
Chapter 8
Causality and a Theorem of Paley
and Wiener

In this chapter we turn our focus back to causal operators. In Chap. 5 we found
out that material laws provide a class of causal and autonomous bounded operators.
In this chapter we will present another proof of this fact, which rests on a result
which characterises functions in L2(R; H) with support contained in the non-
negative reals; the celebrated Theorem of Paley and Wiener. With the help of this
theorem, which is interesting in its own right, the proof of causality for material
laws becomes very easy. At a first glance it seems that holomorphy of a material
law is a rather strong assumption. In the second part of this chapter, however, we
shall see that in designing autonomous and causal solution operators, there is no
way of circumventing holomorphy.

In the following, let H be a Hilbert space, and we consider L2,ν(R�0; H) as the
subspace of functions in L2,ν(R; H) vanishing on (−∞, 0).

8.1 A Theorem of Paley and Wiener

We start with the following lemma, for which we need the notion of locally
integrable functions. We define

L1,loc(R; H) := {f ; ∀ K ⊆ R compact : 1Kf ∈ L1(R; H)}
= {

f ; ∀ ϕ ∈ C∞
c (R) : ϕf ∈ L1(R; H)

}
.

Lemma 8.1.1 Let f ∈ L1,loc(R; H). Then we have f ∈ L2(R�0; H) if and only if
f ∈ ⋂

ν>0 L2,ν(R; H) with supν>0 ‖f ‖L2,ν (R;H) < ∞. In the latter case we have
that

‖f ‖L2(R�0;H) = lim
ν→0+

‖f ‖L2,ν (R;H) = sup
ν>0

‖f ‖L2,ν(R;H) .
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Proof Let f ∈ L2(R�0; H) and ν > 0. Then we estimate

∫

R

‖f (t)‖2H e−2νt dt =
∫

R�0

‖f (t)‖2H e−2νt dt �
∫

R�0

‖f (t)‖2H dt = ‖f ‖2L2(R�0;H) ,

which proves that f ∈ L2,ν(R; H)with ‖f ‖L2,ν (R;H) � ‖f ‖L2(R�0;H) for each ν >

0. Moreover, ‖f ‖L2,ν (R;H) → ‖f ‖L2(R�0;H) as ν → 0 by monotone convergence
and since clearly ‖f ‖L2,ν(R;H) � ‖f ‖L2,μ(R;H) for 0 < μ � ν we obtain

‖f ‖L2(R�0;H) = lim
ν→0+

‖f ‖L2,ν (R;H) = sup
ν>0

‖f ‖L2,ν(R;H) .

Assume now that f ∈ ⋂
ν>0 L2,ν(R; H) with C := supν>0 ‖f ‖L2,ν(R;H) < ∞.

This inequality yields

sup
ν∈(0,∞)

∫

(−∞,0)
‖f (t)‖2 e−2νt dt � C2.

Hence, the monotone convergence theorem yields that g(t) := limν→∞ ‖f (t)‖2
e−2νt for t ∈ (−∞, 0) defines a function g ∈ L1 (−∞, 0). Thus, [g = ∞] is a
set of measure zero and thus [f = 0] ∩ (−∞, 0) = (−∞, 0) \ [g = ∞] has full
measure in (−∞, 0) implying that sptf ⊆ R�0.

Finally, from

sup
ν∈(0,∞)

∫

(0,∞)

‖f (t)‖2 e−2νt dt � C2.

we infer again by the monotone convergence theorem that t 	→ limν→0 ‖f (t)‖2
e−2νt = ‖f (t)‖2 defines a function in L1(0,∞), showing the remaining
assertion. 
�
For the proof of the Paley–Wiener theoremwe need a suitable space of holomorphic
functions on the right half-plane, the so-called Hardy space H2(CRe>ν; H), which
we introduce in the following.

Definition For ν ∈ R we define the Hardy space

H2(CRe>ν;H) :=
⎧
⎨

⎩
g : CRe>ν → H ; g holomorphic, sup

ρ>ν

∫

R

‖g(it + ρ)‖2H dt < ∞
⎫
⎬

⎭
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and equip it with the norm ‖·‖H2(CRe>ν;H) defined by

‖g‖H2(CRe>ν ;H) := sup
ρ>ν

⎛

⎝
∫

R

‖g(it + ρ)‖2H dt

⎞

⎠

1
2

.

We motivate the Theorem of Paley–Wiener first. For this, let f ∈ L2,ν(R�0; H)

and define its Laplace transform as

CRe>ν � z 	→ Lf (z) := 1√
2π

∞∫

0

f (t)e−zt dt . (8.1)

Note that Lf (z) = LRe zf (Im z) for all z ∈ CRe>ν due to the support constraint on
f . Moreover, it is not difficult to see that the integral on the right-hand side of (8.1)
exists as

(
t 	→ e−ρtf (t)

) ∈ L1(R�0; H) ∩ L2(R�0; H) for all ρ > ν. Hence,
Lf : CRe>ν → H is holomorphic (cf. Exercise 5.6). Moreover, by Lemma 8.1.1

sup
ρ>ν

‖Lf (i · +ρ)‖L2(R;H) = sup
ρ>ν

∥
∥Lρf

∥
∥

L2(R;H)
= sup

ρ>ν
‖f ‖L2,ρ (R;H)

= sup
ρ>0

∥
∥e−ν·f

∥
∥

L2,ρ (R;H)

= ∥
∥e−ν·f

∥
∥

L2(R;H)
= ‖f ‖L2,ν (R;H) ,

which proves that

L : L2,ν(R�0; H) → H2(CRe>ν; H)

f 	→ (
z 	→ (LRe zf ) (Im z)

)

is well-defined and isometric. It turns out that L is actually surjective, see Corol-
lary 8.1.3 below. The surjectivity statement is contained in the following Theorem
of Paley–Wiener, [78]. We mainly follow the proof given in [101, 19.2 Theorem].

Theorem 8.1.2 (Paley–Wiener) Let g ∈ H2(CRe>0; H). Then there exists an f ∈
L2(R�0; H) such that

Lνf = g(i · +ν) (ν > 0).

Proof For ν > 0 we set gν := g(i · +ν) ∈ L2(R; H) and fν := F∗gν ∈ L2(R; H).
Moreover, we set f := e(·)f1. We first prove that f ∈ ⋂

ν>0 L2,ν(R; H) with
supν>0 ‖f ‖L2,ν(R;H) < ∞. For doing so, let a > 0, ρ > 0 and x ∈ R. Applying
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Fig. 8.1 Curve γ

ρ 1

−a

a

γ

Cauchy’s integral theorem to the function z 	→ ezxg(z) and the curve γ , as indicated
in Fig. 8.1, we obtain

0 = i

a∫

−a

e(it+1)xg(it + 1) dt −
1∫

ρ

e(ia+κ)xg(ia + κ) dκ

−i

a∫

−a

e(it+ρ)xg(it + ρ) dt +
1∫

ρ

e(−ia+κ)xg(−ia + κ) dκ.

(8.2)

Moreover, since

∫

R

∥
∥
∥∥
∥
∥

1∫

ρ

e(±ia+κ)xg(±ia + κ) dκ

∥
∥
∥∥
∥
∥

2

H

da �
∫

R

∣
∣
∣∣
∣
∣

1∫

ρ

∣∣
∣e(±ia+κ)x

∣∣
∣
2
dκ

1∫

ρ

‖g(±ia + κ)‖2H dκ

∣
∣
∣∣
∣
∣
da

�

∣
∣∣
∣
∣
∣

1∫

ρ

e2κx dκ

∣
∣∣
∣
∣
∣

∣
∣∣
∣
∣
∣

1∫

ρ

∫

R

‖g(±ia + κ)‖2H da dκ

∣
∣∣
∣
∣
∣

�
∣
∣
∣
∣

∫ 1

ρ

e2κx dκ

∣
∣
∣
∣ |1 − ρ| ‖g‖2H2(CRe>0;H) < ∞,

we infer that
(
a 	→ ∫ 1

ρ
e(±ia+κ)xg(±ia + κ) dκ

)
∈ L2(R; H) and thus, we find a

sequence (an)n∈N in R>0 such that an → ∞ and

1∫

ρ

e(±ian+κ)xg(±ian + κ) dκ → 0

as n → ∞. Hence, using (8.2) with a replaced by an and letting n tend to infinity,
we derive that

an∫

−an

e(it+1)xg(it + 1) dt −
an∫

−an

e(it+ρ)xg(it + ρ) dt → 0 (n → ∞).
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Noting that for each μ > 0 we have

an∫

−an

e(it+μ)xg(it + μ) dt = √
2πeμxF∗(1[−an,an]gμ)(x) (x ∈ R)

and that 1[−an,an]gμ → gμ in L2(R; H) as n → ∞, we may choose a subsequence
(again denoted by (an)n) such that

0 = lim
n→∞

⎛

⎝
an∫

−an

e(it+1)xg(it + 1) dt −
an∫

−an

e(it+ρ)xg(it + ρ) dt

⎞

⎠

= lim
n→∞

(√
2πexF∗(1[−an,an]g1)(x) − √

2πeρxF∗(1[−an,an]gρ)(x)
)

=√
2π

(
exf1(x) − eρxfρ(x)

)

for almost every x ∈ R. Hence, f = e(·)f1 = exp(ρm)fρ for each ρ > 0 and thus,

∫

R

‖f (t)‖2H e−2ρt dt =
∫

R

∥
∥fρ(t)

∥
∥2

H
dt < ∞

which shows f ∈ ⋂
ρ>0 L2,ρ(R; H) with

sup
ρ>0

‖f ‖L2,ρ (R;H) = sup
ρ>0

∥
∥fρ

∥
∥

L2(R;H)
= sup

ρ>0

∥
∥gρ

∥
∥

L2(R;H)
= ‖g‖H2(CRe>0;H) .

Thus, f ∈ L2(R�0; H) with ‖f ‖L2(R�0;H) = ‖g‖H2(CRe>0;H) by Lemma 8.1.1.
Moreover,

Lνf = F exp(−νm)f = F exp(−νm) exp(νm)fν = Ffν = gν = g(i · +ν)

for each ν > 0, which shows the representation formula for g. 
�
Summarising the results of Theorem 8.1.2 and the arguments carried out just before
Theorem 8.1.2, we obtain the following statement.

Corollary 8.1.3 Let ν ∈ R. Then the mapping

L : L2,ν(R�0; H) → H2(CRe>ν; H)

f 	→ (
z 	→ (LRe zf ) (Im z)

)

is an isometric isomorphism. In particular,H2(CRe>ν; H) is a Hilbert space.
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Proof We have argued already that L is well-defined and isometric. Thus, we show
that L is onto, next. For this, let g ∈ H2(CRe>ν; H) and define g̃(z) := g(z + ν) for
z ∈ CRe>0. Then g̃ ∈ H2(CRe>0; H) and thus, Theorem 8.1.2 yields the existence
of f̃ ∈ L2(R�0; H) with

g(i · +ρ) = g̃(i · +ρ − ν) = Lρ−ν f̃ = Lρ

(
eν·f̃

)
(ρ > ν).

Hence, setting f := eν·f̃ ∈ L2,ν(R�0; H), we obtain Lf = g. 
�
We can now provide an alternative proof of Theorem 5.3.6 by proving causality with
the help of the Theorem of Paley–Wiener.

Proposition 8.1.4 LetM : dom(M) ⊆ C → L(H) be a material law. Then for ν >

sb (M) we have M(∂t,ν) ∈ L(L2,ν(R; H)) and M(∂t,ν) is causal and autonomous
(see Exercise 5.7).

Proof Let ν > sb (M). Then M : CRe�ν → L(H) is bounded and holomorphic
on CRe>ν . Hence, by unitary equivalence, M(∂t,ν) ∈ L(L2,ν(R; H)). Moreover,
M(∂t,ν) is autonomous by Exercise 5.7. Thus, for causality it suffices to check that
sptM(∂t,ν)f ⊆ R�0 whenever f ∈ L2,ν(R�0; H). So let f ∈ L2,ν(R�0; H).
Then Lf ∈ H2(CRe>ν; H) by Corollary 8.1.3 and since M is bounded and
holomorphic on CRe>ν , we infer also that

(
z 	→ M(z) (Lf ) (z)

) ∈ H2(CRe>ν; H).

Again by Corollary 8.1.3 there exists g ∈ L2,ν(R�0; H) such that

Lg(z) = M(z) (Lf ) (z) (z ∈ CRe>ν).

Thus, in particular

Lρg = M(im + ρ)Lρf (ρ > ν).

Since f, g ∈ L2,ν(R�0; H) we infer that Lρg → Lνg and Lρf → Lνf

in L2(R; H) as ρ → ν by dominated convergence. Moreover, M(im + ρ) →
M(im + ν) strongly on L2(R; H) as ρ → ν (cf. Exercise 8.2). Hence, we derive

Lνg = M(im + ν)Lνf,

and thus, g = M(∂t,ν)f which shows causality. 
�
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8.2 A Representation Result

In this section we argue that our solution theory needs holomorphy as a cen-
tral property for the material law. There are two key properties for rendering
T ∈ L(L2,ν0(R; H)) a material law operator. The first one is causality (i.e.,
1(−∞,a](m)T1(−∞,a](m) = 1(−∞,a](m)T for all a ∈ R) and, secondly, T needs to
be autonomous (i.e., τhT = T τh for all h ∈ R where τhf = f (· + h)). The main
theorem of this section reads as follows:

Theorem 8.2.1 Let ν0 ∈ R and let T ∈ L(L2,ν0(R; H)) be causal and
autonomous. Then T |L2,ν0∩L2,ν has a unique extension Tν ∈ L(L2,ν(R; H)) for
each ν > ν0 and there exists a unique M : CRe>ν0 → L(H) holomorphic and
bounded such that Tν = M(∂t,ν) for each ν > ν0.

We consider the following (shifted) variant of Theorem 8.2.1 first.

Theorem 8.2.2 Let T ∈ L(L2(R; H)) be causal and autonomous. Then there
exists M : CRe>0 → L(H), a material law (i.e., holomorphic and bounded), such
that

(LTf ) (z) = M(z) (Lf ) (z) (f ∈ L2(R�0; H), z ∈ CRe>0).

Proof For s > 0 and x ∈ H we define fx,s := 1(0,s)x and compute

Lfx,s(z) = 1√
2π

∫ s

0
e−ztx dt = 1√

2π

1 − e−zs

z
x (z ∈ CRe>0). (8.3)

We define M : CRe>0 → L(H) via

M(z)x :=
√
2πz

1 − e−z
LTfx,1(z),

which is well-defined since spt Tfx,1 ⊆ [0,∞) (use causality of T ); M(z) ∈ L(H),
since T is bounded. Also, M(·)x is evidently holomorphic for every x ∈ H as a
product of two holomorphic mappings and thus by Exercise 5.3, M is holomorphic
itself. Next, we show that for all z ∈ CRe>0 and f ∈ L2(R�0; H), we have

(LTf ) (z) = M(z) (Lf ) (z). (8.4)

By definition of M , the equality is true for f replaced by fx,1, x ∈ H . Next,
observe that lin

{
1(a,a+1/n)x ; a � 0, n ∈ N, x ∈ H

}
is dense in L2(R�0; H).

Hence, for (8.4), it suffices to show

(LT1(a,a+1/n)x
)
(z) = M(z)

(L1(a,a+1/n)x
)
(z) (8.5)
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for all a � 0, n ∈ N, x ∈ H , and z ∈ CRe>0. Next, using that T is autonomous in the
situation of (8.5), we see

(
T 1(a,a+1/n)x

) = (
T τ−a1(0,1/n)x

) = τ−a

(
T1(0,1/n)x

)

and, by a straightforward computation, (Lτ−af )(z) = e−zaLf (z) for all f ∈
L2(R�0; H). Thus,

(LT 1(a,a+1/n)x
)
(z) = e−za

(LT 1(0,1/n)x
)
(z),

which yields that it suffices to show (8.5) for a = 0 only, that is, for f = fx,1/n.
Furthermore, we compute for n ∈ N and z ∈ CRe>0

LTfx,1(z) =
n−1∑

k=0

(LT 1(k/n,(k+1)/n)x)(z) =
n−1∑

k=0

e−zk/n(LT 1(0,1/n)x)(z)

= 1 − e−z

1 − e−z/n
(LTfx,1/n)(z).

Thus, using (8.3) for s = 1/n, we deduce from the definition of M ,

LTfx,1/n(z) = 1 − e−z/n

√
2πz

√
2πz

1 − e−z
LTfx,1(z) = 1 − e−z/n

√
2πz

M(z)x

= M(z)Lfx,1/n(z).

Hence, (8.4) holds for all f ∈ L2(R�0; H). It remains to show boundedness of
M . For this, let z ∈ CRe>0 and x ∈ H . Set f := 1[0,∞)e−z∗

x as well as c :=
2Re z

√
2π . Then

Lf (z) = 1√
2π

∫ ∞

0
e−zt−z∗t x dt = x

c
.

By virtue of (8.4), we get LTf (z) = M(z)Lf (z) and thusM(z)x = cLTf (z). This
leads to

‖M(z)x‖ � c√
2π

∫ ∞

0

∥
∥e−zt Tf (t)

∥
∥ dt � c√

2π

∥
∥
∥1[0,∞)e

−z(·)
∥
∥
∥

L2(R)
‖Tf ‖L2(R)

� c√
2π

∥
∥
∥1[0,∞)e−z(·)

∥
∥
∥
2

L2(R)
‖T ‖L(L2(R;H)) ‖x‖H = ‖T ‖L(L2(R;H)) ‖x‖H ,

where we used that ‖f ‖L2(R;H) = ∥
∥1[0,∞)e−z(·)∥∥

L2(R)
‖x‖H . Thus, ‖M(z)‖ �

‖T ‖, which yields boundedness of M and the assertion of the theorem. 
�
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We can now prove our main result of this section.

Proof of Theorem 8.2.1 We just prove the existence of a function M . The proof of
its uniqueness is left as Exercise 8.3.
We first prove the assertion for ν0 = 0. So, let T ∈ L(L2(R; H)) be causal
and autonomous. According to Theorem 8.2.2 we find M : CRe>0 → L(H)

holomorphic and bounded such that

(LTf ) (z) = M(z) (Lf ) (z) (f ∈ L2(R�0; H), z ∈ CRe>0).

Let now ϕ ∈ C∞
c (R; H) and set a := inf sptϕ. Then τaϕ ∈ L2(R�0; H), and for

ν > 0 we compute

LνT ϕ = Lντ−aT τaϕ = e−(im+ν)aLνT τaϕ = e−(im+ν)aM(im + ν)Lντaϕ

= M(im + ν)Lνϕ. (8.6)

The latter implies

‖T ϕ‖L2,ν (R;H) = ‖LνT ϕ‖L2(R;H) = ‖M(im + ν)Lνϕ‖L2(R;H)

� ‖M‖∞,CRe>0
‖ϕ‖L2,ν (R;H)

and hence, T |C∞
c (R;H) has a unique continuous extension Tν ∈ L(L2,ν(R; H)).

Using (8.6) we obtain

Tν = L∗
νM(im + ν)Lν = M(∂t,ν)

by approximation.
Let now ν0 ∈ R. Then the operator

T̃ := e−ν0mT eν0m ∈ L(L2(R; H))

is causal and autonomous as well. Thus, T̃ |C∞
c (R;H) has continuous extensions

T̃ρ ∈ L(L2,ρ(R; H)) for each ρ > 0 and there is M̃ : CRe>0 → L(H)

holomorphic and bounded such that T̃ρ = M̃(∂t,ρ) for each ρ > 0. Using
T |C∞

c (R;H) = eν0mT̃ |C∞
c (R;H)e−ν0m, we derive that T |C∞

c (R;H) has the unique
continuous extension Tν = eν0mT̃ν−ν0e

−ν0m ∈ L(L2,ν(R; H)) for each ν > ν0
and

LνTν = Lνeν0mT̃ν−ν0e
−ν0m = Lν−ν0 T̃ν−ν0e

−ν0m = M̃(im + ν − ν0)Lν−ν0e
−ν0m

= M̃(im + ν − ν0)Lν .

Hence,

Tν = M(∂t,ν)
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for the holomorphic and bounded function M given by M(z) := M̃(z − ν0) for
z ∈ CRe>ν0 . 
�

8.3 Comments

The stated Theorem of Paley and Wiener is of course not the only theorem
characterising properties of the support of L2-functions in terms of their Fourier or
Laplace transform. For instance, a similar result holds for functions having compact
support, see e.g. [101, 19.3 Theorem] and Exercise 8.7. These theorems provide a
nice connection between L2-functions and spaces of holomorphic functions in form
of Hardy spaces. In this chapter we just introduced the Hardy spaceH2 and it is not
surprising that there are also the Hardy spacesHp for 1 � p � ∞. We refer to [35]
for this topic.

The representation result presented in the second part of this chapter was origi-
nally proved by Fourès and Segal in 1955, [41]. In this article the authors prove an
analogous representation result for causal operators on L2(R

d; H), where causality
is defined with respect to a closed and convex cone on R

d . The quite elementary
proof of Theorem 8.2.2 for d = 1 presented here was kindly communicated to us
by Hendrik Vogt.

Exercises

Exercise 8.1 Let 
 ⊆ R>0 be a set with an accumulation point in R>0. Prove that
{(x 	→ e−λx

) ; λ ∈ 
} is a total set in L1(R�0).
Hint: Use that the set is total if and only if

∀f ∈ L∞(R�0) :
⎛

⎜
⎝∀λ ∈ 
 :

∫

R�0

e−λxf (x) dx = 0 ⇒ f = 0

⎞

⎟
⎠ .

Exercise 8.2 Let M : dom(M) ⊆ C → L(H) be a material law. Moreover, let
ν > sb (M). Show that limρ→ν+ M(im+ ρ) = M(im+ ν) where the limit is meant
in the strong operator topology on L2(R; H).

Exercise 8.3 Prove the uniqueness statement in Theorem 8.2.1.

Exercise 8.4 Give an example of a continuous and bounded functionM : CRe>0 →
L(H) such that the corresponding operator M(∂t,ν) is not causal for any ν > 0.

Exercise 8.5 Prove the following distributional variant of the Paley–Wiener theo-
rem: Let ν0 > 0, k ∈ N, f : CRe>ν0 → C, and set h(z) := 1

zk f (z) for z ∈ CRe>ν0 .
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We assume that h ∈ H2(CRe>ν0;C). For ν > ν0 we define the distribution
u : C∞

c (R) → C by

u(ψ) :=
〈
L∗

νh(i · +ν), (∂∗
t,ν)

kψ
〉

L2,ν(R;C)
(ψ ∈ C∞

c (R;C)).

Prove that spt u ⊆ R�0, where

spt u := R \
⋃ {

U ⊆ R open ; ∀ ψ ∈ C∞
c (U ;C) : u(ψ) = 0

}
.

What is u if f = 1CRe>ν0
?

Exercise 8.6 Let g ∈ L2(R), a > 0 such that spt g ⊆ [−a, a]. Show that f := Fg

extends to a holomorphic function f̃ : C → C with f̃ (it) = f (t) for each t ∈ R

such that

∃C � 0 ∀z ∈ C : |f (z)| � Cea|Re z|.

Exercise 8.7 Let f : C → C be holomorphic such that

(a) ∃C � 0, a > 0 ∀z ∈ C : |f (z)| � Cea|Re z|,
(b) f (i·) ∈ L2(R).

Prove that g := F∗f (i·) satisfies spt g ⊆ [−a, a].
Hint: Apply Theorem 8.1.2 to the function h : CRe>0 → C given by

h(z) := e−za f (z)

z + 1
(z ∈ CRe>0)

to derive that spt g ⊆ R�−a .
Remark: The assertion even holds true if one replaces condition (a) by

∃C � 0, a > 0 ∀z ∈ C : |f (z)| � Cea|z|.
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