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Abstract

Coding theory plays an important role in efficient transmission of data over noisy
communication channels. It consists of two steps; the first step is to encode the
data to reduce its sensitivity to noise during transmission, and the second step is to
decode the received data by detecting and correcting the noise induced errors. In
this thesis an algebraic approach is used to develop efficient encoding and decod-
ing algorithms for a very commonly used class of linear codes, the Reed-Muller
codes and the Golay codes.

To develop the approach first the algebraic structure of linear codes is explored.
For this, the reduced Groebner basis for a class of ideals in commutative poly-
nomial rings is constructed. The extension of these ideals to a residue class ring
enabled us to find the parameters of the corresponding codes. It is found that the
corresponding codes contains the primitive Reed-Muller codes. The added advan-
tage of this approach is that, once these Groebner bases are constructed a standard
procedure can be used to develop encoding and decoding processes. A binomial
ideal, defined as a sum of toric ideal and a prime ideal over some arbitrary field,
is explored. It is shown that this ideal is equal to a binomial ideal over a prime
field. Purpose of proving this equivalence is to study binary codes associated to
this ideal. Minimal generators and Groebner basis found for this ideal showed
that the situation is quite closely related to the toric case. The investigation of uni-
versal Groebner basis, Graver basis and circuits for this ideal revealed that they
have the same relationship among them which is true in general for toric ideals.
Each linear code can be described as a binomial ideal defined above. Since the
reduced Groebner basis for any ideal plays a vital role in describing encoding and
decoding processes for the corresponding codes, a natural reduced Groebner basis
for this ideal is proposed for any general term order. In fact, if a generator ma-
trix is given for any code, by constructing the corresponding particular binomial
ideal, one can immediately describe the reduced Groebner basis. Information po-
sitions and parity check positions are then given by standard and non-standard
monomials for the ideal. A systematic encoding algorithm for such codes is ex-
plained in terms of remainders of the information word computed with respect to
the reduced Groebner basis. Furthermore, the binary and ternary Golay codes are
studied algebraically in terms of the binomial ideal. Finally, a presentation of the
binomial ideal of a linear code in terms of its syzygy modules is provided and the
corresponding finite free resolution has been described.
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Notation

d(x,y)

Hamming distance between x and y
Minimum distance of a code
Syndrome of a received vector

A linear code with lenght 7, dimension k and minimum distance d
Field

Polynomial ring in n variables over K
Term ordering

Leading term of a polynomial f
Leading ideal of an ideal [
S-polynomial of f and g

Groebner basis of an ideal

Variety of an ideal

Radical of an ideal I






Chapter 1

Introduction

1.1 The Problem

The problem of robust information transmission is one of the problems that is
encountered in modern data transmission due to the presence of hostile enviroment
during transmission, which thus results into the distorted information. In order to
combat this situation error-correcting codes are introduced [42]. A fundamental
problem is to send a message across a noisy channel with a maximum possible
reliability. Error correcting codes are used to correct messages when they are
transmitted through noisy channels(Figure 1.1).

Message Source Receiver

A

Y

Source Encoder - Channel = Source Decoder

Figure 1.1: A basic communication model

The main features of coding theory are:

e cfficient encoding of messages,

e casy transmission of encoded messages,
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e fast and reliable decoding of recieved messages,

e transmission of large number of messages per unit of time.

1.2 Previous Work

The last several years have witnessed major theoretical advances in coding the-
ory resulting in a new coding concepts such as algebraic codes, codes on graphs
etc. With the publication of C. Shannon’s [54] seminal paper the whole new sub-
ject of coding theory was inaugurated. Later, R.-W. Hamming [30] proposed a
first method of encoding data so that errors can not only be detected but can be
corrected too. With this coding theory started to develop along two main direc-
tions: probabailistic coding theory and algebraic coding theory. The basic idea is
to protect a message by adding some redundant information, thus in case even if
the message is corrupted, enough redundancy can help in recovering the message
completely. The main objects of study in algebraic coding are codes that are lin-
ear subspaces of finite-dimensional vector spaces over a finite field. In particular,
research was mainly devoted to cyclic codes that form a class of linear codes al-
lowing easier determination. The most important cyclic codes, BCH codes and
Reed Solomon codes [8, 45, 32] were discovered between 1958 and 1960. The
theory of algebraic codes indicates the fact that by adding more algebraic struc-
ture to the system, better descriptions can be obtained. A perfect illustration of
this fact is the work of S. D. Berman [5], who discovered that the Reed-Muller
codes over [F, may be described as ideals in group algebra over an elementary
abelian 2-group. Later, P. Charpin [13], generalized this over IF,,.

In 1965 Buchberger introduced the theory of Greobner bases for polynomial ideals
in commutative polynomial rings over fields [9, 10, 11]. Since then a rich stream
of papers and many good books have been written on Groebner bases [1, 25,
46]. The "Cooper philosophy” was the first instance of applications to associate
Groebner bases with linear codes [17]. Since then Groebner bases are considered
as basic tool in understanding and improving linear codes [12, 3]. Following are
a few examples [48]:

e Lally (2009) gives a description of quasi-cyclic codes in term of Groebner
bases of polynomial modules.
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e Borges-Quintana et al. (2009) provide a Groebner basis description for bi-
nary linear codes, allowing their decoding and the calculation of their dis-
tance.

e Martinez-Moro and Ruano (2009) present a new family of linear codes en-
dowed with a natural Groebner basis description.

1.3 Contribution of the Thesis

The main contributions of this thesis are as follows:

e A reduced Groebner basis for a class of ideals in a commutative polynomial
ring is constructed. A subclass of these ideals, when considered in a quo-
tient ring corresponds to generalized Reed Muller codes. Their encoding
and decoding procedures are also supplied. Furthermore, while studying
primitive Reed Muller codes, another interesting family of codes, superior
to primitive Reed Muller codes are discovered with designed Hamming dis-
tance [51].

e Recently linear codes have been associated to binomial ideals [48]. A linear
code is associated with a binomial ideal which is a sum of a toric and a non-
prime ideal. This correpondence allows to understand the in depth structure
of the linear code using methods from commutative algebra and algebraic
geometry. Graver bases, universal bases and the set of circuits are also
considered for this binomial ideal. It turned out that in binary case, all three
are equal [49].

e The main contribution of this work is a method by which a Groebner basis
(with respect to the lexicographic order requiring that any monomial con-
taining one of the information symbols is larger than any monomial contain-
ing only parity check symbols) can be read off directly from the generator
matrix of the considered code. This in return provides a very compact en-
coding procedure [52].

e For better understanding of a linear code the structure of a corresponding
binomial ideal is needed to be explored. For this, the syzygy module of this
ideal is also studied along with its finite free resolution [50]. The syzygy
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module of linear codes could be used to compare linear codes to decide
whether they are isomorphic or not.

1.4 Organization

This thesis consists of six chapters; a brief overview of the contents of each chap-
ter is as follows:

e Chapter 2 introduces some of the basic concepts of commutative polynomial
algebra. After defining monomials, term orderings and monomial ideals in
a commutative polynomial ring, the powerful theory of Groebner bases will
be introduced. Definition of toric ideal as a special form of binomial ideal
is given as toric ideals play an important role in this work. The chapter ends
with a review of Groebner bases for modules.

e Chapter 3 begins with a short review of basic coding theory. Cyclic codes
are defined as ideals in a quotient ring. This connection is established by
using Groebner basis. Lastly, some well known families of codes are given
along with their main features.

e Chapter 4 describes the relationship between coding theory and the Groeb-
ner bases theory by relating a linear code with a binomial ideal. Construc-
tion of the Groebner basis of that ideal results into better encoding proce-
dure. Universal Groebner bases, Graver bases and the set of circuits are also
studied for that ideal and found the situation quite close to that of toric ideal.

e Chapter 5 proposes a systematic method by which the reduced Groebner ba-
sis of a binomial ideal corresponding to the code can be constructed directly
from its generator matrix. This approach will be applied to Golay codes.

e Chapter 6 presents the binomial ideal in terms of its syzygy module. The
corrsponding finite free resolution and associated variety are also discussed.



Chapter 2

Polynomial Algebra

Certain sets of polynomials have special algebraic structure, they may be rings,
fields or ideals. Algebraic properties associated to these structures play a very im-
portant role in solving computational tasks involving polynomials. In this chapter,
we will discuss various aspects of polynomials which will play a fundamental role
in our later discussion. We will define ideals over polynomial rings and will give
brief summary on Groebner bases for ideals and modules. Most of the material
given in this section is taken from [1, 18].

2.1 Monomials

A monomial, in 7 indeterminates X1, .. ., X, is a product of the form x{"'x3? - - - x,,",

where the u; are non-negative integers, and u = (uq,...,u,). The total degree of
this monomial is the sum |u| = u; + - - - + u,,.

2.1.1 Definition [Polynomial] A polynomial f in xy,xy,...,%, with the coeffi-
cients in K (where K is any field) is a finite linear combination of the monomials,
written as

f= Zcux“, cu €K, (2.1)

¢, is called the coefficient of the monomial x* = x" - -- x;". If ¢, # 0 then we call
c,xy a term of f. The set of all polynomials in x1, Xy, ..., x, with coefficients in



8 2. Polynomial Algebra

K is denoted by K[x] = K[x1,...,x,]. These polynomials in # variables, over a
field KK, together with operations of addition and multiplication, satisfy all axioms
of ring, and so form commutative polynomial ring.

2.1.2 Example Let f = 3x%y + 6xy° — 9y* be a polynomial with three terms
and maximum degree 4. Here two terms are having the same degree, so in order
to arrange the terms of this polynomial we need term ordering. ¢

In the case of one variable we only deal with the degree ordering on the one-
variable monomials:

> s s (2.2)

In the multivariate case, there are a lot more options. One basic requirement
is that the ordering structure must be consistent with polynomial multiplication.
Term orders are of critical importance when dealing with multivariate polynomial
rings. Specially, in the case of division algorithm, one needs to distinguish a
leading term in any polynomial.

2.1.3 Definition [Term Ordering] In order to arrange the terms of polynomial,
one must be able to compare every pair of polynomials. Let M denote the set of
all monomials in K[x]. A relation > on M is an admissible ordering if for any
monomials my, m, and 3

e for any pair of monomials m1,m, either my > mjy or my > mq or My = My,
e if my > my and m, > ms then my > ms,
e my > 1 for any monomial m; # 1,

e if my > my then mmy > mm, for any monomial .

Most commonly used term orderings are the following.

2.1.4 Definition [Lexicographic Order] Let u and v be elements of INj, we say
u > 0ifin u — v (as integer vector), the left most non-zero entry is positive. We
write x* >, X° if u >, ©.
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2.1.5 Definition [Graded Lex Order] We say u > g 0 if [u|>[0] or |u| = 0| and
U >y 0.

2.1.6 Definition [Graded Reverse Lex Order] We say © >ge0iex © if either [u|>[0]
or [u| = |v| and the right most non-zero entry of u—v (as integer vector) is negative.

Given a term order >, each non-zero polynomial f € K[x] has a unique leading
term, denoted by 1t(f), given by the largest involved term with respect to the term
order. If It(f) = cx*, where c € K, then c is the leading coefficient of f and x" is
the leading monomial (Im).

2.1.7 Example Let f = 4xy?z4z% — 5x° + 7x*2* € K[x, y, z].

e  With respect to lex order f = =5x3 + 7x%2% + 4xy’z + 422,
e with respect to grlex order f = 7x%z? + 4xy*z — 5x° + 427,

e with respect to grevlex f = 4xy’z + 7x°z* — 5x° + 427,

where underlined terms are the leading terms with respect to the corresponding
term order. ¢

An ideal is a special kind of subset of K[x] which behaves well with respect to
the ring operations.

2.1.8 Definition [Ideal] Specializing the general definition of an ideal to a polyno-
mial ring, we have the following: A subset I C K[x] is an ideal (or a polynomial
ideal) if it satisfies:

o (Oel
o Iff,gel thenf+gel

o If felandh € Klx], then fh € I.

An ideal I coincides with K[x] if and only if 1 € I. The first natural example of
an ideal is the ideal generated by a finite number of polynomials.
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2.1.9 Definition Let fy, ..., f; be polynomials in K[x]. Then the set

(fi,oo fy=mfi+...+hsfs:hy, ... hs € K[x]}

is an ideal in K[x], called ideal generated by (f, ..., f;). This is the smallest ideal
in K[x] containing fi,..., fs.

2.1.10 Example Let K[x, y] = Kl[xy,...x,, y1,...Yn] and consider the ideal

I=(f,for=1+x1+y)

The following are elements in I

O,x—y,x+xy,x2y+x2—yx—y. 2.3)

The radical of an ideal I is defined as a set /I = {f € K[x] : f € I, for some m > 0}.
An ideal [ is a radical ideal if y/I = I.

2.1.11 Example LetI = (x**) C K[x, y]. Then /I = (xy). ¢
Another interesting class of ideals is the class of monomial ideals. Computations
with these ideals are much easier when compared to polynomial ideals. Many
invariants can be effectively computed for monomial ideals. As a result one can

solve several problems by reducing them to monomials.

2.1.12 Definition [Monomial Ideal]

A monomial ideal I in K[xy, x5, ... x;] is a polynomial ideal, generated by mono-
mials.

2.1.13 Example I = (1, xy, y*) is a monomial ideal. ¢

The crucial fact about monomial ideals is that they are finitely generated (Dick-
son’s lemma).
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2.2 Groebner Bases

The concept of Groebner bases was introduced by Bruno Buchberger in 1965 in
the context of his work on performing algorithmic computations in residue classes
of polynomial rings. Buchberger’s algorithm for computing Groebner bases is a
powerful tool for solving many important problems in polynomial ideal theory.
The main idea behind the Groebner bases technique is that if I = (f1, fo,..., fu)
is an ideal then a Groebner basis algorithm will find the least complex list of
polynomials that generates I, but it definitely depends on the choice of term order.
Choosing a “wrong” term order will result into a more complex situation. In order
to introduce the theory of Groebner bases we need to define the ideal of leading
terms in K[x].

2.2.1 Definition Given a term order >, each non-zero polynomial f € K[x] has
a unique leading term, denoted by 1t(f). If I is an ideal in K[x], then 1t(I) is the
monomial ideal generated by the leading terms of its elements,

(D) = (t(f) | f € I).

This is also called an initial ideal. The monomials that do not lie in the ideal 1t(I)
are called standard monomials. A finite subset G of I is a Groebner basis for [
with respect to > if the ideal 1t(I) is generated by the set of leading terms in G,

() = (1(g) | § € G).

Informally, a subset {g1,...,g,} C I is a Groebner basis of I if and only if the
leading term of any element of I is divisible by one of the leading term 1t(g;)
where 1 < i < n. Hilbert Basis Theorem implies that every ideal in a polynomial
ring is finitely generated. In particular 1t(I) is generated by finitely many terms.

Every ideal I C K[xy, x,,...,x,] has a Groebner Basis. We can use Maple and
other computer algebra programs [29] to compute a Groebner basis of an ideal.
Groebner bases are good generating sets in the sense that they allow us to solve
many problems like the solution to systems of equations.

2.2.2 Example LetI = (fy, f,) where fi = x*> —2xy and f, = x*y — 2> + x.
Then {f1, f>} is not a Groebner basis for I w.r.t grevlex order since x? € It(I) but

x* ¢ (It(f1), 1t(f2))- ¢
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2.3 Classification of Groebner bases

There are many systematic ways by which we can determine that whether a basis
is a Groebner basis or not. First very important observation about Groebner bases
is that if we “divide” any polynomial f in K[x] by Groebner basis of an ideal
I, we always get a unique remainder. This enables us to determine whether a
polynomial f lies in I or not. Before we proceed further the concept of division in
context of several variables needs to be explained.

2.3.1 The Reduction Process

The division algorithm for polynomials in one variable states that if f and g are
polynomials such that ¢ # O then there exist g and r such that f = g- ¢+ r where
either r = 0 or deg(r) < deg(g). In order to generalize this concept of division
algorithm to the polynomial ring in IK[x], one needs to use term orderings, which
have been defined earlier. To be more precise, let f be a polynomial in K[x] and
let G = (g1, 82 - .- gn) be an ordered sequence of polynomials in several variables.
Fix some admissible term ordering. The remainder in this case can recursively
be described as follows: If 1t(gx) divides 1t(f), then define rem(f, g1,...,9n) =
rem(f—1-gx, (1,82, - - -, §n)), Where k is the smallest index such that 1t(gy) divides
1t(f) and [ is the term chosen so that It(f) = 1t(/ - gx). If no 1t(g;) divides It(f),
then define rem(f, (g1, g2, ..., &) = It(f) + rem(f — 1t(f), (1,82, ---,&n))- The
process is finite since in both cases the leading monomial drops. The following
proposition gives a criterion to decide whether a polynomial f € K[x] belongs to
an ideal I C K[x] or not.

2.3.1 Proposition Let G = {g1,82,...8u} be a Groebner basis for an ideal
I € Klx1,x,...x,]) and let f € K[x1,x2,...x,]. Then f € I if and only if the
remainder on division of f by G is zero.

2.4 Computing Groebner Bases

Once the concept of division is clear in the case of several variables, one can now
compute Groebner bases of an ideal from its generating set, which crucially de-
pends on the term ordering, different term orders may result into different Groeb-



2.4. Computing Groebner Bases 13

ner bases. The Groebner basis from any set of generators of an ideal can be
constructed by computing S-polynomial defined below.

2.4.1 Definition Let f and g be non-zero polynomials in K[x]. Define the S-
polynomial of f and g w.r.t some fixed term ordering, as

lem(Im(f), Im(g)) . lem(Im(f), Im(g))
1t(f) 1t(g)

5(f,8) =

where Icm denotes the least common multiple.

The S-polynomial cancels the leading terms of f and g according to the term
ordering.

2.4.2 Example If (f, g) = (x?, xy — ) and the ordering is lex then

Xy, ¥y 2\ _ a2
?x - W.(xy -y)=xy 2.4)

5(1,8) =

¢

The following criterion determines that whether a set is a Groebner basis for an
ideal or not.

2.4.3 Theorem Let {31, %2, ..., 8n} be a set of monic polynomials in K[x]. Then
191,82, - ., 8n) is a Groebner basis of the ideal it generates if and only if

rem(5(gi, &) = 0 for all i # j.

Groebner bases are not unique. However a reduced Groebner basis is always
unique.

2.4.4 Definition A Groebner basis G = {g1,>,..., &} for the ideal I in K[x]
is said to be minimal if each g;, 1 < i < n, is monic and the leading term of
the generator g; is not divisible by the leading term of another generator g; where
i # j. A Groebner basis G is called reduced basis if it is minimal and no term in
gi is divisible by It(g;) for any i # j.
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There are many features which comtribute to the theory of Groebner basis such as
Groebner basis can be constructed w.r.t arbitrary admissible orderings and lexical
orderings having the elimination properties [57] or can be designed for desired
orderings [15]. For extensive study of Groebner bases reader is referred to [1, 25,
4, 35].

2.5 Binomial Ideal

The following ideals are of great importance in this work. A binomial in a poly-
nomial ring is a polynomial with two terms, say ax" + bx°.

2.5.1 Definition [Binomial Ideal]

A binomial ideal is an ideal of IK[x] generated by binomials.

If I is a binomial ideal then the radical, associated primes, and isolated primary
components of [ are again binomial, and I admits primary decompositions in terms
of binomial primary ideals [23]. Moreover these ideals have a finite number of bi-
nomials generators in a polynomial ring. Next we describe the notion of toric
ideal which is a special type of binomial ideal. Let v4,--- ,y; and xq,--- ,x, be
indeterminates over a field K. Let A = (a;;) be a d X n matrix with nonnega-
tive integer entries. The columns of A give rise to a collection of monomials in

Klyi, ..., yal given by

The ideal associated to the matrix A is the kernel of the IK-algebra homomorphism
¢ Kxy,...,x,] > K[yy,...,yal :xj>m;, 1<j<n. (2.5)

This is a toric ideal and is denoted by [4. A toric ideal is prime since it is the
kernel (ker ¢) of a homomorphism into an integral domain [21, 33, 56].

2.5.2 Proposition The toric ideal 14 is generated by

Ip = (x" = x" 1 Au = Av,u,v € INp). (2.6)
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Proof: Choose f € 14 a polynomial, which cannot be written as a linear combina-
tion of the binomials given in the generating set. Let 1t(f) = x* be minimal w.r.t
>. Now f € ker ¢, hence x" gets cancelled with some x” after applying ¢. Also
x° is less than x* since it is not the leading term. Let g = x* — x%, ¢(g) = 0 and so
O(f —8) =0, f # g Moreover 1t(f) > 1t(f — g), hence by assumption f — g can
be written as a linear combinition of binomials, which is a contradiction. [ ]

Hilbert Basis Theorem tells us that [4 is generated by finitely many binomials
from the above set. A Groebner basis for the ideal I = I, can be computed from
the ideal [6, 56]

]=<x]'—7’l/lj11SjS7’l>- (27)

For this, observe that I = | N K[xy,...x,]. Moreover, since | is generated by
binomials, Groebner bases theory implies that all the elements in any reduced
Groebner basis for | are binomials, too. Suppose G is a Groebner basis for | with
respect to an elimination term order in which any monomial containing one of the
y; is greater than any monomial containing only the x;. Then I has the Groebner
basis GNK[xy,...x,] and so is also generated by binomials. Another description
of computation of Groebner basis for toric ideals is given in [44].

3210

0123
associated to this matrix has the following Groebner basis:

2.5.3 Example Consider the matrix A = ( ) The toric ideal

— 2 2
In = {x1X3 — X5, X1X4 — X2X3, X2X4 — X5)

¢

It is worth noticing here that not all binomial ideals are toric ideals, i.e the ideal
I = (x> — y*) is a binomial ideal but not prime since (x — y)(x + y) € I but

(x-—y),x+y ¢l

2.6 Groebner Bases for Modules

Modules are to rings what vector spaces are to fields [1, 38]. Let K be a field
and R = K[xy,...,x,] be a commutative ring with identity, a set M is called an
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R-module provided that M is an abelian group under addition and multiplication
by elements of R satisfying the following axioms:

e foreveryre Randm e M, rm € M,

e foreveryre Randm,me M, r(m+m') =rm+rm’,
o foreveryr,””¥ € Randme M, (r +v")ym =rm+r'm,
e foreveryr,”’ € Randm e M, r(rm) = rr'm,

e foreveryme M, Im =m.

The simplest example of modules are those which consist of all m X 1 columns of
R:

L&}
R™ = D |:rneRforalll<i<m (2.8)

T'm

where addition and scalar multiplication are defined component-wise,

1 1 r1+r
+1 = : (2.9)
Tm T Ym + T
and
r rri
rfoo =] (2.10)
Y Ytm

A module satisfies almost the same axioms as a vector space, with elements taken
from a ring rather than a field. Unlike vector spaces modules need not have a
linearly independent generating set but if a module has one, then that is called
a free module. For example the R-module R™ is a free module. A submodule
of an R-module M is a subset of M, which itself is an R-module. Next, the
generalisation of the theory of Groebner bases to submodules of R™ is described.
Construction of these bases goes parallel to what we have for ideals in polynomial
rings. Consider the standard basis of R™,
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er=(@1,...,00,e,=(0,1,...,007,--- ,e, = (0,..., 1.

Recall that a monomial in R is an element of the form x* = xi”x;’z .-+ x,", where
u=(U,...,u,) € ]Ng is a lattice point. More generally, a monomial m in R
is an element of the form x"“e; for some i. The product ¢ - m of a monomial
m € R™ with an element ¢ € R is called a term and c is called its coefficient. Each
element f € R™ can be uniquely written as an R-linear combination of monomials
m; € R™,

f:Zcimi, 0#c €R. (2.11)

If m and n are monomials in R", m = x"e; and n = x"ej, then m is divisible
by n if i = j and x* is divisible by x°. If m is divisible by n, then the quotient
m/n is defined to be x*/x” = x*7° € R. Thus if n divides m, then m = (m/n) -
n. Moreover, if i = j then the least common multiple of m and n is given as
the least common multiple of x* and x” times e;; otherwise, the least common
multiple is defined to be 0. In order to construct Groebner basis for R", we need
to define the the concept of division in modules which depends heavily on term
order [1, 18]. By a term order on monomials of R”, we mean a total order, >, on
these monomials satisfying the following conditions:

e X > ZY, for every monomial X of R™ and monomial Z # 1 of R;

e if X > Y, then ZX > ZY for all monomials X, Y € R™ and every monomial
Z€eR

For any term order > on R, two term orders on R” can be defined naturally :

e (the TOP extension of > ) x"e; >rop x“e; if and only if x* > x, or if x* = x°
andi < j

o (the POT extension of >) i.e., x"e; >por x“e; if and only if i < j, orifi = j
and x* > xY [1, 18].

Given a term order > on R, each non-zero element f € R has a unique leading
monomial, denoted by 1t(f), which is given by the largest involved monomial with
respect to the term order.
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Once a term ordering on R™ is fixed, the division algorithm in R can be easily
extended to the R-module R™. The basic idea behind the division algorithm is the
same as for polynomials, i.e to divide the polynomial of a module by an ordered
sequence of elements of a module until the division process can not be done any-
more. For this, let f be an element in R™ which is to be divided by an ordered
sequence G = (g,...,8,) of elements in R™. The key operation is the reduction
of a partial dividend p (p = f to start) by an g, (k is assumed to be minimal) such
that 1t(g,) divides It(p). If It(p) = ¢ - 1t(g,) for some term t € R, then p is replaced
by p —t - g.. This reduction step can be stated by the recursion

rem(p/ (81; .. '/gs)) = rem(P —t- S (81/ .. -/gs))' (212)

If at some point, no reduction is possible then 1t(p) is not divisible by any of the
1t(g;). In this case, the leading term of p is subtracted and placed in the remainder.
This step is given by the recursion

rem(p,(g,,---,8,) = lt(p) + rem(p — 1t(p), (g, - - -, &.))- (2.13)

The reduction stops when p is reduced to 0; it always terminates since in both
cases the leading term of p drops.

Let M be a submodule of R™ and let > be a term order on R”. We denote by
1t(M) the (monomial) submodule generated by the leading terms of all f € M
with respect to >.

A finite subset G = {g,,..., 8.} of M is called a Groebner basis for M with
respect to > if the submodule of leading terms equals the submodule of leading
terms generated by the elements of G, i.e.,

1t(M) = (1t(gy), . .., 1t(g,))- (2.14)

If G is a Groebner basis for M, then f € R™ lies in M if and only if the remainder
on division by G is 0. The computation of Groebner bases depends on a gener-
alization of Buchberger’s S-criterion. For this, let f and g be elements of R™.
Define the S-vector of f and g as

m m

i’ ~ g?

where m is the least common multiple of the leading monomials of f and g. Thus
the S-vector S(f, g) cancels the initial terms of f and g according to the term

S(f,8) = (2.15)
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ordering. Buchberger’s S-criterion says that a set G = {g,,..., 8.} in R" is a
Groebner basis for the module it generates if and only if the remainder on division
by G of 5(g;,&;) is 0 for all 7, j.

A reduced Groebner basis for a submodule M of R and a term order > can be
calculated by Buchberger’s algorithm that starts with any set of generators for M.
In the most rudimentary form, the algorithm appends in each step the remainders
of the S-vectors between each pair of generators to the generating set until these
remainders are all 0.

2.7 Syzygies and Finite Free Resolution

The existence of a Groebner basis for each submodule of R™ also shows that each
submodule of R™ is finitely generated. However, submodules of R" eventually
have no bases (in the sense of linear algebra). Thus to handle computations in a
module requires not only a generating set, but also the set of all relations satisfied
by the generators. More specifically, let F = (f,,..., f,) be an ordered t-tuple
of elements in R™. A relation on F is an R-linear combination of the f; which is
equal to 0,

hif,+...+hf,=0. (2.16)

We think of a relation on F as an element h = (hy, ..., h)T of Rt. Such relations are
called syzygies. The set of all relations on F forms an R-submodule of R, called
the (first) syzygy module of (f, ..., f,) and denoted by Syz(f,, ..., f,) [1, 18].

In particular, suppose that G = {g,, ..., g,} is a Groebner basis for a submodule
M of R™. Consider the corresponding S-vector

mi]- m; j
(g)% ™ I,

where m;; is the least common multiple of the leading monomials of g; and
8 Since G is a Groebner basis, by Buchberger’s S-criterion, the remainder of
S(g; g].) upon division by G is 0, and the division algorithm gives an expression

t
58+ 8)) = Z hij & (2.18)
k=1
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where hj € R and It(hig,) > 1t(S(g;, g].)) for all i, j, and k. Let h;j € R’ denote
the column vector

hij = hier + ... + hie; € R'. (2.19)

For each pair (i, j), 1 < i, j < t, such that m;; # 0, define

hij
hiji — a;
Sij = hi]' - i e + i ej = S Rt, (220)
lt(g;) lt(gj) I
1] ]
hije

where a; = m;;/ 1t(g;) and a; = m;;/ lt(g].). Otherwise, put s;; = 0. Note that
5(g; g].) and S(g]., ;) only differ by the sign and so it suffices to consider the s;;
only fori < j.

By Schreyer’s theorem [1, 18, 53], the set {s;; | 1 < i,j < t} forms a Groebner
basis for the syzygy module M = Syz(g,, ..., g,) with respect to the term order >
on R! defined as follows:

x'e; > xe;if lt(x"g;) > lt(x”g].), orif It(x*g;) = lt(x”gj) and i < j.

2.7.1 Example Let R = Q[x,y,z,w] and [ = (x* — yw, xy — wz, y* — x2).
The reduced Groebner basis of I with respect to degrevlex order is {g1, g2, g3}
where g1 = X —wy, $» = Xy — Wz, g3 = y* — xz, withx > y > z > w. Also
1t(g1) = x2,16(g2) = xy,1t(g3) = y*. Least common multiples are

— a2 — 2242 )
nmy1 = XY, mp = XY, nz = XY=

Now S(g1, $2) = —wg3 s0 $12 = (—y, x, —w)". Similarly s;3 = (—=y* + xz,0,x* —
yw)" and sp3 = (z, —y, x)T. Hence Syz(g1, £2, $3) = {(-y, x, —w)7, (—y*+xz,0, x*—
yw)T, (z,—y,x)T). Since 13 = ys12 + xsp3, we are left with only two generators:
Syz(81, 82, 83) = {(=y,x,~w)", (z, ~y, X)"). ¢

Let M be a submodule of R with generating set F = {f,, ..., f,}. The generators
give rise to a surjective homomorphism ¢ : R' — M sending (11, ..., ;)" € R!
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to Y;hif, € M. It follows that the syzygies on f,,..., f, form the kernel of
¢o. Choosing a set of generators g, ..., g, for the syzygy module Syz(f,, ..., f,)
corresponds to choosing a homomorphism ¢; of R® onto the kernel of ¢y, which
amounts to the fact that im (¢1) = ker(¢). Equivalently, the sequence

RR—-R -M-—0

is exactat R'. Moreover, in order to understand the syzygy module Syz(f, ..., f,),
we not only need its generators g, ..., g,, but also the set of relations on these
generators, the so-called second syzygies, and so on. The connection between a
module M and its syzygies can be summarized in an exact sequence of the form

LB SRS Mo, 2.21)

where all modules F; are free R-modules. Such a sequence is called a free reso-
lution of M. If there is an index ¢ such that F, # 0 and Fpq = Fpyp = ... = 0,
then the resolution is said to be finite of length £. The famous Hilbert Syzygy
Theorem says that each finitely generated R-module has a finite free resolution
whose length is not exceeding the number of variables.






Chapter 3

Algebraic Coding Theory

Communicating accurate information is extremely important and arises in a vari-
ety of situations. In 1948 C.E. Shannon gave a formal description of a commu-
nication system and introduced a theory about coding. Later R.W. Hamming in
1950 showed how to construct and decode algebraic codes. This incorporation of
algebraic structure to codes enabled researchers to provide better codes and to in-
troduce more efficient decoding algorithms. In this chapter first some definitions
and some known results regarding coding theory are presented. In the second sec-
tion the notion of algebraic codes will be introduced. The last section is related
to the introduction of one of the oldest codes namely Reed Muller codes. Most of
the material in this chapter is taken from [47, 40].

3.1 Basic Coding Theory

The main aim of coding theory is the transmission of messages over noisy chan-
nels and develop techniques to recover the original message which may be dis-
torted due to the noise present. All information is sent as a sequence of ‘words’ or
blocks of zeros and ones. Each block is then translated into a longer block called
a ‘coded-word’. This encoding is formulated so that any two codewords look very
different. Formally:
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3.1.1 Definition [Word] Let F = {a,, .. ., 4} be a set of size g, which we refer to
as a code alphabet and whose elements are called code symbols. A g-ary word of
length n over F is a sequence x = x1X;...Xx, with each x; € F for all i. Equiva-
lently, x may also be regarded as the vector (x1, ..., x,).

3.1.2 Remark In practice, and specially in this work, the code alphabet is often
taken to be a finite field IF,; of order 4. The following is the set of all words of
lenght n with entries in IF:

IFZ ={(x1,..., %) 1 x; € F} (3.1

No errors can generally be detected or corrected if all elements of F" are used as
messages. The obvious idea is to only use a subset. A code C of length 7 is a
non-empty subset of a set F". Its elements are called codewords. If |F| = g, we
say that C is a g-ary code. When g = 2, we say that C is a binary code. In order to
measure how much the codewords in a code differ from one another we need the
following definition.

3.1.3 Definition [Hamming Distance] Let x, y be the words of length 7 over F.
The Hamming distance d(x, y) is the number of coordinates where x and v differ,

dix,y)=lli:1<i<nxi # yill (3.2)

The Hamming distance can be thought of as the number of positions required to
change a codeword x into another codeword y.

The Hamming weight of the vector x is the number of non-zero coordinates and it
is denoted by wt(x). The set of words of length 7 over F, equipped with Hamming
distance d, is a metric space. An important invariant of a code C is the minimum
distance among the codewords.

3.1.4 Definition [Minimum Distance] The minimum distance d = d(C) of a code
C is the minimum Hammming distance between two distinct codewords in C, i.e.,

d =min{d(x,y) : x,y € C,x # y} (3.3)
whereas minimum weight is

witc = min{wt(x) : x € C,x # 0}. (3.4)
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3.1.5 Example The binary repetition code of length 5 has minimum distance
5 since the two codewords differ in all five positions. ¢

The notion of minimum distance enables us to measure the error detection and
correction capabilities of the code. The following result explains that fact.

3.1.6 Theorem A code C can detect up to t errors if its minimum distance is
t + 1 or greater and can correct up to t errors if its minimum distance is 2t + 1 or
greater.

We will describe the error correcting capabilities of codes through the geometric
point of view. Given x € F", we will denote B,(x), the closed ball of radius r
centered at x:

B.(x)={y e F": d(y,x) <r}.

From above we know that if d(C) > 2t+1 thenforx, vy € C, x # y, Bi(x)NBi(y) =
0. For if z € By(x) N Bi(y), then 0 # d(x,y) < d(x,z) + d(z,y) < 2t < d(C).
So, geometrically, t-spheres centered at distinct codewords do not overlap. This
means that if ¢ or fewer errors have occured during the transmission, they can
be corrected by the nearest neighbour decoding, i.e., any codewords lying in any
sphere will be decoded as its center.

For x = (x1,-++,x,), ¥ = (Y1,--- ,yn) € F" the scalar product between x and y
isx-y=x1y1 + -+ X,Yn. If x- y = 0 then x and y are called orthogonal. Let
C be a code we define the orthogonal code of C, as the set of vectors which are
orthogonal to all codewords of C:

Ct={xeF":x-c=0foreveryc € C}

If C C C* then C is called a self orthogonal code and if C = C* then C is called a
self dual code.

3.1.7 Definition A code C over F is said to be an [, M, d] code if

e d =d(C) is the minimum distance of C,

e |C| = M is the number of codewords in C, and
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e cach codeword has length 7.

A “good [n1, M, d] code” is one which has minimum 7, for the purpose of speedy
transmission, maximum M, so that large number of messages can be encoded
and maximum d, in order to detect and correct as many errors as possible. As a
mathematical optimization problem, M needs to be maximized with the condition
that [n, M, d] code exists. The following definition gives some bounds on codes.
If C is t error correcting, spheres around each codeword are disjoint, we begin by
counting the words in a sphere. Let F = F, and let y € B,(x), where r < n and
x € [F. Clearly, d(x,y) = i means that y differs from x in exactly 7 positions.
These i positions can be chosen in () ways. For each position we can choose any
symbol other than the symbol appearing in x in that position, it gives us g — 1
choices, for i symbols there will be (g — 1)’ choices. By varying i and adding the
resulting numbers, we get all words in a sphere. Hence, the total number of words

loucseoaf) e

which cannot be larger than g". The following is known as sphere packing bound
(or Hamming bound):

qn
M= ((g)+ E IR 1)(':))‘ G0

Codes which satisfy this condition are called perfect codes. For example, there is

in all spheres is:

a perfect code [7, 16, 3] code, known as Hamming code.

3.2 Finite Fields

For deeper analysis and construction of linear codes, the alphabet is endowed
with some meaningful structure, that is usually of a finite field [39, 47]. Finite
fields play a major role in coding theory. A field is a set IF together with two
operations namely, +, called addition and -, called multiplication. The set FF is
an abelian group under addition with additive identity called zero, denoted as O,
the set of all non-zero elements is also an abelian group under multiplication with
multiplicative identity 1; and multiplication distributes over addition. The field
F is finite if it has finite number of elements, the number of elements in F is
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called the order of IF. In general a field with p elements is denoted by IF,. Most
commonly used finite fields are the fields of integers modulo p, when p is prime.
Let F be a field, the characteristic of F is the least positive interger » such that
r-1=1+1+..+1is0, where 1 is the multiplicative identity of F. If no such r
exists then the characteristic is defined as 0. The set of p distinct elements of IF, is
isomorphic to the field IF, of integers modulo p. Following are a few basic results
on finite fields: Let IF, be a finite field with q elements. Then:

e If [Fis a finite field then IF has prime characteristic.

e If characteristic of IF is p then IF has p™ elements for some positive integer
m.

e [F, is a vector space over I, of dimension 1, where g = p™.

e [F, is unique up to isomorphism.

Familiar examples of fields are the fields of real numbers and complex numbers.
Both of these fields contain infinitely many elements. The smallest field of or-
der two consists of two elements i.e. {0, 1}, multiplication is “same” as for real
numbers while addition is mod 2. If IF, is a field of order g, then the set ]F;l is an
n-dimensional vector space with addition of vectors and multiplication of vectors
by a scalar from IF,:

Gy )T+ (W, )T =y, X+ )

axy, ..., x,)" = (axy, ..., ax,)", a € F,.

There are several ways by which one can represent the elements of finite fields.
Here they are described via factor rings IF,[x]/(g), where g is an irreducible poly-
nomial of degree 7 in IF,[x]. It is well known that the elements of a quotient ring
are in one to one correspondence with the possible remainders on division by g.
Hence the elements of the field IF; may be represented by the cosets modulo (g)
of the polynomials of degree n — 1 or less:

g + a1(X).... + a1 X", a; € .
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3.3 Linear Codes

So far only the basic definitions are provided. In order to make implementation
of codes easier, concept from algebra are introduced, and with this coding theory
becomes more elegent. One of the great advantages of using a field as a code
alphabet is that one can perform vector space operations on the codewords. Since
we have assumed IF; to be a field so IFj is an n-dimensional vector space over IF;
as described earlier.

3.3.1 Definition [Linear Code] A linear code C of length 7 is a linear subspace of
the vector space IFj where IF; is the finite field with q elements.

As explained earlier that the minimum weight of a code is the smallest non-zero
weight of any code. Since C is a linear code, C + ¢ = C for all ¢ € C, hence
minimum weight and distance coincide. So here we observe the first advantage
of a linear code, that is instead of comparing all the codewords for minimum
distance, we just calculate the minimum weight. Since, C is a subspace of [F, we
can choose a basis for this subspace. Suppose a set of k-words of length 7 is a
basis of C, i.e., C = {cy,...,cx), then C has qk codewords. We can arrange these
vectors as rows of k X n-matrix G, known as its generator matrix.

(3.7)

By using this matrix, we can encode any message, i.e., if x € IF’; is a message of
length k then it may be encoded as the codeword xG. The encoding procedure is
particularly simple when the generator matrix is in the standard form: G = (I, A)
where I; is the identity matrix of size k. In this case the original message x is
regained from xG by deleting the last n — k terms. These last terms are called
parity check digits. If a code C has generator matrix G in the standard form then
the corresponding parity check matrix is H = (—-Af,I,_x). Note the GH' = 0
which implies that ¢ is a codeword if and only if cH' = 0.

3.3.2 Remark A linear code C with length 7, dimension k and minimum distance
d is called an [1,k, d] code over IF,. Since there are ¢* distinct codewords, hence
an [n,k,d] code can be referred as [1, g%, d] code.
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3.3.3 Example The matrix G = (I4, A) where

S OO
S O = O
S = O O
— o O O
e e N =
=
—_ O = =

is a generater matrix for an [7,4, 3] code known as binary Hamming code. The
codewords generated by the rows of G are:

0000000 1111111 1000011
0111100 0100101 1011010
0010110 1101001 1101001
1110000 0011001 1100110
0101010 1010101 1001100
0110011 0001111

¢

So far we have explained a method for efficient generation of linear codes using
generator matrix. Codewords are obtained simply by multiplying a message with
a generator matrix. When it comes to recovering the original message, which
has been transmitted over a noisy channel, the main objective is to make the best
possible guess regarding the originally transmitted codeword on the basis of the
received word. One obvious decoding algorithm is to examine all codewords un-
less one is found with a minimum distance d or less from the received word. This
strategy is known as nearest neighbour decoding. But this is possible for codes
with a small number of codewords. In order to counter this problem a more effi-
cient decoding method known as syndrome decoding is introduced. This method
is based on the standard array which is a table in which the elements of I are
arranged into cosets of C.

3.4 Syndrome Decoding

Assume that ¢ € C is transmitted and y = ¢ + e is received. If C = {cy,...¢} is a
code with dimension k, the set E of possible error patterns is [36]:

E={y-ca,...y=al={y-c:ceCl=y-C (3.8)
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Given a received vector y there is a one to one correspondence between the pos-
sible error patterns and the codewords. When C is a linear code, then

E=y-C=y+C={y+c:ce(C} (3.9)

thus the set of all possible error patterns corresponding to the recieved word y is
precisely y + C, known as the coset of C. Formally, let C be an [n, k, d] code over
IF,. For any x € IF, the set

x+C={x+c:ceC}

is called a coset of C. Since C is a linear space, the distinct cosets partition ]Fg
into q”‘k sets of size qk. Thus, in order to decode, we must examine the coset
corresponding to the recieved vector, to find the appropriate error pattern.

3.4.1 Definition Let H be a parity check matrix for C. The syndrome s associated
with the received word vy is s = yHT. Observe that

s=yH" =(c+e)H' =cH' +eH" =eH". (3.10)
the sydrome depends only on error pattern e and not on the transmitted codeword.

The following assertion shows the close relationship between the syndromes and
cosets of C.

3.4.2 Theorem Two vectors x,y € IF" yield the same syndrome if and only if they
are elements of the same coset of C.

3.4.3 Definition Let C be [, k, d] code. For any coset x+ C and any vector y € C,
we say that y is a coset leader if it is an element of minimum weight in the coset.

Since the syndrome determines the coset, and the error pattern must be an element

of the coset, hence the syndrome is the sufficient statistic for determining the error
pattern.

3.4.1 Decoding Linear Codes

Let y be a received word. We want to find a vector e of smallest weight in the
coset containing i [48].
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after recieving a vector y, compute the syndrome s = yHT;

e find z, a coset leader of the corresponding coset;

the decoded word is ¢ = y — z;

recover the message m from c.

The above procedure requires to construct a standard array (list of elements of
each coset of C) that contains the 2" vectors ordered by coset. Then the complexity
of the decoding procedure is exponential in terms of memory occupancy.

3.5 Cyclic Code

Cyclic codes form a subclass of linear codes [47]. Most of the important lin-
ear codes used in practice are cyclic. They are based on polynomials over finite
fields so ring theory is used to perform coding theory operations. This additional
structure allows very efficient encoding and decoding procedures.

3.5.1 Definition Let C be linear code of length 1 over IF,. The code C is cyclic if
for every word (cy, o, . .., ¢y) € C the cyclic shift (c,, c1,...,c,-1) is also in C.

For instance, the code {000,011, 101, 110} is cyclic. Transition of this concept to
algebra is as follows: take (ag, a,...,a,-1) € F”, associate a polynomial

Ay + a1 X+ ... +a,.x" e F,[x]/{x" = 1), (3.11)

where IF,[x] is a polynomial ring in one variable and [ is the ideal of IF,[x] gener-
ated by x" —1. Any element of factor ring R = IF,[x]/I has a unique representation
which is a polynomial of degree at most n — 1. Clearly this residue class ring is
isomorphic to IFj as a vector space over IF.

Proposition 3.1 Ler R = [F [x]/{x" — 1). A vector subspace C of R is a cyclic
code if and only if C is an ideal in R.

A cyclic code C can be obtained by multiplying each polynomial of degree less
than k by a fixed polynomial g(x) of degree n — k with g(x) a divisor of x" — 1.
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Also since every ideal in R = IF,[x]{x" — 1) is principal, hence every cyclic code
can be generated by a monic polynomial of lowest degree in the ideal. It can be
stated as follows:

Let C = (g(x)) be a cyclic code. Then g(x) is called the generator polynomial of
C and h(x) = (x" —1)/g(x) is called the parity check polynomial of C.

3.6 Ideals as Linear Codes

Cyclic codes can be defined in several ways but the most elementary way is to
define them in terms of ideals in a quotient ring. The above concept of one-
dimensional cyclic codes can be naturally extended to n-dimensional cyclic codes.
In what follows, K[x] = K][x, ..., x,]. The quotient ring

R = K[x]/I, (3.12)

where I is an ideal in K[x] is defined as:

3.6.1 Definition The quotient of KK[x] mod I is the set of all equivalence classes:

K[x]/I = {[f] : f € KIx]} (3.13)
where

[f1={geKx]: f-gel}.

Since K[x] is a ring we define sum and product as:

[f1+[g]=1[f +gland [f]-[g] =[f- gl

The set K[x]/I is a ring under the operations defined above. This forces one
to think of ideals in this ring. The definition is the same as the definition of
ideals in K[x]. For the purpose of computation in this quotient ring, we need
to define the form of elements first. The description of simple representatives of
these equivalence classes stems out of the fact that the remainder on division of
a polynomial f by a Groebner basis G for an ideal I is uniquely determined by
the polynomial f. Let G be a Groebner basis of an ideal I. Also consider the
ideal defined by the leading terms of I, 1t(I), as given in the previous chapter. The
following map:
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¢ : K[x]/I = S (3.14)
defined by
Olf] = f©, where S = Span(x® : x* ¢ 1t(I))

establishes a one to one correspondence between the classes IK[x]/I and the ele-
ments of S. Formally, this can be descibed as follows [18, 25]:

Proposition 3.2 Let I C K[x] be an ideal. Then

R =K[x]/I (3.15)
is isomorphic as a k-vector space to S = Span(x® : x* ¢ 1t(I))
Hence standard representatives for elements in R can be computed by finding
remainders with respect to G. For the better understanding of this ring structure

we try to explore the form of ideals in R. There is a close relation between ideals
in the quotient K[x]/I and ideals in K[x] as stated by the following proposition.

Proposition 3.3  Let I be an ideal in K[x]. The ideals in the quotient ring K[x]/I
are in one to one correspondence with the ideals of K[x] containing 1.

If ] is an ideal in IK[x] containing I, the corresponding ideal in K[x]/I will be
JIT=Alj1:j€]) (3.16)
On the other hand if |’ is an ideal in the quotient ring then the form of the corre-
sponding ideal in K[x] is
J=1{j-lj1€T} (3.17)
3.6.2 Remark Replace K by IF, in R, and consider the quotient ring
R=F,[xy, ..., x,1/¢x, . xd). (3.18)

Any ideal I in R will be a linear code closed under products by elements in R. Any
code obtained in this way is called an n-dimensional cyclic code. One main advan-
tage of an n-dimensional cyclic code over linear code is that their extra structure
helps in describing a compact encoding algorithm, which will be discussed in the
next chapter.
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3.7 Families of Codes

Now we will discuss some of the most famous families of codes.

3.7.1 Hamming Codes

The family of Hamming codes is probably the most famous of all error correcting
codes. These codes were discovered independently by M. Golay in 1949 and R.W.
Hamming in 1950. These are perfect linear codes. All binary Hamming codes are
equivalent to cyclic codes. For each r > 0, H,(r) is an [n, k, d] code where

n=@ -1)/(q-1),k=n-r,d=3.

These codes are single error correcting. Since these are linear codes their encoding
process can be described in terms of the generating matrix, for example, as given
earlier, the following matrix generates the [7, 4, 3] Hamming code:

1101000

G = 0110100
0011010

00011QO01

The corresponding parity check matrix is:

1011100

H=10101110

0010111

Note that the columns of H are exactly the non-zero vectors of ]Fg The matrix H
can be used to decode binary Hamming code. Let y be a received binary vector,
compute its syndrome s w.r.t H, if s = 0 then the received word is a codeword,
otherwise compare the computed syndrome with the columns of H. If H; is a
column equal to s then there is an error in the i position of y. Hence the decoded
codewords is i + ¢;. This method fails if more than one error occurs.
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3.7.2 Reed Muller Codes

The very first definition of the Reed Muller codes was given in terms of Boolean
functions, by D.E. Muller in 1954 [43], while presenting a mathematical model
for circuit. Later, I.S. Reed proposed a decoding algorithm for these codes. These
binary linear codes have a good practical value and nice decoding properties.
Reed Muller codes can be defined in many ways [16, 24], here they are described
through Boolean polynomials and Boolean functions [47].

A Boolean function of m variables is a function f(xy,..., ;) from IF} to IF,. A
Boolean monomial p in variables {x;, ..., x,,} is an expression of the form

Jxy - x wherer; €{0,1,2,...}and 1 <i < m.

X
The reduced form of p is obtained by applying the rules x;x; = x;x; and xf = X;
until the factors are distinct. A Boolean polynomial is a linear combination of
Boolean monomials with coefficient from [F,. The degree of a Boolean polyno-
mial is the largest of the degrees of monomials that form p, in its reduced form.
The set B, of all Boolean polynomials form a vector space over [F,. The total
number of distinct Boolean monomials is

1+ +...+()=2",

hence there are 22" distinct Boolean polynomials in 1 variables. For every Boolean
function f(xy,...,Xy), there exists a Boolean polynomial P(x1, ..., Xu).

3.7.1 Definition Let 0 < r < m , the r" order Reed-Muller code R(r,m) is the
set of all binary strings of lenght 2™ associated with the Boolean polynomial p of
degree at most r.

The 0" order Reed muller code is just the repetition code of length 2™ of 0’s
or 1’s, while the m'"order code consists of all binary strings of length 2. The
Reed Muller codes have minimum distance 2" — r. The following theorem gives
a recursive definition of Reed-Muller codes.

3.7.2 Theorem Let r,m be intergers such that 0 < r < m. The r + 1" order Reed
Muller code of length 2! is
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RM(r+1,m+1)={(u,u+0v):ueRM(r+1,m),ve RM(r,m)}.

If G(r, m) is the generator matrix of the Reed Muller code RM(r, m) then

[ G(r+1,m) G(r+1,m)
Gr+1,m+1)= ( 0 G(r,m) (3.19)
is the generator matrix of RM(r +1,m+1).
3.7.3 Example
1111 1111 1111 1111|1111 1111 1111 1111 1
0101 0101 0101 0101|0101 0101 0101 0101 Us
GM(1,5) = 0011 0011 0011 0011|0011 0011 0011 0011 | | v4
77771 0000 1111 0000 1111|0000 1111 0000 1111 | | vs
0000 0000 1111 1111|0000 0000 1111 1111 Vs
0000 0000 0000 0000|1111 1111 1111 1111 %)
¢

3.7.4 Lemma Let r,m be integers such that 0 < r < m. Let RM(r, m) be the 1"
order Reed-Muller code of lenght 2.

e The dimension of the code is k = 1+( m )+( n )+

e  The minimum distance is d = 2™,
e RM(r,m) C RM(r+ 1,m), forall r < m.
e RM(r,m)* = RM(m —r—1,m), forallr < m.

In particular,

e RM(0,m) is the repetition code.

e RM(1,m) is the dual of the extended Hamming code.

e RM(m — 2,m) is the extended Hamming code.

e RM(m —1,m) is the even weight code (all vectors in ]F%m of even weight).

e RM(m,m) ="
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3.7.3 Golay Codes

The binary Golay code is one of the most important type of linear binary codes [28,
14]. Perfect codes are considered the best codes and are of much interest to math-
ematicians. They play an important role in coding theory for theoretical and prac-
tical reasons. In 1949, M. Golay [28] noticed that:

(2)e(2)e(Z )5 )2

It indicated to him that the possibility of a [23, 12] perfect binary code existed that
could correct three or fewer errors. It is one of the few examples of a nontrivial
perfect code. This is the only known code capable of correcting any combination
of three or fewer random errors in a block of 23 elements. The binary Golay code
Cy3 is a [23,12,7] code with parity check matrix H = (M, I;1), where I3 is the
11 X 11 identity matrix and M is the 11 X 12 matrix given by

e e e e = R = e N e
I e e R el )
—_ _m), OO R PR ORFR =k O
—_ O R O O R R O =
—_ O O R O FR Rk O F Rk
—_ O R, OO KR Rk Pk P, OO
— OO0 R R RFRPRORORO
—_ _, OO R, O R O F kO
_ om0 R OO0 R kOO
—_ O R R R OOORF O
R R P, OO, OO

[l
O R P PR R P R R R R R

The ternary Golay code Cyq is an [11, 6, 5] perfect code with parity check matrix
Hi1 = (N, Is), where

101221
110122
N=|112101 2
122101
112210






Chapter 4

Variants of Reed Muller Codes

4.1 Introduction

It has been established by several authers that many classical codes are ideals in
quotient rings [37]. Berman [5], showed that binary Reed Muller codes coincide
with powers of the radical of the quotient ring

R=TFyxy, ..., x ]/ —1,..., % = 1), 4.1)

n

Later Charpin [13], proved it for generalised Reed Muller codes. Here we have
presented an approach, similar to Landrock and Manz [37], to define variants of
Reed Muller codes and their parameters. Moreover, a strong link between the
theory of Groebner bases and cyclic codes, defined in terms of ideals in quotient
ring, is explored. This chapter is organised as follows: In Section 4.1, Groebner
bases are presented for an ideal which plays a major role in this work. Outline of
a general encoding process for a cyclic code via Groebner bases is described in
Section 4.2. Variants of Reed Muller codes and their decoding process are given
in Section 4.3. Lastly, parameters for the variants of primitive Reed Muller codes
are given.

4.2 Groebner Basis Construction

This section describes the construction of a reduced Groebner basis of an ideal,
which is later used to define a class of codes which contains primitive Reed Muller
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codes. Let K be a field and let K[x] = K[x3, ..., x,,] be a commutative polynomial
ring over K. Take a nonempty subset S of INj and consider the ideal I = I(S)
generated by the set

{n(a):a €S}, 4.2)
where
T](a) = (Xl - 1)a1 o (xn - 1)an, a2 0/ ceesln 2 0. (43)

Let M = M(S) be the set of n-tuples a € S that are minimal with respect to the
component-wise natural <-ordering. In particular, if we choose S = N then the
set of minimal elements will be M(S) = {0} and I(S) = K][x], since 1 € I(S).
Secondly, if S = IN§ \ {0} then M(S) consists of the unit vectors and the ideal [ =
1(S) is generated by the terms x;—1, 1 < j < n. The following theorem constructs
a Groebner basis for an ideal, which will be considered later to understand the
structure of the corresponding codes.

4.2.1 Theorem For any monomial order on K|x], the ideal I = 1(S) in K[x] has
the reduced Groebner basis

G ={n(a): a € M}. (4.4)

The ideal of leading terms of I equals ({x* : a € M}).

Observe that for each term ordering > on INJ, the leading term of 1)(a), a € IN, is
x*. Indeed, each monomial in 17(a) is of the form x* for some b € IN§ with b < a.
Thus a = b + ¢ for some ¢ € INj. But 0 < cand so b < b + ¢ = a. The quest for
a proof of this theorem led us to two propositions which are of great interest and

importance in themselves. Proofs of these propositions are given according to the
following setting: To each nonempty subset S of INj; \ {0} define

S ={la,...,a;j=1,...,a,) : (@1,...,4j,...,4,) €S,a; > 0,1 < j<n}
Then
M ={(a,...,a;-1,...,a,) : (ay,...,4aj,...,4,) € M,a; > 0,1 < j<n}

is the corresponding set of minimal elements of S’. Finally, put G’ = {n(a) | a €
M'}.
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4.2.2 Lemma For each polynomial f € K[x] and each variable x;, 1 < j < n, we
have

(x; = Drem(f, G') = rem((x; — 1)f, G).

Proof: Fix a term ordering < on K[x]. First, suppose there is a generator g € G’
such that Im(f) is divisible by Im(g). Then rem(f,G’) = rem(f — ¢’ - g, G’) for
some monomial ¢’ € K[x] and so Im((x; — 1) f) is divisible by Im((x; — 1)g). But
(x; —1)g € G and thus rem((x; — 1) - f,G) = rem((x; — 1)[f — ¢’¢l, G). We may
assume that the assertion holds for all polynomials f” with f* < f. But f—¢'¢ < f
and thus (x; — 1)[f — ¢’g] < (x; — 1)f. Therefore, rem((x; — 1)[f — ¢'¢l, G) =
(xj = Drem(f — g'g, G’) = (x; — Drem(f, G’), as required.

Second, suppose there is no generator ¢ € G’ such that Im(f) is divisible by
Im(g). Then there is no generator ¢ € G’ such that Im((x; — 1)f) is divisible by
Im((x; — 1)g). Write f = m + h, where m = It(f). Then rem(f,G") = It(f) +
rem(f —1t(f), G’) = m+rem(h, G’). Moreover, rem((x; —1)f, G) = It((x; - 1)f) +
rem((x; — 1)f = 1t((x; — 1)f), G) = xjm + rem((x; — 1)h — m, G).

First, suppose that the leading term of (x; — 1)k — m is —m. Thus rem((x; — 1)k —
m,G) = —m +rem((x; — 1)h —m — (-m), G) = —m + rem((x; — 1)h, G). We may
assume that the assertion holds for all polynomials f” with f* < f. Buth < f and
thus rem((x; — 1)k, G) = (x; — 1)rem(h, G’). It follows that rem((x; — 1)f,G) =
(xj = 1)m + (x; — Drem(h, G’) = (x; — 1)[m +rem(h, G")] = (x; — Drem(f, G’), as
required.

Second, assume that the leading term of (x; — 1)h — m is x;m’, where h = m’ + I/
and m’ is the leading term of h. There are two cases.

First, suppose that there exists no generator ¢ € G’ such that Im(h) = m’ is
divisible by Im(g). Thus rem(h, G") = m’ + rem(h’, G’) and there is no generator
g € G’ such that Im((x;—1)h) = x;m’ is divisible by Im((x;—1)g). But (x;-1)g € G
and thus rem((x; — 1)h —m, G) = x;m’ + rem((x; — 1)k’ — (m + m’), G). It follows
that rem((x; — 1)f, G) = xj(m + m’) + rem((x; — 1)k’ — (m + m’), G). But there is
no generator ¢ € G’ such that Im(g) divides m or m’ and so there is no generator
g € G with this property. It follows that rem((x; — 1)f,G) = (x; — 1)(m + m’) +
rem((x; — 1)1’, G). On the other hand, (x; — )rem(f, G") = (x; — 1)(m + m’) +
(x; — Drem(h’,G"). Since h’ < f, we obtain by induction, (x; — 1)rem(h’, G") =
rem((x;—1)h’, G) and thus rem((x;—1)f, G) = (x;—1)(m+m’)+rem((x;—1)I’, G),
as required.
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Second, assume that there is a generator ¢ € G’ such that Im(h) = m’ is divisible
by Im(g). Then rem(f, G") = m + rem(h, G') = m + rem(h — g’g, G’) for some
g € Aand Im((x; — 1)h) = x;m’ is divisible by Im((x; — 1)g). But (x; - 1)¢ € G
and thus rem((x; — 1)k, G) = rem((x; - 1)(h - ¢'¢)), G) = (xj— Drem(h - ¢'g, G'),
where the last equation follows by induction, since h — ¢’¢ < h. Now rem((x; —
1)f,G) = mxj + rem((x; — 1)h —m, G) = mx; + rem((x; — 1)(h — ¢'g) — m, G).
But by hypothesis, there is no generator ¢ € G’ such that Im(g) divides m and
so there is no generator ¢ € G with this property. Thus the last term becomes
(xj = 1)m +rem((x; — 1)(h — '), G). Since h — ¢’¢ < h, we obtain by induction
the term (x; — 1)m + (x; — Lrem((h — ¢’g), G’), which equals (x; — 1)rem(f, G’),
as claimed. [ |

4.2.3 Lemma Let S be a nonempty subset of Ny \ {0}. For each polynomial
f €I(S), rem(f, G’) = 0 implies rem(f, G) = 0.

Proof: Let f € I(S) such that rem(f, G’) = 0. First, suppose there is a generator
g’ € G’ such that Im(f) is divisible by Im(g’). Since f € I(S), we have that Im(f)
is divisible by Im((x; — 1)g’) for some 1 < j < n. But ¢ = (x; — 1)g’ lies in G and
thus rem(f, G) = rem(f — h’'g, G) = rem(f — [I'(x; — 1)Ig’, G") = rem(f, G’) for
some polynomial i" € K[x].

Second, assume that there is no generator ¢’ € G’ such that Im(g”) divides Im(f).
Then there is no generator ¢ € G such that Im(g) divides Im(f). Thus we obtain

rem(f, G') = It(f) + rem(f — 1t(f), G’) = rem(f, G).

Therefore, we can mimic the division of f with respect to G by the division of f
with respect to G’. [

Now we are able to prove our main theorem, based on these lemmas, using induc-
tion.

Proof: Let S be a subset of INjj. First we prove that G provides a generating set
of the ideal I = I(S). Indeed, let a € S. Assume that b € M is a minimal element
such that b < a. Then a = b + ¢ for some ¢ € INj and thus n(a) = n(b) - n(c).
Thus the claim follows.

In order to show that the ideal I is finitely generated, we refer to Dickson’s Lemma [18],
which implies that there is a finite set of vectors s, ...,s" € S such that

SC(sV+N)U...U (s +IND),
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For each element s € s® + lNg, 1 < i < 7, there is some t € lNg such that
s = s + t. Thus s® < s and hence the set of minimal elements of S is contained
in the set {s, ..., s"}. The claim follows.

For proving that G is a Groebner basis for I = I(S). We need to show that
rem(S(g, 1), G) = 0O for all polynomials g, € G. First, take a nonempty sub-
set S C INjj such that 0 € S. Then I(S) = K[x], M(S) = {0} and G = {1} is a
Groebner basis for K[x].

Second, let S be a nonempty subset of INj \ {0}. Let a,b € M(S) such that
the generators 7(a) and 7(b) have a common factor x; — 1, 1 < j < n. By
considering the set S’, there exist a’, b" € M(S’) such that n(a) = (x;—1)n(a’) and
n(b) = (xj — 1)n(b’). By induction, we may assume that G’ is a Groebner basis
for I(S’). We have S(n(a), n(b)) = (x; — 1)S(1(a’), n(b")). Thus by Lemma 4.2.2,
rem(S(n(a), n(b)), G) = (x; — yrem(S(n(a’), n(b")), G’). By induction, we have
rem(S(n(a’),n(b")), G’) = 0 and hence the assertion follows.

Let a,b € M(S) such that the generators 1(a) and 1n(b) have no common factor.
Assume thata, > 0,a,,1 = ... =a, =0,by = ... = b,.;1 =0, and b, > 0,
where 1 < u < v < n. By considering the set S, the elements a’ = (ay,...,a, —
1,0,...,0)and b’ = (0,...,0,b, — 1,...,b,) belong to the set M’ = M(S’) of
minimal elements of S’. We have

S(n(a), (b)) = gugoS(n(a’), ) + [ [ &5 - ) = [ [ 8% - n(@).
i=1 i=0

This polynomial lies in I(S). Moreover, by induction, the polynomial on the right
hand side reduces to zero modulo G’. Thus, by Lemma 4.2.3, the polynomial
reduces to zero modulo G. The claim follows.

We proceed by proving that the Groebner basis G for I is minimal. Indeed, the
elements of G are monic. Moreover, let 77(a) and n(b) be distinct elements of G.
If the leading term bx“ of 17(a) would be a divisor of the leading term x* of n(b),
then a < b contradicting that 4 and b lie in M and thus are <-incompatible. Hence
G is minimal.

By construction the minimal Groebner basis G for I is reduced. To see this, let
n(a) and 1n(b) be distinct elements of G. Each monomial in the support of 17(a) is
of the form x° such that ¢ < a. If the leading term x° of 17(b) would divide x° then
b < c. But then b < a contradicting that a and b are <-incompatible. The claim
follows. [
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We end this section by giving an application of the above theorem. The reduced
Greobner basis in this example is constructed by considering only the minimal
elements belonging to the set S.

4.2.4 Example Letp =7 and n = 2. Define S = {(a1,a2) | (11 + 1)(a2 + 1) >
14}. The ideal I has the reduced Groebner basis

{n(13,0),n(6,1),1(4,2),1(3,3),1(2,4),1(1,6),1n(0,13)}.

4.3 Encoding Linear Codes using Groebner Bases

In the previous chapter natural generalization of 1-dimensional cyclic codes to
n-dimensional cyclic codes was discussed. Groebner bases play a pivotel role in
describing this connection. This section elaborates the encoding procedure for
cyclic codes described in [19].

Consider the quotient ring R of the commutative polynomial ring IF,[xy, ..., x,]
of the form

R=TF,[x1,..., x,]/xk = 1,...,x5 —1). 4.5)

As an F,-algebra, R is isomorphic to the group algebra IF,G of an elementary
abelian p-group G of order p”". As an IF,-vector space, R is isomorphic to the
space ]F}’?”.

Itis clear that H = {xrl’ -1,..., xZ —1} is a Groebner basis for the ideal it generates,
with respect to all monomial orders, since all leading monomials of the generators
are relatively prime, hence the S-polynomial goes to zero for any two generators,
which proves that H is indeed a Groebner basis. Therefore standard representa-
tives for the elements of R can be computed by applying the division algorithm in
IF,[x1, ..., x,] and computing remainders with respect to H. In this way, represen-
tatives of all elements of R are given by the polynomials whose degree in x; is at
most p—1,1 < i < n. These polynomials are called standard forms of the elements
in R. Next, a linear code is described in terms of an ideal in the quotient ring. Let
I = {fi,..., fm) be an ideal in the polynomial ring IF,[x,...,x,]. Consider the
associated ideal C in the quotient ring R that is generated by the residue classes of
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the elements of I. A generating set for this ideal is given by {[f1], ..., [ fn]}, Where
[f] denotes the coset f + I in R.

The ideal | corresponding to C in the polynomial ring IF, [x1, ..., x,] is given as
J={fi, oo f) + =1, 2 = 1). (4.6)

The code C equals |/ (x‘; —1,...,x, — 1) and thus by the Standard Isomorphism
Theorems there is an IF,-algebra isomorphism

R/C=T,lxy,...,x4/]. 4.7)

The ideal C can be viewed as a linear code in the ambient space R. For this, the
space R is represented by the set of polynomials in standard form. An IF,-basis
of R is given by all monomials in standard form; that is, all monomials in which
each x; appears to a power of at most p —1, 1 <7 < p — 1. The ambient space
R has the dimension p" and so, by definition, the code C has the length p". The
codewords in C are represented in standard form and thus each codeword is a
linear combination of monomials in standard form. The Hamming weight of each
codeword is measured according to the number of involved monomials in standard
form.

Fix a term ordering on [F,[x;,...,x,]. Let G be a Groebner basis for the ideal
J. A Groebner basis for | enables us to determine whether an element of R is a
codeword or not (using ideal-membership concept).

4.3.1 Proposition An element of the ambient space R represented in standard
form is a codeword if and only if its remainder on division by G is zero.

Proof: The division of an element f in standard form by the Groebner basis for |
yields a unique remainder (in standard form). By Eq. (4.7), this remainder is zero
if and only if f lies in the code C. |

The following proposition gives the parameters of the considered code.

4.3.2 Proposition The linear code C is a [p", k]-code over [F, where the dimension
k is given by the number of non-standard monomials for |.
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Proof: Each element of le[xl, ..., X,] can be divided by the Groebner basis G of
| such that the remainder is a linear combination of standard monomials. These
monomials are linearly independent in IF,[x1,...,x,]/] and form an IF,-basis of
F,[x1,...,x,]/]. Thus by Eq. (4.7), the dimension of the IF,-vector space R/C is
the number of standard monomials for J. But the dimension of the linear code
C equals the difference dim R — dim R/C and is thus given by the number of
non-standard monomials for J. [ |

It follows that the information positions of the linear code C are the coefficients
of the non-standard monomials for |, while the parity check positions are the
coefficients of the standard monomials for |.

The extra structure of the linear code C given by a reduced Groebner basis for the
ideal | provides a compact encoding function. The following encoding procedure
was stated in [18].

4.3.3 Proposition [fw is an information word given as an IF,-linear combination
of non-standard monomials for |, then w — rem(w, G) is a codeword in C.

Proof: The polynomials w and rem(w, G) are in standard form. The difference
w — rem(w, G) lies in J. As this defference is in standard form it belongs to the
code C. [

4.4 Variants of Primitive Reed-Muller Codes

This section is a straightforward application of the results given in the last two
sections. Consider the ideal J(S) in the polynomial ring IF,[xy, ..., x,] given as

J(S) =I(S) + (¢ =1,...,x, - 1)

and the corresponding code C(S) defined as J(S)/(x| —1,...,x, — 1).

LetP =1{0,1,...,p = 1}. If we put S’ = S N P", then we have J(S’) = J(S) and
thus C(S’) = C(S). Let M’ = M(S’) be the set of all n-tuples a € S’ that are
minimal with respect to the component-wise natural <-ordering. In the following,
we assume that S’ is nonempty. By Theorem 4.2.1, we obtain the following result.
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4.4.1 Corollary The set G = {n(a) : a € M’} forms a reduced Groebner basis
for the ideal [(S") and the corresponding ideal of leading terms equals ({x* : a €

M'}).
The main properties of the linear code C(S’) are summarized as follows.

4.4.2 Theorem The linear code C(S') is a [p", k, d] code over IF,, where the dimen-
sion k is the number of generators 1(a) for which there is an element m € M’ such
that m < a, and minimum distance d is given by the minimum Hamming weight of
the generators 1(m), where m € M'. The information positions of the code C(S’)
are the coefficients of the monomials in the set {x* : Am e M’ : m < a}.

Proof: First, the set B = {n(a) : a € P"} is linearly independent [5, 13]. By
definition, each codeword c in C(S’) can be written according to the Groebner

basis as follows,
c= Z fan(a)/

aeM’
where f, is a polynomial in R given in standard form. But each variable x; can be
written as x; = (x; — 1) + 1, 1 < i < n. Thus each monomial x? is given as a linear
combination of elements of the form 1(b), where b € P". But n(a)n(b) = n(a+b)
and thus the codeword ¢ can be written as a linear combination of elements 7(a),
where a € S’. The result on the dimension follows.

Second, the code C is visible in the sense that the minimum distance equals the
minimum Hamming weight of its generators r(a), where a € S’ [5, 13, 59]. But
for each generator 1(a) with a € S’ there is a generator n(m) with m € M’ such
that m < a; that s, n)(a) is divisible by 77(m). Thus the minimum Hamming weight
is attained by some generator 7(m) with the property that m € M'.

Finally, the information positions of the code C(S’) are given by the non-standard
monomials, which by definition correspond to the monomials in the ideal of lead-
ing terms. But by Corollary 4.4.1, this ideal is generated by the monomials x?,
a € M’, and thus the result follows. [ ]

This considered class of codes contains the primitive Reed Muller codes. To see
this, put N = n(p — 1) and consider the set S, ={a € P" | Y.y a; > 1},0 <[ < N,
The associated code C(S)) is called primitive Reed-Muller code of order N — [.
For instance, the code C(Sy) is the full code R, the code C(S7) equals the radical
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of R, and the code C(Sy) is the constant-weight code [5, 13]. The corresponding
set of minimal elements is M(S)) = {a € P" : Y ,a; =1}, 0 <[ < N. By
Corollary 4.4.1, the set G; = {n(a) | Y./, a; = I} is a reduced Groebner basis for
the ideal J(S;),0 <[ < N.

Let P = {0,1,...,p — 1}. The set P" forms a lattice with the component-wise
natural <-order. Denote by 1 = (p —1,...,p — 1) the largest element in P". Let a
and b be elements in P". We have

na+b), a+b<l,

() - n(b) = { 0, otherwise. “4.3)

Puttinga = (p —a;’,...,p —a;"), we obtain
n(a) - n(@) = n(1).

4.4.3 Proposition The dual code of C generated as an ideal by {n(a) : a € M'} is
generated as an ideal by the set

{nb) :b £ aforallac M}

Proof: 1t is known that each linear code C given as an ideal in the group algebra
KG has the dual code C*+ = L(C), where L(C) = {a € KG : ac = 0} is the left
annihilator of C in IKG, and the mapping ¢ +— ¢’, where ¢ € G and ¢ = g'_l,

linearly extends to an anti-algebra automorphism of KG.

By Eq. (4.8), the left annihilator of C is generated by all elements 1(b) for which
a+b £1foralla e M';equivalently, b £ 1—a =aforallac M .

4.5 Variants of Primitive Reed-Muller Codes with
Designated Distance

The studied class of codes contains another interesting family of codes. The
codes in this class have a designated minimum distance like the well-known BCH
codes [42]. To see this, put N = p" and take the set Ts = {a € P" : [T (a; + 1) >
0},0< 6 <N.
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4.5.1 Theorem The linear code C(T;) over IF, has the length p" and the minimum
distance > O, with equality if there is an element a € Ts such that []_,(a;+1) = 0.

For each primitive Reed-Muller code C(S;) over IF, of length p" there exists a
linear code C(Ts) of the same length and minimum distance such that

In particular, the family of binary codes C(Ts), 0 < 0 < N, coincides with the
family of binary Reed-Muller codes.

Proof: The first assertion is clear from the proof of Theorem 4.4.2.

In view of the second assertion, take a [p", k,d] code C(S;) over IF,. This code
has the F,-basis {n(a) : Yi_; a; > I}. Each basis element r(a) has the Hamming
weight [T} ,(a; + 1) > d and thus each basis element 7)(a) lies in the linear code
C(T;). Hence, we have dim C(S;) < dim C(T,). Moreover, since the code is
visible, at least one of the basis elements 7(a) attains the minimum distance d. It
follows that the code C(T,;) has minimum distance d, too.

Finally, in the binary case, the term [[:_;(a; + 1) is a power of 2, where 0 <
ai,...,a, < 1. But we have [[L,(@; + 1) = 2" if and only if Y a; = . Tt
follows that the linear code C(T5) coincides with the binary Reed-Muller code
C(S;). More generally, the linear code C(T;), 21 < 6 < 2/, equals the binary
Reed-Muller code C(S;). |

The linear code C(Tp) is called a primitive Reed-Muller code with designed dis-
tance 6. Examples show that the designed distance may be smaller than the min-
imum distance of the code; e.g., the primitive ternary Reed-Muller code C(T7) of
length 27 has minimum distance 8 (Table 7.2). The primitive Reed-Muller codes
with designed distances are compared with the original primitive Reed-Muller
codes for short lenghts over small fields in the Tables 7.1,7.2 and 7.3. The last
Theorem shows that the family of primitive Reed-Muller codes with designed dis-
tances is superior to the family of primitive Reed-Muller codes.

The primitive Reed-Muller code C(T13) over IF; with designed distance 6 = 13 is
a [49,24,14] code. On the other hand, the subset Sy = {(ay,a;) : a; + a, > 7} of
]N(z) provides the primitive Reed-Muller code C(Sy) over IF7, which is a [49, 21, 14]
code (Table 7.1).






Chapter 5

Linear Codes as Binomial Ideals

5.1 Introduction

Binomial ideals are ideals generated by polynomials with at most two terms.
Eisenbud and Strumfels [23] in their monumental paper on binomial ideals showed
that the radical, associated primes and isolated primary components of a binomial
ideal are again binomial. The main advantage of studying these ideals is that their
structure can be interpreted directly from their generators. Another special class
of polynomial ideals are toric ideals. Toric ideals are prime ideals with a generat-
ing set of binomials. This chapter basically relates a linear code over a prime field
with a binomial ideal given as a sum of a toric ideal and a non-prime ideal. Encod-
ing procedure for a linear code has been described by constructing the Groebner
basis for the corresponding ideal. Moreover, minimal generators and affine variety
are also described for the binomial ideal.

5.2 Groebner Basis of the Ideal I, p

Recall that a binomial in a polynomial ring IK[x] is a difference of two monomi-
als, say x* — x%, where u,v € INS. The special form of their generators makes
it possible to tackle problems like computations of Groebner bases and primary
decompositions in much easier way and helps in generating effective algorithms
for better understanding of the structure. Some elementary facts about binomial
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ideals are given in the following proposition.

5.2.1 Proposition Let > be a term order on K[x] and let I C K][x] be a binomial
ideal

e The reduced Groebner basis G of I with respect to > consists of binomials.

e  The elimination ideal I N K][x1,...,x,] is a binomial ideal for every r < n.

Let A be a d X n matrix with non-negative entries, the toric ideal associated to A
is

Ip ={x"—x": Au = Av,u,v € INp). (5.1

The zero set of 14 in affine n-space is called the affine toric variety defined by
I, [26]. If all columns of A have the same coordinate sum, then the ideal I, is
homogeneous and defines a projective toric variety. The following proposition
describes the form of generators for the £th power of a toric ideal.

5.2.2 Proposition Let K be a field and let A be a matrix in ZZ;". The toric ideal
Iy inK[xy,...,x,] is generated by pure binomials,

Iy = (x* —x¥ | Aa® = Aa™, gcd(x*,x¥) = 1). (5.2)
Let £ > 1 be an integer. The {th power of 14 is generated by elements of the form

Y (1 -2, (5.3)

where a; € Ny, 0 <1 < 20-1_1, Aal = Aa;,0<i< 261 -1, and the gcd of all
X%, X% s 1.

Proof: By Proposition 1.5.2, the assertion holds for the ideal I4. Suppose the £th
power of I4 has a generating set given by (5.3), and let xf — x” be a generator of
I, ie., AB = Ay and ged(xf, x7) = 1. Then we have

201 20-1
T |e-0) = Benfer-e)
i=0 i=0
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where the last sum can be written as

[Z (o - )] . (Zmy (s — )]

i even iodd

2011 20711
— [ Z (xa2i+ﬁ _ xa2i+)/)) + ( Z (xa2i+1+7 _ xa2i+1+l3)] .

i=0 i=0
A . ’ — . ’ — . ’ — .
If weputay, =az +f,ay,, =ay+),ay,,= a21+1€+ V. and ay; o = Qi1 + B,
. . . +1_ v . .
0 < i < 2! —1, then we obtain the expression ZZ-ZZO Y(=1)ix. By induction,
we have Aa), = Aa). 1,0 < i < 2(+1 _ 1. Moreover, gcd(x“if — x%in) = x%,

0 < i <2f—1, and thus by induction, the ged of all x% equals 1. |

We associate with the toric ideal I, in IK[x] the binomial ideal
Inp=Ia+(—-1|1<i<n).

Note that this ideal is not toric, since it is not prime as the polynomials xf -1,
1 < i < n, are reducible. In order to utilize the structure of toric ideals for the
purpose of constructing linear codes we need to study them in context of finite
fields. For that, we consider the saturation of an ideal I in IK[x], given as

T:{felK[x] | xI" - f € I for some m and all 7}.

Clearly, I is an ideal and we have I C Tand I = I. Moreover, for any ideals I and
JinK[x], I+ ] =1+ J. For instance, if [ = (f - x1,..., f - x,), then I = (f). The
following proposition establishes an equality between a general toric ideal and the
toric ideal defined over a field.

5.2.3 Proposition Let K be a field, let p be a prime, and let A be a d X n matrix
with non-negative integral entries. The ideal 14, in K[x] equals the ideal

Jap = (X" —x” | Au' = AvY mod pu, v ep— 1”,gcd(x“',x”') =1)

+(x) —1|1<i<n).

Proof: First, let x" — x” be a pure binomial in I4,, where u,v € INj such that
Au = Av. Write u = wp + up and v = vip + vy, where uy,v; € INj and
Uy, v € p—1". We have

xu _ xv — x(ul+vl)p(xu2 _ xvz) _ xu(xvlp _ 1) + xv(xulp _ 1)
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Claim that the right-hand side lies in [4 ,. Indeed, we have
Xt 7;—1:(xf—1)(x’;—1)+(xf—1)+(x’;—1), 1<ij<n

Thus for each w € INj, x*7 — 1 lies in (xf —1]1 <1< n)and hence in [y ,.
Moreover, Au = Av and gcd(x",x”) = 1 imply that Au, = Av, mod p and
gcd(x"?,x°2) = 1. This shows that x* — x° € J4,. The claim is proved.

Second, let x*2 — x°2 be a pure binomial in [4,, where Au; = Av, mod p and
Uy, v, € p—1". By definition, there are u;,v; € IN§ such that u = u1p + uy,
v = v1p + vy, and Au = Av. Moreover, we have ged(x*, x°) = 1. It follows that

xUHOOP (2 — x%2) = (3 — x%) + 2 (7P — 1) — X" (P = 1)
lies in I4 , and hence x*2 — x* belongs to the saturation of 4 .

Thus we have proved that I, C Ja, C m. But the binomials xf -1,1<i<n,
show that all variables x; are invertible modulo I, ,; i.e., if x; - f el Ap then
f=x-f—('=1)-felsy 1<i<n. Thisisequivalenttols, = I4,. Hence
the result follows. |

5.2.4 Example Take the matrix
1001101
A=101 01011
0010111

The toric ideal I4 in IF,[x] has the reduced Groebner basis {x;x, + x4, X1X3 +
X5,X1Xe + X2X5,X1X7 + X4X5, X2X3 + Xg, X20X5 + X4X5, X20X7 + X4Xe, X3X4 + X7,X3X7 +
X5Xe6, X4X5X6 + xg}. On the other hand, the ideal 14, in [F;[x] has the reduced
Groebner basis {X1 + X2X4, Xa + X3X6, X3 + X4X7, X4 + X5Xe, X5 + 1, X2 + 1, x5+ 1}. ¢

Thus we get a different set of generators when we extend a toric ideal to a non-
prime ideal.

An alternative way to compute a Groebner basis for the ideal 4 is to consider a
basis B of the integral lattice ker(A) in Z". Consider the subideal of I, given as

Ig = (x" —x" |ueB).
As B is a lattice basis of ker(A),

IA = IB . (Xl e -xn)°°.
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We augment the basis B by vectors p - ¢; in Z", 1 < i < n. Then we obtain

Iap =g +{x) =111 <i<m]: (w1 x,)"

modu1013+<xf—1 |1 <i<n). ThustheidealIB+<xf—1 |1 <i<mnyis
(%1 - - - x,)®-saturated and hence

But the binomials xf — 1,1 < i < n, show that all variables x; are invertible

Lnp=Ig+(x-1]1<i<n).

Let B be a subset of Z". Consider the ideal I(B) = (xf" — xf" | B € B)in
K[xy,...,x,]. If B generates the kernel of A as a Z-module, the ideal I(B) is a
lattice ideal associated to the kernel of A.

Here are some familiar examples of toric varieties.

5.2.5 Example [27] Let r and s be positive integers. Define the (v + s) X rs
matrix

(L8]

Ars = Ir®1s)
1...10..0..0..0
0..01..1..0..0

0 10 1 0 1
where 1, is the all-one vector of lenght 7, I, is the r X r identity matrix, and ®
denotes the Kronecker product. Let K[x] be the polynomial ring in the indeter-
minates X;j, 1 <7 <7, 1< j<s,and let K[y, z] be the polynomial ring in the
indeterminates y1,...,Y,,21,...,%. The matrix A, gives rise to the [K-algebra

homomorphism
¢ : K[x] = K[y, z] : x;j &= yiz;.

The reduced Groebner basis for the toric ideal I, , is given by the 2 X 2 minors of
the r X s matrix of indeterminates (x;;); that is,

Grs ={xixp —xaxp |1 <i<j<r,1<k<Il<s)
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Consider the projective spaces IP"~! with homogeneous coordinates 1, ..., ¥,
P! with homogeneous coordinates z1, .. ., zs, and P! with homogeneous co-
ordinates x;;, 1 <i <r,1< j<s. The morphism corresponding to the K-algebra
homomorphism is the Segre embedding given by ¢* : P"1 X P°1 — P"*~! given
by xi]‘ =Yz je ¢

5.2.6 Example [56] Let r and s be positive integers with r < s. Consider the
polynomial ring K[y] whose indeterminates are given by an 7 X s matrix (y;j). We
associate a new variable [i1i;...%,] to the r X r minor of the matrix (y;;) that is
given by the column indices 1 < i1 < i < --- < i, < s and consider these ()

brackets as the indeterminates of the polynomial ring IK[x]. The toric ideal I, is
the kernel of the map

¢ : Klx] = K[yl : [i1...5] = yii, - Yri,.

The associated matrix A, is an s X (°) matrix whose columns are all vectors of
length s with r I’s and s — 7 0’s.

The associated projective toric variety can be obtained from the (7,s) Grassmann
variety by a toric deformation, where the (7, s) Grassmann variety is the projective
subscheme given by the subalgebra of K[y] generated by the r X ¥ minors. ¢

5.2.7 Example [27] Let r and s be positive integers with r < s. Consider
the matrix A,; whose columns are indexed by all non-negative integral vectors
(a1, ...,a,) whose entries sum up to s; this matrix has r rows and n = (rjle
columns. For instance, we have

0123

3210
Azlgz( )

,,,,,

columns of A,;. The matrix A, provides the [K-algebra homomorphism

(P : K[X] - K[yll .. -;yr] Xay,a yLlll o ]/Lrlr

The morphism associated to this [K-algebra homomorphism is the rth Veronese
embedding ¢* : P! — P"! given by (x; : -+ : x,) > (fi,..., fa), Where
fi,..., fn are the monomials in K[y, ..., y,] of degree s. ¢
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5.3 Ideal Bases

Let C be a linear code of length 7 and dimension k over IF,. Define the ideal
associated with C as

Ie=@"—x":u-veC)+'-1:1<i<n),

where each vector u € IF) is considered as integral vector in the monomial x".
For the binary case, the ideal I was defined in [7]. If H denotes a parity check
matrix of C, then the condition u — v € C is equivalent to Hu = Hv. Thus by
Proposition 5.2.3, we obtain

Ie=Li+('-1:1<i<n),

where A is an integral (n—k) X7 matrix such that H = A®zIF,. Our approach here
is to construct a Groebner basis corresponding to this ideal, which is associated to
the structure of a linear code. The computation of a Groebner basis for the ideal
I has some advantages in this case. First, there is no coefficient growth since the
coefficient field is IF,. Second, the maximal degree of monomials appearing in the
computation is restricted by the binomials xf -1,1<i<n.

Each codeword 1 € C can be written as u = ut—u~, where u* and u~ are elements
of I}, that have disjoint support. Since Hu = 0, it follows that Hu* = Hu™ and so
the binomial x** — x* lies in Ic. An important fact here is that the decomposition
u = u* —u" is not unique. In fact, if x{y —Z €14, is a binomial, where 1 <i <n
and1 <j<p-1,then

y—xf_jZ = f_j(x{y—Z) —y( — 1) € Iny.

We frequently switch back and forth between codewords u in C and associated
binomials x*" — x* in Ic.

Each toric ideal has two special generating sets, the Graver basis and the universal
Groebner basis [56, 41, 60]. Apart from some special toric ideals, these two bases
rarely coincide.

5.3.1 Definition The universal Groebner basis U is the union of all reduced
Groebner bases G for the toric ideal I- as > runs over all term orders. Since
any ideal has only finitely many distinct initial ideals, the set U is a finite set of
binomials.
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A binomial x*" —x*" in I¢ is called primitive if there is no other binomial x*" —x%~
in Ic such that x** divides x** and x° divides x* . Primitive binomials help in
identifying the minimal generators of the binomial ideal.

5.3.2 Definition The set of all primitive binomials in I is called the Graver basis
for I4 and denoted by Gry.

The converse is not true. There may be primitive binomials that do not belong to
Uc. Now to understand the structure of this ideal I, we construct its Groebner
basis, Graver basis and universal basis. We will see that the results are quite
similar to the case of toric ideals [56]. In general, the Graver basis provides a
pretty good approximation to the universal Groebner basis.

5.3.3 Proposition The Graver basis of the ideal I is given by the binomials xf -1,
1 <i < n, and all pure and primitive binomials in 14 of the form x*" — x*, where
uecC.

Proof: Each primitive binomial in I is pure since all variables x;, 1 < i < n, are
invertible modulo Ic.

Let x" — x” be a pure binomial in Ic. Write v* = v1p + u* and v~ = vp + u~,
where v, v, € INj and ut,u e p—1". If u* = zero = u~ then X — a7 s

divisible by some xf —1,1 < i < n. Otherwise, x** divides x*" and x*  divides
x°". But by Proposition 5.2.3, x*" —x*" lies in I and so u € C. The result follows.
|

5.3.4 Proposition Each binomial in the universal Groebner basis of Ic is primi-
tive.

5.3.5 Proposition For every term order >, the reduced Groebner basis G of I
consists of pure and primitive binomials of the form xf -1, 1<1i<mn and
x*" —x"", where u € C.

Proof: Claim that G consists of pure binomials. Indeed, by Proposition 5.2.3, the
ideal I is generated by a finite set of binomials. Apply the Buchberger algorithm
to this set. In each step, the new polynomials produced are binomials, too. Thus
the resulting Groebner basis consists of binomials. These binomials are pure,
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since the variables x; are invertible modulo I, 1 < i < n. Claim that each binomial
x*" —x" in G is primitive. Indeed, let u* > u~. Then x*" is a minimal generator
in the initial ideal of Ic and x*  is a standard monomial. Suppose x*" — x* is not
primitive. Take a vector v in C different from u such that x°" divides x** and x¥~
divides x* . If v* > v~, then x*" is not a minimal generator, a contradiction. If
vt > v7, then xV is an initial monomial and so x* is not standard, a contradiction.
The result now follows from Proposition 5.3.3. |

A non-zero vector u in C is called a circuit if it has minimum Hamming weight
and the coordinates of u are relatively prime. Equivalently, a binomial x*" —x*  in
I¢ is a circuit if it is irreducible and has minimal support with respect to inclusion.
Each circuit in C has Hamming weight < n — k + 1 by the Singleton bound.

5.3.6 Proposition All circuits in C lie in the universal Groebner basis of I¢.

Proof: Let u be a circuit in C. Fix an elimination term order > such that all
variables x;, where u; = 0, are larger than the variables x;, where u; # 0, and
write # = u* — u~ such that u* > u~. Claim that " — x*~ appears in the reduced
Groebner basis G of Ic. Indeed, let v be a non-zero vector in C such that v* > v~
and x°" divides x*". Then supp(v*) C supp(u) and by the choice of the term order,
supp(v™) C supp(u). Hence supp(v) C supp(u). Since u is a circuit, it follows that
v must be a multiple of u. But x** divides x*" and so u = v. |

Let " —x* and x°" — x° be binomials in Ic. We say that u is conformal to v if
supp(u*) C supp(v*) and supp(u~) C supp(v™).

5.3.7 Proposition Each codeword v in C can be written as a linear combination
of circuits each of which conformal to v.

Proof: Let v be a codeword in C. If v is a circuit, then we are done. If not, we
can assume that the coordinates of v are relatively prime and that there is a circuit
u in C such that supp(u) C supp(v). We may write # and v as binomials x*" — x*~
and x°" — x” such that u is conformal to v. Among all non-zero coordinate ratios
v;/u; let A denote the minimum. Then v — Au is conformal to v and has zero ith
coordinate for some 1 < i < n. By induction, the vector v — Au can be written as
a linear combination of circuits each of which conformal to v. Now the identity
v = Au + (v — Au) provides the assertion. |
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5.3.8 Theorem In the binary case, the set of circuits in C equals the Graver basis
for C.

Proof- Let x" —x% be an element in the Graver basis of Ic. By Proposition 5.3.7,
there is a circuit x* — x*~ in I such that supp(u*) C supp(v*) and supp(u~) C
supp(v™). Since the monomials are square-free it follows that x*" divides x** and
x* divides x” . But v is primitive and so v = u. The reverse inclusion follows
from Propositions 5.3.4 and 5.3.6. [

Next we demonstrate how the Graver basis and the Groebner basis can be com-
puted for the ideal associated to a given matrix. Let A be a d X n matrix with
non-negative entries, The Graver basis for the toric ideal I4 can be computed by
Groebner basis techniques. For this, consider the enlarged matrix

w=(1 )

where [ is the 7 X 1 identity matrix and 0 is the d X n1 zero matrix. The (d +n) X 2n
matrix I'(A) is called the Lawrence lifting of A. The matrices A and I'(A) have
isomorpic kernels, ker(I'(A)) = {(u, —u) : u € ker A}. The toric ideal Ir(4) is the
homogeneous prime ideal

Iray = (" y* —xy" 1 uA =0)

in the polynomial ring K[x, y] = K[xy,...,x,,¥1,...,Yys]. The Graver basis for
A can be computed in two steps. First, choose any term order on K[x, y] and com-
pute the reduced Groebner basis G for Ir(4). Second, substitute y; — 1,...,y, —
1 in G. The resulting subset of IK[x] is the Graver basis for 1.

5.3.9 Example Let k > 2 be an integer. Take the projective space IP¥! of

dimension k — 1 over the finite field IF,. This space consists of n = qq_—11 points.

Let Hy be the k X n matrix, whose columns are given by the points of

IP¥-1. The g-nary linear code given by the parity check matrix Hy is an [1, 1 —k, 3]
code and is called Hamming code over IF,.

In particular, the [7,4] Hamming code has the parity check matrix

H3,7 =

oS O
O = O
_ o O

1101
1 011
0111
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A reduced Groebner basis of the binary code Iy, is given by

_ 2 2 2
G = {x1 + x2x4, X2 + X3Xg, X3 + X4X7, X4 + X5Xe, X5 + 1, x¢ + 1, x5 + 1},

5.3.10 Example Let H; be the vertex-edge incidence matrix of the complete
graph K;. This is a binary d X (g) matrix with column sums 2 and row sums d — 1.
The corresponding toric ideal is the kernel of the map

¢ :Kl{x;j |1 <i<j<d}] - Ky, ..., yal - xij = yiy;.

The variables x;; are indexed by the edges in the complete graph K.

The circuits form a universal Groebner basis of Iy, for d < 7; the statement is not
true for d > 8 [56].

The binary code given by the parity check matrix H; has length n = (‘21) and
dimension k = (g) —d = d(d — 3)/2. The minimum distance is d = 3, since
any two columns of the matrix H; are linearly independent and there exist three
linearly dependent columns. ¢

5.3.11 Example [56] Let A, be the s x (°) matrix arising in the toric defor-
mation of the (7,s) Grassmann variety. The binary code with A, as parity check
matrix has length n = () and dimension k = (°) — 5. The minimum distance is
d < 4, since any three columns of the matrix H; are linearly independent and there
exist four linearly dependent columns.

In particular, the toric ideal I, has the property that the set of circuits equals the
universal Groebner basis [56]

G = {lijiliaf2] - - - livju] = lizjalizjol -+ - [i o] i1, 02 < Ja, 02,03 < Jo, . vn, it < Jo)-
¢
There are plenty of toric varieties [26, 34] arising naturally in combinatorics and

geometry. Each of the underlying configurations A gives rise to a project to ex-
amine its toric ideal 4, especially its Groebner bases and the associated code.
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5.4 Reduced Groebner Basis of I

Next, we provide a reduced Groebner basis to each binomial ideal associated with
a linear code. The corresponding term order is rather general and only requires
that any monomial containing one of the information symbols is larger than any
monomial containing only parity check symbols. Moreover, it will be shown that
Groebner bases for linear codes provide a very compact representation of the en-
coding function. The following result shows that for any term ordering the re-
duced Groebner basis for an ideal corresponding to a code can be constructed
directly from its generator matrix.

Reconsider the ideal associated with C as
Ic=(x-x":1c—c €eCy+ (' —1|1<i<n), (5.4)

where each element ¢ € IF is considered as an integral vector in the monomial
x° [7, 49].

In the following, let C be an [n, k] code over IF, given in standard form with
generator matrix G = (I, A). Let a; denote the ith row of the matrix —A over F,,
1<i<k

5.4.1 Theorem Given a term order such that x, > ... > x, in K[x]. The binomial
ideal Ic has the reduced Groebner basis

G={y—x"|1<i<klUfx -1]k+1<i<n} (5.5)

Proof: By definition, the elements of G lie in the ideal Ic. Conversely, let x° — x*

be an element of I with ¢ — d € C. The reduction of x° — x* w.r.t G results into
another binomial x' —x™, where | = cya1 +...+cap+¢,m = dyay +. . . +dyap +d’,
¢ =100,...,0,¢ck41,.-.,¢cn) and d” = (0,...,0,dks1,...,d,). In each step of the
reduction, the resulting binomial x* — x% satisfies ¢’ — d’ € C. Note that the
vectors [ and m both have zeros at the positions 1 to k and so IHT = mHT implies
that [ = m. Thus the binomial x¢ — x? is reduced by G to 0.

Furthermore, the binomial xf — 1,1 <i <k, is reduced by G to x* — 1 and this
binomial in turn is reduced by G to 0. It follows that G is a generating set of the
ideal Ic. Consider the S-polynomials of the elements in G. First, let1 <i < j < k.
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We have S(x; — x", x; — x"7) = x;x% — x;x". Division into G yields

rem(x;x" — x;x", G) =
= rem(x;x" — x;x" — x"(x; — x"), G)

= rem(—x;x" + x"x"), G)

rem(—x;x" + x"x"% — (=x")(x; — x7), G)

rem(x"x" — x"x",G) = 0.

Second, letk+1 < i < j < n. We have S(xf—l,x?—l) = xf—x? = (xf—l)—(x?—l)
and thus the S-polynomial reduces to zero. Third, let1 <i<kandk+1<j<n.
We have S(x; — x“",x? -1)=x;— x?x”i. Division into G provides

rem(x; — x’; x%, G) rem(x; — x? X' = (x; = x"),G)
= rem(—x’;xai +x%,G)

rem(—x?x”" 4+ X% — (—x“")(x? -1),G) =0.

It follows that the set G is a Groebner basis for I-. Finally, it is clear that the
Groebner basis G is reduced. [ |

The above theorem illustrates the fact that the reduced Groebner basis for the ideal
I can be read directly from its generating matrix.

5.4.1 Application to Golay Codes

The Golay codes belong to the most prominent linear error-correcting codes [58].
The Golay codes are perfect and unique and have several other properties [42, 58].
Amazingly, Golay’s original paper was barely a half-page long [28].

There are two versions, binary Golay code G,3 and the ternary Golay .

5.4.2 Example The binary Golay code is a [23,12,7] code C,3 with generator
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matrix Goz = (I1p, M), where

= = T =T o i o T S N S S A o B e B =Y
R OO R PP ORRFRPRORFROR
O R O RO R RFRPRORRFROR
OO R O R PR ORFRRFERFEO R
OO R R ORFR R FEF OO R M
—R OO0 0O R R EFPRORFROR
OR O R R OORRFPROR R
O R PR O R O FR OO R K F
R R OO0 O R ORFR ORFR R, 4|
—_ O R P OO OO R R R, M
G G G U U U U

By Theorem 5.4.1, a reduced Groebner basis for the ideal I¢,, in Q[x, ..., X23]
w.r.t. the lexicographic order > with x1 > - -+ > X3 is given by the elements

X1 — X13X14X15X16X17X18X19X20X21X22, X7 — X15X16X17X18X21X23,

X2 — X17X18X19X20X21X22X23, Xg — X14X16X18X19X20X23,
X3 — X14X15X16X20X21X22X23, X9 — X14X15X17X19X22X23,
X4 — X13X15X16X18X19X22X23, X10 — X13X16X17X20X22X23,
X5 — X13X14X16X17X19X21X23, X11 — X13X15X19X20X21X23,
X6 — X13X14X15X17X18X20X23, X12 — X13X14X18X21X22X23,
andx7, —1,...,x5, — 1. ¢

5.4.3 Example The ternary Golay code is an [11, 6, 5] code Cy; with generator
matrix Gi; = (I, M), where

11111
01221
10122
M_21012
22101
12210

Using the above theorem, the reduced Groebner basis corresponding to these gen-
erator matrices are: The Golay code Ci; has the Groebner basis Gy over the
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polynomial ring Q[xy, ..., x11],

;=1 - xpxgxxy,
x3—1, X3 — x3XoX10X7,,
x3—1, X3—x5x5X10X11,
By =1, xg— xpx5x3 X1,
x5 =1, x5 — x7xsxoxs,

2

_ 2
X x7x8x9x10.

5.5 Decomposition of the Ideal I

Decomposition of any ideal into smaller ideals has several benefits, for example,
given generators of pair of ideals one can compute the generators of their sum. We
describe the reduced Groebner bases of the ideals which decompose Ic. Let C be
an [n, k] code over IF, given in standard form with generator matrix G = (I, M).
Take the lexicographic order > on IK[X] such that x; > ... > x,. In view of [52],
the binomial ideal I¢ has the reduced Groebner basis G = {g1, . .., g} with respect
to > given by

xi—1, 1<i<k,
gi={ (5.6)

x'—1, k+1<i<n,
where r; denotes ith row vector of G, 1 <1 < k.

Write e; for the ith unit vector of length # (that is, e; is the vector with a 1 in the
ith component and 0’s elsewhere), 1 < i < n. Then we have r; = ¢; + (0, s;), where
s; is the vector of the last 7 — k components of 7;, 1 < i < k. Put m; = —s; over IF,,
1 <i < n. Then, we have

Xi—1=x;—x0 1<i<k. (5.7)
It follows from (5.5) and (5.7) that the corresponding ideal of leading terms is

(Ic) = (X1, ey Xpy Xy ooy X (5.8)

5.5.1 Proposition Let > be the lexicographic order on K[x] with x1 > ... > x,,.
The ideal Ic decomposes into the sum

Ic=Ir+1, (5.9)
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where the ideal It = {x;—x%") | 1 < i < k) is toric and has the reduced Groebner
basis Gr = {x; — x0™) | 1 < i < k}, and the ideal I, = (xf —1|k+1<i<n)has
the reduced Groebner basis G, = {xi.7 -1|k+1<i<n}

Proof: We prove the assertion in several steps. First, by the Groebner basis (5.5)
for Ic, the ideal I¢ can written as the sum It + I,,.

Second, the parity check matrix H = (—MT, 1,_;) for Ic contains my, ..., 1y (as
column vectors) in its the first k columns. Consider the matrix H as a non-negative
integral (n — k) X n matrix and denote this matrix by A. The latter matrix defines
a toric ideal I4 in K][x].

We try to show that It = I,. Infact, we have x; — x0™) = x&% — xOm) ip [,

1 <i < k. But we have

and so by definition, the ideal I7 is contained in 4.

Conversely, let x* — x be a binomial in I4. Successive reduction via Gt leads
to the binomial x"1™*- Tttty _ x U1t A0tk where 14,_; and v,,_x are the
vectors containing the last 7 —k coordinates of 1 and v, respectively. The variables
X1, ..., X are not involved in this binomial. But if x* — x? is a binomial in I, such
that the variables x1, ..., x; are not involved, then Aa = Ab implies a = b. Thus
the reduction leads to 0 and hence the binomial ideal I4 lies I7. This proves the
claim.

Let x* — x” be a binomial in I7. If one of the variables x3, . .., X is involved, then
the binomial is divisible by Gy. Otherwise, the above argument shows that the
binomial is 0. It follows that Gt is a Groebner basis for the ideal Ir.

Third, by the Elimination theorem [18], the set G, = G N K[xt4q,...,x,] is a
Groebner basis for the kth elimination ideal of I given by I = IcNK[Xy1, - .., X, ].
By definition, we have I, = Ii.

Finally, both Groebner bases are reduced. This completes the proof. [ |
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5.6 Affine Varieties

We fix an algebraically closed field K. The affine n-space over K is denoted
by K" which is simply the set of n-tuples of elements of K. Let fy,..., f, be
polynomials in IK[xy, ..., x,]. The set

V(f,....f)=1@a,...,a,): films,...,,a,) =0,forevery 1 <i<s} (5.10)

is called the affine variety defined by fi,..., f;. For example, the variety of f =
x? 4+ y*> =1 = 0 is the circle centered at origin with radius 1. For ideals I and ],
the affine varieties have the following properties :

o V(I)UV()=V(IN]), finite union
e N.V(a) =V(LaJa), arbitrary intersection.
o Iflel,then V(I) = .

e V() =K"

These properties show that affine varieties form the closed set topology on K”,
called the Zariski topology. For any subset V' C K", by defining the inverse
operation of taking common zeros of locus of polynomials, we define the ideal

IV)={f:f(a,...,a,) =0,forevery (ai,...,a,) € V}. (5.11)

It is easy to see from the definition that for any ideal I, we have I C Z(V(I)).
There is a one-to-one correspondence between the radical ideals and varieties.
The following theorem makes this fact clear.

5.6.1 Theorem [The Strong Nullstellensatz] Let K be an algebraically closed
field. If 1 is an ideal in K[x, ..., x,], then

I(V{I) = VL (5.12)

We study the affine variety V(I¢) of the ideal associated to an [, k] code C over
IF,. For this, we consider the K-algebra A = K[x]/Ic. It has a K-basis given by
the cosets of the standard monomials of I [19].
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5.6.2 Proposition Let K be an algebraically closed field of characteristic 0 and
let C be an [n, k] code over T,

e The algebra A has the dimension p"~* over K.

o  The affine variety V.= V(Ic) has p"™* points in K" and is smooth at each
point.

o Theideal I- is radical.
Proof:

e In terms of the ideal of leading terms of I- given in (5.8), the standard

1 a1 .. A0k
monomials of [c are x; ,, -+ X,

form a K-basis of A [19].

, a1, ..., €1{0,...,p—1}. Their cosets

e By the Groebner basis of I given in (5.5), each point (a4, ...,a,) in V has
to satisfy the equations

=1 k+1<i<n,

and
miq

M n—k .
gt 1<i<k,

a;=da
where m; = (m;1,...,m;,x)',1 < i < k. Thus the variety V has p”‘k points
in K",
The Jacobi matrix” | = (%(P)) at each point P of V has rank 7 and thus
by the affine Jacobi criterion [18], the variety V' is smooth at P.

e It is well-known that the dimension of A equals the number of points in V
if and only if the underlying ideal I is radical [19]. Thus by the first two
assertions, I is a radical ideal.

The last assertion and Hilbert’s Strong Nullstellensatz imply that

I(Vo) = VIc = Ic.

It follows that the coordinate ring IK[V] = K[x]/Z (V) of the affine variety V =
V(Ic) equals the IK-algebra A.
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5.7 Encoding

The extra structure of the linear code C given by a reduced Groebner basis for
the ideal I provides a compact encoding function. An immediate consequence of
Theorem 5.4.1 is a systematic encoding algorithm for linear codes using division
with respect to a Groebner basis. Note that this procedure is a variant of the
encoding method for multi-dimensional cyclic codes in which the codewords are
represented as polynomials in a residue class ring [19]. By Theorem 5.4.1, the
binomial ideal I- has the associated initial ideal

in(Ic) = (X1, .o, X X, X0 (5.13)

5.7.1 Proposition Let C be an [n,k] code over IF,, and let G be the reduced
Groebner basis for C given in (5.5).

e The information positions are given by the nonstandard monomials for I
in which each x; appears to a power of at mostp —1, 1 <i < k.

e The parity check positions are provided by the standard monomials for I
in which each x; appears to a power of at mostp —1, k+1 <i < n.

e The following algorithm gives a systematic encoder E for the code C: Take
an information word w € ]F;’; and put x* = x?’l ---xZ}". Divide xv into G
and form E(w) = (x¥ — 1) — rem(x” — 1, G). This gives the corresponding

codeword in C.

Proof: The first two assertions are clear from the initial ideal of Ic. Finally, let
w e ]F;f7 be an information word. The division of x — 1 into the Groebner basis G
gives

rem(x” — 1,G)

rem(xwlﬂ1+...+wkﬂk _ 1 G)
7

w1a1+...+wia,
xll kk_1,

where the exponent in the last binomial x*1***“% — 17 is computed over IF,. It
follows that the remainder only involves parity check positions so that the infor-
mation position are not changed in the process of computing the remainder. The
encoded binomial

E(ZU) — (xw _ 1) _ rem(xw _ 1’ G) = XU — W1t Wl
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is an element of the ideal I and represents the codeword wG. Thus the reduction
of w by the basis G mimicks the representation of w by a codeword in C. As a
result, E is a systematic encoding function for C. [ |

We conclude this chapter by remarking that the study of a linear code C by using
the corresponding binomial ideal I provides an extra structure that allows a very
compact representation of the encoding function. We only need to know a reduced
Groebner basis for the ideal Ic.



Chapter 6

Syzygies

6.1 Introduction

This chapter presents the binomial ideal of the linear code in terms of its syzygy
module. Groebner basis for the first syzygy module of the binomial ideal is con-
structed, which is then used to compute the corresponding finite free resolution.

6.2 Syzygies and Free Resolutions of Linear Codes

It is a well known fact that most modules over a ring do not have bases, infact their
generators usually satisfy some nontrivial relations called syzygies [61]. Recall
that the set {s;; | 1 < i,j < t} forms a Groebner basis for the syzygy module
M = Syz(g, ..., ) with respect to the monomial order > on R’, where

hip
hiji — a;
Sij = l’li]‘ — lt’z/lij)ei + l:(nij)ej = : S Rt, (6.1)
8i 8
hijj +a;
hiji

for each pair (i, j), 1 < i,j < t, such that m;; # 0.
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This section provides a presentation of the binomial ideal of a linear code in terms
of its syzygy modules and gives a corresponding finite free resolution.

As before, let C be an [1, k] code over [F, given in standard form with generator
matrix G = (I, M). Let m; denote the ith row of the matrix —M, 1 < i < k. By
Theorem 5.4.1, given any monomial order > on K[x] such that x; > ... > x,, the
binomial ideal I has the reduced Groebner basis G = {g, ..., gu}. The following
theorem gives the formulation of the Groebner basis for the first syzygy module.

6.2.1 Theorem Let G = (g1, ..., gn} be the Groebner basis for the ideal I given
in (5.5). Put

sij:gjei—giejeR”, 1§i<j§n.
The collection {s;; | 1 < i < j < n} forms a Groebner basis for the first syzygy
module Syz(g1,. .., 8n) of Ic.

Proof: First, let1 <i < j < k. We have

S(x; —x™,x;—x™) = xj(x; —x™) — x;(x; — x™)

xx™ = ™
= =X (<X - (= x)
and therefore by (6.1),
sij = (xj — x™)e; — (x; — x™)e;.
Second, let1 <i<kandk+1 < j<n Wehave

S(x; — x""’,x? -1) = x’;(xi — XM — xi(x? -1)
= x - x"‘"x’;
= (= x™) + (=x™) - (x’; -1
and so by (6.1),
sij = (1 —x)e; + (—x™ + x))e;.
Third, letk + 1 <i < j < n. We have
S(xf—l,x?—l) = x';( f—l)—xf(x?—l)

= (@ -1+(-1)- -1

and thus by (6.1),
Sij = (1 - x’;)ei + (—1 + x’:)e]

The result now follows from Schreyer’s theorem [1, 53]. [ |
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In the following, the standard basis of the free R-module RG) is indexed by the
set of m-element subsets of {1, ...,n},

By=1{e. i, |1<ih<ipa<...<iy<n}, 0<m<n. (6.2)

6.2.2 Theorem Let G = {g1,...,gx} be the Groebner basis for the ideal Ic given
in (5.5). The ideal I has a finite free resolution of length n,

0L R 5 B RS R B R 0 (6.3)

where Ic = im (¢po) and t,, = (), 0 <m <n—1.

The mapping ¢, RG:) — RGD in the resolution is defined as

m+1

Omei i) = Z(_1)j_1gijei1...ij_1ij+1...im+1- (6.4)

j=1

The m-th syzygy module of I¢ is an R-submodule of R(miil), 0<m<n-1, and
has the Groebner basis

{Silmim+1 | 1< i1 < iz <...< im+1 < i’l}, (65)
where
m+1
i—1
Sy = Z(—l)] iy 1o (6.6)
j=1

Note that in last two formulae, in the term with index j, ij is omitted to yield an
m-element subset.

Proof: We use induction on m. The base case is already given by Theorem 6.2.1.
Let m be an integer with 2 < m < n and suppose the result already holds for the
m — 1-th syzygy module.

Claim that the composition ¢,,—1 © ¢, is the zero map. Indeed, this is essentially
due to the sign in the definition of the homomorphisms. More concretely, for each
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basis vector e;,_; ., we have

m+1
(@m-10 )i i) = ) (17 Om1(Cir i i) (6.7)

i =14

j=1

m+1 j—1
i+k

= Z Z(_l)]+ 8i; 8 Cinipriest o djo 41 el
=1 k=1
m+1 m+1

AVl 6 o
+ Z Z ( 1) gljglkell~~-1j—llj+l-~-1k—11k+1-~-1m+1'

j=1 k=j+1

In the expansion of this sum according to the standard basis, each standard basis
VECLOT € i yiy..i yijomis has the coefficient 88— 8ii&jx = 0 and thus the whole
sum becomes 0. Hence, im (¢,,) € ker(¢,—1).

In the following, we need a statement about syzygy relations that is essentially
due to the sign in the definition of the syzygies. By induction hypothesis, we have

m+1
1V lo. g . . . =
E (=17 8iiSiij i i = (6.8)
j=1
m+1 j—1
— I B Y A2 PP o )
- ( 1) gl]‘glkell.A.Zk_11k+1...l]‘_1l]'+1..41m+1
j=1 k=1
m+1 m+1
Z “1V* 1l 0.0 . .
+ Z( 1) gl/‘glkell---lj—11j+1---1k—11k+1---1m+1
j=1 k=j+1
= 0,

where the last equation follows from (6.7).

Observe that by the definition of least common multiple, the S-vector S(s;,_;,, S . ]-m)
is O unless {ip, ..., iu} = 1{j2,..., jm} and iy # j;. Assume that i; < j; and consider
three cases.

First, let 1 <i; < j; < k. We have by (6.8),

S(Sirip-cins Sjrinecin) = XjSirinecin — XiySjiz..in
_— m o . . — m . . .
- X Slllz...lm X 5]112...1,7,

m

s—1
+Z(—1) 8i,Siy jriy.is_igs1omims

s=2
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Second, let 1 <i; <kandk+ 1 < j; < n. In view of (6.8), we have

g ) = APe . g
5(51112.‘.1,”/5]112...1,,,) - leslllz..‘lm leshlz...zm

m
m; s—1
Sirigein = X 1S iy + z (1) &isSirjrinivricerovinn:
s=2

Third, letk + 1 <i; < j; < n. By (6.8), we have
_ P p
S(Siriy..ivs Sirizein) = X} Sitig.eine ~ Xi\ S

m
Sitiy..im ~ Sjiizecim T Z(—l)s_lgissil Jrigeds sy 1
5=2
It follows that the syzygies provided by the S-vectors according to (6.1) are given
by the s;, ;... By Schreyer’s theorem, the s;, ; ., form a Groebner basis of the
m-th syzygy module. |

This resolution is an example of a Koszul complex [22].

Given a generator matrix for any code, Groebner basis, generators of the syzygy
modules and free resolution of the ideal corresponding to the code can be con-
tructed as follows.

6.2.3 Example The third binary Hamming code C is a [7, 4] code with mini-
mum Hamming distance 3 and generator matrix Gs = (Iy, M) [58, 42], where

111
110
M=1101
011

Given any monomial order with x1 > ... > xy, the corresponding ideal I in Q[x]
has the reduced Groebner basis

g1 = X1 — Xs5XeXy,
g2 = X2 — Xs5Xe,
g3 = X3 — X5X7,
g4 = X4 — XeX7,
g = x-1,

8% = %-1,

g7 = x5—1.
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A free resolution of I is given by

PMREBRBRAB RS BRBEB RO AR BR 50

where I = im (¢). For instance, generators of the syzygy modules of I (one for
each module) are as follows,

512
5123
51234
512345
5123456

51234567

g1ex — $oey,

g1€x3 — gre13 + g3€1y,

g1€234 — go€134 + g3€124 — 4€123,

8162345 — §o€1345 t+ §3€1245 — $4€1235 T 512346,

g1€23456 — §2€13456 T §3€12456 — §4€12356 T §5€123467 — S6€12345,
81€234567 — §2€134567 T §3€124567 — Z4€123567 + £5€123467

—86€123457 + 7€123456-



Chapter 7

Conclusions and Future Directions

In this work Groebner basis corresponding to ideal codes have been constructed in
order to provide systematic encoding procedure which is often desired in practice.
Benefits of studying linear codes lie in the fact that their algebraic structure helps
in developing better encoding and decoding methods. Our approach in this work
was as follows:

e Cyclic codes as ideals in a quotient ring were considered and their structure
was explored via Groebner bases.

e A binomial ideal, given as a sum of a toric ideal and a non prime ideal has
been associated to a linear code.

e Groebner basis theory was used to study this ideal deeply. Many useful
results regarding the encoding procedure of the code corresponding to this
ideal were found.

A very useful result has been proven which enables one to describe reduced
Groebner basis directly from a generator matrix of a given code. Once Groeb-
ner basis are defined, the standard encoding method can be applied. Furthermore,
minimal generators of the binomial ideal have been presented. Also this binomial
ideal has been described in terms of its syzygy module and the corresponding
finite free resolutions were given. Although many algebraic aspects of the bino-
mial ideal corressponding to a linear code have been explored, still there are some
issues which are worthy of further investigation:
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e Development of a decoding procedure with respect to the Groebner basis
constructed for the ideal corresponding to code.

e [t would be valuable to further investigate the structure of the binomial ideal
which may result into better encoding and decoding procedures.

e In this work, binomial ideal has been considered over a prime field. Con-
sidering it over some other field may turn out to be more beneficial.

The aim of algebraic coding theory is to construct effectively good codes, by
assuming some algebraic structure on the code. In this work efforts are being
made to show that how the Groebner bases theory can be used effectively for this
purpose.
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Tables

Table 7.1: Table of small seven-bit Reed-Muller codes and corresponding quinary
Reed-Muller codes with designed distances that have the same length and mini-
mum distance, but higher dimension.

Reed-Muller code | Reed-Muller code
(original) (designed distance 0)
C(S1) C(Ts)

p p" Ik d| 6 k d
7 49| 1 48 2
2 46 3

3 43 4| 4 44 4

4 39 5|1 5 41 5

5 34 6| 6 39 6

6 28 71 7 35 7

7 21 14|13 24 14
8 15 21
9 10 28
10 6 35
11 3 42
12 1 49




Table 7.2: Table of small ternary Reed-Muller codes and Reed-Muller codes with
designed distances whose parameters differ from the original Reed-Muller codes.

Reed-Muller code | Reed-Muller code
(original) (designed distance 0)
C(S) C(Ts)

p pr|l k d| o6 k d
3 9|1 8 2
2 6 3
3 3 6
4 1 9
27 11 26 2
2 23 3

3 17 6| 7 11 8

4 10 9110 7 12
5 4 18
6 1 27
811 80 2
2 76 3

3 66 6| 7 54 8

4 50 9110 44 12

5 31 18 | 13 32 16

6 15 27 119 19 24

7 5 54 128 11 36
8 1 81




Table 7.3: Table of small quinary Reed-Muller codes and corresponding quinary
Reed-Muller codes with designed distances that have the same length and mini-
mum distance, but higher dimension.

Reed-Muller code | Reed-Muller code
(original) (designed distance 0)
C(S1) C(Ts)
p pt| 1 k d| o k d
5 25| 1 24 2
2 22 3
3 19 41 4 20 4
4 15 515 17 5
5 10 10
6 6 15
7 3 20
8 1 25
125 1 124 2
2 121 3
3 115 4
4 105 5/ 5 112 5
5 90 10| 10 93 10
6 72 15|13 78 15
7 53 20| 19 63 20
8 35 25125 48 25
9 20 50
10 10 75
11 4 100
12 1 125
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