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Abstract
The tortuosity of a porous medium has a significant effect on heat transfer through it, but 
this effect is difficult to quantify. In this study, we have developed the concept of applied 
thermal tortuosity and the thermal tortuosity function which characterizes the effect of 
porous medium geometry and the thermal conductivity ratio on the averaged path length of 
heat conduction in a porous medium. We have also proposed new macroscopic geometric 
parameters of porous media that can better describe the complexity of the porous media 
geometry. The relationship between the macroscopic geometric parameters and the devel-
oped thermal tortuosity function was established by using a neural network model. We 
used the developed thermal tortuosity function to calculate effective thermal conductivity, 
which can be applied in the thermal energy equation. Computations were performed for 
arbitrary two-dimensional porous media. Despite the model’s uncertainties, the developed 
neural network model is significantly more accurate than empirical correlations for deter-
mining the effective thermal conductivity. Optimization of the neural network architecture 
can further improve the accuracy of the model, but the problem of uncertainty cannot be 
completely solved. The study shows the importance of embedding the established knowl-
edge of transport in porous media into the neural network model to improve its accuracy.

Keywords  Porous medium · Thermal tortuosity · Macroscopic geometric parameters · 
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MSE	� Mean Squared Error
REV	� Representative Elementary Volume

Roman Symbols:
A	� Macroscopic geometric parameters, real part of 𝛼̂ , -
B	� Macroscopic geometric parameters, imaginary part of 𝛼̂ , -
E	� Power spectrum of � , -
ke	� Effective thermal conductivity, kg ⋅ m ⋅ s−3 ⋅ K−1

kf 	� Thermal conductivity in the fluid phase, kg ⋅ m ⋅ s−3 ⋅ K−1

k
r
	� Reference thermal conductivity, kg ⋅ m ⋅ s−3 ⋅ K−1

ks	� Thermal conductivity in the solid phase, kg ⋅ m ⋅ s−3 ⋅ K−1

L	� Straight-line distance, m
LT	� Path length of heat conduction throughout a porous network, m
n	� Scaling coefficient for the effective thermal conductivity correlation, -

Greek Symbols:
�	� Solid field function, -
�∗	� Reconstructed solid field function, -
𝛼̂	� Macroscopic geometric parameters, Fourier coefficients, -
�#	� Pseudo solid field function, -
�	� Wave number, m−1

�	� Porosity, -
�	� Heat conductivity ratio, -
Λ

T
	� Applied thermal tortuosity function, -

�T	� Thermal tortuosity, -
�∗
T
	� Applied thermal tortuosity, -

1  Introduction

A porous medium is a material characterized by a solid matrix and voids (pores). Many 
materials in nature can be considered porous media, this includes sandstone, wood, soil, 
human lungs, heat exchangers, etc. (Nield & Bejan 2017). The pore-scale geometry of a 
porous medium is often highly complex, causing a fluid molecule to travel along a path that 
is several times longer than the straight line between its original position and its destina-
tion. Due to its complexity, the real porous medium geometry is usually not directly simu-
lated when calculating a transport process in a porous medium in engineering applications. 
Instead, some macroscopic properties of the porous medium are often used to account for 
the effect of the porous matrix on the transport process, including the porosity ( � ), perme-
ability ( K ), mean particle (or fiber) size ( d ), tortuosity ( �

T
 ), etc. Among these properties, 

tortuosity is an important parameter, yet its nature is still not fully understood.
Ghanbarian et al. (2012) provide a critical review of the tortuosity models developed 

empirically, analytically, and numerically for flow in both saturated and unsaturated 
porous media. They state that, among the commonly applied macroscopic quantities, 
a clear understanding of tortuosity is still lacking. In practice, tortuosity is not always 
consistently defined, which can make the concept misleading (Tye 1983; Epstein 1989; 
Sahimi 1993; Moldrup et al. 2001). The tortuosity is often related to the type of flow 
or transport process being studied, leading to different definitions of tortuosity between 
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researchers (Moldrup et al. 2001; Vervoort and Cattle 2003). It remains unclear whether 
tortuosity is an intrinsic property of the medium, a characteristic of a process within the 
medium, or simply an ad hoc parameter used to improve the agreement between theory 
and experiment (Ghanbarian et al. 2012).

The most common definitions of tortuosity include geometric, hydraulic, electri-
cal, and diffusive tortuosity. Geometric tortuosity is defined as the ratio of the average 
length of the geometric flow through the porous medium to the straight-line distance 
through the medium (Scheidegger 1974; Adler 1992). Hydraulic tortuosity is defined 
as the ratio of the flux-weighted average path length for a fluid flow to the straight-line 
distance (Clennell 1997; Bear 1972). Electrical tortuosity is defined as the ratio of the 
average path length for an electrical flow to the straight-line distance (Childs 1969; Tin-
dall et al. 1999; Wong 1999). Diffusive tortuosity is defined as the ratio of the average 
length of a chemical’s diffusive pathway to the straight-line distance (Epstein 1989).

It can be observed that each of the above tortuosity definitions corresponds to a spe-
cific transport process. However, although heat transfer in porous media is an impor-
tant transport process, thermal tortuosity—characterizing the path of heat transfer in 
a porous medium—is not included among the well-established tortuosity definitions 
reviewed by Ghanbarian et al. (2012). A possible reason for this is that the definition of 
thermal tortuosity is vague, while it is still not clear whether thermal tortuosity is deter-
mined only by the geometry of the porous medium or if it is also related to the thermal 
properties of the fluid and the solid. The effect of the tortuosity on heat conduction has 
been considered in some studies (Yang & Nakayama 2010; Yang, et al. 2013; Zhao & 
Hu 2004). In these studies, well-established tortuosity definitions (such as diffusive tor-
tuosity) are used instead of thermal tortuosity. However, the effect of certain properties 
related to heat conduction, such as the thermal conductivity ratio, is not accounted for in 
these tortuosity definitions, hindering the accuracy of the calculations. Thermal tortuos-
ity can be defined as the ratio of bulk thermal conductivity to effective thermal conduc-
tivity (Du et al. 2024). However, the bulk thermal conductivity is ambiguously defined 
and is often regarded as a modeled effective thermal conductivity. Various models exist 
for its calculation, including the series and parallel models (Winner 1912) and the Max-
well–Eucken model (Callister & Rethwisch 2010). In addition, this approach does not 
guarantee that the thermal tortuosity will always be greater than or equal to one.

Another difficulty in quantifying the effect of thermal tortuosity is related to the 
complex geometry of porous media. Tortuosity is conventionally determined by using 
empirical correlations (Bruggeman 1935; Wyllie & Gregory 1955; Comiti & Renaud 
1989; Xu et al. 2018) or through numerical simulations and experiments (Koponen et al. 
1996, 1997; Matyka et al. 2008; Du et al. 2024). The correlations are easy to apply, but 
they may produce significant inaccuracies if the porous medium has a complex geome-
try. Direct determination of the tortuosity from numerical simulations or experiments is 
more accurate, but this method is expensive, and the data obtained can only be used in 
some specific porous medium geometries. In recent years, extensive studies have been 
carried out to use machine learning methods to predict the macroscopic properties of 
porous media (Gärttner et al. 2023; Wei et al. 2020; Liu et al. 2022; Yan et al. 2023; Yu 
et al. 2023; Mesgarpour et al. 2023; Cawte & Bazylak 2022; Huang et al. 2024; Wang 
et  al. 2022). These studies demonstrate the potential of machine learning methods for 
simulating transport processes in porous media. A key challenge in applying machine 
learning to predict thermal tortuosity lies in acquiring sufficient training data, which is 
often costly, and optimizing the neural network’s structure.
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One aim of this study is to propose an easily usable definition of thermal tortuosity 
that can be quantified by numerical simulations or experiments. In addition, we expect 
to propose new macroscopic geometric parameters that can represent the complexity 
of the porous medium geometries. Finally, we will show how thermal tortuosity can be 
determined with the proposed macroscopic geometric parameters using a neural net-
work model. The paper is structured as follows. In Sect. 2, the basic concepts and math-
ematical models are introduced. In Sect. 3, using two-dimensional porous media as an 
example, we demonstrate how a neural network model can be used to determine thermal 
tortuosity. The effect of the neural network architecture on the accuracy of the model is 
also analyzed in this section. Finally, Sect. 4 presents the conclusions.

2 � Theory and Mathematical Modeling

2.1 � Thermal Tortuosity

As explained above, tortuosity is usually defined as the ratio of the average path length 
for a given process to the straight-line distance. This process may be hydraulic flow, 
electrical conduction, molecular diffusion, etc. The corresponding tortuosities are called 
hydraulic, electrical, and diffusive tortuosities, respectively. Similarly, thermal tortuos-
ity is defined as the ratio of the average path length for heat conduction to the straight-
line distance in a porous medium with stagnant fluid. Mathematically, thermal tortuos-
ity is expressed as

= 1

= 2

= 1

= 2

(a) (b)

Fig. 1   Path lines of heat conduction (the lines tangential to the temperature gradient) in a porous medium 
consisting of aligned circular elements. a � = 2 × 10

−4 , b � = 4 × 10
3
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where ⟨LT⟩ is the average path length of heat conduction throughout a porous network and 
L is the straight-line distance.

The definition of thermal tortuosity can be demonstrated using a steady heat conduction 
problem as shown in Fig. 1. Heat conduction in a porous medium is governed by the fol-
lowing equation

with a high temperature T = T1 at the top wall and a low temperature T = T2 at the bottom 
wall. The conductivity of the porous medium is k, which is identical to ks in the primary 
(solid) phase and kf  in the secondary (fluid) phase.

The path lines of heat conduction are affected not only by the geometry of the porous 
medium but also by the heat conductivity ratio � =

ks

kf
 . Figure 1 illustrates that the porous 

medium exhibits increased tortuosity for heat conduction as λ deviates from 1. This is dif-
ferent from the hydraulic, electrical, and diffusive tortuosities, which are determined solely 
by the porous medium geometry.

To solve a heat transfer problem in a porous medium, it is important to know the effec-
tive thermal conductivity, which can be used in the macroscopic thermal energy equation. 
For a porous medium with the thermal conductivity ratio λ, the effective conductivity ke is 
calculated as

where H is the domain height and qw is the heat flux at the top (or bottom) wall. Thermal 
tortuosity �T is crucial for the value of ke , however, it is difficult to determine their relation-
ship mathematically. In addition, it is also difficult to determine �T for a porous medium 
with a complex geometry. Therefore, instead of utilizing the parameter defined by Eq. (1), 
we introduced a new dimensionless parameter, referred to as the applied thermal tortuosity, 
which is defined as follows:

where kr is a reference thermal conductivity. The applied thermal tortuosity, �∗
T
 , character-

izes the dimensionless difference between the effective thermal conductivity, ke , and the 
reference thermal conductivity, kr . The parameter �∗

T
 reaches its minimum value of 1 when 

ke = kr and increases as ke diverges from kr , whether through an increase or decrease. The 
trend of �∗

T
 generally aligns with that of the standard definition of thermal tortuosity �T 

when the thermal conductivity of the primary phase, defined as max
(
kf , ks

)
 , is used as the 

reference conductivity in Eq. (4). For a given porous medium geometry, the values of both 
�T and �∗

T
 increase as the difference between kf  and ks increases. For a given kf  and ks , �∗T 

also becomes larger as the porous medium becomes more tortuous for thermal conduction. 
As ks approaches zero, �∗

T
 converges to the applied diffusive tortuosity, given by 

1

2

(
Df

De

+
De

Df

)
 , which is a modification of the diffusive tortuosity Df

De

 as defined in Satterfield 

(1)�T =
LT

L

(2)
�

�xi

(
k
�T

�xi

)
= 0

(3)ke =
Hqw

T1 − T2

(4)�∗
T
=

1

2

(
kr

ke
+

ke

kr

)
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and Sherwood (1963), Greenkorn (1983), and Clennell (1997). Here, Df  and De represent 
the diffusion coefficient in the fluid phase and the effective diffusion coefficient, respec-
tively. The applied diffusive tortuosity also changes monotonically with the diffusive tortu-
osity. It is important to note that while �∗

T
 captures the general trend of �T , the two parame-

ters do not take identical values. Their difference is influenced by the geometry of the 
porous medium.

In this study, the thermal conductivity of the fluid phase kf  is used as the reference ther-
mal conductivity to characterize the difference between ke and kf  . In addition, we define a 
tortuosity function Λ

T
 , the inverse of �∗

T
 , as

Λ
T
 is bounded between 0 and 1. It is therefore suitable for assessing the accuracy of 

thermal tortuosity models, as the model error of Λ
T
 is constrained between −1 and 1. 

When Λ
T
 is known and Λ

T
≠ 1 , Eq. (5) has two solutions for ke

kf
 , one greater than and the 

other less than one. Thus, the unique value of ke can be determined from Λ
T
 according to 

the value of � ( ke
kf
> 1 if 𝜆 > 1 and ke

kf
< 1 if 𝜆 < 1).

Effective thermal conductivity can also be calculated using empirical correlations. For 
example, Winner (1912) suggests that ke can be calculated as

Λt can then be determined by substituting Eqs. (6) or (7) into Eqs. (3)-(5).
Alternatively, the dimensionless thermal conductivity ratio can be determined using the 

following correlation,

see Bruggeman (1935), Solórzanoa et  al. (2008), and Yang et  al. (2013). However, the 
coefficient n is related to the geometry of the porous matrix, which must be determined 
before the correlation is used.

2.2 � Macroscopic Geometric Properties

The applied thermal tortuosity is determined by the conductivity ratio � and the geometry 
of the porous medium. The porosity � , permeability K , diffusive tortuosity �D , mean par-
ticle (or fiber) diameter d , etc. are the most commonly used macroscopic properties deter-
mined by the porous medium geometry. Obviously, these parameters are not sufficient to 
describe the complexity of real porous media geometries.

In this study, we propose a new set of macroscopic parameters to characterize the geom-
etry of the porous media by performing a Fourier transform of the solid field function 

(5)
Λ

T
=

1

�∗
T

=
2

kf

ke
+

ke

kf

(6)ke = �kf + (1 − �)ksor

(7)ke =
kf ks

�ks + (1 − �)kf

(8)
ke

kf
− �

1 − �

(
ke

kf

) 2

3
n−1

= �
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� , whose value is 1 in the solid matrix and 0 in the pores. In a three-dimensional repre-
sentative elementary volume (REV) of a porous medium, we propose using the Fourier 
coefficients 𝛼̂ as macroscopic parameters to characterize the geometry of porous media, 
expressed as

where i is the imaginary unit; i, j and k are integers; A(i, j, k) and B(i, j, k) are the real and 
imaginary parts of the Fourier coefficient 𝛼̂(i, j, k) ; ⟨ ⟩rev denotes the volume averaging in 

(9)𝛼̂(i, j, k) = A(i, j, k) + iB(i, j, k) =
⟨
𝛼(x, y, z) exp

(
−i

2𝜋

s
(ix + jy + kz)

)⟩

rev

Input 

( ) 

 

Output 
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Hidden layers
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Fig. 2   Diagrams of FCNN (a) and CNN (b) architectures



	 Y. Jin et al.  112   Page 8 of 23

a REV, which is assumed to be a cubic box; and s is the REV size. Note that A(0, 0, 0) is 
the same as the porosity � . Similar to the classical macroscopic properties, A(i, j, k) and 
B(i, j, k) are all REV-averaged quantities. Using an inverse Fourier transform, the solid field 
function can be reconstructed as.

The geometry of the porous medium can be well characterized by the proposed macro-
scopic parameters when N is large enough. By averaging �∗2

(x, y, z) in a REV and consid-
ering Eq. (9), we can obtain the power spectra of � , expressed as.

where the power spectrum = E
(

2�i

s
,
2�j

s
,
2�k

s

)
= A(i, j, k) ∗ A(i, j, k) + B(i, j, k) ∗ B(i, j, k) . 

E
(
�1, �2, �3

)
 indicates the contribution of the fluctuation of the porous matrix in mode (

2�i

s
,
2�j

s
,
2�k

s

)
 to the porosity. Note that E(0, 0, 0) is identical to (1 − �)

2.

2.3 � Machine Learning

Machine learning can establish relationships between the proposed macroscopic geometric 
properties 𝛼̂ and the thermal tortuosity function Λ

T
 for different thermal conductivity ratios. 

Two types of neural network architectures, the fully connected neural network (FCNN) and 
the convolutional neural network (CNN), are used in this study. FCNN, also known as a 
dense neural network, is a type of artificial neural network in which each neuron in one 
layer is connected to each neuron in the following layer. It consists of an input layer, an out-
put layer, and hidden layers, see Fig. 2a. It is often used as a basic machine learning model 
but is usually expensive due to the large number of parameters to be trained. CNN is a deep 
learning neural network that is primarily used for analyzing visual data. A CNN consists 
of an input layer, an output layer, convolutional layers, pooling layers, and fully connected 
layers, see Fig. 2b. The CNN is able to handle high-dimensional data efficiently with mini-
mal parameters to train. The FCNN and CNN models are compared in this study when they 
are used to predict the thermal tortuosity function.

The input data for both FCNN and CNN are the real and imaginary parts of 𝛼̂ , i.e., 
A(i, j, k) and B(i, j, k) in Eq.  (6). The output data are Λ

T
 at typical thermal conductivity 

ratios. Two hidden layers were used in an FCNN, while three hidden layers were used in a 
CNN. The rectified linear unit (ReLU) activation function was used to compute the output 
neurons of the hidden layers. The open source machine learning library Pytorch 2.5 was 
used to train the neural networks.

(10)𝛼∗
(x, y, z) =

N∕2∑

i=1−N∕2

N∕2∑

j=1−N∕2

N∕2∑

k=1−N∕2

(
𝛼̂(i, j, k) exp

(
i
2𝜋

s
(ix + jy + kz)

))

(11)1 − � =
⟨
�2
(x, y, z)

⟩
rev

≈
⟨
�∗2

(x, y, z)
⟩
rev

=

N∕2∑

i=1−N∕2

N∕2∑

j=1−N∕2

N∕2∑

k=1−N∕2

E
(
�1, �2, �3

)
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3 � Applications of the Developed Concepts and Methods

The relationship between the thermal tortuosity function Λ
T
 and the macroscopic 

Fig. 3   Original (a, b, c) and reconstructed (d, e, f) porous media consisting of circular porous elements 
(regular media) with � = 0.96 (a, d), � = 0.65 (b, e), and � = 0.48 (c, f)

Fig. 4   Original (a, b, c) and reconstructed (d, e, f) porous media consisting of irregular porous elements 
(irregular media) with � = 0.95 (a, d), � = 0.74 (b, e), and � = 0.57 (c, f)
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geometric parameters 𝛼̂ is determined for two-dimensional arbitrary porous media 
to demonstrate the applications of the developed concepts and the machine learning 
methods. It is assumed that the thermal conductivity is constant, so that the modeled 
thermal tortuosity function is independent of temperature.

3.1 � Generation of Porous Matrices

We generate a series of two-dimensional porous media consisting of circular porous ele-
ments (regular media) or irregular elements (irregular media) to obtain training and valida-
tion data. The matrices are of the same size, s × s . Similar to the porous matrix shown in 

Fig. 5   One-dimensional power spectrum of � in the x-direction, E
(
�
1
, 0, 0

)
 , for the porous medium shown 

in Fig. 1. E
(
�
1
, 0, 0

)
 is close to zero, except when �

1
s∕(2�) = 5n , where n is an integer

Fig. 6   Temperature fields in the regular media with � = 0.96 (a), � = 0.65 (b) and � = 0.48 (c). 
� = 2 × 10

−4 . The corresponding porous media are shown in Fig. 3
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Fig. 1, a regular porous matrix consists of 25 ( 5 × 5 ) circular elements, but the circle diam-
eter d and the spacing a have random values. To obtain an irregular porous matrix, we first 
define a two-dimensional pseudo solid field function

where N is set to 50. The real and imaginary parts of the pseudo Fourier coefficients 
𝛼̂�(i, j, 0) have random values varying between 0 and 1. The solid field function is deter-
mined as

where H is the Heaviside function which ensures that � is 0 or 1. �′ is another random 
value. The Fourier coefficients 𝛼̂(i, j, 0) , including their real and imaginary parts A(i, j, 0) 
and B(i, j, 0) , are calculated using Eq.  (8). The solid field function can be reconstructed 

(12)𝛼#
(x, y, 0) =

N∕2∑

i=1−N∕2

N∕2∑

j=1−N∕2

𝛼̂�
(i, j, 0) exp

(
2𝜋

s
(ix + jy)

)

(13)�(x, y, z) = H
(
�#

− ��
)

Fig. 7   Temperature fields in the irregular porous media with � = 0.95 (a), � = 0.74 (b), and � = 0.57 (c). 
� = 2 × 10

−4 . The corresponding porous media are shown in Fig. 4

Fig. 8   Comparison of the thermal tortuosity function Λ
T
 for � = 2 × 10

−4 (calculated in this study) and the 
results for � = 0 (Gasow et al. 2020; 2021)
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with these macroscopic parameters using Eq. (9). Setting the number of macroscopic geo-
metric parameters N to 50 yields 5000 ( 2 × 50 × 50 ) macroscopic geometric parameters 
from the Fourier transform (Eq.  8). The original regular and irregular porous matrices 
are compared to the porous media reconstructed from the macroscopic parameters using 
Eq. (9) and � = H(�∗

− 0.5) in Figs. 3 and 4. The proposed macroscopic parameters effec-
tively capture and describe the characteristics of a porous medium with arbitrary geometry.

The power spectra of the solid field function � can be used to check whether the gen-
erated porous matrix is the smallest REV. If a three-dimensional porous matrix of size s 
consists of smaller periodic structures, the power spectra E(i, j, k) will be dominated by 
the spectra at fewer wavenumbers E

(
iN1, jN2, kN3

)
 , where at least one of Ni ( i = 1, 2, 3 ) 

is greater than 1. For the two-dimensional porous matrix shown in Fig. 1, the power spec-
tra are dominated by E

(
5N1, 5N2, 0

)
 , see Fig.  5. Therefore, the smallest REV has the 

size (s∕5, s∕5) . The porous matrix in Fig. 1 should be reduced to a square with the size 
(s∕5, s∕5) before it is used to compute the training and validation data.

3.2 � Training and Testing Data

The input data to the neural networks are the 5000 ( 2 × 50 × 50 ) macroscopic geometric 
parameters for each porous medium. The heat conduction Eq. (1) is solved to determine the 
heat flux qw and the effective heat conductivity ke for the corresponding porous medium at 
16 typical heat conductivity ratios: 2−12, 2−11,…, 1,… 211, and 212 . Figures 6 and 7 show 
the calculated temperature fields in typical regular and irregular media at a low thermal 
conductivity ratio � = 2 × 10−4 (equal to 2−12 ). It can be seen that the temperature field 
varies more strongly as the porosity decreases. The thermal tortuosity functions Λ

T
 at these 

16 typical heat conductivity ratios are used as the output data of the neural network.
To validate the numerical results, the thermal tortuosity function is calculated at a very 

small thermal conductivity ratio ( � = 2 × 10−4 ) for the porous media consisting of aligned 
circular elements (see Fig. 1 for the geometry of � = 0.56 ). The numerical results are com-
pared with the data from Gasow et al. (2020, 2021), where a body-fitted mesh is used to 

Table 1   Neural networks used to determine the thermal tortuosity function. Two hidden layers are used in 
FCNNs, and three hidden layers are used in CNNs. The number of neurons in each FCNN layer and the 
number of channels in each CNN layer are given in the architecture details. The same strides ((4, 2), 2, 2, 
4), kernel size (3,3) and padding (0) are used in all CNNs. The optimized neural networks are in gray

ID Architecture (details) nt np MSE(i) MES(r)

FCNN1 FCNN (5000, 1000, 500, 25) 21,712 5,514,025 0.041 0.013
FCNN2 FCNN (5000, 1000, 500, 25) 10,000 5,514,025 0.055 0.014
FCNN3 FCNN (5000, 1000, 500, 25) 5000 5,514,025 0.1 0.019
FCNN4 FCNN (5000, 500, 250, 25) 21,712 2,632,075 0.031 0.012
FCNN5 FCNN (5000, 250, 250, 25) 21,712 1,284,775 0.033 0.012
CNN1 CNN(1, 25, 25, 25, 25) 21,712 17,200 0.052 0.049
CNN2 CNN(1, 50, 50, 50, 25) 21,712 56,875 0.042 0.036
CNN3 CNN(1, 100, 100, 100, 25) 21,712 203,725 0.033 0.027
CNN4 CNN(1, 200, 200, 200, 25) 21,712 767,425 0.031 0.027
CNN5 CNN(1, 300, 300, 300, 25) 21,712 1,691,125 0.043 0.028
CNN6 CNN(1, 100, 200, 100, 25) 21,712 383,825 0.033 0.03
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determine the diffusive tortuosity (the thermal tortuosity for � = 0 ). Figure  8 shows the 
good agreement between the two results, validating this study’s calculations.

We generated 11,000 regular media and 10,712 irregular media to obtain training data. 
In each porous medium, 16 calculations were performed to calculate the thermal tortuosity 
functions at different thermal conductivity ratios. A further 1000 regular and 1000 irregu-
lar media were generated to provide validation data to test the neural network model.

3.3 � The First Neural Network Model

The original neural network is an FCNN with 1000 and then 500 neurons in the two hidden 
layers. The neural network is trained using the training data in Sect. 3.2. The mean squared 
error (MES) loss after the training is 0.013 for the regular porous media and 0.041 for 
the irregular porous media, see neural network FCNN1 in Table 1. The thermal tortuosity 
function ΛT can be determined for any given porous medium using the trained neural net-
work at 16 typical thermal conductivity ratios.

The neural network and correlation results are compared with the validation data in 
Fig. 9 for two typical porous medium geometries. It can be observed from the validation 
data that the Λt − ln(�) is almost symmetrically distributed. However, this feature is only 
captured by the neural network model. The correlation Eqs. (6) and (7) cannot identify this 
feature.

Further model results of ΛT for different porous media geometries and heat conductiv-
ity ratios are compared to the validation data in Figs. 10 (regular media) and 11 (irregu-
lar media). The neural network model is significantly more accurate than the correlations 
but exhibits significant uncertainties at low conductivity ratios. The difference between 
the model results and the validation data varies between −0.3 and 0.4 at � = 2 × 10−4 , as 
shown in Fig.  11d. In addition, the neural network model exhibits greater uncertainties 
when applied to irregular media compared to regular media.

Fig. 9   Comparison of the modeled thermal tortuosity function and the validation data. a Regular medium 
with � = 0.76 , b irregular medium with � = 0.81
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3.4 � Effect of Neural Network Architecture

The neural network architecture is varied to find an optimized architecture that minimizes 
the uncertainties of the model results. A possible reason for the uncertainties of the origi-
nal neural network model (FCNN1) is that it has too many parameters (5,514,025 weights 
and biases) that need to be trained, but the training data are insufficient due to the high 
computational cost of obtaining the training data. FCNN1 is trained using 21,712 training 
data sets. Figure 12 shows the decay of the MSE loss over an epoch during the training pro-
cess. The results obtained using different numbers of data sets are compared. It can be seen 
that the MSE loss for training cases becomes lower as the number of data sets is reduced. 
However, the MSE loss for the testing cases increases with a decrease in the training data 
due to overfitting.

Besides increasing the training data, which is extremely expensive, the other possible 
approach to reduce the model uncertainty is to train fewer parameters. Table 1 shows that 
by reducing the number of neurons in the two hidden layers to 500 and 250 (FCNN3), the 
MES loss can be reduced to 0.012 for the regular media and 0.031 for the irregular media, 
respectively. Figures 13 and 14 also show that the model errors are reduced for all thermal 
conductivity ratios when the neural network architecture is optimized.

Another possible method to reduce the number of parameters is to use CNN architec-
ture. Six CNN architectures are tested in this study. Table 1 shows that model CNN4 has 
the lowest MES losses (0.027 for regular geometries and 0.031 for irregular geometries) 

Fig. 10   Modeled the thermal tortuosity function Λ
T
 versus the validation data for � = 0.13 (a), 0.03 (b), 

0.004 (c), and 2 × 10
−4 (d). The model results are compared with the validation data for regular media
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among the CNNs considered. Model CNN4 has a higher accuracy than the other optimized 
model FCNN3 for irregular porous media with low thermal conductivity ratios ( � ≤ 0.004 , 
see Figs.  14c,d). Due to the symmetry of the Λt − ln(�) relationship, model CNN4 also 
has higher accuracy at very large thermal conductivity ratios ( � ≥ 250 ). In addition, the 
accuracy of model CNN4 is only slightly affected by the thermal conductivity ratio and 

Fig. 11   Modeled thermal tortuosity function Λ
T
 versus the validation data for � = 0.13 (a), 0.03 (b), 0.004 

(c), and 2 × 10
−4 (d). The model results are compared with the validation data for irregular porous media

Fig. 12   Decay of the MSE loss over epoch during the training process (a) and the MSE loss for the testing 
data (b)



	 Y. Jin et al.  112   Page 16 of 23

the geometry of the porous medium. It shows similar accuracy for all cases considered. 
However, model CNN4 is less accurate than model FCNN3 for regular geometries or when 
� is close to 1, see Figs. 13a and 14a. In general, optimizing the architecture of the neural 
network improves the accuracy of the model but does not completely solve the uncertainty 
problem.

3.5 � Knowledge Informed Neural Network (KINN)

The above discussion shows that sufficient training data is important to ensure the accuracy 
of a neural network model. However, in practice obtaining sufficient training data is often 
difficult due to its high cost. A potential solution is to incorporate established knowledge of 
transport in porous media into the current neural network model. This can reduce the num-
ber of parameters that need to be trained.

According to the data-information-knowledge-wisdom (DIKW) hierarchy proposed by 
Rowley (2007), the knowledge, which is obtained by learning the information, can detect 
patterns and allow the generation of predictive models. In the training data, it can be 
observed that the ΛT − ln(�) profiles are almost symmetric (see Fig. 10), while dΛT

dln(�)
= 0 

when � = 1 and dΛT

dln(�)
→ 0 as � → 0 or � → ∞ . Based on these observations, we assumed 

that the correlation equation for ΛT has the form.

Fig. 13   Modeled thermal tortuosity function Λ
T
 versus validation data for � = 0.13 (a), 0.03 (b), 0.004 (c), 

and 2 × 10
−4 (d). The FCNN and CNN results are compared for regular porous media
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where n and A are the model coefficients.
We introduce a knowledge-informed neural network (KINN) model, depicted in 

Fig. 15, which is based on Eq. (14). In this KINN architecture, an FCNN is constructed 
to interrelate the macroscopic geometric parameters (input data) and the model coef-
ficients n and A . Parameters n and A have the same dimension as the output data so that 
the effect of � on them is also taken into account. Parameters n and A are substituted 
into Eq. (14) to determine ΛT . Each hidden layer uses 100 neurons for the present KINN 
model. The study in Sect. (3.4) indicates that, with the current number of training data 
sets, a neural network model with nt in the range 8 × 105 − 2.6 × 106 has the best perfor-
mance. The current KINN model uses 1,005,250 neurons, which is within this range.

The KINN results are compared with the FCNN results in Figs. 16 (regular media) 
and 17 (irregular media). Similar to the CNN model, the KINN model also considerably 
improves the accuracy for irregular media at low thermal conductivity ratios (Figs. 17c 
and d). At � = 2 × 10−4 , the maximum difference between the model results and the 
validation data is decreased to 0.2 by the KINN model. In contrast, the maximum dif-
ference is 0.4 in the reference FCNN model (FCNN2). In addition, the KINN model is 
much more accurate for the regular media than the CNN model, see Figs. 13 and 16 for 

(14)ΛT =
�n

1 + �2n
(1 − A) + A

Fig. 14   Modeled thermal tortuosity function Λ
T
 versus validation data for � = 0.13 (a), 0.03 (b), 0.004 (c), 

and 2 × 10
−4 (d). The FCNN and CNN results are compared for irregular porous media
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comparison. The numerical results show that, with the limited number of neurons (due 
to the limited number of training data sets), providing established knowledge, such as 
conservation equations, to the neural network model is a promising method to enhance 
model accuracy.

The KINN predictions of the dimensionless effective conductivity ke∕kf  are com-
pared with validation data and correlation (8) in Fig.  18 (with n = 1.8 for regular 
porous media and n = 3 for irregular porous media) for � = 0.004 and 2 × 10−4 . The 
KINN model accurately predicts effective conductivity without requiring adjustment 
of its coefficients. Some uncertainty appears at large � values ( � ≥ 0.96 ). This occurs 
because, as � approaches zero, porosity dominates over other geometric parameters, yet 
this information is not conveyed to the neural network model.

4 � Conclusions

In this study, we have further developed the theory of thermal tortuosity in porous media. 
The proposed concepts of applied thermal tortuosity �∗

T
 and thermal tortuosity function 

ΛT =
1

�∗
T

 effectively characterize the effect of porous medium geometry and thermal con-
ductivity ratio on the average path length of heat conduction in a porous medium. We have 
also developed new macroscopic geometric parameters of porous media 𝛼̂ by using a Fou-
rier transform. The proposed parameters effectively capture the complexity of porous 

Fig. 15   Diagram of knowledge-informed neural network architecture
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media geometry. The relationship between the macroscopic geometric parameters 𝛼̂ and the 
thermal tortuosity function ΛT can be established by using a neural network model. The 
parameter ΛT of any given porous medium can be accurately determined when the neural 
network model is fully trained. Substituting the calculated ΛT into its definition given by 
Eq. (5), we can determine the thermal conductivity ratio kf

ke
 and, consequently, calculate the 

effective thermal conductivity ke . The accurate calculation of ke is an important step toward 
an accurate solution of the macroscopic thermal energy equation in porous media. Alterna-
tively, a neural network model could be developed directly to predict the effective thermal 
conductivity ke . However, unlike ke , which is dimensional and ranges from 0 to infinity, ΛT 
is a dimensionless parameter bounded between 0 and 1. This makes ΛT more suitable for 
use in a neural network model.

Using two-dimensional arbitrary porous media as an example, we have demonstrated 
the application of the developed concepts and the neural network model. Porous matrices 
consisting of regular (circular) and irregular porous elements were created to obtain train-
ing and validation data. It has been shown how the macroscopic geometric parameters can 
be used to reconstruct the porous medium and determine the smallest REV. The example 
studied also shows that the developed neural network model is significantly more accurate 
than the empirical correlations (6) and (7). However, the present neural network model 
exhibits considerable uncertainties when the thermal conductivities of the two materials 

Fig. 16   Modeled thermal tortuosity function Λ
T
 versus validation data for � = 0.13 (a), 0.03 (b), 0.004 (c), 

and 2 × 10
−4 (d). The FCNN and KINN results are compared for regular porous media
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within the porous medium are significantly different ( 𝜆 ≪ 1 or 𝜆 ≫ 1 ). Optimizing the neu-
ral network architecture improves the accuracy of the model but does not completely solve 
the problem of uncertainty. The study shows the importance of embedding established 
knowledge of transport in porous media into the neural network model and using improved 
machine learning algorithms, such as CNN, to improve the model accuracy. In addition, 
the current neural network model is for two-dimensional porous media. It is important 
to extend the model to three-dimensional porous media, enabling the use of realistic CT-
scanned structures to evaluate the model’s predictions.

Fig. 17   Modeled thermal tortuosity function Λ
T
 versus validation data for � = 0.13 (a), 0.03 (b), 0.004 (c), 

and 2 × 10
−4 (d). The FCNN and KINN results are compared for irregular porous media
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