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SummaryWe study the dynamics of a ship in random seas as a pertunlitamHamiltonian system. The random process across the
energy levels of the Hamiltonian system is approximated Magkov process, which is obtained by stochastic averagiing noise

due to wave excitation is a real stationary stochastic m®Cc€his is an extension to previous results where whiteermisitation was
used.

I ntroduction

The goal of the present research is to provide analyticatiogls for ship and sea state parameters which indicate the
danger of large roll amplitudes or capsizing. Reduced omtlgdlels are needed to perform an analytical analysis to this
complicated problem. For modern ships like fast roll-olfodf ferries (roro ferries) and container vessels, theden
appearance of roll motions due to waves from the front orireapen seas leads to dangerous situations up to capsizing.
On the other hand the current criteria of the Internationatitdne Organization (IMO) for the evaluation of the intact
stability of ships [1] are based only on considerations ab#ity in still water and neither take into account the dyria
behavior of the vessel, nor the stochastic nature of the Bamgerous situations and accidents of ships at sea could
often be avoided, if the risks could be predicted throughroved and reliable calculation procedures. The difficutty i
developing sufficient design rules lies in the very compleidfistructure-interaction of the ship hull with the incide
waves, as well as in the irregularity of the ocean waves. Fhiain unidirectional head or following waves no direct
excitation of the roll motion can occur. But it is well knowthat parametric resonance is possible due to oscillatibns o
the roll restoring moment. A nonlinear model has to be useenadmalyzing large amplitude ship rolling. Theoretical
and experimental studies of this issue were presented.inrf2éstigating ship motions in regular waves it is foundtth
parametric excited roll motions occur at a wave frequendycivis twice the roll motion eigenfrequency. Probabitisti
modeling is necessary for a realistic description of oceawes. In [3] the concept of the Grim effective wave [4] was
extended to a traveling effective wave described by stdithpsocesses for its amplitude and phase. The governing
equations for ship roll dynamics can be modeled by a softespring type Duffing oscillator with additional cubic
damping [5]. Analysis for the noisy Duffing-van der Pol okstibr was done in [6]. However, the case for the softening
spring type Duffing oscillator was not analyzed. In the faflog we extend the results from [6] for ship roll motion under
real noise excitation, which is crucial for the treatmentezl problems in ship dynamics.

Description of Ocean Waves

The irregular long crested wave surface can be modeled bgexsosition of infinitely many harmonic waves with wave
numbers:(w) and frequencies corresponding to a one-sided spectral denSity). To account for the irregularity of the
wave surface, a random phase skift) is added, which is uniformly distributed in the intery@/27). Such an irregular
long crested wave surface can be written as

Z(x,t) = /000 cos(wet — k(w)€ + ((w))/25 (w)dw. 1)

Typical sea spectral densities are given in Fig. 4. We hawa@nplify the irregular wave surfacg(z, t)for further
analysis, because there are infinitely many possibilitteg Waves can surround a ship. For most ship hulls a wave of the
same length as the ship length will cause largest variatibmighting lever. ThereforeZ(z,t) is approximated by an
effective wave (Fig. 1)

s () = no(t) cos (2%30) +s(t) sin (2%30) — n(t)cos (2%33 + w(t)) . @)

The wave length is chosen equal to the ship lergtfihe effective waveZ, ¢ consists of two harmonic components with
random amplitudes,(t) andn;(¢) which can be transformed into a cosine wave with random audg)(¢) and random
phasey)(t) by the well known transformation

n(t) = Vi@F T, W(t) = arctan (”—“)> , @)

ne(t)
or equivalently

ns(t) = n(t)sin(P(t),  ne(t) = n(t) cos(y(t)). (4)
The random process@s(¢) andn;(t) are determined by solving the minimizing problem
L/2
minimize I(ns,n.) = / (Z(z,t) — Zeff(ac,ﬁ))2 dx. (5)
—-L/2
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Solving for ((;’ns” ) = (gnc” ) = 0 gives
ns(t) = [ fs(k(w))sin(wet + ((w)) /25 (w)dw, (6)

0

and -

ne(t) = [ fe(k(w))cos(wet + ((w))v/25(w)dw, @)

0

where the transfer functions are given by
2mwsinr 2rsinr 8
fs(k(w)) = =, fe(k(w)) = PCRRE (8)

with r = %k:(w). The squared transfer functiofisand f; are shown in Fig. 2. By comparing the processes (6) and (7)
with the irregular wave surface (1), we obtained the spkedaasitiesS,,  and.S,,, of the stochastic processgsandy;,
respectively, as

Sy (W) = 28(w) fs(kw))*, Sy (w) = 28(w) fe(k(w))*. 9)

The major advantage of the effective wa¥g; s (z, t) in comparison with the irregular wave surfagéz, t) is, that we
have a model for the excitation due to irregular seas depgratily on two parameterg andn; or  andy, respectively,
which actually are stochastic processes with known spetgresities. If we set) = 0 or equivalentlyp; = 0, we obtain
the original Grim effective wave [4], i.e. the wave crestrmugh is always amidships.
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Figure 1: Irregular wave surfacé and effective wave Figure 2: Squared transferfunctions
approximationZ. s ¢

Roll Motion in Random Seas

The motion of the ship and the wave flow are described witheedp the coordinate systefm, y, z), wherez is pointing
upwards out of the fluid domain. THe, y) plane defines the free water surface at rest, and #@nds coincides with the
average forward direction of the ship. The center of gravitthe ship is located at the origin. It follows from lineaigh
motion analysis, that for symmetric floating bodies withpex to the x-z plane, the surge, heave, and pitch motions are
decoupled from the sway, roll, and yaw motions. The fol€esd momentd/1 on the hull are determined by integrating
the fluid pressure over the wetted surface of the ship hull

F:f//ﬂpndQ, M:—//Qp(rxn)dﬂ. (10)

Here n is the unit normal vector oft andr is the corresponding position vector. The pressure digidh due to incident
waves at a depth below the calm water surface is

coshk(z + d)

- — 11
p—— cos(kx — wt) — pgz, (11)

P = p9Ca
whered ist the water depth ang, the wave amplitude. Higher order effects due to ship geadranves are neglected.
The restoring forces of a ship in waves can be determinedéjsighting leverG Z. First the center of buoyandy has to
be computed by integration of pressure over the wetted seirfahich is obtained by computation of (10). The righting
lever is the distance frofd to the center of gravitgz. As can be seen in figure 3 we have a higher stability in wavegtio
and a lower stability in wave crest. Since the wave cresttiiposind wave amplitude varies with time, we have also time
varying restoring characteristics of the ship. We assumeaaicstatic behavior. This means that for the incident wave
the ship is in static equilibrium with respect to heave artdtpi The righting lever functioli:Z(®,7,) : R3 — R is
computed for various roll angles and for long crested waves of the same length as the shiphlevitit an elevation of
7. The wave crest is located @ts(27a /L 4 1) in the ship coordinate system. The righting lever shoulddreputed for
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all values which can be reached during computation, evereif aire not relevant in praxis (e.g. very large roll angles).
The rolling behavior of a ship can be represented by theviatig equation if heave and pitch motions are small

(Low + Ava(@n))®(8) + 01®(8) + b3D(1)* + g - AGZ(D(1),0(t), (1)) = M(n(t), (1)), (12)

wherel,, is the roll moment of inertiad,..(w,,) is the hydrodynamic added mass evaluated at the naturaleney

wn, b1, andbs are linear and cubic damping coefficienss acceleration due to gravity is the displacement)M is

an additive excitation moment, which is small, if the shigviels in about the same direction as the waves. Here, the
righting lever is a function of the roll anglg the wave phasg and the wave amplitude For further analytical analysis,
GZ(®,n,) is approximated by

G Zapp(®,1,0) = 1@ + 2®@° + gsncos(¥)® = 1 @ + 2 @° + g1 D. (13)

Here, we use cubic approximationdnand harmonic approximation . For the following we defing; := 7.(¢) and

approximateM by
M(n(t),¢()) = qa&. (14)

After some rescaling, equation (12) withZ and M given by (13) and (14), respectively, can be written as
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Figure 3: Righting levers for different waves
amidships Figure 4: Pierson-Moskowitz spectrum and JONSWAP spectrum
OH
x(t) = )
Ay(t) 15
OH OH (15)

() = — = — e 3y(t)? t

y(t) 220 oy (B1 + B3y (t)?) + Ve(vr + (t)va)és,

with stationary wide band random procé&ssnd noise intensities;, v». Making use of the fact, that the hydrodynamic
damping and excitation forces due to fluid-structure intéoa are small, we can assume<< 1 to be also a small
scaling parameter. The Hamiltonian of (15) is

2 2 4

x T
H(z,y) 1:%+0417*043za (16)

wherea;, a3 > 0, and we use the abbreviatio(z, H) := 2H — a2 + a3”2—4.
Stochastic Averaging

The analysis for the Duffing oscillator with a two well potiahtwvas done in [6]. However, the case for the softening
spring type Duffing oscillator was not analyzed. In the falilog we extend the results from [6] for equation (15) under
non-white noise excitation. Equation (15) is the softertinme Duffing oscillator with linear and cubic damping.

For practical problems it is crucial to consider real noiseitation. For the non-white noise case we need to determine
the functionse(t + 7) andy(t + 7) in terms ofz(t) andy(t). From (15) we get in the cagé < a?/(4a3) (non capsized
case)

z(t) = b sn(qt; k), z(t+7) = b sn(qt + q7; k), (17)
dx
— =y(t) = t),H)=5 t; k)dn(qt; k
o = v() Q(x(t), H) = bq cn(qt; k)dn(qt; k), (18)
y(t+7) =/ Q(x(t + 1), H) = bg en(qt + q7; k)dn(gt + q7; k),
whereg := a,/% andk := 2, witha := | /2, b := \/L V(f_MSH From now on we omit the elliptic modulus

k in the Jacobian elliptic functions, cn, dn and use the abbreviations= qt, sn := sn(u), cn := cn(u), dn := dn(u),
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Sniyr = sn(u+ qt), cngrr := en(u + g7), dngyr := dn(u + ¢q7). The time derivative of Hamiltonian for system (15)
is given by
dH

e ey (—B1 — Bsy®) + Vey(v + zv2)&. (19)
Combining the first equation of (15) and (19), and using- \/2H —ayx? + ag””—; obtained from (16), we get the
system
dx
E =V Q(:Ca H)a
JH (20)
T eQ(z, H)(—p1 — B3Q(x, H)) + e/ Q(, H) (11 + z12)&;.

Applying Khashminskii’s limit theorem ([7] on page 394) tgstem (20), we get an Itd stochastic differential equatan f
the energy leveH . This motivates the following proposition.

Proposition 1. The energy level of the systeni20)is determined by the It6 stochastic differential equation
dH = m(H)dt + o(H)dW, (21)

where the driftn( H) and diffusions (H) are given by

_ 1 0 ) 2 9 o\ CNitprdNiyr
m(H> 7% /—oo Rﬁtﬁt (T> /0 (b(H> V58T SNiqr + 1/1) Wdu dr+ (22)
1 T(H)
fram L QO -8 - B, B
2 _4b(H)2‘J(H) > K& 2 2. 2 23
o"(H) = T(H) - Repe () . endn engyr dngyr (v + b(H)*vysnsngy ) du dr. (23)

Here, R, ¢, (7) is the autocorrelation of the excitation process

Proof. The system (20) has slow and fast oscillations, which arerleegy and roll oscillations, respectively. Additionally
the driving stochastic process with spectral densitys,,, that fulfills sufficient mixing conditions. Therefore, werca
apply Khashminskii’s limit theorem [7]. In our case, thetfasll oscillation x(¢) is averaged by using the averaging
operatoM for periodic functionsf, which is given by

T(H) T(H) b(H) T
M(f(t)) = ﬁl F(t)dt, where T(H) :/0 dt = 2/ )

The periodI'(H) corresponds to a specific energy levgl and K (k) is the elliptic integral of the first kind. Applying
Khashminskii's limit theorem to system (20), and subsiitgi(17), (18) andit = du/q, we get for the diffusior (H)

o> (H) =M { | Rea )+ vas()0n + vaste-+ )V QG V(7 H>df}

— 00

b(H)20(H ) 4K (k)
% / Reye, (7) /0 endn engyr dngy . (V2 + buivasn + buivgsng . + b2vasnsng . ) du dr.
(24)

In analogy the drifin(H) is given by

m(H) =M{Q(x(t)7ﬂ)(—61—BzQ(x(tLH)H [ Ree )0+ a0a)0n + (e +7) Qgg;}jg%}

1 0 4K (k) ) s ,
= R”T/ b*vysn snyr + brvivasn + bvivesniyr + v
T(H)q(H) \/—oo §t& ( ) 0 ( 2 t+ 172 1729704 1)

70nt+rdnt+7 du dr+
engdng

1 T(H)
+ m/o Q(z(t), H)(—p1 — B3Q(x(t), H))dt. .

We get the expressions for(H) ando?(H) as stated in Proposition 1 after canceling the terms whigyiates to zero.
O

Remark 1. The stochastic procesd defined by the averaged equatiof2d) can be interpreted as the total energy
variation of roll oscillation due to wave forces and hydrodynic damping acting on the vessel. Each energy |&vel
corresponds to specific oscillatory roll motion of the imigeted vessel. The energy levéldefines the roll angle and
velocity by means of equati¢h6). Therefore, the roll oscillations become larger with inasing energy Levell.
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The equations (22) and (23) contain Jacobian elliptic fionstwith time shift. This time shift can be eliminated byngi
the addition formulas of Jacobian elliptic functions. Téfere, the integral in (23) can be writen as

K (k)
/ endn engyr dngy . (V2 + b2 visnsng,) du dr =vien.dn, I + V%kQSTL?_CTL.,—dTLT (I — I, — I3) (26)
0

+ 005 (Is + I + Is + I),
with

K(k) 2 d 2 K(k) 4 1— k2 K(k) k2 6
R e T e e T e
0 (1 — k2sn2sn2)? 0 (1 — k2sn2sn2)? 0 (1 — k2sn2sn2)?

Kk sn2 en? dn? Kk)  gp4 en? dn?
I, := cen? dn? / = du, Is:=k?sn? cn?dn? / — —  — _du
4 T ) (1—k2sn2sn, )3 °° T (1 — k2sn2sn,)3 "

K(R)  on2 end dn2 Kk sn2 en? dn?
0 o ch/O (1— k2sn2sn, )3 7 o (1 - k2sn2sn.)?

The integraldl, ..., Is can all be solved in closed form in terms of complete ellijptiegrals of the first, second, and
third kind. The explicit evaluation of the drift and diffusierms is presented in [8]. The integral in (22) can be coegbut
in the same way in terms of complete elliptic integrals.

Stationary density

We now introduce the speed and scale measures, which trantife diffusion process (21) on its natural scale, where
the drift is identically zero. This task is achieved via trensformationS(z) given by

S(z) = /I s(z)dx, where s(y) = exp <2 /y m((?) dH)

o2

is called the scale density. After defining the speed densgity = 1/(o%(y)s(y)), the stationary density functign,
associated with (21) can be given in terms of

pst(H) = p(H)[e1S(H) + cal. (27)

The coefficientg; andc, are determined by the boundary and normality conditionBoWwiang [10] the (left) boundaries
can be classified as: EntranceXif(z;) = oo andN;(x;) < oo; reflecting, if¥; (x;) < oo, Ni(z;) < oo, andM (z;) = 0;
exit, if ¥;(x;) < oo. Here, M(-) is the speed measurE,(z;) is the time to reach the left boundary starting in
x € [z, ], whereadV;(z;) is the time to reach € [z;, z,] starting inz;. These measures are given by

ant(y) = iy, i) = [ [ w@rie} st ana g = [{ [ sacutnan. @
i n z n

If we assume a reflecting boundaryHt= o2 /(4a3) (i.e. no capsizing), which is approximately the case for erate

noise intensities, thery = 0. In this case a stationary solution of (29) exists and isrglwe

C2 H m
palH) = e <2 / %) . (29)

Simulation

Data of a roro ferry [9] are used to compare the original systg5) with the averaged system (21). The proggss
defined by the autocorrelation function

Ree, (1) = —gg)(m exp(u1|7]) — p1exp(pa|7])),  where p12 = —cw, Tw,Ve2—1.  (30)
1

— M3

We use filtered white noisg, to generate the random procegs=: x1 (¢)
dxi(t) = (x2(t) — arxa(t))dt + b1dZy,  dxa(t) = —azxa(t)dt, (31)

where E[dZ;] = 0 and E[dZ:dZ;_.] = o25(t), whered is the Dirac delta function. The simulation shows good
agreement with the probability density function (29) of 8ystems (15) and (21), even in the region of large energy
levels H. For combined additive and multiplicative as well as purditaice random excitation, this can be seen in Fig.
5 and Fig. 6, respectively. In the case of parametric resmnaonditions, Fig. 6, there is a peak at abfut= 0.1
which corresponds to large roll oscillations. Whereas endase of additive excitation only, Fig. 5, there is no reaoea
phenomenon. Instead, there are random roll motions whicinrréo the unforced steady statefat= 0.
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Figure 5: Comparison of simulation and stationary solutionFigure 6: Comparison of simulation and stationary solution
for o] = 1, a3 = 0.5, ﬁl = 1, ﬁ3 = 15, Vv = 0.2, Vo = 2 for o] = 1, a3 = 0.5, ﬁl = 1, ﬁ3 = 15, v, = 0.5, Vo = 0

Exit time
We are now looking for the mean time it takes for the roll motio reach certain energy levelf. starting at an initial
energy levelH. Therefore, we use the following result.

Theorem 1. (Namachchivaya [11])et z. be entrance boundary (i.€Z;(x.) = oo and N;(z.) < oo0) and letz,. be
regular or exit boundary (i.eX, (z.) < o0), then the mean time to reaeh starting at anyx € [z., x.] is given by

Te Te
wio) =2 [ | [ st )i (32)
xr z
400 ‘ ‘ ‘ ‘ 2500
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Figure 7: Exit time fofa, = 1, a3 = 0.5, Figure 8: Exit time fora; = 1, az = 0.5,
Br=1,8=15,11 =02, =2 b1=1,83=15,11 =0.5,1, =0

In Fig. 7 the mean exit time (32) for capsizing is plotted ipeledence on the initial energy levél for combined para-
metric and additive excitation. Here, the roll motion caaate the critical energyl. = 0.5, where the ship can capsize
within a few wave cycles. Therefore, parametric excitetimaition is a dangerous phenomenon, because the ship crew
does not have enough time to avoid these dangerous corglitjamaneuvering the vessel. The case of additive excitation
see Fig. 8, is less dangerous for the vessel, because ldIrgeditiation needs a longer time to develop.

Acknowledgement The authors are indebted to the DFG (Deutsche Forschungsgsrhaft/German Research Founda-
tion) for funding the project under contract Kr 752/29-1.

References
[1] IMO: International code on intact stability, 200Bondon : International Maritime Organization, 2009 (res®1367(85))

[2] Oh, 1. G.; Nayfeh, A. H. ; Mook, D. T.: A theoretical and eximental investigation of indirectly excited roll motiamships. In:Phil Trans R Soc
Lond A358 (2000), p. 1853 - 1881

] Bulian, G.: On an improved Grim effective wave. I@cean Engineerin@5 (2008), no. 17 - 18, p. 1811 - 1825
[4] Grim, O.: Beitrag zu dem Problem der Sicherheit des $&hiin Seegang. Irschiff und Hafers (1961), p. 490 - 497
] Arnold, L. ; Chueshoy, I. ; Ochs, G.: Stability and capsgzof ships in random sea - a survey. Monlinear Dynamic$86 (2004), p. 135 - 179
] Sri Namachchivaya, N. ; Sowers, R. B. ; Vedula, L.: Noarstard reduction of noisy Duffing-van der Pol equation. Dynamical System%6
(2001), no. 3, 223 - 245
[7] Khasminskii, R. Z.: A limit theorem for the solution offéérential equations with random right-hand sides .Theory Probab App{1966), no.11,
p. 390-405
[8] Dostal, L. ; Kreuzer, E.; Sri Namachchivaya, N.: Nonrgtard Stochastic Averaging of Large Amplitude Ship RollindRandom Seasn prepa-
ration
[9] Kreuzer, E.; Sichermann, W.: Prediction of extreme shations in irregular wave&th EUROMECH Nonlinear Dynamics ConferenEédhoven
(2005)
[10] Karlin, S.; Taylor, M. H.:A Second Course in Stochastic Procesbisv York : Academic Press, 1981
[11] Sri Namachchivaya, N. : Instability theorem based anrture of the boundary behaviour for one dimensional sldfu In: Solid Mech ArchL4
(1989), no. 3-4,p. 131 -141



