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Summary

In this PhD thesis, active vibration control using eccentrically rotating masses is investi-
gated. The basic layout of the so-called twin rotor damper (TRD) consists of two eccentric
control masses rotating about two parallel axes. In a preferred mode of operation, the con-
tinuous rotation mode, both control masses rotate in opposite direction with a constant
angular velocity. Under further operational constraints, the generated centrifugal forces
superimpose to a harmonic control force in a single direction.

The thesis begins with the presentation of control algorithms to ensure the continuous
motion of the control masses and anti-phasing between the control force and the velocity
of a single degree of freedom (SDOF) oscillator performing mono-frequent vibrations; thus,
the TRD provides the desired damping action. An analytic steady-state response solution
of a SDOF oscillator under harmonic excitation with and without the action of the TRD is
derived and validated experimentally. The inability of the TRD to damp small vibrations
in the continuous rotation mode becomes apparent and is discussed.

Subsequently, stochastically forced vibrations are studied. To ensure the anti-phasing be-
tween the velocity of the SDOF oscillator and the control force of the TRD, the TRD must
deviate from the continuous rotation mode by varying the angular velocity of the rotors. If
the required variation of the angular velocity is too high, it is no longer beneficial to oper-
ate the TRD in the continuous rotation mode. It is shown that below a specific vibration-
amplitude threshold, an operation in the continuous rotation mode is no longer beneficial.
To additionally control vibrations below the specified vibration-amplitude threshold, the
TRD is required to operate in an alternative mode of operation, the so-called swinging
mode. Although a greater damping performance is achieved with the continuous rotation
mode, the swinging mode is required for the damping of small vibrations. Based on nu-
merical simulations and experiments, the effectiveness of the proposed control-loop and
tuning procedure for the damping of stochastically forced vibrations is validated.

Finally, the layout of the TRD is modified allowing for the vibration control of an oscillator
with two translational degrees of freedom. The two degree of freedom oscillator performs
planar motion and has an elliptic motion path when a free vibration is considered. The
control masses now rotate about a single axis. By imposing small variations in the angular
velocity, the direction of the control force can be changed in the plane of motion of the two
degree of freedom (TDOF) oscillator. This allows for the vibration control of the TDOF
oscillator in the continuous rotation mode with small variations in the angular velocities.
The control algorithm works as follows. The direction of the major axis of the elliptic
motion path is detected. To achieve maximum damping action, the directed harmonic
control force is set such that it is in anti-phase with the velocity of the TDOF oscillator
along the major axis. The algorithm was validated experimentally for free vibrations and
numerically for stochastically forced vibrations. For a TDOF oscillator with small inherent
damping, it is shown that the power demand and the energy consumption of the adapted
TRD are smaller than those of a conventional active mass damper.
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Nomenclature

Within the following list, abbreviations, symbols, operators and subscripts are given. The
list contains recurring symbols of major importance. Symbols with minor importance,
which only occur intermittently, are not listed.

Abbreviations

CAMD ....... conventional active mass damper
DOMA ...... direction of major axis

LE ........... limiting error

PLL ......... phase-locked loop

RDP ......... ramp-down process

RUP ......... ramp-up process

SDOF ........ single degree of freedom

TAP ......... target angular position

TAV ......... target angular velocity

TDOF ....... two degree of freedom

T™MD ........ tuned mass damper

TRD ......... twin rotor damper

Greek Symbols

Qe phase difference

A deviation/offset /error

/B frequency ratio

0 angular position for swinging mode
Yo direction of major axis
[ mass ratio

€ damping ratio (to critical)

O angular position

O phase the displacement lags behind the excitation force in steady-state
Dt f wvenennnns filtered target angular position

Of e target angular position
Yo vibration phase

W o (angular) frequency

We wvenenannn. (angular) excitation frequency

O (circular) filter frequency

Wi e natural (circular) frequency
Operators

() e estimate

() indication of time-dependency

() e time derivative

()T transpose of a matrix

Roman Symbols

a, b ... coefficients describing rotor dynamics
gy weeeeens coefficients describing ramp-up/ramp-down trajectory
Aopp oo vibration amplitude below which the TRD turns off or switches in the

swinging mode

P vibration amplitude above which the TRD it turned on or switches in the
continuous rotation mode

Ap o approximated tangential force component



Ay oo approximated variations of filtered target angular velocity
A oo vibration amplitude

C i damping coefficient

CE i control error limited to values between —7 and 7

C(s) .ooouenn transfer function /matrix of controller

Cpovvnnnnnnnn, control effort of PLL filter

Cofy weverrres mean standard deviation of controlled displacement responses

D ... dynamic amplification /indication of damping direction

Ay o, displacement along major axis

d. ... relative displacement between control/excitation mass and main mass

E o energy

€ i error

Ey oo expected tangential force component

fd oo, inherent damping force

Foooo force normalized by mass

oo force

fivoiiiiii, total inertial force

fs oo, restoring spring force

Gp .......... transfer function describing the dynamics of the single degree of freedom
oscillator

Gs2 oot transfer function describing dynamics of linear actuator with control effort
as input and displacement as output

Gs .ot transfer function describing dynamics of linear actuator with control effort
as input and velocity as output

H ... transfer function ensuring a smooth ramp up/down process

I ... ....... identity matrix

J oo rotational inertia of a single rotor

Kp, K, ...... proportional feedback gain

koo stiffness

Lo number of vibration periods

My ... ... transfer function with control effort u, as input and angular position ¢ as
output

Mo, mass

M ... moment created by one actuator

Mg oo total mass of SDOF oscillator

My ool transfer function with control effort u, as input and angular velocity ¢ as
output

Mo, rank of polynomial /number of considered vibration periods
P, power of an actuator

P mean standard deviation of required powers of actuators
b power of displacement due to initial conditions

P ... mechanical power/power of a signal

Prsrot - power required for the continuous rotation mode
Prmssw ------ power required for the swinging mode
P continuously computed power ratio
P power of displacement due to excitation

Pr ........... power of one TRD unit

P power ratio

P total power of displacement

vi



P, continuously derived power of displacement

T o rod length /radius

s/s(t) ........ Laplace variable/time-varying signal

Tn oot natural period length

T period length /length of time interval

T . re-synchronization time

Ts oot sampling time

b time

U o control effort

Ugfy ooeevnnnn standard deviation of uncontrolled displacement responses

| expected variations of filtered target angular velocity

W oo work

W oo weight function

T displacement of single degree of freedom oscillator/displacement coordi-
nate of two degree of freedom osicllator

Y oo displacement coordinate of two degree of freedom osicllator

Y o logic signal indicating the mode of operation

Z oo state vector

Subscripts

[ initial /amplitude

A oo actuator/actual /adjusted /approximated

b oo border

Coviia control /controlled /constant

cl oo closed-loop

d ..o, damped

€ i excitation/exact/estimated

[ filtered

Mo measured

Moo natural

ol ............ open-loop

opt ........... optimal

P oo peak

rd ... ramp down

TS «oviun... root mean square

/A radial

TU v ramp up

std ... ... standard deviation

tr oo transient

b tangential /target

T .. twin rotor damper

U o uncontrolled
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1

Introduction

Vibrations are frequently a subject for engineers. They can be wanted or unwanted [1]. In
the first case, e.g. electromechanically induced vibrations of cones, vibrations are intention-
ally generated to produce sound waves [1]. In the second case, vibrations can negatively
affect such things as material lifetime and human comfort. They can even lead to failure,
for instance, of long-span bridges under strong wind action [2|. Earthquakes can pro-
duce seismic waves capable of threatening the integrity of structures and the lives of the
inhabitants. In automobiles, engine vibrations and car vibrations induced by bad road
conditions can make the driver uncomfortable [1]. To suppress or isolate such vibrations
from other machinery parts or humans, damping devices can be utilized. There are three
classifications of damping devices: passive, adaptive and active [3].

The implementation of passive damping devices in structures, e.g. bridges, is quite com-
mon. In [4], a tuned mass damper is used to mitigate pedestrian-induced vibrations.
Tuned mass dampers have been researched extensively and are frequently used to reduce
wind induced building vibrations, suppress vibrations of power transmission lines and wind
turbine tower vibrations [5, 6]. Next to the tuned mass damper, there are other passive de-
vices, like base isolation systems to isolate structures from the earthquake motion, friction
dampers (e.g. fluid dampers), and other mechanical dampers (e.g. pendulum-type ab-
sorbers), see [7, 8, 9]. Passive devices are tuned to a single particular frequency. Therefore,
they are only effective over a narrowband of frequencies. If the environmental or operating
conditions of the system to be damped change, passive devices may become untuned and
lose their effectiveness [3].

In such cases, adaptive devices can be more effective. By adjusting specific parameters,
their behavior can be varied during operation. Advances concerning this have led to a
variety of adaptive tuned mass dampers and associated control strategies, see [3, 10, 11,
12, 13, 14, 15]|. However, reliability and maintainability concerns may be one of the reasons
that have prevented the wide use of such devices [3].

Reliability and maintainability concerns are also often associated with active devices. Ac-
tive devices consist, among other things, of an active element. This active element can, for
instance, produce a force or a moment on a reaction mass. Advantages of active devices
over passive and adaptive devices include a broader band of effective frequencies and higher
control authority |3, 16, 17]. Active devices have also been implemented, e.g. for structural
control, see [18, 19]. Further active devices and corresponding control algorithms are pre-
sented in [20, 21, 22]. Active devices are, however, more complex and require an external
power supply, resulting frequently in higher costs in terms of design and operation.

Most active mass dampers generate their damping action by continuously accelerating and
decelerating control masses. The resulting inertial forces are set such that they oppose
the velocity of the system to be damped [17]. The velocity of the system can be used as
feedback, which makes the design of the control-loop simple. In this work, such active
mass dampers will be referred to as conventional active mass dampers.



2 CHAPTER 1. INTRODUCTION

In |23], an active mass damper implementing the centrifugal forces of eccentrically rotating
masses was presented. The basic layout, referred to as the twin rotor damper (TRD),
consists of two eccentric control masses which rotate with equal and constant angular
velocity about two parallel axes. In a preferred mode of operation, the continuous rotation
mode, both control masses rotate in opposite directions. The resulting centrifugal forces are
used for the vibration control of a single degree of freedom oscillator. The nearly constant
angular velocity results in a power advantage in comparison to conventional active mass
dampers.

In this thesis, the research done in [23] is further developed and augmented for the control
of stochastically forced vibrations. Furthermore, the TRD setup and control algorithms
are adapted and developed for the control of an oscillator with two translational degrees
of freedom.

This work is structured a follows. In the following chapter, the layout of the TRD is pre-
sented along with the manner in which the control force is generated in the continuous
rotation mode. A continuous feedback control for the TRD is then derived, allowing for
the vibration control of a single degree of freedom (SDOF) oscillator performing mono-
frequent vibrations. The TRD operated in the continuous rotation mode is then compared
to a conventional active mass damper regarding power efficiency. For reaching and leaving
the continuous rotation mode, ramp-up and ramp-down trajectories are developed. There-
after, a complete closed-loop control damping cycle for the TRD is presented, validated
experimentally and discussed. An analytic solution describing the steady-state response of
a SDOF oscillator subjected simultaneously to a harmonic excitation force and the action
of the TRD (operated in the continuous rotation mode) is derived, analyzed and validated
experimentally. The steady-state damping performance of the TRD is then compared an-
alytically with a passive device. The inability of the TRD to control small vibrations in
the continuous rotation mode is discussed at the end of this chapter along with two further
methods previously assumed to solve this problem.

In chapter 3, the use of the TRD for stochastically forced vibrations is studied. It is
determined that using the TRD below a certain vibration threshold is ineffective in the
continuous rotation mode. Therefore, an alternative mode of operation, the swinging mode,
is investigated for the control of small vibrations. In a design example, the SDOF oscillator
is exposed to a stochastic excitation force and the action of the TRD. A corresponding
tuning procedure is proposed for automatically switching the TRD between the two modes
of operation. Numerical simulations and experiments are performed.

In chapter 4, the layout of the TRD is adapted. The adapted layout allows for a control
force which can change direction in a plane, thus to control the vibrations of an oscillator
with two translational degrees of freedom. The free vibrations of this oscillator are analyzed
first. A corresponding control algorithm is suggested and verified with a test setup for the
damping of free vibrations. The use of the adapted TRD for stochastically forced vibrations
is studied using numerical simulations.
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Twin rotor damper

2.1 Layout and preferred mode of operation

As shown in figure 2.1 and [23|, the twin rotor damper (TRD) consists of two control
masses m./2. These masses are hinged by two mass-less rods with the length r to two
parallel axes. The angular position ¢(t) clearly defines the motion of both rotors (control
mass with mass-less rod), where (¢) indicates the time dependency.

£:(t) £:(t)
s /_\f@ ) w Y

- ! _—

2// 3 \\\ // : \\2 X
; wo(t) e/ T
| | 1 | Y

Figure 2.1: Twin rotor damper |24]

If the rotors are in motion (p(t) # 0), radial forces f,(¢) (centrifugal forces) drawing away

Y

from the center of the axis are created, see figure 2.1. Such a radial force f,(t) is given by:

fr(t) = 1mcrgb(t)2

; (2.1)

The dot operator indicates the derivative with respect to time.

If the rotors are additionally accelerated (¢(t) # 0), in addition to the radial forces,
tangential forces, f;(t), are created, see figure 2.1. Such a tangential force is given by:

1

fi(t) = §mc7”¢(t) (2.2)

If, as indicated in figure 2.1, the angular positions of both rotors are equal, the force
components of f,.(t) and f;(t) in Y-direction cancel each other out, whereas the force
components in X-direction superimpose to the force, fr(t), created by the TRD:

fr(t) = mer [gb(t)Q cos p(t) + () sin go(t)] (2.3)

If the rotors are driven with a constant angular velocity, the TRD operates in the so called
continuous rotation mode. Consequently, the second term in the square bracket of (2.3)
cancels out and a harmonic control force

fe(t) = mcrg'oQ cos () (2.4)
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with the constant amplitude m.r¢? is generated. Due to the constant angular velocity, the
angular position changes proportionally to time. This is shown in the following equation

o(t) = ¢t + w0 (2.5)

in which ¢q is the initial angular position.

If the angular positions of both rotors are unequal, a moment or a combination of a
moment and a force is created. However, these cases will not be handled in this work.
Further information regarding this can be found in |23, p. 8-13].

Note that in the continuous rotation mode, the preferred mode of operation, the tangential
forces (second term in the square bracket on the right-hand side of (2.3)) are to be kept
as small as possible. In another mode of operation, the so called swinging mode, primarily
these tangential forces are used for damping. In contrast to the continuous rotation mode,
the rotors must be accelerated and decelerated continuously to generate the desired damp-
ing action. Therefore, in the swinging mode, the TRD acts as a conventional active mass
damper which generates its control action by continuously accelerating and decelerating
control masses. Control algorithms for the swinging mode are presented in section 3.5.

2.2 Single degree of freedom oscillator

2.2.1 Governing differential equations

Within this section, open-loop studies of the single degree of freedom (SDOF) oscillator of
figure 2.2 including the action of the TRD are carried out.

fo(t)

m -+ Me
Me me
o & . BNy %l
”’?5(” e
Mt E M(t) [

I, T L

Figure 2.2: Twin rotor damper for SDOF oscillator [24]

The motion of the SDOF oscillator is defined by the displacement coordinate z(t). As-
suming a free vibration in which the rotors are not in motion (¢ = 0), the motion of the
SDOF oscillator is governed by the homogeneous differential equation:

(m + me)i(t) + ci(t) + kx(t) =0 (2.6)

in which m + m, is the total mass, ¢ the damping coefficient and k the stiffness of the
oscillator [1, 25]. In (2.6), the first term represents the total inertial force f;(t), the second
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the inherent damping force fy(t) and the third the restoring spring force fs(t) [25]. In
the following, the forces on the left-hand side of (2.6) will be referred to as system forces.
Dividing (2.6) by m + m, gives

E(t) + 26wnd(t) + wiz(t) =0 (2.7)

in which the natural (circular) frequency w, and the damping ratio £ are defined in the

following equations [25, 1].
/| k
Wy, = (2.8)
m -+ me

2bwy, = (2.9)

m -+ Mme
Taking the action of the TRD and an excitation force f() into consideration, the motion
of the SDOF oscillator is described by
(m 4+ me)i(t) + ci(t) + ka(t) = mer [p(£)? cos p(t) + @(t) sinp(t)] + fe(t) (2.10)
in which the first term on the right-hand side is fr(¢). Dividing (2.10) by the total mass
m + m yields
P (t) + 2€wnd(t) +wiz(t) = per [¢(t)? cos p(t) + G(t) sinp(t)] + Fo(t) (2.11)

in which p. is the control mass ratio and F¢(t) the excitation force (normalized by the
mass m + m.) defined in (2.12) and (2.13), respectively.
Me

He = (2.12)
F.(t) = 7mf Jr(t; (2.13)

In this work, lower-case f-variables refer to forces, whereas upper-case F-variables refer to
forces normalized by mass.

The free body diagram of a single rotor including all forces creating a moment about the
axis is shown in figure 2.3.

Figure 2.3: Free body diagram of a single rotor [24]

Establishing the dynamic equilibrium yields
1 1

M(t) — 5m6r2¢(t) + imcr:}&(t) sinp(t) =0 (2.14)
in which M(t) is the moment created by one actuator to drive the rotor. The second
term on the left-hand side of (2.14) is the moment induced by the rotational inertia of a
rotor and the third one the moment induced by an acceleration of the SDOF oscillator.
By treating the control masses as lumped masses, the rotational inertia J of one rotor is
mer?/2. For practical applications, the rotational inertia induced by the shaft, the rod,
etc. must be considered.
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2.2.2 Optimal initial angular position for particular initial conditions
In [23], research was carried out to optimize the initial angular position of the rotors,
wo = @(t = 0). This was done by assuming initial conditions, e.g. zy = z(t = 0) and
9 = &(t = 0), for the SDOF oscillator and minimizing the work done by the control force
under the constraint of (2.15) |23].

= Wn (2.15)

With the constraint of (2.15) and (2.5), the control force of (2.4) becomes:
folt) = merw? cos (wnt + ©o) (2.16)

The optimization of the initial angular position is briefly repeated here [23]. Recalling (2.6),
assuming that inherent damping is not present (¢ = 0), taking the control force of (2.16)
into consideration and dividing, as before, by m + m, gives:

B(t) + w2a(t) = perw? cos (wnt + o) (2.17)

Solving (2.17) for z(t) gives (2.18) |23].

[ 1
x(t) = zq cos (wnt) + 20 sin (wnt) + SHeT [wnt sin (wnt 4+ @o) — sin (¢o) sin (wpt)]  (2.18)

Wn

Deriving (2.18) with respect to time yields [23]:

#(t) = — xowy sin (wnt) + & cos (wpt) + ... (2.19)
1

JHeTe [wflt cos (wnt + @p) -+ wy €os o sin (wyt)]

The work W, (normalized by the total mass m + m.) done by the control force on the
SDOF oscillator over [ vibration cycles is as given by

2m

W, = perw? /wn &(t) cos (wpt + @o)dt (2.20)
0

where [ is a positive integer number [23]. Deriving W, with respect to ¢p, setting this
equal to zero and doing some rearrangements gives |23, p. 62]:

20 COS g — % sin g =0 (2.21)
n

As can be seen in [23], (2.21) does not depend on the number of vibration cycles [. Solv-
ing (2.21) for ¢, the non-trivial solution

— atan [ 2% 92.22
®o

Lo

is found [23]. The tan-function is periodic in w. To check whether ¢y corresponds to a
positive or negative peak (work done by the control force on the SDOF oscillator becomes
minimal or maximal), the second derivative of (2.20) with respect to g is calculated:

d2w, i
5 = —Iosin g — 0 cos ©o (2.23)
deg W,

Table 2.1 shows the ranges of various optimal initial angular positions, @g ¢, see last
column, for different initial condition ranges described by constraints for xzg and &g, see
first column.
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Table 2.1: Calculation of ranges of optimal initial angular positions for different initial
condition ranges described by constraints for xg and g

xo and g vo according to (2.22) ©0,0pt

xo>0Azo >0 10; 37 Vv ]m; S Jm; 3n|
29 >0Ad9 <0 | Jsma[ Vv ]3m2n] |3m; 2n]
o <0AZH<O0 10; 37 Vv ]m; 3] 10; 2]
o <O0Adg>0| Jamn[ Vv [2m2n| |37 7
xg>0Az0=0 %7‘( V %ﬂ %W
o <0Az9g=0 %7‘( V %ﬂ %W
o =0Az29>0 0 VvV =« T

o =0A29 <0 0 v 7 0
20=0AN29g=0 undefined undefined

The values in the second column give the value ranges for ¢y according to (2.22). These
value ranges for (g are restricted to values from zero to 27 (one revolution). Taking, for
instance, the first row (xg > 0Axo > 0), the solution for ¢ lies, according to (2.22), in one
of the following value ranges: |0; 37 or |m; 37 Evaluating both value ranges with help
of (2.23) and under the constraints of the first column, the second derivative of (2.23) is
smaller than zero for the first value range (]0; 37[) and greater than zero for the second
value range (]m; %71’[) Therefore, the desired minimum of the work done by the control
force is obtained with the second value range, |m; %77[, see last column of table 2.1. The
same procedure can be performed for the other initial condition ranges.

The results of table 2.1 can be summarized by introducing the atan2-function, which is
defined and illustrated in figure 2.4.

a

A atan () itb>0
atan(%)—i—ﬂ ifb<Oand a>0
atan? (a,b) = atan (%) -7 %fb<0anda<0
5 ifb=0anda >0
-5 ifb=0and a <0
> b undefined ifb=0and a=0

Figure 2.4: atan2-function |26, 27|

The atan2-function is frequently used in the field of electrical engineering and is often
referred to as four-quadrant inverse tangent, see e.g. [26, 27]. The output of the atan2-
function has a value range from —7 to m. Thus, it provides a unique solution for ¢g op
within one revolution. With this atan2-function, the optimal initial angular position ¢g opt
can be expressed as shown in the following equation:

©0,0pt = atan2 (zown; o) + for £E=0 (2.24)

If inherent damping is present, the angular velocity ¢ of the rotors is to be set equal to
the damped natural circular frequency wy given in (2.25) [1, 23, 25].

wyg = wpy/1—¢&2 (2.25)
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Inherent damping is considered by inserting the inherent damping force into (2.17) and
replacing w,, by wg. This yields:

B(t) + 2w (t) + wa(t) = perw? cos (wat + @) (2.26)
The solution of (2.26) and its time derivative are given by

x(t) =e =5t [Ag cos (wqt) + By sin (wat)] + ... (2.27)
ferX1 [2x2 sin (wat + o) + cos (wat + ¢o)]

i(t) =e = @rt [(—€wpn Ao + waBo) cos (wat) — (wgAo 4 EwnBo) sin (wqt)] + ... (2.28)
HeTwgX1 [2x2 cos (wat + o) — sin (wat + o))

whereas Ay, By, x1 and xo are defined as:

Ao = 20 — perx1 (2x2 sin o + cos o) (2.29)
1 (/4 2 — &2

By = — (ﬂ + xo> et <sin o + 2—5 cos <,00> (2.30)
X2 \ §wn §2X2
1—¢2 1—¢2

_ e 2.31

X1 43¢ X2 ¢ ( )

In [23, p. 65-77|, the optimal initial angular position for 0 < £ < 1 was derived by minimiz-
ing the sum of the work done by the control force and the inherent damping force on the
SDOF oscillator. This approach fails to produce a closed-form solution. However, for the
particular initial conditions, x¢p > 0 and &y = 0, a clearly defined optimal initial angular
position was found [23, p. 69-70]. By using the atan2-function and performing the same
procedure as done for the oscillator without inherent damping, the optimal initial angular
position g p¢ for oscillators with inherent damping can be written in a more compact
form:

P0.0pt = atan? (—2\/1 s —5) for 0<é<l,z0>0andig=0 (2.32)

In |23|, the optimal initial angular position was derived by minimizing the sum of the work
done by the control force and the inherent damping force. Here, an estimate for the optimal
initial angular position is derived by minimizing solely the work done by the control force.
This can be done by assuming that the effect of the control force on the motion of the
SDOF oscillator is much larger than that of the inherent damping force. Furthermore, it
is assumed that the control force is small enough such that it does not dictate the motion
of the oscillator. With these assumptions, the velocity response of the SDOF oscillator
of (2.28) becomes

i p(t) = e 8t [(—€wn Ag + waBo) cos (wat) — (waAo + Ewy By) sin (wqt)] (2.33)

and can be used to calculate the normalized work done by the control force on the oscillator.
Forming the integral, as done before, gives (2.34)

2m

W, = perw? /wd & f(t) cos (wat + o)dt (2.34)
0

= perwpéxi (21 cos g + Zgsin ) (1 - e_2l5>
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whereas =; and Zy are given by

wWn L .
| =— ”g O 1 240X (2.35)

2wpx .
_ nLOX2 1 doxe
£
W, of (2.34) can be seen as a fictitious work done by the control force on the SDOF

oscillator.

[1]

[1]
)

Taking the derivative of (2.34) with respect to ¢, setting this equal to zero and solving
for the ¢g gives (2.36).

=1

po = atan (?) (2.36)

This equation gives a closed-form solution for (g as a function of the initial conditions of
the SDOF oscillator and the damping ratio. As before, the solution for ¢ repeats in 7.
To make the solution repeat in 27, thus providing a unique solution within zero to 2, the
atan2-function is used. The solutions are shown in the following equation:

©Yo,1 = atan2 (EQ, El) 900’2 = atan2 (—EQ, —El) (237)

To check if the work done by the control force has a positive or negative peak, the second
derivative of (2.34) with respect to ¢¢ is formed, see (2.38).

A2,
ded

= perwnéxi (21 cos g + Zgsin@p) (e_2l;7 - 1) (2.38)

By replacing ¢g by ¢p,1 in (2.38) and by varying the initial conditions (xg and &) and the
damping ratio (0 < £ < 1), it can be proven numerically that the second derivative of W,
is smaller than zero. Therefore, the work done by the control force is a maximum. The
same procedure can performed using ¢g2. However, in this case, the desired minimum
is obtained. Using the assumptions made above, the estimated optimal initial angular
position g gpt,e for SDOF oscillators with inherent damping equals ¢g 2. o2 of (2.37) can
be rewritten, see the following equation:

Wn X

$0,0pt,e = atan2 (_5-%.'0 - 2<'L)nwo; - 2€X2¢0> (239)

The limit value of the optimal initial angular position for SDOF oscillators with inherent
damping can be calculated for £ — 0 (SDOF oscillator without inherent damping) by:

. . wnZoé . .
lim = atan? | —€xg —2wpxo; ———m= —2+/1 — €2 3¢ | = atan2 (—w,x; — &
{ﬁogpo,opt,e é. 0 nd0, \/m § 0 ( nL0y 0)
—0 ~——— —1
—0

(2.40)
The limit value coincides with the value of (2.24). This is a possible indicator that ¢ opt,e
provides a general solution for the optimal initial angular position for the SDOF oscillator
with inherent damping under the influence of the TRD. However, as shown in the following
paragraph, this is not true.
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To compare the optimal initial angular position of (2.32), which was derived in [23] (within
this derivation, the work done by the control force and the inherent damping force is
minimized), with the estimate of (2.39), both functions were evaluated with respect to &
for the particular initial conditions xg > 0 and &y = 0, see figure 2.5/A.

0.01
«© 2
2 &
_ o
: 5
B = 0 T |
S = e
o o A <
E 3] —0.01] A<P0,opt |
§ 3 | | | | Phorte ‘
0 02 04 06 08 1 0 51072 0.1
3 3

Figure 2.5: Optimal initial angular positions ¢g ;¢ and its estimate @g op¢,e With respect to
the damping ratio £ for the particular initial conditions zg > 0 and £y = 0 and deviations
from 3/27 according to (2.41)

For £ =0, zp > 0 and &g = 0, @ opr 0f (2.32) and g gpte 0f (2.39) are equal to 3/2m, see
also (2.40). The curves differ as soon as £ > 0 and the deviations increase with the damping
ratio. Interestingly, the deviations from the value 3/27 are equal, but have different signs.
An explanation for this was not found. However, by evaluating the controlled free vibration
response, it can be checked numerically that with ¢g ope of (2.39), the work done by
the control force becomes minimal whereas with ¢ ope of (2.32), the total work done by
the control force and the inherent damping force becomes minimal. This validates the
derivations of (2.32) and (2.39).

In figure 2.5/B, the deviations of the optimal initial angular position and its estimate from
the value 3/27 normalized by 27, see (2.41), are shown.

3 3
¥0,0pt — 5T ¥0,0pt,e — 5T

A = 2.41
o>t (P0,0pt,e o ( )

A(ADO,Opt =
For oscillators with small damping ratios (§ < 0.1), see figure 2.5/B, the deviation Agg opt,e
from the value 3/2 is less than 1%. Therefore, for SDOF oscillators with small inherent
damping ratios (0 < £ < 0.1), the influence of inherent damping on the optimal initial
angular position is small for zp > 0 and o = 0. Consequently, (2.24) (optimal initial
angular position for oscillators without inherent damping) also provides a good and better

estimate than (2.39) for oscillators with small inherent damping ratios.

Furthermore, is seems that the assumption of taking only the free vibration response into
consideration and minimizing the virtual work done by the control force seems to be an
acceptable simplification. Note that doing this for the SDOF oscillator without inherent
damping yields an optimal initial angular position equal to (2.24).
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2.3 Derivation of target angular position

2.3.1 Single degree of freedom oscillator under particular initial condi-
tions and the control force of the twin rotor damper

Figure 2.6 /A shows the displacement x(t) of the SDOF oscillator without inherent damping

normalized by the initial displacement xg with xg > 0 and ¢ = 0, see (2.18).

1r= ‘

o - T T T

5 e —a(t)fzg - At/
= 0.5 AN~ - AT
T 0| o~ |
fas}

o

2—0.57

\&/ _]_ | | | | | | | | |

2
n)
8
—~
N
~
—~
8
(@]
&
\:_/
1
|
o
—~
=
~
—
g
=3
&
3
S~—

z(t)/(xown) and fe(t)/(merw

t/T,

Figure 2.6: A: Normalized displacement x(t)/xo with normalized vibration amplitude
A(t)/z0, B: Normalized velocity @(t)/ (wnx0) with normalized control force fo(t)/ (merw?),
both subfigures for p.r/xg = 0.05, z9 > 0, g =0, @9 = 3/27

The SDOF oscillator is only under the action of the control force of (2.16) with the optimal
initial angular position according to (2.24). The time axis is normalized by the natural
period length given by:

_27T

T, (2.42)

Wn

As can be seen in figure 2.6, the vibration amplitude

A(t) = \/x(t)2 + <#>2 (2.43)

decreases until t.. After t., the vibration amplitude increases. t. is given by

Zo

t, =

= 2.44
T T ( )
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see [23, p. 49]. Note ¢, is dimensionless.

Figure 2.6/B shows the corresponding velocity #(¢) normalized by (zowy,), see (2.19), and
the corresponding control force. Up to t., the velocity and the control force have different
sign. After ., they have the same sign. Therefore, the SDOF oscillator is damped until
t., after which it is re-excited.

To prevent the re-excitation after ¢., the TRD must depart from the continuous rotation
mode. This can be done, for instance, by turning the TRD off once the vibration amplitude
falls below a lower vibration-amplitude threshold and back on once the vibration amplitude
exceeds a higher vibration-amplitude threshold. This method and two further methods to
prevent re-excitation are studied in section 2.5 and 2.9, respectively.

As needed later, an estimate envelope line connecting the positive peaks for ¢ < t. can be
calculated according to (2.45), which can be derived from (2.18), see also [23, p. 50]

N2

T 1

zp(t) = (| 2% + (w_0> - §,uc7"wnt (2.45)
n

It was assumed that the optimal initial angular position according to (2.24) is used. The
line of (2.45) provides the exact line for the particular initial conditions zy > 0 and &g = 0,
whereas it is an approximation for all other cases.

Figure 2.7/A shows the displacement of the SDOF oscillator including inherent damping

calculated according to (2.27) with the vibration amplitude according to (2.46) and with
x(t) and z(t) of (2.27) and (2.28).

. 2
At) = \/3:(75)2 - <‘i§2)> (2.46)

The time axis is normalized by the damped period length, Ty, given in (2.47).

_271'

T, = (2.47)

Wq

As before, the particular initial conditions, zg > 0 and &g = 0, are assumed. Furthermore,
the SDOF oscillator is only under the action of the control force (right-hand side of (2.26))
with the optimal initial angular position of according to (2.32). Figure 2.7/B shows the
velocity according to (2.28) and the control force. As for the SDOF oscillator without
inherent damping, up to a certain time-point, the vibration amplitude given in (2.46)
decays. The decay is due to the inherent damping and the control force of the TRD.
After this time-point, the motion is re-excited by the TRD. The time-point at which the
vibrations nearly come to rest can also be calculated for SDOF oscillators with inherent
damping. However, the calculation is quite complex and not needed for further derivations,
therefore, not presented.
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1= ‘ : :

£ —a(t)xy - A(t)/0
= 05| AN R
< 7N~ -~ e
0] s |
fas]
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z(t)/(xowq) and fc(t)/(mcrw?i)

t/T,

Figure 2.7: A: Normalized displacement xz(t)/z¢ with normalized vibration amplitude
A(t)/xo according to (2.46), B: Normalized velocity @(t)/(zowq) with control force
fe(t)/ (mcrw?l)., both subfigures for u.r/xo = 0.03, £ = 0.03, ¢ > 0, &9 = 0, ¢p according
to (2.32)

2.3.2 Difference between angular rotor position and vibration phase
To describe the vibration progression within a single period, two additional states

b(t) = atan? (x(t); @> (2.48)

$*(t) = atan2 (55(75); %?) (2.49)

are introduced. These states describe the vibration process as indicated in figure 2.8 [28].

The atan2-function allows for the description of a full vibration period. The values of ¥ (t)
and 1*(t) are restricted to values between zero and 2m. Henceforth, () and ¥*(¢) will
be referred to as vibration phase. The lengths of the vectors, A(t) and A*(t), are used to
indicate the vibration amplitude. A(¢) is measured in m and was introduced in (2.43). For

£ =0, A*(t) is given by
AM(t) = \/ﬂb(t)2 + <%i)> (2.50)

and is measured in m/s.
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Wn Wn

Figure 2.8: Vibration phases and vibration amplitudes

Considering free vibrations without inherent damping, the vectors of figure 2.8 would rotate
counterclockwise with the natural circular frequency of the SDOF oscillator and a constant
length. If inherent damping is present, the vibration amplitude would decay exponentially
in time.

Assuming the control force of the TRD and the motion of the SDOF oscillator is as shown
in figure 2.6, the vectors A(t) and A*(¢) decrease in length until the time-point t.. Once
t. is reached, the vectors will increase in length. Additionally, the vectors will not rotate
with an angular velocity equal to the natural circular frequency w,. This is due to the
effect that the control force has on the motion of the SDOF oscillator. The variation of
the angular velocity, w(t) and * (t), from the natural circular frequency is larger, the
smaller the vibration amplitudes become. The amplitude of the control force is constant
in the continuous rotation mode, whereas the system forces decrease with the vibration
amplitudes. This leads to the increased influence of the control force on vibrations with
small amplitudes.

Taking inherent damping into consideration, w, is replaced by wy. Doing this gives the vi-
bration amplitudes, A(t) and A*(t), for SDOF oscillators with inherent damping, see (2.51).

At) = \/x(t)2 - (iﬁ?f A (t) = \/:'c(t)2 + (igz)y (2.51)

The vibration phases, 1(t) and *(t), are calculated analogously, see (2.52).

() = atan2 (:v(t); @> G (t) = atan2 (9‘5(1&); @> (2.52)

Wd Wd

To build up a relation between the motion of the SDOF oscillator and the angular position
of the rotors, two new state variables, the phase differences, a(t) and a*(t), are introduced:

alt) = p(t) — (1) o () = () — ¥ (1) (2.53)

These variables represent the phase differences between the angular positions of the rotors
and the vibration phases.

As the angular position of the rotors and the vibration phases of the SDOF oscillator both
have a value range from zero to 2w, the phase differences inherit a range from —27 to 2.
This can be derived from (2.53). Adding or subtracting integer multiples of 27 will neither
have an impact on the vibration phases nor on the angular position of the rotors. This is
due to the properties of rotational motion allowing for the use of the same mathematical
operations for the phase difference. Therefore, the phase difference a(t) and o*(t) are
restricted to values between zero and 2m.
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Figure 2.9 shows the phase differences belonging to figure 2.6 [28].

a(t), a*(t) and at) + o*(t) [(rad)]

20 11
s_-><-—>e_-><-_>e_—><~->e_—><\,~x\,><\__/><\_,r><\'/>g _@(t) - -7
oy )
T () ()
0 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10

t/T,

Figure 2.9: Phase differences according to (2.53) and sum of phase differences belonging
to figure 2.6

Figure 2.9 shows the phase differences to achieve optimal performance (according to the
minimization of the work done by the control force, see subsection 2.2.2). For ¢ < t., these
phase differences can be approximated by the constant values of a(t) ~ w and o*(t) ~ 7/2.
As can be seen in figure 2.9, at the time-point ¢., the phase differences, «(t) and o*(t),
jump to approximately 3/27 and 27. At this instant, the TRD switches from positive
active damping to negative active damping (excitation).

Assuming «(t) and o*(t) are the constant values, m and 7/2, the deviation from the
values needed to achieve optimal damping performance is relatively small. This justifies
the assumption that the values are considered as constants until ¢.. From figure 2.9, it
becomes evident that the phase differences coincide with the constant values each time a
(negative or positive) displacement peak occurs. However, the deviations from the assumed
constant values are the larger, the smaller the vibration amplitudes are. This is due to the
increased influence of the control force on the motion of the SDOF oscillator for smaller
vibration amplitudes. Additionally, the differences between the approximated constant
values for a(t) and o*(t) and their actual values are approximately equal to each other;
however, they have different signs. Therefore, the sum of the phase differences «(t) + o*(t)
is also computed and shown in figure 2.9. For the computation of the sum, a(t) + o*(),
a value range from zero to 47 must be considered. This must be done as both a(t) and
a*(t) inherit a value range from zero to 2. The values oscillate close to the constant value
3/2m for t < t. and jump to 27 + 3/27 at t = t.. This is not shown in figure 2.9 due to
the scaling of the vertical axis. It can be seen clearly that the deviations of the sum of the
phase differences from the constant value 3/27 for t < ¢, are significantly smaller than the
deviations of the individual phase differences from their constant values.

Considering inherent damping, the phase differences are calculated analogously; however,
the phases of (2.52) are used. These phase differences are shown in figure 2.10 belonging
to figure 2.7 [28].
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e+ al
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a(t), a*(t) and a(t) + o*(t) [(rad)]

Figure 2.10: Phase differences according to (2.53) and sum of phase differences belonging
to figure 2.7

It can be seen from figure 2.10 that the phase differences «(t) and o*(t) also jump at t. by
approximately 7. Similar to SDOF oscillators without inherent damping, at this instant,
the control force switches from positive active damping to negative active damping, see
figure 2.7. It is assumed again that «(t) and o*(t) are constant values for ¢ < ¢.. These
constant values can be computed by calculating the phase differences for ¢ = 0. Considering
the initial conditions zp > 0 and &y = 0 and (2.32), the constant values, a.(£) and (&)
are given in the following equation.

ac(§) = atan2 (—2\/ 1— &2, —5) - g o (§) = atan2 (—2\/ 1-—¢2, —5) —7 (2.54)

The equations of (2.54) are also valid for SDOF oscillators without inherent damping, see
figure 2.9. This can be shown by evaluating (2.54) for £ = 0.

Considering the sum of the phase differences, «(t) + a*(t), in figure 2.10, it jumps from
the approximated value o, + o to approximately a. + o + 27, which is not shown due
to the scaling of the vertical axis.

In figure 2.11 and 2.12, the phase differences are shown for two vibration periods under
positive active damping (¢ < t.) with different damping ratios [28].

The vertical axes are scaled differently than in the previous figures.

It becomes evident that the phase differences coincide with the constant values of (2.54)
each time a displacement peak occurs. The deviation from the constant values a. and o
is larger, the higher the damping ratio £&. Moreover, the deviations increase with smaller
vibration amplitudes, which can be explained, as before, by the higher influence of the
control force on the motion. It also becomes apparent that the absolute value of the
deviation of a(t) and o*(¢) from the constant values of o, and o are approximately equal
with opposite signs, see figure 2.11 and 2.12.
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Figure 2.11: Phase difference a(t) for several damping ratios &, ¢g according to (2.32) with
ter/xo = 0.03, 29 > 0 and z9 = 0
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(£ =0.01)
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a*(t) [(rad)]

t/Ty

Figure 2.12: Phase difference a(t) for several damping ratios &, ¢o according to (2.32) with
ter/xo = 0.03, 29 > 0 and z9 = 0

2.3.3 Target angular position and state space representation

To derive the target angular position, it is illustrative to use a state space representation.
This will be done with the help of the phase difference «(t) without inherent damping.
¥ (t) is seen once in the left subfigure of figure 2.8 and twice in figure 2.13.
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fr fr

Figure 2.13: Analysis in a state space [24]

In figure 2.13, it needs to be taken into consideration that the direction of the horizontal axis
in the left and right subfigure differ. Therefore, the vibration phase 1 (t) rotates clockwise
in the right subfigure, whereas in the left subfigure counterclockwise. In subsection 2.3.2,
it was shown that for optimal damping performance, the difference between the angular
position of the rotors ¢(t) and the vibration phase v(t) is approximately constant. With
this information, it is now possible to calculate a target angular position, ¢;(t), for the
rotors at each time-point. This can be done by adding the approximately constant phase
difference to the vibration phase, see (2.55) in which (¢) is substituted by (2.48).

t(t

i (t) = atan2 <x(t); @> +7 (2.55)
Wn,

The vibration phase ¥(t) can be obtained by measuring the displacement and the veloc-

ity continuously. Alternatively, observers can be used. Further comments are given in

subsection 2.6.2.

Under the assumption that the angular position ¢(¢) equals the target angular position
©¢(t) (this can be realized by a controller which 'perfectly’ tracks the target angular posi-
tion) the target angular position defines the direction of the radial forces f,. Now taking
both subfigures in figure 2.13 into consideration, it can be seen that the force components
in 4(t)-direction superimpose such that the resultant always is in anti-phase to the velocity
#(t) of the SDOF oscillator.

Due to the influence of the radial forces on the motion of the SDOF oscillator, the first time
derivative of the phase of vibration ¢(t) is no longer constant, but only approximately the
natural frequency wy,. The more influence the control force has on the motion, the larger
the deviation of z/J(t) from w, will become. A target angular position can be computed
analogously with the vibration phase )*(t), see (2.56).

G0 =97 (0) + 5 (2.56)

For SDOF oscillators with inherent damping, the target angular position can be derived
analogously, see (2.57) with a.(§) and () given in (2.54).

pi(t) = P(t) + ac (£) i (t) = () + oz (€) (2.57)
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As can be seen from figure 2.9, the deviations of a(t) and a*(¢) from their constant values
are equal with opposite signs. To produce a more durable, constant value, the phase
differences are added together and the target angular position ¢ s is calculated, see (2.58);
here durable is meant to indicate that the deviations from the constant values are smaller.

1 I
eua(®) = 3 (wl0) +07(0) + 37 (2.58)
Doing the same for the SDOF oscillator with inherent damping yields (2.59).
1 * *
pualt) = 3 (6(1) + (1) + 0+ 0) (2.59)

Note that when the target angular position is computed with (2.58) or (2.59), it must
be considered that there are two possible target angular positions in the range from zero
to 2m. This is because two vibration phases, each with a slope of approximately w,,, are
added together, producing a saw-tooth shaped curve with a slope of approximately 2wy,
see (2.58). The factor 0.5 in (2.58) divides the slope in half so that the superimposed
target angular velocity has the desired slope of approximately w,. This explains why two
possible target angular positions in the range from zero to 27 are possible. One corresponds
to damping, the other to excitation. To identify the target angular position corresponding
to damping, the deviation from the target angular position according to (2.55) can be
computed. If this deviation lies within the value range from — to 7, it is the target angular
position corresponding to damping; otherwise, it is the one corresponding to excitation,
consequently 7 must be added.

Comparing (2.24) (optimal initial angular position for SDOF oscillators without inherent
damping) with (2.55), it can be seen that (2.55) can also be obtained by replacing the
initial conditions zp and &y by continuous states z(t) and @(¢). This cannot be done
for SDOF oscillators with inherent damping as a closed-form expression for the optimal
initial angular position for £ > 0 has not been found. However, it could be done using the
approximate optimal angular position, see (2.39), which was obtained using a simplified
derivation, see section 2.2.2. Doing the same substitutions (z¢9 — z(t) and @9 — Z(t))
gives an approximated target angular position ¢ o, see (2.60).

1 q = atan2 (—ngjs(t) — 2xown(t); wpz(t) — 2xg§:'n(t)) (2.60)

2.3.4 Resulting target angular velocities

For the control algorithm of the continuous rotation mode, it is of particular interest to
calculate the target angular velocity resulting from the target angular positions. The more
constant the angular velocity of the rotors is, the lower the power demand on the actuators
for accelerating and decelerating the rotors.

The target angular velocity is derived for figure 2.6 in the following. As it was assumed
¢ = constant, the TRD was simulated to be in the continuous rotation mode. With help
of (2.55), (2.56) and (2.58), the saw-tooth shaped target angular positions are calculated.
Taking the time derivatives which is done numerically for brevity gives the target angular
velocities ¢4 (t), ¢ (t) and ¢ s(t). These target angular velocities are shown in figure 2.14.
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t/T,

Figure 2.14: Target angular velocities ¢:(t), ¢j(t) and ¢y 4(t) computed according
to (2.55), (2.56) and (2.58) belonging to figure 2.6

It becomes evident that the target angular velocities ¢;(t) and ¢} (t) oscillate in anti-
phase with a frequency of approximately 2w,, and with approximately the same magnitude
about the natural frequency w,. Furthermore, the magnitude of the oscillations increases
with lower vibration amplitudes, see figure 2.14. When the vibration amplitude goes to
infinity, the oscillations vanish. Conversely, when the vibration amplitude becomes small,
the oscillations become unacceptably large. For t/T,, > t., the TRD excites the motion
of the SDOF oscillator, therefore this time period is not of interest. Inspecting the detail
showing the time interval in which the SDOF oscillator is under positive active damping of
the TRD in figure 2.14, it can be seen that the oscillations of the target angular velocity are
significantly smaller with the target angular position ¢ s given by (2.58). The oscillations
of the target angular velocities are a result of the deviation of the phase differences from
their constant values.

The target angular velocities were computed analogously for figure 2.7, see figure 2.15.
A very similar tendency can be seen; except, the oscillations are larger when inherent
damping is present. Note that the approximated target angular position ¢, () according
to (2.60) nearly coincides with ¢; (first equation of (2.57)). For conciseness, these saw-
tooth shaped curves are not plotted. Consequently, the resulting target angular velocities
nearly coincide. This verifies the assumptions used for the derivation of the approximated
optimal initial angular position at the end of subsection 2.2.2. Therefore, the corresponding
target angular velocities nearly coincide, see legend of figure 2.15.

2.3.5 Computation of target angular position using the exact phase dif-
ference

Within this subsection, a computation method is proposed using the exact phase difference.
This method is not used for the rest of this thesis, but it may be of interest for future
theoretical works, see subsection 2.3.6. It was shown that the oscillations of the target
angular velocity are due to the deviations of the phase difference from their constant
values. To compensate for this, the exact phase difference is considered. This is done for
the phase difference a(t) for SDOF oscillators without inherent damping.
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Figure 2.15: Target angular velocities ¢ (t), ¢y (t) and ¢y 4(t) computed according to (2.57)
and (2.59) belonging to figure 2.7

Recalling a(t) and inserting (2.48) yields (2.61) with @ ope of (2.24).

a(t) = p(t) — (t) = Po.opt + wnt — atan2 (;U(t); ff”) (2.61)

Solving this for ¢(t) and substituting ¢(¢) by the exact target angular position, ¢ (t)
gives (2.62).

i (tr)

n

‘pt,e(tr) = Y0,0pt T+ wpt, — atan2 (x(tr); ) —{—LZ)(t) (2'62)

consideration of exact phase difference

in which ¢ was replaced, in the terms considering the exact phase difference, by a reference
time .

The first three terms of (2.62) describe the exact phase difference with respect to the ref-
erence time. This was approximated before with . The fourth term of (2.62) is calculated
continuously. The phase difference «(t) coincides with the constant value m each time a
displacement peak occurs, see figure 2.9. At these points in time, a computation of the
exact phase difference can be started with respect to ¢,.. It provides the exact phase dif-
ference until ¢, = 0.57;, at which the next displacement peak is expected. This procedure
can be seen as a prediction for the exact phase difference. The following procedure may
be used for a corresponding control algorithm.

The initial value of the exact phase difference is w, which is the approximated constant
value for a(t). Once a displacement peak is detected, the following values needed for the
computation of the exact phase difference are reset:

. 3
t, =0 xo = x(t) o =10 Po.opt = 57 (2.63)

per and w, are assumed as known constants. The target angular position ¢pe(t) can
then be computed with help of (2.18), (2.19) and (2.62) as a function of the running time
variable ¢, and with ¢ (t).
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Due to an excitation force or model uncertainties (e.g. in m. or m), the actual period
length can be shortened or elongated. In these cases, the next displacement peak occurs
before or after the time-point t = 0.57,,. Due to the proposed control algorithm, the
exact phase difference would jump from its current value to 7 as ¢, is set to zero when a
displacement peak occurs. If the period length is shortened, the phase difference jumps to
the value 7, see dotted arrow in figure 2.16 indicated with (T).
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Figure 2.16: Discontinuities in target angular position

These discontinuities can be avoided if the displacement peak occurs at t,. > 0.57}, by
approximating the phase difference with 7 for ¢, > 0.57,. Then, the target angular
position is computed as given by

r(t 2(t, — 0.25T,
©t.e(t) = |0,0pt + wnt, — atan2 <x(tT); #( T)>] rect (M) + .. (2.64)
W T,
T,

melty — ) + (1)

in which rect is the rectangular function operator and e the step function operator. The
rectangular function outputs the value one for ¢, < 0.57,, and the value zero for ¢, >
0.57,, in (2.64). The step function outputs the value zero for ¢, < 0.57;, and one for
t, > 0.5T,. Thus, the target angular position of (2.64) considers the exact phase difference
for t, < 0.57,, and the approximated phase difference for time values t, > 0.57,. By
doing this, discontinuities in the trajectory of the target angular position are avoided if
the period length is elongated at the expense of variations in the target angular velocity.
Discontinuities are not avoided if the period length is shortened.

Alternatively, the discontinuities can be avoided by building up a relation between the
running time variable ¢, and the vibration phase 1. As t, starts off at zero when a
displacement peak occurs, whereas 1 starts off at the value 7/2 (a fourth of a period)
when a displacement peak occurs, the relation between ¢, and 1) is as given in (2.65).
() _ M 1 (2.65)
T, 21 4
Doing so, t, is not a time variable; instead, it is a function of v, which is continuously
updated with help of (2.48) in which z(¢) and #(t) are also continuously updated. ¢, still
refers to the time passed since the last positive displacement peak occurred. Therefore, t,
is restricted to values between zero and T,,.

The control algorithm is discussed in the following with help of the block diagram of
figure 2.17.
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Figure 2.17: Control algorithm considering the exact phase difference
If the actual frequency of the SDOF oscillator changes, for instance due to an excitation

force, the vibration phase changes accordingly and therefore ¢,. To continuously consider
the exact phase difference, (2.62) is recalled, see (2.66)

3 .
Yre(t) = o + wpt, — atan2 [ze(ty ), Te(tr) /wn] + (1) (2.66)
in which the substitution
3
Po.opt = 5T (2.67)

was performed and in which z.(¢,) and #.(t,) refer to the estimated displacement and
velocity response for considering the exact phase difference. x.(t,) and &.(t,) are derived
in the following.

To estimate the magnitude of the last positive displacement peak continuously, (2.45) is
reconsidered. To look backwards in time, ¢ is replaced by —t and the initial states are
replaced by the continuous states (zg — x(t) and &9 — 4(t)). Furthermore, as ¢, refers
to the time passed since the last positive displacement peak occurred, ¢ is replaced by t,,
see (2.68).

. 2
2plt) = \/x<t>2+ (22) 4 St (2.68)

n

(2.68) provides an estimate of the magnitude of the last positive displacement peak as a
function of the actual states x(t), #(t) and ¢ (¢). To now calculate z.(t,) and z.(t,), (2.18)
and (2.19) are recalled, see (2.69) and (2.70)

xe(t) = p(t) cos (wnty) + %,ucr [—wnt, cos (wpty) + sin (wnt,)] (2.69)

1
Ze(t) = —xp(t)wp sin (wpty) + §ucrw721tr sin (wpt,) (2.70)
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in which the substitutions of (2.71) were performed.

3
Yo o xo — xp(t) 9 — 0 t—t, (2.71)
Figure 2.18 shows the target angular velocity ¢ . corresponding to the target angular
position of (2.66) belonging to figure 2.6. For comparison purposes, ¢(t) from (2.55) is
also shown.
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Figure 2.18: Target angular velocities ¢¢(t) and ¢ .(f) computed according to (2.55)
and (2.66) belonging to figure 2.6

It becomes evident that the variations in the target angular velocity are reduced drastically
by using the exact phase difference, see the detail of figure 2.18. The remaining oscillations
in ¢(t) are due to the approximation of the last displacement peak, see (2.68). To
eliminate this negative effect, one can (temporarily) back-calculate (2.18) and (2.19) to
determine the exact magnitude of the last positive displacement peak instead of back-
calculating the approximation of (2.68). However, as this makes the computation even
more elaborative and due to other reasons mentioned in the following discussion, these
considerations are not further pursued. However, the principal approach presented here
might be useful for further studies, see subsection 2.3.6.

2.3.6 Discussion

Summary

In subsection 2.3.3, target angular positions were derived by assuming particular initial
conditions for the SDOF oscillator. Using the target angular positions, the control force
of the TRD operates in the continuous rotation mode damping the motion of the SDOF
oscillator. It was found that in order to achieve the desired damping action of the TRD,
the phase difference between the angular position of the rotors and the vibration phase
must be held constant. This holds for the case that the influence of the control force of the
TRD is negligible. However, once the control force of the TRD influences the motion of the
SDOF oscillator, the phase difference is not perfectly constant. It deviates slightly from
a constant value. This results in variations in the target angular velocity which increase
with the control force to system forces ratio and with the damping ratio of the SDOF
oscillator. To cope with this negative effect, two methods were derived. One superimposes
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the two phase differences; the other one uses the exact phase difference. For the first one,
the acceleration is additionally required as an input. As the acceleration signal would
become noisy when the SDOF oscillator is subjected to a stochastic excitation force, this
method is not further pursued. The second method using the exact phase difference is
computationally laborious, but might be an interesting approach if the rotors are affected
by gravitational accelerations, requiring variations in the target angular velocities.

Performed numerical simulations

In [28], a study was performed in which the oscillator was subjected solely to particular
initial conditions. Simulations were performed in which a closed-loop angular position
control ensuring the tracking of the target angular position was applied. It was shown
that with all target angular positions mentioned in the previous paragraph, the damping
performance, which was measured with help of the decay rate in the displacement peaks,
was nearly the same. However, using the target angular position derived using superposi-
tion, see (2.58) and (2.59), caused the smallest oscillations of the angular velocities. Note
that within these simulations, the tangential forces were also considered, whereas for the
comparison of figure 2.14, the tangential forces were neglected by simulating the TRD in
an open-loop configuration with constant angular velocity.

Former theoretical work

The variations in the angular velocity of the rotors inspected in this section were previously
investigated within [23, p. 301]. The control algorithm derived in [23]| produces a target
(angular) acceleration for the rotors. As, according to the author’s knowledge, it is not
possible to control rotor accelerations, this procedure was not further pursued. Further-
more, it is felt by the author of this work that an angular position control is required,
resulting from the fact that the angular positions of the rotors determine the direction of
the radial forces and therefore the phase of the control force. This enables the control force
to be set in anti-phase to the velocity of the SDOF oscillator, see subsection 2.3.3.

Reducing variations in angular velocities using appropriate control strategies
The variations in the target angular velocity described in the first paragraph of this discus-
sion can also be reduced by using appropriate control strategies which will be presented in
subsection 2.5.3. Therefore, the superposition method and the one using the exact phase
difference are not considered any further in this work.

Appropriate assumptions

From subsection 2.2.2, adequate results for the target angular positions of the rotors were
obtained by assuming a free vibration response of the SDOF oscillator and minimizing
the work the control force would perform on the motion; see subsection 2.2.2. From
figure 2.10, it becomes evident that the deviations from the constant values a.(t) and
o’ (t) are relatively small when referring them to one revolution, 27r. The same applies to
SDOF oscillators with small inherent damping (0 < £ < 0.1), see figures 2.11 and 2.12. This
shows that for the derivation of the target angular position, the effects of small inherent
damping (0 < £ < 0.1) can be neglected.

Therefore, the author felt that it is needed to emphasize two assumptions: First, small
inherent damping can be neglected. Second, by assuming a free vibration response and
minimizing the work that the control force would perform on the motion of the SDOF
oscillator, adequate results for the target angular position are derived.
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2.4 Comparison with conventional active mass damper

In this section, the TRD—operated in the continuous rotation mode—is compared to a
conventional active mass damper (CAMD), see figure 2.19. The CAMD produces its control
action by continuously accelerating and decelerating a control mass.

m
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ke (t) me (ﬂ'c'(t) + c?(t))
Figure 2.19: Active mass damper (left) and corresponding free body diagram (right) [24]

For such an active mass damper, the inertial forces generated by accelerating and decel-
erating the control mass are used for damping. These inertial forces can be set such that
they oppose the velocity of the system to be damped [17]. The velocity of the system can
be used as feedback, which makes the design of the control-loop simple in comparison to
the design of the control-loop for the TRD. The assessment criteria used for the compari-
son done here are energy consumption and power demand. The term energy consumption
refers to the electrical energy required by the actuators and will be defined for the TRD
and the CAMD in the following.

A single vibration period is considered, inherent damping is neglected and the TRD is
considered first. Note that for oscillators with inherent damping, identical derivations can
be performed. However, such derivations are more complex and do not provide additional
insight. With these assumptions, (2.6) is recalled and the control force of (2.16):

(m + me)@(t) + ka(t) = merw? cos (wnt + o) (2.72)

It is now assumed that the vibration amplitude remains constant. This is done by assuming
that a fictive excitation force, which is not indicated in (2.72), neutralizes the control force
of the TRD. Consequently, with the initial conditions

z9 >0 Tog =10 (273)
the displacement response is as given by:
x(t) = g cos (wnt) (2.74)

The following derivations are also valid for different initial conditions. Taking the time
derivative of (2.74) yields
x(t) = —xowy sin (wyt) (2.75)

To achieve optimal damping performance, the optimal initial angular position g from (2.72)
is set according to (2.24) for the initial conditions of (2.73). Consequently, the control force
is:

fo(t) = merw? cos (wnt - g) = merw? sin (wpt) (2.76)
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Inspecting (2.75) and (2.76), it can be seen from the sign that the control force, f.(t), is
in anti-phase with the velocity of the SDOF oscillator. The power of a single rotor of the
TRD is the product of the angular velocity of the rotors ¢(¢) and the moment M (t), see
figure 2.2. Considering that there are two rotors, the power Pp(t) of one TRD-unit is:

Pr(t) = 2M(D)5(t) (2.77)

An expression for M(t) can be found by solving (2.14) for M(¢) and inserting (2.5) with
the optimal initial angular position of (2.24) and the time derivative of (2.75). This yields:

M(t) = —0.5merzorw? [cos (wpt)]? (2.78)

Inserting (2.78) into (2.77) while considering that ¢(t) = wy,, gives the power of one TRD
unit:
Pr(t) = —merzow? [cos (wnt)]? (2.79)

This power is zero or negative for all t. Integrating Pr(t), from ¢; to t,, gives the work
done by the actuators of the TRD for an arbitrary time interval, see (2.80).

t=tq,
Er :/ Pr(t)dt (2.80)
t=t;

Before further discussing the power and work done by the TRD, the CAMD is considered.
The CAMD is designed as in figure 2.19. For comparability, the control mass m. is the
same as for the TRD. As illustrated in figure 2.19, it is attached to the SDOF oscillator
via a gear rack mechanism. The coordinate z(t) defines the motion of the SDOF oscillator
as before and the coordinate, d(t), the relative motion between the SDOF oscillator and
the control mass. The force fi(t) must be provided by an actuator to impose the desired
relative motion d(t), see free body diagram in figure 2.19.

Establishing the dynamic equilibrium of the SDOF oscillator and of the control mass, as
indicated in the free body diagram in figure 2.19, gives the following equations:

mi(t) + kx(t) + fi(t) =0 (2.81)

fi(t) = me <i(t) 4 d’(t)) (2.82)

Inserting (2.82) into (2.81) and doing some rearrangements yields

(m +me) @(t) + kx(t) = feal(t) (2.83)
in which the term f. a(t) is equal to —m.d(t) and represents the control force of the CAMD.
As for the TRD, it is assumed that the control force of the CAMD is neutralized by a fictive
excitation force, which is not indicated in figure 2.19. Therefore, the solution of (2.83) is
as given in (2.74) and (2.75).

The velocity of the SDOF oscillator is used as feedback.
In the following, a stability check is performed. Taking the Laplace transform of (2.83)

yields
(m+me) X(s)s* + kX (s) = F. a(s) (2.84)



28 CHAPTER 2. TWIN ROTOR DAMPER

in which s is the Laplace variable. Note the initial conditions of (2.83) are neglected as
they have no influence on the stability check. Using (2.8) and doing some rearrangements
gives the transfer function Gp(s) with f, 4(f) as input and x(t) as output.

X(s) 1 1

G = =
P(s) Foa(s) m+mes?+w?

(2.85)

Using the velocity @(t) as feedback and inspecting the closed-loop of figure 2.20 gives the
controller

C(s) = Kps (2.86)

in which Kp is the constant feedback gain. The unit of Kp is Ns/m, which is dropped in
the following. To bring the oscillator to rest, the reference input x, is set to zero.

open-loop

=0 4 o) Je.a(t) o) (t)

closed-loop
Figure 2.20: Closed-loop of CAMD

The controller produces the control force f. (t). By doing this, the dynamics of the
actuator are neglected. The stability of the closed-loop in figure 2.20 is checked using
a Root Locus plot. It suffices to show that the poles of the open-loop transfer function
C(s)Gp(s) lie in the left half plane. The Root Locus plot of C(s)Gp(s) is shown in
figure 2.21.
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Figure 2.21: Root Locus of open-loop C(s)Gp(s)
In figure 2.21, the conjugate pole pair is indicated by crosses and the zero of the controller

by a circle for Kp = 0. The zero does not change position if Kp is increased; it only
changes the location of the poles, which determine the dynamics of the closed-loop.
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If Kp is increased, the complex conjugate pole pair moves on a circular path towards the
real axis. For Kp = 2. the poles meet on the real axis meaning that the oscillator is
critically damped. Increasing Kp further, one pole will move towards the origin and the
other towards minus infinity. Therefore, it is shown that the poles lie in the left half plane
for all positive Kp, meaning that the closed-loop in stable.

Continuing to consider the closed-loop of the CAMD, which uses the velocity as feedback,
the control force of the CAMD can also be written as follows

fea(t) = —Kpi(t) (2.87)

in which the minus is due to the negative feedback, see figure 2.20. Inserting the velocity
of (2.75) gives
fea(t) = Kpxowy, sin (wpt) (2.88)

The control forces of the CAMD and the TRD are both sin-functions, see (2.76) and (2.88).
To achieve equal damping performance, the control force amplitudes must coincide. This

is done by setting:
_ Merwy

Kp = 2.89
P= (2.89)

Inserting (2.89) into (2.88) gives (2.90).
fea(t) = merw?sin (wnt) (2.90)

This control force f. a(t) is generated by imposing a relative acceleration d(t), see right-
hand side of (2.83) and the subsequent paragraph. Setting these equations equal, solving
for d(t) and integrating twice with respect to time gives the relative displacement imposed
by the actuator of the CAMD to achieve equal damping performance, see (2.91).

d(t) = rsin (wyt) (2.91)

Note that it was assumed that the control mass of the CAMD oscillates about its midpoint.
Therefore, the integration constants are zero. Furthermore, from (2.91), it can be seen that
the radius 7 of the TRD corresponds to half of the stroke of the CAMD; thus, comparability
regarding size is guaranteed. Inserting the appropriate derivatives of (2.91) and (2.75)
into (2.82) gives (2.92), which is the force provided by the actuator of the CAMD.

fi(t) = —mew? [xg cos (wpt) + 7sin (wt)] (2.92)
The power of the CAMD is given by
By(t) = fi(t)d(t) (2.93)
Inserting the derivative of (2.91) and (2.92) into (2.93) gives (2.94).
1
Pt) = —mcrwg{xo [cos (wnt)]? + 3" sin(ant)} (2.94)

Integrating this over an arbitrary time interval

a:lhmawa (2.95)

=t

gives the work done by the actuator of the CAMD.
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The work done by the actuators of the TRD and the actuator of the CAMD are shown
in table 2.2 for certain time intervals. Considering the complete damping period (t; = 0,
ty, = Ty,), it becomes evident that the work is equal. This proves that both damping
devices achieve the same damping performance. It can also be seen that the TRD has a
constant work rate within all considered time intervals, see table 2.2. This is in contrast to
the CAMD, which has additional work terms. The sign of these terms is not constant, see
second term in the square brackets of table 2.2. The additional work terms result in a larger
power demand on the actuator of the CAMD and are for accelerating and decelerating the
control mass. This can also be seen in figure 2.22 which shows the normalized required
power of the TRD and the CAMD.

Table 2.2: Work done by the damping devices considering different time intervals |24]

t/T, | tu/Th E/(mexorw?m) Er/(mezorwim)
0 0.25 | —[0.25+ 0.5z /(7r)] —0.25
0.25 | 0.50 | —[0.25 — 0.5z /(7r)] —0.25
050 | 0.75 | —[0.25 + 0.520/(7r)] ~0.25
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Figure 2.22: Comparison regarding power demand considering one vibration cycle,
see (2.79) and (2.94) [24]

Note that both power demands are normalized equally. The required power for the TRD
is negative for all ¢ and independent from the ratio r/x¢. This is in contrast to the CAMD.
The power demand of the CAMD depends on the ratio between its stroke 2r and the
vibration amplitude, indicated by xg. This dependency is illustrated in figure 2.22 for
different ratios, r/xo. If this ratio approaches zero, meaning that the stroke is large in
comparison to g, the normalized power curves of the TRD and the CAMD coincide.
However, the damping effect vanishes. The larger the ratio r/zg, the higher the power
demand of the CAMD becomes in comparison to the TRD.

To evaluate the magnitude of the power demands of both devices over one period, the root
mean square value is calculated. The root mean square value of a signal s(t) is calculated
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by

rms(s(t)) = \/ ! /tu s(t)2dt (2.96)

ty — 1t

in which the integral from ¢; to ¢, is formed. The term ’signal’ refers to a physical quantity
(e.g. force, velocity, displacement) which varies in time.

Note that the powers derived above, see (2.79), (2.94) and figure 2.22, change in time,
whereas the power demands derived in the following with (2.96) are scalar quantities de-
scribing the magnitude of the powers. As the powers of both devices, see (2.79) and (2.94),
are periodic, it suffices to evaluate the power over one vibration period from ¢; = 0 to
ty, = T,. Calculating the root mean square values of Pr(t) and P;(t) and normalizing

those equally by m.rwizg gives the following expressions:

rms(Pr) 1
—— =—-V6 2.97
merwi o 4\/_ (2.97)

rms(R) i\@ 34 (L>2 (2.98)

merwi o 20

As can be seen from (2.98), the power of the CAMD does not only depend on my, r, w, and
xo; it additionally depends on the ratio 7/xg. The higher this ratio, the larger the power
demand on the conventional active mass damper in comparison to the power demand of the
TRD, which is constant, see (2.97). For r/z¢ = 0, the power demands of (2.97) and (2.98)
are equal. The power demand benefit of the TRD over the CAMD increases the larger the
ratio r/xy becomes.

Discussion
e Assuming that half the stroke of the CAMD equals xg, meaning that r/xg = 1,
the power demand of the CAMD is v/2/2 ~ 0.707 according to (2.98). This is
approximately 15.5% more than that of the TRD ((0.707 — 0.612)/0.612 ~ 0.155).

e Using the CAMD, the control mass must be stopped and re-accelerated frequently.
In contrast to this, the control masses of the TRD rotate with a nearly constant
angular velocity. This type of motion leads to less mechanical wear. Therefore,
another great advantage of the TRD is possibly the lower mechanical wear on its
components in comparison to the mechanical wear of the CAMD. Furthermore, a
rotational motion (required for the TRD) can usually be created more economically
than a linear motion, which is another advantage of the TRD.

e Within the comparison of this section, it was assumed that the TRD operates in
the continuous rotation mode. It must be mentioned that this mode of operation
must somehow be reached and left. This requires additional power, which was not
considered in this section. To reach and leave the continuous rotation mode, ramp-up
and ramp-down trajectories are developed in subsection 2.5.2.

e A mono-frequent vibration was assumed. When the TRD is used for stochastically
forced vibrations, additional angular accelerations are required to ensure the anti-
phasing between the velocity of the SDOF oscillator and the control force of the
TRD. Stochastically forced vibrations are treated in chapter 3.
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2.5 On-off method

2.5.1 Introduction

In section 2.3, it was discussed that the SDOF oscillator is re-excited after the time-point
t. is reached, see figure 2.6. In [23], several methods were proposed to prevent the re-
excitation. Using the on-off method, the TRD is turned off when the vibration amplitude
falls below a lower vibration-amplitude threshold and it is turned back on again when
another higher chosen vibration-amplitude threshold is exceeded. Therefore, to reach and
leave the continuous rotation mode in an energy- and power efficient manner, ramp-up and
ramp-down trajectories are developed in this section. Furthermore, a closed-loop angular
position control is proposed and validated experimentally in this section.

A second possibility to prevent re-excitation was suggested in [23]. To achieve optimal
damping performance, the control force of the TRD is set in anti-phase to the velocity of the
SDOF oscillator. This can be achieved using a closed-loop angular position control ensuring
that the rotors track the target angular position derived in section 2.3. By detuning the
anti-phasing for smaller vibration amplitudes, the damping effect can be regulated. A
control algorithm ensuring this is presented in subsection 2.9.2.

A third possibility to cope with the issue of re-excitation is the use of a second identical
TRD unit [23]. When the vibration amplitudes are large, both TRD units jointly damp
the motion. For small vibration amplitudes, the control forces of the TRD units are set in
anti-phase such that the resultant force effect vanishes; thus, the SDOF is not re-excited.
A control algorithm corresponding to this method is presented in subsection 2.9.3.

2.5.2 On-off method for the continuous rotation mode

Ramp-up process

The ramp-up process (RUP) starts when the rotors are set in motion from a certain starting
angular position and ends when the rotors have firstly reached the desired angular velocity
of the continuous rotation mode and secondly have the desired target angular position.
For the derivation of the ramp-up trajectory design, inherent damping is not considered
as it does not contribute to the understanding of the design principle. In order to describe
the time during the RUP, an additional running time variable, ¢y, is introduced. It is set
to zero at the start of the RUP.

To derive an energy-efficient and power-efficient RUP, it is beneficial to introduce some
energy parameters. The rotational energy stored in both rotors is described by

E(t) =2 <%J¢(t)2> (2.99)

in which J is the rotational inertia of a single rotor. The factor of two in (2.99) comes
from the fact that one TRD units entails two rotors. This energy is zero at the time-point
t1 = 0 as the rotors are at rest.

The RUP has a duration of 7.,. T}, is a design variable for the ramp-up trajectory. During
the RUP, rotational energy is transferred to the rotors. The energy needed for both rotors
to reach the continuous rotation mode is E,.(t; = Tpy) = Jw%. This rotational energy
can come either from the actuators driving the rotors or from the vibration energy of the
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SDOF oscillator. The vibration energy, E,(t), stored in the SDOF oscillator is given by:

1 1
Ey(t) = (m+me) (t)? + 5k;gc(t)2 (2.100)
The vibration energy that is transferred into rotational energy for the rotors during the
RUP is named F(t; = T}.,); likewise, the rotational energy that comes from the actuators
is referred to as E,(t; = T,,). The energy values F4(t;) and E,(t1) are zero at the start
of the RUP (¢; = 0). (2.101) holds when the RUP is completed.

Es(tl = Tru) + Ea(tl = Tru) = Er(tl = Tru) (2101)

To reduce the energy provided by the actuators during the RUP (E,(t1 = T;4)), the
rotational energy coming from the SDOF oscillator (Es(t; = T),)) is maximized. To
penalize the work done by the actuators, the cost function of (2.102) is applied

tlzT'ru
Ea(t) = 2 / Pu(t1)dh (2.102)
t1=0

in which P,(t) is the power of one actuator. In (2.102), positive as well as negative energy
values are taken into account meaning that energy used for decelerating (braking) the
rotors can be regained. However, this cannot be guaranteed in practice. For this reason,
trajectories will also be developed with the assumption that all braking energy is lost. This
results in a second cost function

t1=Try

Ef(t]) =2 / P (t1)dt; (2.103)
t1=0

in which the plus sign indicates that only positive power values are taken into account.

To derive the RUP trajectory, it is illustrative to reconsider the motor equation, see (2.104)
and figure 2.23. This figure shows all forces generating moments about the center of a single
axis. . .

M(t) — §mcr2<,b'(t) + imcri(t) sinp(t) =0 (2.104)

In figure 2.23, the moment generated by the rotational inertia J@(t) is replaced in (2.104)
by m.r?/23(t) by assuming the control masses as point masses (J = m.r?/2).

direction of rotation

Figure 2.23: Forces generating moments about the center of axis
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To make the RUP energy-efficient, the inertial forces induced by the translational acceler-

ation of the SDOF oscillator )

fes(t) = mei(t) (2.105)

are used in such a way that they aid the rotational motion of the rotors in the desired
direction.

It is assumed that the SDOF oscillator exhibits large vibration amplitudes. This implies
that the system forces dictate the motion of the SDOF oscillator during the RUP. This
can be assumed because the TRD is turned on when the vibration amplitudes are large.
Furthermore, to start with, it is assumed that the RUP begins once the acceleration of
the SDOF oscillator #(t) switches sign from minus to plus. Assuming additionally that
Ty = 0.5T,, leads to an acceleration of the SDOF oscillator during the RUP of a half sine
wave:

B(t1) = Topw? sin(wyty) (2.106)

in which z,, is the amplitude of the displacement that corresponds to the vibration-
amplitude threshold, A,,, at which the TRD is turned on. With the assumptions made
above, it is guaranteed that the acceleration of the SDOF oscillator is positive for the
duration of the RUP. Therefore, the moments induced by the forces f;5(t1) are positive
during the RUP and support the rotational motion of the rotors, see figure 2.23.

The initial conditions of the RUP are
oty =0) = ps o(t1=0)=0 P(t1=0)=0 (2.107)

in which ¢y is a free parameter referred to as the starting angular position.

The rotors are at rest at the start of the RUP. To reduce mechanical wear, any strong
jerking motion of the rotors should be avoided. This can be done by setting the angular
acceleration ¢(t) to zero at the beginning and end of the RUP. At the end of the RUP, the
angular velocity of the rotors ¢(t) is wanted to be equal to the natural frequency of the
SDOF oscillator w,. Additionally, the angular position of the rotors is wanted to be equal
to the target angular position for the continuous rotation mode; this position is obtained
by inserting the conditions of the SDOF oscillator at the end of the RUP, xz(t; = T;.,) =0
and 2(t; = Ty,) > 0, resulting from (2.106), into (2.55). Therefore, the final conditions of
the RUP are as shown in (2.108).

gO(tl = Tru) =T (,b(tl = Tru) = Wn (ﬁ(tl = Tru) =0 (2.108)
Ramp-up trajectories, ¢, (1), are, to start with, generated using a five degree polynomial
(Pru(tl) = a5t? + 6141511l + agt:{’ + agt% + a1ty + ag (2.109)

where a; are the polynomial coefficients. The degree of the polynomial must be larger
than or equal to five as there are six boundary conditions to be fulfilled. Taking the time
derivatives of (2.109) with respect to ¢; gives the following equations:

Sbru(tl) = 5&575411 + 4(1415:1‘) + 3a3t% + 2a9t1 + a1 (2.110)
Gru(t1) = 20ast? 4+ 12a4t? + 6asty + 2as (2.111)
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Inserting the boundary conditions of (2.107) and (2.108) into the respective derivatives,
see (2.109) to (2.111), it follows directly that @5 = ag, a1 = 0 and ag = 0. The remaining
system of equation is shown in the following equation:

Tv?u T;lu Tgu as ™= Ps
5Th 4T3, 3T | las ]| = wn (2.112)
2073, 12T2, 6T..) \as 0

Ramp-up trajectories were generated while varying the starting angular position ¢5. Before
discussing figure 2.24 and 2.25, it is useful to introduce additional energy parameters.
The total work done on both rotors during the RUP can be obtained by subtracting the
rotational energy stored in both rotors at the beginning and end of the RUP. This is done
by inserting the second boundary conditions of (2.107) and (2.108), respectively, into (2.99)
and establishing the difference, see the following equation:

Bty =Tw) = Joty = T,)? — oty = 0)? = Juw? (2.113)

The work done by the SDOF oscillator on both rotors during the RUP is obtained by
calculating the integral from ¢; = 0 to t; = 1, over the product of the moment induced
by the inertial forces f;s and the velocity of the rotors, see figure 2.23 and the following

equation:
tl:Tru

Es(ty =Tr) = /t B 2fis(t)r [sin@(t1)] ¢(t1)dty (2.114)

Inserting (2.105) and (2.106) into (2.114) yields:

t1=Try

Ei(ty = Try) = Meraonw? / sin (wpty) sin @(t1 )@ (t)dt (2.115)
t1=0

The work done by the actuators on the rotors is established by forming the difference
between E,.(t; = Tyy,) and Es(ty = Tyy), see (2.116).

Eu(ty = Trw) = Ey(ty = Tpy) — Ey(ty = Th) (2.116)

See also (2.101) and corresponding discussion.

Figure 2.24 shows the work done by the SDOF oscillator on the rotors F4(t; = T},) due to
the forces fis(t) normalized by the total work required by the rotors E,(t; = T,,,) during
the RUP. This ratio is plotted against the starting angular position ¢, for different values
of J/(merxon,).
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T T T T
31— J/(merzen) =08 - J/(merze,) =24

Es (tl — Tru)/Er (tl — Tru)

s [(rad)]

Figure 2.24: Work done by the SDOF oscillator over total work done on the rotors during
the RUP for T,, = 0.5T,, [24]

The fraction J/(m.rz,y,) is dimensionless and its influence on the RUP will be discussed
later. Maximizing the ratio of the work done by the SDOF oscillator on the rotors normal-
ized by the total work required to be done on the rotors is equivalent to minimizing the cost
function of (2.102). As can be seen in figure 2.24, there are several positive peaks. There
is a global positive peak at the starting angular position ¢ ~ 6.6 (rad). It indicates the
optimal starting angular position due to the cost function of (2.102). However, when using
the ramp-up trajectory corresponding to this optimal starting angular position, the rotors
would start off accelerating in the wanted direction, thereupon decelerated and stopped,
then finally accelerated in the wanted direction. For practical purposes, this is not mean-
ingful and only becomes optimal due to the cost function of (2.102) which assumes that
braking energy can be regained. However, from figure 2.24, some general conclusions about
the RUP can be drawn. The curves are identical in shape and, by varying the fraction
J/(merxon), they can be scaled. The higher the ratio Es(t1 = Tpy)/Er(t1 = Try), the
more energy comes from the SDOF oscillator during the RUP, consequently the actuators
have to do less work. By considering this work ratio, it is possible to derive the following
statements. The less energy is consumed by the actuators,

1. the lower the rotational inertia J (1)

2. the higher the mass-radius control product m.r (2) and

3. the higher the displacement amplitude z,,, at which the TRD is turned on (3) become.

Statement (1) is apparent when inspecting (2.113). The total energy needed for the RUP
of the TRD increases linearly with the rotational inertia J, however, J has no direct impact
on the work done by the SDOF oscillator on the rotors, see (2.115). Therefore, the more
work has to be done by the actuators, the higher J becomes. For the RUP, the rotors
should be designed such that J is as small as possible, to be more precise, the rotational
inertias of parts to be set into rotational motion are to be minimized.

Note that statements (1) and (2) somehow struggle with each other. For the design of
a TRD unit, the mass-radius control product is usually set first such that the desired
damping action in the continuous rotation mode is achieved. The geometry of the control
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masses should then be chosen such that the mass-radius control product is maximized
while minimizing the rotational inertia determined by their geometry.

Statements (2) and (3) can be reasoned with (2.115). The energy transferred from the
SDOF oscillator increases linearly with the mass-radius-control product m.r and the dis-
placement amplitude x,, at which the RUP starts. The mass-radius control product is the
property which also determines the damping effect of the TRD. This property is usually
set before the ramp-up trajectory is designed. The displacement amplitude z,, at which
the TRD is turned on at should be set as high as possible to design an energy-efficient
ramp-up process. However, the TRD is only active if z,, is exceeded. In order to keep
the vibration-amplitude range in which the TRD is not active as small as possible, x,,
should be set to a small value. Therefore, the choice of x,, is a trade-off between an
energy-efficient RUP and a wide vibration-amplitude range in which the TRD is active.
Because of this, the parameters J, m.r and x,, should be chosen carefully by the designer.

Note that the natural frequency w, does not have an effect on the curves of figure 2.24 as
wy, contributes quadratically to both energy values, see (2.113) and (2.115).

Having established these relationships, the more practical cost function, (2.103), is now
considered. Minimizing the ratio of the positive work to be done by the actuators on the
rotors over the total work needed to be done on the rotors is equivalent to minimizing the
cost function of (2.103). For the plotted curves, the negative peaks can be found in the
vicinity of a starting angular position of about ¢s ~ 1.3 (rad), see figure 2.25, which is
then optimal according to the cost function of (2.103).
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Figure 2.25: Positive work done by the actuators over total work done on the rotors during
the RUP for T,,, = 0.5T,, [24]

Considering the curve with J/(mcrzs,) = 2.4 with the corresponding optimal angular
starting position, ps = 1.2 (rad), only 55 % of the rotational energy for the rotors must be
provided by the actuators, the rest comes from the SDOF oscillator. For J/(m¢rz,,) = 0.8,
nearly the entire energy for the rotors comes from the SDOF oscillator. Furthermore, the
optimal starting angular position ¢, varies with the ratio J/(merzop,).

It has been found that the energy consumption for the RUP can be further improved by
increasing the ramp-up duration T;.,. When T, is increased, the inertial forces f;5(t) have
more time to transform vibration energy into rotational energy of the rotors. Note that
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when the ramp-up duration is increased, the initial conditions of (2.107) remain, whereas
one final condition ¢(t; = T,,,) of the ramp-up process (see (2.108)) changes due to (2.55).

It also needs to be mentioned that during the RUP, the SDOF oscillator is already be-
ing actively damped by the TRD as vibration energy stored in the SDOF oscillator is
transferred into rotational energy for the rotors. However, when the ramp-up duration is
increased, it takes more time until the TRD provides the damping action generated in the
continuous rotation mode.

The optimization is now repeated with a cost function which penalizes the standard devia-
tion according to (2.96) of the power demand on the actuators. For this purpose, the power
Py(t1) of the SDOF oscillator on the rotors during the RUP is obtained by deriving (2.115)
with respect to time, see (2.117).

Py(t1) = merzonw? sin (wpty) sin (1) p(t) (2.117)
The rotational power performed on both rotors is given by
Py(t1) = 2J¢(t1)p(t1) (2.118)

The difference between (2.118) and (2.117) is the power to be provided by both actuators,
see the following equation:

Py(t1) = Pi(t1) —

Subsequently, the magnitude of the power demand on the actuators is calculated with help
of the root mean square value given in (2.96):

TTU
rms(P,(t1)) / P,(t1)2dt;
'I“u t

Figure 2.26 shows the magnitude of the power demand on the actuators of the TRD during
the RUP plotted against the starting angular position .

Ps(t1) (2.119)
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Figure 2.26: Magnitude of power demand on actuators plotted against starting angular
position g for T, = 0.57,,

The negative peaks of both plotted curves can be found in the vicinity of ps ~ 1.4 (rad),
close to the negative peaks of figure 2.25.
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Ramp-up process considering inherent damping

For the derivation of the ramp-up trajectory, it was assumed that inherent damping is not
present. For & > 0, several aspects must be considered. This is discussed in the following
for SDOF oscillators with small inherent damping (0 < £ < 0.1). w, is replaced by wy. If
¢ > 0, the envelope of the half sine wave of (2.106) is not constant. Instead, the harmonic
sinusoidal acceleration response will decay exponentially. However, for £ < 0.1, this decay
is small assuming that 7)., = 0.57y. The acceleration response during the RUP is assumed
to have the form of a positive half sine wave, see (2.106). Consequently, for the velocity
and the displacement at the end of the RUP holds:

z(ty =Tr) =0 ity =T) >0 (2.121)

With (2.121) and (2.52), ¥(t; = T;,,) = 0, which is the vibration phase at the end of the
RUP. Consequently, according to (2.57) with «, according to (2.54), the target angular
position at the end of the RUP becomes

er(ts = Tru) = ac (§) (2.122)

This target angular position is then substituted into the final conditions, see (2.108). The
same optimization as done for figure 2.25 is now performed considering small inherent
damping ratios, see figure 2.27.
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E;(tl = Tru)/Er(tl = Tru)
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Figure 2.27: Positive work done by the actuators over total work done on the rotors for
several inherent damping ratios during the RUP for 7T}, = 0.57; and J/(m.rA) = 2.4

From this figure, it can be seen that for the considered case, J/(m.rzo,) = 2.4, the influence
of small inherent damping on the optimal starting angular position is small. Furthermore,
the positive work to be performed by the actuators increases slightly with the damping
ratio. It is, for the considered case, 55 % for £ = 0 and 61 % for £ = 0.1. Therefore, small
inherent damping has little influence on the ramp-up trajectory design. This was checked
for several values of J/(m.rz,,), arriving at the same conclusion.
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Ramp-up process using the singular value decomposition
It is possible to improve the ramp-up trajectory by increasing the degree of the trajectory
polynomial, see (2.109)

=n
Pra(tt) = > ait] (2.123)
=0

in which n is a positive integer equal to or larger than five. By inserting the six boundary
conditions of (2.107) and (2.108), an under-determined system is formed

AGX(n+1)a(n+1)x1 — poxt (2.124)

in which the upper indexes denote the size of the matrices.

The system of equations in (2.124) can be solved using the singular value decomposi-
tion [29]. The unknown coefficients of (2.123) are ag, a1, ag,...,a, forming the vector a.

Using the singular value decomposition, the matrix A%(+1) can be factorized as shown
in the following:

ABx(n+1) _ pr6x6536x(n+1) (V(n+1)X(n+1)>T (2.125)

in which U6 and V+Dx(+1) are unitary and orthogonal matrices [29]. T indicates
the transpose version of a matrix. The matrix X+ has only diagonal entries, o1 >
09 > ... > 0g > 0, which are called the singular values of A8+ - The columns of U6
are the left singular vectors of A1) 4wy, .. ug and the columns of V(tD)x(n+1)
are the right singular vectors of A"+ 4wy . v, 1. Taking (2.125) and doing some
rearrangements yields the following equation

AS(H) = (w101, w209, ..., 4604, 0, ..., 0] [’01,1127-~-,’Un+1]T (2.126)

in which 0 is a zero matrix of appropriate dimensions. The purpose of using singular value
decomposition becomes evident when it is considered that the vectors, vy, vs,...,v,41 all lie
in the null space of A%*(»+1) [29]. From (2.126), the so called pseudo-inverse of A, which
is [u101, U209, ..., U606, 0, ..., 0] [v1, vy, ...,vg]T, can be calculated.

With this information, (2.126) can be solved as seen in (2.127) in which ¢»~%?1 is a vector
scaling the vectors lying in the null space of A%*",

-1

01 0 0
(n+1)z1 (n+1)z6 0 o2 ... 0 66T 1 621
a =[v1, V9, ..., Vg] S [u1,ug, ..., ug] bt + .
0 0 og

(2.127)

[v7, V8, ...y Un+1](n+1)m(n—5) (=5l

The scaling vector, ¢l can be chosen arbitrarily and is to be varied to optimize the

ramp-up trajectory, for instance, based on the cost functions of (2.102) or (2.103). Ramp-
up trajectories using the singular value decomposition are developed for the test setup in
section 2.6.

Initially, it was assumed that the RUP starts when the acceleration response of the SDOF
oscillator changes sign from minus to plus. This assumption is removed when considering
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a trajectory polynomial with a degree increasing to infinity as it allows the trajectory to
start with a held angular position.

Ramp-down process

After the TRD is ramped-up, it works in the continuous rotation mode until the vibration
amplitude falls below a certain turn-off vibration threshold, A,¢;. The rotors must then
be ramped-down and brought to their starting angular position. For this ramp-down
process (RDP) with a time duration 7.4, a ramp-down trajectory ¢,q(t2) is designed in
the following. For ¢, 4(t2), an additional running time variable, to, is introduced in order to
describe the time during the RDP. ¢ is set to zero when the RDP is initiated. At to = 0,
the rotors rotate approximately with the natural frequency of the SDOF oscillator and
are at a certain angular position, ¢4, which is referred to as ramp-down angular position.
When the RDP ends, it is required that the angular position of the rotors equals the
starting angular position ps—the angular position of the next RUP—and are at rest. As
before to reduce mechanical wear, the RDP is required to start and end without jerking.
Therefore, the initial and final conditions for the RDP are:

©ra(ta =0) = g Ord(ta =Trq) = s
@ra(te = 0) = wy, Ora(ta =Trg) =0 (2.128)
@rd(t2 - O) =0 @rd(tQ = Trd) =0

The ramp-down angular position ¢4 and the ramp-down duration 7;.; are to be chosen by
the designer. These parameters are to be set such that the power demand on the actuators
is not governed by the RDP. As before, a polynomial as shown in the following equation
can then be assumed:

=5
Pralts) =Y aith. (2.129)
=0

By inserting the conditions of (2.128), a system of equations is obtained again. It can be
solved for the coefficients ag, a1, ..., a, determining the ramp-down trajectory.

2.5.3 Complete damping sequence and closed-loop angular position con-
trol

With the target angular position for the continuous rotation mode including trajectories
to ramp the TRD up and down, a procedure for a complete damping sequence is now
proposed. Figure 2.28 shows the target angular position, ¢;(t), for one damping sequence.

The rotors are initially at rest and positioned at the starting angular position. As soon as
the SDOF oscillator exceeds the vibration-amplitude threshold A,, and the acceleration
response of the SDOF oscillator changes sign from minus to plus, the time variable ¢ is set
to zero and the computed ramp-up trajectory is used as the target angular position (TAP),
see figure 2.28. The ramp-up trajectory is used as the TAP for the ramp-up duration minus
the duration of the transition T}, — T},..

The transition is implemented to avoid discontinuities (which would result in a jerking
motion) in the target angular position when switching over from the ramp-up trajectory
to the target angular position given by the algorithm from the continuous rotation mode.
Such discontinuities occur when the actual frequency of the SDOF oscillator changes, for
instance, due to an excitation force or model inaccuracies (TRD or SDOF oscillator).
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Figure 2.28: Complete damping sequence [24|

For the duration of the transition, from ¢ = T,, — T3 to t; = T}, the target angular
position is a combination of the angular position given by the ramp-up trajectory and the
target angular position given by the algorithm of the continuous rotation mode. Both
positions are weighted with respect to the time variable, t, = (t1 — Ty + Ty ) /Ty, see
the subfigure in figure 2.28. w,.(t,) is used to weight the target angular position of the
ramp-up trajectory and 1 —wy,,(t,) the target angular position for the continuous rotation
mode. The weight function wy,(t,) is computed by assuming a polynomial with a degree
of five which meets the following boundary conditions: wy,(t, = 0) = 1, Wy (t, = 0) =0,
Wy (ty, = 0) = 0, Wy (ty, = 1) = 0, Wy (ty, = 1) = 0 and Wy (t, = 1) = 0. The transition
time 7T}, is to be chosen by the designer.

When the RUP is completed, the TRD operates in the continuous rotation mode until
firstly the vibration amplitude falls below the turn-off vibration amplitude and secondly
the target angular position of the continuous rotation mode passes the ramp-down angular
position. At this instant, the time variable to is set to zero and the computed ramp-down
trajectory is used as the TAP. At t, = 1,4, the RDP terminates with the TAP equal to
the starting angular position. The rotors are then held at this angular position until the
next damping sequence starts.

A complete damping sequence with the output of a TAP, ¢(t), for each point in time was
presented. This TAP is then compared to the (actual) angular position of the rotors o(t).
As indicated in figure 2.29, it follows that the error e(t) is as described in (2.130).

e(t) = pu(t) — o(t) (2.130)
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Figure 2.29: Closed-loop angular position control [24]

Before the error is fed into the controller, it is restricted to values between —m and w, see
block ’Limiting error’ (LE) in figure 2.29. As it is possible to add or subtract arbitrary
multiples of 27 to ¢(t) without loss of information, it is also possible to perform the
same mathematical operation on the error. The control error can then be interpreted as
follows: If the control error ce(t) is positive (0 < ce(t) < 7), the TAP precedes o(t).
If the control error is negative (—m < ce(t) < 0), the TAP lags behind the ¢(¢). The
controller outputs a control action, e.g. a moment M (¢) acting on the rotors. The controller
generates such a moment that the angular position tracks the TAP. Tracking problems are
extensively researched, see e.g. [30]. The control action of the actuators results in an
angular acceleration of the rotors, ¢(t), which is the input of the TRD. The TRD then
exerts the force fr(t) which acts on the SDOF oscillator. The SDOF oscillator outputs
the state variables which are then used to compute the TAP for the next time step.

2.6 Experimental verification

2.6.1 Test setup

The vibration control of a SDOF oscillator using the TRD was validated on a test setup at
Hamburg University of Technology. The test setup consists of a rigid supporting structure
from which a table is suspended via three leaf springs, see figure 2.30. The table is equipped
with two TRD units and a linear actuator, see right subfigure. The leaf springs are arranged
in a configuration such that the motion of the table is only possible in a single, horizontal
direction. Therefore, the motion of the table can be idealized as a SDOF oscillator as shown
in figure 2.2. With the help of the linear actuator, an excitation mass can be accelerated
relative to the table in the single, horizontal direction. This produces an excitation force
on the table.

The mass m, of the leaf springs is 12.7kg. The total modal mass m of the SDOF oscillator
is computed as

ms = my; + gmL =299kg + gll? kg = 34.6kg (2.131)
in which m; refers to the mass of the table. The table mass m; includes the mass of both
TRD units and the mass of the linear actuator with an excitation mass of m, = 2.0kg.
The mass of the leaf springs contributes to the mass of the SDOF oscillator with a factor
of 156/420, see [25, p. 187|. It is one entry of the consistent-mass matrix of a straight
beam segment; it is the first entry in |25, p. 187].



44 CHAPTER 2. TWIN ROTOR DAMPER

rigid supporting structure

leaf springs

TRD unit 1  TRD unit 2

table linear actuator

holding mechanism

Figure 2.30: Test setup of SDOF oscillator (side view and top view)

With the help of free vibration tests, the damped natural frequency wy of the SDOF
oscillator and the logarithmic decrement
1 p(t)

0= -In

— 2.132
l xp(t + an) ( )

was measured; x,(t) refers to the peak value of a positive displacement peak and x,(t+nT})
to a positive peak value [ vibration periods thereafter [25]. Figure 2.31 refers to a free
vibration motion of the test setup. Up to ¢t = 2.60s, the table is held with help of the
holding mechanism at x = 0.10m, see figure 2.30. At ¢t = 2.60s, the table is released from
this position and oscillates freely. After ¢ = 100s, the free vibration test is stopped.

To better characterize the properties of the SDOF oscillator, three free vibration tests
were performed. The data points of positive displacement peaks in the vicinity of x =
0.10m, 0.08m, ..., 0.02m and the number [ of completed vibration cycles were read off,
see table 2.3. With this information, the properties of the SDOF oscillator for different
vibration-amplitude ranges, see first column of table 2.4, are calculated.

For all considered vibration-amplitude ranges, the (measured) damped natural period T,
was computed. In a next step, the logarithmic decrement was calculated, which is not
shown in table 2.4. Using the logarithmic decrement, the damping ratio is calculated
according to (2.133) [25].

2m€

/e

5= (2.133)
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Figure 2.31: Free vibration test with zg = 0.10m and g = 0

Table 2.3: Displacement peak data including number [ of passed vibration cycles of three
different free vibration tests

Test 1 Test 2 Test 3
ts] xpm] |1 t[s] xp[m] |1 ts] xpm] |1
2.61 0.100 | O 2.37 0.100 | O 2.13 | 0.100 | O
14.29 | 0.0813 | 10 || 15.22 | 0.0792 | 11 || 15.00 | 0.0791 | 11
30.67 | 0.0606 | 24 || 30.42 | 0.0602 | 24 || 30.20 | 0.0600 | 24
55.24 | 0.0402 | 45 || 54.99 | 0.0397 | 45 || 54.70 | 0.0396 | 45
100.90 | 0.0203 | 84 || 100.60 | 0.0199 | 84 | 99.22 | 0.0202 | 83

From table 2.4, it becomes evident that the damped natural period Ty is constant, whereas
the damping ratio increases slightly with the vibration amplitude. This can be observed for
all free vibration tests. To consider the change in the damping ratio, nonlinear behavior
of the SDOF oscillator would have to be considered. This can be done by formulating
the damping ratio as a function of the vibration amplitude [31]. However, as the change
in the damping ratio is small, a linear model is assumed for the SDOF oscillator hence-
forth. Considering the vibration-amplitude range from z = 0.10m to 0.02m, the mean
damping ratio of the three free vibration tests is 0.305 % and the mean natural frequency
wy, s 5.37 (rad)/s. These properties will be used in the following investigations and are
summarized in table 2.5.

Table 2.4: Characterization of SDOF oscillator properties for different vibration-amplitude
ranges

Vibration-amplitude Test 1 Test 2 Test 3
range I [ Tyls] | €1%] |1 | Tuls] | €1%] || 1 | Tuls] | €[%]
z=0.10m to 0.08m || 10 | 1.17 | 0.330 || 11 | 1.17 | 0.337 || 11 | 1.17 | 0.339
x=0.08m to 0.06m || 14 | 1.17 | 0.334 || 13 | 1.17 | 0.336 || 13 | 1.17 | 0.338
x=0.06m to 0.04m || 21 | 1.17 | 0.311 || 21 | 1.17 | 0.316 || 21 | 1.17 | 0.315
x=0.04m to 0.02m || 39 | 1.17 | 0.279 || 39 | 1.17 | 0.282 || 38 | 1.17 | 0.282
x=0.10m to 0.02m || 84 | 1.17 | 0.302 || 84 | 1.17 | 0.306 || 83 | 1.17 | 0.307
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Table 2.5: System properties of SDOF oscillator and TRD unit 1

my [kg] 34.6 me[kg] | 0.389
wy, [(rad)/s] | 5.37 7 [m] 0.110
£%) 0.305 J [kgm?] | 2.35-1073

Two TRD units are attached to the table. The properties of TRD unit 1 (introduced
in figure 2.30) are also shown in table 2.5. All components (transmissions, rods, control
mass, etc.) set in motion by the actuators produce rotational inertial moments. However,
for the computation of the rotational inertia J, the rotational moments of inertia of all
components other than the control masses are neglected. Therefore, the rotational inertia
J of a single rotor is computed by 0.5m.r2.

2.6.2 Measured and observed states of SDOF oscillator

The displacement x(t) of the table is measured using a laser transducer. This signal is then
fed into an electronic monitoring system. For the control algorithm of subsection 2.5.3, the
velocity #(t) is also required. To make the velocity #(¢) available, an observer is used [30].
Recalling (2.11), rearranging with (2.3) and solving for #(t) gives

E(t) = F.(t) + Fr(t) — 26wni(t) — wiz(t) (2.134)

with the normalized forces

Fr(t) = 70 Rty = LU (2.135)

As seen frequently in the field of control engineering, a block diagram is used to repre-
sent (2.134), see figure 2.32, in which s is the Laplace variable.

» | =
8

Figure 2.32: Block diagram representing (2.134)
In this work, time-dependencies are not indicated in block diagrams.
The equation of motion governing the dynamics of the SDOF oscillator can be written

in an alternative way. By introducing the state vector x,(t) = [2(t),2(¢)]", in which T
indicates the transpose, (2.134) can be rearranged as given by

d4(t) = Az, (t) + B[F.(t) + Fr(t)] 2(t) = Ca,(t) (2.136)
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with the state matrix A, the input vector B and the output vector C given in (2.137).

0 1 0
A= [—wi _Q&UJ B = M C=1[1 0 (2.137)
The first equation of (2.136) is the state equation. It consists of a two first order differential
equations. The second equation of (2.136) is the output equation. The initial value of the
state vector is ©s = [z, 40]". A block diagram of (2.136) is shown in figure 2.33 in which
the bold arrows indicate vector signals. The inputs of the state space model are F,(t) and
Fr(t). Output is the displacement z(t).
¢$570

Ts T
—o—>[>—>

A <4

Fe+FT + Ls
—»

k!

Figure 2.33: Block diagram representing the state-space model of (2.136)

An estimate, &(t), for the state vector xs(t) is now introduced. A method for estimating
x5(t) is to use a model of the SDOF oscillator estimated model, see (2.138).

x(t) = A&(t) + B[F.(t) + Fr(t)] (2.138)
The error of the displacement is defined as [30]:
x(t) — z(t) = C [zs(t) — 2(1)] (2.139)

By using the error, z(t) — &(t), see (2.139) of the displacement as feedback, the estimated
model of (2.138) can be corrected continuously, see the following equation

x(t) = Ad(t) + B[F.(t) + Fr(t)] + LC [z(t) — (1)) (2.140)

in which L is a proportional feedback gain, see (2.141) [30].
L=l,l)" (2.141)
Subtracting &(t) of (2.140) from @, (t) of (2.136) and introducing &(t) = @4 (t) — &(t) gives
z(t) = (A — LC) &(t) (2.142)

where the error dynamics &(t) are described by the characteristic equation
det[sI —(A—-LC)] =0 (2.143)

With help of the proportional feedback gain L, the poles can be placed arbitrarily. These
poles are to be set such that they are stable, have a suitable damping ratio and are
reasonably 'fast’ [30]. To ensure that measurement noise in x(t) is suppressed, the damping
ratio is usually set to values between 0.80 and 0.95. The poles are reasonably fast if the
eigenvalues of the closed-loop are set such that they are two to five times faster than the
eigenvalues of the SDOF oscillator [30]. A block diagram with the input and outputs of
the observer is shown in figure 2.34.
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Figure 2.34: Observer of SDOF oscillator

The force Frp(t) produced by the TRD can be constructed with help of the states of the
motor. Doing so, only F,(t) is considered as disturbance. However, when considering Fp(t)
and F,(t) as disturbance and tuning the observer as described in the previous paragraph,
the estimate &(t) also tracks the state vector &4(t) adequately accurately.

The poles of the error dynamics in the complex plane can be given in polar coordinates;
they are then given by the damping ratio &, and the natural frequency wy, ¢, see figure 2.35.

Im(s)
A
asin(&,)
Wne
) » Re(s)
Wd,e
X g
K———>

Figure 2.35: s-plane plot for complex pole pair describing the error dynamics [30]

Alternatively, the poles can be given in rectangular coordinates, s = —o. + jwge. (The
index e indicates that the properties correspond to the poles determining the dynamics of
the error in the estimate.) This relation is shown in (2.144), see also figure 2.35 [30].

U@ = ‘Sewn,e wd,e == wn,e \V 1 - §g (2144)

An observer for the test setup is now designed. It is required that wy,, is five times
larger than the natural frequency w, of the SDOF oscillator, see table 2.5. It follows:
wWn,e = 5-5.37 (rad)/s = 26.85 (rad)/s. Furthermore, a damping ratio & of 0.9 is required. It
follows according to (2.144) that wg . = 26.85 (rad)/s-1/(1 — 0.92) ~ 11.70 (rad) /s and o, ~
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24.17 (rad)/s. Thus, the desired location of the complex pole pair is s = —24.17 (rad)/s +
j11.70 (rad)/s. The placement of the pole pair is done in MATLAB using the place
command. The result is a proportional gain L = [48.31,690.66]" (units of L are dropped).

With the estimate of the state vector #(t), an estimate of the displacement & and the
velocity & of the SDOF oscillator is derived, see the following equation:

i=[1 0]& z=1[0 1]& (2.145)

The outputs of the observer of (2.145) are then used for the control algorithm of subsec-
tion 2.5.3.

2.6.3 System identification of the actuators

The dynamics of the actuators were identified using the MATLAB System Identification
Toolbox [32, 33]. An actuator belonging to one TRD unit defines a system which has the
control effort, uy(t) (Uy(s) in Laplace domain), as input and the corresponding angular
position ¢(t) (¢(s) in Laplace domain) as output. Thus, when performing a system identi-
fication of an actuator, the dynamics of the transmission, the motor shaft, the adapters etc.
are included. The transfer function M,(s) describing the dynamics of the four individual
actuators is shown in (2.146).

M,(s) = [}Oa(g) = as2b s (2.146)

The unit of u,(t) is voltage and the unit of ¢(t) is radians. The coefficients b and a were
determined for each actuator and are shown in table 2.6.

Table 2.6: Coefficients b and a of the transfer function M,(s) describing the dynamics of
the actuators

‘ b a
Mgq(s) | 3.14 1501073
M,2(s) | 3.05 1.08-1073
M,3(s) | 3.18 2.00-1073
Mga(s) | 312 1.75-1073

Multiplying with s in frequency domain is equivalent to deriving with respect to time in
time domain. Therefore, the transfer function M,(s) is derived:

b
as+1

M,(s) = (2.147)
This transfer function has u,(t) as input and the angular velocity ¢(¢) in radians per second
as output.

2.6.4 Ramp-up and ramp-down trajectories for the test setup

For the free vibration tests of this section, ramp-up trajectories are developed for two
different initial displacements, o = 0.05m and xg = 0.1 m. The initial velocity is &y = 0.
As the inherent damping & of the SDOF oscillator is small, see table 2.5, the damped
natural frequency can be set equal to the natural frequency. Ramp-up and ramp-down
trajectories are developed using the approach described in subsection 2.5.2.
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By starting the motion with the initial conditions ¢y > 0 and ¢ = 0, the acceleration
response of the SDOF oscillator changes from negative into positive after approximately
a quarter of vibration period. At this instant, the TRD is designed to start the RUP.
The corresponding acceleration amplitude of the SDOF oscillator can be approximated by
row2. This can be done by neglecting the effect of inherent damping on the motion. With
the approximated acceleration amplitude and the data of table 2.5, ramp-up trajectories
have been developed according to the cost function of (2.103) for a ramp-up duration T},
of 0.57;, and for polynomials of different order n. For n > 5 singular value decomposition
was applied; the scaling vector ¢~ of (2.127) was varied and optimized minimizing
the cost function of (2.103).

Figure 2.36 shows the positive work needed to be done by the actuators over the required
rotational energy of the rotors at the end of the RUP for two initial displacements x¢ =
0.05m (subfigure A) and xy = 0.1 m (subfigure B) both for polynomials of different order n.

- 1072 - 10~
g >\< « T ET T [
Il 10| f I gl ,
> x X X X o x X >
g 50 * g - 8
~ &~ 4
1 I
= o = 0.05m = xo=0.10m
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& 5 10 15 & 5 10 15
n n

Figure 2.36: Positive work required to be done by the actuators on the rotors over re-
quired rotational energy of the rotors at the end of the RUP for polynomials with different
order n [24]

Note that the vertical axes are scaled differently. For zp = 0.1m and n = 5, 0.08% of
E,(t; = T,y) is provided by the actuators of the TRD and 99.92 % comes from the vibration
energy of the SDOF oscillator. Nearly 100 % comes from vibration energy if n is increased
to six. Therefore, a further increase of the order of the polynomial is not necessary for
2o = 0.10m. For a smaller initial displacement of o = 0.05m and n = 5, 11.4% of
E.(t; = T,,) is provided by the actuators of the TRD and 88.6 % comes from vibration
energy. By increasing the order to n = 10, only 5.6 % of E.(t; = T,,) comes from the
actuators of the TRD and 94.4 % from vibration energy. A further increase of the order
n does not lead to a further reduction of the positive work to be done by the actuators
during the RUP, see figure 2.36/A. Therefore, for o = 0.05m, a polynomial with an order
of n = 10 is chosen. Corresponding coefficients and ramp-up trajectories are shown in
figure 2.37 and table 2.7a.

For the following tests, a ramp-up trajectory with n = 10 and the coefficients of table 2.7a
is used. However, as shown in figure 2.36, the influence of the initial displacement on the
energy to be provided by the actuators is crucial.
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Figure 2.37: Ramp-up trajectory and corresponding time derivatives for zg = 0.05m and
n = 10 [24]
Table 2.7: Coefficients of chosen trajectories
(a) Ramp-up trajectory
a10 a9 ag ar ag as ‘
—9.574-10% 3.300-10* —4.923-10* 4.148-10* —2.151-10* 6.956 - 10
a4 as az ai ao
—1.349-10% 1.410-10° 0 0 1.225

(b) Ramp-down trajectory

a5 ay as az ap ag
0.663 1.03 —4.27 0 537 4.71

Ramp-down trajectories were then developed according to subsection 2.5.2. The ramp-
down angular position ¢ was set to 1.5w, the ramp-down duration to 1.00s and the
vibration-amplitude A,y to 0.01m. Both parameters were varied such that the rotors
are smoothly ramped-down. Inserting the conditions of (2.128) (ps is the ag value of
table 2.7a) into (2.129) gives a system of equations. Solving this yields the coefficients of
table 2.7b. Ramp-down trajectories and the corresponding time derivatives are shown in

figure 2.38.

2.6.5 Closed-loop angular position and open-loop velocity control

In subsection 2.5.3, a closed-loop angular position control for the rotors was proposed. As
the rotors are required to follow a ramp input in the continuous rotation mode, a steady-
state error would occur if a controller with only a proportional feedback gain is used. A
controller with integral and proportional action (PI controller) is therefore required.
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Figure 2.38: Ramp-down trajectory and corresponding time derivatives [24]

Instead of using a PI controller, open-loop angular velocity control can be applied in
addition to the closed-loop angular position control. A target angular velocity (TAV) can
be computed in addition to the TAP. For the RUP and the RDP, the TAVs are ¢, (1)
and ¢,q(t2) (derivations of (2.123) and (2.129) with respect to time). Furthermore, for the
continuous rotation mode, the TAV is the natural frequency of the SDOF oscillator. For
the closed-loop angular position controller, a proportional feedback gain is then sufficient.
Additionally, to suppress measurement noise in (t), a pole is added. This control scheme
is shown in figure 2.39 for the first actuator.

The control effort uq1(t) of figure 2.39 is computed by

o (f) = %gbt(t) + C(s)ees (t) (2.148)

in which the first term is the control effort due to the open-loop velocity control and the
second term is the control effort due to the closed-loop angular position control. The same
control scheme and controller is used for the other actuator.

Stability of the control scheme of figure 2.39 is now discussed. The observer of the SDOF-
oscillator uses the measured displacement to produce an estimate of the displacement and
the velocity. Due to the pole placement of subsection 2.6.2, the poles lie in the left half-
plane (see figure 2.35); thus, this subsystem is stable.

The observed displacement and the observed velocity are then fed to the next block *Com-
putation of TAP and TAV.” For the RUP and the RDP, the TAPs are as shown in figure 2.37
and 2.38. During the continuous rotation mode, the TAP is computed according to (2.55)
(TAP of the continuous rotation mode) and the TAV is set equal to the natural frequency
wy. Therefore, the block ’Computation of TAP and TAV’ computes values for the TAP
and the TAV within a limited value range. Furthermore, as there are no feedback loops in
this block, the question of stability does not arise.
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Figure 2.39: Generation of control effort for actuators

For the open-loop velocity control, the TAV is multiplied by 1/b, see figure 2.39. This
multiplication scales the TAV. Therefore, the control effort produced by the open-loop
angular velocity control also has a limited output.

The closed-loop angular position control ensures that the (measured) angular position
tracks the TAP. The closed-loop controller consists of a simple proportional feedback gain
Kp with the additional pole to reduce measurement noise. The unit of Kp is V/(rad),
which is dropped in the following. As all actuators are described by transfer functions with
the same form, is suffices to check the stability of one actuator. This is done explanatory
for actuator one, see (2.146) and table 2.6 (M, 1(s)). Note that the block 'LE’ restricts
the input of the controller to values between —7 and m, see subsection 2.5.3. This does
not alter the dynamics of the closed-loop. A controller as shown in (2.149) was chosen.

Kp

C8) = 1570055

(2.149)

The transfer function of actuator one is as given in (2.150), see (2.146) and table 2.6.

3.14

M, = 2.1
1) = 5 08 1 s (2.150)
If C(s) is as shown in (2.149), the open-loop transfer function C(s)M,1(s) is:
J4K
C(s)Mg1(s) 3.14Kp (2.151)

T 75-10755% + 0.0515s2 + s

The Root Locus of the open-loop configuration is as shown in figure 2.40.



o4 CHAPTER 2. TWIN ROTOR DAMPER

= |

z ]

g 100 |

TN

>

E

5~ 100 +

z | N | |
= 680 —670 I 15 =5

Real axis [(rad)/s]

Figure 2.40: Root Locus of open-loop configuration for motor 1

The Root Locus diagrams for the other actuators are nearly the same. With increasing Kp,
the left pole moves on the real axis towards minus infinity, whereas the other poles migrate
towards each other until they meet; coming together at s ~ —10 (rad)/s. At that point,
they break away from the real axis. At Kp = 220, they cross into the right half-plane and
the controller would become unstable. Thus, the closed-loop angular position control for
actuator one is stable for Kp < 220. In conjunction with the open-loop angular velocity
control, adequate tracking results are already achieved for Kp = 1; therefore, Kp is set to
one for the free vibration tests of this section for all actuators.

2.6.6 Test results

Tests were performed with a sampling frequency of 500 Hz. Figure 2.41 shows the uncon-
trolled and controlled displacement response of the SDOF oscillator.

1072

5 ---uncontrolled = ——controlled |

Figure 2.41: Free vibration test showing uncontrolled and controlled displacement response
of SDOF oscillator

The table is released from an initial displacement, g = 0.05m, at t = 2.6s. Until t = 2.9s,
the uncontrolled and the controlled responses coincide. At ¢t = 2.9s, the acceleration re-
sponse of the SDOF oscillator changes sign from minus to plus. At this instant, the
vibration amplitude exceeds A,, and the RUP is initiated. It ends at ¢ = 3.4s when the
controlled displacement response changes sign from minus to plus (in other words, when
the SDOF oscillator completes a half period). After the RUP, the TRD operates in the
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continuous rotation mode until the vibration amplitude falls below A,f;. Considering the
uncontrolled displacement response in the time interval from ¢ = 3.8s to t = 14.3s, the
vibration amplitude decays from 4.82cm to 4.10 cm; this corresponds to a decay rate of
0.068 cm/s. Considering the controlled displacement response during the same time inter-
val, the vibration amplitude decays from 4.63 cm to 0.81 cm. This corresponds to a decay
rate of 0.36 cm/s. This means that by implementing one TRD unit with a mass-radius
control product m.r of 0.0430kgm, the decay rate is increased by a factor of about 5.3.
When the vibrations fall below the lower vibration-amplitude threshold and the TAP sur-
passes the ramp-down angular position, the RDP is initiated. This is the case at t = 14.45s.
The rotors are then brought to the starting angular position.

Figure 2.42 shows the TAP computed by the electronic monitoring system.
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Figure 2.42: TAP 4(t) computed by the electronic monitoring system belonging to fig-
ure 2.41

It becomes evident that the TAP has the desired continuous form; this results in a smooth
run of the rotors. The same yields for the target angular velocity ¢;(¢), which is not shown.

Figure 2.43 shows the post-computed angular velocity of rotor one. It is obtained by
multiplying the recorded control effort u, 1 given to the first actuator (from the electronic
monitoring system) with the transfer function M, 1, see (2.147) and table 2.6.

1

0.5

p1(t)/wn

Figure 2.43: Post-computed angular velocity ¢1(t) belonging to figure 2.41

With the chosen proportional gain Kp of 1.0, the absolute value of the control errors ceq (t)
and ceg(t) did not exceed 0.09 (rad) (=~ 5°). By further increasing Kp, more accurate
tracking is achieved. However, to calculate the power demands on the actuators, the
angular accelerations ¢1(t) and @o(t) are needed. These signals become more noisy the
higher K, is set.
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The power of both actuators can be computed with help of a post computation. The power
of the TRD unit is

Pr(t) = ¢1(t)My(t) + P2 (t) Ma(t) (2.152)

in which ¢;(t), ¢2(t), Mi(t) and Msy(t) refer to the angular velocities of the rotors and
the moments created by the actuators. Solving the motor equation of (2.14) for M (t) and
inserting this into (2.152) gives:

Pr(t) = ¢1(£) [J61(8) — 0.5meri(t) sin (91 (£))] + ¢2(8) [JG2(£) — 0.5mri(t) sin (2()]
(2.153)
x(t), ¢1(t) and @o(t) are measured states. Z(t), ¢1(t), p1(t), p2(t) and @o(t) can be
obtained by taking the time derivatives; this results in noisy signals which are unsuitable
for further calculations. To cope with this issue, the signals &(t), $1(t), $1(t), p2(t)
and (o(t) are derived in a different manner. For the acceleration #(t¢) of the SDOF, the
observed velocity # is differentiated numerically. The observer is tuned as discussed in
subsection 2.6.2. To produce the signals ¢1(t), ¢1(t), ¢2(t) and @o(t), the models of the
actuators from subsection 2.6.3 are used. By recording the control efforts uq 1 and u, 2 fed
to the actuators, the angular velocities (¢1(t) and ¢2(t)) of the rotors can be re-produced
by using uq; and ug2 as inputs for the transfer function of (2.146) with the coefficients
given in table 2.6. Multiplying the transfer function of (2.147) with the Laplace variable s
gives the transfer function
bs
as+1

It has the control effort u, as input and the angular acceleration of the corresponding rotor
as output. With help of this transfer function, the angular accelerations of the rotors are
post-computed. Figure 2.44 shows the power according to (2.153).

Me(s) = (2.154)
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Figure 2.44: Power of TRD belonging to figure 2.41 [24]

The power of the TRD is nearly always smaller than zero, therefore the actuators perform
negative work on the rotors (braking). Positive power is only required during the RUP.
Integrating the positive power over the RUP from ¢ = 3.2s to t = 3.7s gives the positive
work done by the actuators on the rotors. This positive work is approximately 5.0-1073J
and corresponds to 14 % of the rotational energy the rotors have in the continuous rotation
mode. For the design of the RUP, it was only approximately 5%, see figure 2.36/A for
n = 10. The difference is due to model inaccuracies. Furthermore, due to the transition,
see figure 2.28, a deviation from the optimal trajectory designed in subsection 2.6.4 is
prescribed leading to a larger energy consumption.
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In the continuous rotation mode, the power curve of the TRD has a similar shape as the
power curve of figure 2.22. Note that in figure 2.22, only one vibration period is considered
and the vibration amplitude does not decay in time. However, as the acceleration amplitude
of the SDOF oscillator decays with time, the power of the TRD also decays.

At t = 14.5s, the TRD exits the continuous rotation mode. Therefore, the rotors are
decelerated and brought back to the starting angular position. Negative work is done by
the actuators of the TRD on the rotors during the RDP.

To validate the experimental verification and the corresponding post computations, i.a.
(2.152) and (2.153), the energy balance is checked, see the following equation

Eyo+ Er(t) = Ey(t) + Ea(t) (2.155)

in which E, o, Er(t) and E4(t) refer to the initial vibration energy, the work done by
actuators and the dissipated energy given by

Eoo = % (m + ma) #(t = 1) + %kx(t — 1) (2.156)
tu
Ey(t) = 2wn(m +me) / (1)t (2.157)
t
Er(t) = / " (bt (2.158)

in which t; and ¢, refer to the time-points at which the RUP is initiated and the RDP is
terminated, respectively. As the rotors are at rest at ¢; and t,, the energy stored in the
rotors (rotational kinetic energy) can be neglected as the energy terms are zero at these
times. The translational kinetic energy stored in the control masses is considered in (2.100)
and (2.156). For the velocity & (t) in (2.156) and (2.157), the observed velocity #(t) is used.
The computed energy terms are shown in table 2.8.

Table 2.8: Energy terms of (2.155) corresponding to the test of figure 2.41 to 2.44 from
t; =32stot, =15.5s

Evo )] Er(ts) J]  Ey(tu) J]  Eq(tu) [J]
1.20 —1.06 0.02 0.18

When calculating the terms on both sides of (2.155), there is an energy difference AE
of 0.06J. Comparing this energy difference AFE to the work done by the actuators gives:
AE/Er(t) ~ 0.057. This corresponds to 5.7% and validates the post-computation in
which the power demand on the actuators was estimated. Evaluating the energy balance
is an adequate tool for analyzing the quality of post-computations. A comment on the
energy balance in given in the Appendix A.1.
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2.7 Discussion

In the previous section, a closed-loop control algorithm for operating the TRD in the con-
tinuous rotation mode including ramp-up and ramp-down trajectories was presented. The
algorithm was validated experimentally, demonstrating the energy and power advantages
of the TRD. Some questions arise, which are discussed in the following:

e The TAP was computed using (2.55) which provides a static computation provided
that the natural circular frequency of the SDOF oscillator is known. Tracking this
TAP ensures the anti-phasing between the velocity of the SDOF oscillator and the
control force of the TRD. Alternatively, the phase of the velocity of the SDOF os-
cillator can be detected using phase-locked loop (PLL) systems [34, 35]. Using the
phase of the velocity of the SDOF oscillator, a TAP for the rotors can be calculated
such that the resulting control force counteracts the velocity of the SDOF oscillator.
However, PLL systems inherit dynamics which must be set accordingly. This requires
additional tuning effort. On the other hand, PLL systems additionally and continu-
ously provide the dominant frequency of the signal. However, as the natural circular
frequency of the SDOF oscillator is assumed as known, the static computation for
the TAP according to (2.55) was and will be used in this work.

e As long as the angular velocity of the rotors is constant, which is the case in the
continuous rotation mode, only mono-frequent sinusoidal control forces are generated.
This is a disadvantage in the case that the vibrations being damped do not exhibit
dominant frequencies but have a broadband spectrum. On the other hand, when
the vibrations occur with one or a few dominant frequencies to which the TRD
or multiple TRDs can be tuned, the TRD can still be effective for systems under
stochastic loading [36]. In [36], numerical simulations were performed with a former,
less energy-efficient control algorithm. The numerical and experimental investigation
of the TRD for the damping of stochastically forced vibrations is discussed and further
developed in chapter 3.

e Another particularity of the continuous rotation mode is that the magnitude of the
control force cannot be easily changed during operation. This is a serious disadvan-
tage when the vibration amplitude becomes small and can result in a re-excitation
of the SDOF oscillator. However, various methods, presented in [23], have been
proposed to prevent this undesired outcome. One method, the on-off method was
further elaborated and presented in this section. Two further methods are developed
in section 2.9.

e With the control algorithm presented in this section, the TRD cannot bring the
vibrations to rest as the device is turned off when the vibration amplitude falls below a
certain threshold, see figure 2.41. To bring the SDOF oscillator to rest, an alternative
mode of operation, the swinging mode, can be used. A control algorithm which
automatically switches between the continuous rotation mode (for large vibration
amplitudes) and the swinging mode (for small vibration amplitudes) is presented in
chapter 3. With the control algorithm presented in this section, the TRD is only
effective for vibrations above a certain vibration-amplitude threshold.
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2.8 Steady-state response of SDOF oscillator with and with-
out the twin rotor damper

2.8.1 Introduction

The steady-state damping performance of damping devices can be evaluated with help of
frequency-ratio dynamic-amplification relations. Such relations can be derived analytically,
numerically or experimentally. Analytic solutions are more elegant; however, for many
mechanical systems, especially those with non-linear characteristics, analytic solutions can
often not be derived. In such cases, dynamic-amplification frequency-ratio relations are
derived numerically or experimentally. In this section, which is partly published in [37, 38],
an analytic solution is presented and subsequently validated experimentally.

2.8.2 Uncontrolled response

To investigate the steady-state response of the SDOF oscillator, (2.11) is recalled
B (t) + 28wni(t) + wiz(t) = per [¢(t)% cos p(t) + G(t) sinp(t)] + Fu(t) (2.159)
in which F¢(t) is now a (normalized) harmonic excitation force given by
F.(t) = Fycos (wet) (2.160)

where w, denotes the (angular) excitation frequency and Fj the (normalized) amplitude of
the excitation force.

In this subsection, the uncontrolled response is presented. This is a brief summary pre-
sented for the purpose of a simple derivation of the controlled response of the SDOF
oscillator. Information regarding the uncontrolled response of the SDOF oscillator can be
found in many textbooks, e.g. [1, 25]. For the uncontrolled response, the forces produced
by the TRD are neglected. Consequently, with (2.160), (2.159) simplifies to:

B(t) + 2bwni(t) + wa(t) = Fycos (wet) (2.161)

A variety of techniques to solve (2.161) can be found, see e.g. [?]. The steady-state response
is described by the particular solution of (2.161). The particular displacement response of
a SDOF oscillator with inherent damping under harmonic excitation is:

xp(t) = Ay cos (wet — @) (2.162)

in which A, and ¢ refer to the displacement amplitude and the phase the displacement
response lags behind the excitation force [1|. As shown in [1, 25], A, and ¢ are given by
the following equations

A, = Fo (2.163)
V(@2 = w2)? + (26wne.)?
¢ = atan2 (26wnwe, w; — w?) (2.164)

In (2.164) and in contrast to [1, 25], the atan2-function is used. It considers the full range of
¢ (zero to 27) and therefore allows for a more simple detection of the appropriate solution
when deriving the controlled steady-state response, see subsection 2.8.3.
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Introducing the frequency ratio
n=2e (2.165)
Wn

and doing some rearrangements with (2.163) and (2.164), they can be rewritten as shown
in (2.166) and (2.167) [1].

A, w? 1
=L = (2.166)
Fo -+ e’
¢ = atan2 (2¢n,1 — n?) (2.167)

In many textbooks, the term Fy/w? is referred to as static displacement. Note that the
fraction A,w?2/Fy is dimensionless and is, from here on, referred to as dynamic amplifica-
tion:

Ayw?
R
The dynamic amplification D and the phase ¢ are plotted against frequency ratio 7 in
figure 2.45.

D= (2.168)
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Figure 2.45: Dynamic amplificataion D and phase ¢ plotted against frequency ratio 7 for
several different values of the damping ratio & [1]

Curves are plotted for oscillators with small inherent damping (§ < 0.1). As the excitation
frequency goes against the natural circular frequency (n — 1), the dynamic amplification
approaches a maximum value, for more information, see [1, 25].

2.8.3 Controlled response

In order to study the steady-state response including the action of the TRD, (2.159) is
recalled. Tangential forces produced by the TRD are neglected as it is assumed that
the TRD is operated in the continuous rotation mode. Thus, only the radial forces are
considered and (2.159) simplifies to:

E(t) + 26wni(t) + wia(t) = perd(t)? cos (t) + F.(t) (2.169)

Furthermore, it is assumed that the angular velocity ¢(¢) is constant and equal to the
excitation frequency we:
O(t) = we (2.170)
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This assumption is further discussed in subsection 2.8.6.

Inserting (2.170) and (2.160) into (2.169), it follows:
B(t) + 26w (t) + wia(t) = perw? cos p(t) + Fycos (wet) (2.171)
As ¢(t) changes linearly in time (¢ = we), the control force of the TRD (first term on

the right-hand side of (2.171)) is harmonic. Maximum damping action is achieved if
the harmonic control force, p.rw?cosp(t), is set in anti-phase to the excitation force,
Fp cos (wet), see (2.171) |23]. To achieve this, information about the phase of the excitation
force must be available. However, the excitation force is usually unknown and cannot be
easily measured. Alternatively and in contrast to the derivations of [23], the states x(t)
and @(t) of the SDOF oscillator can be made available and used as feedback. By setting
the control force of the TRD in anti-phase to the velocity of the SDOF oscillator, satisfying

and realizable damping performance is achieved.

The second term on the left-hand side of (2.171) is the (normalized) inherent damping force
of the SDOF oscillator. This inherent damping force acts in anti-phase to the velocity of
the SDOF oscillator. The control algorithm presented in section 2.6 is used to ensure
the anti-phasing between the control force of the TRD and the velocity of the SDOF
oscillator. Taking this into consideration, the control force can be brought to the left-hand
side of (2.171) as a function of the velocity @(¢). This is done by firstly taking the time
derivative of (2.162):

&p(t) = —Acwe sin (wet — @) (2.172)

in which A, was replaced by the unknown controlled displacement amplitude A, and ¢
by the unknown controlled phase ¢.. Both A. and ¢, are derived further on. Secondly,
dividing (2.172) by the absolute value of its amplitude A.w. and multiplying it with the
amplitude p.rw? of the control force (first term on the right-hand side of (2.171)), the
control force is now expressed as a function of the velocity on the left-hand side, see the
following equation:

HeTWe

C

Z(t) + [2§wn + } i(t) + wia(t) = Fycos (wet) (2.173)
The cosine term of the control force of (2.171) drops out as the sign convention and the
velocity dependent formulation ensure the anti-phasing between the control force of the
TRD and the velocity of the SDOF oscillator. Note that (2.173) is only valid if a control
algorithm is available ensuring this anti-phasing.

By setting the term in the square bracket equal to 2{c,wy, an equivalent damping ratio &¢q
can be calculated, see the following equation.

erie

Ac

Note that the terms of the left-hand side of (2.173) represent the system forces (f;(t), fa(t)
and f4(t)) and the normalized control force f.(t) of the TRD. The term on the right-hand
side represents the excitation force f.(t). These forces are shown in the following equation
and will be discussed further later on.

28eqwn = 26wy + (2.174)

#?nc = (1) mfii(tg% = 2wy (t) mf jr(?nc Sy j:}ex'(t) (2.175)
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The second term in the square bracket of (2.173) now describes the control force. Com-
paring (2.161) with (2.173), the substitution as given in (2.176) must be performed.

HeTWe

Ac

28wy, — 28wy, + (2.176)
Applying the substitution of (2.176) on the uncontrolled solution of (2.163) and (2.164)
yields the following two expressions for the previously unknown controlled displacement
amplitude A. and the controlled phase ¢.:

A= Fo . (2.177)
2
\/(w% - WE)Q + (25‘*’11“6 + NCTW€>
Ae
¢ = atan2 [(%wn + %) Wey W2 — wz} (2.178)

Note that ¢. depends now on A.. Therefore, (2.177) must be solved first for A.. Doing
some rearrangements with (2.177) gives:

[(wg - wg)Q + 4§2w2w3} AL+ 46w,w3 per A2 + (u?ﬂwé —F3)AZ=0 (2.179)

The trivial solutions (A, = 0) are not further considered as they have no physical meaning.
A quadratic equation remains. It provides two non-trivial solutions for A., which are

—2wnwiper & \/ Fg |3 = w2)” + (26wnwe)’] = (@iner)” (@3 — w?)®

(w2 — w2)® + (2wnwe)?

Ao = (2.180)

As done before for the uncontrolled steady-state response, (2.180) is divided by Fy and
multiplied with w?2. This leads to the normalized controlled displacement amplitude of the
SDOF oscillator in steady-state, see (2.181).

—28w3wper W2 ter 2
T (R = ) (2?5 ) (R -2

Aw? F " F
Wi _ 0 . . 0 (2.181)
Fo (wi —w2)” + (2wnwe)
Introducing the controlled dynamic amplification
Aw?
D, =-—"*" 2.182
c FO ( )
and doing some further rearrangements with (2.181) using (2.165), it follows:
_9¢m32 2,2 2
SUFwnucr a2 |- (77 u;uw) + (26n)?
0 0
D, = (2.183)

(1—n2)* + (26n)

By setting u.r equal to zero, the uncontrolled dynamic amplification is given, which is in
accordance with (2.166).
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SDOF oscillator without inherent damping
Considering a SDOF oscillator without inherent damping (£ = 0), (2.183) simplifies to

2
p, = TV (PEY (2.184)

(& 1_772

in which K is a positive dimensionless parameter given by:

2
W2 T
K = 1+ — 2.185
=R (2.185)
D, is real as 1 — (n2K1)? > 0. Solving this inequality for 7 while considering that 7 > 0
and K > 0, yields the following constraint
n<m= t— (2.186)
< e
in which the border frequency ratio 7, is introduced. D, can take positive and negative
values.

If D. >0, then A. > 0 as w, > 0 and Fy > 0, see (2.182). The TRD contributes positive
active damping to the equivalent damping ratio if A, > 0. Otherwise, the influence of the
TRD would be negative (the control force of the TRD would be in phase with the velocity
of the SDOF oscillator). Therefore, D, must be greater than or equal to zero. To ensure
that the TRD contributes positive damping, the cases

L= (PPKy)?
W for n < 1
D, = ¢ undefined for n=1 (2.187)
—\/1 = (?Ky)?
=2 or n>1

are distinguished.

Using (2.165) and (2.185) and considering that £ = 0, ¢, given in (2.178) can be rearranged
to:

2K
o = atan2 <"D L1- 772> (2.188)

The controlled dynamic amplification D, and the phase ¢, are plotted against the frequency
ratio in figure 2.46 for several values of K.



64 CHAPTER 2. TWIN ROTOR DAMPER

¢ [(rad)]

Figure 2.46: Controlled dynamic amplification D, and phase ¢. plotted against frequency
ratio n for several different values of K; for SDOF oscillators without inherent damping

The higher K is, the higher the steady-state damping performance becomes. For Ky < 1,
np > 1. Therefore, the dynamic-amplification to frequency-ratio has a vertical asymptote
and a phase jump at n = 1. In contrast, for K; > 1, the border frequency 7 is smaller
than one. Therefore, the vertical asymptote and the phase jump at n = 1 do not exist.

The steady-state response can be represented in a pointer diagram. The mass-normalized
force terms of (2.175) are additionally divided by w? and A.. Using (2.165), (2.182)
and (2.185) and converting to complex notation gives the equations of (2.189). For com-
pleteness, fq(t)/(m + m.)/w2 /A, is also derived.

If K7 and 7 are given, D, can be calculated with (2.187). This was done for K7 = 0.5 and
n = 1.2. The corresponding vector diagram which depicts the forces described in (2.189)
is shown in figure 2.47.

All vectors rotate with a constant length in the counterclockwise direction. It can be
seen that the force superimposed by the amplitude of the inertial force f;(t), the control
force fr(t) and the restoring spring force fs(t) is equivalent to the excitation force fe(t),
see (2.173). If the frequency ratio n approaches 1, the dynamic amplification D, converges
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to zero and the phase ¢, to 0.5w. At ¢. = 0.57, the SDOF oscillator would be at rest.
This becomes evident when inserting the border frequency ratio of (2.186) into (2.187).
Furthermore, it indicates that the excitation force and the control force of the TRD are in
phase in figure 2.47. Note that these forces are on different sides in (2.173) and become
infinite, see (2.189). As this state is physically not realizable, the solution at n = 7, was
excluded in figure 2.46.

(m +]:§f:§szc = Re |—ellec=40)

mﬁ:;—(:))w,% ~ Re :%Tiei(wet¢c>] (2.189)
o = R[]

oz = 5]

fe(t).
A%

Je(t)
e

> Re

fs(t)

Figure 2.47: Pointer diagram for steady-state responses for K7 = 0.5 and n = 1.2 [37]

The existence of the border frequency can be explained by considering the control force,
see first term on the right-hand side of (2.171). If 5 is increased, the amplitude of the
control force also increases as the angular velocity ¢ was set to we, see (2.170). For n < n,
the amplitude of the control force is smaller than the amplitude of the excitation force and
steady-state is reached. At 1 = 1, these amplitudes are equivalent.
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The equivalent damping ratio &, for oscillators without inherent damping can be computed
with (2.174). Doing some rearrangements of (2.174) and using (2.182), (2.185) and (2.187)
yields:

1 (1=n")nk,

— K] (2.190)

Eeq —

in which the absolute value of D, is calculated to avoid the case distinction of (2.187).

Figure 2.48 shows the equivalent damping ratio plotted against the frequency ratio n for
Ky =05 and K7 = 1.5.
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Figure 2.48: Equivalent damping ratio &, according to (2.190)

The equivalent damping ratio goes against infinity (vertical asymptote) for n — n,. For
Ky = 0.5, &q goes to zero if n approaches one. This means that the TRD does not give
damping to the SDOF oscillator for n = 1. For n > 1, &, increases with 7 and goes to
infinity if n approaches n.

To verify stability, the transfer function

! (2.191)

Gis(s) = feTw
s? + (2§wn+ CA e> s+ w?

is considered, in which s is the Laplace variable. Ggs(s) was derived from (2.173). Its
input is the excitation force and the output is x. The positions of the poles of Ggs(s) can
be represented with a Root Locus, see figure 2.49.

Figure 2.49 is valid for any K and only valid for n, < 1. At (D), {&cq = 0 and both poles lie
on the imaginary axis at s = +wy,j. With increasing 1, the TRD gives more and more
damping to the SDOF oscillator until (2) at which the poles come together on the real axis
and &, reaches the critical damping ratio (§., = 1). The corresponding frequency ratio
can be calculated by setting (2.190) equal to one. This can be done analytically; however,
for simplicity, this is not done in here. From (2.191), it is evident that the damping
contribution of the TRD to &, increases with p.rw. and decreases with A.. By further
increasing 1 beyond (2), the poles run towards the origin and minus infinity. For n — n,
they converge to these points.



2.8. STEADY-STATE RESPONSE OF SDOF OSCILLATOR WITH AND WITHOUT

THE TWIN ROTOR DAMPER 67
T

®

= 1y )

3

iy

z | ®

i ool @ ® |

>

z

£

:

o _1 [ N
®

| | |

o

|
-25 -2 =15 -1 =05
Real axis [1/wy]

Figure 2.49: Root Locus for varying 7 [37]

For n, > 1, the statements of the previous paragraph are not valid. When n — 1, D,
and therefore A, go to infinity, see figure 2.46. Consequently, the term 28w, + pcrwe/Ae.
approaches zero, which corresponds to an equivalent damping ratio of zero. This means
that the poles move back to the point (I) and Ggs(s) becomes marginally stable again.
Because of this, the TRD does not provide damping to the oscillator for n = 1. When 7 is
increased above 1 = 1, the poles migrate towards (2) and &, converges to one. By further
increasing 7, the poles converge to (3), as was the case for n, < 1.

The results of the Root Locus of figure 2.49 are in accordance with the results of figure 2.46
and 2.48.

For n > n, the control force is larger than the excitation force and a steady-state solu-
tion cannot be found. When using the control algorithm of section 2.6, the TRD makes
the vibrations decay until the vibrations fall below the vibration-amplitude threshold at
which the TRD is turned off. Continued excitation increases the vibrations until an upper
vibration-amplitude threshold is exceeded at which the TRD is turned back on.

If inherent damping is not present ({ = 0) and K; = 0 (uncontrolled), the transient
response does not die out and a beat occurs. Therefore, the steady-state with a single fre-
quency can only be achieved by imposing the correct initial conditions to the SDOF oscil-
lator. However, when the oscillator is controlled by the TRD, it adds damping. Therefore,
steady-state is reached even though & = 0, except for n = 1.

SDOF oscillator with inherent damping

Now considering a SDOF oscillator with inherent damping, (2.185) and (2.183) can be
rewritten as follows

+
D, = (2.192)
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with the terms:

E3(n) = — 260K,
2a(n) = (1 - n?)° [1 - (nzKl)Z] + (261)? (2.193)

(1—n?)" + (26n)°

E5(n)

E5(n) > 0. The sign of D, must be greater than zero according to the discussion follow-
ing (2.186). To achieve this, the plus sign in (2.192) must be used as Z3(n) < 0. However,
it is possible that the nominator of (2.192), E3(n) £ \/Z4(n), is negative. At n = 0, the
nominator is equal to one. It is assumed that 7, is reached when the control force amplitude
perw? is equal to the amplitude of the excitation force Fy, as was the case for oscillators
without inherent damping. Note that u.rw? increases with 7, whereas Fy is constant over
1. Setting these amplitudes equal yields

be [(rad)]

perw? = Fy (2.194)

Figure 2.50: Controlled dynamic amplification D, and phase ¢. plotted against frequency
ratio n for £ = 0.01 for several different values of K [37]

Rearranging (2.165), (2.185) and (2.194) and replacing n by n, yields:

1
— = 2.195
s e ( )
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which is equal to (2.186). By varying the parameters according to the ranges given below

K1 >0
0<é<l (2.196)
O<n<n

it can be shown that the numerator of (2.192), Z3(n) + \/Z4(n), is greater than zero.
Therefore, D, is, as desired, greater than zero. By inserting (2.195) into (2.193) and sub-
sequently (2.193) into (2.192), it follows: D.(n,) = 0. Using (2.165), (2.185) and (2.178),
the controlled phase ¢, for the SDOF oscillator with inherent damping can be written as:

Kin?
D,

b = atan2 |26n + 1 —n? (2.197)
The dynamic amplification D. and the corresponding phase ¢. are plotted in figure 2.50
for several different values of K and for £ = 0.01. For oscillators with inherent damping
and for K1 =1, D, tends to zero if 1 approaches one.

As for oscillators without inherent damping, the forces can be represented in a pointer
diagram, see figure 2.51. It shows that the normalized forces on the left hand-side of (2.175)
sum up to the force on the right hand-side. The inherent damping force and the control
force (both normalized) are in phase and they add together to the total damping force.

A

fi(t)

-

fe(t)//\ Wt
éﬁ:(t) .
(t)
e
s(t)

o

\
\

Figure 2.51: Pointer diagram for steady-state responses for K1 = 0.5, ¢ = 0.1 and n = 1.1

For n — np, the phase ¢. approaches 7/2 and A, converges to zero, see figure 2.50.
If A, — 0 (D. — 0), the control force and the inherent damping force go to infinite,
see (2.189). Therefore, these points were excluded from the solution shown in figure 2.50.
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As for the oscillators without inherent damping, a Root Locus valid for any K7 can be
plotted, see figure 2.52. It is very similar to the one of figure 2.49. The main differences are
discussed in the following. For n = 0 ((D)), the poles start off in the left half plane, which is
due to the inherent damping £. The point (2) corresponds to the frequency ratio at which
the equivalent damping ratio reaches the critical damping ratio. It can be calculated by
setting &, = 1. Furthermore, for n = 1, the TRD can give damping to the oscillator, which
is due to the fact that D. does not converge to infinity for n — 1. Therefore, the TRD
provides damping to the oscillator for 0 < 1 < 7. This is in contrast to oscillators without
inherent damping. For n > 1, as for the oscillators without inherent damping, steady-
state is not reached and the discussion done for oscillators without inherent damping also
applies.

T
= 1 o
3
~
=
@ ®
2= ® ®
>
=
g
:
= 1| .
@
| | | |

|
-25 -2 =15 -1 —-05 0
Real Axis [1/wy,]

Figure 2.52: Root Locus for varying n and £ = 0.1

2.8.4 Experimental validation of analytical solution

Generation of harmonic excitation force
In this subsection, the analytic solution of subsection 2.8.3 is validated on the test setup
described in subsection 2.6.1. The following differential equation governs the motion of the
table:

msE(t) 4 ci(t) + kx(t) = fr1(t) + fr2(t) + fe(t) (2.198)

in which f7.1(t) and fr2(t) denote the control force of the respective TRD unit. For the
table, the system properties of table 2.5 are valid, whereas for the TRD units, the mass-
radius control products were identified anew with help of (controlled) free vibration tests,
see table 2.9 in which m, is the excitation mass of the linear actuator.

Table 2.9: Mass-radius control products of both TRD units and excitation mass

(mer)1 [kgm] | 0.0393
(mer)2 [kgm] | 0.0407
me [kg] 2.00

Note mg refers to the total mass of the table, therefore it includes the control masses of
both TRD units and the excitation mass m.. The harmonic excitation force is applied by
moving the excitation mass me relative to the table, see figure 2.53.
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Figure 2.53: Linear actuator and corresponding free body diagram (right) [37]

The relative motion is described by the coordinate d(t), which will be imposed by the linear
actuator, see also figure 2.30.

Establishing the dynamic equilibrium of the excitation mass m. of figure 2.53 yields:
Jor(t) = me () + (1) (2.199)

in which fi.(t) refers to the transmitted force. The inertial force m.Z(t) is already con-
sidered on the left-hand side of (2.198) as msZ(t) includes the inertial force component
created by me. The other force term in (2.199), mecz(t), remains. This is the excitation
force fe(t) given by: )

£.(t) = —d(tym, (2.200)

By imposing a harmonic acceleration J(t), a harmonic excitation force is created. This is
realized by tracking a harmonic target position

d¢(t) = do ¢ cos (wet) (2.201)

in which dp; denotes the displacement amplitude of the target position. Taking the time
derivative yields the target velocity:

dy(t) = —do gwe sin (wet) (2.202)

The dynamics of the linear actuator with the excitation mass m. were identified with help
of system identification methods [32]. The transfer function

- 0.126
27910735+ 1

Gs(s) (2.203)

describes the dynamics of the linear actuator. Input is the control effort w; and output
is the velocity d(t). Units are V and m/s, respectively. Multiplying (2.203) with 1/s
(integration over time) gives the transfer function

B 0.126
©2.79-1073s2 + 5

Gsa(s) (2.204)

with the output d(t) in m. The control schemes and stability checks used in this chapter
can be found in control theory textbooks, e.g. [33].
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The control scheme for the linear actuator is shown in figure 2.54.

o | 11 (s) >l |

dt i —p G50 (8)
|: U
dy + —
>$ >>—> +

Figure 2.54: Control scheme for control of linear system [37]

The position d(t) is measured and compared with the target position d;(t) of (2.201). The
difference is fed into the controller, which consists of a simple proportional feedback gain
K,. This is a closed-loop position control and stability must be checked. A Root Locus
for the open-loop transfer function KpGgo(s) is shown in figure 2.55.

200
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—100 N

Imaginary axis [(rad)/s]
o
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Figure 2.55: Root Locus of open-loop configuration KpGga(s) [37]

The poles lie in the left half plane for any Kp. Thus, the closed-loop is stable for any
Kp. At Kp =~ 700V /m, the poles break off from the real axis. Setting Kp = 700V /m
is therefore an appropriate choice. To make the motion of the rotors more constant, an
open-loop velocity control in addition to the closed-loop position control is applied. As
can be seen from figure 2.54, the target velocity of (2.202) is also input. It is multiplied
with the constant gain Ky, which is set to 1/0.126 Vs/m, see (2.203). This is an open-loop
velocity control.

Both efforts are added together to the control effort u;, which is multiplied with another
signal (output of H(s)). With this signal, the linear actuator can be smoothly turned on
and off. When the user manually switches the input of

H(s) = -5

S 2.205
52 +14s + 50 ( )

from zero to one, the output of H(s) forms a smooth curve. This ensures a smooth ramp-up
and ramp-down process for the linear actuator. The presented control scheme was tested.
Figure 2.56 shows the measured position d(¢) and the error of the position, d;(t) — d(t), for
we = 5 (rad)/s and dpy = 0.10m.
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Figure 2.56: Position d(t) and position error dy(t) — d(t) [37]

In the time sequence of figure 2.56, the position error, d;(t) — d(t), varies from zero within
a value range of 3 - 10~%m, see detail; this corresponds to a deviation of 0.3 % of doy. As
the target position dg(t) is tracked so accurately, it is justified to assume in the following
that the amplitude of the target position dp; equals the (actual, measured) amplitude of
the position, dy. Test were performed for several values of w. and dy;, demonstrating that
the harmonic target position curves can be tracked adequately accurate with the presented
control scheme.

Uncontrolled response
Figure 2.57 shows the dynamic amplification D according to (2.166) and the measured
dynamic amplification D,,.

40

30
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D and D,,
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n

Figure 2.57: Dynamic amplification D and measured dynamic amplification D,, [37]

The values for D,,, which were obtained experimentally, are explained in the following.
Harmonic excitation forces with several excitation frequencies w, were applied on the table
(SDOF oscillator), see first column of table 2.10. All values of figure 2.57 are shown in
table B.1.
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Table 2.10: Test results of uncontrolled steady-state response [37]

we [(rad)/s] n do [m] | Agm [m] D D,, AD
5.00 0.93 | 0.10 0.036 7.51 7.24 | 0.035
5.15 0.96 | 0.10 0.065 12.43 | 12.26 | 0.013
5.30 0.99 | 0.04 0.081 37.61 | 36.10 | 0.040
5.45 1.01 0.04 0.073 32.63 | 30.53 | 0.064
5.60 1.04 | 0.07 0.047 11.40 | 10.70 | 0.061
5.75 1.07 | 0.10 0.042 6.82 6.35 | 0.068

When the linear actuator is turned on, transients occur initially. After about ten minutes,
these transients are died out and the table responds with the excitation frequency and a
certain displacement amplitude Ag,, (the additional index m refers to measured), which
can be read off from the displacement response. The target position amplitude dp; was
chosen such that the linear actuator does not exceed its maximum stroke is £0.10m and
that the displacement response of the table does not exceed £0.10m. By limiting z(t), it
is ensured that the leaf springs, which support the table, only deform elastically. In the
fifth column of table 2.10, the dynamic amplification D is calculated according to (2.166),
see also (2.168) using the £ of table 2.5. In the sixth column, the measured dynamic

amplification
Ao mw2
D, =——"2=" 2.206
with
d 2
Fp = Meft®e (2.207)
ms
is calculated. In the last column of table 2.10, the error
D—-D
AD = Tm (2.208)

is calculated. The absolute value of AD is always smaller than 16.0 %, see also table B.1,
except at we = 5.35(rad)/s, which is slightly below resonance. As the frequency-ratio
dynamic-amplification function has a steep slope at we = 5.35 (rad)/s, small model inac-
curacies result is large errors AD, which is the explanation for the relatively large error in
the vicinity of n = 1.

From figure 2.57, it becomes evident that the analytic and measured dynamic amplifications
(D and D,;,) nearly coincide. Therefore, the dynamics of the table can be described
sufficiently accurate by a linear model with the properties of table 2.5. Furthermore, the
harmonic excitation is applied adequately on the SDOF oscillator.

Controlled response

Before testing the controlled response, pre-calculations are required. The controlled dynamic-
amplification relations are additionally described by the parameter K1, see (2.185). A K,
of 0.7 was chosen. This was done as, for K; = 0.7, the displacement amplitudes of the table
(SDOF oscillator) in the uncontrolled and the controlled case remain within the experi-
mental displacement limits (£0.1m) and are, for an accurate quantification, sufficiently
large. The same holds for the amplitude dg; of the target position for the linear actuator.
In the following, the first or both TRD units are activated, see first column of table 2.11.
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Table 2.11: Computation of normalized excitation force amplitudes Fy for Ky = 0.7,
wy, = 5.37 (rad)/s for different active TRD units [37]

TRD unit | mer [kgm] | per[m] | Fy[m/s?
one 3.93-1072 | 1.14-1073 | 4.68-1072
two 4.07-1072 | 1.18-1073 | 4.85-1072
both 8.00-1072 | 2.31-1073 | 9.52-1072

The corresponding mass-radii control products are given in the second column. Dividing
this by ms yields the respective values for p.r, see third column. With K; = 0.7, w,
of table 2.5 and (2.185), the required (normalized) excitation force amplitude Fyy can be
calculated, see last column of table 2.11.

To apply the same excitation force amplitude, Fy, for different excitation frequencies we,
the amplitude dp; of the target position must be set accordingly. This is discussed in the
following. Inserting the first time derivative of (2.202) into (2.200) yields the excitation
force:

fe(t) = do qw?me cos (wet) (2.209)

Dividing this by my, the amplitude of the excitation force is derived

2
_dogweme

= (2.210)
ms
Solving for do ¢
Foms
dot = 2.211
it gme ( )

gives the amplitude of the target position required to apply the same excitation force
amplitude Fp for the different wy. To create the harmonic excitation force, the harmonic
target position of (2.201) with the amplitude of (2.211) is tracked using the control scheme
of figure 2.54. The control scheme for the angular position control of the rotors is explained
with the rotor one of TRD unit one, see figure 2.58.

o | 1 (s) >l

©1

We

Pt + €1
>? » LE

Figure 2.58: Control scheme for angular position control of rotors [37]
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The other rotors are controlled equally. The control scheme consists of an open-loop
velocity control. Furthermore, a closed-loop angular position control with the TAP ()
as the input is used. The TAP is computed continuously with

2(t)

We

o (2.212)

©¢(t) = atan2 [ﬁ?(t);

in which #(t) and #(t) are obtained from the observer, see subsection 2.6.2. In (2.212)
and in contrast to the computation of the TAP ¢ (¢) in section 2.3, w, is replaced by
we. In section 2.3, ¢y(t) was derived such that the control force of the TRD opposes the
free vibrations of the SDOF oscillator, which predominantly responds with the natural fre-
quency w,. Therefore, w, was used. In this section, the steady-state response is studied, in
which the table (SDOF oscillator) responds after some time, primarily with the excitation
frequency we. This was also assumed for the analytic solution of subsection 2.8.3.

The TAP is then compared with the measured angular position ¢ (t) (upper rotor of TRD
unit one, see figure 2.30). The error e;(t) is then limited to values between —7 and 7 by
adding integer multiples of 27 to it, see block 'LE’ of figure 2.58, which gives ce;(t). ce;(t)
is then multiplied with Kp, yielding the control effort from the closed-loop angular position
control. A stability check of the closed-loop control was given in subsection 2.6.5. The
input of the open-loop velocity control is the excitation frequency w,, which is multiplied
with the constant gain Ky, yielding the control effort from the open-loop velocity control.
Both control efforts sum up together to the total control effort wg(t), which is then
multiplied with another signal. This signal is only used for turning the actuators on and
off. When the user manually switches an actuator on, the input of H(s) changes suddenly
from zero to one. With the transfer function H(s) given in (2.205), a smooth ramp-up
and ramp-down of the rotors is guaranteed. The transfer function M, 1(s) (introduced in
subsection (2.6.3)) describes the dynamics of the upper actuator of TRD unit one with the
control effort u, 1(t) as the input and the angular position ¢1(t) as the output.

For the tests, each actuator is controlled individually. Kp is set to 1.5V /(rad). This, in
combination with the open-loop velocity control, yields adequate tracking results, see the
test described in the following. Ky is computed for each rotor individually by forming
the reciprocal value of the numerator of the corresponding transfer function, see subsec-
tion 2.6.3, in particular (2.146) and table 2.6. For the first actuator, e.g., Ky is set to
1/3.14Vs/(rad).

In the following, the effectiveness of the control scheme for the actuators is demonstrated
along with a description of the test procedure for one particular excitation frequency w, =
5.25 (rad)/s. Both TRD units will be activated. According to table 2.11, Fy is 9.52 -
10~2m/s% With (2.211), the required amplitude dp; of the target position is calculated.
In figure 2.59/A, the displacement z(t) of the SDOF oscillator is shown.

At t = 4.5s, the linear actuator (excitation) is switched on and the displacement amplitude
steeply rises to approximately 5.5-1072m. At ¢ = 11.5s, both TRD units are turned on,
interrupting the steep rise in the displacement amplitude. The displacement amplitudes
then decrease. At t = 200s, the (controlled, measured) displacement amplitude Ag ¢, is
0.0448 m, which is read off and and used for the computation of the measured controlled
dynamic amplification Dy ,.
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Figure 2.59: Displacement response and control error of steady-state response test for
we = 5.25 (rad) /s [38§]

In figure 2.59/B, the control error cej(t) is shown. cei(t) is large up to approximately
t = 11.5s as the actuators are not turned on, after which ce;(t) tends to zero. ce;(t)
deviates from zero in a range of +0.03 (rad). Therefore, the TAP of (2.212) is tracked
quite accurate. The same holds for the other actuators, demonstrating that the control
scheme functions as wanted.
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Figure 2.60: Angular position of a rotor corresponding to the test of figure 2.59

Figure 2.60 shows the measured angular position in a time interval in which the SDOF
oscillator is in steady-state. It shows a nearly ideal saw-tooth shape illustrating that the
rotor is operating, as desired, in the continuous rotation mode.
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Table 2.12 and B.2 show the test preparation and the test results for Ky = 0.7. The
corresponding results are shown in figure 2.61.

Table 2.12: Test results of controlled steady-state response for K; = 0.7 [38]

active TRD units | we [(rad)/s] | do[m] | D. | Aoe[m] | Aoem [m] | Dem AD
both 4.45 0.0832 | 2.77 | 0.0092 0.00897 2.72 0.021
both 4.65 0.0762 | 3.36 | 0.0111 0.0103 3.12 0.071
both 4.85 0.0701 | 4.36 | 0.0144 0.0132 4.00 0.084
both 5.05 0.0646 | 6.52 | 0.0215 0.0194 0.87 0.100
both 5.25 0.0598 | 14.78 | 0.0488 0.0448 13.56 | 0.082
both 5.45 0.0555 | 18.35 | 0.0606 0.0581 17.59 | 0.041
both 5.65 0.0516 | 5.48 | 0.0181 0.019 5.75 | —0.050
both 5.85 0.0482 | 2.82 | 0.0093 0.0107 3.24 | —0.147

T T
—Dc for Kl =0
—— D, for K1 =0.7

0 D¢y for K1 =0.7
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20
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Figure 2.61: Controlled dynamic amplification D, and D, ,, plotted against frequency ratio
n for £ = 0.00305 for K1 = 0.7 [3§]

The error AD of the controlled dynamic amplification is computed by

— Dc B Dc,m

AD
D,

(2.213)

Even for frequency ratios close to one, see table B.2, AD is smaller than 11 %. This verifies
the correctness of the analytic solution.

Test were then repeated for K1 = 1.1, see figure 2.62 with the corresponding table B.3. The
analytic solution is confirmed again. However, larger errors AD occur, see also table B.3.
For a K7 of 1.1, the dynamic amplification is sensitive to variations in Ky, see figure 2.62,
in which D, is additionally plotted for K71 = 1.1 + 0.05.

Furthermore, the error increases with the frequency ratio. With higher frequency ratios, the
measured displacement amplitudes Ag ., become smaller and smaller; the SDOF oscillator
is nearly at rest, see Ag ., of table B.3. For these very small vibrations, the static friction
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Figure 2.62: Controlled dynamic amplification D. and D, ,, plotted against frequency ratio
n for &€ = 0.00305 for K = 1.1

effects may have a greater impact on the motion than it has for larger vibrations. This is
a possible cause for the underestimation of D, .

Tests were repeated for K1 = 1.0, see figure B.1 and table B.4. The explanations of the
previous two paragraphs apply.

2.8.5 Comparison with tuned mass damper

In the following, the steady-state damping performance of the TRD is compared with a
tuned mass damper (TMD). The TMD was invented by Frahm [39]. Its theory is explained
briefly in the following. For more details, see e.g. |5, 6].

A SDOF oscillator equipped with a TMD as shown in figure 2.63 is considered. The main
mass m is attached to the frame by a spring and a damping element. As before, £ and
c refer to the stiffness of the spring and the damping coefficient of the damping element.
The coordinate z(t) describes the motion of m. A control mass m, is attached to the main
mass by a spring with the stiffness ko and a damping element with the damping coefficient
ca. The control mass with the spring and the damping element represents the TMD. The
relative motion between the mass m and the control mass m.. is described by the coordinate
rq(t). A harmonic excitation force f(t) acts on the mass m.

Establishing the dynamic equilibrium and performing some rearrangements yields the dis-
placement amplitude A4 of the main mass and the relative displacement amplitude Ao,
of the control mass in steady-state [5, 6]. Normalizing these displacement amplitudes,
as done for the TRD, yields the controlled dynamic amplification Dy of the TMD and

Ao wi/Fy
A 2 2, 2
Dy = 20dn _ [91 9 (2.214)
o 93 + 95
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Figure 2.63: Tuned mass damper [5, 6]
Fy g3 + 9
g1 =R =0’

g2 =21k (2.216)
_4 2 2 2 2

g3 =n" —n° (1+ K° + por® + 4k€&2) + K

g1 =1 [26 (k2 — 1) + 2kE2 (1 — 7 — p2n?)]

with the following terms

in which the frequency ratio x, the damping ratio &, the mass ratio ue, the frequency ratio
1 and the damping ratio £ are given by the following equations [5, 6]:

k
K= L2 with W =\ —
Wm m
2 : ko
& = with wo =/ — (2.217)
2mewo me
me We C
m Wm 2mwy,

In (2.217), the frequency ratio n was surreptitiously set equal to the one introduced
in (2.165), which considers w,, according to (2.8) instead of wy,,. The difference is that
wy, considers the inertial forces induced by the total mass m + m., whereas w,, only the
inertial forces induced by the main mass m. As the control masses are usually small, it can
be assumed that m ~ m+m.. Consequently, the frequency ratios n of (2.165) and (2.217)

are equal. The discussion also holds for &, see (2.217) and (2.9).

The mass ratio uo differs from the mass ratio p. given in (2.12). By solving the mass ratio
wa of (2.217) for m. and inserting this into (2.12), a relation between ps and p. can be

established:

e = 2 (2.218)

14 e




2.8. STEADY-STATE RESPONSE OF SDOF OSCILLATOR WITH AND WITHOUT
THE TWIN ROTOR DAMPER 81

According to |5, 6], the optimal frequency ratio x, and the optimal damping ratio &, are

1

Ky = 2.219
=T (2.219)
32
0=/ (2.220)
’ 8 (1+ pa)’

Before discussing figure 2.64 and B.3, the parameters forming the basis for the curves are
explained.
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Figure 2.64: Dynamic amplifications D (uncontrolled), Dy (TMD), D, (TRD) and nor-
malized relative displacement amplitude Aowwg / Fy of the control mass in steady-state, all
curves for py = 0.01 for £ = 0.01 [38]

The damping ratio £ and the mass ratio po are inputs. With the given o, the optimal values
for k and & are calculated according to (2.219) and (2.220) [5, 6]. Using (2.214) to (2.217),
the controlled dynamic amplification Dy and onrw%/Fo are computed for the TMD. The
frequency ratio 7 is varied in the range in which Dg becomes relatively large. In the lower
diagram of figure 2.64, the peak value for A ,w?/Fy can be read off. Ag, corresponds to
half of the stroke required for the TMD. To ensure comparability regarding size between
the TRD and the TMD, the peak value of Ag, is set equal to the radius r. Therefore:
max(Agyrw%/Fg) = rw2/Fy. By calculating the mass ratio . for the TRD according
to (2.218), an equivalent parameter Kj for the TRD can be calculated with (2.185). This
equivalent parameter ensures that the TRD and the TMD have same size and control mass.
D, can then be calculated with (2.192) using the terms of (2.193).
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Figure 2.64 shows that the TRD has a better steady-state damping performance than a
TMD of comparable size and control mass. In addition, the TRD does not make the
frequency range in which relatively large dynamic amplification occurs wider. However,
with increasing inherent damping, the advantage of the TRD over the TMD becomes less,
see figure B.2, in which Dy and D, are shown for different damping ratios. In figure B.3,
Dy, D, and Ag,rw%/Fo are plotted for a different mass ratio. All diagrams show that the
TRD lowers steady-state vibrations more effectively than a TMD of comparable size and
stroke.

2.8.6 Discussion

e Within this section, the steady-state response of a single degree of freedom oscillator
subjected to a harmonic excitation force with and without the TRD was studied.
An analytic solution describing the steady-state damping performance of the TRD is
derived. It leads to a polynomial equation, a non-trivial solution of which is validated
experimentally. The experiments show that with an appropriate control algorithm,
the TRD can reach the analytically derived steady-state performance.

e The analytic derivations show that the TRD adds damping to the SDOF oscillator.
However, when an oscillator without inherent damping is subject to an excitation
force equal to that of the SDOF oscillator, it cannot add damping. Furthermore, it
was found that the damping the TRD provides does not only depend on the design
parameters of the TRD, namely, the radius and the control mass; it also depends
on the steady-state vibration amplitude. The provided damping increases with the
design parameters of the TRD and with lower steady-state vibration amplitudes.

e It is shown that above a certain frequency ratio (border frequency ratio), the control
force amplitude of the TRD is larger than the harmonic excitation force. In this
case, steady-state is not reached. When using the control algorithm presented in
section 2.5 and 2.6, the TRD turns itself off when the vibrations fall below a lower
threshold and turns itself back on when another upper threshold is exceeded. By
doing this, the vibrations are held below the upper threshold. However, the more
the considered frequency ratio deviates from the border frequency ratio, the more
frequently the TRD must be turned on and off. This is because the control force
amplitude increases with larger frequency ratios. It should then be considered to
operate the TRD in the swinging mode in which the eccentric control masses oscillate
about a certain angular positions. In this mode of operation, the control action is
created by continuously accelerating and decelerating the control masses and the
TRD possibly loses its power benefit.

e For the tests of subsection 2.8.4, it was assumed that the excitation frequency is
known, see figure 2.58. The purpose of these tests was the validation of the analytic
solution. If the excitation frequency is not known, it can be made available by
firstly assuming an initial excitation frequency, then computing the slope of the
TAP, feeding it through a low-pass filter and continuously updating the excitation
frequency of (2.212). Alternatively, phase-locked loop systems can be used [34, 35].
Phase-locked loop systems produce phase and frequency of a signal [34, 35]. By
detecting the phase of the velocity of the SDOF oscillator, a TAP for the rotors
can be computed such that the control force of the TRD opposes the velocity of the
SDOF oscillator.
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e In subsection 2.8.5, the steady-state damping performance of the TRD was compared
with a tuned mass damper (TMD). The frequency-ratio dynamic-amplification di-
agrams differ in principle. This is because the damping effect is generated in dif-
ferent manners. If a TMD is used, the SDOF oscillator changes to a two-degree-of-
freedom oscillator. This produces two lower peaks in the frequency-ratio dynamic-
amplification diagrams. Furthermore, this results in a wider frequency range with
large dynamic amplification. In contrast to this, the TRD uses the inertial forces
of two eccentrically rotating masses. It reduces the dynamic amplification over all
frequencies. Furthermore, as the control force increases quadratically with frequency,
the TRD can bring the vibrations to rest above a certain frequency ratio (the border
frequency ratio). However, as the control algorithm does not work properly for small
vibrations, it must be turned off for small vibration amplitudes, see second to last
discussion point.

e A TMD is usually tuned to a single frequency (natural frequency) and this fre-
quency can usually not easily be adapted as it requires, for optimal tuning according
to (2.219) and (2.220), a replacement of spring and damping element. In contrast to
this, the frequency to which the TRD is tuned can be changed easily, see second to
last discussion point. When applying the methods of the second to last discussion
point, the TRD can even automatically adapt the frequency to which it is tuned.

e The analytic solution is applicable to other active mass dampers which generate their
control action by harmonically accelerating and decelerating a control mass between
two end positions. Setting the control force of this active mass damper such that it
opposes the velocity of the SDOF oscillator, it reaches the same steady-state damping
performance as derived analytically in this section.

e The analytic solution can serve as a powerful design tool to dimension the TRD for
harmonic excitation. When the uncontrolled vibration amplitude or the amplitude
of the harmonic excitation force is known, the design parameters for the TRD can
be easily determined.

2.9 Additional re-excitation prevention methods

2.9.1 Introduction

In section 2.5 and 2.6, a method to prevent re-excitation was presented and validated
experimentally. In [23], another method to prevent re-excitation was proposed; the use of
a second identical TRD unit to counter the first TRD unit for small vibrations. When the
vibration amplitudes are large, both units work in unison and damp the motion. When the
vibration amplitudes become small, the phasing between both control forces is set such that
the control forces increasingly neutralize each other [40]. A control strategy implementing
this is presented and validated experimentally in this section.

An alternative method to the one mentioned above is also presented in this section [40].
When the control force of the TRD is set in anti-phase to the velocity of the SDOF oscil-
lator, maximum damping action is produced. By altering this phasing, the damping effect
can be regulated. To illustrate this, open-loop studies are presented [41]. Subsequently, a
corresponding closed-loop control strategy is derived. This control strategy is similar to
the one discussed in [40].
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For the simulations and the experiments of this section, a stochastic excitation will be
used. This allows for the introduction of several phenomena discussed in more detail in
chapter 3.

2.9.2 Two TRD units

The SDOF oscillator is now equipped with two TRD units with equal control mass m,. and
radius r, see figure 2.65.
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Figure 2.65: SDOF oscillator with two TRD units

The motion of the rotors of the upper TRD unit is described by ¢1(¢) and the rotors of
the lower TRD unit by ¢2(¢). The motion of the SDOF oscillator under the action of both
TRD units and an excitation force f.(t) is described by

msi(t) + ci(t) + kz(t) = fra(t) + frat) + fe(t) (2.221)
in which my is the total mass of the SDOF oscillator and fr;(¢) and fro(t) refer to the
forces created by each respective TRD unit. These forces are given by:

fra(t) = mer [¢1(t)? cos 1 (t) + G1(t) sin ey (¢)] (2.222)

fra(t) = mer [pa(t)? cos @a(t) + @a(t) sin ga(t)] (2.223)

As before, the first terms in the squared brackets of (2.222) and (2.223) are the radial
forces which superimpose to the respective control forces and the second terms are the
tangential forces—which are to be kept as small as possible in the continuous rotation
mode , see section 2.1.
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The SDOF oscillator equipped with two TRD units is identical to the test setup presented
in subsection 2.6.1. Therefore, with the properties in table 2.5, ¢ and k can be computed
using (2.8) and (2.9) in which m + m, must be replaced by m.

Assuming that both TRD units operate in the continuous rotation mode, each TRD unit
creates a harmonic control force. Both harmonic control forces superimpose to a so-called
superimposed control force. The magnitude of the superimposed control force is determined
by the phasing between the two independent control forces. If both units are in anti-phase
to each other, the control forces neutralize each other.

When the system forces (introduced in section 2.2) are large in comparison to the excitation
force and the forces generated by the TRD units, the SDOF oscillator responds nearly
harmonically with a single frequency w,, (mono-frequent vibration). In this case, the closed-
loop control strategy of subsection 2.6.5 works as wished. Therefore, as desired in the
continuous rotation mode, the produced TAPs are saw-tooth like and the angular velocity
of the rotors is approximately constant. However, the more the motion of the SDOF
oscillator is influenced by excitation forces or tangential forces from the TRD units, the
more the motion of the SDOF oscillator deviates from the mono-frequent vibration. This
results in a more non-constant angular velocity of the rotors. Due to the non-constant
angular velocity, further tangential forces are produced. These additional tangential forces
act irregularly on the SDOF oscillator, leading to a response which deviates even more from
the previously assumed mono-frequent vibration. Consequently, the target angular velocity
becomes even more variable creating more undesired tangential forces. This undesired
spiraling effect can be reduced to a certain extent by tuning the controller, which ensures
the tracking of the TAP, less aggressive. However, if the controller is not aggressive enough,
the anti-phasing between the velocity of the SDOF oscillator and the control forces of the
TRD units may be lost. Therefore, the tuning of the controller is a trade-off between
ensuring this anti-phasing and producing small tangential forces. The statements of this
paragraph are studied and quantified in more detail in chapter 3.

In [40], a control algorithm to prevent the undesired effects described in the previous para-
graph is presented. An adapted observer is introduced. This observer makes the states,
#(t) and Z(t), required for the computation of the TAP available. It re-constructs the
displacement and velocity responses of the SDOF oscillator such that for large vibration
amplitudes—the system forces are large in comparison to the excitation force and tangen-
tial forces produced by the TRD units—, the adapted observer follows the responses of
the SDOF oscillator accurately. On the other hand, for small vibration amplitudes—the
excitation force and tangential forces produced by TRD units dictate the motion of the
SDOF oscillator—, the adapted observer decouples the observed states from the motion of
the SDOF oscillator. As a result, the adapted observer continues to produce the desired
mono-frequent vibration for small vibration amplitudes. This is realized by coupling and
decoupling the adapted observer as a function of the vibration amplitude. In [40], it was
shown that the proposed control algorithm works as wanted. However, several tuning vari-
ables must be set. This makes the tuning of the control algorithm quite labor-intensive.
Therefore, another, simpler control algorithm is presented in the following.
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To present the control scheme, an excitation force produced by the linear actuator of
figure 2.30 is introduced. For the excitation force f(t), a white noise signal (signal with
constant spectral power density) is assumed. It is fed through a band-pass filter with a
lower and an upper cut-off frequency at 3.37 (rad)/s and 7.37 (rad)/s, respectively. The
filtering is done as the linear actuator, see figure 2.30, is not wanted to apply arbitrary large
or small frequencies on the SDOF oscillator. Excitation frequencies much smaller than the
natural frequency w, cannot be realized as an infinite large stroke of the linear actuator
would be required. Furthermore, it is unwanted to drive the linear actuator with arbitrarily
high frequencies as this would increase the mechanical wear on the linear actuator without
actually exciting the SDOF oscillator.

Dividing the force signal by the excitation mass m,. = 2.0kg produces the acceleration
required by the linear actuator to produce the excitation force. Integrating twice over time
results in the target position d;(¢) for the linear actuator.

Note that m, is included in mg of table 2.5. Therefore, the inertial forces induced by an
acceleration #(t) of the table are included on the left-hand side of (2.221), whereas the
inertial forces produced by accelerating the excitation mass relative to the table are on
the right-hand side of (2.221). See subsection 2.8.4, in particular, figure 2.53 and (2.199)
in which d(t) describes the relative motion between the table and the excitation mass.
To track d(t), a closed-loop control with a proportional feedback gain Kp = 700 V/m is
sufficient to produce adequate tracking results.

Figure 2.66 shows the displacement of the table for a randomly chosen time interval. The
vibration amplitude increases and decreases in time as the excitation force sometimes acts
in the direction of the velocity of the SDOF oscillator and sometimes does not. The
vibrations magnitude within a restricted time interval can be quantified with the standard
deviation (std) of the displacement, xgq = std(x(¢)). It is used for comparison purposes
in the following and is equal to 0.0236 m for a duration of one hour when both TRD units
are inactive (uncontrolled). This result was verified numerically. Repeating the simulation
or the test yields nearly the same vibrations magnitude showing that the simulation and
testing duration is sufficiently long.
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Figure 2.66: Displacement response of SDOF oscillator
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The vibration amplitude A(¢) and the TAP ¢, are computed according to (2.224)

1 (t) = atan2 li‘(t); olt) +m (2.224)

Wn

in which the states produced by the observer, see subsection (2.6.2), are used, see also (2.43)
and (2.55).

Due to the stochastic excitation and due to the fact that the SDOF oscillator acts as a
band-pass filter itself, the SDOF oscillator responds with several frequencies in the vicinity
of its natural frequency. By continuously updating the TAP, the anti-phasing between
the velocity of the SDOF oscillator and the superimposed control force is continuously
achieved.

To ensure that both TRD units jointly damp the motion for large vibration amplitudes
and neutralize each other for small vibration amplitudes, the TAPs, ¢ 1(A) and ¢;2(A),
for the individual TRD units are computed as a function of the time-varying vibration
amplitude A(t), see figure 2.67. Note that A(t) is a continuous signal as &(t) and &(t)
which are produced by the observer, are also continuous signals.

A
Control force compensation
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Figure 2.67: Computation of TAPs for each TRD unit

The introduced vibration-amplitude thresholds, A; and As, are to be set by the designer.
When A(t) > Ay, both TRD-units are required to follow the TAP, (), see figure 2.67.
When A(t) < Aj, each TRD unit is required to deviate from ¢;(t); one by 0.57 and the
other by —0.5m. To achieve this, two individual TAPs, ¢ 1(A) and ¢;2(A) as a function
of the time-varying vibration amplitude A(t) for the individual TRD units are formulated,
see figure 2.67. As A(t) is a continuous signal, ¢ 1(A) and ¢;2(A) are also continuous
signals. Therefore, no discontinuities are produced in ¢y 1(A) and ¢;2(A); see discussion
at the end of this subsection.

¢t,1 and ¢y 2 are then fed through a filter. The filter is shown for ¢; 1 in figure 2.68 in which
K, refers to a proportional feedback gain. It produces the filtered TAP ¢ . The input
of the integrator refers to the filtered target angular velocity. This filtered target angular
velocity is the more variable the larger K. If K, = 0, ¢; 1,5 would have an ideal saw-tooth
shape with a constant slope, wy,, the preferred target angular velocity. However, ¢ 1 ¢ will
not track ¢y 1. If K, — 00, ¢y 1,7 will nearly perfectly track ¢;;. Summarizing the above,
11,5 tracks ¢y 1 more accurately, the larger K, is at the expense of a higher variability
of the filtered target angular velocity. The parameter K, will be varied in the following.
More detailed studies with another, more powerful filter are performed in chapter 3.
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Figure 2.68: Filtering of TAP ¢y 4

Numerical simulations with a duration of one hour were performed. The complete simula-
tion model including the individual blocks is shown in figure 2.69.

Je
fr1 and fro fr.1, fr2 [SDOF oscillator
. EEEE—
according to (2.222) and (2.223) of table 2.5
x
D1, P2, s P1, P2
Dynamics of the actuators Observer according
according to subsection 2.6.3 to subsection 2.6.2
Ug,1y -5 Ua,4 01, P2
Wn Controller according A and ¢y
—>

to figure 2.39 and (2.148) according to (2.224)

T‘Pm,f, ©Oraf lA’ vt

Ky Filter of < Pt,15 Pt,2 @¢1 and ¢y o according
figure 2.68 to figure 2.67

Ay, Ay 4

Figure 2.69: Simulation model for tuning

The vibration-amplitude thresholds A; and Ay as well as the gain K, were varied in chosen
ranges. For the control of the rotors, the control scheme of figure 2.39 is used. It has the
filtered TAPs of figure 2.68 as input. The target angular velocity is set to the preferred
angular velocity wy,. Using the controller C(s) of (2.149) with Kp = 10V/(rad) yields
adequate tracking results. By adequate it is meant that the rotors accurately track the
filtered TAP (i.e. the tracking dynamics of the rotors are much faster than the dynamics
of the filter). The dynamics of the actuators were described in subsection 2.6.3.

The simulations are assessed using the standard deviation of the controlled displacement
Zstq and the standard deviations of the angular velocities, @541 and Qgq.2, of the individual
TRD units, see table 2.13. For the computation of the standard deviations of the rotor
velocities, ¢1(t) and po(t) represent one rotor of the first and second TRD unit, respectively.
This can be done by assuming that the dynamics of both rotors of of one TRD unit are
equal.
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Table 2.13: Tuning of control algorithm and assessment of numerical simulations (rows
written in bold are validated experimentally)

Tuning variables Assessment criteria
Ay Ay K<p Lstd Sbstd,l Sbstd,Z
m] ] [1/s)| [m]  [(rad)/s] [(rad)/s]
0.01 0.05 0.1 | 0.0160 0.15 0.14
0.01 0.05 0.5 | 0.0091 0.28 0.28
0.01 0.05 1.0 | 0.0089 0.37 0.37
B T A X T E BT T oog
0.02 0.06 0.5 | 0.0126 0.22 0.22
0.02 0.06 1.0 |0.0126 0.30 0.30
I T LT R T s e
0.03 0.07 0.5 | 0.0157 0.17 0.17
0.03 0.07 1.0 | 0.0157 0.22 0.22

uncontrolled: x4 = 0.0236 m

Table 2.13 shows the assessment of the numerical simulations with the corresponding tuning
variables. It becomes evident that the magnitude of the vibrations is lower, the smaller the
vibration-amplitude thresholds A; and As are set and the higher K, is chosen. This is at
the expense of larger variations in the angular velocities and represents the main trade-off
the design engineer has to make.

Simulation results were then validated experimentally. The excitation force was applied
on the table. Subsequently, the control algorithm for the TRD units was initiated. Test
duration is, as before, one hour. The data off all required states was recorded at all times.
Table 2.14 shows the results for three tuning sets.

Table 2.14: Tuning of control algorithm and assessment of tests

Tuning variables Assessment criteria
Al A2 ch Tstd Qbstd,l ()bstd,Z
m] | [m] | [1/s] | [m] | [(rad)/s] | [(rad)/s]

0.01 | 0.05 | 1.0 | 0.0096 0.39 0.39
0.02 | 0.06 | 1.0 | 0.0135 0.27 0.27
0.03 | 0.07 | 1.0 | 0.0170 0.23 0.23

uncontrolled: zgg = 0.0236 m

It becomes evident that the standard deviations of the angular velocities and the displace-
ments of the numerical simulations and the experiments nearly coincide, see table 2.13
and 2.14. Thus, the linear models used for the simulation describe the dynamics of the
table, the rotors and the linear actuator adequately accurate. The standard deviation x4y
of the uncontrolled displacement response is 0.0236 m and it is, depending on the tuning,
reduced to 0.0096m, 0.0135m and 0.0170m. This corresponds to a reduction of 59.3 %,
43.0 % and 28.0 %, respectively.



90 CHAPTER 2. TWIN ROTOR DAMPER

Figure 2.70 shows the vibration amplitude A(t) according to (2.224), the angular positions
(p1(t) and p2(t)) and the angular velocities (¢1(t) and p2(t)) of the first and second TRD
unit in a chosen time interval. As before, the angular positions and angular velocities are
shown for the first rotor of the first and second TRD unit, respectively.
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Figure 2.70: Several states of test using two TRD units

At t = 5665, A(t) is slightly above A;. Therefore, the rotors are, as required, nearly in anti-
phase to each other, see state ¢; 2(t). From ¢t = 573s up to t = 575.5s, A(t) increases and
the rotors become more in phase with each other. To achieve this, ¢;(t) is decreased and
p2(t) is increased. At t = 575.5s, A(t) reaches a peak below Ag. Therefore, the phasing
between both TRD units is not perfectly the same. From ¢ = 576s up to ¢t = 580s, the
both TRD units cause the vibrations to decay. Consequently, as A(t) decreases, the control
forces of the individual TRD units are set increasingly in anti-phase. This is realized by
increasing ¢1(t) and decreasing ¢o(t) slightly. At ¢ = 580s, as A(t) ~ A, the control
forces of the TRD units are, as at the start, nearly in anti-phase.
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Discussion

The simulations and the experiments of this subsection have shown that the proposed
control algorithm allows the individual TRD units to work as wished: For small vibration
amplitudes (A(t) < Ap), the control forces act in anti-phase and for large vibrations
(A(t) > Asg), in-phase and, simultaneously, in anti-phase to the velocity of the SDOF
oscillator. Furthermore, the angular velocity of the rotors is nearly constant. Some aspects
for tuning the proposed control algorithm are discussed in the following:

1. The lower the vibration-amplitude thresholds are set, the larger becomes the vibration-
amplitude range in which both TRD units jointly damp. Consequently, the vibrations
are more reduced. However, as the resulting responses of the SDOF oscillator deviate
more from the mono-frequent vibration, the undesired variations in the angular veloc-
ities become larger. This also results in larger tangential forces, which can be seen as
an additional excitation as they act randomly on the SDOF oscillator. If the effect of
the tangential forces becomes too large, a further decrease of the vibration-amplitude
thresholds is ineffective.

2. The tuning of the filter of figure 2.68 is a trade-off between ensuring the anti-phasing
between the superimposed control force (control force resulting from both TRD units)
and the preference of having a nearly constant angular velocities. More studies with
a similar filter are performed in chapter 3.

3. The vibration-amplitude thresholds must be set sufficiently far apart from each other.
Otherwise, if the vibration amplitude runs through the vibration-amplitude range
from A; to Ag or vice versa, see figure 2.67, the computed TAPs ¢;; and ;9 are
required to change quickly. This leads to undesired high variations in the target
angular velocities for A1 < A(t) < Ay. However, it can be checked easily by the
designer. If large variations in the angular velocities only occur when the vibration
amplitude runs through the considered vibration-amplitude range from A; to As or
vice versa, A1 and Ay must be set further apart from each other.

4. Another issue arises when the vibrations nearly come to rest. When this occurs, the
target angular velocity of figure 2.68 (input of the integrator) varies more strongly
than by large vibrations. It is even possible that the control error ce(t) in figure 2.68
exceeds the limits of £7. Consequently, discontinuities in the control error ce(t)
are formed. Such discontinuities lead to relatively large angular accelerations. They
occurred several times within the simulations and the tests. This is because, although
the vibrations are nearly at rest and the control forces are set in anti-phase to each
other, the filter of figure 2.68 is still required to ensure that the anti-phasing between
the velocity of the SDOF oscillator and the superimposed control force is guaranteed
for when the vibration amplitude rises again.

It is possible to continuously update K, as a function of the vibration amplitude. By
setting K, to zero for the case that the vibrations are nearly at rest and to a greater
value for larger vibration amplitudes, the filter of figure 2.68 produces a TAP with
a saw-tooth shape. Consequently, for the case the vibrations are nearly at rest, a
constant target angular velocity is obtained. However, when the vibration amplitude
increases again, angular accelerations occur to regain the anti-phasing between the
velocity of the SDOF oscillator and the superimposed control force of the TRD;
therefore, not solving the issue of the previous paragraph.
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2.9.3 Modifying the phasing between the control force and the velocity
of the SDOF oscillator

Open-loop studies

To achieve maximum damping performance with the TRD operated in the continuous
rotation mode, the control force of the TRD is to be set in anti-phase to the velocity of
the SDOF oscillator. By leaving this anti-phasing, the damping effect of the TRD can be
varied.

In subsection 2.2.2, an optimal initial angular position ¢g o, for particular initial conditions
was derived for an open-loop configuration. This ensures optimal damping performance;
hence, the anti-phasing between the control force and the velocity of the SDOF oscillator.
A phase offset from the optimal initial angular position can be introduced to alter the
damping performance. To investigate the damping effect of the TRD with regard to a
phase offset from the optimal initial angular position derived in subsection 2.2.2, a phase
offset, A, is added to (2.26), see the following equation

B(t) + 26wn@(t) + wiz(t) = perws cos (wat + ©o.opt + Ap) (2.225)

in which the initial angular position ¢g is replaced by the optimal value ¢g oyt according
to (2.32) for the particular initial conditions, o > 0 and &y = 0, which are assumed for
the open-loop studies of this subsection. Furthermore, pu. of (2.12) is used in the following.

In section 2.3, the angular velocity of the rotors was set to wg. When using the optimal
initial angular position according to (2.32) and setting Ay to zero, positive displacement
peaks occur in multiples of Ty provided that re-excitation does not occur within the consid-
ered time interval, see figure 2.7. However, when setting Ay unequal to zero or multiples of
7 and considering a single vibration cycle the time between two successive displacement
peaks—, the next positive displacement peak will not occur at ¢t = T,;. To ensure that
all rotors have the same angular position as at ¢t = 0 when the next positive displacement
peak occurs, the rotors must be driven with an adjusted (angular) frequency, w,. Note
in the following, one vibration cycle is considered. As the rotors are driven now with an
adjusted frequency w, instead of with wy, wy is replaced by w, in (2.225), see the following
equation:

(1) + 26wnd(t) + w2a(t) = perw? cos (wWat + ©o.opt + Ap) (2.226)

Assuming that inherent damping is not present (£ = 0) and solving (2.226) for z(t) gives
x(t) = Zg sin (wpt) — Z7 cos (wpt) + Zg cos (wat + ©o,opt + Agp) (2.227)
with Zg, Z7 and =g given in the following equations:

- wgucr sin (SOO,opt + ASD) + io (W% — wg) 2.228
H¢ = 2 _ . 2 (2228)
wp, (W2 — w?)

w21 €08 (o,opt + Ap) + 20 (W2 — w?2)

=7 = 2.229
7 w% — wg ( )
2
— Wy et
n a

Taking the time derivative of (2.227) yields:

&(t) = Egwp, €08 (wnt) + Erwy, sin (wpt) — Egwe sin (wat + @o,opt + Ap) (2.231)
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To ensure that the oscillator performs a single vibration cycle in the time the rotors also
perform one full revolution, (2.232) must hold

_27r

it ="T,) =0 with T, (2.232)

Wq

in which T, refers to the actual period length.

The condition of (2.232) is inserted into (2.231) and solved numerically for w,. The results
are shown in figure 2.71 for several different values of p.r/x.

T e pier/z0 = 0.05
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Figure 2.71: Required adjusted frequency w, to hold the initial angular position ¢g o +Ap
with respect to the initial angular position offset Ay for several values of p.r/xg

The parameter p.r/zo can be interpreted as the influence that the control force has on
the motion. The higher this value, the larger the control force in comparison to the
system forces and the larger the deviation of the actual frequency from the natural circular
frequency. For Ay = —m or 7, the control force is in phase with the velocity z(t) of the
SDOF oscillator, whereas for A = 0, the control force is in anti-phase to #(¢). When
increasing Ay from zero to , the phase of the control force becomes increasingly in phase
with z(t), i.e. in anti-phase to #(t). This is equivalent to becoming in phase with the
inertial force or in anti-phase to the restoring spring force. Therefore, this is frequently
named positive active mass or negative active stiffness, respectively [16]. A decrease of the
adjusted frequency is required to hold the phasing between the SDOF oscillator and the
control force of the TRD. Conversely, when changing Ay from zero to —, the control force
provides more and more negative active mass or positive active stiffness [16]. Therefore,
an increase of the adjusted frequency is required.

The normalized control force of the TRD is given by the right-hand side of (2.226). Mul-
tiplying this with the velocity #(¢) of (2.231) and forming the integral gives the work done
by the control force on the SDOF oscillator normalized by the mass m + m,, see (2.233).

Wc t=Ty )
= c(t t Ap)dt 2.233
e = [ et oos wat + oo+ A) (2.233)
With z¢p > 0 and 4¢ = 0, the initial vibration energy of the SDOF oscillator, see (2.100),
is given by: E,o = 0.5kx3. Using (2.8) and normalizing E, o by m + m.. yields:

EU,O 1 2

= - 2.234
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The work done by the control force on the SDOF oscillator over the initial vibration energy
of the SDOF oscillator can be computed numerically using the adjusted frequency w, of
figure 2.71. It is shown in figure 2.72 for several different values of p.r/xg.
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Figure 2.72: Work done by control force over initial vibration energy of the SDOF oscillator,
We./E,(, during the considered vibration cycle

For Ap = +0.5m, W, = 0. This means that for Ay = £0.57, the control force does not
change the vibration energy of the SDOF oscillator within the considered time interval
from t =0 to t = T,. At Ap =0, W./E, 0 is not a minimum. The minimum is slightly
below Ap = 0 and the deviation from Ay = 0 increases with higher u.r/xp. This can
be explained as follows. When a negative phase offset —m < Agp < 0 is assumed, the
adjusted frequency increases, see figure 2.71. The higher the actual frequency, the higher
the amplitude of the control force. Therefore, W, decreases further when Ay becomes
negative. Furthermore, it becomes evident that in the vicinity of Ay = 0, the slope of W,
is relatively small. Because of this, a deviation from the optimal initial angular position
of £0.27 can be easily permitted without a great loss in damping performance.

Now considering inherent damping and solving (2.226) for x(t) gives (2.235)

3.70 - «i;pa,O + gwn (.%'0 - xpa,O)
Wd

x(t) = e~ Swnl (2o — Tpa,0) cos (wqt) + sin (wdt)] + Zpa(t)

(2.235)
with the particular solution
(w2 — wg) cos (Wat + ©0,0pt + Ap) + 2walwy sin (Wt + ©o,opt + Ap)

(@2 — w2)” + (2wnwa)’

Tpa(t) = wahter

(2.236)
and the initial conditions x,q,0 and Z4,0:
Tpao = Tpa(t = 0) Tpao = Fpa(t = 0) (2.237)
Taking the time derivative of (2.235) gives (2.238)
i(t) = e 9rt [Zg cos (wat) + Zi108in (wat)] + 2pa(t) (2.238)

with the velocity @,,(t) of the particular response

(w2 — w?2) sin (wat + Po,0pt + AP) + 2walwp €08 (Wat + o,0pt + A)
(w2 — w2)? + (2wnwa)”

Epa(t) = wgucr

(2.239)
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and the constants
Hyg = 20 — Tpa,0 (2.240)

i'O - i'pa,O + gwn (xO - wpa,())
Wq

E10 = WdTpa,0 — WdTo — {wn (2.241)
To ensure, as before, that the SDOF oscillator performs a single vibration cycle in the time
the rotors also perform a full revolution, (2.232) must hold.

As done for oscillator without inherent damping, (2.232) is inserted into (2.238). Solving
this numerically for w, gives the required adjusted frequency to ensure that the rotors
perform a single revolution from ¢t = 0 to ¢t = T,. Figure 2.73 shows the required adjusted
frequencies for several damping ratios and a particular value of p.r/xo. The corresponding
work done by the control force on the SDOF oscillator over the initial vibration energy is
shown in the right subfigure.

1.1 T ‘
—£=0.01
1.05
2
~3 =
3 =
0.95
—0.5
| | |
0'9—1 —-0.5 0 0.5 1
Ap/m

Figure 2.73: Required adjusted frequency w, and work done by control force over initial
vibration energy of SDOF oscillator with respect to the initial angular position offset Ay
for per/xo = 0.10 and for several values of £

Closed-loop control algorithm

Now a control algorithm is presented to leave and regain the anti-phasing between the con-
trol force of the TRD and the velocity of the SDOF oscillator. This is done by continuously
varying the phasing between the control force and the velocity of the SDOF oscillator as
a function of the vibration amplitude. When the vibrations are above a certain vibration-
amplitude threshold As, the rotors are required to follow the target angular position ;.
When the vibrations are below a certain vibration-amplitude threshold A1, the phase offset
from the target angular position ; is set such that the damping effect vanishes. This is
shown in figure 2.74, producing the adjusted target angular position, ¢ ,(A).

The control scheme shown in figure 2.69 is implemented anew. However, the block "¢y 1
and ¢y o according to figure 2.68’ is replaced by the block 'computation of adjusted TAP
according to figure 2.74’. Furthermore, ¢y, is used for both TRD units, allowing for a
direct comparison with the control algorithm of the previous subsection. The simulation
duration is again one hour. The vibration-amplitude thresholds, A; and Ao, as well as the
gain K, were varied. As in the previous section, the standard deviations x4 and Qgq1
are used for the assessment of the numerical simulations, see table 2.15.
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4 Damping effect vanishes
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Figure 2.74: Computation of adjusted target angular position ¢; 4(A) with phase offset
from target angular position as a function of the vibration amplitude

Table 2.15: Tuning of control algorithm and assessment of numerical simulations for phase
offset (rows written in bold are validated experimentally)

Tuning variables | Assessment criteria

A | Ay | K, Tstd Pstd,1
m] | [m] | [1/s] | [m] [(rad)/s]
0 0.02 | 0.5 | 0.0099 0.24

uncontrolled: x4 = 0.0236 m

It suffices to evaluate the variations of one rotor, ¢ (t), as all rotors are controlled identi-
cally and have nearly identical behavior.

The standard deviation of x(t) decreases with increasing K, whereas the standard de-
viation in () increases. This means that higher damping performance can be reached
at the expense of higher variations in the angular velocity. Furthermore, the smaller the
vibration-amplitude thresholds are set, the higher the damping performance becomes and
the larger the undesired variations in the angular velocity.

Tests were then performed using the previously introduced test setup. Results are shown
in table 2.16. The test results nearly coincide with the numerical simulations. The same
tendency can be identified: The smaller the vibration-amplitude thresholds are set, the
lower the vibrations at the expense of larger variations in the angular velocity.

Figure 2.75 shows several states of a test using the tuning variables of the first row of
table 2.16 for an arbitrarily chosen time interval.



2.9. ADDITIONAL RE-EXCITATION PREVENTION METHODS 97

Table 2.16: Assessment of tests with phase offset

Tuning variables | Assessment criteria
AZ ch Tstd <)bstd,1
m] | [1/s] | ] | [(rad)s]
0.02 | 0.50 | 0.0099 0.33
0.03 | 0.50 | 0.0115 0.22
0.04 | 0.50 | 0.0130 0.19

uncontrolled: x4 = 0.0236 m

A(t) [m]
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Figure 2.75: Several states of test with phase offset from optimal angular position for small
vibration amplitudes

In the lower sub-diagram, the velocity #(¢) of the SDOF oscillator and cos [p; (¢)] are shown.
cos [p1(t)] is used to indicate the phase of the control force. At t = 2942s, the vibrations
are nearly at rest. Due to the filtering of ¢y 4, ¢1(t) is nearly constant. From ¢ = 2944s to
t = 2946 s, the vibration amplitude rises. Consequently, as required, the control algorithm
sets the control force increasingly in anti-phase to @(t). At t = 2950s, these states are
nearly in anti-phase, consequently, A(t) decreases.
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Discussion

The simulations and the experiments of this subsection have shown that the proposed
control algorithm allows the TRD units to work as wished: For large vibration amplitudes
(A(t) > Ajy), the control force acts in anti-phase to the velocity of the SDOF oscillator and
for smaller vibration amplitudes, the TRD units leave this anti-phasing. The discussion
points 1,2 and 3 of subsection 2.9.2 also apply to the control algorithm presented in this
subsection. Discussion point 4 must be adapted:

For small vibrations, the control algorithm is still required to ensure a certain phasing
between the control force and the phase of vibration (introduced in subsection 2.3.2). When
the vibrations nearly come to rest, the discontinuities explained in discussion point 4 of
subsection 2.9.2 occur. They lead to additional undesired angular accelerations. Therefore,
the comments regarding K, in discussion point 4 of subsection 2.9.2 also apply to the
control algorithm of this subsection.

2.9.4 Discussion on damping small vibrations using the continuous ro-
tation mode

Before starting off with the discussion, the term ’controllability’, which is frequently used in
the field of control engineering, is introduced in the following [33]. A system is controllable
if it can be brought from an arbitrary state point to a second, desired state point in any
time interval. For the SDOF oscillator, the second, desired state point is the rest position
(x = 0 and # = 0). Controllability can be checked by computing the Controllability
Gramian. This was done for the SDOF oscillator in [23, p. 233]. As the Controllability
Gramian has full rank, the SDOF oscillator is controllable |23]. However, this implies that
an arbitrary input, which is a force, of the SDOF oscillator must be available. As the TRD
cannot provide such an arbitrary force, at least in the continuous rotation mode, it can be
stated that the SDOF oscillator is not controllable by the TRD in the continuous rotation
mode.

To illustrate this, figure 2.2 is reconsidered and the following is assumed: At an initial
time-point, ¢ = 0, the SDOF oscillator is at rest (rg = 0 and &9 = 0). Furthermore,
o = 0 and g = wy as desired in the continuous rotation mode. This means that a force
in positive z-direction is produced by the TRD at t = 0. At the next time-point, the
SDOF oscillator will have a positive velocity @(t) and ¢(t) will be slightly above zero. Due
to the constraint of the continuous rotation mode, ¢ = wy, the TRD is forced to continue
generating a control force in the positive direction of #(¢). Thus, the TRD will further
excite the SDOF oscillator. For this reason, the TRD is unable to control small vibrations
of the SDOF oscillator in the continuous rotation mode.

The argumentation of the previous paragraph can be adapted to apply to the method of
subsection 2.9.3.
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The method of subsection 2.9.2 is now considered. The SDOF oscillator is considered again
with the particular initial conditions x¢g = 0 and ¢ = 0. Furthermore, at ¢ = 0, the TRD
units are, as wanted, operating in anti-phase to each other such that the superimposed
control force vanishes. Besides that, an excitation force is assumed to accelerate the SDOF
oscillator. Therefore, the velocity of the SDOF oscillator #(t) is unequal to zero at the
next time-point. To make the superimposed control force damp this motion, two states
must be reached:

1. The anti-phasing between both TRD units must be varied such that the superimposed
control force amplitude is unequal to zero. This is realized by increasing the angular
velocity of the first TRD unit and decreasing the angular velocity of the other TRD
unit.

2. The anti-phasing between 2(t) and the superimposed control force must be regained.
If the superimposed control force is coincidentally in phase with #(¢), the SDOF
oscillator will be further excited, whereas if they are occasionally in anti-phase, the
TRD units will damp the motion. The time it takes until the anti-phasing between
the superimposed control force and #(t) is regained depends on the tuning of the
filter of figure 2.68. The more aggressive it is set, the faster the anti-phasing is
regained. This is done at the expense of larger variations in the target angular
velocity. Consequently, larger tangential forces are produced. These tangential forces
can be seen as an additional excitation force as they act randomly on the SDOF
oscillator.

It became apparent that for regaining the anti-phasing between #(¢) and the superimposed
control force, angular accelerations generating tangential forces are needed. It would be
more beneficial to directly use these tangential forces for vibration control, instead of
generating those in an arbitrary manner for regaining the anti-phasing between 4(¢) and
the superimposed control force. Note again that up to the time-point at which the anti-
phasing is regained, the tangential forces act randomly and can be seen as an additional
excitation force.

It will be shown in chapter 3 that there exists a vibration amplitude below which an
operation in the continuous rotation is no longer beneficial.
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3

Twin rotor damper for the damping of stochas-
tically forced vibrations

3.1 Influence of excitation force

3.1.1 Introduction

The applicability of the TRD for the damping of stochastically forced vibrations is studied
in this chapter. A summary of this chapter can be found in [42]. A SDOF oscillator under
the action of a stochastic excitation force is considered. The excitation force affects the
states of the SDOF oscillator, Z(t), #(t) and x(¢). These states are used for the computation
of the target angular position (TAP), see section 2.3. To study the effect of the excitation
force on the SDOF oscillator, (2.11) is recalled. Neglecting the action of the TRD and
solving (2.11) for Z(t) yields:

&(t) = Fe(t) — 26wni(t) — wpa(t) (3.1)

in which F,(t) is given in (2.13). A block diagram representing (3.1) is shown in figure 3.1.
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Figure 3.1: Block diagram representing (3.1) Figure 3.2: Power spectral density

of band-limited white noise

Due to the direct influence of F,(t) on Z(t), &(t) is most strongly influenced by the excitation
force and therefore the most disrupted signal. This disruption is reduced (smoothed) due
to the integration, see figure 3.1, therefore enhancing the quality (smoothness) of & () and

x(t).

3.1.2 Excitation force

White noise is assumed for the excitation force F,(t). White noise signals have a zero
mean and a constant power spectral density (PSD) [43, 44]. A random signal containing
all frequencies is generated. Because of these properties, white noise is frequently used as
a test signal. However, when performing numerical simulations, only frequencies up to a

101
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certain corner frequency w, are generated. This is due to sampling in time. Therefore, such
signals are named band-limited white noises. The power spectral density (PSD) of such
signals is constant over a finite range of frequencies and vanishes above w,, see figure 3.2,
in which I refers to the magnitude of the white noise (height of rectangular spectrum). In
the following, this magnitude I is referred to as excitation power.

Within the numerical simulations performed in this section, the sampling time for the
generation of the excitation force and the solver are set as given by the following equation

1 2

P S 2
100 max(wy,, wy) (32)

in which max(wy,,wy) refers to the larger value of w, and wy; wy will be defined later on.

3.1.3 Signal norms

To evaluate the numerical simulations done in the following, some signal norms are intro-
duced [45, 46]. The instantaneous power Pj,(t) of a signal s(t) is given by the squared
magnitude of the signal [46]:

Pin(t) = s(t)]” (3.3)

Note that the upper-case P now refers to the power of a signal and no longer to the
mechanical power of one actuator. The power, Ps;, of the signal s(t) within the time
interval from ¢; to t, is computed as given in (3.4).

Pals(O] = [ sterar (3.4)

tu — 1

The power Py;[s(t)] of (3.4) is, in many textbooks, frequently referred to as time-averaged
power or average power [46]. The variance of a signal s(t) is

I 1 [t
Var [s(1)] = / 5() — paPdt g = / s(t)dt (3.5)
ty — 11 Jy, tu —t1 Jy,

in which ps is the mean value of s(t) [47]. If us = 0, the variance Var [s(¢)] of a signal
is equal to its power Ps;[s(t)]. The standard deviation of a signal s(¢) is as given in the
following equation [47]:

std(s(t»:\/ ! / " [s() — pal? (3.6)

tu_tl

When evaluating signal magnitudes in terms of power Ps;[s(f)] or the rms-value according
to (2.96), the deviation of the signal from zero is quantified, whereas when computing in
terms of standard deviation or variance, the deviation from the mean value is quantified.

Now considering the signal F,(t), which has the unit m/s?, its units of P, (t) and Py;[F.(t)]
are m?/s* see (3.3) and (3.4). Considering the PSD diagram of figure 3.2, the excitation
power I of the excitation force has the unit m?/s* per (rad)/s. Furthermore, when a
certain excitation power is assumed, it must also be clarified if the excitation power refers
to a one-sided (only positive frequencies) or two-sided spectrum (positive and negative
frequencies).
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3.1.4 Power of displacement response with initial conditions and exci-
tation force

Considering a free vibration, the motion of the SDOF oscillator is governed by:
E(t) + 2bwnd(t) + w2z(t) =0 (3.7)

If inherent damping is not present, the vibration amplitude is constant. It is only dependent
on the initial conditions, see the following equation.

A=y[22+ <@>2 (3.8)

Wn

The power of the displacement can be evaluated with (3.4). Inserting the solution of (3.7)
(see (2.18) with p.r = 0) into (3.4) and integrating over a number of full vibration pe-
riods, e.g. one vibration period from ¢t; = 0 to t, = 27 /w,, gives the power, P;, of the
displacement due to the initial conditions for & = 0:

1|, [(i0)?
P=- $0+<> for £E=0 (3.9)

2

Wn,

Substituting the initial conditions, zp and g, in (3.9) by the corresponding continuous
signals, z(t) and z(t), the power of the displacement can be computed continuously:

. 2
P.(t) = % [x(t)2 + <x(t)> ] (3.10)

Wn

Considering a free vibration without inherent damping, P,(¢) is constant in time, whereas
it varies in time if an excitation force acts on the SDOF oscillator. P, () can also be seen
as the (normalized) squared vibration amplitude or as the (normalized) vibration energy
stored in the SDOF oscillator.

When taking inherent damping into consideration (0 < & < 1), the solution for z(t)
is as given in (2.27) with pu.r = 0. Taking x(¢), inserting it into (3.4) and solving for
a number of full vibration periods gives the power of the displacement due to the initial
conditions. It considers the decay due to the inherent damping. As the calculation does not
provide more insight nor it is used for further derivations, it is not presented. Furthermore,
assuming that the inherent damping is small (0 < £ < 0.1), the vibration amplitude remains
nearly constant within one vibration period. Therefore, for oscillators with small inherent
damping, (3.9) can be used as an approximation for the power of the displacement response
due to the initial conditions. To compute the power P,(t) for oscillators with inherent
damping, w, is substituted with wy in (3.10), see the following equation:

. 2
P,(t) = % [x(t)2 + <%)> ] (3.11)

In the following, the SDOF oscillator is additionally disturbed by an excitation force (band-
limited white noise introduced in subsection 3.1.1 and 3.1.2) and the following conditions:
xo > 0 and g = 0. The simulations can also be performed with different initial conditions.
Furthermore, single vibration periods with a duration of 7}, are considered.
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By starting the simulation of a single vibration period with particular initial conditions
and applying additionally an excitation force on the SDOF oscillator, the total power
of the displacement response can be decomposed into: the power produced due to the
initial conditions and the power produced by the excitation force. Considering the case
that F.(t) = 0 (I = 0), the system forces (defined in section 2.2) dictate the motion,
the vibration amplitude remains nearly constant for 0 < & < 0.1 and the total power
of the displacement is only due to the initial conditions. Consequently, the resulting
motion is mono-frequent. When the excitation power I is increased, the motion of the
SDOF oscillator becomes more and more dictated by the excitation force. As a result, the
response of the SDOF oscillator increasingly deviates from the mono-frequent vibration.

Starting the simulation of a single vibration period with g > 0, 29 = 0 and I = 0, the next
positive displacement peak will occur at ¢ = T},. If an excitation force additionally acts
on the SDOF oscillator, the actual period length can the shortened or elongated and the
vibration amplitude may increase or decrease within the considered time interval from ¢t = 0
to t = T,,. This corresponds to giving positive or negative damping as well as positive or
negative stiffness to the SDOF oscillator [16]. The effects of positive and negative damping
as well as of positive and negative stiffness vanish when simulating a very large number
of vibration periods with the same initial conditions and the same excitation power [
while considering the mean values for the actual period length and the decay within the
considered vibration periods.

The power of the displacement due to the initial conditions can be computed according
to (3.9). The total power, P;, of the displacement is computed according to (3.12)

I

P = / x(t)dt (3.12)
tu - tl tl

in which the signal s(¢) in (3.4) is substituted by the displacement x(t). It follows the

power, P, produced by the excitation force

P,=P—P (3.13)

with P; of (3.9). Figure 3.3 shows the normalized displacement and velocity responses of
the SDOF oscillator disturbed by the excitation force and initial conditions for a single
vibration period in which the power ratio

P.
P ==

=5 (3.14)

is introduced which is obtained with a post computation, see (3.9) and (3.12) (with ¢, =0
and t, = T},).

P, can be changed by varying the excitation power I or the magnitude of xg. All diagrams
were produced using an excitation force with the same seed (same excitation force) and
different magnitudes of xy. This explains the similarities between the deviation of the
displacement and of the velocity responses from the free vibration response (P, = 1).
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Figure 3.3: Normalized displacement z(t)/x¢ and velocity @(t)/(zowy,) for several ratios
P, for £ =0

Due to the properties of linear dynamic systems, the following statement holds:

Dividing the excitation power by the natural frequency w, gives the excitation power per
natural frequency, I /w, (normalized excitation power with the unit m?/s* per ((rad)/s)?).
Furthermore, normalizing the initial condition xq¢ (#9 = 0) by w2, 7¢/w2 note the scaling
of the initial condition zg with w2 in figure 3.1—, ensures that the same restoring spring
force power due to the initial conditions is produced. Thus, by normalizing the excitation
power I and the initial condition xg as discussed above and using the same seed for the
excitation force, the same restoring-spring-force to excitation-force power ratio for the con-
sidered vibration period is produced. As a result, the same normalized curves (z(t/T},)/xo,
x(t/Ty,)/(xowy)) are obtained for any w,. This allows for considerations independent of w,.

It became evident that the deviation of the displacement and the velocity responses from
their harmonic responses (free vibration) are larger, the smaller the ratio P, becomes. Fur-
thermore, the normalized displacement responses are less disturbed than the corresponding
normalized velocity responses. This is due to the additional integration discussed in sub-
section 3.1.1. The corresponding normalized acceleration signals, which are not plotted in
figure 3.3, are even more disturbed than the corresponding normalized velocity signals; for
this reason, they are not shown.

It is of particular interest to continuously calculate or estimate the ratio P, as it can be
an interesting parameter for feedback or to schedule a subsequent filter. Therefore, an
approach to estimate P, is briefly discussed. It is possible to estimate the ratio P, by
continuously evaluating the preceding vibration period. P, can be estimated continuously
by forming the integral over the preceding vibration period providing the total power of

the displacement:
1 ty=t

Pi(t) = —/ x(t)?dt (3.15)
Tn Jy=-m,

The power of the displacement due to the actual conditions can be computed with (3.10).
Subsequently, the ratio P,(t)/P;(t) can be calculated. The calculation of P,(t) and P;(t)
can be made over arbitrary time intervals. For P,(t), mean values for the preceding time
interval can be computed. For P;(t), the integration limits in (3.15) can be adapted
accordingly. The longer the considered time interval, the smaller the variance of P,(t) and
P,(t) and consequently their ratio. This is at the expense of an increased time delay.
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3.1.5 Resulting target angular positions
The TAPs corresponding to P, = 2/3 of figure 3.3 are computed using (2.55), (2.56)

and (2.58), see figure 3.4. To distinguish the signals from each other, offsets in the vertical
axis of plus and minus two, respectively, were added. The TAPs increase by approximately
27 with the same mean slope (w,). For each curve, one can imagine an ideal straight line
with a slope of w,, starting at ¢ = 0 with the values 3/27—2, 3/27+42 and 3/27, respectively.
The deviations from the corresponding straight lines are lowest for ¢, (t) according to (2.55)
as for the computation of this TAP, the least disrupted states x(t) and @(t) are used. For
o5 (t) according to (2.56) with (2.52), the most disrupted states #(¢) and Z(t) are used,
producing the largest deviations from the straight line. For ¢; (), the three states x(t),
#(t) and Z(t) are used, producing an average deviation from the straight line.

[ N
P,,, = 2/3 I ’ [ANAY ,\/”"”’ v
W] | /\I\I vy ”'
;N v v
- N

A\

! A LA
10 A - PRV E A I
p AeVERA
~ '/4\.1 / v .

i(t), i (t) and @ (t) [(rad)]

t/T,
Figure 3.4: TAPs according to (2.55), (2.56) and (2.58) derived with the states of figure 3.3

Because of this, it is recommended to use ¢;(t) according to (2.55) for the computation of
the TAP, which is done henceforth.

The deviations from the corresponding straight line decrease with higher ratios of P,.. This
holds for ¢:(t), ¢ (t) and ¢y 4(t). Deviations of the TAP from the assumed straight line
correspond to variations in the target angular velocity ¢(t) (TAV). Therefore, the higher
P, is, the lower the variations of the TAV.
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3.2 Discussion and objective

In the previous section, it became apparent that the TAV deviates more from the desired
TAV, w,, the higher the influence of the excitation force on the motion of the SDOF
oscillator. Furthermore, it was shown that there is a state, F,, that can continuously
describe the influence of the excitation force on the motion.

To make the TAV more constant, simulated dynamics can be added. For instance, by
filtering the states x(t), @(t) and Z(t) before computing the TAP and changing the filter
parameters as a function of a parameter describing the influence of the excitation force
on the motion on the SDOF oscillator, more harmonic responses can be created when the
influence of the excitation force is large. However, a filter must be designed, requiring
additional design effort. Alternatively, an observer as presented in [40] can be used. By
changing the coupling between the SDOF oscillator and the observer as a function of the
parameter used to describe the influence of the excitation force, more constant target angu-
lar velocities can be produced. Another powerful method is the so-called phase-locked loop
(PLL) system |34, 35]. A controller continuously synchronizes the phase of an oscillating
model with the phase of the SDOF oscillator. This controller can be parametrized as a
function of the influence of the excitation force. The method presented in the following
section uses several of the stated ideas.

Before doing this, the objectives for the computation of the TAP for the continuous rotation
mode are clarified:

e To keep the power demand on the actuators low in the continuous rotation mode,
the variations of the TAV are to be kept as small as possible.

e When the rotors are accelerated or decelerated, tangential forces are additionally
generated. These tangential forces can be seen as an additional excitation force as
they randomly damp or excite the motion. Therefore, these tangential forces are to
be kept as small as possible.

e To ensure that the harmonic control force of the TRD (introduced in section 2.1) effec-
tively damps the vibrations, the anti-phasing between the control force and velocity
of the SDOF oscillator must be guaranteed. When the SDOF oscillator is disturbed
by a stochastic excitation, its actual frequency deviates from w,,. To further ensure
this anti-phasing, the TRD must adapt its motion by appropriately accelerating and
decelerating the rotors.

These objectives are in conflict with each other. In the following section, section 3.3, a
phase-locked loop filter with a single tuning parameter is presented. By varying the tuning
parameter, the following effects are investigated:

e The variations of the TAV.
e The creation of undesired tangential forces.

e The damping effect (anti-phasing).
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3.3 Filtering of target angular position

3.3.1 Method
To filter the TAP, a control-loop as shown in figure 3.5 is proposed.

Fe ; SDOF ¢r according
oscillator to (2.55)

W, D+ e | 1| eur + I
* . > - :
: + J et : Ot f
1 C(p ; >
: v :
: €tl LE ;
L i ]|
s
PLL filter Cp
X Wy,
B S

Figure 3.5: Phase-locked loop filter

The TAP ¢(t) is computed according to (2.55). ¢;(t) and w,, are the inputs of the so-called
PLL filter. With this filter, a more uniform saw-tooth like TAP is produced. It is assumed
that the natural frequency w,, is known. The filter outputs are the filtered TAP, ¢ £(t),
and c,(t)/wy discussed later. The filter compares ¢;(t) with ¢y ¢(t), producing the error
et(t) of the TAP. By limiting e;(t) to values between —m and 7, ¢ ¢(t) converges towards
to the next possible ¢;(t). With an appropriate design of the PLL filter, e,(t) does not
approach the limit values, —m and 7, of the block "LE’. By doing this, discontinuities in
the filtered TAP are avoided. Output of this block is the limited error, e;;(t), of the TAP,
which is the input of the controller C,(s). The control effort, c,(t), is then added to the
natural frequency of the oscillator w,. This sum is fed into the integrator with an initial
value ¢y 0. This summation does not change the dynamics of the closed-loop from ()
to ¢ r(t). Input of the integrator is the filtered TAV ¢, ¢(¢). The output of the controller
cy(t) represents the deviation of ¢ r(¢) from wy. Therefore, to describe the deviation of
Qr.£(t) from wy,, ¢, (t)/wy is evaluated.

To keep the closed-loop from ¢y (t) to ¢ f(t) simple, a transfer function from ¢y (t) to
@1 ¢(t) as given by
2
- “f
§2 4+ 28 pwys + wJ%

GCZ(S) (3.16)
is chosen in which wy is the filter frequency and £y the damping ratio of the closed-loop.

To damp out high frequency components, {y is set to one. By doing this, noise in 2(t) and
&(t) which results in noise in ¢(t), see (2.55), is reduced in ¢y ¢(t).

The closed-loop from ¢;(t) to ¢y ¢(t) can also be described with help of the compensator
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C,(s) and the integrator 1/s, see the following equation [33].

Ce(s)/s

Gu(s) = —2 215 3.17

l(s) 1+C¢,(8)/S ( )
Setting (3.16) equal to (3.17) and solving for Cy(s) gives the form of the controller:

C. = w]% 3.18

QO(S) - S+ 2wf ( . )

The two poles of G (s) of (3.16) with & = 1.0 lie both at s = —wy. Therefore, this
closed-loop is stable for wy > 0.

To illustrate the effect of the filter of figure 3.5, the SDOF oscillator is disturbed by the
excitation force defined in subsection 3.1.2. A single vibration period is considered with
the initial condition ¢ > 0 and #¢ = 0. The initial value of the integrator ¢y r ¢ is set equal
to the TAP at t = 0, which is 3/27 according to (2.55) for the given initial conditions;
thus, e;(t = 0) = 0.

Figure 3.6/A shows the unfiltered and filtered TAP. Subfigure B shows the corresponding
deviation of the filtered TAV from the natural frequency. The filter frequency was set
equal to the natural frequency, wy = w,,. In figure 3.6 /A, the noise damping effect becomes
evident when inspecting ¢.(t) and ¢y ¢(t).

0.2 T

e (t) and @y ¢(t) [(rad)]
| Cw(t)/wn

0 02 04 06 08 1
t/T, t/Ty

Figure 3.6: Chosen states for illustration of figure 3.5 with P, = 2/3 and wy/w, = 1.0

The filter frequency wy was then increased by a factor of ten and the simulation was
repeated using the same seed for the excitation force, see figure 3.7. Therefore, ¢;(t) in
figure 3.6/A and 3.7/A are identical. In figure 3.7, ¢:(t) is tracked more accurately than
in figure 3.6. To reach this, the filtered TAV must be varied more. This can be seen in
figure 3.7/B. c,(t)/wy reaches almost minus three at ¢/7;, ~ 0.15.
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i(t) and ¢y 7(t) [(rad)]

02 04 06 08 1
t/T, t/Tn

Figure 3.7: Chosen states for illustration of phase-locked loop of figure 3.5 with P, =2/3
and wy/wy, = 10

The variance and the standard deviation of ¢, /wy, are calculated for figure 3.6 and 3.7 in
table 3.1. When increasing the filter frequency wy by a factor of ten, the variance and the
standard deviation are increased by a factor of approximately 65 and 8.1, respectively.

Table 3.1: Calculation of variance and standard deviation of ¢, (t)/w, corresponding to
figure 3.6 and 3.7

wifuon | Var(ea(t)/wn) | std(ca(t)/n)
1.0 (figure 3.6) 0.0065 0.0804
10 (figure 3.7) 0.4247 0.6519

The variations of ¢, (t)/wy from t = 0 to t = T;, were evaluated with help of the variance
and the standard deviation, see (3.5), (3.6), and table 3.1. Note the quantity c,(t)/wp
describes the deviation from a continuous motion. By limiting this quantity, an upper limit
for the power demand on the actuators required to accelerate and decelerate the rotors in
the continuous rotation mode is set. In figure 3.6, ¢, (t)/wy, varies within a range of £0.15.
This corresponds to a maximum deviation from w,, of £15%. To the author, this deviation
from the continuous motion seems to be acceptable for a power-efficient operation and an
initial upper limit for std(c,(t)/wy) is set in the following to 0.10. Further comments

regarding this initial upper limit are given subsection 3.3.5.

The filtered TAP ¢ ¢(t) is the input of a subsequent system, which drives the rotors to
@ ¢(t). For the rest of this section, it is assumed that this subsequent system is much
faster than the PLL filter of figure 3.5, in other words, ¢ (t) is 'perfectly’ tracked. By
assuming this, the variations in the actual TAV are reduced with help of the PLL filter.

In the following subsections, the influences of the PLL filter on the objectives enumerated
in section 3.2 are quantified.

3.3.2 Limiting variations of filtered target angular velocity

Oscillator without inherent damping

Within the simulations performed for figure 3.6 and 3.7, a single vibration period was
considered for a certain power ratio P,. In order to increase the statistical significance,
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n single vibration periods are simulated and the mean values of the individual standard
deviations std(cy ;(t)/wy) are calculated by

i=n

Vo= o3 std(cpalt) ) (319

i=1

in which V;; refers to the expected variations of the filtered TAV. With n = 5000, repro-
ducibility is ensured meaning that when simulating 5000 single vibration periods another
time, nearly the same values for V are obtained. Therefore, n is set to 5000 in the
following.

Using the same initial conditions, different excitation force seeds and the same excitation
power I, the mean power ratio P, remains approximately constant. The filter frequency
wy was then varied within a chosen range (0 < wy/w, < 2). For these simulations, V; can
be plotted against wy/w, for multiple power ratios P, see figure 3.8. To obtain different
values for P,, the excitation power I was varied. Alternatively, the magnitude of xg could
be changed. Note that the diagram of figure 3.8 is valid for any w,.

T T T
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o P, = 0.60 ..o°'
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i .... +++++ |
oo 0.3 ..o ++++ 0600
o.. ++++ oooOOOOO
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L L + 00 N
° o
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ot 50° -lll.-..-
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[
e
OL‘H " | | | | |
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Figure 3.8: Expected variations of the filtered TAV V,, plotted against frequency ratio
wy/wy, for different power ratios P,

The curves of figure 3.8 can be approximated using simple linear regression in the region
of V; = 0.1 (initial upper limit for std[c,(t)/wy,] of subsection 3.3.1) [48]. With simple
linear regression it is meant that there is only one explanatory variable, which is wy/w;,.
The least square approach is used. It minimizes the sum of the squared errors in which
an error is the difference between the approximated value, A;(wy/wy) given in (3.20), and
the numerically simulated value V; [48].

w
Ap(wp/wn) = ay—L + b, (3.20)

Wn
In (3.20), a, is the slope and b, the value at ws/w, = 0. The values of Vj; in the value

range from V; = 0.05 to V,; = 0.15 are used for the approximation. The considered data
is marked with a gray background, see figure 3.8.
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The parameters a, and b, describing the linear regression lines corresponding to the curves
of figure 3.8 are shown in table 3.2. To derive a relation between P, and the parameters a,
and b, a, and b, were evaluated for different power ratios P,, see figure 3.9. This is justified
by the assumption that the power ratio P. and the filter frequency w; independently
influence V.

Table 3.2: Parameters a, and b, of (3.20) for the curves of figure 3.8

P, ‘ Ay ‘ by
0.20 | 0.41 | —0.022
0.40 | 0.30 | —0.011
0.60 | 0.19 | 0.0031
0.80 | 0.069 | 0.028

| b b T

0 02 04 06 08 1
P,

Figure 3.9: Parameters a, and b, and corresponding regression lines a,(P,) and b,(P,)
of (3.21) with coefficients of (3.22)

Approximations for a, and b, can be found using linear regression with the values of V; in
the value range from V,; = 0.05 to V; = 0.15 for multiple values of P, [48]. The explanatory
variable is now P, and the least square approach is applied [48]. Thus, the parameters a,
and b, can be approximated by

ay(Pr) = ap1 Py + ay by(Pr) = by Pr + by (3.21)
with the coefficients
ay,1 = —0.5581 ay,0 = 0.5248 by,1 = 0.0804 by 0 = —0.0405 (3.22)

The linear regression lines are also depicted in figure 3.9.

Inserting (3.21) into (3.20) yields:

Ap(ws/wn, P) = (a1 Py + o) % + byt Py + g (3.23)

n

(3.23) gives an approximation of the variations in the filtered TAV as a function of the
filter frequency wy/w, and the power ratio P,. Solving (3.23) for ws/w, and requiring that
the variations in the filtered TAV are equal or below a specified threshold, A, , it follows:

Av,t - bv,IPr - bv,O

3.24
av,lpr + ay 0 ( )

wy/wn <
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Note that P, is a time-varying parameter, which can be estimated. (3.24) sets an upper
threshold for wy/wy,. This threshold limit the variations of the filtered TAV; therefore the
power demand required for accelerating and decelerating the rotors. For the determination
of the coefficients a, 1, ay,0, by,1 and b, o, only the data in the region of A,; = 0.1 (initial
upper limit of subsection 3.3.1) was used, see figure 3.8. If another value for A, ; is chosen,
the linearizations of (3.20) and (3.21) must be repeated with the data in the region of the
new value for A, , see figure 3.8.

Oscillators with inherent damping

Taking an oscillator with inherent damping into consideration, w, must be substituted by
wq in the respective computations of the previous subsection. Furthermore, the analysis is
done with respect to the frequency ratio wy/wy instead of wy/wy.

Figure 3.10 shows the expected variations V; of the filtered TAV as a function of wy/wg
for P, = 0.4 and for several damping ratios §. V, increases with the damping ratio &.
This is because the decay due to the inherent damping is not neglected, see comments
before (3.11). Therefore, the mean influence of the excitation force on the motion of the
SDOF oscillator increases in time within the considered vibration periods. This explains
the increased influence of the excitation force.

T
.g = 0 ..l
0.4 ;2 = 8.8;) 22292221»
. ®
=0.10
oo ¢ =
0.2 =
I-..
0 ™ ! ! !
0 0.5 1 1.5 2
wf/wd

Figure 3.10: Expected variations of the filtered TAV V,, plotted against frequency ratio
wf/wq for P. = 0.4 for several different damping ratios &

However, the influence of the inherent damping is small for 0 < ¢ < 0.1. This was
checked for several values of P,. Therefore, considerations in the following are pursued for
oscillators without inherent damping but they are also a good estimate for oscillators with
small inherent damping.

In this subsection, the influence of the filter frequency wy and the power ratio P. on the
variations of the filtered TAV was studied. (3.24) gives the maximum value for w; such
that the variations of the filtered TAV do not exceed A,; = .1 (initial upper limit of
subsection 3.3.1).

3.3.3 Limiting tangential forces

When the rotors are driven with a constant angular velocity, only radial forces are created.
However, variations in the TAV are required to ensure the anti-phasing between the control
force of the TRD and the velocity of the SDOF oscillator. As a result, tangential forces
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are additionally produced. The tangential forces act randomly on the SDOF oscillator.
Therefore, they can be seen as an additional excitation force and are to be kept small.
In this subsection, an upper limit for the PLL filter frequency will be set such that the
tangential forces are small with respect to the radial forces. To study the tangential to
radial force ratio, (2.3) is recalled:

fr(t) = mer [p(t)? cos p(t) + G(t) sinp(t)] (3.25)

Note that for the investigation of this subsection, the force of the TRD is still not applied
to the SDOF oscillator.

The first term in the square bracket of (3.25) describes the radial forces and the second the
tangential forces produced by the TRD. The factor m.r can be dropped as it contributes
equally to both force terms. As done in the previous subsection, numerous single vibration
periods will be considered. In a single vibration period, ¢;(t) changes by approximately
2. Therefore, the contributions of both trigonometric functions are equal and can, for
this comparison, be neglected when considering numerous single vibration periods and
computing average values. To make both force terms dimensionless, they are normalized
by the squared natural frequency, see the following equation

(1)
wi

fr,c(t) = ft,c(t) = ﬂz) (3'26)
wn

in which the index ¢ stands for comparison. The objective is to find a constraint for the

filter frequency such that the tangential forces are low in comparison to the radial forces.

fre(t) is evaluated with help of the rms-function as it varies about one in the continuous

rotation mode. Thus, rms[f, ()] can be approximated as follows:

2 2

rms|[fy¢(t)] = rms [90(2;) ] ~1 (3.27)
wn

For f;.(t), the std-function is used as f;.(t) varies about zero (it would be equivalent to

use the rms-function). As rms|f, .(¢)] = 1, only f; .(t) must be computed to evaluate the

tangential to radial force ratio. As before, 5000 single vibration periods are considered and

the average standard deviation of f;.(t), see (3.26), is calculated:

=n

E, = %; [stdi(?} (3.28)

E is referred to as the expected tangential force component. For the following numerical
simulations, ¢(t) is derived numerically by differentiating ¢ ¢(t) with respect to time. This
is based on the assumption that the filtered TAP is perfectly tracked. To begin with, F; is
studied with respect to the filter parameter wy/wy, for different P.. The results are shown
in figure 3.11.

As done in the previous subsection, the curves of figure 3.11 can be approximated in
the region of 0.1 < F; < 0.3 using simple linear regression. An initial upper threshold,
E;; = 0.2, for Fy is set. Using the least square approach for the values about this threshold
from 0.5F;; to 1.5F; 4, an approximation for E; can be derived for each P,

w
Awpfeon) = ar L 4 by (3.29)
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Figure 3.11: Expected tangential force component plotted against frequency ratio wy/wy
for different power ratios P,

A; will be referred to as the estimated tangential force component.

As done before, the coefficients a; and b; can be described as a function of P,.. a; and b,
were evaluated for various P, see figure 3.12.

\ \
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Figure 3.12: Parameters a; and b; and corresponding regression lines a¢(F,) and by (P,)
of (3.30) with coefficients of (3.31)

Using the least square approach with P, as the explanatory variable, the parameters a;
and b; can be expressed by:

CLt(PT) = CLt71Pr + at.0 bt(Pr) = bt71P7» + bt70 (330)
with the following coefficients
a1 = —0.4560 ato = 0.5853 bi1 = —0.0039 bio = —0.0961 (3.31)

The corresponding linear regression lines are plotted in figure 3.12. Inserting (3.30)

into (3.29) yields:

w
At(wf/wn, PT) = (at71Pr + a,;o)w—f + bt71Pr + buo (3.32)

n
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(3.32) gives an approximation of the tangential force component as a function of wy/w,
and P,. An upper threshold for the filter frequency wy is found by solving (3.32) for wy/wy,
while setting Ay(wy/wy, Pr) equal to the upper threshold Ej;, see (3.33).

wy Eit —bia P —bip
Wp at,lpr + a0

(3.33)

The coefficients of (3.31) were derived with an initial upper threshold E;; = 0.2, which is
further discussed in subsection 3.3.5.

3.3.4 Anti-phasing between control force and velocity of SDOF oscillator

Within the last two subsections, two upper thresholds for the filter frequency wy were
derived. The first constraint ensures that the variations in the angular velocity are held
below a certain threshold and the second constraint ensures that the tangential to radial
force ratio is held below a certain threshold.

To guarantee the anti-phasing between the control force of the TRD and the velocity
of the SDOF oscillator, the filter frequency wy must lie above a lower threshold, wy;.
The objective of this subsection is to find an appropriate lower threshold wy; for wy to
complement the upper thresholds previously derived. If wy = 0, there is no feedback within
the PLL filter. Therefore, () and ¢ f(t) are independent from each other. Consequently,
the anti-phasing between the control force of the TRD and the velocity of the SDOF
oscillator is no longer guaranteed. The higher wy, the faster e, ;(t) of figure 3.5 (difference
between . (t) and ¢y ¢(t)) goes to zero. The closed-loop transfer function, G (s) from
©e(t) to g £(t), is as given in (3.16) with £y = 1.

@i(t), pur(t)

A

131
Figure 3.13: Re-synchronization time 7

The rise time is the time required for the response of a signal to rise from 10% of the
steady-state value to 90 % of the steady-state value due to a unit-step [49]. What does this
mean for the filter in figure 3.57 In figure 3.13, the unfiltered TAP ¢;(t) and the filtered
¢¢.7(t) TAP coincide and increase with w, until ¢ = ¢;. Now assuming that ¢;(t) suddenly
changes by Ae;;, control action must be taken to re-synchronize ¢, r(t) with o, (t) (Aegy
decays back to zero). The time it takes to bring the error from 0.9Ae;; to 0.1Ae;; is the
rise time [49]; henceforth, this time will be referred to as the re-synchronization time. Due
to the fact that the PLL filter is a linear dynamic system, the re-synchronization time is
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independent from the magnitude of the error Ae,;(t) (deviation of ¢;(t) from ¢y ¢(t)) in
figure 3.13.

For {; = 1 and for the closed-loop transfer function of (3.16), the relation between the

re-synchronization time 7). and the filter frequency wy is as given by

T, = 3.359 (3.34)
wy

in which the re-synchronization time 7, is given in s and the filter frequency in (rad)/s [49].
The re-synchronization time is an adequate performance index for evaluating the speed
of response. Replacing the re-synchronization time in (3.34) by the re-synchronization
frequency w, = 27/T,, dividing both sides by w,,, doing some rearrangements and forming
and inequality gives a lower threshold for wy/w, for a certain required re-synchronization
frequency, wy. s
Wyt

“p 5 3396t o 5346

Wn 2T wy, Wn,

(3.35)

(3.35) provides a lower threshold for the filter frequency, ensuring that ¢ (t) and (%)
are re-synchronized adequately fast; therefore, ensuring a fast recovery of the anti-phasing
between the control force and the velocity of the SDOF oscillator. A re-synchronization
frequency of wy¢/w, =1 is deemed to be an appropriate initial value. It follows: wg/wy, =
0.5346. Further considerations regarding the lower threshold for the filter frequency are
given in subsection 3.3.6.

3.3.5 Synthesis of constraints

In this subsection, the constraints of subsection 3.3.2, 3.3.3 and 3.3.4 are synthesized. This
results in two upper and a lower threshold (UT and LT) for wy, see figure 3.14. It becomes
apparent that all constraints are only met if P. > 0.64.

3 T T T
---UT acc to subsection 3.3.2 !
—UT acc. to subsection 3.3.3 i
9 --- LT acc. to subsection 3.3.4 /(,

all constraints are met

wy/wn

Figure 3.14: Constraints for wy to achieve desired performance with the TRD in the
continuous rotation mode

For illustration purposes, a simulation is now performed with the phase-locked-loop filter
of figure 3.5. As before, the excitation of subsection 3.1.2 is used. The initial conditions
as well as the excitation power are randomly chosen. They do not have an impact on
the following considerations. The filter frequency wy is set equal 0.5346 w,, (initial value
of previous subsection). Some signals which are discussed in the following are shown in
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figure 3.15. The force of the TRD is not acting on the SDOF oscillator and a time interval
of from zero to 307, is considered.
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: Numerical simulation of PLL filter with g > 0, 29 =0 and £ =0

Figure 3.15/A shows the displacement and the vibration amplitude due to the excitation

force.

It can be see that the excitation force randomly damps and excites the SDOF
oscillator. Subfigure/B shows the continuously estimated power ratio,

P!

(t), computed
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according to (3.36), which is further discussed in the following.

z(t)? + (%?)2]

j x(t)%dt

1
2
Pr(t) =

(3.36)

<
[y

Ty
See also (3.15) and corresponding comments. The numerator of (3.36), see also (3.11),
refers to the actual states and can be seen as a normalized, squared vibration amplitude.
The denominator calculates the power of the displacement response of the preceding vibra-
tion period (integration from ¢ = —T), up to t). It becomes evident that this continuously
estimated power ratio Pf(t) is, in comparison to the vibration amplitude A(t) shown in
subfigure A, more disrupted. Therefore, A(t) is more suitable for further computations.
To reduce the disruption of P}(t), one can consider multiple rather than single vibration
periods or implement a low-pass filter. The longer the considered time interval and the
more aggressive the low-pass filter, respectively, the smoother the response of P(t) at the
expense of a larger time delay.

To evaluate the variations of the filtered TAV continuously, the standard deviation of
cp(t)/wp of the preceding vibration period is calculated according to (3.6). With ¢; = =T,
and t, =t and s(t) = c,(t)/wn, (3.6) becomes

A 2
stdle,(£)/unm] = |~ / [%“)— W,(t)] dt (3.37)

T, Wn
T,

in which f,(t) refers to the mean value of c,(t)/w, from t; = T, to t, = t. When
the vibration amplitude is relatively small, as is the case in the following time intervals,
T, <t < 3T, and 13T,, <t < 17T}, the motion is more influenced by the excitation force
compared to when the displacement amplitudes are larger. Consequently, P*(t) has the
tendency to decrease and the variations of the filtered TAV increase.

#(t) and cos ¢} (t), which indicates the phase of the control force, are shown in subfigure E.
#(t) is normalized such that the magnitudes of both signals are approximately equal. As
the control force continuously opposes &(t), wy is set adequately high. At ¢ = 13.5s,
the displacement amplitude becomes relatively small. As a result, the excitation force
increasingly dictates the motion of the SDOF oscillator, making the actual frequency of
the SDOF oscillator deviating from w,,. The vibration amplitude then increases. To regain
the anti-phasing, the filtered TAV ¢, f(t) is lowered in the time range from ¢ = 14s up to
t = 16s.

When setting wy to a lower value, the undesired variations in the filtered TAV will decrease
at the expense of a poorer anti-phasing between the control force and the velocity @(t).
Furthermore, the tangential forces will decrease.

The simulation of figure 3.15 validates the considerations done in subsection 3.3.2. When
the power ratio P (t) falls below the value 0.65, it can be seen that the std[c,(t)/wy| exceeds
the chosen threshold of 0.1. Due to the PLL filter, std[c,(t)/wy] crosses its threshold of
0.1 slightly delayed from P(t) = 0.65, see subfigure B and C.
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The continuously computed power ratio Pf(t) is an estimate, see (3.36). Pf(t) is the ratio
of the power of the displacement expected to be performed in the impending vibrations
over the total power performed in the preceding vibration period. Therefore, P(t) can
detect changes in the excitation power, which was assumed as constant so far. However,
the power ratio P (t) of figure 3.15/B is strongly disrupted and can, in this form, not used
for feedback; filtering is required.

The higher P,, the more harmonic the responses z(t) and @(t) of the SDOF oscillator. The
same applies to P¥(t) and A(t) according to (2.43). Both states, P(t) and A(t), can be
seen as continuous measures quantifying the harmonic components of the response of the
SDOF oscillator—in frequency domain, the concentration of frequencies in the vicinity of
wy. However, PX(t) is, in comparison to A(t), more disrupted. Therefore, A(t) will be
used in the following. However, for some practical purposes, P (t) can be more useful as it
can directly detect variations in the excitation power. It is therefore of particular interest

when excitation force scenarios with varying excitation power are considered.

An excitation force was assumed and the motion of the rotors of the TRD was analyzed
assuming the filtered TAP generated by the PLL filter is perfectly tracked. Until now,
the forces created by the TRD were not fed back to the SDOF oscillator (u.r = 0). In
particular, the tangential forces would make the response of the SDOF more non-harmonic.
This disturbing tangential force effect increases with the mass-ratio-radius control product
wer. 1t is possible to repeat all the simulations done in this section while additionally
varying per. It is evident that these additional tangential forces would increase the values
for V; and E; of figure 3.8 and 3.11, respectively, therefore tightening the corresponding
constraints of figure 3.14.

It is the opinion of the author that it is more beneficial to give recommendations regarding
the tuning of the PLL filter and the design of the TRD than performing numerous further
simulations while varying p.r. This is done in the following subsection.

3.3.6 Design recommendations

1. Setting of filter frequency

In a first step, recommendations regarding setting the filter frequency wy are given. From
subsection 3.3.4, it became apparent that setting w, to approximately w,, is an appropriate
initial assumption. The objective of the PLL filter is to bring ¢; s and ¢; in phase while
minimizing the variations of the filtered TAV. The worst case scenario is that ¢; r and ¢4
differ from each other by w. This is studied in the following.

A free vibration (Fe(t) = 0) of a SDOF oscillator with & = 0 is assumed with the initial
conditions zg > 0 and ¢y = 0. To impose the worst case scenario at the time-point ¢ = 0,
the initial value ¢; 7o of the filtered TAV is set to 0.5w. This corresponds to a deviation
of  from the TAP according to (2.55). Simulation results are shown in figure 3.16 for
different frequency ratios w, /wy,.

It becomes evident that with w,/w, = 1, the anti-phasing between &(t) and cos ¢y ¢(t)
(phase of the control force) is almost achieved after a single vibration period (t/T,, = 1),
see subfigure A. The larger w, /w,, the faster the anti-phasing is regained at the expense of
larger variations in the filtered TAV, see subfigure B. For w, /w, = 1.2 at t/T,, ~ 0.2, the
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Figure 3.16: Simulation of worst case scenario with xg > 0, 29 = 0 and ¢y 5o = 0.57

TAV is required to increase by approximately 70 %, whereas only by 50 % for w, /w, = 0.8.
As this is the worst case scenario, an increase of the TAV of 50 % is deemed to be acceptable.
Therefore, wy./wy, is set according to (3.38).

Wrt/wp = 0.8 (3.38)

It follows according to (3.35) that wy/w, ~ 0.428.

The simulations of figure 3.16 can also be performed for oscillators with 0 < £. As the
influence of inherent damping for 0 < & < 0.1 is small, these simulations are not presented.

2. Critical vibration-amplitude threshold

In the second step, the critical vibration-amplitude threshold below which an operation in
the continuous rotation mode is not beneficial is set. In chapter 2, two vibration-amplitude
thresholds A, and A,s¢ were introduced. When the vibration amplitude A(t) exceeds A,
and other conditions are met (see subsection 2.6.4), the TRD turns on and operates in the
continuous rotation mode. As soon as A(t) falls below the lower vibration-amplitudes

threshold A,sr, the TRD is shut down. In the following, a critical vibration-amplitude
threshold is found.
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The displacement response is shown in figure 3.17/A.
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Figure 3.17: Numerical simulation with xy = 0.01m, &y = 0, a excitation power [ =
0.0675m? /s* per Hz using a two-sided spectrum, a step size T, of 0.005s, ot 1,0 = 0.5m,
wp, = 2 (rad) /s, £ =0 and w,/w, = 0.8

The SDOF oscillator is disturbed by the excitation F.(t) introduced in subsection 3.1.2.
Subfigure A shows the displacement x(¢) and the vibration amplitude A(t) according
to (2.43). Subfigure B shows the std[c,(t)/wy], which assesses the variations in the fil-
tered TAV within the preceding vibration period (from t; = —T,, to t, = t), see (3.37).
From both subfigures, it becomes evident that when the vibration amplitude A(t) falls be-
low approximately 0.11m, the variations of the filtered TAV exceed the desired threshold,

see arrows in both subfigures.

Therefore, the critical vibration amplitude A, is set equal to 0.11m. The operation of
the TRD in the continuous rotation mode is, with the chosen initial upper threshold of
subsection 3.3.1 (std[c,(t)/wyn] < 0.1), only beneficial if A(t) > A..

3. Mass-ratio-radius control product
The third step is to choose a mass-ratio-radius control product. Figure 3.18 is discussed
later on. So far, the force effect of the TRD on the SDOF oscillator has been neglected.
This force effect is considered in the following. Furthermore, it is assumed that the angular
positions ¢(t) perfectly tracks the filtered TAP ¢ ¢(t). Taking the force effect of the TRD
in (3.1) into account yields

i(t) = Fu(t) — 26wnd(t) — w2a(t) + Fr(t) (3.39)
with the force Fr(t) of the TRD given by

Pr(t) = per [¢rp(t)? cospp g () + G, (£)* sin oy (1)) (3.40)
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Figure 3.18: Numerical simulation with same simulation tuning as in figure 3.17 but with
a different seed and the force effect Frp(t) of (3.41) of the TRD described by p.r and with
std[c,(t)/wn] according to (3.42) with ¢, (t) of (3.37)

The magnitude of the force effect is determined by the mass-ratio-radius control product,
er. In the following simulation, Frp(t) is set to zero if A(t) < A..

Fy(t) = {,ucr [gbt,f(t)2 cos @y ¢(t) + cﬁt7f(t)2 sin got,f(t)] for A(t) > A, (3.41)

0 for A(t) < A

Furthermore, std[c,(t)/wy] according to (3.37), which describes the variations of the filtered
TAV, is set to zero if A(t) < A, see (3.42). Therefore, the variations of the filtered TAV
are only taken into consideration when the TRD is operated in the continuous rotation
mode.

std[cy(t) /wy]  for A(t) > A

(3.42)
0 for A(t) < A

stdfep(t) fun] = {

Figure 3.18/A shows the displacement for different mass-ratio-radius control products p.r.
The higher p.r, the greater the damping effect is. However, as can be seen from fig-
ure 3.18/B, the higher p.r is, the larger the undesired variations of the filtered TAV in the
time ranges when A(t) > A.. This is because the higher p.r, the lower the mean vibration
amplitudes consequently the disrupting force effect of the excitation and tangential forces
is larger. From figure 3.18/B, it becomes evident that the variations of the filtered TAV
are below the chosen initial upper threshold of 0.1 for all p.r and A(t) > A..
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3.4 Summary and discussion

e The upper and lower thresholds of figure 3.14 were derived based on initial values
(A, of subsection 3.3.2, E;; of subsection 3.3.3 and w,; of subsection 3.3.4). When
different initial values are chosen, the lower and upper thresholds change. However,
the shapes of the curves of figure 3.14 will remain, coming to the same conclusion:
The operation in the continuous rotation mode is only effective if P, is above a
specific value.

e The presented numerical study has shown that the operation of the TRD in the
continuous rotation mode using the proposed control algorithm below a certain power
ratio P, is ineffective. The power ratio defined in (3.14) describes the influence of the
excitation force on the motion of the SDOF oscillator; the lower the power ratio is,
the greater the influence of the excitation force. Considering a constant excitation
power, the statement of the first discussion point can be modified: The operation of
the TRD in the continuous rotation mode is only effective above a certain vibration-
amplitude threshold, A..

e For simplicity, the filter frequency will be set equal to the lower threshold according
to (3.35) with the recommendation of (3.38). It follows: wg/wy, = 0.428. When a
constant filter frequency is used, the variations of the filtered TAV become lower with
larger vibration amplitude A(¢). This is because the larger the vibration amplitude
A(t), the more the motion of the SDOF oscillator is influenced by its actual conditions
(x(t) and #(t)) instead of by the stochastic excitation.

e The simplicity of the proposed control algorithm allows for a straightforward tuning
to operate the TRD in the continuous rotation mode. A tuning procedure was
proposed to set the filter frequency wy, the critical vibration amplitude A, and the
mass-ratio-radius control product p.r. Firstly, the filter frequency wy is to be chosen,
secondly, the critical vibration-amplitude threshold A. is to be set and lastly, the
mass-ratio-radius control product is determined. All tuning variables (w¢, A, and
er) influence the damping effect of the TRD in the continuous rotation mode and the
variations of the angular velocity, consequently the power demand on the actuators
for accelerating and decelerating the rotors in the continuous rotation mode.

e If only vibrations with A(t) > A. are to be damped, the TRD can simply be turned
on and off at the respective vibration-amplitude thresholds, see section 2.5 and 2.6.
Alternatively, if vibrations with A(t) < A. are additionally required to be damped,
the TRD can be operated in the swinging mode in which the tangential forces pro-
duced by the TRD are used for the control of small vibrations. A corresponding
control algorithm is presented in section 3.5.

e In [28], a SDOF oscillator is disturbed by an excitation force characterized by a
band-limited spectrum symmetric about the natural frequency of the oscillator. It
was found that the energy consumption, power demand and damping efficiency of
the TRD operating in the continuous rotation mode becomes better the more narrow
this spectrum is |28]. Vibration reductions (measured in terms of standard devia-
tion) of 25 %, 50 % and 75 % were required. To achieve this, m.r was set accordingly
and a former, less efficient control algorithm for the continuous rotation mode with
the ON/OFF method was used. The same reductions were then also required using
the same m.r and the swinging mode. It was found that the TRD performs bet-
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ter regarding energy consumption and damping performance when operating in the
continuous rotation mode.

e In this chapter, a SDOF oscillator was disturbed by an excitation force in the form of
white noise and a tuning procedure was proposed. When the SDOF oscillator is sub-
ject to this type of excitation, the SDOF oscillator mainly responds with frequencies
in the vicinity of its natural frequency, allowing for the operation in the continuous
rotation mode.

If the SDOF oscillator is disturbed by a different type of excitation, e.g. a stochastic
wind excitation, the presented tuning procedure can still be applied. However, if
the variations of the filtered TAV are continuously above the chosen threshold, an
operation of the TRD in the continuous rotation mode is not beneficial.

The mean vibration amplitude decreases with the damping ratio when considering
inherent damping, an infinite long time interval and a specific excitation force sce-
nario, e.g. a white noise. This holds for any excitation force scenario. Considering
inherent damping, a very long time interval and a specific excitation force scenario,
e.g. a white noise for F(t), the mean vibration amplitude decreases with the damp-
ing ratio. Due to the decrease in the mean vibration amplitude, the time intervals
in which the vibration amplitude exceeds the critical vibration amplitude become
shorter; therefore, the time intervals in which an operation in the continuous rota-
tion mode is beneficial are also shortened.

e The PLL filter was derived under the assumption that the natural frequency w, is
known. If it is unknown, it can be made available by continuously calculating the
slope of the filtered TAP and updating w,, (input of PLL filter, see figure 3.5) with
this slope. The slope of the TAP is noisy when stochastically forced vibrations are
considered. Therefore, it must be fed through a low-pass filter, which must be tuned.
Alternatively, phase-locked loop systems can be used [34, 35]. The additional tuning
of the low-pass filter and the PLL system, respectively, increase the tuning effort.
However, further findings regarding the damping performance of the TRD in the
continuous rotation mode for stochastically forced vibrations would not be gained.
Therefore, w, was assumed as known and constant.

3.5 Swinging mode

3.5.1 Formulation of the problem

In this section, a control algorithm for the operation of the TRD in the swinging mode
is presented. In this mode, the tangential forces produced by accelerating (swinging) the
rotors about the angular positions ¢ = /2 or ¢ = 3/27 are used for vibration control.

Recalling (2.11) and solving for &(t) yields

i(t) = —26wn@(t) — w2a(t) + per | —0(t)? sinO(t) + 6(t) cos O(t) | + F.(t) (3.43)
in which ¢(t) is replaced by
0(t) = (1) — %77 (3.44)

The angular position offset of (3.44) makes it possible to stabilize the rotors about their new
zero positions (6(¢t) = 0). From here on, time dependencies are dropped in this subsection.
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Solving (2.14) for ¢ and performing the substitution of (3.44) yields:
Zcosf  2M

6= 3.45
r mer? (345)
Inserting (3.45) into (3.43) and doing some rearrangements gives:
P 28wt + w%x +2ucr92 sin 6 2. cos B M+ 1 L. (3.46)
pe (cos 0)” — 1 mer [1 — pe (cos 9)2] 1 — pic (cos )
Inserting (3.46) into (3.45) yields, after further rearrangements:
y 0 26wni + w? 6% sin 6 2 1
j _cos wn® + wix +2ucr sin { i [ 2] } M (3.47)
T e (cos0)” — 1 mer? |1 — pe(cosB)
cos 6 E
r [1 — pte (cos 0)?
Introducing the state vector
T AT
z = [z1,22,23,24] = [x,a'c,@,@} (3.48)

the differential equations of (3.46) and (3.47) can be rewritten by a set of four first order
differential equations

21 = 29
Zg = ani1(2) + b (2) M + wnia(2) Fe (3.49)
23 = Z4 |

Z4 = anl,g(z) + bnl’Q(z)M + wnm(z)Fe

with an;1(2), an2(2), bni1(2), bni2(2), wy1(2) and wy 2(z) given in the following equa-
tions

2ewnd + w2z + perb?sin 6 €08 0 26wni + w2x + perh? sin b
anl,l(z) = 2 anl,2(z) = 2
te (cos @) — 1 r e (cos0)” — 1
(3.50)
241 cos 0 2 1
bnia(z) = e 5 bua(2) = — [ 2] (3.51)
mer |1 — pe (cos0) } mer |1 — pe(cos )
1 cos 6
Wni,1(2) Wn12(2) = (3.52)

1 — i (cos 0)? r [1 — pie (cos 9)2}
The control input of the system of (3.49) is the moment M. Unfortunately, many entries
of the state vector z influence the system of (3.49) non-linearly. This makes the controller
design challenging. However, similar systems have been treated in the past. In [28], a
linear-parameter-varying (LPV) controller was presented. It was developed by the Institute
of Control Systems at the Hamburg University of Technology. Further control strategies
to control such systems are, for instance, sliding mode controllers and adaptive control
strategies, see e.g. [50, 51, 52, 53]. Alternatively, as shown in the following subsection, the
rotors can be stabilized about their zero positions, § = 0, by making the system of (3.49)
linear about @ = 0. To achieve this, some assumptions must be made, which are discussed
in the following. Similar issues are discussed in [54].



3.5. SWINGING MODE 127

3.5.2 Locally stabilizing controller

Assuming that the rotors oscillate about their zero positions (6 = 0) with small values of
0, the small-angle approximation can be used:

sinf ~ 0 cosf ~ 1 (3.53)

Furthermore, it is assumed that the third term, ,uJéQ sin @, of the nominator of a,;1(2)
and ay,2(2), respectively, see (3.50), is much smaller than the second term, see (3.54).

w2 > perd?sin g (3.54)

The term on the left-hand side of (3.54) represents the acceleration induced by the restor-
ing spring force and the term on the right-hand side represents the acceleration induced
by the radial forces. To substantiate the assumption of (3.54) for free vibrations, a har-
monic oscillation of the SDOF oscillator is assumed with a displacement amplitude z,
and frequency w,. Furthermore, the rotors oscillate about § = 0 with the frequency wy,
and an amplitude 0, of +£7/6 (£30°) such that the resulting tangential forces oppose .
Assuming a harmonic response of the rotors with the amplitude 6, and the frequency wy,,
the amplitude of the angular velocity of the rotors is 6,w,. To compare the amplitudes on
both sides of (3.54) (therefore the sin-function is neglected), the assumed amplitudes (z,,
0, and O,w,) are inserted into (3.54):

w%xa > Ncr(wnea)Q (3'55)
Assuming a mass ratio p. of 0.01 and 6, = 7/6 and doing some rearrangements with (3.55)
yields
2
Te s 0.01 (%) ~2.7-1073 (3.56)
,
r, and 7 are, for many applications, not largely different from each other. In these
cases, (3.54) holds. However, the inequality (3.54) must be checked by the designer. There-
fore, the accelerations induced by the third term in the numerator of a,; 1(2) and ay;2(2)

of (3.50) are dropped in the following. With the small-angle approximation of (3.53)
and (3.54), a linear system is derived for (3.49):

z=Az+ BM+ WFE, (3.57)
with the matrices A, B and W given by
I 0 1 0 0] I 0 T r 0 T
w2 28wn, 00 2pc 1
— fe — 1 fe — 1 _ | mer (1= pe) _ 1 — pe
A= 0 0 0 1 B= 0 W= 0
w2 28wy, 0 0 2 1
L7 (e — 1) 7 (pe—1) J Lmer? (1 — pue) d Lr (1 — pie)

(3.58)
For the linear system of (3.57), the controllability matrix U = [B, AB, A’ B, A>B] can
be calculated [30]. Using the Gaussian elimination, the matrix U can be broken down to
the identity matrix, which has a full rank [30]. Thus, the linear system of (3.57) with A
and B of (3.58) is controllable.

As the system has two degrees of freedom (z and 6), which are to be controlled, and only
one actuator, the system of (3.57) is under-actuated [54]. Another definition of under-
actuation is given in (3.59)

rank(A) < dim (z) (3.59)
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in which the rank-function computes the rank of a matrix and the dim-function the di-
mension of a vector [54]. As the rank of A, see (3.58), is three and the dimension of z is
four, the system of (3.57) is under-actuated [54].

To control the system of (3.57), a linear quadratic regulator (LQR) as shown in figure 3.19
is used.

Figure 3.19: Linear quadratic regulator

The excitation force F is neglected and free vibrations are considered in the following. A
LQR controller is a full state feedback controller [30]. It minimizes the cost function

oo
J, = / 21'Qz + MRMdt (3.60)
0

in which @ is a diagonal 4x4 matrix penalizing the states z and R is a scalar value penalizing
the moment M (control effort) [30]. @ and R are to be set by the designer. By solving
the algebraic Riccati equation, a constant feedback gain K1*4 is calculated. Therefore, the
moment is given by:

M=-Kz (3.61)

A controller gain K was then calculated with help of MATLAB using the 1qr command
for the design example of table 3.3.

Table 3.3: Design example

wn [(rad)/s] | pe[1] | me [kg] | r[m] | £[1]
2 | 001 | 01 | 01 |o0.01

Q and R were set for the initial conditions z = [0.05m, 0,0, 0] such that 6 does not exceed
+7/2. Such controllers are referred to as regulators because they bring the system states
to rest. With help of the weighting matrix @, the states of the system are punished and
with R the control effort M. Therefore, the diagonal entries of @ punish the respective
entries of z. Consequently, if the range of  is too low, the third entry of @ can be lowered.
Alternatively, the punishment on M can be relaxed by lowering R.

With the system properties of table 3.3, a matrix Q = diag(1,w,,5-1074,5-107%w,,) and
R = 1.0 - 107 yields a controller gain K = [3.23 - 103, —14.81,7.07,17.76]. Units were
dropped for @Q, R and K.

The controller with the gain K was then used for the linear model of (3.57) and for the
non-linear system described by (3.49) to (3.52). The results are shown in figure 3.20.
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Figure 3.20: Numerical simulation of linear quadratic regulator

It becomes evident that all states decay, as desired, to zero. Even though the rotors oscillate
within a working range of nearly 4+ /2, the curves for the linear and the non-linear system
nearly coincide. This is a indicator that the assumptions of (3.53) and (3.54) are correct,
at least for free vibrations.

Figure 3.21 depicts the force of the TRD Fp and the velocity of the SDOF oscillator
belonging to the non-linear system of figure 3.20.

| - &/(wna0)
qi — Frf(uer?) |

7

& /(wnxo) and Fr/(prw

0 2 4 6 8 10 12 14 16 18 20
t/T,

Figure 3.21: Normalized force generated by TRD and normalized velocity of SDOF oscil-
lator belonging to the non-linear system of figure 3.20

For small vibration amplitudes (see t/7,, > 6), Fr and & are in anti-phase. Note that
the radial forces are small in comparison to the tangential forces when the rotors oscillate
with small amplitudes. However, for larger vibration amplitudes (¢/7,, < 5), the working
range of the rotors reaches nearly £7/2, see figure 3.20, and the effect of the tangential
forces becomes smaller in comparison to the radial forces. The radial forces create two
local peaks in the force curve, see figure 3.21. Fortunately, the components of the radial
and the tangential forces in the z-direction have the same sign. Therefore, the radial forces
additionally damp the system. However, the damping effect due to the tangential forces
decreases with a larger working range of 6 as the sin-function of (3.43) reduces the effect
of the tangential forces.
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3.6 Design example: Switching between the continuous rota-
tion and the swinging mode

3.6.1 Excitation force

In this section, the SDOF oscillator is disturbed by a stochastic excitation force and the
TRD is tuned such that it operates in the continuous rotation mode for large vibrations
and in the swinging mode for small vibrations. Numerical simulations are performed
with the test setup presented in subsection 2.6.1. These simulations are then validated
experimentally.

The excitation force is created using the linear actuator of figure 2.30. The excitation
mass m, is increased from 2.0kg to 4.0kg, allowing for a stronger excitation. Due to the
increase of the excitation mass, the properties of the SDOF oscillator change and are now
as given in table 3.4.

Table 3.4: System properties of SDOF oscillator with excitation mass m, = 4.0kg

ms [kg] 36.6
wp, [(rad)/s] | 5.28
& [%] 0.272

To induce a stochastic excitation force, a band-limited white noise signal is created. It
is then led through a Butterworth band-pass filter of the order 20 with a lower edge
frequency of w; . = 2.28 (rad)/s and an upper edge frequency of w, . = 8.28 (rad)/s [44],
that is wy, £ 3 (rad)/s. As the linear actuator has a limited stroke, the lower frequencies
must be canceled out. In addition, inappropriately high frequencies are not applied as they
may damage the linear actuator.

Due to the filtering described in the previous paragraph, the excitation force in frequency
domain is symmetric about the natural circular frequency of the SDOF oscillator, see
table 3.4, producing the preliminary filtered excitation force fe(t). This signal is then
divided by m. = 4.0kg, yielding the target acceleration Jt(t), see figure 3.22. Integrating
once yields the target velocity dy(t) and twice the target position dy(t).

white noise _ [ band-pass

filter di

Figure 3.22: Generation of excitation force

Using an excitation power of 0.9 N? per Hz and a two-sided spectrum, d¢(t) remains within
the physical limits of +0.1m.

To track d¢(t), a method from the field of modern control theory, which is named mixed-
sensitivity design, is applied [55]. Hence, a controller is designed that is robust to model
inaccuracies and insensitive to measurement noise for the tracking of d;(t). The transfer
function Gga(s) from (2.204) is reconsidered. System identification was performed anew
as the dynamics of the linear actuator change due to the increased excitation mass m..
The modified transfer function with the control effort u,(¢) as input and the position d(t)
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as output is:
0.124

= .62
6.16 - 107352 + s (362)

GSQ (S)

With the state vector @,(t) = [d(t),d(t)]", a state-space representation of (3.62) is formed

xo(t) = Agxa(t) + Baug(t) d(t) = Comy () + dy(t) (3.63)
with
%:L@Bﬂ BFL&J C.=[1 0] D, =0 (3.64)

in which the units are dropped. dy(t) will be discussed later.

The mixed-sensitivity controller design in described roughly in the following; for more
details, see [55]. The chosen generalized plant of figure 3.23 has two inputs, d;(¢) and
uq(t). dpn(t) and dy(t) are introduced and discussed later.

dy
dn """"""""""""""""" 1
g ===mimmmmmmmm s e oo :
system + d v+ +
> of (3.63) [ iy o
Zs
WS(S) —— Zs
z
¢ Ll Wi (s) — 2
Uq

K(s) [————

Figure 3.23: Generalized plant for linear actuator

Considerations regarding the mixed-sensitivity design are done in frequency domain in the
following. Therefore, for the rest of this subsection, time dependencies are dropped. The
generalized plant has two fictitious outputs, z; and zi. The relation between the inputs
and the preliminary fictitious outputs, Z; and Zx, are given by

E Y i A, |0 B,
Lﬂzp[ﬂ P=|-C,|1 0 (3.65)
“ Ha 0o |0 1

with the preliminary generalized plant P. 0 refers to a zero matrix with the appropriate
dimensions.

Before Z; and Zj leave the generalized plant, each is fed through a filter Wy(s) and Wy (s),
see figure 3.23. The fictitious outputs zs and zj are given by

e e
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Before explaining the purpose of Wi(s), the sensitivity function S(s) is discussed. The
measurement noise d,, and the output disturbance d; are now additionally considered.
From figure 3.23, the following two equations can be derived

d = Gy(s)ug + dy (3.67)

ug = K(s) (d¢ —d — dy) (3.68)
Substituting (3.68) into (3.67) and solving for d yields

d = S(s)dg + S(s)Gs2(s)K(s) (dy — dy) (3.69)
where the sensitivity function is
S(s) = (Goals)K(5) + 1) (3.70)

From (3.69), it becomes evident that S(s) is the transfer function from dg to d. Therefore,
to reject the output disturbance dg, it is required that |S(s)| = 0. As can be seen in [55],
there are further interpretations of S(s). It is also the transfer function from d;, d,, and dg4
to the error (difference between d and d;) [55, 56]. To perfectly track dy, it is required that
|S(s)| = 0, whereas to suppress measurement noise, |S(s)| = 1 is required. Therefore, the
tracking and suppression of measurement noise are conflicting design objectives. A trade-
off is required. Therefore, [S(s)| = 0 is chosen for small frequencies to achieve output
disturbance rejection and adequate tracking. Furthermore, |S(s)| = 1 is chosen for large
frequencies in order to suppress measurement noise.

To limit the control effort u, and also make the controller act in a desired frequency range,
the so-called control sensitivity function, S(s)K (s), is also evaluated and limited. For more
information regarding the sensitivity and the control sensitivity function, see [55].

To shape S(s) such that it has high-pass behavior—|S(s)| = 0 at low frequencies and
|S(s)| = 1 at high frequencies , shaping filters are used [55]. Before explaining the
shaping filters, the H,, norm is briefly discussed. It computes the maximum singular
value, o(..), over frequency. The operator ||...||oc is used to denote this [55, 56]. Within
the mixed sensitivity synthesis, a controller K (s) is constructed such that the maximum
singular values in frequency domain are pushed down. Shaping Wi(s) as a high-pass filter,
using the constraint of (3.71) and applying a mixed sensitivity design (with the Robust
Control Toolbox in Matlab), the desired shape of S(s) is imposed. Wj(s) amplifies S(s)
at low frequencies, therefore Ws(s) is used to additionally punish S(s) at low frequencies.

[IWs(5)S(s)lloo <1 (3.71)

This implies (3.72). Note that 1/|Ws(jw)| gives an upper limit for S(s).

1
ISGw)| < s (3.72)
W (jw)|
A form for Ws(s) as shown in (3.73) was chosen.
1 1 1
Wi(s) (3.73)

- ﬁss/ws +1s/wge+1

The values for M, ws and wgs are to be chosen by the designer. The frequency wgs is
set to a very small value such that Wy(s) starts off at s = 0 with a negative slope of
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20dB/dec. This ensures that low frequencies in the sensitivity function are additionally
punished, resulting in an amplification of low frequencies of the controller.

Furthermore, it is wanted that (3.74) holds.
Wi () K (5)S(s)]|o0 <1 (3.74)

This allows to limit the control effort u,. Wy(s) is chosen as shown in (3.75)

1 s/wg, +1
Wi = 3.75
k(s) My, s/wip + 1 ( )
in which the constants My, wy, and wy, are to be chosen by the designer.
The transfer function matrix T,4,(s) from d; to the output z = [z, z;]T is given by
_ | Wi(s)S(s)
Tzdt (8) - [Wk(S)K(S)S(S) (376)

A controller K (s) is now searched for such that (3.77) holds.

[zl =< -

In MATLAB, algorithms generating a controller K (s) while minimizing ~ are available. If
~ < 1, the constraint of (3.77) holds. If not, the constraints set with (3.73) and (3.75) must
be relaxed. Otherwise, they can be tightened. With the tuning parameters of table 3.5,
which were set in an iterative process, adequate tracking results are achieved for the plant
of (3.62).

Table 3.5: Tuning parameters for mixed-sensitivity design

M | w; [(rad)/s] | wee [(rad)/s] | My | wy. [(rad)/s] | wy, [(rad)/s]
15-1071 | 1.0 [ 1.0-107% | 1000 | 42 | 6.0-10°

The inverse weighting filter functions 1/|W(s)| and 1/|Wy(s)| corresponding to the tuning
of table 3.5 are shown in figure 3.24 including the singular values of the corresponding
sensitivity function S;(s) and control sensitivity function Kj(s)S1(1).

As v < 1, the constraint of (3.77) holds. When applying the controller on the test setup,
the linear actuator starts a jerking motion as the controller is too aggressive. In MATLAB,
tools are available to generate a less aggressive controller. By setting the GMIN-value to
1.057, a second controller with o(S2(s)) and o(K2(s)Sa(s)) is calculated. With regard
to figure 3.24, note that o(S1(s) ~ S2(s)) and o(K1(s)S1(s)) ~ o(K2(s)S2(s)) for w <
100 (rad)/s. However, for w > 100 (rad)/s, the control sensitivity o(Ks(s)S2(s)) function
has a steeper negative slope, therefore the controller Ky(s) amplifies these frequencies less.

Using this controller and tracking d; leads to satisfying tracking results. Figure 3.25 shows
dy and d for a randomly chosen time sequence. It becomes evident that d; nearly coincides
with d.
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Figure 3.24: Singular values of sensitivity and control sensitivity function including chosen
constraints of designed controllers
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Figure 3.25: Target position d; and position d of linear actuator for a randomly chosen
time interval

The excitation force described at the beginning of this subsection was then applied to the
SDOF oscillator of table 3.4. This was done experimentally and numerically. The exper-
iment was conducted first. The TAP d; generated by the real-time system for the linear
actuator and the displacement x of the table were recorded. To eliminate inaccuracies in
the generation of the time course for d;, the previously recorded time course of d; is sub-
sequently used for the numerical simulations. The standard deviations of the uncontrolled
displacement responses were calculated. The standard deviation x4 of the displacement
of the numerical simulation was 0.0200m and 0.0207m for the experiment. The values
nearly coincide. This shows that the SDOF oscillator with the properties of table 3.4
describes the dynamical behavior sufficiently accurate. Such tests were performed several
times. The standard deviations did not vary considerably. Therefore, the time duration of
one hour is sufficiently long.
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3.6.2 Tuning of continuous rotation mode

Setting of ON/OFF thresholds

Numerical simulations are performed in the following to set the vibration-amplitude thresh-
olds for the excitation described in subsection 3.6.1. This excitation produces varying
vibration amplitudes between zero and 0.09m. According to the recommendation of sub-
section 3.3.6, the filter frequency is set as follows: wy/w, = 0.428. The variations of
the filtered TAV are measured with help of the std [c,(t)/wy], see (3.37). The vibration
amplitude A(t) and std [c,(t)/wy] are shown in figure 3.26.

1072

A(t) [m]

std [c, (t) /wn]

t/T,

Figure 3.26: Vibration amplitude A(t) and std[c,(t)/wy] for setting on/off vibration-
amplitude thresholds

Previously in this chapter, it was found that if std[c,(t)/wy,] is smaller than 0.1, the
variations of the filtered TAV are acceptable. From figure 3.26, it becomes evident that
when A(t) is larger than approximately 0.01 m, this threshold is held. To ensure that the
continuous rotation mode is not entered and left too frequently, the vibration-amplitude
thresholds are set as follows: Ay, = 0.015m and A,rr = 0.010m.

Simulations are performed to tune the continuous rotation mode as shown in the block
diagram of figure 3.27.

mer will be set in the following to 4.28 - 1072 kgm. Note the similarities of the values
for wy/w, and mer are coincidental. This mass-radius control product corresponds to
one active TRD unit with the mass-radius control product shown in table 2.5. This is
the largest mass-radius control product considered for this investigation. Note for smaller
mass-radius control products, the disturbing effect due to the tangential forces is reduced
when using identical control algorithms. Therefore, the same control algorithm derived in
the following can be used for all smaller mass-radius control products.
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Figure 3.27: Block diagram for tuning of continuous rotation mode

According to figure 3.27, the force of the TRD is only applied when it is operated in
the continuous rotation mode. This is done as in this step, only the continuous rotation
mode is tuned. The logical output Y of the block "TRD on/off?’ is set to one when A(t)
exceeds A,, and back to zero when A(t) falls below A,f; thus switching the control action
generated in the continuous rotation mode on and off. Note that Y is only zero or one and
its time dependency is not depicted.

Furthermore, it is assumed that the filtered TAP ¢, ¢(t) is perfectly tracked. This means
that the dynamics of the actuators have no influence: ¢(t) = ¢ £(t), () = ¢ f(t) and
G(t) = @Grp(t). ¢ r(t) is directly available from the filter of figure 3.5. ¢ () is obtained
by numerically taking the time derivative of ¢y ¢(t).

The continuous rotation mode was then tuned. The simulation results using the final
tuning parameters are shown in figure 3.28.

Subfigure A shows the uncontrolled and the controlled displacement response. If the damp-
ing effect of the TRD is not sufficient, a larger m.r must be chosen. However, from sub-
figure A, it is evident that the chosen m.r effectively damps the vibrations. By further
increasing m.r, the damping effect can be increased. Subfigure B and C show that the vari-
ations of the filtered TAV are within the desired limits. Simultaneously, the anti-phasing
between the control force of the TRD and the velocity of the SDOF oscillator is ensured.
If the variations of the filtered TAV would be too high. the filter frequency wy must be low-
ered or the formerly chosen vibration-amplitude thresholds must be increased. Subfigure D
shows the power demand of the TRD unit, which is computed as follows. Solving (2.14)
for M(t) and substituting ¢(t) and ¢(t) by ¢ ¢(t) and @y ¢(t) yields

M(t) = 0.5mer? @y ¢ (t) — 0.5meri(t) sin ¢y f (1) (3.78)

Multiplying this by two and with the filtered TAV ¢, f(t) gives the power demand of the
TRD unit
Pr(t) = 2M(t)¢rr () (3.79)

Multiplying (3.79) with Y gives the required power demand of one TRD unit in the contin-
uous rotation mode. As can be seen from figure 3.28/D, Y Pr(t) is nearly always smaller
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Figure 3.28: States for evaluation of continuous rotation mode
than zero. Hence, the TRD dissipates energy from the SDOF oscillator and the actua-

tors are required to brake. The power demand on the actuator in the continuous rotation
mode depends on several parameters tuned in this step. From figure 3.28, it becomes

evident that Y Pr(t) increases with the vibration amplitude A(t).

This is because with

larger A(t), the acceleration Z(t) increases, requiring larger braking power. Furthermore,
the angular accelerations guaranteeing the anti-phasing also influence M (t) and therefore
Pr(t). This term was bounded by limiting c,,/w, and, due to this, the power demand is
not considerably increased by the angular accelerations ¢y r.

To evaluate the power demand of one TRD unit in the continuous rotation mode, the
rms-value, see (2.96), of Y Pr(t) according to (3.80) is calculated

Prms ;rot = rms YPT

t=1h
/ Y Pr(t)|2dt = 0.052 W
t=

(3.80)
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in which Ty refers to the time duration the TRD operates in the continuous rotation mode.
Using Ty rather than the complete time duration of one hour is equivalent to consider the
power only in the time intervals the TRD operates in the continuous rotation mode.

For comparison purposes, the power demand, Py sw, required to operate the TRD in
the swinging mode will also be calculated later on. Py, s, Will be calculated in the same
manner as it is done with (3.80) for the continuous rotation mode. However, the power
demand will only be considered when ¥ = 0.

For the derivation of (3.78), the rotational inertia of the rotors is only composed of that of
a single lumped control mass. For practice, the rotational inertias of all parts of the TRD
set into rotational motion, i.e. transmission, rod, etc. must be considered. Furthermore,
in (3.78) friction is neglected.

The power demand on the actuators for the experiments of subsection 3.6.5 and 3.6.6 is
determined in the same manner as it was done for the experiments of subsection 2.6.6.

Tuning of controller for tracking filtered target angular position

In a next step, the controller for tracking the TAP ¢, f(t) for the test setup is tuned. The
open-loop velocity and closed-loop angular position control shown in figure 2.39 is used
again. The TAV is set to w, and ¢ f(t) is produced by the PLL filter. Using a controller
of the form as shown in the following equation

Kp

g(s) = ——
(S) swl_gl +1

(3.81)
with the proportional feedback gain Kp = 1V/(rad) and a pole with wp = 70 (rad)/s
yields adequate tracking results for the actuators identified in subsection 2.6.3. With
adequate is meant that the control error is negligibly small when the TRD is operated in
the continuous rotation mode. The control effort u, .(¢) for the continuous rotation mode
is then given by

Uq,c(t) = %wn + C(s)ce(t) (3.82)

with the corresponding b of table 2.6. As in section 2.6, each rotor is controlled individually.

3.6.3 Tuning of controller for swinging mode

For the tuning of the swinging mode, the dynamical behavior of the actuators must be
determined. Their dynamical behavior is described by the transfer function of (2.146)
with the coefficients of table 2.6. Rearranging (2.146) and substituting ¢(t) by 0(t), see
subsection 3.5.1, the following equation is derived:

0(t) = _95&) + Sua(t) + wp(t) (3.83)
in which wu,(t) is the control effort and wy(t) denotes disturbance due to accelerations of
the SDOF oscillator. Time dependencies will no longer be indicated in this subsection.
Reconsidering (3.43) and the discussion done in subsection 3.5.2—the radial forces are
small in comparison to the tangential forces—and using the small-angle approximation
of (3.53), (3.43) simplifies to:

i

&= —2fwnT — wia: + per + F, (3.84)
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Inserting (3.83) into (3.84) yields
. o, 6 b
T = —28wnd — wWihT + ler - + s +wy | + F. (3.85)

Introducing the state vector of (3.48), the equations of (3.83) and (3.85) can be written in
a state space representation
zZ=Az+ Bu,+w (3.86)

in which the vector w = [0, F.., 0, .mwy]T describes the process noise (disturbances) with
A and B:

0 1 0 0 [0
—w? 26w, 0 — Hel ,uc'ré
A= o o B=| @ (3.87)
0 0o o0 - b
a L a J

The controllability matrix of (3.86) with the matrices of (3.87) has, as before, full rank;
thus, the system is controllable. Furthermore and as before, the system is under-actuated.
The output equation is given by

T 1 0 0 O
[0}—[0 01 O}z—kn%g (3.88)

in which n, ¢ represents the measurement noise vector in x and 6.

In section 3.5, a LQR regulator was designed. Such a regulator assumes that all states of
z are available. For the test setup, only x and 6 are available for feedback. The linear-
quadratic Gaussian (LQG) regulator design approach generating the controller C(s), see
figure 3.29, is suitable for such a control problem |33, 55|. In contrast to the LQR, the
LQG regulator design approach additionally constructs an observer to estimate the non-
measured states, see [33, 55].

Ngo
L} system of =+
(3.86) to (3.88) [ %
Uq
[, 6]"

C(s)

Figure 3.29: Linear quadratic Gaussian regulator

The LQG regulator constructs a controller C(s) such that the cost function J. of (3.89) is
minimized.

oo
Jo = /0 (2" ua] Q [za] dt with Q = diag [¢z 93+ 90, 9> 9] (3.89)
In (3.89), Q is the diagonal weighting matrix punishing the states of z and the control
effort u,. With the weighting matrix @, the individual states of z are punished. If, for
instance, the working range of 8 becomes too large (the rotors oscillate by more than +7/2
about their zero position), the designer can increase the penalty on ¢,. This results in a
more restricted working range of 6 and a lower damping action. The entries of @ are to
be set by the designer. The 1gg-command in MATLAB has three inputs:
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1. The system defined in (3.86) to (3.88),
2. the matrix @ and

3. a matrix @, estimating the measurement noise n,g and the disturbance w. It is
assumed that Q,,, = diag [1072,1072,1072,1072,1072,107%].

Multiple LQG regulators were designed for the excitation force of subsection 3.6.1 in an
iterative process for multiple m.r. The simulation time is, as before, one hour. "Tuning 1’
is considered first and refers to a tuning of @ in which the required power demand in
the swinging mode P55 1S equal to the one in the continuous rotation mode Py rot,
see (3.80) and the corresponding comments above and below. Note that in table 3.6, Y = 0
refers to the operation of the TRD in the swinging mode. For the ease of tuning, only the
states g, g9 and g, were punished.

Table 3.6: Weighting matrix @ for LQG regulator design (units are dropped)

G qj: ‘ q ‘ Power demand is considered when

H QQ qu,
Tuning 1 || 10,000 | 0 | 0.1 | 0 | varied =0
Tuning 2 || 10,000 | 0 | 0.1 | 0 | varied Y =0 and A>0.0lm

In the continuous rotation mode, the power demand does, contrary to in the swinging mode,
not vary considerably for m.r = 0.0428 kgm, see figure 3.28. In the swinging mode, the
variation of the power demand increases with the vibration amplitude. This is due to the
fact that the working range of the rotors becomes wider with larger vibration amplitude,
resulting in larger angular accelerations. Because of this, a second tuning scenario for @,
tuning 2’ is investigated. 'Tuning 2’ considers the power demand in the swinging mode
(Y = 0) only when A > 0.01m, see table 3.6. The reason for the two tunings will be
further discussed in subsection 3.6.6.

Controllers Cy(s) for the swinging mode for both tunings and various me.r are then gen-
erated. Cs(s) can be represented by a 1-by-2 transfer matrix. The control effort for the
swinging mode is then as given by

T
Uq,s = Cs(s) [9] (3.90)
As for the continuous rotation mode, each rotor is controlled individually.

3.6.4 Switching between both modes of operation

Initially, the control algorithm operates in the swinging mode (Y = 0). The continuous
rotation mode is activated if the following constraints are fulfilled:

A(t) > Aon and @1, 7(t) passes p(t) (3.91)
The TRD switches back to the swinging mode if
1
A(t) < Aors and ©(t) passes 37 0(t) =0) (3.92)

The second constraints of (3.91) and (3.92), respectively, ensure that jerking motion is
avoided when switching. When Y switches from zero to one or vice versa, one mode of
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operation is required to be ramped down and the other one is required to be ramped
up. To ensure a smooth ramp-up/down process between the individual and continuously
calculated control efforts u,,. and u, s, the following switching algorithm is implemented
when Y changes:

e The control effort of the mode of operation to be ramped down is calculated as
follows. When Y switches, the control effort fed to the corresponding actuator is
stored and the time variable tg, is set to zero. From this instant on, the stored
control effort is weighted with

W (tsw) = astd, + agth, + astd, + ast?, + artsw + ag (3.93)

The coefficients as, ..., ag can be calculated by inserting the boundary conditions
Wey(tsw =0) =1 Wey (tsw = 0) =0 Wey(tsw = 0) =0 (3.94)
W (tsw = Tsw) = 0 Wy (tsw = Tow) = 0 Wsw(tsw = Tow) =0 (3.95)

in which T, denotes the switching time, into (3.93). With the chosen boundary
conditions, a smooth ramp-up/down transition is guaranteed. Solving the system of
equations yields as, ..., ag. Once tg, > Ty, the weight function wy,, is set to zero.
Setting the switching time to 0.257,, often results in an adequately fast transition.

e The control effort of the mode of operation to be ramped up is weighted with zero
until a switch is required. For 0 < tg, < Ty, it is weighted with 1 — wgy, (tsw) up to
tow = T For tg, > Tgy, the control effort to be ramped up is weighted with one
until the next switch is required.

Switching between both modes of operations as described above leads to a smooth motion of
the rotors, even during switching. The energy consumption and the power demand during
switching can be further improved by developing switching trajectories similar to the ramp
up/down trajectories of subsection 2.5.2. However, the design of such switching trajectories
is more complex than the design of the ramp-up/down trajectories of subsection 2.5.2.
This is because the initial conditions, which were constant for the ramp-up process of
subsection 2.5.2, are no longer constant, see e.g. (2.107); instead, as the swinging mode
is used before switching into the continuous rotation mode, the initial conditions for each
switching trajectory would vary. This requires adaptive trajectories which take varying
initial conditions into account. This issue is not further studied in this work and is part of
future work.

As discussed in subsection 3.6.3, the swinging mode will be tuned such that it requires the
same power demand as in the continuous rotation mode. For the evaluation of the power
demands, the switching time intervals are not taken into account. This is justified by the
assumption that the actuators driving the rotors can be overloaded for short periods of
time.

3.6.5 Free vibration tests

Controlled free vibration tests were performed with the tuning parameters shown in ta-
ble 3.7 using 'tuning 1’ with ¢, = 0.29 and ’tuning 2’ with ¢, = 0.63. The results for the
free vibration tests are shown in figure 3.30.
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Table 3.7: Tuning for numerical and experimental validation

Aon [m] | Aogg[m] | Tow [8] | Kp[V/(rad)] | wp[(rad)/s] | wy/wn
0.015 | 0.010 | 0.3 1 \ 70 | 0.428

The table is excited by hand until the continuous rotation mode is turned on and a displace-
ment amplitude of approximately 0.02m is reached, see subfigure A. The TRD remains
in the continuous rotation mode until ¢ = 4.15s at which the switching process is ini-
tiated. From ¢t = 4.45s, the TRD operates in the swinging mode. It becomes evident
that the decay of the displacement amplitudes is much smaller when the TRD is operated
in the swinging mode. Furthermore, in the continuous rotation mode, the displacement
amplitudes decay approximately linearly, whereas exponentially in the swinging mode.
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Figure 3.30: Free vibration test

The power curve is obtained as discussed in subsection 2.6.6. Before switching, the power
curve is nearly always smaller than zero. During switching, a negative peak in the power
curve occurs. This is because the actuators are required to brake the rotors. After switching
into the swinging mode, positive as well as negative powers are required for accelerating
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and decelerating the rotors about the position ¢ = 7/2, see subfigure C.

Comparing ’tuning 1’ and ’tuning 2’, it can be seen that the power demand in the swinging
mode for ’tuning 2’ is slightly lower at the expense of a lower decay of the displacement
amplitudes. Calculating the equivalent damping ratio as in subsection 2.6.1 for the time
interval from ¢t = 4.7s to t = 13.0s yields an equivalent damping ratio of 3.77% for
‘tuning 17 and of 2.91 % for 'tuning 2’. This corresponds to an increase of the equivalent
damping ratio by a factor of approximately 13.9 for ’tuning 1’ and 10.7 for ’tuning 2’, see
table 3.4.

3.6.6 Stochastically forced vibrations

The table is now disturbed by the stochastic excitation force of subsection 3.6.1 and the
action of the TRD. This is done numerically and experimentally for various mass-radius
control products for 'tuning 1’ and ’tuning 2’, see table 3.7. To reach the same power
demand for both modes of operation for ’tuning 1’ and ’tuning 2’, ¢, is set as shown in
table 3.8.

Table 3.8: Evaluation of power demand and vibrations amplitude of numerical simulations
and experiments

numerical simulations experiments
mer tuning ¢y Prms,rot Prms,sw Tstd Prms,'rot Prms,sw Tstd
[kgm| (W] (W] [m] (W] (W] [m]
0.0498 1 0.29 | 0.056 0.056 | 0.0060 | 0.058 0.054 | 0.0058
2 0.63 0.058 0.058 0.0064 0.062 0.060 0.0063
0.0310 1 0.40 | 0.042 0.042 | 0.0068 | 0.047 0.046 | 0.0072
2 0.74 0.043 0.043 0.0072 0.047 0.045 0.0075
0.0214 1 0.48 | 0.032 0.032 | 0.0080 | 0.033 0.031 | 0.0078
2 0.73 0.032 0.032 0.0082 0.034 0.033 0.0080
0.0155 1 0.47 | 0.025 0.025 | 0.0091 0.026 0.026 | 0.0097
2 0.74 0.032 0.032 0.0082 0.026 0.025 0.0099

uncontrolled: xgq = 0.0207m (experiment)

Several states are shown in figure 3.31 for ’tuning 1°.
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Figure 3.31: Several states of a test using ’tuning 1’ and m.r = 0.0428kgm in a chosen
time sequence

From subfigure A, it can be seen that A(t) exceeds the threshold A, at t ~ 8.5s, however,
switching is not started before ¢ ~ 8.9s; this is due to the second constraint of (3.91).
Afterwards, the TRD operates in the continuous rotation mode until ¢ = 15.0s. This
can be seen from subfigure D. Furthermore, from subfigure C, it becomes evident that
the control error for the first rotor is nearly zero in the continuous rotation mode, to be
more precise, the absolute deviation from zero does not exceed 5.0 - 1073 (rad) in the time
interval from 10.0s to 15.0s.
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Comparing the power demands in subfigure B, it seems apparent that the power demand
in the swinging mode is larger than in the continuous rotation mode. However, for the
complete evaluation duration of one hour, both power demands are approximately equal
as required. It must be taken into consideration that in figure 3.31, only 25s of the entire
duration of one hour are shown. Time intervals such as the one from ¢t = 0s tot = 2.0s in
subfigure B dominate the evaluation of the power demand P,,s s, in the swinging mode.
To avoid this, numerical and experimental tests were also performed with ’tuning 2" which
also ensures that the power demand in both modes of operation are approximately equal;
however, the power in the swinging mode is only considered when A > 0.01 m, see table 3.6.

The evaluation of the numerical simulations and the experiments with a duration of one
hour is shown in table 3.8.

Comparing the numerical simulations with the experiments, it becomes evident that the
computed values for the power demands as well as for the standard deviations of the con-
trolled displacement responses are in accordance. The most relevant relations are discussed
in the following using the data of the experiments.

The larger the mass-radius control product m.r, the greater the damping performance,
in other words, the higher the reductions of the standard deviations of the displacement
response. However, with the largest m.r and 'tuning 1’, the TRD operates for the majority
of the time in the swinging mode, to be more precise, it operates only 183s of the 3600s
in the continuous rotation mode and 3351 s in the swinging mode. This is because for this
case, when the TRD is operated in the swinging mode, it is tuned relatively aggressive (the
penalty on ¢, is lowest). This aggressive controller in combination with the large mass-
radius control product m.r leads to the fact that the vibration amplitude A(t) only rarely
exceeds A,,. For this case, the standard deviation of the displacement is reduced from
0.0207m to 0.0058 m. This corresponds to a reduction of 72 % ((0.0207 — 0.0058),/0.0207)
and is reached with a mean power demand of 0.056 W (0.5P,s rot + 0.5Prms sw)-

Now considering m.r = 0.0155kgm and ’tuning 1’, the TRD operates 1368s in the con-
tinuous rotation mode and 2112s in the swinging mode. The standard deviation of the
displacement is reduced from 0.0207m to 0.0097 m. This corresponds to a reduction of
53 %. However, it is reached with a power demand of 0.026 W; 54 % lower than the case
considered in the previous paragraph.

The higher the mass-radius control product, the larger the damping performance. However,
the higher the mass-radius control product is chosen, the larger the power demand on the
actuators.
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4

Oscillator with two degrees of freedom

4.1 Introduction

In chapter 2 and 3, the twin rotor damper was studied for an oscillator with a single trans-
lational degree of freedom. As described in section 2.1, in a preferred mode of operation, a
harmonic control force working in a single direction can be created. The device presented
in this chapter has a similar layout as the TRD. However, the control masses rotate about
a single axis. Furthermore, the operational constraints will differ, to be more precise, small
variations in the angular velocity of the rotors are allowed and wanted. This enables the
control force to change direction in a plane. The idea for this modified version of the TRD
(adapted TRD) arose while analyzing the horizontal motion of wind turbines and high-rise
buildings [57, 58]. Such cantilever structures mainly vibrate in the first mode of vibration
in two horizontal directions and their motion can be approximated by an oscillator with
two translational degrees of freedom, which is introduced in section 4.3. Results of this
chapter are also published in [59].

In this chapter, a control algorithm is derived for the operation of the adapted TRD in the
continuous rotation mode. Subsequently, one control algorithm is tested experimentally
for free vibrations and numerically for stochastically forced vibrations. Finally, the power
demand of the adapted TRD is compared with the power demand of a conventional active
mass damper.

4.2 Adapted twin rotor damper

As indicated in figure 4.1, the adapted TRD consists of two eccentrically rotating control
masses, 0.5m., each hinged by a mass-less rod with a length r to a single axis. Each rotor
(control mass with mass-less rod) can move independently from the other and their motion
is defined by the individual angular positions, 1 (¢) and 2(t). These two angular positions
are measured from the positive Y-axis, see figure 4.1. In a preferred mode of operation,
both rotors turn in opposite directions with a constant angular velocity ¢. As a result,
each control mass creates a radial force given by (4.1).

Mme .9

fr = 5Ty

> (4.1)

As shown in (4.2) and (4.3), the radial forces can be decomposed in X- and Y-direction.

mC . . .
frx(t) = 77"@2 [— sin 1 (t) + sin pa(t)] (4.2)
me .9
Fry(t) = —-r@™ [cos a(t) + cos pa(t)] (4.3)
The direction, ¢p, of the resultant force is given by:
t) — t
= 0= alt o

147
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Figure 4.1: Adapted twin rotor damper for generating a directed control force [59]

Henceforth, this resultant force will be referred to as the control force. The direction of
the control force is defined by the angle ¢p, which is measured counterclockwise from the
positive Y-axis, see figure 4.1. Note that due to the equal and constant angular velocities
of the rotors, ¢p is constant and a harmonic control force in D-direction is created.

By allowing small variations in the angular velocities of the rotors, the direction of the
harmonic control force can be varied during operation. Consequently, ¢ becomes ¢p(t).
¢ must then be replaced by ¢1(¢) in (4.2) and by ¢o(¢) in (4.3). Furthermore, tangential
forces are additionally created. These tangential forces act perpendicular to the radial
forces and are not denoted in figure 4.1. They are given by

m

Frx (1) = 577 [P1(8) cos pr(f) — $a(t) cos pa(t)] (4.5)
fry (t) = %r [P1(8) sinpa (t) + Pa(t) sinpa(t)] (4.6)

in which the indices ¢, X and ¢,Y indicate the tangential forces in X- and Y-direction. In
the preferred mode of operation, the tangential forces are to be kept small in comparison
to the radial forces.

If the angular accelerations of the rotors differ (¢1(t) # $2(t)), moments are additionally
generated. As the corresponding rotational degree of freedom is neglected, the presented
control algorithm for the device is confined to systems without rotational vibrations. If
the damping device is used for systems with rotational vibrations, the moments induced
by the angular accelerations of the rotors must be considered.

4.3 Two degree of freedom oscillator

An oscillator with two translational degrees of freedom is considered, see figure 4.2. The
rotational degree of freedom of this TDOF oscillator is neglected.



4.3. TWO DEGREE OF FREEDOM OSCILLATOR 149

ky
NN
m -+ Me
(1) /
Cx
-

Figure 4.2: Oscillator with two translational degrees of freedom [59]

The free vibration of the two degree of freedom (TDOF) oscillator in X — and Y —direction
is described by

(m 4+ me) &(t) + cp@(t) + kzx(t) =0 (m+me) §(t) + cyy(t) + kyy(t) =0 (4.7)

where m + m, is the total mass of the oscillator, ¢ is the damping coefficient and k is the
stiffness. The indices of ¢ and k in (4.7) indicate the degree of freedom. As before, the
forces on the left-hand side of (4.7) will be referred to as system forces. The differential
equations of (4.7) are linear and decoupled. However, if the damping device of section 4.2
with the radial and the tangential forces of (4.2), (4.3), (4.5) and (4.6) is applied, it will
affect the motion in both directions and therefore couple these equations through ¢1(t)
and 2(t) and their time derivatives.

The damped natural frequencies are given in (4.8).

Wd,x = Wn,zV/ 1— 5325 Wd,y = Wn,y1/ 1- 55 (4'8)

where wy, , and wy, , are the natural (circular) frequencies, see (4.9), and &, and &, are the
damping ratios given in (4.10) [25].

ky /-cy
=\ / 4.
W,z m + me Wy m + me ( 9)

gw = Co gy =

In the following, it is assumed that the natural frequencies in X — and Y —direction coincide,
see (4.11). It follows that k, = ky.

Cy
2(m+me)wpy

4.10
2(m+me)wp g ( )

Wp = Wng = Wny (4.11)

By doing this, the control-loop developed hereinafter is confined to such systems. Further-
more, the following derivations are made under the assumption that inherent damping is
not present, see (4.12).

Co=& =0 (4.12)
The presence of inherent damping only makes the derivations more complex without pro-
ducing additional insight.
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4.4 Free vibration

4.4.1 Vibration phases of TDOF oscillator

To study the motion path of the TDOF oscillator, it is illustrative to consider the vibration
phase and the vibration amplitude in both directions, see figure 4.3.

z,y
A
4, ]
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% : : y
AY AN | r
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| | " Wy wy
I LR |
T /wn 1

Figure 4.3: Vibration phases and vibration amplitudes of both directions

The vibration amplitudes, A, (t) and A,(t), and the vibration phases, 1, (t) and 1, (t), are
given by

a=feor s O = foers [1O] g
Yo (t) = atan2 [x(t), ‘ifi)] by (t) = atan2 [y(t), lﬁ)] (4.14)

The phase difference, At (t), is given by

AP(t) = y(t) — a(t) (4.15)

Considering a free vibration, the vectors A, and A, of figure 4.3 rotate counterclockwise
with a constant length and an angular velocity w,. Consequently, for free vibrations, the
phase difference At is constant.

Figure 4.4 shows various motion paths of the TDOF oscillator for different initial condi-
tions, see (4.16).

wt=0)=w0  yt=0)=yo  #t=00=dy  §t=00=g  (416)
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Figure 4.4: Free vibration motion paths of TDOF oscillator for particular initial conditions

As free vibrations without damping are considered and the natural frequencies in both
directions coincide, the initial conditions of (4.16) determine the phase difference Av. In
figure 4.4, the circled numbers indicate the progress within one vibration cycle, where (),
@), @ and @ stand for t = nT, t = 0.25T + nT, t = 0.57 + nT and ¢t = 0.75T + nT,

respectively, in which n is an integer number.

If Ay =0, see figure 4.4/A, the vibrations in X- and Y-direction are in phase. Therefore,
the displacement and velocity peaks coincide (occur simultaneously). The TDOF oscillator
moves along a line through the origin and the second and fourth quadrants. If Ay = m,
see figure 4.4/C, this line goes through the origin and the second and fourth quadrant.
If Ay = 0.57, see figure 4.4/B, the motion path forms an ellipse moving in clockwise
direction. The TDOF oscillator moves clockwise for 0 < Ay < 7. In contrast to this, it
moves counterclockwise for 7 < Aty < 27 as shown in figure 4.4/D.

From figure 4.4, it becomes evident that the TDOF oscillator forms an elliptical motion
path. Furthermore, no relation between the phase difference Aty and the major axis
(introduced and defined in subsection 4.4.2) has been found. This becomes apparent by
considering figure 4.4/A and assuming different values for o and yo. The larger z¢ /vy, the
more the motion line converges to the X-axis and vice versa. When considering different
ratios for xg/yo, the direction of the major axis changes, but A remains constant.
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4.4.2 Major axis of ellipse

If the TDOF oscillator of figure 4.2 performs free vibrations, the motion path of the point,
O (TDOF oscillator), forms an ellipse in the X — Y plane, see figure 4.5.

Y

major axis A

Figure 4.5: Major axis and its direction [59]

The largest distance between two antipodal points of an ellipse defines the so-called ma-
jor axis, see figure 4.5 [60]. The direction of the major axis (DOMA) is defined by the
angle, J(t), which is constant when considering free vibrations. Two methods to compute
the DOMA are proposed in this work; one in this subsection, another one at the end of
subsection 4.6.2.

The amplitude, A,,(t), is defined as the vector connecting the origin with the point O, see
figure 4.5 and (4.17).
A (t) = Va(t)? +y(t)? (4.17)

The DOMA can be calculated by determining the maximum of A,,(¢). Assuming the
free vibrations of (4.7), the displacement responses are as given in (4.18) with the initial
conditions of (4.16) [1, 25].

x(t) = zo cos (wnt) + 20 sin (wnt) y(t) = yo cos (wnt) + LU (wnt) (4.18)
wn wn

Inserting (4.18) into (4.17) and forming the derivative with respect to time yields (4.19)

o . /0 .
20Cu, + 25 | [=T0Wn S + T0Cuwn] + |Y0Cwn + 2 Sur, | [—Y0WnSun + 0]
dA,, Wn Wn,

dt i 2 i 2
|:(E()Cwn + _Oswn:| + |:yocwn + _Oswn:|
Wn Wn

using the substitutions of (4.20).

(4.19)

Swy, (t) = sin (wyt) Coop, (1) = cos (wpt) (4.20)

Equating (4.19) to zero and solving for ¢ yields the times ¢; and ¢ at which A,,(¢) is max-
imum or minimum. These times ¢;/, are shown in (4.21) with the substitutions of (4.22)
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and (4.23).
bs = 1 n —w2ak + i3 — wiyd + yg.i V/E2 +'E4 +E52-E2+ 5 (4.21)
W 2 (wpxodo + wnYoYo)
23 = w2yl + 2 2y = wlad + ik 5 = V2wlzoyo + V22050 (4.22)
E6 = V2wy (zog0 + Yoo) Er = 8wizoyododo (4.23)

The solutions for ¢; and t, repeat in m/w,,, see (4.21); in other words, each type of extrema
occurs twice per vibration period. To check whether ¢ or o corresponds to the maximum
or minimum, both time values are inserted into (4.18) and subsequently into (4.17). This
gives Ay, (t1) and Ay, (t2). If Ay (t1) > An(ta), t1 corresponds to the major axis and ¢y to
the minor axis; otherwise, vice versa. The DOMA can then be computed as given in (4.24).

) .
xg cos (wpt1) + 29 gin (wnt1)

—atan “n for Ap(t1) > An(t2)
Yo cos (wpty) + i/;_o sin (wpt1)
Jn,
U= 2 cos (wnta) + 70 sin (wnt2) (4.24)
—atan “n for Ap(t1) < An(t2)
Yo cos (wpta) + i/;_o sin (wpt2)
n
| undefined for A (ty) = An(t2)

If A, (t1) = A (ta), the TDOF oscillator performs circular motion, the DOMA is undefined
and A,,(t) is constant. This issue is discussed further in the following.

4.5 Target angular positions using an energy approach

4.5.1 Open-loop configuration

In subsection 2.3.6, two assumptions used in section 2.3 were emphasized. First, small
inherent damping can be neglected. Second, by assuming a free vibration response of a
SDOF oscillator and minimizing the work that the control force would perform on the
motion of the SDOF oscillator, adequate results for the target angular position (TAP) are
derived. The same assumptions are used in this subsection for the derivation of the TAPs
for the vibration control of the TDOF oscillator.

A continuous rotor motion of the rotors is assumed

©1(t) = wnt + o1 pa(t) = wnt + @02 (4.25)

in which ¢g 1 and g2 refer to the initial angular positions of the rotors. Note that the
angular velocity of the rotors was set to the natural (circular) frequency of the TDOF
oscillator. Assuming additionally a free vibration response of the TDOF oscillator, its
velocity response can be derived by taking the time derivative of (4.18):

z(t) = —xowy sin (wyt) + &g cos (wpt) Y(t) = —yown sin (wnt) + Yo cos (wpt)  (4.26)

The power of the control force in each direction is derived by multiplying the radial force
components of (4.2) and (4.3) with the corresponding velocities of (4.26)

Py(t) = frx (t)2(t) Py(t) = fry ()(t) (4.27)
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Note that the tangential forces vanish as the angular velocities of the rotors are assumed as
constant. Integrating (4.27) from ¢ = 0 to ¢t = 27l /w,, yields the work done by the control
force in each direction for [ vibration periods, see (4.28) and (4.29).

2w
wn . 1 Lo .
We = frx(t)(t)dt = §mcrlwn7r [0 (sin @p 2 — sing,1) + Town(€os po,1 — €oSs Yo 2)]
0
(4.28)
s 1
Wey = fry Q)y(t)dt = gMerlwnT [0 (cos po,1 + o8 po,2) + Yown (sin o1 + sin @o 2)]
0
(4.29)
The total work done by the control force is given by the sum:
We=Wep+We,y (4.30)

(4.30) is now seen as a function of the initial angular positions ¢ 1 and ¢g 2. The extrema
of (4.30) are identified by setting the partial derivatives with respect to ¢g 1 and ¢g 2 equal
to zero, see the following equations:

ow, 1 . ) .
r € = §mcrlwn7r (=g cos o1 — Town, SiN Yo 1 — Yo sin o1 + Yown cos o1) =0 (4.31)
0,1
oW, 1 . . ..
9002 = imcrlwnw (&0 cos o2 + Town, sin o2 — Yo sin g 2 + Yown cos o 2) =0 (4.32)

Solving these equations for ¢g 1 and g2 gives:

Wn — & Wy, + T
w01 = atan 20n — 70 Y02 = atan 20n T 70 (4.33)
Yo + Town Yo — ToWwn

To identify the type of extremum, it is required to calculate the second partial derivative
of W, with respect to ¢g 1 and g 2:
PW. 1

0,2 = imcrlwnﬂ (&0 sin o1 — Towy, COS Y01 — Yo COS Po,1 — Yown SN @ 1) (4.34)
0,1

2
(’834,0%[/26 = %mcrlwnﬂ (—o sin o2 + Towp €OS Yo 2 — Yo COS Po2 — Yown Singp2)  (4.35)

By inserting the solutions of (4.33) into the respective second derivatives of (4.34) and (4.35),
it can be determined if the extremum is a minimum or maximum. If the second derivative
is smaller than zero, the extremum is a maximum. Note that the solutions for ¢g; and
wo2 of (4.33) repeat in m. Therefore, to assure that both rotors start with the (optimal)
initial angular position corresponding to damping (the work done by the control force is
minimal), 7 needs to be added if the respective second partial derivative is smaller than
zero. Hence, the optimal initial angular positions @ 1,0pt and g2 ope are as follows:

2W, 02w,

$0,1 for < > 0 $0,2 for < > 0
©0,1,0pt = ’ o¢0. ©0,2,0pt = ’ 0¢02 (4.36)
31,0, - 34,0, - -
v o1 +m for g Ve <0 v o2 +m for g Ve <0
0,1 0,2

Applying the radial forces of (4.2) and (4.3) to the free vibrations of the TDOF oscillator,
the equations of motion can be formed

. 1 . .
F(t) + wpa(t) = 5 perwy [sin (wnt + 0,2,0pt) — i (Wnt + @0,1,0pt)] (4.37)
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. 1
(8) + w2y () = Sere? (005 (Wt + Po0p) + 005 (wnt + poiop)]  (439)

with pe of (2.12). The optimal initial angular positions according to (4.36) are utilized
for the open-loop configuration. Solving these equations of motion for the displacement
responses of the TDOF oscillator yields the displacement responses, see (4.39) and (4.40).

To . Ty
x(t) = w_o sin (wpt) + g cos (wnt) + MZ { sin (wnt) (cos ©o,2,0pt — €OS 0,1,0pt) + ---
n
wpt[cos (wnt + ©o,1,0pt) — ---

cos (wnt + ©0,2,0pt)] } (4.39)

o . r . ) )
y(t) = z— sin (wpt) + yo cos (wpt) + —MZ { — sin (wpt) (sin @o,2,0pt + SIN Q0 1,0pt) + .-
n

wnt [Sln (wnt + (,0072,opt) + Sin (Wnt + @Oy]_}opt):l}
(4.40)

Figure 4.6 shows a trajectory of the TDOF oscillator, see (4.39) and (4.40).

1 [ .
starting point
energy minimum

0.5} i
=)
-

= Y |
=

—0.5 -

—— positive active damping
1l --- negative active damping |
| | | | |

~1 —0.5 0 0.5 1
(t) /g

Figure 4.6: Open-loop trajectory of the TDOF oscillator with p.r/xq = 0.06, yo = 0.5z,
¥o = 0.5xowy, and t¢ = 0.1zow, [61]

All initial states are normalized with respect to the initial displacement xg. The unit-
less ratio per/xo determines the decay rate. The higher this ratio, the larger the decay
becomes. The arrows depict the direction in which the TDOF oscillator is moving. The
solid line shows the TDOF oscillator being effectively damped (positive active damping).
Note that the direction of the control force does not change in time. It acts in the direction
of the major axis corresponding to the time-point £ = 0. Therefore, it damps the motion
along the major axis from ¢ = 0 until approximately ¢t = 47,,, the time-point at which the
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motion becomes circular. The motion is then further damped until approximately ¢ = 67,,
where an energy minimum is reached. After this time-point, the motion is re-excited.

From figure 4.6, it becomes evident that when using the optimal initial angular positions,
the control force acts, as desired, along the major axis from ¢ = 0 until the motion becomes
circular. It is evident from figure 4.6 that the open-loop configuration succeeds to identify
the initial major axis and damps this motion. However, after reaching a circular motion
path, the control force proceeds to act along the initial direction of the major axis.

4.5.2 Closed-loop configuration

A closed-loop control algorithm is now derived. To continuously compute the TAPs for the
rotors, the initial states of (4.33) and (4.36) are replaced by continuous states, see (4.41)
and (4.42).

y(H)wn — (1)

t) = atan t atan 4.41
pra(t) = atan 2p 2~ 20 Pl =t e, Y
Pt for gilg/c >0 vi2 for ?92/2‘/6 >0
_ i1 — t,2 4.42
©t,1,0pt ot +x for gzg/c <0 $t,2,0pt oua +x for ,321/21/C <0 ( )
2 Pt,2

Note that in (4.42), the time dependencies of the TAPs ¢y 1, ©r2, ©11,0pt and @12 opt and
of the energy derivatives are not indicated. Within the closed-loop configuration, all these
signals are continuously updated. ;1 opt and g 2 op¢ are then fed to a closed-loop angular
position control, ensuring that these TAPs are tracked.

Numerical simulations were performed using the closed-loop configuration. They are pre-
sented in [61] and summarized in the following. When tracking the TAPs of (4.42), the
adapted TRD operates as long in the continuous rotation mode as the TDOF oscillator
performs an elliptical motion. In this case, the control force acts along the major axis and
the velocity component of the TDOF oscillator along the major axis is in anti-phase to
the control force. Once the motion of the TDOF oscillator becomes circular, the TAPs
of (4.42) become discontinuous; in other words, the shape of the TAP strongly deviates
from the desired saw-tooth like shape. As a result, the rotors stop rotating with a constant
angular velocity and the tangential forces become large in comparison to the radial forces.
Therefore, the control algorithm of [61] fails when the motion of the TDOF oscillator be-
comes circular. To cope with this issue, the DOMA can be fed through a low-pass filter.
An enhanced damping strategy ensuring this is presented in section 4.6.

The damping strategy presented in this section is applicable when the TDOF oscillator
vibrates along a line through the origin, to be more precise, when the phase difference A
equals zero or 7, see figure 4.4.

4.6 Enhanced damping strategy

4.6.1 Damping strategy

In the preferred mode of operation, maximum damping action is achieved if the harmonic
control force counteracts the velocity along the major axis. To reach this goal, the control
algorithm has to ensure that firstly the direction of the harmonic control force coincides
with the major axis of the ellipse and secondly the harmonic control force is in anti-phase
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to the velocity along the major axis. The control algorithm presented in the following was
presented in [59].

4.6.2 Direction of major axis

Considering a TDOF oscillator under a stochastic excitation force or the forces of the
damping device, the DOMA can change in time. The approximated time it takes A,,(t)
to reach the next extrema, see figure 4.5, can be computed continuously by replacing the
initial states of (4.21) by continuous states, see (4.43) to (4.45), in which the index a refers
to signals which are continuously updated.

2.2 | 22 2 =2 -
- xa—i_xa_wnya—i_yai\/*—‘ 3+ 4+“‘a5 a,6+‘—‘a,7

la,1/a,2 = ——atan

W, 2 (anaxa + Wnyaya)
(4.43)
B3 = wrzlyz + yg Ega = w2 x2 + :c a5 = \/iwixaya + \/§:taya (4.44)
Ea,6 = \/§Wn (xaya + yajfa) Ea,? = SWixaya-i'aya (4-45)

This is justified by the assumption that the system forces primarily dictate the motion.

To check whether ¢, 1 or £,2 corresponds to the maximum or minimum, the initial condi-
tions of (4.18) are also replaced by continuous states, see (4.46) and (4.47) with the time
values of (4.43).

Ta,1 = Tq COS (Wpta1) + % §in (wnta1) Ya,1 = Ya €08 (Wntq,1) + w_ sin (wntq,1) (4.46)
n n

Tq2 = TqCOS (Wpla2) + w_ sin (wnta,2) Ya,2 = Ya €08 (Wntq2) + 22 §in (wnta2) (4.47)
n n

By inserting the state points (24,1,%e,1) and (242,Ye2) corresponding to the first and
second extremum into (4.48),

Ay =4/ R T Aa2 =4/ 220+ Yao (4.48)

the length of the vectors A, and A,2 are obtained. If A, > A2, the first extremum
(%a,1,Ya,1) corresponds to the major axis; otherwise, (242, ¥aq,2), see (4.49). The unfiltered
DOMA, 9*(t) is then given by

atamE for Ag1 > Agp
9 (t) = el (4.49)
atan ——== for A1 < Agp
Ya,2

n (4.49) and in contrast to (4.24), vectors with equal length (A, 1 = A, 2) are assigned to
the first case. This assignment can be done arbitrarily as, in practice, the state A, 1 = Aq2
will most likely not occur and if it occurs, it will only exist for a short period of time. Due
to the filter presented in the following subsection, this arbitrary assignment will not affect
the control algorithm.

The DOMA can be computed in an alternative way. By replacing ¢1(t) and ¢a(t) in (4.4)
by ©0,1,0pt and g 2,0pt Of (4.36), respectively, the DOMA can be computed by (4.50), which
is further discussed below and in which the additional index al stands for alternative.

(1) = = [1.0pt(t) — P0pt(D)] (4.50)

2
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In (4.50), the initial states (g 1,0pt and @ 2 opr Were replaced by continuous states 1 gpt(t)
and g opt(t). To compute @1 opt(t) and o o (t) according to (4.36), (4.33), (4.34) and
(4.35) are used. In these equations, the initial states (zg, yo, ©o, o) must be replaced by
continuous states (x(t), y(t), #(¢), y(t)). Furthermore, the energy derivatives in (4.34)

(4.35) and (4.36) are also continuously updated.

Y

4.6.3 Dynamics of DOMA

In the following, the DOMA according to (4.49) is filtered to prevent sudden changes.
Considering an elliptical motion path of the TDOF oscillator and a control force which
acts in anti-phase to the velocity along the major axis, the harmonic control force would
damp the motion of the TDOF oscillator along the major axis until the motion of the TDOF
oscillator becomes circular, after which, the harmonic control force would be required to
suddenly change its direction by 0.57; this results in large tangential forces in comparison
to the radial forces. To prevent this undesired outcome, the DOMA is filtered. A filter as
shown in figure 4.7 is used.

19*

LE —»| Ga —I——Vﬁ

Figure 4.7: Filtering of direction of major axis [59]

Due to the periodicity of (4.49) in 7, an infinite number of solutions for the unfiltered
DOMA, ¥*(t), exits. To drive ¥*(t) to the next possible solution, the difference between
the filtered, J(t), and the unfiltered DOMA 9*(¢) is fed into the block 'LE’, which adds
multiples of 7 to limit the difference to values between —0.57 and 0.57. This ensures
that the DOMA is driven to the next possible solution. For the closed-loop dynamics, a
second-order transfer function G(s) from 9*(¢) to ¥(t) as shown in (4.51) was chosen

2

cl
= 4.51
$2 + 26 qwes + w? (4.51)

w

Gcl(s)

in which & is the damping ratio and w,; the natural frequency of the closed-loop [33]. By
choosing high values for & (0.85 — 1.0), noise is suppressed. Furthermore, the speed of
response can be set with wg. It follows the open-loop transfer function G(s), see (4.52).

2

cl
= ¢ 4.52
s2 + 26 qwes ( )

The filtered DOMA 9(¢) is then as given by

w

Goi(9)

9 = Guls)9* (4.53)

Henceforth, the filtered DOMA is referred to as DOMA. The displacement, dpn(t), and

velocity, d,,,(t), along the filtered DOMA are then computed as given in (4.54), see also
figure 4.5.

A (t) = y(t) cos I(t) — z(t)sind(t)  dm(t) = §(t) cos 9(t) — i(t)sind(t)  (4.54)
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4.6.4 Computation of target angular position

As done for the SDOF oscillator, see (2.55), the TAPs referring to the DOMA can be
computed by

din (1)

Wn

¢i(t) = atan2 [dm (t), + 7 (4.55)

(4.55) is valid for systems without and with small inherent damping, see section 2.3 and
ensures the anti-phasing between the control force and the velocity along the major axis.
Subsequently, the TAPs referring to the Y-axis, see figure 4.1, can be calculated as shown
in (4.56).

p1(t) = @u(t) + I(t) p2,(t) = @u(t) — I(t) (4.56)
To distinguish the TAPs of (4.56) from the TAPs of (4.41), the indices were interchanged.

The TAPs of (4.56) are now considered and it is assumed that these positions are perfectly
tracked with a suitable controller. When the TDOF oscillator performs elliptical motion,
the control force damps down the motion along the major axis and the DOMA will not vary
considerably in time. Thus, with regard to (4.56), [9(t)] << |@(t)| in which @4 (t) ~ wy,.
Therefore, the damping device operates in the preferred mode of operation in which the
angular velocities of the rotors are approximately w,, and the radial forces are much larger
than the tangential forces. However, when the DOMA is required to change (e.g. the
motion becomes circular or some excitation makes the DOMA changing), the filter for
the DOMA influences ¢14(t) and (2 4(t), respectively, resulting in a varying amplitude of
the radial forces. Furthermore, the tuning of the filter of figure 4.7 also determines the
angular accelerations. These accelerations directly determine the amplitude of the created
tangential forces which should be kept low in comparison to the radial forces. Note that
the variations of the target angular velocities are needed to change the direction of the
control force. To ensure that the created tangential forces are not too large in comparison
to the radial forces when such a change is required, it is recommended to set wy to wy,-
However, it must be checked that the effect of the tangential forces in comparison to the
radial forces is small when a change in the DOMA is required.

The closed-loop angular position control is explained in an exemplary way for motor 1,
see figure 4.8. Motor 2 is controlled in the same manner. The TAP ¢y (t), see (4.56), is
compared to the (measured) angular position, ¢;(t). The error, e;(¢), is then limited to
values between —7 and 7w by adding multiples of 27. This is indicated by the block 'LE’
in figure 4.8. The limited error, cej(t), is then fed through the filter given in (4.57).
wj
Fls) = 52 + 26 jwps + w} (4.57)

F(s), defined by the filter properties wy and £y, exhibits low-pass behavior. With 3w, <
wf < dwy and 0.85 < §f < 1.0, measurement noise is nicely suppressed.

The filtered control error ce;(t) is then fed into the controller. In addition to cei(t), the
on-off signal, wi(t), is also a controller input. This state and the controller are discussed
in subsection 4.6.5. The output of the controller is the control effort u, 1, which is fed into
the actuator to track the TAP. This is also indicated in figure 4.8.

Note that some variables of figure 4.8 are not introduced yet. They are explained in the
following subsection and section.
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4.6.5 Ramp-up and ramp-down process

The adapted TRD has a similar issue as the TRD; in the continuous rotation mode, the
amplitude of the control force cannot be varied during operation. As a result, both devices
can re-excite the motion when the vibrations become small. For the TRD, several methods
have been developed to avoid this undesired outcome. One method is turning the device
off when the vibrations fall below a lower vibration threshold, A,ss, and back on when an
upper threshold, A,,, is exceeded. This method will be used for the adapted TRD in the
following. For the TDOF oscillator, the vibration amplitude A(¢) along the major axis is

computed as given by
. 2
A (t
A(t) = | dm(t)? + <L> (4.58)

Wn

When A,, is exceeded and the TAP passes the corresponding angular position of the rotor,
the rotor is turned on (output of block 'Rotor 1: ON/OFF?’ in figure 4.8 is set to one).
When A(t) < Ayfy, the rotor is turned back off. A smooth ramp-up and ramp-down
process is guaranteed (in contrast to section 2.5, in which an energy- and power-efficient
ramp-up is guaranteed) using the transfer function H(s) given in (4.59).

Wi
$2+ 2 gwrs + wy

H(s) =

(4.59)

By choosing adequate values for wy and £, H(s) exhibits low-pass behavior. With 3w, <
wg < Swy, and 0.85 < £ < 1.0, a smooth ramp-up and ramp-down process is achieved.
The higher wy, the faster the device is ramped-up and down, resulting in larger tangential
forces during the ramp-up and ramp-down processes.

In addition to the closed-loop angular position control of subsection 4.6.4, an open-loop
velocity control is applied. The control effort for the first rotor, u, 1(t), is given by

U (t) = Kpees (tws (£) + %wnwl(t) (4.60)
in which Kp is the proportional feedback gain of the closed-loop angular position control,
w1 (t) is the ramp-up /ramp-down weight signal and b is a coefficient describing the dynamics
of the actuator, see the following section. The open-loop velocity control results in a more
constant angular velocity of the rotors, see also subsection 2.6.5. Note that with F'(s), the
measurement noise is already suppressed and a simple proportional feedback gain can be
used for the closed-loop angular position control. The control effort u,2(t) for the second
rotor is computed analogously.

4.7 Tests

4.7.1 Setup

The TDOF oscillator is attached via three steel wires (each with a length of approximately
0.30m) to a stiff frame, see figure 4.9.

The oscillating body can move in the horizontal plane (perpendicular to gravity). This
horizontal motion can be described by two identical, decoupled single degree of freedom
oscillators with the properties shown in table 4.1, see also figure 4.2.
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stiff frame

steel wire

displacement
transducer

oscillating body

control mass

actuator

Figure 4.9: Test setup

Table 4.1: System properties of TDOF oscillator and damping device

Total mass m+ m[kg] | 9.96
Damped natural frequency | wr[(rad)/s] | 5.85
Damping ratio & (%) 0.935
Mass-radius control product | 0.5m.r [kgm] | 2.55 - 102
Control mass me [kg] 0.300

Two displacement transducers detect the horizontal displacement in X- and Y-direction,
T (t) and yp,(t). The index m indicates measured signals. To detect the DOMA, the
velocities in both directions &, and gy, are also required, see (4.43) to (4.49). They are
made available using an observer as shown in figure 2.34 for both directions. This is done
with the feedback gain L = [-2263.3,—92.2]1 (units are dropped) for both directions;
for more information, see subsection 2.6.2. The observers have as input the measured
displacements (z,, and y,,) and as output =, Tq, Ya, Va, see figure 4.8.

The properties of table 4.1 were obtained via various free vibration tests. The oscillator
was displaced several times by hand in X—, Y— and in both directions simultaneously.
Mean values of the (measured) damped natural frequency, wr, and damping ratio, {7, from
the different free vibration tests were calculated.

The oscillating body is only excited in translational directions. Furthermore, the control
algorithm is tuned such that the angular accelerations of the rotors are small. This leads
to negligibly small rotational vibrations of the oscillating body during tests.

In section 4.6, the control algorithm was derived using the natural frequency of the TDOF
oscillator. However, the damped (measured) natural frequency wr of the test setup is now
used for the control algorithm. Taking the effects of inherent damping into consideration
would only make the derivation of the control algorithm more complex without producing
additional insight. Therefore, wy, is replaced by wr in (4.43) to (4.47) and (4.55).
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The mass-radius control products 0.5m.r of both rotors are identical.

Before the tests, system identifications of both actuators were performed [32]. The actua-
tors are voltage controlled and their dynamical behavior can be described by the transfer
functions M,(s) given in (2.147) with the coefficients of table 4.2.

Table 4.2: Coefficients a and b describing dynamic behavior of actuators

‘ b a
M,q(s) | 3.09 3.88-1073
Mya(s) | 3.88 3.65-1073

Input is the control effort in V and the output is the angular velocity in (rad)/s. For the
tests, the angular positions of the rotors ¢;(t) and ¢y(t) are measured and used for the
closed-loop angular position control. To obtain the angular position for the simulations
of section 4.8, the angular velocity is integrated over time, see figure 4.8. The transfer
functions of subsection 2.6.3 with the coefficients of table 4.2 and the system properties of
table 4.1 will also be used for the numerical simulations of section 4.8.

4.7.2 Tuning

The control algorithm for the test setup was tuned with the help of simulations. The
parameters &, and w.;, which determine the dynamics of the DOMA, were set to 0.9 and
5.0 (rad)/s. wy and g of the filter H(s) were set to 20 (rad)/s and 0.9. The properties
of the filter F(s) (wr and ) were set to the same values. For the free vibration tests,
the upper vibration-amplitude threshold A,, is set to 0.06 m and the lower threshold A,y s
to 0.0lm. The controller gain for the closed-loop angular position control was set to
1.00V/(rad). In subsection 4.7.3, the test results are presented. In section 4.9, the effects
that the tuning variables inherit are further discussed.
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4.7.3 Test results

Figure 4.10 shows the states of the TDOF oscillator performing free vibrations while being
damped by the adapted TRD. Time dependencies are no longer indicated in this chapter.
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Figure 4.10: Test results for excitation in different directions [59]
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The TDOF oscillator is displaced by hand in different directions. The states x,, and y,,
are measured and the states A, ¥, ¢1 and ¢ are calculated by the control system. x,,
and y,, are additionally shown for an uncontrolled free vibration, see subfigure B. This
illustrates the effectiveness of the adapted TRD.

From t = 0.8s to t = 3.0s, the oscillating body is excited, see states A, z,, (¢), ym (c)
in figure 4.10/A and B. At ¢t = 2.5s, the upper vibration-amplitude threshold A,, is
exceeded and the damping device turns on. At this instant, excitation by hand is stopped.
It can be seen from the states ¢ and ¢o that the rotors are turned on at different time-
points. This is because the TAP of each rotor passes the corresponding (measured) angular
position at different instants. From ¢ = 3.0s to ¢t = 7.5s, the device produces the desired
damping action in the continuous rotation mode, see states $1, 2, A, T, (¢) and y, (¢)
of figure 4.10. At ¢t = 7.5s, the vibration amplitude A falls below the lower vibration-
amplitude threshold and the device is ramped down. At ¢t = 10.0s, the oscillating body is
excited in a different direction by hand. This direction is detected by the control algorithm,
see ¥ of figure 4.10/C. At t = 11.3s, the device is turned back on and the excitation is
again temporarily stopped. From ¢t = 11.3s to t = 16.0s, the device operates once again
in the continuous rotation mode. From ¢t = 18.5s to t = 25.2s, another damping sequence
in a third direction is shown.

Considering figure 4.10 for the first damping sequence (t = 4.2s to t = 6.8 s), the vibration
amplitude A decays from 0.06 m to 0.02m within 2.6s. In this time interval, the vibra-
tion performs approximately 2.42 cycles. The equivalent damping ratio is 7.21%. This
corresponds to an increase of the damping ratio by a factor of 7.7, see table 4.1.

The oscillating body was then displaced by hand such that an elliptical motion path of the
TDOF oscillator is produced, see figure 4.11.
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Figure 4.11: Test results for elliptic excitation by hand [59]

From t = 2.1s to t = 4.0s, the oscillating body is excited and the device turns on at
t = 3.9s. At this instant, the DOMA is already detected, see state 1 of figure 4.11. The
device operates in the continuous rotation mode and damps the vibration along the major
axis from ¢t = 4.0s to t = 7.3s. Within this time interval, the DOMA does not change and
the elliptical motion path of the TDOF oscillator becomes more and more circular. This
can be seen from the states x,, and y,, in figure 4.11. When the displacement amplitudes
of x,,, and y,, coincide and reach a phase offset of 0.57 to each other, the motion path is
approximately a circle. This is the case at t = 7.3s. From this instant on, the DOMA
changes with respect to time. The change rate is determined by the natural frequency w
of the closed-loop from ¥* to ¥, see subsection 4.6.3. Furthermore, the angular velocity
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of one rotor increases while the other one remains nearly constant. The decay rate in
the vibration amplitude is slightly smaller, see state A of figure 4.11/A. Considering the
damping sequence from ¢t = 14.0s to t = 23.5s, it can be seen that the excitation directly
results in a circular motion path. The DOMA starts changing once the device becomes
active. An increased angular velocity of the second rotor can be observed in the complete
damping interval from ¢t = 16.0s to t = 23.0s.

Once the motion path of the TDOF oscillator has a circular form (vibration amplitudes
on major and minor axis coincide), an operation of the adapted TRD with a constant
angular velocity is no longer possible. As a result, tangential forces which act randomly on
the TDOF oscillator are created in addition to the radial forces. Therefore, the resulting
motion and rotor behavior is not easily assessed. However, pre-simulations and tests show
that the angular velocities of the rotors deviate from the damped natural frequency once
the motion path has a circular form and that this deviation is larger, the higher wg is
chosen.

4.8 Stochastically forced vibrations

4.8.1 TUncontrolled response and simulation settings

For the numerical simulations, the TDOF oscillator is excited by a stochastic excita-
tion. The simulation duration for all simulations performed in this section is 5000s. For
the excitation, white noise with an intensity of 1.0N?/Hz using a two-sided spectrum is
assumed. This stochastic excitation (see f. x and f.y in figure 4.8) leads to a mean
standard deviation in the uncontrolled displacement in both directions of approximately,
Ustdzy = 0.0379Mm (Ugtdzy = 0.5std(z) 4+ 0.5std(y)). Note that u refers now to the un-
controlled displacement response. The simulations were done in MATLAB /Simulink using
a sampling frequency of 2000 Hz and ode3 (Bogacki-Shampine method) as the numerical
solver. The same settings and excitation force are used for all simulations in this section.
The complete simulation model is illustrated in figure 4.8. The observer is not used for the
numerical simulations as the velocities of the TDOF oscillator are directly available.

4.8.2 Control parameters

In this subsection, the control parameters for the control algorithm are chosen. The pa-
rameters of minor importance are only set, whereas the parameters with major importance
are varied within an optimization.

As recommended in section 4.6.4 and 4.6.5, the filter parameters wy, 7, wr and &g are
set as given in table 4.3. They are not varied as they play a minor role. The filter H(s)
determines the ramp-up/ramp-down process, which only occurs over short periods of time,
and the filter F'(s) suppresses measurement noise.

Table 4.3: Setting and variation ranges of control parameters

wiyr [(rad)/s] | €uyp | wal(rad)/s] | € | Aon[m] | Aoprlm] | Kp[V/(rad)]
20 | 09 | 05-20 [09]001—-01[001-0.07] 01-15

wel, which determines the dynamics of the DOMA, is varied as given in table 4.3. & is set
to 0.9.
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Due to the excitation, the displacement peaks of the uncontrolled displacement response
reach 0.1m to 0.12m. Therefore, the upper vibration-amplitude thresholds A,, and the
lower one A,y are varied as shown in table 4.3.

The proportional feedback gain Kp for the angular position closed-loop control is set to
values between 0.1V/(rad) and 1.5V/(rad). Note that the choice of the range for Kp
depends on the dynamics of the actuators. However, some recommendations regarding
tracking objectives can be given. In the continuous rotation mode, the error ce* should
not exceed £0.2 (rad) (= 11.5°), however, during the ramp-up ramp-down processes, it
should not exceed +7/2. It is beneficial to add an open-loop angular velocity control. This
allows the closed-loop angular position control to be designed less aggressive, resulting into
a more continuous motion of the rotors.

4.8.3 Evaluation

To calculate the power demand and the energy consumption, the moments required to be
created by the actuators are needed. They are given by (4.61) and (4.62).

My = 0.5r%mep1 — 0.5mer (§sin o1 + & cos ¢1) (4.61)

My = 0.5r%mepo 4 0.5mer (—ijsin g + i cos ©o) (4.62)

(4.61) and (4.62) are obtained by forming the dynamic equilibrium about the center of the
axis of each actuator; tangential forces (forces induced by an angular acceleration of the
rotors) and inertial forces induced by the translational accelerations of the TDOF oscillator
must be considered. The moments by the actuators, M; and Ms, are assumed to act in
the same direction as the corresponding angular position, @1 and @1, see figure 4.1. A free
body diagram of rotor one is shown in figure 4.12.

Figure 4.12: Free body diagram of first rotor [59]

Friction is neglected. The rotational inertia of one rotor is assumed to be 0.5m.r? (ro-
tational inertia of a point mass). Hence, the rotational inertia of the rod, shaft of the
actuator, etc. is not considered. The same assumption will be made for the other active
mass damper used for the comparison. Henceforth, the other active mass damper will be
referred to as conventional active mass damper (CAMD).

The power of each actuator is given by (4.63).
Py = My Py = Myps (4.63)

The work done by each actuator is given by

t=T t=T
FE| = Ppdt FEy = / Pydt (4.64)
t=0 t=0
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in which T is the simulation time. The work done by the actuators will be referred to as
consumed energy. In (4.64), positive as well as negative energy is considered. This means
that braking energy can be regained. Because of this, the positive energy consumed by the
actuators is also computed; such energies will be labeled with the index plus, e.g. Ef‘

The excitation force directly acts on the acceleration of the TDOF oscillator, therefore
influencing the moments and powers, see (4.61) to (4.63). However, due to the low-pass
filter of (4.57), the actuators would not react to the high frequency components of the
excitation forces. Therefore, before further evaluation, a filter with the same form as
in (4.57) will also be used to process the powers of (4.63), in which £r and wp were set to
1 and 50 (rad) /s, yielding the powers P; y and P, ;. Using the filtered powers P, ; and Py s
instead of Py and P in (4.64) gives the (filtered) works done by the actuators, E ¢, Eo f,
Ef’f and Ef’f. For all simulations, the energy balance was checked to validate the filtered

and unfiltered power courses, confirming the filter process described in this paragraph, see
Appendix A.2.

To evaluate the required power of the actuators, the root mean square values of the (filtered)
powers of the individual actuators are computed, giving Prp,s,1 = rms(Py ¢) and P50 =
rms( P, r). Furthermore, to evaluate the vibration reduction, the standard deviations of
the controlled displacement responses, z4q = std(x(t)) and ystq = std(y(t)), are computed.
Mean values, Prp,s and ¢4q4.,4. in which ¢ stands for controlled, are used as a measure for
the required power of one actuator and for the controlled vibration, see (4.65).

P'rms =0.5 [Prms,l + Prms,2] Cstd,z,y = 0.5 [wstd + ystd] (465)

The parameters described in subsection 4.8.2 were varied and the performance was eval-
uated with help of the product P.,.sCstdz,y, Which is to be minimized. Additionally, a
certain vibration reduction R was required, see (4.66).

Ustd — Cstd
R — sta,z,y sta,x,y (4'66)
Ustd,x,y

Note that the evaluation of the power demand in this chapter differs from the evaluation
of the power demand in chapter 3 in which the power demand was only considered when
the TRD is in the continuous rotation mode, see subsection 3.6.2. In this chapter, an
overall power demand is calculated including the times the TRD is off, the ramp-up and
ramp-down processes and the power demand required for the continuous rotation mode.
Further comments regarding this are given later on.

4.8.4 Simulation results

Table 4.4 shows the results of a stochastically forced vibration. A reduction R of at least
50 % was required. The standard deviation of the uncontrolled displacement response of
Ustd,z,y = 0.0379m was reduced to 0.0177m. This corresponds to a reduction R of approx-
imately 53.4 %. This reduction was achieved with an actuator power Py.,,s of 0.140 W and
a mean positive energy consumption, BT = O.5Eif + O.SESFJ, of one actuator of 101 J.

Table 4.4: Setting and simulation results with adapted TRD [59]

Aon [m] | Aosy[m] | wa[(rad)/s] | Kp [V] | Prms (W] | Cstday[m] | R[1] | E* [J]
0.030 | 0.015 | 7 | 03 | 0140 | 0.0177 |0.534 | 101
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In the following, comments regarding some tuning parameters are given. The damping
effect increases with lower vibration-amplitude thresholds as the vibration amplitude range
in which the device is active is wider. However, the vibration-amplitude thresholds cannot
be set to arbitrary small values. The smaller the vibration amplitude, the higher the
influence of the excitation forces is in comparison to the system forces; consequently, the
more non-harmonic d,, and d,, become. This results in a more non-constant TAV for
small vibration amplitudes and therefore to relatively large angular accelerations of the
rotors, creating a larger tangential force to radial force ratio. If the effect of the tangential
forces—which can be seen as a random excitation force—becomes too large, the vibration-
amplitude thresholds must be set to higher values.
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Figure 4.13: Uncontrolled and controlled displacement response in a single direction [59]

In figure 4.13, the uncontrolled and the controlled displacement responses in X —direction
are shown for a chosen time interval. It can be seen that the device effectively damps the
stochastically forced vibrations.

With the gain Kp, the closed-loop angular position controller is tuned. The larger the gain
Kp is set, the more accurate the tracking of the TAPs at the expense of larger actuator
power. However, even for TAPs which deviate from the current angular positions by 7/6,
the damping effect is still large in the continuous rotation mode. Therefore, control errors
of /2 can even be allowed for short periods of time during the continuous rotation mode
and the ramp-up process.

4.8.5 Comparison with conventional active mass damper

A conventional active mass damper (CAMD) which generates its control action by accel-
erating and decelerating control masses is shown in figure 4.14.

d, and d, describe the relative displacements between the mass m and the control masses.
The motion in X —direction is governed by (4.67), whereas f. x (not indicated in fig-
ure 4.14) is the same excitation force as described in subsection 4.8.1.

(m 4 me) &+ cp® + kpx = —0.5medy + fex (4.67)

Using direct linear velocity feedback
dy = guic (4.68)
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T

Figure 4.14: Two degree of freedom oscillator with conventional active mass damper [59]

the differential equation of (4.67) can be rearranged in
(m—+me) &+ (cz +0.5mcgy) &+ kyz = fe x (4.69)

With help of the gain g,, the damping effect can be governed; the larger the gain, the
higher the damping effect.

Direct linear velocity feedback is an easy and effective technique to control the TDOF
oscillator with the CAMD [17]. Using the direct linear velocity feedback of (4.68), it may
occur that the control masses drift away from their center positions (very large stroke would
be required). However, this did not occur. If it occurs, an additional position control is
required ensuring that the control masses move back and forth about their center positions.
The power of the actuator dictating the motion between the mass and the control masses
is given in (4.70)

P, = 0.5m, (a: + d’x) d, (4.70)

The power of (4.70) is filtered as the powers of (4.63), giving the filtered power, P, ;. The
consumed energy is as given by

t=T
E, :/ P, (dt (4.71)
t=0
(4.67) to (4.70) can be derived for the Y —direction analogously. However, as the differen-
tial equations are decoupled and equal in both directions, the evaluation of one direction
suffices. As in (4.65), the required power of one actuator Pp.,s. = rms(P, ¢) and the
vibration cgq. = std(z) are quantified using the rms-value and the and the standard de-
viation. The additional index ¢ refers to the CAMD. The controller gain g, was set such
that approximately the same reduction R as in subsection 4.8.4 is achieved, see table 4.5.

Table 4.5: Simulation results of conventional active mass damper

gz [1/5] ‘ Cstd,c [m] ‘ R ‘ Prims,c (W] ‘ E; [J]
25 | 0.0178 |0.53| 0.180 | 175.9

The simulations show that the power demand and positive energy consumption is lower
with the adapted TRD. This is because the CAMD is required to continuously accelerate
and decelerate the control masses, whereas for the adapted TRD, large power demands are
only required during the ramp-up and ramp-down processes.
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Figure 4.15 shows the power demands for a single actuator of the adapted TRD P ; and
the CAMD P, ; in a chosen time interval. With figure 4.15, only the characteristics of
the power demands are discussed. For a direct quantitative comparison, such a short time
interval is not representative; however, it is done as before using P.,s and Py, see
table 4.4 and 4.5. In the time interval of figure 4.15, the adapted TRD is turned on and off
two times. At ¢ = 1440.0s, the adapted TRD is ramped up and operates in the continuous
rotation mode up to t = 1445.0s at which it is ramped down as can be seen from the peaks
in the power demand. From ¢ = 1446s until ¢ = 1454s, a second damping sequence is
shown. When the adapted TRD operates in the continuous rotation mode, power is only
required for aligning the control force along the DOMA and for ensuring the anti-phasing
between the control force and the velocity along the major axis. Note the power Py y is
still noisy, which is due to the manner the power demand is calculated, see (4.63) and the
following two paragraphs. This noise increases the power demand FP,,,s on the adapted
TRD. In contrast to the power demand on the adapted TRD, the CAMD is required to
continuously accelerate and decelerate the control masses, increasing its power demand
P, s. The larger the vibration amplitude, the larger the power demand of the CAMD
becomes, see e.g. t = 1448 s until ¢ = 1454s.

1l — P, (adapted TRD) --- P, (CAMD) |

Py and P, [W]

| | | | | | ! |
1,440 1,442 1,444 1,446 1,448 1450 1,452 1,454
¢ [s]

Figure 4.15: Power demand of adapted TRD and CAMD [59]

The reduction R is now varied. To achieve this with the adapted TRD, only the radius r
is varied; the larger the radius r, the greater the radial forces. Consequently, the control
force amplitude increases and therefore the damping effect. Varying the radius corresponds
to a change in size. To achieve different reductions with the CAMD, only the gain g, is
varied. This also corresponds to a change in size as the required stroke increases with
ge- Figure 4.16 shows the power demands, P, and Py, ¢, of both damping devices for
different reductions R. Furthermore, the mean values of the power demand are shown.

The mean power demands, Ppcqn and Ppyean e, nearly coincide as the energies both devices
dissipate from the TDOF oscillator are equal when the same reductions are required. These
mean powers are accounted for in the rms values P.,s and Py, .. The rms value (P,s)
of the power demand of the adapted TRD further includes the powers required for: the
ramp-up and ramp-down processes, aligning the control force along the major axis and
ensuring the anti-phasing. For the CAMD, rms value P,.,s . of the power demand further
includes the powers required for accelerating and decelerating the control masses.
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Figure 4.16: Power demands for different reductions R [59]

In the following, Pry,s and Py, are discussed. The radius r is varied from 0.01m to
0.29m and the gain g, from 1.01/s to 40 1/s. For reductions smaller than 0.50, the power
demand is lower with the adapted TRD (P,,,s), to be more precise, the power demand is
30% to 45% smaller. With the adapted TRD, vibration reductions larger than 0.55 were
not achieved with the described control algorithm. This means that choosing a radius
larger than a certain radius limit »* would lead to a larger control force amplitude, but not
to a larger reduction. If 7 is larger than r*, the vibration amplitudes are held most of the
time below the upper vibration-amplitude threshold. However, the vibration amplitudes
decay stronger (a stronger decay does not lead to a further reduction) than with a smaller
radius . On the contrary, the power demand required to ramp the device up and down
increases with the radius (yielding a larger rotational inertia of the rotors). Additionally,
the increased decay in the vibration amplitude requires the device to turn on and off more
frequently. Due to this, for r > r* the power demand increases without producing a
further vibration reduction. The CAMD can reach large reductions (R > 0.55) at the
expense of an over-proportionally increasing power demand. Simulations with g, > 40-1/s
were not performed.
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4.9 Discussion

4.9.1 Control algorithm

In the following, the derived control algorithm is discussed. Furthermore, some assumptions
are reconsidered.

Natural frequencies

It was assumed that the natural frequencies of the TDOF oscillator in both directions co-
incide, see (4.11). Removing this assumption and assuming that these frequencies slightly
differ, the motion path of the TDOF oscillator is also elliptic. However, due to the fre-
quency difference, the DOMA changes in time when a free vibration as in section 4.4 is
considered. The mean value of the natural frequencies can be used for the control algorithm
of section 4.6 (w, = 0.5w, + 0.5w, for a TDOF oscillator with small inherent damping).
Due to the continuous change of the DOMA, the target angular velocities deviate from
wp; the larger the frequency difference is, the higher this deviation. When the frequency
difference is too large and the presented control algorithm (which uses the radial forces) is
used, the adapted TRD might be in-efficient.

Direction of major axis

The TAPs and consequently the target angular velocities of the rotors consist of ¥ and Dty
see (4.55) and (4.56). If the DOMA does not change in time, the target angular velocities
of the rotors are approximately w,,, see figure 4.10. However, if the DOMA changes in time
(due to an excitation or if an elliptical motion path becomes circular) and the device is
active, see figure 4.11, the bandwidth of the filter of subsection 4.6.3 determines the rate in
which the DOMA changes in time and consequently the target angular velocities induced
by the change of the DOMA. Because of this, the design of the low-pass filter determining
the dynamics of the major axis is a trade-off between a quick alignment of the direction of
the control force towards the current DOMA and the preference of having small variations
in the TAV of the rotors.

Adapted TRD for stochastically forced vibrations

Even though the device is tuned to a single frequency, see (4.55), it is also effective if
the oscillator is affected by a stochastic excitation force (see section 4.8) and consequently
responds with different frequencies. However, it must be mentioned that the TDOF os-
cillator considered in section 4.8 has small inherent damping; thus, it mainly responds
with frequencies in the vicinity of the damped natural frequency. (See also second to last
discussion point of section 3.4.) If the TDOF oscillator responds with a frequency different
from the damped frequency, the algorithm still ensures that the radial forces projected
on the DOMA oppose the velocity along the DOMA, thus producing the damping effect.
However, additional and disrupting rotor accelerations are required, increasing the power
and energy demands on the actuators.

4.9.2 Comparison of adapted TRD with CAMD

A trade-off between both the adapted TRD and the CAMD is not easily assessed as the
adapted TRD is to be tuned for each system and load case scenario individually. However,
one can highlight some pros and cons of the adapted TRD and the CAMD and make some
distinctions.
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Control force generation method

The greatest advantage of the adapted TRD over the CAMD is the lower power demand
on the actuators up to a certain vibration reduction. This is due to the manner in which
the control force is generated. By using the centrifugal forces (radial forces), the rotor
velocity can be held constant while the control action is continuously being produced, see
figure 4.10. Only small accelerations must be induced by the actuators in the continuous
rotation mode. This is in contrast to the CAMD which must continuously accelerate and
decelerate the control masses to produce the desired control action, see figure 4.15.

Effective damping range

The CAMD is effective over all vibration amplitudes, whereas the adapted TRD is only
effective if a certain vibration-amplitude threshold is exceeded. These thresholds cannot
be set to arbitrary small values. The smaller the vibrations, the more non-harmonic the
responses of the TDOF oscillator become. Consequently, the target angular velocities
of the rotors vary more. When the tangential force to radial force ratio becomes too
large, a further reduction of the vibration-amplitude thresholds is ineffective. However,
in case of small vibration amplitudes, an alternative mode of operation can be used in
which the tangential forces instead of the radial forces are used for vibration control.
The adapted TRD then operates like a conventional active mass damper, resulting in a
larger power demand. The fact that the vibration-amplitude thresholds cannot be set to
arbitrarily small values results in an additional disadvantage. The adapted TRD cannot
reach arbitrarily large vibration reductions as the CAMD if the TDOF oscillator is under a
stochastic excitation force. However, if the controller of the CAMD is tuned such that large
vibration reductions are possible, the power demand on the actuators increases extremely,
see figure 4.16.



176 CHAPTER 4. OSCILLATOR WITH TWO DEGREES OF FREEDOM




5

Conclusions

The twin rotor damper (TRD), an active mass damper, uses the centrifugal forces of
two eccentrically rotating control masses. In the continuous rotation mode, the preferred
mode of operation, the two eccentric control masses are driven by individual actuators in
opposite directions about two parallel axes with a mostly constant angular velocity. Under
further operational constraints, a harmonic control force in a single direction is produced.
A continuous feedback control is developed, guaranteeing the anti-phasing between the
harmonic control force of the TRD and the velocity of the single degree of freedom (SDOF)
oscillator performing mono-frequent vibrations.

It is shown for mono-frequent vibrations that the TRD has a power advantage compared
to conventional active mass dampers which create their damping action by continuously
accelerating and decelerating control masses. This power advantage is due to the fact that
the control action fed to the actuators of the TRD is not directly related to the damping
action. Rather, with a constant angular velocity, the TRD produces its damping action.

When the vibrations of the SDOF oscillator become small, the control algorithm for the
continuous rotation mode no longer results in the desired constant angular velocity. The
TRD can even re-excite the vibrations. One method to prevent this undesired outcome, the
on/off method, is to turn the device off when the vibration amplitude falls below a certain
threshold value and back on again when the vibration amplitude exceeds another (higher)
threshold. To reach and leave the continuous rotation mode, ramp-up and ramp-down
trajectories are developed. The trajectories are optimized with the help of cost functions,
penalizing the work done by the actuators and the power demand on the actuators during
the ramp-up and ramp-down processes.

To illustrate the on/off method, a complete closed-loop control damping sequence for a
SDOF oscillator controlled with the TRD is presented and validated on a test setup for
the damping of mono-frequent vibrations. The results show that the TRD effectively damps
mono-frequent vibrations in a power-efficient manner.

An analytic solution describing the steady-state damping performance of the TRD is then
derived. The experiments show that the TRD can reach the analytically derived steady-
state damping performance with an appropriate control algorithm. The analytic deriva-
tions prove that the TRD adds damping to the SDOF oscillator. The damping the TRD
provides does not only depend on the design parameters of the TRD, but also on the
steady-state vibration amplitude. The provided damping increases with the design pa-
rameters of the TRD and with lower steady-state vibration amplitudes. Above a certain
frequency ratio (border frequency ratio), the control force amplitude of the TRD is larger
than the harmonic excitation force. Thus, a steady-state is not reached.

177
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The analytically derived steady-state response solution is applicable to other active mass
dampers which generate their control action by harmonically accelerating and decelerating
a control mass between two end positions. Setting the control force of such an active mass
damper in anti-phase to the velocity of a SDOF oscillator, the same steady-state damping
performance as derived analytically here is reached. The analytic solution allows for a
comparison of the TRD with a tuned mass damper (TMD) of comparable size (stroke) and
control mass. It is shown that the TRD achieves greater damping performance than such
a TMD.

Control algorithms for two further re-excitation prevention methods are discussed using
a SDOF oscillator disturbed by a stochastic excitation force. One of the methods uses
two TRD units. For large vibration amplitudes, both TRD units jointly damp the motion
of the SDOF oscillator. For small vibration amplitudes, the phasing between the control
forces of the TRD units is adjusted such that they cancel each other out. The other method
de-tunes the anti-phasing between the velocity of the SDOF oscillator and the control force
of a single TRD unit such that the resultant damping effect can be varied. Both methods
prevent the re-excitation for small vibrations. However, the vibration control of small
vibration amplitudes is still not possible.

Subsequently, the application of the TRD for the vibration control of stochastically forced
vibrations is investigated. To ensure the anti-phasing between the velocity of the SDOF
oscillator and the control force of the TRD, the TRD must deviate from the continuous
rotation mode by varying the angular velocity of the rotors. If the required variation of the
angular velocity is too high, it is no longer beneficial to operate the TRD in the continuous
rotation mode. For an example loading scenario, it is shown that below a specific vibration-
amplitude threshold, an operation in the continuous rotation mode is no longer beneficial.
It is then discussed that this statement applies to any loading scenario. If the vibrations
fail to exceed the specific vibration-amplitude threshold, an operation in the continuous
rotation mode, for the considered loading scenario, is not beneficial.

A phase-locked loop (PLL) filter is proposed to simplify the tuning of the continuous
rotation mode for stochastically forced vibrations. With help of the PLL filter, a filtered
target angular position (TAP) can be produced. The filtered TAP allows the designer to
set the balance between ensuring the anti-phasing between the control force of the TRD
and the velocity of the SDOF oscillator and the preference of having a constant filtered
target angular velocity (resulting from the filtered TAP) of the TRD. With the proposed
PLL filter, a single parameter is derived to enable this trade-off. A procedure to tune the
PLL filter and to determine an appropriate mass-radius control product for the TRD is
then proposed. In this step, the power demand on the actuators of the TRD is defined by
the designer for the operation in the continuous rotation mode.

To additionally control vibrations below the specified vibration-amplitude threshold, the
TRD is required to operate in an alternative mode of operation, the so-called swinging
mode. For this purpose, a control algorithm to operate the TRD in the swinging mode
is developed. The previously determined power demand defined by the designer for the
operation in the continuous rotation mode serves as an upper bound for the power demand
in the swinging mode. Although a greater damping performance is achieved with the con-
tinuous rotation mode, the swinging mode is required for the damping of small vibrations.
Based on numerical simulations and experiments, the effectiveness of the control-loop and
the tuning procedure for the damping of stochastically forced vibrations is validated.
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In the final chapter, the layout of the TRD is adapted, allowing for the vibration control
of an oscillator with two translational degrees of freedom. The two degree of freedom
oscillator performs planar motion and has an elliptic motion path when a free vibration
is considered. To control this elliptic motion, the layout of the TRD is adapted. The
control masses now rotate about a single axis. By imposing small variations in the angular
velocity, the direction of the control force can be changed in the plane of motion of the
two degree of freedom (TDOF) oscillator. This allows for the vibration control of the two
degree of freedom oscillator in the continuous rotation mode with small variations in the
angular velocities. Two control algorithms are derived for this purpose.

The first control algorithm is derived analytically by minimizing the work done by the
harmonic control force on the TDOF oscillator under several assumptions. It results in a
target angular position (TAP) for each rotor. Tracking these TAPs, the desired continuous
motion of the rotors is obtained and the TDOF oscillator is effectively damped in an
arbitrary direction in the plane of motion. However, once the motion of the TDOF oscillator
forms a circular motion path, discontinuities occur in the target angular positions and the
control algorithm is no longer effective. For this purpose, a second control algorithm is
developed.

The second control algorithm is no longer derived analytically, but works as follows. The
direction of the major axis of the elliptic motion path is detected. To achieve maximum
damping action, the directed harmonic control force is set such that it is in anti-phase with
the velocity of the TDOF oscillator along the major axis. The algorithm was validated
experimentally for free vibrations and numerically for stochastically forced vibrations. For
a TDOF oscillator with small inherent damping, it is shown that the power demand and
the energy consumption of the adapted TRD are smaller than those of a conventional
active mass damper.
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A

Energy balances

A.1 Single degree of freedom oscillator with twin rotor damper

To verify the numerical simulations or post-computations, the energy balance can be
checked. Therefore, some energy terms defined in subsection 2.6.6 must be refined. The
energy balance is given by

ET(t> + Erot,() + Ekin,O + EF(t) - Ed(t) + Erot(t) + E’U(t) (Al)

in which Ep(t) refers to the work done by the actuators given in (2.158) with ¢, = 0 and
t, = t and E4(t) to the dissipated energy given in (2.157) with ¢, = 0 and ¢, = ¢t. The
other terms are introduced now. Assuming that both rotors perform the same motion, the
kinetic energy E,o(t) of both rotors is given by

1

Erat(t) = 5me [(i“(t) —rp(t)sinp(t))* + (r(t) cos p(t)) (A.2)

and the vibratory energy E,(t) of the main mass m is, for this energy balance, defined as
Lo e, 1 2
E,(t) = ima:(t) + ikx(t) (A.3)

The energy terms, Ejy;, 0 and FEpo 0, are the respective energy terms at the time-point
t = 0. Ey(t) refers to the work done by the excitation force on the SDOF oscillator given
by:

B0 = [ 10i0a (A4)

The energy balance discussed here was not used in subsection 2.6.6, which considers the
kinetic energy of the main mass m and the control mass m, combined. This can be done as
for the energy analysis done in chapter 2, the rotors are, at the considered time-points, not
in motion or at the particular angular positions ¢(t) = nm where n is an integer number.
Note at the particular angular position ¢(t) = n, the term, r¢(t) sin p(t) in (A.2), cancels
out. Consequently, the energy term 0.5m.z(t) can be added to (A.3), which was done
in subsection (2.6.6). The remaining term of (A.2), 0.5m, (r¢(t) cos (t))?, simplifies to
0.5m.r2¢(t)? with (t) = nm, which is the rotational energy stored in both rotors of (2.99)
with the rotational inertia of a single rotor of J = 0.5m.r? (point mass).

The energy terms introduced in chapter 2 are, in the opinion of the author, more appro-
priate, in particular for the derivation of the ramp-up trajectories. However, the energy
balance of this chapter was used for the evaluation of the numerical simulations of chap-
ter 3.
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A.2 Two degree of freedom oscillator with adapted twin rotor
damper

For the energy balance of the two degree of freedom (TDOF) oscillator with the adapted
TRD, the energy balance is given by

Er(t) + Ea(t) + Erot,1,0 + Erot2,0 + Egino + Ep x(t) + Ery(t) = (A5)
Ed,z (t) + Ed,x (t) + Erot,l(t) + Erot,Z(t) + Ey (t) (AG)

whose energy terms are derived in the following. The works done by the actuators F(t)
and Es(t) are given by (4.64) with Py (t), Pa(t), Mi(t) and May(t) of (4.61) to (4.63). The
works done by the excitation forces are:

Epx(t) = /0 fox(i@dt  Epy(t) = /O for (Di(E)dt (A7)

Bux(t) = 26ntm+mo) [ 6020 Eay@) = 2gnm+mo) [ 02 (a9

The kinetic energies of the rotors (assuming the control masses as point masses) is:

Erota(t) = %mc\/[i‘(t) — 11 (t) cos o1 (1)) + [(t) — repr () sin gy (£)]* (A.9)
Erot2(t) = %mc\/[i’(t) +rpa(t) cos pa ()] + [(t) — rga(t) singa(t)] (A.10)

Assuming that the k = k, = k,, the vibratory energy F, of the main mass for the TDOF
oscillator is:

E, = %m (2(t)* + 9(t)?) + %k (z(t)* +y(t)?) (A.11)

The energies Eror1,0, Erot2,0 and Epino of (A.6) refer to the respective energy terms
of (A.9) to (A.11) at the time-point ¢ = 0.



B

Further tables and diagrams

Table B.1: Test results of uncontrolled steady-state response

we [(rad)/s] | 1 | do[m] | Ao, [m] D D,, AD
5.00 0.93 | 0.10 0.036 7.51 7.24 0.035
5.05 0.94 | 0.10 0.043 8.64 8.35 0.033
5.10 0.95 | 0.10 0.052 10.18 | 9.88 0.030
5.15 0.96 | 0.10 0.065 12.43 | 12.26 | 0.013
5.20 0.97 | 0.10 0.083 15.98 | 15.29 | 0.043
5.25 0.98 | 0.04 0.049 2242 | 22.31 | 0.005
5.30 0.99 | 0.04 0.081 37.61 | 36.10 | 0.040
5.35 1.00 | 0.02 0.101 104.14 | 88.02 | 0.155
5.40 1.01 | 0.02 0.092 78.29 | 78.70 | —0.005
5.45 1.01 | 0.04 0.073 32.63 | 30.53 | 0.064
5.50 1.02 | 0.04 0.045 20.24 | 18.68 | 0.077
5.55 1.03 | 0.07 0.059 14.61 | 13.65 | 0.066
5.60 1.04 | 0.07 0.047 11.40 | 10.70 | 0.061
5.65 1.05 | 0.09 0.050 9.33 8.70 0.067
5.70 1.06 | 0.09 0.043 7.88 7.40 0.061
5.75 1.07 | 0.10 0.042 6.82 | 6.35 | 0.068
5.80 1.08 | 0.10 0.038 6.00 5.68 0.053
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D, and D,

1

| | |
8.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.9

Ui

Figure B.1: Controlled dynamic amplification D, and D, ,, plotted against frequency ratio

n for £ = 0.00305 for K1 = 1.0
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Table B.2: Test results of controlled steady-state response for Ky = 0.7

active TRD units | we [(rad)/s] | do[m] | D. | Aoec[m] | Aoem [m] | Dem | AD,
both 4.45 0.0832 | 2.77 | 0.0092 0.00897 2.72 0.021
both 4.50 0.0814 | 2.90 | 0.0096 0.00865 2.62 0.096
both 4.55 0.0796 | 3.03 | 0.0100 0.00943 2.85 0.058
both 4.60 0.0779 | 3.18 | 0.0105 0.0099 3.00 0.059
both 4.65 0.0762 | 3.36 | 0.0111 0.0103 3.12 0.071
both 4.70 0.0746 | 3.55 | 0.0117 0.0109 3.30 0.072
both 4.75 0.0730 | 3.78 | 0.0125 0.0115 3.48 | 0.079
both 4.80 0.0715 | 4.05 | 0.0134 0.0123 3.72 0.080
both 4.85 0.0701 | 4.36 | 0.0144 0.0132 4.00 0.084
both 4.90 0.0686 | 4.74 | 0.0156 0.0144 4.36 0.080
both 4.95 0.0673 | 5.20 | 0.0172 0.0156 4.72 | 0.092
both 5.00 0.0659 | 5.78 | 0.0191 0.0172 5.21 0.099
both 5.05 0.0646 | 6.52 | 0.0215 0.0194 5.87 0.100
both 5.10 0.0634 | 7.53 | 0.0249 0.0226 6.84 | 0.091
both 5.15 0.0621 | 8.94 | 0.0295 0.0264 7.99 0.106
both 5.20 0.0609 | 11.10 | 0.0367 0.0329 9.96 | 0.103
both 5.25 0.0598 | 14.78 | 0.0488 0.0448 13.56 | 0.082
both 5.30 0.0587 | 22.31 | 0.0737 0.0668 | 20.22 | 0.093
one 5.35 0.0283 | 41.99 | 0.0681 0.0646 39.81 | 0.052
one 5.40 0.0278 | 34.76 | 0.0564 0.0509 | 31.37 | 0.098
both 5.45 0.0555 | 18.35 | 0.0606 0.0581 17.59 | 0.041
both 5.50 0.0545 | 11.99 | 0.0396 0.0397 12.02 | —0.002
both 5.55 0.0535 | 8.75 | 0.0289 0.0295 8.93 | —0.021
both 5.60 0.0525 | 6.79 | 0.0224 0.0233 7.05 | —0.039
both 5.65 0.0516 | 5.48 | 0.0181 0.019 5.75 | —0.050
both 5.70 0.0507 | 4.54 | 0.0150 0.016 4.84 | —0.067
both 5.75 0.0498 | 3.83 | 0.0127 0.0137 4.15 | —0.083
both 5.80 0.0490 | 3.27 | 0.0108 0.0123 3.72 | =0.137
both 5.85 0.0482 | 2.82 | 0.0093 0.0107 3.24 | —0.147
both 5.90 0.0473 | 2.45 | 0.0081 0.00932 2.82 | —0.151
both 5.95 0.0465 | 2.14 | 0.0071 0.00825 2.50 | —0.169
both 6.00 0.0458 | 1.86 | 0.0062 | 0.00725 | 2.19 | —0.179
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Table B.3: Test results of controlled steady-state response for Ky = 1.1

active units | we [(rad)/s] | do[m] | D. | Aoe[m] | Agem m] | Do | AD,
both 4.45 0.0530 | 2.05 | 0.0043 0.0039 1.83 | 0.107
both 4.50 0.0518 | 2.09 | 0.0044 0.0038 1.82 | 0.129
both 4.55 0.0507 | 2.12 | 0.0045 0.0038 1.83 | 0.139
both 4.60 0.0496 | 2.16 | 0.0045 0.0038 1.80 | 0.164
both 4.65 0.0485 | 2.19 | 0.0046 0.0038 1.81 | 0.172
both 4.70 0.0475 | 2.22 | 0.0047 0.0038 1.81 | 0.186
both 4.75 0.0465 | 2.24 | 0.0047 0.0037 1.77 | 0.211
both 4.80 0.0455 | 2.26 | 0.0047 0.0035 1.64 | 0.272
both 4.85 0.0446 | 2.25 | 0.0047 0.0033 1.56 | 0.307
both 4.90 0.0437 | 2.22 | 0.0047 0.0029 1.39 | 0.375
both 4.95 0.0428 | 2.14 | 0.0045 0.0025 1.19 | 0.446
both 5.00 0.0419 | 1.97 | 0.0042 0.0020 0.97 | 0.508

Table B.4: Test results of controlled steady-state response for K; = 1.0

active units | we [(rad)/s] | do[m] | D. | Aoc[m] | Aoem[m] | Dem | AD,
both 4.45 0.0582 | 2.28 | 0.0053 0.0048 2.06 | 0.099
both 4.50 0.0570 | 2.35 | 0.0054 0.0050 2.15 | 0.085
both 4.55 0.0557 | 2.42 | 0.0056 0.0050 2.18 | 0.100
both 4.60 0.0545 | 2.50 | 0.0058 0.0050 2.18 | 0.129
both 4.65 0.0533 | 2.58 | 0.0060 0.0051 2.19 | 0.152
both 4.70 0.0522 | 2.67 | 0.0062 0.0052 2.25 | 0.159
both 4.75 0.0511 | 2.77 | 0.0064 0.0054 2.31 | 0.166
both 4.80 0.0501 | 2.88 | 0.0067 0.0055 2.36 | 0.181
both 4.85 0.0490 | 3.01 | 0.0070 0.0056 2.40 | 0.202
both 4.90 0.0480 | 3.15 | 0.0073 0.0056 2.43 | 0.226
both 4.95 0.0471 | 3.30 | 0.0076 0.0058 2.50 | 0.243
both 5.00 0.0461 | 3.48 | 0.0080 0.0059 2.53 | 0.271
both 5.05 0.0452 | 3.67 | 0.0085 0.0059 2.54 | 0.307
both 5.10 0.0443 | 3.89 | 0.0090 0.0059 2.54 | 0.346
both 5.15 0.0435 | 4.12 | 0.0095 0.0057 2.44 | 0.406
both 5.20 0.0427 | 4.31 | 0.0100 0.0052 2.23 | 0.484
both 5.25 0.0418 | 4.32 | 0.0100 0.0032 1.36 | 0.685
both 5.30 0.0411 | 3.58 | 0.0083 0.0020 0.85 | 0.764
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Figure B.2: Dynamic amplifications Dy (TMD), D. (TRD) and normalized relative dis-
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D. and Dy

Figure B.3: Dynamic amplifications Dy (TMD), D. (TRD) and normalized relative dis-

Y

placement amplitude Aoww,%/Fo of the control mass in steady-state for uo = 0.05 for

different values of &
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