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ABSTRACT

This manuscript is concerned with a continuous adjoint complement to two-dimensional, incompressible, first-order boundary-layer
equations for a flat plate boundary layer. The text is structured into three parts. The first part demonstrates that the adjoint complement can
be derived in two ways, following either a first simplify then derive or a first derive and then simplify strategy. The simplification step
comprises the classical boundary-layer (BL) approximation, and the derivation step transfers the primal flow equation into a companion
adjoint equation. The second part of the paper comprises the analyses of the coupled primal/adjoint BL framework. This leads to similarity
parameters, which turn the partial-differential-equation (PDE) problem into a boundary value problem described by a set of ordinary-
differential-equations (ODEs) and support the formulation of an adjoint complement to the classical Blasius equation. Opposite to the primal
Blasius equation, its adjoint complement consists of two ODEs, which can be simplified depending on the treatment of advection. It is shown
that the advective fluxes, which are frequently debated in the literature, vanish for the investigated self-similar BL flows. Differences between
the primal and the adjoint Blasius framework are discussed against numerical solutions, and analytical expressions are derived for the adjoint
BL thickness, wall shear stress, and subordinated skin friction and drag coefficients. The analysis also provides an analytical expression for
the shape sensitivity to shear driven drag objectives. The third part assesses the predictive agreement between the different Blasius solutions
and numerical results for Navier-Stokes simulations of a flat plate BL at Reynolds numbers between 10° < Rep < 10°. It is seen that the
reversal of the inlet and outlet locations and the direction of the flow, inherent to the adjoint formulation of convective kinematics, poses a
challenge when investigating real finite length (finite Re-number) flat plate boundary layer problems. Efforts to bypass related issues are
discussed.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0037779

I. INTRODUCTION

The goal of an adjoint analysis is commonly the efficient com-
putation of derivative information of an integral objective func-
tional with respect to a general control function. The approach has ~ Mal progress and has motivated the development of discrete adjoint
recently gained increasing popularity in local optimization strate-  (DA) approaches using automatic differentiation to synchronize the
gies using computational fluid dynamics (CFD).'*?'”*° o primal and dual development states (see, e.g,, Refs. 13, 14, 27, and 28).
continuous space, the dual or adjoint flow state can be interpreted ~ The DA approach passes over the adjoint PDE and directly bridges
as a co-state and always follows from the underlying primal partial- the discrete linearized primal flow into a consistent discrete dual
differential-equation (PDE) governed model, which describes approach, cf. a comprehensive discussion in Giles and Pierces'"'” or
the flow physics. The cost function definition typically provides

intuitively clear in a PDE-based, continuous adjoint (CA) frame-
work.”?72%3839 Therefore, the understanding of adjoint flows, as well
as the development of numerical strategies, clearly lags behind the pri-

the lecture series by Vassberg and Jameson."”*’ Despite the various
necessary boundary conditions and/or source terms to close the

formulation and a sound relation between the objective functional
and the control.

The formulation of boundary conditions, an appropriate treat-
ment of advective terms, and the adequate discretization are often not

merits and drawbacks of the DA vs the CA method, the CA approach
is unique for its invaluable contribution to a physical understanding
and will, therefore, be the method of choice in the present paper.

We intent to contribute to understanding adjoint wall-bounded
shear flows by deriving the adjoint complement to a first-order

Phys. Fluids 33, 033608 (2021); doi: 10.1063/5.0037779
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boundary-layer (BL) framework. This paper tries to answer the funda-
mental question if there is an adjoint complement to the similarity
transformation inspired by the Blasius solution for a laminar flat plate
boundary layer and examines different paths toward a generalized pri-
mal/adjoint similarity transformation. With a view to practical impli-
cations, attention is given to the influence of the adjoint advection,
frequently labeled adjoint transpose convection (ATC). The ATC term
is often debated for the invoked robustness and discretization
issues,””*"**>* and its appearance in analytical BL formulations is
of practical interest.

Starting from the non-linear Navier-Stokes (NS) equations, dif-
ferent routes to derive an adjoint BL framework are conceivable. One
could first simplify the primal NS equations using the classical BL
approximation for Re — oo to formulate the BL equations, subse-
quently linearize the BL equations, and finally derive their adjoint
companion. On the contrary, the NS equations could be linearized in
an initial step, and the adjoint NS companion can subsequently be
derived, which is finally reduced to an adjoint BL approximation for
Re — 0. In a sense, the two options remind of the above discussed
options for obtaining the discrete adjoint from a derive-and-discretize
(CA) or a discretize-and-derive (DA) strategy. Both approaches, ie.,
simplify-and-derive and derive-and-simplify, will be performed for the
first time in this paper to verify their agreement and thus correctness.
A more desirable, compact form of the primal BL equations employs a
similarity transformation and reduces the BL PDE system into a single
ordinary differential equation (ODE) in line with the Blasius solution.
Although the similarity transformation is expected to be generalizable,
an adjoint similarity transformation was—to the best of our knowl-
edge—never examined directly. This paper outlines a strategy to derive
an adjoint complement to the Blasius equation from a general similar-
ity analysis. Interestingly, the adjoint Blasius equations furnish evi-
dence that the ATC term—despite its formal occurrence—remains
identical to zero, a fact that is not obvious from the BL PDEs. We
demonstrate that the application of the adjoint Blasius equation to a
drag objective functional displays strong similarities to a thermal BL
solution at a negative unit Prandtl number.

Previous adjoint-based investigations into BL type flows can be
grouped into investigation with respect to either BL receptivity,””
modal sensitivity,”'” or BL stability'>'® considering the perturbation-
based excitation of Tollmien-Schlichting waves' or the linearized Orr-
Sommerfeld equation.”” Hill'>'"" was the first who investigated the
adjoint Orr-Sommerfeld operator and subsequently extended his study
toward the adjoint to a parabolic stability equation. The latter was
enhanced by Pralits et al.” to derive an adjoint BL framework for the
optimization of disturbance control—which somehow differs to our

TABLE I. Boundary conditions for the primal and adjoint equations.

scitation.org/journal/phf

access into the topic of adjoint wall-bounded flow. A very good over-
view of adjoint applications to fluid-dynamic stability analysis is given
in Luchini and Bottaro.”® Unlike the previous research, the present
paper derives the complete adjoint set of BL equations and compares
them with their primal companion. Hence, instead of transposing a
few—although particularly important—primal operators, we offer an
extensive adjoint-based insight and thus should sharpen the adjoint
BL understanding. The investigated BL flow is admittedly simple.
However, we still consider it of fundamental interest for engineering
applications. Although findings are not provably valid for more com-
plex flows, e.g., turbulent BL or separated flows, they might still be
indicative for attached boundary layers and other virtually unidirec-
tional shear flows.”>*" Of particular interest is the disappearance of the
ATC term in the Blasius framework, which corresponds to an often
employed heuristic simplification. The issue will also be discussed in
Sec. VI, which compares different primal/adjoint NS formulations with
the results of a primal/adjoint Blasius framework.

This paper is organized as follows: Sec. II is concerned with the
derivation of the adjoint BL equations. Section III presents a general-
ized similarity transformation to condense the primal/dual PDE sys-
tems into an ODE framework. Subsequently, we investigate the
adjoint Blasius equation numerically in Sec. IV and analytically in Sec.
V. Section VI compares BL results with NS solutions for a zero pres-
sure gradient (ZPG) flat plate flow, which are obtained from numerical
simulations at Reynolds numbers between 10® < Re;, < 10°. Section
VII provides conclusions and outlines future research. Within the pub-
lication, Einstein’s summation convention is used for lower-case Latin
subscripts. Vectors and tensors are defined with reference to Cartesian
coordinates, and dimensionless field quantities are consistently
marked with an asterisk.

Il. PRIMAL AND ADJOINT BOUNDARY-LAYER
EQUATIONS

This paper deals with incompressible fluids in a steady state,
which form flat-plate momentum boundary layers exposed to zero
pressure gradients. More generally, the velocity v; and pressure p fol-
low from the steady incompressible NS equations

81)1 0 p
V. — [= 0k — 2vSi | =0, 1
Rl Ukaxk-i-axk |:,05k Vsk:| 0 (1)
6Uk
RP:—— = 2
O (2)

where p, v, S = 1/2(0vi/0xx + vk /Ox;), and Oy represent the den-
sity, kinematic viscosity, symmetric strain rate tensor, and Kronecker
delta, respectively. Boundary conditions are given in Table L.

Boundary type v; p b p
Inlet v = pin (9p ~ 8]1" 613
! i —=0 ini = —p—;—- A=
on N s an 0
Outlet an Bp N a]r . N 8]1-
5= o= ing = —p—-— i = Ui 2uSi + =—
on on vin 8p pn UkVing + 2uSik + B,
Wall ;=0 6]) . 8]1" (9}3
—=0 ing = —p—_— —=
on o P op On 0
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Two-dimensional equations for the momentum boundary layer
in the x;-x,-plane can be derived in two consecutive steps. First, the
governing Egs. (1) and (2) are non-dimensionalized with the reference
quantities given in Table II. An exemplary relationship between a
dimensional term, these reference values, and non-dimensional
quantities marked with an asterisk reads v,0v,/9x, = (V,V,/9)
(v;0v;/0x;). Subsequently, a scaling analysis is performed, where it is
assumed that the spatial extent in the streamwise x; -direction is signif-
icantly larger than the extent in the direction of the wall normal x,,
viz., L > 6. The assumption is in line with a flat plate of semi-infinite
length L (— o0) in the x; direction (cf. Fig. 2). Thus, the continuity
Eq. (2) reveals V, « V10/L. The scaling analysis is performed in
Appendix A using the reference data from Table II. Here, only the
resulting BL equations are given in residual notation, i.e.,

61.71 81)1 1 ap 82”1

vBL
R T P L ML ®
veL, 1 0p
R o= (4)
dvy  Ov
pBL. (ZF1, PP
(B2 .

As noted above, the corresponding adjoint BL equations can be
derived in two ways, following either a derive-and-simplify or a simplify-
and-derive strategy. In both cases, the derivation step starts with the defi-
nition of a surface [volume] based objective functional jr [jq] that allows
for the construction of an augmented objective, frequently labeled as
Lagrangian L. Following the derive-and-simplify route, one obtains

LZJ]]‘dFﬁ‘J ﬁi[Ui
r Tin

_|Ovi| . Op . . Op
)i r iVi ~-dI’
—O—L_mb L? } +p 3nd + Jl_wanv v +p6nd

+J ]QdQ + J IA)iR;’ +ﬁ RPdQ, (6)
Qo Q

mo"| +p 6)de

where the second volume integral accounts for the field Egs. (1) and
(2), and the boundary integrals consider the corresponding boundary
conditions from Table I, I' = I'y, N gy N Tyan. Note that the habitat
of an objective does not necessarily coincide with the complete surface
or volume, which is why we introduce an additional subscript, viz.,
I'o NT and Qo N Q. The local objectives jr [jo] disappear on I'\I'g
[in Q\Qo]. The Lagrangian multipliers ¢; and p are frequently labeled
as dual or adjoint velocity and pressure. The dimensions of 7; and p
depend on the underlying objective, e.g, [0;] = [J]/([R/]m?) and
(2] = ]/ ([RP] m*), where [J] = [ja] m* ([J] = [jr] m*) represents the
units of the integral volume-based (surface-based) objective. First
order optimality conditions force a vanishing derivative of the

TABLE II. Reference quantities of the 2D governing equations.

scitation.org/journal/phf

Lagrangian in all dependent directions (dy,L - dov; = 0Vov;,
OpL - 0p = 0Y6p). The related derivatives read
6V;L . 51)1 = J ﬁl(év,)dr + J ﬁi Mdr + J 131 ((31;,)dF
rm Tou n Tyt
Jdjr . .
517l D + veding + 208, — pni| — (0Sik)viwdll
. Oug on; as,k 8}3 Jdja
J 50'[ K ox; T Oxi 2v Oxic + Ox; + v, do
=0V, 7)
S,L-0p = J 5 de+J b pdr+J 52 gr
P 0 r,. on !
]
op|—=— —n;|dl”
J ? {617 ' ]
8v, 8]9
0 dQ
] o { onip ap}
2 0V5p. (8)
Here, Sy =1 /2(00;/Dxx + OV /Ox;) represents the adjoint strain

rate tensor. The adjoint field equations result from the field integrals
in Egs. (7) and (8); hence,

5 o, 5 vy o 1_ 0o
RY: —g b+ g +_[P51k 28] = e O
5 lavk (9](1
p._ 29U
R : S o (10)

The corresponding boundary conditions follow from the surface inte-
grals in Egs. (7) and (8) and are summarized in Table I. They depend
on the underlying surface based objective functional jr, and we refer
to Refs. 24 and 25 for a more detailed discussion.

Note that an additional cross coupling term, frequently labeled as
the ATC, arises in the adjoint system due to the non-linearity of the
primal convective momentum transport—e.g., the second term on the
left hand side in (9). The term might disappear for compressible flows,
cf. Soto and Lohner.” Nevertheless, the ATC terms are also frequently
neglected in incompressible formulations due to the related impair-
ment of the numerical robustness.”””” Some authors raise a mathe-
matical argument based on the approximation order, viz., d[v - (V v)]
=ov-(Vu)+uv- (Vo) ~ O(dv) + O(V dv), to justify the neglect
of the ATC."”* The present manuscript provides another indicator
for the physically justifiable neglect of this term.

Similar to the primal problem, the adjoint system (9)-(10) is
analyzed with respect to the spatial scale/order of magnitude in a non-
dimensional setting. The corresponding reference quantities follow
from Table II. We define a scaling of the x2- -derivative of an adjoint
quantity with 0, viz., 0,001/9x = (V2V1/d) (v 03007 /0x5). The
scaling analysis of Eqgs. (9) and (10) is performed in Appendix B for
an objective that does not depend on the primal pressure, e.g.,
dja/0p = 0, and yields

Primal quantity/operator vy v, p  O0¢P/Ox1  OP/Ox, . . . 5 .
Reference value vy V, P L A Ri’BL : 7v1%7 UZ%Jrf)l%wLafpf I/a 021 = fgj—g, (11)
Adjoint quantity/operator o1 by p  IP/Ox;  IP/Ox, Ox 0%, Ox - Ox 0x; o
V V 2 5 ; 0 op Jj
Reference value Vi VvV, P L 0 REEL: 5, ov  op _ Y (12)
sz (9)('2 8v2
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Rﬁ,BL . (1 801

+1802> —o. (13)
p Ox

p Ox;
Alternatively, Egs. (11)-(13) can also be derived in a simplify-and-

derive approach (cf. Fig. 1). The latter starts with a Lagrangian based
on the primal BL equations (3)-(5), viz.,

L:JﬁdF+J am+ﬁ@hr+1 jodQ
I Ty On Qo

+J o1l 8 +v 61}1 + @l _ V@
o | lox 2 9% Ox,  Oxip Ox?
N 8p 1 N 8U] ((91]2
— Q. 14
Toz L?xz ,0:| +p |:6X1 8x2} d ( )

Again, first order optimality conditions force vanishing derivatives of
the Lagrangian in all dependent directions [y,L - 6vi = dy,L -9
vy + 0y, L - 0v; = 0Y(dvy, 00;), OpL - 6p = 0Vop], ie,

Oy, L - dvy + dy,L - o0,

:J f)l(sl)l +i)2502dF+J 51)1 8] +018—+01v1n1
- r oo Ox;
+Dvny — pn +z/a;n —V(i; a(évl)n)
1U2hy — p1y 0%y 2 1 oy 2
ajl" “ 61.71 8@101
+ 51)2 |:87U2 — pnz] dr + 51]1 I: o axl
78{)11)271/82{}1 8p 6]9
6X2 0x§ 8.9(1 81)1
_On dp 8]9}
Q
+ 0v, {vla % sz +802 d
:OV(él}l,(SUz), (15)
[ 00p) Gr 11
5PL 6}7 = erallp on dr + Jrép 8p + 01”1 P “+ vy P dr
ov; 1 0D, 1}
R I I A R R T
JQ p{ Ox1p Ox2p
< 0Vop. (16)

The adjoint BL equations and their boundary conditions in Table I
are obtained from Eqs. (15) and (16). Assuming a sufficiently
smooth boundary, a sensitivity rule with respect to a generalized
control parameter can be computed based on the remaining first
order optimality criteria. Basically, this control-derivative depends
on the definition of the control. In the context of shape optimiza-
tion, we exemplary refer to a shape derivative along the controlled

. 24,25,40
design wall,”™

Primal E Navier-Stokes —
Dual E adj. Navier-Stokes ——

Boundary-Layer Equations

adj. Boundary-Layer Equations

scitation.org/journal/phf

001 ov;

Y O 0 E

S = J s(Vin))dI'p = J sdl'o with s=
I'p I'n

(17)

in the direction of a pseudo-velocity field V; (cf. Ref. 25). In this work,
we confine our self to V; = n;.

lll. DERIVATION OF THE ADJOINT BLASIUS
EQUATIONS

Prior to addressing the adjoint Blasius solution, it is instructive
to repeat the fundamentals of the primal Blasius solution in brief.
Further details can be found in textbooks, e.g., Ref. 35. We consider
the flat plate BL flow where the extent in the streamwise x; direc-
tion is much larger than in the x, direction normal to the plate
(cf. Fig. 2). The plate length L is expected to tend to infinity, i.e.,
L — oo, and we assume homogeneous steady inflow V.
Generalized solutions for Egs. (3)-(5) try to downgrade the PDEs
to ODEs. The latter is achieved based on a coordinate transforma-
tion, which in turn needs suited similarity coordinates. For both the
primal and the adjoint system, we conceptually split the derivation
in two parts: (a) we derive a suitable similarity variable that (b)
should simplify the corresponding equations.

A. The primal boundary layer

Flow is anticipated to be a function of the plate normal and tan-
gential coordinate, viz., v1/V; = g(n), with n = x,/3(x;), where g
and 0 represent a (so far) unknown function and a measure for the BL
thickness, respectively. Thus, we can directly compute its spatial deriv-
atives, e.g., Iv; /0x; = —Vig (x2/6%)(03/9x,), with ¢’ = dg/dn. An
integration of Eq. (3) along the wall-normal coordinate from the wall
to the BL edge reads

5 5 5o

0 0 0

2[ UlﬂdﬁQ-FJ Dzﬂde_J l/—vzlde:O. (18)
0. X1 0 X 0 8x2

Applying the continuity equation (Qv,/0x, = —Jv;/0x;) together

with the new definition of the plate tangential velocity allows the elimi-

nation of the plate-normal velocity, i.e.,

)

;X2 ()5 1
dJCZ — VVlg/—
0

5% Oxy

;X2 do _
& ox =0
(19)

Substituting 7 = x,/0 [dx, = ddy = d(x,/0)] offers an ODE for 0,

viz.,

2V2Jgg dx2+V2Jg

00
—2A] 25 =2 20
B }é?xl VIC (20

where all integrals are condensed to the parameters A and B; hence,

——  Blasius

7777777777

FIG. 1. Schematic derivation flow of adjoint counterparts to known primal simplifications for near-wall flow physics toward the desired adjoint Blasius equation (dark gray).
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FIG. 2. lllustration of the (forward) primal V; and (backward) adjoint V/+ flow over a flat finite plate in the x;-x, plane.

1 1
A=J ge'ndn B=J gndn C=g(1)=¢(0). @1
0 0
Equation (20) can be solved with respect to d, which yields
2C via+ bx] vla + bxi]
0= 0 —_— 22
\/b[B —24] 7 Vi 2

The last expression supports an estimation of the boundary-layer
thickness and offers a suitable choice for the similarity variable
1 = x21/V1/[v(a+ bx;)]. It should be pointed out that classical BL
thickness measures employ a =0 and b = 1, which is basically due to
the choice for the origin of the coordinate system. However, motivated
by the subsequent adjoint analysis, we continue with the more general
expression.

Since a suitable similarity variable is found, we seek for a velocity
field that satisfies Egs. (3)-(5). Introducing a stream function i that
inherently satisfies the continuity expression (5), e.g., v; = OY/0x,,
v, = —OW/Oxy, offers access to the plate tangential velocity, viz.,

V=

X n(xz) n
J vydx, = J gn)Viddn = \/v[a + bx;]Vy J gdn. (23)
0 n(0) 0

fn)
All primal BL terms can be expressed in terms of f and 7, eg.,
002 /0x3 = Vi /[v(a+ bx))|f”, as summarized in Appendix C.
Assuming a homogeneous pressure field, the substitutions of all terms
of Eq. (3) yields the well-known Blasius equation

R\lz,BL N _zf/// _ bff// =0. (24)

B. The adjoint boundary layer

Quantities are convected by the primal flow, and we anticipate a
similar behavior of the adjoint field and a scalar field, e.g., a tempera-
ture field, although the latter usually does not have to fulfill a continu-
ity equation. The interpretation of the adjoint flow is non-intuitive due
to the influence of the objective functional, e.g., volume based objec-
tives possibly introduce a non-divergence free adjoint velocity field.
Therefore, we confine the present investigations to boundary based
objectives. In line with the primal flow, we start with the similarity var-
iable and assume the adjoint mean flow to depend on the plate normal
and tangential coordinate, viz,, d1/V; = g(#), with ij = x,/5(x;),
where ¢ and 0 represent the adjoint complement of g and J. Again,
we can directly compute all required spatial derivatives, e.g.,

9y JOxy = — V18 (x2/5°) (98 /Oxy), with §' = dg/dij. An integra-
tion of (11) between the wall and the adjoint BL edge while assuming
adjoint ZPG along the wall normal coordinate reads
5 o 5
81)1
_ e —
Jo " Ox ? J 0

|

Here, the additional term on the right hand side corresponds to the
ATC term originating from the non-linear convection. Applying the

o3}
Uy 8—XZdX2 -

%9,

5
v——dx
,[0 0x3 ?

(25)

primal continuity equation (Qv,/0x, = —0dv; /0x;) interestingly can-
cels the ATC term, viz.,
S, o [Pou ° oo 90 |°
- —do+ V| s—dn—| 0 -—dx -
Jo . Ox 2t 1.[0 0x, : Jo vlaxl : Vaxz 0
)
0
:—j B = d,. (26)
o Ox

Combining the primal tangential velocity [v1/V; = g(n)] and its
(anticipated) adjoint complement yields
st 95 F/f‘ v 1!
— | g¢'ndip —— 'ndn ——g'=| =0.
axljoggﬂﬂ g gndn V1850

Substituting 77 = x2/5 [dx, = 5df1 = Sd(xz/S)] offers an ODE for 6
that inheres the primal BL thickness measure

!/

(27)

LI N P TN
A B |5 =— 28
|: 8)61 8x1:| V1 ( )
Again, all integrals are condensed into coefficients, viz.,
. ol . /6 .
A=| gidi B=[ gnan c=g)-g0. @
0 0

Thanks to the available primal J, we can reformulate Eq. (28), viz.,

35 - 5

Ci—0—-C———

! 8X1 2 va-+ bx1

where C; = A, C, = B(b/2)\/2C/(b[A —2B])\/v/Vi, and C;

= Cv/V) are introduced to keep the notation compact. Thus, we can
solve Eq. (30) with respect to d,

= C3a (30)
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(w758
I

2G Va+ bx, (31)

G+ /C +26CCs
and quantify an adjoint BL thickness by the expression

5. G bB 2C  [v(a+ bx)
CZ C2 + C% + 2bC1 C3 [B - 2A] Vl
)
Iy Y- M (32)
1

which is somehow proportional to the primal BL thickness. Finally, we
can define an adjoint similarity variable that equals the primal one,
viz.,

. X Vi X
-2 Bk, 33
T=5 2 vavba) o (33)

A challenge in the interpretation of the adjoint results follows from the
inverted convection characteristics of the adjoint flow field. To
describe the primal BL velocity, the origin of the coordinate system is
typically positioned at the plate origin (a =0, b=1). However, a rea-
sonable measurement based on the plate end is obtained for the
adjoint system (a=L, b = -1). The latter motivates the negative sign
in Eq. (32) and indicates a formal issue for the numerical verification/
validation of the approach: Physically, the plate is assumed to extent
infinitely in the streamwise direction. For an adjoint approach, the lat-
ter is numerically uncomfortable.

Analogous to the primal derivation, we seek now for an adjoint
velocity field that satisfies Egs. (11)-(13) where the primal flow field is
already known. Again, we have to satisfy a continuity equation and
therefore define an adjoint stream function W that inherently complies
with (13), e.g., 01 = O /Oxa, Uy = —81#/89@, and offers access to the
wall tangential adjoint velocity, viz.,

R sz ﬂ(xz)AAAA N Va+bx ‘A/ZTA?A R
W =J 01dx; = J g(i)Viodi = QJ gdi .
0 i(0) Vi 0
Q)
(34)

All adjoint BL expression can be computed from f and 7, e.g.,

02 /0x3 = V\Vi/[v(a + bxl)lfm. Details of the similarity transfor-
mations are provided in Appendix C. The streamwise adjoint BL Eq.
(11) reduces to

. A1 N N ~1

bl —nlf'f +bff —2f =bf"fn. (35)

In combination with (33), we achieve the adjoint complement to the
Blasius equation

+0f 'f = of f'n, (36)
1 ,BL ff// —0. (37)

The first [second] equation corresponds to the generalized tangential
[normal] adjoint BL equation. Interestingly, the normal adjoint
momentum balance (37) cancels the ATC term in the corresponding

Rfl)’BL . —me

scitation.org/journal/phf

tangential direction (36). The latter is similar to their primal counter-
part with an inverted sign in front of the non-linearity originating
from the inverted convection characteristics.

To pursue the simplify-and-derive strategy, one typically first
inserts the primal simplification. As a result, however, the streamwise
adjoint Blasius equation (36) cannot be retrieved directly from a varia-
tion of (24) due to the (x;-nonlinear) #-based coordinate transforma-
tion inherent to the initial simplification step. A way out avoids the
similarity transformation and declares the x,-derivative of the adjoint
stream function v N = = Y /Ox;, as the Lagrange multiplier. The latter
represents an educated guess, which follows from the previous discus-
sions of the paper, viz.,

L=.. +J J 5, RV d, dx,
pe)

- L=.. +J J l/A/?Cz [l//hlpxz‘xl - [ﬁxl sz,xz
+ Vl//xz,xz,xz]dXZ dxl- (38)

Using first order optimality conditions, the adjoint equations can be
derived from the stream function based formulation (38) using inte-
gration by parts in Euclidean (Cartesian) space,

) =t [ ] o0 [t

~(ava), — (B,
|z s, (39)

Sy L-0() = —J La(l//xl)[@xzww]dxzdxl. (40)

We subsequently impose a similarity transformation based on avail-
able primal and adjoint similarity relations, viz.,

Lo =t [ o [-67' s+ 07y 2]
x dn V:b dx, =0 Vo(f), (41)

Sy gL (0 —f) = oo+ j La‘cf'n -l

Viviy
da =0 Yo(fy—f). (42)

x dn o bx,

The expressions in the square brackets correspond to the plate tangen-
tial and normal adjoint Blasius equations (36) and (37). The first terms

Al
in the respective brackets contain the first derivative f and originate
from the variation of the convection [(dvy) Ovy/Oxx]. These terms
result in the ATC contribution to the adjoint Blasius equations. The

term that inheres the second derivative f " follows from the perturbed
convected primal momentum [v 9(v1)/0xi] and switches sign due
to integration by parts. The diffusion term refers to the third term in
(41) and enters the equation analogous to the primal counterpart with
a third derivative. Its self-adjoint character is underlined by its consis-
tent sign in the adjoint and primal equations.
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IV. NUMERICAL SOLUTION OF THE ADJOINT BLASIUS
EQUATIONS

The primal/adjoint Blasius equations are numerically approxi-
mated based on a shooting method. An exemplary Matlab code is
available in Ref. 23. The primal procedure tries to hit the boundary
value f/ =1 for 5§ — oo with prescribed wall values fo =0 and
fo = 0. The boundary value problem is controlled by f;’ at the wall
and iterated to convergence until the value f_ falls below a numerical
limit of (f, — 1) < 10~%. The result is depicted in the left graph of
Fig. 3, where a=0 and b =1 were assumed. The displayed numerical
results perfectly match with available data from the literature.””

The adjoint solution employs stored discrete values of the primal
procedure. It uses the same discretization of the generalized similarity
variable 1 together with a similar shooting approach to compute the
adjoint Blasius solution. Using a=L and b = -1, the method aims at
hitting the value f =1 for 1 — oo with prescribed wall values
fo= o =0and f o = 0 but variable f o for n = 0. Similar to the primal
flow, the adjoint boundary value problem is iterated to convergence
until (f — 1) < 1078 is reached. The numerical results are shown in
the right graph of Fig. 3 for two simulations that either consider or
neglect the ATC term. In the case of neglecting ATC, the procedure
resembles the primal results. As we will show in Sec. V, the latter is
expected from analytical studies. In the case with ATC, the conver-
gence of f _ is shifted outwards by one order of magnitude in # and
results in an increased BL thickness.

V. ANALYTICAL INVESTIGATION OF THE ADJOINT
BLASIUS EQUATIONS

Using the similarity transformation introduced in Sec. III, the
adjoint BL Eqs. (11)-(13) were successfully transformed from PDEs
into ODEs. Only the surface-based objective functional is considered
in this paper, for which Eqgs. (36) and (37) are generally valid. The

(2)

1.5
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derivation of the continuous adjoint equations reveals the use of
Dirichlet conditions for the adjoint velocity along no-slip walls (cf.
Table I). The latter follows from the objective of interest, which, how-
ever, can occur in different forms depending on the underlying objec-
tive functional.

In the following, we assume either a linear dependence of the
functional with respect to pressure or no functional along the plate.
An illustrative example refers to the evaluation of flow induced forces
on the considered plate, where two options to introduce this objec-
tive are conceivable. Using an internal formulation, the stresses
[POik — 2vSi]d; are first projected in a prescribed spatial direction d
and subsequently integrated over (a part of) the plate (AI'x). On the
contrary, an external formulation balances the momentum loss
between the inlet and the outlet. From a physical perspective, both
approaches pose the same question. However, the adjoint answer is
fundamentally different since the habitat of the objective is either the
internal wall along the plate or the external inlet/outlet area. Hence,
we end up with different boundary conditions for the wall value, i.e.,
0; = —d, or b; = 0 for the interior and the exterior approach, respec-
tively. The different approaches resemble the transport theorem for-
mulated in an Arbitrary Lagrangian Eulerian (ALE) frame of
reference as indicated in Fig. 7, and we refer to Kiihl et al.” for a
more detailed discussion. Despite these differences, both formula-
tions employ the similarity transformation to derive a generalized
velocity profile, and we can define a normalized adjoint tangential
velocity profile using

7= =D Viw

Vl ,00 Vl,w
Equation (43) reminds of the Blasius solution for a thermal BL, e.g.,
—20" — Prf® =0, where ® = (T — Ty)/(Ts — Ty) is a non-
dimensional temperature and T and Pr represent the temperature and
Prandtl number.

(43)

FIG. 3. Results of a shooting method for (a) the primal and (b) the adjoint Blasius equation. Marked lines in (b) indicate adjoint results considering the adjoint transpose con-

vection (ATC) term.
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A. Influence of adjoint transposed convection

Inserting the normal adjoint Blasius equation (37) into its tan-
gential companion yields the adjoint Blasius Eq. (36) without ATC on
the right hand side. Choosing a BL measure based on a=0and b=1,

we can incorporate the primal Blasius expression (f = —2f" /f") into
the adjoint counterpart and conclude
1 rdl
o »
f// f/l

We explicitly point out that expression (44) agrees with an analogue
relationship of the thermal BL, viz.,

f/// 1 @//
I “ e’ (45)
for a negative unity Prandtl number Pr = —1, which underlines the

reverse flow direction of adjoint systems. Separation of variables allows
for a solution for f and O,

"
f=afzamre md o=al ¢ aia o
0

f//
Unfortunately, the negative unit Prandtl number of the adjoint system
introduces a singularity in (46) since f” — 0 for # — oo holds for the
primal system as shown in Sec. V. The singularity can only be circum-
vented with an appropriate measure for the adjoint BL, viz., a =L and
b = -1. The integration constants of the adjoint velocity profile follow
from the boundary conditions for f (n —0)=0 and f (n — o0)
= 1 and yield

C = Jocf”dn and C, =0. (47)
0
The final solution reads
1
L | L
fote— = Fesdmer @
NZ F0) —F10)

Hence, the generalized adjoint velocity profile equals its primal coun-
terpart when ATC is suppressed.

1. Estimation of (dual) interface thickness and wall
shear stress

For known values of the Blasius solution, various statements
about, e.g., BL thickness or shear stress distribution can be derived.
This also applies to the adjoint counterparts. Assigning the primal BL
thickness to v;/V; = 0.99 yields a value of 1749 — 4.91 = 5 in line
with Fig. 3 and Eq. (33),

b 0 5
dgg =~ 5 M or ¥~ . (49)
Vi (a + bxl) Re(a+bx1)

The numerical and analytical results of Secs. IV and V A reveal the
same BL thickness for primal and adjoint flows, viz., 599 = Jg9 in the
case of no ATC. However, if the additional right hand side term is

scitation.org/journal/phf

incorporated, we end up with approximately 7199 — 5.9424 = 6, cf.
Fig. 3, and thus,

X b B) 6
g9 R 6 M or P~ . (50)
Vi (El + bxl) Re(a+bxl)

In the remainder of this subsection, the estimated adjoint Blasius
values refer to the formulation including ATC, and the index (-),,
indicates an evaluation along the wall at n = 0. Note that neglecting
the ATC yields strong similarities between the primal and dual

Blasius solutions, e.g., f :V = fil (cf. Sec. V). Several primal BL thick-
ness measures exist, e.g., the displacement (dp), momentum (dy),
and energy (Jg) thickness, which follow from the relation
dx, = ody,

VléDfJoo[Vl—vl]dx - 5DfJ [1—fdx,

a+bx1

- ~1.7208 (51)
széM pJ v [Vi—vdy, — dy= J ff'}dxz
L ym0.66414 08 +lbx1 (52)
pVit=p| ulVi-itlan — o= Q-
PRSPPI C. + vatba) (53)

Similar expressions can be derived for the adjoint BL, viz.,

V1dp = Jm [V, —#Jdes — dp= Jl [1 —f’] dx,

0 0

—  5p~2.5336 /M, (54)
1

00 1
PV%M:PJ 0 [Vi—01]de, — 5M:Jf,{1_f,}dx2

0

— OM~0.8430, | —— 1 (55)

— Op~1.2830 (56)
The relations between primal and adjoint BL thicknesses read

o 0 o
= ~0.8263, 2~ 06792, =
599 D M

~ 0.7878,
' (57)
U3
and — ~0.8140.
g
Additionally, the generalized Blasius solution offers insights into
the primal and adjoint shear stresses acting on the plate,
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81]1

_ 21 1"
v M@xz =0 \l via+ bxl)fw
—  T,~03321uV,; +bx (58)
V 1)
81)1
=0 v(a+ bxl)fw

W=

8962

Ty ~ 0.1845 VM . 59
- T nvi +bx1 (59)

The resulting dual shear is significantly smaller compared to the pri-
mal one, eg., Ty/Tw = f1 /f:/V(Vl/ V). The shear is usually non-
dimensionalized via a primal (pV?/2) or an adjoint (pV,V,/2)
dynamic pressure to obtain skin-friction coefficients, i.e.,

Ty 2f 0.664 2 (60)
=7 = 7 "=,
1 sz VReaiby, VRey by,
K Ph
N
. Tw 2f . 0.369
= = e (61)
lpf/l Vi V4 Rea+bx1 vV Rea+bx1
2

Moreover, known shear-stress distributions allow the integration
of a total shear forces on the plate,

[
'uaXz
=2f t Vi upVy ——————— a—|—b Ve

f—\/a—i-b —Va

:uPVI ) (62)

dx;

X,=0

F, = J T,dly, =
r

s F, ~0.664tV,

. L ~
FS:J %Wde:tJ LAY B
r 0 Ox =0

N va+ bL —
=2f tV) /,uleaT\/a
m \/‘

upVy ——mm—, (63)

—  F,~0369tV,

where ¢ corresponds to the lateral expansion of the plate. As expected,
the choice of the coordinate system has no influence on the forces

since Fy(a=0,b=1)=F(a=Lb=—1)=2ft\/upLV; and

Fa=0b=1)=F(a=Lb=-1)= Zfii,t\/upLVl\A/f. Hence,

the ratio between primal and dual shear reads F/F,=f"/ f:v

(V1/V1). We can compute the primal [adjoint] drag coefficient either
from an integration of Eqgs. (60) and (61) or from dividing Eqs. (62)
and (63) by the dynamic pressure times wetted surface L t, viz.,

4f Va+bL—/a

C *—Fs *EJLcdx =
Ttk L)y T T VR bVE
1.3284\a+ bL— \/a
cq~ )
Rey, bVL

(64)
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.k flJLe b — 4fs VatbL—/a
CTh L L), TN T VR byL

oy 0738 Va il - a (65)

VRe  bVL

Except different scaling, the dual quantities resemble the well-
known primal relationship.

According to Eq. (17), the combination of primal and dual shear
results in a sensitivity distribution along the design surface of the
shape. Analogous to the simplification of the shear objective (J = F;),
the approach also applies to its shape sensitivity, viz.,

R 5 8
L | LY
uou Oxz |, Ox2 |, g a+ bxl
V, V2
— sm —0.06127 11 (66)
bx1

The local shape derivative has again singularities at the leading and
trailing edges of the plate. However, the intermediate behavior scales
with x~! instead of x~!/2. Furthermore, the local sensitivity increases
quadratically with the primal but only linearly with the adjoint veloc-
ity. This reminds of the quadratic character of the primal NS equations
(e.g., vk Dv; /Dxi.), which are opposed by the linear nature of the adjoint
counterpart (e.g, vxd0;/0x;). The sensitivity expression (66) can
be non-dimensionalized toward a sensitivity-coefficient ¢, via the
kinematic viscosity and the primal and dual dynamic pressures or by
combining the primal and adjoint skin-friction coefficients, viz.,

P 4v aprf”
G =8§——F— =S——F— = —(f b = ———
pocpoo VE Vl Rea+bx1
0.06127
- s~ . (67)
Rea+bx1

Finally, the integration of (66) along the plate provides the sensitivity
derivative at an integral level,

L n tV V2 [a+bL
o =t | sdx, = —frf L 11 [—
/ Ls ' ff a

2
— 5 ~ —0.061 27Mln {a + bL] . (68)
b a
Interestingly, a singularity arises for the integral sensitivity. Owing to
the proportionality s oc x7!, a logarithmic 6,/ o< =(In(L) — In(0))
relationship results in the integral sensitivity. The s oc x™! relationship
originates in the definition of the similarity variable, which in turn esti-
mates the primal interface thickness by & oc x'/2 that finally yields
s o< 1/6”. The singularity cannot be avoided by adjusting the coordi-
nate system (i.e., a and b) since the integral bounds also need to be
adjusted to a and b. Mind that we apply only a=0,b=1 or
a = L,b = —1 in this manuscript. It seems that the plate has an infi-
nite potential to reduce its flow resistance from an integral point of
view. This statement seems suspicious at first. However, mind that a
disappearing plate would wipe out its resistance completely. A pertur-
bation into the plate normal affects the drag via a variation in the local
shear OF o< Of;! [cf. Eq. (62)], which in turn follows from a variation
in the similarity variable Jf;, — f.’on that can finally be estimated via
0N o< 0x3/+/x1 — 0.5(17/x1)0x; for an interface measure that employs
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a=0 and b=1. Thus, OF o f}'[0x,//x1 — 0.5(11/x1)0x1] becomes
singular if both coordinates tend to zero. Note that the drag and the
similarity variable become singular at the leading edge and the influ-
ence of a plate-normal variation is debatable, not least because the
direction of the normal is not defined at the leading edge.

The integral shape derivative can be non-dimensionalized based
on the dynamic pressures and the wetted surface. An alternative
approach to a global sensitivity coefficient follows from the integration
over the sensitivity coefficient, viz.,

3 1 rfol bL
sy :#: ,,J cdx; = ,@,ln et
PocPootL LJ, Re, b a
0.061271 a+bL
— Gy — Re, Eln { p } . (69)

However, we would like to point out that an interpretation of adjoint
values, regarding, e.g., units or the definition of a sensitivity rule,
depends strongly on the objective under investigation. The same holds
for the definition of the control.

VI. APPLICATIONS

This section aims at the numerical assessment of the theoretical
observations reported in the previous chapters. For this reason, the
flow over a simple, finite-length flat plate is considered, cf. Figs. 2
and 4. The computational studies are performed for laminar flows at
Reynolds numbers between 10°> < Re; = V;L/v < 10° based on a
homogeneous flow velocity V; and the kinematic viscosity v using a
Navier-Stokes procedure.

A. Numerical procedure

The numerical procedure is based upon the Finite-Volume pro-
cedure FreSCo+."* Analogous to the use of integration-by-parts in
deriving the continuous adjoint equations, summation-by-parts is

scitation.org/journal/phf

employed to derive the building blocks of the discrete (dual) adjoint
expressions. A detailed derivation of this hybrid adjoint approach can
be found in Refs. 21, 24, and 40. The segregated algorithm uses a cell-
centered, collocated storage arrangement for all transport properties.
The implicit numerical approximation is second order accurate and
supports polyhedral cells. The primal and adjoint pressure-velocity
coupling is based on a SIMPLE method, and possible parallelization is
realized by means of a domain decomposition approach.**** In terms
of a CAD-free shape optimization approach, the computational grid
can be adjusted using a Laplace-Beltrami’**’ or Steklov-Poincaré™*”’
type (surface metric) approach.

B. Computational model and numerical grid

The two-dimensional domain has a length and a height of 3L
and L. The inlet and top boundaries are located one length away from
the origin of the coordinate system (cf. Fig. 4). The latter is located in
the leading edge of the plate. The velocity is prescribed at the inlet, a
slip wall is used along the top boundary, and symmetry conditions are
employed along the bottom before and after the plate. Zero gradient
conditions are employed at the outlet. The convective term for primal
[adjoint] momentum is approximated using the Quadratic Upstream
[Downstream] Interpolation of Convective Kinematics (QUICK)
[QU(D)ICK] scheme.

To ensure the independence of the objective functional with
respect to spatial discretization, a grid study was conducted. The con-
sidered five grids are all symmetric with respect to the mid-plate at
x; = L/2, and the grid spacing in horizontal and vertical direction
was successively halved between two consecutive grids. Figure 5
depicts the evolution of the drag coefficient ¢4 over the grid refinement
level—indicated by the number of control volumes #ng—for an exem-
plary flow at Re; = 10% Based on the grid convergence studies, all
results shown hereafter were obtained for the finest grid level that con-
sists of approximately 28.000 control volumes. The controlled plate

1

FIG. 4. Employed structured grid for the flat plate flow. Complete domain (top) and refined region around the leading edge where the origin of the coordinate system is located

(bottom). The plate is indicated by red lines.

Phys. Fluids 33, 033608 (2021); doi: 10.1063/5.0037779
© Author(s) 2021

33, 033608-10


https://scitation.org/journal/phf

Physics of Fluids

ARTICLE scitation.org/journal/phf

0.017 0.06 0.12
—— Blasius —— Blasius
0.05 ~@-- comp. 0.10 @ comp.
0.016 0.04| = 008
— — : = ]
- - 3 006
5 e 0.03 [} 5 006
t ~
0.015 0.02 S 0.04
0.01 0.02
0.014 — : 0.0 0.0
103 104 0.01 0.2 06 08 1.0 001 02 04 06 08 10
ney [-] Rer, - 10° [] Rer, - 10° []

FIG. 5. Predicted integral parameters for the primal flat plate flow: evolution of the frag coefficient ¢4 over the grid refinement level—indicated by the amount of control vol-
umes—ny, (left), comparison of Blasius and numerical drag coefficient, as well as BL thickness (dgg) predictions at x/L = 3 /4 for a range of Reynolds numbers (center, right).

shape is discretized with 160 surface elements, and the boundary layers
were typically resolved by more than 50 control volumes. Since the
investigated Reynolds numbers vary by two orders of magnitude, the
plate normal resolution was adjusted to ensure y* = O(107!) in all
cases.

C. Primal flow results

The quality of adjoint results hinges on the quality of the preced-
ing primal approximation. Therefore, first the predictive accuracy of
the estimates made in Sec. VA1 is compared against primal
Navier-Stokes results. Figure 5 compares the predicted results for drag
coefficient cg (center) and 99%-BL thickness dg9 at x; /L = 3/4 (right)
against the Blasius results based on a measure that employs a =0 and
b=1. Quantitatively, the resistance coefficient [interface thickness]
obtained from a Blasius solution is slightly overestimated [underesti-
mated] for small Reynolds numbers, whereby the qualitative behavior
is still in fair agreement.

Supplementary to the comparison of integral parameters
depicted in Fig. 5, local results were examined. The results displayed in
the present paper are confined to Re; = 10%. Figure 6 compares the
normalized tangential v1/V; (left) and normal v,/ V; (center) velocity
profiles against the similarity solution for a range of locations. While
the tangential velocity fits almost perfectly with the Blasius solution,
the normal component deviates significantly from the expected solu-
tion when the BL approaches the trailing edge. This phenomenon is
attributed to the abrupt change of the boundary condition for the
examined finite-length plate (cf. Fig. 4) and the ability of trailing-edge
information to propagate upstream in a Navier-Stokes framework. As
also shown in Fig. 6, pronounced deviations from Blasius solutions
occur for the local skin-friction coefficient ¢ at the trailing edge and
approximately 20% upstream.

D. Adjoint flow results

The adjoint investigations were performed for a drag objective
(d; = [1,0]") on the basis of two different formulations referred to as
interior (FI) or exterior (FE) drag-force evaluation (cf. Sec. V).
Additionally, we distinguish between simulations that neglect (A0) or

employ (A1) ATC. Thus, four adjoint computations were conducted
for each primal flow.

1. Unified adjoint velocity profile

As shown in Sec. V, the internal and external adjoint formulation
of a force functional can be unified. To illustrate this, the results
obtained from an exemplary adjoint simulation at Re;, = 10* are dis-
cussed in more detail. Figure 7 illustrates predicted adjoint tangential
velocity profiles at ten equally spaced positions along the plate for both
the FI and FE formulation. Both sets of exemplary results incorporate
ATC (Al). As outlined in Sec. V, the FI and FE adjoint velocity pro-
files reveal a similarity since they are based on different formulations
that aim at answering the same engineering question. Optically visible
and numerically measurable, both adjoint velocity profile sets grow
out of the plate with the same gradient. The latter enters the sensitivity
along the plate (x,/L = 0) according to Eq. (17). In addition to the
adjoint velocity profiles, the 99%-BL thickness d o9 is depicted for vari-
ous formulations, viz., [FI, FE] x [AO, Al]. The trend of an increased
Jg9 BL thickness due to the influence of ATC (A0 vs Al) is reproduced
by the simulations, though to a lesser extent.

2. Manipulated primal field

The investigated boundary layer contradicts the assumption of
an infinitely long plate immanent to the theory, and deviations
between the computed Navier-Stokes results and the Blasius solution
increase toward the trailing edge of the plate. However, due to the
(approximately) parabolic nature of the computed flow, deviations are
primarily transported downstream, and their significant local influence
documented in Fig. 6 has hardly any effect at an integral level (cf.
Fig. 5). A different picture emerges for the adjoint flow. Since the
adjoint solution propagates from the trailing to the leading edge, the
processes reverse their direction in adjoint mode, and primal flow
deviations are introduced at the adjoint upstream location. Therefore,
the comparison of computed and Blasius adjoint results for a plate of
finite length is afflicted by initial value deviations of the primal field
and might be debatable. For this reason, the primal velocity field at
Re;, = 10* was manipulated by reinitializing a velocity field that fol-
lows from the similarity transformation of a computed primal velocity
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FIG. 6. Comparison of Blasius and Navier-Stokes results for the primal flow over a flat plate at Re, = 10%: tangential velocity (v1/V4) against f” (left) and normal velocity
(v2/V4) against f'n — f (center) at four different locations and skin-friction coefficient c; against 0.664 /Rey, based on a=0and b=1 (right).

profile extracted at x/L = 3/4. Subsequently, all four adjoint simula-
tions were performed based on a =L and b = -1. Figure 8 outlines the
computed results for the normalized adjoint tangential &,/V; (left)
and normal 9,/ V', (center) velocity next to the adjoint friction coeffi-
cient (right) in comparison to the Blasius solutions with (A1) and
without (A0) ATC. Only minor deviations are observed when compar-
ing the Navier-Stokes predictions for different adjoint formulations.
However, an improved agreement with the Blasius solution that
neglects the ATC (A0) is clearly seen. This supports the results of the
similarity transformation, i.e., Egs. (36) and (37), according to which
ATC influence should disappear in laminar flat plate BL flows.
Analogous to the primal investigation, the plate tangential adjoint
velocity profiles are closer to their companion Blasius solutions than
the normal velocity profiles. However, a smaller normal velocity varia-
tion is observed between the different locations. Moreover, the manip-
ulation of the (upstream) primal results reveals benefits for the
agreement between the Blasius and the computed adjoint skin friction.

3. Consistent primal field

The final subsection discusses computed adjoint Navier-Stokes
results based upon non-manipulated predictions of the primal flow,

which are displayed in Figs. 5 and 6. Figure 9 shows the evolution of
the adjoint drag-coefficient ¢4 (left) and the adjoint BL thickness dog

(center) over the Reynolds number for the two considered adjoint
formulations (A0 and Al). The adjoint BL thickness is evaluated at
x1/L =1/4 based on a measure that employs a=L and b = -1.
Regarding the adjoint drag coefficient, the predicted results of the
formulation without ATC (A0) are again significantly closer to the
corresponding Blasius results than those that include ATC (Al). As
already shown in Fig. 7 for Re;, = 10%, simulations without adjoint
advection result in a reduced BL thickness in line with the observations
of Sec. IV. The investigations in Sec. V reveal that the integral shape
sensitivity scales with 1/Rey, but approaches a singularity toward the
leading edge of the plate. Therefore, no adjoint Blasius solutions are
shown in Fig. 9 (right). Instead, the numerical results expressed by the
dimensionless sensitivity coefficient are compared with two reference
curves, which scale with 1/Re, and 1//Rey, respectively. The com-
puted Navier—Stokes results fall in between these two reference curves
but tend to follow the inverse root relation. Due to the more singular
behavior in comparison to, e.g, the adjoint drag coefficient
[O(—Re ') vs O(fReL_l/z)], only the range between 10° < Rey
<5 x 10* is shown. From these results, we conclude that consistent,
real (finite-length) plate investigations with respect to integral adjoint
quantities are qualitatively in good agreement with analytical relations
from Sec. V. Quantitative discrepancies follow mainly from initial off-
sets due to pronounced local inaccuracies of primal results introduced
in the vicinity of the (finite) end of the plate (cf. right graph of Fig. 6).

----Blas. § (A1)-- comp. § (A1) — FE, Al
-.---Blas. (A0) comp. K (AQ)

FIG. 7. Comparison of several plate-tangential adjoint velocity profiles i4(x;) for external [FE, 131(0)/\71 = 0] and internal [Fl, 131(0)/\71 = —1] drag formulation.
Additionally, several adjoint 99%-boundary-layer thicknesses dgg are depicted, augmented by the expected adjoint Blasius solutions.
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FIG. 8. Local results for the adjoint flow over a flat plate at Re, = 10* based on a manipulated primal field: (left) tangential adjoint velocity (1/ \71) against # and (center) nor-
mal adjoint velocity (t2/V1) against f 77 — f both over the similarity variable. (Right) Adjoint friction coefficient ¢ against the adjoint Blasius estimations based on an interface

measure that employs a=L and b = -1.

VIil. CONCLUSIONS AND OUTLOOK

This paper reports the derivation and analysis of a continuous
adjoint complement to the Blasius equation for a flat plate boundary
layer. The discussion is divided into three main sections and arrives at
two major conclusions.

The first part demonstrated two alternatives for deriving the adjoint
boundary-layer equations, either following a simplify-and-derive or a
derive-and-simplify strategy. The procedure reminds of two prominent
classical adjoint strategies, frequently subdivided into discrete adjoint
(discretize-and-derive) vs continuous adjoint (derive-and-discretize).

The second part was devoted to the analysis of the coupled primal/
adjoint BL framework and led to generalized similarity parameters. The
first major conclusion refers to the existence of virtually identical similar-
ity parameters to condense the primal and adjoint BL flows. The latter
turn the partial-differential-equation problem into a boundary value
problem described by a set of ordinary-differential-equations and sup-
port the formulation of an adjoint complement to the classical Blasius
equation. Opposite to the primal Blasius equation, its adjoint comple-
ment consists of two ODEs, which can be simplified depending on the

treatment of adjoint advection also known as adjoint transpose convec-
tion. It was shown that the advective fluxes vanish for the investigated
self-similar BL flows. The second major conclusion supports the heuristic
neglect of the term used by many authors of continuous adjoint optimi-
zation studies into complex engineering shear flows. Moreover, a formal-
ism was derived for analytical expressions of an adjoint BL thickness,
wall shear stress, skin friction, and drag coefficient, as well as a shape sen-
sitivity expression for a shear driven drag objective.

The third part assessed the predictive agreement between the dif-
ferent Blasius solutions and numerical results for Navier-Stokes simu-
lations of a flat plate BL at Reynolds numbers between
10® < Rey, < 10°. The reversal of the inlet and outlet locations, as well
as the direction of the flow, inherent to the adjoint formulation of con-
vective kinematics, poses a challenge when investigating real finite
length flat plate boundary layer flows. The neglect of the adjoint trans-
posed convection term was confirmed by the NS results, and the pre-
dicted adjoint integral quantities agree with adjoint Blasius results.

Future work should investigate other self-similar flows, e.g,
derive adjoint Falkner-Skan solutions for wedged geometries, and

6 e —0.5
'; \\‘ —— Blasius (A0)
—_ 5 " \ ----Blasius (Al)
o | \\\ --%-- comp. (A0)
54 2\ -0+ comp. (Al)
i v‘ —_ _0'6
= 3 2
5 —— Blasius (A0) o 2
3 ---- Blasius (Al) \g b I O(_RCEI)
: --%-- comp. (A0) “< el --%-- comp. (A0)
i -0 comp. (Al) -0 comp. (Al)
i i i i
-%.01 0.2 0.4 0.6 0.8 1.0 8.01 0.2 0.4 0.6 0.8 1.0 0.01 0.2 0.4

Rer, - 10° [ Rey - 10° [1]

FIG. 9. Integral results for the adjoint flow over a flat plate: (left) adjoint drag coefficient ¢4, (center) adjoint boundary-layer thickness (399) at x/L = 1/4, and (right) integral
shape sensitivity coefficient cs,y over the plate-length based Reynolds-number Re,.
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develop an adjoint solution for compressible or even three dimen-
sional boundary layers. Volume-based objective functionals could be
investigated, e.g., to account for variations in the primal flow field,
which potentially build a bridge toward the stability crisis immanent
to flow transition. Finally, research toward turbulent BL flows might
be fruitful, whereby one could follow both the continuous and discrete
adjoint approaches in parallel.

ACKNOWLEDGMENTS

This work is a part of the research projects “Drag
Optimisation of Ship Shapes™ funded by the German Research
Foundation (DFG, Grant No. RU 1575/3-1) and “Dynamic
Adaptation of Modular Shape Optimization Processes” funded by
the German Federal Ministry for Economic Affairs and Energy
(BMWi, Grant No. 03SX453B). Moreover, the research takes places
within the Research Training Group (RTG) 2583 “Modeling,
Simulation and Optimization with Fluid Dynamic Applications”
funded by the German Research Foundation. This support is
gratefully acknowledged by the authors.

AUTHORS’' CONTRIBUTIONS

N.K. conceptualized the study, provided methodology and soft-
ware, performed validation, formal analysis, investigation, and visuali-
zation, wrote the original draft, and wrote, reviewed, and edited the
manuscript; P.M.M. used methodology, performed formal analysis,
and wrote, reviewed, and edited the manuscript; and T.R. adminis-
tered the project, acquired funding, supervised, provided resources,
and wrote, reviewed, and edited the manuscript.

APPENDIX A: PRIMAL SCALING ANALYSIS

Performing a non-dimensionalization of Eqgs. (1) and (2) with
the reference data given in Table I results in

RV* . 01)1 V1 Vl U* aUT V2V1 iap*
8x]* L 20x; o LpOxj
Vl 62 * LZ 62
—y— - =0 Al
|:ax*2 52 6 *2 ) ( )
vi . ORIV, O VoV, P OpT
R2 : Ul * 2 * S *
Ox; L ox; O op Ox;
82 L2 az
- L2 a2 T (9x*2 =0, (A2)
ot VvV, oviV,
Rp LI P2 A3
Oxi L 0x5 90 (43)
which can be simplified toward
Lovr -, Out ot 1 |9y Pl
RV* o 1 * 1 Eu I Sl A4
10 % Jrvza + %] " Re, |:3xi‘2 x}? 52 0, (A4)
oy, ov; L*op* 1 |P%vy 0%
RV* * 72 2 Fu— %X — =0
e T 2y T E 0 Re [8x*2 o2 52] 7

scitation.org/journal/phf

_Ovp 0
Oxi  0x;
by assuming V, « V;0/L and deﬁning the Reynolds- and Euler
numbers as Re; = LV‘ and Eu = pVZ’ respectively.

RP* : =0, (A6)

APPENDIX B: ADJOINT SCALING ANALYSIS

Performing a non-dimensionalization of Eqs. (9) and (10) with
the reference data given in Table II results in

b *6f)f V1V1 *8{)T Vzvl A*al);( V1V1
Ri" =1} — U, A U]
Ox{ L x5 o Ox{ L
P VoV, PopT E vt LOPb;
% ox; L Lox; ox2 5 oxg?
9ig Ja
_ _Yale Bl
v (B1)
o ViV, 00 VaV, L Ovi ViV,
R D Y I ”lax* 5
+ 81)2 V2V2 EaLE* 82 E(C)ijz
o ox; O 5 0x; L2 3xf2 5 Ox3?
95 Ja
_ _Yale B2
TR (B2)
R‘b* o 1 (917 V1 1 (91)2 V2 _ 07 (B3)
p 8x;‘ L pdx;
which can be simplified toward
Lovy L obyo L ovy , Ov; 5
RL* . = 1 2
g axl v 8x o ox; %2 ox; L2
p opt 1 |0 | 9%
V,V,0x; ReL 8x’f2 6x*2 52
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by assuming V, oc V10 /L.

APPENDIX C: PRIMAL AND ADJOINT SIMILARITY
RELATIONS

The relations in Table III simplify the tangential primal and
the tangential and normal adjoint BL equations.
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TABLE II. Similarity relations for the primal and adjoint boundary-layer equations.
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Primal quantity/operator v Uy vy /0x; vy /0xy 9*v,/ 8x§
Similarity transformation Vif' 1 oy, 1 wb i v v, , v, Vi "
5 rbxl[f’?—f] 2a+ bx 1 V(a+bx1)f v(a+ bx;)
Adjoint quantity/operator 0y D, 001 /0x 001 /0xy %0,/ 0x
Similarity transformation v, J?/ v [y 1 Vib . Vi » e Vi N
2N atom ih—f] 2a+ bx, Vi v(a+ bx, v(a+ bx;)
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