + noise" and "measured" are very similar for used sensors 2 and 3 and for
used sensor 2. As already observed in Figures 3.26 and 3.27, for the measured observations
using all three sensors gives a larger ℓ2-error than using only sensors 2 and 3. Even for
the simulated observation, sensor 4 seems to contribute very little to the reconstruction,
as the error for all three sensors is almost the same as for only two sensors. For the case
of 16 sensor positions with noise there are two rows for two different runs with exactly the
same parameters. Because the noise consist of randomly added numbers, the quality of the
reconstructions can vary a lot. This is also the reason for the different numbers for noisy
observations compared to Angel et al. [20]. The best way would be to run the optimisation
many times and compute the average error, but this is not done here as the runtimes are
very long.

Reconstructions using L-BFGS. For the periodic boundary conditions in Section 3.1
L-BFGS could significantly improve runtimes while yielding reconstructions that have al-
most the same error as for the reconstructions by gradient descent. Now we will investigate
if this holds also true for the bathymetry reconstruction from experimental data. We choose
the following parameters. We save m = 5 of the previous descent directions in each it-
eration of L-BFGS and use a stopping tolerance of ε = 10−7. All other parameters are
the same as for gradient descent. The step sizes for the update in L-BFGS are being
determined by a line search algorithm with strong Wolfe conditions. The reconstruction
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Figure 3.28: Reconstructed bathymetry using L-BFGS from measurements at sensor 2 and 3
(left) and relative ℓ2-errors to the exact bathymetry (right).

with L-BFGS in Figure 3.28 is very similar to the one obtained with gradient descent in
Figure 3.27, but with a slightly larger relative ℓ2-error of 85.4% to the exact bathymetry.
There is a large improvement in the runtime when using L-BFGS, which took about 81
minutes for 6 iterations compared to gradient descent with approximately 23.2 hours for
567 iterations. Thus, L-BFGS took only around 6% of the runtime of gradient descent.
The L-BFGS algorithm stopped, because no more step size was found in the line search
with Wolfe conditions.

Possibilities for further research. As we have seen, the position of the sensors have
an effect on the quality of the reconstruction. This is an optimisation problem by itself
that could be worked on. Furthermore, known benchmark problems [69, Chapter 3.1.3-
3.1.5] could be used for a similar reconstruction, but this would require the opportunity to
use a different wave flume that can produce waves which fit those problems. Also, using a
different forward model like Euler equations would be a possibility for further investigation.
We have seen that for the SWE the simulation error increases towards the end of the wave
flume. This could be because the SWE do not capture the physics of the wave flume well
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enough. From Figure 3.18 it can be observed that a wave needs roughly 1.25 s to travel
from one sensor to the next. Thus, we get an approximate velocity of 1.6 m

s for the waves.
The time from one wave peak to the next is around 3 s such that we obtain a wavelength of
about 4.8m. According to Le Méhauté [51], shallow water waves have a ratio from water
depth to wave length of at most 0.05, but with the water depth of 0.3m that we have here,
we have a ratio of 0.0625. Hence, the waves in the experiment are at the edge of being
shallow. The Euler equations could give a better fitting model for the waves as these do
not take the depth-average of the velocity.
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Chapter 4

Parallel-in-time solution of SWE and
corresponding adjoint equations

The reconstruction of bathymetries could be accelerated a lot if we found faster ways to
solve the forward and adjoint equation, as this needs to be done in each iteration of the
optimisation algorithm. In general, an option is to parallelise in space. But there is a
saturation in performance due to Amdahl’s law and this drives the need for additional
parallelisation in time [70, 23, 71]. Recently, there has been a lot of research in parallel-
in-time algorithms and in some cases these algorithms can yield good speed-up [70]. But
hyperbolic problems such as SWE are challenging for parallel-in-time (PinT) methods.
This was reported by Gander and Vandewalle [72] and Farhat and Chandesris [73]. Thus,
new PinT methods need to be developed that are suitable for hyperbolic problems. In this
chapter, we will look at such PinT methods and numerically investigate the convergence
for the forward and adjoint SWE. For PDE-constrained optimisation problems, time par-
allelisation has a big potential in case of speed-up as for each solve of the forward and
adjoint equations many time steps are being performed. Solving one PDE requires Nt

time steps. For τfwd and τadj being the time needed for one time step for the forward and
adjoint problem respectively, we have total costs of jopt(Ntτfwd +Ntτadj), where jopt is the
number of iterations in the optimisation algorithm. A spatial parallelisation could reduce
τfwd and τadj by some factor to τfwdsfwd and τadjsadj for sfwd, sadj < 1. Time parallelisation
could additionally decrease the total costs Ntτfwdsfwd and Ntτadjsadj for the solution of the
forward and adjoint problem by some other factors.

4.1 Parareal for SWE

Parareal is a PinT method that was invented by Lions, Maday and Turinici [21]. It is one
of the simplest PinT methods. In the following, this algorithm will be explained. Then
we will show numerical results for Parareal for the forward and adjoint SWE. As these are
hyperbolic problems, there is no fast convergence to be expected for the original Parareal.
Nevertheless, speed-up has been observed for Communication-aware Adaptive Parareal
(CAAP) which was developed by Nielsen et al. [23]. They use adaptive time-steps and a
specific combination of coarse and fine propagator that operate on the same grid. They
use a WENO solver for the fine propagator and a Roe solver for the coarse propagator,
which has a lower order of discretisation. However, the convergence of CAAP is strongly

45
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affected by the choice of the coarse propagator and relies on the use of a special scheduler.
Another disadvantage of this method is the load imbalance caused by the adaptive time
steps. In Section 4.2 a different variant of Parareal will be introduced that is suitable
for SWE and does not have these restrictions. The convergence of this variant will be
compared numerically to the original Parareal.

4.1.1 The Parareal algorithm

The Parareal method is an iterative PinT algorithm for initial value problems that combines
coarse and fine resolutions [21]. Consider an initial value problem

ut = f(u) on [0, T ]

u(0) = u0.
(4.1)

Let the time domain [0, T ] be divided into time slices of length ∆T such that the number

T0 = 0 T1 T2 TN = T

∆T∆T

G in serial
F in parallel

Figure 4.1: Coarse propagator (blue) and fine propagator (red) on the time domain with time
slices of length ∆T .

of time slices N equals the number of processes for the parallel computation. We define a
coarse propagator G which should be a cheap integrator with a coarse time step ∆t, and
a fine, more accurate propagator F with time step δt. By applying G on the underlying
initial value Problem (4.1) we obtain an initial guess for the solution u, see Figure 4.1.
In the first Parareal iteration k = 0, this yields initial values for all time slices such that
the fine propagator can compute a fine solution in each time slice in parallel. In the k’th
Parareal iteration the Parareal solution Uk

n at time step n can be determined as [74]

Uk
n = G(Uk

n−1) + F(Uk−1
n−1)− G(U

k−1
n−1), n = 1, ..., N. (4.2)

The computation of G(Uk
n−1) is called the prediction step, whereas Equation (4.2) is the

correction. The fine solution F(Uk−1
n−1) can be computed in parallel by assigning one time

slice to each process. For a stopping criterion the defect

∆k := Uk − Uk−1, (4.3)

i.e. the difference of two successive Parareal solutions can be used. One usually demands
that the defect at all interfaces of the time slices is small enough, that is

∥Uk
n − Uk−1

n ∥∞ < ϵP ∀n = 1, . . . , N (4.4)

for some tolerance ϵP .
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The detailed single steps of the method can be found in Algorithm 4. In Lines 2 to 4 the
initial prediction for the Parareal solution is being computed using the coarse propagator G.
This has to be done in serial, because each process needs the initial guess on its time slice.
There are two ways to do this. The first option is that every process l computes the initial
prediction from T0 until Tl+1. The other way is that process l computes the solution from Tl

to Tl+1 and all but the last process send the coarse solution at Tl+1 on to process l+1. Note
that the second approach requires some time for communication, but this can be negligible
if the arrays to be sent are not too large. After computing the initial prediction, in Lines 7
and 8 the fine solution is computed in parallel, i.e. the for-loop should be parallelised.
After that the prediction step is computed in Line 10 and the correction in Line 11. Here
the for-loop starts only at n=k as the Parareal solution at time point k equals the fine
solution [75]. The stopping criterion is found in Line 12. The algorithm always converges
after at most kmax = N iterations to the sequential solution of the problem [76]. Depending

Algorithm 4 Simple Version of Parareal

1: U0
0 ← Ũ

0
0 ← y0

2: for n = 1 to N do
3: Ũ

0
n ← G(Ũ

0
n−1)

4: U0
n ← Ũ

0
n

5: for k = 1 to K do
6: Uk

0 ← y0
7: for n = 1 to N do
8: Û

k−1

n ← F(Uk−1
n−1)

9: for n = k to N do
10: Ũ

k
n ← G(Uk

n−1)

11: Uk
n ← Ũ

k
n + Û

k−1

n − Ũ
k−1
n

12: if ∥Uk
n − Uk−1

n ∥∞ < ϵP ∀n then
13: break

on the computation time needed by the coarse propagator the pipelined Parareal [77] can
lead to improved speed up. It is implemented such that as soon as a process has finished
computing the coarse solution on its time slice, it can already start computing the fine
solution.

4.1.2 Parareal for forward and adjoint SWE

When implementing Parareal for the forward and adjoint equation, we can use the fact
that the adjoint is backwards in time. Besides, we can implement it in a general way such
that the same code can be applied for the forward and backward problem.

Note that within the optimisation there is the possibility of a so-called warm start
for Parareal. Instead of computing an initial prediction with the coarse propagator each
time, we can use the Parareal solution from the previous optimisation iteration. Especially
for the adjoint this can be useful towards the end of the optimisation, where the adjoint
solution does not change a lot from one optimisation step to the next.

4.1.2.1 Different order of ranks for the adjoint equation

Using Parareal for the forward and adjoint equation within the optimisation algorithm
could be realised as follows. In each iteration we solve the forward problem first and then
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use the result for the computation of the adjoint problem. The latter is backwards in time
with the forward solution as coefficients, so we should also use the processes in backward
order. This is illustrated in Figure 4.2. If we solve the primal problem with Parareal, then

t

T0 T1 T2 TN−1 TN

time slice

τ

TN TN−1 TN−2 T1 T0

0 1 N − 1ranks

Figure 4.2: Communication in Parareal for forward and adjoint problem and ranks assigned to
the corresponding time slices. The blue arrows indicate MPI messages sent during the computation
of the forward problem and the red arrows for the adjoint.

process 0 will know the forward solution on the first time slice, process 1 on the second time
slice and so on. Thus, the last process needs to compute the adjoint solution on the first
time slice in ’backward’ time τ which corresponds to the last time slice in t. That means,
that for the adjoint problem we use the ranks in reverse order. Algorithm 5 shows how
Parareal can be applied on both the forward and the adjoint problem. For this thesis, the
parallelisation is realised using MPI, using the Python package mpi4py. For the forward
problem, the first process is rank 0, so first is True for rank 0. The last one is rank
n − 1, so the variable last is True for this rank. This is exactly the other way round for
the adjoint problem. We use the stopping criterion in Equation (4.4). If it is satisfied for
process n, the flag converged of process n will be set to True in Line 5. Also, the flag
prev_converged of the next process will then be set to True in Line 5. Note that, as for
the adjoint problem the order of the processes is backwards, here the next process would
be n − 1. This is indicated by nextPro. After the algorithm converges, each process will
know the Parareal solution on its time slice.

4.1.2.2 Convergence for SWE

Consider the SWE (2.17) with periodic boundary conditions. We will apply Parareal on
the forward and adjoint problem and numerically investigate its convergence. As these are
hyperbolic problems, we expect bad convergence behaviour.

Example 4.1. Let bex be the bathymetry from the wave flume experiment in Section 3.2.
We set the parameters T = 3, [L,R] = [0, 10], g = 9.81, D = 0.3. For an arbitrary
bathymetry b we define the initial conditions

h0(x) = 0.05De−0.05(x−5)2 sin(0.2π(x− 5)) + 0.95D − b(x)

u0(x) = 0
(4.5)

for x ∈ [L,R].
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Algorithm 5 Pipelined Parareal for forward and adjoint problem
Require: y0

1: U0
0 ← Ũ

0

0 ← y0
2: converged← False
3: if first is True then
4: prev_converged = True
5: else
6: prev_converged = False
7: U0

0 ← y0

8: Ũ
0

0 ← y0
9: if first is True then

10: Ũ
0

1 ← G(Ũ
0

0)

11: U0
1 ← Ũ

0

1

12: comm.Send(Ũ
0

1, dest=nextPro)
13: else
14: comm.Recv(Ũ

0

n, source=prevPro)
15: Ũ

0

n+1 ← G(Ũ
0

n)

16: U0
n+1 ← Ũ

0

n+1

17: if last is False then
18: comm.Send(Ũ

0

n+1, dest=nextPro)
19: for k = 0, . . . ,Kmax do
20: Uk+1

0 ← y0

21: Û
k

n+1 ← F (Uk
n)

22: if first is False then
23: if prev_converged is False then
24: comm.Recv(Uk+1

n , source=prevPro)
25: comm.recv(prev_converged, source=prevPro)
26: else
27: Uk+1

n ← Uk
n

28: Ũ
k+1

n+1 ← G(Uk+1
n )

29: Uk+1
n+1 ← Ũ

k+1

n+1 + Û
k

n+1 − Ũ
k

n+1

30: if last is False then
31: comm.Send(Uk+1

n+1 , dest=nextPro)
32: if ||Uk+1

n+1 − Uk
n+1|| < tol and prev_converged is True then

33: converged← True

34: if last is False then
35: comm.send(converged, dest=nextPro)
36: if converged is True then
37: break

Consider Example 4.1. First of all, we compute an observation. That is, we compute
a very fine solution for b = bex using a time step of 5 · 10−5, 130 spatial grid points and
the third order Runge-Kutta method RK443 that is included in the Dedalus package. The
computed observation is needed for the initial condition and the source term in the adjoint
problem (3.13). Then we compute the solution of the forward and adjoint problem with
Parareal using 8 time slices. For the coarse propagator we choose the time step ∆t = 0.05
and for the fine propagator δt = 0.001. Both use the Runge-Kutta method RK443 and 64
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spatial grid points. The stopping tolerance is set to ϵP = 10−6. We compute the forward
solution for b = 0 and use this and the observation as input for the adjoint problem. This
is what has to be done in the first iteration of the optimisation algorithm if we started
with zero initial guess for the bathymetry. The Parareal defect and error to the sequential
solution are shown in Figure 4.3. For both the forward and adjoint equation Parareal
converges in a way that is typical for hyperbolic problems, see e.g. Gander [22]. For both
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Figure 4.3: Left: Error Parareal solution Uk to sequential solution U for forward and backward
problem. Right: Norm of Parareal defect ∆k for forward and backward problem.

the forward and adjoint problem the defect and error to sequential solution increase before
going down eventually after about 4 iterations. This effect has already been observed when
applying Parareal to hyperbolic problems [78]. The maximum number of iterations was
needed for Parareal to converge.

For the wave flume problem the convergence is a bit better, see Figure 4.4. For the
forward problem one could possibly obtain speed-up when setting the tolerance higher and
still get a sufficiently accurate solution. But the adjoint problem already starts with large
errors which do not decrease a lot such that lifting the tolerance would not help. The
Parareal defect stays above 10−2 for all iterations and the error to the sequential solution
is far away from 10−3 for all but the last iteration. When changing the stopping tolerance
to 5×10−4, Parareal for the forward problem stops after only one iteration, but the adjoint
still takes the maximum number of iterations. Thus, there is a chance that Parareal or
some variant of it could work well for the forward problem, but not for the adjoint. In
the following, we will only consider the forward SWE and propose to use a different PinT
method for the adjoint, which will be explained later.

4.1.3 Coarsening in space

In the previous subsection, the difference of the coarse and fine propagator was only the
time discretisation. Another approach in Parareal is to use a coarser discretisation in space
for the coarse propagator than for the fine. We have seen that Parareal often converges
very slowly for SWE. Still, it is possible to ’cheat’ and take a rather small time step for
the coarse propagator [79]. That will lead to early convergence of Parareal. Nevertheless,
we will see in the following that for the SWE even a very small change in the spatial
discretisation in the coarse propagator leads to very bad convergence. Similar results can
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Figure 4.4: Left: Error Parareal solution Uk to sequential solution U for forward and backward
problem. Right: Norm of Parareal defect ∆k for forward and backward problem.

be found in Angel et al. [80].
When using spatial coarsening, solutions on the fine and on the coarse mesh have to

be put on the same grid as they need to be added in the Parareal correction (4.2). That
is, for mc < mf we have to define a restriction operator

R : Cmf ↦→ Cmc

and a prolongation operator
P : Cmc ↦→ Cmf .

These can be defined by interpolation methods. Note that the order of interpolation has
an influence on Parareal convergence [81]. Thus, we will plot Parareal convergence for
different interpolation orders. A common approach is to compute the Parareal correction
on the fine level as follows. Let G̃ be the coarse integrator. Then, we can define the coarse
propagator to operate as

G(y) = PG̃(Ry) (4.6)

and use this in the Parareal correction (4.2) as suggested by Fischer et al. [82], that is

Uk
n = PG̃(RUk

n−1) + F(Uk−1
n−1)− PG̃(RU

k−1
n−1). (4.7)

Alternatively, one can use

Ũ
k
n = G̃(RUk

n−1) +RF(Uk−1
n−1)− G̃(RU

k−1
n−1) (4.8a)

Uk
n = PŨk

n + F(Uk−1
n−1)− PRF(U

k−1
n−1), (4.8b)

which is the so-called micro-macro Parareal [83]. The Parareal correction acts on the coarse
(macroscopic) level in Equation (4.8a) and this is lifted to the fine level in Equation (4.8b).
The aim of the term F(Uk−1

n−1)−PRF(U
k−1
n−1) is to add information on the fine scale which

is lost due to the restriction on the macroscopic level [83]. Here, the use of either the
predictor-corrector format or micro-macro Parareal did not make any noticeable difference,
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in contrast to Philippi and Slawig [83], where micro-macro Parareal was used for an ocean-
circulation model. There was no explanation found, why only micro-macro Parareal works
for the ocean circulation model and the correction (4.7) caused instabilities [84]. In his
Dissertation, Philippi reported that the two versions of the Parareal correction yielded the
same convergence results for the Burger’s equation [84].

4.1.3.1 Parareal with spatial coarsening for SWE

We consider periodic boundary conditions (2.17) and the initial condition and the bathymetry
bex from Example 4.1. For the fine and coarse propagator we use Dedalus with the
RealFourier basis. We use the Scipy function make_interp_spline for the restriction
and prolongation operators. When using spatial coarsening, we choose the order of inter-
polation out of {1, 3, 5}. For the fine and coarse propagator we take the same time stepping
method RK443 and a time step of ∆t = δt = 1× 10−3 s for both. The only difference in
the propagators is the number of spatial grid points with Mc = 62 versus Mf = 64. We
set the tolerance for the stopping criterion to ϵP = 10−6. For comparison we first show
convergence plots for Parareal without spatial coarsening but with different time steps
for the coarse and fine propagator ∆t = 1× 10−2 s and δt = 1× 10−3 s. Note that the
time step ∆t is five times smaller than the time step that we chose in Subsection 4.1.2,
where Parareal only converged after the maximum number of iterations. The errors to
the sequential solution are shown in Figure 4.5 for 8 and 16 cores. We only show results
for polynomial interpolation of degree 3 for the prolongation and restriction operators.
Changing the degree does not make any noticeable difference in this case. As mentioned
beforehand, the convergence behaviour is very good for a hyperbolic problem, which is
because the coarse propagator is too accurate [79]. But even in this case a very small
reduction in the spatial resolution leads to a convergence behaviour that leaves no hope
for any speed-up, as can be seen in Figure 4.6. Compared to only coarsening in time in
Figure 4.5 there is a big difference in Parareal convergence with only one iteration versus
the maximum number of iterations (8/16).
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Figure 4.5: Error to the sequential solution for SWE for 8 time slices (left) and 16 time slices
(right). No spatial coarsening was used. The difference in the coarse propagator is the larger
time step of ∆t = 10−2. Here the polynomial order of interpolation did not make any difference,
therefore only results for polynomial degree 3 are shown.
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The order of interpolation does only lead to slight changes in the error to the sequential
solution and the defect. The biggest change is from order 1 to order 3, where for the first
few iterations the error is smaller for degree 3. But then the errors are - at least partly
- larger than for first order interpolation and then again smaller. The reason for this
behaviour should be further investigated. For all cases the convergence is too slow such
that we cannot get any speed-up. The following sections show parallel-in-time methods
that could be better suited for the forward and adjoint SWE.
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Figure 4.6: Defect (top) and error to the sequential solution (bottom) for SWE for 8 time slices
(left) and 16 time slices (right). Spatial coarsening was done by reducing the number of spatial
grid points from 64 to 62. In each plot, the blue circles show the defect for linear interpolation,
the red triangles for cubic interpolation and the green stars for interpolation degree 5.

4.2 Parareal with averaging for shallow water equations

Parareal with phase averaging, also called Asymptotic Parareal, is a variant of Parareal that
was developed by Haut and Wingate [25]. The idea is to mitigate small oscillations in the
coarse solution using so-called phase-averaging such that it is possible to use a larger time
step for the coarse propagator [27]. The slow structure in the problem is still preserved,
as the smaller features are averaged [85]. Asymptotic Parareal was already shown to be
useful for SWE without bathymetry in the sense that is allows for larger time steps in the
coarse propagator [27]. There is also work on SWE on the sphere [26], where a framework
is presented including a stable matrix exponential specific to Finite Elements and a parallel
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phase-averaging procedure. Asymptotic Parareal can be applied on any equation that has
the form

ut +
1

ε
Lu = N (u), u(0) = u0, (4.9)

where L is a linear operator that is usually assumed to be skew-hermitian [25, 27] and
responsible for temporal oscillations in the solution [85]. The operatorN is the nonlinearity
of the equation and ε > 0. Decreasing the parameter ε causes smaller oscillations in the
system, leading to increased oscillatory stiffness [86]. We can eliminate the linear term by
applying the transformation [85]

w(t) = e
1
ε
Ltu(t). (4.10)

This yields the modulation equation

ẇ(t) = e
1
ε
LtN (e−

1
ε
Ltw) (4.11)

that is being solved by the fine propagator. In order to allow for larger time steps for
the coarse propagator, it solves an averaged version of this equation. This is the so-called
averaged equation [25]

dw̄

dt
=

1

η

∫︂ η
2

− η
2

ρ

(︃
s

η

)︃
e

1
ε
L(s+t)N (e−

1
ε
L(s+t)w) ds. (4.12)

The smooth kernel function ρ has to be chosen appropriately such that the length of the
averaging window η > 0 is as small as possible [25]. This reduces the computational
costs [86] which should then be asymptotically smaller than 1/ε [25].

4.2.1 Reformulation of the SWE

The one-dimensional nonlinear SWE which we use in our bathymetry reconstruction reads

ht + (hu)x = 0

ut + uux + ghx = −gbx − κu.
(4.13)

In order to apply Asymptotic Parareal, we need to write it in the form of Equation (4.9).
To this end, we define a perturbation height Φ which is the deviation from a constant D
which could be the average water height for example. Precisely, we set D+Φ−b = h. This
is illustrated in Figure 4.7. With the perturbation height Φ we can rewrite Equation (4.13)

x

HHH
D

bbb

Φ

Figure 4.7: Free surface elevation H, average surface level D, perturbation Φ and bathymetry b.

as
Φt +Dux = −(Φu)x + (bu)x

ut + gΦx = −uux − κu.
(4.14)
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Thus, with the notation in Equation (4.9) we have the operators

L =

(︃
0 D∂x

g∂x 0

)︃
, N =

(︃
−(Φu)x + (bu)x
−uux − κu

)︃
. (4.15)

Here, we have ε = 1, where for rotating SWE Asymptotic Parareal has been proven to be
very accurate [25].

4.2.2 Averaging for the SWE

In Peddle et al. [27, Figure 5.1] the transformed fine solution of a rotational SWE without
bathymetry is compared to the transformed solution of the averaged equation. That is, the
solution of the fine and coarse propagator are being illustrated. In their paper, the two fine
and coarse solution are hardly distinguishable. We will show corresponding plots for the
non-rotational SWE with non-zero bathymetry for two different bathymetries and initial
conditions which we will see again in Chapter 5 for PinT bathymetry reconstructions.

Example 4.2. For [L,R] = [0, 10], T = 10, g = 9.81, κ = 0.2 and D = 0.3 let b be the
hill from the experiment in Section 3.2 given by the measurement points in Figure 3.19 and
define the initial conditions

Φ(x, 0) = 0.015 exp(−0.05(x− 5)2) sin(0.2π(x− 5))− 0.015

u(x, 0) = 0

for x ∈ [L,R].

We compute the solution of Equation (4.14) for the case of Example 4.2 with the
fine and coarse propagator. The fine propagator yields a solution w = (w1, w2) of the
modulation equation (4.11) and the coarse propagator a solution w̄ = (w̄1, w̄2) of the
averaged equation (4.12). By applying the exponential of the linear operator e−Lt we
obtain the corresponding solutions of the SWE (4.14) that we call Φ and Φ̄, respectively.
Figure 4.8 shows the coarse solution (top) computed with averaging window η = 0.4, its
transformation (middle) and the transformation of the fine solution (bottom). There are
small differences between Φ and Φ̄ visible, the relative ℓ2-error is around 1%. But we could
use a very large time step for the coarse propagator, that is ∆t = 0.1 which is 100 times
larger than the fine time step δt = 0.001. Using the coarse time step for the fine propagator
produces a solution that is rather useless due to instabilities, see Figure 4.9. Thus, only
averaging allows us to use a coarser time step in this example.

We also consider a sinusoidal bathymetry with a Gaussian initial condition which is
the second example that we will use for a bathymetry reconstruction later.

Example 4.3. For [L,R] = [0, 10], T = 10, g = 9.81, κ = 0.2 and D = 0.3 let

b(x) = 0.05 sin(0.2πx) + 0.1

Φ(x, 0) = 0.05 exp(−0.2(x− 5)2) + 0.05

u(x, 0) = 0

for x ∈ [L,R].
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Figure 4.8: First solution component of the averaged equation w̄1 (top), its transformation Φ̄
(middle) and transformed solution Φ of the fine propagator (bottom) for Example 4.2. For the
solution of the averaged equation (η = 0.4) the time step was 100 times larger than for the fine
solution.
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Figure 4.9: First solution component of the averaged equation w̄1 (top), its transformation Φ̄
(middle) and transformed solution Φ of the fine propagator (bottom) for Example 4.2. The fine
solution was computed using the coarse time step of δt = ∆t = 0.1. Instabilities in Φ are clearly
visible after t = 6.
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Figure 4.10 shows that for Example 4.3 the solution of coarse propagator Φ̄ is quite
close to the fine solution Φ, whereas the fine solution requires a smaller time step of at least
δt = 0.09. Taking a coarse time step of 0.1 for the fine propagator leads to an unstable
solution, even worse than for Example 4.2, see Figure 4.9. This is why no corresponding
plot is shown for Example 4.3.
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Figure 4.10: First solution component of the averaged equation w̄1 (top), its transformation Φ̄
(middle) and transformed solution Φ of the fine propagator (bottom) for Example 4.3. For the
solution of the averaged equation (η = 0.4) the time step was 100 times larger than for the fine
solution.

4.2.3 Time-dependent boundary conditions

In Section 3.2 a hill is reconstructed from measurement data. As there is noise in the sensor
data from which the boundary condition is determined, we have temporal oscillations
in the solution of the SWE. In this case, averaging could be very helpful. There is no
literature about how to use averaging in the case of time-dependent boundary conditions as
in Equation (3.25). In Dedalus, the matrix discretising the left hand side has two additional
rows and columns at the end. This means, that the last two entries of the solution vector
u ∈ RM should contain the boundary values. For other discretisation methods this could
be different, but here we use the corresponding notation. According to the transformation
in Equation (4.10) the modulation equation has the boundary conditions

w1,left = (e
1
ε
Ltu(t))M−1

w2,right = (e
1
ε
Ltu(t))M .

(4.16)
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For the averaged equation one could as well use phase averaging for the boundary values,
that is

w̄1,left =
1

η

∫︂ η
2

− η
2

ρ

(︃
s

η

)︃
(e

1
ε
L(s+t)u(s+ t))M−1 ds

w̄2,right =
1

η

∫︂ η
2

− η
2

ρ

(︃
s

η

)︃
(e

1
ε
L(s+t)u(s+ t))M ds.

(4.17)

These could be implemented using Dedalus’ GeneralFunction as shown in Figure 4.11.
But for each boundary condition there has to be a spatial derivative on the left hand side

1 problem . add_equation ("w1(x=’ l e f t ’ ) = avrg1 ( t )" )
2 problem . add_equation ("w2(x=’ r i ght ’ ) = avrg2 ( t )" )

Figure 4.11: Boundary conditions with GeneralFunction avrg1 and avrg2.

of the PDE in Dedalus. Because of the right hand side of Equations (4.11) and (4.12)
being nonlinear, it is not possible to move derivatives to the left hand side. These have to
be implemented one GeneralFunction each as well, see Figure 4.12. One would need to

1 mod_problem . add_equation (" dt (w1) = aF1 ( t , w1 , w2)"
2 mod_problem . add_equation (" dt (w2) = aF2 ( t , w1 , w2)"

Figure 4.12: Modulation equation with GeneralFunction aF1 and aF2.

find some solution to ’cheat’ a derivative onto the left hand side in order to obtain stable
solutions in Dedalus. This would require modifications inside the Dedalus code, which is
not feasible for this work. Therefore, no results for this approach will be shown.

4.2.4 The choice of the averaging window

Depending on the averaging window η also slower oscillations are being mitigated and this
increases the averaging error [27]. On the other hand, the timestepping error decreases
with increasing η, because a larger averaging window makes the problem less stiff [27].
The error of the coarse solution to the fine is the sum of the timestepping and averaging
error. Hence, there is an optimal averaging window where the error to the fine solution
is the smallest [27]. Finding this optimal η is not the main focus of this work. But we
show plots of the solution of Equation (4.14) for Example 4.3. We first choose a rather
small averaging window of η1 = 0.4 and then a much larger value of η2 = 4. The effect
of changing the averaging window can be seen in Figure 4.13. For η1, there are small
temporal oscillations visible which are clearly being mitigated for the larger value of η2.
In Φ, there is hardly any difference noticeable for the two different averaging windows. In
the next subsection we will see that the averaging window can have an influence on the
number of Parareal iterations.
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Figure 4.13: Second solution component w2 of the modulation equation (left) and Φ of the SWE
(right) for different averaging windows η1 = 0.4 (top) and η2 = 4 (bottom). The bathymetry and
initial condition are from Ex. 4.3.

4.2.5 Comparison of Parareal with and without averaging

We will investigate convergence of Asymptotic Parareal for the SWE in Equation (4.14)
by comparing its number of iterations to Parareal without averaging. For Parareal with-
out averaging there are two options. Firstly, we can take use the transformation (4.10)
as it is used for Asymptotic Parareal, but let the coarse propagator solve the modulation
equation (4.11) without averaging such that the only difference between coarse and fine
propagator is the time step. This is expected to slow down the coarse propagator, as the
phase-averaging allows us to use a coarser time step. But this could possibly be compen-
sated by earlier convergence of Parareal. We will call this Parareal for the modulation
equation. The second option is to just solve the SWE (4.14) with Parareal and not use the
transformation (4.10) at all. This is referred to as Parareal for the original equation.

There is not any comparison like this found in literature. A fair comparison of runtimes
would require an optimised implementation of the averaging which is not the main topic in
this work. In our case there is two main reasons for long runtimes. On the one hand, the
right hand side in Equation (4.12) is computed in a nested for-loop that should be paral-
lelised. On the other hand, the way of implementing the right hand sides of Equation (4.11)
and (4.12) slows down the computations a lot. In the Dedalus equations everything needs
to be Dedalus operators, fields or numbers. As there are no Dedalus operators for the
specific right hand sides of our equations, these have to be implemented using the Dedalus
GeneralFunction. It takes another user-defined function and produces a Dedalus operator
as output, but this takes quite some time. Consequently, we will only investigate perfor-
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mance of Parareal in terms of number of iterations, the error to the sequential solution
and Parareal defect ∆k per iteration k. We will look at a few different examples.

First, consider Example 4.2. We set the averaging window to η = 0.4, use a time step
of δt = 0.001 for the fine propagator and ∆t = 0.05 for the coarse propagator. Figure 4.14
shows convergence for Asymptotic Parareal, Parareal for the modulation equation without
averaging and Parareal for the original equation. For the given example, solving the mod-
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Figure 4.14: Error to sequential solution (left) and defect for Parareal with averaging (blue dots),
Parareal for the modulation equation but without averaging (red triangles) and Parareal for the
original equation (green stars) for Example 4.2.

ulation equation instead of the original equation leads to a large improvement of Parareal
convergence from the maximum number of iterations to only 4 iterations. With averaging
the convergence is a bit slower with 6 iterations. At iteration k = 0, i.e. for the initial
guess, the error to the sequential solution is the highest for Parareal with averaging. A
reason might be that the averaging window η is not optimal. However, the error goes down
far more rapidly than for Parareal for the original equation.

Let us consider another example where the convergence behaviour is different.

Example 4.4. Let T = 3, [L,R] = [0, 10], g = 9.81, κ = 0.2, D = 0.3 and define the
bathymetry and initial condition

b(x) = 0.015 sin(πx) + 0.015

Φ(x, 0) = 0.2 exp(−0.2(x− 5)2) + 0.05

u(x, 0) = 0

for x ∈ [L,R].

We use a time step of δt = 0.001 for the fine propagator, ∆t ≈ 0.05 for the coarse prop-
agator and an averaging window of η = 0.6. The errors of the solution of Parareal with
averaging, Parareal for the modulation equation without averaging and Parareal for the
original equation for Example 4.4 is shown in Figure 4.15. The convergence behaviour of
Parareal is very different compared to the previous example. For the modulation equation
without averaging the errors increase before going down, so convergence is even slightly
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worse than for the original equation. However, with averaging the errors decrease mono-
tonically and Parareal converges after 6 iterations already. Without averaging, very slow
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Figure 4.15: Error to sequential solution (left) and defect for Parareal with averaging (blue
dots), Parareal for the modulation equation without averaging (red triangles) and Parareal for the
original equation (green stars) for Example 4.4.

convergence can be observed which was already observed for different hyperbolic prob-
lems [72].

Now we take a look at numbers of iterations for the three cases and for different
averaging windows. Table 4.1 shows the number of iterations for Asymptotic Parareal,
Parareal for the modulation equation and Parareal for the original equation on 8 time
slices. For all examples, the convergence of Parareal for the original equation is very bad,

Parareal iterations

∆t η = 0.2 η = 0.4 η = 0.8 Mod. eq. Original eq.

Ex. 4.2 0.1 6 6 8 - 8
0.05 5 6 6 3 8
0.01 5 6 6 2 2

Ex. 4.3 0.1 6 5 8 - 8
0.05 4 5 5 3 8
0.01 4 5 5 1 2

Ex. 4.4 0.125 8 8 8 - 8
0.054 6 6 7 8 8
0.01 5 6 7 2 2

Table 4.1: Number of Parareal iterations for Asymptotic Parareal (η ∈ {0.2, 0.4, 0.8}), Parareal
for the modulation equation and Parareal for the original equation. The tolerance for the stopping
criterion is ϵP = 10−6, the fine time step is δt = 1× 10−3 s and the number of spatial grid points
M = 64. The number of used time slices is 8.

except for the finest time step for ∆t. Apparently, in this case the coarse propagator is
too accurate, leading to convergence after only two iterations. We have already observed
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this phenomenon in Subsection 4.1.3. This was similar for Example 4.1, see Figure 4.5.
Parareal convergence for the modulation equation without averaging is most of the times
better than for the original equation. But for the coarse time step ∆t = 0.1 it did not
converge at all due to instabilities. This is indicated by the minus in Table 4.1. Asymptotic
Parareal needs fewer iterations than the original SWE, except for the finest coarse time
step ∆t = 0.01. The only case where it is better than Parareal for the modulation equation
is Example 4.4 for ∆t = 0.054 with only 6 (for η ∈ {0.2, 0.4}) versus 8 iterations. Another
observation is that the number of iterations tends to become fewer for smaller values of
the averaging window η. This fits to the previous observation that the chosen averaging
windows are most likely not optimal, except for Example 4.3 for ∆t = 0.1, where η = 0.4
seems to be a good choice.

To sum up, the modulation equation already improves Parareal convergence except for
Example 4.4. Changing the initial condition or the bathymetry in this example to one of
the other two examples led to better convergence of Parareal for the modulation equation.
Hence, the reason for bad convergence here seems to be both the initial condition and
bathymetry. This is the only example where Asymptotic Parareal wins in terms of itera-
tions. The dependence of convergence behaviour on the initial condition and bathymetry
should be further investigated.

4.3 Solving the adjoint problem parallel in time

The adjoint problem has time dependent coefficients which is why it does not fit into the
form that is required for Asymptotic Parareal. Hence, we have to use another method
to solve the adjoint parallel in time. We would like to make use of the linearity of the
equation. There is a PinT method that is particularly well suited for linear hyperbolic
problems, which is the ParaExp algorithm. It is a PinT method for initial value problems
that was first introduced by Gander and Güttel [35]. Originally, the method can be applied
on linear initial value problems of the form

u′(t) = Au(t) + g(t), u(0) = u0, t ∈ [0, T ] (4.18)

with A ∈ Cm×m, u(t) ∈ Cm and a source term g(t) ∈ Cm. The method is based on
the decomposition of the problem into an inhomogeneous and a homogeneous part (i.e.
g ≡ 0). The latter problem has the solution u(t) = u0e

At. Hence, exponential integration
is applied to solve the homogeneous part, which is done by using Krylov subspace methods.
Parallel efficiency above 50% was observed in numerical experiments which is more than
Parareal can achieve [35]. As the adjoint problems are linear, we hope to speed up the
computation of its solution with ParaExp.

4.3.1 Adjoint problem

As we will use Equation (4.14) for the bathymetry reconstruction, we need the correspond-
ing adjoint equation. It can be derived the same way as in the previous chapters. We use
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the objective functional

J(b,Φ) =
γ

2

∫︂
Q
(Φ +D −Hobs)

2 d(x, t) +
δ

2

∫︂
Ω
(Φ(·, T ) +D −Hobs(·, T ))2 dx

+
λ1

2

∫︂
Ω

b2 dx+
λ2

2

∫︂
Ω

b2x dx
(4.19)

and define the Lagrangian

L(Φ, u, b, p) = J(b,Φ)−
∫︂
Q
(Φt +Dux + (Φu)x − (bu)x) p1 d(x, t)

−
∫︂
Q
(ut + gΦx + uux + κu) p2 d(x, t)

−
∫︂
Ω
(Φ(·, 0) +D −Hobs(·, 0)) p3 dx.

(4.20)

We compute the partial derivatives and use integration by parts and the periodic boundary
conditions. We get

LΦ(Φ, u, b, p)φ = γ

∫︂
Q
(Φ +D −Hobs)φ d(x, t) + δ

∫︂
Ω
(Φ(·, T ) +D −Hobs(·, T ))φ dx

−
∫︂
Q
(φt + (φu)x) p1 d(x, t)−

∫︂
Q
gφxp2 d(x, t)

−
∫︂
Ω
φ(·, 0)p3 dx

= γ

∫︂
Q
(Φ +D −Hobs)φ d(x, t) + δ

∫︂
Ω
(Φ(·, T ) +D −Hobs(·, T ))φ dx

+

∫︂
Q
φp1,t d(x, t)−

∫︂
Ω
[φp1]

T
0 dx+

∫︂
Q
φup1,x d(x, t) +

∫︂
Q
gφp2,x d(x, t)

−
∫︂
Ω
φ(·, 0)p3 dx

(4.21)
and

Lu(Φ, u, b, p)φ = −
∫︂
Q
(Dφx + (Φφ)x − (bφ)x) p1 d(x, t)−

∫︂
Q
(φt + (φu)x + κφ) p2 d(x, t)

=

∫︂
Q
(D +Φ− b) p1,xφ d(x, t) +

∫︂
Q
φp2,t d(x, t)−

∫︂
Ω
[φp2]

T
0

+

∫︂
Q
φup2,x d(x, t)−

∫︂
Q
κφp2 d(x, t),

(4.22)
from which we obtain the adjoint equation and corresponding final conditions. As before,
we use the time transformation τ := T−t. Let Φ̃, ũ be the time transformed variables from
the forward problem. Define p̃1, p̃2 as the backward adjoint variables. Then the adjoint
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problem that corresponds to Problem (4.14) reads

p̃1,τ = ũp̃1,x + gp̃2,x + γ(D + Φ̃− H̃obs)

p̃2,τ = ũp̃2,x + (D + Φ̃− b)p̃1,x − κp̃2

p̃1(·, 0) = δ(Φ̃(·, 0) +D − H̃obs(·, 0))
p̃2(·, 0) = 0.

(4.23)

Note that inserting h = D + Φ− b in Equation (3.13) yields the same adjoint problem as
in Equation (4.23). For the waterchannel problem in Section 3.2 the only difference in the
adjoint problem are the boundary conditions. They read

p̃1(L, ·) = −
ũ(L, ·)

D + Φ̃(L, ·)− b(L)
p̃2(L, ·)

p̃2(R, ·) = 0.

(4.24)

The adjoint problem has the form

u′(t) = A(t)u(t) + g(t), u(0) = u0, t ∈ [0, T ]. (4.25)

This problem almost has the form of Equation (4.18) but with a time dependent ma-
trix A(t). As the solution of the homogeneous problem is not u0e

A(t)t we cannot use the
original ParaExp for the adjoint problem. We have to choose a variant of this method that
is suitable for our problem.

4.3.2 The nonlinear ParaExp algorithm

A variant of ParaExp for nonlinear problems that can also be applied to problems with a
time dependent matrix A(t) was introduced in 2018 by Gander, Güttel and Petcu [34]. It
can be used for problems of the form

u′(t) = Au(t) +B(u(t)) + g(t), u(0) = u0, t ∈ [0, T ] (4.26)

with nonlinear operator B : Cm → Cm. The adjoint problem (4.25) can be rewritten as

u′(t) = A0u(t) + (A(t)−A0)u(t) + g(t), u(0) = u0, t ∈ [0, T ] (4.27)

with e.g. A0 = A(0). Then it fits the form in Equation (4.26) with B := A(t) − A0. In
detail, the algorithm works as follows. Like for Parareal, we split the time interval into time
slices [Tn−1, Tn], n = 1, . . . , N , where N is the number of used cores. Consider iteration k,
where k is the ParaExp iteration counter. In the first step, the nonlinear ParaExp solves
the linear problems

(wk
n)

′(t) = A0w
k
n(t)

wk
n(Tn−1) = uk−1

n−1(Tn−1)−
n−1∑︂
j=1

wk−1
j (Tn−1), wk

1(T0) = u0

(4.28)

on the time interval [Tn−1, T ] in parallel which can be solved efficiently using Krylov
subspace methods [34]. These methods compute an orthonormal basis Vm = [v1, . . . , vm]
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of the Krylov subspace and an upper Hessenberg matrix Hm. Gallopoulos and Saad [87]
state that, with e1 being the first unit vector, we can approximate the solution of the linear
problem by

etA0wk
n ≈ ∥wk

n∥VmetHme1. (4.29)

The matrix exponential of Hm should be much faster to compute than eA0 as the Hessen-
berg matrix is only of size m ×m. The second step in the ParaExp iteration is to solve
the nonlinear problems

(uk
n)

′(t) = A0u
k
n(t) + (A(t)−A0)u

k
n(t) + g(t)

uk
n(Tn−1) =

n∑︂
j=1

wk
n(Tn−1)

(4.30)

on the time interval [Tn−1, Tn] in parallel for each process n. Then, the approximate
solution in iteration k is

uk(t) = uk
n(t), t ∈ [Tn−1, Tn). (4.31)

4.3.3 Convergence of ParaExp for the adjoint problem

In order to investigate convergence of the nonlinear ParaExp for the adjoint equations, we
will plot the error to the sequential solution for each ParaExp iteration. We consider both
types of boundary conditions that were treated so far in this thesis. For ParaExp, there
is no stopping criterion found in literature. A possibility would be to demand that the
increment is smaller than some tolerance ϵPE > 0, like in Parareal. That is

∥uk+1(t)− uk(t)∥ ≤ ϵPE . (4.32)

4.3.3.1 Periodic boundary conditions

Consider a computed observation for Example 4.1 with time step 5 · 10−5 and 130 grid
points. For the computation of the solution with Asymptotic Parareal we use the same
initial condition but the bathymetry b = 0 and choose the following parameters. The
tolerance for the Parareal stopping criterion is ϵP = 10−6. The fine time step is δt = 0.001,
the coarse time step is ∆t = 0.05, the averaging window η = 0.2 and the number of
spatial grid points M = 64. The number of time slices is chosen as P = 8 for both
Parareal and nonlinear ParaExp. The forward solution and the observation determine the
coefficients and initial condition for the adjoint equation (4.23) that we will solve with
nonlinear ParaExp. We set the stopping tolerance ϵPE to machine precision and solve
the linear problem with SciPy’s function expm for reasons of simplicity. Figure 4.16 shows
the ParaExp solution on the left and the relative ℓ2-error to the sequential solution for all
iterations on the right. The convergence of ParaExp in Figure 4.16 is a bit worse than the
results for the nonlinear wave equation with strong nonlinearity in Gander et al. [34]. In
the kth iteration the error to the sequential solution stays above 10−5 for all time slices
[Tn−1, Tn], n = k + 1, . . . , N . Now we set the tolerance to ϵPE = 10−3 and compute
the solution again with nonlinear ParaExp to see if there is any hope for speed-up. The
algorithm terminates after 4 iteration as can be seen in Figure 4.17. The solution looks
the same as for the full number of iterations. Speed-up is still to be investigated, it is hard
to say whether half of the maximum number of iterations is enough to obtain speed-up.
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Figure 4.16: Solution p1 for the adjoint equation with periodic boundary conditions (left) and
error of the ParaExp solution to the sequential solution versus time slice for different number of
iterations k (right).
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Figure 4.17: Solution p1 for the adjoint equation with periodic boundary conditions (left) and
ParaExp increment versus time slice for different number of iterations k (right).

4.3.3.2 Wave flume

Additionally, we apply ParaExp on the adjoint equation for the wave flume setup. The
only difference to Equation (4.23) are the boundary conditions which are given by Equa-
tion (4.24). For this adjoint equation the convergence behaviour is similar, see Figure 4.18,
even though the adjoint solution looks totally different. But in this case, the error drops
below 10−5 for all time slices after iteration k = 5. This seems promising, but despite
using the same stopping tolerance as for the periodic boundary conditions, ParaExp takes
the maximum number of iterations to terminate. Apparently, the stopping criterion is not
very useful for this example. Even though the error to the sequential solution for later
times decreases slightly faster than for the periodic boundary conditions, the increment
goes down very slowly. It hardly reaches the tolerance ϵPE = 10−3 in the last iteration.
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Figure 4.18: Solution p1 for the adjoint equation that is used for the reconstruction of the hill
in the wave flume (top left), error of the ParaExp solution to the sequential solution versus time
slice k (top right) and increment versus time slice (bottom) for different number of iterations.
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Chapter 5

Bathymetry reconstruction with
ParaExp and (asymptotic) Parareal

In this chapter, we will investigate the quality of the bathymetry reconstruction when
using parallel-in-time methods for solving the forward and adjoint equation. The difference
of the PinT solutions to the sequential solutions for forward and adjoint problem could
have an effect on the optimisation as this leads to slightly different descent directions.
At the beginning of the optimisation this has most likely no effect, because a not very
accurate descent direction will still lead to a significant decrease of the value of the objective
functional. But as the method gets closer to the minimum of the objective functional f ,
the norm of the adjoint solution gets smaller. Consequently, the error of the PinT solution
to the sequential solution has a larger effect on the descent direction.

Parallelisation of the minimisation algorithm

For the time parallel versions of gradient descent and L-BFGS, the computation of the
gradient has to be rewritten as a parallel program. As we use the Python package mpi4py,
we show the corresponding MPI pseudocode. Algorithm 6 is a more detailed and parallel
version of Line 4 in Algorithm 1, where the gradient is computed in serial. The subscript

Algorithm 6 Gradient computation
Require: b, Hobs
1: H loc ← solvePDE(b)
2: (ploc1 , ploc2 )← solveAdjointPDE(H loc, b)
3: vloce ← g · quadr(ploc2,x, dt)

4: vlocJ ← γ · quadr(H loc −H loc
obs, dt)

5: if rank == size− 1 then
6: vlocJ ← vlocJ + δ · (H loc[−1]−H loc

obs[−1])
7: if rank == 0 then
8: vlocJ ← vlocJ − ploc1 [0]

9: ve ← comm.allreduce(vloce , op=MPI.SUM)
10: vJ ← comm.allreduce(vlocJ , op=MPI.SUM)
11: vJ ← vJ + λ1b− λ2bxx
12: ṽ ← ve + vJ
13: v ← solveLBVP(ṽ)

69
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“loc” indicates that the corresponding variable or execution only takes place locally on
each process. After computing the solutions of forward and adjoint problem in parallel in
Lines 1 and 2, all needed derivatives are being computed locally on each core. The latter
is not shown in an extra line in the pseudocode. Then, in Lines 3 and 4 a quadrature rule
is being applied in order to approximate the integrals in (3.15), e.g. Simpson’s rule. In the
next four lines, last rank size-1 adds the mismatch at the final time and the first rank
0 subtracts p1 at time t = 0. Then, using allreduce in Lines 9 and 10, all previously
computed parts of the L2-gradient are being gathered. As all ranks know the bathymetry
b and the factors λ1/2 for the regularisation terms, the terms λ1b and −λ2bxx can be added
in Line 11 after the allreduce. In Line 13 the linear boundary value problem (3.17) is
being solved on each rank using the previously computed L2-gradient. This is the way it
could be implemented to save some time for communication, but for the numerical results
a simpler implementation is being used. In Lines 1 and 2 it is also possible to use the
global solution by using an Allgather in the function solvePDE.

5.1 Periodic boundary conditions

Firstly, we perform a PinT reconstruction using the forward equation from Chapter 4
which is a reformulation of the SWE (2.17). We use Asymptotic Parareal to parallelise
the forward solution and ParaExp for the adjoint. Consider Equation (4.14) with periodic
boundary conditions on [L,R] = [0, 10] and the objective functional (4.19).

5.1.1 Reconstructions

We reconstruct two different types of bathymetries using L-BFGS. Then we will compare
relative errors to the exact bathymetries to the errors of the corresponding serial recon-
structions. As our implementation of Asymptotic Parareal in Dedalus is not very efficient,
it does not make much sense evaluating runtimes. This is left for future work. The idea is
to show that the results of the PinT optimisation are sufficiently close to the reconstruction
from the serial run. All PinT optimisations are being computed on eight cores, i.e. with
eight time slices.

5.1.1.1 Sinusoidal bathymetry

Consider Example 4.3. This is exactly the same problem as in Section 3.1. For the opti-
misation, we choose the following parameters. The coefficients in the objective functional
are γ = δ = 0.5 and λ1 = λ2 = 10−7. We use tolerances ε = 10−6 for L-BFGS, ϵP = 10−5

for Asymptotic Parareal and ϵPE = 10−4 for ParaExp and save ten previous descent direc-
tions in L-BFGS. The number of spatial grid points is M = 64, the time step for the fine
propagator is δt = 1× 10−3 s and the approximate time step ∆t = 0.05 s for the coarse
propagator. The averaging window we choose to be η = 0.2. The initial guess for the
bathymetry is

b = 0 on [0, 10]. (5.1)

Figure 5.1 shows the L-BFGS reconstruction after the last iteration (left) and the relative
ℓ2-errors to the exact bathymetry throughout the optimisation process (right). The quality
of the serial reconstruction with a relative ℓ2-error of 5.1% is almost the same as for the
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corresponding optimisation problem in Section 3.1. The only difference here is the use
of the perturbation height instead of water depth. Apparently, this does not make any
difference for the optimisation. The PinT reconstruction did not work, because the solution
of the modulation equation was unstable at some point in the line search with Wolfe
conditions. Apparently, Asymptotic Parareal for the forward equation can get unstable
for some bathymetries and this should be further investigated. The serial optimisation
stopped after 13 iterations as no more step size was found.
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Figure 5.1: Reconstruction of the bathymetry (left) and relative errors against iteration (right)
for the serial optimisation (dotted) with L-BFGS.

5.1.1.2 Gaussian shaped bathymetry

Consider Example 4.2 where the bathymetry is defined by a Gaussian. We choose the same
parameters, tolerances and initial guess as for the sinusoidal bathymetry. Figure 5.2 shows
the serial and PinT reconstruction on the left plot and the relative ℓ2-errors to the exact
bathymetry on the right. Both the serial and PinT reconstruction stopped, because no step
size was found in the line search with Wolfe conditions. The relative ℓ2-error to the exact
bathymetry after the last iteration is about 46.39% for the serial reconstruction versus
67.57% for the bathymetry obtained by the PinT optimisation which stopped six itera-
tions earlier than the serial L-BFGS. For all optimisations iteration Asymptotic Parareal
converged after two to four iterations. ParaExp always needed five to seven iterations to
converge.
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Figure 5.2: Reconstruction of the bathymetry (left) and relative errors against iteration (right)
for the PinT (red dotted) and serial optimisation (blue dashed) with L-BFGS.

5.2 Reconstruction of the bathymetry in the wave flume

In Section 4.2, we discussed the issues with the implementation of the setup for the exper-
iment within asymptotic Parareal. Thus, we will perform a PinT bathymetry reconstruc-
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tion from the experimental data with vanilla Parareal for the forward and ParaExp for the
adjoint problem. We use the data from the first two sensors as this gave the best results.

5.2.1 Equations and gradient

The SWE used for the reconstruction of the hill in the wave flume from Section 3.2 reads(︃
h
u

)︃
t

+

(︃
hu

1
2u

2 + gh

)︃
x

=

(︃
0

−gbx − κu

)︃
on Q

h(·, 0) = Hobs(·, 0)− b on [0, T ]

h(L, ·) = Hobs(L, ·)− b(L) on Ω

u(R, ·) = 0 on Ω

and the corresponding adjoint problem is

p̃1,τ − ũp̃1,x − gp̃2,x = γ
(︂
h̃+ b− H̃obs

)︂
p̃2,τ − h̃p̃1,x − ũp̃2,x = −κp̃2
p̃1(·, 0) = δ

(︂
h̃(·, 0) + b− H̃obs(·, 0)

)︂
p̃2(·, 0) = 0

p̃1(L, ·) = −
ũ(L, ·)
h(L, ·)

p̃2(L, ·)

p̃2(R, ·) = 0.

This is the same as Problem (4.23), where we used the substitution h = D+Φ− b. Thus,
we can apply the nonlinear ParaExp accordingly. We use the objective functional from
Section 3.2 for the reconstruction from measurements, i.e.

J(b,H) :=
γ

2

∫︂
Q

(︄mp∑︂
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2
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2
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2
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)︃)︄2

dx

+
λ1

2

∫︂
Ω

b2 dx+
λ2

2

∫︂
Ω

b2x dx.

The corresponding H1-gradient is given by Equations (3.48) and (3.45) in Section 3.2.

5.2.2 Reconstructions

We will reconstruct the hill in the wave flume in four ways, that is with Parareal for the
forward and ParaExp for the adjoint problem, Parareal for both problems, Parareal for the
forward problem and the adjoint in serial and both problems in serial. All results will be
compared.

We use the following parameters. The coefficients in the objective functional we choose
to be γ = δ = 0.5, λ1 = 10−7 and λ2 = 10−5. The number of spatial grid points is
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M = 64, the time step for the fine propagator is δt = 1× 10−3 s and the approximate time
step ∆t = 0.05 s for the coarse propagator. The tolerances for the stopping criteria are
ε = 10−7 for L-BFGS and ϵP,f = 5·10−4 for Parareal for the forward problem, ϵP,a = 5·10−5

for Parareal for the adjoint problem and ϵPE = 10−3 for ParaExp. With smaller tolerances
the PinT methods need almost always the maximum number of iterations such that there
would be no chance to speed up the optimisation. The idea is to accept less accurate
solutions of the PDEs in favour of speed-up in case that the quality of the reconstruction
does not suffer a lot.

Let bex be the hill that was used in the experiment in Section 3.2. We use eight time
slices for the PinT reconstruction. The serial and PinT optimisations yield almost the
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Figure 5.3: Reconstruction of the bathymetry (left) and relative errors against iteration in L-
BFGS (right) for the serial (blue dashed) and PinT optimisation with Parareal for the forward
problem and ParaExp for the adjoint problem (red dash-dotted) and Parareal for both problems
(green dotted).

same results as can be seen in Figure 5.3. All errors and runtimes are shown in Table 5.1.
The reconstruction from the serial optimisation has a relative ℓ2-error of 84.04%, whereas
for the PinT reconstruction with Parareal and ParaExp the relative error is 86.27%. For
most computations Parareal converged after only one iteration, but ParaExp needed most
of the times 8 iterations, sometimes only two. This means that most PinT solutions
had a larger error than the corresponding serial solutions which also changes the descent
direction in the optimisation. But apparently it does not change a lot such that L-BFGS
takes about the same path for PinT as for the serial run. It seems that this difference gets
more significant towards the end of the optimisation and that is why the PinT optimisation
stops earlier than the serial one. Using a smaller tolerance for Parareal and ParaExp would
increase the accuracy of the solutions and yield a reconstruction that is closer to the serial
reconstruction. The reconstruction with Parareal for the forward problem and computing
the adjoint solution in serial has almost the same error (84.02%) in the reconstruction as
the serial reconstruction. But the optimisation was a bit slower, taking 1649 s versus 1420 s
for the serial reconstruction.

As ParaExp performs worse than expected, we additionally compare with a reconstruc-
tion where Parareal is also used for the solution of the adjoint equation. Surprisingly, the
reconstruction with Parareal for the forward and adjoint problem is not only better than
the one with ParaExp, but even better than the serial reconstruction which has a relative
ℓ2-error of 84.04%. Additionally, Parareal for the adjoint needs mostly four iterations,
which is fewer than ParaExp needed. The optimisation with Parareal stops one itera-
tion earlier and still has a smaller relative ℓ2-error of 82.59% in the inferred bathymetry.
Apparently, the loss in accuracy yields a better descent direction in that sense that the
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reconstruction has a lower error. This is possible if the discretisation error corrects the
model error in some sense. The mismatch ∥H(bex) −Hobs∥2 cannot be zero in general as
it is limited by the model error for H = h(bex) + bex, where h(bex) is the exact solution of
the SWE. If ĥ denotes the numerical solution of the SWE we can write h(bex) = ĥ+ e for
a discretisation error e. Let ξ be the model error. Then H(bex) −Hobs = ĥ + e + bex + ξ
and in a lucky case the discretisation error e could correct some of the model error ξ.

When looking at the runtimes, in Figure 5.3 we obtain speed-up when using Parareal
for both the forward and adjoint problem. The PinT reconstruction with only Parareal
which took about 1067 s was faster than the serial reconstruction that had a runtime of
1420 s. This seems like Parareal can be very useful in the optimisation. But this is only
true if the error of a serial reconstruction using the time step from the coarse propagator is
notably larger. That is why we perform another reconstruction with coarser time steps. Let
δt = 0.05 be the time step for the serial optimisation and the fine propagator and ∆t = 0.1
be the coarse time step. The corresponding reconstructions are shown in Figure 5.4 on
the left. The serial reconstruction has a relative error of 84.94% which is slightly larger
than the error for the serial run with finer time step in Figure 5.3. But the run time is
significantly shorter with only 52 s. Thus, looking at the results, the coarser time step
is definitely to be preferred. The reconstruction using Parareal forward and backward
with the coarser time steps has a similar error than the other reconstructions, that is
85.56%. Unfortunately, we do not get any speed-up in this case. The total runtime for
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Figure 5.4: Reconstruction of the bathymetry (left) and relative errors against iteration in L-
BFGS (right) for the serial reconstruction (blue dashed) and the PinT optimisation with Parareal
for the forward and ParaExp for the adjoint problem (red dash-dotted) and Parareal for both
forward and adjoint problem (green dotted) for a coarser time step.

the optimisation using Parareal is about 99 s. The reason that we have no speed-up here
is that solving the adjoint needs mostly 7 Parareal iterations and a lot of time was lost in
the step size control. At the end, no step size was found such that L-BFGS stopped after
five iterations already. Consequently, if it is known that a time step of 0.05 s suffices for
reconstructing the bathymetry, it makes not much sense using Parareal for both PDEs.
Parareal for the forward problem and ParaExp for the adjoint performs a bit better here
with a relative error of 83.66% and a runtime of 65 s, even though ParaExp always needed
eight iterations to converge. The best approach here is Parareal for the forward equation
and solving the adjoint in serial. The corresponding reconstruction has a relative error of
83.66% and the shortest runtime of all four cases, that is 47 s.
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Discretisation Iterations

δt Forward Adjoint ℓ2-error RT [s] L-BFGS PinT fwd. PinT adj.

0.001 serial serial 84.04% 1420 8 - -
Parareal serial 84.02% 1649 8 1.27 -
Parareal ParaExp 86.27% 2988 5 1.07 6.43
Parareal Parareal 82.59% 1067 7 1.45 3.21

0.05 serial serial 84.94% 52 6 - -
Parareal serial 83.66% 47 6 2.35 -
Parareal ParaExp 83.66% 65 6 2.35 8.00
Parareal Parareal 85.56% 99 5 2.68 5.89

Table 5.1: Relative ℓ2-errors, runtime (RT), number of L-BFGS iterations and average numbers
of iterations for the PinT methods.

Table 5.1 shows average iteration numbers for the PinT methods within the optimisa-
tion. Parareal for the forward problem converges relatively good, but not for the adjoint.
In terms of iterations, ParaExp performs worse than Parareal, but for the adjoint Parareal
convergence is also not very good in the case δt = 0.05, where the average number of
Parareal iterations is 5.89. Hence, the efficient parallelisation of the adjoint problem re-
mains the main challenge here. This might require the development of new methods or
improvement of existing approaches, which is left for future work. A possible approach
could be the warm start, i.e. to use the adjoint from the previous optimisation iteration
as an initial guess for ParaExp.
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Chapter 6

Conclusions

We have derived the adjoint problems and gradients for nonlinear SWE with periodic
and time-dependent Dirichlet boundary conditions. For serial optimisations in Chapter 3
we have seen that the bathymetry can be reconstructed with relative ℓ2-errors down to
less than 1% using the gradient descent method or L-BFGS. It could be observed that
noise in the data can lead to artefacts in the reconstructions, but the hill that is to be
inferred was still positioned correctly in the reconstruction. The same is true when using
fewer observation points. Though the bathymetry reconstruction in a wave flume from
experimental data is even more difficult, the maximum of the reconstructed hill was at
the correct position. This is even true when using the measurement data from only two
sensors. Literature on the ’first optimise, then discretise’-approach (FOTD) for bathymetry
reconstruction with nonlinear SWE has so far not been published except in Angel et al. [20].
The findings imply that our method is fairly robust. A direct comparison with ’first
discretise, then optimise’ should be subject to future research to investigate whether the
derivation of adjoint equations and gradient needed for FOTD is worth the effort. Besides,
reconstructions from the experimental data could possibly be improved by using Euler
equations instead of SWE to describe the movement of the water in the wave flume.

In Chapter 4 we have observed bad convergence of Parareal for the forward and ad-
joint SWE as it has often be observed for hyperbolic problems. It is possible to ’cheat’
with a small time step for coarse and fine propagator and obtain early convergence of
Parareal [79]. But when using spatial coarsening even in this case Parareal converges very
slowly. In addition, differences in the Parareal errors for different orders of interpolation
were observed for some numerical examples. This was already shown in Ruprecht [81] for
the linear advection equation and a different type of discretisation. However, for SWE
we have seen that these differences are very small. As a suitable method for hyperbolic
problems we have investigated Asymptotic Parareal. The number of needed iterations
for Asymptotic Parareal were compared to Parareal for the modulation equation and the
original SWE, which has not been done before. The convergence of Asymptotic Parareal
proved to be much better than for Parareal for SWE in some cases, and even using the
modulation equation can already lead to earlier Parareal convergence. Speed-up is still
to be investigated. Theoretically, the computation of the averaging integral can be paral-
lelised and the method could be implemented in a more efficient way than it was done for
this thesis. This is left for future work. In order to find a more appropriate method to
solve the adjoint problem we applied nonlinear ParaExp. The hope for good convergence
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was justified by the linearity of the adjoint equation and the fact that ParaExp can work
very well for linear hyperbolic problems. Nevertheless, the nonlinear ParaExp converged
worse than expected when applied on the adjoint SWE.

Chapter 5 showed that the novel PinT bathymetry reconstruction works well despite
additional errors for the forward and adjoint problem cause by the time-parallelisation.
Thus, an optimisation using Asymptotic Parareal could be a good option in cases where
convergence of vanilla Parareal is poor. Within the optimisation, the latter often converged
surprisingly good. A prediction of how well Parareal converges would be very helpful, such
that we could use Asymptotic Parareal instead in cases of late Parareal convergence. For
the adjoint problem there is still a more suitable method to be found. We observed speed-
up for the optimisation with Parareal for the forward and adjoint wave flume problem
when using a ’too’ fine time step. But a larger time step is also sufficient to obtain a
reconstruction of similar quality and for this case there could be no speed-up observed. It
could still be advantageous optimise using Parareal. Because we use FOTD, even solving
only the forward problem parallel in time and the adjoint in serial would be possible and
could speed up the optimisation. In addition, there are many other possibilities for research.
The FOTD approach gives a lot of flexibility as the forward and adjoint problem can be
discretised independently. Besides, one could use fewer Parareal or ParaExp iterations at
the beginning of the optimisation when less accuracy is needed for the descent direction.
For ParaExp, one could even try using the linear ParaExp for the adjoint problem and
taking e.g. the average of u and h instead of the time-dependent variables that occur in the
adjoint equation. Furthermore, one could decrease the time step later in the optimisation
to obtain better reconstructions.
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