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Kurzfassung

Trotz vielfältiger Fortschritte im Bereich der System-Identifikation stellen komplexe
Schwingungen von multi-physikalischen, multi-skaligen und gefügten mechanis-
chen Systemen auch heute noch Herausforderungen für die numerische Simula-
tion dar. Insbesondere Dämpfungs- und Reibungseffekte sind aufgrund ihrer Un-
zugänglichkeit für Messungen und ihrer Variabilität der Grund für unzureichende
Modellierungsansätze. Gleichzeitig stehen heutzutage die datengetriebene Mod-
ellierung und die Datenwissenschaften immer mehr im Fokus von Wissenschaft
und Gesellschaft. Diese Thesis präsentiert neue Ansätze für die Anwendung von
datengetriebenen Verfahren in der mechanischen Strukturdynamik. Die Potentiale
und Limitierungen solcher Methoden werden anhand von Anwendungsstudien disku-
tiert. Diese Studien erstrecken sich von Ein-Freiheitsgrad-Schwingern bis hin zu
komplexen Bremssystemen von Automobilen. Insbesondere stehen die physikalische
Konformität der erlernten Modelle sowie deren schwingungstechnische Interpreta-
tion im Fokus dieser Arbeit.

Abstract

In structural vibrations, several modeling approaches have helped to develop bet-
ter, i.e. safer, less-vibrating and more controllable designs for machines and me-
chanical structures. However, complex nonlinear vibrations of multi-physics, multi-
component, and multi-scale systems still represent challenges to today’s identifica-
tion and vibration prediction approaches. Particularly, damping and friction can play
a crucial role for vibration mitigation while being inherently difficult to characterize,
quantify or even approximate. At the same time, the data sciences have become om-
nipresent not only in different fields of science, but also in society. This thesis intro-
duces a rigorous framework and discusses chances and limitations for using machine
learning in complex structural dynamics. Special focus is put on the physical pecu-
liarities of the vibration signals and physics-informed learning. In the context of case
studies, new methodologies are presented for several systems ranging from single-
degree-of-freedom oscillators to complete automotive disk brake systems.
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1 Introduction

Engineering dynamics and vibrations of mechanical structures have a long history of
modeling approaches that matured from single-body equations in the ages of New-
ton, to multi-body considerations, and nowadays to complex numerical models, all
based on first principles of physics. However, there are mechanical systems that have
not yet benefited as much from the simulations, since the simulated behavior signif-
icantly differs from the one observed in experimental testing and during operation.
Examples for this class of systems can be found in friction-affected systems, such
as brakes, clutches and drill-strings, systems affected by multi-physics and transient
loads, such as renewable energy converters, systems composed of a large number
of components, such as turbines, and many more. For those systems, the predic-
tive power of numerical simulations, mostly assuming linearity and time invariance,
must be considered weak even today. Consequently, system identification strategies
have focused on learning about unknown and uncertain system elements from ex-
perimental measurements for updating the corresponding numerical models. These
approaches work well for weakly nonlinear systems with regular vibration behavior.
Nonetheless, there is a significant number of systems and phenomena for which this
type of physics-based bottom-up modeling is lacking acceptable quality levels.

For centuries, the natural and life sciences have relied on evidence-based techniques
to draw conclusions about natural systems from observations, i.e. pursuing top-down
approaches. Here, the physical complexity, sparse observations and the number of
unknown subsystems with hidden links encourage a data- or measurement-driven
research approach rather than building bottom-up analytical models by hand. The
related scientific disciplines have developed a vast corpus of signal processing, data
assimilation and evidence-based methods. Recently, computing power has enabled
data-driven methods framed by terms of Machine Learning (ML) and Artificial Intelli-
gence (AI) to allow for processing of massive amounts of data and for the extraction of
hidden patterns. Owing to their versatility, those novel data-driven methods have en-
abled breakthroughs in various disciplines such as medicine, astro-physics, climate
research, and many more. Interestingly, data-driven approaches, being ’bread-and-
butter’ techniques in the natural sciences, have only had limited impact in structural
dynamics until today.
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1 Introduction

This thesis aims at answering three major questions that arise from the situation de-
scribed above. First, is the present disambiguation of complex natural systems and
complex mechanical structures in terms of methodical approaches, dynamic behav-
ior and system understanding justified? Second, what is required to employ modern
evidence-based and data-driven approaches in nonlinear structural dynamics? And
third, what are possible applications to exemplary evaluate chances and limitations
of those novel techniques in structural dynamics of mechanical structures? These
research motives are addressed by various interdisciplinary techniques for sequen-
tial data, which is the most common form of measurement recordings in mechanical
systems. Focus is put on deterministic dynamics of friction-affected structures. The
analysis incorporates regular as well as irregular dynamics and related transitions.
Furthermore, multi-scale and non-stationary behavior is taken into account. In the
field of machine learning, methods for explicit consideration of sequences and time
dependency are evaluated in respect to their compatibility and potential benefit. Af-
ter all, eligibility for the usage in an engineering-compliant environment is regarded
as a key factor for potential benefits of the proposed methods.

This thesis is structured as follows: In Chapter 2, today’s challenges in mechanical vi-
brations are outlined by revising some of the core characteristics of nonlinear dynam-
ics and related phenomena. The observed dynamic behavior is compared to nonlin-
ear dynamics in the natural sciences to present commonalities and differences, espe-
cially with respect to the notion of complexity. Furthermore, a generalized framework
for a consistent system description is developed that sets the base for a data-driven
treatment of vibrating mechanical structures. Chapter 3 illustrates how a classical
data science process can be adapted for the use in nonlinear structural dynamics
in an engineering-compliant environment. A systematical data science process for
structural vibrations is presented. A high-level overview on dynamics-specific meth-
ods is given that builds on the domain knowledge developed in Chapter 2. Poten-
tial pitfalls and approaches to explaining black-box data-driven models are indicated.
Chapter 4 depicts the use of the novel data science process for structural dynamics.
Specifically tailored data-driven methods are applied to six application cases from
nonlinear structural vibrations. The data-driven methodology is applied to system
identification, vibration detection, vibration characterization and vibration predic-
tion in various real mechanical systems. Most of these systems are affected by friction
that gives rise to various aspects of dynamical complexity. Chances and limitations
of the novel data science process and the related techniques are evaluated. Finally,
Chapter 5 concludes the results of the thesis and gives outlines for future work.
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2 Complex mechanical vibrations

In this chapter, a selection of characteristics of mechanical vibrations is presented
that render systems and their dynamics complex. Namely, nonlinearity, irregularity,
dynamic transitions, and dynamics at multiple scales are re-visited. Dynamical and
structural complexity is discussed and identified in mechanical systems. In the first
part, special focus is put on the class of mechanical systems that are affected by fric-
tion. In the second part, aspects of complex dynamic behavior are shown to exist
in small and well-known analytical models. The third part closes this chapter with
a generalized system framework for describing and modeling complex machine dy-
namics using data-driven methods. The rather extensive review of nonlinear vibra-
tions is considered to be of fundamental importance: only the knowledge about the
wide range of dynamical phenomena and their characteristics will allow to select ap-
propriate methods for a data-driven system identification that is at the heart of this
thesis.

2.1 Nonlinear and transient vibrations

’Nonlinearity is generic in nature, and linear behavior is an exception’ as stated by
Kerschen et al. [1]1. Linear behavior can be assumed for some mechanical struc-
tures that undergo only small deflections. However, the ever-increasing demand for
lighter structures results in more flexibility, and thus nonlinear behavior. Other sys-
tems, such as those affected by friction, exhibit strongly nonlinear characteristics es-
pecially for small-amplitude motions. As a result, nonlinearity gives rise to a plethora
of different phenomena in dynamical systems. This section begins with a brief histor-
ical introduction to nonlinear dynamics before the core aspects of regular and irreg-
ular motion, self-excitation and spatially distributed dynamics are discussed in more
detail.

Initiated by Kepler and Newton [2] for the two-body problem, Poincaré [3] studied
nonlinear dynamics using topographical quantities and, nowadays most famously,
introduced the idea of the Poincaré section. Also, he discovered dynamics with sensi-

1Alternatively, a humorous phrase says: ’to divide all systems into linear and nonlinear is like dividing the
world into bananas and non-bananas’
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2 Complex mechanical vibrations

tive dependence on initial conditions - today known as chaos. However, his findings
remained without much impact during his life time. It is Lorenz in 1963 [4], who can
be considered the founder of the modern research discipline of chaotic dynamics.
For the first time making use of an early computer, he showed the sensitivity on initial
conditions of the Rayleight-Bénard convection model, now referred to as the Lorenz
system, and thus established the well-known butterfly effect. Feigenbaum [5] studied
the bifurcation patterns of iterative maps and identified the period-doubling bifur-
cations as a route to chaos in the simple map. Next, Mandelbrot [6] played a crucial
role in the discovery of fractals, i.e. geometric object that exhibit self-similarity. In-
terestingly, solving the equations for the famous three-body problem has remained
practically unsolved until today due to its chaotic character. This thesis is concerned
with phenomena and analysis methods for deterministic dynamics. Here, determin-
ism denotes the evolution of the dynamical system’s states to follow explicit rules that
do not contain any stochasticity. Given exact knowledge about all present states, the
mathematical description of the system dynamics would allow to compute the next
state in time exactly. Since knowledge is always limited and afflicted with uncertainty,
and our world is not fully deterministic, predictions are only valid for short times. Fur-
thermore, the dynamics of completely deterministic systems are not necessarily sim-
ple. The following sections illustrate how strictly deterministic systems can exhibit
complicated dynamics with seemingly random characteristics. The reader is referred
to the rich corpus of literature, such as the seminal textbooks [7, 8, 9, 10, 11], for more
detailed discussions on nonlinear systems and their dynamics.

Generally, mechanical systems can be categorized into forced, parametrically-excited,
and self-excited systems from a vibrations point of view. Forced systems experience
an external source of energy that prescribes central aspects of the system dynamics.
Typical examples include systems with periodic forcing from rotational motors and
engines. In nonlinear systems of this class, periodic motion with phenomena of sub-
harmonic and superharmonic responses and internal resonances are well-known [1].
Parametrically-excited systems exhibit fast varying, and mostly periodic, coefficients
that can produce large vibrations even far from the system’s natural frequencies. On
the contrary, self-excited systems develop their individual dynamics in the absence
of an explicit external forcing. Energy is transferred into self-excited motion through
positive feedback mechanisms between the structural motion and a source of energy,
such as a friction interface or aero-elastic forces from an airstream. Naturally, also
combinations of those different system classes exist. In forced self-excited systems, a
variation in forcing amplitude can cause amplitude reduction, so-called quenching,
while a forcing frequency variation can cause synchronization, i.e. entrainment of the
self-excited response.
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2.1 Nonlinear and transient vibrations

In this thesis, deterministic dynamical systems f of the form

ẋ = f (x , ẋ , t ) x ∈Rm (2.1)

are considered, where x (t ) denotes the m-dimensional state and ẋ (t ) denotes its
temporal derivative. The states are represented in the state space2. The temporal
evolution of a dynamical system along a path in the state space is denoted as a tra-
jectory. In the range of non-equilibrium responses, period-1 motion x (t ) = x

(
t + t̄

)

with period t̄ is at the lower end of dynamic complexity. Period-n motion x (t ) =
f (ω1t , . . . ,ωn t ) is observed if the harmonic components ωi of the response are ratio-
nally commensurable, i.e. if k1ω1 +k2ω2 +·· ·+knωn = 0 for non-zero integer coeffi-
cients ki ∈Z∗, i = 1, . . . ,n. On the contrary, quasi-periodic motion on a n-torus is ob-
served for rationally incommensurable frequenciesωn , i.e. k1ω1+k2ω2+·· ·+knωn 6=
0 for any non-zero integer ki . A limit cycle denotes periodic motion on a closed trajec-
tory that is isolated, i.e. neighboring states either converge to, or diverge from, this so-
lution [10]. Forced systems without self-excitation and linear systems cannot exhibit
limit cycles, since closed trajectories are not isolated in these systems. Regular mo-
tion is a summary term for the motion on a periodic or quasi-periodic attracting set.
Regular motion is characterized by negative semi-definite Lyapunov exponents. Reg-
ular dynamics have been studied extensively until Ruelle and Takens [12] reported an
object in the state space that is globally attracting, but shows locally repelling trajec-
tories with erratic dynamic behavior. They introduced the term of a strange attractor
for this object, even though Lorenz [4] had already discovered such an object before.
While irregular motion is also possible in conservative systems, strange attractors can
only exist in dissipative systems that exhibit contracting phase space volumes. The
following sections cover the definition of the term of chaotic motion and various tran-
sitions from regular dynamics to chaotic dynamics.

2.1.1 Irregular motion, friction and self-excitation

Deterministic systems can exhibit irregular motion that corresponds to the observa-
tion of chaos. Chaotic motion is characterized by sensitive dependence on initial con-
ditions and aperiodic trajectories. Throughout this thesis, the terms of chaotic and
irregular motion will be used in an interchangeable way for indicating determinis-
tic dynamics that exhibit sensitive dependency on initial conditions. If a set is ap-
proached by the trajectories, it is termed the strange attractor [12]. A strange attractor
exists if the system dynamics are bounded by non-smooth manifolds with complex,

2Typically, the term phase space refers to continuous systems (also called ’flows’), while the term state space
refers to discrete or discretized systems [10].
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2 Complex mechanical vibrations

i.e. strange, topology. The sensitive dependence on initial conditions causes two tra-
jectories starting in very close vicinity to remain close only for a short time before they
diverge at an exponential rate, which is measured by the maximal Lyapunov exponent.
The Lorenz system [4]

ẋ =σ(
y −x

)

ẏ = x (R − z)− y

ż = x y −βz

(2.2)

is one of the most-studied dynamical systems that exhibit chaotic motion. The sim-
plistic mathematical model features only two nonlinear terms, yet it shows a wide
range of regular and irregular dynamical responses. In the standard configuration for
σ = 10, R = 28, and β = 8/3, the system exhibits a chaotic response that creates the
typical butterfly-alike attractor in the state space, see Figure 2.1. As the attractor is
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Figure (2.1) (a) trajectory of the standard Lorenz system in Equation (2.2) starting from

x1 = [
x, y, z

]> = [10,10,0]> and converging to a strange attractor. (b) Euclidean difference

between two trajectories starting nearby at x1 and x2 = [10,10.1,0]>

bounded, also the difference between two nearby starting trajectories is bounded af-
ter the initial phase of exponential divergence. Practically, chaotic behavior means
that long-term predictions are not possible, and that the prediction of the next state
in time becomes exponentially harder as time passes [13]. As a result, and following
the paradigm of quantum mechanics and sensitive dependency on initial conditions,
one may have to get familiar with a world in which even more precise and massive
measurements will not allow for a precise prediction of future states in chaotic dy-
namical systems, even in the complete absence of random elements. Research on
nonlinear dynamical systems has revealed a plethora of different routes to chaos, i.e.
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2.1 Nonlinear and transient vibrations

the transition from regular to irregular dynamics through parametric changes to the
dynamical system [14]. The period doubling route to chaos proposed by Feigenbaum
[15, 16] involves a cascade of pitchfork bifurcations from period-2 orbits to period-4
orbits and so forth until chaos emerges [17]. The bifurcation rate, i.e. the shrinking
distance between period doubling bifurcation points, is given by the universal Feigen-
baum constant [18]. On the contrary, the intermittency route to chaos introduced by
Pomeau and Manneville [19] is characterized by a sudden transition of a periodic or-
bit to a chaotic attractor, also called hard chaos [20]. Here, the trajectories exhibit
regular behavior, i.e. laminar motion, for a long time, before a sudden burst initial-
izes irregular motion. Examples for this kind of transitions can be found in the Lorenz
system. The Ruelle-Takens-Newhouse route to chaos [21] considers a cascade of Hopf
bifurcations as the root cause for turbulent flow at increasing Reynolds numbers. A
periodic orbit transits into a quasi-periodic orbit, i.e. a 2-torus, which in turn transits
to a 3-torus and finally chaos arises through arbitrarily small perturbations. In the
case of the crisis route to chaos [22], a chaotic transient turns into a chaotic attrac-
tor by the duration of the chaotic transient approaching infinity. Even more routes to
chaos are likely to exist in the wide range of nonlinear dynamic systems.

Attractors, whether strange or regular, are typically characterized by dynamical and
topological properties that are rooted in ergodic theory [23]. Ergodic theory assigns
statistical quantities, so-called invariant measures, to the deterministic long-term dy-
namics on the attractor. Exemplary, the Lyapunov spectrum measures the average di-
vergence of nearby starting trajectories in each state space dimension for dissipative
systems. Thus, chaotic systems exhibit at least one positive exponent. Several entropy
metrics, such as the Shannon entropy [24] and the more general Kolmogorow-Sinai
(KS) entropy [25], are measures for the degree of order [26] and for the amount of in-
formation that is required for predicting the future of a dynamical system. As a result,
regular dynamics have a vanishing KS entropy. Most dynamical invariant measures
are temporal averages, not spatial averages, and hence are based on a single trajec-
tory. Ergodic theory investigates if the invariant measures are independent from the
spatial dimension, i.e. the choice of initial conditions and the choice of the coordi-
nate system. More practically, invariant measures represent a direct way to compare
(strange) attractors and measure their dynamical and geometrical properties. The in-
variant measures are preserved under transformations, which is the central idea of
Takens’ theorem [27], which will be discussed in more detail in Chapter 3.

In addition to the dynamical invariant measures, geometric invariant measures com-
plement the description of a strange attractor that can exhibit fractal properties. Frac-
tals are deeply connected to dynamics through iterations, i.e. via an iterative process,
such as the Koch curve [28] or the Cantor set. Fractal geometry allows to measure the
extension of fractal objects and their dimension, i.e. the amount of cascaded details of
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2 Complex mechanical vibrations

an object. Well-known dimension metrics are the Hausdorff dimension and the box-
counting method3. The correlation dimension introduced by Grassberger and Procac-
cia [29] quantifies the density of states in sections of the state space to measure the
dimensionality of strange attractors. For example, the correlation dimension of the
Lorenz attractor shown in Figure 2.1 is Dcorr = 2.05±0.01 [29]. Other dimensionality
estimators, such as the Renyi [30] dimension exist for the quantification of strange
attractors. Fractality and self-similarity can also be found in time series, where it is
expressed by different self-similar temporal scales, as exemplary found in stock price
time series [31].

Chaotic dynamics have been observed through a wide range of scientific disciplines,
such as electrical engineering [32], chemistry [33], the life sciences [34], mechanical
engineering [35, 36, 37, 38], geology [39] and many more. Generally, since conser-
vative systems cannot be asymptotically stable, there is no possibility of fixed points,
limit cycles or strange attractors in those systems owing to the lack of volume contrac-
tion in phase space. Still, irregular motion is possible, which is then deeply interlaced
with regular regimes [40]. Furthermore, strange non-chaotic attractors can exist in
non-autonomous and quasi-periodically driven dynamical systems [41, 42, 43]. Here,
the notation of strange relates the not piecewise differentiable, i.e. fractal, geometry,
while the motion itself does not exhibit sensitive dependence on initial conditions as
indicated by non-positive Lyapunov exponents.

This thesis focuses on friction-affected and self-excited mechanical systems and their
dynamics. Almost every mechanical structure must be considered to be affected by
friction owing to the mechanical joints that are used for assembling the structure from
multiple components [44]. These mechanical joints and contacts have found increas-
ing interest in the research on nonlinear structural dynamics [45, 46]. The uncer-
tainty and nonlinearity introduced by the frictional interfaces cause severe difficulties
for accurate modeling [47]. In fact, it was shown that the nonlinear response of two
simple beams connected by a bolted joint exhibits such complex dynamics that even
highly sophisticated identification strategies and numerical simulations can only ap-
proximate the dynamics in certain situations [48]. Since the contact interface, its wear
status, and its current stick or slip state are generally inaccessible to measurements,
the parametrization of contact models can still be considered an art today [49]. Fric-
tion results in nonlinearity, and particularly for small-amplitude motions. This ef-
fect can be counter-intuitive regarding the dogma of nonlinearity arising from large
displacements. Hence, it must seem natural that the numerical simulation has only
limited predictive capabilities for complex structures that are assembled from a large
number of component.

3The box-counting dimension D is computed via log(number of boxes) = D log
(
1/length-of-side

)
for a seg-

mentation of space into small boxes and calculating the number of boxes that contain parts of the object.
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2.1 Nonlinear and transient vibrations

Self-excited oscillations can be observed in electronic circuits, aero-elastic flutter and
flow-induced vibrations [50], supersonic flow past a liquid film, hip endoprosthesis
systems [51], violin strings [52], multimode operation of lasers, and beam-plasma
systems amongst others [8]. In mechanical systems, the source of self-excitation is
often found to be friction. Friction-induced vibrations (FIV) have been observed for
a wide range of systems and machines, such as the so-called ’chatter’ in machine
tools [53, 54, 55] and high-frequency vibrations of brake systems [56]. Mechanisms
for FIV in mechanical structures have been studied extensively and among all the
works, four main mechanisms can be identified: A coefficient of friction that de-
creases with relative sliding velocity, binary flutter type instability [57, 58] with neigh-
boring modes coupling, intermittent stick-slip behavior [59] with sliding and stick-
ing phases that can feed energy into the system, and sprag-slip [60]. Tribology has
proposed a wide range of friction models [61, 62, 63, 64] to approximate the velocity-
dependent Stribeck friction behavior [65]. For high-frequency vibrations in brake sys-
tems, the flutter instability has been mostly agreed on to be the dominant driving
mechanism [58, 66]. However, multiple mechanisms may be present simultaneously
or excite each other, which has not been studied until today [67]. Several types of
regular and irregular FIV have been observed in brake systems. Wernitz, Hoffmann
and Vitanov [68, 69] studied brake systems in the steady sliding condition, i.e. in the
non-vibrating configuration. They revealed signs of low-dimensional deterministic
chaos with significant energy shares in frequency ranges way above the audible range
that stem from fast-scale frictional processes. Stochastic processes were found to play
only a secondary role. Oberst and Lai [37, 70, 71] studied the linearly unstable config-
uration that exhibits high-intensity FIV. These authors found evidence for periodic,
quasi-periodic, and chaotic motion through nonlinear time series analysis. In gen-
eral, friction-affected structures and friction-induced vibrations are not sufficiently
understood today [72, 73, 74]. Hence, friction is one of the major sources of nonlinear-
ity, uncertainty, and unpredictable behavior in most mechanical systems [72, 75, 46],
which can be one restricting element for predictive numerical modeling.

2.1.2 Multistability, localization and synchronization

Nonlinearity enables the phenomenon of multistability, a situation in which the sys-
tem has multiple co-existing stable solutions. Therefore, only the choice of initial
conditions and instantaneous perturbations will dictate the state to which the system
converges. A wide range of complex dynamical systems across the sciences, such as
the human brain [34], lasers, power grids [76] and the Amazon rainforest [77, 78], are
well-known for multistability [79]. In mechanical vibrations, the observation of mul-
tistability seems to be well accepted [1], but has, until today, remained a phenomenon
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2 Complex mechanical vibrations

that is largely not reflected in actual engineering designs, except for bi-stable energy
harvesting devices. Figure 2.2 depicts a simplistic oscillator with a velocity-dependent
weakening friction characteristic that gives rise to a subcritical bifurcation of the equi-
librium position [80]. In a specific velocity range, the steady sliding state and a high-
amplitude stick-slip cycle co-exist. The related basins of attraction are separated by
the unstable periodic orbit. As a result, small perturbations of the initial conditions
can cause jumping phenomena and hysteretic behavior. Given the simplicity of this
oscillator, multistability in complex mechanical systems cannot be surprising, but
must rather considered to be natural. Therefore, it can seem rather paradoxical that
such systems are often studied by means of local and linearizing approaches that can-
not resolve multistability.
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Figure (2.2) Bi-stability in a single-degree-of-freedom oscillator (a) with a velocity-
dependent friction characteristic [80]. A stick-slip limit cycle (solid red line) co-exists with
the steady sliding solution (blue line) for the belt velocity ṽ < 1.84. Owing to the subcritical
Hopf bifurcation of the equilibrium solution, bi-stability is observed for 1.1 ≤ ṽ ≤ 1.84 in (b).
(c) depicts the state space at ṽ = 1.5 with the unstable periodic orbit (dashed black line) and
the two stable solutions. Parameters and the equations of motion are given in Appendix A.1

Explicit multistability studies are often limited to systems that feature few degrees-of-
freedom and, hence, allow for compute-intensive solution path continuation proce-
dures. Examples can be found in self-excited frictional oscillators [45, 80, 81], forced
oscillators [1, 82, 83, 84], and rotor dynamics [85] amongst others. Examples for mul-
tistability considerations in large numerical models are rather limited to the study
of bifurcation paths in turbo-machinery [86, 87]. One possible reason for the lack
of consideration of multistability in structural dynamics can be found in the diffi-
culty of obtaining a complete picture of all possible solutions. Particularly hard to
find are those solutions which are not connected to other solutions, the so-called
isolated branches [88]. Once the number of degrees-of-freedom grows, the branch-
ing behavior of (even weakly) nonlinear systems can quickly become complicated
[82, 88, 89]. Furthermore, most techniques are limited to low-dimensional regular
vibrations. Even if extensive studies can reveal the bifurcation diagrams and all possi-
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2.1 Nonlinear and transient vibrations

ble solutions, it still remains unknown to which of the competing solutions the system
will converge during operation: Brute-force search for the different basins of attrac-
tion and their boundaries [90], for example for evaluating the basin stability [79], can
become computationally intractable even for low-dimensional systems.

Up to now, uniform motion of dynamical systems has been discussed without a ref-
erence to spatially distributed dynamics. Real systems, however, feature multiple
components that are geometrically coupled and can interact. Coupled oscillators
are known for exhibiting various complicated dynamics that involve salient features
of localization and synchronization. The collective dynamics of coupled oscillators,
as found in biology, chemistry, physics, brain dynamics, and many more [91], cru-
cially depend on the type, whether local, non-local or global, and strength of cou-
pling [92]. In linear systems, localized dynamics were found to arise from inhomo-
geneities as initiated by the Nobel prize winning ’Anderson localization’ [93] in solid
state physics. Here, localization patterns emerge from the distribution of natural fre-
quencies or other symmetry-breaking elements of the structure. These localizations
are mostly understood today. On the contrary, understanding of localization in non-
linear systems has not yet been achieved to a satisfactory level. In nonlinear conser-
vative systems, families of breathers and solitary states can be observed [94]. Under-
standing spatial localization in dissipative systems was enhanced by studying branch-
ing behavior stemming from subcritical bifurcations in pattern forming systems [81].
If a single element in an oscillator chain exhibits bi-stability (see Figure 2.2), then
the chain of oscillators can exhibit various vibration patterns in which some oscilla-
tors coherently follow one solution, while other families exhibit motion similar to the
other stable state of the single bi-stable element.

Other phenomena of spatially sharply separated, and concurrently existing coher-
ent and incoherent dynamics exist: Discovered by Kuramoto and Battogtokh in 2002
[92], and termed chimera states by Abrams and Strogatz [95] in 2004, those patterns
represent another feature of localization in nonlinear dynamical systems. Chimera
states denote the remarkable co-existence of phase-locked and drifting dynamics in
chains of identical oscillators with non-local coupling for particular initial perturba-
tions. Coherent dynamics with oscillation synchrony exist in one spatial regime, while
incoherent dynamics with complete asynchrony exist in the remaining spatial regime
[84]. Hence, depending on the spatial viewpoint, one can come to different conclu-
sions about the qualitative character of the dynamics. Localization can play a crucial
role in practical vibration research: depending on the sensor placement, qualitatively
different dynamics may be observed at the same time. Sensitivity to initial conditions
adds additional challenges for experimental analysis. Snaking [96, 97] is inherently
connected to the spatial localization of vibration states and has been observed across
mechanics, fluid dynamics and nonlinear optics [97, 98, 99]. Particularly, snaking bi-
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2 Complex mechanical vibrations

furcations relate to a special structure of the bifurcation diagram where two inter-
twined solutions branches cross various times in a helix-alike picture for increasing
energy levels. Localization and snaking bifurcations are intrinsically related to local
resonances and nonlinear normal modes [100] owing to the nonlinear dependence of
frequency and energy [101] in the system.

Synchronization is most often denoted as the collective behavior of various compo-
nents or subsystems of a dynamical system owing to interactions between two pro-
cesses [91, 102], such as the locking of phases. Synchronization phenomena in struc-
tural dynamics are often related to multi-component systems that experience some
externally pre-scribed motion in the presence of intrinsic energy sources. For ex-
ample, a self-excited oscillator may synchronize with a periodic external forcing in
the so-called entrainment scenario [8]. Also, several self-excited oscillators can syn-
chronize to either regular or irregular motion [13]. Synchronization can be especially
relevant when energy transfer happens across time scales, i.e. when slow-scale and
fast-scale processes interact in such a way that vibrations grow. Such a scenario is
well-known in geology and climate research [103], but has attracted little attention in
structural dynamics. The following section discusses several aspects of multi-scale
dynamics, which can be assumed to play a role in complex structural dynamics.

2.1.3 Transient, multi-scale and multi-physics dynamics

A further increase of dynamical complexity can be observed in transient, multi-scale
and multi-physics dynamics. Transient dynamics include the response to perturba-
tions and chaotic dynamics, which themselves are inherently transient owing to the
non-negative Lyapunov spectrum. Considering realistic dynamical systems, such as
engines or other machines, one may even wonder if something like a steady-state4

even exists at all in those systems? Realistic multi-component structures consistently
interact with the environment, loads, and operation strategies, and hence would need
to synchronize to a uniform motion that is robust against perturbations to remain in
a regular steady state. Taking such scenarios into account, transient behavior may
seem to be the natural vibration mode in complex systems. Therefore, the current
modeling and identification approaches seem to be limited by the inherent assump-
tion of mostly periodic and steady-state behavior. For example, the structural dynam-
ics of an offshore wind turbine blade are intrinsically transient due to cyclo-stationary
blade rotation, inertial properties, and variations in the instantaneous wind charac-
teristics or ocean motion. These operational conditions cover a wide range of tem-
poral scales, such as sudden fluctuations, daily variations, and seasonal effects. In
response to the instantaneous power demand and the environmental conditions, the

4static equilibrium states and those that are periodically recurring are denoted as steady-state in this thesis
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blade rotation is constantly subjected to a control strategy. Built-up models would
have to incorporate multiple physics and multiple temporal scales to adequately rep-
resent and predict the aero-elastic structural vibrations, which is still out of scope
today [104]. Aspects of such multi-scale and multi-physics dynamics are discussed
in the following paragraphs. Particularly, those aspects are closely related to the se-
lection of system boundaries when trying to build mathematical models for complex
dynamical systems.

Multi-scale dynamics are well-known in a range of scientific disciplines, such as the
life sciences [105], economics [106], geophysics [107], and climatology [103, 108].
Common to all of these scientific disciplines is the finding that complex system dy-
namics can be governed by latent coupling mechanisms [109] that link different spa-
tial or temporal scales. When dominant processes act on different time scales, the
individual analysis of a single time scale might not reveal the relevant mechanisms
for the observed dynamics. Thus, a multi-scale analysis may be required to capture
the complete mechanisms, event synchronization, and driver-response relationships
[103]. Several techniques have been proposed to make certain features of the sig-
nal more amenable to study. Exemplary, the wavelet transform is a well-accepted
technique for analyzing abnormal ECG recordings, respiratory patterns, blood pres-
sure trends, and other biosignals that carry multi-scale features [105]. In structural
dynamics, most research efforts on multi-scale analysis have been devoted to geo-
metrically multi-scale and multi-component materials [110], and multi-scale friction
interfaces [111]. Thus, it seems surprising that structural dynamics are sometimes
assumed to be governed by a single time scale, while a broad range of other scientific
disciplines has already integrated multi-scale behavior into the general knowledge.
In this context, the inherent assumption of single-scale dynamics can be read from
predominant signal processing methods based on the Fourier transform and from
computational methods that include only a limited number of harmonic functions or
modes. In simulations, whether linear or fully nonlinear, almost all approaches are
concerned with the concepts of low-dimensional regular dynamics and, hence, with
single-scale dynamics. Temporal and spatial multi-scale behavior is part of many
considerations in tribology [112], but once incorporated into structural models of
complex systems, rather massive simplifications and homogenization approaches
with simplistic friction formulations dominate. Vibrating structures that experience
fluid-structure-interaction are, most probably, one of the few structures that are con-
sidered in a multi-scale framework owing to the multi-scale nature of turbulence or
seasonal effects that arise in in geology. In machine dynamics, only few works have
explicitly mentioned vibrations across scales, such as Sever et al. [113] who report on
nonlinear dynamics at all spatial and temporal scales in aero engines. For automotive
brake systems, Wernitz et al. [68] recorded vibrations in a steady sliding state. Using
sampling rates up to fs = 200 kHz, they showed significant energy shares in tempo-
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2 Complex mechanical vibrations

ral scales that are magnitudes above the dominant structural modes or dynamics
from the rotating disk. Therefore, one may state that temporal multi-scale dynamics
are under-represented in the current research on structural vibrations of mechanical
systems.

Most of the aforementioned multi-scale dynamics in fluid-structure-interaction (FSI)
and friction-excited systems are strongly affected by multi-physics. Multi-physical
interactions are the cause for fluid-induced vibrations, such as multi-mode vortex-
induced vibrations of flexible offshore marine structures (pipelines, cables) owing
to marine currents and ice-induced vibrations of offshore wind turbines. Other
multi-physics interactions exist, such as thermo-acoustic instabilities in aircraft tur-
bines. Furthermore, friction is a highly complex phenomenon that involves multiple
physics, such as mechanical, thermal, and chemical processes [61]. The energy dissi-
pation in the contact can give rise to temperature effects that in turn affect material
properties. Often, the temperature effects act on different temporal scales [114] than
the structural dynamics, which highlights the intrinsic coupling of multi-physics and
multi-scale effects in some dynamical systems. These examples may imply how those
dynamical systems interact with their environment, which consequently needs to be
taken into account during the analysis. As a result, the selection of a proper system
boundary can be a decisive step during the data acquisition and the modeling step.
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2.2 Complexity in structural dynamics

After having illustrated various aspects of nonlinear dynamics, this section aims at a
description of complexity. However, precisely defining the term of structurally or dy-
namically complex systems appears to be a challenging task. Hence, this discussion
starts with a collection of examples given in other scientific disciplines, main proper-
ties of complex systems, and common goals for the analysis of such systems.

2.2.1 A review across the sciences

Mitchell [115] gives examples for a range of different complex systems: Ants, which
are primitive as an individual, work collaboratively in a colony to accomplish difficult
tasks without any central control, i.e. through self-organization. The brain is made
of interconnected neurons, which themselves are rather simple structures that fire an
output given a sufficient input activation. The huge and self-organized assemblage
of neurons gives rise to cognition, intelligence, and creativity. Other examples for
complex systems are social networks, food networks, and financial systems. Weaver
[116] gave a categorization of problems with different complexity levels in 1948. He
stated that the first two classes could be dealt with using the methods available at that
time, but that the third class would represent the most important challenge to science
in the second half of the 21st century:

(i) Problems of simplicity (involving only few variables), such as pressure and tem-
perature in thermodynamics, dealt with before the early 20th century.

(ii) Problems of disorganized complexity (involving billions or trillions of variables),
such as understanding the laws of temperature and pressure as emerging from
trillions of air molecules. Here, the assumption of little interaction among vari-
ables allows to describe the collective behavior by averages.

(iii) Problems of organized complexity (involving moderate numbers of variables),
where components interact in a strong and nonlinear way, such that averages
cannot be taken over the complete population of variables, the so-called ’or-
ganic whole’ [116].

Since the definition of the term complexity can be very specific to the research dis-
cipline at hand, Seth [117] proposed to measure the complexity quantitatively. In
2001 he introduced a list of metrics and the three classes of difficulty of description,
difficulty of creation, and degree of organization. These classes are proposed to be
measured by means of information-theoretic metrics, such as the Shannon entropy,
fractal dimension, degree of hierarchy, thermodynamic depth, and others.
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2 Complex mechanical vibrations

2.2.2 Properties of complex systems

From this small selection of works on the term complexity, a minimal set of properties
can be deduced that seem to be common to most complex systems from a wide range
of scientific disciplines:

(i) Individually simple (i.e. with respect to the whole system) components or agents
are coupled in a strongly nonlinear manner and can produce complicated over-
all system behavior. Complex systems encode long time history and involve
aspects of feedback behavior.

(ii) There is no need for central control, but the system organizes itself through non-
linear information processing, interactions, synchronization, and time-variant
adaptations to the environment and the other agents.

(iii) Emergent behavior can be observed, i.e. behavior that cannot be explained by
the individual component, but must be understood from the system level per-
spective. Despite the high number of states, only a subset of the phase space is
covered, i.e. dimensionality reduction or pattern formation takes place. Such
behavior can be captured by measures of entropy.

Additionally, most complex systems, such as the brain, social networks, or chaotic
weather dynamics, do not follow a compact or closed-form description. The com-
plex systems and their dynamical behavior cannot be encapsulated into few simple
equations owing to the interdependent action of several agents, and adaptation of the
agents to environmental impacts, and the limited knowledge of system properties.
These characteristics of complex systems prevent direct modeling using first princi-
ples, such as Newton’s laws or Maxwell’s equations. Hence, observations of the dy-
namical response are studied using evidence-based techniques. Typically, the goals
of research on complex systems are the development of mathematical tools for cross-
disciplinary insights, and, ultimately, the development of a general theory. Methodi-
cally, these objectives are approached by a combination of experimental studies, the-
oretical work, and computer simulation. Often, the objective is to find causal relations
between time series observations of different system states, such as for understand-
ing the El Niño weather phenomenon [118]. Overall, one may say that in complex
systems the whole is more than the sum of the parts. However, systems can have all
the features of complex systems, but yet they can end up exhibiting non-complex be-
havior, such as equilibrium states.
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2.3 Physics-based and data-driven modeling approaches

Mechanical engineering structures have a long history of analytical and numerical
modeling. In contrast to complex systems from other scientific disciplines, me-
chanical structures are assembled from individually well-known parts. Therefore,
the component-based superposition principle seems to be a natural approach, even
for analyzing complete machines. As a result, an imbalance can be observed between
highly specialized and sophisticated computational methods and rather rudimentary
signal processing and data analysis, as indicated by various authors [1, 37, 72] for the
field of friction-self-excited vibrations of mechanical structures. Numerical model-
ing can be understood as a bottom-up approach, while system identification from
observations is a top-down approach. The following paragraphs briefly introduce
core aspects of modeling and identification approaches employed for the analysis of
vibrating mechanical structures today.

2.3.1 System identification and numerical modeling

System identification is the process of developing or improving a mathematical model
of a dynamical system from observations [119]. System identification aims at find-
ing a validated model, such that the chosen model terms can describe the physi-
cal phenomenon as accurately as possible. Linear system identification approaches
have matured to a well-established methodology with sound theoretical foundation
[1, 120]. Modal analysis [121, 122] is probably the most popular linear identification
procedure that determines natural frequencies, modal damping values and mode
shapes from vibration testing. However, in systems with (even weakly) nonlinear be-
havior, the basic principle of linear system theory, the superposition principle, gen-
erally does not hold anymore. Therefore, nonlinear system identification approaches
[11, 123] are required for the multitude of nonlinear dynamical phenomena discussed
in the previous sections. In contrast to linear identification approaches, the gen-
eral form of the dynamical system ẋ = f (x , ẋ) from Equation (2.1) is unknown ow-
ing to the unknown type and form of the relevant nonlinearities. Instead of updating
parametrized models (as it is generally done in linear system identification), conven-
tional nonlinear identification approaches [1] propose to iteratively detect the non-
linearity, characterize the location, type and form of the nonlinearity, and finally esti-
mate the related parameters.

In their seminal work, Kerschen et al. [1]5 classify different approaches to nonlinear
system identification into the techniques of linearization, time and frequency domain

5Interestingly, system identification for systems with chaotic responses is not discussed in that work
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methods, modal methods, time-frequency analysis, black-box modeling and struc-
tural updating. Frequency response functions, although only valid in linear systems
in a strict sense, are often used to study changes of quasi-modal properties under in-
creased excitation amplitudes, or to identify linearized models [124]. Time domain
methods include the restoring-force-surface method [125], various variants of time
series analysis including auto-regressive moving average models (ARMA) [126] and
nonlinear ARMA with exogenous input models (NARMAX) [127], as well as several
time-domain transformations, cf. Hilbert and Hilbert-Huang transformation [128,
129]. Frequency domain methods cover adaptations of the frequency response func-
tion to nonlinear systems, higher-order spectra [130], and inverse harmonic balance
approaches. When it comes to nonlinear behavior, nonlinear normal modes (NNM)
[100] are the classical analogues to modal analysis in linear systems. Most applica-
tions of NNMs for system identification can be found in forced nonlinear systems
with well-separated modes. In time-frequency analysis [131], the Hilbert transform
can be used to compute backbone and damping curves from time series, but is lim-
ited to single-component signals. Other time-frequency techniques aim at separating
different (nonlinear) modes in free oscillations for parameter identification of the in-
dividual modes [1]. Naturally, a multitude of novel system identification approaches
have been and still are developed for nonlinear systems. For example, sparse regres-
sion techniques [132], compressive sensing [133], and Koopman operators [134] have
attracted attention recently.

Most of the aforementioned approaches rely on white-box or gray-box models, i.e.
underlying assumptions about the mathematical structure of the dynamical system.
On the contrary, black-box approaches [135, 136] make no a priori assumption about
the dynamical model. First black-box system identification approaches using artifi-
cial neural networks (ANN) go back to 1990 [127, 137, 138]. ANN can approximate
arbitrary nonlinear functions, and can hence be used to represent unknown input-
output behavior. As a downside, most of the black-box and machine learning models
have only limited practical use owing to the lack of interpretability. Even though a
group of researchers denotes this type of modeling as system identification, this the-
sis understands system identification as an approach to the inverse problem, i.e. the
task of extracting physically meaningful parameters from measured data. Today, sys-
tem identification of weakly nonlinear single- and multi-degree-of-freedom lumped
models with localized nonlinearities are in reach. Complex engineering systems with
a high modal density and high modal damping values have been, and still can be, a
challenge for system identification.

Numerical models, whether derived from bottom-up or top-down approaches, are
useful for predicting the response to some input, for inferring the effect of structural
design changes, or for developing a control strategy via virtual prototyping. In struc-
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2.3 Physics-based and data-driven modeling approaches

tural dynamics, bottom-up models are most-often derived from discretizations of ge-
ometric representations of the structure, such as the finite element method (FEM).
More abstract or reduced representations can result in simpler mathematical struc-
tures, such as low-dimensional sets of differential equations. The analysis of the dy-
namical systems aims at the core aspects of stability analysis, bifurcation analysis and
the prediction of the dynamics for a given load. Tremendous success of numerical
modeling has been achieved, but in some areas there is a striking lack of predictive
models. Examples for the latter case have been given in the context of complex, multi-
scale and multi-physics dynamical systems. Some of the typical approaches to the
numerical analysis of nonlinear dynamical systems are outlined in the following.

The complex eigenvalue analysis (CEA) is an established method with a long history
in structural dynamics [56, 139, 140]. The system is linearized around a point of op-
eration x∗ and the eigenvalues λ of the Jacobian indicate the linear stability of x∗
against small perturbations. The eigenvalues λ = δ+ iω are associated with the vi-
bration frequency ω and the stability measured by the sign of δ: vibrations grow for

a positive real part according to
∣∣∣eδt

∣∣∣. The eigenvectors represent the related mode

shapes. However, the relevance of this local linear stability measure is rather limited
for the analysis of nonlinear systems. Once a system exhibits stable non-equilibrium
attractors, nonlinear and global stability concepts are required, as displayed in the
Appendix A.6 for the van der Pol oscillator. The eigenvalues denote only the conver-
gence rate for small perturbations, but not the likelihood of the system to converge to
the equilibrium. Bifurcation analysis investigates qualitative changes of the dynam-
ics when a system parameter is varied. Nonlinear normal modes (NNM) can be used
to study the system dynamics under increased energy levels, i.e. when nonlinear ef-
fects become more pronounced. Complex nonlinear modes, being the analog to the
linear complex modes for systems with non-modal damping [141], provide solutions
for nonlinear non-conservative systems by means of generalized Fourier series. In
contrast to linear modes, NNMs do not obey the principle of linear superposition and
hence a system response cannot be composed by addition of NNMs. When it comes
to geometrically complex systems, such as those composed of a multitude of compo-
nents, reduced order modeling (ROM) techniques come to play. ROM aims at reduc-
ing the size of the mathematical model by omitting irrelevant states or modes. How-
ever, most numerical analysis is limited to weakly nonlinear regimes, because here
the systems are amenable to perturbation analysis. Fully nonlinear analysis through
time marching integration of the equations of motion is cost-intensive [139, 140]. De-
pending on the highest mode considered in the analysis, very short time steps must
be chosen. Furthermore, the appropriate choice of initial conditions, consideration
of time-variant loadings and contact formulations and their parametrization are chal-
lenging [139] in complex systems. Some progress has been achieved through uncer-
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tainty quantification and uncertainty propagation techniques.

Damping can be considered one of the greatest challenges for numerical modeling.
Among the various system parameters that are uncertain or unknown, damping can
have the most crucial impact on the system dynamics. It has been shown that even
a minor change of a local damping value can de-stabilize systems [142, 143, 144] and
qualitatively change the overall motion [145]. The damping parametrization in a sim-
ulation model plays a crucial role as it is a sensitive tuning knob for the linear sta-
bility margin, thus resulting in common under- and over-prediction issues [139, 140,
145, 146, 147] in practice. This circumstance has already been reported by Bathe and
Wilson [148] more than 40 years ago: ’in practice, it is difficult, if not impossible, to
determine for general finite element assemblages the element damping parameters, in
particular the damping properties are frequency dependent’ and Ouyang et al. [146]
add ’The notion of viscous damping is a convenient one rather than an accurate one’.
Along these lines, Tiedemann et al. [75] recently illustrated that material damping has
a neglecting effect when compared to damping originating from mechanical joints in
brake systems. Since joints and their properties are mostly inaccessible, their char-
acterization is a major challenge [46, 149]. Thus, it may not seem surprising that the
numerical simulation of some complex dynamical structures has not arrived at a sat-
isfactory level yet.

2.3.2 Chances and limitations of data-driven approaches

This paragraph attempts to put together most phenomena, identification and mod-
eling approaches, and challenges in structural dynamics of complex dynamical sys-
tems that have been discussed in the previous sections. First, mechanical systems are
assembled from a multitude of components. In an optimal case, the individual prop-
erties of the components are known. However, the mechanical joints in the assem-
bled structure remain mostly unknown, while contributing severe amounts of non-
linearity and damping. Second, the resulting structural nonlinearity must not stem
from large-amplitude motions, but can also be initiated by frictional contacts during
small-amplitude motion. Third, nonlinearity gives rise to a wide range of dynami-
cal phenomena, such as (quasi-)periodic motion, multistability, localization, chaotic
and emergent behavior. Aspects of self-excitation can add autonomous vibrations
in the absence of an external forcing. Fourth, besides the internal nonlinearity, en-
ergy sinks and sources, the dynamical system interacts with the environment, exter-
nal loads and operational conditions, which can be multi-scale, multi-physics, and
non-stationary. As a result, multi-component dynamical structures must be consid-
ered as complex systems since they share salient features of complexity with other
systems, such as the climate, the human body or social networks. In this situation, it
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seems counter-intuitive to assume the resulting structural dynamics to be stationary
or strictly periodic under real-world circumstances. Moreover, given the plethora of
unknown and uncertain system parameters, and the possibility of various compet-
ing stable solutions, bottom-up numerical simulations cannot be assumed to be as
predictive as they are for linear systems. Nonlinear system identification approaches
have matured, but still remain a loose collection of specialized techniques for spe-
cific use cases. Overall, an imbalance can be observed between highly sophisticated
numerical modeling approaches, even though conceptually limited when consider-
ing irregularity and complexity, and evidence-based approaches in structural dynam-
ics. Under these circumstances, steady incremental progress can be expected from
conventional approaches for several classes of systems that pose severe challenges to
understanding and modeling today. Among these systems, highly nonlinear, multi-
physics and multi-component structures can be found.

In the age of exponentially growing data, this thesis aims at shedding light on data-
driven and evidence-based approaches to understand mechanisms, sensitivities, and
representative mathematical models in complex mechanical systems. In sum, there
are two aspects of structural dynamics that make novel data-driven system analysis
and identification approaches appealing. First, some classes of mechanical systems
exhibit complex dynamical behavior that does not allow to isolate specific aspects
for conventional identification techniques. Various phenomena and driver-response
relationships can be buried in the overall non-stationary dynamics. Secondly, the
amount of data acquired from those systems grows rapidly. Hence, data-driven tech-
niques from the quickly growing field of machine learning are promising approaches
to discover patterns that are deeply buried in the diverse measurements, so-called
dark data. Dark data denotes data that was recorded, but due to a lack of appropri-
ate methods, remains unused and does not contribute to new scientific discoveries.
Some classes of systems, such as friction-excited brake systems, are only partly under-
stood today, even though large amounts of testing data have already been acquired.
The fact that system identification is inherently concerned with the input-output be-
havior of dynamical systems makes the application of machine learning techniques,
also concerned with approximating input-output relations, plausible.
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2 Complex mechanical vibrations

2.4 Analytical models with complex dynamics

Various features of complex mechanical vibrations discussed before may be attributed
to the fact that realistic structures are composed of many and partially unknown
components. In the following discussions, two analytical minimal models with fric-
tional self-excitation are presented that can produce complex dynamics without
the need for complicated structures or severe nonlinearities. A single-mass slider
[45, 58, 88, 142, 150] connected through a cubic stiffness joint to a linear subsystem
is revealing aspects of subcritical bifurcation behavior, multistability and the emer-
gence of irregular solutions through minor system parameter changes. In a second
model [151, 152] featuring gyroscopic terms, a multi-physics friction law is shown to
drive the nonlinear system dynamics into an irregular and multi-scale domain. The
common aspects of both studies are the simplicity of the weakly nonlinear models
and the possibility of complex dynamic behavior - a scenario that is well-known from
other scientific disciplines such as the Lorenz system [4]. All governing differential
equations, parameter specifications and initial conditions are given in Appendix A.
For reasons of readability, physical units are omitted in this section. Bifurcation di-
agrams were computed using orthogonal collocation methods. Parts of the content
and figures presented in this section have already been published in

[88] M. Jahn, M. Stender, S. Tatzko, N. Hoffmann, A. Grolet and J. Wallaschek: The
Extended Periodic Motion Concept for Fast Limit Cycle Detection of Self-Excited
Systems. Computers and Structures, 106-139, 2019

[150] M. Stender, M. Tiedemann and N. Hoffmann: Characterization of complex
states for friction-excited systems. PAMM, 17(1): 45-46, 2017

[152] M. Stender, M. Tiedemann, N. Hoffmann and S. Oberst: Impact of an irregular
friction formulation on dynamics of a minimal model for brake squeal. Mechan-
ical Systems and Signal Processing, 107:439-451, 2018

[153] M. Stender, M. Jahn, N. Hoffmann and J. Wallaschek: Hyperchaos co-existing
with periodic orbits in a frictional oscillator. Journal of Sound and Vibration,
115-203, 2020.

2.4.1 Multi-stable and irregular self-excited vibrations

A minimal model for self-excited instabilities through mode-coupling [58] is extended
by a linear substructure via a nonlinear joint element [45] and is shown in Figure 2.3.
The Coulomb friction element and the diagonal attachment couple the horizontal
and vertical movement of the sliding mass and thus allow for the flutter-type instabil-
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2.4 Analytical models with complex dynamics

ity. The linear subsystem is composed of a single oscillator, denoted as 3DOF model
in the following, or two oscillators arranged in parallel, denoted as 4DOF model in the
following. The subsystem is linked to the oscillator via the joint comprised of a linear
spring-damper element and a weak cubic stiffness knl.
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Figure (2.3) Frictional oscillator as proposed by Hoffmann and Gaul [58] and two extensions
by linear subsystems that are connected to the slider via a nonlinear stiffness joint knl as
studied in [45, 88, 153]. Adapted from Figure 3 from [88]

The instability mechanism, destabilizing effects of damping and the bifurcation be-
havior for the linear frictional oscillator and the nonlinear 3DOF model are described
in [58, 142] and [45], respectively. In this thesis, focus is put on the qualitatively dif-
ferent types of dynamics that emerge in this system. The system definition, parame-
ters and initial conditions are given in Appendix A.2. First, the 3DOF model exhibits
Hopf-Andronov bifurcations [154] of the steady sliding state from which a limit cy-
cle solution grows and links to a second Hopf point as shown in the bifurcation di-
agram for the horizontal stiffness kx in Figure 2.4 (a). Owing to the subcritical char-
acter of the Hopf points, a stable equilibrium solution and two limit cycle solutions,
an unstable and a stable one, co-exist locally. A reduced damping level in the struc-
ture enables the birth of a detached limit cycle solution, i.e. an isola. This solution
co-exists with the previously described limit cycle, such that for a large parameter
regime 8.0 ≤ kx ≤ 29.8, the steady-state system response depends crucially on the ini-
tial conditions. As damping is generally hard to quantify and control in mechanical

23



2 Complex mechanical vibrations

structures, a scenario of varying damping levels that create new solutions seems to
be natural in mechanical systems, posing massive challenges for numerical simula-
tions and a-priori prediction of vibrations. Depending on the shape and size of the
corresponding basins of attraction, perturbations of some initial condition can force
the trajectories onto a different attractor which will result in significantly different
steady-state response amplitudes. Furthermore, when converged to the isola solu-
tion, the system dynamics cannot easily be damped by control parameter variations
due to the lack of links to the equilibrium solution and the other co-existing solutions
in the system at hand. For example, the system can jump from small periodic vibra-
tions at kx = 20 to large amplitudes on the isola in Figure 2.4 (b). To arrive at the stable
equilibrium, one would have to increase the stiffness to values larger than 30, jump
to the lower solution branch and further increase the stiffness to finally arrive at the
stable equilibrium.
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Figure (2.4) Multiplicity of solutions enabled by a local cubic stiffness nonlinearity in the
3DOF frictional oscillator 2.3. (a) limit cycle solution connected to subcritical Hopf bifur-
cation points H of the equilibrium solution along varying horizontal stiffness values kx for
damping level c = 0.02. (b) birth of an isola through reduced damping c = 0.002, creating two
co-existing stable limit cycle solutions. Adapted from Figure 4 and Figure 9 from [88]

Already in the 3DOF model with its six states, all possible steady-state solutions are
difficult to find for a given parameter range. The nonlinear modes of the system and
the extended periodic motion concept (E-PMC) [155] can ease this search as shown
in [88]6. The E-PMC creates artificial periodic solutions by adding mass-proportional
energy terms that balance out the system’s energy intake and dissipation along its
nonlinear modes. Whenever the artificial energy term vanishes, a true periodic solu-

6These findings are part of joint work with Martin Jahn and Sebastian Tatzko from Leibnitz Universität Han-
nover and Aurélien Grolet from Arts et Métiers Lille
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2.4 Analytical models with complex dynamics

tion of the autonomous system is found. Therefore, the E-PMC represents a robust
and fast method for finding the spectrum of periodic solutions for a given system
configuration. Otherwise, brute-force search for the basins of attraction remains as a
computationally intractable approach even for small systems.
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Figure (2.5) Dynamics of the 4DOF frictional oscillator, adapted from [153]. The bifurcation
diagram and the state space (kx = 11.2) of the horizontal motion are displayed in (a) and
(b), respectively, for the damping c = 0.02. Limit cycle solutions are enumerated by their
amplitudes in x direction, stable (unstable) solutions are indicated by solid (dashed) lines,
and isola solutions are displayed in gray color. Reduced damping c = 0.002 gives rise to a more
complicated bifurcation behavior in (c) and hyperchaotic motion of trajectories starting from
the unstable limit cycle LC4. The upper envelope of a trajectory starting from LC4 for kx = 11
is displayed in (d). Parameters and initial conditions are given in Appendix A.3

A second oscillator in the symmetric linear subsystem (except for the linear stiffness
terms kz1,2) creates additional phenomena. In the reference damping configuration,
five limit cycle solutions (three stable and two unstable ones) are found to co-exist for
10.3 ≤ kx ≤ 11.6 as displayed in Figure 2.5 (a). The bifurcation map shows a compli-
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cated branching behavior, which is similar to snaking patterns. Depending on the ini-
tial condition or instantaneous perturbations, the system converges to significantly
different periodic attractors that differ amplitude-wise by up to a factor of three, see
the state space of the horizontal motion in Figure 2.5 (b). Multiple periodic solutions
co-exist with the stable equilibrium for 24 ≤ kx ≤ 33. Hence, a mechanical system
in this region can exhibit potentially dangerous jumping phenomena, i.e. the transi-
tion from a stable equilibrium to a high-intensity periodic vibration through instan-
taneous perturbations or external forcing.

In a next step, the overall damping level is decreased to c = 0.002 to replicate situa-
tions in which the damping is highly variable, frequency-dependent or only roughly
known. This setting renders the numerical stability and bifurcation analysis even
more challenging, see Figure 2.5 (c). For the chosen configuration, there still exist five
limit cycle solutions in parallel to the unstable equilibrium. The time evolution of tra-
jectories starting nearby each of the periodic orbits at kx = 11 were studied to confirm
the bifurcation diagram. The trajectories settle on one of the three stable periodic so-
lutions for most of the initial conditions. Interestingly, the time evolution of trajecto-
ries starting from the unstable periodic orbit LC4 do not settle on a periodic attractor
but exhibit irregular long-term behavior displayed in Figure 2.5 (d). It turns out that
the irregular solutions arising from that unstable limit cycle are in fact hyper-chaotic
[156], i.e. there exists more than one positive Lyapunov exponent 7 such that expo-
nential divergence is observed into multiple dimensions of the phase space. Even
though transient chaos [157] can never be ruled out completely, extensive numerical
studies involving long integration times and various time marching solver schemes
confirm the irregular nature of those particular solutions. Hence, there seems to exist
a set of initial conditions that with time evolve ’bouncing between unstable orbits’
and create the chaotic motion. Such behavior is reported here for the first time in
FIV.

The classical understanding (mainly driven by intuition) of a system exhibiting a sin-
gle dynamic response for a fixed parameter configuration is contradicted by these
findings. Not only different periodic steady-states, but also fundamentally different
dynamics are possible, which is a chimera-alike behavior. This observation indicates
that, if possible in such simple and weakly nonlinear systems, it may be very likely
for such scenarios to occur in realistic complex mechanical structures. Then, the of-
ten mentioned non-repeatable and elusive character of friction-induced vibrations
[146, 145] can be seen as a natural observation for multi-stable systems.

7The Lyapunov spectrum computed via the variational approach B.1 at kx = 11, c = 0.002 initiated from LC4
is Λ≈ [0.381,0.213,0.075,−0.001,−0.001,−0.079,0.218,−0.386]>
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2.4.2 Multi-physics and multi-scale self-excited vibrations

As a second model, a friction oscillator with gyroscopic terms and friction-induced
damping is studied along with a multi-physics and multi-scale friction law. The wob-
bling disk model by von Wagner et al. [151], displayed in Figure 2.6, features a central
spherical support of the spinning rigid disk that is in point-contact with an upper and
a lower friction element at the outer radius. The contact is modeled by a nonlinear
stiffness knl and a linear viscous damping element c in vertical direction and a preload
N0 that ensures constant contact. Particularly, the nonlinear stiffness is defined as a
quadratic function knl (u) = k0 + k2u2 of the vertical contact displacement u = q1r
as proposed by Gräbner [158]. The rotational stiffness kt and the viscous damper ct
in the support allow for a wobbling disk motion about the generalized cardan angles
q1 and q2. This systems exhibits mode-coupling instability through the a-symmetric
displacement proportional coupling terms and gyroscopic terms from the spinning
disk and the frictional contact. The dynamics of this model and the nonlinear ex-
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Figure (2.6) Wobbling disk model by von Wagner et al. [151] that is extended by a quadratic
contact stiffness nonlinearity knl. The lower panel illustrates the multi-physics and multi-
scale friction formulation in Equation (2.4) coupled to the structure as a feedback loop with
fast irregular fluctuations stemming from a co-simulation of the Lorenz system. Reference
parameters are given in Appendix A.4. Adapted from Figure 3 from [152]
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tension have been studied extensively before [151, 158] using the common Coulomb
friction law in the contacts.

The objective of this study is to evaluate the effect of a multi-scale and irregular fric-
tion law on the overall structural dynamics. A temperature dependent friction term
is introduced following Ostermeyer and Bode [159]. Here, the temperature T can be
seen as a slow internal state that is controlled by the friction energy accumulating
in the contact. The friction coefficient µ is no longer constant but governed by the
differential relationship

µ̇=−Aµ
(
µ−µ0 −CµT

)

Ṫ =−BT
(
T −T0 −DT

∣∣N vrel
∣∣) (2.3)

that was proposed by Graf and Ostermeyer [160]. Given the initial temperature and
friction values T0, µ0, respectively, the inner state T evolves as a function of the ab-
solute energy input, and consequently the friction coefficient changes. The changes
of both quantities are controlled by the gain constants Cµ and DT, while the instanta-
neous time behavior is controlled by Aµ and BT . Conceptually, the mechanical vibra-
tions of the disk couple into this formulation via the frictional energy, which in turn
changes the inner variable T that causes changes in the friction value, which finally
couples back into the nonlinear structure. The time constants Aµ and BT introduce a
first-order lag behavior as a low-pass filter with respect to the driving signals

∣∣N vrel
∣∣

(for temperature T (t )) and T (for the friction µ (t )). As a result, the friction coeffi-
cient shows rather slow dynamics compared to the structural dynamics and depends
mostly on the vibration and force levels in the contact. Inspired by the results on
very fast and irregular interface dynamics reported by Wernitz and Hoffmann [68],
fast fluctuations of the friction value are introduced through a co-simulation of the
Lorenz system. These fluctuations are configured such that their dominant dynamics
act on a time scale that is one order of magnitude faster than that of the wobbling disk
in the reference configuration. Particularly, the dominant frequencies arising from
the main branch switching periodicity of the chaotic Lorenz system are found in the

range of 1.7 Hz. The Lorenz system in Equation (2.2) with the states
[
xL, yL, zL

]> is set
up to create irregular dynamics using σ= 10, R = 28 and β= 8/3. The selection of this
particular chaotic element is not motivated by physical reasoning or experimental
observations. Instead, it serves as a simple, well-studied and prototypical system to
create irregular motion that can be coupled into the time-dependent friction value.
The irregular friction value formulation including the external chaotic fluctuations
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reads

µ̇ (t ) =−Aµ


µ (t )−µ0 −CµT (t )︸ ︷︷ ︸

µreg

−µfluc ·
xL (t )

18.75︸ ︷︷ ︸
µirreg


 (2.4)

where µreg denotes the contribution from the temperature-dependent law in Equa-
tion (2.3) and µirreg denotes the fast irregular contribution from the Lorenz system.
Note that the first Lorenz state xL is normalized by its maximum value such that µfluc
allows to scale the amplitude of the irregular friction component. As a result, the
irregular term will fluctuate about µreg by a maximum amplitude of ±µfluc. The com-
plete equations of motions and model parameters are given in Appendix A.4. The
dynamical system is comprised of four states related to the mechanical structure and
two states for the dynamic and temperature-dependent friction value. The Lorenz
system can be considered as an external input. Thus, the complete system has the

form ẋ = f (x , ẋ)+ fext (t ), where the states
[
q1, q2, q̇1, q̇2,µ,T

]> form the state vec-
tor x . As there is no feedback connection from the structure to the Lorenz system,
fext (t ) represents a co-simulation that solves the Lorenz equations simultaneously to
the system f . The resulting feedback loop is depicted in the lower panel of Figure 2.6.
The effect of three different frictional systems on the structural dynamics is studied in
the following: first, the original system with Coulomb friction, then the system with
temperature-dependent friction and finally the system with superimposed irregular
fluctuations in the dynamic friction formulation.

Figure 2.7 depicts three representative results of the study reported in [152]. Here,
only the state q2 is displayed as qualitatively similar behavior was observed for q1.
First, the bifurcation behavior with respect to a change of the disk rotation Ω is stud-
ied. For the constant friction value, the system exhibits a supercritical Hopf bifurca-
tion at Ω = 0.0065. The equilibrium position is rendered unstable for larger veloci-
ties and a stable limit cycle solution exists. The corresponding Lyapunov spectrum
Λ was computed using the semi-analytical approach illustrated in Appendix B.1. As
the bifurcation point is approached, two of the four exponents grow and approach
the zero value. At the bifurcation, one exponent turns zero, therefore indicating reg-
ular motion on a limit cycle. The time integration for a system configuration in the
linearly unstable regime indicates period-1 motion on a limit cycle. Adding the dy-
namic temperature-dependent friction formulation to the system is the next step in
the analysis. As the nonlinear dynamic interaction of the friction formulation and the
structure is unclear and chaos is possible in systems featuring at least three states,
the system with dynamic friction is studied by means of the orbit diagram, see Ap-
pendix B.2, that is capable of displaying both regular and irregular motion. The dots
in Figure 2.7 (b) and (c) indicate the upper envelope maxima of the steady-state time
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Figure (2.7) Impact of different friction formulations on the dynamics of the wobbling disk
model in Figure 2.6: Coulomb friction (Cµ = 0, µfluc = 0) in the left column, dynamic friction
with temperature effects (µfluc = 0) in the center column and dynamic friction with chaotic
fluctuations in the right column. The top panels (a)-(c) depict the bifurcation and orbit di-
agrams with respect to the disk rotational velocity Ω, the middle panels (d)-(f) display the
corresponding Lyapunov spectra Λ and the lower panels (g)-(i) show time marching solu-
tions of the second state q2 for the parameter value Ω = 0.002. Initial conditions and model
parameters are given in A.4

traces of q2. For the temperature-dependent friction, the qualitative stability behav-
ior remains unchanged compared to the static friction case. For all velocity values, the
orbit diagram features a single point, and hence indicates periodic-1 motion. This ob-
servation is supported by the Lyapunov spectrum with a single zero exponent. Note,
that in panel (e) the smallest exponent is constantly (−1) and is not displayed for rea-
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sons of clarity. Overall, and for this parameter range, the dynamic friction formulation
does not change the regular character of the self-excited vibrations. However, when
compared to the constant friction case, the resulting amplitudes of the structural vi-
brations are larger in the linearly unstable parameter regime. The dynamics resulting
from the irregular friction formulation involving fast-scale chaotic fluctuations are
depicted in panels (c), (f) and (g). While the overall stability behavior remains un-
changed also for this system, the orbit diagram exhibits a scattering range of steady-
state maximum values, i.e. aperiodic motion. The Lyapunov spectrum features at
least one positive exponent that provides evidence for the overall chaotic structural
vibrations. The rather non-smooth evolution of exponents in panel (f) can be traced
back to the numerically stiff character of the dynamical system resulting from the
multi-scale dynamics and the resulting numerical challenges. Overall, the irregularly
fluctuating friction value enforces irregular motion of the structure. Damping out the
irregularity, synchronization onto periodic cycles, or homogenization cannot be ob-
served here. Such a picture may seem intuitive in the environment of analytical mod-
els - inserting some chaotic parameter fluctuations will most likely result in irregular
system dynamics, even if the parameter fluctuations act on a different time scale. In-
terestingly, the picture seems to be different in experimental testing of friction-excited
systems: Despite the knowledge from tribology about ever-changing and multi-scale
surface roughness [112], asperity dynamics, wear, adhesion, temperature, and other
effects, the periodic character of the resulting self-excited dynamics is somewhat ad-
hoc assumed. Aperiodic behavior, non-repeatable results and other effects are most
often assumed to be caused by sub-optimal measurements, uncontrolled laboratory
conditions or environmental noise. This discrepancy between the modeling and the
testing world is interesting to note here.

In fact, the irregular friction fluctuations are not transferred to the structural dynam-
ics in a one-to-one fashion: the irregularity introduced at a significantly faster time
scale excites irregularity in the slower time scale of the structure. This observation is
given in Figure 2.8 (a) where the fast friction dynamics and slow structural dynam-
ics are displayed. From this temporally limited viewpoint, the structural dynamics of
q1 and q2 even seem periodic at first glance. In fact, the increased vibration ampli-
tudes do not solely stem from instantaneously higher friction values compared to the
Coulomb configuration: the minimal and maximum values of the irregular friction
coefficient are collected along the bifurcation parameter. Then, the corresponding
limit cycle amplitudes of the Coulomb configuration are computed for the minimum
and maximum friction value. Figure 2.8 (b) indicates the corridor spanned by the
range of limit cycle amplitudes when considering a constant friction value. It can
be observed that the vibrations of the irregular configuration, even if the friction co-
efficient is only fluctuating between µmin and µmax, leave the corridor. Hence, the
amplification cannot solely stem from a parametric excitation, but has to be rooted
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Figure (2.8) (a) steady-state evolution of the system states for the irregular friction formula-
tion at Ω= 0.02. (b) depicts the corridor of limit cycle amplitudes that would result from the
constant friction formulation when parametrized with the minimum and maximum friction
value observed in the irregular formulation. Dots indicate the system response of the irreg-
ular model configuration in terms of the orbit diagram. Adapted from Figures 8 and 11 from
[152]

in intrinsic dynamic interactions of the structure with the chaotic friction fluctua-
tions. A deeper analysis [152] of the characteristics and dynamical invariants of both
the Lorenz-based fluctuations and the chaotic structural motion exhibits clear differ-
ences: even if the fast-scale irregularity excites structural aperiodicity, their qualita-
tive properties are not similar. Hence, observing only the structural vibrations of the
system at hand would not allow to draw conclusions about the dynamical properties
of the actual friction dynamics in the interface.

Concluding, the two aforementioned studies reveal that complex dynamics do not
necessarily require complicated structures or severe nonlinearities. Moreover, the
transition from regular to irregular dynamics can be gentle, and different physical ef-
fects can interact across multiple time scales. In the first system, damping was found
to play a crucial role in the formation of multistability scenarios and the emergence
of chaotic motions. Therefore, one may speculate that aspects of multi-scale dynam-
ics, multistability, and chaotic motion are likely to occur in real structures that are
affected by friction. Hence, these aspects need to be taken into account when identi-
fying and modeling those systems.
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2.5 A framework for describing complex dynamical systems

Following the previous discussions on the nonlinear dynamics of complex systems,
this section proposes a generic framework for a data-driven description of complex
mechanical systems and their vibrational behavior. In this context, the data-driven
description denotes an observation-based description that can be built from experi-
mental testing or numerical simulations. A schematic of the framework is presented
in Figure 2.9 for illustrative purposes.
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Figure (2.9) Schematic representation of the framework for describing complex dynamical
systems by means of structural dynamics, transient loads and meta-data to be compatible
with a data science process. Additionally, major keywords capturing the salient features of
complex dynamics are given

Conceptually, the framework consists of three main classes of observations or types
of measurements:

1. the structural system dynamics observed through motion sensors,

2. the potentially multi-physics external loads and operational conditions, and

3. static system configurations, initial conditions, and component properties de-
scribed by meta-data.

The first two classes, i.e. vibration measurements and loads, typically take the form of
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2 Complex mechanical vibrations

time series data. Owing to the transient and potentially multi-scale characteristics of
these measurements, adequate sampling rates and recording durations are required.
The third class, i.e. meta-data, is typically realized by a collection of scalar values,
such as components’ eigenfrequencies, constant environmental factors, set-up spec-
ifications, or others. The meta-data are static values which are not affected by the
current loadings and the vibration of the structure. For each of the measurements,
limited observability is caused by unknown system properties, inaccessible or hid-
den elements that allow only for sparse measurements. These circumstances render
direct numerical modeling and model updating challenging, even for comparatively
simple structures in well-controlled environments. Hence, the objective of this thesis
is to explore the potential of evidence- and data-driven techniques to facilitate the
understanding of vibrating mechanical systems.

Given a specific system, the selection of (i) a spatial and temporal scale to analyze,
(ii) the selection of a system boundary, and (iii) limitations in observability need to
be considered. These factors dictate the kind and amount of data that is required
for capturing most of the physics involved to reveal hidden mechanisms buried in
sparse measurements. Then, a data science process can be formulated before ade-
quate methods and models are selected. This framework enables a consistent and
compatible treatment of the various classes of data gathered from vibrating struc-
tures, which will be discussed the upcoming Chapter 3.
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Dramatically decreasing sensor costs and de-facto unlimited data storage capabili-
ties have enabled the collection of large amounts of data in the fields of structural
dynamics and mechanical engineering. Big data sets can enable the discovery of pat-
terns that would not be observable in small numbers of observations. However, novel
approaches are required to facilitate a highly automatic and consistent vibration anal-
ysis of those data. Additionally, a somewhat extrinsic motivation for data-driven ap-
proaches is omnipresent today: given the success of the data sciences across all fields
of science, why should data-driven approaches not enable significant progress also
in structural dynamics? This thesis aims to shed light on the possibilities and limita-
tions of data-driven analysis and modeling approaches for research in nonlinear me-
chanical vibrations. Pathways are proposed for handling complex time series mea-
surements in a data science process that obeys the underlying laws of physics and
nonlinear dynamics.

Possible motives for the use of data-driven analysis techniques for mechanical vibra-
tions and structural dynamics are depicted in Figure 3.1. Starting from time series
data acquired during vibration measurements, the underlying dynamical system can
be studied through identification strategies. Classification of sequential data can
be useful for recognizing particular states of operation and early signs of a change
in the vibrational responses. Control of complex systems is possible through data-
based approaches [161], but is not covered explicitly in this thesis. Additionally, fu-
ture state prediction is one motive for developing digital twins of vibrating structures
using data assimilation. Several strategies are presented hereafter to approach those
tasks following a novel data science process tailored to the peculiarities of mechanical
vibrations.

A classical data science process is introduced first. Conceptual differences to engi-
neering vibration research are identified that motivate adaptations in the context of
structural dynamics. Finally, a summary is given on methodologies that can be em-
ployed for physics-informed data assimilation and data analytics, with a focus on
nonlinear dynamics to take into account the multitude of vibration characteristics
discussed in Chapter 2. The concepts, methods and thoughts introduced hereafter
are not meant to give a complete picture on data-driven methods, but to provide a
high-level overview. In this thesis, most of the methods and approaches given in the
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Figure (3.1) Major motives for the use of data science in the fields of mechanical vibrations
and structural dynamics

following sections are tailored to time series data that stem from deterministic sys-
tems with only little or vanishing aspects of stochasticity. Although this may seem to
be a strong restriction, several recent studies have revealed strong signs of determin-
ism in complex and seemingly random mechanical vibrations [68, 70, 162].

3.1 The classical data science process

The process of obtaining insights from observations through data-driven techniques
can be described by a data science process or data science lifecycle [163]. The indi-
vidual phases of this process are not following strict definitions, but are rather best-
practice guidelines to data science projects. Generally, single instances of data are de-
noted as observations or samples, which are typically composed of multiple features
or dimensions. In the simplest case, an observation takes the form of a vector carrying
multiple features. Analogously, model outputs can take different forms, such as vec-
tors of scalars and sequences. Machine learning problems can be cast into the general
classes of unsupervised or supervised learning, as well as regression or classification
tasks. Supervised learning denotes the task of learning patterns from historic data for
which a ground truth label is available. Hence, the model can learn an approximate
mapping from the input features x to the requested outputs y from the labeled data.
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3.1 The classical data science process

The model error can be directly accessed by comparing the prediction ŷ to the ground
truth y . The validated model M can then be used to make predictions on new, that is
unseen and unlabeled, data. On the contrary, unsupervised learning processes con-
sider unlabeled data, which in most cases play a role in clustering tasks. Generally,
feeding some inputs to a learning model and obtaining an output is referred to as
’making predictions’ in the following. Hence, there is no restriction to a specific task
or problem setting whenever this term is used.

obtain scrub explore model explain

’A’

Figure (3.2) A possible description and schematic illustration of a classical data science pro-
cess following the ’OSEME’ work flow

One possibility to describe a data science process is by the phases of obtain, scrub,
explore, model, and explain, i.e. the OSEME process [163] displayed in Figure 3.2.
Another way to describe a data science lifecycle is the Cross Industry Standard Process
for Data Mining (CRISP-DM) [163] that is more business-focused, helping decision-
making for commercial interests. The most important aspects of the OSEME data
science process and its phases are:

obtain: Following the problem description, potentially relevant raw data are ac-
quired, collected from existing historic recordings, or aggregated from multiple
sources. The data types and formats involved may vary.

scrub: The data are filtered and transformed into consistent formats. The data are
cleaned, i.e. outliers and missing values are detected, and treated in a way that
is coherent with the problem description. The succeeding steps of the project
strongly depend on the data preparation, since, data-driven models are gov-
erned by the principle that colloquially reads ’garbage in, garbage out’.

explore: To get a general impression of the data distributions, the cleaned data set
undergoes an exploratory data analysis step. Dominant patterns and relations
between features may become visible through simple graphical representation
or the calculation of correlations. Specific domain knowledge may allow to cal-
culate features from the raw data that collect characteristics in an abstract form.
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3 A data science process for structural dynamics

Dimensionality reduction techniques can be used to remove redundant or lin-
early dependent feature dimensions.

model: Depending on the problem description, one or multiple models are selected
to discover patterns, make predictions, or derive forecasts in an unsupervised
or supervised manner. The model architecture depends on the type of data, the
complexity of the underlying patterns, and the amount of data that is available.
Quality metrics must be defined that allow the validation of the model once it
has been built. Hyperparameter optimization may improve the quality metrics
through changes to the model configuration.

explain: The predictive capabilities of data-driven model lie in their ability to learn
from historic data and make predictions on new data. Additionally, the study
of the learned approximation can help to understand the possibly highly non-
linear relationship between input and output quantities.

hyperparameter
tuning

validation set

training set
historic

data

model
training

model

training

results
evaluation

validation

results
evaluation

current / new
data

make
prediction

model building
model deployment

Figure (3.3) Building data-driven models through training on a subset of all available data
and evaluating the performance on the validation set. Variants of the models are compared
in hyperparameter studies to find the optimal model which can be deployed to make predic-
tions on new observations

A fundamental concept in most data science processes is the evaluation of the model
generalization by means of a validation data set. The complete set of available his-
toric data D is initially split into the training set Dtrain and the validation set Dval,
where the training set is often chosen as 60 to 80% of the overall data set. Training
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of a model denotes the process of finding the model parameters that optimize a loss
function for the observations in the training set 1. After training, the model parame-
ters are frozen and the model is validated against observations from the validation set.
A schematic of the typical work flow is illustrated in Figure 3.3. High quality models
perform with small error on the validation set, and are denoted as generalizing well.
However, there is a possibility of selecting a model that cannot capture the salient pat-
terns in the data due to insufficient model complexity. For example, approximating
a nonlinear process with a linear model can lead to underfitting. Analogously, if the
model complexity allows to overfit the training observations, the model over-adapts
to the training data and shows weak generalization on the validation set. Therefore,
finding a good balance between model complexity and model error is one of the key
challenges while building and selecting effective data-driven models. Ultimately, val-
idated models can be used to make predictions on new observations. This final stage
in the data science lifecycle is commonly referred to as deployment phase or sending
a model to production.

3.2 Peculiarities of data-driven structural dynamics

In this section, some aspects of dynamics and dynamics-related data are re-visited
that motivate the adaptation of the classical OSEME data science process for the use
in mechanical dynamics. Two main themes are identified that make structural dy-
namics different from classical data science applications: the problem description
and the data characteristics in the field of mechanical vibrations. Although it is im-
possible to generalize the vast applications of machine and deep learning, it is prob-
ably safe to say that, in most cases, the model prediction quality is more important
to the user than the learning process and model itself. For example, in the highly
complex task of natural language processing, the most important goal is to decrease
the errors regrading syntax, grammar, and semantics. The way the model achieves
this goal can be considered to be of significantly minor importance compared to the
output quality for customer applications. However, achieving high prediction scores
in some modeling task is only the first step for making use of the data sciences in
structural dynamics. The ultimate goal is knowledge discovery for understanding
complex dynamical phenomena and developing design countermeasures. Hence, the
predictions given by a data-driven approach must be related to the actual mechani-
cal structure, component properties, loading conditions, or other system properties.
Interpretability [164, 165, 166] of the models and their predictions is a core objective
to make practical use of data-driven approaches in structural dynamics. As a con-

1For example, in a simple regression task, the best model is typically found by minimizing the root-mean-
squared error between the regressor and the actual data.
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sequence, dimensionality reduction techniques that do not preserve physically ex-
plainable features, such as the famous principle component analysis (PCA), may not
be suitable for the analysis of structural vibrations. Furthermore, interpretable mod-
els that assign importance values to input dimensions may be favored over complex
models that lack the possibility to understand the model decision making process.
Thus, not only the data treatment, but also the modeling phase must be compatible
with the objective to discover causal relations in the mechanical vibrations data.

Dynamics, being the science of motion, rely on the evolution of states and, hence, on
temporal relations and change. Data acquired for structural dynamics is sequential
as discussed in Section 2.5. The sequence of measurement values carries the cru-
cial temporal information. Stationarity cannot be assumed a-priori, such that behav-
ior may change over time. Considering continuum mechanics, mechanical systems
feature an infinite number of degrees of freedom or states. In experiments, only a
very small number of those states can be measured at finite precision over some time
span. Hence, the available data is sparse in a spatial (considering all possible degrees
of freedom), temporal (limited by the temporal resolution of the acquisition system),
and physical (only some physical quantities are measured) sense. In some cases, it
is unclear if a given measurement carries essential pieces of information to under-
stand a dynamical phenomenon, or if relevant dimensions are not available to the
current measurement setup. Another aspect of sparsity is given by meta data, accord-
ing to the system description framework developed in Section 2.5. Environmental
and loading conditions, individual system component properties, and measurement
circumstances may be unknown or inaccessible in practical engineering reality. While
these aspect seem solvable through extensive measurement instrumentalization, key
aspects of nonlinear dynamics pose more crucial implications on meta data: As de-
scribed in Section 2.1, nonlinearity promotes the sensitivity to initial conditions that
is causing, amongst others, load history effects, irregularity, and multi-stable solu-
tions. Initial conditions are challenging to measure, especially in structures assem-
bled of many mechanical elements. Furthermore, the identification and precise de-
scription of omnipresent frictional contacts must be considered impossible. As a re-
sult, those data must be considered to be very sparse, even though having a noto-
riously high impact on the nonlinear dynamics of a system. Lastly, mechanical vi-
brations are often related to a malfunction, inefficiency, and undesired dynamics of
a mechanical structure. As such, the observation of different vibrational patterns is
commonly heavily imbalanced, meaning that the desired operation mode dominates
the recorded data, and only few observations of abnormal behavior exist. However,
these observations are of crucial interest to the researcher or engineer.
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3.3 A novel data science process for vibrations

Considering the characteristics of the data and problems typically encountered in
structural dynamics, a novel data science process for mechanical vibrations is pro-
posed and discussed in the following. Adapting the notion of OSEME, the new process
follows O-P-T-M-E, indicating the phases of obtain, pre-process, transform, model,
and explain. The details of this process are discussed hereafter. One of the key dif-
ferences to the classical data science process is the explicit consideration of physics
in each step, the stronger link between individual phases and, most importantly, the
stronger relation of the learning model to the mechanical structure itself. To be com-
pliant with the type of problems addressed in structural dynamics, the process is more
of a cyclic instead of a sequential process. A schematic, illustrating the OPTME pro-
cess, is given in Figure 3.4.

φ1 (s)

φ3 (s)
φ2 (s)

s(t )

obtain pre-process transform model explain

-1

importance

φ1 (s)

φ3 (s)
φ2 (s)

Figure (3.4) The ’OPTME’ data science process that requires the phases to be compliant
with the underlying physics. The interpretation of the learned model can help to understand
the role of system components and their impact on the observed vibrational behavior

3.3.1 The obtain phase

The first phase is concerned with data acquisition. Contrary to modal and operational
deflection shape analysis [121], it is proposed to store the complete time series data
from experiments, including transients at the very beginning of a measurement. One
of the reasons for this recommendation is the observation presented by the author in
[167] and in Section 4.1, where the identification of the underlying system crucially
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depends on the consideration of transient dynamics. Transient behavior is very char-
acteristic for a particular system at hand and forms a distinct signature in contrast to
steady-state behavior. Hence, and in analogy to concepts of entropy, the amount of
information contained in transients, i.e. including chaotic dynamics, is larger than
the amount of information contained in regular steady-state motion. As most realis-
tic dynamics can be assumed instationary, sparsity in the temporal sense should be
addressed by long measurements and selecting the highest sampling rates 2. Spatial
and physical sparsity is in practice dictated by the available sensor instrumentation
and the accessibility of the mechanical structure, which is related to optimal sensor
placement [113]. Again, it can only be advised to measure at as many locations of
the structure and as many physical quantities as possible. Identification of irrelevant
dimensions and data reduction are part of the later stages of the data science pro-
cess. Furthermore, seemingly irrelevant quantities can represent proxy measures for
essential states that allow for a better system description. Choosing appropriate ob-
servables for the measurements through data-driven methods is at the core of the
proposed methodology, and represents one of the main contributions of this thesis to
the current state-of-the-art research on mechanical vibrations.

3.3.2 The pre-processing phase

The pre-processing phase focuses on data exploration and basic signal processing to
carve out relevant characteristics for the following transform phase. It is closely re-
lated to the transformation phase and may be part of an iterative search for the opti-
mal signal pre-processing using the insights from the transformation phase and vice
versa. Signal pre-processing covers aspects of filtering, data slicing into shorter se-
quences, time scale selection, as well as annotating the data. Filtering noise from the
measurements can be achieved through a wide range of techniques, such as spec-
tral bandwidth filtering, rolling mean averaging, or other methods from the signal
processing community [168, 169, 170]. However, noise filtering should be conducted
carefully with a first test for determinism [171, 172] in the signals. Seemingly noisy
signals may in fact stem from irregular but deterministic processes. As filtering is
very specific to the application case, no further discussion of appropriate methods is
given in this thesis. The reader is referred to [168] for a thorough overview. Depend-
ing on the successive transformations applied to the measurement data for extracting
meaningful features, a test for stationarity [173, 172] can be essential. If strong non-
stationarity is observed that may cause conflicts or inconsistencies in the feature en-
gineering phase, time-frequency analysis [131] and data slicing can create shorter se-

2Down-sampling, sequence truncation, and other typical signal processing steps will be part of the pre-
processing step within the OPTME process, and not of the measurement phase.
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quences that better fulfill stationarity assumptions. For sequential data s (t ), moving
window processing following

s ∈Rnt 7→ sk = [s (t0 + (k −1)∆w) , . . . , s (t0 +w + (k −1)∆w)] , k = 1, . . . ,
nt −w

∆w
, (3.1)

is a viable tool. A window of length w is shifted by increments of ∆w along the signal
s that has an original length of nt samples to obtain the sequences sk .

Time scale selection is relevant for dynamical systems that are simultaneously gov-
erned by slow changes and fast fluctuations. Knowledge of the scales that are involved
in the dynamics is required for a successful modeling and interpretation. Spectral
analysis by the Fourier transform [174] can be a good starting point, but is only use-
ful for stationary signals. The short-time Fourier transform (STFT) or Gabor trans-
form [175] displays the frequency information along time. Likewise, the continuous
wavelet transform (CWT) [176, 177] localizes the frequency information along time
using wavelets as orthogonal basis. Hence, the Gabor and the wavelet transform are
suitable candidates for non-stationary data with time-variant dynamics. Appendix
B.4 gives the mathematical definitions of these transforms. The uncertainty princi-
ple, denoted as the Gabor limit, is a fundamental constraint of time-frequency analy-
sis [178]. Since the STFT has a fixed resolution in time for a given frequency sampling,
it is only expressive for signals with one dominant spectral scale. The wavelet trans-
form has a high time resolution at low scale and a low time resolution at high scale, see
Figure 3.5. Hence, the wavelet transform and its inverse are especially useful for the
analysis of multi-scale signals. When only individual coefficients of the wavelet trans-
form are used to compute its inverse, time signals with a certain frequency bandwidth
content are recovered.
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Figure (3.5) The uncertainty principle illustrated canonically by Heisenberg boxes, having all
the same area, for the time-frequency analysis of signals [179]: (a) short time Fourier trans-
form with a fixed resolution in time and frequency and (b) multi-resolution analysis with a
hierarchical structure stemming from the wavelet transform

43



3 A data science process for structural dynamics

Figure 3.6 (a) depicts the discrete wavelet decomposition of a signal using the coef-
ficients at five levels of scale. For increasing levels, the spectral resolution decreases,
such that the fast components of the signal can be found in the first decomposition
levels.
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Figure (3.6) Multi-resolution analysis of the sample signal s (t ) = sin(ω1t )+ 1
2 sin(ω2t )+

2sin(ω3t ) with ω1 = 0.5 · 2π, ω2 = 5 · 2π, ω3 = 20 · 2π sampled at fs = 200 Hz. (a) one-
dimensional wavelet decomposition using Daubechies-2 wavelets at five detail coefficient
levels after temporal upsampling and (b) Hilbert-Huang decomposition of the signal into four
intrinsic mode functions (IMF)

As a second approach to time scale separation, the Hilbert-Huang Transform (HHT)
[128, 129], presented in Appendix B.3, can be utilized. The HHT decomposes the
original multi-component signal s (t ) into so-called mono-component intrinsic mode
functions (IMF) that encode the time-frequency localization on different time scales.
The HHT lacks a sound theoretical description and is given by an empirical algorithm
that subtracts the IMFs from the given signal, following the so-called sifting process.
Empirical mode decomposition (EMD) is used to calculate the IMF and Hilbert spec-
tral analysis and obtains the instantaneous frequency information from the differ-
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ent IMFs. IMFs represent oscillatory modes with variable amplitudes and frequency
along time, which renders the HHT especially useful for nonlinear and non-stationary
time series data. For comparison to the DWT scale separation, the IMFs for the sam-
ple signal are depicted in Figure 3.6 (b). As a major difference to the wavelet trans-
form, the scales computed by the HHT are defined by characteristics of the input sig-
nal, to which the HHT adapts. Additionally, adding up the IMFs in time domain will
approximate the original signal. Other approaches to multi-resolution analysis have
mostly been proposed in the life sciences [109].

Overall, and depending on the application case, the time scale analysis helps to iden-
tify the relevant time scales and their extraction from the measurement data without
prior knowledge, such that sequential data for a specific spectral range can be trans-
ferred to the next phase in the process.

3.3.3 The transformation phase

After signal pre-processing, the data need to be transformed into quantities that are
the most descriptive for the researched phenomenon and into a format that can be
handled by a machine learning model. In Figure 3.4, these transformations are in-
dicated by φi (x). Commonly, the activities in this phase are denoted as feature en-
gineering. Instead of feeding the pre-processed time series measurement to a ma-
chine learning model, few quantities that are abstract representations of the main
characteristics of the data are opted for. These representations are denoted as fea-
tures in the data sciences. Exemplary, the amplitude distribution of a time series can
be quantified by statistical moments, such that the mean represents one possible fea-
ture. Generally, choosing an appropriate transformation for creating features can be
considered more important than the model selection or data pre-processing step. The
representation of the data in a different domain can simplify the processing, empha-
size dominant properties, or decouple complex relations. Interestingly, the life sci-
ences [180], climate research [181, 182], and other disciplines are well-aware of this
importance and have developed a large corpus of transformations and feature gener-
ators for time series analysis, while classical engineering dynamics seem to have been
largely limited to the time and frequency domain representation of vibration mea-
surements. For the usage in structural dynamics, the data transformation should be
interpretable with respect to the underlying physics, such that the features are mean-
ingful for nonlinear dynamics. Otherwise, even if the model allows for explaining its
decision making process, the overall data science process would lack explainability
owing to features without a physical meaning. For example, spectral analysis can ex-
tract the essential features from the Fourier transform for a signal dominated by few
periodicities. However, when the spectral content is broader, such as in the case of
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chaotic dynamics, spectral analysis may not be suitable anymore to extract quanti-
ties that express the discriminative features of the time series [183]. Instead, dynam-
ical invariant measures, such as the Lyapunov spectrum [70, 184, 185], Rényi entropy
[181, 186], and the fractal dimension [187], represent quantities that are essential for
the description of irregular motion in an abstract form [173, 188]. Among the vari-
ous transforms for time series data, the following discussion highlights concepts from
nonlinear time series analysis (NTSA) and recurrence plot (RP) analysis since they are
especially viable tools for non-stationary and irregular processes.

Nonlinear time series analysis [172, 173, 189, 190], particularly famous in the 1980s,
is the scientific discipline that is concerned with estimating [191] nonlinear invari-
ant measures from time series data. Computing invariant measures [192] typically
requires knowledge of the evolution of trajectories in the full, i.e. potentially high-
dimensional, phase space of the dynamical system. In experimental dynamics, there
may be only an univariate measurement of a single quantity available to describe the
dynamics of a mechanical structure or machine. Many degrees of freedom constitute
the actual state phase of this machine, such that the acquired data are sparse, see Sec-
tion 3.2. To resolve the issue of missing dimensions in the measurement, Takens’ the-
orem [27] allows to unfold an univariate time series into a reconstruction state space
in which the attractor is topologically [193] and dynamically equivalent to the one
in the actual state space, see Figure 3.7. Determinism in the dynamics is the strong
assumption underlying this type of attractor reconstruction and can be tested for in
various ways [171, 194]. Given a time series s

(
ti

)
, sampled at equidistant times ti ,

delay embedding reconstructs the evolution of a trajectory following

x
(
ti

)= [
s(ti ),s(ti+τ), s(ti+2τ), . . . , s(ti+(m−1)τ)

]
(3.2)

in the m-dimensional state space. nt − (m − 1)τ vectors in the reconstructed state
space result from the embedding. Here, τ denotes the delay that needs to be chosen
such that it most effectively de-correlates the temporal relations in s(ti ). Typically, τ is
chosen as the first zero-crossing of the signal’s auto-correlation function or as the first
minimum of the auto-mutual information function [195]. The embedding dimen-
sion m ensures a proper unfolding of the trajectory in the reconstructed phase space.
m can be chosen based on the false-nearest neighbor (FNN) algorithm [173, 196] or
based on the number of dominant principle components. Essentially, these dimen-
sion estimators increase the embedding dimension until the geometric and dynamic
properties of the object, formed by the reconstruction, do not change anymore. Apart
from delay embedding, there exist other approaches such as differential embedding
or singular value decomposition [197] of the Hankel matrix for the signal s(ti ). Most
of the techniques for embeddings and dynamical invariants involve the selection of
several problem-specific parameters, which renders a physically-meaningful signal
processing in a highly-automated fashion challenging [152].
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Figure (3.7) Reconstruction of a state space [x1, x2, x3] representation of an univariate time
series s(ti ) using time delay embedding. The time series s(t ), sampled at∆t = 0.02, is the first
state of the Lorenz system in Equation (2.2), which was embedded into m = 3 dimensions
using a time delay of τ= 10 according to Equation (3.2)

Another branch of physically meaningful, i.e. interpretable, transformations for se-
quential data beyond time-frequency analysis have been introduced by N. Marwan
and co-authors [198, 181] through the quantification of recurrence plots (RP). In-
troduced by Eckmann et al. [199] in chaos theory, the recurrence plot illustrates
the short-term and long-term recurrent behavior of a trajectory in a m-dimensional
space by pairwise comparison of the current state to all n states over time. Using a
distance measure |·| and a small threshold value ε, the recurrence of a trajectory x(ti )
to the point x(t j ) in state space is indicated by R

Ri , j = θ
(∣∣∣x i −x j

∣∣∣−ε
)

, i , j = 1, . . . ,n, x ∈Rm , R ∈Nn×n
{0,1} (3.3)

that uses the heaviside function θ to encode distances into a binary value. Hence, the
RP comprises ones for the locations in phase space where xi and x j are closer than
ε, and zeros for all other locations. The RP captures salient features of the underlying
dynamics, such that it allows for a visual distinction between periodic, quasi-periodic,
chaotic, and stochastic motion. t̄-periodic signals create diagonal line structures as
the trajectory runs through the same location after every period t̄ . Driven by the expo-
nential divergence of nearby starting trajectories, irregular motion results in shorter
and interrupted diagonal lines in the RP. Vertical and horizontal lines arise from inter-
mittent dynamics, while stochastic signals generally create no distinct line structures
in a RP. The recurrence plot quantification analysis (RPQA) defines metrics to quan-
titatively capture this visual representation. Exemplary, the determinism metric DET
denotes the percentage of recurrence points that form diagonals, and the longest di-
agonal line Lmax is related to the largest Lyapunov exponent. Several metrics have
been proposed to measure the distribution of line lengths in the RP. Generally, met-
rics for diagonal line structures can indicate transitions from regularity to irregularity,
while metrics for vertical line structures can reveal chaos-chaos transitions. Appendix
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Figure (3.8) Recurrence plots for time series of canonical dynamical processes: (a) peri-
odic signal s1 = sin(2πt ), (b) irregular motion in the first state of the Lorenz system (2.2) for(
σ= 10,β= 8/3,ρ = 28

)
and (c) Gaussian noise. The time sampling ∆t , embedding dimen-

sion m, embedding delay τ and ε neighborhood are [0.01,2,3,0.01](a), [0.05,3,4,0.3](b), and
[0.01,1,1,0.01](c), respectively. Adapted from Figure 4 from [152]

B.5 lists all common RPQA metrics and Figure 3.8 illustrates the recurrence plots for
three representative signals from the classes of regular, irregular, and stochastic mo-
tion. RPQA and its variations can be considered established [200] in climate research,
and the reader is referred to [181] for a comprehensive review.

Concluding, the selection of observables is the most crucial aspect for studying larger
amounts of vibration measurements using data-driven techniques. Table 3.1 gives
an overview on feature extractors and transformations that are mostly derived from
physical principles and hence can be considered useful for the proposed physics-
informed data science process.

3.3.4 The modeling phase

A detailed and comprehensive review of machine learning models is clearly out of
scope of the thesis at hand. In the quickly emerging fields of the data sciences,
new models are proposed on a weekly basis. However, there is a number of well-
established methods that constitute the core building blocks of many more involved
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3.3 A novel data science process for vibrations

Table (3.1) Overview of transformations and related extractors for an univariate time series
in R1 to a different domain that is physically interpretable

domain transformation dimensionality

classical statistics • 1st order moments R1 7→R

• 2nd order moments R1 7→R

spectral analysis • Fourier transformation (B.4) R1 7→R

• auto-correlation R1 7→R

• auto-mutual information R1 7→R

time-frequency
analysis

• Gabor transformation (B.5) R1 7→R2

• wavelet transformation (B.6) R1 7→R2

nonlinear time series
analysis [172]

• delay embedding (see Eq. (3.2)) R1 7→Rm

• nonlinear invariant measures R1 7→R

recurrence plot
analysis [181]

• quantification measures (B.1) R1 7→R

• recurrence plots (Eq. (3.3)) R1 7→N2
{0,1}

models [201]. A classical regression is often referred to as the simplest machine learn-
ing model. Support vector machines (SVM) map the input to a higher-dimensional
representation through kernels, and then find hyperplanes that separate classes. De-
cision trees (DT) formalize a successive data splitting based on simple decision rules
at the nodes of the tree. The outer leaves of the DT exhibit a high purity in the class
distribution. Boosting and growing many DTs in parallel [202] has built a wide range
of DT-inspired classifiers [203]. A perceptron, introduced by Rosenblatt in 1958 [204],
multiplies the inputs φi with the weights wi

y =σ (WΦ+b) (3.4)

and generates the output yi through the activation function σ. Typically, a bias value
bi is added. Common activation functions are given in Table B.4. The arrangement of
multiple perceptrons follows the general inspiration of neural science and the brain:
An artificial neural network (ANN), built up from multi-layered perceptrons (MLP), is
mostly inspired by the visual system of humans and animals, where several levels of
abstractions are generated from a complex input. The models presented so far take a
vector of features φi as input. However, spatially distributed data, such as an image,
form multi-dimensional inputs. Furthermore, the location of a single feature, e.g. a
pixel, in the overall array is relevant for forming distinct structures through neighbor-
hood relations. Convolutional neural networks (CNN) [205] have proven to be highly
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3 A data science process for structural dynamics

successful for such kinds of input data. Stacked CNN layers can learn increasingly ab-
stract representations of the input, which allows to recognize lines, edges and, finally,
geometric objects in a picture when used for computer vision. The order of input
features matters also in the case of sequential data, such as time signals of speech or
text. Here, recurrent neural networks (RNN) are used to learn about patterns that are
encoded through correlations in the sequence. Other well-known learning strategies
and model architectures are given by reinforcement learning, reservoir computers,
auto-encoders, neural ordinary differential equations and others.

A fundamental approach to training models is the so-called error backpropagation
[206] which is used for the majority of the models presented before. The models are
formulated in terms of a large number of parameters wi , which can be initialized
randomly. Predictions for the training observations are generated by feeding the data
through the network, the so-called forward pass. A loss function J measures the de-
viation of the model output from the desired output. The partial derivative of the

loss with respect to every model parameter ∂J
∂wi

is computed in the backward pass.

An optimization scheme, such as stochastic gradient descend [207] or adam [208], is
utilized to update the parameters according to their individual contribution to the
overall prediction error. This process is repeated until the model has converged to
a local minimum with a satisfactory prediction quality in the error functional in the
high-dimensional optimization space. The dimension of this space can easily grow
into regions of 109 parameters for deep learning models. The reader is referred to the
standard literature [201, 209, 210, 211, 212, 213] for in-depth discussions of machine
and deep learning from various perspectives.

3.3.5 The explain phase

The explain phase may be considered the second most important aspect of the data
science process in structural dynamics besides the feature engineering. In most
generic data science projects, obtaining a high-quality prediction is the ultimate ob-
jective. On the contrary, data science for structural dynamics requires an extra ef-
fort to make actual use of data-driven techniques for engineering decisions through
knowledge discovery. Essentially, the model decisions have to be traced back to the
input quantities and, hence, the mechanical system at hand. Only then machine
learning models can help to understand the role of a physical quantity, such as some
component’s eigenfrequencies or external loads, for the emergence of structural vi-
brations. In Figure 3.4 this objective is indicated by the inverse of the model and a
feature relevance scoring. Linking the model output to the actual physical system can
be achieved through explainability approaches. These techniques make the nonlin-
ear relations and the decision making process accessible to humans. As a result, the
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interpretation of data-driven models can indicate especially relevant input features,
important relations between features and sensitivities of the output with respect to
perturbations of the model input. For example, the analysis of a data-driven model
may point out that the output, e.g. the vibrational behavior, is strongly driven by
few inputs, e.g. certain modes of a sub-component and the phase of some forcing.
Now, the data-driven modeling process has created actual value for understanding
vibration phenomena that can guide engineers and designers.

3.4 Further remarks and potential pitfalls

The particular characteristics of vibration measurement data and engineering dy-
namics problems need to be taken into account in the transformation and the mod-
eling phase. The discussions given hereafter highlight additional key aspects that the
author finds to be crucial for the success of a data science research project in struc-
tural dynamics.

3.4.1 Explainability

In machine learning, there is a general trade-off to be made between model complex-
ity and model interpretability. The more complex the input data and the underlying
patterns are, the larger the required models are. However, such complex models lack
direct ways to explain their decision making process [164]. Explainability denotes
the ability of a human to a) understand the importance of individual features and b)
understand the decision rules and relations between relevant features that lead to a
model prediction. Even though deep neural networks can be written down as highly
nonlinear equations, those representations are not intuitively interpretable. On the
contrary, simpler models like decision trees formulate their decision rules by simple
expressions in the fashion of ’if xi is larger than a, then the observation belongs to class
1’. Figure 3.9 depicts a small selection of models in the plane spanned by model ac-
curacy and model interpretability. The region of interest is located at high model ac-
curacy and high levels of explainability. Typically, this region can only be approached
by explainable deep learning models.

Some models allow direct access to feature importance values, such as linear mod-
els and decision trees. For more complex models, there exist various approaches to
obtain interpretable decisions. One of which are additive feature attribution meth-
ods that try to approximate a complex model by a simpler and explainable model.
Other approaches rely on perturbations of the inputs, such as LIME [214]. These
model-agnostic techniques are applicable to a broad range of machine learning mod-
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Figure (3.9) The spectrum of interpretability in the decision making process depends on the
complexity of the chosen (machine learning) modeling approach. Explainability approaches
help to make decision-making processes transparent while keeping the model complexity
level

els. Other global approaches rely on the concept of Shapley values from game theory
[215]. Additionally, particular model architectures enable the derivation of class acti-
vation maps [216] that indicate the most relevant regions in the inputs.

3.4.2 A-priori knowledge

Especially in the transformation and feature engineering phase, it is of crucial impor-
tance to have some a-priori knowledge of the essential properties of the data, dom-
inant relations between dimensions and the type of observables required to capture
the most discriminative characteristics of the physical process giving rise to the ob-
servations. The more expressive and discriminative the set of model input features
is, the simpler the models can be, and consequently, the higher the degree of ex-
plainability is throughout the complete process. In the optimal case, the set of rel-
evant features is clear from theoretical considerations or practical domain expertise.
Then, only the modeling part needs to be researched to find the simplest model that
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achieves a desired prediction quality. On the other end of the spectrum, it can be
completely unclear which set of features will be required to model a physical pro-
cess by means of data-driven techniques. In this case, two general approaches can
be followed. First, an end-to-end learning path can be taken. The available data is
provided in its raw form to a model that is able to process such kind of input. For
example, recurrent neural networks can be used to process time series data. As the
data is provided in the raw form without abstraction into a more condensed form, the
required model may be rather complex. The second way for approaching a situation
with very limited a-priori knowledge incorporates massive feature extraction. Here,
a large number of transformations is applied to the data in order to extract as many
features as possible. The underlying assumption is that some of the various features
carry essential pieces of information that encode the input-output relation. If predic-
tive modeling is possible using the full set of features, feature selection approaches
are required in a second step. There is a wide range of selection approaches through
filter, wrapper, and embedded techniques [217, 218] making use of correlations [219]
in the input dimensions through hypothesis testing [220] and directly evaluating fea-
ture significance scores from models. Feature elimination schemes represent a very
generic but computationally demanding approach [221] to find the most relevant fea-
tures. For example, greedy backward elimination [180, 222, 223] recursively removes
input features to find the one that affects the model performance the least. This pro-
cess is continued until a highly discriminative set of features is found obtaining high
prediction quality. To the knowledge of the author, today there are four publicly avail-
able software packages that provide functionalities for extracting massive amounts of
features from time series data: hctsa [180, 224], FATS [225], COTE [226], and tsfresh
[220]. Transformations from nonlinear time series analysis and recurrence plots are
available in hctsa, which returns more than 7700 features for a single input time se-
ries. However, most of the features rooted in nonlinear dynamics and physics require
manual inspection of the numerical results and careful selection of hyperparameters,
such that those highly automated approaches may not extract the true values for the
Lyapunov spectrum or others. Manual feature engineering may be required to derive
physically meaningful features that allow for a deeper understanding of the underly-
ing dynamics.

3.4.3 Measuring performance for small and imbalanced data

The confusion matrix, see Figure B.2 in Appendix B.8, is a standard tool to evaluate
a classifier’s prediction quality. In a binary classification task, a single prediction can
be a true positive (TP), false positive (FP), false negative (FN), or true negative (TN).
Several classification performance measures can be derived from the confusion ma-
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trix, see Table B.2 in Appendix B.8. The selection of a quality metric strongly depends
on the available data set size, the class distributions and the specific objective of the
modeling problem. Mechanical vibrations data carry signatures of sparsity in multi-
ple dimensions as discussed in Section 3.2. As a result, small data may be a frequent
observation. There is no generic definitions of the terms small and big data, but the
ratio of the number of input dimensions to the number of observations can be a valid
indicator [227]. Small data sets render the training process sensitive to overfitting and
the data split. In such a scenario, k-fold cross-validation makes use of the complete
data set during training validates the model robust fashion. The data are split into
k subsets, and during each fold the model is trained on k − 1 subsets and validated
against the remaining subset.

Secondly, the class distribution must be taken into account when splitting data for
classification tasks. Mechanical structures and machine design have matured for
centuries, such that vibration issues are exceptional cases and, optimally, occur only
rarely. Hence, data from mechanical vibrations can be assumed to be inherently im-
balanced [228, 229], such that one class (mostly the desired state of operation) is
strongly over-represented in the recorded data. Class imbalance can be accounted
for on the data level and on the model level [230]. On the data level, resampling
denotes the process of artificially adding members of the minority class, removing
members of the majority class or even creating new samples from the existing ones
through sampling from the feature space [228]. However, if the data set is small, such
techniques typically are not desired owing to weak statistical consistency. Stratified
splitting is crucial when splitting imbalanced data sets for training and validation.
Contrarily to random splitting, stratified splitting assures the same class distribution
in each subset3. On the model level, one seeks to use cost functions and models that
penalize misclassifications on the minority class stronger than misclassifications on
the majority class [232]. For example, if the model is trained for the most common
accuracy metric, it will tend to over-predict the majority class. Well-known scenarios
for critically imbalanced classification tasks is the detection of tumor cells or credit
card frauds [233]. Over-sensitivity to the positive class (malignancy, fraud) may not
be desired, but has significantly less serious consequences than insensitivity, i.e. false
negative predictions. Here, insensitivity would be fatal and potentially deadly, such
that the number of false negatives must be kept very low. Even if machine dynamics
research may not face as drastic consequences, appropriate selection of the quality
metric is crucial. Especially with regards to strongly imbalanced data sets, Matthews

3It has been shown that increased numbers of minority class samples in the training set can increase the
classifier performance [231]. However, in practice it remains unclear how to select the class distribution
for the training set.
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correlation coefficient (MCC) [234]

MCC = TP ·TN−FP ·FNp
(TP+FP)(TP+FN)(TN+FP)(TN+FN)

(3.5)

is a classification metric that accounts for the actual distribution of positive and nega-
tive samples in the data set. The MCC ranges from (−1) (complete disagreement) over
0 (prediction no better than random) to (1) (complete agreement). The MCC is com-
monly used in bioinformatics [235] and other medical-related research domains.

3.4.4 Dynamics-compliant error measures

The beginning of this chapter claimed the importance to define a metric for measur-
ing success in a data science project. In this thesis, it is proposed to select a quality
metric that respects the underlying physics and the observed dynamics themselves.
State prediction can be taken as an example, where the future evolution of some tra-
jectory is achieved by learning from a sequence of historic time series data. Hence,
given sequence data up to time t0, the task is to predict the dynamics for future times
t1, . . . , tn . The prediction quality of some model can be measured by a distance metric
between the ground truth and the predicted time series data per time step. However,
depending on the qualitative character of the dynamics, different metrics need to be
chosen. While the Euclidean is valid for periodic response data, chaotic dynamics re-
quire fundamentally different metrics. Owing the inherent property of exponentially
diverging trajectories in chaotic systems, nonlinear invariant measures may represent
appropriate distance metrics here. Hence, when evaluating the quality of a regression
fit, or the generalization property of a neural network, specifically tailored metrics are
favorable to arrive at a solution that is compliant with the underlying physics. This
example may explain why sound domain knowledge in nonlinear dynamics is a pro-
found prerequisite for the application of data-driven tools to structural dynamics.

3.5 Data science in structural dynamics today

The application of data-driven, data-assisted, or evidence-based approaches is not a
new motive in dynamics. In fact, first system identification approaches using neural
networks date back to 1990 [127, 137, 138]. Since then, various data-driven system
identification, state observation and system diagnosis applications have been pre-
sented in the field of structural dynamics. Most of these contributions stem from the
disciplines of structural health monitoring (SHM), fault diagnosis, and fault predic-
tion. Particularly, the status and life-time prediction of bearings has been treated by
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numerous authors owing to their versatile scope of application in any kind of machine
and the critical failure thread to highly optimized production plants. Based on sparse
vibration measurements (often, central components of machinery are inaccessible),
a wide range of data treatment strategies and transformations have been proposed to
find early warning signs in the observations [104, 236]. Still, spectral considerations
dominate. Other applications involve wind turbines fault detection [104], milling ma-
chine diagnosis [237], and gear box dynamics [238, 239]. Linear correlation between
several states of an aero engine, such as temperatures, with the vibrational response
have been presented [240], but the transient character of the loads is not considered
as such and explainability is prevented through PCA data reduction. Phase space re-
construction was used by Nichols et al. [241] to assess the status of a bolted joint. The
geometric shape of the system’s attractor was used to detect parametric changes [242]
in the field of structural health monitoring.

Despite the various examples for data-driven approaches to structural dynamics, this
thesis aims to make a new, and more methodical, scientific contribution. The pro-
posed data science process captures most of the procedures that can be observed
in individual studies and can therefore provide a guideline for future research. Fur-
thermore, the proposed system description framework including structural dynamics
measurements, loads, and meta data is a general consideration that can help practi-
tioners as well as researchers to develop test campaigns that allow for data-driven
treatment. To the knowledge of the author, the explicit consideration of peculiarities
of structural vibration data and the underlying physics in the data flow is novel and
has not been reported elsewhere. Furthermore, data-driven research and machine
learning is rare in friction-affected and friction-excited systems today. The following
Chapter 4 illustrates several application cases that follow the proposed data science
process for system identification, state observation and future state prediction in var-
ious systems. New data-driven techniques are presented that help to overcome cur-
rent limitations in the analysis of complex structural dynamics.
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This chapter illustrates several novel methods in the framework of the proposed
OPTME data science process for nonlinear mechanical vibrations. First, regression-
based approaches with a high degree of interpretability are discussed. Second, vi-
bration measurements are analyzed for identifying linear and nonlinear properties
of the underlying dynamical system by means of signal pre-processing, several data
transformations and exploratory data analysis. Neural network-based approaches are
demonstrated in the third part for several challenges in friction-induced vibrations,
such as vibration detection, characterization and prediction. Conceptually, the cases
discussed hereafter span a wide range in the spectrum spanned by model complexity
and model explainability that is depicted in Figure 3.9. Model complexity increases
and the level of model interpretability decays along the course of this chapter. The
specific methods and data dimensions used in every phase of the data science process
are given in an overview table prior to each case study.

4.1 System identification through sparse regression

Parts of the work and figures presented hereafter have been published in

[167] M. Stender, S. Oberst and N. Hoffmann: Recovery of Differential Equations from
Impulse Response Time Series Data for Model Identification and Feature Extrac-
tion. Vibration 2, 25-46, 2019

[243] M. Didonna, M. Stender, A. Papangelo, F. Fontanela, M. Ciavarella and N. Hoff-
mann: Reconstruction of Governing Equations from Vibration Measurements for
Geometrically Nonlinear Systems. Lubricants 7, 64, 2019

and Table 4.1 gives an overview on the application of sparse regression techniques to
mechanical vibrations for system identification.

System identification from experimental data is a wide research field in structural dy-
namics [1]. Most of the approaches originate in a-priori assumptions about the struc-
ture of the underlying mathematical description. Depending on how strict these as-
sumptions are, the system identification can reduce to basic parameter fitting. Driven
by computational fluid dynamics, distilling differential equations from time series
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Table (4.1) Overview on the application case 1: sparse regression on time series data for
direct model discovery and parameter identification

data • time series data ∈ Rm×nt , m states, nt time steps

pre-processing • noise filtering
• regularized numerical differentiation

transformation • phase space reconstruction through embedding

model • sparse regression through l1 penalization
• polynomial ansatz function space

explain • identification of underlying differential equations
• quantification of stiffness and damping values
• test for nonlinearity
• time series classification

data has become a rapidly developing field in recent years [132, 179, 244]. The main
objective is to infer information on the mathematical representation of the under-
lying system. There are two conceptual modes of identification: identification of a
mathematical model that describes the data as precise as possible, and identification
of the underlying dynamical system that actually created the data. The second mode
is clearly more challenging, since there might be various models that can describe the
current data, while the actual underlying system is unique. When the identification of
a mathematical structure is successful, the analysis of the equations of motion can ex-
plain variable interactions, parametric dependencies and stability. Governing equa-
tions in physics are often sparse in the sense that few terms suffice to capture complex
behavior, such as in the case of the Navier-Stokes equations. Hence, the major goal of
system identification approaches from time series data is to arrive at a mathematical
model that balances complexity and accuracy. Early works go back to 1980 [245], the
introduction of the flow method by Crutchfield et al. in 1986 [246] and the trajectory
method by Eisenhammer et al. in 1991 [247]. However, these approaches were com-
putationally intractable at that time and sensitive to noise. In 2007, Bongard, Lipson
et al. [248, 249] introduced a method to derive sparse differential equations from time
series data using symbolic regression and genetic programming, which are compute-
intensive algorithms. Other approaches make use of compressive sensing [133] as
summarized in the review by Daniels et al. [250]. Brunton et al. [132] propose to
combine the system discovery with sparsity promoting regression techniques under
the term of sparse identification of nonlinear dynamics (SINDy). Besides the formula-
tion for ordinary differential equations, there are also extensions to partial differential
equations [251, 252] and nonlinear rational functions [253] that build on the sparse
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regression idea described hereafter. SINDy makes use of nonlinear models that are
parametrized by linear terms which allows solving the regression problem with clas-
sical and sparsity-promoting methods. The SINDy procedure is outlined in the fol-
lowing with a notation that is closely adapting the one by Brunton et al. [132, 254].
Dynamical systems

ẋ = f (x (t )) (4.1)

with states x (t ) = [x1(t ), x2(t ), . . . , xm (t )]> are considered. SINDy seeks to identify an
analytical representation of f : Rm 7→ Rm from noisy and discrete measurements of
x (t ) , t = t1, . . . , tn using a set of candidate functions. The measurements x

(
ti

)
and

time derivatives ẋ
(
ti

)
are collected in X and Ẋ

X =




x1(t1) x2(t1) · · · xn (t1)
x1(t2) x2(t2) · · · xn (t2)

...
...

. . .
...

x1(tm ) x2(tm ) · · · xn (tm )




, Ẋ = dX

dt
. (4.2)

A set of p candidate functions for representing f is specified in
{
φi (x) : i = 1,2, . . . , p

}
,

such as polynomials or sinusoidal terms. A library matrix of nonlinear functions is
obtained by evaluating the candidate functions on the measurements x

(
ti

)

Φ (X ) =



| | |
φ1 (X ) φ2 (X ) · · · φp (X )

| | |


 (4.3)

where φi (X ) denotes applying a single candidate function i to each row of X . Col-
lecting all the potentially nonlinear functions inΦ (X ) transforms the approximation
of a nonlinear function f into a regression problem for the linear combinations of the
library functions φi (x)

ẋ = f (x) 7→ Ẋ =Φ (X )Ξ (4.4)

where the j th column ξ j of Ξ collects the coefficients of the library functions φi that
constitute the representation of ẋ j

ẋ j = f j (x) =Φ
(

x>)
ξ j . (4.5)

The full representation of the dynamical system is given by

ẋ = f (x) =Ξ> (
Φ

(
x>))>

(4.6)

when exact measurements of the states x are assumed to be available. In practice,
noise perturbs the measurements, such that the dynamical system is only approxi-
mated by the solution of

Ẋ ≈Φ (X )Ξ . (4.7)
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Classical solution strategies, such as least squares, would result in a fully populated
matrix Ξ. To enforce sparsity in the coefficients ξi , the regression problem in Equa-
tion (4.4) is formulated as a minimization problem

min
Ξ

(
1

2

∣∣Ẋ −Φ (X )Ξ
∣∣2
F + (Ξ)l1

)
(4.8)

using the Frobenius norm |·|F with l1 penalty regularization. A sequential thresholded
least-squares algorithm [132, 255] is employed to solve the minimization problem.
This scheme alternates between an unregularized least squares solution for each col-
umn ofΞ and subsequent removal of candidate function coefficients that are smaller
than the sparsification threshold λ. The selection of this sparsification parameter is
crucial for obtaining accurate approximations that are sparse, i.e. the common mo-
tive of balancing model quality with model complexity. The regression problem is typ-
ically highly over-determined because the number of time steps n is much larger than
the number of candidate functions in the libraryΦ. Figure 4.1 depicts a schematic of
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Figure (4.1) Concept of SINDy adapted from [132] and [167]. Time-marching solutions of
the identified system ẋ = f̂ (x) can be used to arrive at error measures with respect to the
input signals x . Adapted from Figure 1 from [167]
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4.1 System identification through sparse regression

the SINDy procedure that derives differential equations for describing the observed
dynamics. Once a mathematical description of the dynamics is obtained, it can be
integrated in time through time marching schemes starting from the first state x (t0)
for validation against the measured dynamics. Furthermore, stability and bifurcation
analysis are possible based on the identified equations of motion. As an example, the
linear mechanical oscillator ẍ +2ζω0 ẋ +ω2

0x = 0 in first-order form

ẋ1 = x2

ẋ2 =−2ζω0x2 −ω2
0x1

(4.9)

is considered. If the candidate functions are selected from the polynomial ansatz
space φi =

{
1, x1, x2, x1x2, x2

1 , x2
2

}
, the result of the sparse regression (4.6) reads

[
ẋ1
ẋ2

]
=

[
0 0 1 0 0 0
0 −ω2

0 −2ζω0 0 0 0

]

︸ ︷︷ ︸
Ξ>




1
x1
x2

x1x2
x2

1
x2

2




︸ ︷︷ ︸
(Φ(x>))>

(4.10)

given that complete and exact measurements of x1(t ) and x2(t ) are available. The
application cases illustrated hereafter use variations of this mechanical oscillator to
examine capabilities and limitations of SINDy for mechanical vibrations especially
for scenarios with limited data availability.

First, a novel nonlinear optimization scheme is presented that allows obtaining par-
simonious models that have a better balance of complexity and precision than the
models obtained from the original formulation of SINDy. Second, different levels of
data limitations are discussed. Third, canonical cases illustrate how SINDy can be
used for model identification, for nonlinearity testing and as a feature generator for
a data science process. As emphasized in Section 3.2, a quality metric must be cho-
sen to evaluate the performance of the data science process. In case of SINDy and
direct system identification of underlying differential equations, there are two possi-
bilities for defining the quality metric: If the true dynamical system is a-priori known,
the actual differences between the correct and the reconstructed set of differential
equation may be evaluated. However, this scenario is only encountered in academic
studies. In experimental studies, the underlying system is at least partially unknown.
Hence, a quality metric is chosen that is based on time series data. In the following
studies, only (damped) periodic motions are studied such that an instance-bases dis-
tance metric is appropriate. The absolute difference between the observed trajectory
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x(t j ), j = 1, . . . ,n and the one stemming from the time integration of the identified
dynamical system x̂(t j ) is computed

J =
m∑

i=1

n∑
j=1

∣∣∣∣
xi (t j )

max
(|xi|

) −
x̂i (t j )

max
(|xi|

)
∣∣∣∣ (4.11)

taking into account the absolute value range of each state xi , i = 1, . . . ,m by normal-
ization. The error measure J takes every state xi equally into account. For other types
of dynamics, such as chaos, the error measure may be formulated in terms of dynam-
ical invariant measures.

pre-processing: Time series data sampled at high rates is required as input to SINDy
because the sparse regression is computed on the time series data directly. Therefore,
noise should be low, or reduced by filtering. The time derivative ẋ is required for the
regression, but is most often not available through direct measurement. Hence, nu-
merical derivatives with respect to time need to be computed. However, the inevitable
noise contamination in measurement data amplifies through classical numerical dif-
ferentiation schemes. Specialized schemes, such as the total variation regularized nu-
merical differentiation (TVRegDiff) [256], can help to regularize this process in order
to arrive at a high-quality approximation of the derivative. The differentiation step
can be validated by integrating the numerical derivative along time and comparing
the result to the original time series [167]. If the time-integrated version of the nu-
merical derivative is consistent with the original data, the differentiation process is
valid.

transformation: Measurement data for mechanical vibrations are typically sparse,
see Section 3.2. Especially, only a small number of measurement points are available,
such that only a fraction of all active degrees of freedom can be captured. However,
SINDy requires time series data from m states to reconstruct a m-dimensional system
of ordinary differential equations (ODE). The required number of degrees of freedom
depends on the type of dynamics observed: Two active states suffice to represent a
periodic motion, while at least three states are required for chaotic dynamics. Hence,
embedding procedures, such as the time delay embedding, see Equation (3.2), can be
utilized to generate m time series from an univariate vibration time series measure-
ment.

modeling: SINDy is a l1-constrained regression of Ẋ =Φ(X )Ξ on the measured sig-
nals X and the nonlinear function libraryΦ. The selection of the nonlinear candidate
functions is a crucial ingredient to the success of SINDy. A-priori domain knowledge
is useful for selecting a family of functions φi . For mechanical vibrations, one may
start with monomials of some low order. The more candidate functions are consid-
ered, the higher is the risk of overfitting the data with too complex models.
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4.1 System identification through sparse regression

explain: The case study on SINDy for structural vibrations covers three aspects: a)
identification of differential equations from limited data, b) a novel optimization ap-
proach for higher accuracy and simpler models and c) nonlinearity tests and feature
extraction through sparse regression.

The linear mechanical oscillator in Equation 4.9 is studied in the damped configu-
ration for ω0 = 8 and ζ = 0.2, for the initial conditions [x1(t = 0), x2(t = 0)]> = [1,0]>
and a time history of 500 time steps sampled at ∆t = 0.01. Hence, the original set of
differential equations reads

ẋ1 = x2

ẋ2 =−3.2x2 −64x1
(4.12)

For a proof of concept, the complete data of x(t ) and ẋ(t ) is provided to SINDy and
polynomial library functions up to a degree of p = 3, i.e. φi :

{
x1, x2, x1x2, . . . , x3

2

}
,

are used. A set of two differential equations is reconstructed from the data, and the
time integration of those equations for initial conditions [1,0]> yields the time sig-
nals x̂ = [x̂1(t ), x̂2(t )]>. The error J is evaluated according to Equation (4.11) and
the model sparsity can be measured by the fraction of non-zero elements (NZE) in
Ξ which directly depends on the sparsification threshold λ. Figure 4.2 depicts the
reconstruction error J and the model sparsity as a function of the threshold λ. The
objective, according to the proposed data science process, is to find a parsimonious
model with low error, which is typically referred to as the pareto front. In this case,
vanishing error values are obtained for threshold values lower than λ = 1.0, which
is the smallest coefficient in the regression in Equation 4.10. Although higher-order
polynomials were provided as candidates in Φ, the differential equations (4.12) are
identified exactly.
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Figure (4.2) (a) model error as a function of the sparsification λ and the fraction of non-
zero elements (NZE) in Ξ. (b) time series x used as input to SINDy the response x̂ of the
reconstructed dynamical system using λ= 0.5. Adapted from Figure 6 from [167]
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Next, the derivatives ẋ(t ) are assumed to not be available. Numerical differentia-
tion of x(t ) is performed using TVRegDiff with a regularization parameter value α =
1.87 · 10−9 which gives the minimal error between the original states and the time-
integrated version of the numerical derivatives. The lowest error J of the SINDy re-
construction is obtained for a sparsification of λ = 0.3583 using polynomials up to
order p = 3. The time evolution is captured well, but in the reconstructed differential
equations

˙̂x1 = 0.999x̂2

˙̂x2 =−64.8124x̂2 −2.9204x̂1 −0.5125x̂3
1

(4.13)

an artificial stiffness term can be observed. In fact, the cubic stiffness term is intro-
duced by SINDy to create larger restoring forces and compensate for the lack of damp-
ing with respect to the original system (4.12). If the present SINDy reconstruction was
used as a test for nonlinearity, one would conclude that the underlying system fea-
tures some cubic stiffness effects. However, the thresholded iterative least squares
procedure for the highly over-determined system may not have found the simplest
model in the given function space. This situation is addressed by a novel nonlinear
optimization procedure appended to SINDy. The central idea is to formulate an opti-
mization problem for lower reconstruction error that promotes sparsity of the model.
Based on the assumption that SINDy has found the correct locations of non-zero co-
efficients, but not their optimal value, only the non-zero coefficients ξi are subjected
to the optimization. The lower and upper value ranges ξ−, ξ+ are selected relatively
to the ξi value using a scale parameter γ> 1. Importantly, the zero is included in the
optimization search space, such that further sparsification of the model is allowed.
The bounded optimization for better coefficients ξi

min
NZE(Ξ)

(
J
(
ξi

))
, ξ+− = [

0,ξi ·γ
]

(4.14)

is carried out using a sequential quadratic programming algorithm implemented in
the Matlab procedure fmincon. As an example, the optimization boundaries for the
SINDy reconstruction given in Equation (4.13) are ξ− = −0.77 and ξ+ = 0 for γ = 1.5
applied to the cubic stiffness term ξ=−0.5125. Overall, the four non-zero coefficients
for x̂2 and x̂1, x̂2, x̂3

1 in (4.13) are subjected to the optimization. Here, the optimiza-
tion finishes after 48 iterations, see Figure 4.3 (a), and returns the optimal coefficients
with respect to the cost function in Eq. (4.11) and the imposed constraints on the co-
efficients ξ+−. The optimized equations

˙̂x1 = 0.99x̂2

˙̂x2 =−3.19x̂2 −64.43x̂1 −0.0x̂3
1

(4.15)

yield an error reduction by 82%. In fact, the cubic stiffness term was eliminated by
the optimization and the linear stiffness and damping terms were increased. Fig-
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4.1 System identification through sparse regression

ure 4.3 (b) depicts the original input time series, the SINDy reconstruction and the
optimized reconstruction which features a sparser model in the chosen basis and a
smaller error in time domain. If the amount of available data is further restricted,
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Figure (4.3) (a) optimization iterations for the optimal coefficient values in equation (4.13)
using (4.14). (b) depicts the input series, the SINDy result (4.13) and the final reconstruc-
tion (4.15) obtained from the optimization result. Adapted from Figure 8 from [167]

one can assume to have knowledge only about the first state x1(t ). Then, the m = 2

dimensional state space can be reconstructed as
[
q1(t ), q2(t )

]> using time delay em-
bedding (3.2) with delay τ = 18 and the derivatives can be obtained via TVRegDiff.
The embedding transforms the dynamical system into another coordinate system,
such that the reconstructed differential equations for q1 and q2 cannot be compared
directly to the ones of the mechanical oscillator in x1 and x2. Still, the character of the
equations and the non-zero candidate function terms can be compared qualitatively.
Table 4.2 reports the error value J and the non-zero coefficients found through SINDy
and subsequent optimization for increasing polynomial orders p in the library of non-
linear candidate functions. Parsimonious mathematical models are reconstructed
from the time delay-embedded signals. The general structure of the equations is in-
dependent from the function library because the linear coupling terms between ˙̂q1,2
are very similar for each reconstruction. To decrease the error, small nonlinear terms
are introduced for higher polynomial degrees p.

SINDy is not only useful for system identification and nonlinearity testing as de-
scribed in more detail in [167], but it can also be used as a feature extractor. The
following study illustrates how SINDy can be employed to derive a small set of dis-
criminative features that can be used for time series classification. An nonlinear
adaptation of the linear oscillator (4.12)

ẋ1 = x2

ẋ2 =−2ζω0x2 −ω2
0x1−knlx

3
1

(4.16)
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Table (4.2) Non-zero entries of the coefficient matrices for the optimized SINDy reconstruc-
tion for maximal polynomial degrees p and resulting reconstruction error J . The states q1 and
q2 are obtained from the time delay-embedded state x1 of the linear oscillator

order error reconstructed differential equation

p = 1, J = 1.88
˙̂q1 =−0.74q̂1 −5.84q̂2
˙̂q2 =−0.008+10.60q̂1 −2.45q̂2

p = 2, J = 1.82
˙̂q1 =−0.75q̂1 −5.82q̂2 −0.06q̂1q̂2
˙̂q2 =−0.007+10.62q̂1 −2.45q̂2

p = 3, J = 1.63
˙̂q1 =−0.81q̂1 −5.84q̂2 −0.13q̂1q̂2 +0.51q̂2

1 q̂2 +0.16q̂3
2

˙̂q2 = 10.60q̂1 −2.39q̂2

p = 4, J = 1.64
˙̂q1 =−0.85q̂1 −5.86q̂2 +0.7080q̂2

1 q̂2 −0.96q̂3
1 q̂2 −1.44q̂1q̂3

2
˙̂q2 = 10.54q̂1 −2.36q̂2

is used to generate 40 time series for the linear (knl = 0) and 40 time series for the non-
linear (knl = 50) configuration by a linear variation ofω2

0 in the range ofω2
0 ∈ {36,400}.

Figure 4.4 (a) depicts the resulting time series which are hardly distinguishable by vi-
sual inspection.
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Figure (4.4) (a) 40 time series for the linear and nonlinear configuration of the oscillator
(4.16) for varying frequencies ω0. (b) Projection of the candidate function coefficients from
the reconstructions onto their first two principle components for the time series classification
purpose. Adapted from Figure 14 from [167]

Especially for high linear stiffness values, the nonlinear effects are small and possi-
bly hard to detect using classical methods such as decay curve fitting. SINDy can be
employed to realize the classification of those signals into the classes of linear and
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4.1 System identification through sparse regression

nonlinear vibrations. Governing equations are reconstructed from the [x1, x2] signals
using polynomials of third order such that the coefficient matrix Ξ has 20 entries.
These candidate function coefficients are treated as a feature set for describing the
observed trajectories. Most of these coefficients will be zero anyway. Thus, not all
of those 20 features may be essential for the classification of the 80 signals into the
two classes of linear and nonlinear dynamics. Principle component analysis is used
to reduce the set of 20 features for each of the 80 observations to a two-dimensional
representation. The projection of the full feature vector onto the first two principal
components is depicted in Figure 4.4 (b). Here, two distinct clusters can be observed
which allow for a perfect separation of the linear and nonlinear trajectories. The large
variation in the first component corresponds to the linear stiffness variation, while
the two clusters along the second component carry the signature of nonlinearity, i.e.
coefficients of nonlinear terms in the differential equations reconstructed by SINDy.
If a new and unknown time series was subjected to the analysis, the features derived
by SINDy could be used to classify whether the underlying dynamical system was lin-
ear or nonlinear.

Concluding, the sparse identification of nonlinear dynamical systems can also be
used as an alternative feature extraction approach that is highly interpretable and has
a controllable complexity. Given some a-priori knowledge about the system dimen-
sionality and appropriate building blocks for the underlying differential equations,
SINDy is a promising tool for direct system identification and feature extraction. The
presented studies are performed on synthetic data from a simplistic model to evaluate
the possibilities and limitations before considering realistic vibration measurements.
In a second study [243], SINDy was used to identify the differential equations gov-
erning the dynamics of a base-excited cantilever beam in a laboratory experiment. It
turned out that the signal pre-processing and filtering step is crucial for a success-
ful system identification. The periodic response of the beam was captured well by
the reconstructed differential equations which allowed inferring modal stiffness and
damping values from the coefficient matrix.
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4.2 Vibration characterization through nonlinear time series
analysis

The objective of this study is to characterize and quantify the friction-induced vibra-
tions in a seemingly simplistic setup of two blocks in dry frictional contact. Table 4.3
gives an overview on conceptual setting following the data science process introduced
in Chapter 3. Parts of the work and figures presented hereafter have been published
in the publication

[257] M. Stender, M. Di Bartolomeo, F. Massi and N. Hoffmann: Revealing transi-
tions in friction-excited vibrations by nonlinear time-series analysis. Nonlinear
Dynamics 47, 209, 2019.

Table (4.3) Overview on the application case 2: characterization and transition detection in
friction-induced vibrations

data • univariate time series data ∈ R1×nt , nt time steps

pre-processing • temporal upsampling

transformation • time-frequency analysis
• state space reconstruction through embedding
• recurrence plot quantification analysis

model • exploratory data analysis

explain • detect dynamical transitions
• characterize regular and irregular vibrations
• study stationarity in friction-induced vibrations

obtain: In the experimental setup ’TriboAir’1 [258] a fixed block of size [10 × 10 ×
10] mm is in dry contact with a moving sample of size [50 × 20 ×10] mm. The transla-
tion velocity profile quickly ramps up to 20 mm/s and then linearly decreases to zero
during a time of 4 seconds. The contact normal force of N = 20 N is applied through
the upper (fixed) sample and the translation is induced through a voice-coil motor
attached to the lower sample. All moving parts are supported by air bearings to de-
couple the specimen from the testing environment. Additionally, parasitic vibrations
and the impact of geometrical boundary conditions are reduced. The vibration ve-
locity of the fixed sample is monitored by laser doppler vibrometry (LDV) at 1.5 mm
distance from the friction interface at a sampling rate of fs = 100 kHz. Furthermore,

1The measurements were performed at La Sapienza University of Rome by Mariano Di Bartolomeo and
Franceso Massi
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4.2 Vibration characterization through nonlinear time series analysis

the tangential force on the sliding specimen and the normal force are measured. Fig-
ure 4.5 depicts a photograph of the set-up and a schematic illustration of the exper-
iment. Several samples of different material combinations were tested in this setup,
but only the results for one friction pair are reported here. The specimens are made
of composite carbon/carbon materials that are used in high-performance brake sys-
tems and clutches. The material features a matrix structure made of carbon fibers,
fillers and additives. The frictional pair exhibits a stationary friction coefficient with
respect to the sliding velocity. As the relative sliding velocity decreases during the
experiment, friction-induced vibrations emerge and a plethora of dynamical transi-
tions can be observed. This study aims at characterizing and quantifying the strongly
nonlinear and potentially chaotic vibrations of the frictional system.

(a)

v

(7) LDV 10 mm

50 mm

N = 20 N

(b)

Figure (4.5) (a) photograph of the ’TriboAir’ setup: upper sample with laser measurement
point 1, lower sample 2, supporting bar 3, moving base 4, tri-axial force transducers 5, hor-
izontal air bearing 6, laser vibrometer 7, vertical air bearings 8. (b) schematic illustration of
the fixed upper sample and the moving lower sample. Adapted from Figure 1 from [257]

pre-processing: Upsampling of the vibration signal to a frequency of fs = 1 MHz was
conducted to fully unfold the high-frequency dynamics. As the measurement noise
in this setup is exceptionally low, no impact was observed on the results presented
hereafter.

transform: Fourier analysis, nonlinear time series analysis (NTSA) and recurrence
plot quantification analysis (RPQA) are employed to characterize the self-excited vi-
brations and detect dynamical transitions. Figure 4.6 depicts the short-time Fourier
transform (STFT) for the laser vibration measurement of the fixed sample, representa-
tive time signals at various time instants, the corresponding Fourier transforms, time

69



4 Case studies and novel methods

delay embedding state space reconstructions according to Equation (3.2), the result-
ing recurrence plots (RP) as well as series of recurrence quantifiers from Table B.1.
The instantaneous embedding parameters τAMI and m are estimated by the auto-
mutual information function (AMI) and the false-nearest neighbor (FNN) algorithm,
respectively, for the state space reconstruction. The fixed recurrence rate RR= 5%
guarantees a consistent formulation of the recurrence plots for qualitatively different
dynamics. All sequential analysis is derived from a sliding window processing with
window size w = 2000 samples and 87.5% overlap. For consistency of the RPQA, the
trajectories are over-embedded into m = 5 dimensions and the minimal line lengths
lmin, vmin are set to 10. As the qualitative nature of the vibrations is of interest, all sig-
nals are normalized to unit maximum amplitudes. The STFTs display the amplitude
spectrum in logarithmic scale.

exploratory data analysis: As the sliding velocity decreases, friction-induced vi-
brations (FIV) arise after t = 1.56 s during steady sliding. Stick-slip cycles set in at
t = 3.13 s. Throughout the complete measurement, the friction coefficient remains
approximately constant [257]. There exists a window of purely periodic dynamics
for 2.28 ≤ t ≤ 2.40 s where the spectral energy is confined to the main frequency at
9.62 kHz and two higher harmonics. An annularly shaped attractor ca be observed
in the reconstructed state space which indicates trajectories on a limit cycle. Long
diagonal lines measured by L and Lmax confirm regularity of the dynamics. The
spectral content flattens along time until several frequencies at 7.6, 9.5 and 11.4 kHz
and a broad background spectrum are excited at t = 2.92 s. The RP exhibits many
short and some longer diagonals which indicate weakly irregular motion. Shortly
after at t = 2.95 s, the dynamics transit to a multi-periodic window with the fun-
damental frequency at 2.29 kHz. Many higher harmonics are excited and exhibit
higher energy shares than the fundamental frequency. As subharmonics are typically
only known in the context of forced vibrations, this observation remains an inter-
esting phenomenon. The RP and the reconstructed attractor exhibit similarity to
quasi-periodic motion. After the next transition at t = 3.01 s, a frequency of 7.57 kHz
dominates the spectrum with three higher harmonics. The recurrence plot and its
quantifiers indicate regular motion on a limit cycle. Even if the measurements are
highly precise, there is some low-frequency modulation in the signals which breaks
some of the lines in the RPs. From t = 3.13 s on, stick-slip motion exists. Clear sticking
and slipping phases are observable in the time signal. The sticking phase represents
intermittent dynamics that form block-like structures in the RP and longer vertical
lines Vmax.
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Figure (4.6) From top to bottom: short-time Fourier transform of the normalized vibration
velocity signal, representative time segments and their Fourier transforms, state space recon-
structions, recurrence plots and three RPQA metrics. Adapted from Figure 9 from [257]
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Figure 4.7 depicts a detailed RPQA analysis of the transition phase between high-
frequency steady sliding FIV to stick-slip motion. Only three RPQA metrics are shown
to indicate regular-irregular transitions (by means of L and Lmax) and chaos-chaos
transitions (by means of Vmax). The vibration characteristics can be studied visually
in the time-frequency analysis. However, the state space reconstruction and subse-
quent recurrence plot analysis provide a much clearer picture of stationary regimes
and sudden dynamical transitions. Furthermore, the nonlinear analysis allows to
quantify the observed dynamics by means of the recurrence quantifiers. Contrary to
spectral properties, the RPQA metrics carry information about the fundamental prop-
erties of the dynamics, i.e. invariant measures. These properties are encoded in few
scalar values that form a small and highly descriptive feature set. This case study may
motivate a careful selection of observables and transformations for revealing several
aspects of mechanical vibration from measurement data.
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Figure (4.7) Transition from high-frequency FIV during steady sliding to stick-slip motion
(detail view of Figure 4.6): (a) limit cycle, (b) chaotic transition, (c) weakly chaotic regime with
dominant periodicities, (d) quasi-periodic dynamics, (e) limit cycle, (f) chaotic transition,
(g) intermittent stick-slip. Regular dynamics are indicated by gray background for the RQA
metrics for diagonal (L) and vertical (V ) line lengths. Adapted from Figure 14 from [257]
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4.2 Vibration characterization through nonlinear time series analysis

Concluding, various signatures of regular and irregular motion are found here. The
transitions and the dynamics are complex even if the frictional system may appear
simple. The friction-induced vibrations are changing significantly faster than the im-
posed sliding velocity. Therefore, one can assume the dynamics to be stationary only
for very limited time spans. One would rather denote the dynamics as non-stationary
with respect to the small duration of the experiment and the multitude of different
dynamical behaviors. This study indicates how nonlinear time series analysis and
recurrence plots can help to characterize experimental vibration data. These tech-
niques can be used in cooperation with classical Fourier analysis to study aspects
of stationarity, regularity and transition behavior. Recurrence quantification analy-
sis can be used as a physics-informed transformation to derive meaningful features
from time series data. As the large measurement recordings are transformed into few
descriptors, i.e. scalar values, simpler models could be selected for classification or
identification tasks using machine learning.
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4.3 Complex brake system vibrations

The following case, as well as the ones in Sections 4.5, 4.6 and 4.7, cover different as-
pects of brake system vibrations. The relevant data sources, formats and peculiarities
are introduced here in order to provide a broader perspective. The various analysis
steps will cover several facets of brake vibrations in more detail.
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Figure (4.8) Data acquisition on disk brake systems: several loading conditions are moni-
tored during the operation, and the emerging vibrations are recorded. The nonlinear struc-
ture is subjected to multiple transient external loads and multi-physics effects that are
strongly interconnected. Once the system enters an instability regime trough parameter
changes, high-intensity vibrations occur. A data set is displayed that stems from a single stop
braking which exhibits high-frequency friction-induced vibrations. Adapted from Figure 1
from [259]

Commercial brake systems are not only safety-critical for the vehicle, but also expe-
rience increasing requirements for calm and smooth, that is vibration-free, opera-
tion. In the automotive industry, high-intensity friction-induced vibrations represent
a major challenge owing to increasing customer demands. Several self-excited phe-
nomena in the audible frequency range up to 16 kHz have been studied experimen-
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4.3 Complex brake system vibrations

tally and numerically for decades [53, 54, 56, 60, 66, 260]. The experimental mea-
surement data used in this thesis stem from automotive disk brake testing on a NVH
(noise, vibration, harshness) dynamometer. The test procedure follows the SAE-J2521
[261] protocol, and the data were provided by an industrial partner. The test matrix
is composed of different types of brakings, i.e. stop and drag brakings. Several vari-
ations of the rotational velocity, brake line pressure, brake system temperature, am-
bient temperature and humidity are defined in the matrix test, see Figure 4.9. These
parameters are referred to as loadings and operational conditions in the remainder of
this thesis.
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Figure (4.9) NVH matrix test featuring 1206 brakings according to the SAE-J2521 proto-
col [261]. Several temperature ramps can be observed in the upper panel with a high-
temperature section in the beginning and a low-temperature section at the end of the test.
Brakings that exhibit high-intensity vibrations above 1 kHz are marked. The lower panel de-
picts the histograms of the maximal pressure, velocity and friction value per braking. Es-
sentially, vibrations can be observed for the complete range of those loading parameters.
Adapted from Figure 2 from [259]

A microphone is placed in 50 cm distance to the brake disk to record the radiated
sound pressure (SP). Structure-borne vibrations are recorded by an accelerometer
placed on the brake caliper. While the vibrations are recorded at sampling rates of
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fs = 51.2 kHz, the loading conditions are monitored at lower rates of fs = 100 Hz.
Hence, there exist two fast vibration time series and several slow loading time series
for each braking. Given a test matrix with more than 1000 brakings, the data acqui-
sition system accumulates large amounts of data during testing. As an example, Fig-
ure 4.8 depicts a single braking and some of the recorded time series. Particularly, the
following eight loading quantities are measured during testing: the disk rotation Ω,
the brake line pressure p, the disk surface temperature Trot, the brake fluid tempera-
ture Tfluid, the friction coefficient µ, the brake torque M , the ambient air temperature
Tamb and the relative air humidity hrel. Some quantities change rather fast, such as
the friction coefficient, disk temperature and brake pressure, while other quantities
are approximately constant, such as the air temperature. The brake fluid temperature
can be thought of as capturing the long-term load history, and the disk surface tem-
perature is a measure for the instantaneous friction energy input. Overall, the set of
multivariate time series data is complex in terms of multi-physics loading conditions,
temporally multi-scale effects and nonlinear relations between loads and system re-
sponses.

Section 4.4 presents two approaches for data-driven vibration detection in the fast
system response data. Section 4.5 extracts linear damping properties of the dynami-
cal system from the instantaneous amplitude growth at the onset of vibrations. Sec-
tion 4.6 studies the vibration response to measure the stability margin by means of
nonlinear invariant metrics. Finally, Section 4.7 illustrates the use of deep neural net-
works to predict the instantaneous vibrational response from the multivariate loading
conditions. The data sets used in those studies do not stem from the same brake sys-
tem. However, the same data acquisition setups were used to record the data in a
consistent way following the SAE-J2521 protocol.
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4.4 Vibration detection and characterization through deep learning

4.4 Vibration detection and characterization through deep
learning

Detecting vibrations in measurements is an often-encountered task in the early stage
of research projects in structural dynamics. Typically, several vibration phenomena
need to be localized in time and characterized or classified by their salient spectral
properties. However, time series measurements from mechanical machines are of-
ten contaminated with parasitic vibrations and noise from the environment. Fur-
thermore, the elusive character of friction-induced vibrations in a non-stationary dy-
namic environment renders the detection of vibration patterns even more challeng-
ing. Therefore, trivial amplitude criteria may not suffice to detect and characterize
vibration patterns in such scenarios. This study illustrates two approaches for highly-
automated data-driven vibration detection. Parts of the following discussions and
figures have been published in

[259] M. Stender, D. Schoepflin, D. Spieler, M. Tiedemann, N. Hoffmann and S.
Oberst: Deep learning for brake squeal: Brake noise detection, characterization
and prediction. Mechanical Systems and Signal Processing, 149, 2021

and Table 4.4 summarizes the conceptual framework for the vibration detection
through deep learning.

Table (4.4) Overview on the application case 3: vibration detection and characterization
using deep neural networks and computer vision techniques

data • univariate time series vibration data ∈ R1×nt , nt time steps

pre-processing • manual labeling of vibrations for the training phase

transformation • sequence to image R1 7→R2: short-time Fourier transform

model • deep convolutional neural networks for object detection

explain • highly automated detection of vibration patterns
• characterization and classification of vibration recordings
• spectral and temporal vibration localization

The general idea is to transform the time series vibration measurement into a two-
dimensional representation using time-frequency analysis. Here, computer vision
techniques can be utilized to localize various vibration patterns. The detection re-
sults can be interpreted in the classical time and frequency dimensions. First, a con-
ventional vibration detection method is proposed for periodic vibrations. Then, com-
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puter vision techniques are revised and a more flexible deep learning approach is pre-
sented for a range of different vibration patterns.

Conventionally, time series measurements of mechanical vibrations are analyzed for
their spectral properties by Fourier analysis. Hence, there is an underlying assump-
tion that the relevant dynamics can be represented by a finite series of harmonics. Ad-
ditionally, one inherently assumes stationarity over the time span used for the Fourier
analysis. One class of major importance in brake system vibrations is a tonal high-
intensity vibration in frequency regimes between 1 and 16 kHz. A tonal sound ex-
hibits strong periodicities with the majority of vibrational energy being confined to
one or few frequency bands. Figure 4.10 (a) depicts an exemplary microphone mea-

0 5 10

−2

0

2

time [s]

SP
[P

a]

(a)

5 10

5

10

15

time [s]

fr
eq

u
en

cy
[k

H
z]

20

40

60

80

SP
L

[d
B

(A
)]

(b)

Figure (4.10) (a) microphone measurement of the sound pressure (SP) radiated during a
single braking on a brake noise dynamometer. (b) corresponding spectrogram indicating the
dB(A)-weighted sound pressure level of tonal and high-intensity friction-excited vibrations

surement of the sound pressure recorded during a braking. It becomes obvious that
the sound pressure signal is highly non-stationary. Low-frequency modulations and
high-frequency vibrations can be observed that span multiple time scales includ-
ing noise artefacts from the measurement environment. The corresponding spec-
trogram from the Gabor transformation (4096 FFT lines, Hamming window) is dis-
played in Figure 4.10 (b). A high-intensity tonal sound can be observed in the time
span 2.5 ≤ t ≤ 9.5 s. At least six higher harmonics are excited besides the fundamental
frequency of 1.8 kHz, which gives a clear evidence for a nonlinear vibration2. Only
odd higher harmonics would be excited for a cubic nonlinearity. Hence, also other
nonlinearities must be at play in this particular situation. Spectral hard-coded al-
gorithms are conventional approaches [262, 263] to detect the onset of such kind of
self-excited vibrations and characterize them by their dominant frequency and am-
plitude.

2Appendix A.5 illustrates how higher harmonics result from a cubic stiffness nonlinearity in a mechanical
oscillator
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4.4 Vibration detection and characterization through deep learning

In the following, a conventional detection algorithm is described for tonal period-
icities. Successive Fourier transforms are computed in a sliding window approach.
Peaks in the spectrum are possible candidates for tonal sounds, such that the eleva-
tion of the peak over the surrounding frequency band is used as a measure for the
peak’s sharpness. A heuristic sharpness threshold value discriminates tonal sounds
from more broad-banded sounds. All tonal peaks are collected along time and the
corresponding frequencies can be clustered to find those tonal sounds that exhibit a
constant frequency for some time span. The final detection and vibration character-
ization involve a definition of a minimal peak amplitude and a minimal duration to
actually form a tonal sound. Figure 4.11 depicts a schematic for this workflow. Here,
a candidate peak requires a relative elevation of 50% of the peak over the surrounding
spectrum in a 1 kHz frequency band. The peaks at f = 10.3 kHz are displayed along
time. Given a minimal sound pressure level of 55 dB(A), the final tonal sound event
is detected in the time range 2.0 ≤ t ≤ 10.2 s with a maximal amplitude of 98 dB(A) at
10.3 kHz. Typically, brake systems exhibit self-excited dynamics at distinct clusters of
frequencies, often referred to as dominant instabilities from a modal viewpoint.

0 5 10

−4

0

4

time [s]

SP
[P

a]

1 5 10 15

30

60

90
tonal

peak

frequency [kHz]

[d
B

(A
)]

0 5 10

30

60

90

detection

time [s]

SP
L

[d
B

(A
),

10
.3

kH
z]

f = 10.3 kHz

2 ≤ t ≤ 10.2 s

5 10

5

10

15

time [s]

fr
eq

u
en

cy
[k

H
z]

20

40

60

80

SP
L

[d
B

(A
)]

1 2

3 4

tim
e

FFT

Figure (4.11) Conventional detection of dominant tonal periodicities using spectral meth-
ods: successive spectra are computed through a sliding window approach and candidate
peaks are detected by their elevation above the surrounding spectrum. The amplitude evo-
lution for those peaks is studied along time to find the regime where the periodicity exceeds
a prescribed intensity level, here 55 dB(A). Finally, the detected tonal vibration is highlighted
in the spectrogram. Adapted from Figure 4 from [259]
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The detection of high-intensity tonal periodicities as described above can be consid-
ered robust and state-of-the-art today. However, owing to the plethora of dynamic
processes involved in the friction interface and the complete system, brake systems
can radiate various additional sounds. Particularly, those sounds can hardly be de-
scribed by tonal characteristics. As they equally contribute to a disturbed NVH be-
havior for the customer, their detection is of high importance. Figure 4.12 shows ex-
amples for such non-tonal sounds that are frequently observed in disk brake systems.
The time series are corrupted by multi-scale fluctuations and noise. Furthermore, the
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Figure (4.12) Microphone measurements and spectrograms of commonly encountered
friction-excited disk brake vibrations: (a) quiet braking without a vibration event, (b) noise
artefact from the environment, (c) short impulse-like click and (d) so-called wirebrush sound.
Adapted from Figure 3 from [259]

spectral properties are not as pronounced as in the case of tonal sounds. Hence, the
described detection approach is not suited for those vibration patterns. Yet, expe-
rienced NVH engineers can easily differentiate those sound by the visual inspection
of the spectrograms and the characteristic patterns. This situation motivates the use
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of computer vision techniques for designing a flexible detection algorithm for multi-
ple vibration patterns. No specific signal pre-processing is required for the vibration
measurements. The central idea of this approach is to transform the time domain
data into the time-frequency domain to unravel the characteristic features of differ-
ent sounds. This transformation is obtained through the short-time Fourier trans-
form that derives a three-dimensional array of time, frequency and amplitude infor-
mation from the measurement data. Deep neural networks are employed to identify
patterns in the resulting arrays that are treated as images. In the proposed OPTME
data science process for structural dynamics, this approach relates to finding a better
observable through an appropriate transformation for the given data, and selecting a
proper model for the transformed data.

Computer vision (CV) is a vast research field, such that central ideas and methodolo-
gies are revisited shortly. In CV there are the tasks of image classification and object
detection among others. Image classification assigns one or multiple labels to a given
image, while object detection returns the coordinates of an object and its label. As
multiple vibration phenomena may occur during a single braking, and the frequency-
time characteristics are of high importance, object detection techniques are used in
this work. CV has developed several approaches to object detection before the rise
of neural networks. Those approaches rely on increasingly complex handcrafted fea-
tures, such as the milestones of cascades of low-level features [264] in 2001, oriented
gradients [265] in 2005, deformable templates [266] in 2010 and multi-resolution im-
age features [267] in 2014. However, the year 2012 defines the probably most impor-
tant landmark in CV. In the ImageNet [268] challenge, Krizhevsky et al. [269] propose a
deep convolutional network AlexNet that outperforms classical CV techniques for the
first time. Since then, neural networks have demonstrated their superior classifica-
tion, detection and segmentation quality in the successive ImageNet, PASCAL [270],
COCO [271] and various other challenges. Tremendous improvements in prediction
quality and computation time have been observed until today. Conceptually, deep
learning CV techniques for object detection are required to solve two tasks in paral-
lel: region proposal for the object location and classification of the object into pre-
defined classes. Two methodological branches have grown in recent years, namely
region proposal based methods and regression based methods [272]. Region pro-
posal based methods regress the object locations first, and then classify the objects
in each proposal region in the second step. Exemplary network architectures for this
approach are R-CNN [273], Fast R-CNN [274], Faster R-CNN [275] and R-FCN [276].
This iterative two-step approach suffers from significantly higher computational ef-
forts compared to the second branch of regression based methods. Here, the location
regression and object classification tasks are addressed at once. Recent networks of
this class are G-CNN [277], YOLO [278] and SSD [279]. All of the aforementioned neu-
ral networks are composed of convolutional layers as core building blocks.
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model: To assess the chances and limitations of object detection networks for the task
of vibration detection, region proposal networks are studied in this application. Re-
gion based convolutional networks (R-CNN) generate a large number of region pro-
posals through selective search algorithms in the first step. In the second step, each
warped image segment from each region proposal is fed to a CNN for computing a
feature map from which a classifier can learn a class label. In parallel, a regressor
learns how to adapt the region, i.e. its location and size, for obtaining a better predic-
tion score. Variants of Fast R-CNN networks extract a single feature map from the
complete input image using CNN layers, and then feed the subset of features per
region proposal to the classification-regression unit. For even better performance,
Faster R-CNNs replace the selective search algorithm by region proposal networks
(RPN) that extract regions of interest directly from the CNN feature map that is com-
puted in Fast R-CNN architectures. Region based fully convolutional networks (R-
FCN) derive location-sensitive features maps using RPNs to account for the observa-
tion that characteristic features often appear in specific locations in the image.
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Figure (4.13) STFT transformed signals are treated as images for the object detection net-
work. Labeled instances are used for training, and unseen vibrations measurements can
be analyzed with validated model. Convolutional layers are schematically illustrated in the
sketch of a simple network architecture in the upper part. Adapted from Figure 6 from [259]
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The complete work-flow for deep learning enabled vibration detection is depicted in
Figure 4.13. Labeled spectrograms are required for training and model validation.
Particularly, a ground truth training instance comprises the spectrogram, the object
location in terms of bounding box coordinates and the corresponding class label. The
object detection network will make a prediction in terms of the location and object la-
bel. The error between prediction and ground truth is derived from the intersection
over union (IoU) metric, which calculates the coverage ratio between the bounding
boxes for a given class label. This error metric is used to adapt the network parame-
ters during training and also to assess the generalization properties on the validation
data set. After training, the object detection network has practically become a vibra-
tion detection network which can locate several vibration patterns in spectrograms
derived from new and unlabeled vibration measurements. Additionally, the network
outputs a confidence score for the prediction, which results from the softmax activa-
tion function (see Appendix B.8) in the last fully connected (FC) layer.

In this study, four classes of vibration events are specified, see Figure 4.12. The vi-
bration detection network has to detect and locate these phenomena in the vibra-
tion recordings. Tonal high-intensity vibrations exhibit strong periodicities in the
frequency range of 1 ≤ f ≤ 16 kHz with sound pressure levels above 50 dB(A) and
a minimal duration 0.5 s. Click sounds arise from sudden vibro-impacts and re-
arrangements of the brake pad in the caliper. Wirebrush sounds are characterized
by multiple short pulses across the complete frequency band similar to chirps. Arte-
facts are given by high-intensity and broad-banded noise from the testing environ-
ment, the main dynamometer drive train or auxiliary engines. 3267 brake vibration
measurements are available for building the detection model and for evaluating it.
Manual labeling is performed for the bounding box locations and the class annota-
tions. A set of 290 representative sounds is used for the model evaluation, such that
2977 samples remain for training and validation of the network. A stratified 80− 20
split is used, such that the training set Dtrain consists of 2382 images. Compared to the
testing reality, the minority classes (click, wirebrush, artefacts) are over-represented
to facilitate the network training.

Pre-trained networks are used as a starting point for the design of the deep learning
vibration detector. The pre-trained object detection networks have already learned
to abstract lines, edges and other features from images, such that training on a new
set of images will converge faster than for a randomly initialized network structure.
This concept is referred to as transfer learning [201]. Here, instances of the region
proposal-based Faster-RCNN and R-FCN models are employed which have been
trained on the COCO [271] data set for detecting common objects in contexts. For
the Faster R-CNN two different model architectures from the inception and resnet
configurations [201] are compared, such that the three models Faster R-CNN (inter-
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ception), Faster R-CNN (resnet) and R-FCN are compared. Each model is trained for
100.000 steps with unit batch size. Data augmentation (flipping, randomly cropping,
randomly padding and randomly adding black patches) is applied to the input images
to increase the data set size and its variance. A fixed learning rate of 0.0003 is used for
the momentum optimizer.

explain: As for quality metrics, the correct label and the correct bounding box loca-
tion need to be evaluated in the object detection task. The performance of the vibra-
tion detection network is evaluated in two steps: first, the classification of a complete
measurement is discussed, and then also the location of the objects is taken into ac-
count. The training data Dtrain is set up to contain only single-class images, such
that a single label per image can be evaluated for pure classification. This set-up al-
lows to compare the conventional spectral detector against the deep learning models.
Besides the conventional confusion matrix entries per class, also the precision-recall
curve (PRC) is assessed. Here, cumulative precision and recall metrics are computed
for all predictions sorted by the confidence score. The area under curve (AUC) mea-
sures the average precision AP = ∫

PRC for a single class. For m classes, the mean
average precision mAP = 1/m

∑
APi , i = 1, . . . ,m summarizes the overall performance

of the multi-object classifier. To obtain confidence scores for the spectral detector, a
synthetic measure based on maximum intensity and duration of the sound is intro-
duced as discussed in [259]. Table 4.5 summarizes the performance of three network
architectures on the evaluation set Dval which contains 200 tonal sounds, 50 wire-
brush sounds, 25 click sounds, 15 noise artefacts and 200 quiet brakings. The data
set is specifically set-up to replicate typical class distributions encountered in test-
ing, although the quiet sounds are massively under-represented compared to reality.
Based on several studies for optimal performance, a minimum confidence value for
reporting an object is set to Cmin = [0.9,0.84,0.88] for model 1, model 2 and model 3,
respectively.

Table 4.5 reports the classification task results. The spectral detector, serving as a
baseline model, has a high detection rate for the tonal sounds, i.e. those vibration
patterns for which it has been designed. Conceptually, it is not able to detect the re-
maining classes. Most of the other vibrations result in misclassifications, such that
more false positives than true positives can be observed in the baseline model. For
the class of tonal sounds, all deep learning detectors achieve slightly higher AP met-
rics. Furthermore, as they are able to detect also other vibration patterns, the false
positive detections reduce significantly. All models exhibit relatively high false neg-
ative detections for the wirebrush class and are too sensitive to tonal sounds. The
R-FCN performs significantly worse, which may stem from the inherent structure of
the network: if specific objects do not appear in similar locations throughout all im-
ages, performance will drop. Overall, the R-CNN in resnet configuration achieves the
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Table (4.5) Classification performance of the spectral detector and three deep learning
models evaluated on the reference data set containing 200 quiet brakings, 200 tonal sounds,
50 wirebrush sounds, 25 click sounds and 15 broad-banded noise artefacts. The quality met-
rics F1, average precision AP and mean average precision mAP (computed from the PRC) are
evaluated

classifier category TP FP FN TN F1 AP mAP

ML model 1
tonal 149 68 7 266 0.8 0.68

0.73
wirebrush 33 1 17 439 0.79 0.69

(faster R-CNN incep) click 23 8 2 457 0.82 0.88
artefact 10 0 5 475 0.80 0.68

ML model 2
tonal 149 76 7 258 0.78 0.72

0.80
wirebrush 38 3 12 437 0.84 0.78

(faster R-CNN resnet) click 22 6 3 459 0.83 0.87
artefact 12 0 3 475 0.89 0.81

ML model 3
tonal 146 76 10 258 0.77 0.68

0.55
wirebrush 26 1 24 439 0.68 0.57

(R-FCN resnet) click 21 0 4 465 0.91 0.85
artefact 1 0 14 475 0.12 0.1

spectral

tonal 156 177 0 157 0.64 0.63

−wirebrush − − − 440 − −
click − − − 465 − −
artefact − − − 475 − −

highest performance scores and a mean average precision of 0.8 which represents a
substantial improvement over the spectral detector. To evaluate the location of vibra-
tion patterns in terms of time and frequency, the object detection quality is evaluated
based on the IoU measure, see Table 4.6.

Depending on a minimal IoU value, the detection results vary. Trivially, the prediction
quality decreases when high IoU values are required for a true positive. Analogously
to the previous result, the R-CNN models outperform the R-FCN model. Again, wire-
brush sounds pose a challenge to the networks, while rather high detection rates are
observed for the remaining classes. Overall, the shape of the vibration patterns in
the spectrograms vary strongly in size and shape, such that inter-class comparisons
must be undertaken carefully. To visualize the deep learning vibration detector out-
put, Figure 4.14 depicts two vibration recordings from the evaluation data set with the
detected objects and confidence scores.

This application case does not strive for a highly-optimized model architecture, but
is set up to illustrate the benefits of transforming vibrations into the domain of com-
puter vision to make use of deep learning. As such, the studies reveal the potential
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Table (4.6) Object detection performance measured by average precision per class (AP) at
IoU levels 50%, 75% and 90% and resulting mean average precision (mAP) for each deep
learning (DL) detector

classifier category AP.50 AP.75 AP.90 mAP.50 mAP.75 mAP.90

DL model 1
tonal 0.66 0.66 0.60

0.66 0.65 0.59
wirebr. 0.57 0.54 0.36

(F. R-CNN incep) click 0.74 0.74 0.72
artefact 0.67 0.67 0.67

DL model 2
tonal 0.68 0.68 0.62

0.69 0.67 0.55
wirebr. 0.61 0.51 0.19

(F. R-CNN resnet) click 0.80 0.80 0.71
artefact 0.69 0.67 0.55

DL model 3
tonal 0.66 0.65 0.60

0.43 0.39 0.34
wirebr. 0.44 0.30 0.16

(R-FCN resnet) click 0.55 0.55 0.55
artefact 0.07 0.07 0.07

of data-driven approaches to overcome the limitations of hard-coded spectral algo-
rithms. Further optimized models, more training data and cross-validating the re-
sults with the spectral detector may leverage further performance gains. This study
may support the hypothesis given in the previous Chapter 3 which states that the data
transformation is the most crucial ingredient towards a successful adaptation of re-
cent deep learning methods in mechanical vibrations.
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Figure (4.14) Output of the deep learning vibration detector (model 1) for two samples of
the evaluation data set. Tonal sounds (a) and a broad-banded noise artefact (b) are correctly
detected at high confidence scores. Adapted from Figure 8 from [259]

86



4.5 Instantaneous damping identification from time series data

4.5 Instantaneous damping identification from time series data

This study shows how a structure’s instantaneous damping properties can be ex-
tracted from time series data. The instantaneous growth rate, i.e. the equivalent to
an numerical eigenvalue’s real part, is extracted from brake system vibrations at the
onset of self-excited vibrations. Thus, better insights into quasi-linear system prop-
erties are obtained from existing data by appropriate filtering and modeling without
requiring additional experimental resources. An overview following the OPTME data
science process for structural dynamics is given in Table 4.7. The results and figures
presented hereafter have already been published in

[280] M. Stender, M. Tiedemann, L. Hoffmann and N. Hoffmann: Determining
growth rates of instabilities from time-series vibration data: Methods and ap-
plications for brake squeal. Mechanical Systems and Signal Processing, 129:
250-264, 2019

[281] L. Hoffmann: Calculation of growth rates for self-excited dynamical systems on
the example of brake squeal noise. Projektarbeit, Technische Universität Ham-
burg, 2018 .

Table (4.7) Overview on the application case 4: extracting growth rates from time series data

data • univariate time series data ∈ R1

pre-processing • vibration detection
• heuristic detection of exponentially growing amplitudes

transformation • spectral filtering (short-time Fourier transform)
• scale selection (inverse continuous wavelet transform)
• envelope fitting through the Hilbert transform

model • linear regression for exponential fit

explain • instability growth rates measures for negative damping

Damping parametrization of numerical models is one of the most crucial and yet one
of the most uncertain ingredient for predictive modeling as discussed in Section 2.3.
The complex eigenvalue analysis derives the eigenvalues λ= δ+ iω from a linearized
model configuration. Model updating approaches [282] mostly focus on component
properties and mode shapes, i.e. on steady-state behavior that can be described given
the assumption of stationarity. For self-excited systems, the forced response may sig-
nificantly differ from the self-excited response. Hence, the self-excited vibration re-
sponse only allows to study the operational deflection shapes, but not the associated
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structural damping. As a result, modal updating strategies for those systems mostly
rely on component properties [75]. The central idea of the novel approach is to ex-
tract the regime of exponentially growing amplitudes from vibration measurements
at the onset of self-excitation. Here, the growth rate δ̂ is a direct measure of the in-
stantaneous damping in the structure and corresponds to the instability’s real part δ.
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Figure (4.15) Vibration data pre-processing for isolating the unstable frequency f ? in the
noisy sound pressure (SP) measurement: spectral bandwidth filtering using the STFT and the
inverse CWT. Exponentially growing amplitudes can be observed at the onset of the high-
intensity vibrations. Adapted from Figure 3 from [280]

pre-processing and transformation: Extensive signal processing is required to iso-
late the unstable frequency and time range of interest in an experimental vibration
measurement. Automotive disk brake system vibrations are studied which exhibit
strong multi-scale and non-stationary effects, see Figure 4.15. The objective is to
study the exponential growth of the unstable mode f ? through filtering of the vi-
bration measurement s(t ). Two filtering approaches are utilized: spectral filtering
using the short-time Fourier transform (STFT) and scale filtering using the continu-
ous wavelet transform (CWT) and its inverse. The amplitude time series for a spectral
bandwidth f ? −∆ f ≤ f ≤ f ? +∆ f centered around f ? is obtained from the root-
mean-squared STFT amplitudes at each time step ti . In the second approach, fil-
tered time domain signals are obtained from the inverse continuous wavelet trans-
form using Morse mother wavelets. During the derivation of the inverse transform,
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4.5 Instantaneous damping identification from time series data

only the relevant frequency ranges, i.e. scales, are considered. Resulting amplitude
series (STFT) and vibration series (CWT) ŝ(t ) are depicted in Figure 4.15 for the exem-
plary brake vibration signal. Envelopes Γ are created for both signals using the Hilbert
transform3. A heuristic bandwidth value of ∆ f = 150 Hz is utilized in this study.

In a second pre-processing step, the time epochs of exponentially growing amplitudes
must be identified. While the spectral vibration detection approach from Section 4.4
was used to identify high-frequency vibrations in the measurements, the time epochs
of exponential growth require further analysis which is displayed in Figure 4.16. Par-
ticularly, the time span of exponential growth is rather short before nonlinear effects
set in owing to large vibration amplitudes, see the prototypical Van der Pol study in
Figure A.1. For the present data, heuristic thresholds are defined for identifying the
transient zone. As a reference point, the first inflection point of the filtered signal’s
envelope is chosen in the transient regime. For most observations, this point cor-
responds to approximately the first half of the transient zone before the exponential
growth saturates. Relative to this reference point, the start tstart and end points tend
of the transient zone are defined. The exponential growth rate δ̂ is estimated from the
data in this zone.

model: The envelope of the filtered signal
[
ŝ(tstart), ŝ(tend)

]
is subjected to a fitting

procedure for an exponential function ŝ(t ) ≈ ŝ0eδ̂t that minimizes the root-mean-
squared difference between the measured signal and the fit. Particularly, the fit is
obtained from a linear regression in a semi-logarithmic relation of the amplitudes to
the time axis. As the growth rate estimate crucially depends on the selected transient
phase, a variation of the start and the end points is introduced. These variations are
again formulated in a relative manner with respect to the reference point given by the
envelope’s inflection point. Each start and end point is varied independently, such
that for n variations n2 growth rate estimates result from individual regression mod-
els. Then, the most frequent value out of the best 20% fits, i.e. having minimal fitting
error, of all δ̂i , i = 1, . . . ,n2 values is selected as final growth rate estimate δ̂. To be
consistent with theory, only those vibration recordings are considered which contain
a single and dominant periodicity, i.e. a single mode that becomes unstable. More
complex vibration patterns with frequency modulations are omitted. Overall, for a
single transient phase there are three growth rate estimates: one estimate from the
STFT amplitude series plus the lower and upper envelope of the CWT-filtered vibra-
tion signal. For the sake of clarity, only the mean of CWT-based upper and lower esti-
mates are displayed as δ̂ in the following discussions, since they turned out to be more
robust and consistent than the STFT-based estimates [280] for the present data.

3Practically, the one-sided FFT is computed by removing all coefficients with negative frequency before the
inverse transform. The analytic signal provides the amplitude envelope function

89



4 Case studies and novel methods

0 0.5 1 1.5 2

−1

0

1

time [s]

SP
[P

a]

(a)

0 0.5 1 1.5 2

−0.2

0

0.2 STFT filtered

CWT filtered

time [s]

SP
[P

a]

(b)

0.9 1 1.1 1.2 1.3

0

0.1

0.2

reference
start

end

time [s]

SP
[P

a]

(c)

0.9 1 1.1 1.2 1.3

0

0.1

0.2 e19.9t

time [s]

SP
[P

a]

(d)

Figure (4.16) Determination of the growth rate estimate δ̂ from a time series recording: (a)
raw sound pressure signal and (b) pre-filtering using the STFT and the CWT for a frequency
bandwidth around the vibration event. (c) defines the reference point as the signal’s first
envelope inflection point and the transient phase between tstart and tend. (d) the best expo-
nential fit is δ̂= 19.9 Hz. Adapted from Figure 4 from [280]

explain: Two data sets DA and DB from commercial brake testing are studied. Data
set DA contains an extended test cycle of 4754 brakings, and data set DB contains
1891 brakings. Only severe tonal vibrations with a minimal average sound pressure
level of 60 dB(A), a minimal duration of 1 s and a dominant vibration frequency be-
tween 1 and 16 kHz are considered in this study. Data A and B contain 323 and 197
of such events, respectively. Figure 4.17 displays the NVH behavior and sensitivities
with respect to the disk rotation Ω and the brake line pressure p. System A exhibits
vibrations at 5.8 and 13.6 kHz with a wide range of sound intensity levels. System
B shows instabilities at 3.0, 8, 11 and 14.2 kHz with maximum sound pressure levels
of 106 dB(A). Both systems show dependency on the loading conditions, such that
system B is sensitive to low brake pressure values and low disk velocities. System A
exhibits instabilities across the full parameter range which is also observed for other
parameters such as the friction coefficient (not displayed here).

The objective of the following studies is to find out whether a specific system instabil-
ity can be characterized by a constant growth rate, and how this measure of instan-
taneous damping depends on the loading conditions. Growth rates are derived from
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Figure (4.17) Tonal sound characteristics of the vibrations observed during NVH testing: (a)
vibration frequencies and corresponding sound pressure levels, and (b) to (e) dependence of
the acoustic characteristics on the maximal brake line pressure p and the disk rotation Ω
during braking. Adapted from Figure 6 from [280]

the microphone recordings as described before. To increase credibility, samples are
removed for which the CWT estimates from the upper and lower envelope series differ
by more than 5 Hz and for which less than 120 variations of the transient range were
obtained. In total, 242 growth rates δ̂ are determined for system A and 86 for system
B . The growth rates vary in the range of 5 to 60 Hz and are displayed in Figure 4.18.
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Figure (4.18) (a) 328 experimentally estimated growth rates δ̂ of systems A and B and the
sound pressure level (SPL) of the fully developed nonlinear vibration. (b) Relation of the
growth rates to the unstable vibration frequencies. Adapted from Figure 8 from [280]
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Firstly, there is no theoretical relation between the growth rate being a linear system
property and the final vibration amplitude which is governed by nonlinear effects.
The experimental findings confirm this understanding: the estimated growth rates
are not correlated with the vibration amplitude as depicted in Figure 4.18 (a). This is
the first observation of that kind in friction-excited experimental systems. Secondly,
the results indicate that the instantaneous damping of the unstable mode varies mas-
sively as a function of the loading conditions. Thirdly, the growth rates of the same
instability, i.e. same dominant vibration frequency, vary strongly. Hence, vibrations
with similar periodicity may still stem from the same mode becoming unstable, but
the system’s damping configuration at the point of instability changes significantly
during the operation. This observation contradicts classical modeling approaches in
a modal framework, where a fixed modal damping value is assigned to an individual
mode. In such a scenario, the experimental growth rates would form dense clusters
for a specific vibration frequency. For these data, such behavior cannot be observed.
Therefore, the damping variations must stem from parameter variations through the
brake operation and secondary, e.g. temperature or wear, effects.

As the growth rates are found to be independent from the resulting vibration charac-
teristics, it is interesting to study if vibrations self-excited at similar loading conditions
grow at the same rate. If that is the case, the recorded loads constitute major dimen-
sions of the bifurcation parameter space of the dynamical system. In the following, a
single instability is selected: 242 instabilities of system A with a vibration frequency of
11 kHz. Although these self-excited vibrations carry the same spectral characteristics,
they grow at strongly varying rates. To measure similarity between loading scenarios,
the similarity index for vectors ξ1 and ξ2

ρ = sim
(
ξ1,ξ2

)= 1

1+
√∑n

i=1

(
ξ1,i −ξ2,i

)2
(4.17)

is introduced based on the Euclidean distance. ρ = 1 represents equality, and ρ→ 0
indicates orthogonality. Particularly, the individual loading parameters ξ are given
by the rotational speed of the disk, brake line pressure, deceleration, friction coeffi-
cient, brake disk temperature, brake fluid temperature, ambient air temperature and
relative air humidity plus the time derivative of pressure, deceleration, friction value
and disk temperature, each measured at the onset of FIV. Thus, the operational state
at vibration onset is described by the twelve-dimensional vector ξ = [ξ1, . . . ,ξ12]>.
Certainly, this is only a subspace of all parameters that are relevant for describing
the instantaneous state and resulting damping level of the structure. The instanta-
neous load vector ξi for sample i is compared in pairwise fashion against all j =
1, . . . ,242, j 6= i samples to find the similarities ρi j . Analogously, the differences in

growth rates ∆δ̂i j = |δ̂i − δ̂ j | and the differences in average sound intensity ∆li j =
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4.5 Instantaneous damping identification from time series data

|li − l j | are computed. In a classical scenario for nonlinear structural dynamics, there
exists a bifurcation point at which the equilibrium position loses stability to a limit cy-
cle. Potentially, multiple attractors may co-exist for different parameter ranges, such
that the system may jump to either of those solutions. In this study, instabilities of the
same frequency were chosen, such that one may assume the structure to have ended
up on similar attractors. Here, the loading vector ξ is considered to constitute major
dimensions of the bifurcation parameter space. Hence, if the difference in loading
conditions is small, e.g. ρ > 0.8, the difference in vibration level and the difference in
the growth rate values would be expected to be small as well. If that is the case, the
load vector will capture major system parameters, and the system will repeatably con-
verge to a periodic solution characterized by a constant frequency and amplitude of
vibration. Such rather simplistic system understanding is depicted in Figure 4.19 (a)
with relations to ∆l , ∆δ̂ and ρ.
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Figure (4.19) (a) illustration of a prototypical bifurcation diagram where a system becomes
unstable through a flutter-type instability and a limit cycle solution exists for larger param-
eter values ξ. (b) experimental results for the 11 kHz instability of system A. ρ indicates the
similarity of the loading condition ξ, δ̂ is the growth rate estimate and l the vibration intensity.
Adapted from Figures 9 and 11 from [280]

However, the data analysis shows that for the present system no such correlation can
be found. The growth rates differ by up to 40 Hz even for high loading similarity val-
ues, see Figure 4.19 (b, upper panel). Vibrations excited in similar system conditions
grow at variable rates. Furthermore, even if both the loads and the growth rates are
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similar, the final sound intensity, which can be thought of as a proxy for the size of the
attractor, varies strongly, see Figure 4.19 (b, lower panel). Thus, for the present data it
must be concluded that the dynamics involved are highly complex in terms of param-
eter dependencies and nonlinear steady-state behavior. Even if the vibrations appear
to be rather simple and similar to a limit cycle oscillation, the linear system proper-
ties at instability and the corresponding system configurations do not fall into distinct
clusters. Hence, the vibration behavior cannot be replicated for seemingly equal sys-
tem configurations, which underlines the well-known elusive character [283] of FIV.
There is a wide range of possible reasons for this observation, such as continuously
changing conditions, wear and tribological aspects, hysteretic effects in joints, over-
all non-stationary behavior, such that attractors of fixed size cannot exist in a strict
sense, and weakly chaotic dynamics that introduce sensitive dependence on initial
conditions. As the growth rates were found to vary strongly for various loading condi-
tions, CEA studies should consider a wide range of system configurations for a better
correspondence with experimental results.

Concluding, the methodology for extracting growth rates from vibration data repre-
sents a novel approach to a better system understanding. For the first time, numerical
CEA results can be compared with experimental data in a scientifically sound fashion
without requiring additional testing resources. From the data science perspective, the
data pre-processing requires deep domain knowledge about nonlinear vibrations and
self-excitation. After the rather extensive signal filtering and data segmentation, the
modeling process collapses to a simple regression in form of an exponential fit. The
results of the regression can be directly interpreted as damping measures and may be
studied to find parametric sensitivities or may be used for enhancing model updating
procedures.
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4.6 Stability margin extraction from time series data

In the third analysis of the brake vibration data, the strongly nonlinear regime of self-
excited vibrations is approached. In this regime, the vibration amplitudes are limited
by nonlinearities after the instantaneous growth phase that was investigated in the
previous section. Similarly to the study of the block-on-block system in Section 4.2,
nonlinear time series and recurrence plot analysis techniques (RPQA) are utilized to
characterize and quantify the observed dynamics. Parts of the work and figures pre-
sented hereafter have been published in

[162] M. Stender, S. Oberst, M. Tiedemann and N. Hoffmann: Complex machine
dynamics: systematic recurrence quantification analysis of disk brake vibration
data. Nonlinear Dynamics, 267, 105, 2019

and the conceptual summary is given in Table 4.8. Vibration data from commercial
NVH testing, see Section 4.3, are studied. In contrast to previous studies of FIV by
means of nonlinear time series analysis [37, 68], this study considers large amounts
of data in a highly systematic manner. Vibration measurements from seven different
brake systems are subjected to the analysis in order to obtain a more general picture.
In total, 156 minutes of vibrations sampled at fs = 51.2 kHz are investigated here.

Table (4.8) Overview on the application case 5: nonlinear time series analysis of brake sys-
tem vibrations

data • univariate time series measurements ∈ R1

pre-processing • vibration detection
• wavelet bandpass filtering
• sliding windowing segmentation

transformation • time-delay embedding for state space reconstruction
• recurrence plot quantification analysis

model • exploratory data analysis

explain • study regularity and stationarity in brake system vibrations
• analyze dimensionality and complexity of the dynamics
• measure the stability margin by nonlinear invariants

pre-processing: The vibration measurements are bandpass filtered by the (inverse)
wavelet transformation for a frequency range of 1 ≤ f ≤ 20 kHz to remove low-
frequency modulations and noise from the environment. Nevertheless, the signals
are highly transient and do not exhibit stationary amplitudes along the vibration du-
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ration even after filtering. Generally, two signal segmentations are performed for the
nonlinear time series analysis. First, the vibration signals are divided into quiet and
vibrating segments based on the tonal sound detection presented in Section 4.4. Par-
ticularly, only those recordings with a single tonal vibration phenomenon are consid-
ered in this study with a vibration duration longer than 0.5 s. Time series are omitted
if they contain different vibration phenomena such as noise artefacts, wirebrush or
others. Second, the time series measurements are subjected to a sliding window seg-
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Figure (4.20) Left panel: raw vibration measurements of the structure-borne vibrations
from an accelerometer (ACC), the air-borne vibrations and the wavelet bandpass filtered
signal of the sound pressure (SP). Right panel: time-frequency analysis by the short-time
Fourier transform and the segmentation into quiet and vibrating sections I and II, respec-
tively. Adapted from Figures 1 and 2 from [162]

mentation within each section. This approach is motivated by the requirement of
stationary dynamics to be compliant with Takens’ theorem [27] when reconstructing
the state space. Depending on the window length w , dynamics on different scales
are captured. The window length is chosen such that the embedding dimension esti-
mated by the FNN algorithm does not change if longer windows were chosen. Such
behavior is obtained for w = 1500 samples4, i.e. 0.0293 s. The overlap for the sliding
window processing for embedding is set to 75% to enrich the data base and provide
some smoothing behavior along time. To fulfill stationary assumptions for the RPQA,
the sliding window size is set to 2000 for the recurrence analysis [162].

4The detailed study is given in the supplementary electronic information accompanying [162]

96



4.6 Stability margin extraction from time series data

-202

T
im

e
[s

]

[Pa]

-202

T
im

e
[s

]
[Pa]

246810

T
im

e
[s

]

0

0.
51

1.
52

T
im

e
[s

]

w
av

el
et

fi
lt

er
sq

u
ea

ld
et

ec
ti

o
n

se
ct

io
n

p
ar

ti
ti

o
n

in
g

em
b

ed
d

in
g

p
ar

am
et

er
se

ct
io

n
av

er
ag

in
g

se
ct

io
n

em
b

ed
d

in
g

p
ar

am
et

er
s

m̄
,τ

sl
id

in
g

w
in

d
ow

p
ro

ce
ss

in
g

co
m

p
u

te
R

P

co
m

p
u

te
R

Q
A

T
im

e
[s

]

[Pa]

-202

T
im

e
[s

]

[Pa]

em
b

ed
d

in
g

i

j

0510 Dimensionm

0510 averagem̄

048

T
im

e
[s

]

Delayτ

048

T
im

e
[s

]

Delayτ

ca
lc

u
la

ti
o

n

0

0.
51

T
im

e[
s]

DET

Frequency[kHz]

av
er

ag
e

R
Q

A

sectio
nI

sectio
nII

Fi
gu

re
(4

.2
1)

W
o

rk
fl

ow
fo

r
th

e
n

o
n

li
n

ea
r

ti
m

e
se

ri
es

an
d

re
cu

rr
en

ce
p

lo
t

an
al

ys
is

o
fl

ar
ge

b
ra

ke
vi

b
ra

ti
o

n
d

at
a

se
ts

.
A

d
ap

te
d

fr
o

m
F

ig
u

re
4

fr
o

m
[1

62
]

97



4 Case studies and novel methods

transformation: The trajectories are unfolded into a state space by time delay em-
bedding Eq. (3.2). The instantaneous embedding parameters are computed for each
window using the auto-mutual information function and the FNN algorithm. The
section-averaged embedding dimension m̄ is derived from the 90% percentile of the
instantaneous dimensions. m̄ is used to compute the state space reconstruction for
all windowed sequences in the current section5. Recurrence plots are computed from
the reconstructed trajectories. The RP norm based on a fixed amount of neighbors
FAN= 6 is chosen to allow for a consistent comparison between qualitatively differ-
ent dynamics [285]. In a last transformation step, the RPQA metrics are evaluated for
each RP and hence for each windowed vibration sequence. The resulting time series
of RPQA values can be evaluated to characterize the observed dynamics by means
of regularity, complexity and stationarity. Furthermore, representative values can be
derived per section which allows to compare multiple brakings in a consistent and
highly automated fashion, as depicted in the complete workflow in Figure 4.21.

explain: The signals displayed in Figure 4.20 are used as a reference example for il-
lustrating the pre-processing, transformation and analysis phase for a single braking.
Figure 4.22 depicts the instantaneous embedding parameters derived for sound pres-
sure level and acceleration measurements. Generally, non-stationary behavior can be
observed with significant differences between the microphone and the accelerometer
measurements. A larger variance in the parameters is exhibited by the sound signal.
Here, the time delay decays from 6 ≤ τ≤ 15 to τ= 2 as the regime of friction-induced
vibrations is approached. Large embedding dimensions 10 ≤ m ≤ 15 can be observed
in the quiet regime. The dimensions drop to 2 ≤ m ≤ 4 during the vibrations. For the
accelerations, the delay remains almost constant at 2 ≤ τ ≤ 5 throughout the com-
plete signal. Compared to the sound signal, smaller dimensions can be observed in
the quiet section and larger dimensions can be observed in the vibrating section.
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Figure (4.22) Instantaneous embedding parameters delay τ and dimension m for the sig-
nals in Figure 4.20. Results are displayed for the filtered microphone (mic) and accelerometer
(acc) measurement. Adapted from Figure 6 from [162]

5Over-embedding is harmless [284, 198], while under-embedding may heavily affect the results
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Figure 4.23 illustrates the reconstructed state space for three representative time in-
stants of the reference signal. The quiet regime, the transient regime at onset of vibra-
tions and the regime of fully developed high-intensity vibrations are shown by projec-
tions into a three-dimensional representation. The corresponding recurrence plots
and actual embedding parameters are given as well. The unstructured point cloud
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Figure (4.23) Selected state space representations and corresponding recurrence plots for
the microphone reference signal displayed in Figure 4.20. Adapted from Figure 8 from [162]

in the quiet regime creates some diagonal line structures in the RP and many indi-
vidual points that indicate low determinism. Clear diagonals can be observed as the
vibrations grow. Long diagonal lines can be observed in the fully developed vibration
regime. The high vibration frequency causes only small vertical distance between the
diagonal lines. The repetitive white patterns in the RP stem from low-frequent am-
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plitude modulations on a slower time scale. However, also the reconstructed trajec-
tories indicate motion on a limit cycle that is slightly perturbed. The corresponding
recurrence quantification metrics, see Appendix B.5 are displayed in Figure 4.24. The
determinism DET, the fraction of vertical lines structures LAM, the maximal diago-
nal line length Lmax, the Shannon entropy ENTR and the clustering coefficient Clust
are studied. Clust is a metric rooted in complex network theory that measures the
probability of two neighbors of any state being also neighbors. Large values indicate
periodic or laminar dynamics [182]. Here, LAM is constantly zero which indicates the
absence of vertical lines, i.e. the absence of intermittent dynamics. All other mea-
sures show a two-fold behavior that correspond to the quiet and vibrating section of
the measured signal. The diagonal lines are very short in the first section, such that
DET and Lmax exhibit vanishing values. In combination with low Clust and ENTR
values, the RPQA metrics indicate highly chaotic or random dynamics in the quiet
section. As the FNN algorithm finds low fraction of false nearest neighbors for high
embedding dimensions, random dynamics must be assumed to play only a minor
role. This observation confirms the findings of Wernitz et al. [68, 69, 286] who state
that considerable higher sampling rates are necessary to resolve the dynamics during
steady sliding. Qualitatively different dynamics are observed in the second section
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Figure (4.24) Recurrence quantification metrics derived for the reference signal of the mi-
crophone recording. High-intensity FIV set in at 1.5 s. Adapted from Figure 9 from [162]
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where FIV exist. The nonlinear quantifiers increase, such that high DET and Lmax val-
ues indicate deterministic and regular dynamics during for the FIV. Interestingly, the
RPQA values show a rather stationary behavior whereas the amplitudes of the time
series modulate strongly. Hence, the underlying dynamics turn out to be stationary
with respect to the nonlinear quantifiers. This characteristic is not visible in the time
domain representation of this signal.
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Figure (4.25) Section-median embedding parameters as a function of the mean sound pres-
sure level (a) and the mean acceleration (b). Quiet and vibrating sections are indicated by
square and circle markers, respectively. Adapted from Figure 7 from [162]

In a second step, the quantifiers are studied for many brakings. Representative values
are derived by averaging (mean, median) the RPQA values per section. The data set
contains 1564 quiet sections and 777 sections with FIV. The integer section-averaged
(median) instantaneous embedding parameters values m̄ and τ̄ are displayed in Fig-
ure 4.25 as a function of the mean sound pressure and vibration level per section.
Following the NVH sound detection, quiet sections are given for mean sound pres-
sure levels below 60 dB(A) and mean accelerations below 1.2 m/s2. The delay values
scatter significantly for the microphone measurement, while the delay can be consid-
ered to be rather constant for the accelerations irrespective of the system response.
Generally, larger dimensions can be observed in the quiet sections. The higher the
vibration intensity is, the smaller the required embedding dimension become. How-
ever, there are also quiet sections that exhibit low-dimensional dynamics. The val-
ues match well with the ones reported by Oberst and Lai [37]. Overall, one can find
lower dimensions in the microphone measurements than in the acceleration mea-
surements of FIV. The sound radiation to the surrounding air may act like a high pass
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filter while the structure-borne vibrations encode large structural vibrations as well
as highly chaotic fluctuations from the interface [68, 152].

9.6×108 recurrence plots are computed overall for the sliding window processing of
the complete brake vibration data set. The observations made for the reference signal
are confirmed by the massive data analysis of the complete data set. The correspond-
ing plots are given in Appendix B.5. Essentially, the recurrence quantifiers allow to
distinguish random from deterministic and regular from irregular dynamics. High
entropy values are observed for the vibrating sections while low values are observed
for the quiet sections. The entropy increases linearly with the sound pressure level
for values above 60 dB(A) which is a clear indicator for growing levels of determinism
in the high-intensity FIV. Stochasticity cannot be ruled out completely for the quiet
sections, but the vanishing fraction of false nearest neighbors in high dimensions is a
signature of deterministic dynamics. The determinism metric and the diagonal line
lengths can give further insights into the level of regularity. Again, those measures
increase with larger vibration intensity. Some deviations from those general trends
can be observed for all RPQA values. These samples will be treated in the last part of
this section. Diagonal lines spanning the complete RP and DET values above 0.9 can
be observed for sound pressure levels above 75 dB(A). Therefore, those high-intensity
tonal vibrations can be considered to be mostly regular or only weakly irregular. Low
determinism and short diagonal lines can be observed for low-intensity FIV and the
quiet sections which indicates highly irregular motion. However, the multiscale char-
acter of the measurements acquired in harsh testing conditions pose serious chal-
lenges to a definite classification into regular or irregular dynamics. Overall, there
is a smooth transition from the low-intensity vibrations to the high-intensity vibra-
tions above 60 dB(A). This value seems to be the noise threshold for the microphone
measurements. On the other hand, the dynamics do not change qualitatively above
a sound pressure level of 75 dB(A). These results seem to be consistent with previous
work of Wernitz and Oberst. However, this study is not confined to few measure-
ments, but reports statements that are built on the analysis of complete brake NVH
matrix tests with more than 2.5 hours of vibration measurements.

Up to date, the stability of the self-excited system can only be assessed in a boolean
fashion during experiments. Either, the system is in a stable sliding condition, or the
system exhibits self-excited vibrations. However, the distance of a seemingly stable
system to the stability border remains unknown [146]. In this analysis step, the non-
linear quantifiers are related to the operational conditions of the brake system to mea-
sure the nonlinear stability margin. It has been observed in the previous studies that
the transition from the quiet sections to the vibrating sections is smooth in terms of
the RPQA quantifiers, and therefore in terms of qualitative vibration characteristics.
Hence, those quantifiers can be used to indicate the likelihood of friction-induced
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Figure (4.26) Loading conditions (a), acceleration amplitudes and RQA metrics (b) for a
segment of a NVH matrix test. The vibration frequency is displayed by cross markers for
those brakings that exhibit FIV. The RQA metrics are shown by circles only for those brakings
that do not exhibit FIV. Adapted from Figure 14 from [162]

vibrations even if vibrations are not indicated in time domain by high vibration am-
plitudes. Thus, the quantifiers essentially can measure the distance of the current
system state to the stability border after which high-intensity vibrations occur. To il-
lustrate this finding, a segment of an NVH matrix test is displayed in Figure 4.26. The
loading conditions in terms of disk temperature, brake line pressure and equivalent
vehicle speed vary according to the test protocol. The system becomes susceptible to
FIV after stop 70 where instabilities at f = 8 and f = 11 kHz can be observed. RPQA
metrics are displayed only for those stops that do not exhibit FIV. Low average line
lengths and low entropy values can be observed up to stop 70. Hereafter, a gentle
increase of the quantifiers can be observed. Especially in the regimes of high vibra-
tion occurrence, the non-vibrating brakings exhibit significantly larger RPQA values
for ENTR and L than in the beginning of the test. Hence, one can assume that even
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if those brakings do not show FIV, they are close to the stability boundary 6. Only few
increased vibration amplitudes can be observed in the acceleration measurements,
such that a simple metric based on the vibration amplitudes would not suffice as a
continuous measure for stability. On the contrary, the transformation by state space
reconstruction and recurrence plot analysis can help to carve out some more pro-
nounced features of the vibration measurements that indicate the distance to the sta-
bility border of the dynamical system.

Concluding, the nonlinear analysis of brake vibration measurements indicates strong
evidence for deterministic dynamics. High-dimensional irregular motion can be ob-
served during steady sliding and lower-dimensional dynamics are observed during
friction-induced vibrations. High-intensity vibrations take the form of regular attrac-
tors, and mostly period-1 limit cycles. While these results confirm the findings of
other authors, the massive data base analyzed by the proposed data science process is
a novel contribution. Additionally, it can be shown that the seemingly non-stationary
vibration signals exhibit rather stationary nonlinear invariant measures. These val-
ues can be employed as an indicator for the stability margin of the dynamical system
during steady sliding.

6In fact, those brakings cause the deviations from the general trends mentioned in the RPQA analysis before.
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4.7 Instability prediction using deep learning

Realistic dynamical structures are often subjected to several transient loads and vari-
able environmental conditions. Friction-induced vibrations of brake systems are elu-
sive as reported by multiple authors [140, 145, 257, 287] with a lack of reproducibility
for seemingly equal system and loading configurations. In most situations it is un-
known if a system will show FIV and when they will occur. In this study, deep learn-
ing techniques are employed to find patterns in the operational conditions that give
rise to FIV of real automotive disk brake systems. Multivariate loading sequences are
mapped to the vibration behavior in an end-to-end learning approach, i.e. without
specific data transformation steps. Generally, this study presents a first prove of con-
cept and in this spirit, extensive search for the best model configuration using param-
eter fine-tuning is not pursued.

Table (4.9) Overview on the application case 6: learning the instability behavior of complex
friction-excited systems

data • multivariate time series of loading conditions ∈Rm×nt

• univariate vibration measurements ∈Rnt

pre-processing • vibration detection and sequence labeling
• sliding windowing for equal-length sequences

transformation -

model • deep recurrent neural networks
• long-short-term memory cells, fully connected layers

explain • determinism in the emergence of FIV
• learning instability conditions from experimental data

An overview following the OPTME data science process for structural dynamics is
given in Table 4.9. Some of the results and figures presented hereafter have already
been presented in

[259] M. Stender, M. Tiedemann, D. Spieler, D. Schoepflin, N. Hoffmann and S.
Oberst: Deep learning for brake squeal: Brake noise detection, characterization
and prediction. Mechanical Systems and Signal Processing, 149, 2021

[288] D. Schoepflin: Development of a Virtual Twin to Predict Brake System Vibra-
tions Using Recurrent Neural Networks. Master thesis, Hamburg University of
Technology, 2019 .
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Figure 4.8 illustrates the system understanding motivating the current study. The me-
chanical system is subjected to multiple 7 loads and environmental conditions. Some
of the loads change rather fast, such as the brake line pressure p, while other con-
ditions, such as the ambient temperature Tamb can be considered constant during a
single braking. The system interacts with the loads, such that the complete system
description is composed of multi-physics effects interacting on multiple time scales
in a non-stationary fashion. Through parameter changes in this setting, the structure
may undergo a bifurcation and enter an instability regime and exhibit FIV. The loads
are understood as proxies that drive dominant damping and stiffness variations in the
system. The dynamic behavior of the structure may be learned by a model M by tak-
ing the load signals as multivariate input sequences S, and the vibrational response
as output sequence s

M : S ∈Rm×nt︸ ︷︷ ︸
multivariate input sequences

7→ s ∈ [0,1](nt)
︸ ︷︷ ︸

binary vibration response

. (4.18)

The number of input dimensions, i.e. loading conditions monitored during testing, is
denoted by m, and the sequences are sampled at nt equidistant time instants. From a
machine learning perspective, time series classification [290] is the conceptual frame-
work for this learning task. In this work, m = 8 inputs are considered: the disk rotation
Ω,the brake line pressure p, the disk surface temperature Trot, the brake fluid temper-
ature Tfluid, the friction coefficient µ, the brake torque M , the ambient air tempera-
ture Tamb and relative humidity hrel. Certainly, there are more factors that affect the
brake system dynamics, such as brake disk and pad surface topologies [291, 292, 293],
wear [64, 294] and others. However, the available measurements are sparse in a sense
that only a limited number of quantities can be measured. For the output, micro-
phone measurements of the sound pressure are considered. Recurrent neural net-
works (RNN) are selected for the classification model M . These networks take the se-
quential character of the input explicitly into account. Just as for classical multi-layer
perceptrons, error backpropagation is the most common scheme for parameter up-
dating during the training phase of RNNs8. For longer sequences, backpropagation
through time can result in the vanishing gradient issue [296, 297] of recurrent neu-
ral networks: as the error is propagated in time, derivatives get smaller and smaller,
such that model parameters related to the first entries of the input sequence will not
be affected by the learning process. To overcome this issue, Hochreiter and Schmid-
huber [296] developed so-called long-short-term memory networks (LSTM) in 1997
that eliminate the vanishing gradient problem by adding a cell state to the recurrent

7Until today, the brake vibration behavior was mostly studied in univariate correlation studies [289].
8Backpropagation through time (BPTT) has been introduced by Werbos [295] to account for the sequential

structure of the models.
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units. LSTM layers allow to identify patterns and temporal correlations in longer se-
quences. Since 1997, several adaptations for LSTMs and other recurrent model archi-
tectures, such as the gated recurrent units (GRU) [298] have been proposed. In this
study, conventional LSTM units are used to build deep learning models that can ex-
tract dominant patterns in the loading sequences that cause brake vibrations. Two
classification tasks are investigated: First, a single label is used as binary output [0,1],
such that the model predicts whether the multivariate loading sequences S will cause
vibrations (1) or not (0). This task is referred to as sequence-to-scalar prediction. Sec-
ond, a sequential output s ∈ [0,1](nt) is considered, such that the model predicts a
binary label at each time step ti , i = 1, . . . ,nt. Hence, the output of this sequence-to-
sequence classifier not only predicts if vibrations will be excited by a set of loads, but
also at which time instants they will occur.

pre-processing: Data recorded on a noise dynamometer during automotive disk
brake testing, see Section 4.3, is studied in the following. The loading conditions are
sampled at fs = 100 Hz while the system response is sampled at 51.2 kHz. Using vi-
bration detections from Section 4.4, binary output sequences are created that encode
the observed dynamics into the binary classes of quiet (0) and vibrating (1) behavior.
Following the specifications in Section 4.4, the relevant vibrations are characterized
by a tonal periodicity in the range of 1 to 16 kHz with a minimal sound pressure level
of 55 dB(A) and a minimal duration of 0.5 s. The data set studied in the following is
comprised of 1206 brakings which exhibit vibrations in 487 cases. More than 75%
of the vibration durations are longer than 2.5 s and half of the vibrations are longer
than 5.6 s. As the brakings have different durations depending on the braking type
and braking performance, basic data pre-processing is necessary. Even though LSTM
networks can handle different input sequence lengths, training can be eased with se-
quence data of equal length nt. Hence, sliding window segmentation of the input and
output sequences is introduced for a window length w and overlap ∆w . It is physi-
cally unclear, if or which time history of the loading conditions has to be considered
to predict instability at a time instant ti , such that the sliding window parameters
cannot be fixed a-priori. Therefore, they are part of a hyperparameter study which
aims at finding optimal network parameters to achieve a high classification scores for
the present data. Obviously, these parameters may change for different systems that
exhibit different instability behavior and load history effects.

modeling: Hyperparameters of the classification model include the number of hid-
den LSTM layers, the number of LSTM units per layer and the batch size used dur-
ing training. Generally, the models are composed of nlayers LSTM layers featuring
nunits units for the m = 8×nt-dimensional input sequences, a fully connected (FC)
layer with ReLu activation to flatten the LSTM outputs and the FC output layer with
sigmoid activation that has either one output for the sequence-to-scalar task or nt
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outputs for the sequence-to-sequence task. A constant dropout rate of 0.1 is used in
the LSTM layers to increase generalization and prevent overfitting. The model archi-
tectures considered during the hyperparameter studies for both classification tasks
are summarized in Table 4.10. The adam [208] optimizer is used along with the bi-
nary cross-entropy loss. To account for the strongly imbalanced class distributions,
Matthews correlation coefficient MCC from Equation (3.5) is employed as classifica-
tion score. To obtain more representative results for the rather small data set, three-
fold cross-validation is used during the hyperparameter study. Models are trained
for 300 epochs and the average MCC score on the validation sets is used to find the
optimal model architecture. Although further performance increase would be possi-
ble through longer training, the chosen setup allows to obtain a first overview on the
required model complexity.

Table (4.10) Model configurations studied in the hyperparameter search for the sequence
input length w = nt ∈ [200,400] with overlap ∆w ∈ [0,25,50%], number of LSTM units
nunit ∈ [64,128,256] and number of LSTM layers nlayers ∈ [1,2] using batch sizes of nbatch ∈
[16,64,256]. m is the number of measurement dimensions in the input sequences, i.e. the
number of sensors

model layer input shape output shape configuration

sequence
to
scalar

LSTM #1
[
m ×nt ×nunits

] [
m ×nt ×nunits

]
dropout= 0.1

LSTM #2
[
m ×nt ×nunits

] [
m ×nunits

]
dropout= 0.1

FC
[
m ×nunits

] [
nunits

]
ReLu activ.

FC
[
nunits

]
[1] sigmoid activ.

sequence
to
sequence

LSTM #1
[
m ×nt ×nunits

] [
m ×nt ×nunits

]
dropout= 0.1

LSTM #2
[
m ×nt ×nunits

]
[m ×nt] dropout= 0.1

FC [m ×nt] [nt] sigmoid activ.

explain: All results of the hyperparameter study are reported in Appendix C.2, while
this paragraph summarizes the most relevant findings. First of all, the results of the
hyperparameter study indicate that it is in fact possible to predict the brake vibra-
tion response from the set of loading parameters available in the present data set:
Classification score significantly larger than MCC = 0 are observed9. Hence, the re-
current neural network models are able to predict the correct output at significantly
better accuracy than random guessing. This has not been certain in the beginning,
as the load parameters might have been completely uncorrelated with the system re-
sponse. Hence, the general possibility of predicting the system dynamics is the first,

9The MCC classification score is zero for a classifier that is not better than random and one for perfect clas-
sification.
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and maybe most important, result of this study. In the hyperparameter study for the
sequence-to-scalar classifier, average cross-validation scores of MCC = 0.51 to 0.74
can be observed. Overall, the classifiers are correctly predicting the emergence of
vibrations in most cases, even though there is still room for improvement. The hyper-
parameter study suggests to select wide models with 256 LSTM units per layer. Par-
ticularly, the training batch size has a major impact on the classification score, while
the number of LSTM layers has a vanishing effect. In combination with sequence
pre-processing using nt = 200 samples with 25% overlap, these models achieve a high
classification score. Even though the hyperparameter search grid is rather coarse, the
final sequence-to-scalar model architecture (nlayers = 1, nunits = 256, w = nt = 200,
∆w = 25%, nbatch = 256) is selected from those preliminary results.

For the final evaluation, such a network is trained using a stratified 70-30 data split for
500 epochs. To obtain a broader picture, three additional data sets are studied, here-
after referred to as data sets B , C and D . The initially studied data are denoted by set
A. The model architectures that were found for system A are re-used for the new data,
such that no hyperparameter studies are performed for sets B to D . The physical brak-
ing systems of data A and B are very similar, and so are the systems for data C and D .
Class imbalance is observed for all systems: A (1206 brakings / 487 with vibrations), B
(1206 / 227), C (1206 / 347), D (1889 / 237). Ten individual classifiers are generated for
each data set. Table 4.11 reports the sequence-to-scalar classification scores on the
main diagonal. High scores up to MCC = 0.78 can be observed for systems A and B ,
while lower scores are obtained for the two other brake systems which are physically
different to the first two systems. The ultimate objective of research on these dynami-

Table (4.11) Evaluation of the sequence-to-scalar classifiers: the main diagonal reports the
validation results in terms of the average MCC score. The off-diagonal entries report the MCC
scores for the cross-evaluation study where a model trained on one data set is used to make
predictions on another data set. Additionally, the results for a model trained and evaluated
on all data at once is shown

model trained on
A B C D all

m
o

d
el

ev
al

u
at

ed
o

n A 0.78 0.45 -0.08 -0.09 -

B 0.46 0.72 0.01 0.01 -

C -0.02 0.16 0.65 0.47 -

D -0.2 -0.01 0.43 0.64 -

all - - - - 0.24
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cal systems is to find out which underlying mechanisms trigger the instability. Hence,
if a single network was able to predict instability for various different brake systems,
the network can be thought of as having discovered dominant patterns in the data
that dictate the vibration behavior irrespective of geometric properties of the individ-
ual brake system. Following up on this reasoning, cross-evaluation is performed for
the four models and the four data sets. A model Mi trained on data set i = 1, . . . ,4
is used to make predictions on data set D j j = 1, . . . ,4; j 6= i . The resulting classifica-
tion scores (i , j ) are reported in the off-diagonal entries of Table 4.11. Interestingly,
intra-family cross-evaluation10 shows quality scores that can still be considered bet-
ter than random in the range of 0.43 ≤ MCC ≤ 0.47. Inter-family cross-evaluation
results in scores that are close to zero, therefore indicating completely random model
predictions. Even though the classification scores are not exceptionally high, it seems
that the members of the same brake system family share some instability patterns
that can be learned by machine learning models. However, these patterns are indi-
vidual to the family of brake systems, such that virtual twins developed for one brake
system family cannot be used for a different family (at least in this study). Finally, all
data from all systems are merged and a single classification model is built. The re-
sulting score of MCC = 0.24 supports the previous findings: in the given scenario, the
network cannot identify a strong common instability pattern that governs all brake
systems irrespective of their geometry and performance.

The same procedure is repeated for the sequence-to-sequence classifiers. The hyper-
parameter study reported in Appendix C.2 indicates that the best model architecture
(nlayers = 1, nunits = 256, w = nt = 400, ∆w = 25%, nbatch = 256) achieves a score
of MCC = 0.78 for data set A. Therefore, the instantaneous vibration behavior can
be predicted at reasonable accuracy at each time step, which is a promising result. It
must be noted that direct comparison between the sequence-to-scalar and sequence-
to-sequence classification scores has to be treated with caution. For the sequential
output, the MCC is computed based on the prediction per time step. If the vibration
duration is not predicted perfectly, i.e. some time steps show prediction errors, a re-
duced MCC value results. On the contrary, in the scalar prediction only the overall
behavior, i.e. vibrations during braking or not, needs to be predicted correctly.

Overall, the sequence-to-sequence classification results resemble those of the sequence-
to-scalar classification, as reported in Table 4.12. The highest scores are obtained
for systems A and B , and intra-family cross-evaluation yields better-than-random
predictions. The chosen models cannot be used to predict the vibrational behavior
of different brake system families, and one common instability pattern cannot be
extracted when using all the available data for building a meta-model for all brake
systems for which data are available in this study.

10i.e. A versus B , and C versus D
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Table (4.12) Evaluation of the sequence-to-sequence classifiers: the main diagonal reports
the validation results in terms of the average MCC score. The off-diagonal entries report the
MCC scores for the cross-evaluation study where a model trained on one data set is used
to make predictions on another data set. Additionally, the results for a model trained and
evaluated on all data at once is shown

model trained on
A B C D all

m
o

d
el

ev
al

u
at

ed
o

n A 0.78 0.46 -0.04 -0.04 -

B 0.51 0.75 0.04 -0.01 -

C 0.03 0.15 0.62 0.41 -

D -0.08 -0.01 0.37 0.50 -

all - - - - 0.23

Figure 4.27 illustrates the capabilities of the neural network-based virtual twin for
the NVH behavior of brake systems: given the sequential loading parameters as in-
put, the validated model predicts the onset and duration of a high-intensity vibration
event with high precision. Prediction errors can be observed only in the time steps of
the onset of vibrations, which then result in a classification score of MCC = 0.85 for
this single braking. This value may guide the reader to put the previously reported
classification scores into perspective. The confidence value in Figure 4.27 indicates
that at most time steps the model is very confident in its predictions. Only at the
onset of vibrations and at two instants in the vibrating phase the confidence value
drops shortly. These two points correlate to the sliding window processing, which
segmented this braking into three sub-epochs. At the beginning of each window, the
confidence score is low because the model does not have many prior time steps to
take into consideration for the prediction.

The results of this study are not only relevant and promising for research on struc-
tural dynamics. In commercial development departments, training virtual NVH twins
for brake systems may reduce the amount of testing. Once a prediction model has
achieved the required prediction quality, no more hardware-based testing may be
necessary. Instead, other loading scenarios, generated synthetically or recorded in
historic test campaigns, can be fed through the model to evaluate the NVH perfor-
mance virtually. These models are not predictive in a sense of numerical model-
ing where no a-priori hardware-based testing is required, but comparatively small
amounts of testing may suffice for the training of predictive deep learning models.
The end-to-end learning approach performed in this study does not require a many

111



4 Case studies and novel methods

2.2

2.8

Ω
[1

/s
]

0
10
20

p
[b

ar
]

0
0.25
0.5

µ
[-]

0

500

1,000

M
[N

m
]

0 5 10

170

180

time [s]

T
ro

t
[◦

C
]

quiet

squeal

la
be

l

ground truth
prediction
confidence

0 5 10

5

10

15

time [s]

fr
eq

ue
nc

y
[k

H
z]

−80

−60

−40

−20

0

x
[m

/s
2
][

dB
]

input

LSTM

output

Figure (4.27) Output of the sequence-to-sequence classification model for a validation
sample: left panel displays the loading signals used as input sequences for the model. The
top right panel depicts the model prediction as well as the model’s confidence value given by
the deviation of the dotted line from the dashed line. Adapted from Figure 11 from [259]

data transformations or feature engineering phase. As a downside of black-box-like
models that employ end-to-end training, the level of interpretability is very weak. The
deep learning models do not offer a simplistic way to explain their decision making
process. Hence, there is no direct way to derive countermeasures for the actual me-
chanical design of the brake system, i.e. by changing the friction characteristic if µ(t )
was found to be a driver for instability. Future work will thus focus on explainability-
preserving models or model-agnostic diagnosis [164, 214] of the virtual NVH twins
developed in this work.

Concluding, the findings illustrate a first prove of concept that may have far-reaching
benefits in the braking industry. For the scientific disciplines involved in tribology
and structural dynamics, the results indicate that instabilities of real world brake
systems are in fact following deterministic dependencies encoded in the complex
loading scenarios. The vibration behavior can be predicted by deep recurrent neural
networks trained on rather small data sets. Their classification performance is good,
even though there remains some room for improvements. For the present data sets
it was not possible to find models that generalize for multiple brake systems. Hence,
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the instability behavior was learned only locally for single brake system families. To
close the gap to very high prediction quality, there are two main pathways: first,
other model architectures may leverage the full potential of the recurrent networks
used here. Furthermore, performance gains may be achieved through more data,
and specifically more measurement dimensions. Particularly, the friction interface is
well-known to strongly affect the overall dynamics [140], such that the global friction
value measurement is certainly capturing only some of the processes involved in the
highly complex interface between brake pad and disk. However, the range of potential
system parameters that act as bifurcation parameter can be very large: load-history
effects, joints, dependency on initial conditions, and synchronization may play a role
in a specific system. As these are mostly hard to measure, especially in a mechan-
ical engineering-compliant environment, sparsity in the measurements will always
remain a factor. Lastly, there will certainly be some sort of stochastic effects that af-
fect the system stability. All of these factors put together may be root causes for the
performance gap to perfect prediction results.
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5 Conclusion and perspectives

This thesis discusses chances and limitations of data-driven methods for the analy-
sis of complex mechanical vibrations. The first part targets sharpening the view of
practitioners and researchers with regards to several aspects of nonlinear, and es-
pecially chaotic, dynamics. In fact, the comparison of nonlinear structural dynam-
ics to concepts of complexity from other scientific disciplines reveals many common
salient features. Those scientific disciplines have developed a long track in evidence-
based, i.e. top-down or data-driven, methods for studying complex dynamics of the
climate, the human brain and other systems. On the contrary, mechanical systems
and their dynamics are typically studied via bottom-up approaches, i.e. through nu-
merical models built on first principles. Challenges in nonlinear structural dynamics,
and mostly those affected by friction, call for novel data-driven techniques. This the-
sis proposes several system identification approaches that can make use of the expo-
nentially growing amount of data that has become accessible in recent years.

The second part of this thesis proposes a novel data science process denoted as
’OPTME’. The process is adapted from classical data science processes with special
consideration of the peculiarities of complex structural dynamics. Here, special focus
is put on physics-conform and interpretable methods for knowledge discovery. The
proposed data science process may serve as a guideline to consider various aspects of
complex dynamics, such as non-stationarity, multi-scale behavior, or irregularity, be-
fore selecting appropriate observables and machine learning models for a given task.
Furthermore, the explicit consideration of dynamics-specific data characteristics in
the model building and evaluation phase may help to overcome limitations of cur-
rent approaches to structural dynamics. Particularly, this thesis indicates how to treat
limited data availability and highlights potential pitfalls when working with small and
unbalanced data sets. This kind of data naturally results from measurements of non-
linear structural vibrations. Furthermore, limitations to physical interpretability of
data-driven techniques are discussed.

The third part demonstrates the usage of the novel data science process for the anal-
ysis and identification of complex mechanical systems and their dynamics. In six
case studies, novel data-driven system identification, characterization, and predic-
tion methods are presented. Using the OPTME process, governing equations of mo-
tions are distilled from vibration measurements, instantaneous damping properties
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are extracted from unstable vibrations, and a purely data-driven stability estimation
for the steady sliding state of brake systems is presented. The initial hypothesis of
multi-scale, non-stationarity, and aperiodic dynamics in complex friction-affected
systems is confirmed by the analysis of analytical models, small laboratory experi-
ments, and automotive brake systems. The seemingly erratic friction-induced vibra-
tions of these systems exhibit rather stationary nonlinear invariant measures, which
can be used as evidence-based warning signs for the onset of self-excited vibrations.
Furthermore, deep learning techniques are shown to enable instability prediction
from system loading conditions. Hence, the underlying mechanisms can be assumed
to be mostly deterministic, even if vibrations appear to be elusive. Machine learning
models enable pattern recognition in large, high-dimensional and multi-variate data
streams, and hence to explain the elusive vibrations. It is found that the identified
instability patterns are characteristic to a single brake system, but common patterns
are identified for families of geometrically similar systems.

In future work, aspects of random motion can be incorporated into the data sci-
ence process to account for uncertainty and aspects of stochasticity. Explainability-
preserving modeling approaches will attract increasing attention in the future to
extract physically meaningful knowledge from data-driven black-box approaches.
Moreover, hybrid approaches that link data-driven methods with conventional physics-
based models will be able to leverage the full potential of both approaches to system
identification and modeling in structural dynamics.
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A Analytical oscillator models

The general form of the type of dynamical systems covered in this thesis read

M ẍ + (C +G) ẋ + (K +N ) x + f nl + f ext = 0 (A.1)

where M denotes the positive mass matrix, C the symmetric damping terms, G
the anti-symmetric gyroscopic terms, K the symmetric stiffness terms, N the anti-
symmetric circulatory terms, f nl nonlinear forces and f ext external forces. As the
minimal model studies are intended to illustrate qualitative dynamical behavior,
variable units are discarded for system states and parameter values. All bifurcation
diagrams were created using the Matlab continuation toolbox MATCONT [299] that
employs orthogonal collocation schemes.

A.1 Bi-stable single-degree-of-freedom oscillator

The bi-stability of the frictional oscillator is studied closely following the work by Pa-
pangelo et al. [80]. The single-degree-of-freedom system M ẍ + cẋ +kx = F , see Fig-
ure 2.2 (a), is given by the equations of motion

F =−Nµ
(
vrel

)
sign

(
vrel

)
, vrel 6= 0, vrel = ẋ − v

|F | <µstN , vrel = 0±ξ,

µ(vrel) =µsl +
(
µst −µsl

)
exp

(
−

∣∣vrel
∣∣

v0

)
.

(A.2)

The system experiences friction-induced vibrations (FIV) owing to the friction for-
mulation that features a velocity-dependent weakening behavior. The equations of
motion are non-dimensionalized according to [80] and the parameters read µsl = 0.5,
µst = 1, ξ= 0.05, N = 1 and ṽ0 = 0.5.

A.2 3DOF minimal model with cubic stiffness

The friction oscillator with three degrees of freedom x, y , z is described by the state

vector x = [
x, y, z, ẋ, ẏ , ż

]> and the system definition follows the set of equations of
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motion in first-order form according to

C +G =




cx + clin
2

clin
2 − clinp

2
clin

2 cy + clin
2 − clinp

2
− clinp

2
− clinp

2
cz + clin


 ,

K +N =




kx + klin
2 −µky + klin

2 − klinp
2

klin
2 ky + klin

2 − klinp
2

− klinp
2

− klinp
2

kz +klin


 ,

M =



M 0 0
0 M 0
0 0 M


 ,

f nl =



−1/p2

−1/p2

1


knl ·

(
z − x + yp

2

)3
, f ext =




0
−N (t )

0


 .

(A.3)

Figure 2.9 displays x (t ) and N (t ) for the parameters M = 1, µ= 0.65, kx = 11, ky = 20,
kz = 100, klin = 0, knl = 5, cx,y,z,lin,nl = 0 and N = 10 · sin(0.1t ) with initial condi-

tions x0 = [0,0.1,1,0,6,6]> for t ∈ [0,50]. Figure 2.4 displays the bifurcation diagram
for the parameter set m = 1, µ = 0.65, ky = 20, kz = 100, klin = 10, knl = 5 for dif-
ferent damping levels c = cx,y,z,lin,nl along the bifurcation parameter kx. Initial con-
ditions on the stable isola solution in Figure 2.4 are given by x0 (kx = 23,c = 0.002) =
[8.62,−10.52,−4.64,1.97,7.38,−9.34]>. x̂ denotes the maximum value of the state x
along one cycle of vibration.
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A.3 4DOF minimal model with cubic stiffness

The system with four degrees of freedom and the state vector x = [
x, y, z1, z2, ẋ, ẏ , ż1, ż2

]>
is given by

C +G =




cx + clin1
2 + clin2

2
clin1

2 + clin2
2 − clin1p

2
− clin2p

2
clin1

2 + clin2
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2
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
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,

K +N =
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2
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(A.4)

Figures 2.5 (a,b) display the bifurcations for the parameter set M = 1,µ= 0.65, ky = 20,
kz1 = 100, kz2 = 20, klin1,2 = 10, knl1,2 = 5, cx,y,z1,2,lin1,2,nl1,2 = 0.02 and the state space
at kx = 11.2 for which the initial conditions lying on the periodic orbits read

xLC1 = [10.97,−17.27,−0.72,−5.12,−3.93,7.47,−2.16,0.58]>

xLC2 = [14.89,−21.84,−3.11,−6.89,7.44,−6.20,−6.70,−5.36]>

xLC3 = [18.32,−22.30,−3.12,−4.42,8.41,−3.22,−11.36,−3.86]>

xLC4 = [21.39,−23.98,−2.77,−3.10,6.12,7.91,−20.45,−3.18]>

xLC5 = [18.75,−19.89,−3.26,−2.46,−57.67,65.36,1.48,5.33]> .

In Figures 2.5 (c, d) the damping values are reduced to c = 0.002 and the initial condi-
tions on the periodic orbits at kx = 11.0 read

145



A Analytical oscillator models

xLC1 = [11.17,−17.37,−0.69,−5.04,−0.36,0.58,−0.14,0.03]>

xLC2 = [15.29,−21.98,−3.12,−6.73,−1.72,1.61,0.76,0.50]>

xLC3 = [18.42,−22.45,−3.26,−4.58,−1.97,1.85,0.66,0.32]>

xLC4 = [12.93,−12.63,−2.86,−1.37,−92.67,101.32,7.16,9.02]>

xLC5 = [21.85,−24.11,−3.39,−3.25,−2.52,2.84,0.01,0.20]> .

A.4 Wobbling disk model

The wobbling disk model in Figure 2.6 is governed by the following set of differential
equations




q̇1
q̇2
q̈1
q̈2
µ̇

Ṫ



=
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

q̇1
q̇2

1/Θ
{(

1/2µN0h2/rΩ+2cr 2 + ct
)

q̇1 +2ΘΩq̇2 +
(
kt +2knlr

2 +N0h
)
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(

1/2µN0h2/r

)
q2

}
1/Θ

{(−2ΘΩ−µchr
)

q̇1 + ct q̇2 +
(−µ(

knlhr +2µN0r
))

q1 +
(
kt +

(
1+µ2)

N0h
)

q2
}

−Aµ
(
µ−µ0 −CµT

)
−BT

(
T −T0 −DT

∣∣N vrel
∣∣)



+




0
0
0
0

Aµµfluc
0



· xL

18.75
(A.5)

where xL is the first state of the co-simulation of the Lorenz system in Equation (2.2)
and the reference parameter values are disk thickness h = 0.02, disk radius r = 0.13,
normal pre-load N0 = 5, rotational damper ct = 0.2, rotational stiffness kt = 2, contact
damper c = 0.2, quadratic contact stiffness knl (u) = 10+ 10u2 and central moment
of inertia Θ = 30. The time constants of the friction model are Aµ = 1, BT = 0.03 and
the gains Cµ = 0.002 and DT = 100 for the initial values µ0 = 0.4 and T0 = 20 with
µfluc = 0.2.

146



A.5 Higher harmonics

A.5 Higher harmonics

Consider a Duffing-type oscillator with cubic stiffness k3

mẍ +kx +k3x3 = F sin(ωt ) (A.6)

and try to obtain the time evolution using the classical ansatz x (t ) = A sin(ωt ). Sub-
stituting the ansatz and its second derivative yields

−mω2 A sin(ωt )+ Ak sin(ωt )+k3 A3 sin3 (ωt ) = F sin(ωt ) (A.7)

where a third-order sinusoidal term arises to create the third-order higher harmonic.
This term can be re-written as

sin3 (ωt ) = 1

4


3sin(ωt )+ sin(3ωt )︸ ︷︷ ︸

3rd harmonic


 (A.8)

such that one will have to add sin(3ωt ) to the ansatz, e.g. x (t ) = A sin(ωt )+B sin(3ωt ),
in order to capture the complete dynamics. Inserting this ansatz will create terms of
5th, 7th and 9th order. Repeated extention of the original ansatz by those terms will
create even more higher order harmonic terms. Finally, one will obtain an infinite
series of harmonics with the specific terms depending on the type of nonlinearity.
In this case, the cubic stiffness creates only odd multiples of the fundamental fre-
quency.

A.6 Limitations of linear stability analysis

The van der Pol oscillator
ẋ1 = x2

ẋ2 = ε
(
1−x2

1

)
x2 −x1

(A.9)

is a prototypical self-excited system for visualizing the interplay of linear instability,
nonlinearity and damping. The parameter ε controls the amount of damping which
depends quadratically on the first state’s amplitude. For small amplitudes x2

1 < 1 the

damping is negative, i.e. destabilizing, while for large amplitudes x2
1 > 1 the damping

is stabilizing. The system is linearly unstable for ε> 0 such that vibrations grow expo-
nentially, see Figure A.1. The nonlinear damping limits the amplitudes by balancing
out the energy flux along one cycle of vibration and resulting trajectories end up on
a limit cycle. For larger ε values the eigenvalues’ real parts increase, but the result-
ing limit cycles exhibit an almost constant amplitude. Hence, this small self-excited
system illustrates the conceptual limitations of linear stability considerations and the
impact of the nonlinearity on the steady-state system response.
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Figure (A.1) (a) time series of the first state x1 of the van der Pol oscillator (A.9) for ε = 0.1
starting from [0.01,0.0]>. Amplitudes grow exponentially according to the eigenvalue’s real
part ℜ(λ) before the nonlinearity sets in to balance the system energy flux on a limit cycle. (b)
variation of the ε value and corresponding eigenvalue real parts that are strictly increasing.
The resulting limit cycle solutions have an approximately constant amplitude. Adapted from
Figure B.12 from [280]
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B.1 Numerical approximation of Lyapunov exponents

The Lyapunov spectrum of differential equations can be calculated analytically by
solving the perturbed variational problem associated with the equations of motion.
Theoretically, the spectrum Λ is given by the divergence of the Jacobian. As the Jaco-
bian is time-variant for nonlinear dynamical systems, the classical Wolff scheme [184]
is not a practical option for systems with more than a few degrees-of-freedom. Since
the Lyapunov exponents measure the divergence of trajectories that start nearby, the
growth of slightly disturbed states is followed along the actual trajectory of the dy-
namical system. Mathematically, this approach takes the form of a variational prob-
lem Ẏ = J Y . Y denotes the matrix of small perturbations of each state into each di-
mension of the phase space, and J is the Jacobian of the dynamical system. Then,
the original set of differential equations ẋ = f (x) is augmented by the variational

problem to obtain the larger system
[

ẋ , Ẏ
]> = [

f (x) , J Y
]>. The augmented system

is subjected to a classical time integration for a short time span. During this time,
the perturbations Y have exponentially grown away from the system’s trajectory x .
Most importantly, the perturbations align along the direction of fastest divergence,
i.e. according to the largest positive Lyapunov exponent. The distance from the orig-
inal trajectory in every dimension gives an estimate of the Lyapunov spectrum, the
so-called instantaneous spectrum. A QR decomposition of Y yields both the instan-
taneous spectrum, as well as the re-initialization of the perturbations. This process
is iterated in time until both the trajectories of the dynamical system as well as the
spectrum have reached a quasi-steady state. The converged values of the instanta-
neous spectrum then form the Lyapunov spectrum. Owing to the stiff character of
the variational problem, this procedure can be computationally demanding.

B.2 Orbit diagram calculation

The study of bifurcation diagrams can be considered one of the main tasks in applied
nonlinear dynamics. However, classical bifurcation diagrams depict only fixed points
and periodic orbits. Hence, quasi-periodic and irregular solutions are difficult to dis-
play in a coherent fashion. To overcome this issue, the Poincaré section is the best-
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known representation. However, the Poincaré section typically requires to define a
projection hyperplane, which most often is formulated by the period of an external
excitation force. Hence, the states are studied at every integer multiple of the period.
However, when a dominant period is absent, such as in self-excited vibrations, the
definition of a Poincaré hyperplane can be unclear. The orbit diagram, as introduced
and discussed by [10, 300, 301, 302] as a generalized form of the Poincaré section,
allows to study the qualitative and quantitative character of both regular and irregu-
lar solutions from numerical modeling and experimental testing in a single diagram.
Starting from a signal of the time evolution of a system state, all local maxima are col-
lected and this set of amplitudes is displayed as dots along the bifurcation parameter.
The local maxima of fixed points and mono-periodic motions coincide at a single am-
plitude value, while period-n cycles create distinct clusters of points. Chaotic motion
creates a scattering range of points. As an illustrative example, Figure B.1 depicts the
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Figure (B.1) Time series for the initial conditions [0,1,0]> of the first Lorenz system (2.2)
state for σ = 10, β = 8/3 and R = 25 with marked local maxima. Constituting the orbit dia-
gram, the maxima are depicted on the right for a variation of the parameter R. The pitchfork
bifurcation of fixed points at R = 1 and the Hopf bifurcation at R = 24.74 giving rise to chaotic
solutions are clearly visible

orbit diagram for the Lorenz system (2.2) for a parameter variation of the Rayleigh
number R. The equilibrium solution undergoes two bifurcations, and chaos is born
at R ≈ 24.74. The orbit diagram is able to depict this route to chaos graphically. Nat-
urally, unstable branches will not be displayed in an orbit diagram that is determined
from a steady-state trajectory. Note that for feature generation purposes, an unsu-
pervised machine learning approach can be utilized to quantify the structure of the
point cloud arising for a single system configuration from the orbit diagram. Different
clusters are formed, such as points collapsing in a ε-sphere for equilibria, two distinct
clusters for a period-2 cycle, and so on.
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B.3 Hilbert-Huang transform

The HHT is defined by an empirical algorithm that can be outlined as follows. An
intrinsic mode function (IMF) is defined by two motives:

1. For the complete IMF time series data, the number of local extrema and the
number of zero-crossings must either be equal or differ by one, and

2. the mean value of the upper envelope (given by the local maxima) and the lower
envelope (given by the local minima) is zero

which ensures a well-behaved Hilbert transform of the IMF. Envelopes Γup and Γlow

are constructed by fitting a cubic spline to the local extrema. The IMF is obtained via
a sifting process from the original data s (t ) as follows. The mean m1 = Γup −Γlow of
the envelopes is subtracted from the signal to obtain the first proto-IMF h1

h1,0 = s (t )−m1 . (B.1)

As h1,0 may not define an IMF, the sifting process continues to treat h1,0 as the input
signal, construct envelopes and subtract the mean for k times

h1,k−1 −m1k = h1k (B.2)

until a stopping criterion is met that ensures to have found the first IMF c1 = h1k .
Several stopping criteria have been proposed, such as a Cauchy convergence test or
a simpler threshold method. The first IMF is subtracted from the original signal to
compute the first residual r1 = s (t )− c1. To find the second IMF c2, the residual is
treated as input data to the sifting process. The overall process is finalized once the
last residual becomes a monotonic function that cannot form an IMF by definition.
Using the IMFs, the original signal is decomposed

s (t ) =
n∑

j=1
c j + rn (B.3)

into n IMFs that capture the characteristic oscillatory modes of the signal. The instan-
taneous frequency content of the IMFs can be computed using the Hilbert spectral
analysis. Well-known limitation of the HHT are narrow-band signals, mode-mixing
and end effects.
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B.4 Fourier and wavelet transforms

To stay consistent with the classical notation, various symbols are re-defined in the fol-
lowing paragraphs that have already been used in the main part of this work in a dif-
ferent context.

The Fourier transform [174] of a signal s (t ) is given by

ŝ (ω) =
∫ ∞

−∞
s (t ) ·e−iωt dt . (B.4)

The short-time Fourier transform (STFT) or Gabor transform [175]

Ŝ (τ,ω) =
∫ ∞

−∞
s (t )e−iωt ·w (t −τ)dt (B.5)

can resolve frequency along time using the window function w .

The wavelet transform (CWT) [176, 177]

Wψ [s] (a,b) =
∫ ∞

−∞
s (t ) ·ψa,b (t )dt , ψ (t ) = 1p

2

(
t −b

a

)
(B.6)

is defined by the complex conjugate (̄·) of the mother wavelet ψa,b (t ) for the transla-
tion parameter b and scale parameter a. As a central property, wavelets must have a
compact support and fulfill the boundedness condition

Cψ =
∫ ∞

−∞

∣∣ψ̂ (ω)
∣∣2

|ω| dω<∞ (B.7)

where ψ̂ denotes the Fourier transform of the wavelet. Then, the inverse wavelet
transform (iCWT) is given by

s (t ) = 1

Cψ

∫ ∫ ∞

−∞
1

a2

(
Wψ [s] (a,b)

) ·ψa,b (t )da db . (B.8)

Time and frequency localization properties of the CWT depend on the choice of
mother wavelet. Time and frequency localization is given by the second moment
measuring the energy around some mean time t? and some frequency ω?

σ2
t =

∫ ∞

−∞
(
t − t?

)2 ∣∣ψ (t )
∣∣2 dt , σ2

ω =
∫ ∞

−∞
(
ω−ω?)2 ∣∣ψ̂ (ω)

∣∣dω . (B.9)

When computing the wavelet transform of some measured signal, the discrete wavelet
transform (DWT)

ψ j ,k (t ) = 1√
a

j
0

ψ


 t −kb0a

j
0

a
j
0


 (B.10)
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is obtained through sampling of the scale and translation parameters a0 and b0, re-
spectively. The standard choice [105] is a0 = 2, b0 = 1, which corresponds to a dyadic
grid arrangement. The discrete wavelet transform values at the scale location grid
index j and k

D j ,k (s) =
∫ ∞

−∞
s (t )ψ j ,k (t )dt (B.11)

are denoted as wavelet coefficients or detail coefficients. The approximation coeffi-
cients A j ,k

A j ,k (s) =
∫ ∞

−∞
s (t )φ j ,k (t )dt (B.12)

at scale j are obtained from the convolution of the signal with the scaling function

φ j ,k (t ) = 2−
j
2 φ

(
2− j t −k

)
for a0 = 2,b0 = 1 (B.13)

which is orthogonal to the translation, but not to the dilation. Practically, the sig-
nal is fed through a high pass filter and a low pass filter, each of which is unique to
the wavelet family. The result of the low pass filter is then fed through the next filter
bank at the next lower scale. Each high pass yields detail coefficients D j ,k , and each
low pass yields approximate coefficients A j ,k at level j and location k. The scale, i.e.
the frequency range corresponding to the levels, is specific to the wavelet family and
the DWT sampling. Multi-resolution analysis and time scale separation can now be
achieved through replacing all detail coefficients by zero except for level j and com-
puting the inverse DWT. As a result, one time series sDWT, j per level is obtained with
a specific frequency bandwidth as illustrated in Figure 3.6 (a).
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B.5 Recurrence plot quantification analysis

Table (B.1) Overview on the metrics from recurrence quantification analysis [181, 198]. P (l )
denotes the histogram of the lengths l of diagonals, P (v) denotes the histogram of the lengths
v of vertical lines

metric definition description

RR RR= 1
N

∑N 2

i , j=1 Ri , j recurrence rate: fraction of recurrence
points in the complete RP

DET DET=
∑N

l=lmin
lP (l )

∑N
l=1

lP (l )
determinism: ratio of recurrences that
form diagonals in the RP

LAM LAM=
∑N

v=vmin
vP (v)

∑N
v=1 vP (v)

laminarity: ratio of recurrences that form
vertical lines in the RP

L L =
∑N

l=lmin
l P (l )

∑N
l=lmin

lP (l )
average length of all diagonal lines

TT TT=
∑N

v=vmin
vP (v)

∑N
v=vmin

vP (v)
average length of all vertical lines

Lmax Lmax = max
({

li
})

, i = 1, . . . , Nl length of the longest diagonal line

Vmax Lmax = max
({

vi
})

, i = 1, . . . , Nv length of the longest vertical line

DIV DIV= 1
lmax

divergence: related to the sum of positive
Lyapunov exponents and the KS entropy

ENTR ENTR=−∑N
l=lmin

p(l )ln
(
p(l )

)
Shannon entropy of the probability distri-
bution of the diagonal line lengths p(l )

The computation of recurrence plots requires the selection of several parameters that
can crucially effect the result. The norm |·| can be chosen freely as well as the ε neigh-
borhood. Several rules of thumb [303] propose to select the threshold such that the
recurrence rate is not larger than 10%. Alternatively, an adaptive threshold can be se-
lected that picks a fixed amount of nearest neighbors (FAN). This norm is especially
useful for a qualitative comparison [181] between signals that may stem from very dif-
ferent sources. Most quantification metrics report distributions of the diagonal lines
l and the vertical lines v . Hence, the lower limits for counting a structure as a line has
to be set, i.e. lmin > 1, vmin > 1. Table B.1 lists most of the common RPQA metrics.
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B.6 Performance metrics for machine learning

The confusion matrix for a binary classification problem is given in Figure B.2. A se-
lection of metrics derived from this matrix is given in Table B.2. While accuracy gives

actual
value

Prediction outcome

p n total

p′ True
Positive

False
Negative

P′

n′ False
Positive

True
Negative

N′

total P N

Figure (B.2) Confusion matrix for a binary classification (positive, p, negative n). P′ positive
and N′ negative samples exist in the ground truth data, while the model predicts P and N

the overall averaged fraction of true positives, recall measures the sensitivity, also de-
noted as true positive rate. Precision measures only the performance on the positive
class. The F1 score balances recall and precision. The ROC collects the number of
true positives over the number of false positives for increasing confidence levels. A
large area under curve (AUC) value will therefore identify low error rates. In most sce-
narios, a false positive prediction is not as severe as a false negative prediction since a
model should rather be too sensitive than too insensitive to the positive class.

Table (B.2) Overview on classification metrics, adapted from [235]

metric definition

accuracy TP+TN
TP+FP+FN+TN

precision TP
TP+FP

recall TP
TP+FN

F1 2 · precision·recall
precision+recall

AUC
∫

ROC

155



B Methods

B.7 Loss functions for machine learning

Measuring the prediction quality of some model requires the definition of an error
measure, or the so-called loss that is typically denoted by J . There are various loss def-
initions in the data sciences [211], from which the most important ones are reported
in Table B.3

Table (B.3) Loss functions J used in data science. The expected probability distribution

of the ground truth is denoted by p = [
p1, . . . , pN

]> and the predicted probability is given
by ŷ . N denotes the number of class labels that can be predicted, i.e. N = 2 for a binary
classification task

loss definition

linear regression squared error J =∑N
n=1

(
yn − ŷn

)2

cross entropy J =− 1
N

∑N
n=1 H

(
y , ŷ

)=−∑N
n=1 yn log

(
ŷn

)

binary cross entropy J =− 1
N

∑N
n=1 yn log

(
ŷn

)+ (
1− yn

)
log

(
1− ŷn

)

For regression tasks, the linear regression squared error assumes the error to be dis-
tributed by means of a Gaussian. For classification tasks, cross entropy is typically
used to express the loss. It builds on the Shannon entropy [24] H

(
p

)=−∑
i pi log2

(
pi

)

from information theory. From a data science perspective, the probability distribu-
tion p reflects the ground truth and the probability distribution q represents the
prediction. Then, the cross entropy defined by the sum of the entropy of p and the
Kullback-Leibler divergence DKL

(
p , q

)
[304] is given by H

(
p , q

) = −∑
i pi log2

(
qi

)

which measures the distribution difference, i.e. how far the model prediction is off.
H

(
p , q

)
is not symmetrical. The binary cross entropy loss is used for classification

tasks where the output is either true (1) or false (0), i.e. the cross entropy sum un-
rolled for N = 2. The loss for a complete training set is computed by averaging the
cross-entropy across all examples.
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B.8 Activation functions for machine learning

The activation function is the ingredient that adds nonlinearity to neural networks
and most deep learning methods. Essentially, the summation of weighted inputs is
fed through the activation function σ to compute the output of the current neuron.
Several classical use cases are indicated for different activation functions in Table B.4.
Especially relevant for the thesis at hand is the softmax activation for classification
problems. This function is used for the output layer of networks in order to derive
class-vise probabilities that add up to unity for all classes.

Table (B.4) Overview on common activation functions σ used for input x

function expression use case

Logistic, (sigmoid) σ (x) = 1
1+e−x binary classification

Rectified linear unit
(ReLu)

σ (x) =
{

0, for x ≤ 0

x, for x > 0
faster deep learning

Softmax σi (x) = exi∑J
i=1 exi

, i = 1, . . . , J multi-class classification
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C Additional information for application cases

C.1 Nonlinear time series analysis of brake vibrations

Figure C.1 depicts the RPQA metrics averaged per quiet and vibrating section.
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Figure (C.1) Section-averaged RPQA quantifiers for quiet and vibrating sections of the brake
vibrations data set. Adapted from Figures 11, 12, 13 from [162]
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C.2 Instability prediction using deep learning

Table (C.1) Hyperparameter studies for the sequence-to-scalar configuration. Each model
was trained for 200 epochs for a 3-fold cross validation on data set A. The validation scores
are reported by the MCC

batch size layers units window length rel. shift size mean MCC std MCC

16 1 64 200 0.5 0.54 0.03
16 1 64 200 0.75 0.58 0.02
16 1 64 200 1.0 0.61 0.04
16 1 64 400 0.5 0.62 0.01
16 1 64 400 0.75 0.6 0.08
16 1 64 400 1.0 0.6 0.02
16 1 128 200 0.5 0.59 0.0
16 1 128 200 0.75 0.64 0.01
16 1 128 200 1.0 0.65 0.03
16 1 128 400 0.5 0.65 0.02
16 1 128 400 0.75 0.58 0.05
16 1 128 400 1.0 0.64 0.04
16 1 256 200 0.5 0.56 0.01
16 1 256 200 0.75 0.61 0.02
16 1 256 200 1.0 0.64 0.0
16 1 256 400 0.5 0.62 0.01
16 1 256 400 0.75 0.61 0.03
16 1 256 400 1.0 0.69 0.04
16 2 64 200 0.5 0.55 0.01
16 2 64 200 0.75 0.57 0.02
16 2 64 200 1.0 0.58 0.05
16 2 64 400 0.5 0.58 0.01
16 2 64 400 0.75 0.62 0.04
16 2 64 400 1.0 0.57 0.08
16 2 128 200 0.5 0.51 0.06
16 2 128 200 0.75 0.58 0.02
16 2 128 200 1.0 0.63 0.02
16 2 128 400 0.5 0.58 0.04
16 2 128 400 0.75 0.62 0.04
16 2 128 400 1.0 0.64 0.02
16 2 256 200 0.5 0.51 0.07
16 2 256 200 0.75 0.58 0.02
16 2 256 200 1.0 0.62 0.03
16 2 256 400 0.5 0.62 0.02
16 2 256 400 0.75 0.6 0.03
16 2 256 400 1.0 0.66 0.01

64 1 64 200 0.5 0.68 0.03
64 1 64 200 0.75 0.67 0.03
64 1 64 200 1.0 0.61 0.02
64 1 64 400 0.5 0.65 0.02
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64 1 64 400 0.75 0.61 0.08
64 1 64 400 1.0 0.66 0.04
64 1 128 200 0.5 0.68 0.02
64 1 128 200 0.75 0.7 0.02
64 1 128 200 1.0 0.69 0.01
64 1 128 400 0.5 0.67 0.05
64 1 128 400 0.75 0.62 0.09
64 1 128 400 1.0 0.67 0.03
64 1 256 200 0.5 0.7 0.01
64 1 256 200 0.75 0.69 0.01
64 1 256 200 1.0 0.7 0.01
64 1 256 400 0.5 0.7 0.02
64 1 256 400 0.75 0.71 0.02
64 1 256 400 1.0 0.65 0.08
64 2 64 200 0.5 0.63 0.01
64 2 64 200 0.75 0.64 0.03
64 2 64 200 1.0 0.63 0.03
64 2 64 400 0.5 0.63 0.03
64 2 64 400 0.75 0.63 0.06
64 2 64 400 1.0 0.64 0.03
64 2 128 200 0.5 0.68 0.02
64 2 128 200 0.75 0.71 0.02
64 2 128 200 1.0 0.65 0.04
64 2 128 400 0.5 0.67 0.02
64 2 128 400 0.75 0.63 0.03
64 2 128 400 1.0 0.62 0.06
64 2 256 200 0.5 0.7 0.03
64 2 256 200 0.75 0.69 0.02
64 2 256 200 1.0 0.68 0.02
64 2 256 400 0.5 0.68 0.01
64 2 256 400 0.75 0.67 0.04
64 2 256 400 1.0 0.66 0.04

256 1 64 200 0.5 0.7 0.01
256 1 64 200 0.75 0.71 0.03
256 1 64 200 1.0 0.65 0.05
256 1 64 400 0.5 0.68 0.0
256 1 64 400 0.75 0.65 0.06
256 1 64 400 1.0 0.65 0.02
256 1 128 200 0.5 0.68 0.01
256 1 128 200 0.75 0.73 0.02
256 1 128 200 1.0 0.69 0.03
256 1 128 400 0.5 0.72 0.01
256 1 128 400 0.75 0.63 0.07
256 1 128 400 1.0 0.69 0.05
256 1 256 200 0.5 0.73 0.01
256 1 256 200 0.75 0.74 0.01
256 1 256 200 1.0 0.72 0.01
256 1 256 400 0.5 0.72 0.02
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256 1 256 400 0.75 0.74 0.02
256 1 256 400 1.0 0.73 0.04
256 2 64 200 0.5 0.65 0.02
256 2 64 200 0.75 0.71 0.02
256 2 64 200 1.0 0.66 0.02
256 2 64 400 0.5 0.69 0.02
256 2 64 400 0.75 0.66 0.01
256 2 64 400 1.0 0.65 0.01
256 2 128 200 0.5 0.68 0.02
256 2 128 200 0.75 0.7 0.03
256 2 128 200 1.0 0.69 0.04
256 2 128 400 0.5 0.71 0.01
256 2 128 400 0.75 0.74 0.03
256 2 128 400 1.0 0.65 0.05
256 2 256 200 0.5 0.69 0.01
256 2 256 200 0.75 0.71 0.01
256 2 256 200 1.0 0.7 0.02
256 2 256 400 0.5 0.72 0.02
256 2 256 400 0.75 0.73 0.04
256 2 256 400 1.0 0.68 0.03

Table (C.2) Hyperparameter studies for the sequence-to-sequence configuration. Each
model was trained for 200 epochs for a 3-fold cross validation on data set A. The validation
scores are reported by the MCC

batch size layers units window length rel. shift size mean MCC std MCC

16 1 64 200 0.5 0.56 0.01
16 1 64 200 0.75 0.62 0.01
16 1 64 200 1.0 0.62 0.04
16 1 64 400 0.5 0.64 0.03
16 1 64 400 0.75 0.64 0.03
16 1 64 400 1.0 0.65 0.04
16 1 128 200 0.5 0.56 0.03
16 1 128 200 0.75 0.61 0.01
16 1 128 200 1.0 0.66 0.03
16 1 128 400 0.5 0.68 0.01
16 1 128 400 0.75 0.67 0.03
16 1 128 400 1.0 0.67 0.05
16 1 256 200 0.5 0.58 0.04
16 1 256 200 0.75 0.61 0.02
16 1 256 200 1.0 0.66 0.04
16 1 256 400 0.5 0.66 0.03
16 1 256 400 0.75 0.69 0.01
16 1 256 400 1.0 0.69 0.03
16 2 64 200 0.5 0.58 0.02
16 2 64 200 0.75 0.62 0.02
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16 2 64 200 1.0 0.64 0.01
16 2 64 400 0.5 0.62 0.04
16 2 64 400 0.75 0.67 0.03
16 2 64 400 1.0 0.65 0.06
16 2 128 200 0.5 0.57 0.03
16 2 128 200 0.75 0.62 0.01
16 2 128 200 1.0 0.65 0.03
16 2 128 400 0.5 0.65 0.03
16 2 128 400 0.75 0.67 0.0
16 2 128 400 1.0 0.7 0.04
16 2 256 200 0.5 0.59 0.03
16 2 256 200 0.75 0.62 0.03
16 2 256 200 1.0 0.67 0.04
16 2 256 400 0.5 0.65 0.04
16 2 256 400 0.75 0.69 0.03
16 2 256 400 1.0 0.7 0.02

64 1 64 200 0.5 0.7 0.02
64 1 64 200 0.75 0.68 0.04
64 1 64 200 1.0 0.68 0.02
64 1 64 400 0.5 0.69 0.02
64 1 64 400 0.75 0.71 0.01
64 1 64 400 1.0 0.71 0.02
64 1 128 200 0.5 0.7 0.0
64 1 128 200 0.75 0.7 0.01
64 1 128 200 1.0 0.7 0.01
64 1 128 400 0.5 0.72 0.02
64 1 128 400 0.75 0.71 0.02
64 1 128 400 1.0 0.71 0.02
64 1 256 200 0.5 0.7 0.01
64 1 256 200 0.75 0.72 0.02
64 1 256 200 1.0 0.69 0.02
64 1 256 400 0.5 0.71 0.02
64 1 256 400 0.75 0.69 0.01
64 1 256 400 1.0 0.7 0.02
64 2 64 200 0.5 0.7 0.01
64 2 64 200 0.75 0.7 0.02
64 2 64 200 1.0 0.67 0.02
64 2 64 400 0.5 0.66 0.04
64 2 64 400 0.75 0.7 0.0
64 2 64 400 1.0 0.73 0.01
64 2 128 200 0.5 0.72 0.01
64 2 128 200 0.75 0.7 0.01
64 2 128 200 1.0 0.69 0.02
64 2 128 400 0.5 0.73 0.03
64 2 128 400 0.75 0.68 0.02
64 2 128 400 1.0 0.71 0.01
64 2 256 200 0.5 0.71 0.02
64 2 256 200 0.75 0.71 0.01
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C Additional information for application cases

64 2 256 200 1.0 0.71 0.02
64 2 256 400 0.5 0.71 0.04
64 2 256 400 0.75 0.7 0.04
64 2 256 400 1.0 0.7 0.02

256 1 64 200 0.5 0.72 0.02
256 1 64 200 0.75 0.73 0.02
256 1 64 200 1.0 0.72 0.01
256 1 64 400 0.5 0.73 0.02
256 1 64 400 0.75 0.75 0.0
256 1 64 400 1.0 0.74 0.02
256 1 128 200 0.5 0.72 0.01
256 1 128 200 0.75 0.75 0.02
256 1 128 200 1.0 0.74 0.0
256 1 128 400 0.5 0.75 0.02
256 1 128 400 0.75 0.75 0.0
256 1 128 400 1.0 0.76 0.01
256 1 256 200 0.5 0.71 0.01
256 1 256 200 0.75 0.74 0.02
256 1 256 200 1.0 0.74 0.01
256 1 256 400 0.5 0.76 0.0
256 1 256 400 0.75 0.77 0.01
256 1 256 400 1.0 0.77 0.0
256 2 64 200 0.5 0.72 0.01
256 2 64 200 0.75 0.73 0.0
256 2 64 200 1.0 0.73 0.0
256 2 64 400 0.5 0.74 0.01
256 2 64 400 0.75 0.72 0.03
256 2 64 400 1.0 0.75 0.01
256 2 128 200 0.5 0.71 0.01
256 2 128 200 0.75 0.74 0.03
256 2 128 200 1.0 0.73 0.01
256 2 128 400 0.5 0.74 0.02
256 2 128 400 0.75 0.75 0.0
256 2 128 400 1.0 0.74 0.01
256 2 256 200 0.5 0.71 0.02
256 2 256 200 0.75 0.72 0.03
256 2 256 200 1.0 0.74 0.01
256 2 256 400 0.5 0.73 0.03
256 2 256 400 0.75 0.77 0.01
256 2 256 400 1.0 0.76 0.01
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