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Abstract

This article employs the relation between probabilities of two consecutive values of a Poisson random
variable to derive conditions for the weak convergence of point processes to a Poisson process. As
applications, we consider the starting points of k-runs in a sequence of Bernoulli random variables,
point processes constructed using inradii and circumscribed radii of inhomogeneous Poisson—Voronoi
tessellations and large nearest neighbor distances in a Boolean model of disks.
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1. Introduction and main results

Let X be a random variable taking values in Ny = N U {0} and let A > 0. It is well-known
that

KP(X =k) = P(X =k —1), keN, (1
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if and only if X follows a Poisson distribution with parameter A. We use this observation to
establish weak convergence to a Poisson process. Indeed, we will prove that a tight sequence
of point processes &,, n € N, satisfies

lim kP(§,(B) =k) — MB)P(,(B)=k—1)=0, keN,

for any B in a certain family of sets and some locally finite measure A, if and only if
&, converges in distribution to a Poisson process with intensity measure A. Many different
methods to investigate Poisson process convergence are available in the literature; we refer to
surveys and classical results [21,26,27]. Using Stein’s method, one can even derive quantitative
bounds for the Poisson process approximation; see e.g. [1,3-5,7,10,11,15,28,34-36] and the
references therein. In contrast to these results, our findings are purely qualitative and do not
provide rates of convergence, but they have the advantage that the underlying conditions are
easy to verify. This is demonstrated in Sections 3.2-3.4, where weak convergence of point
processes constructed using inradii and circumscribed radii of inhomogeneous Poisson—Voronoi
tessellations is established and large nearest neighbor distances in a Boolean model of disks
are considered.

The proof of our abstract criterion for Poisson process convergence relies on characteriza-
tions of point process convergence from [20,21] and the characterizing Eq. (1) for the Poisson
distribution.

Let us now give a precise formulation of our results. Let S be a locally compact second
countable Hausdorff space (IcscH space) with Borel o-field S. A non-empty class U of subsets
of § is called a ring if it is closed under finite unions and intersections, as well as under proper
differences. Let S denote the class of relatively compact sets of S. We say that a measure A
on S is non-atomic if A({x}) = O for all x € S, and we define

S, ={BeS: MdB)=0)},

where 0B indicates the boundary of B.

Let M(S) be the space of all locally finite measures on S, endowed with the vague topology
induced by the mappings 7/ : = u(f) = [ fdu, f € CE(S), where CF(S) denotes the set
of non-negative and continuous functions with compact support. Note that M(S) is a Polish
space (see e.g. [20, Theorem A2.3]). Let N (S) C M(S) denote the set of all locally finite
counting measures. A random measure & on S is a random element in M(S) measurable with
respect to the o-field generated by the vague topology, and it is a point process if it takes
values in N (S).

Our first main result provides a characterization of weak convergence to a Poisson process.

Theorem 1.1. Let §,, n € N, be a sequence of point processes, and let ) be a non-atomic
locally finite measure on S. Let U C S, be a ring containing a countable topological basis of
S. Then the following statements are equivalent:

(i) For all open sets B € U and k € N, &,(B), n € N, is tight and
lim kP(&,(B) = k) — MB)P(,(B) =k — 1) =0. )

(ii) &,, n € N, converges in distribution to a Poisson process with intensity measure \.

Remark 1.2. Note that the sequence &,(B), n € N, in Theorem 1.1 is tight by the Markov
inequality if E[£,(B)] — A(B) as n — o0.
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Remark 1.3. For a point process g, the function f : S x N(S) — [0, 00) defined as

fxe, ) =1p(x){u(B) =k} 3)
with k € N and B € U satisfies

EY  f(x.0) - f E[f(x, 0 +80)]dr(x)

xeo S

= kP(e(B) = k) — M(B)P(o(B) = k — 1), “

where §, denotes the Dirac measure centered at x € S. By the Mecke formula, the left-hand
side of (4) equals zero for all integrable functions f : S x A (S) — [0, co0) if and only if ¢ is
a Poisson process with intensity measure A (see e.g. [23, Theorem 4.1]). Theorem 1.1 shows
that, if we replace o by &,, n € N, satisfying a tightness assumption, then the left-hand side of
(4) vanishes as n — oo for all f of the form (3) if and only if &,, n € N, converges weakly
to a Poisson process with intensity measure A.

Next we apply Theorem 1.1 to investigate point processes on S that are constructed from
an underlying Poisson or binomial point process on a measurable space (Y, )). By N,(Y)
we denote the set of all o-finite counting measures on Y, which is equipped with the o-field
generated by the sets

(LeN,(Y): w(B)=k}, keNy, Be).

For t+ > 1 let n; be a Poisson process on Y with a o-finite intensity measure P, (i.e. 1, is a
random element in N, (Y)), while B, is a binomial point process of n € N independent points
in Y which are distributed according to a probability measure Q,. For a family of measurable
functions A; : V; x Ny(Y) — S with V, € Y, t > 1, we are interested in the point processes

Z 8]’1]()(,7]7)’ t>1, and Z (Shn(x-,ﬂn)7 neN.
xenNVy XEPNVy

In order to deal with both situations simultaneously, we introduce a joint notation. In the sequel,
we study the point processes

%} = Z 5gt(X,§t)’ =1, ©)
xeNU;
where ¢, = n;, & = h; and U, = V, in the Poisson case, while ¢, = B, & = h|; and
U; = V|;; in the binomial case. We assume

PE(B) <oo)=1 forall BeS

so that &, is locally finite. Let M, be the intensity measure of £,. By K, we denote the intensity
measure of &, ie. K, = P, if { = n, and K, = [t] Q) if { = B|,j. Moreover, we define
f, = 5, in the Poisson case and 2, = B|;)—1 in the binomial case. From Theorem 1.1 we derive
the following criterion for convergence of &, t > 1, to a Poisson process.

Theorem 1.4. Let &t > 1, be a family of point processes on S given by (5) and let M be a
non-atomic locally finite measure on S. Fix a ring U C Sy containing a countable topological
basis, and assume that

lim M(B) = M(B) (6)
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for all open sets B € U. Then,

tim [ E[1g, &+ 80 € B DD 804000 (B) = m | [dKi()
v yebinu; )

— M(B)P(§(B) =m) =0

for all open sets B € U and m € Ny, if and only if &,t > 1, converges weakly to a Poisson
process with intensity measure M.

Remark 1.5. One is often interested in Poisson process convergence for § = R?, d > 1, and
for the situation that the intensity measure of the Poisson process is absolutely continuous (with
respect to the Lebesgue measure). In this case, we can apply Theorem 1.1 and Theorem 1.4 in
the following way. The family R“ of sets in R that are finite unions of Cartesian products of
bounded intervals is a ring contained in the relatively compact sets of R¢. For any absolutely
continuous measure the boundaries of sets from R? have zero measure. By Z¢ we denote the
subset of open sets of R¢, which contains a countable topological basis of R¢. Note that the
sets of Z¢ are finite unions of Cartesian products of bounded open intervals, which can be
assumed to be disjoint for d = 1 but not for d > 2 (e.g. ((0,2) x (0, 1)) U((0,1) x[1,2))is a
counterexample). Thus, we prove weak convergence for sequences of point processes on R? to
Poisson processes with absolutely continuous locally finite intensity measures by showing (i)
in Theorem 1.1 or (6) and (7) for all sets from Z¢. For d = 1 we use the convention Z = 7'.

Theorem 1.4 says that in order to establish Poisson process convergence for point processes
of the form (5), one has to deal with the dependence between

Ugie. b +80eB) and 1| Y Uea(r.&+0) € B =m].
ye&inUy

We say that a statistic is locally dependent if its value at a given point depends only on a local
and deterministic neighborhood. That is, for any fixed x € Y, there exists a set A, , € J with
x € A;, such that

g (x, & +8,) € BY = Ugi(x, &la,, +8.) € B). ®)

Here, we denote by |4 the restriction of a measure u to a set A. For further notions of
local dependence in the context of point processes we refer to [4,10,11]. Next we describe
heuristically how (8) can be applied to show (7) in Theorem 1.4 for ¢ = n, if

1{ Z Seiymton(B) = m} ~ 1{ Z (Sg,(y,n,‘A;,,x)(B) = m}

yenNU; yenNA§ .NU;

~ 1{ Z Sy (B) = m}

yenNU;

©))

for x € Y, where ~ means that the probability that the indicators are equal converges to one
as t — oo. Roughly speaking, (9) means that the number of points counted in &,(B) is with
high probability not affected by the local perturbations of adding the point x or removing all
points of 7, in a neighborhood of x. Under the assumption (8), the integral in (7) coincides
with

[ Bt i, -89 € 81| T sgnisnB) = mJaxio

yen:NU;
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By (9), the last expression can be approximated by

[ R S D D P R | 2

_ver],ﬂAf_xﬂU,

Due to the independence of 7,4, , and 1|a¢ , this can be rewritten as

/ P Suwuly o) =m)E[Ugx,mla,, +60) € BYdK, ().
Ut t,x

yenNAf .NU;

Using once more (8) and (9), the previous term can be approximated by
P(&(B) = m)/ E[1{g/(x, n, + 8,) € B}]dK,(x) = P(&(B) = m)M,(B),
U;

where the last equality follows from the Mecke formula. Consequently, the expression on the
left-hand side of (7) becomes small if the approximations in (9) are good.

In Section 3, we provide examples for applying our abstract main results Theorem 1.1 and
Theorem 1.4. Our first example in Section 3.1 are k-runs, i.e. at least k successes in a row
in a sequence of Bernoulli random variables. For the situation that the success probabilities
converge to zero, we show that the rescaled starting points of the k-runs behave like a Poisson
process if some independence assumptions on the underlying Bernoulli random variables are
satisfied.

As the second and third example, we consider statistics related to inradii and circumscribed
radii of inhomogeneous Poisson—Voronoi tessellations. We study the Voronoi tessellation
generated by a Poisson process 7, t > 0, on R? with intensity measure 7/, where w is a
locally finite and absolutely continuous measure with density f. In Section 3.2, for any cell
with the nucleus in a compact set, we take the p-measure of the ball centered at the nucleus
and with twice the inradius as the radius. We prove that the point process formed by these
statistics converges in distribution after a transformation depending on ¢ to a Poisson process
as ¢t — oo under some minor assumptions on the density f. Our transformation allows us to
describe the behavior of the balls with large p-measures. In Section 3.3, we consider for each
cell with the nucleus in a compact convex set the p-measure of the ball around the nucleus with
the circumscribed radius as radius and establish, after rescaling with a power of ¢, convergence
in distribution to a Poisson process for + — oco. This result requires continuity of f, but under
weaker assumptions on f, we provide lower and upper bounds for the tail distribution of the
minimal p-measure of these balls having the circumscribed radii as radii.

In [9], the limiting distributions of the maximal inradius and the minimal circumscribed
radius of a stationary Poisson—Voronoi tessellation were derived. In our work, we extend
these results in two directions. First, our findings imply Poisson process convergence of the
transformed inradii and circumscribed radii for the stationary case. This implies the mentioned
results from [9] and allows to deal with the mth largest (or smallest) value or combinations
of several order statistics. Second, we deal with inhomogeneous Poisson—Voronoi tessellations.
In [12] some general results for the extremes of stationary tessellations were deduced, but they
cannot be applied to inhomogeneous Poisson—Voronoi tessellations. For stationary Poisson—
Voronoi tessellations the convergence of the nuclei of extreme cells to a compound Poisson
process was studied in [13].

As our Theorem 1.4 deals with underlying Poisson and binomial point processes, we
expect that one can extend our results on inradii and circumscribed radii of Poisson—Voronoi
tessellations to Voronoi tessellations constructed from an underlying binomial point process.
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In our applications to k-runs and Poisson—Voronoi tessellations we have local dependence.
For example, the events that the considered statistics of a Voronoi cell belong to bounded
intervals depend only on the Poisson process within balls around the nucleus. This allows
to employ Poisson and Poisson process approximation results based on local dependence
assumptions. Here, we mention, in particular, [34, Theorem 2.1], which can be also used
to derive our main results in Sections 3.1-3.3 by controlling similar expressions as in our
proofs. In order to apply [34, Theorem 2.1] to our statistics of Poisson—Voronoi tessellations,
one can cover the observation window by N, small disjoint half-open cubes and write the
point process & as & = Z;N=I1 &.; where &, ; is the point process of statistics of Voronoi cells
with nucleus in the intersection of the ith cube and the observation window. For the right
cube-size, the local dependence property yields that & ; and &; ; become independent for non-
neighboring cubes i and j, whence several terms in [34, Theorem 2.1] vanish. By combining
the representation & = Z,N:t , & and the independence with our Theorem 1.1 one obtains the
same expressions to control as from [34, Theorem 2.1]. In contrast to our results [34, Theorem
2.1] is proven by Stein’s method and provides some quantitative bounds for the accuracy of
the Poisson process approximation, but for some problems such as the circumscribed radii of
inhomogeneous Poisson—Voronoi tessellations it might be difficult to deduce explicit rates of
convergence this way.

In order to demonstrate that our main results are also applicable in situations without local
dependence, we study in Section 3.4 large nearest neighbor distances in a Boolean model of
disks. The considered Boolean model consists of disks whose centers are given by a stationary
Poisson process and whose radii are marks associated to the points of the Poisson process.
Since the radii can become arbitrarily large, one does not have local dependence.

Apart from the k-runs with underlying Bernoulli random variables, we study in our applica-
tions point processes constructed from underlying Poisson processes. Our general criterion for
convergence to a Poisson process, Theorem 1.1, does not require such a structure and can be
applied to general point processes. For example, quantitative bounds for the Poisson process
approximation of point processes with Papangelou intensity are derived in [30, Theorem 3.3]
by evaluating generalizations of the expression in Theorem 1.1. Thus, Theorem 1.1 can be used
to show similarly that a sequence of point processes converges to a Poisson process if their
Papangelou intensities converge to the density of the intensity measure of the Poisson process.

Before we discuss our applications in Section 3, we prove our main results in the next
section.

2. Proofs of the main results

Recall that S is a locally compact second countable Hausdorff space, which is abbreviated
as lcscH space. A topological space is second countable if its topology has a countable basis,
and it is locally compact if every point has an open neighborhood whose topological closure
is compact. A family of sets C C S is called dissecting if

(i) every open set G C § can be written as a countable union of sets in C,
(i) every relatively compact set B € S is covered by finitely many sets in C.

Lemma 2.1. A countable topological basis T of S is dissecting.

Proof. By the definition of a countable topological basis 7 has property (i) of a dissecting
family of sets. Since, for any B € S UrerT = S D B, the compactness of B implies that (ii)
is satisfied. O
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Let us now state a consequence of [21, Theorem 4.15] and [20, Theorem 16.16] or [21,

Theorem 4.11]. This result will be used in the proof of Theorem 1.1. We write % to denote
convergence in distribution.

Lemma 2.2. Let §,,n € N, be a sequence of point processes on S, and let y be a Poisson
process on S with a non-atomic locally finite intensity measure A. Let U C S, be a ring
containing a countable topological basis. Then the following statements are equivalent:

(i) & > v.
(ii) &,(B) 4 y(B) for all open sets B € U.

Proof. Observe that [23, Theorem 3.6] ensures the existence of a Poisson process y with
intensity measure A. Since A has no atoms, from [23, Proposition 6.9] it follows that y is a
simple point process (i.e. P(y({x}) < 1 for all x € §) = 1). Elementary arguments also yield
S.={BeS:y@B)=0as}=3S,.

It follows from Lemma 2.1 that I/ is dissecting. By [20, Theorem 16.16 (ii)] or [21, Theorem
4.11] with U as dissecting semi-ring (see e.g. [21, p. 19] for a definition), we obtain that (i)
implies (ii).

Conversely, if &,(U) i> E(U) for all U € U, the desired result follows from [21, Theorem
4.15], whose conditions are satisfied with ¢/ as dissecting ring and semi-ring. Thus, it is enough
to show that (ii) implies £,(U) > £(U) for all U € U.

For any U € U there exists a sequence of open sets A;, j € N, such that

UCAj, Aj+1CAj and ﬁ:ﬂjeNAj.

Since U contains a countable topological basis, for any A; one can find a countable family of
open sets Bé] )¢ € N, in U such that UeeNBéj )= A j. In particular, they cover the compact
set U. So there exists a finite subcover of elements from BE’ ), ¢ € N, that covers U. Since U
is a ring, the union of the elements belonging to this subcover of U is in U for each j € N.
Because U is closed under finite intersections, we can make this family of sets from ¢/ that
contain U monotonously decreasing in j. Thus, without loss of generality, we may assume
Aj el forall jeN.

Since U is a ring and contains a countable topological basis, for the interior int(U) of U
there exists a sequence of open sets B; € U, j € N, such that

B;CU, B;CB;y and int(U)=UjB,;.
For a fixed m € N, we have
PEa(B)) =z m) < P(§,(U) = m) = P(§,(A;) = m)
for all n € N. By &,(U") L y(U’) for all open sets U’ € U, we obtain
P(y(Bj) z m) = iminf P(§,(U) = m) = limsup P(§,(U) = m) = P(y(A;) = m).  (10)

n—oo
Moreover, frgm U e S’; whence A(0U) = 0, it follows that A(B;) — A(int(U)) = A(U) and
AMAj) — AMU) = AMU) as j — oo. Thus, letting j — oo in (10) and using that y is a Poisson
process lead to

lim P(§,(U) = m) =P(y(U) = m).

This establishes &,(U) LY &(U) and concludes the proof. O
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Remark 2.3. Note that in Lemma 2.2 one can replace the Poisson process y by any simple
point process y with a locally finite intensity measure A. The assumption that y is a Poisson
process is only used in the last step of the proof. Alternatively, one can argue here that

P(y(Bj) # v(A)) =P(y(B)) < y(A;)) = Ely(Aj) —y(Bj)l = A(A;) — A(B;) — 0
as j — oo.

We are now in the position to prove the first main result of this paper.

Proof of Theorem 1.1. Let us show (i) implies (ii). By Lemma 2.2 it is enough to prove that

&,(B) 4 y(B) for all open sets B € U. Since P(§,(B) = 0), n € N, is a bounded sequence in

[0, 1], there exists a subsequence such that lim IE”(&,Z/. (B) = 0) exists; then repeated applications
J—00

of (2) yield for k € N that

k
lim P&, (8) = k) =~ lim PG, () = 0) (an
j—oo j—>00

Consequently we have for any N € N,

N
> lim P, (B) = k) = lim P(&,,(B) € {0..... N})
= j—oo j—>oo
=1— lim P&, (B) e (N+ 1, N +2,...}).
J—>o0

By tightness of §,,(B), j € N, the right-hand side of the equation converges to 1 as N — oo
so that

Z lim P(§, (B) = k) = 1.
keNU

Thus, from (11) we deduce lim P(§,,(B) = 0) = e *»). Together with (11), this proves that
j—oo /

MB) u
Tk

for all k € Nj. In conclusion, since for any subsequence (ny)¢cn there exists a further
subsequence (¢, )ien such that P(§,, (B) = 0), i € N, converges to e B we obtain

llm P@,;(B) =k) =

lim P(&,(B) = k) = i,) B

for all k € Ny. Now (ii) follows by applying Lemma 2.2.
Conversely, let us assume &, — y for some Poisson process y with intensity measure A. It

follows from Lemma 2.2 that, for any open set B € U, &§,(B) ﬁ) y(B) so that §,(B),n € N,
is tight and

0=kP(y(B)=k) —MB)P(y(B) =k —1)
= lim kP(,(B) = k) — M(B)PE,(B) =k — 1)
for k € N, which shows (i). [

Finally, we derive Theorem 1.4 from Theorem 1.1.
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Proof of Theorem 1.4. By (6) and the Markov inequality we deduce that &,(B), t > 1, is tight
for all open B € U. Let f : S x N(S§) — [0, co) be the function given by

fx, ) =1p(0){u(B) = k}
for k € N and B € U. Then, by applying the Mecke equation (if {; = n,) and the identity

B3 utx, ) = [ Blucr. fros + 810,00

X€Pn ¥

for any measurable function u : ¥ x N, (Y) — [0, 00) (if & = Bl:1), we obtain

KPEB) =k =EY  f@&a)=E Y f(g(x.5).&)

z€&; xegNU;
:/ E[l{gt(x,ft+éx)eB}1[ 3 5&(%&%(3):1(—1”th()¢).
Uy ~
ye&NU;

Thus, Theorem 1.1 yields the equivalence between (7) and the convergence in distribution of
&,t > 1, to a Poisson process with intensity measure M. [

3. Applications

The first three subsections throughout this section concern point processes on R. By
Remark 1.5, it is sufficient for the convergence of such point processes to a Poisson process
on R with absolutely continuous locally finite intensity measure to show (i) in Theorem 1.1 or
(6) and (7) for all sets from Z, i.e. for all finite unions of open and bounded intervals.

3.1. Long head runs

Consider a sequence of Bernoulli random variables. A k-head run is defined as an unin-
terrupted sequence of k successes, where k is a positive integer. For example, for k = 1, one
simply studies the successes, while for k = 2 one considers the occurrence of two consecutive
successes in a row. Several authors have investigated the number of k-head runs in a sequence
of Bernoulli random variables; for an overview on this topic, we refer to [2]. Let the starting
point of a k-head run be the index of its first success. Our goal is to find explicit conditions
under which the point process of rescaled starting points of the k-head runs converges weakly
to a Poisson process. Our investigation relies on two assumptions: the probability of having
a k-head run is the same for all k consecutive elements of the sequence, and the Bernoulli
random variables are independent if far away. We will see that if these conditions are satisfied
and if the probability of having a k-head run goes to O slower than the probability of having
a k-head run with at least another k-head run nearby, then the aforementioned point process
converges in distribution to a Poisson process.

Let us now give a precise formulation of our result. Let X;"), i,n € N, be an array of
Bernoulli distributed random variables and let k € N. Assume that there exists a function
f + N — N such that for all ¢,n € N the random variable X! is independent of
(X2 |g — €] = f(n), £ € N} and that

Yo=P(X0 =1, X" _ =1)>0
396
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does not depend on g. If Xg"), i € N,areiid. forn € N, then y, = p* with p, = IP’(XE") =1).
Define

[ =1x"=1,..,x" =1}, ieN

Let &, be the point process of the k-head runs for Xg"), i € N, that is
= I8, (12)
i=1

For any iy € N, let

(n) __ (n)
Wio - Z Ij :

JeN:1<]j—ig|= f(n)+k—2
We denote by A; the restriction of the Lebesgue measure to [0, 00).

Theorem 3.1. Let &, n € N, be the sequence of point processes given by (12). Assume that
f(m)y, — 0 as n — oo and that
lim sup yn_lIE[Ii(")l{Wi(") > 0}] =0. (13)

n=>0 jeN
Then &, converges weakly to a Poisson process with intensity measure Aj.

For underlying independent Bernoulli random variables, the Poisson approximation of the
random variable &,((0, u)), u > 0, is considered in e.g. [1,5,16,22] and the Poisson process
convergence follows from the results of [1]. Quantitative bounds for the Poisson process
approximation of 2-runs in the i.i.d. case were derived in [35, Proposition 3.C] and [36,
Theorem 6.3]; see also [10, Subsection 3.5], where the Poisson process approximation for the
more general problem of counting rare words is considered.

In Theorem 3.1 we can think of f(n)y, — 0 as n — oo as a global condition, which
implies that, for Borel sets A, B C [0, oo) with infyecs yep [[x — y|| > 0 and for n sufficiently
large, &,(A) and &,(B) are independent. The local condition (13) ensures that for each u > 0
the probability that &, has clusters (i.e. points close together) in [0, u] goes to zero as n — oo.
This way, our assumptions are similar to the classical D(u,) and D’(u,) conditions introduced
in the context of maxima of stationary sequences in [24].

As a consequence of Theorem 3.1, we can study the limiting distribution of

T, =min{i e N : I =1},

which gives the first arrival time of a k-head run for a sequence of Bernoulli random variables.

Corollary 3.2. If the assumptions of Theorem 3.1 are satisfied, then y,T, converges in
distribution to an exponentially distributed random variable with parameter 1.

Clearly, in the case when the Bernoulli random variables (X;")),-eN are i.i.d. with parameter
pn > 0, if p, converges to 0, the assumptions of Theorem 3.1 are fulfilled with f(n) = 1, and
so &, converges in distribution to a Poisson process. Other conditions for weak convergence
are given in the following corollary.

Corollary 3.3. Let &, n € N, be the sequence of point processes given by (12). Let us assume
that f(n)y, — 0 as n — oo and

imapy Ym0
ieN JEN: 1<li—jl< fo)+k—2
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Then &, converges weakly to a Poisson process with intensity measure Aj.

Let us now prove the main result of this section, Theorem 3.1.

Proof of Theorem 3.1. For any bounded interval A C [0, c0), the assumptions on X f"), i eN,
imply that

o.¢]
EI&,(A)] = Y Y 81y, (A) = (sup(A)y, " + by)yn — (inf(A)y, " + an)yn
i=1
for some a,,b, € [—1,1]. By y, — 0, we have E[§,(A)] — A;(A) and, consequently,

E[£,(B)] — Xi(B) for all B € Z. Moreover, &,(B), n € N, is tight (see Remark 1.2). Then,
we can write £,(B) as

g(B) =Y I"

ieA,
with A, ={i e N:iy, € B}.
For iy € A,, we have for any m € N that

(B[ & (B) — 1" = m — 1}] = E[1;"1{&,(B) = W, — [[" = m — 1}]|
<E[1"1w" > 0}].
Together with E[&,(B)] = |.A, |y, this yields

H, = ‘ 3 E[1P1{g(B) - 11" = m —1}]

icA,
— Y E1eB) - W — 1" =m — 1}]‘
icAy,
< Y E[I"1w?” > 0)] < (sug Y E[IOw® > 0}])1@[5"(3)].
ieA, e

Therefore from (13), we obtain H, — 0. From the independence of Il.(o") and &,(B)— Wi((:') —Il.(O”)
for iy € A,, it follows that

E["1{&,B) — W — IV = m — 1}] = E[1."[P(5.(B) — W — IV =m — 1).

0
Combining the previous arguments implies for m € N that

lim sup [mP(,(B) = m) — M(B)P(E,(B) = m — 1)

n—oo

_ hmsup‘ S E[I1e,(B) - 1 = m — 1}] = M(B)PE(B) = m — 1)‘

n—o00
ieA,

= lim sup‘ SB[ 1{g(B) - W — 17 = m — 1}] - B[, (B)IP&u(B) = m — 1)’

n—00
ieA,

= lim sup‘ 3 EUPIB(EB) - W 17 =m— 1) = 3 B[P, (B) = m — 1)‘

00 i, icA,
<limsup Y EUIP(W" + 1V > 0) < 1(B) limsupsup P(W” + 1/ > 0).
n—00 icA, n—>o0 jeN

Finally, the inequality
P(W" + 1 > 0) < @k +2f(n) —3)y,, ieN,
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and the assumption f(n)y, — 0 lead to
Jim |mP(€,(B) = m) — A(B)P(§,(B) =m — 1)| = 0.

The result follows by applying Theorem 1.1. [

Proof of Corollary 3.3. This follows directly from Theorem 3.1 and

E[w® - 0] <E[PW)= Y L)
JENT1<li—jl<f(n)+hk—2

foranyi e N. O
3.2. Inradii of an inhomogeneous Poisson—Voronoi tessellation

In this section, we consider the inradii of an inhomogeneous Voronoi tessellation generated
by a Poisson process with a certain intensity measure fu, t > 0; recall that the inradius of a cell
is the largest radius for which the ball centered at the nucleus is contained in the cell. We study
the point process on R constructed by taking for any cell with the nucleus in a compact set, a
transform of the p-measure of the ball centered at the nucleus and with twice the inradius as
the radius. The aim is to continue the work started in [9] by extending the result on the largest
inradius to inhomogeneous Poisson—Voronoi tessellations and proving weak convergence of the
aforementioned point process to a Poisson process.

For any locally finite counting measure v on RY, we denote by N(x, v) the Voronoi cell
with nucleus x € R? generated by v + §,, that is

Nax,vy={yeR: lx—yl <lly—x'll.x #x € v},

where || - || denotes the Euclidean norm. For x € v we have N(x,v) = N(x, v — §,). Voronoi
tessellations, i.e. tessellations consisting of Voronoi cells N(x, v), x € v, arise in different fields
such as biology [31], astrophysics [32] and communication networks [6]. For more details on
Poisson—Voronoi tessellations, i.e. Voronoi tessellations generated by an underlying Poisson
process, we refer the reader to e.g. [8,25,33]. The inradius of the Voronoi cell N(x, v) is given
by

c(x,v)=sup{R >0 :B(x,R) C N(x,v)},

where B(x, r) denotes the open ball centered at x € R? with radius r > 0.

Let n,, t > 0, be a Poisson process on R? with intensity measure 7, where p is a locally
finite measure on R? with density f : R? — [0, oo). Consider a compact set W C R¢ with
w(W) = 1, and assume that there exists a bounded open set A C R with W C A such that
Smin = 1nfyea f(x) > 0 and f0x = sup,c4 f(x) < oo. For any Voronoi cell N(x, n,) with
x € ny, we take the u-measure of the ball around x with twice the inradius as radius, and we
define the point process & on R as

& =§6M) = Z 81 1B (x, 2¢(x, 1)) —log(F) (14)
xenNW

Let M be the measure on R given by M([u, 00)) = e~ for u € R.

Theorem 3.4. Let &, t > 0, be the family of point processes on R given by (14). Then &
converges in distribution to a Poisson process with intensity measure M.
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For an underlying homogeneous Poisson or binomial point process on [0, 1]1¢ with d € {1, 2}
or on the torus, the statement of Theorem 3.4 was established in [29, Theorem 2].

The next theorem shows that if the density function f is Holder continuous, it is possible
to take out the factor 2 from wu(B(x, 2¢(x, 1,))) and to consider 2¢ . (B(x, c(x, n,))). Recall that
a function 4 : RY — R is Holder continuous with exponent b > 0 if there exists a constant
C > 0 such that

|h(x) — h(»)| < Cllx — y|I°

for all x, y € R?. We define the point process E, as

E=8010= ) Sxtiumes.cran-loz)-
xenNW

Theorem 3.5. Let f be Holder continuous. Then :‘E\,,t > 0, converges in distribution to a
Poisson process with intensity measure M.

As a corollary of the previous theorems, we have the following generalization to the
inhomogeneous case of the result obtained in [9, Theorem 1, Equation (2a)] for the stationary
case; see also [12, Section 5] for the maximal inradius of a stationary Poisson—Voronoi
tessellation and of a stationary Gauss—Poisson—Voronoi tessellation.

Corollary 3.6. For u € R,

lim P( max ru(B(x, 2¢(x, n,)) — log(t) < u) = e~ . (15)

t—00 xenNW

Moreover, if f is Holder continuous,
—u

lim IP’( max 2%tu(B(x, c(x, n,))) — log(t) < u) =e ‘¢ . (16)

t—00 xenNW

Under the assumption that f is continuous and for the situation that the Poisson process is
restricted to the unit cube, (15) is established in [28].

For an underlying binomial point process, (15) was shown under similar assumptions in [17].
The related problem of maximal weighted rth nearest neighbor distances for the points of a
binomial point process was studied in [18]; see also [19]. For results on large rth nearest
neighbor balls of Poisson or binomial point processes on the unit cube or torus we refer
to [7,14,28,29].

For the proofs of Theorem 3.4 and Theorem 3.5, we will use the quantities v;(x, u) and
q:(x, u), which are introduced in the next lemma.

Lemma 3.7. For any u € R there exists ty > 0 such that for all x € W and t > t) the
equations

ti(B(x, 2v,(x, u))) = u +log(t) and 2t (B(x, g (x, u)) = u + log(?) a7
have unique solutions v,(x, u) and q;(x, u), respectively, which satisfy
u—+ log(t))l/d

zdfminkdt
forall x € W and t > ty, where k; is the volume of the d-dimensional unit ball.

max{v,(x, u), g;(x, u)} < ( (18)
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Proof. Let u € R be fixed and set m = inf{||lx — y|| : x € 9W,y € dA} € (0, c0). Note that
B(x,m) C A for all x € W. Choose #;, > 0 such that
u + log(t)
t
for t > ty. For x € W and t > 1y this implies that

< fminkdmd

2 uBx, m)) = tiu(BCx, m)) = tfinkam® > u + log(t)

and, obviously, 7 (B(x, 0)) = 0. Since the function [0, m] > a — w(B(x, a)) is continuous and
strictly increasing because of f,;, > 0, by the intermediate value theorem, the equations in
(17) have unique solutions v;(x, u) and g,(x, u). Since max{2v,(x, u), g;(x, u)} < m, we obtain

w = uB(x, 2v,(x, u))) > deminkdvt(.x, uy!
and

=27uB(x, g (x, 1)) > 2% frpinkaq:(x, u)?,
which prove (18). O

u + log(t)
t

Let M, be the intensity measure of &. Then from the Mecke formula and Lemma 3.7 it
follows that for any u € R there exists fy > 0 such that for ¢t > 1,

M,([u, 00) = 1 / P(tu(BCr, 2¢(e. 1+ 8,.)) = u + log() f(x)dx
w

=t [ Bletxon +50 2wt s
w

_p / B, (Bx., 2u,(x. ) = 0) f(r)dx
w

— T/ e—tu(B(x,Zv,(x,u)))f(x)dx — IE_M_IOg(t)M(W) — U = M([u, OO)),
w

19)

where we used (17) and w(W) = 1 in the last steps. For any y € R and point configuration v
on R? with y € v, we denote by A,(y, v) the quantity

hi(y, v) = tu@B(y, 2¢(y, v))) — log(), (20)

where c(y, v) is the inradius of the Voronoi cell with nucleus y generated by v. So we can
rewrite &, as

& = Z Sht(x,n;)'

xenNW

Proof of Theorem 3.4. From Theorem 1.4 and (19) it follows that it is enough to show that

lim ¢ / E[1h,0eon +80 € B D b vo0(B) = m| ] r)dx
= w yenNW (21)

— M(B)P(§(B)=m)=0
for any m € Ny and B € Z. Let B = U§»=1(u2j_], uzj) with uy < up < --- < uy and £ € N.
By Lemma 3.7 there is a fyp > O such that v,(x, uy) exists forall k = 1,...,2¢, x € W and
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t > ty. Assume ¢ > fy in the following. Elementary arguments imply that

t/WE[l{h,(x,n,Jrax)e B Y S (B) = m ] r)da

yennw

14
=3 [ B[t 0 € Gy 1| X BB = m] |
j=1

yennNw
(22)
For each k = 1,...,2¢, set wy,; = 2v,(x, u). Since h;(x,n; + 8;) € (uzj_1, uz;) if and
only if c(x, n; + 68,) € (vi(x,u2j—1), v/(x, uz;)), or equivalently, n,(B(x, wzj_1;,)) = 0 and
n:(B(x, wyj ) > 0, we obtain that

50 =t [ B[00 € o] X BB = m] | fds

yenNW

w
x (B, w210.0) > 0, Y s (B) = m} | FGx)dx.

yenNW

= [ E[1{n(Blx, wsj-1,.0) =0}
(

For any point configuration v on R? and x € W, let & ,(v) be the counting measure given by
Et,x(v) = ZyevﬁW Bht(y,v_‘_gx) so that

S; = t/W E[1{n/(B(x, waj—1,.x)) = 0}
X {1 (BOx, w2jr,0) > 0, & x (0BG wn; 1,0 ) (B) = m}] f(x)dx
= t/w P (1 (B(x, w2j—1,1.x)) = 0)
x P(n: (Bx, wajr0) \ B, waj—1.0x)) > 0, & x (0 |BGrown, 1,00 ) (B) = m) f(x)dx.

Similar arguments as used to compute M,([u, 00)) for u € R imply for x € W that

1P (n, (B(x, waj—1,x)) = 0) = e "2i-1,
and so we deduce that

Sj = e "t fw P (& (1l 100 (B) = m) fx)dx

e / P (1, (BCx, waj) \ BCr, waj—10.4)) = 0 (23)
w

‘Et,x (nt|B(x,w2j_1‘11x)")(B) = m)f(x)dx

Furthermore, we can rewrite the second integral as

/ P (10 (BOx, w100 \ B 211,1,0) = 0) P (& (v, .0 )(B) = ) f(x)dx
w
= / e MBI HUBL 2 Lix P (s,,x(mm.wz,.,‘x)c)(B)=m) fx)dx

; |

= e 712/ TH2j-1 / P (ét.x (77!|B(x,w2j.z,x)‘)(3) = m) f(x)dx
w

402



F. Pianoforte and M. Schulte Stochastic Processes and their Applications 147 (2022) 388—422
Combining this and (23) yields

S] = e_uzj_] / P (E[,x (ﬁr|B(x,w2j,1,,,x)”)(B) = m) f(x)dx
w

e f P (& 00 ey ) (B) = m) ).
w

Substituting this into (22) implies that to prove (21) and to complete the proof, it is enough to
show for all x e W and k =1, ..., 2¢ that

Tim P (8,0 (0w, o0 ) (B) = m) — P((B) = m) = 0. (24)
Letx e W, ke{l,...,2¢} and ¢ > 0 be fixed. Set
use + log(r)\ 174
R
deminkdt
From the application of Lemma 3.7 at the beginning of the proof it follows that wy;, <

Waery < a forall y € W and t > #. Without loss of generality we may assume that
2a; < min{||z; — z2|| : z1 € dW, z, € dA}. Therefore the observation

h,(y,v) e B if and only if h(y, V|B(y,wzz<,,y)) €B

for any point configuration v on R? and y € v N W leads to
P (& (1 1BGeg ¢ ) (B) = m) — P (&(B) = m) | < E[I& .« (1 [Ber.uy, o) (B) — & (B)I]
<E > LAy (v, 0By, + 82) € B)

yenNB(x,2a; )NB(x,wy 1 x ) NW

+E Y. Uh(y,n)eB)

yen:NB(x,2a; ) NW

<E > LRy, 01 B o + 8x) > 11}

yen NB(x,2a)NB(x,wy ;) NW

+E Z 1A, (y, n:) > ur}.

yen:NB(x,2a; )NW
Then, the Mecke formula and (20) imply that

P (&, (0 1BCx w0 ) (B) = m) — P (§(B) = m) |

< f By e B e + 65 +85) > un) f()dy
B(x,Zu,)ﬁB(X,wkﬁt_x)“ﬁW

np / Bl (v me + 8) > un) f )y
B(x,2a; ) NW

=1 / P(tuB(y, 2¢(y, 0e|Bx,wp, )¢ + 8x + 8y)) > uy + log(®)) f(y)dy
B(x,2a;)NB(x, wi 1 x ) NW

+ t/ P(tuB(y, 2¢(y, 0 + 8,))) > u1 + log(t)) f(y)dy.
B(x,2a;)NW

Since c(y, v+ 8, + 8x) > v;(y, uy) only if c(y, v +8,) > v,(y, u;) for any point configuration
v on R? and x, y € W, it follows for x € W and y € B(x, 2a,) N B(x, Wi,rx)¢ N W that
P(tpeB(y, 2¢(y, i [Blr.wg, ¢ + 8x +8,))) > uy + log(t))
= ]P)(C(y7 ntlB(x,wk,,‘x)" + (Sx + 8y) > vt(y7 M]))
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< P(c(y, milBr.ug, o + 8y) > vi(y, 1))
= P(n|Bx.wy, e B, 20, (y, u1))) = 0) = exp(—1pu(B(y, 2v,(y, u1)) NB(x, we 1))

Let 1, denote the Lebesgue measure on R?. For A, Ay € BRY) with A, A, C A and
Lqs(A2) > 0 we obtain

u(Ap) - Smin Aa(Ar)

/’L(AZ) B fmax )"d(AZ)
With 7 .= fmin/fmux € (0, 1],

A =B, 2v,(y, u1) N B(x, wi ;) and Ay = B(y, 2v,(y, u1)),
this implies for x € W and y € B(x, 2a,) N B(x, wy ;) N W that

1 (B(y, 20,y 100)) N B, wi,)) = SIRCBY, 20,0y, 1)) = 3+ 1og(o).
Moreover, we have

P(tu(B(y, 2c(y, 1 + 8y)) > ur + log(®)) = P(n:(B(y. 2v,(y, uy))) = 0) = 1780,
In conclusion, combining the previous bounds leads to

P (&, (e B g 0 ) (B) = m) — P (§,(B) = m) |

<17 PReTM P p(B(x, 2a,) + e u(B(x, 21)) < (200) Ka frnan (81727 4 o7,

where in the last step we used the fact that f is bounded by f,,,, in A and, by the choice of
a;, B(x,2a;) C A. Again, from the definition of a; it follows that the right-hand side converges
to 0 as + — oo. This shows (24) and concludes the proof. [J

Next, we derive Theorem 3.5 from Theorem 3.4.

Proof of Theorem 3.5. Assume that f is Holder continuous with exponent b > O.
From Lemma 2.2, Theorem 3.4 and Remark 1.5 we obtain that it is enough to show that
E[|&(B) —&(B)|] > 0ast — oo for all B € Z. By Lemma 3.7, for any u € R there exists
to > 0 such that

1(B(x, 2v,(x, u))) = 24 u(B(x, ¢;(x, u)))

— 2k, f)qs (. ) + 2 / (FO0) = f(0)dy
B(x,q¢(x,u))
— w(B(x, 2q,(x, w))) — / (FO) = F)dy +2° / (FO0) = F)dy
B(x,2g;(x,u)) B(x,q:(x,u))

for all x € W, t > ty, where
u + log(t)\1/d
qi(x,u) < (d—g>
2 fminkdt
Thus, the Holder continuity of f and elementary arguments establish that
u + log(r)\ 1+b/d
1B, 20,(r. 1) — p(Blx, 24, (v )] = C(—52)
for some C > 0. In particular, from the definition of v,(x, u) it follows that
u + log(t)
t
u + log(t) C(u + 10g(t))1+b/d (26)
t
404
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for t > ty. Next, we write B = U§:1(“2j—17 uy;) for some £ € N and u; < --- < uy. The
triangle inequality yields

12
E[I&(B) — &(B)1 < Y BII& (w21, u2)) — & (a1, uz))]
= 27)

£
< Y El& ()1, 00)) — &((u;-1, 00))[1 + B[ ([u2, 00)) — & ([u2;, o).
j=1

Moreover, the Mecke formula establishes for u € R that

E[1& ((u, 00)) — & ((u, 00))|]
<E Y MeGrn 480 > v, (e, w)} — Hele, n +8,) > go(x, w)}|

xenNW

= t/WIP’(m(B(x, 20, (x, u))) = 0, n,(B(x, 2¢,(x, u))) > 0) f(x)dx
+t/ P(n:(B(x, 2v,(x, u))) > 0, n,(B(x, 2¢,(x, u))) = 0) f (x)dx
w

< ot [ [exp(=rm(Bs, 20x,10) + exp(-rpaBes. 20,5, )]
X [1 — exp(—t|p,(B(x, 2q;(x, u))) — nB(x, 2v,(x, u)))|)]dx.
Therefore, from (25) and (26), it follows that
Tim Ef15((u. 00)) = & ((u. c))[] = 0. (28)
Together with (27) and a similar computation for the half-closed intervals on the right-hand

side of (27), this concludes the proof. [

Proof of Corollary 3.6. Let u € R be fixed. By Markov’s inequality we have for uy > u that
P(& (1, uo)) > 0) < P(&((u, 00)) > 0) = P( max, tiu(B(x, 2¢(x, 1)) — log(t) > u)
XEN;

< P ((u, up)) > 0) + E[&([uo, 00))].
Thus, Theorem 3.4 and (19) yield

lim sup |P(Xgrllamxw t(B(x, 2¢(x, 1)) — log(t) > u) — 1 4 e M@0 < o740,

—>00

Then, letting uy — oo leads to (15). Since, for u > 0,

P& (1, 00)) > 0) — P&, (1, 00)) > 0)| < E[&((u, 00)) — & (u, 00))]]1,
(15) and (28) imply (16). O

3.3. Circumscribed radii of an inhomogeneous Poisson—Voronoi tessellation

In this section, we consider the circumscribed radii of an inhomogeneous Voronoi tessel-
lation generated by a Poisson process with a certain intensity measure 7u, ¢ > 0; recall that
the circumscribed radius of a cell is the smallest radius for which the ball centered at the
nucleus contains the cell. We study the point process on the non-negative real line constructed
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by taking for any cell with the nucleus in a compact convex set, a transform of the p-measure
of the ball centered at the nucleus and with the circumscribed radius as the radius. The aim
is to continue the work started in [9] by extending the result on the smallest circumscribed
radius to inhomogeneous Poisson—Voronoi tessellations and by proving weak convergence of
the aforementioned point process to a Poisson process.

More precisely, let 1 be an absolutely continuous measure on R? with continuous density
f : RY — [0, 00). Consider a Poisson process 1, with intensity measure ¢, ¢ > 0. The
circumscribed radius of the Voronoi cell N(x, n,) with x € 7, is given by

Cx,n)=inf{R>0: B(x,R)D N(x,n)},

with the convention inf J = oco; see Section 3.2 for more details on Voronoi tessellations.
Let W C R? be a compact convex set with f > 0 on W. The convexity assumption allows
us to avoid some technical problems. We consider the point process

st = Z Sazt(d+2)/(‘/+1)/4(B(x,C(x,77,)))' (29)
xenNW

Here the positive constant o, is given by

9d(d+1) 1/d+1)
Q) = ( Pd+l>

d+ 1)
with
d+1
pas1 =P(N(0. 3" 8,) € BO. 1),
j=1
where Y1, ..., Yy are independent and uniformly distributed random points in B(0, 2). We

write M for the measure on [0, co) satisfying M([0, u]) = w(W)ud*! for u > 0.

Theorem 3.8. Let &, t > 0, be the family of point processes on [0, 00) given by (29). Then
& converges in distribution to a Poisson process with intensity measure M.

An immediate consequence of this theorem is that a transform of the minimal p-measure
of the balls, having circumscribed radii and nuclei of the Voronoi cells as radii and centers
respectively, converges to a Weibull distributed random variable. This generalizes [9, Theorem
1, Equation (2d)]. For the situation that, in contrast to Theorem 3.8, the density of the intensity
measure of the underlying Poisson process is not continuous, we can still derive some upper
and lower bounds.

Theorem 3.9. Let ¢; be a Poisson process with intensity measure t©, where t > 0 and ¥ is an
absolutely continuous measure on RY with density ¢. Let f1, fr: R4 — [0, 00) be continuous
and fi, f» > 0on W.

(i) If there exists s € (0, 1] such that s¢ < fi < ¢, then
1imsupIP>(sa2t<d+2)/<d+” min 9B, C(x, 1)) > u) < exp(—sP(Wu'™!)

=00 xegnNW

for u > 0.
(ii) If there exists r > 1 such that ¢ < f>» <r¢, then

liminf P (e /D min 9B, C(x, &) > u) = exp(—rd (W)

t—00 xegnNwW
for u > 0.
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Let us now prepare the proof of Theorem 3.8. We first have to study the distribution of
C(x,n; + 8;), which is defined as the circumscribed radius of the Voronoi cell with nucleus
x € R? generated by 1, + 8,. To this end, we define g : W x T — [0, c0) by the equation

w(B(x, g(x, u))) = u (30)

for T := [0, w(W)]. Since W is compact and convex and f > 0 on W, we have that (30)
admits a unique solution g(x, u) for all (x,u) € W x T. As this is the only place where we
use the convexity of W, we believe that one can omit this assumption. However, we refrained
from doing so in order to not further increase the complexity of the proof. Set

5, = oyt /D),
Thus, we may write

P(siuB(x, C(x, 0, +8:))) < u) =P(Clx, ny +68,) = g(x, u/s1)), u/s €T. (€29)

Lemma 3.10. Foranyu €T, g(-,u) : W — R is continuous and

1irn+ sup |g(x, u)] = 0.

u—=>0" xeWw

Proof. First we show that g(-, u) is continuous for any fixed u € T. For u = 0, we obtain
g(x,u) =0forall x € W. Assume u > 0 and let xy € W and ¢ > 0. Then for all x € B(xg, &')
with &’ := min{g(xo, u)/2, ¢}, we have

B(xo, g(xo, u)) C B(x, g(xo, u) +¢') and  B(x, g(xo, u) — ") C B(xo, g(xo, u)).
Together with (30), this leads to

n(B(x, glxo, u) + &) >u and  puB(x, g(xo, u) — &) < u.
Now it follows from the definition of g that

glx,u) < glxo,u)+¢ and g(x,u) > glxo, u) — €.
This yields

lgCx, u) — glxo, )| < &' < e
for all x € B(xg, &) so that g(-, u) is continuous at xy. In conclusion since

Jim 5,10 =0
and g(x,u;) < g(x,up) for all x € W and 0 < u; < uy, Dini’s theorem implies that
sup,cw 18(x,u)] > 0asu — 0. O

We define
B = min f(x)>0.

Lemma 3.11. There exists ug € T such that
2u N\ 1/d
=) (32)

< ([ ——
g(x,u) < (ﬂkd
for all u € [0, ug] and x € W.
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Proof. Since f is continuous and f > 0 on W, it follows that

min _ f(x) > g

xeW+B(0,5)

for some § > 0. Furthermore, by Lemma 3.10 we obtain that there exists uy € T such that
g(x,u) <46 for all u € [0, up] and x € W. Then, we obtain

= B ge. ) = [

B(x,g(x,u))
for all x € W and u € [0, ug], which shows (32). [0

FOo)dy > gkdg(x, uy!

For x € W and u > 0, we consider a sequence of independent and identically distributed
random points (X ;x’”))iEN in R? with distribution

. uBx,2u) N E)

P(x"" € E) , ieN,EeBRY.

uB(x, 2u))
Recall that, for k > d+1, N (x, Z];:l 1) X(x.u)) denotes the Voronoi cell with nucleus x generated
: j
by X gx’"), e X,(f‘”) and x. Then the distribution function of C(x, 5, + §,) is equal to
o0
P(CCe, m 48 <u)= Y P(n(BCx, 2u)) = k) pe(x, 1) (33)
k=d+1

for u > 0, where p(x, u) is defined as

pr(x,u) = ]P’(N(x, i SXY,m) C B(x, u))
j=1

for u > 0 and pi(x,0) = 0 for all x € W, see also [8, Subsection 5.2.3] for more details on
pir(x, u) in the case that 7, is a stationary Poisson process. Combining (31) and (33) establishes
for u/s; € T that

Ps:n(B(x, C(x, 0 + 8:))) < u)

= > P(nB(x. 28(x, u/s) = k) pi(x, g(x., u/s,)).
k=d+1
For k € N with k > d + 1, we define the probability

= IE”(N(O, zkjayj) < B(O, 1)),
j=1

where Yi, ..., Y; are independent and uniformly distributed random points in B(0,2). As
discussed in [9, Section 3], one can reinterpret p; as the probability to cover the unit sphere
with k independent spherical caps with random radii. In the next lemma, we prove that
pr(x,r) = prasr — 0 forall x € W and k > d + 1, which together with Lemma 3.11
yields pi(x, g(u/s;)) = px ast — oo.

(34)

Lemma 3.12. Foranyk>d+1and x e W,
lim p(x,r) = py.
r—0t
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Proof. Let x € W,k > d + 1 and r > 0 be fixed. From the definition of py(x,r) and the
independence of X ix’r), ., X,((x‘r) it follows that

prtx, 1) =P(N(x, Xk:(sx;m) C B(x, )
j=1
k

1 k
= B o 1V (0 22) €0 0| [T sepdtan 2

=1
(2r )k /
- 1N (x,
1B, 2r)F Jpo.in { ("

j

k

’ =

<[] £ +2rzp)dis .. 20

j=1

Surars;) S B, 1)

j=1

Furthermore, by the definition of N (x, ZI;: ) (SHZ,ZJ.) we deduce that

1{N(x, ijaxﬂw) < B(x, r)} - 1{N<O, zkjazzj) < B(O, 1)}
j=1 j=1

for all zy, ..., zx € B(0, 1), whence
Q2r) / .
=— [ 1fN(0.Y5.,) S B, 1
pk(x r) /,L(B(.x,zr))k B(O,l)k H ( ; 21/) ( )]

k
X l_[f(x—i-zi’Zj)d(Zl,---»Zk)-

j=1
Using the dominated convergence theorem for the integral, the continuity of f and

Q2r)kd 1

A B 20F B

we obtain

k
1
lim X, 7)) = — I{N O,E 8o, gBO,l}d
r—>o+pk( ) k& /B(O,l)k ( = 2Z/) O, Dy )

_ ﬁfmw 1{N(0, 51_,) < B(O, 1)}d(zl,...,zk) —

j=1

which concludes the proof. [

Let M, be the intensity measure of & and let

M,([0, u]) = 1 / E[1s,u(B(x, CCx, n, +8.)) € [0, ul}
w

Al (a2 ) =+ ] s
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and

6,([0, u]) =t/ E[l{szu(B(x,C(x,nz+8x))) € [0, ul}
w

A (a(os(25) ) a1 s

for u > 0. Observe that

M,([0, ul) = M,([0, u]) + 6,10, u]), u > 0. (35)

Lemma 3.13. For any u > 0,
lim M,([0, ul) = p(Wu'*!

and

6,10, u]) < t/w P (B(x. 4(;,”;%)”")) ~d+1)f00dx 0 as 1 ox.

Proof. Let u > 0 be fixed and u, := u/s,. Without loss of generality we may assume u, € T.
For x ¢ W we deduce from (30), g(x, u;) - 0 as t — oo and the continuity of f that

. wBx, 2g(x, 1) . B, 280, 1)) 2%gg(xu)? 29 f(x)
im = lim =

100 u o0 20kag(x,u)d uB(x, gx,u))  f(x)

Together with u, = u/s; and s; = apt“T2/@+D  this leads to

. d+1
lim 12 (B, 29 0x, 1)) = 2u /)" (36)
Similarly, we obtain from Lemma 3.11 that for ¢ sufficiently large,

d+1
sup 12 (B(x, 2g(x, u)) T < 142w By sup sup ()
xeWw xeW yeB(x,2g(x,uz))

< QMuf(@p)™  sup  fO)T
yeW+B(0,1)

(37)

Let us now compute the limit of ([0, u]). By Lemma 3.11 we obtain for ¢, := 4(%)1/‘1 that
there exists 7y > 0 such that 2g(x, u,) < ¢, for all t > fy and x € W. From (34) we deduce
for x € W that s;,u(B(x, C(x, n; + 6;))) € [0, u] only if there are at least d + 1 points of 5, in
B(x, 2g(x, u,)). Then for > ty, we have

(00, ul) = 1 / P(1,(Bx. 28(x. 1) = d + 1) pasa(x. g, )
w

x P(1:(B(x, €) \ B(x, 2g(x, u,))) = 0) f (x)dx

d+1
— / td+2,u(B(x, Zg(x7 ut))) e—tM(B(Xvet))
w da+ 1!

Elementary arguments imply that

Pat1(x, g(x, up)) f(x)dx.

lim tu(B(x, £,)) = O.
r—0o0
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Therefore combining (36) and Lemma 3.12 yields

d+2
t + ,u(B(x, 2g(x’ ul))) e*fM(B(vat))

Jim @ Pa+i(x, g(x, up)) f(x)
2uN\d+1 pgy d+1
- (a—z) =,
where we used oy = (% pd+])l/ “*+D in the last step. Thus, by (37) and the dominated

convergence theorem we obtain
lim M,([0, u]) = ud“f f)dx = p(Wyud™!,
11— 00 w

Finally, let us compute the limit of 6,([0, u]). For a Poisson distributed random variable Z with
parameter v > 0 we have

o]

k
P(Z>d+2)= v MZk' _
k=d+2

This implies that

6,10, ul) < 1 fw P(nz ((~. 4(%)”‘1)) ~d+ 1>f(x)dx

< 4443 /W M(B(x, 4(%)1/[!))“2 F0)dx

2d2+5d+2
< sp () / SO 42
1/d ,3
yeW+B(0 4(§Zf ) )
2d%4+5d+2 1
= sup FOY 2 UW) o — a2,

d+2 d+2
B o

1/d
2uy
}EW+B(O4(ﬁd> )

Here, the supremum converges to a constant as t — oo so that the second inequality in the
assertion is proven. [

In the next lemma, we show a technical result, which will be needed in the proof of
Theorem 3.8. For A C R?, let conv(A) denote the convex hull of A.

Lemma 3.14. Let xo,...,x4.1 € R? be in general position (i.e. no k-dimensional affine
subspace of R? with k € {0, ...,d — 1} contains more than k + 1 of the points) and assume
that N (xo, Z;’:(l) 8x;) is bounded. Then,

(a) xo € int(conv({xy, ..., xg+1}));
(b) N(xi. Y 4% 8y,) is unbounded for any i € {1,....d + 1}.

Proof. Assume that xo ¢ int(conv({xy, ..., xs+1})). By the hyperplane separation theorem
for convex sets there exists a hyperplane through xo with a normal vector u € R? such that
(u, x;) < (u,xp) foralli € {1,...,d+ 1}, where (-, -) denotes the standard scalar product on

R?. Define the set R = {xo + ru : r € [0, 00)}. For any y € R, x is the closest point to y
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out of {xg, ..., xg+1}, whence R C N(xo, Zfz(l) 8x;) and N (xo, Z‘j:& 8y;) is unbounded. This

gives us a contradiction and, thus, proves part (a).

Leti € {1,...,d + 1} and assume that N(x;, Z‘]J:é ij) is bounded. It follows from part

(a) that x; € int(conv({xo, ..., Xi—1, Xi+1, - - - » X4+1})). On the other hand, again by part (a), we
have x¢ € int(conv({xy, ..., x441})). This implies that

COHV({XQ, ey i1y Xidls e v vy xd+1}) = COHV({)C(), ey de}) = COHV({xl, ey de}),
and, thus, either x;, xo € conv({xy, ..., X;—1, Xi+1,...,Xq+1}) Of x; = Xo. This gives us a

contradiction and concludes the proof of part (b). [
Finally, we are in position to prove the main result of this section.

Proof of Theorem 3.8. From Lemma 3.13 and (35) we deduce that M;(B) — M(B) ast — o0
for all B € Z. Then, by Theorem 1.4 it is sufficient to show

lim z/ E[l{s,,u,(B(x,C(x,n, +5,)) € B
w

—00

<1 37 Soumocomrson(B) = m} | f()dx — MBYPE(B) = m) =0

yennNw

for m € Ng and B € Z. Put # = sup(B) and let ¢, = 4(/%25%)1/‘1. We write

' /WE[I{sfu(Bu,cu,m+6x)>>eB}1{ > Suusicnsson(B) = m} | Frdx

yemnw

=r/ ]E[l{s,/L(B(x,C(x,n,+5x))) e BJ1{nB(x, ) = d + 1}
w

x 1{ Z &YzM(B(y,C(y,m+5x)))(B):m}]f(X)dx

yenNW

+t/ E[I{S,M(B(x, C(x,n +8,) € BJ1{n(B(x, £,)) > d + 1}
w

x 1{ Z 85, By, Coym+8:0(B) = m}]f(x)dx

yenNw
=: A; + R,.

By Lemma 3.13, we obtain R, — 0 as t — oo. Let us study A,. From Lemma 3.11 it
follows that there exists 75 > 0 such that u/s; € T and ¢, > 4g(y,u/s;) forall y € W
and ¢t > fy. Assume ¢ > ty. In case there are only d + 1 points of 1, in B(x, ¢;), we deduce
that s, u(B(x, C(x, n, + 8x))) € B only if the d + 1 points belong to B(x, 2g(x, u/s;)). Then,
by ¢, > 4g(x, u/s,) we obtain

A, = t/ ]EI:I{S;M(B(X, C(x,n +8.,)) € B}
W

x 1{n,B(x, £) \ B(x, ¢,/2)) = 0, n,(B(x, £,/2)) = d + 1} 38)
x 1{ Z S5t uB(y.Cyam+80)(B) = m”f(x)dx.
yenNw

Furthermore, since ¢, > 4g(y, u/s;) for all y € W, we have
B(y,2g(y,u/s;)) NB(x, £,/2) =¥, yeBx, L) NW.
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Now the observation that

siB(y, C(y, n:+6,))) € B if and only if s,u(B(y, C(y, (1:+3:)IB(y.25(v.5i/51)))) € B
for y € n, establishes that

A= ;/ B[1{s,nB(x, C0x, n, +5,) € B)
w
x n,B(x, ) \ B(x, £,/2)) = 0, ni(B(x, £,/2)) = d + 1}

X l[éz(ndB(x,l,)c‘)(B) + Z SStM(B(y,C(y,m+8X)))(B) - m”f(x)dx.
yen:NB(x,£: /2)NW

Suppose that s, u(B(x, C(x, n, +8,))) € B and that there are exactly d 4+ 1 points yi, ..., Yg+1
of n, in B(x, ¢,/2) and n, N B(x, ¢,) N B(x, €,/2)° = #. From Lemma 3.14 it follows that
x € int(conv({yi, ..., y4+1})) and that the Voronoi cells N(y;, ;|B(x,e,) +0x), i =1,...,d+1,
are unbounded. In particular, we have

C(yi’nl+8x)>zf/4>g(yi5ﬁ/st)a i=17~"ad+1-

Together with the same arguments used to show (38), this implies that
A=t [ s e, Cen 500 € )
w

x 1{n:(B(x, £) \ B(x, £,/2)) = 0, 7;(B(x, £,/2)) = d + 1}
x W& Ber e )(B) = m}] f(x)dx

= r/ E[1{s;uB(x, C(x, n, + &) € B}1{nB(x, £)) =d + 1}]
w
x P(& (i Ber.e)e)(B) = m) f(x)dx.

Furthermore, we obtain
|P(& (¢ [B(x.))(B) = m) — P(&(B) = m)| < P(,(B(x, £,)) > 0) < tpu(B(x, £,))

for any x € W, where we used the Markov inequality in the last step. Combining the previous
formulas leads to

|A; — M(B)P(&(B) = m)|
< |M/(B) — M(B)|

+t/ E[1{s;uB(x, C(x,n, + 8x)) € B}1{n,B(x, €,)) > d + 1}] f(x)dx
w

+ t/ E[1{s;uB(x, C(x,n; + 8,)) € BJ1{n,B(x, £,)) =d + 1}]
x |P(vgz(ﬂr|B(x,z,)C)(B) = m) — P(&(B) = m)| f(x)dx

< |M/(B) — M(B)| +1 / B(nBx. ) > d + 1) f(x)dx
+ M,([0, u]) sup m(B(v;, €)).

xeWw

It follows from Lemma 3.13 that, as t — o0, 1\2([0, ul) — M0, ul]), M,(B) - M(B) and
the integral on the right-hand side vanishes. Without loss of generality we may assume ¢, < 1,
and thus the continuity of f on W 4 B(0, 1) implies that

tuB(x, €) < ks max_ f()ee!

zeW+B(0,1)
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for all x € W. Now ¢, = 4(ﬂv o ) V9 and s, = apr@t/@+n yield that the right-hand side
vanishes as t — oo. Thus, we obtam

lim A, — M(B)P(§,(B) = m) = 0,

which together with R, — 0 as r — oo concludes the proof. [

Proof of Theorem 3.9. Let y be a Poisson process on R? x [0, oo) with the restriction of
the Lebesgue measure as intensity measure. Let ) and w, denote the absolutely continuous
measures with densities f and f5, respectively. Then, [23, Corollary 5.9 and Proposition 6.16]
imply that

o= Y 1y <tiWs. o= Y Ly <th)8,
(x,y)ey (x,y)ey
and
Y Uy <168,
(x,y)ey

are Poisson processes on RY with intensity measures ¢4, /4, and 119, respectively. They satisfy
o(4) < 0,(4) < 0P(4) as. and oS4, ACR!1>0.
Therefore for any v > 0, we obtain

P( min pi(B(x, C(x, &) > v) <P( min 1 (Blx, Clx, 0f")) > v) (39)
xehNW xeg, 'NW
and similarly

P( min u(B(x, C(x, &) > v) = P(_min pua®B(x, CCx, 0)) > v). (40)

xeoPnw
From Theorem 3.8, it follows for j = 1,2 and v(z) = u(apt“@+?/@+0)=1 with y > 0, that
i, P(XE‘;?%‘;WM,(Bu Cx, o)) > v(0) = e,
If s¢ < fi < ¢ for some s € (0, 1], combining (39), the previous limit with j = 1, and the

inequality

IP( mm sOB(x, C(x, ))) > v(t)) < P( mln w1(Bx, C(x, &))) > v(t))

xegn

implies that

lim supIP’( mm sOB(x, C(x, §)) > v(t)) < oWttt

—>00

Then, s9(W) < w(W) concludes the proof of (i). Analogously, if ¢ < f>» < r¢ for some
r > 1, combining (40), the limit above with j = 2, the inequality

]P’( mm ro(B(x, C(x, &))) > v(t)) > IP’( m1n ur(Bx, C(x, &))) > v(t))

xXegn
and pur(W) < r¥(W) for u > 0 shows (ii). O
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3.4. Large nearest neighbor distances in a Boolean model of disks

Let n be a Poisson process on R? x [0, co) with intensity measure y1, ® Q, where y > 0,
Ay is the Lebesgue measure on R? and Q is a probability measure on [0, c0). We can think of
n as a marked Poisson process on R? with marks in [0, c0). By putting around each point of
n a closed disk whose radius is given by the mark, we obtain the Boolean model

z= [ B@.Ry.

(x,Rx)en

Here and in the following we denote by B(y, r) the closed disk with center y and radius r.
Boolean models, where one can allow much more general shapes than disks (or balls), are one
of the most prominent models from stochastic geometry; see e.g. [23,33]. For (x, R,) € n we

are interested in the minimal distance between x and U(y, Ry)en.yx B(y, Ry). Thus, we define

DGx.py=min{l|x —zll:ze | B(. Ry}

(v, Ry)en, y#x

which is the minimal distance from x to other disks of the Boolean model. We say that B(x, R,)
is isolated in Z if it does not intersect other disks of Z. Obviously, B(x, R,) is isolated if
D(x,n) > R,. Then D(x, n) — R, is the minimal distance between the disk around x and the
other disks of the Boolean model. Moreover, in this case B(x, R,) is still isolated if we increase
each of the radii of the disks by less than (D(x, n) — R,)/2. Thus, we consider in the following
large D(x, n) and the maximum of D(x, n) — R, with (x, R,) € n such that x belongs to an
observation window and study the asymptotic behavior for increasing observation windows.
By R we denote a random variable distributed according to Q and T, stands for convergence
in probability.

Theorem 3.15. Assume that E[R*] < co. Let (W,);~1 be a family of measurable sets in R?
such that Ay(W,) =t for t > 1 and define

& = Z 8(yx(D(x. ) +EIRI2—log(t). Ry)
(x,Ry)en,xeW;

fort > 1. Then, as t — oo, & converges in distribution to a Poisson process on R x [0, c0)
with intensity measure u @ Q, where w is the measure on R such that

11((u, 00)) = y exp(y w(E[R]> — E[R?])) exp(—u)

for u € R. Moreover, we have

[log(t
max D) — Ry — 22D L mR) 4 <0 as 1 — oo, (41)
(x,Ry)en,xeW; ym

where ryi, is the infimum of the support of Q.

The statement in (41) says that for large + we can find with high probability a disk of the
Boolean model with center in W; whose distance to the nearest other disk of the Boolean
model is close to /log(t)/(ym) — E[R] — rmin- Roughly speaking, this means that there are
very isolated disks with center in W, in the Boolean model in the sense that they are surrounded
by large empty regions.
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For the special case P(R = 0) = 1, D(x, n) becomes the distance from x to its nearest
neighbor in 7, which is the same as twice the inradius of the Voronoi cell around x. Thus, &
is the same point process as in Section 3.2 for an underlying stationary Poisson process. For
this situation point process convergence follows from Theorem 3.4 and we refer to Section 3.2
for a discussion of the existing literature. In Section 3.2 we have a local dependence structure
since whether the inradius of the cell of x belongs to some bounded set depends only on the
points of 1 in some neighborhood of x. For the Boolean model considered in this subsection
this is no longer the case. Since the radii of the disks can become arbitrarily large, a point of
n that is far away from x and has a large mark can still affect D(x, ).

We expect that our results can be extended to Boolean models of balls in higher dimensions,
but we refrained from doing so since then &, requires a more involved transformation of the

(D(x, M))x,Ry)en,xeW; -
Proof of Theorem 3.15. Throughout the proof we use the abbreviation

Dy(x,n) = ym(D(x, n) + E[R])* — log(t)

for t > 1. For u € R and a measurable set A C R it follows from the Mecke formula, the fact
that D(x, n + (,r,)) = D(x, n) for (x, Ry) € R? x [0, o0) and the stationarity of 7 that

B[, 00)x A)l=E )" R, € AYYD,(x, ) > u}

(x,Ry)en,xeW;

=y (W)P(R € A)P(D,(0, ) > u) = ytQ(AP(D,(0, n) > u).

For s > 0 we have

P(D(0, n) > s) = P(B(x, R,) NB(0, s) = @ for all (x, R,) € 1)

= exp(—y (L2 ® Q)({(x, Ry) € R* x [0, 00) : B(x, R,) N B(0, 5) # 7})).

Since

(2 ® Q(x, R,) € R? x [0, 00) : B(x, R,) NB(0, 5) # @})

= E[7(R + 5)*] = n(s* + 2sE[R] + E[R?]) = 7 (s + E[R])> + n(E[R*] — E[R]?),
we obtain

P(D(0, n) > s) = exp(yw (B[R] — E[R*])) exp(—y (s + E[R])?).
For ¢t > 1 so large that log(¢) + u > O this implies that

P(D,;(0, n) > u) = P(ym(D(0, n) + E[R])* > log(t) + u)

2
— exp(y (B[R] — E[R?]) exp(—yn( bg(;%) ) (42)
= exp(y(E[R]* — E[R?])) exp(— log() — u),
whence
ll_l)f{.lo E[&,((u, 00) x A)] = u((u, 00))Q(A). (43)

In the following we will apply Theorem 1.4. We choose U as the ring generated by

{(a,b) x (s,5):a,b,s,5s€R,a <b,s <5,Qs}) = Q(fs}) = 0}.
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The sets of U/ can be written as unions of Cartesian products of bounded intervals. For open
sets from U as considered in Theorem 1.4 these intervals can be chosen open. We fix m € Ny
and an open set B € U, i.e. B = Ule(ai, b;) x (s;,5;) with k € N. In the following we show
that, for u € R and s,5 € [0, 00) with 5§ <5,

1—>00

o0
lim y/ / ]E|:1{Dt(x, N+ 8 ry)) € (U, 00), Ry € (s,5)}
w, Jo

xl{ 3 1{<D,<y,n+a<x,Rx)>,Ry>eB}=m”d@(Rx>dx

(v,Ry)en,yeW;
— u((u, 00))P(R € (s, 5)P(&(B) =m) = 0.
(44)
By (43) this identity still holds if we replace (u, 00) by [u, o). Since, by the inclusion—
exclusion principle, the left hand-side of (7) can be written in terms of expressions as on the
left-hand side of (44) (or with [u, co) instead of (u, 00)), (44) implies (7) and, thus, proves the

point process convergence.
Define a = min{ay, ..., a;} and b = max{by, ..., b;} as well as

rt’u — IOg(l‘ﬁ_IE[R]’ L‘f — w_E[R] and 7[ — IOg(Z‘ﬂ_]:E[R]
y vr 24 V. ym

In the following we always assume that 7 is so large that the expressions in the square roots
are positive and that r, ,, r, and 7, are positive. Let (x, R,) € R2 x [0, 0o) be fixed. By 1y
we denote the restriction of 7 to

M., . ={(y, R)) € R* x [0, 00) : B(y, R,) N B(x, r,,,) = ¥}

Since the event D,;(x, n + 8 r,)) € (4, 00) is independent from 5, ,, and implies n = 1y 4,
we see that

E[I{Dz(xsn'i'a(x,lex))G(M»OO)}l{ 3 1{<D,<y,n+8<x,Rx>>,Ry>eB}=m”

(v, Ry)en,yeW;

=PUM&U)>MP< > HUM&nUM+5wmﬂRﬂ€B}=m)

(%R)')e'lx,t.usyewt
(45)
Observe that

’1{ > 1{(D,<y,nx,,,u+6<X,Rx>),Ry)eB}=m}

(,VqRy)EUx,t,u ,yeW;

—1{ > 1{<D,<y,nx,,,u>,Ry)eB}=m”

O, Ry)€ENx,1,u,yEWs
< > Hlx =yl £ R AFIUD. Nesa) > a}
s Ry)ENx t,.u,yEW;

since y can be only taken into account in one of the sums if D,(y,n.,,) > a and it
can be counted differently in the sums only if its contribution is affected by (x, R,) (i.e.
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lx — y|| < Ry +7;). Similarly, we obtain that

'1{ Z 1{(Dl(y’ nx,l,u)a Ry) € B} = m}

O, Ry)ENx,t,u,YEW:

—1{ > 1{<Dt<y,n>,Ry)eB}=mH

(v.Ry)en,yeW;

< Y Yx =yl < ru+ RIUD(Y. ) > a)
(v, Ry)en,yeW;

+ ) 18 R)en:lx—zll S R +ru lly — 2l < R 47
(O, Ry)ENx,1,u, YEW;
X YDy (y, Nxru) > al,
where the first sum represents the points belonging to 1 but not to 7, ,, and the second sum

is for the points whose contribution differs with respect to n and 5y, ,. These estimates imply
together with the Mecke formula that

IP( Y U s+ Swro) Ry) € B) = m) ~P((B) = m)‘

O, Ry)ENx,t,u, YEW:

= V/ Hllx = yll = Ry + 7} P(D; (¥, Nx0) > @)dy
We

+ J// / Kllx = yll < reu + RYP(D(y, ) > a)dQ(Ry)dy
W JO

+ V/ PAGE RYen:lx—zll =R +ru lly —zll S R +7))
Mx,r,u
X P(Di(y, M) > @)d (Ao @ Q)((y, Ry))
= Tl + Tz + T3.
One can find constants ¢, vy € (0, 00) independent from x and ¢ such that
Y02 ® Q{(z. R.) € My - B(y, v) NB(z, R) # 0}) = v’

for all y € R? \E(x, r1.x) and v > vy. The idea her_e is to construct a subset of ﬁ(y, v) such that
for points in this set with sufficiently small radii B(x, r, ) is not intersected. For ¢ sufficiently
large the previous inequality yields that

P(Dy(y, fx.0u) > @) = P(D(, Nx.00) > 1) < exp(—cr?)
and there exist C, T € (0, co) such that

P(D;(y, n) > a) < P(Di(y, Nxpu) > a) < Ct7F.
Thus, we obtain that

T) < Cyn(R, +7)t™" and T < CymE[(R+r, )1t "
for ¢ sufficiently large. Because of

PAGE Ry en:llx —zl < Ro+riu Iy —zl < R+ 7))

o0
<y ff il — 2ll < Re + roae ly — 2l < Re + 7 )dQ(R )z,
R 0
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we deduce that
T < C 2 2]E 2 —=\274—T
3= Yy [(R+rt,u) (R+rt) ]t

Since the estimates for T}, T, T3 vanish uniformly in x for + — oo, together with (42) and
(45) we obtain

lim y / / E[l{D,u,nwx,m)e(u,oo>, R, € (5. 5))
W JO

t—>00

x 1{ > UD . n+Swro) Ry € BY = m”d@(&)dx

(v, Ry)en,yeW;
— 1((u, 00)P(R € (s, 5))P(E(B) = m)
= lim )// P(D;(x, n) > wP(R € (s, 5))dx P(§,(B) = m)
—>00 W,

— u((u, 00))P(R € (s, 5)P(&(B) =m) =0,

which establishes (44) and, thus, proves the point process convergence of &;.
Let ¢ > 0 be fixed. We have

Og(t)

]P’( max D(x,n)— R, —
(x,Ry)en,xeW;

log(t
=Pl3x,R)en:xe W, Dx,n) — R, — Rl +rmin > ¢

<El(x R)en:xe W, Dx,n + E[R] >

+ E[R] + rmin > 8)

ﬁ

= ]P’(El(x, R en:xe W, yr(D(x,n) +E[R])? —log(t) > 2e\/ym log(r) + yn82)

< E[&([2ey/y 7 log(t) + yme?, 00) x [0, co))].

Since, for any u# > 0 and ¢ sufficiently large, the right-hand side is dominated by E[&,((u, 00) X
[0, 00))], (43) yields

lim IP’( max _ D(x,n) = Ry — [ —— Log(?) + B[R] + rmin > 8) =0.
t—00 (x,Ry)En,xeW, yr

On the other hand, we have

IP( max Dx,n)— Ry — | —— log(®) + E[R] + rmin > —8)
(x,Ry)en,xeW; ym

g(t)

=]P’<EI(x,Rx)e n:xe W, D(kx,n— R, — + E[R] + rmin > —8)

£ log(t)
>P EI(xny)en:XEWt,Rxfrmin+§aD(xa7])+E[R]2 iy + Ry — Fmin — €

log(t
> P(a(x, R €nx € Wy, Re < rn + 5, D, ) + BIR] 2 oe(t) _ g)
)/T[
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= ]P’(El(x, R)en:x e W, Ry <rmin+¢€/2,

ym(D(x, n) + E[R])* — log(t) = —&/ym log(r) + Vﬂ82/4>
= P& ([—ev/ym log(t) + ye® /4,00) X [Fimin, Fmin + £/2]) > 0).
For any fixed # > 0 and ¢ sufficiently large we have
SZ([_E\/ ym log(t) + V”82/4’ 00) X [Fmin, Fmin + £/2]) = & ((—u, u) X [Fmin, min + £/2])
so that the point process convergence of & and letting u — oo yield
log(t
lim ]P’( og(1)
Yy

—>00

max D(x,n) — R, —
(x,Ry)en,xeW;

+ E[R] + rmin > —8) =1,
which completes the proof of (41). O

Remark 3.16. Due to the assumption E[R*] < oo in Theorem 3.15, one can show that there
2
exists a family of positive real numbers (s,),~; such that 37’ — 0 and

P@E(x1, Ry)), (X2, Ry,) € 02 x1 € W, lx1—xal| > 1y tsi, BCxy, 7 )OB(x2, Ryy) # @) — 0

as t — 00, i.e. the probability that the restriction of & to (u, 00) is affected by a radius greater
than s; vanishes as + — oo. Thus, it is sufficient to study the modified model where all radii
are truncated at s;. Since the truncation leads to local dependence, Poisson and Poisson process
approximation results that require local dependence become available, which could provide an
alternative approach to prove Theorem 3.15.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.

Acknowledgments

The authors would like to thank two anonymous referees for their careful reading of the
paper and their valuable comments, which helped to improve the paper.

References

[1] R. Arratia, L. Goldstein, L. Gordon, Poisson approximation and the Chen-Stein method, Statist. Sci. 5 (1990)
403-424, http://dx.doi.org/10.1214/ss/1177012015.

[2] N. Balakrishnan, Runs and Scans with Applications, in: Wiley Series in Probability and Statistics,
Wiley-Interscience, John Wiley & Sons, New York, 2002.

[3] A.D. Barbour, Stein’s method and Poisson process convergence, J. Appl. Probab. 25A (1988) 175-184,
http://dx.doi.org/10.1017/s0021900200040341.

[4] A.D. Barbour, T.C. Brown, Stein’s method and point process approximation, Stochastic Process. Appl. 43
(1992) 9-31, http://dx.doi.org/10.1016/0304-4149(92)90073-Y.

[S] A.D. Barbour, L. Holst, S. Janson, Poisson Approximation, Volume 2 of Oxford Studies in Probability, The
Clarendon Press, Oxford University Press, New York, 1992.

[6] B. Btaszczyszyn, R. Schott, Approximations of functionals of some modulated-Poisson Voronoi tessellations
with applications to modeling of communication networks, Japan J. Indust. Appl. Math. 22 (2005) 179-204,
http://dx.doi.org/10.1007/BF03167437.

420


http://dx.doi.org/10.1214/ss/1177012015
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb2
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb2
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb2
http://dx.doi.org/10.1017/s0021900200040341
http://dx.doi.org/10.1016/0304-4149(92)90073-Y
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb5
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb5
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb5
http://dx.doi.org/10.1007/BF03167437

F. Pianoforte and M. Schulte Stochastic Processes and their Applications 147 (2022) 388—422

(71
[8]
[9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]
[28]

[29]

[30]

[31]

[32]

[33]

O. Bobrowski, M. Schulte, D. Yogeshwaran, Poisson process approximation under stabilization and Palm
coupling, 2021, arXiv:2104.13261.

P. Calka, Tessellations, in: New Perspectives in Stochastic Geometry, Oxford Univ. Press, Oxford, 2010, pp.
145-169.

P. Calka, N. Chenavier, Extreme values for characteristic radii of a Poisson-Voronoi tessellation, Extremes 17
(2014) 359-385, http://dx.doi.org/10.1007/s10687-014-0184-y.

L.H.Y. Chen, A. Xia, Stein’s method, Palm theory and Poisson process approximation, Ann. Probab. 32 (2004)
2545-2569, http://dx.doi.org/10.1214/009117904000000027.

L.H.Y. Chen, A. Xia, Poisson process approximation: from Palm theory to Stein’s method, Beachwood, OH,
in: Time series and related topics, volume 52 of IMS Lecture Notes Monogr. Ser., Inst. Math. Statist, 2006,
pp. 236-244, http://dx.doi.org/10.1214/074921706000001076.

N. Chenavier, A general study of extremes of stationary tessellations with examples, Stochastic Process. Appl.
124 (2014) 2917-2953, http://dx.doi.org/10.1016/j.spa.2014.04.009.

N. Chenavier, Cluster size distributions of extreme values for the Poisson-Voronoi tessellation, Ann. Appl.
Probab. 28 (2018) 3291-3323, http://dx.doi.org/10.1214/17-AAP1345.

N. Chenavier, N. Henze, M. Otto, Limit laws for large kth-nearest neighbor balls, 2021, arXiv:2105.00038.
L. Decreusefond, M. Schulte, C. Thile, Functional Poisson approximation in Kantorovich-Rubinstein distance
with applications to U-statistics and stochastic geometry, Ann. Probab. 44 (2016) 2147-2197, http://dx.doi.
org/10.1214/15- AOP1020.

A.P. Godbole, Poisson approximations for runs and patterns of rare events, Adv. Appl. Probab. 23 (1991)
851-865, http://dx.doi.org/10.2307/1427680.

L. Gyorfi, N. Henze, H. Walk, The limit distribution of the maximum probability nearest-neighbour ball, J.
Appl. Probab. 56 (2019) 574-589, http://dx.doi.org/10.1017/jpr.2019.37.

N. Henze, The limit distribution for maxima of weighted rth-nearest-neighbour distances, J. Appl. Probab.
19 (1982) 344-354, http://dx.doi.org/10.2307/3213486.

N. Henze, Ein asymptotischer Satz iiber den maximalen Minimalabstand von unabhingigen Zufallsvektoren
mit Anwendung auf einen Anpassungstest im R” und auf der Kugel, Metrika 30 (1983) 245-259, http:
//dx.doi.org/10.1007/BF02056931.

O. Kallenberg, Foundations of Modern Probability, Probability and Its Applications (New York), second ed.,
Springer-Verlag, New York, 2002, http://dx.doi.org/10.1007/978-1-4757-4015-8.

O. Kallenberg, Random Measures, Theory and Applications, Vol. 77, in: Probability Theory and Stochastic
Modelling, Springer, Cham, 2017, http://dx.doi.org/10.1007/978-3-319-41598-7.

M.V. Koutras, G.K. Papadopoulos, S.G. Papastavridis, Runs on a circle, J. Appl. Probab. 32 (1995) 396404,
http://dx.doi.org/10.2307/3215295.

G. Last, M. Penrose, Institute of Mathematical Statistics Textbooks, in: Lectures on the Poisson process, vol.
7, Cambridge University Press, Cambridge, 2018.

M.R. Leadbetter, On extreme values in stationary sequences, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete
28 (1973/74) 289-303, http://dx.doi.org/10.1007/BF00532947.

J. Mgller, Lectures on random Voronoi tessellations, volume 87 of Lecture Notes in Statistics, Springer-Verlag,
New York, 1994, http://dx.doi.org/10.1007/978-1-4612-2652-9.

S.Y. Novak, Extreme value methods with applications to finance, in: volume 122 of Monographs on Statistics
and Applied Probability, CRC Press, Boca Raton, FL, 2012.

S.Y. Novak, Poisson approximation, Probab. Surv. 16 (2019) 228-276, http://dx.doi.org/10.1214/18-PS318.
M. Otto, Poisson approximation of Poisson-driven point processes and extreme values in stochastic geometry,
2020, arXiv:2005.10116.

M.D. Penrose, The longest edge of the random minimal spanning tree, Ann. Appl. Probab. 7 (1997) 340-361,
http://dx.doi.org/10.1214/a0ap/1034625335.

F. Pianoforte, R. Turin, Multivariate Poisson and Poisson process approximations with applications to Bernoulli
sums and U-statistics, 2021, arXiv:2105.01599.

A. Poupon, Voronoi and Voronoi-related tessellations in studies of protein structure and interaction, Curr.
Opin. Struct. Biol. 14 (2004) 233-241, http://www.sciencedirect.com/science/article/pii/S0959440X04000442.
M. Ramella, W. Boschin, D. Fadda, M. Nonino, Finding galaxy clusters using Voronoi tessellations, Astron.
Astrophys. 368 (2001) 776786, http://dx.doi.org/10.1051/0004-6361:20010071.

R. Schneider, W. Weil, Stochastic and Integral Geometry, Probability and Its Applications (New York),
Springer-Verlag, Berlin, 2008, http://dx.doi.org/10.1007/978-3-540-78859-1.

421


http://arxiv.org/abs/2104.13261
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb8
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb8
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb8
http://dx.doi.org/10.1007/s10687-014-0184-y
http://dx.doi.org/10.1214/009117904000000027
http://dx.doi.org/10.1214/074921706000001076
http://dx.doi.org/10.1016/j.spa.2014.04.009
http://dx.doi.org/10.1214/17-AAP1345
http://arxiv.org/abs/2105.00038
http://dx.doi.org/10.1214/15-AOP1020
http://dx.doi.org/10.1214/15-AOP1020
http://dx.doi.org/10.1214/15-AOP1020
http://dx.doi.org/10.2307/1427680
http://dx.doi.org/10.1017/jpr.2019.37
http://dx.doi.org/10.2307/3213486
http://dx.doi.org/10.1007/BF02056931
http://dx.doi.org/10.1007/BF02056931
http://dx.doi.org/10.1007/BF02056931
http://dx.doi.org/10.1007/978-1-4757-4015-8
http://dx.doi.org/10.1007/978-3-319-41598-7
http://dx.doi.org/10.2307/3215295
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb23
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb23
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb23
http://dx.doi.org/10.1007/BF00532947
http://dx.doi.org/10.1007/978-1-4612-2652-9
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb26
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb26
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb26
http://dx.doi.org/10.1214/18-PS318
http://arxiv.org/abs/2005.10116
http://dx.doi.org/10.1214/aoap/1034625335
http://arxiv.org/abs/2105.01599
http://www.sciencedirect.com/science/article/pii/S0959440X04000442
http://dx.doi.org/10.1051/0004-6361:20010071
http://dx.doi.org/10.1007/978-3-540-78859-1

F. Pianoforte and M. Schulte Stochastic Processes and their Applications 147 (2022) 388—422

[34] D. Schuhmacher, Distance estimates for dependent superpositions of point processes, Stochastic Process. Appl.
115 (2005) 1819-1837.

[35] D. Schuhmacher, Stein’s method and Poisson process approximation for a class of Wasserstein metrics,
Bernoulli 15 (2009) 550-568, http://dx.doi.org/10.3150/08-BEJ161.
[36] A. Xia, Stein’s method and Poisson process approximation, in: An introduction to Stein’s method, volume 4

of Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap., Singapore Univ. Press, Singapore, 2005, pp. 115-181,
http://dx.doi.org/10.1142/9789812567680_0003.

422


http://refhub.elsevier.com/S0304-4149(22)00034-5/sb34
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb34
http://refhub.elsevier.com/S0304-4149(22)00034-5/sb34
http://dx.doi.org/10.3150/08-BEJ161
http://dx.doi.org/10.1142/9789812567680_0003

	Criteria for Poisson process convergence with applications to inhomogeneous Poisson–Voronoi tessellations
	Introduction and main results
	Proofs of the main results
	Applications
	Long head runs
	Inradii of an inhomogeneous Poisson–Voronoi tessellation
	Circumscribed radii of an inhomogeneous Poisson–Voronoi tessellation
	Large nearest neighbor distances in a Boolean model of disks

	Declaration of competing interest
	Acknowledgments
	References


