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We study unitary and state ¢t-designs from a computational complexity theory perspective. First,
we address the problems of computing frame potentials that characterize (approximate) ¢-designs. We
provide a quantum algorithm for computing the frame potential and show that 1. exact computation
can be achieved by a single query to a #P-oracle and is #P-hard, 2. for state vectors, it is BQP-
complete to decide whether the frame potential is larger than or smaller than certain values, if the
promise gap between the two values is inverse-polynomial in the number of qubits, and 3. both
for state vectors and unitaries, it is PP-complete if the promise gap is exponentially small. As the
frame potential is closely related to the out-of-time-ordered correlators (OTOCs), our result implies
that computing the OTOCs with exponential accuracy is also hard. Second, we address promise
problems to decide whether a given set is a good or bad approximation to a ¢t-design and show that
this problem is in PP for any constant ¢ and is PP-hard for t = 1,2 and 3. Remarkably, this is the
case even if a given set is promised to be either exponentially close to or worse than constant away
from a 1-design. Our results illustrate the computationally hard nature of unitary and state designs.

I. INTRODUCTION

Quantum randomness is a fundamental resource in
quantum information processing. It is commonly for-
mulated by a Haar random unitary, a unitary drawn
uniformly at random with respect to the uniform proba-
bility measure on the unitary group, i.e., the normalized
Haar measure. Applications of quantum randomness
range from quantum cryptography [1-5], algorithms [6—
10], and sensing [11-14], to quantum communication [15—
24]. Quantum randomness has also been explored in
theoretical physics as a novel tool to investigate far-
from-equilibrium dynamics: new insights into thermal-
ization [25-28], the holographic principle [29, 30], and
scrambling [31-34] were obtained through the investi-
gation of randomness in complex quantum many-body
systems. Furthermore, quantum randomness is of experi-
mental interest for benchmarking quantum devices [35-44]
and complex quantum many-body dynamics [45, 46].

A Haar random unitary is, however, expensive because
most unitaries require exponentially many quantum gates
to implement [47]. This fact necessitates approximations
of a Haar random unitary. Amongst several formula-
tions [48, 49], a unitary t-design is a common one defined
as a random unitary that has the same t-th moment as
a Haar random one. A state t-design is also used, which
is a random state vector that has the same ¢-th moment
as a Haar random state, i.e., a state vector obtained by
applying a Haar random unitary to a fixed state vector.
In many applications, unitary and state t-designs can be
used instead of Haar random ones.

Due to their importance, implementations of designs
have long been studied. While it has been known for a
long time that unitary and state ¢-designs exist for any ¢
in combinatorial mathematics [50, 51], their explicit con-
structions were found only recently [52, 53]. In quantum
information, it attracts much attention to approximately
implement a t-design [54-61]. A standard approach is to
use quantum circuits on n qubits, where poly(t) - n depth
in general [54] and depth tn for ¢ € o(y/n) [55] were shown
to suffice. Since then, several refinements of the earlier
constructions were obtained [57-61]. Another approach
is based on the frame potential [62]. As the frame poten-
tial attains its minimum for ¢-designs, one can use the
frame potential to variationally construct a t-design. A
more exotic approach is to combine quantum many-body
dynamics with measurement on a subsystem [63], which
was experimentally realized [45].

In recent years, computation-theoretic properties of
designs have also been studied since designs and related
concepts [45, 48] turn out to be extremely useful for, e.g.,
cryptography uses [3-5]. Along this line, it is fundamental
to ask: can we efficiently check whether a given distri-
bution is a design?. This can be rephrased in terms of
the frame potential: can we efficiently compute the frame
potential? These questions are not only of theoretical
interest but also practical. If the answer is affirmative, a
general numerical approach to constructing more efficient
designs, such as a variational method based on the frame
potential, may work. On the other hand, if the answer is
negative, efficiently checking whether the set is a design
may only be possible for sets with a specific structure.
Furthermore, as the frame potential is closely related to



the out-of-time-ordered-correlators (OTOCs) [34], which
is a diagnostic of quantum chaos [33], the complexity
of computing frame potential also offers an insight into
quantum chaotic behaviour.

Motivated by these considerations, we initiate to study
unitary and state design properties from a computational
complexity theoretic perspective. We begin with pro-
viding a quantum algorithm for estimating the frame
potential and show that, while the algorithm achieves
1/poly(n) accuracy for state vectors in polynomial time,
where n is the number of qubits, achieving exponential
accuracy or estimating the frame potential of unitaries
takes exponential time.

To check if there exist more efficient algorithms, we
introduce and investigate computational problems about
the frame potential. First, we show that ezactly comput-
ing the frame potential can be achieved by a single query
to a #P oracle and is #P-hard. This hardness also applies
to the computation of OTOCs and implies that checking
the quantum chaotic behaviour of OTOCsS is, in general,
computationally hard, characterizing the complex nature
of quantum chaos from a computational viewpoint.

We then consider a problem of approzimately computing
frame potentials. We formulate this as a promise problem
to decide whether the frame potential of a given set is
larger or smaller than certain values, with the promise that
either one of the two is the case. For state vectors, we show
that this problem is BQP-complete and PP-complete if the
promise gap between the two values is ©(1/poly(n)) and
O(27P(")  respectively. For unitaries, the problem is
shown to be PP-complete if the promise gap is @(2_p°'Y(”)).
These results imply that general algorithms, whether
quantum or classical, for computing the frame potential
with exponential accuracy in polynomial time are unlikely
to exist, indicating that our quantum algorithm cannot
be drastically improved.

Based on these results, we finally consider the promise
problem to decide whether a given set is a good or bad
approximation to a t-design. We show that it is in PP
for any constant ¢t and is PP-hard for ¢t = 1,2 and 3.
Remarkably, this is the case even if a given set is promised
to be either an exponentially accurate or a worse-than-
constant approximation to a 1-design, which may be of
surprise to some extent since 1-designs are commonly
considered simple distributions. This result particularly
demonstrates the computationally hard nature of checking
unitary and state design properties.

This paper is organized as follows. We begin with
preliminaries in Section II, where we explain our nota-
tion and overview basic properties of unitary and state
designs. Our results and their implications are all sum-
marized in Section III. Proofs are provided in Sections IV
to VIIL. After the conclusion in Section VIII, we show basic
properties of designs in Appendix A for completeness.

II. PRELIMINARIES

We introduce our notation in Section ITA. A brief
overview of unitary and state designs are provided in Sec-
tion II B. The computational complexity classes that we
use are summarized in Section II C.

A. Notation

We use the Schatten p-norms for linear operators, which
are defined by || X||, == (Tr[|X[P])*/P (p € [1,00]) with
|X| = VXtX. We particularly use the trace (p = 1),
the Hilbert-Schmidt (p = 2), and the spectral (p = o)
norms.

Throughout the paper, we consider probability mea-
sures over multisets of state vectors or unitaries. An
average is written as [y, [-] for the probability mea-
sure p of state vectors, and Ey.,[-] for the probability
measure v of unitaries. When a finite multiset of state vec-
tors or unitaries is given, the uniform distribution over the
multiset is naturally defined. Hence, with a slight abuse
of notation, we use the same symbol for the multiset and
the uniform distribution over the multiset. For instance,
for a finite multiset of state vectors S = {|9;)};=1,. K,
we express its average such as Ejyys[-] = 1/K Zjil( ).
Hereafter, we refer to a multiset as a set unless it is
necessary to clearly distinguish them.

An important probability measure on the unitary group
U(d) is the (normalized) Haar measure H. A unitary U
drawn uniformly at random with respect to the Haar
measure H is called a Haar random unitary and is con-
ventionally denoted by U ~ H.

By applying a Haar random unitary to a fixed state
vector |¢p), a unitarily invariant probability measure on
the set of all state vectors can be defined, which we call a
Haar random state. Due to the unitarily invariant prop-
erty of a Haar random unitary, a Haar random state is
independent of the choice of the fixed vector |pp). Sim-
ilarly to a Haar random unitary, we use the notation
|©) ~ H for a Haar random state.

B. Unitary and state designs

We provide a brief overview of definitions and important
properties of state and unitary designs.

1. State designs

In the original definition from design theory [50, 51], a
state t-design (¢t € Z*) is defined as the uniform distri-
bution over a finite set (not a multiset) of state vectors
that has the same t-th moment as a Haar random state.
However, in quantum information, it is common to define
a design as the uniform distribution over a finite multiset,



which more closely aligns with the concept of a weighted
t-design in design theory. We follow the convention in
quantum information and adopt the following definition
of a state design.

Definition 1 (d-approximate state t-design). When the
uniform probability measure over a finite multiset S of
d-dimensional state vectors satisfies

HElw>~S[|¢><¢\®t]—E\w>~H[|¢><¢\®t] Sd%, (1)
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it is called a J-approximate state t-design. Here, d; =
(d+:_1) is the dimension of the symmetric subspace in

(CH®t, When 6 = 0, it is called an ezact state t-design.

The latter expectation in Eq. (1) can be explicitly spelt
out using Schur-Weyl duality. Denoting by Il the
projection onto the symmetric subspace in (Cd)®t, we
have

Hsym
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Ejyy ot [|[9) (9]%] =
A useful quantity that characterizes a state design is a
state frame potential.

Definition 2 (State frame potential). Let p be a proba-
bility measure on a multiset of state vectors. The state
frame potential of degree ¢, Fy(u), is defined as

Fuli) = |[pgpe 03 1] 3)
= By o | [(016)]- “)

Important properties of the state frame potential are
summarized in Proposition 1. These properties are well-
known, but for completeness, we provide a proof in Ap-
pendix A. Note that the assumption ¢ < d in Proposition 1
is for the sake of convenience. Even if it is not satisfied,
similar statements hold.

Proposition 1. Let d,t € Z* be such that t < d, and
dy = ((Hf_l), The following hold for the state frame
potential of degree t.

1. Fy(H) = 1/d,.

2. For any probability measure p on a non-empty set
of state vectors,

Fy(p) € [1/dy, 1], (5)

where equality of the lower bound holds if and only
if it is an ezxact state t-design. For the uniform
measure on a finite set S with cardinality K,

Fy(S) € [max{1/d;, 1/K}, 1]. (6)

3. If a finite set S of state vectors is a d-approximate
state t-design, then
62

a@s%+@ (7)

4. If a finite set S of state vectors satisfies

R <t ® (8)
t = dt d?’

then S is a d-approximate state t-design.

5. For a finite set S of state wvectors to be a §-
approximate state t-design, it has to contain at least
K (d, t,8) state vectors, where

dy

Kst(d,t, 6) = m

(9)
From property 2 in Proposition 1, one observes that
the frame potential is indeed a potential in the sense that
one can obtain a state t-design by minimizing the frame
potential of degree ¢t. This is extended to approximate
state designs by the properties 3 and 4. Note that if a
finite set S of state vectors satisfies
1 4? 1 6
— 4 = <F(S) < =+ —, 10
A O <71 a (10)
we cannot conclude whether or not the set is a J-
approximate unitary ¢t-design. The last property 5 implies
that, if a set has small cardinality, it cannot be a state
design. This is naturally expected as state designs mimic
the uniform distribution over the set of all state vectors.

2. Unitary designs

To define a J-approximate unitary ¢-design, it is conve-
nient to use the moment operator of degree t of a prob-
ability measure of unitaries. So, let p be a probability
measure on the unitary group U(d). The moment operator
is given by

M}ﬁ =By, [U® @ U®], (11)

where - denotes the complex conjugate in some fixed
basis.

Based on the moment operator, a unitary ¢-design can
be defined as follows.

Definition 3 (é-approximate unitary t-design). When
the uniform probability measure over a finite multiset
U={U;}j=1,. K satisfies

|6 = |, <, (12)

it is called a d-approximate unitary t-design. When § = 0,
it is called an exact unitary t-design.

Similarly to state designs, Schur-Weyl duality allows us
to identify the expectation in Eq. (12) over the Haar mea-
sure. Let m; : U € U(d) — U®* @ U®" be a representation
of the unitary group U(d). Then, taking the expectation
yields a projection onto trivial irreducible representations
of Tt

Unitary designs are also characterized by the unitary
frame potential. With a slight abuse of notation, we use
the same symbol F; as the state frame potential.



Definition 4 (Unitary frame potential). Let u be a prob-
ability measure of unitaries. The unitary frame potential
of degree t is defined as

Fy() = [MO 3 = By [T [UTV] ] (13)

The unitary frame potential has similar properties to
the state frame potential, which is summarized in Propo-
sition 2. The assumption ¢ < d in the proposition is for
the sake of simplicity. A proof is provided in Appendix A
to be self-contained.

Proposition 2. Let d,t € Z* be such thatt < d. The
following hold for the unitary frame potential.

1. Fy(H) = 1.

2. For any probability measure p on a non-empty set
in U(d),

Fy(u) € [t!, d*], (14)

where equality of the lower bound holds if and only
if it is an exact unitary t-design. For the uniform
measure on a finite set U with cardinality K,

F,(U) € [max{t!, &*'/K}, d*']. (15)

3. If a finite set U of unitaries is a §-approrimate
unitary t-design, then

Fy(U) <!+ 62 (16)

4. If a finite set U of unitaries satisfies
(17)

then U is a d-approximate unitary t-design.

5. For a finite set U of wunitaries to be a J-
approximate unitary t-design, it has to contain at
least Kuni(d,t,0) unitaries, where

d2t
Kuni(d,t,6) = nrer (18)

C. Complexity classes

The standard idea for characterizing the difficulty of a
computational problem is identifying which complexity
class the problem belongs to and showing that it is among
the most difficult problems in that class. We briefly
review the complexity classes #P, PP, PQP, BQP, and
FP#P which are important for this work.

The class #P is a set of all problems of counting
the number of accepting paths of a non-deterministic
polynomial-time Turing machine. By definition, the out-
put of a #P-problem is a non-negative integer.

We take the common view in quantum information
theory that the classes PP, PQP, and BQP are promise
problems [64, 65]. For such a problem the answer is either
true or false but only has to be given (correctly) for certain
problem instances, which are specified by a promise. That
is, each problem comes along with a potential promise
and only has to be solved when it is fulfilled.

The class PP is the set of promise problems for each of
which some classical algorithm with polynomially bounded
runtime (more formally, a probabilistic polynomial-time
Turing machine) can output their correct answer with
probability strictly larger than 1/2. Since the probabil-
ity may be exponentially close to 1/2, PP contains the
problems that are unlikely to be solvable by classical algo-
rithms in polynomial time. The class PQP is a quantum
analogue of PP, in which the probabilistic polynomial
time Turing machine is replaced with a polynomial-time
quantum algorithm. The class BQP is defined similarly
to PQP but with a higher success probability of > 2/3.

Obviously, BQP C PQP and PP C PQP. It is also
known that PQP C PP [65]. Hence, BQP C PQP = PP. It
is expected that BQP # PQP, i.e., PQP = PP is expected
to contain problems intractable even for scalable universal
quantum computers.

We will rely on the concepts of hard and complete
problems. Informally, a problem is hard for some class
if it is at least as difficult as the most difficult problem
of that class in the sense that a solver for that problem
can be used to solve any other problem of the class with
some “small overhead”. Technically, hardness is always
defined w.r.t. a specific type of reduction, which depends
on the class in question. If a problem is hard for some
class and, at the same time, a member of that class, then
it is complete for that class.

For example, a #P-complete problem is: given the
input as a classically efficiently-computable function
#:{0,1}N — {0,1} specified by a Boolean circuit, output
the number of z € {0, 1}"V satisfying ¢(x) = 1. This prob-
lem is equivalent to calculating the number of satisfying
assignments of a Boolean formula. Hence, we denote it
by #SAT.

Finally, FP#P is the class of functions that can be
computed by a deterministic algorithm in polynomial
time with additional query access to a solver for #SAT.
That is, once a part of the algorithm has specified an
instance of #SAT its solution can be obtained in a single
computation step.

III. MAIN RESULTS

In this section, we provide our main results about com-
plexities of various computational problems. We begin
with a condition that must be satisfied by the sets of



states or unitaries for our complexity results to hold, and
then summarize our results. As a summary of our com-
plexity results, please also see Table I. The proofs will be
provided in later sections. As usual, if necessary, complex
numbers are represented by floating point numbers with
finite precision controlled by the number of digits.

A. Data format for sets of states and unitaries

When we consider computational problems related to
unitary or state designs, it is natural to suppose that the
input of the problem is a set of unitaries acting on C? or
states in C?. If a set consists of poly(d) elements, such
problems may be tractable in polynomial time with re-
spect to d. However, in a quantum setting, it is standard
to start with quantum circuits on n = log, d qubits con-
sisting of poly(n) gates and to ask the efficiency in terms
of n. Throughout the paper, we focus on such situations.

When concerned with designs on n qubits, we need
to deal with the set consisting of Q(exp(n)) elements.
In fact, the property 5 in Proposition 1 and the prop-
erty 5 in Proposition 2 imply that a set S of n-qubit
state vectors with cardinality |S| < K (2",,9) is not a
d-approximate state t-design, and that a set U of n-qubit
unitaries with cardinality |U| < Kuni(2",¢,6) is not a 4-
approximate unitary ¢-design. Note that both K (2", ¢, )
and K, (2", t,9) are exponentially large in n.

To efficiently handle a set with an exponentially large
cardinality, the set should be well structured. We formal-
ize this by introducing a set of unitaries with a computa-
tionally efficient description.

Definition 5 (Computationally efficient descriptions).
A multiset U = {U;}<, € U(2") of n-qubit unitaries,
where K € O(2P°Y(™)is said to have a computationally
efficient description, if it is specified by a partial func-
tion f defined on {0,1}™ with m = [log, K|, which is
computable in classical polynomial time, that outputs a
classical description f(j) (5 € {0,1}™) of a poly(n)-sized
quantum circuit of Uj.

Several instances of a set of unitaries with a compu-
tationally efficient description are a set of n-qubit Pauli
operators and that of n-qubit Clifford unitaries. The
former can be specified by 2n bits z € {0,1}2", and the
description f(x) specifies a tensor product of single-qubit
Pauli unitaries, which is a quantum circuit with depth
1. The latter can be similarly specified by O(poly(n))
bits with a suitable efficiently computable function f that
identifies a Clifford circuit of circuit size O(n?/log(n)),
which is sufficient to represent any Clifford unitary [66].

Another instance of a set of n-qubit unitaries with a
computationally efficient description are the ones appear-
ing in I-dimensional local random quantum circuit (1D
LRC) with O(poly(n)) depth. A 1D LRC repeats two lay-
ers of two-qubit unitaries organized in a brickwork fashion.
In the first layer, 2-qubit gates, each randomly and inde-
pendently drawn from a fixed gate set G, are applied to

odd-even qubits in parallel. Similarly, in the second layer,
random and independent 2-qubit gates from G are ap-
plied to even-odd qubits. To specify each quantum circuit
generated in this way, we need O({# of gates}log, |G|)
bits, where |G| is the cardinality of the gate set G. The
number of gates is O(poly(n)) whenever the depth is
O(poly(n)). In a standard case, |G| is constant, but even
if |G| € O(exp(n)), each quantum circuit generated in this
way can be specified by poly(n) bits (in the latter case,
we need to assume that each gate in G has a constant-size
description). This is also the case for local random quan-
tum circuits on any graph in which the graph describes
the two qubits a 2-qubit gate is applied to.

We also introduce a set of state vectors with a compu-
tationally efficient description. It is a set of state vectors
generated by applying a set of unitaries with a computa-
tionally efficient description to a fixed initial state vector
that can be prepared in a quantum polynomial time, such
as a computational-basis state.

B. Quantum algorithm for computing frame
potentials

Propositions 1 and 2 imply that we can check if a
given set of unitaries or states is a unitary or state design
by computing their frame potentials. This motivates us
to first provide quantum algorithms for estimating the
unitary and state frame potentials. The idea behind the
quantum algorithm comes from the fact that the frame
potentials are defined by a sum of inner products between
state vectors or unitaries. By ‘encoding’ all the inner
products into a single quantum state, we can compute
the frame potential.

In Fig. 1, we provide a key quantum circuit of our quan-
tum algorithm, which is based on a multi-qubit controlled
unitary ctrl-U,, constructed from the set U,, of unitaries
to be investigated. In the case of state vectors, U, is
a set of unitaries that generates the state vectors. Let
us denote U,, = {U;};=1,.. k,, A be a k,-qubit system
(kn ==1log K,), and B be an n-qubit system. We define
the controlled unitary ctrlA—Uf as

ctrld-U7 = > " i) (i1 @ U] (19)

Note that when U,, has a computationally efficient de-
scription, the controlled unitary ctrl-U,, can be efficiently
implemented by quantum circuits obtained from classi-
cally controlling the Boolean function f that classically
specifies the poly(n)-sized quantum circuit.

The quantum circuit in Fig. 1 uses ctrl-U,, ¢ times to
generate a quantum state ¢ for a set S,, of state vectors
or o™ for a set U,, of unitaries, where

Kn
ot/ = 37 gy ], (20)

4,j=1



TABLE I. Summary of the problems we introduce in this paper and our results about their computational complexity. As
our main focus is on state and unitary designs, we assumed here that the cardinality of the set is at least Kg(2",t,9) for a
set of state vectors and Kuni(2",t,d) for a set of unitaries. See the respective theorems for the cases that do not satisfy these

assumptions.
H Compute FP | Decide: FP > a vs. FP < a —¢ Decide: approximate design? ‘
!
State Problem compSFP(t) SFP(t,€) StDes(¢, 4, 0)
vectors (Problem 1) (Problem 3) (Problem 5)
. FP#® A #P-hard BQP-complete for PP-com[iletle for . PP-c.omplete f.or t=1,2,3
Complexity e € Q(1/poly(n)) e € ©27PM™) | with suitable choices of § and &’
(Theorems 2 and 3)
(Theorems 6 and 7) | (Theorems 8 and 9) (Theorems 12 and 13)
. /
Unitaries| Problem compUFP(t) UFP(t,¢€) UniDes(t, ¢', d)
(Problem 2) (Problem 4) (Problem 6)
PP-complete for t =1,2,3
. FP#P N #P-hard PP- lete f (2P o
Complexity 7#P-har complete for € € O( ) with suitable choices of § and &'.
(Theorems 4 and 5) (Theorems 10 and 11)
(Theorems 14 and 15)
’+>®RTA_?_._ ....... —e—gst/uni e Forn € (max{d; ', K;},1] and € € (0,n — K1),
B it takes tMg queries to ctrl-U,, and its inverse to
gpSt/um Un ------- il determine whether Fy(S,) > 1 0/7" Fi(S,) <n—ce
"B with success probability at least 2/3, where
t/uni 22 I —
p° U, —|
1
My, :—O(6 min{\/nKn 1,1}>. (23)
1
. By
(pst/um ....... — U?’L _”

FIG. 1. A key quantum circuit for estimating the state or
unitary frame potentials of degree t. The system A consists
of Ky, = log K,, qubits, initially prepared in |+>®”"4 Each B,
(m =1,...,t) is an n-qubit system and is initially prepared
in ¢ = |0)(0|®™ and "™ := I/2" for computing the state
and unitary frame potentials, respectively. Each multi-qubit-
controlled unitary applies U; onto By, when A is in |j). The
value of the state or unitary frame potential can be obtained
from the purity of the output state o**/"™ on A.

in the computational basis. Here,

trr1t
st — <'(/Jg|’(/Jz>t uni __ M 21

VUK,
Using these states, we can rewrite the frame potentials as
Fi(Sy) = Te[(0™)%],  Fi(Uyn) = 22T [(e"™)?]. (22)

The quantities on the right-hand side of these equations
can be evaluated by, e.g., the swap test or an amplitude es-
timation algorithm, which leads to the following theorem.
The details are provided in Section IV.

Theorem 1 (Quantum algorithm for estimating frame
potentials). Let U, be a set of n-qubit unitaries with a
computationally efficient description, whose cardinality
is K,, and S, be a set of n-qubit state vectors with a
computationally efficient description that is generated by
applying the U, to a computational zero state |0,). The
following hold.

o For n € (max{t!,22"*K 1} 22"!] and ¢ € (0,n —
22”tK;1), it takes tMyun; queries to ctrl-U, and
its inverse to determine whether Fy(U,) > n or
Fi(U,) < n— e with success probability at least 2/3,
where

nt
My = (9(2e min{\/nKn — 22nt, 2"t}>. (24)

For a set of state vectors, the complexity of this quan-
tum algorithm is determined merely by the required ac-
curacy €. This is because the algorithm uses x,, = log K,
ancillary qubits and ¢ Mg, queries to ctrl-U, both of which
are efficient if a set of state vectors has a computationally
efficient description. Also, My is at most O(e~!). Thus,
one can estimate the state frame potential with 1/poly(n)
accuracy in poly(n) time for sets of n-qubit state vectors
with computationally efficient descriptions. On the other
hand, the algorithm fails to estimate the state frame po-
tential with 1/exp(n) accuracy in polynomial time. We
will see below that improving this algorithm is unlikely
to be possible.

In contrast, this algorithm fails to compute the uni-
tary frame potential in poly(n) time even for, e.g., con-
stant accuracy. This is merely due to the factor 27
in Eq. (24), which can be further traced back to the
fact that Tr[(¢"™)?] should be evaluated with at least
exponential accuracy for estimating F;(U) with constant
accuracy (see Eq. (22)).



C. Complexity of computing frame potentials

To address the question of whether the quantum al-
gorithm can be improved, we formulate and investigate
the problems of computing the frame potentials in a
complexity-theoretic manner. We first formulate the prob-
lem of computing the state frame potential as compSFP(¢).

Problem 1 (compSFP(%)).
Input:
e aset S, of state vectors of n qubits with a compu-
tationally efficient description,
o t €77 (degree).
Output: The state frame potential F3(S,,) of degree ¢.

In the definition of compSFP(t), we do not put any
assumption on the structure of S,,. However, since our
primary concern is a state t-design, we mainly deal with
candidate sets of designs and do not consider any sets that
are apparently not a state ¢-design. For instance, if the
cardinality of a given set after removing the multiplicity is
substantially smaller than K (2",¢,0), the set is clearly
not a d-approximate state t-design due to the property 5
in Proposition 1. Such sets are out of our scope.

In the definition of compSFP(¢), we do not include these
assumptions on S,, simply to keep the problem as minimal
as possible. When necessary, we explicitly mention that
we consider only candidate sets of designs. This remark
applies to all computational problems we introduce below.

We can show that, for any constant t € Z*, compSFP(#)
can be solved by using a single query to a #P oracle and
is #P-hard. See Section V A for the proofs.

Theorem 2. For any constant t € Z*, compSFP(t) €
FP#P.

Theorem 3. For any constant t € Z+, compSFP(t) is
#P-hard. This is the case even if the cardinality K, of
the set satisfies K, > K(2",t,0).

From Theorems 2 and 3, we observe a gap between
the inclusion and the hardness of compSFP(¢). This is
merely due to the fact that the answer of compSFP(t)
is a non-negative real number, but answers to the
problems in #P are non-negative integers. This gap
can be closed by restricting the class of state vectors
and by considering a normalized frame potential. The
corresponding computational problem, defined similarly
to compSFP(t), can be shown to be in #P for any
constant ¢t € Z*. See Theorem 17 in Section V for the
complete statement.

We next consider the problem of computing the unitary
frame potential compUFP(¢). When one is concerned with
unitary designs, one may additionally put assumptions
on the set.

Problem 2 (compUFP(%)).
Input:

e a set U, of unitaries on n qubits with a computa-
tionally efficient description,
o t €77 (degree).
Output: The unitary frame potential F}(U,,).

We obtain the results similar to compSFP(t). The

proofs are given in Section V B.

Theorem 4. For any constant t € Z, compUFP(t) €
FP#P.

Theorem 5. For any constant t € Z+,compUFP(t) is
#P-hard. This is the case even if the cardinality K, of
the set satisfies K, > Kuni(2",t,0).

These results have a consequence on the out-of-time-
ordered correlators (OTOCs). A 2t-point OTOC is de-
fined based on an n-qubit state p, an n-qubit unitary U,
and 2t n-qubit observables {O;};=1 . 2 as follows:

OTOCa(p, U, {0;};) = Tr [(f[ 02;0251(U) )] (25)

j=t

where O;(U) = UO;UT. The OTOCs are important
quantities for characterizing chaotic behaviour in quan-
tum many-body systems, where p is a thermal state of a
given Hamiltonian H, U = e~ *#* with ¢ being time, and
observables are commonly chosen to be single-qubit Pauli
operators. Under these settings, the OTOCs typically
decrease as time ¢ increases, and the speed of the decrease
characterizes quantum chaotic dynamics in terms of the
Lyapunov exponent [33].

In [34], it was shown that the OTOCs are closely related
to the frame potential. To explain this, let us set p to
be the completely mixed state m, corresponding to the
infinite temperature, and take the average of the OTOCs
over a given set U,, of n-qubit unitaries. By summing each
observable O; over an operator basis By, such as a set
of all n-qubit Pauli operators, we can define an average
2t-point OTOC at infinite temperature as

OTOC (V)

1
=5 2. Eueu,
{0;};€BY

OTOCq (m, U, {0;},)|>. (26)

This quantity is shown to be equivalent to the unitary
frame potential of U,, of degree ¢, namely,

1

O0TOC2:(Un) = 5551y

Fi(Un), (27)
which reveals a connection between the OTOCs and the
frame potential.

From Eq. (27) and Theorems 4 and 5, it directly follows
that computing the average 2t-point OTOCs at infinite
temperature is hard for any constant t € Z*.

Corollary 1. For any constant t € Z%, computing
OTOCy(U,) for a set U, of unitaries with a compu-
tationally efficient description is in FP#P and #P-hard.



This may indicate that verifying quantum chaotic dy-
namics is, in general, computationally hard for a large
system, which characterizes the complex nature of chaotic
dynamics from the computational complexity perspective.

D. Promise problems on frame potentials

From the results in the previous section, it follows that
an efficient general algorithm, whether classical or quan-
tum, for exactly computing frame potentials, is unlikely
to exist. It is then natural to consider approximate com-
putation. One approach to address this question is to
formulate it as a promise problem.

We introduce the state frame potential problem
SFP(t,¢) as follows.

Problem 3 (SFP(t,¢)).
Input:

e aset S, of K,, n-qubit state vectors with a compu-

tationally efficient description,

o t €77 (degree),

e a> f>max{l/d;, 1/K,} such that « — 3 > € > 0.
Promise: the state frame potential F3(S,,) is either > «
or < f.

Output: decide which is the case.

From the definition of SFP(, ¢) as a promise problem,
the frame potential Fi(S,) is guaranteed to either be
> «a or < 3, where a > . The difference between «
and [ is characterized by €, which is called a promise
gap. Note that we have assumed g > max{1/d;, 1/K,}
simply to avoid a trivial situation. See the property 2
in Proposition 1.

An algorithm for solving SFP(, €) would allow us to ap-
proximately compute the frame potential by, for instance,
a binary search with logarithmic overhead.

In Section III B, we have already provided a polynomial-
time quantum algorithm for computing the state frame
potential within the inverse-polynomial accuracy (see The-
orem 1). In terms of the computational complexity, this
implies the following.

Theorem 6. For any constant t € 2, SFP(t,¢) € BQP
if € € Q(1/poly(n)).

We can further show that SFP(t, €) is BQP-hard even
if € is constant. See Section VI A for the proof.

Theorem 7. For any constant t € 7, there exists a
constant € such that SFP(t,¢€) is BQP-hard. This is the
case even if the cardinality K,, of the set satisfies K, >
Ky (2",¢,0).

Combining these two, we conclude that, for any con-
stant t € ZT, SFP(¢,Q(1/poly(n))) is BQP-complete.

The inverse-polynomial accuracy of the state frame
potential is, however, not sufficient for checking whether
a given set is a state design or not. In fact, properties 3
and 4 in Proposition 1 imply that an inverse-exponential

accuracy is needed to decide which is the case. For this
reason, we investigate SFP(¢, €) for exponentially small €
and show the following. See Section VIB for the proof.

Theorem 8. For any constant t € Z+, SFP(t,¢) € PP if
= Q(proly(n))_

Theorem 9. For any constant t € Z*+, SFP(t,€) is PP-
hard if e € O(1/(K22™)), where K,, is the cardinality of
the set. This is the case even if K, > K (2",t,0).

Note that K, = O(2P°Y(™) for a set of state vectors
with a computationally efficient description. Hence,
Theorems 8 and 9 imply that SFP(t,@(Q_PO'y("))) is
PP-complete for any constant t € Z+.

We can similarly formulate the unitary frame potential
problem UFP(t, ¢).

Problem 4 (UFP(¢,¢)).
Input:

e aset U, of K,, n-qubit unitaries with a computa-

tionally efficient description,

o t € ZT (degree),

o a > f>max{t!, 22" /K, } such that a — 3 > € > 0.
Promise: the unitary frame potential F;(U,,) is either > «
or < (.

Output: decide which is the case.

The lower bound on § is for avoiding trivial situations
(see the property 2 in Proposition 2).

We obtain the following results about the complexity
class of UFP(t,€). See Section VIC for the proofs.

Theorem 10. For any constant t € Z, UFP(t,¢) € PP
if ¢ € Q(2-Povm),

Theorem 11. For any constant t € 7,
UFP(t, 0221 /K2)) is PP-hard, where K, is
the cardinality of the set. This is the case even if
K, > Kui(2™,1,0).

In Theorem 11, the required promise gap is
022~V /K2), which can be large if the cardi-
nality K, is small. However, when one is concerned
with a set of unitaries that is a candidate of a unitary
t-design, its cardinality should be at least K, ~ 22",
In this case, the required promise gap is O(27PV(™),
That is, it is, in general, hard to compute the unitary
frame potential for a candidate set of unitary designs
with exponential accuracy.

These results have two immediate implications. First,
it may not be possible to drastically improve the quantum
algorithm in the previous section. A general algorithm,
whether quantum or classical, that computes the state
frame potential with exponential accuracy in polynomial
time is highly unlikely to exist. The second implication is
that it is, in general, computationally hard to variationally
generate a unitary or state design based on the frame



potential. As explored in [62], one could start from an
arbitrary set and update the set to minimize the frame
potential. Since the frame potential is minimized only by a
design, the set will eventually converge to an approximate
design. This approach may work in small systems but does
not in large systems due to the difficulty of computing
the frame potential for a general set.

E. Promise problems about designs

So far, we have considered problems related to frame
potentials. We may also ask to decide whether a given
set is a design. This problem directly captures the main
computational complexity of designs. It is natural to ex-
pect that more fine-grained problems related to quantum
designs are often at least as difficult.

For a set of state vectors, we define the state design
problem StDes(¢,0’,4) as follows.

Problem 5 (StDes(t,d’,0)).
Input:
e a set S,, of n-qubit state vectors with a computa-
tionally efficient description,
o t €77 (degree),
e d'>462>0.
Promise: S,, is either a J-approximate state t-design or is
not a ¢’-approximate state t-design.
Output: decide which is the case.

We can show that StDes(,4’,4) is in PP if the promise
gap is not too small.

Theorem 12. For any constant t € Z*,StDes(t,d’,6) €
PP if 6" — dy6% € Q(27Po().

For t = 1,2 and 3, we can also obtain the results about
the hardness of StDes(t,d’, ).

Theorem 13. The following problems are PP-hard.

e StDes(1,0(1),0(27"/2)),

e StDes(2,0(273™),0(27%)),

« StDes(3,0(2-9("")), O (2-9("))).
These problems are PP-hard even if the cardinality K, of
the set satisfies K, > K (2",t,0) with respective t.

Note that the promise gap of the problems listed
in Theorem 13 satisfies the condition in Theorem 12.
Thus, they are all PP-complete. See Section VII A for
the proofs of Theorems 12 and 13.

Similar results also hold for a set of unitaries. We
formulate the unitary design problem UniDes(¢,d’,d) as
follows.

Problem 6 (UniDes(t,d’,9)).
Input:
o aset U, of n-qubit unitaries with a computationally
efficient description,
o t €77 (degree),

e §'>452>0.
Promise: U,, is either a d-approximate unitary ¢-design or
is not a §’-approximate unitary ¢-design.
Output: decide which is the case.

We then obtain the inclusion and the hardness results
about UniDes(t,¢’,d). See Section VIIB for the proofs.

Theorem 14. For any constantt € Z*, UniDes(t,d’,6) €
PP if §"2 — 221152 € Q(27Pol(n)),

Theorem 15. The following problems are PP-hard.

e UniDes(1,0(1),0(27™)),

e UniDes(2,0(27™),0(273")),

e UniDes(3,0(2-°("")), 0(2-0(""))).
These problems are PP-hard even if the cardinality K, of
the set satisfies K, > Kuni(2™,t,0) with respective t.

Similarly to StDes, all the problems listed in Theo-
rem 15 are PP-complete as their promise gaps satisfy the
condition of Theorem 14.

Notably, the promise problems StDes(¢,4’,6) and
UniDes(t, ', ) are both PP-complete even if t = 1 and
the promise gap is constant. More precisely, it is hard to
decide whether a given set is either an exponentially-close
approximation to a 1-design or a worse-than-constant
approximation to a 1-design. This illustrates the highly
complex nature of quantum state and unitary designs.

In contrast, for t = 2 and 3, the promise gaps ¢’ — § of
the problems in Theorems 13 and 15 are exponentially
small, and the complexity of the problems for ¢ > 4 is
unclear. As we explain in Sections VII A and VII B, these
issues arise from the lack of efficient quantum circuits for
quantum t-designs (¢t > 4) with small cardinality. If there
exists a ‘pretty-tight’ approximate ¢-design in the sense
that its cardinality is close to the thresholds, K (2",t,J)
or Kuni(2",t,6), we can show that StDes(t, O(1), O(27"))
and UniDes(t, O(1), O(2727!)) are PP-complete.

IV. ANALYSIS OF QUANTUM ALGORITHM
FOR COMPUTING FRAME POTENTIALS

Here, we provide an in-depth analysis of the quantum
algorithm for computing the state and unitary frame po-
tentials. The algorithm is based on the following lemma
about the states oy /un;i that can be obtained by the quan-
tum circuit described in Fig. 1.

Lemma 1. For a set U, = {U;}j=1,. Kk, of unitaries
on n qubits, let A be a system of k, = log K,, qubits,
and By, and R, be n-qubit systems (m =1,...,t). We
denote By...B; by B and Ry ... Ry by R. Let CtrlA—Ufm
be a multi-qubit controlled unitary on AB,, defined by

ctrl-UBm = 2 je{o1} 1G4 ® U]-B’“, and denote by



ctrlA—Uf their product, i.e.,

t
CtI‘lA—Uf = H CtrlA_Ufm7 (28)
m=1
= Y hlteuP e - eUP. (29)
j€{0,1}~
Let [0s)*P and |oun)*PT be given by

lost) P = ctrl-UZ (| +,,) 1 ©]0,) P @- - ®]0,) ), (30)
and

|Quni>ABR =

CtI‘lA—UE(‘-ﬁ-,{JA ® |(I)n>BlR1 R ® |(I)n>Bth)7 (31)

respectively, where |+, ) = |[+)®%, |0,) = |0)®™, and
|®,,) BB s a mazimally entangled state between By, and
R,,. The state frame potential of S, = {U;|0p)}j=1,... K
and the unitary frame potential of U, are given by

n

Fy(Sa) = Tr[(02)?].  Fu(Un) = 22" Tx[(0fu)?],  (32)
respectively.

Proof (Lemma 1). By a direct calculation, it can be
shown that

Ky

1 tin -
o = 7 > (0ulU]Ui0.)) 1 G4, (33)
=1
1 &n t
Ol = iR Z (TY[U;Ui]) i) (] 4. (34)
=1
This implies Eq. (32). O

Lemma 1 shows that both state and unitary frame
potentials are obtained as a purity of the corresponding
quantum states. Since the purity can be estimated by,
e.g., the swap trick, we can obtain approximate values of
the frame potentials by a quantum computer.

For the sake of completeness, we refer to a quantum
algorithmic result for computing the Hilbert-Schmidt dis-
tance between two states [67].

Theorem 16 (Quantum algorithm for £2-closeness with
purified query-access [67]). Given €,v € (0,1) and mized
states p and o on D-dimensional system, whose purified
states can be generated by U, and U, respectively, it takes

O(min{\/eﬁ, elz}i) (35)

queries to U, U;,UU,UJ to decide whether ||p — o2 > €
or ||p— o2 < (1 — v)e with success probability at least
2/3.

The former query complexity in Theorem 16, i.e.,
O(VD/(ev)), is achieved by using the block encoding,
and the latter by combining the SWAP test and the
amplitude estimation.

For our purpose, we may estimate ||o

stead of Tr[ (0%

st/uni
state on A, since

A
st/uni

)2], where 74 is the completely mixed

—7T'AH2 in-

||Q§/uni - 7TAH§ (36)
= ’I\r[(gg/um - WA)2] (37)
= Tr[(gft/uni)Q] —2Tr [Qi/uniﬂ—A] +Tr [(WA)Q] (38)
1
— A 2
= Tr[ (0% juni)’] — K. (39)
Using Eq. (32), we obtain
1
FU(S:) = llod 713+ -, (10)
1
R =2 (e - w1+ ). (@)

From this fact, it is straightforward to obtain Theorem 1.

V. ANALYSIS OF COMPLEXITY OF compSFP
AND compUFP

In this section, we investigate the computational com-
plexity of compSFP and compUFP, and provide proofs
for Theorems 2 to 5. We address compSFP in Section V A
and compUFP in Section V B.

A. Complexity of compSFP

We prove Theorem 2 by explicitly constructing a clas-
sical algorithm to compute the state frame potential that
uses a single query to a #P oracle. The algorithm is based
on the quantum algorithm in Lemma 1.

Theorem 2 (restated). For any constant t € 77T,
compSFP(t) € FP#P,

Proof (Theorem 2). From Lemma 1, we have F;(S,) =
Tr[(0%)?], where oZ is the marginal state of |og)“? de-
fined in Eq. (30). Let A’ and B’ be isomorphic to A and
B, respectively, and denote by FA4" = Z” |ij><ji|AA/
the swap operator between A and A’, where {|j)}; is a
basis. The state frame potential can be rephrased as

Ft(sn)
= (foal P (0l ) 4 177 (o) P lon)* ).
(42)

Below, we simpl/y denote the right-hand-side by
(05|22 (FAY @ TBB7)| 04t )®2. The statement of Theorem 2



follows from the fact that this expectation value is ob-
tained by counting the number of satisfying instances of
an appropriate Boolean function that is computable in
classical polynomial time. We show this by using a similar
technique as in [68].

We first map the state |os)®? to the one that is gener-
ated by a quantum circuit consisting only of the Hadamard
and Toffoli gates. To this end, let Y (zq + iya)|a)
(To, Yo € R) be an expansion of |ps)®? in the compu-

tational basis. Using this notation and Eq. (42), the
frame potential is given as
Fi(Sn) = (ot (F @ 177)] 0,0) (43)
= Z(xﬁ — yp)(Ta + iYa)h(a, B) (44)
o,
= (@as +yays)h(a, B), (45)
o,

where h(a, 8) = (B|(F ® I)|c). In the last line, we used
the fact that h(a, 8) = h(B, ), which is either 0 or 1.
We now introduce one more ancillary qubit and define

257) by
Z|a

This is a state on 2(k, + nt) + 1 qubits, where &, =
log K,,, and K,, is the cardinality of S,,. When |g4)®?
can be efficiently generated by a quantum circuit, which
is the case in our problem, it is known that [g%?) can
also be efficiently generated from the computational zero
state only by using the Hadamard and Toffoli gates [69].
Furthermore, it holds that

(0%%|(FAY © IPP @ 1)|05%) =

(24]0) + ya1)). (46)

.f
(47)

which is equal to the frame potential Fi(S,) due
to Eq. (45). Hence, the state frame potential can be
obtained as an expectation value by the state |05?) that
is generated by the quantum circuit consisting only of the
Hadamard and Toffoli gates. Below, we denote by M the
total number of gates in the quantum circuit generating
|62%), and by h the number of Hadamard gates in the
circuit. The number of Toffoli gates is M — h.

Let H be a ‘rescaled’ Hadamard gate v2H, where H
is the Hadamard gate. Denoting by G, the unitary on
(2(kn, + nt) + 1) qubits corresponding to a single H or a
Toffoli gate in the quantum circuit, we can rewrite |§§2>
as follows:

105%) = 272Gy Gay—r ... G1[0)P2n DT (48)

By substituting the identity I = ) |a)(«a| after each
G, where |a) are the computational basis states, we
obtain

057) =272 Z Hgm (s Cvm—1)lonr),  (49)

o m=1

Y (zazs + yays)hl(a, B),

10

where gm(am, @m—1) = {(m|Gm|am-1), and |ag) =
|0)y®2(ntnt)+1 - Since |p%?) is a state on 2(k, 4+ nt) + 1
qubits, a,, € {0,1}2¢n+m)+1 " Below, we use the nota-

tion g(&@) = Hn]\le Im(Qm, @m—1) for @ = (aq,...,an).
With this notation, we have
=2" ’“229 ), (50)
and
)=2" th B)h(anr, Bur), (51)

where g(&75) = g(d)g(ﬁ)v and h(anﬂM) =
(Bu|(FA4 @ 175" @ I)|aw) € {0, 1}
_Since G, is a unitary corresponding to either single
H or a single Toffoli gate, gm(am, @m—1) is computable
in classical polynomial time. This further implies that
g(@) is also computable in classical polynomial time, and
so is g(&, E) Clearly, h(as, Bar) is also computable in
classical polynomial time.

We now define a Boolean function f : {0,1}t+1 —
{0,1}, where L = 2M (2(k,, + nt) + 1), by

Loz 1 if g(a, B)h(anr, Bur) > b,
UG {0 otherwise. (52)

As both g(a

cal polynomial time, so is f(&
We claim that

Fy(Sn) =27"(s(f) — 2"), (53)

where s(f) = [{(&,8,b) € {0,1}FF! : f(@, B,b) = 1}.
This clalm 1mphes that the state frame potential can
be computed by counting the number s(f) of satisfying
instances of an efficiently computable Boolean function
f. As counting s(f) is in #P, one can compute the state
frame potential by a single access to a #P oracle.

To show Eq. (53), let s1 and sq be the number of (&, )
such that

5) and h(ays, Bar) are computable in classi-

,B,b).

g(&,g)B(QM,BM) = :l:]-aoa (54)

respectlvely As the left-hand side is either 41 or 0 for any
& and 5, s_ + so —|— s = 2. Tt also follows from Eq. (51)
that Fy(S,) =27 "(s+ —s_).

By definition, the number of (&, ) such that
f(@ 5,0) = 1 and the number of those satisfying
f(a, 3, 1) = 1 are s + sp and sy, respectively. This
implies that s(f) = 254 + sg. As s_ + 50 + 55 = 2L, we
have s(f) = 2L + s, — s_. This implies Eq. (53). O

We next show the hardness of compSFP, i.e., Theorem 3.
To this end, we provide a polynomial-time reduction from
#SAT to compSFP.



Theorem 3 (restated). For any constant t € Z7T,
compSFP(t) is #P-hard. This is the case even if the
cardinality K,, of the set satisfies K,, > K(2",t,0).

Proof (Theorem 3). For a Boolean function f computable
in classical polynomial time, consider a set of quantum
circuits on n qubits that generates the set S,, = {|f), |p)}U

{l)}j27, where

[fy=270722 N @) f(@)]0),  (55)

z€{0,1}—2
p) = [+ 721 0), (56)
[¥5) = l@i) 1) (57)

Here, [+) = (10) + [1))/v/2, and S, = {Jio;}} 12, is any
set of (n — 1)-qubit state vectors with a computationally
efficient description such that F3(S,) can be computed in

classical polynomial time.

The set S,, constructed in this way also has a computa-
tionally efficient description. In fact, one can obtain the
description of S,, by adding one bit to the computationally
efficient description of Sy, and by using the added degree
of freedom for conditioning if we generate either |f) or
|p), or some state in S,,.

Since (flp) = 2-0=s(f) and (f|u;) = (plts;) = 0 for
all j =1,..., K, — 2, the state frame potential F}(S,,) is
directly computed as

Fi(S,) = <1 f?n)QF’f (S,) +K% [1+ (‘;(LJ_C)Q > 2? . (58)

Since F; (Sw) is polynomial-time computable by assump-
tion, this equation directly yields a polynomial-time reduc-
tion from a #P-complete problem, #SAT, to compSFP.
O

In the proof of Theorem 3, we have used a set S, of
(n—1)-qubit state vectors with a computationally efficient
description, for which we can compute the state frame
potential in polynomial time. For completeness, we below
provide three instances of such a set.

The first one works when K, — 2 < 2" 1. In
this case, we can trivially use any orthonormal basis
{lej)}j=1,...k,—2. The frame potential F}(S,) is simply
1/(K, — 2).

A more non-trivial choice of S, is

|0) + 297/ (Kn=2)|1)

lpj) = NG ®[0"7%). (59)

Let K = K,, — 2, and we assume K > t. The frame

11

potential F}(S,) can be computed as

1 XK
Fise) = 3 S lleslen) (60)
j k=1
1 & o (F—J
= Z oS ( 77) (61)
K Pyt K
1 K-l
_ 2
— s X Bl (£1) @
j=1-K
2 = o (7 1
== (K — j)cos (Kﬂ'> % (63)
7=0
| K-l .
=% cos?t (éw), (64)
3=0

2 ;) (K — j) cos?* <K7r>
K-1 K
— ST(K — j) cos® <7r> + ) cos™ (K — ]7r>
= o (65)
— I:_OI(K — j) cos® <K7r> + Ij(z_;jcos% (77) + K
(66)
K-1
=K |1+ ];J cos?! (77) (67)

Moreover, we can further simplify Eq. (64) by using The-
orem 2.1 in [70], which results in

Fi(S,) = 2% (2;_11). (68)

For any constant ¢, Eq. (68) can be computed in classical
constant time. Note that, by using this set, we can vary
the cardinality K, without changing the frame potential
Fi(Sy,).

We may also generalize Eq. (59) to

2137/ (Kn—2) ®m
|<Pj>—<0>+ - '”) o0 (69)

for any natural number 1 < m < n — 1. By a similar
calculation, the frame potential can be shown to be

gl-2mt (2"” - 1). (70)

mt—1

This value can be dependent on the number n of qubits
if we choose m as a function of n.



From Theorems 2 and 3, we conclude that compSFP €
FP#P and is #P-hard. Although there is a gap between
the result about the inclusion and the hardness, this is
merely due to the fact that the answer of compSFP is a
real number, while the answer of #P problems is a non-
negative integer. One way to close the gap is to restrict
a set of state vectors and consider a ‘re-scaled’ frame
potential. A possible example is a set Sy of state vectors
on n qubits in the form of

[9) =x7V2 ) (=)= a), (71)

reX

where X C {0,1}" with cardinality x := |X|, and a;, €
{0,1}. We call this type of states subset phase states. The
subset phase states and their relations to a state design
were studied in a general context from the viewpoint of
entanglement and thermalization phenomena [71]. In
recent years, special types of subset phase states are also
of particular interest in quantum cryptography because
the state reduces to a phase-random state [48, 72, 73]
when x = 2" and each a;, is randomly chosen, and to a
random subset state [74, 75] when X is randomly chosen
and a;, = 0. Both are known to be useful as quantum
cryptographic primitives.

For the subset phase states, we can show that comput-
ing a re-scaled state frame potential is in #P.

Theorem 17. Let Sy be a set of n-qubit subset phase
states with aj, being efficiently computable in classical
polynomial time, and K, := |Sx| be its cardinality. For
any constant t € Z, computing

X2 (1= Fi(sy)) (72)
is in #P. This is the case even if K, > K(2™,t,0).

Proof (Theorem 17). The frame potential of degree t for
Sy is given by

Fy(Sx) = yesstons| " (73)
n g k=1 :I:EX
K’Vl
= thz Yo (st (74
" g k=1FecXx?2t
where ajz = (Qjoys---50jzy,), and |ajz + arpg| =

Ziﬁﬂ(ajxm + agz,,) with all the addition taken as XOR.
For simplicity, we introduce a (K, x x) matrix A =
(ajs)jz and define a Boolean function fa(j,k,Z) from
{0,1}20og Knttlogx) 5 {0, 1} such as
fa(,k, &) = lajz + arzl. (75)
As we have assumed that a;, are efficiently computable
in classical polynomial time, fa(j,k,&) is also com-
putable in classical polynomial time. Using s(f4) =

12

>z fa(j,k, @), which is the number of inputs satisfy-
ing fa(j,k,Z) =1, it follows that

(SX 2tK2 Z Z

jk=1zecXx?2t
_ XPKR —25(fa)
XHEE

1)faGkE) - (76)

(77)

which further implies that

275 K2

s(fa) = (1 —F, (SX)) (78)

Thus, computing Eq. (72) is in #P. O

B. Complexity of compUFP

We now turn to compUFP. Both the inclusion and the
hardness of compUFP can be shown in a similar way to
compSFP.

Theorem 4 (restated).
compUFP(t) € FP#P.

For any constant t € 77T,

The proof of Theorem 4 is almost the same as that
of Theorem 2, except the point that, instead of using
lost), we simply use |ouni) that is defined in Eq. (31).

We next prove Theorem 5.

Theorem 5 (restated). For any constant ¢t €
Z+,compUFP(t) is #P-hard. This is the case even if
the cardinality K, of the set satisfies K, > Kuni(2™,t,0).

Proof (Theorem 5). Let f : {0,1}"72 — {0,1} be a
Boolean function computable in classical polynomial time.
Consider a set U, = {Us,U,} U {U; }f:"fQ of unitaries,
where

Up = (In-1 = 2| /){f)® Z (79)
Up = (In—1 = 2Ip){pl) @ Z, (80)
Uj:‘/j®j, (81)

where I,,_; is the identity operator on (n—1) qubits, |f) =
2= AR Y coayn—z [2) ® [ f(2)) and [p) = [+)2 2 ©
|1) are the states on (n—1) qubits, Z is the 1-qubit Pauli-Z
operator and V,,_1 = {Vj}jl.i"f2 is any set of unitaries on
(n—1) qubits with a computationally efficient description,
whose frame potential of degree ¢ can be computed in
classical polynomial time. As V,,_; has a computationally
efficient description, so does the set U,.

A straightforward calculation leads to

Fi(U,) = 22t(1 _ Ki)QFt(vn_l)

= |22+ a(s()], (s2)

=



where g;(z) = (2" — 8 + 2*2”+7x2)2t, and s(f) =
Zm{o’l}"*z f(z).

Since we have assumed that F} (Vn,l) is computable
in classical polynomial time, this equation yields a

polynomial-time reduction from a #P-complete problem,
#SAT, to compUFP. O

Similarly to the comment after the proof of Theorem 3,
we can choose various sets V,,_; with a computationally
efficient description as far as its unitary frame potential
can be computed in classical polynomial time.

VI. ANALYSIS OF COMPLEXITY OF SFP AND
UFP

In this section, we explain our results about the
promise problems SFP and UFP in detail. In Sec-
tions VI A and VIB, we consider SFP with the promise
gap Q(1/poly(n)) and O(1/exp(n)), respectively. The
unitary case, UFP, is investigated in Section VIC.

A. Complexity of SFP with a promise gap
Q(1/poly(n))

Theorem 7 (restated). For any constant t € Z*, there
exists a constant € such that SFP(t,€) is BQP-hard. This
s the case even if the cardinality K, of the set satisfies
K, > K«(2",t,0).

This result is obtained by providing a reduction from a
BQP-complete problem to SFP.

Proof (Theorem 7). We denote the length of a bit string
x by |z|.

Let L = (Lyes, Lno) € {0,1}* be a BQP-complete prob-
lem. By definition, for z € L, there exists a unitary U,
corresponding to a polynomial-sized quantum circuit on
m € poly(|z|) many qubits such that the probability

(@) = UL (1)(1] @ I U[0™)  (83)

of measuring the first qubit in state |1) satisfies

1. if & € Lyes, then ¢1(z) > 3
1

2. if x € Ly, then ¢ (z) < 3

We assume m > 2 without loss of generality. We define
Vx = (U; (9 H)CZl,m_;'_l(Uw ® H) with CZLm_A,_l and
H being the controlled-Z gate applied on the first and
(m 4 1)th qubits and the Hadamard gate, respectively.
As shown in [76], q1(z) = [(0™1]|V,|0™F1)| holds.
We consider the set {|v;), |aj>}§(:1 of state vectors,
where
\/§ ’
|O> + e2ij7r/K|1>
\/i )

[v;) = Voo™ ® (84)

laj) = [0") @ 1) (85)
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and K is set to be larger than ¢. Since {U, }, is a uniform
family of polynomial-sized quantum circuits, this is a mul-
tiset of state vectors with a computationally efficient de-
scription. For simplicity, let |¢;) = (|0) + 27"/ K|1))/v/2
forall 1 <j < K.

The state frame potential of degree ¢ for the above set
is

K
Tz D0 (sl P+ aglag)l? + 2)(as o))

Gk=1
(86)
l+q@)* [ 1 &
=75 | Z |<<Pj\<ﬂk>|2t (87)
dik=1
1+ q(x)* f2t —1
T t—1) (88)

where we have used Eq. (68) to derive the last equation.
From Eq. (88), we can solve the BQP-complete problem
by deciding whether the frame potential is at least

=) G5)

T (89)
or at most
2t—1 2t—1
(=), G2
1t + 36t (90)

Therefore, the promise gap € is

(w5) (i) o

and hence, it is constant. O

B. Complexity of SFP with a promise gap
O(1/exp(n))

Theorem 8 (restated). For any constant t € 77T,
SFP(t,e) € PP if e € Q(27Po(m)),

Our proof of Theorem 8 is based on the complexity
class PQP, i.e., is a quantum analogue of PP.

Proof (Theorem 8). Consider the following algorithm:

1. With probability p = 2/(2 + a + ), proceed to the
next step. With the remaining probability, output
“reject.”

2. Choose i and j from {1,2,..., K,,} uniformly at
random.

3. Perform the swap test for |¢;)®" and [¢;)®*, where
[¥5), |¥;) € S,. If the outcome is 0 (1), output
“accept” (“reject”).



Note that the second step, choosing ¢ and j, can be
done in poly(n) time since we consider a set with a com-
putationally efficient description, whose cardinality is
K, € 0209 ().

The acceptance probability of this algorithm is

L+ [(@il)|* 14 Fi(Sn)
2 Z 2 =P 2 ’ (92)
4,j=1
Therefore, the acceptance probability is either
14a 1 a—p
>p = (93)
2 2 224 a+p)
or
1+5 1 a—pf
<p—— - 94
=P T T YT 21 at B) (04)

This means that SFP(t,¢) is in PQP if &« — 8 > € €
9(2_p°'y(”)). The proof is completed by the fact that
PQP = PP. O

This proof also provides an alternative proof
of Theorem 6, stating that SFP(t,e) € BQP when

e € Q(1/poly(n)).

We next provide the proof of the hardness of SFP for
sufficiently small promise gaps.

Theorem 9 (restated). For any constant t € Z7T,
SFP(t,¢) is PP-hard if ¢ € O(1/(K22")), where K,
is the cardinality of the set. This is the case even if
K, > Kq«(2",t,0).

To show Theorem 9, we provide a polynomial-time
reduction from a PP-complete problem, MAJ-SAT [77], to
SFP.

Definition 6 (MAJ-SAT). Let f:{0,1}™ — {0,1} be
a Boolean function computable in classical polynomial
time, and s(f) be by }_ (o 1ym f(2). Decide whether

0 <s(f) <2m~tor2m <s(f)<2m.
Theorem 18. MAJ-SAT is PP-complete.

We below prove Theorem 9 by explicitly embedding the
quantity s(f) in MAJ-SAT to the state frame potential
F(Sp).

Proof (Theorem 9). Let f : {0,1}"72 — {0,1} be a
Boolean function computable in classical polynomial time.
Consider the same set S,, defined by Egs. (55) to (57),
which has a computationally efficient description. As
in Eq. (58), the state frame potential F; of degree ¢ for
S, is given by

Fi(Sa) = (1 - é)QFt(sg,) + % [1 + (;ﬁfl)%]

n
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We set a and 3 as
2 \° 2
_ 2t
(1= ) A+ et o)

() e e (]
(97)

It suffices for solving MAJ-SAT to determine either
F(Sp) > aor < 5. As MAJ-SAT is PP-complete (Theo-
rem 18), SFP (¢, — ) is PP-hard.

The promise gap, i.e., a — 3, is evaluated as

1 1 2t

>
- 22t71KT2L(2n74 + t) ’

where we used (1 — €)™ < (14 me)~ L. O

C. Complexity of UFP
In a similar way to SFP, we can clarify the computa-
tional complexity class of UFP.

Theorem 10 (restated). For any constant t € Z7,
UFP(t,e) € PP if e € Q(27PoV(M).

Proof (Theorem 10). Let o/ := /22" and B’ ==
We run the following algorithm:

6/22tn.

1. With probability p = 2/(2+4 o’ + '), proceed to the
next step. With the remaining probability, output
“reject.”

2. Select ¢ and j from {1,2,..., K, } uniformly at ran-

dom.
3. Let |D) = \/27 22 !|kk) be a maximally entan-
gled state. Perform the swap test for
n ®t
i) = (1" @ U3) |2)) (100)
and
n ®t
;) = ((I*" @ U;) |®)) (101)

where U;,U; € Uy,. If the outcome is 0 (1), output
“accept” (“reject”).

The acceptance probability of this algorithm is

1+ (¥, \qf W2 14 F(U,) /2%
2 Z =p 5 , o (102)
1,5=1
which is either
1+« 1 of — '
2D = P (103)
2 2 224+ )



or

1 ! 1 ! !
B S (104)
2 2 22+ +p)

This implies that UFP(¢,¢€) is in PQP. The fact that
PQP = PP completes the proof. O

Unlike the case of SFP(¢, €), this proof does not imply
that UFP(¢,¢€) is in BQP even if € € Q(1/poly(n)). This
is due to the factor 272" in o and 3'.

Theorem 11 (restated). For any constant t € Z7,
UFP(t, O(22(t=V" ) K2)) is PP-hard, where K, is the car-
dinality of the set. This is the case even if K, >
Kuni(QnataO)‘

Proof (Theorem 11). We provide a polynomial-time
reduction from a PP-complete problem, MAJ-SAT, to
UFP(t,¢). Let f:{0,1}"=2 — {0,1} be a Boolean func-
tion computable in classical polynomial time. Consider
the same set U,, defined by Egs. (79) to (81), of unitaries
on n qubits, which has a computationally efficient descrip-
tion. As in Eq. (82), the unitary frame potential for U,,
is

Fi(U,) = 2%(1 — ;)2Ft(vn1)

n

2
+ 2 (2" +a(s()], (105)
where g¢(z) = (2" — 8 + 2_2"+7x2)2t.

We set o and 3 such as

2\° 2
o= 2% (1 - n) Fy(Vna) + 55 27 + 0 (2"70)],
(106)

n

2

B = 2%(1 - e

n n

(107)

If one can determine whether F;(U,) > a or < (3, one
can also determine if M < 273 or M > 2773, Since the
latter is MAJ-SAT and PP-complete due to Theorem 18,
the former is PP-hard.

The promise gap € = o — 8 is computed as

2t(2" — 6)%* (1 + 0(27™))
= TR 62" —6) + 1]

€ O(2%¢=bn/K2). (108)

This concludes the proof. O

VII. ANALYSIS OF COMPLEXITY OF StDes
AND UniDes

We investigate the complexity class of StDes in Sec-
tion VII A and that of UniDes in Section VII B.

2
2
s )
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A. Complexity of StDes

The fact that StDes is in PP if 6" and § satisfy a certain
condition directly follows from Theorem 8, i.e., from the
statement that SFP(¢,€) € PP if € is not too small.

Theorem 12 (restated). For any constant t €
Z*,StDes(t,8',5) € PP if 6" — d,62 € Q(27Pv(m)),

Proof. Due to the promise of the problem, it is guar-
anteed that a given set S,, is either a d-approximate or
not a ¢’-approximate state t-design. If the former is the
case, Fy(S,) < 1/d; + 62/d;, and, if the latter is the
case, Fy(S,) > 1/d; + §%/d?. Since (1/d; + §%/d?) —
(1/dy + 6%/d;) € Q(27P¥(™) by assumption, checking
which is the case is in PP due to Theorem 8. Hence,
StDes(t, ¢, 6) € PP. O

We next show the hardness of StDes. The following is
the restatement of Theorem 13.

Theorem 13 (restated). The following problems are PP-
hard.

e StDes(1,0(1),0(27"/2)),

e StDes(2,0(273"), 0(27%)),

e StDes(3,0(2-9(")) O(2-0("))),
These problems are PP-hard even if the cardinality K, of
the set satisfies K, > K (2",t,0) with respective t.

We can show Theorem 13 based on the fact that, if
there exists an efficient construction of a state ¢t-design
with small cardinality, then the promise problem StDes
is PP-hard. This statement is provided in Proposition 3.

Proposition 3. Suppose that there exists an effi-
cient construction of a dg-approximate state t-design
S on n qubits with a computationally efficient descrip-
tion, whose cardinality is O(2P°Y(™) if 6o = 0, and
O(min{?t”/50,2p°'Y(")}) if g > 0. Then, StDes(t,&’,é)
is PP-hard, where

§ = O(max{%t,&o\/a}), and 6 € o(%).

n

(109)
The promise gap is given by 6’ — 6 € O(d8"). It also holds
that 6" — d;6% € Q(27Pov(M)),

Proof (Proposition 3). Let |f) and |p) be given by

HEEREEEDY

z€{0,1}»—1
p) =)L),

) f(z)),  (110)

(111)

where f:{0,1}"~! — {0,1} is a Boolean function com-
putable in classical polynomial time. It holds that {f|p) =
(ol f) = 2_(n_1)3(f)7 where s(f) = er{071}7kl f(=).

We now consider the frame potential of a set S,, =S, U

{1£).1p)}, where S}, = {|¢;)}% % is a dg-approximate



state t-design that satisfies the condition on the cardinal-
ity in the statement of Proposition 3. The state frame
potential for S, is

Ky,—2

FilSn) = 7 [2+ 2P + Y oslion)
n j k=1

K,—2
+2 3 > lwle®]. (112)

w=f,p j=1

The third term is (K, — 2)2Fy(S,,), and 1/d; < Fy(S]) <
(1+62)/d; as S, is a dp-approximate t-design (see the
properties 2 and 3 in Proposition 1). To compute the last
term, we rewrite it as

Kn—2 Kn—2

> Kl = (wl® (D lea) sl ) up®".

J=1 Jj=1

(113)

As S! is a dp-approximate state t-design,

K,—2

N Kn*2 50
| ool -2t < (=203 (114)
j=1

t

Since |w)®! is in the symmetric subspace, we have

e K, -2 5
it ) |t ®t  n < _ 920
it (32 teaosl™) )™ = == < (6 —2)5
(115)
for w = f,p.
Based on these bounds, we obtain
LB(s(f)) < Fi(S,) <UB(s(f)),  (116)
where
1 48, 2 e e 2(1—26)
LB@) =0 &g T &2 1+ @) a, J
(117)
1+382  450(1—6o)
B(z) =
UB(e) = =7 Kody
l 1-n,\2t 1+50(2_5O)
t o [1+(2 m) 9t St }
(118)

Note that these functions are both monotonically increas-
ing as x increases.

We now set § and §’ as

8 =di\/UB(sy) — 1/dy, 6 =+/diLB(so) —1 (119)
where s, = 2"72 — 1/3 and sp = 2"72 — 2/3. Note
that d;LB(sg) — 1 > 0 due to the assumption on the
cardinality of S/,. From explicit expressions of Eq. (119),
we obtain Eq. (109). It also follows that & > +/d;0
from LB(sg) < UB(s(). Hence, &' —§ € O(¢). To
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evaluate 82 — d;0% = d?(UB(s}) — LB(sp)), notice that
UB(s;) — LB(so) is minimized if §p = 0. Hence, it holds
that

5/2 _ dt62 > d%(S/OQt — S%t)

> g € 2T,

(120)

where we used in the last statement the assumption that
the cardinality K, — 2 of S/, is at most O(2P°Y(™)),

From the properties of the state frame potential, if
S, is a d-approximate state t-design, it follows from the
property 3 in Proposition 1 that

Fy(S,) < 1/dy + 62 /d; = LB(s0). (121)
Combining this with Eq. (116), it follows that
LB(s(f)) < LB(so). (122)

As LB(«) is monotonically increasing in z, we obtain
s(f) < sp = 272 — 2/3. Recalling that s(f) is non-
negative integer, it follows that s(f) <2772 — 1. On the
other hand, if S,, is not a §’-approximate state t-design,
we obtain from the property 4 in Proposition 1 that

Fi(S,) > 1/d; + 6" /d? = UB(s}). (123)
With Eq. (116), this implies
UB(sg) < UB(s(f)). (124)

As UB(z) is also monotonically increasing in z and s(f)
is non-negative integer, we have s(f) > 2"~2. Thus, if
one can decide whether S,, is a d-approximate or is not
a ¢ state t-design, one can decide if s(f) < 2”72 —1 or
> 2772 which is nothing but MAJ-SAT. As MAJ-SAT is
PP-complete, StDes(t, ¢’, §) for § and §’ given by Eq. (119)
is PP-hard. O

Proposition 3 may be of independent interest since it
reveals that the existence of a state design with small
cardinality leads to the hardness of the promise problem
StDes. However, Proposition 3 cannot be applied to
general ¢ since no construction of approximate state ¢-
designs with such small cardinality is known for general
t.

For t = 1,2 and 3, we can use an exact state design to
circumvent this problem, which leads to Theorem 13.

Proof (Theorem 13). It is well-known that the computa-
tional basis {|2)}.c0,13» on n qubits is an exact 1-design
with cardinality 2". For ¢t = 2 and 3, we can use Clifford
circuits to generate the set of state vectors. There is
a Clifford circuit for an exact 2-design with cardinality
25m — 231 [78]. For t = 3, the Clifford group itself is an
exact unitary 3-design with cardinality 20(n?) [79, 80].
Note that all of these have computationally efficient de-
scriptions.

Substituting these into Proposition 3, we obtain the PP-
hardness of StDes(t, ', ) for ¢t = 1,2 and 3 with respective
6" and 4. O



B. Complexity of UniDes

The same proof technique for Theorems 12 and 13 can
be applied to proving Theorems 14 and 15, respectively.

Theorem 14 (restated). For any constant t € Z7,
UniDes(t,8',8) € PP if 6" — 22752 ¢ Q(27Polv(n)),

Proof. Due to the promise of the problem, it is guar-
anteed that a given set U, is either a d-approximate or
not a §’-approximate unitary ¢-design. If the former is
the case, Fy(U,) < t! + 62, and, if the latter is the case,
Fy(Uy) >t 4 §2/2% Since (#! 4 §2/2%") — (#1 4 62) €
Q(Q*P"'y(")) by assumption, checking which is the case is
in PP due to Theorem 10. Hence, UniDes(t,d’,d) € PP.
O

Below is a restatement of Theorem 15 for clarity.
Theorem 15 (restated). The following problems are PP-
hard.

e UniDes(1,0(1),0(27™)),
e UniDes(2,0(27™),0(273")),
« UniDes(3,0(2-9("")), 0(2-0(""))).
These problems are PP-hard even if the cardinality K, of
the set satisfies K, > Kuni(2™,t,0) with respective t.
To show this, we begin with a more general statement.

Proposition 4. Suppose that there exists an effi-
cient construction of a §g-approximate unitary t-design
on n qubit with a computationally efficient descrip-
tion, whose cardinality is O(2PY™) if 55 = 0 and
O(min{22" /5, 2PY(™Y) if 6o > 0. Then, UniDes(t, &', §)
is PP-hard, where
5 ¢ O (2 max {6y, 2 dsco(Z). a2

€ ( max{ O,K—n}), and § € (K—n> (125)
The promise gap between §' and ¢ is &' —§ € O(Y'). It
also holds that ' — 227t§2 € Q(27PoV(n)),

Proof (Proposition 4). Let us consider a set U, =
{Us,Up} U {Uj}f:"fQ of unitaries, where
Up = In = 2[f){fl,

Up = In - 2‘p><p|7
U; = V.

(126)
(127
(128)

~—

Here, I,, is the identity operator on n qubits, |f) =
2D, sy |) © [f(2)) with f(x) being a
Boolean function computable in classical polynomial time,
p) = [+ @ 1), and V, = {V;}R7 s a G-
approximate unitary t-design with a computationally effi-
cient description, whose cardinality satisfies either one of
the two conditions in the statement. The unitary frame
potential of this set is

FiU) = gz (22T (0], P45, -2 PRV,

K2
Kp—2
+2 3 N \Tr[U;UjH”). (129)
w=f,p j=1
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Below, we investigate each non-trivial term independently.
It holds that

Te([U1U,] :2”—4+4(3(f))2, (130)

gn—1
where s(f) = >, c(01yn—1 f(2). The frame potential
Fy(Vy) of a set V,, satisfies

t! < Fy(V,) <!+ 62, (131)

as V,, is a dp-approximate unitary t-design (see the prop-
erties 1, 2, and 3 in Proposition 2).

To evaluate the last term in Eq. (129), we rewrite the
).

summation in terms of the moment operator M\(,t

1 K,—2 ; o
K, —2 Z |Tr[Uij”

j=1

= Te[(UI @ U MIP]. (132)

To investigate the right-hand side, we recall the definition
of approximate unitary t-designs, which is

a0 = 2P, < o (133)

Further using the fact that Mfit) is the projection onto
trivial irreducible representations of a representation U

U®t @ U (sce, e.g., [53]), the moment operator M\(/t) is
given as
My =My 4 A, (134)

where A has a support only on the orthogonal complement

to the support of M,gt) and satisfies ||A|l; < do. Hence,
for w = f,p,

Tr[(U;r]th ® UJ}@t)M\(/ﬂ]

= Te[(U}% © USEY M) + Te[(UE @ U521 A
(135)

The first term is t! as the Haar measure H is the unitarily
invariant measure. The second term is evaluated as

(Ul 0 O A]| < ||(U 0 U A,
< |lufet @ UF | Jlal, (37

(136)

< do. (138)
All together, we have
[ e Ul MP] — | <6, (139)

for w = f,p. Combining with Eq. (132), this provides
lower and upper bounds on the last term in Eq. (129).

All together, we obtain a lower and an upper bound on
F;(Uy) such as

LB(s(f)) < Fi(U,) <UB(s(f)),  (140)



where
400 2
—_ 4 _ 9 e 2nt 2t |
LB() = 1! = 22 + 15 (2 + g(a)? — 21! +450),
(141)
and
460(1 — &) 2

UB(z) = t1+ 62+ (QM +g(z)2 —2t!

K, K2
—200(2 - &), (142)

with g(x) being 2" — 4 +22/2%("=2)_ These are increasing
functions as x increases.
We now set ¢’ and é such that

S (143)

4 6% =LB(2" 2 —2/3).

N
th+ (5) = UB(2"2? - 1/3),
(144)

Note that such § exists due to the assumption on the
cardinality of the dp-approximate unitary t-design. If U,
is a d-approximate unitary t-design, it follows from the
property 3 in Proposition 2 that

Fi(U,) <t + 62, (145)
=LB(2" 2% —2/3), (146)

which further leads to
LB(s(f)) <LB(2"* —2/3), (147)

due to Eq. (140). Since LB(z) is increasing in x and s(f)
is non-negative integer, this implies that s(f) <2772 — 1.
On the other hand, if U, is not a ¢’-approximate uni-
tary t-design, its frame potential satisfies (the property 4
in Proposition 2)

5 2
Fi(U,) >t + (W) : (148)
= UB(2" 2 — 1/3). (149)

Combining this with Eq. (140), we obtain
UB(2""2 —1/3) < UB(s(f)). (150)

As UB(x) is an increasing function in = and s(f) is non-
negative integer, this implies that s(f) > 2772, Thus,
if one can decide whether U, is not a §-approximate
unitary t-design or a d-approximate unitary ¢-design, one
can also solve the MAJ-SAT. As the latter is PP-complete,
the former is PP-hard.

From the direct calculations, we also obtain

5 e O(znt max{éo, i{—t}) (151)
5e O(%m) (152)
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To obtain ¢’, we have used the assumption that the car-
dinality K, — 2 of V,, is O(2%"/§y) if 5o > 0. Finally,

6% — 22§52 = 22 (UB(s))) — LB(s0)) (153)
22nt+1 1\2t 2t

2 e (9(s0)*" — g(s0)*) (154)

€ (27PN, (155)

where we used in the last line that the cardinality K, — 2
of V,, is at most O(2PV(™)), O

The proof of Theorem 15 follows from Proposition 4
and known exact unitary t-designs for ¢t = 1,2 and 3.

Proof (Theorem 15). We use the n-qubit Pauli group as
an exact 1-design with cardinality 22", a Clifford circuit
in [78] as an exact 2-design with cardinality 2°™ — 23" and
the n-qubit Clifford group as an exact 3-design with car-
dinality 20(n*), By substituting these into Proposition 4,
we obtain Theorem 15. O

VIII. CONCLUSION AND DISCUSSION

In this paper, we have initiated a computational
complexity-theoretic analyses about the problems related
to unitary and state designs and have paved the way to
understanding randomness in quantum systems from the
complexity perspective. We have begun with an explicit
quantum algorithm for computing the unitary and state
frame potentials and then clarified the complexity classes
of exactly computing the frame potentials, compSFP(¢)
and compUFP(t), which have been shown to be #P-hard
and to be achievable by a single query to a #P-oracle.
These results imply that the average OTOC, which is
an important quantity to characterize quantum chaotic
dynamics in many-body systems, should not be efficiently
computable.

We have then introduced promise problems, SFP(¢, ¢)
and UFP(¢,¢€), to decide whether the frame potential is
larger than or smaller than certain values with a promise
gap €. These problems are important to address the com-
plexity of approximately computing the frame potentials.
For SFP(t,€), we have proven that the problem is BQP-
complete for € € ©(1/poly(n)), but is PP-complete for
e € ©(27PV() The latter has been shown to be the
case for UFP(¢,¢).

We finally addressed promise problems that are directly
related to state and unitary designs: whether or not a
given set is an approximate design. We have shown that
these problems, StDes(t, ¢’, d) and UniDes(t, 8, ), are PP-
complete for t = 1,2 and 3 with suitable choices of 4’ and
0, and in PP for any constant ¢ if the promise gap is not
too small. These results have qualitatively revealed the
computationally hard nature of unitary and state designs.

While we have thoroughly investigated the computa-
tional complexity classes of the introduced problems, the
complexity in some parameter regions remains open, such



as UFP(t,¢) for € € Q(1/poly(n)), and the hardness of
StDes(t, ¢, 6) and UniDes(t,d’,0) for t > 4. Clarifying
the complexity classes of these will be important open
problems. From a more practical viewpoint, it will also
be important to consider restricted sets of state vectors
or unitaries, for which the problems we have introduced
in this work become solvable in classical or quantum
polynomial time.
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Appendix A: Proofs of Propositions 1 and 2
1. Proof of Proposition 1

We here provide a proof of Proposition 1 for complete-
ness. Note that we assume ¢ < d, but similar statements
hold even for t > d.

Proposition 1 (restated). Let d,t € Z* be such that

t<d, and dy = (d+§71). The following hold for the state

frame potential of degree t.
1. Fy(H) =1/d;.

2. For any probability measure 1 on a non-empty set
of state vectors,

Fy(p) € [1/dy, 1], ()

where equality of the lower bound holds if and only
if it is an exact state t-design. For the uniform
measure on a finite set S with cardinality K,

Fy(S) € [max{1/d;, 1/K}, 1]. (6)
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3. If a finite set S of state vectors is a d-approximate
state t-design, then

1 42
<=4 —.
F(§) <7 +5 (7)

4. If a finite set S of state vectors satisfies

F(5)<i+£ (8)
t _dt d?7

then S is a d-approximate state t-design.

5. For a finite set S of state wvectors to be a §-
approximate state t-design, it has to contain at least
K (d, t,8) state vectors, where

d
Kst(d?taé) = 1 _:52'

(9)

Proof (Proposition 1). The state frame potential for
a uniformly distributed state can be calculated directly
using Egs. (2) and (3).

To show the second statement, we begin with the fact
that the support of the state Zjil [1;) (1|t /K is the
symmetric subspace, as it is a probabilistic mixture of
symmetric states. The frame potential is defined by the
squared Hilbert-Schmidt norm of the state, and its mini-
mum 1/d; is attained by the completely mixed state on
the subspace, which corresponds to a state averaged over
exact state t-design. The upper bound follows from the
simple facts that |(¢[)| < 1 for any state vectors |¢) and
|1). For the uniform probability measure over a finite set
S with cardinality K, the frame potential further satisfies

1 K 2t

F,(S) = (A1)
1 Zﬁ:l 2t
_ﬁ;WMM (A2)
1
== (A3)

To show the third statement, we start with the defini-
tion of a state design. If a set S is a d-approximate state

t-design, Eq. (1) holds. Since || - [|2 < y/rank(- )] - ||co, We
have

(A4)

H;{gWﬁWﬂ@t - HS%in,t)HQ = \/6@’

where we used Eq. (2). By the direct calculation
and Eq. (3), the left-hand-side satisfies

H;iymwmtmﬁfﬁﬁzm@—i

Hence, the third statement holds.
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The fourth statement is shown as follows. Suppose that
aset S ={|y;)};j=1,. K satisfies F}(S) < 1/d; +62/d?. A
direct calculation leads to

K
1 gy (1, )
= (o ©F — Teym L)
HK ; [5) il d; H2 < 6/dy. (A6)
As || loo <l |l2, we obtain

a, (A7)

K
1 Mgym(n,t)
| S le - PO < 5ya,
j=1
which implies that S is a d-approximate state t-design.
Finally, suppose that the cardinality K of a set
S = {|¢j)}j=1,...k is less than d;/(1 + §2). Together
with Eq. (A3), we have

1 1 62
FS)>—=>—+—

. A
- K d  d (A8)

Due to the contraposition of the third statement, this
implies that S is not a d-approximate state t-design. [

2. Proof of Proposition 2

We next show Proposition 2. Similarly to the state

frame potential, we assume t < d just for simplicity.

Similar statements hold even for t > d.

Proposition 2 (restated). Let d,t € Z*t be such that
t < d. The following hold for the unitary frame potential.

1. Fy(H) = 1.

2. For any probability measure p on a non-empty set

in U(d),
Fy(p) € [t!, d**], (14)

where equality of the lower bound holds if and only
if it is an exact unitary t-design. For the uniform
measure on a finite set U with cardinality K,

F,(U) € [max{t!, d*/K}, d*']. (15)
3. If a finite set U of unitaries is a §-approximate
unitary t-design, then

Fi(U) <t + 62 (16)

4. If a finite set U of unitaries satisfies

52

then U is a d-approzimate unitary t-design.
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5. For a finite set U of wunitaries to be a J-
approzrimate unitary t-design, it has to contain at
least Kni(d,t,0) unitaries, where

d2t
t 462

Kuni(d,t,é) = (18)

Proof (Proposition 2). The unitary frame potential for
the Haar measure is given by the number of trivial irre-
ducible representations of U +— U®! @ U®!, which is ¢!
when ¢t < 2", This is the first statement.
For the second statement, since the Haar measure is
the left- and right-unitary invariant measure,
1M = MP|2 = Fi(n) - Fi(H), (A9)
for any probability measure p on U(d). As the left-hand-
side is non-negative, Fy(H) < Fi(u). Also using the
first property, we have ¢! < Fi(u). The upper bound is
obtained from the facts that Tr [U TV] < d for any unitary
U,V € U(d). For the uniform probability measure on
a finite set U with cardinality K, the frame potential
satisfies

| X
FU) = e Z |Tr[UiTUj]|2t

(A10)
i,j=1
1 K 2t
> 5 Z|Tr[U]TUj]| (A11)
j=1
2t
= df. (A12)

If a set U is a J-approximate unitary t-design, it satisfies

1) = M|, <. (A13)
Since || - [|2 < ||+ |1, the first statement and Eq. (A9) leads
to Fy(U) < ¢!+ 62

Suppose that a set U satisfies F;(U) < #!+6%/d?'. From
the first statement and Eq. (A9), it follows that

[ = M, < 5/ (A14)

As||- |1 < v/rank(-)]|-[|2, we obtain || M — M|, < 4.
That is, U is a §-approximate unitary ¢-design.

Finally, suppose that the cardinality K of a set U =
{U;};=1,....k of unitaries is less than d*'/(t! + §%). To-
gether with Eq. (A12), the frame potential satisfies

2t

Fi(U) > d? >t + 62 (A15)

Due to the contraposition of the third statement, S is not
a d-approximate unitary t-design. O
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