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ABSTRACT

The diffraction of transient waves around an infinite cylinder vertically fixed in deepwater is consid-
ered. The velocity potential and corresponding normal derivatives on the cylinder surface are expanded by
the Laguerre function in vertical direction and Fourier series along the circumference. Green’s Theorem
is applied in the domain external to the cylinder, to obtain the so-called Dirichlet-to-Neumann (DtN)
operator, which represents the relationship between series expansion coefficients related to the velocity
potential and its normal derivative on the cylinder. Transient waves diffracted from any kind of incoming
waves can then be obtained by applying the above DtN operator. The boundary integral equation (BIE)
established in the fluid domain is a three-folds integral, two with respect to the cylinder surface and one
with respect to time, and the time-domain Green function itself is a single one. In the scheme of Galerkin
collocation, to obtain the DtN operator, the boundary integral equation is multiplied by a base function
on both sides and integrated over the cylinder surface. A new boundary integral equation connecting
the expansion coefficients related with velocity potential and normal derivative is obtained. Although
all elements in the coefficients matrix are multi-folds integrals in form, they can be reduced to single
ones with respect to wavenumber by using orthogonal properties of Laguerre functions and Fourier series,
except for the convolution integral which can be expressed by a summation.

Unlike in classical work where steady-state plane progressive waves are involved, transient waves
with wavefronts, which are generated by a wavemaker, are selected as the incoming waves in present
study. Wavefront can be observed in real sea, physical wave tank and numerical simulations. A study on
transient waves with wavefronts is of importance to understand better the wave diffraction by cylinders.
Results from the above method are compared with those from an existing time-domain analyzing method
which introduces the frequency domain solution into transient wave elevation on the free surface to express
the transient diffracted waves.

1 INTRODUCTION

Reliable predictions of wave-induced motions and loads on offshore structures and ships are im-
portant to the design and operation at sea. The potential flow theory has been widely applied to solve
hydrodynamic problems such as wave-current, wave-wave and wave-body interactions. Unlike volume-
discretisation methods, boundary element method (BEM) is a kind of dimension-reducing strategy where
unknowns are distributed on boundaries of computational domain by satisfying boundary conditions.
Higher-order boundary element methods (HOBEM) are developed in [1] and it is believed to give more
accurate results than the constant panel method. To improve the solution accuracy in non-smooth bound-
ary problems, the Taylor expansion boundary element method (TEBEM) is developed in [2]. It is worth



noting that in either constant panel method or HOBEM and TEBEM, the body surface, as a part of
fluid domain boundary, needs to be discretised to small panels, which makes originally continuous surface
discontinuous and so does the velocity potential on the body surface. Usually, a large number of panels
are needed to obtain the convergence.

Frequency domain analysis being widely used in the design stage, time domain analysis is a direct
and powerful way to give detail descriptions of the real world, either in theoretical analysis or in numerical
simulations. It is helpful in identifying and solving transient linear and nonlinear problems, especially for
ship hydrodynamics with zero and non-zero forward speed. According to I'TTC 2011 report, time domain
methods are quickly replacing frequency domain methods for many practical applications, because of easy
extension to nonlinear motions analysis and coupled analysis with external and internal problems. Time
domain approaches [3, 4] have been developed to solve the marine hydrodynamic problems.

In the framework of BEM, Rankine panel method (RPM) and Green function method (GFM) are
two mainstreams. Based on the three-dimensional time-domain RPM,; some hydrodynamic codes are
developed. RPM can be extended to study non-linear problems, but numerical techniques are needed
to deal with the radiation condition. Free-surface Green functions, collected in [5] and applied in GFM,
are fundamental solutions satisfying not only the governing equation but also free surface boundary
conditions. Therefore, a source distribution is not required on the free surface in GFM. Due to the highly
oscillatory property of the time-domain Green function, efforts have been made to evaluation of the free-
surface Green function itself and its derivatives efficiently and accurately. Details are shown in [6] on
their approximations in both time and frequency domains for both finite and infinite water depth. The
representation of transient Green function by the ordinary differential equation has been found in [7]. To
combine advantages of RPM and GFM, hybrid or multi-domain methods have been studied in [8-10].

Cylindrical structures are typical in the ocean engineering, such as Spar and Tension Leg Platform.
Wave diffraction by a circular cylinder is therefore a fundamental and essential problem, first solved in [11]
for infinite water depth and extended to finite depth in [12], and it has been widely investigated as reviewed
in [13] from linear diffraction by a single cylinder to second-order diffraction by an array of cylinders. Wave
diffraction by a vertical cylinder and cylinder arrays in time domain can be found in many publications,
which include those by [14-16]. However, the incoming waves used in wave diffraction problem are usually
in steady-state with a ramp or modulation function at the beginning stage to avoid an abrupt initial
condition. To authors’ knowledge, few literature discuss the wavefront giving more wave details in water
waves. A study with transient incoming waves with wavefronts is important to understand better wave
diffraction around cylinders and to provide benchmark results for numerical methods for structures of
arbitrary geometry.

Moreover, evaluating transient wave diffraction by a cylinder is an essential block for a further
application to the complete method in [10] based on domain decomposition, where a cylindrical surface is
introduced at some distance from the body and concerned as a control surface in [17, 18]. The whole fluid
domain is then decomposed into an interior sub-domain surrounding the body and another extending
to infinity along the radial direction as the exterior one. Information between interior and exterior sub-
domains will be exchanged through the DtN or inverse Neumann-to-Dirichlet (NtD) operator constructed
on the analytical cylindrical control surface. RPM and GFM, which are respectively applied to interior
and exterior sub-domains, are coupled to solve hydrodynamic problems in the time domain.

The layout of this paper is as follows. Section 2 summarises the Fourier-Laguerre expansion method
in time domain and boundary integral equation associated with expansion coefficients is constructed in
the sense of Galerkin collocation. Incoming waves with wavefronts and wave diffraction by a cylinder are
also formulated. Numerical results and comparisons are shown in section 3. Finally, some concluding
remarks and work ongoing are addressed in section 4.

2 BASIC FORMULATIONS

A coordinate system Ozxyz is introduced with the Oz axis orienting positively upwards and Ozy
plane coinciding with the calm water level. The fluid is assumed inviscid, incompressible and the flow is



irrotational. The fluid velocity can be described by the gradient of a velocity potential ®, which satisfies
the Laplace equation in the fluid domain,
V20 = 0. (1)

We consider an infinitely deep circular cylinder with a radius ¢ vertically fixed in deepwater with its axis
coinciding with the Oz axis. The transient wave diffraction of wavefronts around the cylinder is studied in
this work. We therefore introduce cylindrical coordinates (h, ¢, z) with relations (z,y) = h(cos ¢, sin ¢).

2.1 Incoming waves with wavefronts

Wavefronts can be observed in the generation of plane progressive waves in the physical and numer-
ical wave tank. Different wave-maker types, like piston, swinging or flexible plate, can generate different
wavefronts while the steady-state will be same as shown in [19]. In the present work, the transient in-
coming waves with wavefronts, studied in [20], are generated by a harmonically oscillating flexible plate
locating at x = — L, where L is the distance between wave-maker and cylinder centre. The linear incident
potential ®/(h, ¢, z,t) with respect to the reference of cylinder is written as :
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where z = hcosp + L, 8 = \/gk g is the gravitational acceleration, and R[] represents to take the real
part. Integral symbols f in (2a) and -fv in (2c) stand for the Cauchy principal-value integral and the
integral along a contour bypassing the pole k = ko from above, respectively. The incoming waves with
amplitude A propagate in the direction of increasing x and the wave direction angle is assumed to be zero.
The wave frequency w and wavenumber kg are subject to the deep-water dispersion equation w? = gky.
In the absence of cylinder, the non-dimensional wave elevation on the free surface can be given by the
following three corresponding expressions :
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The contour integral (3c) is studied in [21], where the transient waves are reformulated and decomposed
into the steady-state component ng(z,t), the initial component np(z,t), the wavefront component ng(x, t)
and the local component n(z,t),

7](93775) :nS(xat)+77T($vt)+77F(xat)+77L($7t)v (4)

where ng(x,t) and npr(z,t) exist only for < t/(2w). nr(x,t) is significant in the region near the wave-
maker and at initial time. More details on characteristics of different components and behaviours of
transient waves with wavefronts can be referred to [21, 22].

2.2 Establishment of BIE based on Fourier-Laguerre expansions

Applying the Green’s theorem in the semi-infinite fluid domain limited by surface of the cylinder C,
the free surface F on the top, and a cylindrical control surface at infinity S0, we can write the velocity



potential of a flow-field point P(z,y,z) as :

B(P,1) = /0 / /C o [0(QIG(P1Q.7) ~ 2@ T)Gu(P 1@, TS (5)

where Q(&,m,() represents the source point. The normal direction on all boundary surfaces is taken
positively pointing into the fluid domain, and ®,, = 9®/9dn. The Green function G defined in [5] is :

ArG(Pt,Q,7) =6(t —7)G° + H(t — 7)G/, (6)

representing the velocity potential at space-time (P,t) generated by the impulsive source at (Q,7). In
(6), 0(-) and H(-) are respectively Dirac delta function and Heaviside step function; the instantaneous
term G° and the memory term G7 are :
0_ —1 . 1
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where R is defined as R = \/(z — £)2 + (y — n)2, and J,,(-) denotes the mth order Bessel function of the
first kind. Introducing (6) into (5), we may write :

Ar®(P,t) = (P, t) + /0 t ol (P,t,7)dr, (8)

with the instantaneous and memory parts associated with the cylinder surface C being :

30 — //C(cbnGO —®G%)dS and @) = //C(%Gf — ®GY)ds. 9)

The integrals on F and S in the right side of (5) disappear due to the linear boundary condition on the
free surface and the property of ® at infinity. Only integrals on the cylinder surface C remain (9).

In traditional boundary element methods, the surface of cylinder is discretised into panels. The
velocity potentials are solved on each panel due to corresponding boundary conditions. In present work,
we express the velocity potential ® and its normal derivative ®,, analytically by some basis functions
on the cylinder surface. Along the circumference, Fourier series are selected as basis function. For the
present deepwater case, Laguerre polynomials are employed in the vertical direction due to their orthog-
onal properties in (0,00). For the sake of simplicity, ¢ and ¢ have been used to define non-dimensional
coordinates (h, z) by ¢, time ¢ by \/j, wavenumber k by 1/c and velocity potential ® by \/g? On the
cylinder surface C(h' = 1, —7 < ¢/ < ), the velocity potential ® and corresponding normal derivative ®,,
are expanded by the Fourier-Laguerre series :
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in which the Laguerre function L,,(z) is defined by L, (x) = e~*/2L,,(z) with L,,(z) for > 0 standing
for the mth order Laguerre polynomial defined in [23]. The expansion coefficients ¢y, and ¥, in (10)
will be obtained from the corresponding inverse transformation and given by :
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By substituting the Fourier-Laguerre expansions of ® and ®,, on the cylindrical surface C into ®°
and (I% given in (9), a new form of the velocity potential gives :

OPt) =" > Ymn(t)Gmn — Smn(t)Hony + Crmn % G ) (£) = (D * Hi ) (1), (12)
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where notations are defined by :
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and (Y * Q’Tfm)(t) means the convolution of %,,, and gﬂfm, given by :
t
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so does the notation of (¢ * Him)(t). By constructing BIE on the cylindrical surface C in the sense of
Galerkin collocation via multiplying a test function £;(—2)e™'* on both sides of (12) and then integrating
over the cylinder surface, we obtain the linear system associated with the coefficients ¥, and ¢, as
follows :
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with notations defined as follows :
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Unlike the classical boundary integral equation from which the velocity potential ® or its normal
derivative ®,, can be solved directly on each panel, a linear system established between their expansion
coefficients ¢, and 1y, in the time domain needs to be solved in present study. It can also be observed
from (13) and (16) that the transient Green function is not explicitly computed but its integration on the
cylindrical surface needs to be evaluated, which can be integrated analytically and further reduced to a
single integral with respect to the wavenumber.

2.3 Wave diffraction

For the diffraction potential ®, the boundary condition on the cylinder surface gives d®” /0n =
—0®!/or. The Fourier-Laguerre expansion coefficients t,, associated with the normal derivative of
diffraction potential given in (11) takes the form of :

om0 =5 [ [ (-50) en-0e e agtac a7)

By solving the linear system (15) in the time domain, the Fourier-Laguerre expansion coefficients ¢y, (t)
can be obtained at each time step, and the velocity potentials distributed over the surface of cylinder are
also achieved by substituting ¢, into the first equation of (10). Moreover, the whole flow field can be
known by (12) derived from the Green’s theorem.

Wave forces exerting on the cylinder can be generally given by :

F(P) = —//cpndS with p= —p%@(I’D), (18)

where F! and FP are called Froude-Krylov force and wave diffraction force, respectively; p is the fluid
density and the unit normal vector on C is defined as before, n = cos ¢i + sin ¢j. The wave diffraction
force non-dimensionalised by (pgAc?) is

o0

On——oo



from which it can be seen that only ¢,,(_1) and ¢;,1 make contribution to the wave diffraction force along

x axis FP?. For wave elevation on the free surface due to wave diffraction, the instantaneous terms G9
and H2,,, in (12) are nil when z = 0. Therefore,

10 | w—
77D = —Ea lmz_o n:zoo [(d)mn * gfr{@n)(t) - (¢mn * ’Hf,m)(t)}] - : (20)

The total wave elevation 7’ can be obtained from 7 = n! + n?. Furthermore, the wave run-up on the
cylinder is immediate when h =1 in Q,J:m and ’Hf,m

3 RESULTS AND DISCUSSIONS

In this section, incident waves generated by a flexible plate will be first presented, where time
evolution of incoming waves with wavefronts are illustrated. Numerical results from Fourier-Laguerre
expansion method mentioned in the former section and a rather different time-domain analyzing method
proposed in [13] will be shown for the wave diffraction around a cylinder subjected to the above generated
incoming waves. The latter method uses the frequency domain solution to express transient solutions,
and we name this method ETM here. All results are obtained by using the geometric and calculation
parameters: cylinder radius ¢ = 1, wavenumber ky = {1.0, 3.0}, wave-maker location z = —L = —4rx if
not specified. The time step takes At = T/60, where T' denotes the wave period T = 27/v/gko. The
maximum of terms in Fourier-Laguerre expansions are respectively 11 and 41. In the following figures
with comparison, lines are obtained from ETM and square symbols are obtained from Fourier-Laguerre
expansion method.

3.1 Incoming waves

The wave-maker does a harmonic motion at the equilibrium position. Figure 1a describes the waves
at two fixed locations varying in time ¢/7". The thin and thick dot-dashed lines are obtained at /A = —1
and x = 0 with kpc = 1 and L/X = 2, respectively. A represents the wave length A = 27 /kg. The thin
solid and thick short dashed lines are time history at same location /A = —3 and x = 0 with kgc = 3 and
L/X\ = 6, respectively. Corresponding ratios of wave length and diameter are A\/(2¢) = {m,7/3}. Time
evolution of the wave generation from initially rest to steady-state can be observed. Spatial profiles of
transient waves with wavefronts are shown in Figure 1b from the same position x = —L. The thin and
thick dot-dashed lines for ¢t/T' = 8 and ¢/T = 16 with kgc = 1 start from zz/\ = —2, while the thin solid
and thick short dashed lines for ¢t/T = 8 and t/T = 16 with kyc = 3 start from x/\ = —6.

Take a further analysis of wave elevation on the free surface n given in (3a). According to the
asymptotic analysis, when time ¢ is sufficiently large for any fixed position, or when time ¢ is fixed, for
any position far from the wave-maker, we correspondingly have :

tlim n(z,t) = Asinjwt — ko(x + L)], and li_>m n(x,t) =0, (21)
— 00 Tr—r00

where the first equation represents steady-state plane progressive waves after some periods as shown in
Figure la for x = 0 and * = —L/2, and the second equation approximately describes the existence of
wavefronts. It can be observed that there exists a maximum of wave elevation before the waves reach
steady-state.

3.2 Wave forces

When the potential ® in (18) takes the form of ®/ in (2a), the non-dimensional Froude-Krylov force
F! due to incoming waves is :
J1(koc)
koc

Ji(ke)
ke
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Figure 1: Non-dimensional wave elevation on the free surface in the absence of cylinder, (a) varying in
time ¢/T at two different locations and (b) varying in position x/X at two different times. In (a), the thin
and thick dot-dashed lines are for x = —L/2 and = = 0 with kgc = 1, respectively. The thin solid and
thick short dashed lines are for the same location with kgc = 3, respectively. In (b), the thin and thick

dot-dashed lines are for ¢/7" = 8 and t/T = 16 with kgc = 1. The thin solid and thick short dashed lines
are for same times with kgc = 3.

Adding up the above Froude-Krylov force with diffraction component defined by :

PP 0 S P [0+ i8], @
m=0

yields the excitation force FF = F! + FP whose steady-state non-dimensional absolute value analytically
known from frequency domain solutions is |F¥| = 4/(koc)?/ |H§1) (koc)|, where Hr(ll)(k:c) is the nth order

Hankel function of the first kind, and Hr(Ll)/(kc) gives the first derivative of Hr(Ll)(k:c) with respect to (kc).
Non-dimensional excitation force formulation from ETM gives :

g 16 w2 cos (Bt) — B2 cos (wt)  PelkLFiBY
T

2 —igt’

x - — W) (52 1 o) (kC)QHfl)I(kC)e dg, (24)
which may be evaluated by the FFT algorithm. Wave forces exerting on the cylinder are evaluated and
depicted in Figure 2a for kgc = 1, L/X = 2 and Figure 2b for kgc = 3, L/A = 6, from which it is worth
noting that each wave force component varies from a non-zero value at ¢ = 0. Positive initial values are
due to the fact that velocity of the wave-maker is along the direction of increasing x and the pressure on
cylinder beneath the free surface is not zero at the initial time ¢ = 0. For further analysis on this initial
value, let t = 0 in (22), (23) and (24). Or more explicitly, we have :

> B Jilke) . /00 1 Ji(ke) .
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where (25b) is from ETM. The formulations illustrate relations between initial values and wavenumber kg
and wave-maker location L. Figure 2c and Figure 2d show the initial values versus kgc with L = 47 and
L = 10, respectively. It can be seen that initial wave forces decrease with increasing kgc and increasing
L. Furthermore, it is worth noting that F!|,—o — m and FF|;—o — 27 with kg — 0 in (25).



Figure 2: Non-dimensional wave forces exerting on the cylinder versus time t/7, (a) kopc = 1 and L/ = 2,
(b) kgc = 3 and L/ = 6. Non-dimensional wave forces exerting on the cylinder at ¢ = 0 versus kgc, (c)
wave-maker location L = 47 and (d) L = 107. In both (a) and (b), the square symbols representing the
excitation force F¥| are obtained from Fourier-Laguerre expansion method. In (a-d), lines come from
ETM, solid lines for the Froude-Krylov force F!, dotted lines for diffraction force F® and dot dashed
lines for FF, respectively.

3.3 Wave run-up on the cylinder

The wave run-up 7, on the cylinder due to different components are illustrated in Figure 3. The
diffraction component may be obtained by :

D__laq) m
777' - g 8t ‘z:O gatz Z d)mn <P7 (26)

m=0n=—o0
in which we have used £,,(0) = 1. Non-dimensional wave elevation on the free surface from ETM gives :

T
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where 7¢(+) is defined by :
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Figure 3: Wave run-up on the cylinder, non-dimensionalised by wave amplitude A, (a,b) kgpc = 1 and
L/X\ =2, (¢,d) koc = 3 and L/ = 6, (a,c) waves at the weather side point ¢ = 7w and (b,d) waves at
the lee side point ¢ = 0. In (a-d), lines are obtained from ETM, solid lines for incoming waves, dotted
lines for diffraction component and dot dashed lines for the summation of above two components. Square
symbols representing total wave run-up come from Fourier-Laguerre expansion method.

with k = 82/g, o = 1 and €, = 2 for n > 1. J! (kc) is the first derivative of J,,(kc) with respect to (kc).

Taking waves illustrated in Figure 1 as incoming waves, Figure 3a and Figure 3c show the com-
ponents of a weather side point ¢ = 7 on the cylinder and cases of the lee side point ¢ = 0 are shown
in Figure 3b and Figure 3d. It can also be seen that the wave run-up on the cylinder starts from zero,
which is different from wave forces. Wave run-up on the cylinder and contours of wave elevation on the
free surface in vicinity of a cylinder at t = 8T are depicted in Figure 4 and Figure 5, respectively. From
Figure 1, it can be known that waves at ¢ = 8T with koc = 3 and L/X = 6 have not reached to steady
state. Values at the lee side point ¢ = 0 and the weather side point ¢ = 7 are consistent with those in
Figure 3. Diffraction component are illustrated in Figure 5¢ and total wave elevation in Figure 5d using
different color scales. Curves in Figure 4 are composed by special points’ values in Figure 5, which means
Figure 4 has a consistency with Figure 5.
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Figure 4: Wave run-up on the cylinder, non-dimensionalised by wave amplitude A at ¢t = 8T, (a) koc =1,
L/X =2 and (b) koc = 3, L/\ = 6. In both (a) and (b), the solid line is due to incoming waves. For
the diffraction component, the dotted line is obtained from ETM , while the square symbols come from
Fourier-Laguerre expansion method. The dot dashed line is given by the summation of incoming and
diffraction components from ETM.

4 CONCLUDING REMARKS

Present study is motivated by two points. The first is to extend Fourier-Laguerre expansion method
developed in [17] to the time-domain solution, which we call Fourier-Laguerre boundary element method
(FLBEM). The second is to study the diffraction of wavefront by a cylinder. Unlike the traditional BEM
where the cylinder surface is discretized into an ensemble of small panels cross which the unknown velocity
potentials are discontinuous. As the time-domain Green function and its derivatives are highly oscillatory,
a large number of panels are needed to ensure numerical convergence. The present FLBEM provides an
analytical description of cylinder geometry and physical quantities by Fourier series along circumference
and Laguerre functions in vertical direction, which are continuous on the body surface. Boundary integral
equation associated with expansion coefficients are then established in the sense of Galerkin collocation
on the cylinder surface. This FLBEM can be used in the multi-domain method proposed in [10] for wave
diffraction and radiation around bodies of arbitrary geometry, to provide Dirichlet-to-Neumann operator
which is the critical building block.

To verify the FLBEM in time domain, transient wave diffraction around cylinders is studied by both
present FLBEM and ETM in which frequency-domain solutions are applied. In the present FLBEM, time-
domain Green function is no longer explicitly evaluated. Instead, its integration involving the Fourier-
Laguerre basis function on the cylinder surface is evaluated. By comparing results from these two methods,
it can be concluded that the present FLBEM is valid to provide consistent results of high accuracy. Present
study shows that FLBEM is able to its further application to the time-domain multi-domain method.
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(c) (d)

Figure 5: Contours of wave elevation on the free surface in vicinity of a cylinder at t = 87, (a,b) koc =1,
L/X\=2, (c,d) koc =3, L/ =6, (a,c) diffraction component and (b,d) total wave elevation.
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