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Abstract

This thesis is concerned with the modelling of, and controller design for precision synchronization
networks, posing a distributed control problem. One application for such systems from the frontiers
of experimental physics are free-electron lasers, tools to study matter down to the submolecular level.
When aiming to spatially and temporally resolve matter and processes on atomic scales, the elementary
diffraction limit and the attosecond dynamics of electrons formulate the need for pulses of light at very
short wavelengths in the hard X-ray regime and shorter than a few femtoseconds. Such pulses today
can only be created in large facilities such as the European XFEL, generating coherent synchrotron
radiation from accelerated packets of electrons. The short timescales and experimental techniques such
as pump-probe schemes pose stringent synchronization requirements on the facility. Given the large
spatial extent of the facility of a few kilometres, laser-based synchronization networks have become
indispensable to achieve femtosecond timing stability. Such systems consist of time-of-flight stabilized
optical fibre links and several phase-locked loops interconnecting conventional RF oscillators and
mode-locked lasers, functioning as oscillators in the optical domain.

By taking into account the interconnection structure of precision synchronization networks, this
work aims to improve the overall synchronization performance to attosecond levels RMS, while simul-
taneously ensuring robust operation. The latter is crucial because of the sensitive optical components
and high cost of facility downtime. From a control theoretic perspective, the performance goal is ex-
pressed using the well-known 𝐇2-norm. In combination with a distributed controller architecture, this
problem is however also known to be NP-hard. Nevertheless, approaches towards acceptable suboptimal
solutions exist in the form of convex approximations, and nonsmooth optimization. For robustness, the
method of bounding model uncertainties using multipliers has received substantial attention over the
last decades and was generalized in the integral quadratic constraint (IQC) framework. One particularly
relevant feature is the possibility to account for uncertain time delays, which are non-negligible in large
synchronization systems.

Despite mature individual solutions for the performance, robustness and distributed system aspects
of control system design, the joint consideration remains challenging. After developing the required
models for phase-locked loops and stabilized timing links, identifying them as singular variants of the
standard 𝐇2-problem, this work presents novel solutions to the robust distributed output feedback
problem by means of linear matrix inequalities and, alternatively, by exact nonsmooth minimum
singular value problems in the frequency domain. Particular contributions are the extension of the
sparsity invariance framework for least conservative convex restrictions to the output feedback case via
a specific state-space form and the incorporation of static multipliers via the full-block S-procedure
for robust stability and performance. In addition, the full versatility of the IQC framework, including
dynamic multipliers, is made available to the problem via the nonsmooth optimization approach. Here
a suitable performance multiplier bounding the 𝐇2-norm is designed along with implementation of an
efficient analytic solution to the attached frequency domain integral.

Using these theoretic results and a model of the laser-based synchronization system at European
XFEL identified from extensive measurements, a detailed distributed controller design study is con-
ducted. It is shown how these methods perform with challenging large-scale models, both in terms of
system order, number and size of internal delays, and number of disturbance inputs. Immediate recom-
mendations are derived for future development of the laser-based synchronization system, highlighting
the importance of the distributed system aspect. Although it cannot be seen as a standalone remedy,
optimal controller synthesis is an important step on the path towards attosecond synchronization.





It is only with the heart
that one can see rightly;

what is essential is invisible to the eye.

– The fox to the little prince
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Chapter 1

Introduction

1.1 Time and Synchronization

The need to synchronize agents, machines, processes and events is ubiquitous in the modern world.
While rudimentary timepieces have been around since the dawn of civilization, the accuracy of clocks
first became a limiting factor and serious technical challenge for cartographers and marine navigators
with what is known as the longitude problem during the 17th and 18th centuries [Wil92]. Determining
one’s own longitudinal position anywhere on earth by measuring the time offset of an astronomical
event such as high noon with a clock showing the time of a reference location (usually that of the Royal
Observatory, Greenwich), is prone to an error of 1′ per 4 s of timing deviation, which on the equator
translates to just over one nautical mile. Before Harrison invented the famous H1 marine chronometer,
such errors could easily accumulate to a few hundred kilometres over the course of a long voyage, leading
to many of histories most perilous disasters at sea. The critical need for timekeeping on ships lead to
the implementation of Greenwich Mean Time (GMT) as a first time standard, and the use of acoustic
and visual signals in ports to transmit this reference time to ships within range for local correction
of the ship’s less accurate marine chronometers [BD81]. The limited range of these synchronization
signals was soon drastically extended by the electric telegraph and today, highly accurate time signals
can be received worldwide by means of radio communication, e.g. via global navigation satellite systems
(GNSSs).

Unsurprisingly however, modern technologies and especially cutting-edge experimental physics have
pushed the requirements for timing synchronization far beyond what can be achieved with commonly
available (these days usually fully digital) solutions. Albert Einstein’s annus mirabilis paper on special
relativity, “Zur Elektrodynamik bewegter Körper” [Ein05], notably starts with a revised definition of
synchronism and ultimately shows that it has no absolute meaning, but depends on the observer’s frame
of reference. While Einstein’s famed Gedankenexperimente had the luxury of just conjuring up perfectly
stable and synchronized clocks in different places, the numerous validation experiments for special
and general relativity had to overcome significant technological challenges in order to measure the
oftentimes only minuscule effects. For example, in [Cho+10], the authors demonstrate the effect of
gravitational time dilation resulting from a height difference of less than half a meter on the earth’s
surface. This was achieved by measuring the expected relative frequency change of just ∼4 ⋅ 10−17

between two ultra-stable optical clocks, where the second clock’s analog signal is transferred to the first
clock for comparison using a phase-stabilized optical fibre link.

1



2 Chapter 1. Introduction

(a) Illustration of an array of radio telescopes with star-
topology RF network.

(b) Aerial photograph of the European XFEL in Ham-
burg, Germany. ©European XFEL GmbH.

Figure 1.1: Example applications for distributed precision synchronization networks.

As discussed in [For+07], using stabilized fibre links to distribute timing signals over long distances is a
key-enabler also for other science applications. In radio astronomy, synchronously collected data from
multiple distributed radio telescopes can be used to increase the effective aperture of the full array of
telescopes [CS06]. Due to their kilometre-long interferometer arms, gravitational wave observatories
are also becoming increasingly relevant. Another application, one that will be discussed extensively
in this work, is the synchronization of subsystems in particle accelerators, which, in the example of
the European XFEL, can extend to multiple kilometres and require a timing error of <10 fs RMS over
100 ms [Czu+13]. Future experiments studying electron dynamics in matter will require even higher
levels of sub-femtosecond timing stability, see Section 5.1.1. Subsystems in need of synchronization
are in particular the microwave oscillators generating the accelerating RF fields and laser oscillators in
pump-probe style experiments as well as certain beam diagnostic devices. The common feature is that
these subsystems generate, measure, or interact with ultra-short packets of particles moving at (close
to) speed-of-light and hence have associated ultra-fast dynamics in the (sub)femtosecond regime.

As shown in Figure 1.1, applications commonly implement a timing distribution network of star- or
tree-like topology, where the root is a reference timing source, the edges are stabilized transmission
links and the intermediate nodes and leaves are local oscillators that are to be synchronized to the
upstream reference. We therefore come to the realization that facility-wide ultra-high-precision timing
distribution is a coupled control problem of many instances of two basic types of feedback loops, namely
phase-locked loop (PLL)-like oscillator synchronization and transmission path stabilization. The figure
of merit of such a network is the (possibly weighted) average synchronization error of any node with
respect to a dedicated reference.

1.2 Control Challenges in Distributed Synchronization Systems

To achieve the required synchronization performance at all stations, several design aspects need to be
considered simultaneously. Existing literature on femtosecond synchronization is overall scarce due
to the rather specific field of application, and many publications deal with questions pertaining the
implementation of individual system components, such as for example optical frequency division and
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interferometry. While these methods provide the technological foundation for achieving femtosecond
precision synchronization, their potential can only be exhausted if the error information obtained from
these devices is fed back to the correcting actuators by optimally tuned controllers. This is of particular
importance because the current state-of-the-art generation of synchronization system components is
already very expensive, challenging to manufacture, and scraping on physical limits in terms of noise
and resolution, cf. Section 5.2.

The theory of PLLs is well known and essentially complete [Gar05; Ste97; Ban17; Abr02]. However, most
of the works view the PLL from the perspective of an electrical engineering practitioner. An explicit link
to control theoretic perspective of the underlying disturbance rejection problem and linear-quadratic-
Gaussian (LQG) and 𝐇2 theory is rarely made. While inherently nonlinear, linearized models bode
very well in practice for low-noise systems. Due to low operational power requirements, the optimal
control problem is essentially “cheap”, leading to a singular problem formulation, for which the standard
algebraic Riccati equation (ARE)-based synthesis methods yield no solution [Sto92]. Though less
prominently studied compared to their regular counterparts, singular problems have known solutions
in the space of distributions [HS83], and perturbation and linear matrix inequality (LMI) methods
yield practical but (controlled) suboptimal solutions [SL99].

Stabilized transmission links are similar in that sense, however generally do not feature integral dynam-
ics like PLL voltage-controlled oscillators (VCOs), thus avoiding the problem of unstable pole-zero
cancellations between the optimal controller and the plant. On the other hand, for sufficiently long
transmission links (approx. 1 km and over), time-delay dynamics become non-negligible. Due to their
infinite-dimensional nature, time-delay systems (TDSs) do not apply for many linear time-invariant
(LTI) analysis and synthesis methods. Because the delays occur as state delays, most predictor methods
such as the standard Smith predictor are eliminated. Finite-order real-rational approximations such
as the Padé-approximant can be used, but fail to give any hard stability guarantees for the real system.
Robust control techniques may be used to assert this property a-posteriori, or it can be taken into
consideration directly in the synthesis step, these days commonly in the form of integral quadratic
constraints (IQCs) [MR97; PS15], circumventing approximations entirely.

When considering timing synchronization networks, it is well known that, due to the coupled dynamics
of PLLs and attached stabilized transmission links, individual tuning of the constituting interconnected
feedback loops does not lead to optimal overall performance and may even deteriorate exponentially
with increasing system size [Sch+21]. In order to perform joint synthesis of the network’s controller
parameters, a distributed systemmodel, separating the network’s topology from the individual subsystem
dynamics, is needed. Then, during synthesis, the informational constraints imposed by the network
topology, i.e. which state or error information is available to which controller and which controller
is able to actuate which subsystem, need to be respected and fused with other design criteria such as
robustness and output feedback constraints. At this point, convexity of the underlying optimization
problem is generally lost [RL06], except for some special cases, see e.g. [EHW14; RL06]. Due to the
increased interconnectivity of devices and agents in themodernworld, distributed systems have attracted
significant research interest over the last decade. For LTI systems, research into convex restrictions
of the non-convex problem has recently originated the sparsity invariance (SI) framework [Fur+20]
for static state-feedback or – via a Youla parameterization – dynamic output feedback of structured
control problems. It was shown that this approach covers the least conservative convex restriction of the
original problem, however deriving the convexification parameters yielding this particular restriction is
still partially unsolved. Other approaches involve (nonsmooth) optimization over the non-convex cost
function [AN06b; CS20] or IQC methods [Eic16].
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Failure of any single node in the synchronization network may render the entire facility inoperable,
causing significant financial cost. Since the controllers are designed toward a 𝐇2 specification, for
which it is known that no stability margins exist [Doy78], a robust design, explicitly taking into account
degradation and uncertainty in the model parameters is generally required in practice – especially
for highly sensitive optical devices. Because generalization of the 𝐇2-norm for possibly nonlinear
uncertainties is challenging [PF00], the mixed 𝐇2/𝐇∞ control problem is frequently studied instead
in the literature [Sch96; ANR08]. Here, robust stability is guaranteed by a 𝐇∞-criterion, while simul-
taneously optimizing 𝐇2-performance for the nominal system. Because this approach however gives
no worst-case performance guarantees within the stability margins, it is less appealing in practice than
a proper robust performance design, which is possibly conservative due to the generalization to the
nonlinear regime [Cha+20; PF00].

1.3 Thesis Outline and Contribution

This work aims to provide a comprehensive treatment of distributed timing synchronization systems
and the related control theoretic concepts, in particular optimal robust structured output feedback
control. While not claiming full generality, the discussion and the results are abstracted to the largest
reasonable extent from the application up to Chapter 5, where the results are applied to a specific
application. To support the theoretic discussions, artificial numerical examples are added at the end of
relevant sections.

The contents of this thesis are structured as follows. In Chapter 2, starting with a short summary of the
notation used in this thesis, we provide preliminary materials that revisit the mathematical foundations
of vector spaces, signals and operators as well as random variables and processes. These provide the
basis for the subsequent review of standard modern control theory: LTI system models, feedback
interconnections, and stability and performance analysis in the nominal setting. For robust analysis,
we provide an introduction to the powerful IQC framework, which generalizes multiple previous
approaches to robust control. Being of particular relevance to large-scale applications, a dedicated
introduction to TDS and IQC multipliers for time delays is given thereafter. Finally, to familiarize the
reader with the domain-specific nomenclature and the fundamentals that motivate the system models
derived in the later chapters, an introduction to time and frequency metrology is given.

Chapter 3 treats the aforementioned two basic building blocks of synchronization systems and formu-
lates the associated control problems of 𝐇2-optimal phase synchronization (Problem 3.5) and phase
distribution (Problem 3.16). For these singular synthesis problems, state-of-the-art solution methods
based on LMIs are provided and compared to solutions obtained from standard AREs for system models
regularized by coefficient perturbation. For the stabilized timing link with non-negligible delay terms,
we compare solutions obtained from standard methods for a Padé-approximation of the system with
robust solutions obtained via the IQC framework.

Having established the models for the two subsystem types, along with the 𝐇2-synthesis LMIs, we turn
to the networked setting in Chapter 4, starting with a motivating example and a sufficiently general
linear fractional representation (LFR) model for the interconnected systems considered in this work.
The control problem formulation is updated for the distributed control setting. We then review the SI
framework for structured controller synthesis as a way to render the synthesis problem trackable and
describe a novel extension to static and fixed-order output feedback via a specific state-space realization.
Subsequently, for the common class of linear parameter-varying uncertainties, compatibility of this LMI
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approach with full-block multipliers is shown. For uncertainties requiring dynamic multipliers, such as
time delays, we then explore a novel frequency domain condition [CS20] for the IQC framework suited
to structured control problems. We discuss how to formulate the 𝐇2-performance objective in this
setting using a multiplier derived from [Pag99] and give details for efficient implementation. Finally,
the structured synthesis approaches are compared in terms of qualitative factors such as numerical
sensitivity, speed, applicability and conservatism.

Chapter 5 introduces the motivating application of this work, the laser-based synchronization (LbSync)
systems at the free-electron lasers (FELs) Free-Electron Laser in Hamburg (FLASH) and European
XFEL. We review the FEL principle of operation and from that derive the requirements and challenges
for the synchronization system. The DESY developed pulsed optical fibre timing synchronization is
discussed by short expositions on core components. Then, using a model of the specific system at
European XFEL, we perform numerical studies on achievable performance and performance-limiting
factors, and verify the numerical results by comparing model based simulation data to measurements
from the European XFEL system.

In the final Chapter 6, we draw a conclusion about the research progress achieved with this thesis and
share our view on future work in this field.

The relation of the individual chapters is depicted in Figure 1.2. A reader interested in the theory only
may skip Chapter 5 as it contains mostly results specific to the DESY LbSync system implementation.
Vice versa, readers coming from a physics and FEL background may skip the theory chapters Chapters 3
and 4. Practitioners wishing to get a better understanding of the control theoretic implications on the
subsystem system design are however recommended to include Chapter 3.
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In the following, we summarize the key contributions of this work towards the understanding and
development of timing synchronization systems and robust structured optimal control problems:

1. A unifying abstraction for timing synchronization systems is developed in the form of a graph
description of the network topology (Definition 4.3), an associated LFR model description
(Section 4.2.1), and an optimal control problem formulation (Problem 4.5). This separates the
details of heterogeneous implementations in application from the common performance analysis
and optimization techniques.

2. The PLL and the stabilized transmission link systems are modelled and analysed in detail from a
control perspective (Sections 3.1 and 3.3), and generalized to LTI singular 𝐇2-optimal control
problems. Lacking implementable optimal solutions, LMI Lyapunov shaping methods are in-
vestigated to explicitly design the suboptimal solution in Section 3.2.2. For non-negligible time
delays, suitable IQC multipliers are evaluated (Sections 2.3.4 and 3.4.3). The introduction of the
IQC framework also allows for robust designs against a wide range of other, possibly nonlinear
time-varying uncertainty.

3. Convex conditions for the synthesis of fixed-order controllers with structural constraints are
given, which contain the tightest convex restriction of the underlying non-convex problem. This
is achieved by extending the SI framework [Fur+20] based on separable Lyapunov functions
to static and fixed-order output feedback settings in Proposition 4.32 and Proposition 4.34,
respectively. The results, also reported in [Sch+21], are based on a state-output transformation
(Definition 4.29), which is shown to be always available (Lemma 4.31).

4. Reliable and safe operation in the face of uncertainty in large system models and degradation of
high-fidelity devices is achieved by unifying the SI framework for structured control problems
and the S-procedure with full-block multipliers [Sch00] into a set of robust synthesis LMIs for
linear time-varying parametric uncertainty (Proposition 4.41). The aforementioned extension to
static and fixed-order output feedback bears no consequence of the compatibility of these two
concepts. In numerical examples, we show that the combination of the two approaches adds no
excess conservatism. These results were reported in [Sch+22].

5. For even broader classes of uncertainty, such as uncertain time delays, an alternate approach based
on the IQC framework is developed. By adapting a frequency domainmultiplier condition [Pag99]
for 𝐇2-performance in awhite-noise rejection setting to the novel frequency domain IQC stability
condition from [CS20], nonsmooth 𝐇∞-synthesis methods [AN06b] can then be used to solve
the structured robust optimal control problem with local certificates of optimality. The result
is stated in Corollary 4.51. Additionally, we derive an analytical result allowing for efficient
numerical implementation of the multiplier condition (Lemma 4.53) and study the approach
using extensive numerical examples. Both theoretical results have been reported in [SEW23].

6. A collection of numerical optimal robust distributed controller studies for the laser-based syn-
chronization system for European XFEL is provided in Section 5.3, and in Section 5.2.8 the used
model is validated by comparison of simulation results to measurements from the real system.
From these results, we conclude in Section 5.3.6 the performance headroom and bottlenecks
in the current system design and propose a set of changes to improve the system performance
towards attosecond stability.





Chapter 2

Preliminaries

2.1 Notation

Let 𝐑 and 𝐂 denote the fields of real and complex numbers, respectively. Let 𝐅 denote either field. 𝐅−
and 𝐅+ are the open left- and right-half lines or planes, respectively. 𝐅̄− and 𝐅̄+ denote their closed
complements. For 𝑛 ∈ 𝐍, 𝐅𝑛 denotes the set of ordered 𝑛-tuples with elements in 𝐅, i.e.

{(𝑥1, 𝑥2, …, 𝑥𝑛) ∣ 𝑥𝑖 ∈ 𝐅 ∀ 𝑖 = 1, …, 𝑛}. (2.1)

For a complex scalar 𝑧 ∈ 𝐂 let ̄𝑧 denote its complex conjugate. Similarly, for a complex-valued matrix
𝐴 ∈ 𝐂𝑚×𝑛, let 𝐴H denote the conjugate transpose of 𝐴. For any matrix 𝐴, 𝐴𝑖𝑗 denotes the element
in row 𝑖, column 𝑗. For positive (semi-)definite matrices we write 𝐴 ≻ 0 (𝐴 ⪰ 0) and for negative
(semi-)definite matrices 𝐴 ≺ 0 (𝐴 ⪯ 0), respectively. Additionally, let, for example, 𝐴 ≻ 𝐵 be
understood as 𝐴 − 𝐵 ≻ 0 for appropriately sized matrices. Further, for any real or complex matrix 𝐴,
𝜎̄(𝐴) (𝜎̲̲̲̲(𝐴)) signifies the maximum (minimum) singular value of 𝐴. Similarly, if 𝐴 is square, 𝜆̄(𝐴)
(𝜆̲̲̲̲(𝐴)) denotes the largest (smallest) eigenvalue.

Let the set of continuous functions bounded on the interval [𝑎, 𝑏] be denoted 𝒞[𝑎, 𝑏]. For repeatedly
used functions and operators, arguments will be omitted when they are clear from the context, to keep
the exposition concise. Similarly, we will state dimensions of vectors and matrices only when their
size is not clear from the context or to support clarity. The bullet symbol is used as placeholder for
arguments of arbitrary size that need not be named explicitly. For example 𝑓(∙) and 𝐴∙×2 are a function
of one argument and a matrix with two columns and arbitrary number of rows, respectively. Fourier
transformed functions are denoted using the hat symbol, e.g. ̂𝑣.

2.2 Elements from Signal and Probability Theory

2.2.1 Signals and Operators

In this work, a signal is a function of time conveying information about a process. The domain of
a continuous-time signal 𝑣(𝑡) is a real scalar interval 𝑇 ⊆ 𝐑. A discrete-time signal 𝑣[𝑘] is defined
analogously for intervals on 𝐙. Signals, like other functions (and later operators), are defined on
respective vector spaces that set the scope for which the provided theory (in the form of theorems) holds.

9
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A summary of relevant definitions and results related to vector spaces is given in Appendix A.1 based
on the works [Mar18; ZDG96].

We are frequently interested in comparing signals based on their size, i.e. a scalar quantity, which
may hold physical meaning such as energy or power. The most useful class of such sizes are so-called
norms, as they add exploitable structure to the space of signals. The most prominent example is the
Euclidean norm, the distance covered by a vector 𝑥 in the standard Euclidean vector space 𝐑𝑛 given by
‖𝑥‖2 = √𝑥2

1 + ⋯ + 𝑥2
𝑛.

An inner product adds even more exploitable structure to a vector space. Through it, we arrive at
the important class of Hilbert spaces, which gives access to important results in Fourier theory and
geometrical concepts such as orthogonality. Indeed, take for example the dot product, defining the
inner product on 𝐑𝑛. Then two vectors 𝑥, 𝑦 ∈ 𝐑𝑛 are orthogonal if and only if ⟨𝑥, 𝑦⟩ = 𝑥 ⋅ 𝑦 = 0. In
this case, the inner product also induces the Euclidean distance norm, as ⟨𝑥, 𝑥⟩ = ‖𝑥‖2.

Some signal spaces relevant to this work include

𝐋𝑛
2 [0, ∞) the Hilbert space of all square integrable signals in 𝐑𝑛 defined on the positive real axis. We

will assume for 𝑣 ∈ 𝐋𝑛
2 [0, ∞), that 𝑣(𝑡) = 0 ∀ 𝑡 < 0.

𝐋𝑛
2𝑒

[0, ∞) the extended superset of 𝐋2 including all 𝐑𝑛-valued signals square integrable over finite
intervals.

Operators are functions that map elements of one vector space into another. We can thus describe
the (multivariable) process driven by some signal 𝑢 ∈ 𝐋𝑚

2 and outputting another signal 𝑣 ∈ 𝐋𝑛
2 by a

suitable operator 𝐻 ∶ 𝐋𝑚
2 → 𝐋𝑛

2 , 𝑣 = 𝐻(𝑢). Notably, the composition 𝐻1𝐻2 and linear combination
𝛼𝐻1 + 𝛽𝐻2, 𝛼, 𝛽 ∈ 𝐑 of two (size and space) compatible operators 𝐻1 and 𝐻2 are also operators,
respectively. The important class of LTI system operators are discussed in detail in Section 2.3.1.
Operators are frequently distinguished by the important properties of linearity (satisfying additivity and
homogeneity), causality (respecting physical cause-effect laws), and boundedness (having finite gain
induced by the input-output signal norms). Like signals, operators live in complex (matrix) function
spaces, some of which will be defined next.

𝐋𝑚×𝑛
∞ (𝑖𝐑) the Banach space of all complex matrix-valued functions essentially bounded on the

imaginary axis.

𝐋𝑚×𝑛
2 (𝑖𝐑) the Hilbert space of all complex matrix-valued functions with bounded integral below the

imaginary axis,

∫
∞

−∞
trace(𝐹(𝑖𝜔)H𝐹(𝑖𝜔)) d𝜔 < ∞ ∀ 𝐹 ∈ 𝐋𝑚×𝑛

2 (𝑖𝐑).

𝐇𝑚×𝑛
∞ (𝑖𝐑) the subspace of 𝐋∞(𝑖𝐑) consisting of functions analytic in the open right-half plane. For

𝐹 ∈ 𝐇∞(𝑖𝐑) we have
‖𝐹‖∞ ≔ sup

𝜔∈𝐑
𝜎̄[𝐹 (𝑖𝜔)].

𝐇𝑚×𝑛
2 (𝑖𝐑) the subspace of 𝐋2(𝑖𝐑) consisting of functions analytic in the open right-half plane. After

applying the maximum modulus principle, its inner-product induced norm reduces to

‖𝐹‖2 ≔ √ 1
2𝜋

∫
∞

−∞
trace(𝐹(𝑖𝜔)H𝐹(𝑖𝜔)) d𝜔
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Unless it helps clarity, we will assume that the domain of a space is clear from the context and omit it from
the notation. For the frequency-domain spaces, we mostly consider their real-rational subspaces, 𝐑𝐋∞,
𝐑𝐋2, 𝐑𝐇∞, 𝐑𝐇2, respectively, as they admit a transfer function form, which will be introduced in
Section 2.3.1.

2.2.2 Stochastic Processes and Spectral Estimation

So far, we have made no assumption on whether the signal is (partially) predictable, i.e. following a
deterministic law with known parameters, or is random, i.e. governed by sufficiently many unknown
quantities and relations. Suppressing the impact of random influences on a system is in many cases
the main motivation for automatic feedback control, and in the absence of any knowledge about the
laws of the process generating a signal, other, statistical, properties need to be considered to design
useful control systems and derive meaningful results. In the context of this work, stochastic processes
provide the theoretical foundation for (generally non-white) phase noise in oscillators, cf. Section 2.4.2,
and control theoretic properties of systems driven by white noise. The theory provided in this section
is primarily based on references [PP02; Lap17]. Essential, mathematically rigorous definitions are
provided in Appendix A.2.

An experiment involving chance is described by its probability space (Ω, ℱ, 𝑃 ). A stochastic pro-
cess 𝐱(𝑡, 𝜉) defined on such a probability space assigns to each experimental outcome 𝜉 ∈ Ω a function,
in our case a signal in a given space, e.g. 𝐋2𝑒

[0, ∞). For variable 𝑡, 𝜉, 𝐱(𝑡, 𝜉) describes the ensemble of
possible realizations, whereas, for a fixed outcome 𝜉, 𝐱(𝑡, 𝜉) describes a fixed realization, also called
sample function. We will generally abbreviate this as 𝑥(𝑡). On the other hand, for fixed time 𝑡, 𝐱(𝑡, 𝜉)
describes a random variable, i.e. a number with given probability distribution. Going forward, the
dependence on 𝜉 will be assumed and dropped from the notation.

We are primarily interested in stochastic processes that are (wide-sense) stationary. Strict stationarity
indicates that the statistical properties of a process are invariant to a shift in time. Wide-sense stationary
processes satisfy the weaker conditions of having constant mean and having an autocorrelation function
that only depends on the time shift 𝜏 = 𝑡2 −𝑡1. In order to be practical, wide-sense stationary processes
however are additionally required to be of finite variance. Wide-sense stationary processes allow for
the definition of power spectra, a tool analogous to the Fourier transform for deterministic signals.
Specifically, let 𝐱(𝑡) be a wide-sense stationary process with autocorrelation function 𝑅𝐱(𝜏). Then, by
the Wiener-Khinchin theorem, the power spectral density (PSD) 𝑆𝐱(𝑓) of 𝐱(𝑡) is taken as 𝑅̂𝐱(𝑓), i.e.
the Fourier transform

𝑆𝐱(𝑓) = 𝑅̂𝐱(𝑓) = ∫
∞

−∞
𝑅𝐱(𝜏)𝑒−𝑖2𝜋𝑓𝜏 d𝜏 . (2.2)

The PSD is of particular relevance for engineering practice, as it describes the allocation of noise power
generated by the stochastic process to specific frequency intervals – usually normalized to a width
of 1 Hz – which in turn shapes the frequency response of the optimal feedback controller for systems
impacted by this noise source. A stochastic process whose PSD is constant across frequency is called
white. An example is the additive white Gaussian noise model frequently used in engineering practice.
We however stress the fact that a Gaussian distribution does not necessitate a white PSD, nor vice versa.
In electronics, noise PSDs scaling with 1/𝑓 , called pink noise, are frequently encountered. The Wiener
process, also called Brownian noise or Brownian motion shows an 1/𝑓2 dependence and occurs when
white noise is integrated.
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Remark 2.1. Note that, by virtue of the Fourier transform, the PSD 𝑆𝐱(𝑓) is defined for positive as well
as negative frequencies. For real stochastic processes, the spectrum is symmetric and engineers often
prefer to consider the so called one-sided (or single-sideband (SSB)) PSD 𝑆′

𝐱(𝑓) defined as

𝑆′
𝐱(𝑓) =

⎧{
⎨{⎩

0 for 𝑓 < 0
𝑆𝐱(𝑓) for 𝑓 = 0
2𝑆𝐱(𝑓) for 𝑓 > 0.

(2.3)

Doubling the PSD for positive frequencies ensures that integration of the single-sided PSD yields
consistent total power in the sense of Plancherel’s theorem (commonly and interchangeably referred to
as Parseval’s theorem).

In anticipation of Section 2.3.1 and Section 3.1.2, we state the following result on filtering a stochastic
process with a linear system.

Lemma 2.2. The response of an LTI system with frequency response 𝐻(𝑓) and corresponding impulse
response ℎ(𝑡) to a stochastic process 𝐱(𝑡) with PSD 𝑆𝐱(𝑓) is given by the stochastic process

𝐲(𝑡) = ∫
∞

−∞
𝐱(𝑡 − 𝜏)ℎ(𝜏) d𝜏 , (2.4)

with PSD 𝑆𝐲(𝑓) given by
𝑆𝐲(𝑓) = 𝑆𝐱(𝑓)|𝐻(𝑓)|2. (2.5)

While theoretically well-defined, an exact PSD can rarely be computed in practice because the “true”
autocorrelation function is not accessible. Indeed, to obtain the full autocorrelation function, one would
need to observe a stochastic process for an infinite amount of time. We must thus resort to estimation
theory to obtain an approximate PSD from observations (sample functions) of the random process.
Processes for which this is possible are called ergodic, meaning that time averages of observations can be
used to reliably substitute the expectation operator in the computation of various statistical properties
(such as the autocorrelation function) in order to obtain a valid estimate of that parameter. The perhaps
simplest estimator for the PSD is obtained from direct application of the convolution theorem and
computing the discrete Fourier transform (DFT) over the finite sequence 𝑥[𝑘], equidistantly sampled
from a realization of 𝐱(𝑡), yielding the so-called periodogram. Note that the periodogram is not a
consistent estimator, and that the standard deviation of the estimated PSD at any given frequency
bin is equal to the expected value. A better estimate is obtained by averaging multiple periodograms
(Bartlett’s method) or averaging periodograms obtained from overlapping and windowed segments
of an observation (Welch’s method). We direct the reader to references [HRS02; PTV07] for more
information and stress the importance of the Nyquist-Shannon sampling theorem and the choice of
windowing function in Welch’s method with respect to spectral leakage.

2.3 Elements from System and Control Theory

2.3.1 Linear Time-Invariant Systems

Continuous LTI systems are the fundamental modelling concept used in this work. We develop some
results central to the following work along references [ZDG96; Jön01; SP09; DFT92; ÅM21; DP00;
Hes18; AM06; FPE19].
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𝑇𝑢 𝑦

Figure 2.1: Block diagram representation for system Σ with transfer matrix 𝑇 .

Governing the relation of the input, output and state of a system, any such LTI system Σ can be described
using dynamic equations of the form

Σ∶
̇𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡)

𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡),
(2.6)

with 𝑥 ∈ 𝐑𝑛𝑥 being the state, 𝑢 ∈ 𝐑𝑛𝑢 the input and 𝑦 ∈ 𝐑𝑛𝑦 the output vector. Additionally, let
the initial condition be 𝑥(𝑡0) = 𝑥0. We will sometimes refer to the real system matrices 𝐴, 𝐵, 𝐶, 𝐷
as the state (or just system), input, output and feedthrough matrix, respectively. Together with (2.6),
the system matrices constitute the state-space representation of the LTI system Σ. Using the Laplace
transform, we may find an alternate representation for Σ with zero initial condition in the frequency
domain, namely the transfer (function) matrix 𝑇 (𝑠), given by

𝑇 (𝑠) = [ 𝐴 𝐵
𝐶 𝐷 ] , (2.7)

where the right-hand side, in the style of [ZDG96], denotes

[ 𝐴 𝐵
𝐶 𝐷 ] ≔ 𝐶 (𝑠𝐼 − 𝐴)−1 𝐵 + 𝐷, (2.8)

while

[𝐴 𝐵
𝐶 𝐷] or [

𝐴 𝐵
𝐶 𝐷 ]

continues to denote a block matrix.

The inverse Laplace transform 𝐾(𝑡) = ℒ−1 {𝑇 (𝑠)} is the impulse response matrix of the system. As
such, 𝑇 further defines an operator by convolution with its impulse response:

𝑦(𝑡) = (𝑇 𝑢)(𝑡) = ∫
∞

−∞
𝐾(𝑡 − 𝜏)𝑢(𝜏) d𝜏 , (2.9)

which we will commonly write in the condensed form

𝑦 = 𝑇 𝑢. (2.10)

Many problems in control theory involve passive systems, i.e. broadly speaking, those which do not
generate energy. Systems of this kind have positive real transfer functions.

Definition 2.3 (Positive Real Function [ZDG96]). A square transfer matrix 𝐺(𝑠) ∈ 𝐑𝐇𝑛×𝑛
∞ is said to

be (strictly) positive real if 𝐺(𝑖𝜔) + 𝐺(𝑖𝜔)H ⪰ 0 (𝐺(𝑖𝜔) + 𝐺(𝑖𝜔)H ≻ 0) for all 𝜔 ∈ 𝐑.

Physical systems, i.e. those which are causal and have a proper transfer function will commonly be
denoted 𝐺, while 𝑇 will be used for general transfer functions when studied in a theoretical context.
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𝐾

𝑃

𝑒𝑢

𝑧𝑤

(a) Nominal system

𝐾

𝑃

Δ

𝑒𝑢

𝑧𝑤

𝑞𝑝

(b) Uncertain system

Figure 2.2: Linear fractional representation of a control feedback loop with performance.

System Interconnection

Starting from a (generalized) plant 𝑃 , i.e. a given and fixed system, a central concern in control theory
is the design of a controller, i.e. a variable system 𝐾, that through interconnection with 𝑃 achieves a
desired overall system behaviour, e.g. expressed in terms of signal specifications on some outputs of 𝑃 .
By appropriately modelling the internal structures of plant and controller, any such interconnection
can be represented as depicted in Figure 2.2a, and given by the system of equations

[𝑧
𝑒] = 𝑃 [𝑤

𝑢] (2.11a)

𝑢 = 𝐾𝑒, (2.11b)

where the inputs and outputs of 𝑃 are partitioned into exogenous inputs 𝑤, controlled inputs 𝑢, regulated
outputs 𝑧 and measured outputs 𝑒. In this configuration, we say that the controller 𝐾 closes the control
channel 𝑒 → 𝑢. The remaining inputs 𝑤 are outside the immediate control of the system designer and
comprise disturbance sources acting on the system as well as e.g. reference signals to be tracked. In
contrast to the measured signals, which can and need to be actually observed for the operation of the
feedback loop, the regulated output can be virtual metrics exclusive to the mathematical system model.
In this work, as opposed to 𝐺, which is primarily used for stability analysis, 𝑃 is used in performance
analysis and controller design formulations and commonly includes artificial dynamics (e.g. weightings)
that are physically motivated or heuristically selected to achieve the desired closed-loop behaviour.

Models developed for real world systems are always subject to (at least small) structural or parameter
uncertainty originating from limited system knowledge or imprecise system identification. In cases
where the uncertainty cannot be neglected, robust controllers guaranteeing some goal, e.g. system
stability, for a range of possible realizations of the uncertainty, are desired. In the same fashion as before,
where the system was separated into fixed plant and variable controller, it is common in robust control
theory to separate an uncertain generalized plant model into a nominal and an uncertain part. The
latter is expressed in the form of a not necessarily LTI but causal operator Δ belonging to the set of all
possible realizations 𝚫. Virtually all forms of uncertainty can be covered in this fashion.
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This is depicted in Figure 2.2b and described by the system of equations extended from (2.11) as

𝑝 = Δ𝑞 (2.12a)

⎡⎢
⎣

𝑞
𝑧
𝑒
⎤⎥
⎦

= 𝑃 ⎡⎢
⎣

𝑝
𝑤
𝑢

⎤⎥
⎦

(2.12b)

𝑢 = 𝐾𝑒, (2.12c)

where the uncertainty Δ closes the uncertainty channel 𝑞 → 𝑝.

Interconnections of this form are known as LFRs of the closed system from exogenous inputs to outputs
𝑤 → 𝑧. The closed form is computed from the individual blocks using linear fractional transformations
(LFTs).

Definition 2.4 (Linear Fractional Transformation [ZDG96]). Given a complex valued matrix 𝑀 ∈
𝐂(𝑞1+𝑞2)×(𝑝1+𝑝2) partitioned as

𝑀 = [𝑀11 𝑀12
𝑀21 𝑀22

] , (2.13)

the lower LFT with a complementary complex matrix Δ ∈ 𝐂𝑞2×𝑝2 is defined as

ℱ𝑙(𝑀, Δ) = 𝑀11 + 𝑀12Δ(𝐼 − 𝑀22Δ)−1𝑀21. (2.14)

Analogously, the upper LFT with a complementary complex matrix Δ ∈ 𝐂𝑞1×𝑝1 is defined as

ℱ𝑢(𝑀, Δ) = 𝑀22 + 𝑀21Δ(𝐼 − 𝑀11Δ)−1𝑀12. (2.15)

The transformations are well-defined as long as (𝐼 − 𝑀22Δ) and (𝐼 − 𝑀11Δ) are invertible for all
possible realizations Δ ∈ 𝚫, respectively. In this case we say that the interconnection of 𝑀 and Δ is
well-posed.

Applying this to the LFR (2.12), one obtains the partially closed systems

𝑀 = ℱ𝑙(𝑃 , 𝐾), (2.16)

the controlled nominal system, and

𝑃 (Δ) = ℱ𝑢(𝑃 , Δ), (2.17)

the uncertain generalized plant. Closing either of the partially closed systems with the remaining block
obtains the controlled uncertain system

𝑀(Δ) = ℱ𝑢(𝑀, Δ) = ℱ𝑙(𝑃 (Δ), 𝐾). (2.18)

2.3.2 Nominal Stability and Performance Analysis

Stability

Having established a formalism to model and describe dynamics of a given LTI system, we turn to
analysing its characteristic properties. The central objective in control theory is to ensure that the
regulated system is stable, meaning that, broadly speaking, whatever happens, the system state (and
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hence output) remains within a well-defined, bounded region around some desired point of operation
or equilibrium (w.l.o.g. assumed to be the origin). Stability analysis for linear and nonlinear systems is a
mature field and we refer the reader to references [DV75; Baş00; ZDG96] for an in depth treatment
of various notions of stability. For the purpose of this work, stability in the sense of Lyapunov and
bounded-input, bounded-output (BIBO) stability are central and shall be defined next.

Definition 2.5 (Lyapunov Stability [Hes18]). TheLTI system (2.6) is said to be (in the sense of Lyapunov)

1. (marginally) stable or internally stable if, for every initial condition 𝑥(𝑡0) = 𝑥0 ∈ 𝐑𝑛𝑥 , 𝑡0 ≥ 0
the homogeneous state response

𝑥(𝑡) = e𝐴(𝑡−𝑡0)𝑥0, ∀ 𝑡 ≥ 0

is uniformly bounded;

2. globally asymptotically stable if, in addition, for every initial condition 𝑥(𝑡0) = 𝑥0 ∈ 𝐑𝑛𝑥 , 𝑡0 ≥ 0
the homogeneous state response satisfies 𝑥(𝑡) → 0 as 𝑡 → ∞;

3. globally exponentially stable if, in addition, there exist constants 𝑐, 𝜆 > 0 such that, for every
initial condition 𝑥(𝑡0) = 𝑥0 ∈ 𝐑𝑛𝑥 , 𝑡0 ≥ 0 the homogeneous state response satisfies

‖𝑥(𝑡)‖ ≤ 𝑐 e−𝜆(𝑡−𝑡0)‖𝑥(𝑡0)‖, ∀ 𝑡 ≥ 0; or

4. unstable if it is not marginally stable.

As such, Lyapunov stability is concerned with the unforced system response without inputs. On the
other hand, the following definition of BIBO stability considers the case of applying inputs to a system
with zero initial state:

Definition 2.6 (Bounded-input, bounded-output Stability [Hes18]). The system LTI (2.6) is said to be
(uniformly) bounded-input, bounded-output stable if there exists a finite constant 𝑔 such that, for every
input 𝑢(⋅) ∈ 𝐋𝑝, its forced response from zero initial state

𝑦(𝑡) = ∫
𝑡

0
𝐶e𝐴(𝑡−𝜏)𝐵𝑢(𝜏) d𝜏 + 𝐷𝑢(𝑡)

satisfies
sup

𝑡∈[0,∞]
‖𝑦(𝑡)‖ ≤ 𝑔 sup

𝑡∈[0,∞]
‖𝑢(𝑡)‖.

Remark 2.7. The choice of the norm in Definition 2.6 is irrelevant and only results in a different value
of 𝑔 [Hes18].

Remark 2.8. Definition 2.6 also applies to the more general class of linear time varying (LTV) sys-
tems [Hes18].

To arrive at the more general result of BIBO stability for arbitrary initial states, we state

Theorem 2.9 ([SP09]). In the absence of any hidden unstable modes, an LTI system (2.6) is globally
exponentially stable if and only if it is BIBO stable.
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In order to verify the stability property, a plethora of time and frequency stability criteria can be used, see
e.g. [ÅM21; Hes18; SP09; SW17]. In general, Lyapunov stability is proven by finding a suitable Lyapunov
function, i.e. an energy storage function monotonically decreasing along all system trajectories [ÅM21].
For LTI systems, such functions are fully parameterized by an according real symmetric Lyapunov
matrix 𝒳 = 𝒳⊤ ∈ 𝐒𝑛 yielding the Lyapunov function 𝑣(𝑥) ≔ 𝑥⊤𝒳𝑥. As stated in the next theorem,
this is equivalent to the common test that the system’s poles lie within a suitable stability region, i.e., in
continuous-time, the open left-half plane (LHP) [SW17].

Theorem 2.10 ([Hes18]). The following statements are equivalent.

• The LTI system (2.6) is asymptotically stable.

• The LTI system (2.6) is exponentially stable.

• All eigenvalues of 𝐴 have strictly negative real parts, in other words, A is Hurwitz.

• There exists a symmetric positive-definite matrix 𝒳 ≻ 0 for which the following Lyapunov matrix
inequality holds:

𝐴⊤𝒳 + 𝒳𝐴 ≺ 0. (2.19)

Remark 2.11. Recall that, by (2.8), the eigenvalues of 𝐴 are identical to the roots of the denominator
polynomial of the corresponding transfer function if the state-space realization is minimal. Both are
also referred to as poles of the system (or transfer function).

The theory in Chapters 3 and 4 will make extensive use of the Lyapunov matrices and LMI based criteria.

Performance

Beyond stability, the goal of system or controller design is to achieve optimal performance in closed-loop
operation. Again, depending on the application and its constraints, various performance criteria in the
time and frequency domain may be considered. For the application considered in this work, the 𝐇2-
and 𝐇∞-performance metrics frequently used in modern control theory are crucial, see Section 3.2.1,
where 𝐇2-performance arises as a natural choice for synchronization systems, cf. Sections 3.2.1 and 4.1.
The 𝐇2 and 𝐇∞-performance metrics are defined in terms of the norms of their respective Hardy
spaces [ZDG96], see Appendix A.1.

Definition 2.12 (Hardy Space 𝐇2 [ZDG96]). 𝐇2 is a (closed) subspace of 𝐋2(𝑖𝐑) with matrix func-
tions 𝑇 (𝑠) analytic in the open right-half plane (RHP) and square integrable on the imaginary axis
including infinity. The corresponding inner-product induced norm is defined as

‖𝑇 ‖2
2 ≔ 1

2𝜋
∫

∞

−∞
trace(𝑇 (𝑖𝜔)H𝑇 (𝑖𝜔)) d𝜔. (2.20)

Consistently, the subspace 𝐑𝐇2 consists of all strictly proper and real rational stable transfer matrices.

Definition 2.13 (Hardy Space 𝐇∞ [ZDG96]). 𝐇∞ is a (closed) subspace of 𝐋∞(𝑖𝐑) with matrix
functions 𝑇 (𝑠) analytic in the open RHP and bounded on the imaginary axis. The corresponding norm
is defined as

‖𝑇 ‖∞ ≔ sup
𝜔∈𝐑

𝜎̄(𝑇 (𝑖𝜔)). (2.21)

Consistently, the subspace 𝐑𝐇∞ consists of all proper and real rational stable transfer matrices.
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The 𝐇2 and 𝐇∞-norms have important interpretations in terms of the input-output characteristics
of the operator defined by a transfer matrix element from either space. Specifically, by the Plancherel
theorem, the 𝐇2-norm can be defined in terms of the system’s impulse response energy. For 𝑇 ∈ 𝐇𝑚×𝑛

2
we have [Sto93; ZDG96]

‖𝑇 ‖2
2 =

𝑚
∑
𝑖=1

‖𝐾𝑒𝑖‖2
2, (2.22)

where 𝐾 = ℒ−1{𝑇 } is the impulse response matrix and 𝑒𝑖 is the 𝑖th standard basis vector of 𝐑𝑚.

The 𝐇2-norm further admits a stochastic interpretation, namely the expected energy of the response to
an input impulse of random direction or the output variance of the system when excited with unitary
white noise on all input channels [Sto93],

‖𝑇 ‖2
2 = lim

𝑡→∞
E{1

𝑡
∫

𝑡

0
𝑧⊤(𝜏)𝑧(𝜏) d𝜏} . (2.23)

The 𝐇2-norm therefore expresses a metric for the system’s ability to suppress or attenuate disturbances
across all frequencies. It is from this interpretation that the 𝐇2-theory yields its equivalence to the
classical LQG problem.

On the other hand, the 𝐇∞-norm expresses the peak amplification of any particular frequency across
the spectrum. This fact is frequently exploited in robust control, ensuring stability margins by means of
the small gain theorem [DV75], however is also sometimes criticized from an engineering perspective as
too focussed on the worst-case scenario [Cha+20]. Indeed, optimizing for 𝐇∞-performance does not
easily allow trading-off slightly higher sensitivity at one frequency for significantly reduced sensitivity
over another frequency range1.

It can be shown that the 𝐇2-norm of a system can be computed using either its controllability or
observability Gramian, which is commonly done in practice, while the 𝐇∞-norm conventionally
requires an iterative bisection procedure using an associated Hamiltonian matrix [ZDG96]. In view of
the theory developed in this work, we again provide, albeit closely related, more relevant LMI conditions
for verifying a given 𝐇2/𝐇∞-performance level 𝛾 > 0 that can be optimized using semi-definite
programming to achieve tightness.

Theorem 2.14 ([SW17]). Consider the LTI system (2.6) with 𝐴 Hurwitz and 𝐷 = 0 such that the
corresponding transfer function is 𝑇 (𝑠) ∈ 𝐑𝐇∙×∙

2 . Let 𝛾 > 0. The following statements are equivalent:

1. ‖𝑇 ‖2 < 𝛾.

2. There exists a solution 𝑋 = 𝑋⊤ ≻ 0 to the LMIs

𝐴𝑋 + 𝑋𝐴⊤ + 𝐵𝐵⊤ ≺ 0, trace(𝐶𝑋𝐶⊤) < 𝛾2.

3. There exists a solution 𝑌 = 𝑌 ⊤ ≻ 0 to the LMIs

𝐴⊤𝑌 + 𝑌 𝐴 + 𝐶⊤𝐶 ≺ 0, trace(𝐵⊤𝑌 𝐵) < 𝛾2.

1To alleviate this, carefully designed weighting functions may be included in the 𝐇∞-problem
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𝐺

Δ

𝑝

𝑞0

𝑞

(a) Stability analysis: System is disturbed by exogenous
noise.
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𝑧𝑤
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(b) Stability and performance analysis: An additional
performance output is considered.

Figure 2.3: LFRs of an LTI system affected by uncertain dynamics.

Theorem 2.15 ([SW17]). Consider the LTI system (2.6) with 𝐴 Hurwitz, i.e. 𝑇 ∈ 𝐇∙×∙
∞ . Let 𝛾 > 0. The

following statements are equivalent:

1. ‖𝑇 ‖∞ < 𝛾.

2. There exists a solution 𝑋 = 𝑋⊤ ≻ 0 to the LMI

⎡
⎢
⎢
⎣

𝐼 0
𝐴 𝐵
0 𝐼
𝐶 𝐷

⎤
⎥
⎥
⎦

⊤

⎡
⎢
⎢
⎣

0 𝑋 0 0
𝑋 0 0 0
0 0 −𝛾𝐼 0
0 0 0 1

𝛾 𝐼

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝐼 0
𝐴 𝐵
0 𝐼
𝐶 𝐷

⎤
⎥
⎥
⎦

≺ 0. (2.24)

2.3.3 Robust Stability and Performance Analysis

Integral Quadratic Constraints

Consider a nominally stable LTI plant 𝐺 ∈ 𝐑𝐇𝑛𝑞×𝑛𝑝
∞ affected by uncertain dynamics, represented

through interconnection with an uncertain but bounded and causal operator Δ∶ 𝐋𝑛𝑞
2𝑒

→ 𝐋𝑛𝑝
2𝑒

as
depicted in Figure 2.3a and given by

𝑝 = Δ(𝑞) (2.25a)
𝑞 = 𝐺𝑝 + 𝑞0, (2.25b)

where 𝑞0 is an external disturbance. The immediate methodological challenge in robust control is
dealing with the unknown realization of the uncertainty block Δ affecting the plant. Many early
approaches to robust control have since been unified in a joint framework, based on the concept of IQCs.
The central idea is that even though the uncertain operator Δ cannot be used explicitly in formulae, the
set of possible realizations 𝚫 can be described by bounding the effect any such Δ ∈ 𝚫 can have on an
applied input signal. One useful representation of such a bound is an IQC, relating input and output
of the operator Δ with an explicit multiplier Π∶ 𝑖𝐑 → 𝐂(𝑛𝑞+𝑛𝑝)×(𝑛𝑞+𝑛𝑝) which encodes information
about the uncertainty.

This work relies on IQC theory as laid out by Megretski and Rantzer [MR97], based on preliminary
work by Yakubovich. They define IQCs as follows using a frequency domain criterion, but an equivalent
and just as useful time domain equivalent exists as well.
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Definition 2.16 (Integral Quadratic Constraint [MR97; VSK16]). Two signals 𝑞 ∈ 𝐋𝑛𝑞
2 and 𝑝 ∈

𝐋𝑛𝑝
2 are said to satisfy the IQC defined by a bounded and Hermitian-valued multiplier Π∶ 𝑖𝐑 →

𝐂(𝑛𝑞+𝑛𝑝)×(𝑛𝑞+𝑛𝑝) if

ℐ(Π, 𝑞, 𝑝) ≔ ∫
∞

−∞
[ ̂𝑞(𝑖𝜔)

̂𝑝(𝑖𝜔)]
H

Π(𝑖𝜔) [ ̂𝑞(𝑖𝜔)
̂𝑝(𝑖𝜔)] d𝜔 ≥ 0. (2.26)

By extension, we say that a causal and bounded operator Δ∶ 𝐋𝑛𝑞
2𝑒

→ 𝐋𝑛𝑝
2𝑒

satisfies the IQC defined by Π
if

ℐ(Π, 𝑞, Δ(𝑞)) ≥ 0 ∀ 𝑞 ∈ 𝐋𝑛𝑞
2 . (2.27)

The following summary of the IQC robust stability framework is based on references [VSK16; MR97].

Stability by Integral Quadratic Constraints

An already renowned stability theorem based on IQCs has been derived by Megretski and Rantzer
based on an elegant proof by induction:

“First, the system is considered as depending on a parameter 𝛼 ∈ [0, 1], such that stability
is obvious for 𝛼 = 0, while 𝛼 = 1 gives the system to be studied. Then, the IQCs are used
to show that as 𝛼 increases from zero to one, there can be no transition from stability to
instability.” (Megretski & Rantzer [MR97])

Theorem 2.17 (IQC Stability [MR97]). Let 𝐺 ∈ 𝐑𝐇𝑛𝑞×𝑛𝑝
∞ be a stable transfer function and Δ∶ 𝐋𝑛𝑞

2𝑒
→

𝐋𝑛𝑝
2𝑒

a causal and bounded operator. The feedback interconnection (2.25) of 𝐺 and Δ is stable if

1. for all 𝛼 ∈ [0, 1] the interconnection is well-posed for 𝛼Δ in place of Δ,

2. for all 𝛼 ∈ [0, 1] the IQC defined by some Π = ΠH ∈ 𝐑𝐋(𝑛𝑞+𝑛𝑝)×(𝑛𝑞+𝑛𝑝)
∞ is satisfied for 𝛼Δ in

place of Δ, and

3. the frequency domain inequality (FDI)

[𝐺(𝑖𝜔)
𝐼 ]

H

Π(𝑖𝜔) [𝐺(𝑖𝜔)
𝐼 ] ≺ 0 ∀ 𝜔 ∈ 𝐑 ∪ {∞} (2.28)

is satisfied.

To apply this theorem for robust stability analysis, one then proceeds in the following fashion. First,
preliminary knowledge and assumptions about the uncertainty Δ are used to define a set of all possible
realizations 𝚫. Here, a tactical assumption has to be made in view of the employed proof by induction:

Assumption 2.18. Δ ∈ 𝚫 implies that 𝛼Δ ∈ 𝚫 ∀ 𝛼 ∈ [0, 1].

Remark 2.19. The linear scaling 𝛼Δ may be replaced by amore generic parameterization 𝛼∘Δ satisfying
certain properties detailed in [JG01]. This will be relevant when discussing time-delay uncertainties,
but we stick to the linear parameterization unless otherwise necessary.

Exploiting the structure of 𝚫, a family of multipliers 𝚷 ⊂ 𝐑𝐋(𝑛𝑞+𝑛𝑝)×(𝑛𝑞+𝑛𝑝)
∞ is then designed such

that the IQC defined by any Π ∈ 𝚷 is satisfied for any Δ ∈ 𝚫. From this, a result on robust stability
analysis follows:
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Corollary 2.20 (Robust IQC Stability [VSK16]). Let 𝐺 ∈ 𝐑𝐇𝑛𝑞×𝑛𝑝
∞ be a stable transfer function and

Δ∶ 𝐋𝑛𝑞
2𝑒

→ 𝐋𝑛𝑝
2𝑒

a causal and bounded operator. Assuming

1. for all Δ ∈ 𝚫 the interconnection (2.25) of 𝐺 and Δ is well-posed, and

2. for all Δ ∈ 𝚫 and for all Π ∈ 𝚷 the IQC (2.27) holds true,

then the interconnection 𝐺 – Δ is robustly stable if there exists one Π ∈ 𝚷 such that the FDI (2.28) is
satisfied.

For many common types of uncertainty (e.g. uncertain time-invariant parameters, LTI dynamics,
arbitrarily fast or rate-bounded LTV parameters, time delays, …), suitable families of multipliers can be
found in the literature, see e.g. [MR97; JG01; JS02; KL04; KR07; VSK16]. Naturally, one would like the
multiplier family to be sufficiently large in order to increase the chance of finding a suitable member
satisfying the IQC FDI (2.28). Whether the robust stability test succeeds or not is then a question of
how large the robust stability margins of the system are relative to how tightly the uncertainty can be
bounded by the multiplier satisfying the IQC FDI.

In order to find tighter multipliers, the following lemma is frequently exploited.

Lemma 2.21 ([VSK16]). Assume 𝛼Δ, 𝛼 ∈ [0, 1] satisfies the IQC defined by every multiplier Π1, …, Π𝑘.
Then 𝛼Δ also satisfies the IQC defined by any conic combination ∑𝑘

𝑖=1 𝜆𝑖Π𝑖, 𝜆𝑖 ≥ 0.

Further, the robustness analysis can often be rendered less conservative by considering frequency
weighted multipliers, which is explored further in Section 2.3.4. This is analogous to the earlier concept
of D/G-scales [YP93; PD93].

For systems affected by multiple uncertainties Δ1, …, Δ𝑘 with Δ𝑖 ∈ 𝚫𝑖, 𝑖 = 1, …, 𝑘, one easily
finds that for 𝑞 = [𝑞1, …, 𝑞𝑘]⊤ and ℐ(Π𝑖, 𝑞𝑖, Δ𝑖(𝑞𝑖)) ≥ 0 satisfied for all 𝑞𝑖 ∈ 𝐋

𝑛𝑞𝑖
2 , the diagonally

augmented multiplier

Π = daug(Π1, …, Π𝑘) ≔ [diag(Π1,11, …, Π𝑘,11) diag(Π1,12, …, Π𝑘,12)
diag(Π1,21, …, Π𝑘,21) diag(Π1,22, …, Π𝑘,22)] (2.29)

satisfies the composite IQC
ℐ(Π, 𝑞, Δ(𝑞)) ≥ 0 ∀ 𝑞 ∈ 𝐋

𝑛𝑞𝑖
2 ,

where Π𝑖 is partitioned according to [𝑞𝑖, Δ𝑖(𝑞𝑖)]𝑇 and Δ(𝑞) = [Δ1(𝑞1), …, Δ𝑘(𝑞𝑘)]⊤ [VSK16]. Aug-
mented multipliers for repeated uncertainties (i.e. the same uncertain parameter occurring multiple
times in the LFR) are easily constructed using the Kronecker product and the identity matrix of appro-
priate size.

The search for a suitable multiplier Π ∈ 𝚷 satisfying FDI (2.28) on the entire imaginary axis is
rendered computationally feasible by first factorizing the transfer functions belonging to the multiplier
family 𝚷 into a fixed dynamic basis Ψ ∈ 𝐑𝐇∙×(𝑛𝑞+𝑛𝑝)

∞ and static projection Θ ∈ 𝚯 ⊂ 𝐒 such that
𝚷 = {ΨHΘΨ ∣ Θ ∈ 𝚯}. The fixed basis function Ψ is then absorbed in the system to be analysed
while the search over the infinite dimensional FDI test is reformulated into a tractable optimization
problem on Θ. The latter is conventionally achieved by applying the Kalman-Yakubovich-Popov (KYP)
lemma in order to obtain an equivalent LMI condition, which poses a tractable semi-definite program
(SDP) problem, for which efficient solvers exist [MR97; VSK16].
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Lemma 2.22 (Kalman-Yakubovich-Popov Lemma [VSK16]). Let 𝑌 ∈ 𝐒∙ and let 𝐺 ∈ 𝐑𝐋∙×∙
∞ admit

realization (𝐴, 𝐵, 𝐶, 𝐷) with 𝐴 ∈ 𝐑𝑛𝑥×𝑛𝑥 and eig(𝐴) ∩ 𝐂0 = ∅. Then the following statements are
equivalent:

1. 𝐺(𝑖𝜔)H𝑌 𝐺(𝑖𝜔) ≺ 0 ∀ 𝜔 ∈ 𝐑 ∪ {∞}.

2. There exists a matrix 𝑋 ∈ 𝐒𝑛𝑥 such that

⎡⎢
⎣

𝐼 0
𝐴 𝐵
𝐶 𝐷

⎤⎥
⎦

⊤

⎡⎢
⎣

0 𝑋 0
𝑋 0 0
0 0 𝑌

⎤⎥
⎦

⎡⎢
⎣

𝐼 0
𝐴 𝐵
𝐶 𝐷

⎤⎥
⎦

≺ 0. (2.30)

This equivalence persists to hold for

• non-strict inequalities, if, in addition, the pair (𝐴, 𝐵) is controllable.

• equalities, if, in addition, 𝐴 is Hurwitz and the pair (𝐴, 𝐵) is controllable.

More recently, a frequency domain approach has been developed, wherein the test is reformulated as an
equivalent maximum singular value problem [CS20], which is feasibly solved using for example the
nonsmooth optimization methods developed by Apkarian and Noll [AN06b]. The detailed discussion
and comparison of these methods is deferred to Section 4.5.

Performance by Integral Quadratic Constraints

Interestingly, IQCs can not only be used to guarantee robust stability, but also to verify signal based
interpretations of various performance criteria, and when combined with IQC based robust stability
analysis, one immediately yields worst-case performance bounds over all possible realizations of the
uncertain system. Consider therefore an uncertain system with exogenous inputs and performance
outputs as depicted in Figure 2.3b and given by

𝑝 = Δ(𝑞) (2.31a)

[𝑞
𝑧] = [𝐺𝑞𝑝 𝐺𝑞𝑤

𝐺𝑧𝑝 𝐺𝑧𝑤
]

⏟⏟⏟⏟⏟
𝐺

[𝑝
𝑤] , (2.31b)

The performance IQC on the channel 𝑤 → 𝑧 is stated as

ℐ𝑝(Π𝑝, 𝑧, 𝑤) ≔ ∫
∞

−∞
[ ̂𝑧(𝑖𝜔)
𝑤̂(𝑖𝜔)]

H

Π𝑝(𝑖𝜔) [ ̂𝑧(𝑖𝜔)
𝑤̂(𝑖𝜔)] d𝜔 ≤ −𝜀‖𝑤‖2, (2.32)

where

Π𝑝 ∈ {[Π𝑝11 Π𝑝12
ΠH

𝑝12 Π𝑝22
] ∈ 𝐑𝐋(𝑛𝑧+𝑛𝑤)×(𝑛𝑧+𝑛𝑤)

∞ ∣ Π𝑝11 ⪰ 0} . (2.33)

Again one will usually construct a family 𝚷𝑝 such that signals 𝑤 ∈ 𝐋𝑛𝑤
2 and 𝑧 ∈ 𝐋𝑛𝑧

2 satisfying the
performance IQC (2.32) defined by any Π𝑝 ∈ 𝚷𝑝 is equivalent to some performance criterion being
fulfilled.
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Corollary 2.23 (Robust IQC Performance [VSK16]). Let 𝐺 ∈ 𝐑𝐇(𝑛𝑞+𝑛𝑧)×(𝑛𝑝+𝑛𝑤)
∞ be a stable transfer

function and Δ∶ 𝐋𝑛𝑞
2𝑒

→ 𝐋𝑛𝑝
2𝑒

a causal and bounded operator. Assuming

1. for all Δ ∈ 𝚫 the interconnection (2.31) is well-posed, and

2. for all Δ ∈ 𝚫 and for all Π ∈ 𝚷 the IQC (2.27) holds true,

then the interconnection𝐺 –Δ is robustly stable and robust performance with respect to𝚷𝑝 on the channel
𝑤 → 𝑧 is guaranteed if there exist Π ∈ 𝚷 and Π𝑝 ∈ 𝚷𝑝 satisfying the FDI

⎡
⎢
⎢
⎣

𝐺𝑞𝑝(𝑖𝜔) 𝐺𝑞𝑤(𝑖𝜔)
𝐼 0

𝐺𝑧𝑝(𝑖𝜔) 𝐺𝑧𝑤(𝑖𝜔)
0 𝐼

⎤
⎥
⎥
⎦

H

[Π(𝑖𝜔) 0
0 Π𝑝(𝑖𝜔)]

⎡
⎢
⎢
⎣

𝐺𝑞𝑝(𝑖𝜔) 𝐺𝑞𝑤(𝑖𝜔)
𝐼 0

𝐺𝑧𝑝(𝑖𝜔) 𝐺𝑧𝑤(𝑖𝜔)
0 𝐼

⎤
⎥
⎥
⎦

≺ 0 ∀ 𝜔 ∈ 𝐑 ∪ {∞}.

(2.34)

Suitable multipliers for various performance indices (such as quadratic performance, passivity, gen-
eralized 𝐇2 performance) can be found in the literature, see e.g. [VSK16]. We will state here two
performance indices relevant for this work.

Lemma 2.24 ([VSK16]). Given the assumptions of Corollary 2.23, the interconnection (2.31) is robustly
stable and an upper bound 𝛾 > 0 on the induced
𝐋2-gain, supΔ∈𝚫‖ℱ𝑢(𝐺, Δ)‖ < 𝛾, is guaranteed if there exist Π ∈ 𝚷 satisfying the FDI (2.34) with

Π𝑝 = [𝛾−1𝐼𝑛𝑧
0

0 −𝛾𝐼𝑛𝑧

] . (2.35)

For robust 𝐇2-performance in the sense of supΔ∈𝚫‖ℱ𝑢(𝐺, Δ)‖2, several (not necessarily equivalent)
signal-based generalizations of the 𝐇2-norm for non-LTI uncertainties exist [Pag99]. A dedicated
discussion is given in Section 4.5.2. We state here a result for the impulse-response energy based
interpretation, which effectively relies on the KYP lemma.

Lemma 2.25 ([VSK16]). Given the assumptions of Corollary 2.23, a factorization 𝚷 = {ΨHΘΨ ∣ Θ ∈
𝚯}, and the resulting state-space realization

[Ψ 0
0 𝐼] ⎡

⎢
⎣

𝐺𝑞𝑝 𝐺𝑞𝑤
𝐼 0

𝐺𝑧𝑝 𝐺𝑧𝑤

⎤
⎥
⎦

= ⎡
⎢
⎣

𝐴 𝐵1 𝐵2
𝐶1 𝐷11 0
𝐶2 𝐷21 0

⎤
⎥
⎦
, (2.36)

the interconnection (2.31) is robustly stable and an upper bound 𝛾 > 0 on the 𝐇2-performance is
guaranteed by trace(𝐵⊤

2 𝑋𝐵2) < 𝛾2 if there exists 𝑋 ∈ 𝐒∙ and Θ ∈ 𝚯 satisfying

⎡
⎢
⎢
⎣

𝐼 0
𝐴 𝐵1
𝐶1 𝐷11
𝐶2 𝐷21

⎤
⎥
⎥
⎦

⊤

⎡
⎢
⎢
⎣

0 𝑋 0 0
𝑋 0 0 0
0 0 Θ 0
0 0 0 𝐼

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝐼 0
𝐴 𝐵1
𝐶1 𝐷11
𝐶2 𝐷21

⎤
⎥
⎥
⎦

≺ 0. (2.37)



24 Chapter 2. Preliminaries

𝐺

𝒟𝜏

𝑧𝑤

𝑝 𝑞

(a) Loop involving time delay operator 𝒟𝜏 .

𝐺

𝒮𝜏

𝑧𝑤

𝑝

𝑝̃ 𝑞

𝐺̃

(b) Shifted loop involving shifted time delay operator 𝒮𝜏 .

Figure 2.4: Two equivalent LFRs of an LTI system affected by uncertain time delay.

2.3.4 Analysis of Time-Delay Systems

Multipliers for Time Delays

All real-world systems are affected to some extent by time delays. In many cases the size of the delay
terms due to e.g. signal propagation or digital processing are small enough to be neglected in the system
model, but as the demand on the closed-loop control bandwidths steadily increases, even time-delays
in the order of a few microseconds can have detrimental effects on a high-performance system’s gain
margin and performance. Being such a common source of problems, TDSs have a rich literature dating
back to the 50s [Fri14] and renewed interest since the 90s [Ric03] due to the emergence of networked
systems, which together with multiagent and distributed systems remain the driving motivation for
the continued research in this field [Den+22]. The central complication regarding the analysis of and
controller synthesis for systems including time delays stems from the propagation time delays in the
system model. Since the delay terms are irrational and infinite-dimensional, most conventional analysis
and controller tuning methods are no longer applicable.

The following subsections introduce a simple but useful classical-control approach to handling time
delays by rational approximations and a modern-control approach based on multiplier theory, that
in conjunction with the IQC framework provides hard stability and performance guarantees where
required. Other approaches such as compensation methods are of limited relevance in this work, as
concluded in Section 3.3.2.

Real-Rational Approximations

Real-rational approximations of the irrational delay term(s) 𝑒−𝑠𝜏 in a given system model are widely
used in practice due to their simplicity and because they allow the use of conventional analysis and
synthesis methods that require finite-dimensional systems [Ric03; SP09]. Truncated Taylor series
and Padé approximations are most widely studied examples, where the Padé approximant is usually
preferred over Taylor series because it remains stable also for higher orders [HP09].

The Padé approximant of order 𝑛 for 𝑒−𝑠𝜏 is given as the rational function

𝑒−𝑠𝜏 ≈ 𝑝0 + 𝑝1𝑠𝜏 + 𝑝2(𝑠𝜏)2 + ⋯ + 𝑝𝑚(𝑠𝜏)𝑚

𝑞0 + 𝑞1𝑠𝜏 + 𝑞2(𝑠𝜏)2 + ⋯ + 𝑞𝑛(𝑠𝜏)𝑛 (2.38)
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Figure 2.5: Exemplary Nyquist path of 𝒮𝜏(𝑖𝜔) ( ) and visualization of the corresponding time-delay
multipliers Π1 ( ), Π2 ( ) and Π3 ( ), as well as a conic combination of Π1 and Π3 ( ).

where we assume in general 𝑛 ≥ 𝑚 to ensure realizability. The coefficients 𝑝0, …, 𝑝𝑚 and 𝑞0, …, 𝑞𝑛 are
computed by equating the approximant to the first 𝑚 + 𝑛 + 1 terms of the Maclaurin series of 𝑒−𝑠𝜏 ,
yielding [Gv13]

𝑝𝑖 = (𝑚 + 𝑛 − 𝑖)! 𝑚!
(𝑚 + 𝑛)! 𝑖! (𝑚 − 𝑖)!

(−1)𝑖, 𝑖 = 0, …, 𝑚

𝑞𝑖 = (𝑚 + 𝑛 − 𝑖)! 𝑛!
(𝑚 + 𝑛)! 𝑖! (𝑛 − 𝑖)!

, 𝑖 = 0, …, 𝑛.
(2.39)

While the case 𝑚 < 𝑛 has known benefits in time domain analysis [Vaj00], we will – as is common –
exclusively focus on the case 𝑚 = 𝑛, which leads to the simplification

𝑝𝑖 = 𝑞𝑖(−1)𝑖

𝑞𝑖 = (2𝑛 − 𝑖)!
𝑖! (𝑛 − 𝑖)!

, 𝑖 = 0, …, 𝑛.
(2.40)

Consider the LTI time-delay operator 𝒟𝜏 ∶ 𝐋2𝑒
[0, ∞] → 𝐋2𝑒

[0, ∞] for 𝜏 > 0 given by 𝒟𝜏(𝑣) =
𝑣(𝑡 − 𝜏). Recall that for 𝑣 ∈ 𝐋2𝑒

[0, ∞], 𝑣(𝑡) = 0 for 𝑡 < 0. In robust control, the interconnection of
the nominal (controlled) plant 𝐺 = ℱ𝑙( ̃𝑃 , 𝐾) and an (uncertain) time delay 𝒟𝜏 is frequently loop
shifted as illustrated in Figure 2.4b, yielding the shifted timed-delay operator 𝒮𝜏 = 𝐷𝜏 −𝐼 , i.e. 𝒮𝜏(𝑣) =
𝑣(𝑡 − 𝜏) − 𝑣(𝑡). It is clear that both representations are equivalent, i.e. that ℱ𝑢( ̃𝐺, 𝒮𝜏) = ℱ𝑢(𝐺, 𝒟𝜏).
The primary reason to use 𝒮𝜏 over 𝒟𝜏 is that 𝒮𝜏 causes no complications with unstable plants and that
𝒮0(𝑣) = 0, which simplifies the analysis, cf. Assumption 2.18 [VSK16; DP00].

There exists rich literature on IQC-multipliers for (uncertain) time delays, a recent overview is given
in [Eic16]. Notable contributions include [MR97; JS02; PS12] for constant time delays, [KL04; KR07]
for time-varying delays, and the aggregating discussions in [Eic16; PS15]. As explained in the later
references and illustrated in Figure 2.5, IQC multipliers for time delays can be represented as static
or dynamic circle or half-plane regions bounding the arc mapped out by the time-delay operator in
the Nyquist plane. The tighter the arc can be bounded, the less conservative the analysis (or synthesis)
becomes [PS15].
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Remark 2.26. One should be careful to note that conic combinations of such multipliers again are circle
criteria and not, as one might expect graphically, the intersection area. The bound created by circles
( ) and ( ) in Figure 2.5 is given by circle ( ) and not the tight crescent of intersection. Choosing
the right combination of multipliers, in fact, is not straight forward and requires experimentation or
numerical optimization [PS15].

Several challenges arise in the design of as-tight-as-possible time delay multipliers. The first is a
suitable parameterization of the uncertainty in the sense of Assumption 2.18. Using the standard linear
parameterization 𝛼 ∘ Δ = 𝛼𝒮𝜏𝐼𝑛𝑞

not only raises the issue of finding suitable multipliers such that,
for all 𝛼 ∈ [0, 1], the IQC defined by that multiplier holds for all 𝛼Δ in place of Δ (cf. Theorem 2.17
and [JG01]), IQCs holding for this parameterization also provide (in this setting) awkward robustness
guarantees. Indeed, the loop is in this case guaranteed to be robust against variations in the magnitude
of the delayed signal, but not against variations in the delay size 𝜏 . A much more popular and for this
application far more sensible parameterization is given by 𝛼 ∘ Δ = 𝒮𝛼 ̄𝜏𝐼𝑛𝑞

, such that robustness is
guaranteed for all time delays up to a worst-case delay ̄𝜏 . This parameterization is valid under the mild
assumption that the controlled plant is strictly proper across the uncertainty channel 𝑀𝑞𝑝(∞) = 0
[JG01].

Remark 2.27. While making the analysis in a sense more conservative, the parameterization of the
uncertainty is a key ingredient for proving robust stability via IQCs per Theorem 2.17 and stability for
smaller delays hence comes “free of cost”. Certainly, there may be cases where higher performance can
be achieved by not requiring stability for smaller time delays, however this edge scenario is not deemed
to be of practical relevance in this work.

The second challenge is that the tightest conceivable multipliers are not only frequency dependent but
switching, rendering state-space methods such as the common KYP lemma inapplicable for solving the
IQC robust stability problem [PS15]. This is a consequence of these multipliers depending on the value
of 𝒮 ̄𝜏(𝑖𝜔), but needing to cover the full arc to 𝒮 ̄𝜏(𝑖𝜔) even as 𝜔𝛼 ̄𝜏 > 𝜋. For state-space methods, we
will therefore employ rational approximations of those multipliers, which do not weaken the robustness
guarantee but render the analysis slightly conservative.

We now state the three primary time-delay multipliers used in this work, also found and partially
derived in [PS15]. Additional multipliers can be found in the other notable works referenced above.

Delay-independent circle criterion This static multiplier covers the entire Nyquist plot of 𝒮 ̄𝜏 and
is on its own equivalent to verifying infinite delay margin.

Π1 ≔ [ 0 −1
−1 −1] . (2.41)

Delay-dependent circle criterion A simple frequency dependent multiplier describes the interior
of a circle centred at the origin of radius |𝒮 ̄𝜏(𝑖𝜔)|.

Π2(𝑖𝜔) ≔

⎧
{{
⎨
{{
⎩

[
|𝒮 ̄𝜏(𝑖𝜔)|2 0

0 −1
] if 𝜔 ̄𝜏 < 𝜋

[
4 0
0 −1

] otherwise.
(2.42)
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A real rational approximation for this switching multiplier is given by

Π̄2(𝑖𝜔) ≔ [|𝜙2(𝑖𝜔)|2 0
0 −1] (2.43)

where
𝜙2(𝑠) ≔ 2(𝑠 ̄𝜏)2 + 3.5𝑠 ̄𝜏 + 10−6

(𝑠 ̄𝜏)2 + 4.5𝑠 ̄𝜏 + 7.1
. (2.44)

Tight delay-dependent circle criterion An even smaller circle can be constructed around the arc
described by 𝒮 ̄𝜏 by defining the circle going through the origin and 𝒮 ̄𝜏(𝑖𝜔) and centred at the half-way
point 1

2𝒮 ̄𝜏(𝑖𝜔).

Π3(𝑖𝜔) ≔

⎧
{{
⎨
{{
⎩

[
0 1

2𝒮 ̄𝜏(𝑖𝜔)
1
2𝒮 ̄𝜏(𝑖𝜔) −1

] if 𝜔 ̄𝜏 < 𝜋

[
4 0
0 −1

] otherwise.
(2.45)

A real rational approximation for this switching multiplier is given by

Π̄3(𝑖𝜔) ≔ [ 0 𝜙3(𝑖𝜔)H
𝜙3(𝑖𝜔) −1 ] (2.46)

where
𝜙3(𝑠) ≔ −2.19(𝑠 ̄𝜏)2 + 9.02𝑠 ̄𝜏 + 0.089

(𝑠 ̄𝜏)2 − 5.64𝑠 ̄𝜏 − 17
. (2.47)

The multipliers that were just introduced are visualized in Figure 2.5.

Lemma 2.28 ([PS15]). The IQCs defined by multipliers Π1, Π2, Π̄2, Π3, Π̄3 from (2.41) to (2.43), (2.45)
and (2.46) are satisfied by all Δ ∈ {𝒮𝜏 ∣ 0 ≤ 𝜏 ≤ ̄𝜏}.

Asdetailed in Section 2.3.3, conic combinations ofmultipliers (see Lemma2.21) and frequencyweighting
can help to find suitable multipliers satisfying the IQC stability FDI (2.28). A useful example of this is
given in [PS12]. It combines an 𝒮 ̄𝜏 over-bounding weight similar to Π2 in (2.43) with Π1 and frequency
weighting. The former weight is given as

Ψ𝒮𝜏
(𝑠) = 2

(𝑠 ̄𝜏)2 + ( 4
𝜋 + 𝜀)𝑠 ̄𝜏 + 4

𝜋𝜀
(𝑠 ̄𝜏)2 − 𝜋 cos(𝜋2

4 )𝑠 ̄𝜏 + 𝜋2

4
. (2.48)

The frequency weighting is achieved by a generic dynamic basis such as

Ψ𝜈(𝑠) =
⎡
⎢
⎢
⎢
⎣

1
(𝑠 − 𝜌)
(𝑠 − 𝜌)2

⋮
(𝑠 − 𝜌)𝜈−1

⎤
⎥
⎥
⎥
⎦

, (2.49)

with 𝜈 ∈ 𝐍0 and 𝜌 < 0. For 𝜈 → ∞, the choice of 𝜌 becomes negligible, but for small 𝜈, line search to
determine the optimal 𝜌 may be beneficial [VSK16]. This choice offers a flexible parameterization of
almost arbitrary frequency weights [PS12; VSK16].
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Figure 2.6: Example of a perfect harmonic oscillator signal ( ) and a poor, drifting and noise-impaired
oscillator signal ( ) at 1 GHz and 3 dBm in a 50 Ω system.

Lemma 2.29 ([PS12; VSK16]). The IQC defined by multiplier

Π4 ≔ ⎡
⎢
⎣

Ψ𝜈Ψ𝒮𝜏
0

Ψ𝜈 0
0 Ψ𝜈

⎤
⎥
⎦

H

⎡⎢
⎣

Θ11 0 0
0 0 Θ22
0 Θ22 Θ22 − Θ11

⎤⎥
⎦

⎡
⎢
⎣

Ψ𝜈Ψ𝒮𝜏
0

Ψ𝜈 0
0 Ψ𝜈

⎤
⎥
⎦

(2.50)

for some Θ11, Θ22 ∈ 𝐒𝜈 , is satisfied by all Δ ∈ {𝒮𝜏 ∣ 0 ≤ 𝜏 ≤ ̄𝜏} if 𝑃 (∞) = 0.

2.4 Time and FrequencyMetrology

2.4.1 Oscillator Models

The core component of any synchronization system is a timekeeping device, i.e. a clock, whose state
either poses as absolute time reference or is to be adjusted to match that of an external reference. In
engineering, clocks are nearly always built using some realization of the conceptual oscillator, e.g. a
pendulum, a quartz based electronic resonator circuit, or a coherent light source. In general, an oscillator
is a dynamic system undergoing (sustained) motion around an equilibrium state, resulting in a periodic
output. An oscillator with particularly stable repetition rate which is used as reference for other systems
is also called a frequency standard.

Ideal Harmonic Oscillator

We start by considering the ideal harmonic oscillator in steady-state. Described by a simple differential
equation, its output 𝑣 ∶ 𝐑 → 𝐑 is bounded and sinusoidal with some angular frequency 𝜔0, amplitude𝐴
and nominal phase 𝜑0, given by

𝑣(𝑡) = 𝐴 cos(𝜔0𝑡 + 𝜑0). (2.51)

By virtue of the periodic cosine function, there exists a constant period 𝑇 such that 𝑣(𝑡) = 𝑣(𝑡 + 𝑇 )
for all 𝑡, equal to 𝑇 = 2𝜋𝜔−1

0 . The reciprocal of the period is the fundamental frequency, 𝜈0 = 𝑇 −1,
consequently related to the (fundamental) angular frequency by 𝜔0 = 2𝜋𝜈0. The nominal phase 𝜑0
indicates a relative shift in time of the waveform resulting from initial conditions of the system, which
is usually set to zero and omitted from the notation.
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Real Harmonic Oscillator

Given a real oscillator, a clock is implemented by inferring, from the oscillators output 𝑣(𝑡), the time
that has elapsed since an arbitrary starting point by keeping track of the full and fractional cycles the
observed waveform has completed. However, any real world system is affected by its environment.
When an unknown disturbance alters the behaviour of the oscillator and thus its observed output, the
inference of time based on the ideal oscillator model will introduce a timing error. Since the ideal
harmonic oscillator is fully characterized by its amplitude and phase, it is sufficient to distinguish
between disturbances affecting either parameter, i.e. the amplitude fluctuation and phase fluctuation,
given by 𝑎𝑛(𝑡) and 𝜑𝑛(𝑡) respectively. Note that both are noise terms, however we choose to label them
slightly more generally as fluctuations to avoid confusion with other conventional uses of the term
“phase noise”, which will be introduced later. The real harmonic oscillator is therefore given by

𝑣(𝑡) = (𝐴 + 𝑎𝑛(𝑡)) cos(𝜔0𝑡 + 𝜑𝑛(𝑡)). (2.52)

Remark 2.30. We assume here that the real harmonic oscillator is still reasonably well-designed and
shielded from the environment such that |𝑎𝑛(𝑡)| ≪ 𝐴 and |𝜑𝑛(𝑡)| ≪ 1. This assures that the spectral
integrity of the signal is maintained2 and that the waveform is still discernable enough to be tracked.

Remark 2.31. Note that we could have also introduced angular frequency fluctuation 𝜔𝑛(𝑡), which is
strictly equivalent to phase fluctuation by

𝜔𝑛(𝑡) = d
d𝑡

𝜑𝑛(𝑡). (2.53)

Remark 2.32. While amplitude and phase fluctuations are independent phenomena, they can only be
unambiguously discerned in the peaks and zero-crossings of the cosine function, respectively.

General Oscillator

So far we have only considered the harmonic oscillator, which emits a sinusoidal signal. However, clock
signals found in many applications have other periodic waveforms. For example, square waves are
omnipresent in digital electronics, and mode-locked laser oscillators emit an optical impulse-train with
ultra-short pulses, approximating a Dirac comb. Assuming a generic bounded carrier waveform 𝑥(𝑡),
w.l.o.g. normalized to a period of 2𝜋, we may modify the real harmonic oscillator (2.52) as

𝑣(𝑡) = (𝐴 + 𝑎𝑛(𝑡)) 𝑥(𝜔0𝑡 + 𝜑𝑛(𝑡)). (2.54)

Applying the exponential form of the Fourier series expansion to the carrier, we obtain

𝑣(𝑡) = (𝐴 + 𝑎𝑛(𝑡))
∞

∑
𝑘=−∞

𝑐𝑘 ⋅ e𝑘(𝜔0𝑡+𝜑𝑛(𝑡))

= (𝐴 + 𝑎𝑛(𝑡))
∞

∑
𝑘=−∞

𝑐𝑘 ⋅ e𝑘𝜔0𝑡e𝑘𝜑𝑛(𝑡),
(2.55)

with 𝑐−𝑘 = ̄𝑐𝑘. This form not only visualizes that any periodic waveform can in fact be recreated
by superposing sufficiently many real harmonic oscillators, but also reveals that a phase fluctuation
affecting the entire carrier 𝑥(𝑡) is reflected by a corresponding, but scaled, phase shift on each harmonic,
where the scaling factor is the harmonic order 𝑘.

2Large phase noise may lead to carrier collapse, i.e. significant loss in power concentrated in the carrier frequency, rather
than its sidebands [Rub08, p. 9].
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Tunable Oscillators

For many applications, in particular communication technology, synchronization and audio synthesis,
some sort of control over the oscillator process is required. While the amplitude can be easily adjusted
using a suitable amplifier at the output, the modulation of frequency and/or phase is more tightly
coupled to the oscillator’s method of operation. For example, using temperature control via a heating
element is a common way to stabilize the frequency of high-precision crystal oscillator and offers a wide
tuning range for optical resonators. In semiconductor-based oscillator circuits, variation of the passive
components and biasing voltages also changes the frequency of oscillation. All these are examples of
VCOs. The formalism is as before, but with frequency depending on some input signal 𝑢(𝑡), such that
(using the real harmonic oscillator as an example)

𝑣(𝑡) = (𝐴 + 𝑎𝑛(𝑡)) cos(𝜔(𝑢(𝑡))𝑡 + 𝜑𝑛(𝑡)). (2.56)

Usually, the nature of the tuning signal will be irrelevant, and considering a time-varying angular
frequency 𝜔(𝑡) suffices. On the other hand, the phase of the oscillator process can usually only be
directly affected by some sort delay line, which scales in size with the desired actuation range and is
also limited in speed. For these reasons, the instantaneous phase of the oscillator process is controlled
via the integral relationship of phase and frequency:

𝜑(𝑡) = ∫
𝑡

0
𝜔(𝜏) d𝜏 + 𝜑𝑛(𝑡). (2.57)

2.4.2 Phase Noise andTiming Jitter

Depending on the application and the corresponding implementation details, noise induced amplitude
and phase fluctuations can both pose a problem to achieving the required timing stability. In practice
however, amplitude noise is secondary to phase noise for several reasons. On one hand, amplitude
fluctuations are relatively small in modern oscillators, as oscillators have internal amplitude stabilization
mechanisms [Rub08]. Also, phase detectors used to determine the relative timing of two oscillators are
generally designed to be insensitive to amplitude changes. Phase fluctuations on the other hand are
intrinsically related to the temporal stability of the oscillator process and the phase of a stand-alone
oscillator moves freely. Being the main adversary, it is therefore essential for the subsequent analysis of
synchronization systems to get a fundamental understanding of the properties of phase fluctuations
and their impact on the oscillator process.

Traditionally, this discussion is predominantly held in the frequency domain as stable harmonic oscil-
lators are key components of radio communication systems and phase fluctuations cause deterioration
of the spectral purity of the carrier, leading to a widening of the frequency line as seen on a spectrum
analyser [Rub08]. This also gave raise to the classical definition of “phase noise”. When digital clock
signals, where positive flanks on a square wave conventionally trigger a step in the underlying discrete
architecture, came to be, time-domain specifications, i.e. several variants of “timing jitter”, proved more
natural to describe noise related performance degradations [DS18]. Inspecting (2.54), it is clear however
that all these view-points and specifications are interrelated and can, to a large extend, be converted
from one to another. Yet, most literature focusses on either view-point and, if at all, uses simplifications
to discuss the interrelation, e.g. just considering the phase of the fundamental harmonic.

Being an important engineering problem, a sizeable amount of literature can be found on the topic of
phase noise and timing jitter. A selection is given below, categorized into three focus areas:
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1. statistical properties of phase fluctuations and phase noise impaired signals [RH08; Rub08; Dena;
HRS02],

2. phase noise models for oscillators [Shi14; DMR98; Dem06; Loh+13a; Loh+13b], and

3. measurement and mitigation practice of phase noise [Denb; BT58; PW09; Hew85; Gru+20;
Sch24].

Phase Noise

The IEEE standard 1139 [IEEa] defines phase noise, denoted ℒ(𝑓), only for harmonic oscillators.
For general oscillators, the definition is applied to any single harmonic component, often simply the
fundamental. With respect to (2.52) and (2.54), it is given as

ℒ(𝑓) ≔ 1
2

𝑆′
𝜑𝑛

(𝑓), (2.58)

where 𝑆′
𝜑𝑛

(𝑓) as in (2.3) is the (estimated) one-sided PSD of 𝜑𝑛(𝑡). Despite existing in this form for
now more than 20 years, an outdated definition of ℒ(𝑓) is still widespread enough to warrant caution
when coming across a specification of said quantity in datasheets or scientific literature. Unfortunately,
this confusion is also upheld by practitioners continuing to specify the quantity ℒ(𝑓) logarithmically
in units dBc/Hz in both definitions. Here “c” indicates “carrier” and stems from the original definition
based on phase noise quantification using RF spectrum analysers but is given as rad2/2 in the current
definition. For completeness, we state the original definition:

ℒRF(𝑓) ≔ 𝑆𝑣(𝜈0 + 𝑓) in 1 Hz bandwidth
carrier power

(obsolete). (2.59)

While well-defined and of interest in some theoretical contexts, see e.g. [Gar05], ℒRF(𝑓) is inadequate
to describe phase stability of oscillators for several reasons pointed out e.g. in [Rub08]:

• Being more closely related to the equivalent additive noise representation 𝑣(𝑡) = 𝐴 cos(𝜔0𝑡) +
𝑛(𝑡), it does not discriminate between amplitude and phase fluctuations.

• It is only suitable for small phase fluctuation induced angular changes. Once the small angle
approximation fails to hold, the relationship of ℒRF(𝑓) and 𝑆′

𝜑𝑛
(𝑓) breaks down.

• This is in particular the case at sufficiently small offset frequencies, where the small angle approx-
imation is never justified.

Further, it has to be noted that the IEEE standard 1139 [IEEa] bases even the new definition (2.58)
on practical measurement techniques and convention rather than sound mathematical support. This
is mostly because, as noted in several sources [Gar05; DMR98], 𝜑𝑛(𝑡) is a random process that is
notoriously difficult to model correctly. The perhaps most rigorous account to date is given in [Dem06].
The author discusses additive white and coloured noise sources acting on the oscillator dynamics and
arrives at the conclusion that the resulting phase fluctuation 𝜑𝑛(𝑡) is best modelled as passing stationary
macro noise sources, aggregating all individual noise sources of a particular kind, through an ideal
integrator. However, the integrator dynamics are not stable, which means that 𝜑𝑛(𝑡) at the output is
strictly non-stationary and at best described by a Wiener process, which is accurate, though unrealistic
in practice, if the only macro noise source is white. As a consequence, the PSD 𝑆′

𝜑𝑛
(𝑓) used in the

definition (2.58) is actually not well-defined!



32 Chapter 2. Preliminaries

The remedy that again gives meaning to ℒ(𝑓) is to take into account the observation time of the process,
that is finite in any real-world scenario. A clock may diverge infinitely from its reference if let run
freely indefinitely, indicated by a simultaneously increasing variance 𝜎𝜑𝑛

, but it will need an infinite
amount of time to do so [Gar05]. In [Dem06], the unbounded phase fluctuation 𝜑𝑛(𝑡) for that reason
is disregarded in favour of a bounded, self-referencing variant 𝜑𝑛,𝜏(𝑡) = 𝜑𝑛(𝑡) − 𝜑𝑛(𝑡 − 𝜏), which
is provably stationary and has finite variance that scales with the observation time 𝜏 . Despite being
mathematically well-behaved, we note that:

1. Due to the self-referencing, the PSD𝑆𝜑𝑛,𝜏
(𝑓) is forced to zero at all frequencieswhere 𝑓𝜏 is integer.

While disturbing at first, it can be argued that this reflects the common use of characteristic
points in the waveform, e.g. the positive zero crossing in a sinusoid, for evaluating the phase,
which will lead to corresponding blind spots in the frequency domain. This scenario of course
corresponds to 𝜏 = 𝜈−1

0 .

2. Neither 𝜑𝑛,𝜏(𝑡) or 𝑆𝜑𝑛,𝜏
(𝑓) are actually measured by state-of-the-art phase noise analysers,

which use spectral estimation techniques to compute an estimate ̂𝑆𝜑𝑛
from a finite amount

of 𝜑𝑛(𝑡) samples, assuming the process is stationary and all operations well-behaved. Hence,
𝜑𝑛,𝜏(𝑡) is not a practical tool for system design.

An alternative to using 𝜑𝑛,𝜏(𝑡), that is in agreement with common practice, is to assume that arbit-
rarily slow frequency drifts (those with time constants much larger than the observation time) are
removed using an ethereal regulator, which ensures stationarity and boundedness of 𝜑𝑛(𝑡) and hence
an unproblematic 𝑆𝜑𝑛

(𝑓). While inaccurate for free-running oscillators in its own right, we note that
phase noise analysers essentially work in the same way, i.e. the analysers internal reference oscillators
track the frequency of the device under test (DUT), and all applications considered in this work fit this
assumption.

An example of a phase noise spectrum is given in Figure 2.7. It is often well-described using a power
law as a sum of 𝑓0 white phase, 𝑓−1 flicker phase, 𝑓−2 white frequency, 𝑓−3 flicker frequency and 𝑓−4

random walk frequency noise [Rub08]. Slowly varying components, usually those below 10 Hz are also
categorized as (random) drift (as opposed to “noise”). Note that, depending on the oscillator design,
it is very well possible to have excellent long-term stability (i.e. low drift), but be very noisy at higher
frequencies, and vice-versa. The best oscillators seen in practice are often hybrids created from multiple
oscillators types, see e.g. [Gas+20]. The phase noise curve of Figure 2.7 exhibits spurs, for example at
50 Hz (power grid frequency), but also around e.g. 500 kHz. Spurious noise contents like this stem
from deterministic disturbance sources and are easily traced back to the power supply, mechanical
modes, etc. Due to their deterministic nature, it is inappropriate to account for their contribution to
the phase noise in terms of a power spectral density, but should be (vocally) omitted from the spectrum
before further processing [IEEa].

Timing Jitter

In digital applications, statistics on the discrete timing of events like the previously discussed positive-
flank trigger, play a more dominant role. Several possible variants are described in the IEEE Stand-
ard 2414 [IEEb]. Despite a certain degree of discrete-time nature in the main application under
consideration in this work3, continuous-time metrics are more useful with respect to the control design
studies which are to follow. The only relevant definition then is that of RMS timing jitter 𝐽𝑡, which can

3FELs are fundamentally designed around the concept of particle and optical pulse trains.
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Figure 2.7: Example phase noise spectrum of a 1.3 GHz carrier with disturbance induced spurs and a
white noise-floor beyond 1 MHz. The upper plot illustrates differences in the cumulative integrated
jitter when integrated right-to-left without spurs ( ), right-to-left with spurs ( ) and left-to-right
without spurs ( ). Top-side numbers indicate the integrated jitter per decade.
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be calculated via Parseval’s theorem from any suitable PSD. In case of the phase noise spectrum ℒ(𝑓)
we get

𝐽𝑡 = 𝜃𝑛,rms = lim
𝑇 →∞

√ 1
2𝑇

∫
𝑇

−𝑇
𝜃𝑛(𝑡)2 d𝑡 = 1

𝜔0
√∫

∞

0
2ℒ(𝑓) d𝑓 =

𝜑𝑛,rms

𝜔0
. (2.60)

Here, we have implicitly defined the timing fluctuation 𝜃𝑛(𝑡) = 𝜑𝑛(𝑡)𝜔−1
0 , cf. (2.54). The corresponding

one-sided power spectral density 𝑆′
𝜃 will be denoted timing jitter spectral density. Note that, for reasons

discussed previously, the integrals in (2.60) do not converge for free-running oscillators. It is common,
also with consideration for limited bandwidth in phase noise analysers, to adjust the limits of the
second integral to a practical range of interest, as e.g. 10 Hz to 10 MHz. In this case, we usually refer to
integrated timing jitter and state the integration bounds [IEEa]. Deterministic disturbances appearing
as spurs in the phase noise spectrum should be included in the timing jitter using root sum square
(RSS) of integrated phase noise over the phase noise spectrum with spurs omitted and the spur jitter
contribution

𝐽𝑡,𝑓spur
=

ℒ(𝑓spur)√
2𝜋𝜈0

, (2.61)

where 𝑓spur indicates the offset frequency at which the spur occurs [Smi22]. Unlike the phase, the timing
jitter 𝐽𝑡 is independent of the fundamental frequency of the system and hence is more suitable when
comparing timing stability across heterogeneous systems.

Remark 2.33. In the characterization of oscillator stability, time-domain specifications, so-called vari-
ances, like the Allan variance, are often used [IEEa]. For the discussion in this work, they provide
limited additional insight and therefore will not be explored further.
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Optimal Control for Phase Tracking and
Distribution

3.1 The Phase Locked-Loop

3.1.1 Principle of Operation

Using the oscillator models established in Section 2.4.1, we can describe the synchronization procedure
as the combination of measuring the instantaneous phase 𝜑(𝑡) of the to-be-synchronized oscillator and
applying a corrective action to its dynamic process that eliminates the true error to a (generally random)
reference phase 𝜑𝑟(𝑡). Quantitatively, this goal is encoded in the size of the performance variable 𝑧(𝑡),
defined as

𝑧(𝑡) = 𝜑𝑟(𝑡) − 𝜑(𝑡). (3.1)

While 𝑧(𝑡) is primarily driven by the oscillator’s phase fluctuation 𝜑𝑛(𝑡), other factors like the purity of
the reference and measurement noise propagating into the system via the corrective action, play a role
as well.

The automation of this synchronization process is a well-studied control problem with applications in
various fields of engineering known as the phase-locked loop (PLL), schematically depicted in Figure 3.1.
Extensive discussions of PLLs and their properties can be found in [Gar05]. While the PLL was
originally considered a stand-alone topic, it is clear that the design of the phase controller (in early
implementations just a low-pass filter) is inherently a problem of feedback control theory.

Reference 
Oscillator

Phase
Detector

Phase
Controller

Phase-Locked 
Oscillator

VCO
𝑟 𝑒 𝑢

𝜑

Figure 3.1: Schematic depiction of a phase-locked loop.
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𝐾 𝐺𝜑𝑟
𝑢𝑒

𝑛

𝜑

𝜑𝑛

𝜑𝑚

𝑧

Figure 3.2: Feedback loop abstraction of a PLL.

In practice, phase detectors involve nonlinear operations such as frequencymixing. However, discussing
the problem in baseband, i.e. eliminating the carrier signal and just considering dynamics directly
affecting the phase of the oscillator, allows us to exclude these unnecessary complications from the
analysis without introducing significant conservatism. The resulting feedback loop, shown in Figure 3.2,
is standard and has been extensively analysed in the literature, see e.g. [FPE19]. The equations of this
dynamic system are extended from (3.1) as:

𝑧 = 𝜑𝑟 − 𝜑 (3.2a)
𝜑 = 𝐺𝑢 + 𝜑𝑛 (3.2b)
𝑢 = 𝐾𝑒 (3.2c)
𝑒 = 𝜑𝑟 − 𝜑𝑚 (3.2d)

𝜑𝑚 = 𝜑 + 𝑛. (3.2e)

The meaning of the variables is summarized as follows. The instantaneous oscillator phase 𝜑(𝑡) is the
sum of the response of the oscillator plant dynamics 𝐺 to the control input 𝑢(𝑡) and the random phase
fluctuation 𝜑𝑛(𝑡), which encodes the dynamic response to disturbances acting on the plant and is
characterized by its PSD 𝑆𝜑𝑛

(𝑓) (equiv. to the phase noise ℒ(𝑓)). The control input is the response of
the controller 𝐾 to the measured phase error 𝑒(𝑡), which is computed from the reference phase 𝜑𝑟(𝑡)
and the measured oscillator phase 𝜑𝑚(𝑡), which, as opposed to the true phase error 𝑧(𝑡) defined in
(3.1), is corrupted by measurement noise 𝑛(𝑡). Additionally, let

𝐾(𝑠) = [ 𝐴𝐾 𝐵𝐾
𝐶𝐾 𝐷𝐾

] . (3.3)

The main condition for the LTI model to be sufficient is that the phase detector operates in a linear
regime once the loop is closed, or, using domain nomenclature, when the PLL is locked. For this reason,
achieving initial lock can be tricky, as the error 𝑧(𝑡) has to be sufficiently small precisely when the
controller is being engaged, so that the loop dynamics are indeed stable. Consequently, nonlinear
analysis can be useful in very noisy systems. A method to deal with this complication is to use outer
and inner loops of complementary bandwidth, dynamic range and resolution. The outer loop need
not be particularly optimized, as its primary purpose is to “catch” the PLL, at which point the inner
loop can be engaged, which ensures performance. Hence, the following discussion will focus on the
inner loop. Vice-versa, strong disturbances can also lead to the PLL to lose lock or slip, i.e. jump one or
multiple full revolutions in phase. Sometimes, a secondary task of the outer-loop is to avoid actuator
saturation of the fast inner-loop by using a slow, high-dynamic-range actuator that slowly tunes the
oscillator in the same direction as the inner-loop, thus keeping the inner-loop output centred.
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Figure 3.3: Generalized PLL feedback loop with noise shaping filters.

3.1.2 Noise Shaping

Most of the standard theory that considers performance of a control loop in a stochastic setting assumes
white noise entering at the exogenous inputs. However, as outlined in Section 2.4.2, 𝜑𝑛 and 𝜑𝑟 certainly
cannot be assumed white, and simply neglecting this fact will lead to a suboptimal controller design
and poor jitter performance. We therefore employ the use of virtual colouring filters 𝐹(·) ∈ 𝐑𝐇2 to
shape the spectral content of the non-white random variables 1 from independent unitary white noise
inputs 𝑤(·) [BJ65; ZDG96], i.e.

𝜑𝑟 = 𝐹𝑟𝑤𝑟, 𝜑𝑛 = 𝐹𝑑𝑤𝑑, and 𝑛 = 𝐹𝑛𝑤𝑛.

Indeed, we have from Lemma 2.2 that, when fed with white noise, the power spectral density at the
output of the noise shaping filters matches the magnitude response of the filter itself.

Remark 3.1. Theuse of colouring filters introduces conservatism, as perfectlymatching ameasured noise
spectrum would require filters of infinite order, which are non-practical. Also, as shown in [Heu18], the
slope of the measured spectrum rarely fits multiples of 20 dB/dec. Fractional order systems are suitable
to model non-spurious spectra [Heu18], but lack rigorous support in most numerical tools today and
hence are not explored further. Instead, as supported by a real-world case study in Section 5.2.8, a
reasonable trade-off between filter order and fitting accuracy generally yields satisfying results.

The resulting system is depicted in Figure 3.3. System (3.2) then adapts to

𝑧 = 𝜑𝑟 − 𝜑 (3.4a)
𝜑 = 𝐺𝑢 + 𝐹𝑑𝑤𝑑 (3.4b)
𝑢 = 𝐾𝑒 (3.4c)

𝜑𝑚 = 𝜑 + 𝐹𝑛𝑤𝑛 (3.4d)
𝑒 = 𝐹𝑟𝑤𝑟 − 𝜑𝑚. (3.4e)

While the form (3.4) nicely illustrates the structure of the PLL loop from a modelling perspective,
the results from optimal control theory are applied easiest to a more abstract representation which
separates the known plant dynamics from the sought-after controller dynamics and collapses the internal
interconnection structure. The LFR shown in Figure 2.2, is easily constructed by collecting external

1The subscript 𝑑 is chosen for the filter and white noise input corresponding to 𝜑𝑛(𝑡) due to its significance as the
disturbance input.
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inputs, control inputs, measured outputs and performance outputs into vectors and separating all fixed
dynamics collected in the so-called generalized plant 𝑃 from the to be designed controller dynamics 𝐾 .
We let 𝑤 = [𝑤𝑟 𝑤𝑑 𝑤𝑛]⊤ and write

𝑃 = [
𝐹𝑟 −𝐹𝑑 0 −𝐺
𝐹𝑟 −𝐹𝑑 −𝐹𝑛 −𝐺 ]. (3.5)

In line with analogous definitions made for 𝐺 and 𝐾 in Section 3.1.2, let a state-space realization for 𝑃
be given by

𝑃 (𝑠) = ⎡
⎢
⎣

𝐴 𝐵𝑤 𝐵𝑢
𝐶𝑧 𝐷𝑧𝑤 𝐷𝑧𝑢
𝐶𝑒 𝐷𝑒𝑤 𝐷𝑒𝑢

⎤
⎥
⎦

. (3.6)

Unsurprisingly, as will be discussed in more detail in Section 3.2, the properties of the weighting
filters 𝐹(·) bear consequences on the optimization problem for a suitable phase controller 𝐾 , in particular
existence and type of the solutions. Having in mind the discussion on phase noise from Section 2.4.2,
what properties can be inferredwhen using ameasurement from a phase noise analyser such as Figure 2.7
to fit the frequency response of 𝐹𝑑 and 𝐹𝑟? First and foremost, the power law approximation for phase
noise postulates non-finite steady-state gain and a non-zero feedthrough. Both features are problematic
in our eventual formalism (cf. Section 3.2.2). Luckily however, both can be relaxed without sacrifice.
Since the infinite bandwidth property of white noise is purely theoretical2, the same holds for the white
phase noise component and ℒ(𝑓) is eventually band-limited. Even though this limit will be beyond any
reasonable measurement bandwidth, experience shows that the integral over the phase noise spectrum
will have essentially converged at this point, due to the low magnitude of the white phase noise floor in
today’s oscillators. Adding an extra pole at a sufficiently high frequency when modelling the shaping
filters 𝐹𝑟 and 𝐹𝑑 to ensure that 𝑃 is strictly proper is therefore justified. Note that the same argument
can be made for the measurement noise 𝐹𝑛, however the extra pole may be omitted for simplicity if 𝐾
turns out to be strictly proper. We will discuss the conditions when this is the case in Section 3.2.2. At
the other end of the frequency response, the marginally stable integrators of a power law model are not
stabilizable by 𝐾 in the given configuration. Indeed, it is a well known fact that any PLL will eventually
lose lock because of actuator saturation [Gar05]. Two scenarios can be considered to motivate the same
remedy. Either the actuator is not likely to saturate for the (finite) duration the system is operated, or
the inner / outer loop configuration described in Section 3.1.1 preventing the fast inner compensator
from saturating can be implicitly taken into account in the model for the inner loop. In both cases, a
left-hand side roll-off of the noise spectrum starting at the expected operation time, respectively the
closed-loop bandwidth of the outer loop, may be introduced. In the latter case, the standing assumption
is that the outer loop will itself not saturate for the operation time of the system.

3.2 Optimal Phase Tracking

Given system (3.2), the optimal choice for the control action 𝑢(𝑡) depends on the control goal (usually
a cost function to be optimized), the plant dynamics, the properties of output disturbance and measure-
ment noise and possibly on other constraints, e.g. an imposed limit on signal sizes, the controller order
or, more general, solution structure. In this section, these open points will be addressed by formulation
of the optimization problem to be solved. We provide solution methods and discuss the impact of
additional constraints on the achievable performance by means of numerical examples.

2No real (noise) generation process can produce arbitrarily high frequencies.
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Figure 3.4: The best absolute timing stability (area under the curve) is achieved by setting the locking
bandwidth to the phase noise crossover frequency 𝜔𝑐 of the reference ( ) and the client ( ),
resulting in ( ).

3.2.1 Problem Formulation

The conventional goal of a PLL is infinite-time optimal reference tracking, which ensures good syn-
chronization, i.e. good timing replication at the controlled oscillator. In other words, 𝑧(𝑡) as defined in
(3.1) is to be kept as small as possible over all time once the controller is engaged at time 𝑡0. This is
captured by the standard integral square error (ISE) cost function

𝐽 = lim
𝑇 →∞

∫
𝑇

𝑡0

|𝑧(𝑡)|2 d𝑡. (3.7)

Incidentally, this performance index is equivalent to the expected relative RMS timing jitter, cf. (2.23),
which is easily extended from (2.60) as

𝐽𝑡 = lim
𝑇 →∞

√ 1
2𝑇

∫
𝑇

−𝑇
(𝜃𝑟(𝑡) − 𝜃(𝑡))2 d𝑡 = 1

𝜔0
√∫

∞

0
𝑆𝑧(𝑓) d𝑓 = 𝑧rms

𝜔0
, (3.8)

with 𝜃(⋅)(𝑡) = 𝜑(⋅)(𝑡)𝜔−1
0 .

Remark 3.2. If one is interested in minimizing the absolute RMS timing jitter, one would consider 𝐽𝑡
with 𝜑𝑟(𝑡) = 0. There is however no phase detection scheme that can perfectly determine absolute
timing jitter, a real and therefore itself noisy reference is always necessary. In that sense 𝜑𝑚 is in
fact an artificial measurement quantity that is not accessible in the real implementation. Assuming
independent noise, one could use multiple reference signals and cross-correlate them to isolate the
absolute phase 𝜑(𝑡), however the rejection scales with the square root of the number of independent
reference sources, which does not practically scale, or requires large integration times, which would be
unsuitable for feedback. With a single reference, one might be tempted to absorb the undesired random
phase fluctuations of the reference into the measurement noise 𝑛(𝑡) and aim for rejection. However,
this of course only makes sense if the controlled oscillator has superior short-term stability. The best
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absolute timing stability is then achieved by tuning the control bandwidth to the phase noise crossover
point, illustrated in Figure 3.4. For the relative timing, no such limit exists, a higher tracking bandwidth
will always further reduce the residual error. Consequently, in applications where absolute timing is not
required, the best performance is achieved by defining the reference oscillator as “ground-truth” and
tracking its fluctuations as closely as possible.

While any control input 𝑢(𝑡) can be expected to minimize the cost function (3.7), we are only interested
in those that can be reasonably implemented, i.e. those generated from the measured output 𝑒(𝑡) by a
finite-order and proper LTI control law 𝐾. Non-linear control is beyond the scope of this work. It’s
noteworthy however, that for the basic regulation and tracking problems, the optimal control action
is in fact given by the response of such a suitable linear controller [Doy+89]. Furthermore, even
though most controllers today are implemented using digital electronics, this work exclusively considers
continuous-time linear system analysis and synthesis. Even though analogous results can be expected
to exist for the respective problems in discrete-time, the discretization of the continuous-time plant
dynamics or other variants of hybrid system control seem to offer no advantage over discretizing the
continuous-time control solution - especially given the extremely high clock frequencies of modern day
integrated circuits, which significantly surpass the available actuation bandwidth of most plants. Finally,
as already motivated in Section 3.1, we assume that the system dynamics considered in this work are
sufficiently linear and time-invariant for nonlinear and LTV control to not be of immediate importance.
This holds true in particular for the system discussed in Chapter 5, but also for most low-noise phase
control applications. Later on, some nonlinearity (specifically LTV dynamics) may be accounted for in
the form of uncertainty in the system model.

Problem 3.3 (Optimal Infinite-Time Phase Tracking Problem). Given the system (2.11), find a proper
controller 𝐾 ∈ 𝐑𝐇∞ which (by closing the control channel 𝑒 → 𝑢) internally stabilizes 𝑃 from (3.5)
and minimizes the cost function (3.7).

Remark 3.4. Note that Problem 3.3 is slightly non-standard in the sense that the reference to be tracked
is not deterministic, but rather the stochastic phase of the (itself imperfect) reference oscillator, 𝜑𝑟(𝑡).
Albeit superfluous at this point, realize that the reference can be divided into three components: the
control setpoint, i.e. a fixed phase offset to be kept w.r.t. the source, a deterministic phase movement of
the reference, and the aforementioned reference stochastic phase fluctuation. The first two components
however are rarely non-zero and do not warrant or even need special treatment, and the second and
third component constitute 𝜑𝑟(𝑡).

The field of modern and optimal control theory enjoys rich literature on the controller design problem
associated with the minimization of performance indices such as (3.7) or variants thereof. We direct the
interested reader in particular to geometric theory [Won85; Mar+10] and the disturbance decoupling
problem [TSH01], and also LQG control [AM89; Wer21], which holds the stochastic nature of the
disturbance input signals at its core. 𝐇2-control removes the stochastics from the mathematical
formulation by showing equivalence to minimization of the impulse response energy of the system,
which in turn is measured by the 𝐇2-norm of the system (cf. Section 2.3.2). Even though more abstract
and perhaps less intuitive, owing to its mathematical elegance while still being perfectly well motivated
from an engineering viewpoint, the 𝐇2-control variant of Problem 3.3 will be the focus from here on.

Problem 3.5 (𝐇2-Optimal Dynamic Output Feedback Phase Control). Given the system (2.11), find a
proper controller 𝐾 ∈ 𝐑𝐇∞ which (by closing the control channel 𝑒 → 𝑢) internally stabilizes 𝑃 and
minimizes ‖ℱ𝑙(𝑃 , 𝐾)‖2, i.e. the 𝐇2-norm of the closed loop system.
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Figure 3.5: Magnitude responses for PLL case study
noise colouring filters 𝐹𝑟 ( ), 𝐹𝑑 ( ) and 𝐹𝑛
( ).

Gain Pole Zero

𝐺vco 250 0 Hz
𝐺drv 40 25 kHz
𝐹𝑟 2 1 Hz
𝐹𝑑 500 1 Hz 100 kHz

5 Hz
𝐹𝑛 1 ⋅ 10−5

Table 3.1: Parameter summary for a case
study PLL system.

Despite the straight-forward formulation, Problem 3.5 is non-trivial. This is mostly because the system
(2.11), as posed, does not fulfil certain regularity assumptions [SCS95]. In the following section,
existence and uniqueness conditions for the unconstrained (full-order) controller problem and for
proportional-integral (PI) control will be discussed. In cases where the infimal 𝐇2-norm cannot
be achieved by a suitable controller, suboptimal controllers and sequences of suboptimal controllers
converging to the optimal solution are provided. Controller design considerations beyond 𝐇2-norm
optimizationwill bemotivated and discussed, leading to the discussion in Section 3.2.3 on reduced-order
control.

To illustrate key points in the discussion, we provide numerical examples for a simple 1.3 GHz case
study PLL in the generalized formulation of system (3.4), adapted from the application in Chapter 5.
The noise spectra of the reference and controlled oscillators and the phase detection chain are as shown
in Figure 3.5. We consider the integral behaviour of a frequency controlled oscillator,

𝐺vco = 𝑔vco𝑠−1. (3.9)

Additionally, we consider a driver 𝐺drv with first-order low-pass characteristics,

𝐺drv = 𝑔drv
𝑠

𝜔𝑐,drv
+ 1

. (3.10)

Its gain 𝑔drv is chosen such that the physical input saturation of the plant

𝐺 = 𝐺drv𝐺vco (3.11)

is normalized to the range [−1, 1]. The system parameters are summarized in Table 3.1.

3.2.2 Full-Order Dynamic Output Feedback

It is a well established result in control theory that, in general, the optimal full-information state feedback
controller is static and the optimal output feedback controller is dynamic with order no larger than the
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order of the generalized plant to be controlled [SW17]. In particular, for linear quadratic problems,
to which we count the LQG and the equivalent 𝐇2-optimal control problems, the optimal output
feedback controller assumes an observer structure, i.e. is a combination of the optimal dynamic state
observer and the optimal full-information static state feedback law. This is known as the renowned
separation principle [Won68; HWS18]. In this section we therefore aim to characterize the infimum of
the achievable performance and establish conditions (existence and uniqueness) for when the infimum
can be achieved by a full-order dynamic output feedback controller.

Any particular 𝐇2-optimal control problem is categorized as either regular or singular.

Definition 3.6 (Regular 𝐇2-Optimal Control Problem). The 𝐇2-optimal control problem (cf. Prob-
lem 3.5) with output feedback is called regular if the state-space form of the generalized plant 𝑃 satisfies
the following conditions:

1. The feedthrough matrix 𝐷𝑧𝑢 has full column-rank, i.e. is injective.

2. The feedthrough matrix 𝐷𝑒𝑤 has full row-rank, i.e. is surjective.

If the problem is regular, we obtain from e.g. [TSH01] sufficient existence and uniqueness conditions.

Theorem 3.7. Consider the regular 𝐇2-optimal control problem with output feedback. There exists a
unique, strictly proper controller 𝐾 that stabilizes 𝑃 and achieves infimal 𝐇2-norm over all controllers if

1. (𝐴, 𝐵𝑢) is 𝐂−-stabilizable,

2. (𝐶𝑒, 𝐴) is 𝐂−-detectable,

3. 𝐴 has no (𝐴, 𝐵𝑤)-uncontrollable eigenvalues on the imaginary axis, and

4. 𝐴 has no (𝐶𝑧, 𝐴)-unobservable eigenvalues on the imaginary axis.

The necessary and sufficient conditions, relaxing the conditions on unobservable or uncontrollable
eigenvalues on the imaginary axis, require details from geometric control theory which are beyond
the scope of this work [TSH01, thm. 11.14]. In all cases, the unique minimizing controller, if it exists,
is recovered from the solutions of two AREs. To keep the following theorem as comprehensible as
possible, we additionally and without loss of generality consider the regular problem to be in standard
form, i.e. 𝐷⊤

𝑧𝑢𝐶𝑧 = 0, 𝐷⊤
𝑧𝑢𝐷𝑧𝑢 = 𝐼 , 𝐷𝑒𝑤𝐵⊤

𝑤 = 0 and 𝐷𝑒𝑤𝐷⊤
𝑒𝑤 = 𝐼 . The general problem can be

reduced to standard form by preliminary state feedback transformation [TSH01].

Theorem 3.8. Consider the regular 𝐇2-optimal control problem with output feedback and in standard
form. If there exists a controller 𝐾 that stabilizes 𝑃 and achieves infimal 𝐇2-norm over all controllers, it
is unique and given by

𝐾(𝑠) = [ 𝐴 − 𝐵𝑢𝐵⊤
𝑢 𝑅+ − 𝑄+𝐶⊤

𝑒 𝐶𝑒 𝑄+𝐶⊤
𝑒

−𝐵⊤
𝑢 𝑅+ 0 ] , (3.12)

where 𝑅+ is the largest solution to the ARE

𝐴⊤𝑅 + 𝑅𝐴 − 𝑅𝐵𝑢𝐵⊤
𝑢 𝑅 + 𝐶⊤

𝑧 𝐶𝑧 = 0 (3.13)

and 𝑄+ is the largest solution to the dual ARE

𝐴𝑄 + 𝑄𝐴⊤ − 𝑄𝐶⊤
𝑒 𝐶𝑒𝑄 + 𝐵𝑤𝐵⊤

𝑤 = 0. (3.14)



3.2. Optimal Phase Tracking 43

We assess the regularity of the problem for the generalized PLL plant (2.11) as well as the sufficient
existence conditions for an 𝐇2-optimal controller. For the given structure, we immediately see that 𝐷𝑒𝑤
has full row-rank if and only if any of the noise colouring filters 𝐹(⋅) has non-zero feedthrough. If
either 𝐹𝑑 or 𝐹𝑟 has non-zero feedthrough, this implies ‖ℱ𝑙(𝑃 , 𝐾)‖2 non-finite by (3.5), however this
case can be ruled out by arguments on infinite-bandwidth white noise made in Section 3.1.2. This
leaves 𝐹𝑛, which can be assumed to have non-zero feedthrough in spite of the same argument, owing
to the large noise-floor bandwidth compared to the control bandwidth. On the other hand 𝐷𝑧𝑢 has full
column-rank if and only if 𝑃 has non-zero feedthrough. This cannot be assumed in general. In fact,
as discussed in Section 2.4.1, the oscillators most commonly found in PLLs have voltage controlled
frequency, indicating integral behaviour by (2.57). In this case, the problem is certainly singular.
An integrator-like plant would also irredeemably contribute an imaginary (𝐴, 𝐵𝑤)-uncontrollable
eigenvalue to 𝐴. Possible (𝐶𝑒, 𝐴)-unobservable eigenvalues on the imaginary axis are in general of no
concern.

Despite occurring frequently in applications, singular problems are treated secondary to their regular
counterpart in the literature. Nevertheless, essential results on existence and uniqueness of solutions
as well as how to compute them have been developed. Noteworthy contributions include early works
on linear quadratic problems by Clements & Anderson [CA78], surrounded by attempts to regularize
the singular problem by perturbing the system dynamics, see e.g. Jameson & O’Malley [JO75] and
Francis [Fra79]. A mathematically more rigorous though less practical solution followed by allowing
distributions as input signals, investigated by e.g. Hautus & Silverman [HS83], Willems et al. [WKS86]
and Geerts [Gee89]. The singular 𝐇2 problem was eventually solved by Stoorvogel [Sto92], bar a con-
clusive result for the case when the controller is not required to be strictly proper. Central observations
of this paper are that the separation principle does not necessarily hold for singular problems and
that, as before with the linear quadratic problems, the Riccati equations providing the solution to the
regular problem are replaced with inequalities, in particular LMIs. The latter fact is picked up in a later
contribution by Sato & Liu [SL99], who consider the suboptimal case.

To conclude the discussion on full-order dynamic output feedback, we compare two common solutions
methods from theoretical and practical standpoints and support the discussion with selected numerical
examples computed for the case study system introduced in Section 3.2.1.

Regularization by Perturbation

The idea of the 𝜀-perturbation method is to find a 𝐇2-norm minimizing series of strictly proper output
feedback controllers for a perturbed but regular version of the original system that converge to achieve
the infimal 𝐇2-norm of the original system as the perturbation parameter 𝜀 tends to zero [SCS95]. The
perturbations ensuring that the regularity conditions from Definition 3.6 are satisfied take the form of
additional input and output channels with 𝜀-sized weights, such that 𝐷𝑧𝑢 and 𝐷𝑒𝑤 have full column-
and row-rank, respectively. For example, for system (3.6) we thus get

𝐷̂𝑧𝑢 = [𝐷𝑧𝑢
𝜀𝐼 ] , ̂𝐶𝑧 = [𝐶𝑧

0 ] . (3.15)

The additional inputs and outputs are also used to ensure that the existence conditions Items 3 and 4
from Theorem 3.7 are satisfied, by guaranteeing (𝐶𝑧, 𝐴)-detectability and (𝐴, 𝐵𝑤)-stabilizability for
any imaginary eigenvalues of 𝐴. Similar, to (3.15) we have

𝐵̂𝑤 = [𝐵𝑤 𝜀𝐼] , 𝐷̂𝑒𝑤 = [𝐷𝑒𝑤 0] (3.16)
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and consequently the regular system

̂𝑃 (𝑠) = ⎡
⎢
⎣

𝐴 𝐵̂𝑤 𝐵𝑢
̂𝐶𝑧 0 𝐷̂𝑧𝑢

𝐶𝑒 𝐷̂𝑒𝑤 0

⎤
⎥
⎦

. (3.17)

While it is obvious that the controller synthesized for the perturbed plant necessarily also stabilizes
the unperturbed plant [SCS95], the solution is of course conservative and the performance gap is not
easily quantifiable a priori. In the practical setting, the performance gap cannot be reduced arbitrarily,
as it is well known that the AREs (3.13) and (3.14) and the controller recovery become numerically
ill-conditioned as the central solution is approached for 𝜀 → 0 [Lin+98]. A controller recovered from
a numerically unstable problem may also fail to stabilize the system at all. This is linked to several
undesirable properties of the central solution outlined in e.g. [GA94; Ste13]. One issue is that the central
controller cancels the poles of the plant, including those on the imaginary axis, resulting in unstable
closed-loop dynamics. Another problem with the central solution results from controller poles near
infinity that induce a quasi feedthrough-like structure, but are numerically problematic.

Remark 3.9. The closed-loop system in a regular problem is strictly proper if and only if the controller
is strictly proper [TSH01].

Finally, for cases as discussed here, where 𝜀 → 0 implies 𝐷̂𝑧𝑢 → 0, the limit case tends to produce a
controller with extremely high gains, which physically cannot be implemented due to actuator slope
and amplitude restrictions. This is reminiscent of the classical linear-quadratic regulator (LQR) control
problem when relaxing the condition on the control input weight from positive-definitive to positive-
semidefinite, a problem also known as “cheap control” [JO75; Fra79]. For these reasons, solutions
obtained via this method are in many instances actually not useful in application.

LMI Solutions to the Singular Problem

A mathematically more rigorous solution to the singular 𝐇2-optimal synthesis problem that incorpor-
ates LMIs is developed in the series of works [Sto92; SL99; SW17]. In contrast to the 𝜀-perturbation
approach, the unperturbed singular plant is directly used for synthesis and the obscure parameter 𝜀
is replaced by a hard upper bound 𝛾 on the closed-loop performance, i.e. ‖ℱ𝑙(𝑃 , 𝐾)‖2 < 𝛾. This
parameter may either be subject to minimization when solving the SDP formed from the synthesis
LMIs or can be relaxed by an acceptable amount to admit more numerically stable solutions to the
solution space. For completeness, we summarize here the synthesis procedure as provided in [SW17]
and refer to the original work for additional details.

Theorem 3.10. Consider the 𝐇2-optimal control problem with output feedback. There exists a controller
that achieves closed-loop 𝐇2-performance level ‖ℱ𝑙(𝑃 , 𝐾)‖2 < 𝛾 if and only if there exist real matrix
variables𝑋 ∈ 𝐒𝑛𝑥 , 𝑌 ∈ 𝐒𝑛𝑥 , 𝐾 ∈ 𝐑𝑛𝑥×𝑛𝑥 , 𝐿 ∈ 𝐑𝑛𝑥×𝑛𝑒 , 𝑀 ∈ 𝐑𝑛𝑢×𝑛𝑥 , 𝑁 ∈ 𝐑𝑛𝑢×𝑛𝑒 and𝑍 ∈ 𝐒𝑛𝑧

satisfying

⎡
⎢
⎣

(𝐴𝑌 + 𝐵𝑢𝑀) + (𝐴𝑌 + 𝐵𝑢𝑀)⊤ 𝐴 + 𝐵𝑢𝑁𝐶𝑦 + 𝐾⊤ 𝐵𝑤 + 𝐵𝑢𝑁𝐷𝑦𝑤
𝐾 + (𝐴 + 𝐵𝑢𝑁𝐶𝑦)⊤ (𝑋𝐴 + 𝐿𝐶𝑦) + (𝑋𝐴 + 𝐿𝐶𝑦)⊤ 𝑋𝐵𝑤 + 𝐿𝐷𝑦𝑤
(𝐵𝑤 + 𝐵𝑢𝑁𝐷𝑦𝑤)⊤ (𝑋𝐵𝑤 + 𝐿𝐷𝑦𝑤)⊤ −𝐼

⎤
⎥
⎦

≺ 0,

(3.18a)
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⎡
⎢
⎣

𝑌 𝐼 (𝐶𝑧𝑌 + 𝐷𝑧𝑢𝑀)⊤

𝐼 𝑋 (𝐶𝑧 + 𝐷𝑧𝑢𝑁𝐶𝑦)⊤

𝐶𝑧𝑌 + 𝐷𝑧𝑢𝑀 𝐶𝑧 + 𝐷𝑧𝑢𝑁𝐶𝑦 𝑍
⎤
⎥
⎦

≻ 0, (3.18b)

𝐷𝑧𝑢𝑁𝐷𝑦𝑤 = 0, (3.18c)
trace(𝑍) < 𝛾2. (3.18d)

In that case, such a controller is given by

𝐾(𝑠) = ( 𝐴𝑐 𝐵𝑐
𝐶𝑐 𝐷𝑐

) (3.19)

with

[𝐴𝑐 𝐵𝑐
𝐶𝑐 𝐷𝑐

] ≔ [𝑈 𝑋𝐵
0 𝐼 ]

−1

[𝐾 − 𝑋𝐴𝑌 𝐿
𝑀 𝑁] [𝑉 ⊤ 0

𝐶𝑌 𝐼]
−1

(3.20)

where the intermediate square and nonsingular variables 𝑈 , 𝑉 satisfy 𝐼 − 𝑋𝑌 = 𝑈𝑉 ⊤.

Note that in this general case, the synthesized controller may be bi-proper. Strictly-proper solutions
can be easily enforced by letting 𝑁 = 0, however unlike for the regular problem, where the infimum
is always attainable with a strictly proper controller, this may lead to conservatism in the singular
case. In fact, as the 𝛾-minimizing solution is identical to the central solution discussed already for the
𝜀-perturbation method, directly allowing a feedthrough term relaxes the need for the optimal solution
to produce a pole-zero cancellation at infinity [GA94]. This additional leeway in the solution may be
exploited to improve the numerical stability of the controller recovery computations (3.19) through
Scherer’s two-step procedure [SW17, p. 97]. Nevertheless, the LMI problem remains effectively ill-posed
in the singular case, as the infimal 𝛾 is not achievable with a finite solution.

The problematic pole-zero cancellation on the imaginary axis due to e.g. integral dynamics in the plant
can also be controlled with the flexible LMI approach by adding additional LMI constraints to the
synthesis LMIs. So-called pole-region constraints ensure that the poles of the closed-loop system are
contained in a region shaped by intersection of basic geometric limits [CG96]. In particular, a minimum
decay rate 𝛼 can be imposed on all closed-loop poles by defining a half-plane left of 𝛼 as admissible,
which in turn causes the resulting pole-zero cancellation to be stable. The pole-region constraint LMI
for this case is given by

𝛼 [𝑌 𝐼
𝐼 𝑋] + [(𝐴𝑌 + 𝐵𝑢𝑀) + (𝐴𝑌 + 𝐵𝑢𝑀)⊤ (𝐴 + 𝐵𝑢𝑁𝐶𝑦) + 𝐾⊤

𝐾 + (𝐴 + 𝐵𝑢𝑁𝐶𝑦)⊤ (𝑋𝐴 + 𝐿𝐶𝑦) + (𝑋𝐴 + 𝐿𝐶𝑦)⊤] ≺ 0. (3.21)

In [SGC97] the process of adding additional LMI constraints is interpreted as shaping the closed-loop
systems Lyapunov function. Not surprisingly, this adds conservatism to the solution and the gap
between the computed closed-loop 𝐇2-norm bound 𝛾 and the actually achieved value ‖ℱ𝑙(𝑃 , 𝐾)‖2 is
no longer tight.

Remark 3.11. The enforceable minimum closed-loop decay is limited by the real part of the stable
but uncontrollable modes of the generalized plant unless the method can be refined to control the
individual dampings of the closed-loop poles. This is particularly relevant for the presently discussed
application, where the shaping filters contain perturbed integrator dynamics close to the imaginary
axis, motivated by the discussion in Section 3.1.2.
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Figure 3.6: Magnitude responses of the optimal controllers obtained using the 𝜀-perturbation method
( ), the standard LMI-synthesis SDP ( ) and an LMI-synthesis SDP with additional pole-region
constraints ( ).

Numerical Examples

To illustrate the discussed properties of the full-order feedback solutions, consider Figure 3.6 showing
the frequency responses of several suboptimal full-order feedback controllers synthesized for the
case study system introduced in Section 3.2.1. Quantitative performance results are summarized in
Table 3.2 at the end of this section. The solution obtained by h2syn [The24c], a sophisticated, industry
standard implementation of the 𝜀-perturbation method, yields a closed-loop 𝐇2-norm of 4.56 µrad, or
equivalently, an integrated relative timing jitter of 0.56 fs. One obvious problem with the synthesized
controller is that it features dynamics beyond 10 MHz and very high gains3 – challenging requirements
for implementation. Common practice is to perform order reduction and merely keep poles and
zeros below a suitable frequency, however it is not guaranteed that the reduced controller will still
stabilize the system. Nevertheless, in this case, eliminating dynamics beyond ∼120 Hz, still yields
a stable closed-loop and achieves a reasonably deteriorated 𝐇2-norm performance of 5.93 µrad, a
deterioration of ∼30 %. Although not a major consideration at this point, we note another problem of
the highly performance-optimized solution, which is lack of robustness, e.g. against perturbations in
the bandwidth of the driver 𝐺drv.

Unlike the h2syn function, which automatically computes a numerically optimized prescaling and
as small as possible 𝜀, and therefore offers no tuning knobs besides post-synthesis order reduction
and tuning, the quality and properties of the LMI-synthesis solution are subject to several tuning
knobs, including strict-inequality tolerances, LMI-region constraints, relaxation and regularization
factors, bounds and penalties on the solution size and constraints and bounds on the properness
and performance of the solution, respectively. An extensive investigation into the impact of every
tuning knob is beyond the scope of this numerical case study. Solving the rudimentary 𝐇2-synthesis
inequalities as posed in Theorem 3.8 and grid scanning over the strict-inequality tolerance, we obtain
mostly unsatisfactory solutions with extremely fast controller dynamics similar to the h2syn solution but

3The state-space matrices contain multiple entries exceeding 106.
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significantly worse performance. The problems stem from extremely large solutions to the essentially
unbounded problem and the inability of the solver to assess the feasibility of the problem and its own
progress. The large solution causes numerical problems in the controller recovery step, leading to an
unstable closed loop or the observed significantly deteriorated performance.

Imposing the right additional constraints reduces the solution space to solutions that are numerically
better behaved. In the case of LMI-region constraints, the constraints have the added benefit of acting
as a design tool, allowing concise limits on the closed-loop poles, and thus the poles of the recovered
controller. Indeed, enforcing a closed-loop pole damping of greater than

√
2/10 and decay-rate in

the range 0.5 < −Re(𝑠)/(2𝜋) < 50 ⋅ 103, yields a much more reasonable performance of 6.23 µrad.
The cost of the additional constraints here is clearly conservatism, manifested in a worse performance
compared to the h2syn method. Also, the performance bound 𝛾 guaranteed by the SDP is no longer
tight and the gap to the actually achieved performance is significant.

In summary, we have established that, while the 𝜀-perturbation method is intuitive and easy to im-
plement algorithmically, the selection of 𝜀 is heuristic and the central solution obtained in the limit
𝜀 → 0 is ridden with problematic features such as fast controller dynamics, high gains and lack of
robustness. The LMI approach on the other hand offers great control over the obtained solution in
terms of interpretable design parameters, but this comes at the cost of increased conservatism.

3.2.3 Reduced-Order Output Feedback

The previous discussion on full-order solutions, in particular the required order-reduction of the
controller obtained from the 𝜀-perturbation method and the sub-optimality of the constrained LMI
solutions, immediately raises the question whether controllers of lower, respectively fixed order, can
achieve similar performance. Clearly, this question has no useful answer for the general case. For
example, 0th-order proportional feedback may be insufficient to even stabilize a sufficiently “difficult”
plant, and depending on the shape and order of the noise colouring filters vs. the desired controller order,
an arbitrarily large performance gap can be expected. Nevertheless, given the relevance of low-order
state-space and proportional-integral-derivative (PID) controllers in PLL applications, a qualitative
investigation for a reasonably standard configuration as the one used as numerical case study in the
previous section appears worthwhile. With today’s abundant computational resources (and with a little
knowledge on the expected parameter range), even brute-force controller parameter optimization is
viable for low-dimensional search spaces. An extended discussion on reduced-order controller synthesis
methods is omitted. We refer the interested reader to references [AM89; ZDG96; GA94] instead and
ourselves employ grid search, Nelder-Mead [NM65] or nonsmooth optimization methods [Cla90;
AGB14] as convenient.

Fixed-Order State-Space Control

Consider Figure 3.7a, showing the magnitude responses of two optimal fixed-order state-space con-
trollers in relation to the quasi-optimal full-order controller benchmark computed via h2syn. The
fixed-order state-space controllers were computed using MATLAB’s systune function [The24b; AGB14],
implementing a nonsmooth optimization synthesis method [Cla90; AN06b], and therefore come with
a local certificate of optimality. The respective solutions for 1st to 4th order were consistently reached
from 100 random initial conditions each, adding confidence to the attained optima. The 2nd-order
controller attained a closed-loop 𝐇2-norm of 4.56 µrad (identical to the full-order h2syn benchmark),
while the 1st-order controller still achieves a just ∼29 % higher norm (5.87 µrad). While it may seem
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(a) 2nd-order ( ) and 1st-order ( ) state-space
controllers.
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(b) Proportional ( ), proportional-integral ( )
and proportional-integral-derivative ( ) control-
lers.

Figure 3.7: Magnitude responses of synthesized fixed-order controllers for the case study PLL system in
relation to the quasi-optimal full-order controller ( .)

surprising that a virtually identical 𝐇2-norm can be achieved with a controller of just 2nd order, recall
that the regularization of the problem by 𝜀-perturbation renders the solution marginally conservative
and that the state-space solutions obtained by systune are not restricted to be strictly proper. That being
said, we also observe that 3rd- and 4th-order state-space controllers with feedthrough cannot visibly
improve on the benchmark performance. As such we conclude that full-order output feedback is not in
general advantageous. In fact, just the 1st-order solution is immediately feasible to implement, as the
2nd-order solution again suffers from very fast controller dynamics, as visible from the high gain at the
far end of the frequency axis.

PID Control

Finally, owing to their widespread use in practice, we remark on the achievable performance for the
case study PLL system when using PID-controllers and subvariants thereof, as depicted in Figure 3.7b.
Basic proportional output feedback achieved a closed-loop 𝐇2-norm of 7.39 µrad. Integral action is
usually added to achieve perfect steady-state tracking. This consideration does not technically apply for
𝐇2-optimal control, where zero-mean disturbances are assumed, however, recalling that phase noise, as
primary disturbance source in the PLL, has a power-law shape, adding integral action to the controller in
addition to the plant, which is already of type 1, helps to suppress the large low frequency disturbances.
In practical terms, unlike proportional feedback, a PI controller is able to track frequency drift in the
reference oscillator, respectively perfectly eliminate frequency drift in the controlled oscillator (to the
point of integrator saturation). Within the numerical case study PLL, a PI controller achieves a 21 %
improvement over the plain P-controller (5.87 µrad). The derivative part of a full PID controller (with
suitable derivative filter) boosts the phase of the open-loop towards higher frequencies, achieving better
damping in the closed-loop impulse response and further improves the 𝐇2-norm by another 23 %,
attaining the benchmark performance of 4.56 µrad.
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Figure 3.8: Sensitivity of the 𝐇2-norm achieved with a PI controller for the case study PLL system
against variation of the optimal controller parameters.

As heuristic tuning of PID-gains is still common in practice, it is worthwhile to assess the sensitivity of
the achieved performance against deviations from the optimal controller parameters. To this extend,
consider Figure 3.8, showing the field of 𝐇2-norm achieved by a PI controller when the optimal
parameters are perturbed by up to a factor ten. The worst 𝐇2-norm seen over the range −6 dB to 6 dB,
i.e. half to twice the optimal gains, is less than 10 % higher than the optimal value and the valley around
the minimum is reasonably flat, showing low sensitivity. Between the two parameters, the system is
much more sensitive to a relative change in proportional feedback gain, shown by the steep flanks on
the left and the right of the plot.

In summary, simple PLL systems may be suitably controlled with controllers as simple as plain PI
feedback without significant loss of performance, even when the controller parameters are not perfectly
optimal. While simple controller structures are in general less problematic as the full-order solutions, the
performance gap may not be as low for less straight-forward plants, e.g. ones that feature underdamped
resonances at low frequencies.

Method Implementation 𝐇2-norm (µrad) Timing Jitter (fs) Optimality Gap (%)

ARE + 𝜀-pertb. h2syn 4.56 0.56 0.00
ARE + 𝜀-pertb. (impl.) h2syn 5.93 0.73 30.21
LMI custom 93.06 11.39 1939.34
LMI (pole-region cnst’d) custom 6.23 0.76 35.26
Nonsmooth (2nd-order) systune 4.56 0.56 0.00
Nonsmooth (1st-order) systune 5.87 0.72 28.87
Nonsmooth (P) systune 7.39 0.91 62.24
Nonsmooth (PI) systune 5.87 0.72 28.88
Nonsmooth (PD) systune 5.89 0.72 29.27
Nonsmooth (PID) systune 4.56 0.56 0.00

Table 3.2: Performance summary of various controller types for a case study PLL system.
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Figure 3.9: Schematic depiction of a pulsed optical fibre timing link based on the auto-correlation
principle. The polarized pulses are partially reflected and rotated at the end of the timing link. The
remaining light is available to the synchronization client. The returned pulse is compared to a fraction
of a new pulse in a balanced optical cross-correlator (BOXC). The error is used to feedback to an optical
delay line (ODL).

3.3 Timing Link Stabilization by Auto-Correlation

3.3.1 Principle of Operation

The previous section discussed the problem of synchronizing an oscillator to an available reference
(usually another oscillator). We now turn to the problem when that reference is far away, i.e. the task of
phase distribution. This discussion is motivated by a simple example.

Example 3.12 (Sensitivity of Signal Propagation by Coaxial Cable to Environmental Disturbances).
Consider a phase-locked oscillator that is connected to a reference source via a 1 km long coaxial cable.
Further, assume that the cable is initially trimmed exactly to an integer multiple of the wavelength of the
reference oscillation and neglect any electrical losses or similar imperfections. Using the linear thermal
expansion coefficient for copper and the velocity factor for industry-standard dielectrics polyethylene (PE) or
polytetrafluorethylen (PTFE), we calculate for a temperature difference of just 1 K a timing error of ∼85 ps.
For many applications dealing with dynamics in the few or sub-femtosecond regimes (cf. Section 5.1.1), a
timing error of this magnitude is unacceptable. In reality, thermal expansion is only one amongmany effects
deteriorating the so-called phase stability of coaxial cables or other transmission line media. Other factors
include mechanical stress, humidity, air pressure and higher-order effects like the PTFE-knee, affecting not
only the path length but also propagation speed [CS11; Šer+26].

Several solutions have been developed to detect and compensate the phase error of communication
channels induced by environmental disturbances [Sik+20; Mur+22], among which optical methods as
described in [Kim+08] achieve most sensitive detection in applications, see e.g. [Sch+15]. The principle
of operation is schematically depicted in Figure 3.9. The timing information is transmitted using an
optical pulse train carrier waveform – usually generated by a mode-locked laser (MLL) oscillator and
carried on an optical fibre – which is partially reflected at the end of the signal path. Back at the source,
spatio-temporal overlap between the reflected and a new forward pulse is detected in a (balanced)
optical cross-correlator via second-harmonic generation [Sch+03]. Variations in the round trip time of
a single pulse due to disturbances acting on the optical fibre will result in varying amount of overlap
and average power at the output of the correlator. In combination with a delay line actuator, this power
measurement can be used for feedback stabilization of the timing link’s phase. Due to the high energy
density of the ultra-short optical pulses, attosecond resolution can be achieved, see e.g. [Sch+03].
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Figure 3.10: Baseband feedback loop of an auto-correlation timing link.

As before with the PLL system, we consider a baseband model of the phase dynamics in the auto-
correlation timing link. The corresponding feedback loop is depicted in Figure 3.10. Assuming that all
relevant components have linear responses (supported by arguments in [Heu18]), the system equations
are

𝑧 = 𝜑𝑟 − 𝜑 (3.22a)
𝜑 = e−𝑠𝜏𝜑𝑟 + e−𝑠𝜏𝐺𝑢 + 𝑑 (3.22b)
𝑢 = 𝐾𝑒 (3.22c)
𝑒 = (1 − e−𝑠2𝜏)𝜑𝑟 − (e−𝑠2𝜏 + 1)𝐺𝑢 − 2e−𝑠𝜏𝑑 + 𝑛 (3.22d)

where 𝐺 contains the dynamics of the delay line actuator and 𝜏 designates the nominal single-path
propagation time. The remaining terms are as in Section 3.1.1.

Remark 3.13. Even though arguments can be made that the controlled variable is in fact the propagation
duration of a signal over the physical link and hence should be expressed in units of time, we stick here to
units of phase (i.e. a quantity normalized to some carrier frequency), hoping it will cause less ambiguity
between the controlled deviation from nominal propagation time and the delay terms expressing the
original nominal propagation time. In addition, it will later allow for easier interconnection with the
previously formulated PLL models.

Note that, while actuator compensation and the disturbances have significant effect on 𝜑, the relative
change in propagation delay Δ𝜏 they induce is minuscule, which is why they are taken into account as
additive terms exclusively. The model is also simplified in assuming that the disturbance acts on the
end of the timing link, rather than as a combination of disturbances at random locations along the path.
This simplification is justified as long as the following assumption holds.

Assumption 3.14. The correlation time of the random disturbance 𝑑 is (much) larger than the single-
path propagation time delay 𝜏 , i.e. E(𝑑(𝑡 + 𝜏)𝑑(𝑡)) ≫ 0.

Similar to Section 3.1.2, we develop the generalized plant model by using the noise shaping filters

𝜑𝑟 = 𝐹𝑟𝑤𝑟, 𝑑 = 𝐹𝑑𝑤𝑑, and 𝑛 = 𝐹𝑛𝑤𝑛.
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Figure 3.11: Squared magnitude responses of delay interferences.

The system then again fits the LFR form of Figure 2.2 and (2.11) but with

𝑃 = [
(1 − e−𝑠𝜏)𝐹𝑟 −𝐹𝑑 0 −e−𝑠𝜏𝐺
(1 − e−𝑠2𝜏)𝐹𝑟 −2e−𝑠𝜏𝐹𝑑 𝐹𝑛 −(1 + e−𝑠2𝜏)𝐺

]. (3.23)

Delay Line Effect

As seen from (3.22d), the auto-correlation based measurement principle is not able to separate phase
errors resulting from a jittering reference 𝜑𝑟 and those resulting from disturbances acting on the timing
link. Indeed, when detecting a change in overlap of new and returning pulse in the detector, it is
ambiguous which of the two pulses is early or late and by how much. All conceivable round-trip
measurement methods suffer from an equivalent kind of ambiguity. For example, when using a local
clock to measure the time it takes for pulse to return to the origin of the timing link, there imperfect
local clock may show a deviation even though the timing link was perfectly stable. The achievable phase
stabilization of a timing link with an auto-correlation scheme is thus always limited by the stability of
the reference signal. From a control perspective, this is akin to measurement noise, but with an explicit
dependency on the link length, via the round-trip time delay. This has been previously investigated
in [Heu18]. The squared magnitude response (c.f. (2.5)) of the transfer function from 𝜑𝑟 to 𝑒, 1− e−𝑠2𝜏 ,
depending on the round-trip delay 2𝜏 , evaluates to 4 sin(−𝜔𝜏)2 on the imaginary axis and is depicted
in Figure 3.11a. Low frequencies are attenuated significantly while, for 𝑛 ∈ 𝐍, frequencies in the range
[ (6𝑛+1)

2𝜏 , (6𝑛+5)
2𝜏 ] are amplified up to 6 dB at 2𝑛+1

4𝜏 . Full elimination occurs at 𝑛
2𝜏 .

Remark 3.15. The above discussion also implies that vice-versa, a very stable timing link can be used
to — within limits — measure and stabilize the absolute phase stability of a reference signal [Hew85].
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We will not further pursue this idea, as the standing fundamental assumption is that the reference is
authoritative and everything else relative to it. Nevertheless, the autocorrelation scheme reveals a rare
case of absolute to relative jitter conversion.

A dual effect pertains the plant’s response to the control action 𝑢, which is scaled by 1 + e−𝑠2𝜏 , the
squared magnitude response of which, 4 cos(−𝜔𝜏)2, is depicted in Figure 3.11b. As the delay line
actuator is part of the stabilized timing link, any pulse passes it twice per round-trip, separated in
time by almost one round-trip delay 2𝜏 . Consequently, there exist critical frequencies 2𝑛+1

4𝜏 at which
the phase of the actuation is exactly inverted when the pulse passes for the second time, leading to
disturbance frequencies that virtually cannot be compensated. We say “virtually” because, even though
the effect of the controller on those frequencies cannot be measured, (3.22b) shows that at the end of
the link no such elimination exists for the delay line response.

3.3.2 Classification and Control of Time-Delay Systems

Compared to the PLL system discussed in Section 3.1, the main novel system characteristic introduced
in the phase distribution problem is the propagation delay on the stabilized timing link and the switch
from finite-dimensional system models to TDS. The goal of this section, rather than an extensive and
systematic study of the field (which is vastly beyond the scope of this work), is to classify the type of TDS
we have at hand and discuss and compare selected, tried and tested methods to synthesize adequate
controllers.

Looking at the delay terms in (3.22), we note that the system is affected by multiple delays of different
durations, which renders single-delay methods inapplicable. Still, in the absence of any extra delays (e.g.
actuator input delays), the delay terms are homogeneous to the extent that all are integer multiples of
the single-path transmission delay 𝜏 . Such commensurate delays are exploited in some approaches, see
e.g. [JVM11]. Furthermore, as the delay terms cannot be factored out in (3.23), the system is affected
primarily by state delays instead of merely input delays.

Methods for handling TDSs are classified by their ability to handle time-dependent and possibly
uncertain delay terms. It is reasonable to assume that the nominal length of the timing link determining
the delay terms is known or can be experimentally determined up to an uncertainty that is negligible
for controller design, especially due to the fast propagation speed of the signal. Since all delay terms
present in the system model (3.22) are directly tied to the variable being controlled, i.e. the round-trip
propagation time, the terms are further sure to be highly time-invariant once the loop is closed.

Having classified the structural properties of the timing link TDS, we briefly discuss possible approaches
to the arising control problem. Three main classes are prevalent in the literature:

1. Rational approximation. Approximation approaches aim to replace the irrational infinite-
dimensional time delay terms with finite-dimensional real-rational approximations. The most
notable among many is the Padé approximant. Since this method restores the applicability of
standard methods for delay-free systems, this approach is often favoured in practice due to
its simplicity [Ric03]. The downsides are that high-order approximations produce high-order
systems models and controllers or that low-order approximations are unsuitable to represent
and shape the system dynamics at higher frequencies, respectively. Furthermore, to utilize this
approach, the delay has, of course, to be known a priori, and even then there is no guarantee that
a controller synthesized for the approximated system model will stabilize the plant. The latter
issue is especially problematic for time-varying delays.
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2. Delay compensation. Adding structures such as the well-known Smith predictor [Smi57] or one
of its derivatives to the controller stems from the idea of accurately transforming the TDS to a
system without delay, designing a control law as usual and thus obtaining an optimally regulated
plant. While the exactness is an appealing advantage over the previously discussed rational
approximation approach, the trade-off is increased complexity. The classical Smith predictor
can only be utilized for systems that are exclusively affected by input delay, and derivatives for
state delays TDSs such as [Den+22] no longer yield LTI controllers due to the added integral
calculations in the predictor. Again, the delay value needs to be known at the design phase and
due to the known sensitivity of the Smith predictor, time-varying delays again are problematic to
the point of critical closed-loop instability [Pal80]. Recently, the benefit of the Smith predictor
has been questioned [SG18].

3. Robust control. The majority of works on analysis and control of TDSs acknowledge the fact that
the time delays occurring in real systems are often not an integral part of the system dynamics
but are undesired yet unavoidable side-products of the system’s realization and as such inherently
affected by uncertainty and often also time-dependence [KR07]. Rather than characterizing all
occurring delays within the system realization – if at all possible –, methods from the field of
robust control attempt to design control laws (generally low-order LTI) that stabilize the loop
independent of possible delays or guarantee stability for an upper bound on the delay’s magnitude
at a given location within the loop. The flexibility of these approaches w.r.t. to the variety of
covered scenarios and the guarantees they provide come at the cost of increased conservatism in
terms of performance.

From the available approaches, the following discussion will focus on Padé approximations and robust
control via IQCs, introduced in Section 2.3.4 and Sections 2.3.3 and 2.3.4, respectively. The Padé
approximation will be primarily used for ad hoc analysis and benchmarks, whereas the IQC robust
control techniques provide the desired stability and performance guarantees. Predictor compensation
approaches are eliminated because of the existence of state delays in the auto-correlation timing link
model and the resulting complexity of the suitable predictor structures in the controller, which is prune
to limit the closed-loop bandwidth in a digital control implementation.

3.4 Optimal Phase Distribution

3.4.1 Problem Formulation

Consider the case when the delays affecting the system are known and fixed. The derivation of the formal
optimization problem to be solved is in large parts identical to that of Problem 3.5 in Section 3.2.1. Just
as the goal of a PLL is to replicate a reference phase at the output of a controlled oscillator, expressed in
terms of the minimization of an ISE, the goal of the auto-correlation timing link is replication of the
input signal phase at the output of the link. Again the objective can be expressed as the minimization of
the closed-loop 𝐇2-norm. The only difference then is the internal structure of the plant to be controlled,
which is secondary to the problem formulation. Hence, for completeness, we state

Problem 3.16 (𝐇2-Optimal Dynamic Output Feedback Phase Transport). Given the system (2.11)
with 𝑃 as in (3.23), find a proper controller 𝐾 ∈ 𝐑𝐇∞ which (by closing the control channel 𝑒 → 𝑢)
internally stabilizes 𝑃 and minimizes (an upper bound on) ‖ℱ𝑙(𝑃 , 𝐾)‖2, i.e. the 𝐇2-norm of the
closed loop system.
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Figure 3.12: Magnitude responses for timing link
case study noise colouring filters 𝐹𝑟 ( ), 𝐹𝑑
( ) and 𝐹𝑛 ( ).

Gain Pole Zero

𝑔act 0.4
𝐺drv 80 1 kHz
𝐹𝑟 2 0.1 Hz
𝐹𝑑 1.6 ⋅ 10−3 10 Hz
𝐹𝑛 1 ⋅ 10−5

Table 3.3: Parameter summary for
a case study auto-correlation timing
link system.

The presence of delays in the system to be controlled adds new aspects to possible problem solutions
beyond those considered in Section 3.2, such as

1. computation of the 𝐇2-norm of a TDS [JVM11],

2. stabilizability of the system with respect to the size of the delay terms,

3. limits on achievable performance with respect to the size of the delay terms,

4. conservatism of the synthesized solutions,

5. existence of non-conservative problem solutions, and

6. robustness against uncertainty in the delay terms.

Some of these aspects will be investigated in the subsequent sections. As before, a case study model
derived from the systemdiscussed inChapter 5will be used to support the stated conclusions. Figure 3.12
shows the noise spectra of an input signal to be transmitted, a typical environmental disturbance noise
spectrum for a 1 km optical fibre with spurs removed, and the typical noise floor of the round-trip
time detector. The corresponding single path propagation time is 𝜏 = 4.9 µs. For 𝐺, an optical fibre
stretcher translating an applied high-voltage signal to strain on the timing link is considered, modelled
by a scalar conversion factor 𝑔act = 0.4, in combination with a bandlimited high-voltage amplifier 𝐺drv.
The driver’s gain is again chosen such that the physical input saturation of the plant 𝐺 = 𝐺drv𝑔act is
normalized to [−1, 1]. The system parameters are summarized in Table 3.3.

3.4.2 Synthesis Using Real-Rational Approximations

When applying the Padé approximant of order 𝑛 to a system model, the resulting system will have 𝑛
additional states for each independent delay term in the system dynamics, of which, in the case of
(3.22), there are two when not considering additional input delays. This is particularly relevant when
using the full-order output feedback methods introduced in Section 3.2.2 with the real-rational system
approximation, as the synthesized controller size scales accordingly. We also note that high-order Padé
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Figure 3.13: Approximate closed-loop 𝐇2-norms achieved by (3.24) ( ), and the respective optimal
controller for a Padé-approximated plant ( ), when applied to the Padé-approximated plant. Padé
approximation of 4th-order. Parameters for case study system from Table 3.3.

approximants and those approximating small delays 𝜏 will lead to high-frequency poles and zeros in the
approximated plant, which the central full-order output feedback controller will cancel (cf. Section 3.2.2),
which is equally undesirable and at the same time limits the usefulness of pole-placement constraints in
the LMI synthesis method.

Numerical Examples

We start the case study discussion by investigating the conservativeness of neglecting the transmission
delay entirely during controller synthesis. The motivation for this scenario is the heavily simplified sys-
tem identification and controller synthesis process. Applying the ARE-based h2syn method introduced
in Section 3.2.2 to the minimal 2nd-order plant (3.23) with 𝜏 = 0 yields a 2nd-order controller with
one pole virtually at infinity, inducing a quasi-feedthrough, and one close to the origin, approximating
integral action. For implementation, the controller can be very well approximated by the PI form

𝐾 = 0.05 + 300𝑠−1. (3.24)

The performance achieved using this controller for varying link lengths is shown in Figure 3.13. The
performance has been evaluated using 4th-order Padé approximations of the plant and shows a 25.6 %
decrease in performance for a 10 km long timing link when compared to the optimal controller syn-
thesized for the Padé approximated plant. The divergence shows that for sufficiently large delays 𝜏 ,
neglecting the delay leads to significant sub-optimality. We also infer from this analysis that a greater
delay is strictly linked to a higher infimal closed-loop 𝐇2-norm for transmission distances in that order
of magnitude.

Remark 3.17. We acknowledge that the optimal controllers synthesized for Padé approximated plants
might be challenging to implement. However, the larger the transmission delay 𝜏 , the slower the required
dynamics of the optimal controller become while at the same time offering increasing performance
benefits. Figure 3.14 shows a realistically implementable optimal controller synthesized using a 4th-order
Padé approximated plant with 10 km timing link.
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Figure 3.14: Magnitude response of (3.24) ( ) and the optimal controller for a 4th-order Padé
approximation of a 10 km timing link ( ).

While no hard robustness guarantees can be derived from the Padé approximant directly, the delay root
locus ( ) for the simple PI controller (3.24) shown in Figure 3.15 indicates infinite time delay margin.
While the limit 𝜏 → ∞ is clearly always stable, this is not necessarily the case for all time delays, as
shown by the second root-locus ( ) for a controller with ten times higher integral gain.

3.4.3 Synthesis Using Integral Quadratic Constraints

Another scenario arises when the delays affecting the system are time-varying or not known well
enough a priori for the methods explored for the nominal case to be feasible, or when hard stability and
performance guarantees are required, which cannot be obtained from approximations. The natural
extension is to pursue guaranteed closed-loop stability for uncertain parameters within a confidence
interval or set. In general, the extended robustness to parameter variation in terms of closed-loop
stability is paid for with a penalty in performance.

Following up on the introduction to the IQC framework in Section 2.3.3, we first provide an LFR
for the interconnection of the delay-less plant with a suitable time-delay operator. Then, using the
time-delay multipliers from Section 2.3.4, the robust stability of the controllers synthesized for nominal
Padé-approximated plants from Section 3.4.2 is verified. Further, we discuss robust 𝐇2-performance, i.e.
the guaranteed worst-case upper bound on the 𝐇2-norm over all possible realizations of the uncertainty,
and finally outline IQC synthesis methods directly yielding robust stability and robust 𝐇2-performance
without any finite-order approximation involved. As explained above, the controller effectively renders
the transmission delay time invariant. Hence, the treatment of the time-varying case will be limited to
literature references.
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Figure 3.15: Closed-loop delay root loci from a 4th-order Padé approximation of plant (3.23) with
controller (3.24) ( ), and for an example controller achieving only finite delay margin ( ), re-
spectively. Lines indicate the positions of the closed-loop system poles (including poles from the delay
approximant) for varying 𝜏 corresponding to 1 km to 100 km timing link length.

For the shifted configuration illustrated in Figure 2.4b and given by (2.12) and

⎡⎢
⎣

𝑞
𝑧
𝑦
⎤⎥
⎦

= ̃𝑃 ⎡⎢
⎣

̃𝑝
𝑤
𝑢

⎤⎥
⎦

(3.25a)

̃𝑝 = 𝑝 + 𝑞 (3.25b)

one easily rearranges (3.22) to obtain

̃𝑃 =
⎡
⎢
⎢
⎣

0 0 𝐹𝑟 0 0 𝐺
1 0 0 2𝐹𝑑 0 0

−1 0 𝐹𝑟 −𝐹𝑑 0 0
0 −1 𝐹𝑟 0 𝐹𝑛 −𝐺

⎤
⎥
⎥
⎦

. (3.26)

The corresponding uncertainty block is given by

Δ = [𝒮𝜏 0
0 𝒮𝜏

] = 𝒮𝜏𝐼𝑛𝑞
. (3.27)

Recall that ℒ{𝒮𝜏} = e−𝑠𝜏 − 1.

Remark 3.18. Even though we have previously postulated that the propagation delay 𝜏 incurred on the
timing link is a) effectively stabilized and b) experimentally well quantifiable, we remind the reader
that the IQC framework is used here to provide hard robustness guarantees for a system including
infinite-order dynamics from time-delays, whereas the other considered approaches can only provide
soft guarantees in terms of approximations.
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Figure 3.16: Upper-bound on the 𝐇2-performance guaranteed by Lemma 2.25 and Π4 (2.50) (𝜈 =
3, 𝜌 = −1, 𝜀 = 10−3) for the plant (3.23) with controller (3.24), i.e. the quasi-optimal controller for
𝜏 = 0, ( ), in comparison to the approximate closed-loop 𝐇2-norm computed by 4th-order Padé
approximation ( ).

Numerical Examples

Using the static time-delay multiplier Π1 (2.41) and applying the KYP lemma to the system ℱ𝑙( ̃𝑃 , 𝐾)
with (3.24) and (3.26), one easily shows feasibility of the resulting LMIs and hence infinite delay-margin
using a basic SDP solver. For this robust stability analysis, the system (3.26) can in fact be drastically
simplified by neglecting the disturbance inputs and the corresponding (a-priori stable) noise shaping
filters. The block-diagonally repeated uncertainty (3.27) also reduces to a single time-delay operator
Δ = 𝒮2𝜏 for the full round-trip time delay.

When considering 𝐇2-performance via Lemma 2.25, the SDP solver fails to assert feasibility for any
conic combination of Π1, Π̄2, Π̄3. One reason is the increased conservatism introduced by having to
consider the original block-diagonally repeated uncertainty (3.27) for the forward- and backward-path
delays, instead of just the round-trip delay, because of the additional performance channel signals. It
is also possible that the real-rational approximations used in Π̄2, Π̄3 are overly conservative without
additional frequency scaling. For this reason, Π4 (2.50) is employed with 𝜈 = 3, 𝜌 = −1 and 𝜀 = 10−3.
The guaranteed robust 𝐇2-performance bound 𝛾 for varying values of ̄𝜏 is shown in Figure 3.16 in
comparison to previously obtained approximate 𝐇2-norm values using 4th-order Padé approximations
(cf. Figure 3.13). Notably, for 1 km link length, the Padé approximation is more conservative than
the IQC-based bound. While surprising, we remark that the LMI problem corresponding to the IQC
robust performance test was solved with sufficiently large residuals on all constraints and good solver
diagnostics. Other outliers on ( ) however indicate that numerical limitations can have severe
consequences on the conservatism of the robust performance bound, though likely can be mitigated by
numerical tuning of the model and multiplier.





Chapter 4

Optimal Control for Distributed
Synchronization Systems

4.1 Architecture and Challenges of Large-Scale Synchronization Sys-
tems

Chapter 3 introduced the two core building blocks of any timing-synchronization system. The phase-
locked loop was introduced as general tool for synchronizing a tunable oscillator (clock) onto a given
reference. The means of phase error detection and frequency tuning of the synchronized oscillator are
secondary to the theoretical analysis and merely provide the actual model parameters, while saturation
constraints and higher-order effects can usually be neglected. The same holds true for the phase
distribution problem, that was solved using the auto-correlation timing link principle. In this chapter
we turn to the central part of this work, namely the study of an interconnection of multiple such building
blocks that yields a full high-precision timing-synchronization system as it is needed in many large-scale
science facilities.

Motivating this research is the key insight that individual optimal controller design for the composing
subsystems does not yield satisfactory overall system performance. This fact is easily demonstrated by
the following examples.

𝐹𝑟

𝐹𝑑1 
𝐹𝑑𝑁

𝐹𝑛1
𝐹𝑛𝑁

𝐾1 𝐾𝑁𝐺1 𝐺𝑁
𝑢1 𝑢𝑁𝑒1 𝑒𝑁

𝑧

𝑤𝑛1
𝑤𝑑1

𝑤𝑛𝑁
𝑤𝑑𝑁

𝑤𝑟 𝜑

Figure 4.1: Block diagram of a phase reference tracking system consisting of daisy-chained PLLs.
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(b) 𝐺 contains an additional pole at 10 kHz.

Figure 4.2: Relative 𝐇2-norm achieved over a daisy-chain of two case study PLLs against variation of
the proportional feedback gains. ( ) marks the baseline performance achieved when using the optimal
feedback gain 𝐾∗ of a single PLL for both subsystems, ( ) marks successive tuning, and ( ) marks the
optimum on the grid. ( ) marks a second, local minimum.

Example 4.1 (Optimal Control of Daisy-Chained PLLs (a)). Consider 𝑁 daisy-chained but otherwise
identical PLLs as depicted in Figure 4.1 for 𝑁 = 2. To ease the visualization of the simulation result, we
just consider a proportional feedback gain for each PLL controller and consider as performance index the
synchronization of the trailing oscillator’s phase to the source reference phase, quantified by the overall
system’s 𝐇2-norm. For a small system 𝑁 = 2 with just two decision variables, parameter gridding is
computationally feasible. The simulation results are depicted in Figure 4.2a, showing the 𝐇2-performance
field against variation of the proportional feedback gains 𝐾1, and 𝐾2. This example uses the same model
that was used for the numerical examples in Section 3.2 based on Table 3.1. The origin marked by ( )
signifies the baseline performance achieved when tuning both PLLs in the chain to track the reference
signal, i.e. when neglecting the interconnection structure and assuming for the trailing oscillator that the
intermediate oscillator tracks perfectly. The shown cost function is clearly non-convex and the optimal
tunings marked by ( ) are clearly separated from the baseline. The performance gap is almost 30 %.
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Figure 4.3: Example of an ordered tree representing a timing-synchronization network.

Example 4.2 (Optimal Control of Two Daisy-Chained PLLs (b)). As Example 4.1 but assumes an
additional pole in 𝐺 at 10 kHz, inducing finite gain and phase margin. The new 𝐇2-performance field for
𝑁 = 2 is depicted in Figure 4.2b, is again clearly non-convex and shows two distinct local minima. The
performance gap is approximately 40 %.

The results of Examples 4.1 and 4.2 are ultimately explained by Bode’s sensitivity integral, commonly
known as the waterbed effect [ÅM21]. It coarsely states that suppression of low-frequency disturbances
well within the locking bandwidth inevitably leads to amplification of noise in another frequency band
shortly beyond the locking bandwidth. If now both loops in the daisy-chain are tuned identically,
this will lead to excessive over-amplification of noise in the waterbed regime, compared to when both
regimes are separated. In the former case of Example 4.1, the feedback gain 𝐾1 of the first PLL can be
increased arbitrarily, as the second PLL acts as a low-pass filter, suppressing the high-frequency noise
added by the first PLL. With the additional pole considered for Example 4.2 on the other hand, the first
loop will eventually become unstable, leading to two distinct local minima. While in this example it is
reasonably straight forward to arrive at ( ) close to the local minimum ( ) by first tuning the intermediate
PLL and then tuning the trailing PLL based on the simulated output spectrum of the intermediate
oscillator, in a less homogeneous system, the other local minimum might be significantly superior to
the first, and is not so straight forward to attain due to the dependency inversion. When more complex
interconnections are considered, as is usually the case in practice, other controller synthesis approaches
are needed.

The remainder of this section is used to develop a general architecture of timing-synchronization
systems and ways to express control goals on this architecture. This concludes in the formulation of a
new high-level optimization problem to be solved, which will be refined in the subsequent sections.

Being an interconnection network of two kinds of subsystems, it comes to no surprise that the architec-
ture of such a system is best described using graph theory. The constraints of a graph describing such a
network are summarized in the following definition. For basic definitions on graph theory, the reader
is directed to Appendix A.3.
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Definition 4.3 (Timing-Synchronization Network). A timing-synchronization network is represented
by a directed graph (𝑉 , 𝐸) with the following properties:

1. The graph is connected, acyclic and rooted, i.e. an ordered tree.

2. The dedicated root node 𝑣0 ∈ 𝑉 represents the reference source.

3. All nodes other than the root, 𝑣𝑖 = 𝑉 ∖ {𝑣0}, 𝑖 = 1, …, 𝑘, are control loops representing either a
PLL (3.2) or a stabilized timing link (3.22) and have exactly one incoming edge1, i.e.

∀ 𝑦 ∈ 𝑉 ∖ {𝑣0} ∃!(𝑥, 𝑦) ∈ 𝐸, 𝑥 ∈ 𝑉 .

4. The (directed) edges of the graph represent input-output connections of the joined control loops.

An example of such a network is depicted in Figure 4.3. Of course one can construct cases where these
constraints are violated, e.g. a purely cyclic network (which poses an interesting problem for stability
analysis) or a system where a controlled oscillator should track two sources simultaneously as well as
possible, however these are mostly academic problems with little practical application.

Remark 4.4. Note that some existing systems, such as the optical synchronization system for the FLASH
and European XFEL facilities additionally feature special “resynchronization” units that correct the
reference phase received via a drifting RF coaxial cable against a stabilized optical counterpart, see
Section 5.2.5. Including such systems requires a slight adaption of Definition 4.3 to allow for nodes
with multiple (ordered) inputs, but is ultimately fully compatible with the theory of this work.

We now ask how to define a performance index on this network. The simplest conceivable performance
index is the uniformly weighted average phase ISE of all nodes 𝑣𝑖, 𝑖 = 1, …, 𝑘 with respect to the root 𝑣0.
In many practical applications however, a non-uniformly weighted average is the more suitable choice.
Recall that the purpose of a timing-synchronization system is to enable several spatially distributed
“client” systems to synchronously interact with a shared dynamic process, e.g. a particle beam in an
accelerator or a radio wave received from space. Naturally, depending on their task, some client systems
require tighter synchronization than others. Also note that client systems need not only occur at the
leafs of the timing-synchronization network tree, although some intermittent nodes might indeed not
be attached to a client system and just are required as repeater or fan-out stages within the network.

We hence formulate the optimization problem to be studied going forward:

Problem 4.5 (Optimal Distributed Timing-Synchronization). Given a timing-synchronization net-
work (𝑉 , 𝐸) and weights 𝑤𝑖 ≥ 0, find proper controllers 𝐾𝑖 ∈ 𝐑𝐋∞ for each control loop 𝑣𝑖 ∈ 𝑉 ,
𝑖 = 1, …, 𝑘, such that the weighted average phase ISE with respect to the root 𝑣0 is minimized:

𝐽 = lim
𝑇 →∞

𝑘
∑
𝑖=1

𝑤𝑖 ∫
𝑇

0
|𝜑𝑟(𝑡) − 𝜑𝑖(𝑡)|2 d𝑡. (4.1)

4.2 Distributed Systems

4.2.1 Modelling Distributed Systems

In this section we build on Definition 4.3 and define general interconnected systems from a control
theoretic point of view. Given the broadness of applications with interconnected systems and distributed

1This is in fact implied by the acyclic property.
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Figure 4.4: Linear fractional representation of a distributed system.

control, the theory in this section does not claim generality and instead is tailored to what is required
for the discussion ahead.

Definition 4.6 (Distributed System [in the style of DD03; Eic16]). A distributed system is charac-
terized by an interconnection of (spatially) separated subsystems (nodes), each with local dynamics,
measurement outputs and actuation inputs.

Consider the causal and bounded distributed system 𝑃 ∶ 𝐋𝑛𝑤+𝑛𝑢
2𝑒

→ 𝐋𝑛𝑧+𝑛𝑒
2𝑒

given by an intercon-

nection of causal and bounded subsystems 𝑃1, …, 𝑃𝑘 ∶ 𝐋
𝑛𝑟𝑖+𝑛𝑤𝑖+𝑛𝑢𝑖
2𝑒

→ 𝐋
𝑛𝑦𝑖+𝑛𝑧𝑖+𝑛𝑒𝑖
2𝑒

. Derived from
(2.11), we tactically dedicate 𝑛𝑟𝑖

exogenous inputs and 𝑛𝑦𝑖
regulated outputs for interconnection with

other subsystems, while the remaining 𝑛𝑤𝑖
exogenous inputs and 𝑛𝑧𝑖

regulated outputs continue to
be used for disturbances and performance signals, respectively. To avoid having to ensure compatible
input and output sizes and to keep notation manageable, we assume w.l.o.g. that all subsystems have ho-
mogeneous input-output configurations, i.e. 𝑛𝑟1

= 𝑛𝑦1
… = 𝑛𝑟𝑘

= 𝑛𝑦𝑘
etc. It is then straight forward

to write the distributed system 𝑃 as an upper LFT of the concatenated subsystems daug(𝑃1, …, 𝑃𝑘)
and a special network operator 𝒩. This is depicted in Figure 4.4.

𝑃 = ℱ𝑢(daug(𝑃1, …, 𝑃𝑘), 𝒩) (4.2)

The diagonal augmentation operator (2.29) ensures that the inputs and outputs of the concatenated
subsystems are in order (i.e. not interleaved). The network operator 𝒩 is given by

𝒩 = [ 0 𝒩𝑧
𝒩𝐴 0 ] , (4.3)

where 𝒩𝑧 ∈ 𝐑𝐇
𝑛𝑧×(𝑛𝑧1+⋯+𝑛𝑧𝑘

)
∞ aggregates the network performance signal 𝑧 from the (weighted)

subsystem performance signals and 𝒩𝐴 ∈ {0, 1}(𝑛𝑟1+⋯+𝑛𝑟𝑘
)×(𝑛𝑦1+⋯+𝑛𝑦𝑘

) is the adjacency matrix of
the interconnection graph.
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Remark 4.7. When the interconnection satisfies the conditions of Definition 4.3, common system
properties of the distributed system 𝑃 such as stability, controllability, stabilizability, observability,
detectability, etc. are easily inferred from the corresponding properties of the composing subsystems.
For example, 𝑃 is necessarily stabilizable if all 𝑃𝑖, 𝑖 = 1, …, 𝑘, are stabilizable.

4.2.2 Control of Distributed Systems

The problem of optimal control for distributed systems is not trivial. Indeed, it was already shown in
Examples 4.1 and 4.2 that the optimal controller synthesis problem for a network performance index
cannot be broken down into (smaller) optimal synthesis problems for the comprising subsystems. If we
can afford to neglect the structure of 𝑃 and apply the optimal controller synthesis methods introduced
in e.g. Section 3.2.2, we arrive at the centralized control case.

Problem 4.8 (Optimal Centralized Control). Given a distributed system 𝑃 as in (4.2), find a proper
controller 𝐾 ∈ 𝐑𝐋∞ which (by closing the control channel 𝑒 → 𝑢) internally stabilizes 𝑃 and
minimizes some performance index on the closed-loop channel 𝑤 → 𝑧.

The characterizing property of the centralized solution is that the block matrix obtained when partition-
ing the solution 𝐾 according to the signals of the comprising subsystems is potentially fully populated,
i.e. the measured information of all subsystems is available (and used) to compute the optimal control
input for any one subsystem in the network.

This degree-of-freedom is however not given inmany practical applications, where often each subsystem
is operating in informational isolation from the other subsystems, i.e. the locally measured information
is available only to the local controller and not transmitted to other subsystems. Thus, a block-diagonal
structure needs to be enforced on the solution 𝐾,

⎡
⎢
⎢
⎣
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⋮

𝑢𝑘

⎤
⎥
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⎥
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⎦

, (4.4)

so that ultimately 𝑢1 = 𝐾1𝑒1, …, 𝑢𝑘 = 𝐾𝑘𝑒𝑘. This other extreme is known as (fully) decentralized
control.

Problem 4.9 (Optimal Decentralized control). Given a distributed system 𝑃 as in (4.2), find proper
controllers 𝐾𝑖 ∈ 𝐑𝐋

𝑛𝑢𝑖×𝑛𝑒𝑖∞ for all subsystems 𝑃𝑖, 𝑖 = 1, …, 𝑘, such that 𝐾 = diag(𝐾1, …, 𝐾𝑘) (by
closing the control channel 𝑒 → 𝑢) internally stabilizes 𝑃 and minimizes some performance index on
the closed-loop channel 𝑤 → 𝑧.

Naturally, intermediate cases exist as well, covered by the general term distributed control, illustrated
in Figure 4.5. To formalize which controllers have access to which information, we introduce another
binary matrix analogous to the adjacency matrix of the distributed system interconnection from
Definition 4.3. This (controller) structure matrix 𝑆 ∈ {0, 1}𝑘×𝑘 encodes which subsystem’s measured
signals are available for the computation of which subsystem’s control signals.

Problem 4.10 (Optimal Distributed Control). Given a distributed system 𝑃 as in (4.2) and a controller
structure matrix 𝑆 ∈ {0, 1}𝑘×𝑘, find controllers 𝐾𝑖𝑗 ∈ 𝐑𝐋

𝑛𝑢𝑖×𝑛𝑒𝑗
∞ for 𝑖, 𝑗 = 1, …, 𝑘 satisfying

𝐾𝑖𝑗 = 0 if 𝑆𝑖𝑗 = 0 such that 𝐾 = [𝐾𝑖𝑗] (by closing the control channel 𝑒 → 𝑢) internally stabilizes 𝑃
and minimizes some performance index on the channel 𝑤 → 𝑧.
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(a) Centralized (b) Decentralized (c) Distributed

Figure 4.5: Controller architectures (blue) for interconnected systems with coupled dynamics (black).
Figure adapted from A. Eichler [Eic16].

Remark 4.11. In practice, onewill usually find that for three subsystems𝑃1, 𝑃2, 𝑃3, if𝑃3 has information
from 𝑃2 and 𝑃2 has information from 𝑃1 then a) 𝑃1 also has information from 𝑃2 (and 𝑃2 from 𝑃3) and
b) 𝑃3 also has information from 𝑃1, possibly at summed up latency. Formally, 𝑆 is usually a) symmetric
and b) transitively closed.

Remark 4.12. The question may arise if, in addition to the measured subsystem information 𝑒𝑖, the state
information of the subsystem’s controller can improve the overall network performance, when shared
with other subsystems. For information structures where 𝑆 is not transitively closed, cf. Remark 4.11, the
controller state indeed conveys additional information to systems in the communication downstream.
In the transitively closed case however, given initial controller state information across the network,
each controller can infer (“observe”) what the controllers of the connected subsystems are computing
and track this information at the cost of higher local controller order.

Problems 4.9 and 4.10 are significantly more challenging than Problem 4.8 from an optimization point
of view because, unlike the ARE-based method, where the solution is computed explicitly, or the LMI
methods, where the resulting SDP can be solved efficiently using convex optimization, as discussed
in Examples 4.1 and 4.2 and shown in Figure 4.2, the cost functions of distributed control problems
are in general not convex and may admit multiple local minima. Determining the global optimum
is then NP-hard in general, exceptions are mentioned in Section 4.3. We underline that the loss of
convexity explicitly stems from the structural constraints on the solution. In order to tackle the general
NP-hard problem, two approaches are dominant in the literature. The first is based on classes of convex
approximations of the non-convex problem, yielding a related problem that can be solved efficiently but
only provides a suboptimal solution. The main challenges here are finding the convex approximation
“closest” to the original problem, minimizing the optimality gap, and, for robust control, ensuring that
the solution of the approximated problem also guarantees robustness for the original problem [FK18].
The second approach is based on non-linear programming, in particular nonsmooth optimization based
on subgradients and bundle methods, providing at least local optimality certificates. Ongoing research
in this field attempts to integrate the powerful robust stability and performance analysis capabilities
of the IQC framework (and multiplier theory in general) into the nonsmooth problem formulation
[AN06a; CS20]. In the following Sections 4.3 to 4.5, state-of-the-art methods of both approaches are
presented, discussed and developed further with novel extensions.
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4.3 Structured Nominal Control by Sparsity Invariance

4.3.1 Convex Restrictions and the Sparsity Invariance Framework

This section introduces the SI framework developed by Furieri, Zheng et al. in [Fur+19; Fur+20].
[Fur+19] discusses the static state-feedback case, while [Fur+20] covers the more general (full-order)
dynamic output feedback case. The following Section 4.3.2 extends on this framework by showing
applicability of the method to static and fixed-order output feedback [Sch+21].

We start by introducing additional useful notation for binary and structured (transfer) matrices. The
sparsity subspace associated with a binary matrix 𝑋 ∈ {0, 1}𝑚×𝑛 is defined as the set of causal transfer
matrices

sparse(𝑋) ≔ {𝑌 ∈ 𝐑𝐋𝑚×𝑛
∞ ∣ 𝑌𝑖𝑗 = 0 ∀ 𝑖, 𝑗 where 𝑋𝑖𝑗 = 0} . (4.5)

Analogously, given a (transfer) matrix 𝑌 ∈ 𝐑𝐋𝑚×𝑛
∞ , let 𝑋 = struct(𝑌 ) be defined by

𝑋𝑖𝑗 = {
0 if 𝑌𝑖𝑗 = 0
1 otherwise.

(4.6)

Given two compatible binarymatrices 𝑋, 𝑌 ∈ {0, 1}𝑚×𝑛, we say 𝑋 ≤ 𝑌 if and only if 𝑋𝑖𝑗 ≤ 𝑌𝑖𝑗 ∀ 𝑖, 𝑗
and 𝑋 < 𝑌 if in addition there exists at least some indices 𝑖, 𝑗 such that 𝑋𝑖𝑗 < 𝑌𝑖𝑗.

The SI framework tackles non-convex distributed control problems of the form of Problem 4.10 by
systematic construction of convex restrictions of the original problem. The appealing feature of convex
restrictions over the complementary class of convex approximation by relaxation is that solutions
to convex restrictions of a problem are necessarily feasible for the original problem as well. Convex
relaxations on the other hand may produce infeasible solutions, but also feasible solutions where the
convex restriction has no solution at all. Additional information on convex relaxations can be found in
[Faz+17; WLS18; WFS24]. Compared to previous work on convex restrictions for structured control
problems, such as block-diagonal Lyapunov functions [e.g. Con+12] and nearest quadratic invariance
(QI) subsets [RL06], the SI framework is in fact shown to be the most general class of convex restrictions
based on separability arguments (either of the Lyapunov function or the Youla parameter or pendants
thereof) [Fur+20]. As such, the SI framework poses the least conservative method of convexification by
restriction for non-convex structured control problems to date.

The non-convexity of the structured control problem stems from the structural constraint on the
controller matrix, 𝐾 ∈ sparse(𝑆), which is generally recovered from a non-linear mapping of the kind
𝐾 = 𝑌 𝑋−1, where 𝑌 (𝑠) and 𝑋(𝑠) are transfer matrices depending on some intermediate decision
variable(s) of the convex optimization problem formulation. Recognizing this fact, the SI framework
substitutes this offending constraint with two structural constraints 𝑌 ∈ sparse(𝑇 ) and 𝑋 ∈ sparse(𝑅),
which are known to satisfy the SI property.

Definition 4.13 (Sparsity Invariance [Fur+20]). Given a binary matrix 𝑆, the pair of binary matrices 𝑇
and 𝑅 satisfies a property of sparsity invariance with respect to 𝑆 if

𝑌 ∈ sparse(𝑇 ) and 𝑋 ∈ sparse(𝑅) ⇒ 𝑌 𝑋−1 ∈ sparse(𝑆), (4.7)

where 𝑋 is assumed invertible.

We now guide through the relevant theorems that prove the claims made earlier about the SI framework
and summarize methodologies and open questions regarding the choice of the structure matrices 𝑇
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and 𝑅. As in [Fur+20], we will focus on formulations using the Youla parameterization, but the principle
applies analogously to static controller design and other parameterizations such as the system-level and
input-output parameterizations. The static controller design case will be discussed in additional detail
in Section 4.3.2.

Consider again a distributed system given by a stabilizable generalized LTI plant 𝑃 , w.l.o.g. strictly
proper in 𝑢 → 𝑒, and partitioned as

[𝑧
𝑒] = [𝑃𝑧𝑤 𝑃𝑧𝑢

𝑃𝑒𝑤 𝑃𝑒𝑢
]

⏟⏟⏟⏟⏟
𝑃

[𝑤
𝑢] . (4.8)

To simplify the exposition, we neglect the subsystem structure and Remark 4.11 and assume more
generally an arbitrary information structure, leading to the non-convex constraint 𝐾 ∈ sparse(𝑆)
with 𝑆 ∈ {0, 1}𝑛𝑢×𝑛𝑒 . Let 𝐊 ⊂ 𝐑𝐋𝑛𝑢×𝑛𝑒∞ be the set of stabilizing controllers, but not necessarily
satisfying the structure constraint. The feasible set of solutions to Problem 4.10 then is 𝐊 ∩ sparse(𝑆).
We aim to parameterize the set of stabilizing controllers. For this reason, we introduce a useful system
factorization.

Lemma 4.14 (Doubly Coprime Factorization [e.g. ZDG96]). For any 𝐺 ∈ 𝐑𝐋𝑚×𝑛
∞ , there exist eight

proper and stable transfer matrices defining a doubly coprime factorization of 𝐺, that is, they satisfy

𝐺 = 𝑁𝑟𝑀−1
𝑟 = 𝑀−1

𝑙 𝑁𝑙, (4.9)

[ 𝑈𝑙 −𝑉𝑙
−𝑁𝑙 𝑀𝑙

] [𝑀𝑟 𝑉𝑟
𝑁𝑟 𝑈𝑟

] = 𝐼𝑚+𝑛. (4.10)

Applying Lemma 4.14 to 𝑃𝑒𝑢, we arrive at

Corollary 4.15 (Youla Parameterization [YBJ76]). Given a stabilizable generalized plant 𝑃 , partitioned
as in (4.8) and with 𝑃𝑒𝑢 ∈ 𝐑𝐋𝑛𝑒×𝑛𝑢

2 , the set of all stabilizing controllers 𝐊 ⊂ 𝐑𝐋𝑛𝑢×𝑛𝑒∞ can be written
as

𝐊 = {(𝑉𝑟 − 𝑀𝑟𝑄)(𝑈𝑟 − 𝑁𝑟𝑄)−1 ∣ 𝑄 ∈ 𝐑𝐇𝑛𝑢×𝑛𝑒∞ } (4.11a)
= {(𝑈𝑙 − 𝑄𝑁𝑙)−1(𝑉𝑙 − 𝑄𝑀𝑙) ∣ 𝑄 ∈ 𝐑𝐇𝑛𝑢×𝑛𝑒∞ } , (4.11b)

where 𝑉𝑟, 𝑀𝑟, 𝑈𝑟, 𝑁𝑟, 𝑈𝑙, 𝑁𝑙, 𝑉𝑙, 𝑀𝑙 form a doubly coprime factorization of 𝑃𝑒𝑢 per Lemma 4.14 and 𝑄
is a free variable called the Youla parameter. Further, the set of stable closed-loop transfer matrices is given
by

ℱ𝑙(𝑃 , 𝐊) = {𝑇1 − 𝑇2𝑄𝑇3 ∣ 𝑄 ∈ 𝐑𝐇𝑛𝑢×𝑛𝑒∞ } , (4.12)
where

𝑇1 = 𝑃𝑧𝑤 + 𝑃𝑧𝑢𝑉𝑟𝑀𝑙𝑃𝑒𝑤

𝑇2 = 𝑃𝑧𝑢𝑀𝑟

𝑇3 = 𝑀𝑙𝑃𝑒𝑤 .
(4.13)

Now let

𝑌𝑄 = (𝑉𝑟 − 𝑀𝑟𝑄)𝑀𝑙 (4.14a)
𝑋𝑄 = (𝑈𝑅 − 𝑁𝑟𝑄)𝑀𝑙 (4.14b)
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and note that 𝑋𝑄 = 𝐼𝑛𝑒
+ 𝑃𝑒𝑢𝑌𝑄 [Fur+20]. Consequently,

𝐊 = {𝑌𝑄𝑋−1
𝑄 ∣ (4.14), 𝑄 ∈ 𝐑𝐇𝑛𝑢×𝑛𝑒∞ } . (4.15)

This leads to the following variation of Problem 4.10 in the Youla parameter.

Problem 4.16 (Youla Parameterized Optimal Structured Control Problem). Given a generalized
plant 𝑃 partitioned as in (4.8), a doubly coprime factorization 𝑉𝑟, 𝑀𝑟, 𝑈𝑟, 𝑁𝑟, 𝑈𝑙, 𝑁𝑙, 𝑉𝑙, 𝑀𝑙 for
𝑃𝑒𝑢 ∈ 𝐑𝐋𝑛𝑒×𝑛𝑢

2 , and a controller structure matrix 𝑆, find a 𝑄 ∈ 𝐑𝐇𝑛𝑢×𝑛𝑒∞ such that the stabil-
izing controller 𝐾 = 𝑌𝑄𝑋−1

𝑄 with (4.14) satisfies 𝐾 ∈ sparse(𝑆) and minimizes some performance
index on the closed-loop ℱ𝑙(𝑃 , 𝐾) = 𝑇1 − 𝑇2𝑄𝑇3 with (4.13).

Applying Definition 4.13, we rewrite the constraint 𝐾 ∈ sparse(𝑆) as 𝑌𝑄Γ ∈ sparse(𝑇 ) and 𝑋𝑄Γ ∈
sparse(𝑅) and yield the related problem

Problem 4.17 (SI Youla Parameterized Optimal Structured Control Problem). Given a stabilizable gen-
eralized plant 𝑃 partitioned as in (4.8), a doubly coprime factorization 𝑉𝑟, 𝑀𝑟, 𝑈𝑟, 𝑁𝑟, 𝑈𝑙, 𝑁𝑙, 𝑉𝑙, 𝑀𝑙
for 𝑃𝑒𝑢 ∈ 𝐑𝐋𝑛𝑒×𝑛𝑢

2 , a controller structure matrix 𝑆, and a pair of binary matrices 𝑇 ∈ {0, 1}𝑛𝑢×𝑛𝑒

and 𝑅 ∈ {0, 1}𝑛𝑒×𝑛𝑒 satisfying the property of SI with respect to 𝑆, find a 𝑄 ∈ 𝐑𝐇𝑛𝑢×𝑛𝑒∞ such that,
given (4.14) and invertible Γ ∈ 𝐑𝐋𝑛𝑒×𝑛𝑒∞ , 𝑌𝑄Γ ∈ sparse(𝑇 ) and 𝑋𝑄Γ ∈ sparse(𝑅) and the stabilizing
controller 𝐾 = 𝑌𝑄𝑋−1

𝑄 , by definition 𝐾 ∈ sparse(𝑆), minimizes some performance index on the
closed-loop ℱ𝑙(𝑃 , 𝐾) = 𝑇1 − 𝑇2𝑄𝑇3 with (4.13).

We now formally relate Problem 4.17 and Problem 4.16.

Lemma 4.18 ([Fur+20]). For every invertible Γ ∈ 𝐑𝐋𝑛𝑒×𝑛𝑒∞ Problem 4.17 is convex, and every solution
is also a feasible solution for Problem 4.16, i.e. Problem 4.17 is a convex restriction of Problem 4.16.

Next, we state sufficient and necessary conditions for 𝑇 and 𝑅 to satisfy the SI property with respect
to 𝑆.

Theorem 4.19 ([Fur+20]). Let 𝑇 ∈ {0, 1}𝑚×𝑛 and 𝑅 ∈ {0, 1}𝑛×𝑛 be such that 𝑅 ≥ 𝐼 . The following
statements are equivalent:

1. 𝑇 ≤ 𝑆 and 𝑇 𝑅𝑛−1 ≤ 𝑆.

2. SI as per Definition 4.13 holds.

Clearly, Theorem 4.19 leaves much room for possible choices of 𝑇 and 𝑅, leading to various degrees of
conservatism in the convex restriction. Given the sizes of 𝑇 and 𝑅, iterating over all possible choices is
generally not feasible. The optimal choice of 𝑇 and𝑅 (andΓ) leading to the least amount of conservatism
is indeed an open problem. However, it is recognized in [Fur+19; Fur+20] that minimizing the degree
of separability in the decision variable (i.e. the Lyapunov matrix or the Youla parameter), induced by 𝑅,
yields a larger candidate space and hence less conservatism. To this extend, they provide the following
algorithm and theorem for computing separability maximizing choices of 𝑅 given some choice of 𝑇 .

Theorem 4.20 ([Fur+20]). Given a binary matrix 𝑇 ∈ {0, 1}𝑚×𝑛, let
𝐑𝑇 ≔ {𝑅 ∈ {0, 1}𝑛×𝑛 ∣ 𝑅 ≥ 𝐼, 𝑇 𝑅𝑛−1 ≤ 𝑇 }. Then:

1. there exists a unique 𝑅∗
𝑇 ∈ 𝐑𝑇 such that 𝑅∗

𝑇 ≥ 𝑅𝑛−1 ∀ 𝑅 ∈ 𝐑𝑇 ,

2. 𝑅∗
𝑇 is computed via Algorithm 1.
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Algorithm 1 Generation of 𝑅∗
𝑇 [Fur+20]

Require: 𝑇 ∈ {0, 1}𝑚×𝑛

1: 𝑅∗
𝑇 ← 1𝑛×𝑛

2: for 𝑖 ← 1, …, 𝑛; 𝑘 ← 1, …, 𝑚 do
3: if 𝑇𝑖𝑘 = 0 then
4: for 𝑗 ← 1, …, 𝑚 do
5: if 𝑇𝑖𝑗 = 1 then
6: (𝑅∗

𝑇 )𝑗𝑘 ← 0
return 𝑅∗

𝑇

Corollary 4.21 ([Fur+20]). In Problem 4.17, select 𝑇 ≤ 𝑆 and compute 𝑅∗
𝑇 using Algorithm 1. Then,

for every fixed invertible Γ ∈ 𝐑𝐋𝑛𝑒×𝑛𝑒∞ , Problem 4.17 is the tightest convex restriction of Problem 4.16
among all choices of 𝑅 ∈ 𝐑𝑇 .

Remark 4.22. While Corollary 4.21 does not provide hints how to optimally choose 𝑆 and Γ, the
authors in [Fur+20] note that the generic choice 𝑇 = 𝑆 and Γ = 𝐼 is sufficient to recover or outperform
solutions based on previous, more restrictive convex restrictions of Problem 4.16.

Finally, we summarize notes from [Fur+20] about the relation of the SI method to the previous notion
of QI defined below. Even though the QI methodology is redundant at this point, the comparison
reveals interesting facts about whether Problem 4.16 has globally optimal solutions and when and how
those can be recovered by convex restrictions of the likes of Problem 4.17.

Definition 4.23 (quadratic invariance (QI) [RL06]). Let 𝐺 ∈ 𝐑𝐋𝑚×𝑛
∞ and 𝐒 ⊆ 𝐑𝐋𝑛×𝑚

∞ . The set 𝐒 is
called quadratically invariant under 𝐺 if

𝐾𝐺𝐾 ∈ 𝐒 ∀ 𝐾 ∈ 𝐒. (4.16)

Corollary 4.24 ([Fur+20]). Consider Problems 4.16 and 4.17. The following statements are equivalent:

1. sparse(𝑆) is QI with respect to 𝑃𝑒𝑢.

2. There exists a globally optimal controller𝐾∗ recovered from the optimal solution𝑄∗ to Problem 4.16.

3. Problem 4.16 and Problem 4.17 are equivalent (and admit the same optimal solution 𝑄∗) when
choosing 𝑇 = 𝑆, Γ = 𝐼 and computing 𝑅∗

𝑇 via Algorithm 1.

When sparse(𝑆) is not QI with respect to 𝑃𝑒𝑢, the work [RM12] proposed to find the closest QI subset
of 𝑆 such that QI is given. By constructive examples, the authors in [Fur+20] show that, beyond
Corollary 4.24, the SI framework is able to recover globally optimal solutions to Problem 4.16 where
convex restrictions based on the closest QI subset fail to do so, and that the SI framework is strictly
more performing than the closest QI subset method in all cases.

4.3.2 Static and Fixed-Order Output Feedback by Sparsity Invariance

Having introduced the SI framework, this section will present theory that extends the applicability
of the framework from structured dynamic output feedback and structured static state-feedback to
static and fixed-order output feedback. Note that the case of fixed-order output feedback is indeed
not covered by the dynamic output feedback by Youla parameterization discussed in Section 4.3.1,
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because even finite-order restrictions on the Youla parameter 𝑄 do not necessarily yield controllers of a
desired order. Fixed-order output feedback is particularly interesting for applications where limited
resources are available for controller implementation and those where reduced-order controllers achieve
approximately the same performance as full-order controllers, e.g. those discussed in Sections 3.2.3
and 3.4. The proposed extension of the SI framework was published in [Sch+21] and builds on the static
state-feedback case [Fur+19]. It will therefore be helpful to re-pose some theorems of Section 4.3.1 in
the static state-feedback setting.

Static State-Feedback

First, consider Problem 4.10 in the state-feedback setting (analogously to Problem 4.16). We will assume
the following state-space realization for the generalized plant 𝑃 to be controlled, as it is common with
no feedthrough in the channel 𝑢 → 𝑒.

𝑃 (𝑠) = ⎡
⎢
⎣

𝐴 𝐵𝑤 𝐵𝑢
𝐶𝑧 𝐷𝑧𝑤 𝐷𝑧𝑢
𝐼 0 0

⎤
⎥
⎦

. (4.17)

Remark 4.25. An apparent restriction is the additional assumption 𝐷𝑒𝑤 = 0. While it is likely possible
to reformulate the problem to be convex even for 𝐷𝑒𝑤 ≠ 0, one can also just introduce appropriate high-
frequency poles in the measurement noise channel, realistically modelling band-limited measurement
noise.

Problem 4.26. Given a generalized plant 𝑃 with realization given by (4.17), and a controller structure
matrix 𝑆, find a static feedback law 𝐾 ∈ sparse(𝑆) ∩ 𝐑𝑛𝑢×𝑛𝑥 that (by closing the control channel
𝑒 → 𝑢) internally stabilizes 𝑃 and minimizes some performance index on the closed-loop channel
𝑤 → 𝑧.

A notable feature of the state-feedback synthesis problem is that, independent of the chosen performance
index, the respective optimal static feedback law 𝐾 and a suitable Lyapunovmatrix 𝒳 for the closed-loop
system are obtained from two optimization variables 𝑀 ∈ 𝐑𝑛𝑢×𝑛𝑥 and 𝑌 ∈ 𝐒𝑛𝑥 as

𝐾 = 𝑀𝑌 −1, (4.18)
𝒳 = 𝑌 −1. (4.19)

See [SW17] for a derivation. From this, it becomes immediately clear how to apply the theory of the SI
framework to the static state-feedback setting: Given a controller structure 𝑆, formulate the closed-loop
LMI problem for the given performance index and constrain the optimization variables 𝑀 = 𝐾𝑌
and 𝑌 such that 𝑀 ∈ sparse(𝑇 ) ∩ 𝐑𝑛𝑢×𝑛𝑥 and 𝑌 ∈ sparse(𝑅) ∩ 𝐒𝑛𝑥 , where binary matrices 𝑇 and 𝑅
are SI with respect to 𝑆. For illustration, we will formulate the following theory in the 𝐇2 performance
criterion.

Problem 4.27. Given a generalized plant 𝑃 with realization given by (4.17), a controller structure
matrix 𝑆, an invertible matrix Γ ∈ 𝐑𝑛𝑥×𝑛𝑥 , and a pair of binary matrices 𝑇 ∈ {0, 1}𝑛𝑢×𝑛𝑥 and 𝑅 =
𝑅⊤ ∈ {0, 1}𝑛𝑥×𝑛𝑥 satisfying the property of SI with respect to 𝑆, find real matrices 𝑀 , 𝑌 = 𝑌 ⊤ ≻ 0
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and 𝑍 = 𝑍⊤ ≻ 0 minimizing 𝛾 > 0 while satisfying

[(𝐴𝑌 + 𝐵𝑢𝑀)⊤ + (𝐴𝑌 + 𝐵𝑢𝑀) 𝐵𝑤
𝐵⊤

𝑤 −𝐼] ≺ 0, (4.20a)

[ 𝑌 (𝐶𝑧𝑌 + 𝐷𝑧𝑢𝑀)⊤

(𝐶𝑧𝑌 + 𝐷𝑧𝑢𝑀) 𝑍 ] ≻ 0, (4.20b)

trace(𝑍) < 𝛾2, (4.20c)
𝑀Γ ∈ sparse(𝑇 ), (4.20d)
𝑌 Γ ∈ sparse(𝑅), (4.20e)

𝐷𝑧𝑤 = 0. (4.20f)

Analogously to Lemma 4.18 we state

Lemma 4.28 ([Fur+19; SW17]). For every invertible Γ ∈ 𝐑𝑛𝑥×𝑛𝑥 ,

1. Problem 4.27 is convex,

2. the static state-feedback law 𝐾 = 𝑀𝑌 −1 ensures a closed-loop 𝐇2-norm less than 𝛾, and

3. every solution is also a feasible solution for Problem 4.26 in the 𝐇2-performance case.

Hence, Problem 4.27 is a convex restriction of Problem 4.26.

Regarding the choice of suitable matrices 𝑇 , 𝑅, and Γ, the same arguments as in Section 4.3.1 apply.
However, Algorithm 1 needs to be extended with an additional step in order to ensure that 𝑅∗

𝑇 is
symmetric. This additional step involves setting all offending off-diagonal elements to zero.

Static and Fixed-Order Output Feedback

To proceed from static state-feedback to static and fixed-order output feedback, we utilize the fact that
the controller structure matrix 𝑆 can be used to restrict the controller to partial state information and
that the state-space form of the generalized plant 𝑃 is arbitrary in the previously stated theory. Assume
now an output feedback realization for 𝑃 ,

𝑃 (𝑠) = ⎡
⎢
⎣

𝐴 𝐵𝑤 𝐵𝑢
𝐶𝑧 𝐷𝑧𝑤 𝐷𝑧𝑢
𝐶𝑒 0 0

⎤
⎥
⎦

. (4.21)

The first step, transforming the static state-feedback to a static output feedback problem, is based on the
following idea: if we can find a state-space form in which each output is identical to one of the system
states, 𝑆 can be chosen in such a way that the controller only has access to those states that represent a
system output, ultimately yielding a static output feedback controller. The proposed state-space form is
termed state-output form and defined next.

Definition 4.29 (State-Output Form). A system (2.6) with linearly independent outputs is said to be in
state-output form if

𝐶 = [0𝑛𝑥×(𝑛𝑥−𝑛𝑦) 𝐼] . (4.22)

Remark 4.30. For systems with 𝑛𝑦 > 𝑛𝑥, the linearly dependent outputs can be dropped without loss
of generality.
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In order to compute such a state-output form, we provide

Lemma 4.31 (State-Output Transformation). For every system Σ as in (2.6) with linearly independent
outputs, there exists an invertible transformation matrix 𝑄 ∈ 𝐑𝑛𝑥×𝑛𝑥 , such that the system in the
transformed state ̄𝑥 = 𝑄−1𝑥 is in state-output form. The transformation is given by

𝑄 = [𝐶0 𝐶⊤(𝐶𝐶⊤)−1] , (4.23)

where 𝐶0 is any matrix whose columns span the kernel of 𝐶 .

Proof. Since Σ has linearly independent outputs, 𝐶 has full row rank, guaranteeing the existence of a
right inverse 𝐶𝑇 (𝐶𝐶⊤)−1 [Rao72]. The rank-nullity theorem ensures that 𝑄 is square of size 𝑛𝑥, and
the orthogonality of the kernel and row space of 𝐶 guarantees that 𝑄 is invertible. It is then easy to see
that

𝐶𝑄 = [0𝑛𝑥×(𝑛𝑥−𝑛𝑦) 𝐼] , (4.24)

as desired.

The matrix 𝐶0 in (4.23) is readily computed using singular value decomposition. The 𝐇2-optimal static
structured output feedback controller is then obtained in the following way.

Proposition 4.32. Given a generalized plant 𝑃 with realization given by (4.21) and an output feedback
controller structure matrix 𝑆, then a static output feedback law 𝐾 ∈ 𝐑𝑛𝑢×𝑛𝑒 guaranteeing a closed-loop
𝐇2-norm less than 𝛾 can be recovered from the solution of Problem 4.27 when first transforming 𝑃 to
state-output form in 𝑒 and assuming the state-feedback structure matrix

̄𝑆 = [0𝑛𝑥−𝑛𝑒
0

0 𝑆] . (4.25)

The static output feedback law 𝐾 is recovered from the solution of Problem 4.27 – according to the position
of 𝑆 in ̄𝑆 – as the lower-right (𝑛𝑢 × 𝑛𝑒)-sized block of 𝑀𝑌 −1, i.e.

𝐾 = [ 0
𝐼𝑛𝑢

]
⊤

𝑀𝑌 −1 [ 0
𝐼𝑛𝑒

] . (4.26)

Proof. It follows from (4.25) and 𝑇 and 𝑅 being SI with respect to ̄𝑆 that

𝑀𝑌 −1 = [0𝑛𝑥−𝑛𝑒
0

0 𝐾] , (4.27)

with 𝐾 ∈ sparse(𝑆). Let 𝑥 be the state vector of 𝑃 . Because 𝑃 is in state-output form in 𝑒, we have

𝑀𝑌 −1𝑥 = 𝐾𝐶𝑒𝑥 = 𝐾𝑒, (4.28)

which shows that 𝐾 is the desired structured static output feedback law guaranteeing a closed-loop
𝐇2-norm less than 𝛾.

Remark 4.33. It may seem invalid to apply the state-output transformed plant to Problem 4.27, given
that it is incompatible with (4.17). However, there is no issue here since 𝐶𝑒 does not occur explicitly in
(4.20).
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In practice, static feedback laws are usually of limited interest because of their inability to eliminate
steady-state tracking errors. As a countermeasure, integral action is frequently added in the controller,
leading to PI control. It is therefore interesting to extend the presented approach to fixed-order output
feedback. Since the dynamic output feedback synthesis approach presented in Section 4.3.1 doesn’t
allow to dictate the controller order, we employ a different trick here to convert the static feedback
design problem into a fixed-order control problem. First, the plant is augmented with additional free
states to be used as controller states. Then we again exploit the control over 𝑆 to enforce the desired
distributed controller structure.

Proposition 4.34. Given a generalized plant 𝑃 with realization given by (4.8) and an output feedback
controller structure matrix 𝑆 ∈ {0, 1}𝑛𝑢×𝑛𝑒 , then a dynamic output feedback controller 𝐾 ∈ sparse(𝑆)
of fixed order 𝑛𝑥𝐾

and guaranteeing a closed-loop 𝐇2-norm less than 𝛾 can be recovered from the solution
of Problem 4.27 when assuming the state-feedback structure matrix

̄𝑆 = ⎡
⎢
⎣

0𝑛𝑥−𝑛𝑒
0 0

0 𝑆 𝑆𝐶
0 𝑆𝐵 𝑆𝐴

⎤
⎥
⎦
, (4.29)

where 𝑆𝐴, 𝑆𝐵, 𝑆𝐶 are chosen to achieve the desired controller separation, and taking the state-output
transformed and augmented plant

̄𝑃 (𝑠) = ⎡
⎢
⎣

̄𝐴 𝐵̄𝑤 𝐵̄𝑢
̄𝐶𝑧 𝐷𝑧𝑤 𝐷𝑧𝑢
̄𝐶𝑒 0 0

⎤
⎥
⎦

(4.30)

with

̄𝐴 = [
𝑄−1𝐴𝑄 0

0 0𝑛𝑥𝐾

] ,

𝐵̄𝑤 = [𝑄−1𝐵𝑤
0 ] , 𝐵̄𝑢 = [𝑄−1𝐵𝑢 0

0 𝐼] ,

̄𝐶𝑧 = [𝐶𝑧𝑄 0] , ̄𝐶𝑒 = [𝐶𝑒𝑄 0
0 𝐼] = [0 𝐼𝑛𝑒+𝑛𝑥𝐾

] ,

(4.31)

where 𝑄 is the state-output transformation matrix per Lemma 4.31 with respect to 𝐶𝑒. The fixed-order
output feedback controller 𝐾 is recovered from the solution of Problem 4.27 by partitioning 𝑀𝑌 −1 as

𝑀𝑌 −1 = ⎡
⎢
⎣

0𝑛𝑥−𝑛𝑒
0 0

0 𝐷𝐾 𝐶𝐾
0 𝐵𝐾 𝐴𝐾

⎤
⎥
⎦

(4.32)

and letting

𝐾(𝑠) = [ 𝐴𝐾 𝐵𝐾
𝐶𝐾 𝐷𝐾

] . (4.33)

Proof. Let ̃𝑃 be ̄𝑃 with ̄𝐶𝑒 replaced by 𝐼𝑛𝑥
. Note that ℱ𝑙( ̃𝑃 , 𝑀𝑌 −1) = ℱ𝑙(𝑃 , 𝐾), which shows

that 𝐾 is indeed a fixed-order output feedback controller of order 𝑛𝑥𝐾
guaranteeing a closed-loop

𝐇2-norm less than 𝛾.

Remark 4.35. Naturally, Proposition 4.34 can also be used to design fixed-order state-feedback control-
lers.
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Figure 4.6: 𝐇2-performance guaranteed by the SI static decentralized feedback controller relative to
the benchmark performance achieved by uniform optimal tuning.

4.3.3 Numerical Examples

We apply the newly developed output feedback design method of Proposition 4.32 to Examples 4.1
and 4.2. For lack of a more educated choice, we select 𝑆 = 𝐼 for decentralized control, Γ = 𝐼 , and use
Algorithm 1 to compute 𝑅∗

𝑇 . To aid comparison, controller gains and performance levels are again
expressed in dB relative to the optimal proportional feedback gain 𝐾∗ for a single PLL system and the
𝐇2-norm achieved by the static feedback law diag(𝐾∗, 𝐾∗), respectively. Bounds on the 𝐇2-norm
are expressed relative to the respective actual 𝐇2-norm achieved by the controller yielded from the SI
synthesis method.

Recall that Example 4.1 revealed that, given a distributed system of two daisy-chained PLLs as in
Figure 4.1 and parameterized as in Table 3.1, the feedback gain of the first PLL system gain can be
increased arbitrarily. The problem is therefore essentially ill-posed, as the control effort is not penalized
in this formulation (cheap control) and the solution therefore unbounded. It is therefore not entirely
unexpected that the optimal SI-based feedback gains for this case are found to be 𝐾(SI)

1 = 𝐾∗ +68.6 dB,
𝐾(SI)

2 = 𝐾∗ +170.0 dB. The 𝐇2-norm achieved by the SI controller is increased by 21.67 dB compared
to the baseline performance. The guaranteed 𝐇2-norm is 89 % higher than the achieved performance,
which shows significant conservatism in the performance bound. Manual inspection of the solution
space around the SI optimum reveals that the convexified cost function of this ill-posed problem is
extremely flat over a large range of controller gains, leading to an essentially arbitrary solution.

The story is very much different for the case of Example 4.2, where the controller gains are limited
by an additional pole in 𝐺 at 10 kHz. Figure 4.6 shows the SI convexified cost function over the
same parameter range as Figure 4.2b. The two minima of the original cost function are marked for
reference. The SI controller achieves an improved 𝐇2-norm relative to the baseline of −2.11 dB. The
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𝑁 SI Controller Perf. (dB) Rel. Improvement (%) Optimality Gap (%) Perf. Bound Gap (dB)

2 −2.11 21.55 30.07 40.34
3 −11.79 74.26 38.85 41.81
4 −22.39 92.40 61.27 41.90
5 −33.18 97.81 103.28 41.87
6 −48.58 99.63 56.01 41.51
7 −57.35 99.86 168.71 40.36
8 −72.17 99.98 134.13 38.76

Table 4.1: Relative performance of the decentralized SI static output feedback controller for the system
of Example 4.2 w.r.t. the uniform tuning benchmark vs. 𝑁 , the number of PLL subsystems in the chain.

gap from guaranteed bound to actual 𝐇2-norm is however even more significant than in the former
case, exceeding 40 dB. We note however, that a slightly different parameterized numerical example in
the original paper [Sch+21] yielded much less conservative bounds, and it is very well possible that the
conservatism of the convex restriction may be reduced by scaling the model differently, using different
tolerances for matrix definiteness, or finding improved 𝑇 and Γ. Variation of these hyperparameters
also control the shape of the convexified cost function to the extent that it may be possible to further
improve the solution. As in [Sch+21], the convexified cost function is less steep along the direction
connecting the two local minima of the original cost function, but overall skewed to the inferior local
minimum.

When considering daisy-chains of more than two PLLs, the complexity of the problem increases and
gridding the parameter space becomes infeasible. Table 4.1 summarizes the performance of the SI
controller for 𝑁 ≥ 2 up to 𝑁 = 8. We note that the performance bound gap remains approxim-
ately constant, while the SI controller gains significant improvement over the baseline solution with
increasing 𝑁 . For all cases, the SI structured output feedback controller synthesis SDP problem was
solved in negligible time using MATLAB, YALMIP, and MOSEK [The24a; Löf04; MOS24] on a standard
personal computer. The optimality gap was determined using a local minimum certified solution found
with systune [The24b], using nonsmooth optimization and significantly longer optimization times.
Despite outliers due to finite precision induced numerical randomness, the optimality gap appears to
increase monotonically with 𝑁 , however not nearly as badly as the baseline tuning solution, which
scales exponentially. It depends on the specific application whether it is feasible or worthwhile to scan
over the solution space or use the SI-based single-step LMI synthesis method and accept the incurred
conservatism.

Remark 4.36. One critical drawback of using systune in this case is the number of local minima in the
cost function, as the best minimum can only be identified by starting the optimization from sufficiently
many distinct parameter initializations. In [Sch+21], the number of local minima was shown to scale
with 𝑁!, based on an argument on the combinatorial complexity of the original structured optimization
problem when expressed using the Lyapunov equation with a linear cost function and quadratic equality
constraints. Thus, for 𝑁 = 8, one can expect to have over 40 000 local minima in the cost function,
needing many more initial value iterates to fully explore.
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4.4 Structured Robust Control by Sparsity Invariance

4.4.1 Full-Block S-Procedure LMI Conditions for LTV Uncertainties

Structured control problems often arise for large-scale distributed systems with correspondingly large
number of model parameters. It is generally unrealistic to assume that the parameters are known
exactly at all times, as component faults and degradation may slowly or suddenly change the model,
deteriorating the performance of the synthesized feedback solution. This is especially problematic for
𝐇2-performance optimized systems because, as it was famously proved by Doyle for the equivalent LQG
problem [Doy78], there are no meaningful stability margins that can be derived from the nominally
optimizing solution. In other words, even minor alterations of the plant dynamics can have detrimental
if not fatal (destabilizing) effects on the closed-loop. A ubiquitous goal in real-world distributed control
is therefore not only satisfying the information constraints on the synthesized controller, but also
securing a certain level of robustness against variation in critical plant parameters. We show in this
section that it is possible to achieve such robustness, at least against linear parameter-varying uncertainty,
using robust control techniques based on static multipliers and the full-block S-procedure, cf. [Sch00],
in conjunction with the SI framework as introduced in Sections 4.3.1 and 4.3.2.

In Sections 4.3.1 and 4.3.2, the generalized distributed plant 𝑃 was considered LTI. We now consider
the composing subsystems to be uncertain LTV, more specifically as well-posed LFTs of an LTI part
and an uncertain, time-varying, real parameter matrix each. For each subsystem 𝑖 = 1, …, 𝑘, let 𝚫𝑖 ⊂
𝐑𝑛𝑝𝑖×𝑛𝑞𝑖 with 0 ∈ 𝚫𝑖 be the sets of admissible parameter values, such that 𝑃𝑖(Δ𝑖) = ℱ𝑢(𝑃𝑖, Δ𝑖(𝑡))
where Δ𝑖(𝑡) ∶ [0, ∞) → 𝚫𝑖 is a possible realization of the LTV subsystem. There’s no uncertainty
associated with the network operator. Updating (4.2), we get

𝑃 (Δ) = ℱ𝑢(daug(𝑃1(Δ𝑖), …, 𝑃𝑘(Δ𝑘)), 𝒩)
= ℱ𝑢(ℱ𝑢(daug(𝑃1, …, 𝑃𝑘), diag(Δ𝑖, …, Δ𝑘)⏟⏟⏟⏟⏟⏟⏟

Δ

), 𝒩). (4.34)

With the LTV distributed system model in place and letting 𝚫 = diag(𝚫1, …, 𝚫𝑘), we pose the robust
version of Problem 4.10:

Problem 4.37. Given an uncertain distributed system 𝑃 (Δ) as in (4.34) and a controller structure
matrix 𝑆 ∈ {0, 1}𝑘×𝑘, find a distributed controller 𝐾 ∈ sparse(𝑆) that (by closing the control channel
𝑒 → 𝑢) internally stabilizes 𝑃 (Δ) and minimizes the worst case performance on the channel 𝑤 → 𝑧
over all possible parameter trajectories Δ∶ [0, ∞) → 𝚫.

Using again the example of the 𝐇2-norm performance index, solving this extended problem requires
to render the supremum condition in

min
𝐾∈sparse(𝑆)

sup
Δ∈𝚫

‖ℱ𝑙(𝑃 (Δ), 𝐾)‖2 (4.35)

explicit. This is achieved by the full-block S-procedure [Sch00], which equivalently reformulates the
stability and performance tests over the entirety of 𝚫 as a search for suitable multipliers from the set

𝐌 ≔ {𝑀 ∈ 𝐒(𝑛𝑝+𝑛𝑞) ∣ [Δ
𝐼 ]

⊤

𝑀 [Δ
𝐼 ] ≻ 0 ∀ Δ ∈ 𝚫} (4.36)

satisfying a to-be-defined LMI condition.
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Continuing the SI approach, we derive the synthesis LMIs from the analysis problem. First, let 𝑃 be
such that 𝑃 (Δ) = ℱ𝑢(𝑃 , Δ) and admit the state-space representation

⎡⎢
⎣

𝑞
𝑧
𝑒
⎤⎥
⎦

=
⎡
⎢
⎢
⎣

𝐴 𝐵𝑝 𝐵𝑤 𝐵𝑢
𝐶𝑞 𝐷𝑞𝑝 𝐷𝑞𝑤 𝐷𝑞𝑢
𝐶𝑧 𝐷𝑧𝑝 𝐷𝑧𝑤 𝐷𝑧𝑢
𝐶𝑒 𝐷𝑒𝑝 𝐷𝑒𝑤 0

⎤
⎥
⎥
⎦⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑃(𝑠)

⎡⎢
⎣

𝑝
𝑤
𝑢

⎤⎥
⎦

. (4.37)

Then, using the full-block S-procedure, the following well-known result on robust stability and per-
formance analysis is derived:

Corollary 4.38 ([Sch00]). Consider a generalized LTV system𝑃 (Δ) = ℱ𝑢(𝑃 , Δ) as in (4.37), and a sta-
bilizing output feedback controller 𝐾 ∈ 𝐑𝐋𝑛𝑢×𝑛𝑒∞ admitting state-space realization (𝐴𝐾 , 𝐵𝐾 , 𝐶𝐾 , 𝐷𝐾).
The interconnection of ℱ𝑙(𝑃 , 𝐾) and Δ is well-posed and has at all times 𝐇2-norm less than 𝛾 if and
only if there exist matrix variables 𝑋 ≻ 0, 𝑍 ≻ 0 and multipliers 𝑀, 𝑀𝑝 ∈ 𝐌, partitioned conforming
to [Δ 𝐼]⊤ as

𝑀 = [ 𝑊 𝑈
𝑈⊤ 𝑉 ] , 𝑀𝑝 = [𝑊𝑝 𝑈𝑝

𝑈⊤
𝑝 𝑉𝑝

] (4.38)

such that

[⋆]⊤

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 𝑋 0 0 0 0
𝑋 0 0 0 0 0
0 0 𝑊 𝑈 0 0
0 0 𝑈⊤ 𝑉 0 0
0 0 0 0 −𝐼 0
0 0 0 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝐼 0 0
𝒜 ℬ𝑝 ℬ𝑤
0 𝐼 0

𝒞𝑞 𝒟𝑞𝑝 𝒟𝑞𝑤
0 0 𝐼

𝒞𝑧 𝒟𝑧𝑝 𝒟𝑧𝑤

⎤
⎥
⎥
⎥
⎥
⎥
⎦

≺ 0 (4.39a)

[⋆]⊤
⎡
⎢
⎢
⎣

−𝑋 0 0 0
0 𝑊𝑝 𝑈𝑝 0
0 𝑈⊤

𝑝 𝑉𝑝 0
0 0 0 𝑍−1

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝐼 0
0 𝐼

𝒞𝑞 𝒟𝑞𝑝
𝒞𝑧 𝒟𝑧𝑝

⎤
⎥
⎥
⎦

≺ 0 (4.39b)

trace(𝑍) < 𝛾2 (4.39c)
𝒟𝑧𝑤 = 0, (4.39d)

where

⎡
⎢
⎣

𝒜 ℬ𝑝 ℬ𝑤
𝒞𝑞 𝒟𝑞𝑝 𝒟𝑞𝑤
𝒞𝑧 𝒟𝑧𝑝 𝒟𝑧𝑤

⎤
⎥
⎦

≔

⎡
⎢
⎢
⎣

𝐴 + 𝐵𝑢𝐷𝐾𝐶𝑒 𝐵𝑢𝐶𝐾 𝐵𝑝 + 𝐵𝑢𝐷𝐾𝐷𝑒𝑝 𝐵𝑤 + 𝐵𝑢𝐷𝐾𝐷𝑒𝑤
𝐵𝐾𝐶𝑒 𝐴𝐾 𝐵𝐾𝐷𝑒𝑝 𝐵𝐾𝐷𝑒𝑤

𝐶𝑞 + 𝐷𝑞𝑢𝐷𝐾𝐶𝑒 𝐷𝑞𝑢𝐶𝐾 𝐷𝑞𝑝 + 𝐷𝑞𝑢𝐷𝐾𝐷𝑒𝑝 𝐷𝑞𝑤 + 𝐷𝑞𝑢𝐷𝐾𝐷𝑒𝑤
𝐶𝑧 + 𝐷𝑧𝑢𝐷𝐾𝐶𝑒 𝐷𝑧𝑢𝐶𝐾 𝐷𝑧𝑝 𝐷𝑧𝑤 + 𝐷𝑧𝑢𝐷𝐾𝐷𝑒𝑤

⎤
⎥
⎥
⎦

= ℱ𝑙(𝑃 , 𝐾). (4.40)
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Corollary 4.38 is the general result for dynamic output feedback. For the synthesis case with variable
controller matrices 𝐴𝐾 , 𝐵𝐾 , 𝐶𝐾 , 𝐷𝐾 , linearizing the LMIs (4.39) requires a change of variables
incompatible with the SI framework (cf. Theorem 3.10). However, as in Section 4.3.2, the structured
fixed-order output feedback synthesis problem can be derived from the static state-feedback problem
with a reduced set of linearization variables and exploiting the SI property of Definition 4.13. In order
to arrive at the desired linearization, we require the following two lemmas.

Lemma 4.39 (Linearization Lemma [SW17]). Consider constant matrices 𝐴 and 𝑆 and matrices 𝐵(𝜈),
𝑄(𝜈) = 𝑄(𝜈)⊤ depending affinely on some parameter 𝜈, and suppose that 𝑅(𝜈) (not necessarily affine
in 𝜈) can be decomposed as 𝑇 𝑈(𝜈)−1𝑇 ⊤, 𝑈(𝜈) being affine. Then the non-linear matrix inequalities

𝑈(𝜈) ≻ 0, [ 𝐴
𝐵(𝜈)]

⊤

[𝑄(𝜈) 𝑆
𝑆⊤ 𝑅(𝜈)] [ 𝐴

𝐵(𝜈)] ≺ 0 (4.41)

are equivalent to the linear matrix inequality

[𝐴⊤𝑄(𝜈)𝐴 + 𝐴⊤𝑆𝐵(𝜈) + 𝐵(𝜈)⊤𝑆⊤𝐴 𝐵(𝜈)⊤𝑇
𝑇 ⊤𝐵(𝜈) −𝑈(𝜈) ] ≺ 0. (4.42)

Lemma 4.40 (Dualization Lemma [SW17]). Let 𝑃 ∈ 𝐒𝑛 be a non-singular matrix and let 𝐔 and 𝐕 be
two complementary subspaces whose sum equals 𝐑𝑛. Then

𝑥⊤𝑃 𝑥 < 0 ∀ 𝑥 ∈ 𝐔 ∖ {0} and 𝑥⊤𝑃 𝑥 ≥ 0 ∀ 𝑥 ∈ 𝐕 (4.43)

is equivalent to

𝑥⊤𝑃 −1𝑥 > 0 ∀ 𝑥 ∈ 𝐔⟂ ∖ {0} and 𝑥⊤𝑃 −1𝑥 ≤ ∀ 𝑥 ∈ 𝐕⟂. (4.44)

Applying Lemma 4.40 to (4.36) yields the set of dualized multipliers

𝐌̃ ≔ {𝑀̃ ∈ 𝐒𝑛𝑝+𝑛𝑞 ∣ [ 𝐼
−Δ]

⊤

𝑀̃ [ 𝐼
−Δ] ≺ 0 ∀ Δ ∈ 𝚫} . (4.45)

Proposition 4.41 ([Sch+22]). Given a generalized LTV system 𝑃 (Δ) = ℱ𝑢(𝑃 , Δ) as in (4.34) with
𝐷𝑒𝑝 = 𝐷𝑒𝑤 = 𝐷𝑒𝑢 = 0, well-posedness, uniform exponential stability and an upper bound on the
closed-loop 𝐇2-norm less than 𝛾 are guaranteed by a static state-feedback controller 𝐾 ∈ sparse(𝑆) for
all trajectories of the parameter matrix Δ(𝑡) ∈ 𝚫, if there exist binary matrices 𝑇 and 𝑅, real matrix
variables 𝑀 , 𝑌 ≻ 0, 𝑍 ≻ 0, and multipliers 𝑀̃, 𝑀̃𝑝 ∈ 𝐌̃ partitioned conforming to [𝐼 −Δ]⊤ as

𝑀̃ = [ 𝑊̃ ̃𝑈
̃𝑈⊤ ̃𝑉

] , 𝑀̃𝑝 = [𝑊̃𝑝
̃𝑈𝑝

̃𝑈⊤
𝑝

̃𝑉𝑝
] (4.46)
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satisfying for all real and non-singular Γ:

𝑇 ≤ 𝑆, struct(𝑇 𝑅𝑛−1) ≤ 𝑆,
𝑀Γ ∈ sparse(𝑇 ), 𝑌 Γ ∈ sparse(𝑅)

(4.47a)

[⋆]⊤

⎡
⎢
⎢
⎢
⎢
⎣

0 𝐼 0 0 0
𝐼 0 0 0 0
0 0 𝑊̃ ̃𝑈 0
0 0 ̃𝑈⊤ ̃𝑉 0
0 0 0 0 −𝐼

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

−(𝐴𝑌 + 𝐵𝑢𝑀)⊤ −(𝐶𝑞𝑌 + 𝐷𝑞𝑢𝑀)⊤

𝐼 0
−𝐵⊤

𝑝 −𝐷⊤
𝑞𝑝

0 𝐼
−𝐵⊤

𝑤 −𝐷⊤
𝑞𝑤

⎤
⎥
⎥
⎥
⎥
⎦

≻ 0 (4.47b)

⎡
⎢
⎣

𝑌 −(𝐶𝑞𝑌 + 𝐷𝑞𝑢𝑀)⊤ −(𝐶𝑧𝑌 + 𝐷𝑧𝑢𝑀)⊤

−(𝐶𝑞𝑌 + 𝐷𝑞𝑢𝑀) 𝐷𝑞𝑝𝑊̃𝑝𝐷⊤
𝑞𝑝 − 𝐷𝑞𝑝

̃𝑈𝑝 − (𝐷𝑞𝑝
̃𝑈𝑝)⊤ + ̃𝑉𝑝 𝐷𝑞𝑝𝑊̃𝑝𝐷⊤

𝑧𝑝 − (𝐷𝑧𝑝
̃𝑈𝑝)⊤

−(𝐶𝑧𝑌 + 𝐷𝑧𝑢𝑀) 𝐷𝑧𝑝𝑊̃𝑝𝐷⊤
𝑞𝑝 − 𝐷𝑧𝑝

̃𝑈𝑝 𝐷𝑧𝑝𝑊̃𝑝𝐷⊤
𝑧𝑝 + 𝑍

⎤
⎥
⎦

≻ 0

(4.47c)
trace(𝑍) < 𝛾2. (4.47d)

Proof. Naturally, Equation (4.47a) ensures by Theorem 4.19 that 𝐾 = 𝑀𝑌 −1 ∈ sparse(𝑆).

Write the analysis LMIs (4.39) for the static state-feedback case, i.e. 𝐶𝑒 = 𝐼, 𝐷𝑒𝑝 = 𝐷𝑒𝑤 = 𝐷𝑒𝑢 = 0,
and strip the redundant zero row and column:

[⋆]⊤
⎡
⎢
⎢
⎢
⎢
⎣

0 𝑋 0 0 0
𝑋 0 0 0 0
0 0 𝑊 𝑈 0
0 0 𝑈⊤ 𝑉 0
0 0 0 0 −𝐼

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

𝐼 0 0
𝐴 + 𝐵𝑢𝐾 𝐵𝑝 𝐵𝑤

0 𝐼 0
𝐶𝑞 + 𝐷𝑞𝑢𝐾 𝐷𝑞𝑝 𝐷𝑞𝑤

0 0 𝐼

⎤
⎥
⎥
⎥
⎥
⎦

≺ 0 (4.48a)

[⋆]⊤
⎡
⎢
⎢
⎣

−𝑋 0 0 0
0 𝑊𝑝 𝑈𝑝 0
0 𝑈⊤

𝑝 𝑉𝑝 0
0 0 0 𝑍−1

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝐼 0
0 𝐼

𝐶𝑞 + 𝐷𝑞𝑢𝐾 𝐷𝑞𝑝
𝐶𝑧 + 𝐷𝑧𝑢𝐾 𝐷𝑧𝑝

⎤
⎥
⎥
⎦

≺ 0 (4.48b)

trace(𝑍) < 𝛾2. (4.48c)

Permuting the rows and columns in (4.48a), we yield

[⋆]⊤
⎡
⎢
⎢
⎢
⎣

0 0 0 𝑋 0
0 𝑊 0 0 𝑈
0 0 −𝐼 0 0
𝑋 0 0 0 0
0 𝑈⊤ 0 0 𝑉

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

𝐼 0 0
0 𝐼 0
0 0 𝐼

𝐴 + 𝐵𝑢𝐾 𝐵𝑝 𝐵𝑤
𝐶𝑞 + 𝐷𝑞𝑢𝐾 𝐷𝑞𝑝 𝐷𝑞𝑤

⎤
⎥
⎥
⎥
⎥
⎦

≺ 0. (4.49)

Note that because (4.36) and 0 ∈ 𝚫, it follows that 𝑉 ≻ 0 and 𝑉𝑝 ≻ 0. But then

⎡
⎢
⎢
⎢
⎣

0 0 0 𝑋 0
0 𝑊 0 0 𝑈
0 0 −𝐼 0 0
𝑋 0 0 0 0
0 𝑈⊤ 0 0 𝑉

⎤
⎥
⎥
⎥
⎦

≺ 0 on im

⎛⎜⎜⎜⎜⎜⎜⎜
⎝

𝐼 0 0
0 𝐼 0
0 0 𝐼

𝐴 + 𝐵𝑢𝐾 𝐵𝑝 𝐵𝑤
𝐶𝑞 + 𝐷𝑞𝑢𝐾 𝐷𝑞𝑝 𝐷𝑞𝑤

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

(4.50a)
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and

⎡
⎢
⎢
⎢
⎣

0 0 0 𝑋 0
0 𝑊 0 0 𝑈
0 0 −𝐼 0 0
𝑋 0 0 0 0
0 𝑈⊤ 0 0 𝑉

⎤
⎥
⎥
⎥
⎦

⪰ 0 on im

⎛⎜⎜⎜⎜⎜⎜⎜
⎝

0 0
0 0
0 0
𝐼 0
0 𝐼

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

. (4.50b)

Likewise for (4.48b)

⎡
⎢
⎢
⎣

−𝑋 0 0 0
0 𝑊𝑝 𝑈𝑝 0
0 𝑈⊤

𝑝 𝑉𝑝 0
0 0 0 𝑍−1

⎤
⎥
⎥
⎦

≺ 0 on im
⎛⎜⎜⎜⎜
⎝

𝐼 0
0 𝐼

𝐶𝑞 + 𝐷𝑞𝑢𝐾 𝐷𝑞𝑝
𝐶𝑧 + 𝐷𝑧𝑢𝐾 𝐷𝑧𝑝

⎞⎟⎟⎟⎟
⎠

(4.51a)

and

⎡
⎢
⎢
⎣

−𝑋 0 0 0
0 𝑊𝑝 𝑈𝑝 0
0 𝑈⊤

𝑝 𝑉𝑝 0
0 0 0 𝑍−1

⎤
⎥
⎥
⎦

⪰ 0 on im
⎛⎜⎜⎜⎜
⎝

0 0
0 0
𝐼 0
0 𝐼

⎞⎟⎟⎟⎟
⎠

. (4.51b)

Since, in addition,

im(𝐼
∙) + im(0

𝐼) = 𝐑𝑛, (4.52)

the LMIs (4.48) may be readily dualized with Lemma 4.40. Utilizing

im( 𝐼
𝑀)

⟂

= ker (𝐼 𝑀𝑇 ) = im(−𝑀⊤

𝐼 ) (4.53)

we find matrices spanning the complementary subspaces

im

⎛⎜⎜⎜⎜⎜⎜⎜
⎝

𝐼 0 0
0 𝐼 0
0 0 𝐼

𝐴 + 𝐵𝑢𝐾 𝐵𝑝 𝐵𝑤
𝐶𝑞 + 𝐷𝑞𝑢𝐾 𝐷𝑞𝑝 𝐷𝑞𝑤

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

⟂

= im

⎛⎜⎜⎜⎜⎜⎜⎜
⎝

−(𝐴 + 𝐵𝑢𝐾)⊤ −(𝐶𝑞 + 𝐷𝑞𝑢𝐾)⊤

−𝐵⊤
𝑝 −𝐷⊤

𝑞𝑝
−𝐵⊤

𝑤 −𝐷⊤
𝑞𝑤

𝐼 0
0 𝐼

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

(4.54a)

im
⎛⎜⎜⎜⎜
⎝

𝐼 0
0 𝐼

𝐶𝑞 + 𝐷𝑞𝑢𝐾 𝐷𝑞𝑝
𝐶𝑧 + 𝐷𝑧𝑢𝐾 𝐷𝑧𝑝

⎞⎟⎟⎟⎟
⎠

⟂

= im
⎛⎜⎜⎜⎜
⎝

−(𝐶𝑞 + 𝐷𝑞𝑢𝐾)⊤ −(𝐶𝑧 + 𝐷𝑧𝑢𝐾)⊤

−𝐷⊤
𝑞𝑝 −𝐷⊤

𝑧𝑝
𝐼 0
0 𝐼

⎞⎟⎟⎟⎟
⎠

. (4.54b)
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Reverting the row and column permutation, the dualized LMIs read

[⋆]⊤

⎡
⎢
⎢
⎢
⎢
⎣

0 𝑌 0 0 0
𝑌 0 0 0 0
0 0 𝑊̃ ̃𝑈 0
0 0 ̃𝑈⊤ ̃𝑉 0
0 0 0 0 −𝐼

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

−(𝐴 + 𝐵𝑢𝐾)⊤ −(𝐶𝑞 + 𝐷𝑞𝑢𝐾)⊤

𝐼 0
−𝐵⊤

𝑝 −𝐷⊤
𝑞𝑝

0 𝐼
−𝐵⊤

𝑤 −𝐷⊤
𝑞𝑤

⎤
⎥
⎥
⎥
⎥
⎦

≻ 0 (4.55a)

[⋆]⊤
⎡
⎢
⎢
⎢
⎣

−𝑌 0 0 0
0 𝑊̃𝑝

̃𝑈𝑝 0
0 ̃𝑈⊤

𝑝
̃𝑉 0

0 0 0 𝑍

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎣

−(𝐶𝑞 + 𝐷𝑞𝑢𝐾)⊤ −(𝐶𝑧 + 𝐷𝑧𝑢𝐾)⊤

−𝐷⊤
𝑞𝑝 −𝐷⊤

𝑧𝑝
𝐼 0
0 𝐼

⎤
⎥
⎥
⎦

≻ 0, (4.55b)

where 𝑌 = 𝑋−1 and

[ 𝑊̃ ̃𝑈
̃𝑈⊤ ̃𝑉

] = 𝑀̃ ≔ 𝑀−1 and [𝑊̃𝑝
̃𝑈𝑝

̃𝑈⊤
𝑝

̃𝑉𝑝
] = 𝑀̃𝑝 ≔ 𝑀−1

𝑝 . (4.56)

Naturally 𝑀̃, 𝑀̃𝑝 ∈ 𝐌̃.

Before performing the linearizing change of variables 𝑀 = 𝐾𝑌 , we need to apply Lemma 4.39 to (4.55b)
to in fact yield a linear LMI. Permuting 𝑌 into the bottom-right corner, application of Lemma 4.39
yields

⎡
⎢
⎢
⎣

[⋆]⊤ ⎡
⎢
⎣

𝑊̃𝑝
̃𝑈𝑝 0

̃𝑈⊤
𝑝

̃𝑉𝑝 0
0 0 𝑍

⎤
⎥
⎦

⎡
⎢
⎣

−𝐷⊤
𝑞𝑝 −𝐷⊤

𝑧𝑝
𝐼 0
0 𝐼

⎤
⎥
⎦

[−(𝐶𝑞 + 𝐷𝑞𝑢𝐾)⊤ −(𝐶𝑧 + 𝐷𝑧𝑢𝐾)⊤]⊤

[−(𝐶𝑞 + 𝐷𝑞𝑢𝐾)⊤ −(𝐶𝑧 + 𝐷𝑧𝑢𝐾)⊤] 𝑌 −1

⎤
⎥
⎥
⎦

≻ 0.

(4.57)
Permuting back and performing congruence transformation with diag(𝑌 , 𝐼) yields

⎡
⎢
⎣

𝑌 −𝑌 (𝐶𝑞 + 𝐷𝑞𝑢𝐾)⊤ −𝑌 (𝐶𝑧 + 𝐷𝑧𝑢𝐾)⊤

−(𝐶𝑞 + 𝐷𝑞𝑢𝐾)𝑌 𝐷𝑞𝑝𝑊̃𝑝𝐷⊤
𝑞𝑝 − 𝐷𝑞𝑝

̃𝑈𝑝 − ̃𝑈⊤
𝑝 𝐷⊤

𝑞𝑝 + ̃𝑉𝑝 𝐷𝑞𝑝𝑊̃𝑝𝐷⊤
𝑧𝑝 − ̃𝑈⊤

𝑝 𝐷⊤
𝑧𝑝

−(𝐶𝑧 + 𝐷𝑧𝑢𝐾)𝑌 𝐷𝑧𝑝𝑊̃𝑝𝐷⊤
𝑞𝑝 − 𝐷𝑧𝑝

̃𝑈𝑝 𝐷𝑧𝑝𝑊̃𝑝𝐷⊤
𝑧𝑝 + 𝑍

⎤
⎥
⎦

≻ 0.

(4.58)
Taking (4.55a) and (4.58) and substituting 𝑀 = 𝐾𝑌 yields (4.47b) and (4.47c). Hence, by Co-
rollary 4.38, 𝑃 (Δ) is well-posed and 𝐾 = 𝑀𝑌 −1 guarantees uniform exponential stability and
‖ℱ𝑙(𝑃 (Δ), 𝐾)‖2 < 𝛾, if (4.47d) is satisfied.

Remark 4.42. The extension to fixed-order output feedback follows in complete analogy to Proposi-
tion 4.34.

Remark 4.43. The perhaps unconventional extra restriction 𝐷𝑒𝑝 = 0 is put into perspective by acknow-
ledging the fact that the degrees of freedom in the construction of the uncertain LFR of 𝑃 (Δ) can
be exploited to ensure 𝐷𝑒𝑝 = 0 without conservatism or even additional strict-properness inducing
dynamics. As an example, a system with unknown steady-state gain may be constructed with 𝐷𝑒𝑝 ≠ 0
or equivalently 𝐷𝑞𝑢 ≠ 0.
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Even though the LMIs of Corollary 4.38 and Proposition 4.41 constitute a convex optimization problem,
the set membership condition on the (dualized) multipliers generally translates to infinitely many
constraints to be verified and is therefore not tractable. Tractability is commonly restored, generally at
the cost of additional conservatism, by considering in place of 𝚫 a convex hull 𝚫𝑐 approximating 𝚫,
defined through an arbitrary but finite number of corner vertices Δ1, …, Δ𝐽 ∈ 𝚫 [Sch00]. Let

𝐌𝑐 ≔ {𝑀 ∈ 𝐒𝑛𝑝+𝑛𝑞 ∣ [Δ
𝐼 ]

⊤

𝑀 [Δ
𝐼 ] ≻ 0 ∀ Δ ∈ 𝚫𝑐} , (4.59a)

𝐌̃𝑐 ≔ {𝑀̃ ∈ 𝐒𝑛𝑝+𝑛𝑞 ∣ [ 𝐼
−Δ]

⊤

𝑀̃ [ 𝐼
−Δ] ≺ 0 ∀ Δ ∈ 𝚫𝑐} . (4.59b)

Then, membership in the strict inclusions

𝐌∘
𝑐 ≔ {𝑀 ∈ 𝐌𝑐 ∣ 𝑊 ≺ 0} ⊆ 𝐌𝑐 , (4.60a)

𝐌̃∘
𝑐 ≔ {𝑀̃ ∈ 𝐌̃𝑐 ∣ ̃𝑉 ≻ 0} ⊆ 𝐌̃𝑐 (4.60b)

(4.60c)

is shown equivalently by the finite number of LMI conditions

𝑊 ≺ 0 and [Δ𝑗
𝐼 ]

⊤

𝑀 [Δ𝑗
𝐼 ] ≻ 0 ∀ 𝑗 = 1, …, 𝐽 , (4.61a)

̃𝑉 ≻ 0 and [ 𝐼
−Δ𝑗

]
⊤

𝑀̃ [ 𝐼
−Δ𝑗

] ≻ 0 ∀ 𝑗 = 1, …, 𝐽 , (4.61b)

respectively. Of course, the additional conservatism afforded with this tractable test is traced back to how
closely𝚫𝑐 approximates𝚫 and to the additional convexity condition𝑊 ≺ 0 ( ̃𝑉 ≻ 0). The contribution
of the latter is in fact null, if 𝐷𝑞𝑝 = 0, as then 𝑊 ≺ 0 ( ̃𝑉 ≻ 0) is already implied and consequently
𝐌∘

𝑐 = 𝐌𝑐 (𝐌̃∘
𝑐 = 𝐌̃𝑐) [Sch00]. Further, conservatism may be reduced by exploiting block-diagonal

structure in 𝚫 and constraining the commuting sub-blocks of 𝑊 ( ̃𝑉 ) individually [Sch00].

4.4.2 Numerical Examples

In sight of practical challenges detailed in Section 5.2.3, we adapt the numerical example of Section 4.3.3
to a robust control setting by including an uncertainly damped resonance in the plant model of the
PLL’s controlled oscillator at 100 kHz. The transfer function of 𝐺vco in the case study PLL (3.9) thus
modifies to

̃𝐺vco = 250
𝑠

𝑠2 + 2𝜔𝑟𝑠 + 𝜔2
𝑟

𝑠2 + 2𝜁𝜔𝑟𝑠 + 𝜔2
𝑟
, (4.62)

where 𝜔𝑟 = 2𝜋 ⋅ 105 and 𝜁 ∈ [𝜁,̲ ̄𝜁] is the uncertain damping parameter. We only consider the well-
posed problem variation based on Example 4.2. Because comparing controller parameters of various
robust solutions to nominal ones has little meaning, a different representation of the numerical results
is chosen that is better suited to the robustness aspect of the problem. This also alleviates the need to
fix the number of decision variables to two. Hence, in the following, we consider a chain of 𝑁 = 3
oscillators with independent uncertain damping parameters 𝜁𝑖, 𝑖 = 1, …, 𝑁 , from a common range
of possible realizations. We continue to consider only static feedback for each of the three PLLs, as
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additional dynamics have secondary impact on the achieved performance. The final model is thus of
25th order.

Figure 4.7 shows the effect of the additional robustness constraint on the guaranteed worst-case 𝐇2-
norm, normalized to the lowest nominal 𝐇2-performance bound achieved when utilizing the SI
approach via Proposition 4.32 over the realizable range of 𝜁 given by 𝜁 ̲ = 0.05, ̄𝜁 = 0.5. The guaranteed
performance deteriorates exponentially for decreasing lower bounds 𝜁 ,̲ which is expected. For increasing
upper bounds ̄𝜁 the guaranteed 𝐇2-norm also increases, however at a much slower rate, and is likely
attributed to the increased conservatism due to the numerical challenges of Lyapunov function shaping
for larger uncertainty sets. Notably, the minimum of the field does not occur at the extremal value
𝜁 ̲ = ̄𝜁 = 0.5, as one might expect, but rather close to 𝜁 ̲ = ̄𝜁 = 0.3. This is validated by Figure 4.8,
showing the same minimum on the achievable 𝐇2-norm bound in the nominal damping case. Further,
Figure 4.8 shows that the conservatism introduced by the additional robustness multiplier variables
vanishes for vanishing uncertainty, seen by the convergence of the robust performance profiles ( ,

) and the nominal profile ( ).

4.5 Structured Robust Control via Integral Quadratic Constraints in
the Frequency Domain

Models of large-scale distributed systems, such as timing distribution networks covering several kilo-
metres in distance, are often affected by uncertainty that goes beyond the class of uncertain time-varying
parameters considered primarily so far. In particular, for stabilized timing links, as discussed in Sec-
tion 3.4.1, one generally wants to consider uncertain time delays, which cannot be covered adequately
with the static multipliers and full-block S-procedure discussed in Section 4.4. While, for a control-
ler optimized with the aforementioned approach, robust stability and performance can be certified
post-synthesis using IQC analysis (utilizing dynamic multipliers), uncertainty classes characterized
by dynamic multipliers (not taken into consideration directly in the synthesis step) lead to potentially
significant suboptimality or insufficient robust stability margins. Generalizing multiple previous robust
control approaches, there has been a significant effort in the field to utilize IQC theory beyond analysis
for robust controller synthesis. Unfortunately, even though nominal, full-order, single- and multi-
objective synthesis has been successfully rendered convex by suitable linearizing change of variables
or projection, and even robust synthesis has been shown to be convex as long as the control channel
is not affected by uncertainty [SV12], the additional decision variables introduced by multipliers for
robustness have been shown to create non-resolvable bilinearities in the synthesis inequalities of the
general case [Sch00; VS14].

A well-established approach tomake robust IQC synthesis tractable relies on iterative procedures known
previously from 𝜇-synthesis, alternating between a nominal controller synthesis step and IQC analysis
step of the loop closed with the fixed candidate controller. This approach is detailed in [VS14]. While in
many cases practical, this approach cannot guarantee global (or even local) optimality of the solution,
and the optimality gap is not easily quantifiable. Additionally, the order of the synthesized controller
is a result of the algorithm and is usually of order equal or greater than that of the generalized plant.
Lastly, the SI framework cannot be utilized in general to obtain a solution with a desired information
structure. Ultimately, all these issues result from the core principle of formulating the controller
optimization problem as convex SDP using LMIs. Another line of research, based on central works
by Apkarian and Noll, attempts to circumvent the limitations of LMI-based methods by employing
nonsmooth optimization techniques [AN06b; NA05; GA11] operating directly on the non-convex
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cost function. Structural and fixed-order constraints on the solution are thereby easily incorporated,
and the subgradient descent method always provides at least a local certificate of optimality. Since the
IQC framework is a highly capable tool to characterize uncertainty within the system by input-output
criteria, very recent research has considered ways to combine non-smooth optimization with IQC-based
robustness analysis [CS20; AN06a].

In the following, Section 4.5.1 introduces the required theory to express IQC-based robust stability and
performance tests as an equivalent maximum singular value condition in the frequency domain [CS20],
which can be solved in standard fashion using nonsmooth optimization [AN06b]. A complementary
𝐇2-performance bound in the frequency domain [Pag99] is discussed in Section 4.5.2, replacing state-
space conditions involving Lyapunov variables from the LMI approach. Finally, Section 4.5.3 derives
Lemma 4.53, which enables efficient implementation of the aforementioned frequency-domain bound
on the 𝐇2-norm, which we then integrate into MATLAB’s systune for numerical case studies.

4.5.1 Nonsmooth Optimization for Robust Structured Controller Synthesis via IQCs

We again start with the analysis case. As discussed in Section 2.3.3, the central challenge of applying
Theorem 2.17 and the subsequent robust stability and performance tests of Corollaries 2.20 and 2.23
is in verifying the FDI (2.28) (respectively FDI (2.34)) for all frequencies 𝜔 on the imaginary axis.
Instead of using the KYP Lemma 2.22 to express the FDI as an equivalent LMI condition, the work
of Cavalcanti and Simões [CS20] aims to avoid the previously discussed challenges of the state-space
LMI approach by equivalently expressing the IQC FDI as a maximum singular value test, a problem
for which mature and efficient nonsmooth optimization algorithms exist. For this, they employ the
following well-known transform, mapping positive real systems into bounded real systems and vice
versa, thus linking passivity and small-gain theory.

Definition 4.44 (Bilinear Sector Transformation [DV75]).

sect(𝑋) ≔ (𝐼 − 𝑋)(𝐼 + 𝑋)−1. (4.63)

The following lemma uses the operator herm(𝑋) ≔ 𝑋 + 𝑋H, i.e. the double Hermitian part of 𝑋.

Lemma 4.45 ([LSA94]). For 𝑋 ∈ 𝐂𝑛×𝑛, 𝜎̄(𝑋) < 1 if and only if herm(sect(𝑋)) ≻ 0. Vice versa,
herm(𝑋) ≻ 0 if and only if 𝜎̄(sect(𝑋)) < 1.

In order to apply Lemma 4.45 to the IQC FDI, the left-hand side of (2.28) (respectively (2.34)) needs to
be expressible in double Hermitian form. For this, the IQC stability and performance multipliers need
to satisfy a special structure, which is introduced next.

Let 𝚷̃ be the set of dynamic IQC multipliers satisfying factorization of the form

𝚷̃ ≔ {Π̃(𝑠) = 𝑆(𝑠)HΦ(𝑠)𝑆(𝑠) ∣ Φ(𝑠) ∈ 𝚽, 𝑆(𝑠) ∈ 𝐒} , (4.64)

where

𝚽 ≔ {Φ(𝑠) = [Σ(𝑠)HΣ(𝑠) 𝜙(𝑠)H
𝜙(𝑠) herm(Ψ(𝑠))] ∣

Σ(𝑠) ∈ 𝐑𝐋𝑛𝑞×𝑛𝑞
∞ , 𝜙(𝑠) ∈ 𝐑𝐋𝑛𝑝×𝑛𝑞

∞ , Ψ(𝑠) ∈ 𝐑𝐋𝑛𝑝×𝑛𝑝
∞ } (4.65)
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Figure 4.9: Transformed interconnection of an uncertain system.

and 𝑆(𝑠) is a transformation matrix from the set

𝐒 ≔ {𝑆(𝑠) = [𝑆11 𝑆12
𝑆21 𝑆22

] ∣

𝑆(𝑠) ∈ 𝐑𝐋(𝑛𝑞+𝑛𝑝)×(𝑛𝑞+𝑛𝑝)
∞ , 𝑆11 ∈ 𝐑𝐋𝑛𝑞×𝑛𝑞

∞ , 𝑆22 ∈ 𝐑𝐋𝑛𝑝×𝑛𝑝
∞ } . (4.66)

The transformation matrix 𝑆 maximizes the set 𝚷̃ and thus the uncertainty classes for which the
approach of [CS20] is applicable.

Remark 4.46. Note that the class of dynamic IQC multipliers (4.64) is sufficiently general to cover most
of the frequently encountered uncertainty classes [CS20].

Next, consider the standard uncertain system interconnection 𝐺 – Δ Figure 2.3a and assume that
the IQC defined by some Π̃ ∈ 𝚷̃ is satisfied by Δ. Then observe that there exists the transformed
interconnection ̃𝐺 – Δ̃ shown in Figure 4.9 and given by ̃𝐺 ≔ ℱ𝑢(𝐺, ̃𝑆) and Δ̃ ≔ ℱ𝑙(Δ, ̃𝑆−), where

̃𝑆 ≔ [𝑆12𝑆−1
22 𝑆11 − 𝑆12𝑆−1

22 𝑆21
𝑆−1

22 −𝑆−1
22 𝑆21

] (4.67a)

and

̃𝑆− ≔ [ −𝑆−1
11 𝑆12 𝑆11

𝑆22 − 𝑆21𝑆−1
11 𝑆12 𝑆21𝑆−1

11
] (4.67b)

are such that a) ̃𝑆− is the inverse of ̃𝑆 in the sense of the LFT operation, i.e. ℱ𝑢(ℱ𝑢(𝐺, ̃𝑆), ̃𝑆−) = 𝐺
and b) Δ̃ satisfies the IQC defined by Φ of Π̃ = 𝑆HΦ𝑆. This provides the prerequisite for the proof of
the following specific case of Theorem 2.17 for dynamic IQC multipliers in 𝚷̃.

Theorem 4.47 ([CS20]). Let 𝐺 ∈ 𝐑𝐇𝑛𝑞×𝑛𝑝
∞ be a stable transfer function and Δ∶ 𝐋𝑛𝑞

2𝑒
→ 𝐋𝑛𝑝

2𝑒
a causal

and bounded operator. The feedback interconnection of 𝐺 and Δ as in Figure 2.3a is stable if
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1. for all 𝛼 ∈ [0, 1] the interconnection is well-posed for 𝛼Δ in place of Δ,

2. for all 𝛼 ∈ [0, 1] the IQC defined by some Π̃ = Π̃H ∈ 𝚷̃ ⊂ 𝐑𝐋(𝑛𝑞+𝑛𝑝)×(𝑛𝑞+𝑛𝑝)
∞ is satisfied for 𝛼Δ

in place of Δ, and

3. the maximum singular value condition

𝜎̄ (sect(− [𝜙(𝑖𝜔) ̃𝐺(𝑖𝜔) + Ψ(𝑖𝜔) 0
Σ(𝑖𝜔) ̃𝐺(𝑖𝜔) −1

2𝐼
])) < 1 ∀ 𝜔 ∈ 𝐑 (4.68)

is satisfied.

With the modified IQC stability Theorem 4.47, one immediately arrives at corresponding versions of
the robust stability and robust performance tests of Corollaries 2.20 and 2.23. For robust performance
analysis, consider the augmentedmultiplier obtained from the stabilitymultiplier Π̃ and the performance
multiplier Π̃𝑝 as

Π̃𝑎 ≔ daug(Π̃, Π̃𝑝) =
⎡
⎢⎢⎢
⎣

[Σ1
Σ2

]
H

[Σ1
Σ2

] [𝜙1
𝜙2

]
H

[𝜙1
𝜙2

] [Ψ1
Ψ2

] + [Ψ1
Ψ2

]
H

⎤
⎥⎥⎥
⎦

, (4.69)

and consider (2.34) in the permuted form

⎡
⎢
⎢
⎣

𝐺𝑞𝑝(𝑖𝜔) 𝐺𝑞𝑤(𝑖𝜔)
𝐺𝑧𝑝(𝑖𝜔) 𝐺𝑧𝑤(𝑖𝜔)

𝐼 0
0 𝐼

⎤
⎥
⎥
⎦

H

daug(Π̃, Π̃𝑝)⏟⏟⏟⏟⏟
Π̃𝑎

⎡
⎢
⎢
⎣

𝐺𝑞𝑝(𝑖𝜔) 𝐺𝑞𝑤(𝑖𝜔)
𝐺𝑧𝑝(𝑖𝜔) 𝐺𝑧𝑤(𝑖𝜔)

𝐼 0
0 𝐼

⎤
⎥
⎥
⎦

≺ 0 ∀ 𝜔 ∈ 𝐑 ∪ {∞}. (4.70)

This again enables the use of the bilinear sector transform to express the IQC robust performance FDI as
a maximum singular value constraint involving the components of Π̃𝑎. Equivalently, composite uncer-
tainties Δ = diag(Δ1, …, Δ𝑘) may be characterized by the compositemultiplier Π̃ = daug(Π̃1, …, Π̃𝑘).
The transformation matrix 𝑆 is constructed block-diagonally accordingly. If on the other hand a given
uncertainty Δ satisfies the IQCs defined by multiple multipliers Π̃1, …, Π̃𝑘, the conic combination of
all multipliers can only be utilized in Theorem 4.47 if they afford the same transformation matrix 𝑆, i.e.
if for 𝑖 = 1, …, 𝑘 we have Π̃𝑖 = 𝑆HΦ𝑖𝑆 and 𝜆𝑖 ≥ 0 such that

𝑘
∑
𝑖=1

𝜆𝑖Π̃𝑖 = 𝑆H (
𝑘

∑
𝑖=1

𝜆𝑖Φ𝑖) 𝑆. (4.71)

Proceeding to synthesis is straight forward with this method, because, unlike the LMI approach, non-
smooth optimization in the frequency domain does not require the introduction of Lyapunov or other
auxiliary matrix variables, nor linearization by change of variables, dualization or projection. We
merely need to formulate a suitable objective function and pose hard constraints in a form suitable
to the nonsmooth optimization algorithm. The following discussion is formulated in the setting of
Problem 4.37 and interconnection Figure 2.2b.

The sought after structured dynamic output feedback control law is given as a fixed mapping 𝐾(𝑠, 𝜅) ∈
𝐑𝐋𝑛𝑢×𝑛𝑒∞ of to-be-optimized controller parameters 𝜅 ∈ 𝐑𝑛𝜅 into the set of admissible controllers, e.g.
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those of fixed-order 𝑛𝑥𝐾
satisfying a certain information structure or, given a decentralized case with

𝑛𝑢 = 𝑛𝑒, simply the set of block-diagonal PI controllers

𝐾(𝑠, 𝜅) = ⎡
⎢
⎣

𝐾(1)
𝑃 + 𝐾(1)

𝐼 𝑠−1

⋱
𝐾(𝑛𝑢)

𝑃 + 𝐾(𝑛𝑢)
𝐼 𝑠−1

⎤
⎥
⎦

(4.72)

with 𝜅 = [𝐾(1)
𝑃 , 𝐾(1)

𝐼 , …, 𝐾(𝑛𝑢)
𝑃 , 𝐾(𝑛𝑢)

𝐼 ]
⊤
. Similarly, the augmented multiplier Π̃𝑎(𝑠, 𝜒) (4.69) shall

be a mapping of the multiplier parameter vector 𝜒 ∈ 𝐑𝑛𝜒 into the family of multipliers 𝚷̃𝑎 for which
the IQCs defined by Π̃ are satisfied by the uncertainty Δ and performance on the channel 𝑤 → 𝑧 with
respect to Π̃𝑝 is guaranteed as required by Corollary 2.23.

We now state two variants of the synthesis problem based on Theorem 4.47. Both require constraints to
be formulated in the form of functions

𝑢(𝑥) = max
𝑦∈𝑌

𝑣(𝑥, 𝑦), (4.73)

where 𝑣 ∶ 𝐑𝑛 × 𝐑𝑚 → 𝐑 is continuous, ∇𝑥𝑣(⋅, ⋅) exists and is continuous, and 𝑌 ∈ 𝐑𝑚 is com-
pact [CS20].

We first restate the suboptimal formulation as it is stated in [CS20], i.e. with some fixed hard bound on
the performance index characterized by the performance multiplier Π𝑝, and minimizing the maximum
singular value in order to maximize confidence in the feasibility of the solution (provided it indeed
satisfies (4.68)).

minimize
𝜒

max
𝜔

𝜎̄ (sect(− [𝜙(𝑖𝜔, 𝜒)𝑀̃ + Ψ(𝑖𝜔, 𝜒) 0
Σ(𝑖𝜔, 𝜒)𝑀̃ −1

2𝐼
])) (4.74a)

subject to ℱ𝑙(𝑃 , 𝐾(𝜅)) stable,
ℎ𝑖(𝜒) ≤ 0, 𝑖 = 1, …, 𝑛ℎ, (4.74b)
𝑙𝑗(𝜅) ≤ 0, 𝑗 = 1, …, 𝑛𝑙, (4.74c)

where 𝑀̃ = ℱ𝑢(ℱ𝑙(𝑃 , 𝐾(𝜅)), ̃𝑆(𝑖𝜔, 𝜒)) and ℎ𝑖(⋅), 𝑙𝑗(⋅) are constraints of the kind of (4.73).

Optimization of the performance index via the optimization program (4.74) requires an outer bisection
algorithm, decreasing a scalar bound 𝛾 on the performance index until stability can no longer be
guaranteed by (4.68). This is the way it is done in [CS20]. Alternatively, one can always express the
bound as a function of the multiplier parameter vector 𝜒, 𝛾(𝜒), and minimize directly. This leads to
the alternate formulation

minimize
𝜒

𝛾(𝜒) (4.75a)

subject to ℱ𝑙(𝑃 , 𝐾(𝜅)) stable,

max
𝜔

𝜎̄ (sect(− [𝜙(𝑖𝜔, 𝜒)𝑀̃ + Ψ(𝑖𝜔, 𝜒) 0
Σ(𝑖𝜔, 𝜒)𝑀̃ −1

2𝐼
])) < 1 (4.75b)

ℎ𝑖(𝜒) ≤ 0, 𝑖 = 1, …, 𝑛ℎ, (4.75c)
𝑙𝑗(𝜅) ≤ 0, 𝑗 = 1, …, 𝑛𝑙. (4.75d)



4.5. Structured Robust Control via Integral Quadratic Constraints in the Frequency Domain 91

0 B

−𝜂
0
𝜂

‖𝑤‖2

Frequency

Cu
m
ul
at
iv
e
sp
ec
tr
um

Figure 4.10: Cumulative spectrum of a signal with white spectrum up to accuracy 𝜂 and bandwidth 𝐵,
tapering off thereafter [Pag99].

Optimization problems of the kind (4.74) and (4.75) are well suited to the existing nonsmooth op-
timization algorithm method implemented in the MATLAB Control Toolbox [The24b], systune. For
details on the algorithm and its implementation, we refer to [CS20; AN06b; GA11]. While the form
(4.74) in conjunction with bisection optimization is readily supported by systune, the form (4.75)
requires adaptation of systune in the form of additional “tuning goals” implementing the objective
function 𝛾(𝜒). We will return to this issue in Section 4.5.3.

4.5.2 Frequency-Domain Conditions for Robust 𝐇2-Performance

Owing to the formulation of optimization program (4.75) in the frequency domain, the IQC robust
𝐇2-performance test of Lemma 2.25 is not well suited to this case, given that it again requires the
computation of a Lyapunov matrix, bringing many downsides of the state-space approach back to
the table. We therefore intend to provide with this section a corresponding 𝐇2-performance test
via multipliers entirely in the frequency domain. The derivation of said multiplier along the lines of
[Pag99; PF97; SEW23] however warrants a prior discussion on the formal generalization of robust 𝐇2-
performance to nonlinear systems, because, unlike the robust control method via full-block multipliers
discussed in Section 4.4, the IQC framework extends to uncertainties with fully non-linear dynamics.
As we will see next, this has the consequence that the two common interpretations of the 𝐇2-norm in
terms of (deterministic) impulse response energy and (stochastic) white-noise rejection are no longer
equivalent as in the LTI (or LTV) case.

The first coherent account on generalization of the worst-case 𝐇2-norm under nonlinear, time-varying
uncertainty in the sense of supΔ∈𝚫‖ℱ𝑢(𝑃 , Δ)‖2 is given in [Sto93]. Clearly, the 𝐇2-norm of a strictly-
proper, stable LTI system 𝐺(𝑠) ∈ 𝐇2,

‖𝐺‖2
2 ≔ 1

2𝜋
∫

∞

−∞
trace(𝐺(𝑖𝜔)H𝐺(𝑖𝜔)) d𝜔,

as defined in (2.20) of Definition 2.12, does not apply to nonlinear systems. The signal-based interpret-
ations (2.22) and (2.23), based on the average (or expected) impulse response energy over all inputs (of
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random direction) and the expected output power when driven by unitary white-noise at the input,
respectively, however do permit this extension, if only in semi-norms. The former is given by

‖𝑇 ‖2
2,ir ≔

𝑛𝑤

∑
𝑖=1

‖𝑇 𝑒𝑖𝛿(𝑡)‖2
2 (4.76)

and has already been bounded in Lemma 2.25. Here {𝑒1, …, 𝑒𝑛𝑤
} is an orthonormal basis spanning

the input space and 𝛿(𝑡) is the Dirac delta function. This generalization is lacking in the sense that
it depends on the choice of basis and the fact that the impulse is assumed at time 𝑡 = 0 [Sto93]. A
mathematically rigorous generalization of the stochastic white-noise rejection interpretation in the
frequency domain is given in [Pag99]. When generalizing the stochastic interpretation in continuous-
time to a frequency-domain condition, one immediately encounters mathematical difficulties founded
in the infinite bandwidth of continuous-time white noise. Paganini tackles this challenge by reversing
the limiting process, first analysing the response of the system to signals with white spectrum up to
accuracy 𝜂 and bandwidth 𝐵 and then letting those variables tend to zero and infinity, respectively. For
this, we formally consider the set of deterministic signals

𝐖𝑚
𝜂,𝐵 ≔ {𝑤 ∈ 𝐋2 ∣ ∫

𝛽

−𝛽
𝑤̂(𝑖𝜔)𝑤̂(𝑖𝜔)H d𝜔

2𝜋
∈ 𝐆𝑚

𝜂,𝐵} , (4.77)

where, using ‖𝑋‖max ≔ max𝑖,𝑗|𝑋𝑖𝑗|,

𝐆𝜂,𝐵 ≔ {𝑔 ∈ 𝒞𝑚×𝑚
H (𝐑+) ∣ sup

0≤𝛽≤𝐵
∥𝑔(𝛽) − 𝛽

𝜋
𝐼∥

max

≤ 𝜂,

trace(𝑔(𝛽)) ≤ 𝑚 (𝛽
𝜋

+ 𝜂) ∀𝛽 ≥ 𝐵} , (4.78)

that is, 𝐖𝜂,𝐵 is the set of all vector-valued, square-integrable signals with cumulative spectrum bounded
as depicted in Figure 4.10. Then, along the lines of the Bartlett test, the following semi-norm is defined:

‖𝑇 ‖𝐖𝜂,𝐵
≔ sup

𝑤∈𝐖𝜂,𝐵

‖𝑇 𝑤‖. (4.79)

We abbreviate the limit case as
‖𝑇 ‖2,wn ≔ lim

𝜂→0
𝐵→∞

‖𝑇 ‖𝐖𝜂,𝐵
. (4.80)

In order to motivate the new semi-norm ‖⋅‖2,wn as a valid substitution for the 𝐇2-norm for nonlinear,
time-varying systems, we cite the following result on the wide class of transfer functions with frequency
response of bounded variation and bounded by a monotonically decreasing function.

Corollary 4.48 ([Pag99]). For any 𝑇 ∈ 𝐑𝐇∞, it holds that ‖𝑇 ‖2 ≤ ‖𝑇 ‖𝐖𝜂,𝐵
. If in addition |𝑇 (𝑖𝜔)|2 ∈

BV↓(𝐑), then ‖𝑇 ‖2,wn = ‖𝑇 ‖2.

Here, BV↓(𝐑) is formally defined as

BV↓
𝑚(𝐑) ≔ {𝑓 ∈ BV𝑚×𝑚(𝐑) ∣ ∃ 𝑔 ∈ 𝐋1(𝐑+), 𝑔 monotonically decreasing and

0 ≤ 𝑓(𝜔) = 𝑓(−𝜔) ≤ 𝑔(|𝜔|)𝐼}. (4.81)

Having established equivalence of the ‖⋅‖2 and ‖⋅‖2,wn norms in the LTI case, an interesting relation to
the induced 𝐋2-gain norm can be given for the nonlinear, time-varying case.
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Lemma 4.49 ([Pag99]). Given a nonlinear, time-varying system𝑃 (Δ)with LFR as in (2.12), the following
inequality holds:

‖ℱ𝑢(𝑃 , Δ)‖𝐖𝜂,𝐵
≤ ‖𝑃𝑧𝑝Δ(𝐼 − 𝑃𝑞𝑝Δ)−1𝐼‖∞ ⋅ ∥[𝑃𝑧𝑝

𝑃𝑧𝑤
]∥

𝐖𝜂,𝐵

< ∞. (4.82)

Remark 4.50. It is important to note that even for LTI uncertainty, Corollary 4.48 does not guarantee
strict equality in the robust performance analysis case, i.e. in general

sup
Δ∈𝚫LTV

‖ℱ𝑢(𝑃 , Δ)‖2 ≤ sup
Δ∈𝚫LTV

‖ℱ𝑢(𝑃 , Δ)‖2,wn. (4.83)

In particular, for multiple input, multiple output (MIMO) systems, a corresponding example showing
conservatism of a factor √𝑛𝑤 is provided in [ST00]. It is noted in [PF00] that this limitation also exists
for the nonlinear extension of the deterministic impulse response interpretation, and is explained by
the worst-case analysis summing over the worst-case responses in each output, which are attained by
different realizations of the uncertainty, which in reality do not occur at the same time.

Wenowaim to characterize ‖⋅‖2,wn as a performance indexwith a suitablemultiplier and the performance
IQC (2.32). We fundamentally rely on themultiplier proposed in [Pag99], but slightly adapt its definition,
in order to not have to rely on frequency gridding to verify the robustness test. An analogous result is
given in [JM99].

Corollary 4.51 ([SEW23]). Given a (potentially nonlinear) system 𝑇 ∶ 𝐋𝑛𝑤
2𝑒

→ 𝐋𝑛𝑧
2𝑒

and 𝑌 = 𝑌 H ∈
𝐑𝐋𝑛𝑤×𝑛𝑤∞ of finite order satisfying

ℐ (Π𝑝, 𝑇 𝑤, 𝑤) ≤ −𝜀‖𝑤‖2

with

Π𝑝 = [𝐼 0
0 −𝑌 ] , (4.84)

then

‖𝑇 ‖2
2,wn ≤ 1

2𝜋
∫

∞

−∞
trace(𝑌 (𝑖𝜔)) d𝜔. (4.85)

Proof. Since𝑌 = 𝑌 H and of finite order, we have𝑌 (𝑖𝜔) ∈ BV𝑛𝑤(𝐑). Additionally, because𝑌 ∈ 𝐑𝐋∞,
it has no poles on the imaginary axis and there exists a monotonically decreasing function 𝑔 ∈ 𝐋1(𝐑+)
bounding 𝑌 (𝑖𝜔), 𝜔 ∈ 𝐑, such that 𝑌 (𝑖𝜔) ∈ BV↓

𝑛𝑤(𝐑). Letting 𝑧 = 𝑇 𝑤, we have, by assumption,

∫
∞

−∞
[ ̂𝑧(𝑖𝜔)
𝑤̂(𝑖𝜔)]

H

[𝐼 0
0 −𝑌 (𝑖𝜔)] [ ̂𝑧(𝑖𝜔)

𝑤̂(𝑖𝜔)] d𝜔

= ∫
∞

−∞
̂𝑧(𝑖𝜔)H ̂𝑧(𝑖𝜔) d𝜔 − ∫

∞

−∞
𝑤̂(𝑖𝜔)H𝑌 (𝑖𝜔)𝑤̂(𝑖𝜔) d𝜔

= 2𝜋‖𝑧‖2 − ∫
∞

−∞
𝑤̂(𝑖𝜔)H𝑌 (𝑖𝜔)𝑤̂(𝑖𝜔) d𝜔

≤ −𝜀‖𝑤‖2,

(4.86)
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which is equivalent to

‖𝑧‖2 ≤ 1
2𝜋

∫
∞

−∞
𝑤̂(𝑖𝜔)H𝑌 (𝑖𝜔)𝑤̂(𝑖𝜔) d𝜔 − 𝜀‖𝑤‖2. (4.87)

For the right-hand side, we utilize the following bound for 𝑤 ∈ 𝐖𝑛𝑤
𝜂,𝐵 derived in [Pag99]:

sup
𝑤∈𝐖𝜂,𝐵

‖𝑧‖2 = ‖𝑇 ‖𝐖𝜂,𝐵
≤ sup

𝑤∈𝐖𝜂,𝐵

1
2𝜋

∫
∞

−∞
𝑤̂(𝑖𝜔)H𝑌 (𝑖𝜔)𝑤̂(𝑖𝜔) d𝜔

≤ 1
2𝜋

∫
∞

−∞
trace(𝑌 (𝑖𝜔)) d𝜔

+ 𝜂 (2𝑛𝑤 ⋅ 𝑔(𝐵) +
𝑛𝑤

∑
𝑘,𝑙=1

(𝑌𝑘𝑙(𝑖𝐵) + TV(𝑌𝑘𝑙)))

+ 𝑚
𝜋

∫
∞

𝐵
𝑔(𝜔) d𝜔.

(4.88)

In the limit, we immediately obtain

lim
𝜂→0

𝐵→∞

‖𝑇 ‖𝐖𝜂,𝐵
= ‖𝑇 ‖2,wn ≤ 1

2𝜋
∫

∞

−∞
trace(𝑌 (𝑖𝜔)) d𝜔, (4.89)

which concludes the proof.

To conclude this section, we summarize insight on the conservatism of this bound and the relation of
‖⋅‖2,ir and ‖⋅‖2,wn in addition to Remark 4.50.

Lemma 4.52 ([PF97]). Consider an uncertain system 𝑇 (Δ) = ℱ𝑢(𝑇 , Δ) with 𝑇 ∈ 𝐑𝐇∙×∙
∞ as in (2.12)

and Δ ∈ 𝚫, the set of causal, bounded, nonlinear, time-varying operators on 𝐋2𝑒
. Then the following

relation holds
sup

Δ∈𝚫
‖𝑇 (Δ)‖2

2,ir ≤ lim
𝜂→0

𝐵→∞

sup
Δ∈𝚫

‖𝑇 (Δ)‖2
𝐖𝜂,𝐵

. (4.90)

The above Lemma 4.52 is the consequence of causality considerations in the two semi-norms [PF97]. The
impulse response boundweakly exploits causality ofΔ, which thewhite-noise rejection approach cannot,
thus leading to consideration of (unrealistic) signals worse than the impulse. We however also need
to acknowledge computational aspects. The robust performance tests Lemma 2.25 and Corollary 4.51
need to be rendered tractable with finite-dimensional approximations of stability and performance
multipliers, in which case possibly

trace(𝐵⊤
𝑤𝑋𝐵𝑤) ≰ 1

2𝜋
∫

∞

−∞
trace(𝑌 (𝑖𝜔)) d𝜔. (4.91)

In the LTI uncertainty case, it was indeed shown in [PF97] that substituting 𝑌 (𝑖𝜔) with an arbitrary
function evaluated over a tight frequency grid could essentially close the gap to the classical 𝐇2-norm,
which was not achieved with LMI-based multiplier optimization. Neither approach can therefore be
seen as inherently superior and the choice generally comes down to which is better suited to the method
of optimization.
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4.5.3 Efficient Implementation of a Robust 𝐇2-Performance Bound

Corollary 4.51 provides a useful robust 𝐇2-performance test in the form of IQC multiplier wrapping a
Hermitian transfer matrix integrable on the imaginary axis, whose frequency response is bounding
the worst-case system response to white exogenous signals. For reasons discussed in the introduction
to Section 4.5.1, we wish to solve the IQC synthesis problem involving this robust 𝐇2-performance
bound using nonsmooth optimization methods, i.e. posing the problem as in (4.74) or (4.75). In either
case, a finite-order parameterization is required for the transfer matrix 𝑌 (𝑠) = 𝑌 (𝑠)H of the IQC
𝐇2-performance multiplier (4.84). A versatile parameterization for such Hermitian-valued transfer
matrices is provided in [JM99]:

𝑌 (𝑠, 𝜒) = Ψ𝑌 (𝑠, 𝜒) + Ψ𝑌 (𝑠, 𝜒)H (4.92)
with

Ψ𝑌 (𝑠, 𝜒) =
𝑁

∑
𝑖=1

𝑋𝑖𝑠 + 𝑋𝑖𝑎𝑖 + 𝑍𝑖𝑏𝑖
𝑠2 + 2𝑎𝑖𝑠 + 𝑎2

𝑖 + 𝑏2
𝑖
. (4.93)

Here, for 𝑖 = 1, …, 𝑁 , 𝑋𝑖, 𝑍𝑖 ∈ 𝐑𝑛𝑤×𝑛𝑤 , and 𝑎𝑖 > 0 and 𝑏𝑖 ∈ 𝐑 are scalars that determine the
(negative) real and (absolute) imaginary parts of the location of each summand’s pole in the complex
plane, respectively. Note that for 𝑏𝑖 = 0, the expression reduced to a single real pole at −𝑎𝑖,

𝑋𝑖𝑠 + 𝑋𝑖𝑎𝑖
𝑠2 + 2𝑎𝑖𝑠 + 𝑎2

𝑖
= 𝑋𝑖(𝑠 + 𝑎)

(𝑠 + 𝑎)2 = 𝑋𝑖
𝑠 + 𝑎

, (4.94)

while 𝑏 ≠ 0 produces a complex-conjugate pole pair. As such, as long as all pairs 𝑎𝑖, 𝑏𝑖 are distinct,
Ψ𝑌 (𝑠, 𝜒) is the most general way to parameterize a transfer matrix in 𝐑𝐇2. The parameters 𝑋𝑖, 𝑍𝑖,
𝑎𝑖, 𝑏𝑖 are collected in the parameter vector 𝜒, for example as

𝜒 = [vec𝑋1, …, vec𝑋𝑁 , vec𝑍1, …, vec𝑍𝑁 , 𝑎1, …, 𝑎𝑁 , 𝑏1, …, 𝑏𝑁 ]⊤. (4.95)

The parameters are optimized under a nonsmooth optimization algorithm according to the hard and
soft constraints in (4.75). This requires iterative computation of the current constraint and objective
function values and their subgradients as the parameters are updated. With objective function (4.85),
this involves the evaluation of an integral over the entire imaginary axis. To avoid computationally
expensive numerical approximations, we provide here an elegant analytical solution, assuming the
parameterization (4.92) is used.

Lemma 4.53 ([SEW23]). Consider 𝑌 (𝑠, 𝜒) = 𝑌 (𝑠, 𝜒)⊤ ∈ 𝐑𝐇∙×∙
∞ , parameterized as in (4.92). Then

1
2𝜋

∫
∞

−∞
trace(𝑌 (𝑖𝜔, 𝜒)) d𝜔 =

𝑁
∑
𝑖=1

trace(𝑋𝑖). (4.96)

Proof. Following arguments in [JM99], we find for each summand in (4.93) that, initially for 𝑏𝑖 = 0,

lim
𝐵→∞

∫
𝐵

−𝐵

𝑋𝑖𝑖𝜔 + 𝑋𝑖𝑎𝑖 + 𝑍𝑖𝑏𝑖
−𝜔2 + 2𝑎𝑖𝑖𝜔 + 𝑎2

𝑖 + 𝑏2
𝑖
d𝜔

= lim
𝐵→∞

∫
𝐵

−𝐵

𝑋𝑖
𝑖𝜔 + 𝑎𝑖

d𝜔

= lim
𝐵→∞

∫
𝐵

−𝐵
2𝑋𝑖 arctan( 𝐵

𝑎𝑖
) d𝜔

=𝜋𝑋𝑖.

(4.97)
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It then follows from analytic continuation of the function ∫𝐵
−𝐵

1
𝑖𝜔+𝑧 in the region Re(𝑧) > 0 that (4.97)

holds for all 𝑎𝑖 > 0, 𝑏𝑖 ∈ 𝐑. Hence,

1
2𝜋

∫
∞

−∞
trace(𝑌 (𝑖𝜔, 𝜒)) d𝜔

= 1
𝜋

lim
𝐵→∞

∫
𝐵

−𝐵
trace(Ψ𝑌 (𝑖𝜔, 𝜒)) d𝜔

=
𝑁

∑
𝑖=1

trace(𝑋𝑖).

(4.98)

An immediate consequence of Lemma 4.53 is the simple derivation of the gradient of the objective
function (4.85) with respect to 𝜒:

∇𝜒 [ 1
2𝜋

∫
∞

−∞
trace(𝑌 (𝑖𝜔, 𝜒)) d𝜔] = [𝐼𝑋(𝜒𝑗)] , (4.99)

with 𝐼𝑋(𝜒𝑗) = 1 if that entry of the parameter vector corresponds to a diagonal entry of an 𝑋𝑖, and
zero otherwise.

On another practical note, observe that the robust-performance IQC FDI (2.34) in combination with
the robust 𝐇2-performance multiplier (4.84) from Corollary 4.51 leads to

0 ≺ 𝐺𝑧𝑤(𝑖𝜔)H𝐺𝑧𝑤(𝑖𝜔) ≺ 𝑌 (𝑖𝜔) ∀ 𝜔 ∈ 𝐑 ∪ {∞}, (4.100)

which, with parameterization (4.92), implies strict positive realness of Ψ𝑌 (𝑠, 𝜒) (cf. Definition 2.3). As
shown in [SEW23], the nonsmooth optimizermay fail to assert this implicit constraint for large 𝜔, where,
due to 𝑌 (𝑠, 𝜒) necessarily strictly proper, 𝑌 (𝑖𝜔, 𝜒) converges to zero, leading to marginal infeasibility
of the solution. In additional tests, adding an explicit hard constraint for Ψ𝑌 (𝑠, 𝜒) to be passive has
shown to alleviate the problem, although at the cost of increased optimization time. In the scalar case, a
computationally less expensive way to ensure that Ψ𝑌 (𝑠, 𝜒) is positive real is to constrain, rather than
the entirety of Ψ𝑌 (𝑠, 𝜒), each summand of (4.93) to be positive real, realizing that clearly the sum of
positive real functions again must be positive real.

Lemma 4.54. Ψ𝑌 (𝑠, 𝜒) ∈ 𝐑𝐇1×1
∞ as in (4.93) is strictly positive real if, for 𝑖 = 1, …, 𝑁 ,

1. 𝑎𝑖 > 0,

2. 𝑏𝑖 > 0,

3. 𝑋𝑖 > 0, and

4. |𝑍𝑖| < 𝑋 𝑎
𝑏 .

Proof. Consider a single summand of (4.93) in the scalar case, i.e. 𝑋 ∈ 𝐑, 𝑍 ∈ 𝐑 ⇒ Ψ𝑌 (𝑠, 𝜒) ∈
𝐑𝐇1×1

2 ,
𝑋𝑠 + 𝑋𝑎 + 𝑍𝑏

𝑠2 + 2𝑎𝑠 + 𝑎2 + 𝑏2 ≕ 𝑝(𝑠)
𝑞(𝑠)

, (4.101)
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where, by definition of 𝜓𝑌 (𝑠, 𝜒), 𝑎 > 0. Clearly, a transfer function is positive real if and only if its
Nyquist plot is fully contained in the closed right-half plane, which is only possible if its relative degree is
smaller or equal to one. The necessary and sufficient condition may be formulated in terms of the phase
never exceeding ±90°. For 𝑝(𝑠)/𝑞(𝑠), which is of relative degree one and order one or two, the upper
bound is implicitly assured (since 𝑎 > 0), while the lower bound depends on the relative position of the
zero and the complex conjugate pole pair. Factoring out 𝑋 and letting 𝑧 = 𝑎 + 𝑍𝑏

𝑋 and 𝑐 = 𝑎2 + 𝑏2,
such that

𝑝(𝑠)
𝑞(𝑠)

= 𝑋 𝑠 + 𝑧
𝑠2 + 2𝑎𝑠 + 𝑐

,

we infer 𝑋 > 0, as otherwise, since 𝑐 > 0, we have for 𝑧 > 0, 𝜓𝑌 (0, 𝜒) < 0 or, for 𝑧 < 0, that
lim𝜔→∞ Re(𝜓𝑌 (𝑖𝜔, 𝜒)) → 0−. But then also necessarily 𝑧 > 0. Furthermore,

∠𝑝(𝑖𝜔)
𝑞(𝑖𝜔)

= ∠𝑝(𝑖𝜔) − ∠𝑞(𝑖𝜔)

= tan−1 ( Im{𝑝(𝑖𝜔)}
Re{𝑝(𝑖𝜔)}

) − tan−1 ( Im{𝑞(𝑖𝜔)}
Re{𝑞(𝑖𝜔)}

)

= tan−1 (𝜔
𝑧

) − tan−1 ( 2𝑎𝜔
−𝜔2 + 𝑐

)

= tan−1 (
𝜔
𝑧 − 2𝑎𝜔

−𝜔2+𝑐

1 + 2𝑎𝜔2

−𝑧𝜔2+𝑧𝑐
)

= tan−1 (−𝜔3 + 𝜔(𝑐 − 2𝑎𝑧)
𝜔2(2𝑎 − 𝑧) + 𝑧𝑐

) .

(4.102)

Examining the denominator of the last argument, we find that −90° is not achieved for finite 𝜔 as long
2𝑎 > 𝑧, i.e.

2𝑎 > 𝑧 = 𝑎 + 𝑍𝑏
𝑋

> 0 ⇔ 𝑋𝑎 > 𝑍𝑏 > −𝑋𝑎. (4.103)

Arbitrarily and without loss of generality fixing 𝑏 > 0, we have

|𝑍| < 𝑋 𝑎
𝑏
, (4.104)

which concludes the proof.

Finally, we point out that a useful state-space form of 𝑌 (𝑠, 𝜒) (4.92) is easily derived from the modified
Jordan canonical state-space form of a single summand of Ψ𝑌 given by

𝑋𝑖𝑠 + 𝑋𝑖𝑎 + 𝑍𝑖𝑏𝑖
𝑠2 + 2𝑎𝑖𝑠 + 𝑎2

𝑖 + 𝑏2
𝑖

= ⎡
⎢
⎣

𝐼𝑛𝑤
⊗ [−𝑎 𝑏

−𝑏 −𝑎] 𝐼𝑛𝑤
⊗ [0

1]

[𝑍(1)
𝑖 , 𝑋(1)

𝑖 , …, 𝑍(𝑛𝑤)
𝑖 , 𝑋(𝑛𝑤)

𝑖 ] 0

⎤
⎥
⎦

. (4.105)

4.5.4 Numerical Examples

In the following numerical example, we qualitatively and quantitatively investigate the nonsmooth
optimization approach to the IQC framework in terms of computational efficiency, limiting aspects of
using finite-order approximations for the IQC multipliers, and the benefits and possible downsides of
the local certificate of optimality provided by the algorithm, particularly in comparison to the SI robust
synthesis methods discussed in Section 4.4.
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To illustrate how to use the method in practice, first consider the robust performance analysis of the
following system as proposed in [PF97] and also discussed in [Sch+22]:

𝑃 (𝛿) = 1
𝑠2 + (2 + 𝛿)𝑠 + 1

. (4.106)

Here, the uncertain damping 𝛿 ∈ [−1, 1] leads to an analytical worst-case 𝐇2-norm of

sup
𝛿∈[−1,1]

‖𝑃 (𝛿)‖2 = 1/
√

2.

The corresponding uncertain LFR is easily constructed as 𝑃 (𝛿) = ℱ𝑢(𝑃 , 𝛿) with

𝑃 =
⎡
⎢
⎢
⎣

−2 −1 −1 1
1 0 0 0
1 0 0 0
0 1 0 0

⎤
⎥
⎥
⎦

. (4.107)

Since the damping is unknown, but constant, themost generalmultiplier ensuringminimal conservatism
is dynamic and of the form

Π(𝑠) = [ 𝐷(𝑠)H𝐷(𝑠) 𝑊(𝑠) − 𝑊(𝑠)H
𝑊(𝑠)H − 𝑊(𝑠) −𝐷(𝑠)H𝐷(𝑠) ] (4.108)

with 𝐷(𝑠), 𝑊(𝑠) ∈ 𝐑𝐋∞. Once again, finite-order approximations for 𝐷(𝑠) and 𝑊(𝑠) are needed
to make the problem amenable to numerical methods. We select the parameterization (4.93) with
realization like (4.105). Selecting

Π𝑝 = [𝐼 0
0 −𝑌 (𝑠)] (4.109)

from Corollary 4.51 again with parameterization (4.92), we yield the augmented multiplier

Π𝑎 = daug(Π, Π𝑝) = [Σ(𝑠)HΣ(𝑠) 𝜙(𝑠)H
𝜙(𝑠) herm(Ψ(𝑠))] , (4.110)

with
Σ(𝑠) = [𝐷(𝑠, 𝜒) 0

0 𝐼] , 𝜙(𝑠) = [𝑊(𝑠, 𝜒)H − 𝑊(𝑠, 𝜒) 0
0 0] ,

Ψ(𝑠) = [−1
2(𝐷(𝑠, 𝜒)H𝐷(𝑠, 𝜒)) 0

0 −Ψ𝑌 (𝑠, 𝜒)] ,
(4.111)

and naturally 𝑌 (𝑠, 𝜒) = herm(Ψ𝑌 (𝑠, 𝜒)). Due to theHermitian nature of themultipliers, no additional
hard constraints are necessary. Nevertheless, we constrain the parameter vector 𝜒 such that the 𝑎,
𝑏, and 𝑋 parameters in Ψ𝑌 (𝑠, 𝜒) are in fact non-negative using appropriate constraint functions
ℎ𝑖(𝜒) ⪇ 0. Technically, the 𝑎 parameters should be constrained to be non-zero, but this is omitted
in this numerical setting and verified a-posteriori. Finally, we restrict Ψ𝑌 (𝑠, 𝜒) to be positive real,
rendering the implicit condition explicit.

Running the nonsmooth optimization program for 100 randomly initialized multipliers, all runs
converged to multipliers guaranteeing robust stability, yet at various local minima in terms of

sup
𝛿∈[−1,1]

‖𝑃 (𝛿)‖2,wn.



4.5. Structured Robust Control via Integral Quadratic Constraints in the Frequency Domain 99

0 10 20 30 40 50
0

20

40

60

80

100

Robust 𝐇2-performance bound gap (%)

Figure 4.11: Relative robust performance gap guar-
anteed for 𝑃 (𝛿) by a given number of out 100 runs.
𝐷(𝑠, 𝜒) and 𝑊(𝑠, 𝜒) were selected as sixth ( ),
fourth ( ), and second order ( ), respect-
ively.

10−2 10−1 100
0

20

40

60

80

100

Robust 𝐇2-performance bound gap

Su
cc
es
s
ra
te

(%
)
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The distribution of results is displayed in Figure 4.11 for 𝐷(𝑠, 𝜒), 𝑊(𝑠, 𝜒) of sixth, fourth and second
order, respectively. Ψ𝑌 (𝑠, 𝜒) was kept at second order throughout, as this is sufficient to bound the
worst-case frequency response of the uncertain plant exactly, as will be derived shortly. The best result
for sixth-order 𝐷(𝑠, 𝜒) and 𝑊(𝑠, 𝜒) virtually achieves the analytical worst-case norm of 1/

√
2, being

just 0.3 % off. While all runs had a performance gap of less than 50 %, almost half had a gap of less than
25 %. It is important to keep in mind that the probability of achieving a certain gap very much depends
on the polytope from which the initial parameterization is sampled. This is shown by the fact that only
very few runs achieved a gap less than 5 %, showing that the global minimum and local minima close to
it have a small region of attraction. Designing the parameter polytope based on prior knowledge of the
uncertainty and the resulting expected order of magnitude of the multiplier parameters will generally
improve the expected gap.

For this simple example, the family of 𝐇2-performance multipliers that tightly bound the worst-case
frequency response of 𝑃 (Δ)H𝑃 (Δ) up to a numerical gap proportional to 𝜀 is given by

Ψ𝑌 (𝑠) = (1
2

+ 𝜀)
𝑠 + 1

2 + 1√
3

𝑠2 + 𝑠 + 1
. (4.112)

Fixing the performance multiplier in this fashion, the probability that optimization of random ini-
tial 𝐷(𝑠, 𝜒) and 𝑊(𝑠, 𝜒) converges to a feasible solution is plotted against the robust performance gap
(controlled by 𝜀) in Figure 4.12. A solution is considered feasible, if the IQC maximum singular value
condition is not violated bymore than a numerical tolerance of 1⋅10−5. Note that, due to the 𝐇2 setting,
both 𝑃 (𝛿) and 𝑌 are necessarily strictly proper and hence converge to 0 for 𝜔 → ∞. Consequently,
the maximum singular value has a theoretical infimum of 1 when considering the entire imaginary
axis. This causes slowing solver progress as the desired threshold of 1 is approached and causes the
solver to terminate at possibly marginally infeasible solutions. It can be argued however, that the robust
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guarantee is not significantly weakened by this marginal infeasibility, just as, analogously, the feasibility
of the LMI-based solution is also only guaranteed up to a numerical tolerance. It may therefore be
numerically beneficial to limit the frequency range over which the singular value condition is enforced.
In this example the range was limited to 100 rad. However, it is difficult to quantitatively assess the
impact of this hyperparameter. A more detailed discussion is hence left out.



Chapter 5

Optical Timing Synchronization at
European XFEL and FLASH

5.1 Free-Electron Lasers

Free-electron lasers (FELs), along with radio telescope arrays and gravitational-wave observatories,
belong to the most demanding applications for timing synchronization systems [KI09; Sch05; CS06;
Kol+16]. This section introduces the core principles behind FEL light, its uses, and the consequential
synchronization requirements found in such machines. We will also introduce the two FEL facilities at
Deutsches Elektronen-Synchrotron (DESY), European XFEL and FLASH, where the pulsed laser-based
synchronization (LbSync) system [Sch+15] that motivates this work is deployed, providing unparalleled
synchronization performance.

5.1.1 Synchrotron Radiation and Pump-Probe Experimentation

Light with suitably controlled properties is essential to current and future experimental science across
a wide breadth of fields, including structural biology, chemistry, material sciences, medicine, solid-
state physics and many more [OF01; nat]. Various experimental techniques exist. For example, in
material science, extremely energetic light flashes are used to study matter under extreme heat in order
to find new materials and manufacturing processes [Zas+21]. In diffractive imaging and scattering
crystallography, light-matter interaction causes a diffraction pattern on a detector, which can be used to
infer structural properties of the analysed sample, such as a protein, (macro)molecule or atomic lattice
[e.g. Vas+21]. Spectroscopy deducts composition, chemical bondings, and other physical properties of
matter from absorbed and emitted photons at characteristic wavelengths [Kal+21]. For the inference to
be accurate, the properties of the light used to probe the matter, such as wavelength, intensity, coherence,
beam width and divergence, pulse duration, etc. need to be precisely controlled. More and more, not
only the structure but also the dynamics of (sub)molecular particles, such as chemical reactions, are
of interest. Because these processes are ultra-fast, extremely short light pulses are required as probe
to temporally resolve the reaction dynamics. At the current frontier of research are the attosecond
dynamics of electronmotion in nanostructures andmolecular orbitals, governing chemical composition
and information transport in biological systems [KI09]. The generation of corresponding attosecond
light pulses required for the experimental study of these electron dynamics has been recognized with
the Nobel Prize in Physics in 2023 [LHu24].

101
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Figure 5.1: Simplified schematic depiction of an FEL based on a LINAC.

Due to the wide range of applications, and being a key-enabler to answermany of today’smost prominent
experimental research questions, the development of light sources producing shorter and ever more
brilliant1 photon pulses has gained significant attention and research progress. Past and present world-
class light sources are universally based on synchrotron radiation, i.e. electromagnetic radiation emitted
by electrons when deflected from their current path (e.g. by the Lorentz force exerted by a transverse
magnetic field). This was originally observed in circular particle accelerators and just parasitically
exploited at first, but eventually facilities dedicated to the generation of such synchrotron radiation
were designed and built all over the world [Cou14]. An overview of the development generations of
light sources is given in [Win98]. The current fourth-generation of light sources is spearheaded by FEL
machines, which will be described next. Future (fifth-generation) light sources are expected to exploit
plasma-based electron acceleration, not only further increasing the light’s brilliance and achieving even
shorter pulse durations, but most importantly reducing the scale and cost of the electron acceleration
section by orders of magnitude [Lit+14; Hid+14; Ass+20].

The following paragraphs are loosely based on references [Sch+14; SSY00; Jae+20]. As the name
already suggests, and opposed to “conventional” (i.e. quantum) lasers, where the laser light is emitted
by electrons bound to atoms in a gain medium, FELs utilize electrons propagating freely in a vacuum.
This removes the quantum-mechanical restriction of bound-electron lasers, where an electron may
only absorb or emit energy in discrete quantities corresponding to the energy levels of the atom it is
bound to, fixing the wavelength of emitted photons. With FELs on the other hand, the wavelength
depends primarily on the electron energy, and can thus be varied continuously, extending into the
hard X-ray regime for high enough energies. Schematically depicted in Figure 5.1, state-of-the-art
FELs consist of three top-level pieces: 1. A particle accelerator providing packets of high-energy, i.e.
ultrarelativistic electrons, 2. one or more undulation sections, generating the desired light from the
electrons and supplying the 3. experimental stations, comprised of additional optics, the light-matter
interaction point and a detector.

Although sometimes seen as a separate entity, we consider the particle source that generates bundles of
free electrons (bunches) in a so-called electron gun, and subsequent injection into the main accelerating
section as a part of the particle accelerator. Figure 5.2 shows a particular kind of electron gun, the
photoinjector, where a high-energy laser pulse incident on a photocathode releases up to a few nC worth
of free electrons, which are immediately accelerated by an electric field in order to mitigate space-charge
effects pushing the cloud of electrons apart. The subsequent accelerator section may either be realized
as a ring or linear accelerator (LINAC) structure, or a combination of both, however due inherent

1Quantity describing the total photon flux in a given conical opening angle per bandwidth. Also called “brightness”
[Sch+14].
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Figure 5.2: CAD drawing of a photoinjector show-
ing the paths of laser and electron beams in red
and blue, respectively. Drawing by E. Vogel (CC-
BY 3.0) [SF15].
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Figure 5.4: Schematic depiction of SASE in an
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Figure 5.5: Schematic illustration of a pump-probe
experiment.

equilibria conditions affecting electron bunches in a storage ring, their emittance and bunch lengths
are fundamentally limited when compared to LINACs. The acceleration itself takes place in specially
designed RF cavities, which support sustained oscillation of a free-space RF field with frequency such
that the field in each cavity cell switches polarity exactly at the rate as the electrons move from cell
to cell, causing the electrons to always experience an accelerating field. This is depicted in Figure 5.3.
Due to their low mass, the electrons become ultrarelativistic and move essentially with the speed of
light after passing only a few cavity cells. At this point, the electrons merely gain energy rather than
effective speed from further acceleration, and the electron bunch can be focussed and steered using
dipole, quadrupole, and sextupole magnets, similar to ray optics.

Having used the accelerator to bring the electrons up to the energy that is necessary for them to emit
synchrotron radiation at the desired wavelength, the electrons undergo a self-amplified spontaneous
emission (SASE) process in the undulation section. Here, the electrons are forced onto a sinusoidal
trajectory by an undulator, an arrangement of alternating magnetic fields, shown in Figure 5.4. On
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their sinusoidal path, the electrons spontaneously emit synchrotron radiation. The SASE process is
characterized by exponential increase in power due to an effect called microbunching, where electrons
interact with the field emitted by other electrons, modulating the electron bunch into microbunches
exactly half a wavelength apart. Subsequent spontaneous emission leads to quasi-coherent radiation,
which scales in intensity with the number of electrons squared, rather than just the number of electrons,
as is the case for incoherent emission. An alternative scheme to SASE is so-called seeding, where
coherent emission is achieved not as a result of spontaneous emission, but by stimulated emission of the
electron bunch by superposition with seed laser light. The advantage is reduced stochastic fluctuation in
photon energies occurring with the SASE process because of relying on spontaneous emission. However,
the generation of suitable seed laser light at the right wavelength is still a challenge. Currently, new
schemes such as high-gain harmonic generation are explored [Lab+11].

The electrons are then separated from the beam path of the photon pulse using steering magnets, which
only affect charged particles. The photon pulse continues to propagate to the experimental station,
where additional optics may be used to focus and condition the beam depending on the experiment. For
time resolved experiments, i.e. those studying the dynamics of chemical reactions and other processes,
the experimental station also has to provide a “trigger” for the process being analysed, whose relative
timing to the arrival of the FEL pulse determines the state of the process at which it is imaged. Such
experiments are known as pump-probe experiments [Ati+24]. The pump excites a sample which then
decays, or triggers a more complex reaction, and the probe captures the state of the process at a specified
delay. This is depicted in Figure 5.5. While in this case the FEL pulse is the probe, the pump pulse is
generated by a dedicated (non-trivial) laser system. To avoid confusion with other optical pumps, e.g.
those used to excite the active media in optical amplifiers, we (imprecisely) call this laser system the
“pump-probe laser”.

5.1.2 Synchronization Requirements and Challenges

We now discuss the various precision synchronization needs and challenges in FEL machines, particu-
larly those based on LINACs such as FLASH and European XFEL introduced later. As motivated in the
beginning of this section, from a high-level perspective, the synchronization needs are derived from
the experiment to be performed. In order to achieve the necessary spatial resolution, the wavelength of
the synchrotron radiation needs to be sufficiently short, which is known as the diffraction limit. To
resolve atomic structures, sub-nanometer wavelengths are required. Hard X-ray radiation with such
short wavelength can only be generated from sufficiently energized electrons. To attain the required
energy, the electrons need to traverse a sufficiently strong potential difference or sufficiently many
subsequent potential differences. As the electric field strength is limited even in super-conducting RF
cavities due to a lack of suitable amplifiers and electrical losses, scaling the number of RF cavities passed
by the electrons is currently the only alternative, leading to very long LINAC sections in the order of
many hundred meters. In addition, the RF field in each cavity needs to be precisely synchronized in
phase to the arrival time of the electron bunch in order to ensure optimal energy transfer to the beam.
Illustratively, in the extreme, a 180° phase shift would lead to acceleration in the opposite direction.
Current L-band machines pose requirements in the order of 0.01 % and 0.01° RMS field stability for
amplitude and phase, respectively [Sim06]. Consequently, LINACs for cutting edge FELs have dozens of
RF stations, spanning multiple hundred metres, that require precision synchronization to generate and
feed a phase stabilized RF field to the cavities (cf. introduction of the European XFEL below). Vice versa,
the arrival time of the electrons also needs to be stabilized. Indeed, a phase error in the RF field of 0.01°
at 1.3 GHz is equivalent to a relative arrival time error of the electron bunch centroid of 21.4 fs. This is
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Figure 5.6: Schematic depiction of electron bunch compression in a magnetic chicane. Particles in the
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achieved by synchronizing the laser pulses that eject the free electron bunches from the photocathode
in the photoinjector and all RF stations to a common RF master timing reference.

Other than wavelength, the FEL pulses (and hence the electron bunches) also need to be sufficiently
short in overall pulse duration, in order to temporally resolve ultra-fast dynamics hindered otherwise
by motion blur effects. In practice, this adds even stronger synchronization requirements on the
accelerating RF field: Because the optical power incident on the photocathode in the electron gun is
limited, and because the initial bunch size is limited by space charge effects, the initial electron bunch is
generally much longer than required later in the undulation section. A bunch compression scheme is
needed to reduce the longitudinal extent of the electron cloud [Sch+14, chap. 8.6]. Since all electrons
move with approximately the same speed, which is essentially the speed of light after passing only
a few accelerating cavities, the only way to compress the bunch is to make electrons further ahead
in the bunch take a longer path than those at the end. This is depicted in Figure 5.6. The electrons
traverse a magnetic chicane, where early electrons are diverted to a longer path than trailing electrons.
Because sufficiently fast modulation of a magnetic field to achieve this effect is very challenging, a viable
alternative is to change the Lorentz force exerted on the electrons by modulating the electron energy
across the longitudinal axis of the bunch. This is effectively achieved by introducing a marginal phase
shift 𝜑 between electrons and accelerating RF field, such that the electrons are accelerated off-crest.
The natural curvature of the sine-shaped RF field strength imprints an energy gradient onto the beam,
called chirp, which then leads to the desired bunch compression in the magnetic chicane. A side effect
is that the overall arrival times of the electron bunch at subsequent cavities and by extension of the FEL
pulse at the experiment are affected by marginal error in the average bunch energy, which will offset the
path delay in the magnetic chicane. The relevant equation for an incoming bunch with upstream arrival
time jitter 𝐽𝑡,in is given by

𝐽2
𝑡,out

𝑐2
0

= 𝑅56 (𝜎𝐴
𝐴

)
2

+ (𝐶 − 1
𝐶

)
2

(
𝜎𝜙

𝜔RF
)2 + ( 1

𝐶
)

2 𝐽2
𝑡,in

𝑐2
0

, (5.1)

where 𝑅56 is a characteristic dispersion coefficient of the magnetic chicane based on its geometry
and magnetic field strengths, 𝐶 is the resulting bunch compression factor, and 𝐴, 𝜙 and 𝜔RF are the
amplitude, relative phase shift and the angular frequency of the driving RF field, respectively [Sch05].

This however can also be utilized as an actuation mechanism to stabilize the overall FEL pulse arrival
time at the experiment [Din18; Czw+21], which is difficult to achieve feedforward from the onset due to
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Figure 5.7: Overview of the DESY campus (right) and the European XFEL campus (left) at the other
end of the 3.5 km LINAC.

the long duration of the photoinjector laser pulse and because of microscopic mechanical disturbances
distorting the electron beam path of several hundred metres from photoinjector to experimental station
by only a few micrometres [Grü+25]. The arrival time measurement for feedback can either be per-
formed on the electron bunch after compression (sufficiently close to the undulation section) [Czw+21],
or ideally directly on the FEL pulse at the experimental station [LG17; Grü+19]. However, due to
lack of suitable parasitic (i.e. non-destructive) arrival time measurement schemes for the FEL photon
pulse, electron bunch arrival time measurements are more common. In either case, the arrival time
measurement again requires a highly stable time reference to compare the arrival time of photons or
electrons to, adding yet another client in need of synchronization with respect to other parts of the
machine.

Finally, on the experimental side, we have already established that in order to temporally resolve reactions
via pump-probe experimentation, the arrival time of the FEL pulse (probe) with respect to the pump
needs to be controlled to shorter time scales than that of the process itself. Having discussed arrival time
stabilization of the electron bunch and by extension (approximately) the FEL pulse, the stabilization of
the pump pulse is generally addressed by stabilizing the seed laser for the pump-probe laser system.
This however is only sufficient if the subsequent optical components and the beam transport path to
the interaction point are suitably stabilized as well, actively or passively.

Remark 5.1. Having discussed various needs to synchronization in FEL machines, we remark that
these are only some examples among many possible applications that we deem essential with respect to
the following exposition. Other examples include FEL seeding, experimental techniques other than
pump-probe schemes such as e.g. terahertz streaking, and additional electron beam diagnostics and
conditioning, e.g. laser heating.

5.1.3 DESY and the Free-Electron Lasers European XFEL and FLASH

We will now introduce the European XFEL and FLASH as two specific examples where a pulsed LbSync
system (cf. Section 5.2) is employed to satisfy the previously outlined needs for synchronization in these
facilities. As shown in Figure 5.7, both facilities are fully (FLASH) or partly (European XFEL) located
on the Hamburg-Bahrenfeld campus of DESY. Founded in 1959, DESY today is one of the largest of
the Helmholtz Association of German Research Centres, with particular emphasis on matter related
research, in particular particle accelerators, photon science, particle, astroparticle, and high-energy
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Figure 5.8: The DESY LbSync system at FLASH.

physics [see e.g. DES24]. It hosts various experimental science facilities and laboratories, ranging
from accelerator research and development, dark matter research, electron research to third and fourth
generation light sources, and has significantly contributed to the development of the related technologies,
for example with the super-conducting 1.3 GHz TESLA cavity [Aun+00].

FLASH

Originally designed towards the specifications of the linear electron-positron collider TESLA2, the
TESLA cavity was initially put to use in the TESLA test facility (TTF) at DESY, which eventually
evolved into FLASH, which was commissioned in 2004 as the world’s first extreme ultraviolet and
soft X-ray light source [Ack+07; Bey+23]. The layout of FLASH is depicted in Figure 5.8 along with
the deployed LbSync system developed also at DESY. Relevant light-source parameters of FLASH in
comparison to other facilities are listed in Table 5.1. As seen in detailed schematic Figure 5.9, its LINAC
consists of a photoinjector [Sch+11; Wil+11], followed by three acceleration sections separated by two
bunch compressor chicanes, spanning a total length of 256 m [Vog+11]. The train of electron bunches
is then split into two photon beamlines with multiple experimental stations each, coming to a total
length of about 315 m. The facility’s synchronization is derived from a 1.3 GHz RF master oscillator
(MO) (cf. Section 5.2.2) [Gas+20]. To overcome limitations of signal distribution via unstabilized
coaxial cables, primarily significant drift caused by humidity and temperature changes, the MO is signal
distributed optically to “far away” client stations using a LbSync system with stabilized optical fibre
links (not depicted). As of today, clients include the photoinjector laser, optical reference modules
(REFM-OPTs) for RF resynchronization at the RF stations (compensating coaxial RF cable drift), bunch
arrival time monitors (BAMs) for electron arrival time measurement and longitudinal feedbacks, the
laser heater system, a prototype seeding laser, and various experimental laser systems, including two
modular pump-probe laser systems, the laser systems for the terahertz streaking experiment at FLASH
and the plasma wakefield experiment FLASHForward. Recently, prototype laser arrival time monitors
(LAMs) (cf. Section 5.2.3) have been installed at various interaction points in order to compensate drifts
accumulated during pump-probe laser beam synthesis and transport to the interaction point [Sch+24].

FLASH is currently undergoing a multiple-phase upgrade with the FLASH 2020+ project [Bey+23].
The goal of the project is to increase the versatility of FLASH by equipping both SASE beamlines with

2Tera-Electronvolt Energy Superconducting Linear Accelerator, now superseded by the ILC project [Mic19]
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tunable undulators, allowing for fully independent operation. The original FLASH beamline is also to
be converted to fully seeded FEL operation, allowing for new experiments that require tighter control
over the FEL pulse phase. The upgrade also entails a significant extension of the LbSync system with the
addition of a subdistribution on the experimental side, which is needed to cover the significant increase
in clients in need of synchronization with the 2020+ project and beyond.

European XFEL

Derived from a supplement to the TESLA technical design report (TDR) and based on experience
gained from FLASH, the European XFEL was realized by 2017 and is currently the world’s most
powerful light source in terms of electron energy and peak brilliance (cf. Table 5.1) [Hua+21]. Although
an international collaboration project, DESY holds a majority share of the European XFEL GmbH
that built and operates the machine, and is in particular responsible for the operation of the LINAC
[DES24; Eur24]. With an overall facility length of 3.4 km, it exceeds FLASH by approximately a factor
10, allowing for FEL pulses that extend into the hard X-ray regime and thus an entirely new range
of experiments. The maximum electron energy of 17.5 GeV is realized with a 1.7 km long, super-
conducting LINAC, consisting of 768 TESLA cavities [Sch+23]. As seen in Figure 5.10, the layout of
the European XFEL is indeed very similar to FLASH, with most of the differences just resulting from
upscaling the facility. Nevertheless, the synchronization challenges are significantly hardened from a
practical point of view when compared to FLASH, due to the sheer spatial extent of the facility. To this
regard, European XFEL from the beginning had a subdistribution located at the experimental hall. The
facility is also continuously being upgraded. Examples are the BAMs located in the undulation sections
[Czw+24; SCS24], which were installed in 2023 and 2024 to yield additional insight into microseismic
effects on the beamline tunnel caused by the tide of the North Sea, ocean waves in the North Atlantic,
as well as earthquakes across the globe. All the above effects have already been observed in diagnostic
data [Grü+25], but the total influence accumulated up to the interaction points are hard to predict – if
at all possible – and are a hindrance for future experiments, requiring even shorter pulses and tighter
arrival time synchronization. Future421251 synchronization related improvements and extensions to
the machine include LAMs for tighter pump-probe arrival time stabilization at the interaction point
(cf. Section 5.2.3), and the ASPECT project [Yan+23].
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5.2 The DESY Pulsed Laser-Based Synchronization System

Having introduced the need for and context of the LbSync systems at European XFEL and FLASH, this
section reviews technical aspects about implementation and deployment, with a primary focus on new
developments and improvements since the previous works [Sch+15; Heu18; Lam17; Tit17; Lam+19].
We stress that the following discussion is mostly concerned with themethods and design choices utilized
by the DESY LbSync system and is by no means universal. If deemed beneficial, comparisons and
references to selected alternative implementations will be given.

5.2.1 High-Level Overview

Before the individual elements of the LbSync system are discussed, a summary of the central con-
cepts and the high level topology of the system are reviewed. Recalling the structural layout of the
LbSync systems at FLASH and European XFEL from Figures 5.8 and 5.10, its topology in the form of
a synchronization tree is evident. The root is given by a drift-stable facility master reference, cf. Sec-
tion 5.2.2, generated electronically and distributed to the particle accelerator’s RF stations via (drifting)
coaxial cables. The additional need to synchronize several laser systems in the accelerator and in the
experimental hall to this reference, in combination with the greater fidelity of optical-to-optical timing
detection methods, motivates the additional all-optical timing distribution. Since the optical distribu-
tion scales reasonably well, and because optical fibre links are generally easier to stabilize than coaxial
cables, cf. Section 5.2.4, the optical timing distribution system is also used to provide a drift-stable
optical reference to the RF stations, resynchronizing the disturbed RF reference received via coaxial
cable [Lam+24], cf. Section 5.2.5. This approach requires good transfer of the RF master reference
to the optical domain via a master mode-locked laser (MLL) in an optoelectric PLL, cf. Section 5.2.3.
Close proximity of the two oscillators ensures minimal accumulation of out-of-loop disturbances. The
same holds true for the photoinjector laser, which has relaxed jitter requirements due to long pulse
lengths and jitter compression in the bunch compressors. Recently, additional drift compensation of
the photoinjector laser against a stabilized optical fibre link from the optical master has been found to
significantly benefit long-term FEL stability and maintaining machine timing [Mül+19].

5.2.2 Drift-Stable Facility RF Reference

At the root of the implemented synchronization network lies a 1.3 GHz MO, developed jointly by
DESY, University of Warsaw and industry partners, providing exceptional phase noise performance and
long-term stability. The oscillator is designed around a 1.3 GHz dielectric resonator oscillator (DRO),
stabilized to GNSS via an intermediate oven-controlled crystal oscillator (OXCO), and a subsequent
high-power amplifier (HPA). In the case of the 2014 version installed at European XFEL, the non-
spurious integrated jitter accumulates to just 11 fs over 10 Hz to 10 MHz, cf. Figure 5.11. Spurious
content (virtually entirely from the 50 Hz line) contributes another 23.82 fs in RSS.The latest generation,
recently installed at FLASH has improved suppression of the 50 Hz power grid disturbance and reduces
the phase noise in the critical region around 10 kHz with an improved DRO [Gas+20]. The total RMS
jitter including spurious is just 12.83 fs. The next generation, to be installed at European XFEL in 2025,
will further improve on the current design with better rejection of microphonics and environmental
noise, e.g. from cooling fans, reducing the remaining spurious content in the spectrum. Additionally,
the noise floor is to be lowered to approx. −178 dBc/Hz by tweaking the HPA.

We shortly discuss the relevance of the phase noise stability of theMO as common reference for the entire
facility. The question is to which extent all other systems follow possible phase deviations from absolute
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Figure 5.11: Phase noise spectra of the DESY 1.3 GHz MOs at FLASH ( ) and European XFEL ( ),
courtesy of H. Pryschelski. ( ) shows the prospective phase noise of future MO generations.
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Figure 5.12: Illustration of optical frequency division with a femtosecond mode-locked laser. Several
modes are superpositioned in the laser cavity, creating a train of femtosecond pulses. The cavity length
and repetition rate are tuned with a piezo mounted mirror. Photodetection and filtering extracts the
microwave frequency 𝑓𝑟, thus dividing the optical carrier.

time by the MO in unison, and at which points absolute phase noise is converted to relative phase noise.
As has been remarked in Remark 3.15, the latter effect certainly appears on timing links stabilized with
the auto-correlation principle, which is the case for the stabilized fibre links in the LbSync system. The
former question is more difficult to answer accurately, as it depends on the locking bandwidths of all
involved PLLs. Qualitatively, good phase noise at high offset frequencies and a low white floor are
generally desirable for the RF field control in the accelerator because of the limited bandwidth of the
resynchronization via the REFM-OPT. In general, this limited bandwidth is of minor concern, because
the signal transport via the unstabilized coaxial RF cable picks up negligible high-frequency jitter and
because of the low-pass characteristic of the RF cavities. High-gain RF field feedback regulation however
will amplify high-frequency absolute phase noise in the MO signal, which limits overall performance of
the accelerator’s RF system [Lud+06]. Finally, absolute phase noise is of course relevant when comparing
time resolved measurement data from two devices at different locations within the accelerator, as the
absolute phase error of the reference integrated over the propagation delay difference to the devices
shows up directly as measurement error.

Absolute timing stability of the MO therefore is indeed relevant for highest possible FEL performance
and frontier experiments. This immediately raises the question of how the absolute phase noise of
today’s best RF sources can be improved further without sacrificing RF power or amplitude stability,
which are also required for satisfactory machine operation. A detailed discussion is beyond the scope of
this work, but we point the reader to the following recent references in the field of frequency metrology,
investigating novel RF oscillators and generation of ultra-stable microwave signals from the optical
sources [For+13; Xie+17; Nar+22; HJK21; Qui23].

5.2.3 Synchronization of Mode-Locked Laser Oscillators

Compared tomicrowave, optical sources and signals have several advantages, such as lower transmission
loss, almost no sensitivity to EMI, and large information bandwidth. In time and frequency metrology,
atomic energy transitions in the optical domain provide the most stable frequency standards known to
mankind, achieving a frequency stability that is two orders of magnitude better than the current basis
for the definition of the SI second, the microwave caesium-133 atomic clock standard [FB19; Dim+24;
McG+19; Nak+20a]. However, microwave is still key in many practical applications, especially those
driven by conventional electronics. Unsurprisingly then, the connection of the optical and microwave
domains has been a key challenge of the past decades, and was eventually rendered practical using
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optical frequency combs, the development of which was in part recognized with the 2005 Nobel Prize
in Physics [Hän06]. The principle of optical frequency division (OFD) performed by the frequency
comb is illustrated in Figure 5.12. The most common implementation involves a (femtosecond) mode-
locked laser (MLL), whose optical cavity sustains many hundred thousand phase-coherent longitudinal
resonant modes with fixed wavelength spacing [FB19]. The optical frequency 𝜈𝑛 of the 𝑛th mode is
described by the comb equation

𝜈𝑛 = (𝑛 + 𝑛0) ⋅ 𝑓𝑟 + 𝑓0, (5.2)

where 𝑛0 is a large integer, 𝑛 = 0, …, 𝑁 is the mode number, 𝑓𝑟 is the mode spectral distance, and 𝑓0 is
an offset frequency. In the time domain, the spectral comb, in accordance with the limit Fourier theory
of Dirac combs, relates to a pulse train of extremely short pulses with hyperbolic secant waveform [KS16].
The repetition rate of the time domain pulses lies in the microwave domain (tens or hundreds of MHz
are common), and is exactly equal to the spectral spacing of the optical modes, 𝑓𝑟, which in turn is
given by the optical cavity length. Measuring the repetition rate with a suitable photodetector facilitates
the desired phase-coherent optical frequency division by factors in the range 104 to 106 [Bar+05].

Utilization of the MLL as an optical frequency comb, academically meaning the use for metrological
purposes, requires stabilization of the comb parameters 𝑓𝑟 and 𝑓0, where 𝑓𝑟, as already discussed,
relates to the optical cavity length, and 𝑓0, the so-called carrier-envelope offset, describes the rate of
phase-slippage of the optical carrier wave with respect to the pulse envelope’s centre of mass. For timing
and synchronization purposes, stabilization of the repetition rate 𝑓𝑟 is indispensable, as temperature and
mechanical vibrations significantly impact the mechanical stability of the optical cavity and hence the
long- and medium-term timing stability of the pulse train [Pas04]. Stabilization of the relative optical
carrier phase 𝑓0 is primarily necessary for optical spectroscopy applications, and for pulse shaping of
few-cycle (attosecond) pulses [UHH02]. Stabilization methods for 𝑓0 generally involve self-referencing
and stabilization of a single mode in the optical spectrum to a high-fidelity optical reference cavity, such
as an optical atomic clock. Details of these schemes are beyond the scope of this work, and the reader is
directed to [FB19] for further information. Stabilization schemes for 𝑓𝑟 involve feedback actuation of
the optical cavity length either via temperature controlled thermal expansion, optical fibre stretchers or
movable mirrors. Often combinations of two actuation mechanism are used to have both large dynamic
range and fast response (high feedback bandwidth). The detection of the repetition rate 𝑓𝑟 involves
either comparison of the photodetected signal to a highly-stable RF reference and reversing the OFD
gear-work to stabilize the optical mode spacing, or using optical self-referencing and optical mode
referencing to jointly detect errors in 𝑓𝑟 and 𝑓0. Because the phase fluctuations of the original optical
carrier get reduced by the same OFD factor over the entire range of offset frequencies when detecting 𝑓𝑟,
this yields an extremely low phase noise microwave signal [FB19].

The MLLs used as master laser oscillators (MLOs) for FLASH and European XFEL generally show poor
free-running frequency stability but exceptional phase noise at high offset frequencies. This is depicted
in Figure 5.13. The poor frequency stability is not relevant, as the lasers are locked to the long-term
stable MO. The true phase noise at high-offset frequencies is difficult to characterize truthfully, because,
at a certain point, amplitude modulation (AM)-phase modulation (PM) conversion in the photodiode
used to extract an RF signal for the phase noise analyser (cf. Section 5.2.3) dominates the true phase
noise in the optical signal. The true phase noise can be estimated by balanced optical cross-correlation
of two identical lasers (cf. Section 5.2.3), which is insensitive to intensity fluctuations, and attributing
half of the phase noise to each laser. As shown in Figure 5.14, the estimated true phase noise of a
MLL oscillator is significantly lower than what is measured using a photodiode. For an overview of
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Figure 5.13: Phase noise spectra of theMenhir PhotonicsMenhir-1550 FLASHMLO ( ) and theNKT
Origami-15 European XFEL MLOs ( ). The dashed lines estimate the true high-offset-frequency
phase noise in absence of excess noise in the direct detection measurement setup.

Figure 5.14: Characterization of the phase noise of a Menhir Photonics Menhir-1550 MLL. ( ) shows
a direct detection based measurement, ( ) the average residual phase noise of two coarsely locked
identical lasers measured using a BOXC. The individual measurements are falsified by AM-PM in the
photodiode and the phase locking, respectively. The true absolute phase noise is estimated from the
combination of both measurements ( ).
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Figure 5.15: Harmonic heterodyne phase measurement of a MLL with an RF reference with a “golden”
undersampling IQ-detector.

timing noise in MLL, see e.g. [KS16; Pas04]. For excess noise in photodetection of optical sources see
e.g [Qui23].

Laser-to-RF Synchronization

Although in the future a fully optical master reference for the synchronization systems at FLASH and
European XFEL is conceivable, the current generation is still based on the DESY RF MO as facility
master, which is why the LbSync system uses a MLL in an optoelectric PLL with the MO as reference
to transfer the MO phase to the optical domain. Stabilization of the carrier-envelope offset 𝑓0 is not
necessary in this application. High-sensitivity detection of the phase error of the MLO’s optical pulse
train with respect to the RF MO signal is crucial to ensure the required synchronization performance
in the FEL facility. In the following, we summarize techniques used in the DESY LbSync system and
notable alternatives from the literature.

Heterodyne Detection Scheme The heterodyne detection technique is known from standard
RF applications, especially communication technology, and is described in detail in [e.g. Bra18]. As
depicted in Figure 5.15, a suitable harmonic of 𝑓𝑟 is extracted from the photodetected optical pulse
train by band-pass filtering and subsequent RF amplification. The output signal of the photodiode,
filter, amplifier (PFA) chain is then mixed with the reference to produce an intermediate frequency
(IF) that is then digitized with an ADC for DSP IQ detection. When deriving the ADC clock from
the same RF reference, the IF can be under sampled, i.e. the IF is purposely aliased into the first
Nyquist zone, yielding a lower-frequency digital signal, while maintaining phase information3. In
the subsequent digital processing, the signal is IQ detected against an LO derived also from the RF
reference. Compared to direct IQ (baseband) sampling, this has the advantage of reduced harmonic
distortion [SG22, chap. 5.2.1]. Selecting higher harmonics of the optical pulse train leads to higher
sensitivity, but at the cost of ambiguity in the zero-phase point, the so-called bucket problem. Directly
locking to a higher harmonic, the phase of the MLO will be stable with respect to the MO, but at a
random discrete offset. This poses a significant problem for machine operation, as the timing sensitive
accelerator components (re)synchronized to the MLO then operate in a different, suboptimal working
point. A common solution is to first engage the PLL on the non-ambiguous fundamental frequency
and then switch to detection based on a higher harmonic for greater sensitivity, or phase-unwrapping
the higher harmonic signal based on the fundamental. The latter also increases the dynamic range of
the detection via higher harmonic, but the finite bit-precision of the digital implementation needs to be

3Still, the sampled IF is required to be within the analog bandwidth of the ADC
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Figure 5.16: Mach-Zehnder modulator detection scheme. Laser pulse train is unmodulated if in-phase
with the RF signal zero-crossings and otherwise amplitude-modulated proportionally to the phase error.
This can be photodetected a IQ demodulated. Figure adapted from T. Lamb (CC-BY-SA 4.0) [Lam17].

taken into consideration [Heu18]. The heterodyne detection technique is limited in performance by
the power of the reference and photodetected RF signals (determining the signal-to-noise ratio (SNR)),
AM-PM conversion in the photodiode [Tit17], ADC jitter and aforementioned bit-resolution, as well
as drift in the RF electronics (e.g. due to humidity) [Jan+15]. To address the electronic drift, a phase
drift calibration method can be employed, see [Jan+15]. The detection noise floor of the 7th-harmonic
(1516.66 MHz) heterodyne detection implemented for the MLO in the DESY LbSync system is at
approx. −133 dBc/Hz (40 as/

√
Hz). More problematic however is the high flicker (i.e. 1/𝑓) noise rising

out of the noise floor at ∼3 kHz, which is indistinguishable from true phase error between MLL and RF
reference, and added to the MLL’s output by the PLL controller.

DESY Mach-Zehnder Modulator Scheme Because of the poor long term drift stability of the
heterodyne detection, and because of performance limitations due to the underlying direct conversion,
a highly advanced Mach-Zehnder modulator (MZM)-based optical-microwave phase detection has
been developed at DESY [Lam+11; Tit17; Lam17]. The principle of operation of the basic scheme
is depicted in Figure 5.16. The laser pulses from the controlled laser oscillator are modulated in a
quadrature-biased MZM by the oscillating voltage from the RF reference, leading to an amplitude
modulation of the optical pulse train in case of a phase mismatch. While phase and bias voltage errors
are indistinguishable in basic MZM schemes, advanced configurations can separate both effects, and
can additionally be made insensitive to amplitude instabilities of the laser pulse train [Lam17]. These
variants are based on dual-output MZMs in combination with a balanced readout or pulse interleaving
and IQ-detection. Single-output MZMs can also be used, however these configurations face challenges
from drift in the optical alignment and AM-sensitivity in the bias error detection [ESS18a; Lam17].
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Figure 5.17: Balanced optical cross-correlation of twoMLLs. Superposition of the orthogonally polarized
pulses in the nonlinear crystal (NLC) causes second-harmonic generation (SHG), which is isolated
using dichroic mirrors. Passing the NLC twice induces a group delay in the orthogonal pulses, leading
to amplitude-insensitive timing detection.

Compared to direct conversion and heterodyne detection, the MZM-based phase detection suffers
from significantly less AM-PM conversion, see [Tit17], where the AM-PM conversion coefficient of a
simple MZM-based optical-microwave phase detector was shown to be roughly an order of magnitude
smaller compared to direct conversion using a gallium arsenide photodiode. It also shows far superior
long-term drift stability, showing out-of-loop drift deviation (averaged over 600 s) between two identical
MZM detectors of less than 2 fs peak-peak over 7 days [SCS24]. The detection noise floor of the MZM
phase detector used at European XFEL and FLASH to synchronize the MLO to the MO has not been
thoroughly characterized to this date, but can be roughly estimated from the high-offset-frequency floor
to be less than −155 dBc/Hz (3 as/

√
Hz). The aforementioned out-of-loop drift also certifies excellent

flicker noise properties.

Other Optical-Microwave Schemes Parallel to the developments at DESY, several other optical-
microwave detection schemes have been developed and published in the literature, driven by the need
to overcome limitations of direct conversion based methods. Comparisons of selected schemes are
found in [Ahn+22] and [Jae+20]. Many are based on actively or intrinsically biased Sangac loops. While
some methods are also based on balanced phase-error dependent amplitude modulation via MZMs
[KKP04; ESS18a; Sha+23], a general concern with the proposed schemes is the long-term stability due
to either missing bias stabilization or sensitivity to environmental disturbances.

Laser-to-Laser Synchronization

A basic solution to synchronize two MLLs is to detect a suitable harmonic of the laser’s repetition
rates and perform standard RF synchronization, just as in the heterodyne detection scheme described
in the previous section. However, this approach is severely limited in jitter performance and drift
stability compared to fully-optical detection of the relative timing of the two femtosecond laser pulse
trains, which can be achieved by optical cross-correlation [Sch+03]. In this scheme, the two laser pulse
trains are orthogonally polarized and spatially overlapped in a special phase-matched crystal4. If the
pulses are also temporally superpositioned in the crystal, its nonlinear properties cause generation of
second-harmonic generation (SHG) or sum-frequency generation (SFG) light, which can be filtered and
detected. The amount of light generated this way is maximized if subsequent pulses from both lasers
continuously perfectly overlap in the crystal, thus implying synchronization of the two laser oscillators.
In this simple configuration, the scheme is sensitive to intensity fluctuations in the laser pulse trains. A
balanced configuration as depicted in Figure 5.17 is hence preferable. Here, the pulses pass the crystal

4Examples are periodically poled potassium titanyl phosphate (PPKTP) and beta barium borate (BBO).
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twice and one polarization axis is group-delayed such that on each pass, the pulses partially overlap. The
working point of the detector is chosen such that both passes of the crystal produce the same amount
of SHG/SFG light. In this configuration, intensity fluctuations of either laser pulse train equally affect
both forward and backward signals and thus cancel out in the difference signal. Relative timing changes
however inversely affect forward and backwards signal, leading to a characteristic S-curve detector signal
with reasonably linear response around the working point given by the centre zero-crossing. Perfect
separation of amplitude and phase noise is however only achieved if the device is properly balanced,
which is difficult to do perfectly in practice. Residual AM-PM conversion thus needs to be taken into
consideration. Other factors limiting the precision of this detection method are optical pulse power,
width and shape, photodiode shot noise, amplifier additive noise, ADC noise and drift, and wavelength
compatibility of the two laser oscillators. The here presented balanced optical cross-correlator (BOXC)
scheme is used in the DESY LbSync system extensively, in particular to synchronize to the subsidiary
laser oscillator (SLO) to the MLO and the various pump-probe laser (PPL) oscillators to the SLO.

With the LAM, a new variant of this BOXC-based timing detector dedicated to the stabilization of the
PPL arrival time at the experimental interaction point is currently under development at DESY [Sch+24].
The purpose of this device is to detect residual drift accumulated in the PPL system and beam path to
the experimental interaction point and eliminate it via feedback to the synchronized PPL seed laser
oscillator. Compared to the existing (two-colour) BOXC detectors, the LAM has to address multiple
additional challenges, including tunable wavelength compatibility, power variation and burst operation.
The former leads to a much more involved optical design. The latter means that, because FLASH
and European XFEL and therefore the PPL delivery to the interaction point operate in burst mode
with less than 1 % duty cycle, the SFG signal cannot be detected in baseband, as the SFG conversion
efficiency is simply too low to generate sufficient average power. Pulse-to-pulse detection, integrating
the power generated by each pair of laser pulses on forward and backward passes, respectively, is
therefore necessary. Even though the initial goal is just drift compensation, the pulse-to-pulse detection
also opens up possibilities for fast intra-burst arrival time stabilization.

Challenges in SynchronizingMLLs

We briefly discuss the intricacies of synchronizing MLLs, particularly factors limiting the bandwidth
of synchronization, which were learned from experience in dealing with these systems over the time
of this work. To the author’s knowledge, virtually all commercially available, tunable MLLs use intra-
cavity mirrors mounted on piezo crystals to actuate the cavity length and thus the laser’s repetition
rate with high bandwidth. Broader tuning ranges are achieved via an additional mirror mounted to
a larger piezo with greater travel range or by using a cavity heating system, which is usually present
anyway to stabilize the cavity temperature against environmental temperature variations. Fortunately,
both the piezo expansion and the repetition rate depend affinely on the applied voltage and the cavity
length, respectively, leading to overall linear system dynamics. Piezo crystals feature strong resonant
frequencies [van28], which is for example exploited explicitly in quartz oscillators, but could lead to
significant deterioration of the jitter performance, if unintentionally excited by the controller output.
While this used to be a primary limiting factor for closed-loop synchronization bandwidth in early
MLLs, special mounting of the piezo crystal [e.g. Nak+20b] has since improved the response and shifted
all relevant resonances to 100 kHz and beyond. In other cases, higher-order controllers notching out
the offending resonant frequencies need to be considered. The capacitive behaviour of the piezo crystal,
often with primary serial capacitance of ∼100 nF, indicates low resistance and high currents at high
frequencies, which could potentially damage the piezo when tuning the controller too aggressively.
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Similarly, voltage steps to the piezo cause high mechanical stress and can cause cracks in the crystalline
structure. In this case, the piezo can abruptly change its dynamic response depending on the applied
bias voltage.

Another challenge arises not from resonances in the piezo’s electromechanical response, but from
mechanical resonances in the laser cavity or surrounding housing. In some lasers, these were observed
as low as 400 Hz, while in more modern systems, values around 60 kHz to 80 kHz appear typical.
Unfortunately, these resonances are not as easy to characterize as, say, attaching an impedance analyser
to the tuning piezo’s electrical contacts. Lower frequency resonances are generally excited not by the
(low-power) tuning piezo, but rather by external sources such as motorized mechanics in proximity to
the MLL. Here, active noise cancellation (ANC) techniques may be utilized to suppress the deterministic
disturbance, preliminary research in this directionwas conducted in [Ryb+17; Beh21]. Higher frequency
resonances on the other hand have been observed to be excited by the piezo actuator itself and thus
again would require controller-based notching or special engineering of the laser cavity. We conclude
that synchronization of MLLs up to 100 kHz and beyond should be possible if the piezo and housing
resonances are sufficiently suppressed, and the error is overall small enough so that the piezo is not
overloaded.

5.2.4 Stabilized Optical Fibre Timing Links

Thepulsed optical fibre timing links developed at DESY and deployed at FLASH and European XFEL are
based on the auto-correlation principle described in Section 3.3.1 and subsequently described in more
detail. Literature references are given in [Kim+08; Sch+15]. A reference laser pulse train is coupled
into an optical fibre terminated at the synchronization client by a partially-reflective mirror, returning a
fraction of the light back to the origin. The remaining optical power is transmitted for client use. Back
at the origin, the reflected light pulses are directed to a BOXC, cf. Section 5.2.3, where the round-trip
timing is detected against a fraction of source light separated before in-coupling to the optical fibre.
Stabilizing the timing of the reflected laser pulses leads to a standing-wave-like fixing of the round-trip
path length and thus compensation of environmental disturbances acting on the transmission media.
For fast actuation, a few dozen meters of the optical fibre are wound around and glued to a tube made
from piezoelectric material which strains the fibre when a voltage is applied to it.

While straight forward in theory, pulsed optical fibre timing links as described above are challenging
to implement in practice due to several complications arising from optical effects occurring in the
optical amplifiers required to overcome losses in the long optical fibres and in the optical fibre itself that
deteriorate the laser pulse shape to the point where it becomes infeasible to be used for optical cross-
correlation. These effects include chromatic dispersion, polarization mode dispersion, polarization
axis cross-coupling and higher-order effects from the erbium-doped fibre amplifier (EDFA). For this
reason, the pulsed optical fibre timing links at FLASH and European XFEL are made from polarization
maintaining (PM) optical fibre and feature a special appendix scheme ensuring that these effects are
mitigated. Preliminary details on the scheme are found in [Heu18] and references therein.

Another critical engineering problemof a LbSync systemwithmany links is the distribution of the optical
light from the laser oscillator to the individual links. Because this section of the system is inherently
unstabilized, environmental disturbances need to be minimized. Indeed, when aiming for femtosecond
precision, an optical path length change of merely a third of a micrometre, a percentile of the width of
an average human hair, foils any hope of success. Assuming an average optical path length from laser to
link BOXC of 3 m, this is a relative change of 10−7. Besides mechanical vibrations and microphonic
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influences, timing drift is also caused by changes in the refractive index of air due to temperature, air
pressure, humidity and CO2 content. Linearizing the modified Edlén or Ciddor equation from [BD94;
Cid96; SJZ00] at 1550 nm, 23 °C, 1 atm, 30 % relative humidity and 450 µmol/mol CO2, one yields
the approximate coefficients 3.06 fs/(mK), −0.88 fs/(mhPa), 0.04 fs/(m%) and −0.5 as/(m µmolmol).
At European XFEL, this problem is addressed by stabilizing the the synchronization laser laboratory
to <0.1 K RMS and <1 % relative humidity RMS. Because air pressure cannot be controlled with
reasonable effort, the optical path lengths from the first beam split to the individual BOXCs should be
kept as close as possible to mitigate non-common-mode drifts. The importance of controlling these
environmental influences however depends strongly on the long-term stability requirements of the
synchronization clients.

5.2.5 Laser-to-RF Re-Synchronization

Besides synchronization of lasers, as mentioned in Section 5.2.1, the LbSync system also provides a
drift-stable optical timing reference to the LINAC RF stations of FLASH and European XFEL. Since the
RF stations cannot directly utilize the optical signal, its phase information needs to be first transferred
back to the microwave domain. Three options are shortly introduced and compared. Direct conversion
by a PFA chain is generally not yet feasible because of the low RF power that can be extracted from the
optical signal, mostly due to conversion efficiencies of the photodiode and excess phase noise added
by high-gain RF amplifiers. In the future, modified uni-traveling-carrier photodiodes (MUTC-PDs)
may offer sufficient conversion efficiencies to make this approach feasible, if the optical signal from the
link has enough optical power and is sufficiently pure. The second approach involves a local VCO that
is phase-locked to the optical reference using any of the optical-microwave phase detection schemes
presented in Section 5.2.3. This however also is generally impractical due to the amount and cost of local
oscillators needed, which would generally not achieve the excellent phase noise characteristics of the
facility MO. The third option involves transmitting the MO signal to the RF station via uncompensated
(i.e. drifting) coaxial cables, detecting the incurred drift via optical-microwave phase detection and
correcting the phase of the RF signal using a voltage-controlled phase-shifter. This solution is currently
implemented at FLASH and European XFELwith the DESY developed optical referencemodule (REFM-
OPT) [Lam17]. One original key motivation for this solution was that the accelerators could still operate
using the drifting RF reference, if the optical reference was interrupted due to system failure. To the
author’s knowledge, this fall-back mode of operation was however never used or needed at European
XFEL for prolonged periods of time.

The REFM-OPT features a dual-output MZM-based phase detection scheme with intrinsic insens-
itivity to amplitude fluctuations on the optical reference. It is engineered to mitigate mechanical
vibrations entering the optical compartment. Even though the phase-shifter also marginally deteri-
orates the phase noise qualities of the RF signal, the excellent high-offset-frequency phase noise of
the MO is mostly maintained. The feedback loop commonly achieves a locking bandwidth of approx-
imately 3 kHz to 5 kHz [Lam+24], which is sufficient to eliminate the majority of the residual phase
error incurred on the coaxial cables. The output power of the REFM-OPT is additionally feedback
stabilized via an amplifier and a voltage controlled attenuator at the RF input. It should be noted
that all RF components are located before the final splitter from which one output is fed to the opto-
electric phase detector. As such, all components are in-loop and their drift is compensated, with the
exception for any differential output drift of the final splitter, which has been thoroughly character-
ized and mitigated by in-rack temperature stabilization. Detailed stability performance metrics are
reported in [Lam+24].
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At European XFEL, seven REFM-OPTs are in use. The devices installed in the L3 section of the
accelerator supply multiple RF stations each and are daisy-chained to save MO outputs and cabling.
This can be afforded because the phase noise requirements in the L3 RF stations are much more relaxed
compared to the stations situated before the bunch compressors.

5.2.6 MicroTCA.4: Digitization and Control Electronics Platform

The DESY LbSync system is to a large extent build on an electronic hardware platform following the
MicroTCA.4 standard [Sch+13]. The various advanced mezzanine cards (AMCs) and Rear Transition
Modules (RTM) cards fulfil various tasks including implementing custom control and signal processing
algorithms via FPGAs, analog down-conversion of RF signals, digitization of analog RF and DC signals,
outputting analog control and biasing voltages, driving of piezo actuators via high-voltage amplifiers,
moving stepper motors, interfacing vendor specific hardware via low-level protocols, and high level
control of the algorithms and hardware platform from a Unix computer system. The latter also enables
integration of the system into the accelerators control system, which in the case of FLASH and European
XFEL is DOOCS [Wil+17]. For more information on the used AMC and RTM cards and their purposes,
we refer the reader to references [Fel+15; Heu18].

The FPGA firmware developed for laser synchronization features multichannel digital IQ demodulation,
two 6th-order single input, single output (SISO) state-space controllers with 24-bit fixed-point arithmetic,
and a DMA area for PCIe data readout of up to 16 channels with buffers fitting 215 samples. In standard
setups with 1.3 GHz master frequency, the ADCs are clocked with 𝑓ADC = 1.3GHz

16 = 81.25MHz and
the signal processing algorithms including the controller run with 𝑓ADC

48 ≈ 1.7MHz update rate. Closed-
loop bandwidths of up to ∼160 kHz are feasible. For data readout, the signals are downsampled so that
the buffers capture approximately onemachine cycle of 100 ms, leading to a rate of 𝑓ADC

48⋅16⋅5 ≈ 338.54 kHz.

The link stabilization firmware supports four links per set of MicroTCA.4 cards and has since [Heu18]
been replaced with a pure VHDL implementation based on the DESY Firmware Framework [But+15]
instead of Rapid-X. The overall functionality of the firmware however was not changed. It now features
differential input stages with IIR filtering and downsampling and 18-bit PI controllers with increased
resolution on the integrator state compared to the previous state-space controller implementation,
resulting in a smaller overall steady-state error due to numerical underflow. For the future, a 3rd-order
high-resolution state-space controller may be implemented to suppress the first resonance of the fibre-
strecher piezo at ∼18 kHz. The ADCs are clocked at 5 MHz, then decimated to 1 MHz which is also
the update rate for the digital controller implementation. This still suffices for closed-loop bandwidths
in the order of 100 kHz. Similar to the laser synchronization firmware, the data is downsampled to
∼326.8 kHz for PCIe readout.

An important aspect of digital control implementations is the digital processing latency, which is usually
the dominant contributor to the overall loop delay. Using the DAC on the PZT4 piezo driver RTM,
the overall processing latency was observed to be jittering in the range 10 µs to 12 µs for a laser-lock
setup clocked at 81.25 MHz and 13 µs to 15 µs for a link-lock setup. The variability is explained by the
random timing of the change in controller output in relation to the SPI DAC communication cycle. The
worst-case latency for the laser-lock setup corresponds to almost 45° phase loss at 10 kHz, significantly
reducing stability margins and limiting the achievable closed-loop bandwidth. Utilizing the front-panel
DAC on the SIS8300-L2 AMC, the latency is reduced to worst-case 2 µs, corresponding to just 7° at
10 kHz. Even though the link stabilization application would also benefit from a reduced loop latency,
e.g. utilizing the AD84 RTM DACs, the gain margin increase would be minimal.
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5.2.7 Modelling of Complex Distributed Systems

In the past, performance improvements in large experimental science facilities such as European XFEL
were primarily achieved on the subsystem level. On a macro scale, coarse performance indices were
defined for each subsystem which would ensure satisfactory overall performance of the machine, how-
ever the technological challenges were limited to individual engineering problems solved by small
teams of experts. As further improvement of the subsystems becomes increasingly challenging as the
performance approaches physical limits of thermal noise, heat dissipation, etc., the joint optimization
of multiple subsystems becomes an increasingly important tool to achieve better machine perform-
ance [Qia22]. This has created a need for suitable models of large complex cyber-physical systems,
which are challenging to create and maintain because they generally are cross-domain, encompass
many model parameters and require a thorough understanding of all involved subsystems. For example,
while a team of experts can fairly easily model and optimize one particle accelerator RF station, a global
model of the European XFEL would have to maintain parameters for 24 active RF stations and also
take into consideration coupled dynamics via the beam consecutively passing through all 784 cavities5.
Depending on the purpose of the model, additional subsystems and coupled dynamics may need to be
taken into consideration, e.g. magnets, lasers, diagnostic devices, geophysics, etc.

One of goal of this work is the creation of a unifying model for the entire European XFEL LbSync
system and its validation using data taken from live system operation. Though ultimately requiring
multiple iterations, the modelling process can be summarized as follows:

1. Literature research. Based on the central references [Heu18; Sch+15; Löh09; Din18] a literature
survey was conducted, collecting references relevant to the synchronization at European XFEL
and FLASH in general or dealing with particular subsystems or components of the LbSync system.

2. Knowledge graph. Based on references discussing the high-level topology of the LbSync system, a
(multi-layer) block diagram of the system was created, the blocks of which contained references
to relevant publications.

3. Abstraction. Across all gathered dynamic subsystem models, we identified common properties
such as structure and quantities of interest, eliminating aspects of the models not relevant to the
timing stability. This for example allows laser-to-RF PLLs to be modelled just like laser-to-laser
or pure RF PLLs, thus reducing overhead.

4. Identification of coupled dynamics. From the abstracted subsystem models, we inferred a joint
model for the quantities of interest relevant for subsystem coupling, i.e. signals passed from one
subsystem to another.

5. Time and frequency domain modelling. Due to the block diagram structure, the model could
directly be replicated in MATLAB Simulink [The24a], yielding a time domain model of the
system. However, for control system design in particular, a frequency domain representation in
terms of transfer functions (or equivalent state-space models) is more useful. This was developed
using MATLAB’s control system and robust control system toolboxes [The24b; The24c] based on
the subsystem’s dynamic equations.

6. Device characterization. The coefficients of the dynamic subsystemmodels needed to be identified
from the actual systems installed at European XFEL. Though some parameters (e.g. amplifier
gains) can be assumed to be virtually identical across all devices from a single production batch

5Including the injector accelerator module and third-harmonic section.
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Figure 5.18: Block diagram of the round-trip experiment at European XFEL. (0) through (4) abbreviate
the MO, MLO, SLO link (TL1), SLO and return link (TL2) subsystems, respectively. The Round-Trip
BOXC is abbreviated by (5).

or model revision, others, like phase noise profiles for laser oscillators, are highly dependent on
environmental conditions and device health, deteriorating with time. Because of this, a stringent
measurement protocol was developed, giving context to each measurement and ensuring that
only measurements from a coherent system state are used to build the overall model.

7. Measurement post-processing. Where possible, necessary post-processing of measurement data
was done using MATLAB scripts, ensuring that the processing is reliable and reproducible. For
control system design, finite-order approximations of certain measurements are needed. Often
these are best fitted by hand, as expert knowledge dictates which features of a measurement are
real or artificial, i.e. need to be incorporated or omitted in the finite-order approximation.

8. Model parameter tree. We organized the properties that were obtained from individual measure-
ments into a parameter tree replicating the topology of the LbSync system. The model coefficients
are then derived from the parameter tree using dedicated model building code. This also allows
merging multiple parameter trees from several measurement campaigns, using only the latest
identified values.

Due to the significant workload attached to the identification of all required system parameters, and
because of restricted access to the facility when in operation, only a subset of the subsystems included
in the LbSync system at European XFEL was identified so far. Most importantly, the current version
of the frequency-domain model covers the MO, MLO, SLO, the MLL oscillator at the soft X-ray port
(SXP) instrument, the interconnecting pulsed optical fibre timing links as well as a return link used
for performance evaluation (cf. Section 5.2.8). This allows to model an entire chain from MO to PPL,
which is the primary concern for experimental scientists at the moment. In a next step, the model
is meant to be augmented with a longitudinal timing stability model of the accelerator to accurately
predict the arrival time jitter at the experiment.



5.2. The DESY Pulsed Laser-Based Synchronization System 125

1 10 100 1k 10k 100k 1M

−50

0

50

100

102

104

106

Fourier frequency 𝑓 (Hz)

Ti
m
in
g
jit
te
r

sp
ec
tr
al
de

ns
ity

𝑆′ 𝜃
(d

Bf
s2 /H

z)

29.84 10.69 2.49 1.25 0.93 0.34
15167 1342 6.98 0.75 (0.59) (1.39)
3700 89.68 5.07 0.95 (0.78) (2.00)
20231 423.7 177.8 13.97 (2.37) (6.53)

In
t.
jit
te
r(
fs

)

(a)TheRFMO ( ),MLO ( ), SLO
( ), and SXP instrument MLL oscil-
lator ( ).

1 10 100 1k 10k 100k 1M
−80

−60

−40

−20

0

0

1

2

3

Fourier frequency 𝑓 (Hz)

Ti
m
in
g
jit
te
r

sp
ec
tr
al
de

ns
ity

𝑆′ 𝜃
(d

Bf
s2 /H

z)

0.42 0.92 0.31 0.38 0.21 (0.17)
0.87 1.10 0.39 1.06 0.56 0.12
0.80 0.89 0.23 0.04 0.09 0.08

In
t.
jit
te
r(
fs

)

(b) The SLO link ( ), round-trip ex-
periment link ( ), and the SXP in-
strument link ( ).

Figure 5.19: Low-order phase and timing noise models for relevant LbSync subsystems at European
XFEL. The shaded lines indicate the absolute noise measurements used for fitting. Coloured numbers
indicate per-decade integrated jitter values. Values in parentheses are limited by the measurement setup.
Integrated jitter computed without spurs.

5.2.8 Model Validation and Round-Trip Performance Evaluation

In order to quantify the synchronization performance and long-term drift stability of the LbSync
system, a dedicated round-trip experiment was set up and evaluated at European XFEL. As depicted
in Figure 5.10, the reference signal supplied by the MLO via a long optical fibre timing link to the
synchronization subdistribution laboratory in the experimental hall, approximately 3.5 km away from
the MO, is returned to the MLO in the main synchronization laboratory via the SLO and another long
timing link. By detecting the timing between the returned signal and the MLO using a BOXC, the
synchronization performance over a total close to 8 km of optical fibre and an intermediate “repeater”
oscillator can be upper bounded6. We will also use this data, along with data collected from the
individual subsystems, to validate the LbSync system model described in Section 5.2.7 and further for
control system design in Section 5.3. The simplified and control systems oriented block diagram of the
experiment is shown in Figure 5.18.

6We claim that this measurement upper bounds the performance, because the experiment design suffers distinctively from
the delay line effect (cf. Section 3.3.1), especially when the MLO’s excellent absolute phase noise at high offset frequencies is
artificially deteriorated by tightly locking it to the MO. For the synchronization chain topology in the accelerator, the delay
line effect is however less dominant.
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MLO SLO SXP MLL

Centre Repetition Rate (MHz) 216.7 216.7 54.17
Repetition Rate Tuning Gain (Hz/V) 9.85 4.95 0.42
Driver Gain (V/V) 25.18 25.18 41.25
Driver Bandwidth (kHz) 150 150 150
Loop Latency (µs) 2 2 9
Proportional Feedback Gain 7.26 ⋅ 10−6 181 ⋅ 10−6 441 ⋅ 10−6

Integral Feedback Gain 23.9 ⋅ 10−3 606 ⋅ 10−3 112 ⋅ 10−3

Table 5.2: Parameters of selected MLL oscillators from the European XFEL LbSync system.

SLO SLO Return SXP

Nominal Optical Round-Trip Time (µs) 37.24 39.20 1.76
Fibre Stretcher Optical Path Delay (fs/V) 36.42 45.58 39.77
Driver Gain (V/V) 83 83 83
Driver Bandwidth (kHz) 1.0 1.0 1.0
Piezo (Anti-)Resonance Frequency (kHz) 18.54 ± 0.24 18.54 ± 0.24 18.54 ± 0.24
Piezo (Anti-)Resonance Damping ∼2 ⋅ 10−3 ∼2 ⋅ 10−3 ∼2 ⋅ 10−3

Loop Latency (µs) 14 14 14
Proportional Feedback Gain 26.4 ⋅ 10−6 40.3 ⋅ 10−6 80.0 ⋅ 10−6

Integral Feedback Gain 2.43 0.18 4.00

Table 5.3: Parameters of selected pulsed optical fibre timing links from the European XFEL LbSync
system.
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The model coefficients are derived from several individually measured system parameters, which are
summarized in Tables 5.2 and 5.3. Measured absolute phase noise power spectral densities are depicted
in Figure 5.19 together with the fitted responses of the low-order colouring filters used later for synthesis.

Remark 5.2. The small feedback gains might be understood as an indication of improper model scaling.
However, this is not the case, as the closed-loop residual errors indeed track in the few or even sub-
femtoseconds. The order of magnitude on the gains hence rather indicates “over-actuation” (in the
sense of magnitude rather than degrees-of-freedom) of the system. However, one also needs to take
into consideration that the digital controller implementation saturates at ±1 and still needs to be able
to catch the PLL during locking and counteract strong disturbance events such as mechanical shocks
without saturating. These effects are not taken into consideration for “nominal steady-state” operation,
for which the phase noise colouring filters are designed. Without having to account for anomaly events
and PLL catching, the piezo driver could be very-well removed from the system.

Sound understanding of the principles and limitations of the employed measurement techniques is
crucial to obtain proper systemmodels. In the following, we summarize key limitations and assumptions
made for post-processing of measurements in order to arrive at the final model and achieve the desired
consistency with the validation data.

1. The absolute phase noise measurements of the laser oscillators at Fourier frequencies beyond a
couple of kHz are dominated by the photodiode used for direct conversion (cf. Section 5.2.3) and
hence extrapolated beyond 10 kHz, from which point on the MLL timing stability is assumed to
be limited by amplified spontaneous emission (ASE) with −20 dB/dec slope [Pas04; KS16].

2. The timing noise of the long pulsed optical fibre timing links at Fourier frequencies beyond
∼1 kHz is dominated by the phase stability of the source MLL via the delay line effect (cf. Sec-
tion 3.3.1) and hence extrapolated as 1/𝑓2.

3. Since the exact optical path lengths of the pulsed optical fibre timing links are unknown, they
were estimated based on available documentation and construction schematics and possibly
fine-tuned by aligning the elimination notches in the error signal spectra.

4. All parameters can only be measured or identified up to some certainty. While certainly useful, a
full characterization of the respective confidence intervals however is beyond the scope of this
work.

We base our validation on the correct prediction of the timing jitter spectral density at the round-trip
cross-correlator. As shown in Figure 5.21, there is good qualitative and quantitative agreement between
model output ( ) and the timing jitter spectral density ( ) measured at the BOXC detecting the
round-trip timing error. Except towards very low Fourier frequencies, the slope virtually matches
exactly, the characteristic elimination ripples due to the delay line effect can be clearly made out in
the measurement and are well aligned to the simulation. Quantitatively, the discrepancy between
simulation and measurement does not exceed a few dB for the most part, which may in part be
attributed to calibration error. This error is linked to the accuracy of the motorized optical delay line
used as absolute timing change reference, which we estimate to be better than ±15 %. The simulation
increasingly underestimates the timing jitter spectral density towards lower Fourier frequencies. Cross-
referencing the results show in Figure 5.21 with the individual subsystem results in Figure 5.20, we
reason that the discrepancy towards very low Fourier frequencies is due to environmental influences
not included in the model, primarily temperature and air pressure fluctuations affecting the out-of-loop
free-space optical distribution in the laser laboratory, as well as possibly electronic drift in the balanced
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(b) SLO link
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(c) SLO

1 10 100 1k 10k 100k 1M
−80

−60

−40

−20

0
0

0.2
0.4
0.6
0.8

Fourier frequency 𝑓 (Hz)

Ti
m
in
g
jit
te
r

sp
ec
tr
al
de

ns
ity

𝑆′ 𝜃
(d

Bf
s2 /H

z)
In
t.
jit
te
r(
fs

)

(d) Return link

Figure 5.20: PSDs of the in-loop residual error signals for the four subsystems comprising the LbSync
round-trip experiment at European XFEL. The contributions from the reference signal ( ), output
noise ( ) and the measurement noise ( ) add up to the total simulated residual error ( ) in
RSS. An in-loop measurement ( ) is used as validation data. The solid lines are computed based on
low-order colouring filters, whereas the shaded / dashed lines indicate the measured noise spectra used
for fitting, transformed by the closed-loop transfer function.
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Figure 5.21: Comparison of the timing jitter spectral density measured with the round-trip experiment
BOXC ( ) and the LbSync system model output ( ). The dominant contributions come from the
MO ( ), the MLO ( ) and the return link ( ). The shaded lines indicate cleaned-up input noise
PSDs, transformed by the closed-loop model transfer function.
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photodetectors. Non-stationary behaviour of the relatively weakly suppressed noise on the return link
( ) can also not be ruled out, because the measurements were conducted successively rather than
simultaneously. AM-PM effects are expected to play a secondary role, due to good balancing of the
BOXCs. Using low-order noise-colouring filters, which later are required for synthesis, rather than
computing the residual round-trip jitter directly from the measured absolute phase noise spectra yields
a virtual identical result, which is also visible from the dashed integrated jitter curve.

Based on the simulation, the MO ( ) is made out as a main contributing factor to the round-trip
timing jitter, adding ∼0.6 fs in-between 1 kHz to 10 kHz. Here, the delay line effect puts significant
demands on the upstream reference with respect to absolute phase noise, if the overall performance is
to be further improved. The second-largest contribution is found in the 10 Hz to 100 Hz range, where
the weakly locked return link ( ) and climate instabilities add up to ∼0.3 fs jitter in RSS. Finally, the
decade 10 kHz to 100 kHz is dominated by the detection noise floor of the SLO BOXC (not plotted),
due to the high SLO PLL bandwidth, and the delay line ripples of the MLO. Despite many visible spurs
in the timing jitter PSD, the integrated jitter curves show that these add no significant RMS timing jitter.
In total, the overall performance of the Bayesian optimization tuned system achieves ∼750 as 10 Hz
to 1 MHz integrated jitter over ∼8 km of signal transport. To the author’s knowledge, no comparable
sub-femtosecond synchronization performance has so far been demonstrated at any other facility in
operation. While the round-trip experiment provides a valuable stand-alone characterization of the
LbSync system, it is not a perfect timing stability indicator for user operation in the facility for two
main reasons. One is the aforementioned delay line effect, which, due to the round-trip configuration,
is much more pronounced in this experiment than in any point-to-point configuration within the
European XFEL. Indeed, the delay line effect scales at most with the relative distance of any two
nodes to their common ancestor in the timing synchronization tree. We say “at most” because an
intermediate oscillator like the SLO causes jitter to be uncorrelated beyond the locking bandwidth,
thus the phase noise just adds up, rather than being amplified. The other reason is that the figure
of merit for the experiments is actually the relative arrival time jitter of the PPL pulse and the FEL
pulse at the interaction point. The former is additionally impaired by the PPL system, including high-
power optical amplifiers, compressors and distribution. Deployment of LAMs (cf. Section 5.2.3) at
multiple experiments is planned for 2025 at both European XFEL and FLASH, allowing for slow drift
compensation. A fast feedback is also conceivable in the future. The FEL pulse jitter is essentially
dependent on the longitudinal stability of the electron bunches in the LINAC, which depends on the
RF feedbacks as well as other longitudinal stability or energy feedbacks in the accelerator. While the
relative arrival time jitter at the interaction point can be measured with dedicated photon arrival time
monitor (PAM) setups, the required devices are still under development [LG17; Czw+21] and parasitic
use during other experiments is still a major challenge. Nevertheless, in 2022, during a dedicated
campaign at European XFEL, PAM data was already used for online black-box optimization of the
LbSync feedback gains [Lüb22].

5.3 Controller Design Study for the LbSync System at European XFEL

Having validated the derived system model for the LbSync system at European XFEL, we now turn to
a full controller design study using the robust distributed controller synthesis methods developed in
Chapter 4, demonstrating their applicability to large-scale systems. Because the SI methods only solve
convex approximations of the original problem and the nonsmooth optimizationmethods provide a local
rather than global certificate of optimality, we require suitable benchmarks to evaluate the performance
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gap of the synthesized suboptimal solutions. These will be introduced in Sections 5.3.1 and 5.3.2.
Obtaining a global certificate of optimality is computationally infeasible for the discussed eight- and
ten-dimensional parameter spaces, which is why we use a reference black-box tuning algorithm based
on Bayesian optimization (BO) as reasonable estimate of the global optimum and a nominal, fully
centralized controller, which admits a convex solution, as lower performance bound.

Two study cases are considered. The first is identical to the round-trip experiment discussed in Sec-
tion 5.2.8, allowing for real-world black-box tuning and validation of the synthesized controllers (at
least in a nominal setting). The second study case considers the configuration primarily relevant for
facility operation, namely the optimal synchronization of the PPL laser to the MO and by extension,
the FEL pulses at the experiment. The topology is similar to the round-trip experiment shown in
Figure 5.18, but has another MLL PLL after the second link and the performance variable 𝑧 is computed
as the difference of the output phase of that PPL oscillator to the MO. Here, no real-world validation
data is available, as the required PAM experiment is only available during dedicated facility studies.
Comparison to PAM data is planned in the near future. For reasons that will become clear in the
subsequent exposition, the primary figure of merit, besides any (robust) upper performance bounds
derived directly or indirectly from the optimization variables of the respective synthesis problems, will
be the nominal timing jitter between the MO and the respective endpoint integrated in the range 1 Hz
to 1 MHz, closely approximating the closed-loop 𝐇2-norm of the system.

5.3.1 Benchmark: Black-Box Tuning via Safe Bayesian Optimization

In recent years, BO has emerged as one of the most prominent and promising black-block tuning
algorithms for computationally expensive optimization problems [Wan+23], especially in accelerator
physics [Rou+24]. BO revolves around the minimization of an unknown cost function 𝑓 ∶ 𝐗 → 𝐑
on a (generally compact) 𝑑-dimensional set of inputs 𝐗 ⊂ 𝐑𝑑, called tuning parameters. A Gaussian
process model is employed to model the knowledge and uncertainty about the cost function based on
experimental evaluations of the cost function at discrete points, a preliminary mean function and a
covariance function (or kernel function). With each new iteration, a new sample of the cost function
is obtained and posterior distributions for yet uncertain cost function points can be calculated. Any
hyperparameters for the mean and kernel function can also be updated based on maximum likelihood
or maximum a-posteriori methods. The algorithm then proceeds in an exploration and exploitation
fashion, iteratively updating the Gaussian process model and evaluating the so-called acquisition
function given the latest estimate of the cost function in order to determine the next point to be
experimentally evaluated. Noise in the experimental observations is accounted for by assuming additive
white Gaussian noise (AWGN) with suitable variance. Typical termination conditions are either the
maximum number of iterations or a convergence threshold in the exploitation phase.

For safety critical applications, which we broadly define as tuning problems where certain subsets
of the tuning parameter space cause undesirable or “catastrophic” events such as damage to system
components due to oscillatory or unstable loop dynamics, special variations of the BO algorithm were
proposed in order to satisfy additional constraints which are to be satisfied with certain confidence or
based on assumptions regarding the underlying cost function, during the tuning procedure [Lüb+23].
In the case of the LbSync system, this corresponds to a maximum in-loop RMS error signal observed at
any subsystem, which is considered to be a precursor to loosing phase-lock and potentially damaging the
piezo actuators in the laser cavities. As oscillatory behaviour at any subsystem is also visible downstream,
it is generally sufficient to enforce a safety threshold on the RMS round-trip measurement.
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Figure 5.22: Tuning progress of the LbSync round-trip experiment optimization using single-task
(Section ) and multi-task ( ) BO. The RMS timing jitter is computed over a 100 ms window.

The results presented next were kindly provided by Jannis Lübsen, who developed and implemented
the MoSaOpt and SaMSBO tuning algorithms [Lüb+23; LHE24] and performed the tuning on the
LbSync round-trip experiment at European XFEL. The support model used for the SaMSBO algorithm
was provided by the author and is a preliminary version of the model validated in Section 5.2.8 and
used for synthesis in the subsequent sections. As shown in Figure 5.22, the multi-task algorithm
successfully exploited the support model to achieve faster convergence and achieved overall slightly
better performance compared to a single-task algorithm (UCB−GP [Sri+12]). The final jitter value of
0.69 fs does not contradict the result from Section 5.2.8, as the RMS jitter value used for BO tuning is
calculated over data obtained from the MicroTCA digitization system, operating at a smaller sampling
rate and analog bandwidth compared to the baseband analyser that measured the trace in Figure 5.21.
We note that one of the single-task optimization runs violated the safety-threshold, which indicates
that the algorithm’s hyperparameters were not suitably matched to the given unknown cost function,
a limitation that multi-task BO (SaMSBO) generally is less sensitive to. In order to see whether the
obtained feedback gains could potentially be further improved, we used them to hot-start the systune
nonsmooth optimization algorithm operating on a 1st-order Padé approximation of the system model.
The result coupled the MLO even more loosely to the MO and showed higher feedback gains for
virtually all other subsystems. In simulation, the closed-loop round-trip integrated timing jitter over
1 Hz to 1 MHz could thus be reduced from 750 as to 490 as, an improvement of ∼35 %. Regrettably,
the result could not be verified on the actual system, as the round-trip experiment had meanwhile been
decommissioned. The additional performance improvement was primarily achieved by relaxing the
MLO lock even more than was permitted by the hyperparameters of the safe BO algorithm, and given
the good agreement of measurement and simulation for the BO tuned system, we are confident that the
490 as seen in simulation are realistically achievable.

5.3.2 Benchmark: Fully Connected Controller Architecture

In contrast to the previous section, the benchmarks presented next are based on a fully connected
controller architecture, intended to provide a frame of reference for the performance penalty due to
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Model Synthesis / Tuning
method

Additional
Constraints

Guaranteed
Performance (fs)

Simulated
Performance (fs)

Ro
un

d-
Tr

ip
Jit

te
r (Multi-task) safe BO Decentralized

PI feedback - 0.75

𝜀-pert. + ARE - - 0.25
(0.29)

LMI Damping >0.1
Decay >0.1 46.9 1.74

(1.75)

NS 16th-order
controller - 0.27

(0.31)

PP
L

ch
ai
n 𝜀-pert. + ARE - - 1.55

(1.57)

LMI Damping >0.1
Decay >0.1 43 3.02

(3.03)

NS 16th-order
controller - 1.63

(1.65)

Table 5.4: Benchmark performance results for the LbSync system at European XFEL. Results based on
the Padé-approximated plant are given in parentheses.

distributed and partially connected controller architectures. Not imposing any fixed-order constraint
on the controller, the synthesis problem is convex but still singular due to a missing penalty on the
controller effort and invariant zeros on the imaginary axis in the channel 𝑤 → 𝑒, cf. Section 3.2.2
and Definition 3.6. We thus compare solutions based on an 𝜀-perturbed model and the corresponding
ARE solution (cf. Section 3.2.2 and Theorem 3.8) as well as suboptimal controllers obtained by LMI
methods (cf. Section 3.2.2 and Theorem 3.10). To ensure finite closed-loop 𝐇2-norm, we impose a
first-order bandlimit at 1 MHz on any applicable feedthroughs (primarily the MO phase noise colouring
filter) and roll-off any uncontrollable modes in the colouring filters at 1 Hz, so that the 𝐇2-norm closely
approximates the integrated jitter over 1 Hz to 1 MHz (cf. Section 3.1.2). To ensure well-posedness of
the LMI problem, we explored several pole-region constraints as well as weighting the solution size
against the achieved performance bound. Lacking an informed and numerically sensible choice for each
involved constraint, we chose not to enforce strictness of the LMIs by means of a definitness tolerance.
Rather we ensured feasibility of the solution by sanity checking the closed-loop pole locations.

The full-order synthesis methods produce controllers with possibly many more states than are necessary
to attain (close to) optimal performance. Having eight and nine internal delays respectively, the round-
trip experiment model and the PPL chain model additionally grow quickly in size with increasing
order of the chosen Padé-approximation, as do the synthesized controllers. An insufficient Padé-order
poses the risk of an unstable closed-loop, due to insufficient stability margins. On the other hand,
a too large model is sensitive to numerical instabilities that can also lead to unstable closed-loop
dynamics. Additionally, we have observed that with controllers synthesized even from low-order Padé-
approximations, the closed-loop frequency response becomes numerically ill-conditioned, making
the numerical evaluation of the closed-loop 𝐇2-performance unreliable. Therefore, we also take into
consideration fixed-order solutions obtained from nonsmooth optimization, as a numerically more
well-behaved alternative. The results are summarized in Table 5.4. While achieving stability for the given
Padé-approximated model, no synthesized full-order controller achieved stability with the time-delay



134 Chapter 5. Optical Timing Synchronization at European XFEL and FLASH

Model Synthesis / Tuning
method

Additional
Constraints

Guaranteed
Performance (fs)

Simulated
Performance (fs)

Optimality
Gap (dB)

Ro
un

d-
Tr

ip
Jit

te
r

LMI + SI Static
output feedback 160 2.4 19.65

LMI + SI 1st-order dynamic
output feedback 177 2.4 19.65

NS Static
output feedback - 0.57 7.16

NS PI feedback - 0.49 5.85

NS 2nd-order dynamic
output feedback - 0.47 5.48

PP
L

ch
ai
n

LMI + SI Static
output feedback 246 10.3 16.45

LMI + SI 1st-order dynamic
output feedback 246 10.3 16.45

NS Static
output feedback - 4.5 9.26

NS PI feedback - 2.4 3.80

NS 2nd-order dynamic
output feedback - 2.1 2.64

Table 5.5: Decentralized controller synthesis performance results for the LbSync system at European
XFEL. Optimality gap w.r.t. best benchmark result.

model when evaluated via time-domain simulation. This is perhaps not surprising, given the lack
of guaranteed stability margins from these synthesis methods [Doy78]. Nevertheless, we argue that
the benchmarks are still valid, because, by perturbation theory, there exists a “close” controller that
achieves stability and virtually the same level of performance for the real system by marginally shifting
the closed-loop poles to the stability region, even if we cannot easily compute it. We also note that the
benchmarks are solely meant as lower-bounds and that the computed solutions are not fit for real-world
implementation, due to very fast dynamics and large high-frequency gain in the controller responses.
Attempts to eliminate such fast dynamics by appropriate pole-region constraints in the synthesis LMIs
produced overly conservative results, likely due to the large dynamic range of the model coefficients
needed to cover six decades in the frequency domain posing a challenge for SDP solvers with finite
numerical precision.

5.3.3 Nominal Decentralized Controller Synthesis

We now evaluate the SI structured output feedback synthesis method from Section 4.3 and corres-
ponding solutions from the nonsmooth optimization-based synthesis framework using the previously
benchmarked case studies given by the round-trip experiment and PPL synchronizationmodel. For now,
we continue to assume that all system parameters are certain and employ finite-order approximations
for all time delays. Recall that the latter simplification is required for the SI method to be utilizable. A
first-order Padé approximation was used throughout.
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Table 5.5 summarizes the synthesis results. While no hard robust stability certificate could be obtained
from IQC analysis with dynamicmultipliers for constant & bounded time-delays, based on time-domain
simulations, all associated closed-loop TDSs were deemed stable for the nominal delay value. Failure to
certify stability by multiplier theory does not invalidate this assessment, because the robust stability test
is conservative due to finite-order approximations for the dynamic multipliers, the chosen dynamic
basis and the fact that the test has to simultaneously be satisfied for all internal delays. Additionally,
the test implicitly asserts stability not only for the nominal delay, but all delay values below the given
upper bound, which was set to the nominal delay value. Since the closed-loop systems all show severely
underdamped modes from the piezo resonances of the optical fibre stretcher, it seems likely that the
solution space of this conservative stability test vanishes.

An immediate observation from Table 5.5 is the poor performance achieved by controllers synthesized
using the SI framework. Enforcing the high degree of separability on the Lyapunov matrix needed
for decentralized control clearly introduces impractical levels of conservatism, even for the static
output feedback scenario. Additionally, the state-space realization obtained from the state-output
transformation given in Lemma 4.31 is not numerically stable. Indeed, truncating very small coefficients
from the transformed system matrices already leads to order-of-magnitude changes in the reported
performance bound. We reason that the impact of these numerical properties is made even more
severe by the singular problem setting, which by itself is enough to render the controller recovery
numerically unstable (due to unboundedness of the central solution, cf. Section 3.2.2), if not constrained
to (marginally) suboptimal solutions by means of LMI regions. The additional LMI constraints however
increase the conservatism even more, and we have found that, even with relaxed pole-region constraints,
the solver often was unable to find feasible solutions at all. We also observed that the SI framework with
dynamic output feedback was unable to exploit the additional freedom for the controller to reduce the
guaranteed bound. In fact, the controllers input and output matrices evaluate to virtually zero, resulting
again in static output feedback. It is not clear whether this is perhaps a direct consequence of the
structural constraints on the optimization variables. A direct comparison between 0th-order feedback
and 1st-order feedback is not worthwhile because of the numerical sensitivity of the optimization
problems. It hence cannot be said which setting will potentially perform better.

In contrast, the nonsmooth optimization based synthesis is highly stable. Virtually all random initial
conditions converged to the same respective solutions, hinting that they are indeed globally optimal.
The optimization time per iteration was in the order of seconds and thus negligible. Considering the
PPL synchronization case study, while switching from static output feedback to PI feedback improved
the achieved performance by 46 %, 2nd-order dynamic output feedback only yielded another 14 %
improvement w.r.t. PI feedback. Taking the achieved performance of 2.1 fs as an approximate value for
the lower bound that is asymptotically approached with increasing controller order, and comparing to
the benchmark results from Table 5.4, we estimate the performance gap due to decentralized feedback
to be approximately 0.55 fs (35.5 %). A higher degree of controller interconnection and the extension
from PI to PID feedback are therefore considered worthwhile changes for implementation.

5.3.4 Robust Decentralized Controller Synthesis

The decentralized controllers synthesized above for the nominal plant were heuristically checked
for closed-loop stability given the nominal time delay values. For applications such as the LbSync
system, which are sensitive to closed-loop instability both due to component and operational downtime
costs, hard stability guarantees are welcome, if not required. We therefore synthesize and evaluate
robust controllers using the IQC framework and nonsmooth optimization in the frequency domain,
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Model Controller Delay
grouping

Diag. perf.
multiplier

# Decision
variables

Success
rate

Ro
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d-
Tr

ip
Jit

te
r

PI

- - 274 43 %
x - 294 39 %
- x 58 58 %
x x 78 50 %

2nd-order

- - 309 40 %
x - 329 35 %
- x 93 43 %
x x 113 40 %

PP
L

ch
ai
n PI

- - 394 32 %
x - 414 8 %
- x 64 46 %
x x 84 23 %

2nd-order

- - 429 28 %
x - 449 14 %
- x 99 32 %
x x 119 30 %

Table 5.6: Robust decentralized controller synthesis performance results for the LbSync system at
European XFEL.

cf. Section 4.5. The loop delays from the digital feedback control implementation were identified as
the biggest opponent to closed-loop stability, and the propagation delay on the optical fibre links as
significant impact factor for overall performance due to the delay line effect (cf. Section 3.3.1). We thus
constructed suitable, loop-shifted LFT forms for both the round-trip experiment model and the PPL
chain model where the delays are represented by 𝒮𝜏 (cf. Section 2.3.4). We then solved the decentralized
controller synthesis problem using the 𝐇2-performance multiplier from Corollary 4.51 and conic
combinations of time-delay multipliers (2.41) and (2.43) with static scalings as in Lemma 2.29 for 𝜈 = 0.
Dynamic scalings are difficult to implement based on MATLAB’s systune because of the inability to
conjugate transpose tunable system objects in the Control System Toolbox.

The synthesis results are summarized in Table 5.6 and Figure 5.23. In contrast to the nominal synthesis,
virtually each of the 250 randomly initialized iterations for each configuration resulted in a different
local minimum, with a large percentage not converging to a feasible solution at all. The complexity
of the optimization problem is dominated by the size of the performance multiplier, which scales
quadratically with the number of exogenous system inputs and linearly with the multiplier order, i.e., for
the PPL chain system, the performance multiplier as in (4.92) alone consists of 732 decision variables.
To reduce the optimization times to reasonable values, we considered the slightly less general set of
multipliers obtained by setting 𝑍𝑖 = 𝑏𝑖 = 0 ∀ 𝑖 in (4.93), halving the performance multiplier’s number
of decision variables. We also considered the case where additionally 𝑋𝑖𝑗 = 0 ∀ 𝑖 ≠ 𝑗, reducing the
number further to 36. While the achieved nominal performance values are comparable to the nominal
synthesis, the robust performance bounds are two orders of magnitude larger. When performing LMI
based robust 𝐇2-performance analysis as in [VSK16; Vee+21], similar robust performance bounds
are reported, despite using delay multipliers with dynamic scalings. As shown in Figure 5.23, there
is no significant correlation between the robust performance bound and the nominal performance.
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(a) Round-Trip experiment, decentralized PI
feedback.

100 1,000
0.5

1

2

3

5
7

10

Robust performance bound (fs)

N
om

in
al

𝐇
2-
pe

rf
or
m
an

ce
(f
s)

(b) Round-Trip experiment, decentralized 2nd-
order feedback.
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(c) PPL chain, decentralized PI feedback.
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(d) PPL chain, decentralized 2nd-order feed-
back.

Figure 5.23: Distribution of nonsmooth robust synthesis results. no additional constraints, grouped
delay multipliers, block diagonal performance multiplier, grouped delay multipliers and block
diagonal performancemultiplier. Mark size inversely proportional tomaximum singular value objective.
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Figure 5.24: Comparison of the best nominal decentralized PI controller ( ), the robust controller
guaranteeing the best robust performance bound ( ) and the robust controller providing the best
nominal performance ( ) for the PPL jitter in the LbSync system at European XFEL. Shown left to
right are the local feedback controllers for the MLO, the SLO link, the SLO, the PPL link, and the SXP
PPL oscillator.

To assess if the robust bound is excessively conservative due to individually bounding each delay by
an independent multiplier, we considered another synthesis scenario in which the delays are grouped
by size and covered by a common multiplier for repeated uncertainties, see [VSK16]. Instead of nine
delay multipliers with two decision variables each, we then have three multipliers with a total of 38
decision variables. Figure 5.23 shows that, statistically, this additional freedom cannot be exploited
by the optimizer in terms of guaranteed performance, rather the probability of converging to feasible
solution decreased because of the additional multiplier variables. Comparing the results fromHermitian
( ) and real diagonal ( ) performance multipliers, fewer decision variables benefit the consistency of the
achieved results, as shown by the increased clustering in the lower left corner.

It’s further worthwhile discussing the visible outliers with robust guaranteed performance of less than
∼200 fs. The perhaps most straightforward explanation is “luck”, in that only a small subset in the
sampling space for the initial random multiplier parameterizations leads to a region of better local
minima. Investigating the pole locations 𝑎1, 𝑎2, 𝑎3 of the optimized performance multiplier for the two
outliers in Figure 5.23c and the next best results in terms of guaranteed robust performance, we did
indeed find that the combination of pole locations were somewhat isolated for the outliers compared to
the rest, but not clearly enough in any one direction to allow for a decisive conclusion on how these
parameters ought to be initialized.

Figure 5.24 shows the best nominal decentralized PI feedback controller and the robust decentralized PI
feedback controllers achieving the best robust performance guarantee and best nominal performance
in comparison for the PPL chain case study. As one expects, the robust controllers have overall lower
feedback gain, although not persistently across all frequencies. Together with the discussion on outliers
above, this raises the question on how to determine a suitable set of initial multiplier parameter values
to sample from, and whether warm-starting from the best nominal controller satisfying the desired
controller structure can significantly improve the quality and reliable computation of the robust synthesis
results. An in-depth answer to the question is beyond the scope of this controller design study and left
as future work.
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5.3.5 Comparison of Synthesis Methods

Concluding this controller design study, we found that, among the nominal and robust structured
controller synthesis procedures presented and developed in this work, the fundamental differences of
the methods played out to different advantages and disadvantages depending on the properties of the
synthesis problem in terms of system order, input-output dimensionality, multiplier size, number and
size of (internal) delays, structural constraints, and problem regularity. A qualitative summary is given
in Table 5.7. It should be noted that, bar a few inherent numerical challenges due to e.g. the state-output
form and the transformation needed to obtain it, the perceived insufficiencies of the obtained synthesis
result, such as marginal stability or overly conservative performance guarantees, are a consequence
of the difficulty of the synthesis problem rather than issues with the synthesis methods themselves.
Compared to other controller synthesis or tuning techniques, such as (safe) BO or other methods from
the realm of machine learning, the methods discussed in this work aim to provide hard mathematical
stability and performance guarantees whereas many other approaches only provide probabilistic or
heuristic margins. The challenge thus is in designing synthesis techniques that find suboptimal solutions
to the (in the case of structured control NP-hard) optimization problem that are tractable, sacrifice as
little performance as possible and are certifiably robust. To this end, we feel that for highly structured
control problems, nonsmooth methods operating in the frequency domain are superior to time-domain
LMI methods because of the high conservatism incurred by convexification of the synthesis problem
for models of the size of the LbSync system, and because of their ability to take into account dynamic
multipliers. Nevertheless, because fully randomized parameter initializations do not scale indefinitely,
large nonsmooth optimization problems need to be suitably initialized, a task that approximate solutions
obtained via LMIs and evolutionary searches could help with [WF05; FW06].

5.3.6 Performance Headroom and Limiting Factors

This section discusses the insight gained from the previous controller design study into the current
performance headroom for the LbSync system at European XFEL, bottlenecks and recommended
changes to the system to be implemented. Figure 5.25a shows the simulated jitter between the PPL
oscillator and the MO, similar to Figure 5.21 for the round-trip experiment. In stark contrast however,
this configuration does not benefit from decoupling the MLO from the MO, thus increasing the
contribution of the MZM based opto-electric PLL to the total RMS timing jitter. Compared to BOXC-
based detection, the lower SNR of the MZM detection limits the loop gain and thus the achievable total
jitter. The higher absolute phase noise of the MO at Fourier frequencies beyond 1 kHz is also transferred
to the MO, which is necessary to minimize the relative phase error between PPL oscillator and MO,
but also limits the performance of the optical fibre timing links, as the delay line effect converts this
absolute phase noise to relative phase noise as observed in the time-of-flight detector. The higher the
closed-loop bandwidth of the stabilized timing links, the more artificial jitter is added to the output,
even though the in-loop RMS error is reduced. This emphasizes the need for a global perspective on
the LbSync system and joint optimization of the subsystems. It is expected that jointly considering the
LbSync system and the longitudinal dynamics of the electrons in the accelerator itself will bring further
coupling effects to light.

Recently, the loop delay of the MicroTCA.4 laser PLL setup was investigated, shown to be a limiting
factor and reduced by a factor of 6, yielding additional gain margin and allowing for tighter reference
locking, yielding up to 50 % in-loop performance, cf. Section 5.2.6. Additional reduction of the loop
latency will show diminishing returns, as the waterbed effect will be increasingly dominant. Therefore,
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Technique / Synthesis Method Advantages Disadvantages

Finite-order approximations
• Straightforward in prac-

tice
• Increases system size
• Approximation / no hard

guarantees
𝜖-Perturbation

• Arbitrarily close gap to in-
fimal performance

• Straightforward in prac-
tice

• No stability margins (crit-
ical for approximated sys-
tems)

• Numerically ill-behaved
for small 𝜀 (proper scal-
ing required)

Algebraic Riccati equations
• Efficiently solved • Full-order controllers

• Only for regular(ized)
problems

Linear matrix inequalities
• Efficient solvers available
• Control over solutions by

Lyapunov-shaping

• Conservative
• Problem scales quadratic-

ally with system order
• Structure constraints dif-

ficult to incorporate
Nonsmooth optimization

• Local certificate of optim-
ality

• Trivial inclusion of struc-
ture constraints

• Intractable for mod-
erately many decision
variables (multipliers)

Sparsity invariance
• Closest convex restriction

for structure constraints
• Conservative

State-output transformation
• Fixed-order output feed-

back
• Compatibility with static

multipliers

• Numerically ill-behaved
• No support for dynamic

multipliers

Integral quadratic constraints
• Supports many classes of

uncertainties
• In some cases conservat-

ive

Table 5.7: Qualitative comparison of different techniques and methods for handling of time-delay
systems, singular problems, structured and robust control synthesis based on the presented LbSync
controller design study.
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Figure 5.25: Timing jitter of the PPL oscillator at the SXP experiment w.r.t. the MO at European XFEL
( ). The three most significant contributions come from the MO ( ), the MLO ( ) and the PPL
( ).
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the SNR of the MZM and BOXC phase detectors should be increased first. This is a non-trivial task, as
the MZM optical-to-RF phase detector used for the MLO at European XFEL is already supplied with
excess of 30 dBm RF power. The BOXC SNR is limited by the optical power at the end of a long timing
link, which in turn is controlled by the maximum gain of the EDFA amplifiers and needs to be traded-off
against optical deterioration of the pulse train. Some minor improvements may be achieved here by
operating the EDFA pump diodes in feedback, stabilizing the overall relative intensity noise (RIN)
of the optical pulse train, reducing AM-PM noise in imperfectly balanced BOXCs. Another option
worth investigating would be higher SHG and SFG conversion efficiencies, which could be obtained
with in-fibre implementations [Chr+23]. For the optical fibre timing links, a reduced loop latency is
secondary, as the closed-loop bandwidth is limited on long links by the delay line effect and on all links
by the piezo fibre stretcher’s resonance around 18 kHz. Assuming the delay line effect was mitigated by
a more phase pure MO reference and the piezo fibre stretcher reengineered, or its resonance cancelled
by a higher-order feedback controller, the expected impact on the total jitter would still be marginal,
because of the low noise affecting the link at frequencies beyond the current locking bandwidth.

Lastly, we discuss the need for and effect of higher order feedback controllers and a more highly
interconnected information structure. As simulations in Section 3.2.3 have shown, the discussed
PLLs benefit from a lead-compensator like boost at higher frequencies. Higher-orders provide little
benefits except for plants affected by highly structured disturbances. Notching of piezo or cavity
resonances is generally not necessary with modern, well-engineered MLLs. As already discussed,
the optical fibre timing links might eventually benefit from notching the limiting 18 kHz resonance,
but mechanical engineering solutions to this problem also appear not yet exhausted. With respect
to controller interconnection, clear benefits of additional interconnections have been demonstrated.
For implementation, the question remains how latency on the FPGA interconnections will deteriorate
this benefit, especially for connections of MicroTCA.4 crates located at opposite ends of the facility.
However, just considering interconnections of feedback systems located in the same lab, a significant
performance improvement can be observed.

In the following list, we summarize recommended changes to the LbSync system and expected cumu-
lative performance improvements for the synchronization of the PPL oscillator, ordered by how quickly
those changes could be implemented in the real system. The impact of each measure should not be
viewed in isolation, as for example higher-order controllers can only unfold their full potential, if the
closed-loop bandwidth is not bottlenecked by insufficient phase or gain margin.

1. The currently used PI feedback controllers should be augmented with a lead compensator. In
order to be implementable with the current hardware, the pole should be not faster than 100 kHz.
This reduces the total integrated timing jitter by 12.4 % from 2.42 fs to 2.12 fs.

2. At present, the PPL PLL has not yet received the upgrade reducing the loop latency from 12 µs to
2 µs. If this was implemented, and the bandwidth of the piezo driver, which is currently artificially
limited to 10 kHz, increased to 100 kHz, the jitter could be lowered another 7.1 % to 1.97 fs.

3. After the 2025 / 2026 shutdown, the next generation of the DESY MO is expected to deliver abso-
lute phase noise performance close to what is hypothesized in Figure 5.11. With this important
upgrade, the jitter is lowered a significant 48.7 % to 1.01 fs, close to attosecond performance.

4. Assuming the MZM laser-to-RF phase detection could be improved to lower the noise floor from
currently −51.3 dBfs/

√
Hz to −60 dBfs/

√
Hz, another 8.2 % could be scraped of the timing jitter,

lowering it to 0.93 fs.
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5. Next we consider the removal of the 18 kHz piezo resonance in the piezo fibre stretchers by
efficient notching or mechanical redesign. At the same time, the bandwidth of the piezo driver
can be then opened up to ∼100 kHz. This has very little benefit for the overall timing jitter, the
simulation shows a reduction of merely 1.4 % to 0.93 fs.

6. Finally, we propose additional controller interconnection. Interconnection of each MLL PLL
controller with the controller of the subsequent optical fibre timing link showed vanishing
performance gain in simulation. On the other hand, interconnecting all the MLL PLL controllers
with suitable interconnection delays gains yet another 34.8 %, achieving a final relative PPL jitter
of 600 as. Compared to the original value of 2.42 fs, this accumulates to a total reduction of
75.4 %.

As shown in Figure 5.25b, the relative timing jitter of the PPL oscillator is again (or still) dominated by
the already improved MO, followed by the PPL oscillator. As a next step, an RF reference derived from
a photonic source should be considered, cf. Section 5.2.2, which could lower the absolute phase noise
of the master reference in the critical region of 400 Hz to 400 kHz to levels close to −60 dBfs/

√
Hz.

Achieving sub 100 as jitter will however require improvements also on the other subsystems and pose a
significant challenge for the next decade.





Chapter 6

Summary, Conclusion and Outlook

6.1 Summary and Conclusion

The analysis, design and implementation of large-scale synchronization systems is highly multidiscip-
linary. They combine aspects of time and frequency metrology, control theory, electrical engineering
and RF technology, signal and probability theory and, in the case of extremely precise laser-based
implementations, aspects of optics and photonics. On top, depending on the application, additional
domain knowledge, for example from the field of particle accelerator physics and technology, is required.
In this thesis, theoretical considerations were decoupled as much as possible from the implementation
details, despite providing a hopefully well-rounded introduction to the practical realm of RF systems,
optical timing metrology and FEL facilities as one possible application.

In the preliminaries, foundations for the mathematical abstraction of the optimal design challenge
were laid out in the form of essentials from functional analysis and LTI system theory. Accounting
for the stochastic nature of the timing disturbances any synchronization system seeks to eliminate,
a primer on signal and probability theory was provided, with a specific discussion on the stochastic
properties of phase instabilities as found in all oscillators, regardless of their technology. Furthermore,
foreseeing the importance of time delays in large-scale synchronization networks, and the challenge
to account for their infinite-order dynamics, we introduced the IQC framework for robust stability
and performance analysis, allowing to eliminate the explicit occurrence of the problematic time-delay
terms in the system model. Facilitating the control theoretic analysis, two elementary feedback loops
were identified and modelled, the PLL and the auto-correlation timing link, with which any distributed
synchronization system can be adequately described from an informational point of view. Additionally,
the notion of optimality was formalized in the form of the infinite-horizon integral square error (ISE)
and the disturbance rejection problem, phrased in terms of the 𝐇2 closed-loop system norm.

Both optimal design problems were identified as singular, due to a physically motivated lack of control
action cost, causing the optimal feedback law to be unbounded. Additionally, for PLLs based on VCOs
with integral-type dynamics, the resulting invariant zeros cause the optimal controller to produce
instable closed-loop pole-zero cancellations on the imaginary axis. As such, controlled suboptimal
solutions were discussed as the only way to obtain implementable feedback solutions. Here, the
advantages of LMI synthesis methods have been demonstrated, offering higher control over the solution
when compared to standard ARE methods applied to regularized approximations of the singular
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problem. Nevertheless, because of colouring filters modelling the noise acting on the system, both
methods produce high-order controllers, whereas it was shown that low-order controllers obtained by
e.g. nonsmooth optimization perform virtually equally well in terms of the closed-loop 𝐇2-norm and
are additionally easily constrained so that they are implementable. In the case of the auto-correlation
timing link, time delays cause additional complication of the formalism. Here, classic finite-order
approximations were compared to hard guarantees obtained using the IQC framework. Again, the close
to ill-posed SDP associated with the analysis and synthesis LMIs for the singular problems posed a
challenge for numerical solvers – either the solution was virtually unbounded, or additional constraints
to enforce boundedness incurred excessive conservatism in the solution to the point of infeasibility.
However, with careful numerical conditioning of the model and constraints, implementable results
were obtained that outperform previous heuristic tunings.

Novel results for the efficient synthesis of robust (sub)optimal controllers with structural constraints
were provided (Chapter 4), accounting for the distributed nature of any large-scale synchronization
system. The need for a joint consideration of all involved local feedback loops was demonstrated by
means of a simple example. A suitable modelling framework was developed for the tree-like structure
of synchronization networks, and the ISE notion generalized to weighted paths to arbitrarily many
synchronization clients. The non-convexity of the structured control problem was handled two-fold.
First, with the SI framework, the broadest class of convex restrictions (i.e. those convex approximations
providing solutions that are guaranteed feasible for the original problem), has been characterized and
subsequently extended to dynamic fixed-order output feedback by exploiting an explicit state-space
representation. In practice, this state-output form however is frequently numerically ill-behaved, both
in terms of computation and in numerical sensitivity of the solutions obtained from it, increasing the
requirements on numerical conditioning of the generalized plant model. By dualization, the method
was further shown to be compatible with the full-block S-procedure, allowing for robust synthesis under
structural LTV uncertainty. Importantly, it was shown that the additional incorporation of multipliers
incurs no additional conservatism as the uncertainty approaches zero. Lacking support for the dynamic
multipliers needed to effectively bound (uncertain) time delays, an alternative approach operating in
the frequency domain was developed. Here, based on recent literature results, the central FDI condition
of the IQC framework was translated into a maximum singular value condition that (despite being
nonsmooth) can be optimized directly in the frequency domain using subgradient bundle methods.
This allows the richly studied IQC framework to be applied efficiently to structured control problems,
without need for convexification, as long as the multiplier admits a weakly restrictive structure. Instead,
local certificates of optimality are constructed. For this method, a suitable multiplier formulating a 𝐇2-
performance bound was developed, along with an efficient implementation for the industry standard
MATLAB systune function, based on an analytic solution to the frequency domain integral over said
multiplier. A challenge for this method remains the number of optimization variables, especially when
dynamic multipliers are involved, leading to many local minima. Exploring the landscape of the cost
function thus requires possibly many randomly initialized optimization runs. Numerical examples are
provided for each of the novel methods.

The theory developed in this work was subsequently transferred to practical application (Chapter 5).
After providing fundamentals on state-of-the-art FELs and relevant aspects of longitudinal stability mo-
tivating the need for a (sub)femtosecond precision synchronization system extending several kilometres,
the fundamental principles of optical synchronization and latest developments on the DESY LbSync
system at European XFEL and FLASH were presented, yielding the parameters for a large subsystem
of the network, validated by in-facility measurements. A short comparison to black-box optimization
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methods in the form of Bayesian optimization was drawn. In a subsequent detailed controller design
study, we compared nominal and robust structured output feedback controllers synthesized with the
newly developed methods to a series of benchmark results providing lower bounds on the achievable
performance. Based on the experience gained from this simulation study, qualitative advantages and
disadvantages of the different methods have been summarized. Quantitatively, due to the intractability
of gridding such high-dimensional search spaces, the overall conservatism of the obtained solutions
cannot be accurately assessed. While large gaps between the guaranteed robust performance and the
achieved nominal performance were observed, this may either be attributed to conservatism of the
employed methods and reduced-order multipliers, or an unknown worst-case realization of the internal
time delays. From the point of view of the LbSync system application, the delay line effect and the
absolute stability of the master timing reference were identified as pressing bottlenecks for system
performance, but also the addition of lead compensator structures to the local controllers showed
significant headroom for improvement. Simulations further showed that increasing the controller
interconnectivity has significant potential for further improvement of residual synchronization jitter.
In conclusion, this in-depth controller design study for the LbSync system, for the first time taking
into account the coupled dynamics of PLLs and stabilized timing links, has shown significant room for
improvement up to 75 % nominal performance while at the same time guaranteeing robust stability,
and thus provides an authoritative basis for future developments and improvements not only for the
LbSync systems at European XFEL and FLASH, but synchronization systems in general.

6.2 Outlook

6.2.1 Robust Structured Output Feedback

The challenging combination of several design criteria such as robustness against (nonlinear) time-
varying uncertainties, distributed, decentralized or other forms of structured control in conjunction
with output feedback remains an active field of research. In the case of structured control, the problem
is known to be NP-hard and will remain so, but the search for suboptimal solutions with low levels of
conservatism that are also tractable to compute, appears not yet exhausted. In the following, selected
ideas for future work are presented that the author deems most worthwhile pursuing.

With respect to the sparsity invariance framework, research into numerically stable computation of the
state-output formwould bewelcome,making this approachmore of a plug&play synthesismethod. This
likely needs to go hand-in-hand with more stable numerical algorithms for SDP problems, particularly
exploiting arbitrary precision computation. It would also be interesting to look for connections between
the set of output feedback controllers obtainable from the augmented state-output system given the
requirements on separability of the Lyapunov matrix. Informed choices for the optimal matrices 𝑇
and Γ (cf. Corollary 4.21) also remain an open problem. More generally, formulating numerically
well-behaved LMI problems from singular 𝐇2- and similar linear quadratic problems would, in our
eyes, benefit many practical applications. One could further attempt to develop the SI method further
by showing compatibility with dynamic multipliers, and hence the full IQC framework. Initial attempts
by the author have shown little hope for success, however, as the linearizing change of variables utilized
in the SI framework is insufficient to render the KYP matrix inequalities convex.

The nonsmooth optimization method has shown promising results, but unlocking its full potential
requires in particular better tooling support. The ability to implement custom “tuning goals” for
MATLAB’s systune and the ability to conjugate transpose tunable LTI objects would allow much more
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efficient declaration of many IQC multipliers conforming to the structure (4.64). Further, for systems
such as the LbSync system with many disturbance inputs, but only a scalar performance output, the
frequency-domain𝐇2-performancemultiplier developed in Section 4.5.2 appears unnecessarily large, as
it commutes with the inputs of the generalized plant. The duality of the controllability and observability
Gramians (cf. Theorem 2.14) suggest that it might be possible to rephrase the entire formalism such that
the performance multiplier instead commutes with the outputs of the generalized plant. Initial ideas
lead in the direction of utilizing the conjugate transpose of the system, and reformulating the framework
for anti-causal systems. This is reminiscent of much earlier, yet still unresolved ideas involving causality
of multipliers [PF97; Fer97], but also is found in very recent publications [DHW25]. It would be
interesting to see if work in this direction is also able to reduce the conservatism incurred by such
multipliers for MIMO systems (cf. Remark 4.50). Finally, the possibility of warm starting the tuning
algorithm from a set of promising parameter values is considered a significant step towards reducing
the limitations incurred by cost functions with many local minima. Here, LMI solutions to convex
approximations of the problem as well as genetic algorithms and other machine learning methods are
promising leads to improve the adaptability and reliability of gradient-based methods [WF05].

6.2.2 Laser-Based Synchronization Systems

While thorough understanding of the dynamics of a system is a crucial requirement to be able
to compute the optimal feedback law leading to the best possible performance that the given sys-
tem can achieve, understanding the limitations incurred by e.g. interconnection structures and
loop latency is equally important in order to increase the headroom for synthesized controllers
to exploit. In Section 5.3.6, based on simulation results and current developments, possible im-
provements and recommendations were already provided for the LbSync system at European XFEL
postulating sub-femtosecond precision. Nevertheless, in the following paragraphs, to conclude this
thesis, a more general vision for future optical synchronization systems is presented in the realm
of large photon science facilities and beyond, which eventually will require few atto- or even zepto-
second precision [KI09].

Key factors in achieving such extreme levels of stability are 1. sources with extremely low absolute
jitter, 2. subsidiary oscillators with high actuation bandwidth, 3. low-loss transmission media, 4. highly
sensitive (high SNR) detectors and 5. well-shielded environments. It is clear that optical technologies are
the only viable option to achieve the required levels of accuracy and precision. Optical frequency combs
referenced to resonant cavities in highly controlled environments already achieve world-record levels of
absolute phase noise, both long and short term, and are therefore ideal reference sources. Transferring
this stability to the RF domain, as needed by clients based on conventional electronics, is also well
understood, but extracting sufficient RF power from the optical signal remains a challenge despite
significant progress thanks to specialized photodiodes such as MUTC-PD and “tricks” such as pulse
doubling schemes. Other optical precision instruments on the other hand can only benefit from the
quality of the source, if the relative phase error can be detected with sufficient fidelity and compensated
with sufficient bandwidth. Based on recent research papers, detectors with zeptosecond short-term
precision appear well feasible given few- or sub-femtosecond optical pulses with sufficient energy
density. On the other end, piezo-mounted cavity mirrors suitable for operational bandwidths beyond
500 kHz have been shown to work [Nak+20b]. For even higher bandwidths, intra-cavity electro-optic
or magneto-optic modulators extend the bandwidth to the MHz regime [ESS18b]. In order to utilize
such high bandwidths, suitable drivers and low-latency digital control systems are necessary, and luckily
available.
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The transmission of the phase information from point 𝐴 to point 𝐵 hence appears to be a more severe
bottleneck, depending on the scale of application. With future particle accelerators expected to be much
more compact, FELs may, in that respect, in fact not be the most demanding application in the future.
Nevertheless, for other applications such as possibly gravitational wave observatories, the longer the
transmission distance, the more severely the delay line effect will counter any improvements made on
the absolute phase noise stability on the source. Similarly, the optical properties of the mode-locked
laser pulses deteriorate more and more the longer the optical fibre gets, by various effects. Free-space
transmission of course would remedy some of the aspects only present with fibre-couples transmission,
but is also highly impractical in many settings. Another possibility to counter the delay line effect is
the use of additional intermediate repeater oscillators, such that each in-between leg is upper bounded
in optical path length, effectively limiting the delay line effect. This however is costly and only worth
considering if the intermediate oscillators can be made to track sufficiently well. It would essentially
only become feasible if current laser synchronization and link stabilization setups were engineered to
be substantially more compact. This would also benefit the maintainability and reliability of optical
synchronization networks. With fibre-coupled optical cross-correlators demonstrating best-in-class
sensitivity, soon and significant progress on compactification however seems inevitable.





Appendix A

Definitions from Functional Analysis,
Probability Theory, and GraphTheory

A.1 Functional Analysis

A.1.1 Functions

Definition A.1 (Function). A function 𝑓 ∶ 𝑋 → 𝑌 is a map that assigns each value in the set 𝑋 exactly
one element in 𝑌 . 𝑋 and 𝑌 are then called domain and codomain of 𝑓 , respectively. The range of 𝑓 is
the set 𝑓(𝑋) = {𝑦 ∣ ∃ 𝑥 ∈ 𝑋 s.t. 𝑦 = 𝑓(𝑥)} ⊂ 𝑌 . For a subset 𝑍 ⊂ 𝑋, 𝑓(𝑍) = {𝑦 ∣ ∃ 𝑧 ∈ 𝐴 s.t. 𝑦 =
𝑓(𝑍)} ⊂ 𝑌 is the image of 𝑍 under 𝑓 .

A.1.2 (Normed) Vector Spaces, Banach Spaces, Hilbert Spaces

Definition A.2 (Vector Space [Mar18]). A vector space over a scalar field 𝐅 is a non-empty set 𝒱 of
elements, also called vectors, equipped with the two linear operations for

• vector addition: given 𝑢, 𝑣 ∈ 𝒱, 𝑢, 𝑣 ↦ 𝑢 + 𝑣 ∈ 𝒱 and

• scalar multiplication: given 𝑎 ∈ 𝐅 and 𝑢 ∈ 𝒱, 𝑢 ↦ 𝑎𝑢 ∈ 𝒱

subject to the eight vector space axioms:

1. 𝑢 + 𝑣 = 𝑣 + 𝑢 for 𝑢, 𝑣 ∈ 𝒱. Commutativity

2. (𝑢 + 𝑣) + 𝑧 = 𝑢 + (𝑣 + 𝑧) for 𝑢, 𝑣, 𝑧 ∈ 𝒱. Associativity

3. ∃ 0 ∈ 𝒱 ∶ 𝑢 + 0 = 𝑢 for 𝑢 ∈ 𝒱. Existence of additive identity (zero vector)

4. ∀ 𝑢 ∈ 𝒱 ∃ −𝑢 ∈ 𝒱 ∶ 𝑢 + (−𝑢) = 0. Existence of additive inverses

5. 𝑎(𝑏𝑢) = (𝑎𝑏)𝑢 for 𝑎, 𝑏 ∈ 𝐅 and 𝑢 ∈ 𝒱. Associativity of scalar multiplication

6. 1𝑢 = 𝑢 for 𝑢 ∈ 𝒱. Neutrality of scalar identity

7. 𝑎(𝑢 + 𝑣) = 𝑎𝑢 + 𝑎𝑣 for 𝑎 ∈ 𝐅 and 𝑢, 𝑣 ∈ 𝒱. Right distributivity

8. (𝑎 + 𝑏)𝑢 = 𝑎𝑢 + 𝑏𝑢 for 𝑎, 𝑏 ∈ 𝐅 and 𝑢 ∈ 𝒱. Left distributivity
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Remark A.3. Vectors in the sense of the definition above are a broader concept than conventional
𝑛-dimensional Euclidean vectors. Functions mapping into a vector space 𝒱 themselves form a vector
space, fulfilling the vector space axioms element-wise.

Definition A.4 (Normed Vector Space [Mar18]). A normed vector space is a vector space 𝒱 equipped
with a norm, i.e. a mapping

‖⋅‖ ∶ 𝒱 → 𝐑+ (A.1)

subject to the four norm axioms:

1. ‖𝑢‖ ≥ 0 for 𝑢 ∈ 𝒱. Nonnegativity

2. ‖𝑢‖ = 0 ⇔ 𝑢 = 0 for 𝑢 ∈ 𝒱. Separation

3. ‖𝑎𝑢‖ = |𝑎|‖𝑢‖ for 𝑎 ∈ 𝐅 and 𝑢 ∈ 𝒱. Scalability

4. ‖𝑢 + 𝑣‖ ≤ ‖𝑢‖ + ‖𝑣‖ for 𝑢, 𝑣 ∈ 𝒱. Triangle inequality

Definition A.5 (Banach Space [Mar18]). A normed vector space that is also complete is called a Banach
space.

Definition A.6 (Inner Product Space (Pre-Hilbert Space) [Mar18]). An inner product space over 𝐅 is a
vector space 𝒱 over 𝐅 equipped with an inner product, i.e. a mapping

⟨⋅, ⋅⟩ ∶ 𝒱 × 𝒱 → 𝐅 (A.2)

subject to the three inner product axioms:

1. ⟨𝑢, 𝑢⟩ ≥ 0 and ⟨𝑢, 𝑢⟩ = 0 ⇔ 𝑢 = 0 for 𝑢 ∈ 𝒱. Positive definiteness

2. ⟨𝑢, 𝑣⟩ = ⟨𝑣, 𝑢⟩ for 𝑢, 𝑣 ∈ 𝒱. Conjugate symmetry

3. ⟨𝑎𝑢 + 𝑏𝑣, 𝑤⟩ = 𝑎⟨𝑢, 𝑤⟩ + 𝑏⟨𝑣, 𝑤⟩ for 𝑎, 𝑏 ∈ 𝐅 and 𝑢, 𝑣, 𝑤 ∈ 𝒱. Linearity in the first argument

Note that an inner product space 𝒱 is implicitly a normed vector space by the inner product norm

‖𝑢‖ = ⟨𝑢, 𝑢⟩, 𝑢 ∈ 𝒱. (A.3)

Definition A.7 (Hilbert Space [Mar18]). A complete inner product space, i.e. a Banach space that has
an inner product defined on it, is called a Hilbert space.

A.2 Probability Theory, RandomVariables and Stochastic Processes

Definition A.8 (Probability Space [PP02]). A probability space is a triplet (Ω, ℱ, 𝑃 ) consisting of the
sample space Ω of all possible experimental outcomes, the σ-algebra of events ℱ, i.e. subsets of Ω with
assigned probability, and the probability function 𝑃 ∶ ℱ → [0, 1] assigning a probability to each event
in ℱ.

Definition A.9 (Random Variable [PP02]). A random variable defined on a probability space (Ω, ℱ, 𝑃 )
is a function 𝐱(𝜉) ∶ Ω → 𝐑 assigning a number to each outcome of the experiment and the event
{𝜉 ∈ Ω ∶ 𝐱(𝜉) < 𝑥} ∈ ℱ for all 𝑥 ∈ 𝐑.
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Remark A.10. The above and all following definitions may be generalized to complex numbers instead
of reals. In the context of this context of this work, complex-valued random variables and stochastic
processes are however of limited interest and thus not explicitly covered to keep the exposition clear.

Definition A.11 (Stochastic Process [Lap17]). A stochastic process 𝐱(𝑡) is a family of random variables
indexed in 𝑡 ∈ 𝒯 and defined on a common probability space. In particular, if 𝒯 is a continuous subset
of 𝐑 (𝐙), 𝐱(𝑡) is a continuous-time (discrete-time) stochastic process mapping each outcome of the
experiment to a continuous-time (discrete-time) signal.

Going forward, to ease notation and to avoid mathematical pitfalls, we will only consider continuous-
time (discrete-time) stochastic processes defined on the entire real line (all integers).

Definition A.12 (Strictly Stationary Stochastic Process [Lap17]). A continuous-time stochastic pro-
cess 𝐱(𝑡) is said to be (strictly) stationary if for every 𝑛 ∈ 𝐍 and any epochs 𝑡1, …, 𝑡𝑛 ∈ 𝐑, the
joint distribution of (𝐱(𝑡1), …, 𝐱(𝑡𝑛)) is independent of a shift in time 𝜏 ∈ 𝐑. The definition holds
analogously for discrete-time stochastic processes.

Definition A.13 (Wide-Sense Stationary Stochastic Process [Lap17]). A stochastic process 𝐱(𝑡) is said
to be wide-sense stationary (or weakly stationary) if it is of finite variance, constant mean and the
covariance between any two samples is independent of a uniform shift in time.

Definition A.14 (Autocorrelation Function [PP02]). The autocorrelation function 𝑅𝐱(𝜏) ∶ 𝐑 → 𝐑 of
a wide-sense stationary, continuous-time stochastic process 𝐱(𝑡) is defined as

𝑅𝐱(𝜏) ≔ E[𝐱(𝑡 + 𝜏)𝐱(𝑡)]. (A.4)

The definition holds analogously for discrete-time stochastic processes.

Remark A.15. We chose Definition A.14 to be consistent with what we feel is the most widely adapted
definition in engineering literature. However, we agree with the author of [Lap17] in saying that the
naming is somewhat unfortunate, as the definition is missing the normalization with respect to the (in
the case of wide-sense stationary processes constant) variance found in e.g. the Pearson correlation
coefficient, and as such rather measures the covariance.

The following definition is a direct result of the famous Wiener-Khinchin theorem.

Definition A.16 (power spectral density [PP02]). The PSD of a wide-sense stationary, continuous-time
stochastic process 𝐱(𝑡) is defined as the Fourier transform 𝑆𝐱(𝑓) of its autocorrelation function 𝑅𝐱(𝜏):

𝑆𝐱(𝑓) ≔ ∫
∞

−∞
𝑅𝐱(𝜏)𝑒−2𝜋𝑖𝑓𝜏 d𝜏 . (A.5)

The PSD of a wide-sense stationary, discrete-time stochastic process is defined analogously via the
discrete time Fourier transform (DTFT).

Remark A.17. Although less common, [Lap17] defines the PSD of a wide-sense stationary process
closer to the Fourier transform of the autocovariance function rather than the autocorrelation function.
While it might seem inappropriate to neglect the DC component of the signal, this does not only lead
to a mathematically more well-defined definition, it is also closer to engineering practice when it comes
to estimation of the PSD from a time series, where the DC component is generally removed from the
time domain data before applying the DFT, in order to eliminate spectral leakage from a significant DC
bin to neighbouring low frequency bins.
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The following lemma is a direct consequence of Plancherel’s theorem.

Lemma A.18. For a continuous-time, wide-sense stationary process 𝐱(𝑡) with PSD 𝑆𝐱(𝑓) it holds that

∫
∞

−∞
|𝐱(𝑡)|2 d𝑡 = ∫

∞

−∞
𝑆𝐱(𝑓) d𝑓 . (A.6)

A.3 GraphTheory

Definition A.19 (Directed Graph (Digraph) [Bul]). A directed graph, or digraph, is a pair 𝐺 = (𝑉 , 𝐸),
where𝑉 is a set of vertices (or nodes) and𝐸 is a set of ordered pairs of vertices called edges, i.e.𝐸 ⊆ 𝑉 ×𝑉 .
For 𝑢, 𝑣 ∈ 𝑉 , the ordered pair (𝑢, 𝑣) denotes a directed edge from 𝑢 to 𝑣.

Although this work exclusively considers digraphs, we will occasionally use the word graph, when the
directedness of the edges is not relevant to the context.

Definition A.20 ((Directed) Path [Bul]). A path in a graph is an ordered sequence of vertices such that
any pair of consecutive vertices in the sequence is an edge of the graph. The concept extends analogously
to directed paths in digraphs. A vertex 𝑣 ∈ 𝑉 is said to be reachable from 𝑢 ∈ 𝑉 if there exists a path
from 𝑢 to 𝑣.

Definition A.21 (Connectivity [Bul]). A digraph 𝐺 is (strongly) connected, if there exists a directed
path between any two vertices. It is weakly connected if there exists an undirected path in the underlying
(undirected) graph of 𝐺.

Definition A.22 (Cycle [Bul]). A cycle in a (directed) graph is a (directed) path that starts and ends at
the same vertex and has at least three vertices. A graph is acyclic if it contains no cycles.

Definition A.23 ((Ordered) Tree). A connected acyclic graph is a tree. An ordered tree is a tree defined
on a digraph and there exists a root vertex from which there exists a path to every other vertex in the
tree.

Note that by definition, the root of an ordered tree is unique.



Appendix B

Supplementary Material

B.1 Calibrations andMeasurement Data

Raw measurements obtained from the LbSync system at European XFEL and derived system parameters
are available at the Hamburg University of Technology open access research data repository TORE.

10.15480/882.17064

B.2 Model, Analysis, and Synthesis Code

The MATLAB code that was used to prepare results presented in this work is available at the Hamburg
University of Technology open access research data repository TORE.

10.15480/882.17065
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