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Summary

This thesis consists of four parts. The first part starts with a brief introduction when
and where partial differential equations (PDEs) arise and a motivation for the numerical
solution of PDEs, in particular via the radial basis function - finite difference (RBF-FD)
approach. Its main advantages are: it is meshfree and its application is (relatively)
straighforward. Furthermore, the structure and the novel contributions of this thesis are
stated.

The second part focuses in more detail on the RBF-FD method. RBFs and the RBF-
FD approach for the solution of a linear PDE with Dirichlet boundary conditions are
introduced. A literature review is conducted to summarize results about the parameters
involved in the RBF-FD approach. Through comprehensive numerical experiments, the
influence of several of these parameters on the condition numbers of intermediate (local)
weight matrices, on the condition number of the resulting (global) stiffness matrix and
ultimately on the approximation error of the computed discrete solution to the PDE
is studied. Our model problems are three-dimensional PDEs with Dirichlet boundary
conditions, namely a Poisson’s problem on the cube, a Poisson’s problem on the sphere,
and a convection-diffusion equation on the cube with a recirculating convective flow.
A comprehensive survey on the various components of the basic algorithms for RBF-
FD discretization is provided to guide toward a compatible selection of the multitude
of RBF-FD parameters in the basic version of RBF-FD such that potential pitfalls
such as computationally more expensive setups which not always lead to more accurate
numerical solutions are avoided.

The third part concentrates on iterative solvers and preconditioners for the global linear
system of equations arising in the application of the RBF-FD approach to the convection-
diffusion equation. We compare the solvers generalized minimal residual method and
biconjugate gradient stabilized method and discuss left and right preconditioning. Pre-
conditioners based on incomplete LU decompositions and on LU decompositions of hi-
erarchical matrices are studied. The influence of the parameters in the construction of
hierarchical matrices is discussed. The advantages and disadvantages of these solvers
and preconditioners and the influence of the underlying parameters are studied via com-
prehensive numerical tests which show computation times, storage costs, numbers of
iterations and approximation errors. These insights are utilized for the formulation of
general recommendations for the preconditioner setups and the construction of precon-
ditioners for auxiliary stiffness matrices with smaller stencil sizes. Their reliability is
illustrated in a proof of concept approach via numerical tests.

The fourth part deals with final conclusions and an outlook to further research directions.
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1 Introduction

Many processes in various application areas such as fluid mechanics and geosciences, can
be described by partial differential equations (PDEs). The solution of a PDE enables
the simulation of (and research into) the corresponding process. Nevertheless, these
solutions often rely on numerical approximations since their analytical determination can
be challenging or even unknown. These numerical approximations are typically based
on a discretization of the original infinite-dimensional problem and there are several
discretization techniques for the numerical solution of PDEs. In addition to classical
finite difference (FD), finite element (FE) and finite volume techniques, a more recent
approach employs radial basis functions (RBFs) to generate differentiation stencils on
arbitrary point sets. This approach, abbreviated by RBF-FD (radial basis function
- finite difference), has gained in popularity since it enjoys several advantages: It is
(relatively) straightforward, does not require a mesh and generalizes easily to higher
spatial dimensions. However, its application is not quite as blackbox as it may appear
at first sight. The computed solution might suffer severely from various sources of errors
if RBF-FD parameters are not selected carefully.

Through comprehensive numerical experiments, we study the influence of several of these
parameters on the condition numbers of intermediate (local) weight matrices, on the con-
dition number of the resulting (global) stiffness matrix and ultimately on the approxima-
tion error of the computed discrete solution to the PDE. The parameters of investigation
include the type of RBF (and its shape or other parameters if applicable), the degree
of polynomial augmentation, the discretization stencil size, the underlying type of point
set (structured/unstructured), and the total number of (interior and boundary) points
to discretize the PDE. Our model problem is at first a three-dimensional Poisson’s prob-
lem on the cube with Dirichlet boundary conditions. Afterwards, numerical tests on a
sphere (i. e., changed domain) as well as tests for the convection-diffusion equation (i. e.,
changed differential operator) are performed to demonstrate that the obtained results
generalize to wider problem classes.

The RBF-FD discretization leads to a linear system of equations whose solution is for
large problem sizes usually the bottleneck of the whole simulation. Therefore, the study
of efficient (iterative) solvers (and preconditioners) for the solution of these linear sys-
tems is important. A straighforward solution can be achieved via blackbox solvers such
as sparse direct solvers, algebraic multigrid solvers or iterative solvers combined with
incomplete LU (ILU) preconditioners, often with no fill-in (ILU(0)). The main drawback
of these blackbox solvers is that they often do not rely on specific problem knowledge
and can be therefore inferior to problem based (i. e., more finetuned) solvers and pre-
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1 Introduction

conditioners.

Hierarchical matrices offer one possibility to construct high accuracy (problem depen-
dent) preconditioners and they have not yet been tested for the linear system in the
RBF-FD method. Hence, we study hierarchical matrix preconditioners in the context
of the RBF-FD approach and discuss what could and what should not be adopted from
the literature about hierarchical matrix preconditioners for other sparse matrices.

The remainder of this thesis is organized as follows. The RBF related content is in
Chapter 2 (which is an extended version of [74]), namely

• definition of RBFs,

• introduction to RBF interpolation,

• derivation of the RBF-FD method to solve a linear PDE with Dirichlet boundary
conditions,

• discussion of further RBF-FD setup details such as the node generation, the stencil
formation and the computation of the stencil weights,

• numerical tests of the approximation errors in different RBF-FD setups,

• conclusions and statement of the recommended RBF-FD setup.

This provides a comprehensive survey on the various components of the basic algorithms
for RBF-FD discretization to steer away from potential pitfalls such as computationally
more expensive setups which not always lead to more accurate numerical solutions. We
guide toward a compatible selection of the multitude of RBF-FD parameters in the
basic version of RBF-FD. For many of its components we refer to the literature for more
advanced versions.

We concentrate in Chapter 3 on the iterative solution (i. e., mainly the construction
of suitable preconditioners) for the linear system in the basic version of the RBF-FD
approach, namely

• choice of the solver,

• ILU(0) preconditioners and their advantages and disadvantages,

• introduction to hierarchical matrices,

• review of hierarchical matrix solvers and preconditioners for other sparse matrices,

• setup of hierarchical matrix preconditioners for RBF-FD sparse matrices (and their
implementation in the H2Lib),

• numerical tests of various solver and preconditioner setups,

• numerical tests with smaller stencil preconditioners (which are an extended and
modified version of [75]),

• conclusions and statement of the recommended solver (and preconditioner) setup.

The novel contributions of this thesis (and of the corresponding papers [74, 75]) consist
of
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• a comprehensive view and comparison of basic RBF-FD methods from the litera-
ture;

• general recommendations for parameter setups in basic versions of RBF-FD dis-
cretizations (e. g., a new scaling law for the stencil size and the degree of polynomial
augmentation on Cartesian node distributions and a general recommendation to
shift stencils to the origin if polynomials of large degrees are augmented);

• numerical tests and recommendations on the development of hierarchical matrix
preconditioners to RBF-FD sparse matrices;

• the introduction of preconditioners that are based on an auxiliary RBF-FD stiffness
matrix with a smaller stencil size.
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2 Radial basis function - finite
difference (RBF-FD) method

2.1 Introduction

(Linear) partial differential equations can be solved numerically by a suitable discretiza-
tion followed by the solution of a linear system of equations. Among possible discretiza-
tion techniques, the radial basis function - finite difference (RBF-FD) method can be
viewed as a generalization of the finite difference (FD) method to unstructured point
sets. The earlier papers on RBF-FD include [119, 120]. Since then, it has gained in
popularity and entered into several applications including geosciences [42, 43], heat flow
[80], the financial sector [83], linear elasticity [114, 111], fluid mechanics [20, 64], mag-
netohydrostatics [81] and neuronal dynamics [93].

As in classical finite difference methods, RBF-FD replaces (linear) differential operators
by differentiation stencils which encode formulas for weighted sums of function values
at neighboring points. The weights are chosen such that the formulas become exact for
a set of test functions which typically include radial as well as polynomial functions.

The discretization error in the numerical solution of a boundary value problem is affected
by several aspects of the solution process including the underlying point set (the number
of interior/boundary nodes and their distribution), the number (and distribution) of
nodes in the discretization stencil as well as the RBF (including its shape or other
parameters) and the degree of polynomial augmentation used to generate the stencil
weights.

The application of RBF-FD discretization can lead to (auxiliary) highly ill-conditioned
linear systems of equations to be solved for the weights [15], resulting in instability which
prevents convergence of the numerical to the exact solution [42, 40, 68]. One possibility
to address the ill-conditioning lies in a scaling of the shape parameter which, however,
leads to a stagnation effect [5, 111]. Another possibility lies in the use of hybrid ker-
nels [87, 85], another in the transition to stable versions of RBFs, e. g. RBF-GA [44,
76, 71], RBF-RA [48, 129] or RBF-QR [68]. These, however, typically incur increased
computational cost. A computationally even more expensive possibility to address the
ill-conditioning is provided by (sufficiently high) extended precision [41]. Further possi-
bilities to address the ill-conditioning are spatially variable shape parameters [46, 16, 98],
Tikhonov regularization [117] or smoothing splines [36, 136]. More recent papers often
suggest to use polyharmonic splines (PHS) in combination with high order polynomials
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2.1 Introduction

to generate the stencil weights. In [41, 42], the Gaussian (GA) and PHS generating
functions are studied and compared w. r. t. polynomial augmentation, extended preci-
sion and stable algorithms. In [102], PHS with polynomial augmentation (for a fixed
stencil size and a numerically determined optimal degree of polynomial augmentation) is
compared to the stable RBF-GA method with a small shape parameter (i. e., represent-
ing the limit case ε → 0). The advantages and disadvantages of the choice of parameters
and the performance of the PHS generating function with polynomial augmentation are
further studied in [7, 6, 10, 38, 107, 61].

In this chapter, we will review some of these approaches with a focus on the most com-
monly used and (to us) most promising ones. We will discuss the multitude of involved
parameter choices, illustrate their influence through numerical tests, and draw compar-
isons between the different approaches. There already exist quite a few numerical studies
for the performance of RBF-FD approximation and the solution of partial differential
equations, but we address yet another angle that we have not found in the literature
yet. Namely, the novel contributions of this chapter consist of

• a comprehensive view and comparison of basic but often still competitive RBF-FD
methods from the literature, in particular comprehensive numerical tests to illus-
trate the condition numbers of weight and stiffness matrices side-by-side with the
discretization errors for a broad set of parameter choices across the landscape of
RBF-FD discretization; the intention is to illustrate the ill-conditioning of weight
matrices as a cause for numerical instabilities and the scaling of the shape param-
eter which is introduced to control this ill-conditioning as a cause for stagnation,
show both the potential and limitations of individual RBF classes and offer a com-
parison to alternative RBF-FD setups (see Subsection 2.4.2 to Subsection 2.4.4);

• a new scaling law for the stencil size and the degree of polynomial augmentation for
hybrid (HYB) [85] and PHS generating functions on Cartesian node distributions
(see Subsections 2.4.3 and 2.4.4);

• a general recommendation to shift stencils to the origin if polynomials of large
degrees are augmented (see Subsections 2.4.3 and 2.4.4);

• a detailed (numerical) comparison of the HYB and the PHS generating functions
for the case of polynomial augmentation (see Subsection 2.4.4);

• general recommendations for parameter setups in the basic version of RBF-FD
discretizations (see Subsection 2.4.7).

While in this chapter all linear systems are solved directly, our focus on condition num-
bers of the resulting stiffness matrices will also be of interest in Chapter 3 for the
subsequent development of iterative solvers and preconditioners for the systems.

The remainder of this chapter is organized as follows. In section 2.2, we review RBFs,
RBF-FD approximation of linear differential operators and its application to the dis-
cretization of linear partial differential equations. The details pertaining to the node
generation, the stencil formation and computation of the stencil weights, the choice of
the RBF and the role of polynomial augmentation are discussed in section 2.3. Section
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2 Radial basis function - finite difference (RBF-FD) method

2.4 is devoted to comprehensive numerical tests for a multitude of parameter choices
in RBF-FD discretization first applied to the three-dimensional Poisson’s equation with
Dirichlet boundary conditions. In order to illustrate that qualitative results also apply
to a wider class of model problems, we provide afterwards additional numerical results
on a different domain, i. e., a sphere, as well as for a different partial differential equation,
i. e., the convection-diffusion equation with a recirculating convection. A conclusion and
an outlook are presented in Section 2.5.

2.2 The RBF-FD method

In this section, we introduce radial basis functions as a tool for the approximation of
linear differential operators (Subsection 2.2.1), explain the discretization of a partial dif-
ferential equation with Dirichlet boundary conditions by means of the RBF-FD method
(Subsection 2.2.2) and summarize the various types of errors that may and typically do
occur in the overall numerical RBF-FD solution process (Subsection 2.2.3).

2.2.1 RBFs and RBF-FD approximation

Radial basis functions typically refer to a set of functions that are characterized by
individual centers but are otherwise identical and radial in shape, i. e., shifted copies
of one another, the function value at a point depending only on its distance to the
center. A motivation for the definition of RBFs, or more general kernel functions [34,
33, 35], and their application in multivariate interpolation (or approximation) problems
is the Mairhuber-Curtis theorem [127]. The message of this theorem is that interpolation
problems in d > 1 dimensions require structured nodes or node dependent basis functions
to enable that their solution is for all node sets given by a regular linear system. Formally,
RBFs can be defined as follows.

Definition 2.1. For a spatial dimension d ∈ N, an open domain Ω ⊆ Rd, a shape
parameter ε > 0, a set of pairwise distinct nodes {x1, . . . , xn} ⊂ Ω with n ∈ N, and a
generating function ϕε : [0,∞) → R, we define radial basis functions (RBFs) centered at
the nodes xi, i ∈ {1, . . . , n}, as

Φε,xi
: Ω → R, Φε,xi

(x) := ϕε (∥x− xi∥2) , i ∈ {1, . . . , n}.

Sometimes, the generating function ϕε is referred to as a kernel function or even as
a radial basis function itself. Ideally, the functions Φε,xi

, i ∈ {1, . . . , n}, are linearly
independent and hence form a basis of their span so that the terminology basis function
is justified. Furthermore, in order to later be able to guarantee the existence of unique
solutions of (discrete) interpolation problems using radial basis functions, we will require
the kernel function to be (conditionally) positive definite, see Definition 2.2. Typical
examples for such kernel functions are listed in Table 2.1.
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2.2 The RBF-FD method

We list several reasons for the popularity of RBFs for multivariate interpolation and
approximation [126]:

• RBFs can be used in any spatial dimension.

• RBFs are applicable to arbitrarily scattered data. In particular, no mesh is re-
quired.

• Interpolants/approximants have a simple representation and inherit the smooth-
ness of the radial basis functions.

RBFs can be used to approximate the action of a linear differential operator ([111,
Proposition 2.2.7 and Algorithm 5.1] explain how to deal with differential operators
that are a linear combination of differential operators) as follows. Let L denote a linear
differential operator, u : Ω → R be a (in Ω) sufficiently smooth function, and let

XΩ := {x1, . . . , xNI
} ⊂ Ω, X∂Ω := {xNI+1, . . . , xN} ⊂ ∂Ω (2.1)

be sets of distinct interior and boundary nodes, resp., with NI , N ∈ N, NI ≤ N (see
Subsection 2.3.1 for more details about possibilities for the generation of these node
sets). Such node sets X := XΩ ∪X∂Ω also occur in finite difference discretizations, but
now the nodes may be scattered and need not be connected by edges of a (structured
tensor product) grid.

For a node xj ∈ XΩ, j ∈ {1, . . . , NI}, and stencil size n ≤ N , let Xj ⊆ X be a stencil
associated to the (stencil) center xj (see Subsection 2.3.2 for more information on the
stencil computation). We use Ij ⊆ {1, . . . , N} to denote the index set of nodes included
in the stencil Xj, i. e.,

Xj = {xsj1
, . . . , xsjn

} = {xi ∈ X : i ∈ Ij} for Ij := {sj1, . . . , sjn}. (2.2)

The goal is to determine weights {wj
1, . . . , w

j
n} ⊂ R such that the differential operator

applied to the function u and evaluated at xj can be expressed (approximately) as a
weighted sum of function values at the nodes in the stencil Xj, i. e.,

Lu(xj) := Lu(x)|x=xj
≈

n∑︂
i=1

wj
iu(xsji

). (2.3)

The stencil weights are determined such that the weighted sum yields the correct result
for the interpolant w. r. t. the stencil nodes, i. e., equality is enforced for (basis) functions
k1, . . . , kn : Ω → R. If these are cardinal basis functions w. r. t. the stencil nodes in Xj,
i. e., if there holds kℓ(xsji

) = δℓi with the Kronecker delta, then

pu : Ω → R, pu(x) =
n∑︂

i=1

u(xsji
)ki(x)

is the interpolant of u, and the application of a differential operator L at some xc ∈ Ω

7



2 Radial basis function - finite difference (RBF-FD) method

is given by

Lpu(xc) =
n∑︂

i=1

u(xsji
)Lki(xc) =:

n∑︂
i=1

u(xsji
)wi (2.4)

for weights defined by wi := Lki(xc), i ∈ {1 . . . , n}.
We will next illustrate the computation of these weights for typical RBF spaces with
(or without) polynomial augmentation. Let {Φε,xi

| i ∈ Ij} denote the n radial basis
functions associated with the nodes of the stencil Xj, and let

Πℓ := span

{︃
p : Ω → R, p(x) =

d∏︂
j=1

x
kj
j | kj ∈ N0,

d∑︂
j=1

kj ≤ ℓ

}︃
(2.5)

denote the space of d-variate polynomials of degree at most ℓ ∈ N0. There holds

dimΠℓ =

(︃
ℓ+ d

d

)︃
=: M, (2.6)

and we denote a basis of Πℓ by {p1, . . . , pM}. The n-dimensional constrained function
space of RBFs associated with the stencil Xj (2.2) and augmented by polynomials up
to degree ℓ is defined by

Rj :=

{︃
s : Ω → R, s(x) =

n∑︂
i=1

λj
iΦε,x

s
j
i

(x) +
M∑︂
k=1

˜︁λj
kpk(x) | λj

i ,
˜︁λj
k ∈ R

such that
n∑︂

i=1

λj
ipk(xsji

) = 0 for all k ∈ {1, . . . ,M}
}︃

.

(2.7)

It is straightforward that (the weights of) an interpolant s ∈ Rj of a function f : Ω → R
can be computed as the solution of the linear system[︃

Aj Pj

P T
j 0

]︃ [︃
λj˜︁λj

]︃
=

[︃
f j

0M

]︃
(2.8)

with coefficient and right hand side vectors

λj :=

⎡⎢⎣λ
j
1
...
λj
n

⎤⎥⎦ , ˜︁λj :=

⎡⎢⎣ ˜︁λj
1
...˜︁λj
M

⎤⎥⎦ , f j :=

⎡⎢⎢⎢⎣
f
(︂
xsj1

)︂
...

f
(︂
xsjn

)︂
⎤⎥⎥⎥⎦ , 0M :=

⎡⎢⎣0...
0

⎤⎥⎦ ∈ RM

and system matrix

˜︁Aj :=

[︃
Aj Pj

P T
j 0

]︃
:=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Φε,x
s
j
1

(xsj1
) · · · Φε,x

s
j
n

(xsj1
) p1(xsj1

) · · · pM(xsj1
)

... . . . ...
... . . . ...

Φε,x
s
j
1

(xsjn
) · · · Φε,x

s
j
n

(xsjn
) p1(xsjn

) · · · pM(xsjn
)

p1(xsj1
) · · · p1(xsjn

) 0 · · · 0
... . . . ...

... . . . ...
pM(xsj1

) · · · pM(xsjn
) 0 · · · 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.9)
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2.2 The RBF-FD method

The interpolation problem has a unique solution if this matrix ˜︁Aj is regular. This can
be guaranteed if the kernel function and node set X satisfy the properties given in the
Definitions 2.2 and 2.3, resp.

Definition 2.2. The generating function ϕ : [0,∞) → R is called conditionally positive
definite of order ℓ ∈ N if

N∑︂
j=1

N∑︂
k=1

λjλkϕ(∥xj − xk∥2) > 0 (2.10)

for any (finite) set X = {x1, . . . , xN} ⊂ Rn of distinct nodes and coefficients λj, j =
1, . . . , N , λj ̸= 0 for at least one j ∈ {1, . . . , N}, satisfying

N∑︂
j=1

λjp(xj) = 0

for all polynomials p ∈ Πℓ−1.
The generating function ϕ is called positive definite if (2.10) holds without any restric-
tions on λj imposed through polynomials.

Definition 2.3. A (finite) set X = {x1, . . . , xN} ⊂ Rn of distinct nodes is called Πℓ-
unisolvent if there is no nonzero polynomial in Πℓ that vanishes on all nodes in X, i. e.,
if

p(xj) = 0 ∀j ∈ {1, . . . , N} =⇒ p = 0.

More details concerning (conditionally) positive definite functions are included in most
textbooks on radial basis functions, see e. g. [127, 17]. In terms of matrices, Πℓ-
unisolvency guarantees that the submatrix Pj in (2.9) has full column rank, and if
in addition the generating function is conditionally positive definite (of order ℓ + 1 or
less), then ˜︁Aj is regular.

The cardinal functions of the space Rj may now be represented by

ki(x) =
[︂
Φε,x

s
j
1

(x) · · · Φε,x
s
j
n

(x) p1(x) · · · pM(x)
]︂ ˜︁A−1j

[︃
ei
0M

]︃
where ei ∈ Rn denotes the i’th unit vector. Application of the differential operator and
evaluation at the stencil center xc := xj yields

wj
i

(2.4)
= Lki(xj)

=
[︁
LΦε,x

s
j
1

(xj) · · · LΦε,x
s
j
n

(xj)⏞ ⏟⏟ ⏞
=:(LΦj)

T

Lp1(xj) · · · LpM(xj)⏞ ⏟⏟ ⏞
=:(Lpj)

T

]︁ ˜︁A−1j

[︃
ei
0M

]︃
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for a single weight and

[︁
wj

1 . . . wj
n

]︁
=

[︂
(LΦj)

T (Lpj)
T
]︂ ˜︁A−1j

[︃
In

0M×n

]︃
for all weights with identity matrix In ∈ Rn×n and zero matrix 0M×n ∈ RM×n. Aug-
mentation of the matrix on the right to an (n + M) × (n + M) identity matrix and
introduction of dummy variables ˜︁wj

i (which may later be discarded since they originated
from the arbitrary augmentation to the identity matrix) leads to the linear system of
equations

[︃
Aj Pj

P T
j 0

]︃
⏞ ⏟⏟ ⏞

= ˜︁Aj(2.9)

[︃
wj˜︁wj

]︃
=

[︃
LΦj

Lpj

]︃
with wj :=

⎡⎢⎣w
j
1
...
wj

n

⎤⎥⎦ , ˜︁wj :=

⎡⎢⎣ ˜︁wj
1
...˜︁wj
M

⎤⎥⎦ (2.11)

for the desired stencil weights wj
i in the approximation (2.3) [42]. The variables ˜︁wj

are sometimes called dummy weights or dummy values since they are not used in the
Approximation (2.3), or Lagrange multipliers since the stencil weights wj are the solution
of the convex minimization problem

min
wj

1

2

(︁
wj

)︁T
Ajw

j −
(︁
wj

)︁T LΦj subject to P T
j w

j = Lpj

and ˜︁wj are the corresponding Lagrange multipliers [41]. In the literature, the Approx-
imation (2.3) with weights (2.11) is usually called RBF-FD discretization or RBF-FD
approximation, sometimes also RBF-FD interpolation [41, 137] to indicate that the
differential operator L in Approximation (2.3) may be the identity operator (i. e., the
zeroth derivative is approximated). Furthermore, the matrices ˜︁Aj in the stencil weights
computations (2.11) are called RBF-FD interpolation matrices in [107].

The following definitions can be used to describe when the matrices ˜︁Aj and Aj are
regular.

Definition 2.4. An infinitely smooth function f : (0,∞) → R is completely monotonic
if and only if

(−1)k
dkf(r)

drk
≥ 0

for all k ∈ N0 and r > 0. An RBF Φε,xi
is (for each center xi) strictly conditionally

positive definite of order ℓ ∈ N if and only if, its generating function ϕε is conditionally
positive of order ℓ.

Without polynomial augmentation, the saddle point system (2.11) simplifies to Ajw
j =

LΦj and Aj is regular, if (at least) one of the following conditions is fulfilled

• ϕε(
√
r) restricted to (0,∞) is completely monotonic and nonconstant,
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2.2 The RBF-FD method

• ϕε(0) ≥ 0 and the first derivative of ϕε(
√
r) restricted to (0,∞) is completely

monotonic and nonconstant [17].

However, there exist several reasons to add polynomials in RBF-FD approximation [41,
42], including the following.

• For certain RBFs, the matrix Aj in (2.11) can be singular (e. g., if Φε : Ω →
R, Φε(x) := ϕε (∥x∥2) is strictly conditionally positive of order k) whereas the
matrix ˜︁Aj is regular for an appropriately chosen polynomial degree ℓ (i. e., with
ℓ ≥ k−1 if the stencil Xj is unisolvent for Πℓ) [17]. The Linear System of Equations
(2.11) is uniquely solvable if P T

j w
j = Lpj is solvable [21].

• Exact/accurate representation of low order polynomials (in particular constants)
instead of an oscillatory representation which is often obtained without polynomial
augmentation.

• The accuracy of the approximation in (2.3) may be significantly improved.

• Stagnation errors may be reduced.

In the following, we discuss the choice of the polynomial basis {p1, . . . , pM} of Πℓ (2.5),
modifications to a stencil Xj (2.2) and their benefits (see [57, 26, 111, 112] for more
details).

Definition 2.5. We denote the monomial basis of Πℓ by {pm1 , . . . , pmM}. For a stencil Xj

with center xj, we define pmk

1. hj := 1/max{∥xj − x∥2 : x ∈ Xj} as the inverse of the maximum distance from
the center xj to another stencil node;

2. {pj1, . . . , pjM} := {pm1 (· − xj), . . . , p
m
M(· − xj)} as the monomial basis of Πℓ shifted

by the center xj; p
j
k

3. {phj

1 , . . . , p
hj

M} := {pm1 (hj(· − xj)), . . . , p
m
M(hj(· − xj))} as the basis {pj1, . . . , pjM} of

Πℓ scaled by hj; p
hj
k

4. Xj
j := {x− xj : x ∈ Xj} as the stencil Xj shifted by the center xj (to the origin);

5. X
hj

j := {hj(x− xj) : x ∈ Xj} as the stencil Xj
j scaled by hj.

Remarks 2.6 and 2.7 illustrate that using a shifted stencil Xj
j is equivalent to using

shifted bases of the RBF and the polynomial spaces (i. e., a modified function space Rj

(2.7)).

Remark 2.6. Using a monomial basis shifted by the center xj (of stencil Xj) such as
{p1, . . . , pM} = {pj1, . . . , pjM} (or {p1, . . . , pM} = {phj

1 , . . . , p
hj

M}) in (2.11) is equivalent
to using a shifted stencil such as Xj

j (or X
hj

j ) with the monomial basis {p1, . . . , pM} =
{pm1 , . . . , pmM}.

Remark 2.7. If the stencil Xj is replaced by the shifted stencil Xj
j (and the shifted

evaluation point is used, i. e., the origin instead of xj), then the matrix Aj and the
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2 Radial basis function - finite difference (RBF-FD) method

vector LΦj in (2.11) are unchanged since

Φε,x
s
j
i

(xsjk
) = ϕε

(︂
∥xsjk

− xsji
∥2
)︂
= ϕε

(︂
∥xsjk

− xj − (xsji
− xj)∥2

)︂
= Φε,x

s
j
i

−xj
(xsjk

− xj)

holds for all i, k ∈ {1, . . . , n}. Hence, the weights wj are unchanged.

An example (based on [38]) to illustrate a benefit (i. e., avoiding unnecessary numerical
instabilities by doing analytical computations instead [111]) of shifting a stencil Xj (or
of changing the polynomial basis {p1, . . . , pM}) is shown in Remark 2.8.

Remark 2.8. The entries of Lpj (and Pj) in (2.11) cannot be computed a priori if the
monomial basis {p1, . . . , pM} = {pm1 , . . . , pmM} of Πℓ is utilized. However, the evaluation
of Lpj greatly simplifies in the case of a monomial basis shifted by the center xj (of
stencil Xj) such as {p1, . . . , pM} = {pj1, . . . , pjM} (or {p1, . . . , pM} = {phj

1 , . . . , p
hj

M}):
For the Laplace operator in d = 2 dimensions, the entries corresponding to the shifted
monomials (x − xj)

2 and (y − xj)
2 (or hj(x − xj)

2 and hj(y − xj)
2) are 2, all other

entries of Lpj are zero. Furthermore (in the usual cases with xj ∈ Xj), the row of Pj

corresponding to the evaluation at the center xj is a unit vector.

Further reasons to use shifted and scaled stencils (such as working with local dimension-
less coordinates) are given in [111].

2.2.2 RBF-FD for partial differential equations

In Subsection 2.2.1, we derived an approximation of the application of a linear differential
operator to a function and its evaluation at a fixed node by a sum of weighted function
values at stencil nodes. We next extend this approach to the discretization of a linear
partial differential equation

Lu(x) = f(x) ∀x ∈ Ω, (2.12a)
u(x) = g(x) ∀x ∈ ∂Ω, (2.12b)

where f : Ω → R is a sufficiently smooth function and g : ∂Ω → R is a function to specify
the Dirichlet boundary conditions.

For each interior node xj ∈ XΩ, j ∈ {1, . . . , NI}, of the point set X = XΩ ∪X∂Ω ⊂ Ω,
we compute a stencil Xj ⊂ X of size n (2.2) and stencil weights {wj

1, . . . , w
j
n} by solving

(2.11). The stencil weights are used to compute approximations ui to the solution u(xi)
of (2.12a), (2.12b) at all interior nodes xi ∈ XΩ, i. e., ui ≈ u(xi) for all xi ∈ XΩ, i ∈
{1, . . . , NI} by enforcing equality in (2.3), i. e.,

n∑︂
i=1

wj
iusji

= f(xj), j ∈ {1, . . . , NI}. (2.13)

12



2.2 The RBF-FD method

Given the Dirichlet boundary data from (2.12b), we set usji
:= g(xsji

) for all xsji
∈ ∂Ω,

substitute this boundary information into (2.13) and obtain∑︂
i∈{1,...,n}
s.t. x

s
j
i

∈Ω

wj
iusji

= f(xj)−
∑︂

i∈{1,...,n}
s.t. x

s
j
i

∈∂Ω

wj
i g(xsji

)

⏞ ⏟⏟ ⏞
=: ˜︁fj

, j ∈ {1, . . . , NI}.

Hence, we define the right hand side vector ˜︁f := ( ˜︁f1, . . . , ˜︁fNI
)T ∈ RNI and the global

stiffness matrix B ∈ RNI×NI , containing row-wise the weights of the interior nodes of
the j’th stencil,

Bj,ℓ :=

⎧⎪⎨⎪⎩
wj

i : ∃i ∈ {1, . . . , n} such that ℓ = sji ∈ Ij,

i. e., the interior node xℓ = xsji
is in the stencil Xj,

0 : else,
(2.14)

for all j, ℓ ∈ {1, . . . , NI}. The solution u ∈ RNI of the linear system of equations

Bu = ˜︁f (2.15)

yields the RBF-FD approximation uj ≈ u(xj) to the solution of the Partial Differential
Equation (2.12a), (2.12b) at the interior nodes xj for j ∈ {1, . . . , NI}.

2.2.3 Sources for errors in the RBF-FD method

There are several sources that contribute to (numerical) approximation errors |uj −
u(xj)|, j ∈ {1, . . . , NI} in the RBF-FD method where u ∈ RNI denotes the computed
solution of (2.15). First of all, there occurs a discretization error when approximat-
ing the differential operator by a weighted sum of function values at the stencil nodes
(2.3). The computation of the weights (2.11) requires the solution of (small, possibly
ill-conditioned) linear systems of equations subject to floating point arithmetic [56]. Re-
mark 2.8 illustrates that the amount of floating point computations (and the associated
inaccuracies) to evaluate Lpj (and Pj) in (2.11) can be reduced (i. e., they are computed
analytically instead) by choosing a different basis {p1, . . . , pM} of Πℓ (2.5) for each sten-
cil Xj. The subsequent computation of the RBF-FD approximate solution u requires
the solution of another (now large and sparse) linear system of equations whose matrix
coefficients consist of those weights, i. e., solutions of ill-conditioned systems. Errors in
u can hence be attributed to errors in the stiffness matrix B as well as errors in the right
hand side ˜︁f in (2.15) which might result in amplified relative errors in u if the stiffness
matrix B is ill-conditioned.

To illustrate the propagation of errors, we recall the well-known result from numerical
linear algebra bounding the relative error between the solution x̂ of a perturbed linear

13



2 Radial basis function - finite difference (RBF-FD) method

system of equations Âx̂ = b̂ and the solution x of Ax = b w. r. t. the relative errors in
the matrix entries, ϵA, and right hand side, ϵb,

∥ˆ︁x− x∥
∥x∥ ≤ K(A)

1− ϵA · K(A)
(ϵA + ϵb), (2.16)

if ϵA · κ(A) < 1. If we assume for the weight matrices and right hand sides in (2.11)
relative errors of order ϵAj

, ϵbj ∈ O(10−16) (i. e., rounding errors when computing in
double precision accuracy), then the relative error in the computed weights is bounded
by κ(Aj) · 10−16. Hence, we might lose up to ⌊log10 κ(Aj)⌋ digits of accuracy in the
weights which in turn define via (2.14) the matrix entries of the stiffness matrix B in
(2.15), leading to a possibly large relative error ϵB in these matrix entries. Hence, both
the condition numbers of the weight matrices ˜︁Aj in (2.11) and the stiffness matrix B
in (2.15) give insight into the numerical approximation errors observed in the RBF-FD
solution of a partial differential equation. In [41], it is stated that the smallest achievable
error (i. e., the accuracy barrier) in double precision w. r. t. floating point arithmetic is
given by

10−15/h2 (with h denoting the internodal distance). (2.17)

2.3 Node and stencil generation, choice of RBFs and
polynomial augmentation

In this section, we discuss some methods for the node generation (Subsection 2.3.1), the
stencil formation (Subsection 2.3.2), the choice of the RBF (Subsection 2.3.3) and the
role of polynomial augmentation in RBF-FD (Subsection 2.3.4).

2.3.1 Generation of node distributions

The underlying application may already provide the set of (scattered) nodes. However,
we may have the luxury to generate our own node set for a given domain and its boundary
which is typically the case for the numerical solution of partial differential equations.
We discuss several options to do so and refer to the literature for further sophisticated
methods that may be necessary for more complex applications. However, nodes obtained
via a mesh generator (by simply ignoring the connectivity information) are not needed
[24] and can even decrease the numerical stability [108].

The different ways to generate a node distribution can be roughly classified as reg-
ular/structured (e. g., Cartesian, Chebyshev or hexagonal) [85] or irregular/unstruct-
ured/scattered (e. g., coordinates generated by some type of random number generator).
There are also variants that are neither structured nor (completely) unstructured such
as node sets generated by a sequence of quasi-random numbers, or initially regular node
distributions that have been subsequently perturbed [97]. Sophisticated algorithms to

14



2.3 Node and stencil generation, choice of RBFs and polynomial augmentation

create node distributions in parallel, with variable node density or strategies for local
modification and refinement can be found in [27, 113, 42, 91, 84, 30, 108, 101, 111, 32].

Two important quantities which are relevant for the RBF interpolation and approxima-
tion errors are the fill distance and separation distance of a point set.

Definition 2.9. Given a node set X in a domain Ω, the fill distance hX,Ω (radius of
largest circle not intersecting with X) and the separation distance qX (shortest distance
of two disjoint nodes) are defined by

hX,Ω := sup
x∈Ω

min
xj∈X

∥x− xj∥2 and qX :=
1

2
min

xi,xj∈X

j ̸=i

∥xj − xi∥2, resp.

In general, the (global) RBF interpolation and approximation errors depend on the fill
distance (the smaller the better) as well as the separation distance (the larger the better
for stability reasons) of the node set [126, 113, 121], hence these two aspects should be
kept in mind for its construction.

We will use the following four prototypes for node distributions in our numerical tests
in Section 2.4: regular Cartesian node distributions, a recently introduced node placing
algorithm based on Poisson disk sampling which rejects nodes that are too close to each
other (according to a user-defined minimal spacing) abbreviated as PNP [113] (created
by [115]), Halton node distributions [55, 37] (obtained by the quasi-random numbers of
the Halton sequence, see Definition 2.10, created by [18]) and irregular random node
distributions (created by [95]).

Definition 2.10. Let n =
∑︁k−1

i=0 di(n)b
i ∈ N0 be some number in base b ∈ N \ {1}

representation with 0 ≤ di(n) < b for all i ∈ {0, . . . , k − 1} for some k ∈ N.

1. The van der Corput sequence (gb(n))n∈N in base b is defined by
gb(n) :=

∑︁k−1
i=0 di(n)b

−i−1 ∈ [0, 1) [123, 37].

2. Let p(j) denote the j’th prime number. The j’th component of the i’th element of
the d-dimensional Halton sequence is given by gp(j)(i) for all i ∈ N0, j ∈ {1, . . . , d}
[55].

The construction of these four types of node sets in the interior of our model domain
(0, 1)d is straightforward. The extension of the Cartesian node set to the boundary ∂Ω
is also straighforward whereas different variants exist in the case of PNP, Halton or
random nodes, both w. r. t. the number and location of boundary nodes. One could,
e. g., use PNP/Halton/random nodes in a lower spatial dimension. We will use the same
number of boundary nodes (as determined by the Cartesian grid) for all four types of
node sets. The PNP and Halton interior node sets are complemented with boundary
nodes of the Cartesian grid whereas the random interior node set is complemented with
d− 1 dimensional random boundary nodes.
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2 Radial basis function - finite difference (RBF-FD) method

Cartesian PNP Halton Random

Figure 2.1: Example node distributions and stencils for Ω = (0, 1)2, N = 100 (total
number of nodes), NI = 64 (number of interior nodes) and n = 5 (stencil
size).

Figure 2.1 illustrates these four types of node distributions for d = 2 spatial dimen-
sions (even though all our numerical experiments will be performed for d = 3 spatial
dimensions).

2.3.2 Generation of stencils

There are several aspects to take into consideration when selecting the number and
location of nodes in a stencil. If a partial differential equation is to be solved, then
the stencil will be used to approximate partial/directional derivatives or more general
differential operators. Since these describe local characteristics of a function, it is natural
to include nodes that are close to the stencil center, e. g. the n nearest neighbors or all
neighbors within a certain distance to the center.

Finite difference stencils often have a symmetric structure, i. e., node xi belongs to stencil
Xj if and only if node xj belongs to stencil Xi (possibly even with identical weights
wj

i = wi
j, e. g. for self-adjoint differential operators). This symmetry property typically

no longer holds if upwinding (see Remark 2.11)¸ is used for convection-type operators
[110] or if a node lies near the boundary. In this case, one may use an extrapolation
approach, introducing new nodes outside the closure Ω, or asymmetric stencils [124].
For scattered node sets, we cannot expect any symmetry for RBF-FD stencils.

Remark 2.11. Upwinding is a strategy (for example for FD and RBF-FD discretiza-
tions) to deal with convection-dominated convection-diffusion problems (which are studied
in Subsection 2.4.6). The typical idea of upwinding is to suppress non-physical pertu-
bations (i. e., to avoid spurious oscillations) in the numerical solution by taking factors
such as the flow direction into consideration during the discretization. This is often done
by using different discretizations (e. g., different stencils) for the convection and diffusion
terms [19]. [63] proposes to use upwind skewed RBFs, i. e., to multiply the RBFs by an
upwind factor which is based on several factors such as the flow direction, the intensity
of the convection, the stencil size and the node distribution. Further approaches to use
upwinding in RBF-FD are presented in [110, 103, 77].
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2.3 Node and stencil generation, choice of RBFs and polynomial augmentation

In the finite difference method, the stencil size n is typically fixed for all nodes. In the
RBF-FD method, it is easily possible (and sometimes advantageous) to utilize different
stencil sizes nj for different stencils Xj, e. g., by selecting a fixed radius and choosing
stencils that consist of all nodes within this radius w. r. t. the stencil center [85]. Further
propositions and algorithms to form stencils can be found in [23, 91, 24, 105, 92] but
are not pursued in more detail here.

Figure 2.1 illustrates nearest neighbor stencils (green squares) for stencil centers (marked
with black plus symbols) for the four types of node distributions. The boundary nodes
are represented by red asterisk symbols, whereas interior nodes are represented by blue
circles if they do not belong to the stencil.

If stencil nodes are very close to each other, the small separation distance often results in
high condition numbers of the weight matrices. The criteria for good node distributions
for (global) RBF interpolation and approximation as mentioned in Subsection 2.3.1 carry
over to the local RBF-FD approach, i. e., a good stencil Xj should consist of a small fill
distance (w. r. t. a suitable domain Ωj containing xj) and a large separation distance
(see Definition 2.9) but does not necessarily have to be structured.

In the case of a structured grid, the weights and resulting truncation errors of RBF-
FD may be computed analytically [8, 11]. Stencils may be optimized w. r. t. these
truncation errors, e. g. for the discretization of the Laplace operator on Cartesian (tensor
product) nodes, we observed that so-called sparse stencils along the coordinate axes can
be advantageous compared to nearest neighbor stencils. However, these advantages
typically disappear (or are hard to exploit) on unstructured node sets. Stencils on
structured grids more likely run into problems with unisolvency (Definition 2.3) than
stencils on unstructured grids. A typical example of a node set that is not Π2-unisolvent
in R2 consists of any three nodes that are collinear, i. e., lying on a line. In [127,
Theorem 2.7], a criterion is provided that guarantees for certain (subsets of Cartesian)
node sets in R2 to be Πℓ-unisolvent, a generalization to higher spatial dimensions along
with additional information on polynomial interpolation in several variables is given in
[47, 79]. Here we will pursue only the nearest neighbor approach (with a fixed stencil
size for all nodes) and optionally shift (and scale) the stencil afterwards (see Remarks 2.7
and 2.8). For more advanced stencil selection algorithms (which may lead to different
conclusions for the choice of RBF-FD parameters) and a machine learning approach to
classify the quality of stencils we refer to [22, 23, 25, 91, 99, 92].

If not only the nodes but an underlying, possibly unstructured mesh is available, then
a nearest neighbor search could be performed on the graph with the Euclidean distance
between nodes being replaced by the shortest path in the graph.

In the case of an unstructured node distribution without a mesh, nearest neighbor stencils
may be determined efficiently using a kd-tree [131]. However, especially in the case of
randomly distributed nodes, problems may occur if, as illustrated in Figure 2.1 (right),
the nearest neighbors are located in a somewhat imbalanced way around the stencil
center, possibly with relatively large fill distance and small separation distance. Lop-
sided stencils may also occur on structured grids for stencil centers close to the boundary
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2 Radial basis function - finite difference (RBF-FD) method

∂Ω.

2.3.3 Choice of RBF

Table 2.1 and Figure 2.2 show some of the most commonly used generating functions
which can be roughly classified as

• leading to infinitely smooth RBFs and depending on a shape parameter (e. g., GA,
GMQ, MQ, IMQ, IQ),

• leading to not infinitely smooth RBFs and (possibly) independent of a shape pa-
rameter (e. g., PHS(k)),

• and a hybridization of both (e. g., HYB(γ) = GA + γ PHS(2)) [87, 85].

Additional generating functions can be found in [42, 17], including compactly supported
generating functions which lead to a sparse matrix Aj (2.11). Furthermore, there are
several modified RBFs such as shifted (see Remark 2.7) and upwind skewed RBFs (see
Remark 2.11).

name abbrev. ϕε(r)

Gaussian (HYB(0)) GA e−(εr)
2

Generalized multiquadric GMQ(ν) (1 + (εr)2)ν/2, ν ∈ Z \ 2N0

Multiquadric (GMQ(1)) MQ (1 + (εr)2)1/2

Inverse multiquadric (GMQ(−1)) IMQ (1 + (εr)2)−1/2

Inverse quadratic (GMQ(−2)) IQ (1 + (εr)2)−1

Polyharmonic spline PHS(k) r2k−1 (or r2k log(r)), k ∈ N
Hybrid (GA+ γ PHS(2)) HYB(γ) e−(εr)

2
+ γr3, γ ≥ 0 (or

αe−(εr)
2
+ βr3, α, β ∈ [0, 1])

Table 2.1: Commonly used generating functions.

For the first class of generating functions, a major challenge in RBF interpolation and
approximation (and with that in RBF-FD approximation) is the selection of a suitable
shape parameter ε [1]. Choosing it too large results in poor interpolation and approxima-
tion accuracies since the RBFs either form peaks (GA, GMQ(ν) with ν < 0, e. g. IMQ,
IQ) or approximate piecewise polynomials (GMQ(ν) with ν > 0, e. g. MQ) [29]. On
the other side, as the shape parameter ε goes to zero, the RBFs converge to a constant
function and the matrix Aj in (2.11) becomes increasingly ill-conditioned, rendering a
solution in finite floating point arithmetic numerically infeasible. However, the underly-
ing interpolant may still exist in the limit and can be determined analytically in which
case it is related to a multivariate polynomial [45, 104] (which also explains why polyno-
mial augmentation is not needed for small shape parameters [68]). E. g., for d = 1, the
Lagrange minimal-degree interpolating polynomial can be obtained for the underlying
interpolant in the limit ε → 0. Hence, the FD method can be seen as the limit ε → 0
in the RBF-FD method [29, 8, 11]. On the other hand, this explains the occurrence of
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ε = 0.001 or k = 2 ε = 0.1 or k = 3 ε = 1 or k = 4
ε = 5 or k = 5 ε = 10 or k = 6 ε = 20 or k = 7
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Figure 2.2: Example generating functions for different shape parameters ε or different k,
if PHS(k) is shown; last four plots are log-log plots with changed axes.
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the Runge phenomenon (i. e., large boundary oscillations in interpolations with higher
degree polynomials) in (global) RBF interpolation with small shape parameters. In the
context of RBFs, the Runge phenomenon can also be observed if the separation distance
becomes very small [46].

For each node set X and stencil Xj, there typically exists a shape parameter εj > 0 that
is optimal for the numerical computation of the corresponding stencil weights (2.11).
Such an εj depends on several factors such as the function to be interpolated or approx-
imated, the generating function, the stencil nodes and even the machine precision [67].
Hence, using spatially varying (i. e., stencil dependent) shape parameters εj can be (theo-
retically) advantageous [42, 46, 16], especially for functions with gradient discontinuities
[98], but it is not pursued any further here since it adds even more parameters/choices
into the setting of RBF-FD. On Cartesian grids, optimal shape parameters can be de-
rived analytically [8, 11].

Another way to address the problem of ill-conditioning is using the hybrid kernel HYB(γ)
[87, 85]. The idea is to achieve numerical stability (i. e., lower condition numbers of
the weight and stiffness matrices as well as no large spurious eigenvalues of the stiffness
matrix for smaller shape parameters) in a direct approach, i. e., with lower computational
cost than a stable RBF algorithm. HYB(γ) typically leads to smaller errors and larger
condition numbers by decreasing γ and vice versa (i. e., a too small as well as a too large
γ value can be problematic in terms of stability or accuracy, resp.). Hence, often

γ ∈ [10−6, 10−3] (2.18)

is utilized [85, 93].

Yet another (computationally more expensive) possibility to address the ill-conditioning
is to switch to stable versions of RBFs, e. g., RBF-GA [44, 76, 71], RBF-RA [48, 129]
or RBF-QR [68]. These stable algorithms typically increase the computational cost
by at least a factor of 10 [106]. Using (sufficiently high) extended precision is another
approach, but in general not advisable for large scale problems since it is computationally
even more expensive [41, 68].

A feature of the PHS generating function is illustrated in Remarks 2.12 and 2.14, namely
the scale-invariance of PHS (in addition to the shift-invariance of RBFs, see Remark 2.7).

Remark 2.12. In [57], the following results are shown for the PHS generating function.

1. The Lagrange representation (with Lagrange basis functions λi, i ∈ {1, . . . , n}) of
s ∈ Rj (2.7) to solve (2.8) (w. r. t. the stencil Xj) is given by

s(x) =
n∑︂

i=1

λi(x)f(xsji
). (2.19)

2. The Lagrange basis functions λi, i ∈ {1, . . . , n} are shift and scale invariant.
Hence, the Lagrange representation of s ∈ Rj to solve (2.8) w. r. t. the shifted
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and scaled stencil Xhj

j is identical to (2.19) except that the evalution points of the
function f are given by the stencil Xhj

j (instead of the stencil Xj).

Definition 2.13. We call (according to [26])

1. the domain Ω scalable if the origin is an interior point and hΩ ⊆ Ω holds for all
h ∈ [0, 1];

2. the function space Rj (2.7) scalable if s(h·) ∈ Rj holds for all h ∈ (0, 1], s ∈ Rj.

3. The differential operator L applied to a function s ∈ Rj of a scalable function
space Rj has scaling order a if Ls(h·) = haLs holds for all functions s ∈ Rj.

4. The Approximation (2.3) is called scalable of order a if the domain Ω is scalable, the
function space Rj is scalable and the differential operator L applied to a function
s ∈ Rj has scaling order a.

The combination of Remarks 2.7 and 2.12 leads to Remark 2.14.

Remark 2.14. It holds [26]:

1. If the stencil Xj is replaced by the shifted and scaled stencil Xhj

j (and the shifted
evaluation point is used, i. e., the origin instead of xj), the PHS generating function
is utilized and the Approximation (2.3) is scalable of order a, then the weights wj

(2.11) and wj
hj

corresponding to the stencils Xj and X
hj

j , resp., fulfill

wj = h−aj wj
hj

.

2. The scaling order a is for linear homogeneous differential operators L (such as
the Laplace operator) given by the order D of the differential operator L (i. e.,
a = D = 2 for the Laplace operator).

2.3.4 Polynomial augmentation in RBF-FD

Polynomial interpolation can be viewed as a special case of RBF-FD with polynomial
augmentation in which the dimension of the polynomial space M equals the stencil
size n, but no radial basis functions are used, i. e., the stencil weights are computed
as the solution of P T

j wj = Lpj (2.11). As mentioned in Subsection 2.2.1, polynomial
interpolation can lead to a singular Pj if min{d, n} > 1. If polynomial augmentation
is used in RBF-FD, necessary (but not sufficient) criteria for the weight matrix ˜︁Aj in
(2.11) to be regular are given by n ≥ M and rank(Pj) = M (full column rank).

Often, for a numerically stable computation, a lower bound nmin = nmin(ℓ) is suggested
for the stencil size n that depends on the degree ℓ of polynomial augmentation (or,
equivalently, the dimension M of the respective polynomial space (2.5)). In [41], the
lower bound nmin = M is suggested for RBF-FD approximation. For the solution of
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elliptic and hyperbolic PDEs, nmin ≈ 2M has been proposed [10, 38, 61]. A slightly
different bound, nmin ≈ 2M + ⌊ln(2M)⌋ is proposed in [107] for the advection-diffusion
equation. In [38, 102], it is observed that unstructured node distributions allow for
smaller nmin than Cartesian node distributions with an increasing difference as ℓ increases
(e. g., nmin ≈ 2M is too small for Cartesian nodes with ℓ > 4 whereas unstructured nodes
can achieve lowest errors for n ≈ M + ⌊ln(2M)⌋ [102]). In general, the optimal relation
between polynomial degree ℓ and stencil size n depends on the underlying problem [107].

There are different effects of polynomial augmentation in the RBF-FD method which
depend on the type of generating function that they complement. Polynomial augmen-
tation (with close too maximal permissible degree ℓ) is studied in [41, 42] for RBF-FD
approximation for the GA generating function (with a shape parameter ε, leading to
infinitely smooth RBFs) and the PHS(k) generating function (without a shape parame-
ter, leading to not infinitely smooth RBFs). In both cases, stagnation errors disappear
and higher accuracies (for the same convergence order) compared to polynomial least
squares approximation with the same ℓ are observed (for sufficiently, but not too large
ℓ [121]). The convergence order for ℓ ≥ D (2.20) is then

O(N (D−ℓ−1)/d), D = order of the linear differential operator L (2.20)

if the approximated function is sufficiently smooth [108, 121] (i. e., D = 0 for function
approximation and D = 2 for the Laplace operator L = ∆ or the convection-diffusion
operator L = ∆ + bT∇) and (approximate) internodal spacing h ≈ N−1/d [41, 68, 6]
(see (2.17) for the smallest achievable error w. r. t. floating point arithmetic). Hence,
the convergence order depends on ℓ (which is connected to n as a larger ℓ requires a
larger n). While n, ε and k do not enter into the above order of convergence, varying
these parameters can still lead to significant changes in the accuracy [41], i. e., affect the
constants hidden in the O notation.

For GA, the accuracy can be significantly increased by polynomial augmentation for
shape parameters larger than the optimal one [44] (while possibly increasing the con-
dition number of ˜︁Aj in (2.11)) and the optimal shape parameter is (similar to the case
without polynomial augmentation) mostly invariant w. r. t. refinement (i. e., the number
of nodes N).

For PHS (or other only conditionally positive definite RBFs), polynomial augmentation
is typically needed for convergence [85, 61]. The condition number of the matrix ˜︁Aj in
(2.11) may increase (also for PHS) when increasing the polynomial degree ℓ. Further-
more, when increasing the stencil size n, the stencil weights become larger (by absolute
value) near the stencil center and smaller elsewhere, and if the stencil size n is large
enough, then there is no Runge phenomenon [7, 6].

Infinitely smooth RBFs have the potential for spectral accuracy in global RBF ap-
proaches [46], but this benefit is typically sacrificed in the local RBF-FD approach [11]
since the stencil size n is significantly smaller than the number of nodes N . Additionally,
GA and PHS with polynomial augmentation (and n only slightly larger than M) can
achieve (especially for unstructured nodes since they allow for smaller nmin than Carte-
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sian nodes [102]) comparable accuracies with lower computational cost than stable RBF
variants. Using the GA generating function (with a stable algorithm or close to maxi-
mal permissible degree of polynomial augmentation) leads to the challenge of choosing
an appropriate shape parameter, and using extended precision is computationally too
expensive for RBF-FD approximation. Hence, the PHS generating function with close
to maximal permissible degree of polynomial augmentation is recommended (taking into
consideration the approximation accuracy and computational cost) [41, 42].

Many results for RBF-FD approximation using PHS with polynomial augmentation
carry over to the solution of elliptic and hyperbolic PDEs, i. e., stagnation errors disap-
pear, the convergence order is again given by (2.20), hence depends on the polynomial
degree ℓ (which requires a minimal stencil size nmin). Increasing the PHS degree deter-
mined by k and stencil size n may lead to slight improvements of accuracy. The stencil
weights become larger (by absolute value) near the stencil center and smaller elsewhere
by increasing the stencil size n. If the stencil size n is large enough, then there is no
Runge phenomenon [10, 38].

For the Poisson problem (involving a differential operator L of order D = 2 (2.20)),
a convergence order of O(N−ℓ/d) is numerically observed for ℓ ∈ {2, 4, 6, 8} (and no
convergence for ℓ = 0) [61], i. e., slightly higher than the (theoretical) convergence order
for RBF-FD Approximation (2.20). Additionally, it is observed in [10, 38] that using PHS
in the form r2k−1 or r2k log(r) leads to similar results (thus the form r2k−1 is preferred),
quasi-uniform node distributions lead to similar (often even higher) accuracies compared
to Cartesian node distributions, and if the stencil size n is sufficiently large, then no ghost
nodes (i. e., additional nodes outside the domain Ω to increase stability and accuracy
by avoiding lop-sided stencils near the boundary ∂Ω) are needed. It has been observed
in [121] that ghost nodes can increase stability and accuracy especially in the presence
of Neumann boundary conditions. Further stabilization techniques (which are based on
modifications of the boundary nodes) for problems with Neumann boundary conditions
are introduced in [132]. Moreover, whereas a larger PHS degree can lead to a higher
accuracy (accompanied by the potential for more numerical instabilities such as larger
spurious eigenvalues of the stiffness matrix and larger absolute values of the stencil
weights), a PHS degree that is chosen too small can also be problematic. Hence, given
the degree of augmentation ℓ ∈ N, in [107] it is suggested to select k in the PHS r2k−1

according to

k =

{︄
ℓ+1
2
, if ℓ is odd,

ℓ
2
, if ℓ is even.

(2.21)

While the optimal choice for the relation between PHS exponent k and polynomial degree
ℓ could depend on the type of the node distribution, the relation

k ≤ kmax := ℓ+ 1 (2.22)

has to be satisfied to prove unisolvency in this setting [107]. Furthermore, there has to
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hold

D ≤ k (2.23)

for the order D of the differential operator (2.20) to ensure that the right hand side
LΦε,x

s
j
i

(xj) in (2.11) is defined for all stencil nodes xsji
, in particular for the center

sji = j. Since (2.21) contradicts (2.23) for the case ℓ = 2, we modify (2.21) and define
(with D as in (2.20))

kmin :=

{︄
max{D, ℓ+1

2
}, if ℓ is odd,

max{D, ℓ
2
}, if ℓ is even

(2.24)

and propose to select k ∈ [kmin, kmax] depending on the model problem and number of
points N (see also (2.26) for our choice in the numerical experiments).

A different idea lies in the use of variable degrees of polynomial augmentation ℓj and
variable sizes nj for each stencil Xj [86, 111, 92, 62, 59, 23, 91]. While it can reduce
the computational cost and increase the accuracy, it adds even more parameters/choices
into the setup of RBF-FD, hence this approach is not pursued any further here.

2.4 Numerical results

This section contains numerical tests first for the RBF-FD discretization of Poisson’s
equation in d = 3 spatial dimensions on a unit cube, i. e., in (2.12a), (2.12b), we set
Ω = (0, 1)3 and L = −∆. More numerical tests for further model problems are afterwards
presented in Subsections 2.4.5 and 2.4.6. We choose the right hand side functions f, g
such that the analytical solution u is given by the three-dimensional version of Franke’s
function F : R3 → R [96, 70] with

F (x) = 0.75 exp[−
(︁
(9x1 − 2)2 + (9x2 − 2)2 + (9x3 − 2)2

)︁
/4]

+0.75 exp[−(9x1 + 1)2/49− (9x2 + 1)/10− (9x3 + 1)/10]

+0.5 exp[−
(︁
(9x1 − 7)2 + (9x2 − 3)2 + (9x3 − 5)2

)︁
/4]

−0.2 exp[−(9x1 − 4)2 − (9x2 − 7)2 − (9x3 − 5)2].

(2.25)

We will study the influence of the following parameters on the performance of the RBF-
FD method to illustrate causes for potential pitfalls and hopefully steer away from them:

• the type of the node distribution (i. e., Cartesian, PNP, Halton or random);

• the stencil size n;

• the total number of nodes N ;

• the generating function ϕε and its intrinsic parameters (shape parameter ε, the
parameter γ in HYB(γ), the PHS degree specified by k);
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2.4 Numerical results

• the degree of polynomial augmentation ℓ.

We will illustrate the resulting approximation errors of the discrete approximate solution
side-by-side with the condition numbers of the involved weight and stiffness matrices.
To this end, all of the following Figures 2.4 - 2.19 consist of three columns of plots,
showing

• the errors between the exact and computed solution of the PDE (left column),

• the (maximum of the) condition numbers of the weight matrices (2.11) (middle
column),

• the condition numbers of the stiffness matrices (2.14), (2.15) (right column).

Figures 2.20 and 2.23 - 2.25 show solely the errors, whereas Figure 2.21 concentrates on
the condition numbers of the stiffness matrices. The y-axes in the figures in this chapter
as well as in the next chapter are usually chosen such that

• comparable plots in a figure use identical y-axes to simplify the comparison of
different setups;

• the amount of unnecessary whitespace is minimized;

• no relative errors greater than one are shown (since the zero vector already leads
to a relative error of one).

However, outliers in a plot are sometimes cut off to increase the distinguishability and
the visibility of the other results in this plot.

In Subsection 2.4.1, we present general information about the setting of the numerical
tests such as node and stencil generation, solution of the arising linear systems of equa-
tions and the computation of the approximation error. In Subsection 2.4.2, we focus on
the pitfalls for infinitely smooth (GA) RBFs related to the choice of the shape param-
eter. We concentrate in Subsection 2.4.3 on the (shape parameter independent) PHS
generating function. In Subsection 2.4.4, we utilize the HYB generating function in the
same setups as in Subsection 2.4.2 and compare HYB to infinitely smooth RBFs as well
as to PHS. Subsections 2.4.5 and 2.4.6 show more numerical tests for other problems,
namely the sphere instead of the cube as the underlying domain and the convection-
diffusion equation instead of Poisson’s equation, resp. The conclusions are summarized
in Subsection 2.4.7, along with recommendations for the various components of RBF-FD
discretization.

2.4.1 General information

In order to compare results for the different types of node distributions (see Subsection
2.3.1), we generate PNP, Halton and random node distributions with the same number
of interior and boundary nodes as in a typical Cartesian grid, i. e., NI = νd interior
nodes and N = (ν + 2)d total nodes for some ν ∈ N. While the construction of Halton
or random nodes with a prescribed number NI of interior nodes is straighforward, it
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2 Radial basis function - finite difference (RBF-FD) method

is slightly more complicated for PNP nodes since their construction is based on a local
distance function h : Ω → (0,∞) that specifies the minimal nodal spacing at point x ∈ Ω
via h(x). A constant nodal spacing function h ≡ (ν + 1)−1 (i. e., the same spacing as
for the Cartesian nodes) leads to fewer nodes than NI . Hence, we use a scaled version
h ≡ α(ν + 1)−1 with α ∈ [0.9256, 0.9286] experimentally determined such that exactly
NI nodes are generated. (The tests with h ≡ (ν +1)−1 lead to qualitatively comparable
observations as h ≡ α(ν + 1)−1 with slightly increased errors and decreased condition
numbers due to the typically larger fill and separation distances).

When showing results on Cartesian grids in Subsections 2.4.2 - 2.4.4, for comparison
we also include test results (for the errors (2.27) and the condition numbers of the
stiffness matrices) obtained for finite difference discretizations with a standard central
7-point stencil (i. e., second-order approximation) as well as for a compact/Hermite
19-point stencil (i. e., the 19 stencil nodes consist of the 3 × 3 × 3 nodes around the
center without the 8 corner nodes, and not only function values but also derivatives
are included in the approximation in (2.3), leading to a fourth-order approximation, see
[128], [116]). The results on Cartesian grids in Subsection 2.4.6 show, for comparison,
solely results obtained for finite difference discretizations with a standard central 7-
point stencil without upwinding (i. e., no results for compact/Hermite 19-point stencil
are included).

For the computation of stencils (see Subsection 2.3.2), we use a library [89] that utilizes
a kd-tree for the nearest neighbor search w. r. t. the norm ∥ · ∥µ for some µ ∈ N. In our
experiments, we use the Euclidean norm by setting µ = 2. For the computation of the
stencil weights (2.11), we use the monomial basis {p1, . . . , pM} = {pm1 , . . . , pmM} of Πℓ

(2.5) (if not stated otherwise).

We focus on the generating functions in Table 2.1, i. e., we consider the generating
functions GA, MQ, IMQ, IQ, HYB(γ) and PHS(k) (which requires polynomial augmen-
tation of degree ℓ ≥ 2 for convergence, see (2.20)) of the form r2k−1 with k ≥ 2 usually
determined by

k =

{︄
ℓ+ 1, if ℓ ≤ 3,
ℓ, if ℓ ≥ 4

(2.26)

or by (2.24).

Even though some generating functions (e. g., GA, IMQ, IQ [42]) guarantee the re-
sulting matrices Aj in (2.11) to be symmetric positive definite, they might be highly
ill-conditioned so that a direct solver based on a Cholesky factorization may break down
in practice. Hence, for solving linear systems, we will always use direct solvers based
on LU factorizations with pivoting. For stencils that are not unisolvent, the matrix
block Pj in (2.11) may no longer have full column rank, hence ˜︁Aj is no longer regular
but (2.11) may still have (no longer unique) solutions. These can be computed by a
nullspace approach [21, 24] which may also be beneficial in the unisolvent case. For the
computation of (lower bounds of) condition numbers κ1 of the arising matrices, we use
the LAPACK [66] function dgecon with the 1-norm (we also computed κ∞ which led to
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qualitatively similar observations for the stiffness matrix and made no difference for the
symmetric weight matrices, hence these results are not reported here).

In order to measure the approximation accuracy of the RBF-FD computed discrete
solution, we determine the relative 2-norm error between the exact solution of the PDE
(2.12a), (2.12b) evaluated at the nodes, us := (u(xj))

NI

j=1, and the computed solution u
obtained from solving the system in (2.15),

e2 :=
∥us − u∥2
∥us∥2

. (2.27)

We have also performed numerical experiments and measured the errors in the (relative)
infinity as well as the (relative) 1-norm but do not report these results here since they
are qualitatively very similar (see also [61, 30] for results in different error norms). All
computations were performed in double precision.

Figure 2.3: Pointwise relative errors |(us(·) − u(·))/us(·)| (top row) and absolute errors
|us(·) − u(·)| (bottom row) w. r. t. their ∥ · ∥∞ norm distance to the center
(0.5, 0.5, 0.5)T of the domain [0, 1]3 for Halton node distributions with N =
8000 nodes and NI = 5832 interior nodes. PHS with stencil size n = 116,
polynomial augmentation of degree ℓ = 5; GA and HYB(10−5) with n = 131,
shape parameter ε = 3.5, no polynomial augmentation.

Since the error e2 in (2.15) does not provide insight into the component-wise absolute
or relative errors |(us(·) − u(·))| or |(us(·) − u(·))/us(·)|, resp., we include Figure 2.3
which illustrates these pointwise errors w. r. t. their distance to the center (0.5, 0.5, 0.5)T
of the domain [0, 1]3 for three different types of generating functions on a Halton grid.
While we observe that the pointwise errors possess a significant deviation from their
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2 Radial basis function - finite difference (RBF-FD) method

mean and tend to become smaller closer to the (Dirichlet) boundary, we argue that the
error e2 (added as a horizontal line to all plots, scaled by 1/

√
NI for the bottom row) is

a reasonable measure to assess the overall RBF-FD discretization error.

2.4.2 (Infinitely smooth) Gaussian (GA) RBFs

In this subsection, we provide numerical tests using the GA generating function which
leads to infinitely smooth RBFs. We have also performed the same tests for general-
ized multiquadric GMQ(ν) for ν ∈ {1,−1,−2} (i. e., for MQ, IMQ and IQ) generating
functions but do not report on these results since they were qualitatively similar (with
adjusted shape parameters and constants c in (2.28)).

Similarly, since random nodes lead to qualitatively comparable observations as Halton
nodes (with slightly increased errors and condition numbers due to the typically larger
fill distance and smaller separation distance), we also do not include our test results for
random nodes here.

We will later (in Subsection 2.4.4) provide numerical results comparing several generating
functions, including MQ, IMQ and IQ, on all four types of grids (Cartesian, PNP, Halton,
random).

We begin with an overview of the numerical tests before a more detailed discussion of
the results.

• Figure 2.4: Influence of the shape parameter ε on different grid types (Cartesian,
PNP, Halton) for different stencil sizes n, fixed problem size N .

• Figure 2.5: Influence of the stencil size n on different grid types (Cartesian, PNP,
Halton) for different shape parameters ε, fixed problem size N , polynomial aug-
mentation of degree ℓ = 0 (a constant term).

• Figure 2.6: Influence of the problem size N on different grid types (Cartesian, PNP,
Halton) for different stencil sizes n, a problem size dependent shape parameter ε
(2.28), polynomial augmentation of degree ℓ = 0.

In Figure 2.4, we show results w. r. t. the shape parameter ε ∈ {0.2m : m = 1, 2, . . . , 30}
for the GA generating function, stencil sizes n ∈ {7, 35, 50, 90, 131} and node distribu-
tions (Cartesian, PNP, Halton) with N = 203 = 8000 total nodes (NI = 183 = 5832
interior and N −NI = 2168 boundary nodes). Each color/marker represents a different
stencil size.

In the three left plots, we see that there exists an optimal shape parameter ε ∈ (1, 4)
that increases with increasing stencil size, especially on the Cartesian and PNP grids.
For (much) larger shape parameters, the discretization errors increase since the basis
functions turn more and more into spikes so that the spanned function space does not
offer accurate approximations. For (much) smaller shape parameters, numerical insta-
bilities occur which become apparent in the middle and right plots showing condition
numbers for both the weight and stiffness matrices. Larger stencil sizes incur larger
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2.4 Numerical results

Figure 2.4: Errors (2.27) and condition numbers as a function of the shape parameter ε
for the GA generating function, stencil sizes n ∈ {7, 35, 50, 90, 131} and node
distributions (Cartesian, PNP, Halton) with N = 8000 nodes and NI = 5832
interior nodes.

condition numbers in the weight matrices but also have the potential to reach smaller
discretization accuracies for suitably chosen shape parameters. In particular, the (best
possible) RBF-FD discretization accuracies obtained on the PNP and Halton grids are
comparable to the ones on the Cartesian grid (or even better) as long as the stencil size
is large enough.

In Figure 2.5, the setting is similar to the one in Figure 2.4, only that now the stencil
size n ∈ {7, . . . , 200} (whereas only every fifth marker is visible to avoid too cluttered
plots) is shown along the x-axis and each color/marker represents a different shape
parameter ε ∈ {1, 2, 3, 4, 5}. Furthermore, polynomial augmentation of degree ℓ = 0
(i. e., a constant term) has been added. This choice typically increases the accuracy
slightly with only marginal increase in the computational cost (see Subsection 2.3.4).
This figure once more illustrates the numerical instabilities that occur for (too) small
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2 Radial basis function - finite difference (RBF-FD) method

Figure 2.5: Errors (2.27) and condition numbers as a function of the stencil size n for the
GA generating function, shape parameters ε ∈ {1, 2, 3, 4, 5}, polynomial aug-
mentation of degree ℓ = 0 and node distributions (Cartesian, PNP, Halton)
with N = 8000 nodes and NI = 5832 interior nodes.

shape parameters. On the Cartesian grid, one can observe a noticeable jump that occurs
when increasing the stencil size from n ≤ 32 to n ≥ 33 which was also observed in [11]
and coincides with the following observation: The stencil nodes that are most valuable
for the approximation of the Laplace operator on the Cartesian grid appear to be those
along the coordinate axes. The first 27 nodes in a nearest neighbor search are those in
the 3× 3× 3 grid around the stencil center, the next 6 are the extensions to both sides
along the respective three coordinate axes. When all 6 are added and a stencil of 33
nodes is formed, one sees the jumping improvement in the approximation accuracy. On
the Cartesian grid, a further increase in the stencil size leads to hardly any improvement.
On the Halton grid, stagnation sets in for a stencil size around n = 100 whereas the
errors continue to (slowly) decrease up to a stencil size around n = 150.

In Figure 2.6, we show plots w. r. t. 3
√
N where N ∈ {(ν + 2)3 : ν ∈ N, 6 ≤ ν ≤ 25}
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Figure 2.6: Errors (2.27) and condition numbers as a function of the number of nodes for
the GA generating function with polynomial augmentation of degree ℓ = 0,
c = 0.15 (2.28) and stencil sizes n ∈ {7, 33, 50, 90, 131}.

denotes the number of total nodes with NI = ν3 ∈ [216, 15625] interior nodes. As before,
we use the GA generating function with polynomial augmentation of degree ℓ = 0. For
the shape parameter, we follow the strategy to increase it along with the problem size
as in

ε := cN1/d (2.28)

for a constant c to avoid increasing ill-conditioning in the weight matrices since the
consequences of ε → 0 for fixed N and of N → ∞ for fixed ε are identical [38, 40,
85, 118]. The constant c influences the shape parameter, a smaller c leads to larger
condition numbers of the weight (stiffness) matrices, a larger c leads to “spiky” basis
functions that no longer provide good approximations on finer grids. A similar approach
using two constants c1, c2 with ε = c1N

1/d − c2 > 0 (and the determination of these
constants) has been studied in [40].
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We have performed several tests for constants c ∈ {0.05, 0.1, 0.15, 0.2, 0.25} (not reported
here) and found c = 0.15 to yield the best results for a stencil size n = 50 (and good
results for a wider range of stencil sizes). In the plots in the middle of Figure 2.6,
using (2.28) to determine the shape parameter, it is confirmed that with such a choice
of shape parameter, the condition numbers of the weight matrices remain (close to)
constant (with different constants for different c) as N increases while the condition
numbers of the stiffness matrix still increase with N .

On a Cartesian grid, the RBF-FD errors for a stencil of size n = 7 are comparable to
the 7-point-FD errors (even better up to 3

√
N ≈ 25 and worse for larger N since c = 0.15

is too large for this n), and stencil sizes n > 33 appear to lead to no further advantage
compared to n = 33. On PNP and Halton grids, RBF-FD with stencil size n = 7
performs worse than on a Cartesian grid. For larger stencils, the errors decrease both
with increasing stencil and problem sizes n,N , reaching accuracies even better than the
finite difference 19-point-stencil.

2.4.3 Polyharmonic spline (PHS) RBFs

An attractive feature of the PHS generating function with polynomial augmentation lies
in their simplicity due to the lack of a shape parameter ε to be finetuned and their
scalability (see Remark 2.14), i. e., the stencil weights wj (2.11) can be recovered from
the solution wj

hj
of a shifted and scaled (and typically much better conditioned) linear

system of equations. Since the high condition numbers in (2.11) hence can be reduced by
a (row and column) scaling, they are usually harmless in actual computations and have
no negative effect on the computed interpolant [41] as long as the degree of polynomial
augmentation is not too large [121]. We will illustrate the (typical lack of) difference
between the numerical solutions with and without shift-and-scale and with only shift in
Figure 2.9 and use Remark 2.14 instead of (2.11) in all other following numerical tests
for Poisson’s equation involving PHS (if not stated otherwise).

However, even without a shape parameter, there still remain several parameters to choose
such as the stencil size n, the exponent in the polyharmonic spline determined by k and
the degree ℓ of polynomial augmentation. Similarly as in Subsection 2.4.2, random nodes
lead to worse, but qualitatively comparable observations as Halton nodes. Hence, we
do not include test results for random nodes (Subsection 2.4.4 will include results for
PHS on random nodes in comparison to other RBFs). In this subsection, we provide
the following numerical results to illustrate the interplay of these quantities and their
resulting discretization errors.

• Figure 2.7: Influence of the stencil size n on different grid types (Cartesian, PNP,
Halton) for the PHS(k) generating function and different degrees ℓ of polynomial
augmentation where k is determined by ℓ via (2.24) or (2.26).

• Figure 2.8: Influence of the problem size N on different grid types (Cartesian,
PNP, Halton) for different k in PHS(k) and degrees ℓ of polynomial augmentation
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which in turn determine the stencil size n via (2.29).

• Figure 2.9 (as Figure 2.8, with solely Halton nodes and degree ℓ = 8 of polynomial
augmentation): Influence of shift (Remark 2.7), shift-and-scale (Remark 2.14) and
compiler optimization.

• Figure 2.10: Influence of the problem size N on different grid types (Cartesian,
PNP, Halton) for different degrees ℓ of polynomial augmentation which in turn
determine k in PHS(k) and the stencil size n via (2.26) and (2.29), resp.

In Figure 2.7, each color/marker represents a different degree of polynomial augmen-
tation ℓ ∈ {2, 3, 4, 5, 6, 7, 8}. For a given ℓ, we use the generating function PHS(k)
with k selected via (2.24) (odd rows) and via (2.26) (even rows) and use stencil sizes
n ∈ {2M + ⌊2M/15⌋i : i ∈ {−4, . . . , 17}} ⊂ [⌊22M/15⌋, ⌊64M/15⌋] (where M (2.6)
denotes the dimension of the space of augmented polynomials, see Table 2.2).

For Cartesian nodes and ℓ ∈ {2, 3, 5}, there occured breakdowns in the solver (i. e., in
the LU factorization of the weight matrices) for some of the smaller stencil sizes. The
nullspace approach of [21, 24] could have been used instead of an LU factorization to
compute (non-unique) weights but was not pursued here. The second column of Table
2.2 summarizes (lower bounds for) the minimal stencil sizes nmin which were necessary
for the Cartesian grid in this setup. Larger degrees ℓ ≥ 6 appear to require even
larger stencils than ⌊64M/15⌋. In the current setting, they lead to very high condition
numbers of the weight and stiffness matrices so that one cannot expect good results. The
results in the first three columns of Table 2.2 illustrate that for ℓ ∈ {4, 5, 6} a stencil
size n > (ℓ − 2)M is necessary. Therefore, we suggest to select the stencil size n for
Cartesian nodes for ℓ ≥ 4 via n = (ℓ− 1)M .

ℓ nmin M 2M 2M + ⌊ln(2M)⌋
2 16 10 20 22
3 35 20 40 43
4 98 35 70 74
5 202 56 112 116
6 > 359 84 168 173
7 > 512 120 240 245
8 > 704 165 330 335

Table 2.2: Required and recommended stencil sizes for PHS on a three-dimensional
Cartesian grid.

As discussed in Subsection 2.3.4, using a stencil size of approximately n ≈ 2M seems
reasonable for Cartesian nodes with ℓ ≤ 3 or unstructured nodes. Further tests on
unstructured grids (not included here) have shown an only slight advantage when using
n = 2M+⌊ln(2M)⌋ compared to n = 2M (their difference in the stencil size is negligible
as illustrated in the last two columns of Table 2.2) for the error (2.27) and the condition
numbers of the weight and stiffness matrices, especially in the case of larger degrees of
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Figure 2.7: Errors (2.27) and condition numbers as a function of the quotient of stencil
size n and the number of augmented polynomials M (2.6) for the PHS(k)
generating function with k ∈ {2, 3, 4} given by (2.24) (odd rows) and
k ∈ {3, 4, 5, 6, 7, 8} given by (2.26) (even rows), degree of polynomial aug-
mentation ℓ ∈ {2, 3, 4, 5, 6, 7, 8} and node distributions (Cartesian, PNP,
Halton) with N = 8000 nodes and NI = 5832 interior nodes.
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polynomial augmentation (or on random nodes). Since the difference between n = 2M
and n = 2M + ⌊ln(2M)⌋ (or some similar stencil size) is typically rather small (as long
as ℓ is sufficiently large (2.20)), we recommend (and will use ourselves in subsequent
tests) the following stencil sizes,

n =

{︄
(ℓ− 1)M, if Cartesian nodes are used and ℓ ≥ 4,

2M + ⌊ln(2M)⌋, otherwise.
(2.29)

A larger stencil size not only increases the computational cost to compute the stencil
weights but also leads to more non-zero entries in the stiffness matrix. We hence conclude
that RBF-FD using PHS and polynomial augmentation with a large degree ℓ is not
suitable/efficient for Cartesian nodes since the stencil size should increase with the degree
ℓ of polynomial augmentation as for example suggested in (2.29). Compared to the search
for a best shape parameter in infinitely smooth RBFs, the sensitivity of the results when
moving away from the optimal setting is much reduced here.

The comparison between the plots in the odd and even rows demonstrates that larger
PHS degrees (i. e., (2.26) instead of (2.24)) can decrease the errors but may eventually
lead to numerical instabilities. The larger PHS degrees via (2.26) seem to be espe-
cially beneficial for smaller polynomial degrees ℓ ≤ 4 while they can lead to numerical
instabilities for ℓ ≥ 5.

In Figure 2.8, we show results for the PHS(k) generating functions with stencil sizes
given by (2.29), polynomial augmentation of degree ℓ = 3 (for Cartesian, PNP and
Halton nodes) with k ∈ {2, . . . , 5}, ℓ = 5 with k ∈ {2, . . . , 7} and ℓ ∈ {6, 8} with
k ∈ {2, . . . , 8} (only for Halton nodes). In particular, in these tests k and ℓ are no longer
connected via (2.24) or (2.26). However, the polynomial degree ℓ now determines the
stencil size via (2.29). These tests show that violating the unisolvency condition (2.22)
(by using (k, ℓ) combinations (5, 3), (7, 5), (8, 6)) can (especially for PNP and Halton
nodes) significantly increase the errors (2.27) and the condition numbers of the weight
and stiffness matrices. Furthermore, it can be observed that using higher values of k
than those given by (2.24) can further decrease the error. The Equation (2.20) for the
convergence order can be interpreted in the way that for increasing N and ℓ, the other
parameters n and k become less influential. Our numerical tests indicate that for our
settings (2.26) leads to smaller approximation errors compared to (2.24). However, [107]
points out that using a larger k than given by (2.24) can lead to numerical instabilities
(especially for a large degree ℓ).

The setups in Figure 2.9 are similar to the setup in the last row of Figure 2.8 (i. e., Halton
nodes with ℓ = 8). The first row shows results without scaling (i. e., Remark 2.7). This
demonstrates that scaling can significantly reduce the condition numbers of the weight
matrices (especially for larger N values) such that they are almost independent of N .
However, the effect of scaling on the errors and the condition numbers of the stiffness
matrices is negligible. The second row presents results without shift-and-scale (i. e., the
stencil weights are computed via (2.11)). This indicates that shifting the stencil center
to the origin can significantly reduce the condition numbers of the weight matrices
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Figure 2.8: Errors (2.27) and condition numbers as a function of the number of nodes
for the PHS(k) generating function r2k−1 with polynomial augmentation of
degree ℓ = 3 with k ∈ {2, . . . , 5}, ℓ = 5 with k ∈ {2, . . . , 7} and ℓ ∈ {6, 8}
with k ∈ {2, . . . , 8} and stencil sizes n given by (2.29).
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Figure 2.9: Errors (2.27) and condition numbers as a function of the number of Halton
nodes for the PHS(k) generating function r2k−1 with polynomial augmenta-
tion of degree ℓ = 8 with k ∈ {2, . . . , 8} and stencil size n given by (2.29).
Stencil weights via (2.11) and in first row with additional shift (i. e., Remark
2.7). Last row: without compiler flag -O3.

for the combinations of small PHS degrees (i. e., k ∈ {2, 3, 4}) with large degrees of
polynomial augmentation (i. e., ℓ = 8). Shifting can in addition significantly reduce the
errors and the condition numbers of the stiffness matrices (see k = 2). The last row is
identical to the second row except that the level of compiler optimization was changed
(i. e., compilation without -O3 ) and shows that even the level of compiler optimization
can have a visible effect on the errors and the condition numbers (see k = 2). This
illustrates (as mentioned in [107]) that also a too small k (i. e., k < kmin (2.24)) can lead
to numerical instabilities.

In Figure 2.10, we show results w. r. t. the total number of nodes N for the generating
function PHS(k). Each color/marker represents a different degree of polynomial aug-
mentation ℓ ∈ {2, 3, 4, 5, 6, 7, 8}. This degree ℓ determines k by (2.26) and n by (2.29).
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Figure 2.10: Errors (2.27) and condition numbers as a function of the number of nodes
for PHS(k) generating function, degrees of polynomial augmentation ℓ ∈
{2, 3, 4, 5, 6, 7, 8} (k and stencil size n are determined by (2.26) and (2.29),
resp., for a fixed ℓ).

Further tests (not included here) on unstructured nodes with stencil sizes n determined
via n ∈ {2M, 3M} instead of (2.29) do not lead to significant changes in the errors (2.27)
or the condition numbers of the weight or stiffness matrices whereas n = M + ⌊ln(2M)⌋
turned out to be too small (in most cases), leading to significantly larger errors and
condition numbers of the weight and stiffness matrices.

For Cartesian nodes, we show results only for ℓ ≤ 5 since larger degrees require very
large stencil sizes, rendering the RBF-FD approach computationally very costly and
hence not competitive (e. g., n = 420 for ℓ = 6 on a Cartesian grid versus n = 335 for
ℓ = 8 on a PNP or Halton grid).

We find that for ℓ ∈ {2, 3, 4, 5}, we obtain comparable errors on Cartesian, PNP and
Halton node sets (for significantly larger stencil sizes on Cartesian grids for ℓ ≥ 4 (2.29)).
Larger degrees of polynomial augmentation (and with it larger stencils) lead to smaller
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discretization errors but larger condition numbers in the weight matrices.

The tests in this subsection illustrated that the PHS(k) generating function can be used
successfully as long as the parameter k, the degree ℓ of polynomial augmentation and
the stencil size n are adjusted correspondingly.

2.4.4 Hybrid (HYB) RBFs and comparison with other RBFs

In this subsection, we show numerical results for hybrid generating functions HYB(γ) and
comparisons to GA, IMQ, IQ, MQ and PHS (see Table 2.1). We will mostly use γ = 10−5

(which fulfills (2.18)) but also include some numerical experiments with γ ∈ {10−9, 10−1}
to illustrate the influence of the γ value and the consequences of violating (2.18). The
results of this subsection are presented through the following figures.

• Figure 2.11 (as Figure 2.4, with HYB(10−5) instead of GA): Influence of the shape
parameter ε on different grid types (Cartesian, PNP, Halton) for different stencil
sizes n, fixed problem size N .

• Figure 2.12 (as Figure 2.5, with HYB(10−5) instead of GA): Influence of the stencil
size n on different grid types (Cartesian, PNP, Halton) for different shape param-
eters ε, fixed problem size N , polynomial augmentation of degree ℓ = 0.

• Figure 2.13 (as Figure 2.6, with HYB(10−5) instead of GA): Influence of the prob-
lem size N on different grid types (Cartesian, PNP, Halton) for different stencil
sizes n, a problem size dependent shape parameter ε (2.28), polynomial augmen-
tation of degree ℓ = 0.

• Figure 2.14: Influence of the problem size N on different grid types (Cartesian,
PNP, Halton, random) for different generating functions (GA, IMQ, IQ, MQ,
HYB(10−9), HYB(10−5), HYB(10−1)), a problem size dependent shape parame-
ter ε (2.28), stencil size n ∈ {50, 131}, polynomial augmentation of degree ℓ = 0.

• Figure 2.15: Influence of the shape parameter ε for HYB(10−5) on different grid
types (Cartesian, PNP, Halton) for different degrees of polynomial augmentation,
stencil size n = 90, fixed problem size N .

• Figure 2.16: Influence of shift (Remark 2.7) for HYB(10−9), HYB(10−5), HYB(10−1)
on Halton nodes for stencil size n = 335 and polynomial augmentation of degree
ℓ = 8.

• Figure 2.17: Influence of the problem size N on different grid types (Cartesian,
PNP, Halton, random) for HYB(10−9), HYB(10−5), HYB(10−1) (with a problem
size dependent shape parameter ε (2.28)) and PHS(k) with k given by (2.26),
stencil size n given by (2.29), degree of polynomial augmentation ℓ ∈ {3, 5, 8}.

The results of Figure 2.11 may be compared to those in Figure 2.4 since we have only
exchanged the Gaussian generating function and now use HYB(10−5). A noticeable
difference can be observed as the shape parameter ε goes to zero: the condition numbers
of weight and stiffness matrices now remain bounded, and while there still is an optimal
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Figure 2.11: Errors (2.27) and condition numbers as a function of the shape parameter ε
for the HYB(10−5) generating function, stencil sizes n ∈ {7, 35, 50, 90, 131}
and node distributions (Cartesian, PNP, Halton) with N = 8000 nodes and
NI = 5832 interior nodes.

shape parameter ε ∈ (1, 4), the errors/condition numbers no longer blow up for ε → 0.

Figure 2.12 compares to Figure 2.5 in the same sense that only the Gaussian generating
function has been replaced by HYB(10−5) (and, again, only every fifth marker is visible).
On the Cartesian grid, we observe the same jump in accuracy at the stencil size n = 33.
When increasing the stencil size n, the condition numbers now remain bounded (and
significantly smaller than for the Gaussian generating function) so that the discretization
errors no longer blow up due to ill-conditioning for large n.

Figure 2.13 shows test results for the same setting as in Figure 2.6, again for HYB(10−5)
instead of GA. It shows that HYB(10−5) can lead to similar errors as the GA generating
function with the additional benefit of numerical stability for smaller shape parameters,
larger stencil sizes and finer discretizations.
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Figure 2.12: Errors (2.27) and condition numbers as a function of the stencil size n
for the HYB(10−5) generating function, shape parameters ε ∈ {1, 2, 3, 4, 5},
polynomial augmentation of degree ℓ = 0 and node distributions (Cartesian,
PNP, Halton) with N = 8000 nodes and NI = 5832 interior nodes.

In Figure 2.14, we use stencil sizes n = 50 (top four rows) and n = 131 (bottom two
rows) to compare results for the generating functions GA, IMQ, IQ, MQ, HYB(10−9),
HYB(10−5), HYB(10−1) on Cartesian, PNP, Halton and random nodes. For each com-
bination of generating function, grid type and stencil size, we beforehand numerically
determined the constant c ∈ {0.05, 0.1, 0.15, 0.2, 0.25} in (2.28) leading to the smallest
approximation errors over a wide range of tested problem sizes N , see Table 2.3.

We observe that on all except the random node sets, the RBF-FD variants lead to more
accurate approximations than the 7-point FD stencil (except for very small problem
sizes N). On PNP and Halton grids, all except HYB(10−1) lead to approximation errors
comparable or even better than the 19-point FD stencil on the Cartesian grid.

Comparing the three hybrid versions, we note that HYB(10−1) (compared to HYB(10−5))
reduces the condition numbers but increases the error, while HYB(10−9) leads to con-
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Figure 2.13: Errors (2.27) and condition numbers as a function of the number of nodes
for the HYB(10−5) generating function with polynomial augmentation of
degree ℓ = 0, c = 0.15 (2.28) and stencil sizes n ∈ {7, 33, 50, 90, 131}.

dition numbers and approximation errors comparable to those for the infinitely smooth
RBFs.

For n = 131, we include only results for PNP and Halton nodes since there is typically
no (or only a slight) improvement on Cartesian nodes compared to n = 50 (or, in fact,
n = 33), and the results for random nodes are qualitatively similar to those for Halton
nodes. Increasing from n = 50 to n = 131 on PNP or Halton nodes leads to a significant
reduction in the errors (accompanied by an increase in the condition numbers of the
weight matrices) for all generating functions except for HYB(10−1). The behavior for
HYB(10−1) is similar than for PHS, i. e., the errors are mainly decreased by increasing
the polynomial degree ℓ and not the stencil size n.

In Figure 2.15, we add polynomial augmentation to the HYB(10−5) generating function
and use shifting in the last row (i. e., stencil weights via Remark 2.7). We also add
two horizontal (dashed gray/green) lines for the (shape parameter independent) PHS(2)
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Figure 2.14: Errors (2.27) and condition numbers as a function of the number of nodes
for several generating functions with shape parameter ε = c 3

√
N , c as in

Table 2.3, polynomial augmentation of degree ℓ = 0, stencil size n = 50
for Cartesian, PNP, Halton and random nodes and stencil size n = 131 for
PNP and Halton nodes.
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grid type Cartesian PMP Halton random
stencil size n = 50 n = 50 n = 131 n = 50 n = 131 n = 50
GA 0.15 0.15 0.2 0.15 0.15 0.15
IMQ 0.1 0.05 0.1 0.05 0.1 0.1
IQ 0.1 0.05 0.1 0.05 0.05 0.1
MQ 0.1 0.1 0.1 0.1 0.1 0.1
HYB(10−9) 0.1 0.1 0.15 0.15 0.15 0.05
HYB(10−5) 0.1 0.15 0.2 0.1 0.2 0.1
HYB(10−1) 0.2 0.25 0.15 0.25 0.15 0.25

Table 2.3: Summary of constants c in (2.28) for tests in Figure 2.14.

(with mainly shifted and scaled stencils according to Subsection 2.4.3, just shifted stencils
are only used in the last row) results using the two polynomial augmentation degrees
ℓ ∈ {3, 5}, resp. (and otherwise identical setting). On the Cartesian grid, HYB(10−5)
with ℓ = 5 failed for ε ∈ {0.5, 1} (with a breakdown in the LU factorization of the
weight matrices) which we indicate by the dummy values 1039 and 1022 for the condition
numbers of the weight and stiffness matrices, resp. We recall that a minimal stencil
size n depending on the polynomial augmentation degree ℓ is necessary for the weight
matrices to be non-singular. For ℓ = 6, the polynomial space Π6 (2.5) for d = 3 has
dimension 84 (2.6), hence the fixed stencil size n = 90 satisfies this constraint for all
degrees of polynomial augmentation ℓ ∈ {−1, 0, . . . , 6}. Here, ℓ = −1 denotes the case
of no polynomial augmentation.

The best results in terms of the errors (2.27) and condition numbers of the weight and
stiffness matrices are obtained for Cartesian nodes for ℓ = 2 and for PNP as well as
Halton nodes for ℓ = 4. Larger degrees ℓ do not appear advisable since they increase
the computational cost without reducing the approximation error. The magnitude of
the optimal shape parameter increases (and the range of suitable shape parameters
widens) as the degree of polynomial augmentation increases (especially on the PNP and
Halton grids), and an appropriately chosen shape parameter leads to significantly better
results than PHS(2) by itself. While ε → 0 leads to blow-up (and no improvement
though polynomial augmentation) for the Gaussian kernel, HYB(γ) with polynomial
augmentation behaves similar to PHS with polynomial augmentation as ε → 0 (since
the Gaussian approximates a constant contained in the polynomial augmentation).

Shifting the stencil to the origin (without scaling in the case of PHS) has no visible
influence on the errors (2.27) except for the numerical unstable case with degree ℓ = 6.
This case with ℓ = 6 illustrates the propagation of errors (see Subsection 2.2.3), i. e.,
the larger the condition numbers of the weight and the stiffness matrices, the larger
is the influence of rounding errors. Furthermore, shifting the stencil to the origin can
significantly change (i. e., increase as well as decrease) the condition numbers of the
weight and stiffness matrices for the setup with ℓ = 6. For the degrees ℓ ∈ {3, 4, 5}, the
condition numbers of the weight matrices for HYB with a larger shape parameter ε are
significantly reduced by shifting the stencil, whereas all other cases with HYB do not lead
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Figure 2.15: Errors (2.27) and condition numbers as a function of the shape parameter
ε for the HYB(10−5) generating function, stencil size n = 90, polynomial
augmentation of degree ℓ ∈ {−1, 0, . . . , 6} and node distributions (Carte-
sian, PNP, Halton) with N = 8000 nodes and NI = 5832 interior nodes.
(Horizontal gray/green dashed lines show results for ε-independent PHS(2)
with ℓ ∈ {3, 5}.) Last row identical to last but one row, except that HYB
is shifted (i. e., Remark 2.7).

to a visible change in the condition numbers of the weight or stiffness matrices. However,
the condition numbers of the weight matrices for PHS are significantly increased for the
shifted version (similarly to Figure 2.9) since no scaling of the stencils is used.
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This figure as well as many additional tests (not included here) with a setting as in
Figure 2.7 but for HYB(γ) for γ ∈ {10−9, 10−5, 10−1} have shown that some results
for PHS regarding polynomial augmentation carry over to HYB (e. g., Cartesian nodes
need larger stencil sizes than unstructured nodes) and shifting the stencil to the origin
usually, i. e., in setups without numerical instabilities, e. g., here for ℓ ≤ 5, leads to
almost identical results). Hence, for the remaining tests, we use (2.29) to determine the
stencil size n for HYB when used in combination with larger degrees ℓ.

Figure 2.16 shows results on Halton nodes with polynomial degree ℓ = 8 for sev-
eral generating functions (HYB(10−9), HYB(10−5), HYB(10−1)) with shape param-
eter ε = c 3

√
N (2.28). Each color/marker represents a different constant c ∈

{0.15, 0.2, 0.25, 0.3, 0.35, 0.4}. These c constants include the in Table 2.3 for Halton
nodes with stencil size n = 131 proposed c values. Larger c constants are tested in
addition since Figure 2.15 indicates that larger degrees ℓ typically lead to larger optimal
shape parameters ε. The top three rows use the standard approach (2.11) to compute
the stencil weights whereas the last three rows utilize shifting of the stencil centers to the
origin (i. e., computing the stencil weights via Remark 2.7). This illustrates that shifting
can significantly reduce the errors (2.27) and the condition numbers of the weight and
stiffness matrices when larger degree polynomials are augmented. Furthermore, the con-
stants c leading to the smallest approximation errors over a wide range of tested problem
sizes N for the last three rows are summarized in the sixth column (i. e., Halton with
ℓ = 8) of Table 2.4.

The setup in Figure 2.17 is similar to Figure 2.14 with PHS instead of the generating
functions GA, IMQ, IQ, MQ, and now larger degrees ℓ. Each color/marker represents a
different generating function (HYB(10−9), HYB(10−5), HYB(10−1) and PHS(k)). The
top four rows of plots show results for ℓ = 3 on Cartesian, PNP, Halton and random
nodes, resp. The polynomial degree determines k and n via (2.29) and (2.26), leading
to (ℓ, n, k) = (3, 43, 4). In the bottom two rows, we show results for the two parameter
combinations (ℓ, n, k) ∈ {(5, 116, 5), (8, 335, 8)}. We use shifting with the HYB gener-
ating functions solely in the last row for ℓ = 8 since we observed in Figures 2.7 and
2.16 that shifting is usually beneficial if the degree ℓ is large (whereas the results are
almost identical for smaller degrees). For each combination of γ value in HYB(γ), grid
type and degree of polynomial augmentation, we beforehand numerically determined
the constant c ∈ {0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4} for the problem size dependent
shape parameter in (2.28) leading to the smallest approximation errors over a wide range
of tested problem sizes N , see Table 2.4. The PHS generating function needs polynomial

grid type Cartesian PNP Halton random
degree ℓ = 3 ℓ = 3 ℓ = 3 ℓ = 5 ℓ = 8 ℓ = 3
HYB(10−9) 0.25 0.15 0.2 0.25 0.2 0.35
HYB(10−5) 0.1 0.1 0.1 0.2 0.25 0.1
HYB(10−1) 0.3 0.3 0.25 0.35 0.4 0.25

Table 2.4: Summary of constants c in (2.28) for tests in Figure 2.17.
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Figure 2.16: Errors (2.27) and condition numbers as a function of the number of nodes
for several generating functions (HYB(10−9), HYB(10−5), HYB(10−1)) with
shape parameter ε = c 3

√
N with constants c ∈ {0.15, 0.2, 0.25, 0.3, 0.35, 0.4}

on Halton nodes, degree ℓ = 8 and stencil size n given by (2.29). First three
rows without shifting (i. e., (2.11)) and last three rows with shifting (i. e.,
Remark 2.7).
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Figure 2.17: Errors (2.27) and condition numbers as a function of the number of nodes
for several generating functions with fixed (ℓ, n, k) = (3, 43, 4) for Carte-
sian, PNP, Halton and random nodes (top four rows) and (ℓ, n, k) ∈
{(5, 116, 5), (8, 335, 8)} (i. e., given ℓ, then n and k follow by (2.29) and
(2.26)) and shape parameter ε = c 3

√
N , c as in Table 2.4, for the HYB

generating functions on Halton nodes (bottom two rows).
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augmentation of degree ℓ ≥ D (2.20) in order to converge and we use respective degrees
for the HYB generating function as well. The γ value seems to be mainly important for
the numerical stability and not so much for the errors in the case of larger degrees ℓ.
Tests with ℓ = 5 on Cartesian nodes (not included here) showed that Cartesian nodes
are not an advisable option for RBF-FD with HYB in combination with larger degrees
of polynomial augmentation ℓ since the required stencil sizes are significantly larger than
for unstructured nodes without leading to smaller errors, similar to the PHS case stud-
ied in Subsection 2.4.3. Tests for ℓ ∈ {5, 8} with k according to (2.26) show a decrease
in the approximation errors as ℓ increases with hardly any noticible difference between
HYB(10−9), HYB(10−5) and PHS whereas HYB(10−1) can lead to slightly higher errors.

2.4.5 Different geometry with a different node distribution

Here, we add additional tests where the domain is a sphere Ω = {x ∈ R3 : ∥x∥2 < 1}
instead of the cube Ω = (0, 1)3. The nodes are created in two steps as in [30]: First
the boundary nodes are created by the PA algorithm [31], a recently introduced node
placing algorithm for arbitrary surfaces that works in the parametric space and needs
only a parametrization of the surface as well as its Jacobian. Then these nodes are used
as start nodes in the PNP algorithm [115] to create the interior nodes. Both algorithms
run with the same constant spacing function h ≡ (ν)−1 with ν ∈ {8, · · · , 19}. In this
subsection, we provide the following numerical results (with slightly changed x-axis since
the numbers of nodes N and interior nodes NI are different for the cube and the sphere)
to illustrate the influence of the domain Ω.

• Figure 2.18 (top and bottom row as Figures 2.6 and 2.13, resp., on a sphere (and
different node distribution) instead of a cube): Influence of the problem size N
for different stencil sizes n, a problem size dependent shape parameter ε (2.28),
polynomial augmentation of degree ℓ = 0.

• Figure 2.19 (as Figure 2.10 on a sphere (and different node distribution) instead
of a cube): Influence of the problem size N for different degrees ℓ of polynomial
augmentation which in turn determine k in PHS(k) and the stencil size n via (2.26)
and (2.29), resp.

Figure 2.18 illustrates that the behavior on the sphere (with adjusted c value) is essen-
tially the same as on the cube: GA (top row) and HYB(10−5) (bottom row) generating
functions lead to similar accuracies for (approximately) optimal shape parameters as
long as γ is not too large. The value of the optimal parameter c in (2.28) that deter-
mines the shape parameter ε needs to be slightly smaller than for the cube, namely
c = 0.1 instead of c = 0.15.

Figure 2.19 shows that no fine-tuning of the involved parameters is necessary to apply
the (shape parameter independent) PHS setup on a different geometry. However, (sim-
ilar as in Figures 2.15 and 2.17) the PHS generating function leads to lower accuracies
than the GA or HYB generating functions (with finetuned shape parameters). Further-
more, the GA or HYB generating functions can reach these higher accuracies with lower
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Figure 2.18: Errors (2.27) and condition numbers as a function of the number of nodes
for the GA (top row) and HYB(10−5) (bottom row) generating functions
with polynomial augmentation of degree ℓ = 0, c = 0.1 (2.28) and stencil
sizes n ∈ {7, 33, 50, 90, 131}.

Figure 2.19: Errors (2.27) and condition numbers as a function of the number of nodes
for PHS(k) generating function, degrees of polynomial augmentation ℓ ∈
{2, 3, 4, 5, 6, 7, 8} (k and stencil size n are determined by (2.26) and (2.29),
resp., for a fixed ℓ).

computational cost, if they are used with a smaller degree of polynomial augmentation
ℓ.

Further tests for the sphere are not included here since the observations are qualitatively
comparable to the observations for the cube domain.
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2.4.6 Convection diffusion equation

The following figures show additional tests, where the differential operator L = −ν∆+
bT∇ with ν ∈ {10−j : j ∈ {0, 1, 2, 3, 4, 5}} and b as the convective flow from problem
3D1 in [90], namely b : R3 → R3 with

b(x) =

⎛⎝ 2x1(1− x1)(2x2 − 1)x3

−(2x1 − 1)x2(1− x2)
−(2x1 − 1)(2x2 − 1)x3(1− x3)

⎞⎠ ,

is used instead of L = −∆. The analytical solution of the partial differential Equation
(2.12a), (2.12b) is again the three-dimensional version of Franke’s function F (2.25), i. e.,
the right hand side function f in (2.12a) is changed from

−∆F to − ν∆F + bT∇F .

We focus here on the PHS and the HYB generating functions (since HYB(γ) leads to
similar results as GA as long as γ is sufficiently small). The results of this subsection
are presented through the following figures.

• Figure 2.20 (as errors (2.27) in Figure 2.10 for the convection-diffusion problem
instead of the Laplace problem): Influence of the problem size N for different
degrees ℓ of polynomial augmentation which in turn determine k in PHS(k) and
the stencil size n via (2.26) and (2.29), resp.

• Figure 2.21 (as condition of the stiffness matrices in Figure 2.10 for the convection-
diffusion problem instead of the Laplace problem): Influence of the problem size
N for different degrees ℓ of polynomial augmentation which in turn determine k
in PHS(k) and the stencil size n via (2.26) and (2.29), resp.

• Figure 2.22: Influence of the problem size N for different degrees ℓ of polynomial
augmentation which in turn determine k in PHS(k) and the stencil size n via (2.24)
and (2.29), resp.

• Figure 2.23 (as errors (2.27) in Figure 2.11 for the convection-diffusion problem
instead of the Laplace problem): Influence of the shape parameter ε for different
stencil sizes n, fixed problem size N .

• Figure 2.24 (as errors (2.27) in Figure 2.13 for the convection-diffusion problem
instead of the Laplace problem): Influence of the problem size N for different
stencil sizes n, a problem size dependent shape parameter ε (2.28), polynomial
augmentation of degree ℓ = 0.

• Figure 2.25 (as errors (2.27) in Figure 2.15 for the convection-diffusion problem
instead of the Laplace problem): Influence of the shape parameter ε for HYB(10−5)
for different degrees of polynomial augmentation, stencil size n = 90, fixed problem
size N .
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Figure 2.20: Errors (2.27) as a function of the number of nodes (Cartesian, PNP, Halton)
for diffusion coefficients ν ∈ {10−j : j ∈ {0, 1, 2, 3, 4, 5}} for PHS(k) gener-
ating function, degrees of polynomial augmentation ℓ ∈ {3, 4, 5, 6, 7, 8} (k
and stencil size n are determined by (2.26) and (2.29), resp., for a fixed ℓ).
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Figure 2.21: Condition numbers of the stiffness matrices as a function of the number
of nodes (Cartesian, PNP, Halton) for diffusion coefficients ν ∈ {10−j :
j ∈ {0, 1, 2, 3, 4, 5}} for PHS(k) generating function, degrees of polynomial
augmentation ℓ ∈ {3, 4, 5, 6, 7, 8} (k and stencil size n are determined by
(2.26) and (2.29), resp., for a fixed ℓ).
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Figure 2.22: Errors (2.27) and condition numbers of the stiffness matrices as a function of
the number of nodes (Cartesian, PNP, Halton) for diffusion coefficients ν ∈
{10−j : j ∈ {2, 3, 4}} for PHS(k) generating function, degrees of polynomial
augmentation ℓ ∈ {3, 4, 5, 6, 7, 8} (k and stencil size n are determined by
(2.24) and (2.29), resp., for a fixed ℓ).
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All of these figures consist of three columns of plots, showing

• results on Cartesian nodes (left column),

• results on PNP nodes (middle column),

• results on Halton nodes (right column).

Each row corresponds to a different (from top to bottom decreasing) diffusion coefficient
ν.

Figure 2.23: Errors (2.27) as a function of the shape parameter ε for diffusion coeffi-
cients ν ∈ {10−j : j ∈ {2, 3, 4}}, for the HYB(10−5) generating function,
stencil sizes n ∈ {7, 35, 50, 90, 131} and node distributions (Cartesian, PNP,
Halton) with N = 8000 nodes and NI = 5832 interior nodes.

Figure 2.20 demonstrates that the PHS setup can be used as well for the convection-
diffusion problem as long as the diffusion coefficient ν is not too small. The errors (and
oscillations in the errors) can increase with decreasing ν. These increases are especially
large for ν ≤ 10−4 and for ν = 10−3 if Halton nodes are combined with small degrees
ℓ ≤ 4. Hence, upwinding (see Remark 2.11) would be needed for these setups. These
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increases in the errors (and its oscillations) are the smallest for the Cartesian nodes
and the largest for the Halton nodes. Nevertheless, the lowest errors for ν ≥ 10−2 are
obtained by Halton nodes with degree ℓ = 8. On a Cartesian grid, the RBF-FD errors for
a degree ℓ = 2 are comparable to the 7-point-FD (also without upwinding) errors. The
7-point-FD errors are slightly larger than the errors for the degree ℓ = 2 for ν ≥ 10−2,
and conversely for ν ≤ 10−3.

Figure 2.24: Errors (2.27) as a function of the number of nodes (Cartesian, PNP, Halton)
for diffusion coefficients ν ∈ {10−j : j ∈ {2, 3, 4}}, for the HYB(10−5)
generating function with polynomial augmentation of degree ℓ = 0, c = 0.15
(2.28) and stencil sizes n ∈ {7, 33, 50, 90, 131}.

Figure 2.21 shows the condition numbers of the stiffness matrices for the setups tested
in Figure 2.20. This underlines the observations that the PHS setup needs upwinding
for ν ≤ 10−4 since the condition numbers drastically increase with decreasing ν (such
that they lie often above 108 for ν ≤ 10−4). Cartesian nodes lead to the lowest condition
numbers and Halton nodes lead to the highest condition numbers.
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Figure 2.22 (as well as the further tests in this subsection) solely show results for diffusion
coefficients ν ∈ {10−j : j ∈ {2, 3, 4}} since smaller ν values lead to numerical instabilities
whereas larger ν values lead to almost identical results as for the Poisson problem. This
figure demonstrates that the PHS setup with (2.24) instead of (2.26) (i. e., with smaller
PHS degrees) can, on one hand, significantly reduce the oscillations in the errors and in
the condition numbers of the stiffness matrices. Additionally, these condition numbers
can be significantly smaller for (2.24) than for (2.26). However, on the other hand
the errors for ν ≥ 10−2 are slightly larger for (2.24) than for the setup with (2.26).
Furthermore, the difference between the results for polynomial degrees ℓ = 2 and ℓ = 3
is negligible for ν ≥ 10−3 for (2.24) whereas ℓ = 3 leads to lower errors than ℓ = 2 in the
setup with (2.26).

Figure 2.25: Errors (2.27) as a function of the shape parameter ε for diffusion coefficients
ν ∈ {10−j : j ∈ {2, 3, 4}}, for the HYB(10−5) generating function, stencil
size n = 90, polynomial augmentation of degree ℓ ∈ {−1, 0, . . . , 6} and
node distribution (Cartesian, PNP, Halton) with N = 8000 nodes and
NI = 5832 interior nodes. (Horizontal gray/green dashed lines show results
for ε-independent PHS(2) with ℓ ∈ {3, 5}.)
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Figure 2.23 illustrates that (for the case without polynomial augmentation) the optimal
shape parameter for HYB(10−5) is almost the same as for the Poisson problem as long
as the diffusion coefficient ν is not too small. The observations about increasing errors
(and oscillations in the errors) with decreasing ν stated for PHS (see Figure 2.20) also
hold for HYB. However, HYB seems to be slightly more unstable (than PHS with (2.24))
and upwinding would be needed for ν ≤ 10−3 if PNP or Halton nodes are combined with
smaller stencil sizes.

Figure 2.24 indicates that the observations seen in Figure 2.23 also hold, if the number of
nodes N is increased and polynomial augmentation of degree ℓ = 0 is used. Furthermore,
it can be seen that larger stencil sizes seem to be more robust w. r. t. decreasing ν, e. g.,
Cartesian nodes achieve for ν = 10−2 almost identical approximation errors (2.27) for all
stencil sizes n ∈ {50, 90, 131}, whereas the stencil size n = 131 leads for ν < 10−2 (and
especially for larger numbers of nodes N) to significantly smaller errors than the stencil
sizes n ∈ {50, 90}. The difference between the errors for n ∈ {33, 50} and n ∈ {90, 131}
increases from ν = 10−2 to ν = 10−3 as well significantly for PNP and Halton nodes.
The stencil sizes n = 90 and n = 131 lead for ν > 10−4 on PNP and Halton nodes
to almost identical errors, whereas n = 131 leads for ν = 10−4 to significantly smaller
errors than n = 90.

Figure 2.25 confirms that the observations seen in Figure 2.23 also hold, if larger degrees
ℓ are augmented. Furthermore, it can be observed that Cartesian nodes with (larger
degrees of) polynomial augmentation are especially sensitive to decreasing ν values,
e. g., degrees ℓ ≥ 3, ℓ ≥ 2 and ℓ ≥ 0 lead to oscillations in the errors (2.27) for ν = 10−2,
ν = 10−3 and ν = 10−4, resp.

2.4.7 Summary

In Subsection 2.4.2, we focused on the main difficulty of the (infinitely smooth) GA
generating function: the selection of a shape parameter.

We concentrated in Subsection 2.4.3 on the PHS generating function. These tests illus-
trated problems for PHS with polynomial augmentation on Cartesian nodes for larger ℓ
which required excessively large stencil sizes. For non-Cartesian grids, determining the
stencil size via (2.29) and the PHS degree via (2.26) (or in case of numerical instabilities
via the smaller (2.24)) seems reasonable in terms of accuracy and numerical stability.
Furthermore, we illustrated that using shifting and scaling (Remark 2.14) to compute
the stencil weights helps to show their “true” condition numbers such that numerical
instabilities can be easier identified. However, using Remark 2.7 (i. e., solely shifting the
stencil) seems to be sufficient in terms of numerical stability.

In Subsection 2.4.4, we showed tests for the HYB generating function which combines
GA with PHS(2) and compared results with those obtained for several infinitely smooth
RBFs and PHS. On one hand, we repeated the tests in Subsection 2.4.2 with HYB(γ)
instead of GA. Our observations (in the setup with no or only small degrees of polynomial
augmentation) agree with [85] that typically smaller errors and larger condition numbers
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are obtained by decreasing γ. Additionally, we showed that HYB(γ), GA, IQ, IMQ and
MQ generating functions can lead to comparable errors (for carefully selected shape
parameters, see Tables 2.3 and 2.4 and (2.28) for general guidelines) and if γ is chosen
according to (2.18).

We also focused on the role of polynomial augmentation. For GA, IQ, IMQ and MQ
generating functions, typically a small degree ℓ (e. g., ℓ ≤ 2) is suggested. For HYB(γ),
with a sufficiently large γ, we observed that increasing ℓ can lead to smaller errors than
small ℓ (always paired with suitable shape parameters). Furthermore, we indicated that
using Remark 2.7 (i. e., solely shifting the stencil) can be applied also to nonscalable
RBFs and observed that this can reduce the errors and the condition numbers of the
weight and stiffness matrices for larger degrees ℓ. Additionally, shifting the stencil to
the origin can reduce the amount of floating point operations (as well as the associated
numerical inaccuracies [111]) in the stencil weights computation (see Remark 2.8).

Therefore, we compared PHS and HYB generating functions with larger degrees of poly-
nomial augmentation. These tests showed that ℓ > 3 on Cartesian nodes is also not
advisable for HYB. For ℓ ≤ 5 on PNP and Halton nodes, HYB can lead to smaller
errors than PHS. For sufficiently large ℓ, HYB converges to PHS(2) as ε → 0 which is
reflected in the illustrated approximation errors (the condition numbers of the weight
and stiffness matrices depend on γ). An advantage of using degrees ℓ ≥ 3 for HYB is
the decrease of sensitivity w. r. t. the choice of γ or the shape parameter.

When it comes to the underlying nodes, one observes “PNP ≤ Halton ≤ random” where
“≤” relates the approximations errors (as well as condition numbers of the weight and
stiffness matrices) obtained for those node sets. However, for PHS and HYB generating
functions with larger degrees of polynomial augmentation, the differences are rather
small, making HYB and PHS good options for adaptive node refinement and stencil
selection as long as stencil sizes according to (2.29) (or larger) are used (for nearest
neighbor stencils).

In Subsections 2.4.5 and 2.4.6, we illustrated that the qualitative results for Poisson’s
equation on a cube also hold for a wider class of problems. First the domain was changed
from cube to sphere in Subsection 2.4.5, instead of that the differential operator was
replaced in Subsection 2.4.6 to obtain the convection-diffusion equation.

Our recommendations for a good RBF-FD discretization setup using basic algorithms
as described in this thesis may be summarized as follows:

• If Cartesian nodes are used, then a standard finite difference discretization or HYB
with a small degree ℓ ∈ {0, 1, 2} of polynomial augmentation (and γ according to
(2.18)) should be used.

• On unstructured nodes, PHS with polynomial augmentation offers a shape-
parameter-independent approach. The required parameters ℓ, n, k may be deter-
mined via (2.20), (2.29) and (2.26) (or (2.24) if numerical instabilities occur),
resp. The smallest errors are observed for large exponents and polynomial degrees
k = ℓ = 8 which require rather large stencils and benefit from shifting the stencil to
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the origin. PHS setups are especially promising if a high accuracy approximation
is wanted (i. e., if a large degree ℓ is used).

• On unstructured nodes, GA, MQ, IMQ, IQ or HYB with carefully finetuned pa-
rameters provide options to achieve similar accuracies as PHS with smaller stencils
and hence may decrease the computational time or memory compared to the PHS
setup. These generating functions are especially promising if a fast and low accu-
racy approximation is wanted since they do not rely on high degrees of polynomial
augmentation.

• (Unstructured) PNP node sets often lead to the best results (smallest approxima-
tion error) among the various node sets included in our tests and are a promising
option for more complicated domains Ω, adaptive node refinement or variable den-
sity node sets.

These recommendations almost certainly will have to be adjusted when more advanced
algorithms for node generation [27, 113, 42, 91, 84, 30, 108, 101, 111] or stencil selection
[23, 91, 24, 105, 92, 85, 22, 25, 99], stable versions of radial basis functions [44, 76, 71,
48, 129, 68] or computation of weights for deficient sets [21], etc., are used which are
beyond the scope of this thesis.

2.5 Conclusion and outlook

RBF-FD provides a meshfree and relatively easy to implement approach for the dis-
cretization of partial differential equations. Its realization, however, involves a multitude
of parameter choices, many of which (but by far not all) have been tested and illustrated
in this chapter. Our conclusions for these have been summarized in Subsection 2.4.7.
It turns out that several methods work well if parameters are chosen accordingly, and
there is no clear winner (at least not among the tested variants). However, if parameters
are not selected carefully, there are many “losers” leading to stagnation/divergence of
the approximation error.

Our novel contributions of this chapter consist of

• a comprehensive view and comparison of basic RBF-FD versions from the litera-
ture;

• general recommendations for parameter setups in basic RBF-FD methods such as

– a general recommendation to shift stencils to the origin if polynomials of large
degrees are augmented;

– a new scaling law for the stencil size and the degree of polynomial augmen-
tation on Cartesian node distributions.

A straightforward extension of the work in this chapter would lie in the consideration of
further RBF-FD variants, including stabilized versions, variable shape parameters, other
than nearest neighbor stencils, further types of generating functions or their combina-
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tions. It would furthermore be of interest to extend our study to other types of partial
differential equations.

We have focused on the discretization process and resulting approximation errors of
RBF-FD discretization and mostly left out considerations of computational complexity.
The computation of stencil weights may be executed in parallel, hence an increase in
stencil size (or polynomial augmentation degree) may not be a severe drawback w. r. t.
computational time for the setup phase. However, it will lead to a less sparse and worse
conditioned stiffness matrix and hence increase the computational time required for
solving it (directly or iteratively). We focus in Chapter 3 on the design and analysis of
iterative solvers and preconditioners for linear systems arising in RBF-FD discretizations.
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3.1 Introduction

The most time consuming part (i. e., more than 40% of the total computation time of the
studied examples) in the RBF-FD approach (with PHS and polynomial augmentation)
is the stencil weights computation for small problem sizes and the solution of the global
linear system of equations for large problem sizes [61]. Hence, a significant speedup of
the overall RBF-FD method can be achieved for smaller problem sizes by a speedup of
the stencil weights computation, e. g., via overlapped RBF-FD method (a generalization
of the RBF-FD method with nearest neighbor search, PHS generating function and poly-
nomial augmentation [106, 109]). The idea of this approach is to change the computation
of the stencil weights and the definition of the stiffness matrix such that the number
of stencil weight computations is reduced in exchange for increased computational cost
per stencil. This accelerates the setup of the stiffness matrix and is especially helpful
for higher order methods (i. e., for larger degrees of polynomial augmentation). This
overlapped RBF-FD method could be performed as well with the HYB instead of the
PHS generating function. Another idea to accelerate the basic RBF-FD method with
large degrees of polynomial augmentation (irrespective of the problem size) is the hybrid
weighted least squares (WLS) - RBF-FD method [58] (i. e., a combination of the WLS
approach and the RBF-FD approach) which is more stable than the WLS approach and
cheaper than the RBF-FD approach. Furthermore, there are approaches which lead to
a tradeoff between the setup time of the stiffness matrix and its solution such as more
sophisticated algorithms for the node generation (see Subsection 2.3.1) or the stencil se-
lection (see Subsection 2.3.2), e. g., the time spend due to a more sophisticated algorithm
is well invested if the desired approximation accuracy can be achieved afterwards with
fewer nodes or a smaller stencil size such that the overall computation time is reduced.
A similar idea is refinement [111, 92, 122, 62, 59, 23, 91, 86] which can be subdivided
into p-refinement, h-refinement and hp-refinement (and further types of refinement such
as adaptive time-stepping [28]). The approximation order, i. e., the degree of polynomial
augmentation (or the stencil size if they are not coupled by a formula such as (2.29)),
is adaptively determined (and the discretization nodes are fixed) in a p-refinement ap-
proach such that a higher approximation order is only occasionally used if it is needed to
achieve a desired overall approximation accuracy. An h-refinement approach works with
exchanged roles, i. e., the discretization nodes are adaptively added or removed (and the
approximation order, i. e., the degree of polynomial augmentation or the stencil size if
they are not coupled by a formula such as (2.29) is fixed) such that a desired overall ap-
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proximation accuracy is achieved. The hp-refinement approach combines h-refinement
and p-refinement. However, a significant speedup of the overall RBF-FD method for
larger problem sizes relies on a speedup of the solution of the global linear system of
equations. One approach could be to use a mixed precision ansatz, since the condition
numbers of the stencil matrices (and consequently the errors, see Subsection 2.2.3) in the
stencil weight computations can be large (see Section 2.4). Hence, the loss in accuracy
introduced by a lower floating point precision for the solution of the global linear system
of equations than for the stencil weights could be relatively small. A different speedup
approach lies in the development of more efficient solver setups (i. e., iterative solvers
equipped with suitable preconditioners).

Currently there exists not much previous work about iterative solvers and precondition-
ers in the context of RBF-FD. Many applications of RBF-FD rely on standard iterative
solvers, e. g., generalized minimal residual (GMRES) method [107, 82] (optionally with
restarts [9]) and biconjugate gradient stabilized (BiCGstab) method [39, 88, 134, 135,
10, 61, 3, 32, 4], or on sparse direct solvers [61]. Iterative solvers in the context of RBF-
FD are often combined with ILU preconditioners [39, 88, 107, 134, 135, 82, 10, 61, 3, 9,
32] (optionally with prior reordering, e. g., reverse Cuthill-McKee [10, 9, 39]). Moreover,
a reverse Cuthill-McKee reordering and a customized preconditioner are used in [81].
Motivations to do reorderings include the reduction of fill-in, the improvement of the
numerical stability of the decomposition [100], the optimization of the hardware (i. e.,
the memory) usage [13, 78] and the optimization of the convergence rate of the iterative
solver [43]. However, iterative solvers with ILU preconditioners can be memory intensive
and ineffective for large problem sizes N [81] since ILU preconditioners typically suffer
from a number of iterations that increases with the problem size N [9], e. g., O( 3

√
N)

[10]. Moreover, there exist preconditioners based on a (problem dependent) simplified
version of the original PDE (e. g., with changed differential operator or boundary condi-
tions) and combined with an ILU decomposition [9, 107] or based on the diagonal of an
approximate Schur complement [109] (which is based on [12, Section 4]). Solvers relying
on multilevel or multigrid ideas are introduced in [133, 94, 2, 69, 130].

In this chapter, we will study iterative solvers and preconditioners to speedup the so-
lution of the global linear system of equations (hereinafter abbreviated as “the linear
system”). We perform numerical tests with GMRES and BiCGstab solvers and precon-
ditioners based on incomplete LU factorizations using sparse or hierarchical matrices
[53] since they are one option to construct high accuracy preconditioners (with memory
and computation time cost of almost linear complexity) such that numbers of iterations
(almost) independent of problem size are achieved [73, 65]. Our focus for the numerical
tests are the convection-diffusion equation and the PHS generating function. The novel
contributions of this chapter consist of

• numerical tests and recommendations on the development of hierarchical matrix
preconditioners to RBF-FD sparse matrices (see Section 3.4);

• the introduction of preconditioners that are based on an auxiliary RBF-FD stiffness
matrix with a smaller stencil size (see Section 3.5).
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The remainder of this chapter is organized as follows. We concentrate on general infor-
mation about the numerical tests in Section 3.2. Section 3.3 is devoted to the solver
choice and the performance of the ILU(0) preconditioner. In Section 3.4, we focus on
hierarchical matrices and their application in the solution of sparse linear systems of
equations arising in the RBF-FD method. Preconditioners based on an auxiliary RBF-
FD stiffness matrix with a smaller stencil size are studied in Section 3.5. Our results are
summarized in Section 3.6, along with recommendations for the setups of the iterative
solver and the preconditioner, a conclusion and an outlook.

3.2 General information

In the following numerical tests, we concentrate on the PHS generating function
with polynomial augmentation (i. e., for a fixed degree of polynomial augmentation
ℓ ∈ {2, 5, 8}, we use the generating function PHS(k) with k determined by (2.24) or
(2.26) and the stencil size n given by (2.29), resp.) and use the following notation.

Notation 3.1. We use a notation of the form PHS(k = ˜︁k, ℓ = ˜︁ℓ) (with ˜︁k ∈ {2, 3, 4, 5, 8}
and ˜︁ℓ ∈ {2, 5, 8} according to the values in Table 3.1) to indicate that the generating
function PHS(˜︁k) is used with polynomial augmentation of degree ˜︁ℓ.
We perform tests on Cartesian, PNP and Halton node distributions with up to N =
903 = 729000 total nodes and up to NI = 883 = 681472 interior nodes. Results for
random nodes are not presented since random nodes lead to higher errors than Halton
nodes (see Subsection 2.4.4). Nevertheless, random nodes lead to qualitatively similar
observations as Halton nodes with higher numbers of iterations and increased likelihood
that the iterative solver does not converge (which can be explained by the higher con-
dition numbers that were observed for random nodes in Subsection 2.4.4). Cartesian
nodes are only used with degree ℓ = 2 and the parameter values used are summarized in
Table 3.1. The sparsity structures of the resulting stiffness matrices B (2.14) for PNP
nodes with N = 1728 and NI = 1000 are illustrated in Figure 3.1. Most of the stencil
weights for PHS generating functions are relatively small, many of the few entries with
large absolute values lie on the diagonal (i. e., correspond to a stencil center) which is
also observed in [10].

ℓ n k (2.24) k (2.26)
2 22 2 3
5 116 3 5
8 335 4 8

Table 3.1: Parameter values used in PHS setups.

Definition 3.2 (based on [100, 125]) introduces the basic ideas and notations of iterative
solvers and preconditioners.
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Figure 3.1: Sparsity structures of the stiffness matrices B (2.14) for PNP nodes with
NI = 1000 interior nodes (and N = 1728), polynomial degrees ℓ = 2, 5, 8
(from left to right) and stencil sizes via (2.29), i. e., as in Table 3.1.

Definition 3.2. Let A ∈ Rn×n, b, x, y ∈ Rn, TOL > 0, mmax ∈ N and x(m) ∈ Rn for
all m ∈ N0. An iterative solver for the linear system of equations Ax = b computes a
sequence (x(m))m∈N0 until at least one of the following stopping criteria

∥Ax(m) − b∥2 ≤ TOL ∥Ax(0) − b∥2 or m = mmax

is achieved. We call TOL relative residual accuracy, mmax maximal number of iterations,
x(m) the m’th iterate and x(0) start vector. A regular matrix P ∈ Rn×n is called left (3.1)
or right (3.2) preconditioner for Ax = b if

P−1Ax = P−1b (3.1)

or

AP−1y = b, x = P−1y (3.2)

is solved instead.

The test problem is the convection-diffusion equation (see Subsection 2.4.6). The cor-
responding errors (2.27) and condition numbers of the stiffness matrices are shown in
Figures 2.20 - 2.22. These figures illustrate that the RBF-FD approach (without up-
winding) becomes unstable if the diffusion coefficient ν becomes too small. We observed
(tests not included here) that the differences in terms of the performance of the iterative
solvers and preconditioners between the Poisson problem and the convection-diffusion
equation diminish for increasing diffusion coefficient ν. However, a decrease in ν in-
creases the likelihood that basic solvers and preconditioners (e. g., BiCGstab without
preconditioning or with ILU(0), Jacobi, Gauss-Seidel, backward or symmetric Gauss-
Seidel preconditioner) will fail to converge (or will lead to slow convergence). Therefore,
we concentrate on the case with ν = 10−3. On one side, the RBF-FD method (without
upwinding) is still stable (if an appropriate node distribution is used, e. g., Cartesian,
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PNP or Halton nodes, whereas random nodes can lead to a breakdown in the sten-
cil weights computation). On the other side, basic solvers (especially BiCGstab) and
preconditioners can fail to converge (or can lead to slow convergence).

We perform tests with left preconditioned BiCGstab (LPBiCGstab), left preconditioned
GMRES (LPGMRES) and right preconditioned GMRES (RPGMRES) solvers and will
only write BiCGstab and GMRES if we do not emphasize how or if a preconditioner
is applied. The computed solution u is given in this chapter by the final iterate of
the iterative solver, i. e., this iterate fulfills a stopping criterion (see Definition 3.2).
Hence, the approximation errors (2.27) originate from divergence of the iterative solver
(i. e., the solver performed mmax iterations) or from highly ill-conditioned preconditioners
(or from highly ill-conditioned stiffness matrices which are here usually not a problem,
see Figures 2.20 - 2.22). As a stopping criterion, we use the relative residual accuracy
TOL = 10−13. This relatively small residual accuracy is of the order 10−15 ·902 ≈ 8·10−12
which is the smallest achievable error in double precision w. r. t. floating point arithmetic
for a discretization in d = 3 dimensions with 903 nodes and (approximate) internodal
distance of h ≈ N−1/d (2.17), hence the difference in the approximation error (2.27)
between different linear system solvers is usually negligible. In the literature, the residual
accuracy TOL often satisfies TOL ∈ [10−11, 10−6] [10, 9, 39, 82, 88, 134, 135] whereas an
even smaller residual accuracy of TOL = 10−15 is used in [60, 61]. If the approximation
error (2.27) is known (or estimated) a priori, then this knowledge could be used to
adaptively select the relative residual accuracy.

The start vector is the zero vector and the maximal number of iterations is mmax =
104. The actual number of iterations is typically significantly smaller, but we want to
investigate in which cases a worse preconditioner (in combination with a higher number of
iterations) can lead to an overall smaller solution time than a better preconditioner with
a higher setup time. An ILU(0) preconditioner without reordering and different H-LU
preconditioners are tested. Results describing the setup time (in seconds) and the needed
memory (in KB) of the preconditioner, the number of iterations, the actual solution time
(in seconds) of the linear system, accumulated computation times, and errors (2.27) (i. e.,
we do not distinguish approximation errors from iteration errors in the plots) are shown.
Many plots are scaled by 1/(N log(N)) or 1/(N log2(N)) to illustrate the asymptotic
complexities for increasing problem sizes N (see Remark 3.3). However, this hides the
significant differences in the memory and computation cost of larger problem sizes since
what may appear as a small difference in the plot may correspond to a large difference
(see Table 3.2). Furthermore, the plots show not every marker to avoid too cluttered
plots.

Remark 3.3. An asymptotic complexity O(C(N)) of a computation time w. r. t. the
problem size N can be heuristically determined by plotting the computation time scaled
by 1/C(N). If the plotted values appear to be bounded by a constant for N → ∞, this sup-
ports the complexity assumption O(C(N)). This thesis includes only plots with factors
C(N) = N log(N) and C(N) = N log2(N) but also statements with other complexities
that we deduced from plots not shown here.
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N 1/(N log(N)) 1/(N log2(N))
103 = 1000 ≈ 3 · 10−4 ≈ 1 · 10−4
703 = 343000 ≈ 5 · 10−7 ≈ 1 · 10−7
903 = 729000 ≈ 2 · 10−7 ≈ 4 · 10−8

Table 3.2: Some scaling factors to illustrate the asymptotic complexities.

All computation time measurements were done for computations in double precision on
a single core of a computer with an Intel(R) Xeon(R) CPU E5-2665 0 @ 2.40 GHz
processor and 16 GB of DDR3 memory. Each time measurement represents one compu-
tation (i. e., no average computation times are determined) since the differences between
different runs of the same computation are typically relatively small compared to the
differences between the compared setups (especially if we focus on the asymptotic com-
plexities). The default options of the H2Lib library [52] were used, except that we
turned on OPT (i. e., used the compiler flags -O3 -march=native -funroll-loops), added
the compiler flag -DNDEBUG and turned off DEBUG and USE_CAIRO (i. e., com-
piled without -g and build without plot functions) with gcc (SUSE Linux) 7.5.0. For
consistency, we added the compiler flags -march=native -funroll-loops -DNDEBUG to
the default options of the ANN library [89] and used g++ (SUSE Linux) 7.5.0. Our own
code was included in the H2Lib library when it did not rely on the ANN library, and
otherwise compiled with gcc (SUSE Linux) 7.5.0 with compiler flags -O3 -march=native
-funroll-loops -DNDEBUG.

3.3 Solver choice and ILU(0) preconditioners

The focus of this section is comparing different solvers (LPBiCGstab, LPGMRES and
RPGMRES) in combination with ILU(0) preconditioners. Only ILU(0) preconditioners
without reordering are utilized in this thesis (as announced in Section 3.2), i. e., the
ordering depends on the implementation, namely the order in which the nodes are gen-
erated. Nevertheless, we tested (not included here) different kinds of reorderings which
were mainly beneficial for ILU preconditioners with fill-in such as ILU(p) preconditioners
with p > 0 [100] (which are not included here). The additional computation cost of a
reordering was usually not amortized for ILU(0) preconditioners since they do not suffer
from fill-in. The results of this section are presented through the following figures.

• Figure 3.2: Influence of the problem size N on the computation time, the numbers
of iterations and the errors (2.27) for the PHS(k) generating function where k is
determined by (2.26).

• Figure 3.3: Influence of the problem size N on the computation time, the numbers
of iterations and the errors (2.27) for the PHS(k) generating function where k is
determined by (2.24).

All of these figures consist of three columns of plots, showing
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• scaled computation times (left column),

• numbers of iterations (middle column),

• errors (2.27) (right column).

Each row corresponds to a different node distribution (Cartesian, PNP, Halton) or a
different degree ℓ ∈ {2, 5, 8}.
Figure 3.2 focuses on the PHS(k) generating function where k is determined by (2.26).
The first three rows show results on different node distributions (Cartesian, PNP and
Halton) with degree ℓ = 2. The last two rows include results on PNP nodes with
larger degrees ℓ ∈ {5, 8}. Each color/marker represents a different solver (LPBiCGstab,
LPGMRES and RPGMRES). The tests for degree ℓ = 2 for Halton nodes and for degree
ℓ = 8 are only performed up to N = 613 = 226981 nodes since the tests with GMRES
are extremely time consuming if the maximal number of iterations 104 is reached. Ad-
ditionally, these setups do not lead to reliable approximations (i. e., the errors (2.27) are
usually above 10−1).

The left column shows the computation times (in seconds) to solve the linear system
scaled by 1/(N log(N)) (i. e., the inverse of the complexity of the setup of the linear
system [61]). This is the only column that uses the additional colors/markers “RBF-
FD” and “ILU0” to illustrate the setup times of the linear system (without the setup
time of the node distribution) and of the ILU(0) preconditioner, resp. It can be observed
that the setup time of the ILU(0) preconditioner is significantly lower than the setup
time of the linear system for all degrees and for all node distributions. Their asymptotic
complexities are similar, whereas the constants in these complexities increase with the
degree ℓ (i. e., with the stencil size n (2.29), see Table 3.1 and Figure 3.1, since an
increase in the stencil size usually increases the amount of nonzero entries in the stiffness
matrix). The solution times can be lower than the setup times of the linear system and
of the preconditioner. However, the solution times typically increase with the problem
size since the condition numbers of the stiffness matrices, which are illustrated in the
fourth row of Figure 2.21, typically increase as well with the problem size, whereas
the solution times are oscillatory for PNP nodes except for large N for the degrees
ℓ ∈ {2, 5} (i. e., in the cases without oscillations the complexity of the solution of the
linear system is significantly higher than the complexities of the setup of the linear
system and of the preconditioner). Furthermore, it can be observed that the solution
time for setups with (almost) identical numbers of iterations (e. g., if BiCGstab does not
converge) increases with the degree ℓ since an increase in the degree ℓ usually increases
the amount of nonzero entries in the stiffness matrix, see Figure 3.1. The impact of the
choice of the solver (if BiCGstab converges) on the overall computation time is negligible
for smaller problem sizes. Nevertheless, BiCGstab (if it converges) should be typically
preferred over GMRES since it is significantly faster than GMRES especially for larger
problem sizes. The LPGMRES results are often invisible since they are overlaid by
the RPGMRES results (except for the case with ℓ = 8). This demonstrates that left
and right preconditioning often lead to similar results. The node distribution influences
the condition number of the stiffness matrix which significantly influences the solution
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Figure 3.2: Scaled computation times (in seconds), numbers of iterations and approxi-
mation errors (2.27) as a function of the number of nodes for the PHS(k)
generating function where k is determined by (2.26) for polynomial degrees
ℓ ∈ {2, 5, 8} and several node distributions (Cartesian, PNP, Halton).
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time (i. e., the lowest and the highest solution times correspond to Cartesian and Halton
nodes, resp.), whereas its influence on the setup times of the linear system and of the
preconditioner is negligible.

The middle column shows the numbers of iterations of the iterative solvers. This illus-
trates that the oscillations in the solution times for PNP nodes are based on oscillations
in the numbers of iterations. The cases without oscillations confirm that the numbers
of iterations increase with the problem size [9, 10]. GMRES always converges for Carte-
sian nodes and PNP nodes with degree ℓ = 2 and BiCGstab fails to converge always for
Halton nodes and often for PNP nodes. The difference between LPGMRES and RPGM-
RES is, once again, invisible (except for the cases with degrees ℓ ∈ {5, 8}). GMRES and
BiCGstab typically lead to similar numbers of iterations (slightly smaller for BiCGstab)
if the solver converges and the degree of polynomial augmentation is not too large (i. e.,
for ℓ < 8). Nevertheless (in contrast to Figure 3.2 with the largr PHS degrees (2.26)),
the difference between LPGMRES and RPGMRES is invisible for the degree ℓ = 5 and
often invisible for the degree ℓ = 8. Cartesian nodes need the fewest iterations and
always lead to convergence of the solver.

The right column illustrates the approximation errors (2.27) to indicate whether the
computed approximate solutions are reliable. This demonstrates that the relative resid-
ual tolerance 10−13 is small enough and the maximal number of iterations 104 is large
enough for the degrees ℓ < 8 to see no difference in the plots of the approximation errors
between the computed solutions of the different solvers (i. e., the iteration errors are
smaller than the approximation errors) if the solvers converged without oscillations in
the numbers of iterations. However, the differences in the approximation errors between
the computed solutions can be large for PNP nodes (even if the solvers converged, e. g.,
larger by more than a factor of 10). Furthermore, the solutions for the larger degree
ℓ = 8 can correspond to large approximation errors, even if the corresponding number
of iterations is small.

Figure 3.3 is similar to Figure 3.2 except that k is determined by (2.24) (i. e., the sparsity
structures of the stiffness matrices are unchanged since they are independent of k, see
Figure 3.1) and the tests for Halton nodes are performed up to N = 903 nodes. This
figure demonstrates that the smaller PHS degrees given by (2.24) hardly change the
results for Cartesian nodes whereas they significantly improve the numerical stability for
PNP and Halton nodes. This observation can be explained by the underlying condition
numbers. Namely, the condition numbers of the stencil matrices are independent of the
differential operator L and Figure 2.8 illustrates that higher PHS degrees often lead to
higher condition numbers of the stencil matrices. The condition numbers of the stiffness
matrices (corresponding to Figures 3.2 and 3.3) are shown in Figures 2.21 and 2.22, resp.
This demonstrates that larger PHS degrees typically lead to higher condition numbers
of the stiffness matrices (and this increase is especially large for the polynomial degree
ℓ = 8). Furthermore, Halton nodes typically lead to the largest condition numbers of
the stiffness matrices.

The solution times and the numbers of iterations can be still oscillatory for Halton
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Figure 3.3: Scaled computation times (in seconds), numbers of iterations and approxi-
mation errors (2.27) as a function of the number of nodes for the PHS(k)
generating function where k is determined by (2.24) for polynomial degrees
ℓ ∈ {2, 5, 8} and several node distributions (Cartesian, PNP, Halton).
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nodes and are oscillatory for the degree ℓ = 8. However, GMRES always converges for
ℓ < 8 and BiCGstab fails to converge once for Halton nodes with ℓ = 2 and once for
PNP nodes with ℓ = 5, whereas all solvers fail to converge for several problem sizes for
degree ℓ = 8. Cartesian nodes need the fewest iterations, whereas Halton nodes need
the most iterations (i. e., a decrease of the regularity of the node distribution increases
the numbers of iterations). Nevertheless, it can be observed that the relative residual
tolerance 10−13 is small enough and the maximal number of iterations 104 is large enough
for the degrees ℓ < 8 to see no difference in the plots of the approximation errors between
the computed solutions of the different solvers (i. e., the iteration errors are smaller than
the approximation errors) if the solvers converged. However, the differences in the
approximation errors between the computed solutions can be still large for the degree
ℓ = 8 (even if the solvers converged, e. g., larger by more than a factor of 10 between
LPGMRES and RPGMRES for N = 203, although Figure 2.22 shows that the condition
number of the corresponding stiffness matrix is only approximately 104 (and the LU
solver computes an error (2.27) of approximately 10−4, which is similar to the error of
the LPGMRES solver)). Large errors are occurring for all solvers for approximately
N ≥ 483. Furthermore, the solutions for the larger problem sizes (e. g., N ≈ 603)
correspond to large approximation errors, although the numbers of iterations are small.
Similar observations where RBF-FD discretizations become unstable if a large degree is
combined with a large N are reported in [60].

The results in this section confirm the results in [107] that larger PHS degrees than
given by (2.24) can significantly increase numerical instabilities (especially if PNP or
Halton nodes are used). Furthermore, the results in [61] are confirmed, i. e., the most
time consuming part in the RBF-FD approach is either (for small problem sizes) the
setup of the linear system or (for large problem sizes) the solution of the linear system.
The breakeven point in terms of N depends on the degree ℓ (or here, equivalently,
the stencil size), the PHS degree, the type of the node distribution, and the solver.
Further observations are that, on one hand, ILU(0) preconditioners can lead to fast and
reliable results, especially if more regular node distributions (e. g., Cartesian or PNP
nodes) and smaller degrees (e. g., polynomial degree ℓ ≤ 5 and PHS degree given by
(2.24)) are used. On the other hand, the numbers of iterations usually increase with
the problem size N and the irregularity of the node distribution. Additionally, if the
degree ℓ of polynomial augmentation or the PHS degree (2.26) is large, the results may
not be reliable at all. Further tests (not included here) indicate that the likelihood of
unreliable results increases with ℓ, k and with a decrease in the regularity of the node
distribution. The degree ℓ up to which the computed solutions are reliable depends on
the node distribution and the PHS degree. This problem occurs since in floating point
arithmetic the L and U factors of the ILU(0) decomposition can be almost singular
(i. e., with condition numbers of approximately 1016 in double precision) even though
the condition number of the decomposed stiffness matrix is smaller than 105 (see Figures
2.21 and 2.22 and Subsection 2.2.3). However, the lower bound for the error (2.27)
w. r. t. the condition number of the decomposed stiffness matrix is 10−11 (see Subsection
2.2.3). Hence, a theoretical achievable discretization error is not achieved because of a
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poor preconditioner. Furthermore, this can be tricky in practical applications since the
convergence of the solver could be interpreted as the reliability of the computed solution.
Therefore, in the following, we focus on the construction of more reliable preconditioners
(ideally with problem size independent numbers of iterations) and concentrate mainly
on PHS degrees given by (2.24).

3.4 Hierarchical matrices

This section deals with hierarchical matrices. Subsection 3.4.1 introduces hierarchical
matrices. In Subsection 3.4.2, we summarize results for H-matrix preconditioners for
other sparse matrices (e. g., from the FE or FD methods). We explain in Subsection
3.4.3 when and why H-matrices are useful in the RBF-FD setting and how these H-
matrices should be constructed. In Subsection 3.4.4, we discuss how to setup an H-
matrix preconditioner in the library H2Lib [52] for the sparse stiffness matrix in the RBF-
FD approach. We perform numerical tests with polynomial degree ℓ = 2 on different
node distributions (i. e., Cartesian, PNP, Halton) in the Subsection 3.4.5 to illustrate
the performance of H-LU preconditioners. In Subsection 3.4.6, we focus on PNP nodes
and study whether the results from the previous Subsection 3.4.5 generalize to larger
polynomial degrees ℓ ∈ {5, 8}.

3.4.1 Introduction to hierarchical matrices

We introduce H-matrices (based on [53]) and focus on the aspects and theoretical results
which are important in understanding the following results. The basic idea in the setup
of an H-matrix is to transform a matrix to another format such that knowledge about
the underlying problem and the “structure” of the matrix can be exploited to reduce
the cost of memory and arithmetic operations. H-matrices were introduced for the
approximation of full matrices (see Definition 3.4) but can be also useful in the context
of sparse matrices (see Subsection 3.4.2). If M ∈ Rn×n, n ∈ N, is a general square full
matrix, then the cost of memory and arithmetic operations is at least O(n2). The aim
for the construction of an H-matrix is to approximate M by (or transform M into) an
H-matrix such that the cost of memory and arithmetic operations is reduced to almost
linear complexity (i. e., O(n logα(n)) with α ≥ 0 and independent of n, see Remark 3.18).

Definition 3.4. Let I, J be finite index sets with I ̸= ∅ ≠ J . We define RI as the set
of all mappings I → R, i ↦→ xi and RI×J as the set of all linear mappings RJ → RI and
write x = (xi)i∈I ∈ RI and M = (Mi,j)i∈I,j∈J ∈ RI×J . The notation Rn is a general
term for all RI with #I = n (# denotes the cardinality, i. e., the number of elements in
the set) and Rn×m, RI×m as well as Rn×J are defined analogously. A matrix M ∈ RI×J

is called full (or dense) matrix if all #I · #J entries have to be saved to represent M .
We write M ∈ F (or M ∈ F(I × J)) if M is a full matrix.
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Figure 3.4: Examples of H-matrices for the stiffness matrix shown in the left column of
Figure 3.1 (see Remark 3.19 for setup details of these H-matrices). Exact
representations in the left column and approximations in the right column.
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Figure 3.4 (created by the H2Lib function draw_cairo_hmatrix [52]) shows examples of
H-matrices (see Remark 3.19 for setup details). The left column of Figure 3.4 consists
of exact representations of the stiffness matrix in the left column of Figure 3.1, whereas
the right column exhibits approximations of the same matrix. This figure illustrates
the basic idea in the construction of an H-matrix, i. e., to hierarchically partition the
row and column index sets I and J , resp., (here I = J = {1, . . . , n} with n = NI)
such that some matrix blocks (see Definition 3.5) are saved as low-rank approximations
(white and green blocks, see Definition 3.6), whereas the other matrix blocks are saved
as full matrices (red blocks). The numbers indicate the ranks (which should be ideally
as low as possible) of the low-rank approximations (with rank r = 0 in white blocks).
The memory cost of each of the low-rank factors (relative to the memory cost of the
respective full matrix block) is visualized with green.

Definition 3.5. Let I, J be finite index sets with I ̸= ∅ ≠ J, p ∈ N and M ∈ RI×J . The
set P = {b1, . . . , bp} ⊆ P(I × J) \ {∅} (with P denoting the power set) is called a block
partition of I × J if

1. for all i ∈ {1, . . . , p} there are sets Ii ⊆ I, Ji ⊆ J such that bi = Ii × Ji and

2. ∪̇j∈{1,...,p} bj = I × J .

Each b ∈ P is called an (index) block, the submatrix M |b := (Mi,j)(i,j)∈b ∈ Rb corre-
sponding to the block b is called a matrix block and the matrix M is called block matrix.
We write M |b ∈ F(b) if M |b is a full matrix.

Definition 3.6. Let I, J be finite index sets with I ̸= ∅ ̸= J, r ∈ N0 and M ∈ RI×J .
We call M a rank-r matrix and write M ∈ R(r) (or M ∈ R(r, I × J)) if rank(M) ≤ r
holds. Then, for r > 0, there exist A ∈ RI×r and B ∈ RJ×r such that M = ABT . If
∥M −ABT∥2 ≤ ε∥M∥2 holds for some ε ≥ 0, A ∈ RI×r, B ∈ RJ×r, we call R := ABT a
low-rank approximation of M (of rank r with relative tolerance ε).

The definition of an H-matrix needs the following ingredients. The hierarchical block
structure of an H-matrix is represented by a block cluster tree T (I × J) (see Definition
3.8). Such a block cluster tree T (I × J) is a cluster tree (or set decomposition tree,
see Definition 3.8) corresponding to the index set I × J . Hence, a block cluster tree
T (I × J) is basically a labeled tree (see Definitions 3.7) with labels that are subsets
of I × J . Important reasons for the computation of a block cluster tree T (I × J) are:
the leaves L(T (I × J)) (see Definitions 3.7) yield a (block) partition of I × J (which is
needed to define an H-matrix, see Definition 3.9) and the computation cost has an almost
linear complexity. The sparsity constants (see Definition 3.9) can be used to bound
the memory cost of an H-matrix (and with that the cost of H-arithmetic involving
this H-matrix, see [53, Section 6.3] for more details). A size function sizeT (I×J) and
an admissibility condition adm (see Definition 3.9) are utilized to decide the stopping
point of the partition of blocks and which blocks should be saved as full matrices and
which should be saved as rank-r matrices. These functions determine if a partition P is
admissible, and if P is not admissible, this partition will be refined until an admissible
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partition arises. The sets near-field P− and far-field P+ (see Definition 3.9) describe,
for an admissible partition P , which blocks correspond to full or rank-r matrices, resp.
The partition P can be coarsened afterwards (see Definition 3.15 and right column of
Figure 3.4). An admissibility condition adm depends on a priori information about the
underlying problem (see Definition 3.10 for examples, each row in Figure 3.4 has been
produced using a different admissibility condition). For sparse matrices this function
adm is often the weak admissibility condition (see Definition 3.10), and if a nested
dissection ordering is used, then the knowledge that certain zero blocks remain zero
in the LU decomposition (see Figure 3.4, Definition 3.16 and Remark 3.17) should be
included [50, 72].

Definition 3.7. Let V ̸= ∅ be a finite set with v, w ∈ V , P(V ) the power set, S : V →
P(V ) a mapping and k ∈ N0. Then, we call

1. S son mapping;

2. v father of w and w son of v if w ∈ S(v);

3. (v0, v1, . . . , vk) path (of length k from v0 to vk), vk successor of v0 and v0 predecessor
of vk if vi ∈ V and vi+1 ∈ S(vi) for all i ∈ {0, . . . , k − 1};

4. T := (V, S) tree (with root root(T ) := r ∈ V and leaves L(T ) := {v ∈ V : S(v) =
∅}) if

• ∪v∈V S(v) = V \ {r} and

• each v ∈ V \ {r} has exactly one father and is a successor of r;

5. the length of the (unique) path from r to v the level-number level(v) (of v);

6. depth := max{level(v) : v ∈ V } the depth of the tree T ;

7. T ′ := (V ′, S ′) a subtree of T (or T ′ ⊆ T ) if T ′ is a tree with V ′ ⊆ V and S ′(v) ⊆
S(v) for all v ∈ V ′.

Definition 3.8. Let I be a set, T a tree and µ : T → P(I) \ {∅} a labeling mapping. T
is a set decomposition tree corresponding to I if these conditions hold:

1. µ(root(T )) = I,

2. µ(s) ∩ µ(s′) = ∅ for all v ∈ T and for all s, s′ ∈ S(v) with s ̸= s′,

3. ∪̇s∈S(v)µ(s) = µ(v) for all v ∈ T \ L(T ).
A set decomposition tree T (I) corresponding to I is called cluster tree if the following
conditions are met:

1. I is a (finite) index set with root(T (I)) = I,

2. ∪̇σ∈S(τ)σ = τ for all τ ∈ T (I) \ L(T (I)),
3. T (I) ⊆ P(I) \ {∅}.

Hence, (if S(τ) ̸= 1 holds for all τ ∈ T (I)) we can identify a vertex of a cluster tree with
its label and call
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1. τ, σ ∈ T (I) cluster,

2. a cluster tree T (I × J) for the index set I × J block cluster tree,

3. b = τ × σ ∈ T (I × J) block,

4. P ⊆ T (I × J) partition (of I × J) if ∪̇b∈P b = I × J holds.

Definition 3.9. Let I, J be finite index sets with I ̸= ∅ ̸= J , cluster trees T (I), T (J)
and a block cluster tree T (I × J) with partition P ⊆ T (I × J). Let r : P → N0 be a local
rank distribution and nmin ∈ N. We define the following sparsity constants

1. Csp,l(τ, P ) := #{σ ∈ T (J) : τ × σ ∈ P} for τ ∈ T (I);

2. Csp,r(σ, P ) := #{τ ∈ T (I) : τ × σ ∈ P} for σ ∈ T (J);

3. Csp(P ) := max
{︁
maxτ∈T (I) Csp,l(τ, P ), maxσ∈T (J) Csp,r(σ, P )

}︁
;

and boolean functions

1. sizeT (I) : P(I) → {true, false}, τ ↦→ (#τ > nmin);

2. sizeT (I×J) : P(I)× P(J) → {true, false}, (τ, σ) ↦→ (min{#τ,#σ} > nmin);

3. sizeT (I×J)(b) := sizeT (I×J)(τ, σ);

and call

1. a block b′ = τ ′×σ′ with τ ′ ⊆ τ ⊆ I, σ′ ⊆ σ ⊆ J a subblock (of the block b = τ ×σ)
and write b′ ⊆ b;

2. a boolean function adm of the form adm: P(I) × P(J) → {true, false} (or
adm(b) := adm(τ, σ) for b = τ×σ) an admissibility condition if for all τ ⊆ I, σ ⊆ J
with adm(τ, σ) = true it follows that adm(τ ′, σ′) = true holds for all subblocks
b′ = τ ′ × σ′ ⊆ b;

3. a partition P admissible if either adm(b) = true or sizeT (I×J)(b) = false for all
b ∈ P .

For an admissible partition P we define the near-field P− and the far-field P+ via

P− := {b ∈ P : sizeT (I×J)(b) = false} and P+ := P \ P−. (3.3)

An H-matrix or hierarchical matrix (w. r. t. a partition P and rank distribution r) is a
matrix M ∈ RI×J with M |b ∈ R(r(b), b) for all b ∈ P+ and M |b ∈ F(b) for all b ∈ P−.
The set of all H-matrices w. r. t. P and r is denoted by H(r, P ).

Definition 3.10. Let I, J be index sets and τ ⊆ I, σ ⊆ J clusters with associated sets
Xi, Yj ⊂ Rd for all i ∈ τ, j ∈ σ. We define

1. Xτ := ∪i∈τXi and Yσ := ∪j∈σYj as the supports of τ and σ, resp.;

2. diam(τ) := max{∥x− x′∥2 : x, x′ ∈ Xτ} as the diameter of τ and analogously the
diameter of σ;

3. dist(τ, σ) := min{∥x− y∥2 : x ∈ Xτ , y ∈ Yσ} as the distance between τ and σ;
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4. the smallest axis-parallel cuboid that contains a support of a cluster as its bounding
box;

and call a block τ × σ

1. η-admissible if min{diam(τ), diam(σ)} ≤ η dist(τ, σ) holds for some η > 0;

2. weakly admissible if dist(τ, σ) > 0 holds.

A general definition of an admissibility condition is given in Definition 3.9. Two often
used admissibility conditions (namely, the η-admissibility condition and the weak ad-
missibility condition) are introduced in Definition 3.10. In particular, this means that
a subblock b′ ⊆ b of an η- or weak admissible block b is itself an η- or weak admissible
block, resp. Furthermore, their efficient evaluation is discussed in Remark 3.11.

Remark 3.11. The support Xτ of a cluster τ is defined in Definition 3.10. However, the
evaluation of an admissibility condition such as the η-admissibility condition or the weak
admissibility condition is typically based on the bounding boxes of the involved clusters
τ and σ (and not on their supports Xτ and Xσ). The advantage of bounding boxes over
supports is that bounding boxes are axis-parallel cuboids such that the evaluation of both
types of admissibility conditions can be conducted with low computational cost.

Theorem 3.12 describes how a low-rank approximation can be computed, which error
bounds hold and how to adaptively determine the rank for a given relative tolerance.
However, a reduced SVD should be utilized instead of Equation (3.4) to speed up the
computation (see Remark 3.13). This theorem is the foundation for the truncation (see
Definition 3.14) of matrices M ∈ R(r) during computations with H-matrices.

Theorem 3.12. Let M ∈ RI×J with singular value decomposition (SVD) M = UΣV T

with singular values σi = Σii in decreasing order. The matrix

R := UΣrV
T with (Σr)ij :=

{︄
σi, if i = j ≤ min{r,#I,#J},
0, else,

(3.4)

solves the minimization problems

min
rank(R)≤r

∥M −R∥2 and min
rank(R)≤r

∥M −R∥F ,

and the absolute errors are

∥M −R∥2 =
{︄
σr+1, if r < min{#I,#J},
0, else,

and ∥M −R∥F =

⌜⃓⃓⎷min{#I,#J}∑︂
i=r+1

σ2
i .

Relative errors ∥M −R∥2 ≤ ε∥M∥2 and ∥M −R∥F ≤ ε∥M∥F with ε > 0 are fulfilled for

r ≥ r2(ε) := min{r ∈ N0 : σr+1 ≤ εσ1} (3.5)
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and

r ≥ rF (ε) := min

⎧⎨⎩r ∈ N0 :

min{#I,#J}∑︂
i=r+1

σ2
i ≤ ε2

min{#I,#J}∑︂
i=1

σ2
i

⎫⎬⎭ , (3.6)

resp.

Remark 3.13. The computation of R (3.4) can be accelerated by using a reduced SVD
(i. e., neglecting the entries of U,Σr and V that are not needed to determine R for the
given r) instead of Equation (3.4). Furthermore, r2(ε) = 0 = rF (ε) holds for all ε ≥ 1
in (3.5) and (3.6). In particular, R = 0 (i. e., the zero matrix) satisfies a relative error
of ε ≥ 1.

Definition 3.14. Let r, s ∈ N0 and M ∈ R(s). We call

T Rr←s : R(s) → R(r), M ↦→ M ′ =

{︄
R as in (3.4), if s > r,

M, else,

truncation (to rank r) and define T Rr (M) := T Rr←rank(M)(M). Furthermore, we write
T R(M) if we do not emphasize the involved ranks r and s. For ε > 0, we set

T R2,ε(M) := T Rr2(ε)←rank(M)(M) and T RF,ε(M) := T RrF (ε)←rank(M)(M). (3.7)

A general definition of a coarsened H-matrix, the underlying coarsened partition and the
corresponding rank distribution are provided in Definition 3.15. Matrix blocks which
are present in both the original and in the coarsened H-matrix have the same rank
(3.8). Examples of coarsened H-matrices are illustrated in the right column of Figure
3.4, whereas the left column of Figure 3.4 shows the corresponding H-matrices before
coarsening.

Definition 3.15. Let T (I × J) be a block cluster tree, P := L(T (I × J)) an admissible
partition, r : P → N0 a local rank distribution and M ∈ H(r, P ) ⊂ RI×J an H-matrix.
Let T ′(I×J) be a subtree of T (I×J) such that for some blocks b ∈ T (I×J) all successors
of b are deleted (and the son mapping is changed accordingly). We call P ′ := L(T ′(I×J))
a coarsened partition and M ′ ∈ H(r′, P ′) ⊂ RI×J with r′ : P ′ → N0 a coarsened H-
matrix, if for all b ∈ P ∩ P ′ holds

r′(b) = r(b). (3.8)

Definition 3.16. Let M ∈ RI×J be a sparse matrix. We call an ordering of M with
permutation matrices Pr, Pc such that

PrMPc =

⎛⎝ MD1 0 MD1×S
0 MD2 MD2×S

MS×D1 MS×D2 MS

⎞⎠ (3.9)

a dissection ordering. It is called nested dissection ordering if MD1 and MD2 are in a
(nested) dissection ordering.
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Remark 3.17. The LU factorization of the (nested) dissection ordering (3.9) is given
by ⎛⎝ MD1 0 MD1×S

0 MD2 MD2×S
MS×D1 MS×D2 MS

⎞⎠ =

⎛⎝ LD1 0 0
0 LD2 0

LS×D1 LS×D2 LS

⎞⎠⎛⎝UD1 0 UD1×S
0 UD2 UD2×S
0 0 US

⎞⎠ ,

i. e., the LU factors inherit the zero blocks. Hence, (ideally) the submatrices MD1 and
MD2 should be of similar size and large, whereas the other nonzero submatrices should
be small. A nested dissection ordering can be obtained via domain decomposition where
D1 and D2 are disjoint domains and S is a separator (i. e., an interior boundary).

Remark 3.18 summarizes several theoretical results about cost of H-matrix operations
[53, Lemmata 6.11, 6.13, 7.17, 7.37 and 7.39, Remarks 5.21 and 6.12, Equation (7.45)
and Subsubsection 7.8.5.2].

Remark 3.18. Let M ∈ H(r, P ) ⊂ RI×I be an H-matrix with nmin and sparsity constant
Csp(P ) as in Definition 3.9, cluster tree T (I), block cluster tree T (I × I) and H-LU
factors L,U ∈ H(r, P ) ⊂ RI×I . It holds that

• the cost SH(M) and SLU(M) to store M and its H-LU decomposition, resp., is
bounded by

max{SH(M), SLU(M)} ≤ 2 · Csp(P ) ·max{nmin, r} · (depth(T (I)) + 1) ·#I;

• the numbers NMV(M) and NLU(M) of arithmetic operations to compute an H-
matrix-vector multiplication with M and to apply an H-LU preconditioner of M
(i. e., to solve a linear system via forward and backward substitutions), resp., are
bounded by

max{NMV(M), NLU(M)} ≤ 4 · Csp(P ) ·max{nmin, r} · (depth(T (I)) + 1) ·#I;

• the number NLUsetup(M) of arithmetic operations to compute the H-LU decompo-
sition of M is bounded by

NLUsetup(M) ≤ 56 · (Csp(P ))3 ·max{nmin, r} · (depth(T (I × I)) + 1)2 ·#I

+ 184 · Csp(P ) · (max{nmin, r})3 · (depth(T (I × I)) + 1) ·#P ;

• the number of blocks in P is bounded by #P ≤ (2 ·#I − 1) · Csp(P ). This bound
can be tightened to

#P ≤
(︃

4

nmin

·#I − 1

)︃
· Csp(P ) (3.10)

if the number of indices in each leaf τ ∈ L(T (I)) satisfies #τ ∈ [0.5 · nmin, nmin].
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We use the notation n = #I and assume that depthT (I) and depthT (I × I) have an
asymptotic complexity of at most O(log n) (which holds for example for a cardinality-
based construction of T (I) such that clusters τ, σ ∈ T (I) with level(τ) = level(σ) fulfill
∥#τ −#σ∥ ≤ 1). Furthermore, we assume that nmin, r and Csp(P ) are independent of
n (i. e., the number of blocks in P has an asymptotic complexity of at most O(n)). The
above bounds on the cost combined with these assumptions lead to the following bounds
on the corresponding asymptotic complexities.

• The cost SH(M) and SLU(M) to store an H-matrix and its H-LU decomposition,
resp., and with that the numbers NMV(M) and NLU(M) of arithmetic operations to
compute an H-matrix-vector multiplication and to apply an H-LU preconditioner,
resp., have an asymptotic complexity of O(n log(n)).

• The number NLUsetup(M) of arithmetic operations to setup an H-LU decomposition
has an asymptotic complexity of O(n log2(n)).

3.4.2 Hierarchical matrices for sparse matrices

We are not aware of any literature about H-matrices in the context of RBF-FD besides
[75]. Hence, we conduct a short review of the application of H-matrices in the solution of
sparse linear systems of equations that originate from the FE or FD method to illustrate
what presumably holds as well for RBF-FD sparse matrices. The main results and
observations (that hold for a wide range of applications) are:

• H-matrices can be used to construct direct solvers (the tolerance ε defines then
the accuracy [53]) but they are often more efficient as preconditioners for iterative
solvers [49];

• H-matrix preconditioners are superior to direct solvers for large problems in d = 3
spatial dimensions whereas a direct solver should be preferred for smaller problems
or d ∈ {1, 2} [49];

• H-matrix preconditioners are often used in combination with BiCGstab [72, 73,
65] or GMRES [49];

• an H-LU decomposition is significantly faster to compute and more accurate than
an H-inverse [72, 65];

• an H-LU decomposition can lead to significantly lower memory cost than the exact
LU factors [73];

• the use of nested dissection instead of bisection significantly accelerates the com-
putation of an H-LU decomposition [50, 51, 72, 65];

• H-matrix preconditioners with block cluster trees that are based on nested dissec-
tion or bisection lead to similar convergence properties [65];

• the numbers of iterations of the iterative solver increase for larger tolerances ε
with the problem size N , whereas (almost) problem size independent numbers of
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iterations can be achieved for smaller tolerances ε [73, 65];

• the setup time of an H-matrix preconditioner increases with decreasing tolerance ε
and is significantly larger than the solution time of the linear system of equations
[72, 73, 65];

• H-matrix preconditioners are especially useful if the linear system should be solved
with several right hand sides or if no alternative reliable iterative solver is available
(e. g., for highly ill-conditioned problems) [72, 73, 65].

The memory and computation cost can be significantly decreased by using

• geometric instead of blackbox (or algebraic) H-matrix setups [51];

• adaptively determined ranks instead of a fixed rank [73];

• a size function (see Definition 3.9) with

nmin ∈ [10, 100] (3.11)

to avoid too small and too large full matrix blocks [50, 49, 73, 65];

• a weak admissibility condition instead of an η-admissibility condition [50, 54];

• rank-r matrix approximations of the near-field matrix blocks instead of full matrix
representations [73].

Further observations are:

• the tolerance ε is chosen in [49, 14, 73, 51, 65, 50] such that it fulfills

ε ∈ [9 · 10−10, 0.25] (3.12)

whereas ε < 9 · 10−7 is only used for d = 2 [50] and ε ≈ 10−4 is frequently utilized;

• different norms (such as the Euclidean norm (3.5) and the Frobenius norm (3.6))
can be used to adaptively determine the ranks r [51, 14, 73] (e. g., the Euclidean
norm is used in [73], whereas [51, 14, 65] do not state the norm used).

3.4.3 Hierarchical matrices for RBF-FD sparse matrices

The stiffness matrix in the RBF-FD approach is a sparse matrix (i. e., linear memory
cost of O(NI)) and saving it exactly in the H-matrix format (as in the left column
of Figure 3.4) would increase the memory cost. This occurs since zero entries in the
near-field matrix blocks have to be saved as well, whereas they are usually missing in
a sparse matrix format (and additional overhead for the H-matrix format is needed).
Nevertheless it can be reasonable to represent a sparse matrix in an H-matrix format
(see Subsection 3.4.2). On one hand, an H-matrix can be coarsened (as in the right
column of Figure 3.4, the details of coarsening are discussed in Subsection 3.4.4) if an
approximation of the sparse matrix is sufficient. This could (depending mainly on the
desired accuracy, i. e., the tolerance in the coarsening step, and the number of nonzero
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Figure 3.5: H-LU factors corresponding to Figure 3.4 (see Remark 3.19 for setup details).

83



3 Iterative solvers for RBF-FD

entries in the sparse matrix) lead to memory savings as well as faster computations
compared to a sparse matrix representation of the exact matrix. On the other hand,
the H-matrix format allows the computation of an H-LU decomposition, i. e., an LU
decomposition with the same block structure (and a typically changed local rank dis-
tribution, see Figure 3.5) as the original H-matrix (i. e., low-rank approximations stay
low-rank approximations since the corresponding partition P remains unchanged). This
can be especially helpful if combined with a nested dissection ordering since the nonzero
submatrices of the LU factors of a sparse matrix are typically dense. Furthermore, H-
matrices offer a straighforward way (by simply decreasing the tolerance) to construct
preconditioners with arbitrarily high accuracies.

Our start setup (derived from the literature review in Subsection 3.4.2) for the solution
of the linear system in the RBF-FD approach via an H-matrix ansatz is the following.

• Use nested dissection based H-LU preconditioners for iterative solvers;

• use geometric information about the discretization and the stencils to construct the
bounding boxes (see Definition 3.10 and Remark 3.11) and with that the partition
of the H-matrix (see Definition 3.9);

• use adaptively determined ranks and follow (3.11).

More details about the construction of the H-matrix and its H-LU decomposition are
discussed in the following Subsection 3.4.4.

3.4.4 H2Lib

Our numerical tests are performed using the library H2Lib [52]. A straightforward com-
putation of an H-LU preconditioner in this library could utilize the following functions.

1. build_adaptive_dd_cluster to create a cluster tree based on nested dissection,

2. build_nonstrict_block to create a block cluster tree,

3. build_from_block_hmatrix to create an H-matrix structure,

4. copy_sparsematrix_hmatrix to set the entries in the full matrix blocks,

5. coarsen_hmatrix to coarse an H-matrix,

6. lrdecomp_hmatrix to compute an H-LU decomposition.

We discuss their functionality, our choices for the input parameters and our modifications
for the following tests.

The index sets of an RBF-FD sparse matrix are I = J = {1, . . . , NI}. The associated
sets Xi for all i ∈ I (i. e., for all interior nodes xi ∈ XΩ (2.1)) are given by the i’th stencil
Xi (2.2), i. e.,

Xi (associated set in Definition 3.10) = Xi (stencil in (2.2)). (3.13)

The function build_adaptive_dd_cluster needs geometric information (i. e., the associ-
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ated sets Xi for all i ∈ I, see Definition 3.10, or more precisely, a structure _cluster-
geometry) to determine, for each cluster, the associated bounding box. The structure
_clustergeometry contains two d×#I arrays. These arrays save the coordinates of the
bounding box for each index i ∈ I (i. e., one array is used for the minimal and one array
for the maximal coordinates). In particular, the associated sets Xi (3.13) are not saved
but instead only utilized to compute the bounding box for each interior node xi ∈ XΩ

(2.1). These bounding boxes are used consequently to compute the bounding box of each
cluster τ ∈ T (I) such that an admissibility condition can be efficiently evaluated (see
Remark 3.11). Hence, the geometric information as well as the connectivity information
about the sparse matrix (i. e., its sparsity structure) are saved in the structure _clus-
tergeometry and used to compute a cluster tree T (I) that represents a nested dissection
ordering. The start cluster is the whole index set I, and a cluster is partitioned if it is
large enough (w. r. t. the specified nmin). A cluster that corresponds to a (row or column)
index set of a matrix block MD1 or MD2 (3.9) is partitioned into three sons whereas a
cluster that corresponds to a matrix block MS (3.9) is partitioned only each d’th time
(to obtain balanced cluster sizes) into two sons. The direction of the partition is given
by the axis-parallel direction with the largest extension of the associated bounding box,
and the partition is performed along this direction at the midpoint of the corresponding
bounding box.

The cluster tree is in this thesis only computed by the function build_adaptive_dd_cluster.
Nonetheless, further more sophisticated algorithms such as an adaptive or alternating
construction of the stiffness matrix and its H-matrix representation could be studied.
The basic idea of these approaches would be to check after each partitioning step whether
the partition can be improved and to update the partition or the stencils (i. e., the spar-
sity structure of the stiffness matrix) if necessary.

However, two problems can arise if the function build_adaptive_dd_cluster is used for
an RBF-FD stiffness matrix. On one hand, the exact representation as an H-matrix
can fail (i. e., the computed H-matrix contains zero entries which are actual nonzero
entries in the stiffness matrix) if the connectivity information relies on the sparsity
structure of the stiffness matrix B (2.14). This happens since the implementation of the
function build_adaptive_dd_cluster (implicitly) expects a symmetric sparsity pattern.
Therefore, we utilize the symmetrized matrix B + BT (see Figure 3.6 left side) instead
of B for the connectivity information. However, this can lead to additional “false”
nonzero entries (i. e., which are actually zero entries, see Figure 3.6 right side). The
difference between the numbers of entries in the sparsity patterns of B and B + BT

is (for sufficiently large problem size N) typically below 9 entries per row (below 9%
additional entries for all node distributions and all polynomial degrees tested here).
Nevertheless, the subsequent block cluster tree can lead to an H-matrix such that there
are full matrix blocks that consist solely of zero entries (i. e., which could be represented
exactly as rank-0 matrices, see Figure 3.7). Typical reasons for the occurrence of a
zero full matrix block are that it consists of at least one “false” nonzero entry or that
an η-admissibility condition with a relatively large η value is utilized. Using a weak
admissibility condition is not a sufficient condition to guarantee that no zero full matrix
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block occurs in an H-matrix. However, a zero full matrix block cannot occur in an
H-matrix if the following conditions hold.

• The associated sets of the clusters (and with that the structure _clustergeometry)
are given by (3.13).

• A weak admissibility condition is utilized.

• The stiffness B has a symmetric sparsity structure.

Nonetheless, the last condition usually does not hold in our numerical tests and the
likelihood of zero full matrix blocks is increased by

• increasing the associated sets of the clusters, i. e., using more nodes than given by
(3.13),

• using an η-admissibility condition instead of a weak admissibility condition,

• increasing the η value in the η-admissibility,

• using the symmetrized sparse matrix B+BT instead of B for the sparsity structure
(which can increase the sparsity constants in Definition 3.9 and prevents their a
priori determination).

On the other hand, it can occur that one of the three sons which should define a (row
or column) index set of a matrix block MD1 or MD2 (3.9) is empty. This means that the
combination of the connectivity information about the sparse matrix and the direction
of the partition does not lead to a partition of the associated index set into two disjoint
nonempty sets (and a separator set, i. e., corresponding to a matrix block MS (3.9)) such
that both resulting matrix blocks MD1 and MD2 (3.9) consist of at least one row and
column. An example of this phenomenon is a cluster τ ⊆ Xi (3.13) (i. e., all indices of
the index set τ belong to the same stencil Xi) with #τ > nmin. Therefore, this index set
should be partitioned (since it is larger than nmin) but the connectivity information does
not allow the partition into two disjoint nonempty sets (and a separator set). Hence,
the occurrence of an empty son appears frequently for RBF-FD sparse matrices (in
particular, if the stencil size is approximately nmin or larger). Furthermore, the likelihood
of this phenomenon is even increased by using the symmetrized matrix B +BT instead
of B. Nonetheless, this phenomenon typically does not occur for FD or FE sparse
matrices since these stiffness matrices are usually symmetric (i. e., no additional “false”
nonzero entries originate from their symmetrization) and significantly sparser than RBF-
FD stiffness matrices (e. g., the stencil sizes in the FD approach in this thesis are 7 and
19, i. e., often significantly smaller than nmin (3.11)). Hence, we stop the partition (in
addition to the standard case that the cluster is small according to nmin), if an empty
son would be generated. However, this can increase the memory cost of an H-matrix
(since the upper bound on SH(M) in Remark 3.18 assumes that nmin is an upper bound
on the maximal number of rows and columns of a full matrix block, see Definition 3.9).

The function build_nonstrict_block can use the cluster tree T (I) for the rows and the
columns and additionally needs an admissibility condition to create the block cluster
tree T (I × I). The admissibility condition admissible_dd_cluster represents the η-
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Figure 3.6: Sparsity structure of the symmetrized stiffness matrix B+BT (left) and the
difference between the sparsity structures of B + BT and B (right) with B
as in the left column of Figure 3.1.

admissibility condition enhanced by the knowledge that certain zero blocks in the nested
dissection ordering remain zero in the subsequent LU decomposition (i. e., they can be
represented exactly as rank-0 matrices, see the first two rows in Figure 3.4). Furthermore,
we test a modified version with the weak instead of the η-admissibility condition (see the
last row in Figure 3.4). In all numerical tests in this thesis the block cluster tree T (I×I) is
based on a nested dissection ordering. Hence, in the discussion of our numerical results
we will utilize only the terms η- and weak admissibility condition (without explicitly
stating that they are enhanced by the knowledge that certain zero blocks in the nested
dissection ordering remain zero in the subsequent LU decomposition).

The function build_from_block_hmatrix uses the block cluster tree T (I × I) to
create the structure of the H-matrix. The setup so far (i. e., the combination of
the associated sets (3.13), the admissibility conditions and the connectivity infor-
mation used) guarantees that all far-field blocks are zero blocks (similar to a FE
sparse matrix) since all nonzero entries of B are saved in full matrix blocks. The
function copy_sparsematrix_hmatrix sets the entries in the full matrix blocks and
coarsen_hmatrix coarsens the H-matrix.

The function coarsen_hmatrix uses an H-matrix M ∈ H(r, P ) ⊂ RI×J (see Definition
3.15), a norm and a tolerance ε (see Theorem 3.12) as input parameters to compute a
coarsened H-matrix M ′ ∈ H(r′, P ′) ⊂ RI×J (see Definition 3.15). The output M ′ = M
indicates that the H-matrix remains unchanged, whereas P ′ = {I × J} means that M ′

is a low-rank matrix. The basic ideas of the function coarsen_hmatrix are described in
the following.
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• The candidates for coarsening are blocks b (see Definition 3.8) which fulfill

b = σ × τ ∈ T (I × J) with σ ̸= τ and S(b) ⊆ P , (3.14)

i. e., all sons of b are leaves.

• A low-rank representation Rb (see Definition 3.6) of M |b is created for each b
that fulfills (3.14) by agglomerating the low-rank approximations of each son S(b)
where a full matrix is represented by its multiplication with an identity matrix of
adequate size.

• The truncation T R(Rb) of Rb (see Definition 3.14 and Theorem 3.12) and its
memory cost are computed.

• The memory cost of the low-rank matrices and full matrices that correspond to
the matrix block M |b is computed.

• The representation T R(Rb) is used instead of the matrix block M |b (i. e., coarsening
is done) if the memory cost of T R(Rb) is lower than the memory cost of the matrix
block M |b.

• The H-matrix structure (i. e., the local rank distribution r and the partition P in
(3.14)) are updated after each successful coarsening step.

The successive execution of the functions build_from_block_hmatrix,
copy_sparsematrix_hmatrix and coarsen_hmatrix can be problematic since
build_from_block_hmatrix directly allocates memory for all near-field matrix blocks
and can therefore lead to large peaks in the memory usage (as stated in [52, Issue #36
in the corresponding GitHub repository]). Hence, we followed the recommendations in
this issue to implement a function that combines the tasks of these three functions. The
basic idea is to postpone the complete memory allocation and instead alternate necessary
allocation and filling of the near-field matrix blocks (i. e., only the matrix blocks which
correspond to the sons S(b) of a block b that satisfies (3.14) needs to be allocated and
filled) with coarsening (i. e., compute Rb, the truncation T R(Rb) and its memory cost).
Furthermore, the function coarsen_hmatrix ignores that due to Remark 3.13

T R(Rb) = 0 holds for all blocks b if a relative tolerance ε ≥ 1 is used. (3.15)

This means that coarsening of an H-matrix with tolerance ε ≥ 1 (w. l. o. g., ε = 1)
followed by its H-LU decomposition with the same tolerance ε is a special case that
combines properties known from the (block-) Jacobi preconditioner and the ILU(0) de-
composition. On one hand, after coarsening, all full matrix blocks in the H-matrix are
on the diagonal (i. e., as in the case of a (block-) Jacobi preconditioner) or close to the
diagonal (see the plot on the right of the top row in Figure 3.4) since (3.15) holds and
the memory cost of a rank-0 matrix is always below the memory cost accumulated over
all sons S(b) of the individual matrix blocks M |S(b). Hence, coarsening is done for all
blocks b satisfying (3.14) and all matrix blocks that are not coarsened are leaves (i. e.,
their numbers of rows and columns are bounded by nmin (3.11)). Consequently, the
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conditions (3.14) could be used directly to define an admissibility condition which rep-
resents coarsening with ε ≥ 1. On the other hand, all admissible blocks of the H-matrix
and its H-LU decomposition are represented as rank-0 matrices (i. e., the memory cost
of the H-LU decomposition is known a priori and identical to the memory cost of the
H-matrix, i. e., as in the case of an ILU(0) decomposition). Therefore, we modified the
coarsening functions to take this into account, i. e., to avoid the setup of Rb for the
computation of the (a priori known) (3.15) if a tolerance ε ≥ 1 is utilized. Additionally,
we test modified versions of the copy functions (with and without coarsening), which
count the nonzero entries in a full matrix block to detect zero full matrix blocks and
convert them to rank-0 blocks.

Figures 3.4, 3.5 and 3.7 illustrate that coarsening as introduced in this subsection is not
advisable for a small tolerance ε since the right column of Figure 3.4 reveals that the
amount of coarsened matrix blocks decreases with decreasing tolerance ε (i. e., from the
top row to the bottom row). The reason for this observation is that the rank of the
truncation T R(Rb) of Rb increases with decreasing tolerance ε and a higher rank leads
to higher memory cost of T R(Rb). Hence, the likelihood of using the coarsened repre-
sentation T R(Rb) decreases for decreasing tolerance ε, whereas the computation cost of
Rb and its truncation T R(Rb) is independent of the tolerance ε. Therefore, the potential
of coarsening (w. r. t. its computational cost) decreases with decreasing tolerance ε (and
the extreme case would be that the matrices Rb and their truncation T R(Rb) are com-
puted without using any of these coarsened matrix blocks). Moreover, this coarsening
approach does not prevent small full matrix blocks which could be coarsened such that
they are represented as one full matrix block. However, there are further (not stud-
ied here) coarsening functions in the H2Lib [52] such as cut_cluster which bounds the
depth of the cluster tree and coarsen_cluster which removes too small clusters. These
functions can modify the cluster tree, i. e., they are applied before the block cluster tree
is computed.

Remark 3.19. Figure 3.4 illustrates in the left column exact representations of a stiff-
ness matrix and in the right column coarsening with the tolerances ε ∈ {1, 0.7, 0.01}. The
rows show the η- and the weak admissibility conditions as well as different tolerances ε,
namely

• η = 3 with ε = 1 (top row),

• η = 15 with ε = 0.7 (middle row) and

• weak admissibility condition with ε = 0.01 (bottom row).

The size function (see Definition 3.9) utilizes nmin = 35. The plots in the left column
illustrate that the η-admissibility condition converges to the weak admissibility condition
for η → ∞ (whereas the weak admissibility condition should be preferred over the η-
admissibility condition w. r. t. the computational cost). Furthermore, we observed that
for this stiffness matrix and a fixed tolerance ε ∈ {1, 0.7, 0.01} the resulting coarsened H-
matrix is identical irrespective of the admissibility condition used. Hence, we recommend
to use a weak admissibility condition if coarsening should be applied afterwards.
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Figure 3.7: H-matrices for the stiffness matrix shown in the left column of Figure 3.1 (top
row) and its H-LU factors (bottom row) with weak admissibility condition,
nmin = 35 and tolerance ε = 0.01 without (left) and with coarsening w. r. t.
Euclidean norm (right). Conversion of zero full matrix blocks to rank-0
blocks is used; the top and bottom rows are otherwise identical to the last
row in Figures 3.4 and 3.5, resp.

The advantages and disadvantages of the conversion of zero full matrix blocks to rank-0
matrices are that this conversion can reduce the memory cost of the H-matrix and the
computation times of its coarsening. However, such a conversion is not necessary if
the tolerance ε = 1 is utilized since (3.15) can be used directly. Nevertheless, it can
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reduce the computation time of the H-LU decomposition as well as its memory cost
(see Figure 3.7). However, on one hand, the memory cost of the H-LU decomposition
could be as well increased since a zero full matrix block in the H-matrix may turn into
a nonzero block in the H-LU decomposition and the maximal rank r in an H-matrix
M ∈ H(r, P ) influences its memory cost (see Remark 3.18). Hence, the memory cost
of the resulting H-LU decomposition can be higher than in the case without conversion
of zero full matrix blocks to rank-0 matrices if too large ranks are needed to represent
the converted blocks as “low-rank” approximations (since the rank of a matrix block is
solely bounded by the minimum of the numbers of rows and columns of this block).
Furthermore, decreasing the tolerance ε can increase the necessary rank r in Theorem
3.12, i. e., it is more likely that a “low-rank” approximation in an H-LU decomposition
has a too large rank. Moreover, the smaller the tolerance ε is, the less coarsening is done
and the more likely are small rank-0 matrix blocks. On the other hand, the combination
of the η-admissibility condition (since it leads to more zero full matrix blocks than
for example the weak admissibility condition) with the conversion of zero full matrix
blocks to rank-0 matrices is suboptimal and wasteful (see Remark 3.19). Furthermore,
coarsening an H-matrix in H(r, P ) (see Definition 3.9) as well as the conversion of zero
full matrix blocks to rank-0 matrices can be interpreted as a posteriori modifications to

• the partition P (i. e., to the block cluster tree T (I×J) since its leaves L(T (I×J))
are the partition P ),

• the separation of near-field P− and far-field P+ (i. e., to the admissibility condition
adm (3.3)),

• the local rank distribution r (since r : P → N0, i. e., the domain of r is the under-
lying partition P ).

The function lrdecomp_hmatrix computes the H-LU decomposition. This function, as
well as the coarsening functions, need a function to measure the errors in some norm
(e. g., the relative or absolute errors in the Euclidean or Frobenius norm) and a tolerance
to define the truncation (see Definition 3.14) to determine the ranks of the low-rank
approximations (see Definition 3.6) in the H-matrix. In the following numerical tests,
we utilize these functions for a given test setup solely with the same norm and tolerance.
However, the combination of different norms or tolerances is feasible, whereas especially
the combination of coarsening the H-matrix with a high tolerance (i. e., the truncation
T R(Rb) of Rb typically has a relatively low rank) followed by its H-LU decomposition
with a small tolerance (i. e., the matrix block corresponding to T R(Rb) usually needs a
relatively high rank, possibly even with higher cost than a corresponding full matrix) is
wasteful and should be avoided since this would lead to a high accuracy approximation
of the LU factors of a low accuracy approximation of the stiffness matrix.
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3.4.5 Numerical results for a small degree of polynomial
augmentation

In this subsection, we examine numerical tests to answer the following questions for
discretizations with polynomial degree ℓ = 2:

• Should a weak admissibility condition (optionally with conversion of zero full ma-
trix blocks to rank-0 blocks) or an η-admissibility condition be preferred?

• Is coarsening of the H-matrix (or the H-LU decomposition) useful?

• How to select nmin?

• Which norm and tolerance ε should be used in the truncation?

We solely show results with the LPBiCGstab solver since further tests with LPGMRES
and RPGMRES (not included here) indicated that the situation for H-LU precondi-
tioners is similar as for ILU(0) preconditioners. GMRES typically leads to a few more
iterations than BiCGstab (as long as BiCGstab converges) and the impact of the method
of application of the preconditioner (e. g., left or right) is negligible if the relative resid-
ual tolerance in the stopping criterion of the iterative solver is small and the condition
number of the stiffness matrix is relatively low (see Figure 2.21). The main advantage
of GMRES over BiCGstab is that GMRES even leads to (possibly slow) convergence
for poor preconditioners, but GMRES becomes memory and time consuming especially
if the number of iterations is large. However, our aim is the construction of good pre-
conditioners which should (ideally) lead to fast convergence for all solvers (i. e., for left,
right and split preconditioning [125] for BiCGstab and GMRES).

The results of this subsection are presented through the following figures.

• Figure 3.8: Influence of the problem size N on different grid types (Cartesian,
PNP, Halton) for different truncation tolerances ε and PHS(k = 2, ℓ = 2) (see
Notation 3.1) (2.24) and PHS(k = 3, ℓ = 2) (2.26) on the computation time.

• Figure 3.9: Influence of the problem size N on different grid types (Cartesian,
PNP, Halton) for different truncation tolerances ε and PHS(k = 2, ℓ = 2) (2.24)
and PHS(k = 3, ℓ = 2) (2.26) on the numbers of iterations and the memory cost.

• Figure 3.10: Relationship between the computation time on different grid types
(Cartesian, PNP, Halton) and the truncation tolerances ε and PHS(k = 2, ℓ = 2)
(2.24) and PHS(k = 3, ℓ = 2) (2.26) on the approximation error.

• Figure 3.11: Influence of the problem size N on the computation time for different
preconditioner setups with truncation tolerances ε ∈ {1, 0.1} for PHS(k = 2, ℓ =
2) (2.24).

• Figure 3.12: Influence of the problem size N on the numbers of iterations and
the memory cost of different preconditioner setups with truncation tolerances ε ∈
{1, 0.1} for PHS(k = 2, ℓ = 2) (2.24).

• Figure 3.13: Influence of the problem size N on the computation time for different
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preconditioner setups with truncation tolerances ε ∈ {1, 0.1} for PHS(k = 2, ℓ =
2) (2.24).

• Figure 3.14: Influence of the problem size N on the numbers of iterations and
the memory cost of different preconditioner setups with truncation tolerances ε ∈
{1, 0.1} for PHS(k = 2, ℓ = 2) (2.24).

Several of these figures and of the figures in the following Subsection 3.4.6 include an
additional color/marker “RBF-FD” which represents either the setup time of the linear
system (without the setup time of the node distribution), which is also shown with a
different scaling factor (i. e., 1/(N log(N)) instead of 1/(N log2(N))) in Figures 3.2 and
3.3, or the memory cost of the stiffness matrix, which is identical to the memory cost of
its ILU(0) decomposition.

We start with the statement of our recommended H-LU preconditioner setup in Remark
3.20 and illustrate its performance on different node distributions for the cases with
PHS(k = 2, ℓ = 2) (2.24) and PHS(k = 3, ℓ = 2) (2.26). Afterwards, we focus on
PNP nodes, discuss why we would recommend this H-LU preconditioner setup for the
solution of the linear system in the RBF-FD approach (with PHS generating function
and polynomial augmentation). We demonstrate in addition what can and what should
not be changed in this recommended H-LU preconditioner setup.

Remark 3.20. Our tests (partly included in this subsection) suggest to

• use a weak admissibility condition (instead of an η-admissibility condition);

• convert zero full matrix blocks in the H-matrix to rank-0 blocks;

• coarsen the H-matrix (and avoid coarsening of the H-LU decomposition);

• use a tolerance ε (for both the coarsening and the H-LU decomposition, see Sub-
section 3.4.4) that is close to 1 (i. e., slightly larger than in the literature (3.12),
especially if the linear system of equations is relatively small, if it should be solved
only for one right hand side or if the PHS degree is determined by (2.24));

• use (3.11) with smaller nmin for smaller stencil sizes or higher tolerances ε, and
larger nmin for larger stencil sizes or smaller tolerances ε.

For simplicity (i. e., without conducting comprehensive numerical tests), we mainly use
the relative error w. r. t. the Euclidean norm, i. e., we utilize rank-r matrices with
r = r2(ε) (3.5). Hence, this defines our recommended H-LU preconditioner setup, and
the parameters for problem dependent fine-tuning are mainly the tolerance ε (3.5) and
nmin (see Definition 3.9). Therefore, in the following, we only state the values used for
these two parameters if we mention that our recommended H-LU preconditioner setup
is utilized.

Figure 3.8 shows the computation times scaled by 1/(N log2(N)) w. r. t. the number
of nodes N for our recommended H-LU preconditioner setup with nmin = 35. Each
color/marker represents a different tolerance ε ∈ {1, 0.7, 0.1, 0.01, 0.001}. The additional
color/marker “RBF-FD” represents the setup time of the linear system (without the
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H-Setup H-LU Solver

Figure 3.8: Scaled computation times (in seconds) to setup the H-matrix (left), the
H-LU decomposition (middle) and to solve the linear system (right) for
PHS(k = 2, ℓ = 2) (2.24) and PHS(k = 3, ℓ = 2) (2.26) and rec-
ommended preconditioner setup with nmin = 35 and tolerances ε ∈
{1, 0.7, 0.1, 0.01, 0.001} for several node distributions (Cartesian, PNP, Hal-
ton).
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setup time of the node distribution) which is the same for all three columns. Each row
corresponds to a different combination of node distribution (Cartesian, PNP, Halton) and
PHS degree (PHS(k = 2, ℓ = 2) (2.24) and PHS(k = 3, ℓ = 2) (2.26)) and each column
represents a different part of the computation (H-matrix setup, H-LU decomposition,
solution of the linear system).

The plots in the left column indicate that the complexity of the H-matrix setup is
(according to Remark 3.3) approximately O(N log2(N)) (i. e., larger than the complexity
of the setup of the linear system). The truncation tolerance ε controls the accuracy of
the coarsened H-matrix and has a negligible influence on the setup time for ε < 1,
whereas the speedup for ε = 1 is gained by using (3.15). The results are qualitatively
similar for all tested node distributions and both PHS degrees.

The middle column illustrates that the truncation tolerance ε has a large influence on the
computation time of the H-LU decomposition. An increase in ε leads to a decrease in the
computation time. The complexity of the H-LU decomposition lies below O(N log2(N))
for ε = 1 and above O(N log2(N)) for ε < 1 (i. e., approximately O(N log4(N))). These
results indicate that for tolerances ε < 1 the complexity of the H-LU decomposition is
above O(NI log

2(NI)), i. e., the assumptions in Remark 3.18 do not hold. Further tests
(not included here) for H-LU decompositions of 7-point FD stiffness matrices revealed
that the reason for the increase in the asymptotic complexity for tolerances ε < 1 lies
in the coarsening, i. e., the asymptotic complexity is O(NI log

2(NI)) for setups without
coarsening and above O(NI log

2(NI)) for setups with coarsening. Moreover, coarsening
does not change the depth of the (block) cluster tree and nmin is fixed in this comparison.
Hence, these tests demonstrate that the maximal rank r or the sparsity constant Csp(P )
can increase with N if coarsening is used. The results are, again, qualitatively similar
for all tested node distributions and both PHS degrees.

The right column demonstrates that an increase in the tolerance ε typically leads to
an increase in the solution time (except for the comparison between ε = 1 and ε =
0.7). The complexity of the solution of the linear system for smaller ε values lies above
O(N log2(N)) (i. e., approximately O(N log4(N))), whereas larger tolerances ε can lead
to even higher complexities. The solution time for PHS(k = 2, ℓ = 2) (2.24) on Halton
nodes with ε = 1 is drastically increased for some N values, but otherwise the results are
qualitatively similar for all tested node distributions. The solution time on Cartesian
nodes is almost identical for both PHS degrees. However, there are large oscillations
in the solution times for PHS(k = 3, ℓ = 2) (2.26) on PNP and Halton nodes and the
solution times can drastically increase for the higher tolerances ε ≥ 0.1.

Taking all plots into account, we see that there is a tradeoff between the solution time
and the setup time of the preconditioner. A lower ε leads to a higher accuracy of the
preconditioner and therefore typically to a faster solution of the linear system in exchange
for a longer setup time, and vice versa. The computation time of the overall solution
approach for discretizations with larger N is dominated by the H-LU decomposition
(for smaller tolerances ε) or by the solution of the linear system (for larger ε). A higher
tolerance (especially if ε = 1) can increase the complexity of the solution and decrease the
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complexity of the preconditioner setup, and vice versa. However, a too large tolerance
ε can significantly increase the solution time (especially for PHS(k = 3, ℓ = 2) (2.26)).

Figure 3.9 shows the numbers of iterations and the memory cost of the H-matrix and
its H-LU factors both scaled by 1/(N log2(N)) for the same setups as in Figure 3.8.
The additional color/marker “RBF-FD” is only used in the middle and right column
(in particular, it is for a fixed row the same curve in both columns) and represents the
memory cost of the stiffness matrix. The left column shows that the numbers of iterations
increase with the problem size N for larger tolerances ε whereas lower tolerances ε can
lead to (almost) constant numbers of iterations. The numbers of iterations for Halton
nodes with ε = 1 drastically increase for some N values (which explains the drastically
increased solution times in Figure 3.8) but otherwise the results are qualitatively similar
for all tested node distributions.

The middle column illustrates that for all tolerances ε the memory cost of the H-matrix
is higher than for the stiffness matrix (which has the same memory cost as the ILU(0)
preconditioner). Higher tolerances lead to lower memory cost, and vice versa. The
differences in the memory cost decrease for decreasing tolerance ε and are almost invis-
ible for ε ≤ 0.01 (since the limit ε → 0 corresponds to the case without coarsening).
However, the scaled memory cost oscillates with the problem size N (especially on Carte-
sian nodes with ε = 1) and their asymptotic complexity lies between O(N log(N)) and
O(N log2(N)) for ε < 1 and is smaller than O(N log2(N)) for ε = 1. The memory cost of
the stiffness matrix is O(N). The results are qualitatively similar for PHS(k = 2, ℓ = 2)
(2.24) and PHS(k = 3, ℓ = 2) (2.26) and for all tested node distributions except that
for Cartesian nodes the oscillations in the memory cost are larger and the differences
between the tolerances are smaller for ε ≤ 0.1. These especially visible oscillations on
Cartesian nodes for tolerance ε = 1 can contribute to the oscillations in the following
H-LU decomposition (see Figure 3.8 for its computation time, and the right column
of Figure 3.9 for its memory cost). Hence, it could be further studied whether the os-
cillations in the amount or size of the blocks that do not satisfy (3.14) are larger for
Cartesian nodes than for PNP or Halton nodes.

The right column shows that many of the observations regarding the memory cost of
the H-matrix also hold for its H-LU factors. The main differences are that for smaller
tolerances a change in the tolerance ε leads to significantly larger changes in the memory
cost of the H-LU factors than for the H-matrix and the oscillations in the scaled memory
cost are reduced for smaller tolerances ε ≤ 0.1. These less visible oscillations for smaller
tolerances ε ≤ 0.1 can originate from the relatively large memory cost of the H-LU
factors (e. g., for a small tolerance ε the difference between the memory cost of an H-
matrix and its H-LU factors can be larger by more than a factor of two). The memory
cost of the H-LU factors can be combined with the numbers of iterations to explain the
solution times in Figure 3.8 (since higher memory cost leads to higher computation cost
per iteration). The results are qualitatively similar for all tested node distributions and
for PHS(k = 2, ℓ = 2) (2.24) and PHS(k = 3, ℓ = 2) (2.26). Similarly for the asymptotic
complexities of the computation times, the asymptotic complexities of the memory cost
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Iterations H-matrix H-LU

Figure 3.9: Numbers of iterations (left) and scaled memory cost (in KB) for the H-
matrix (middle) and the H-LU decomposition (right) for PHS(k = 2, ℓ = 2)
(2.24) and PHS(k = 3, ℓ = 2) (2.26) and recommended preconditioner setup
with nmin = 35 and tolerances ε ∈ {1, 0.7, 0.1, 0.01, 0.001} for several node
distributions (Cartesian, PNP, Halton).
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of the H-matrices and their H-LU factors are for tolerances ε < 1 higher than for
setups without coarsening (i. e., above O(N log(N)), see Remark 3.18). Furthermore,
the scaled computation times often stagnate (or increase significantly slower) at N = 203

for tolerances ε < 1. A comparison (not included here) with the L3 cache size of our
hardware revealed that this occurs since the H-LU factors for tolerances ε < 1 fit into
the L3 cache up to approximately N = 203.

Figure 3.10 illustrates the approximation errors (2.27) for the same setups as in Figures
3.8 and 3.9 and in addition for a plain BiCGstab solver without preconditioner as a
function of the (unscaled) computation time (in seconds, without the setup time of the
nodes and the linear system, i. e., the time for the H-LU approaches is given by the
accumulated times shown in Figure 3.8). This demonstrates that for PHS(k = 2, ℓ = 2)
(2.24) (which is also shown in Figure 2.22) all preconditioner setups lead to reliable
results, whereas the plain BiCGstab solver on Halton nodes leads three times to NaN
(“Not a Number”) as approximation error as well as two times to errors above 1 (which is
even obtained by the zero vector). Furthermore, the difference in the accumulated com-
putation time to setup the preconditioner and to solve the linear system can be larger
by more than a factor of 10 between different solver setups (i. e., the choice whether
a preconditioner is utilized as well as the choice of the preconditioner can drastically
influence the overall computation time). However, the setup cost of an H-LU precondi-
tioner with a too small tolerance ε is not amortized and ε ≥ 0.1 should hold if the linear
system is solved for solely one right hand side. The computation time is clearly the
lowest for the plain BiCGstab solver for Cartesian and PNP nodes, whereas an H-LU
preconditioner with tolerance ε = 1 or a slightly smaller tolerance can be superior for
Halton nodes. The results for PHS(k = 3, ℓ = 2) (2.26) (which is also shown in Figures
2.20 and 2.21) are almost identical on Cartesian nodes, except that for smaller errors
the gap between the plain BiCGstab solver with tolerance ε = 1 and the other side with
tolerances ε < 1, is slightly smaller. However, for PNP and Halton nodes, there are on
one hand, (more) “outliers” (i. e., errors corresponding to a not converged solution since
a comparison between Figures 2.21 and 2.22 reveals that the condition numbers can
be higher for (2.26)). Furthermore, there are more NaN values for the plain BiCGstab
solver on Halton nodes and in addition NaN values for ε = 1 on Halton and PNP nodes
as well as for the plain BiCGstab solver on PNP nodes. Moreover, the tolerance ε = 1
leads on Halton nodes always to errors above 1 (i. e., no marker is visible). Hence, the
fastest computations on PNP and Halton nodes are frequently attained by the tolerance
ε = 0.1 and occasionally even by a tolerance ε ∈ {0.01, 0.001}. On the other hand, the
larger PHS degree can significantly reduce the errors (i. e., lower errors are achievable,
see Figures 2.20 and 2.22). Hence, (2.26) seems to be the better option if a low error
should be obtained whereas (2.24) seems to be superior if a fast solution (with typically
a higher error) is sufficient.

We observed in the previous tests (Section 3.3 and this subsection) that H-LU precon-
ditioners are especially beneficial for larger problem sizes N if larger PHS degrees are
used (2.26), if the linear system should be solved for several right hand sides (i. e., the
solution time would be scaled by the number of right hand sides), or if more irregu-
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Figure 3.10: Approximation errors (2.27) as a function of the computation time (in
seconds, without setup time of the nodes and the linear system) for
PHS(k = 2, ℓ = 2) (2.24) (top) and PHS(k = 3, ℓ = 2) (2.26) (bot-
tom) and recommended preconditioner setup with nmin = 35 and toler-
ances ε ∈ {1, 0.7, 0.1, 0.01, 0.001} as well as the plain BiCGstab solver on
Cartesian (left), PNP (middle) and Halton nodes (right).
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lar node distributions are utilized since the influence of the node distribution on the
computation time is negligible for sufficiently small ε. Therefore, now we focus on PNP
nodes as well as mainly on smaller PHS degrees (2.24) (which will be partly compared to
(2.26)) and discuss modifications of our recommended H-LU preconditioner setup. The
different tested setups are shown in Table 3.3 in which setup (a) is our recommended
setup (see Remark 3.20). The setup (b) uses a smaller nmin = 20, whereas (c) uses a
larger nmin = 50. The setup (d) computes the ranks in the truncation via (3.6), i. e., the
relative errors in the Frobenius norm (and results with absolute errors are not shown
since they hinder the determination of the tolerance ε and are otherwise comparable).
Accumulated updates [14] (lrdecomp2_hmatrix in the H2Lib [52]) are a different ap-
proach to compute the H-LU decomposition and are utilized in the setup (e). The setup
(f) is without coarsening. The conversion of zero full matrix blocks to rank-0 matrices is
avoided in (g). The combination of (f) and (g) is (h). The setups (i) and (j) are similar
to (h) except that the weak admissibility condition is replaced by the η-admissibility
condition (with η = 15 in (i) and η = 3 in (j)).

name differences to setup (a) with nmin = 35: (see Remark 3.20)
(b) nmin = 20
(c) nmin = 50
(d) with Frobenius norm
(e) with accumulated updates
(f) no coarsening
(g) no conversion of zero full blocks
(h) no coarsening, no conversion of zero full blocks
(i) 15-admissibility condition, no coarsening, no conversion of zero full blocks
(j) 3-admissibility condition, no coarsening, no conversion of zero full blocks

Table 3.3: Differences between the recommended H-LU setup (a) for polynomial degree
ℓ = 2 and the other tested setups.

Figure 3.11 shows the influence of nmin, the norm and the accumulated updates (i. e., the
first four modifications in Table 3.3) on the scaled computation times for fixed tolerances
ε ∈ {1, 0.1} and PHS(k = 2, ℓ = 2) (2.24). Each color/marker represents a different
preconditioner setup and each row corresponds to a different tolerance ε. The results
for setup (a) are also included in the second row of Figure 3.8. The left column shows
the computation times of the H-matrix. This illustrates that the setups (a), (d) and (e)
lead to (almost) identical computation times of the H-matrix (since the corresponding
computations are identical in the top plot, whereas only (a) and (e) lead to identical
computations in the bottom plot because the rank distribution can be influenced by the
norm for ε < 1). Hence, this confirms the statement in Section 3.2 that the differences
between different runs of the same computation are typically relatively small compared
to the differences between the compared setups. Furthermore, this shows that the choice
of the norm for coarsening is negligible. Additionally, it can be observed that nmin = 35
leads to the highest computation times for the tolerance ε = 1, i. e., the smaller nmin = 20
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Figure 3.11: Scaled computation times (in seconds) to setup the H-matrix (left) and
the H-LU decomposition (middle) and to solve the linear system (right) for
PHS(k = 2, ℓ = 2) (2.24), PNP nodes, preconditioner setups (a)-(e) (see
Table 3.3) with tolerances ε ∈ {1, 0.1}.

as well as the larger nmin = 50 lead to slightly lower computation times. However, the
plot for the tolerance ε = 0.1 indicates that the larger nmin, the larger is the setup time
of the H-matrix since a larger nmin leads to larger full matrix blocks (i. e., to more zero
entries in the full matrix blocks and to larger matrix blocks during coarsening).

The middle column shows the computation times of the H-LU decomposition. These
plots (as well as further tests not included here) indicate that accumulated updates (i. e.,
setup (e)) typically lead to similar or even higher computation times than the standard
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H-LU decomposition. The plot for the tolerance ε = 1 shows that the setups (a) and
(d) lead to (almost) identical results since the computations are identical because all
ranks are zero (3.15). Furthermore, it can be observed that the larger nmin, the larger
is the computation time of the H-LU decomposition since a larger nmin leads to larger
full matrix blocks. However, the bottom plot for the tolerance ε = 0.1 demonstrates
that the setup (b) with the smallest nmin often leads to the highest computation times,
whereas the Frobenius norm in setup (d) often leads to the lowest computation times.

The right column shows the solution times of the linear system. This indicates, on one
hand, that the setups (b) and (c) often lead to the highest solution times (i. e., a too
small as well as a too large nmin can increase the solution time). On the other hand,
there is no clear winner (i. e., several setups lead frequently to the lowest solution time).
These results confirm that the influence of nmin, the norm and accumulated updates on
the total computation time is typically relatively small. Furthermore, a reduction in
one of these computations (e. g., in the setup time of the H-matrix) often leads to an
increase in another computation (e. g., in the H-LU decomposition or in the solution of
the linear system).

Figure 3.12 shows the numbers of iterations and the scaled memory cost of the H-
matrix and its H-LU factors for the different preconditioner setups (a)-(e). The left
column shows the numbers of iterations and reveals that the setup (b) usually leads
(for both tolerances ε) to higher numbers of iterations than the setup (a), whereas
the setup (a) often leads to higher numbers of iterations than the setup (c). This
indicates that a decrease in nmin usually leads to an increase in the numbers of iterations,
whereas an increase in nmin often leads to a decrease in the numbers of iterations. The
setups (a) and (d) lead to identical numbers of iterations for the tolerance ε = 1 (since
the different norms lead to identical H-LU decompositions), whereas the accumulated
updates in setup (e) often lead to slightly different numbers of iterations than the setup
(a). However, for the tolerance ε = 0.1, the setup (e) leads for smaller N to the largest
numbers of iterations and for larger N to the smallest numbers of iterations, whereas
the Frobenius norm in setup (d) usually leads to similar (and frequently to slightly
smaller) numbers of iterations than the setup (a). The last two columns demonstrate
that a decrease in nmin leads to a decrease in the memory cost, whereas an increase in
nmin leads to an increase in the memory cost. Furthermore, it can be observed for the
tolerance ε = 0.1 that the setup (d) leads to slightly smaller memory cost than the setup
(a), whereas the setups (a) and (e) lead to (almost) identical memory cost of the H-LU
decomposition. However, these results in Figure 3.12 again illustrate (as in Figure 3.11)
that the influence of these modifications is negligible compared to the influence of the
tolerance ε (see Figure 3.9).

Figure 3.13 is similar to Figure 3.11 except that the focus is now on the comparison of
setup (a) with the setups (f) to (j) (i. e., the last five modifications in Table 3.3). This
shows the influence of the admissibility condition (weak or η), of coarsening and of the
conversion of all zero full matrix blocks in the H-matrix to rank-0 matrices on the scaled
computation times for fixed tolerances ε ∈ {1, 0.1}.
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Figure 3.12: Numbers of iterations (left) and scaled memory cost (in KB) for the H-
matrix (middle) and the H-LU decomposition (right) for PHS(k = 2, ℓ =
2) (2.24), PNP nodes, preconditioner setups (a)-(e) (see Table 3.3) with
tolerances ε ∈ {1, 0.1}.

The results for setup (a) are in several plots (almost) identical to the results for setup
(g) (and therefore hardly visible in these plots). The reason for these (almost) identical
results is that the conversion of zero full matrix blocks to rank-0 matrices is not nec-
essary if the tolerance ε = 1 is utilized (since the obtained H-matrix is not changed).
Hence, the comparison between the setups (a) and (g) shows for the tolerance ε = 1 the
computational cost of the conversion of zero full matrix blocks to rank-0 matrices (left
plot), whereas the middle and right plot illustrate the difference between different runs
of an identical computation.
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Figure 3.13: Scaled computation times (in seconds) to setup the H-matrix (left) and
the H-LU decomposition (middle) and to solve the linear system (right) for
PHS(k = 2, ℓ = 2) (2.24), PNP nodes, preconditioner setups (a), (f)-(j)
(see Table 3.3) with tolerances ε ∈ {1, 0.1}.

The influence of these modifications on the setup time of the H-matrix is shown in the
left column. The top plot (for tolerance ε = 1) reveals that the setups (j) and (i) lead
to the highest and second highest setup times, resp. This demonstrates that using an
η-admissibility condition increases the setup time and the smaller η, the higher is the
setup time. However, all other setups (a), (f), (g) and (h) lead to (almost) identical setup
times. Furthermore, the bottom plot (for tolerance ε = 0.1) illustrates that coarsening
(which is used in the setups (a) and (g)) significantly increases the setup time of the
H-matrix (if a tolerance ε < 1 is utilized). This demonstrates that the setup of Rb for
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each block b satisfying (3.14) and the computation of its truncation T R(Rb) are time
consuming. Coarsening leads even to a higher setup time than using an η-admissibility
condition. However, a prior conversion of zero full matrix blocks to rank-0 matrices,
i. e., using setup (a) instead of (g) can speedup the coarsening and with that reduce
the setup time of the H-matrix. This reduction in the setup time is significantly higher
than the almost invisible difference between the setups (f) and (h). This illustrates
that the conversion of zero full matrix blocks to rank-0 matrices significantly accelerates
coarsening, whereas its additional computational cost is negligible.

The middle column indicates that the computation time of the H-LU decomposition can
vary significantly between the tested setups. This computation time is usually (i. e., in
all cases with the exception of the combination of the tolerance ε = 0.1 with a small N)
significantly reduced if coarsening is performed (i. e., setup (a) or (g)). This reduction
in the computation time of the H-LU decomposition decreases for decreasing tolerance
ε. The comparison between (f) and (h) demonstrates that the conversion of zero full
matrix blocks to rank-0 matrices can speedup the H-LU decomposition (if no coarsening
was done and a sufficiently large N in combination with a not too small tolerance ε are
utilized). Moreover, this indicates that zero full matrix blocks can occur when using the
weak admissibility condition. Furthermore, it can be observed that (for a sufficiently
large N value) the setup (i) (i. e., the η-admissibility condition with a larger η value)
frequently leads to higher computation times than the setup (h), whereas setup (j) (i. e.,
the η-admissibility condition with a smaller η value) significantly increases the setup
time of the H-LU decomposition.

The results in the right column show the influence of these modifications on the solution
time and indicate that the variants without coarsening often lead to the highest solution
time. Furthermore, the setup (f) (i. e., with conversion of zero full matrix blocks to
rank-0 matrices but without coarsening) leads for sufficiently large N usually to the
smallest solution time. This illustrates that the “false” nonzero entries (see Figure 3.6)
can lead to an increase in the solution time. All in all, it can be observed that the
η-admissibility condition in particular, and also other setups without coarsening, lead to
significantly increased setup times of the preconditioner without a significant reduction
in the solution time. This additionally demonstrates that the cost of coarsening and of
the conversion of zero full matrix blocks to rank-0 matrices is well invested as long as
the tolerance ε is not too small.

Figure 3.14 is similar to Figure 3.12 and shows the numbers of iterations and the scaled
memory cost of the H-matrix and its H-LU factors for the setups used in Figure 3.13.
For the tolerance ε = 1 (top row), the results for setup (a) are identical to the results
for setup (g) (and therefore hardly visible). This confirms that the conversion of zero
full matrix blocks to rank-0 matrices is not necessary if the tolerance ε = 1 is utilized
since all zero full matrix blocks satisfy (3.14). Furthermore, it can be observed that
coarsening (in particular, with the tolerance ε = 1) leads to a significant increase in the
numbers of iterations as well as a significant decrease in the memory cost. Moreover, it
can be seen that there is a clear separation between the different setups for the tolerance
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Figure 3.14: Numbers of iterations (left) and scaled memory cost (in KB) for the H-
matrix (middle) and the H-LU decomposition (right) for PHS(k = 2, ℓ = 2)
(2.24), PNP nodes, preconditioner setups (a), (f)-(j) (see Table 3.3) with
tolerances ε ∈ {1, 0.1}.

ε = 1 (with the exception that (a) and (g) lead to identical results) and the higher the
numbers of iterations, the lower are the corresponding memory cost. Furthermore, each
of the following decisions leads to a reduction in the memory cost (i. e., to an increase
in the numbers of iterations)

• increasing the η value in the η-admissibility condition,

• using a weak instead of an η-admissibility condition,
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• converting zero full matrix blocks to rank-0 matrices,

• using coarsening.

However, the plots for the smaller tolerance ε = 0.1 (bottom row) demonstrate that only
coarsening leads to a significant increase in the numbers of iterations, whereas the other
setups lead to almost identical numbers of iterations. Nevertheless, the plots for the
memory cost of the H-matrix and its H-LU decomposition indicate that the significant
differences (observed for the tolerance ε = 1) between the various setups are still present
if a smaller tolerance ε is utilized. This illustrates that, on one hand, a weak admissibility
condition with conversion of zero full matrix blocks to rank-0 matrices should be used (as
long as the tolerance ε is not significantly smaller than 0.1). Furthermore, this explains
the observations in Figure 3.13 that the setup (f) leads for sufficiently large N usually to
the lowest solution times (since the lower the memory cost of the H-LU decomposition,
the lower is the computational cost per iteration). However, on the other hand, the effect
of the conversion of zero full matrix blocks to rank-0 matrices depends significantly on
the tolerance ε used.

3.4.6 Numerical results for larger degrees of polynomial
augmentation

The results of this subsection are presented through the following figures to illustrate
whether the results from the previous Subsection 3.4.5 generalize to higher polynomial
degrees ℓ ≥ 5.

• Figure 3.15: Influence of the problem size N on the computation time for different
preconditioner setups with truncation tolerances ε ∈ {1, 0.1} for PHS(k = 3, ℓ =
5) (2.24).

• Figure 3.16: Influence of the problem size N on the numbers of iterations and
the memory cost of different preconditioner setups with truncation tolerances ε ∈
{1, 0.1} for PHS(k = 3, ℓ = 5) (2.24).

• Figure 3.17: Relationship between the computation time and the approximation
errors for truncation tolerances ε ∈ {1, 0.1, 0.001} and PHS(k = 5, ℓ = 5) (2.26).

• Figure 3.18: Computation times, memory cost, numbers of iterations and approx-
imation errors for PHS(k = 3, ℓ = 5) and PHS(k = 5, ℓ = 5) and truncation
tolerances ε ∈ {1, 0.1, 0.01}.

• Figure 3.19: Influence of the problem size N on the computation time for trunca-
tion tolerances ε ∈ {1, 0.1}, several nmin and PHS(k = 4, ℓ = 8) (2.24).

• Figure 3.20: Influence of the problem size N on the numbers of iterations and the
memory cost of preconditioners with truncation tolerances ε ∈ {1, 0.1}, several
nmin and PHS(k = 4, ℓ = 8) (2.24).

• Figure 3.21: Relationship between the computation time and the approximation
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errors for truncation tolerances ε ∈ {1, 0.1, 0.001}, several nmin and PHS(k =
4, ℓ = 8) (2.24).
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Figure 3.15: Scaled computation times (in seconds) to setup the H-matrix (left) and
the H-LU decomposition (middle) and to solve the linear system (right) for
PHS(k = 3, ℓ = 5) (2.24), PNP nodes, preconditioner setups (a), (f)-(i)
with nmin = 50 (see Table 3.3) with tolerances ε ∈ {1, 0.1}.

Figure 3.15 is similar to Figure 3.13, except that PHS(k = 3, ℓ = 5) (2.24) with
nmin = 50 is used instead of PHS(k = 2, ℓ = 2) with nmin = 35 and that no results for
the η-admissibility condition with η = 3 are included. However, we included instead the
additional color/marker “RBF-FD” which is the same in all six plots and represents the
setup time of the linear system (without the setup time of the node distribution). This
curve “RBF-FD” is also shown for PHS(k = 3, ℓ = 5) (2.24) with a different scaling factor
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in Figure 3.3. The results for setup (a) are again in several plots (almost) identical to
the results for setup (g) (and therefore hardly visible in these plots). The results shown
in Figures 3.13 and 3.14 demonstrate that the η-admissibility condition significantly
increases the computation and memory cost without a significant improvement in the
accuracy of the preconditioner. Further tests (not included here) indicate that this
increase in the computation and memory cost drastically increases for larger degrees
(since larger stencil sizes lead to larger associated sets (3.13) and bounding boxes as well
as a higher likelihood of empty sons during the cluster tree computation (see Subsection
3.4.4), i. e., to more and larger full matrix blocks). Therefore, we recommend to utilize
the weak admissibility condition (possibly enhanced with coarsening or conversion of
zero full matrix blocks to rank-0 matrices) and include for comparison in our tests only
the η-admissibility condition with η = 15.

This Figure 3.15 demonstrates that the results for ℓ = 2 (i. e., notably the setups with
coarsening lead to the overall lowest computation times) also hold for the RBF-FD
discretization with ℓ = 5, whereas the main difference is the increased computation time
for the H-matrix and its H-LU decomposition. The comparison between these figures
reveals in addition that for the larger degree ℓ = 5, the difference between the setups with
coarsening ((a) and (g)) and without coarsening ((f) and (h)) decreases in terms of the
setup time of the H-matrix for the case with tolerance ε = 0.1, although it increases in
terms of the setup time of the H-LU decomposition. Reasons for this observation could
be that we utilize the symmetrized sparse matrix B + BT for the sparsity structure as
well as we stop the partition of the cluster tree if the case with an empty son occurs
in the function build_adaptive_dd_cluster (see Subsection 3.4.4) and the likelihood of
this case is significantly higher for our setup with degree ℓ = 5 (since the stencil size
is relatively large compared to the nmin value used). For example, this case does not
occur for ℓ = 2 and nmin = 35, whereas nmin > 200 would be necessary to avoid this
case for the setup with degree ℓ = 5. A drawback of this approach is therefore that
large full matrix blocks can be created even if they consist of only one (falsely assigned,
i. e., a nonzero entry of B +BT which is a zero entry in B) nonzero entry and could be
efficiently represented by low-rank approximations. Additionally, this facilitates more
unbalanced (block) cluster trees since some clusters are not further partitioned.

Figure 3.16 is similar to Figure 3.14 (except that the color/marker (j) is replaced by
the color/marker “RBF-FD” which is only used in the middle and right column and
represents the memory cost of the stiffness matrix) and shows the numbers of iterations
and the scaled memory cost of the H-matrix and its H-LU factors for the setups (a), (f)-
(i) with nmin = 50. For the tolerance ε = 1 (top row), the results for setup (a) are again
identical to the results for setup (g) (and therefore hardly visible). This demonstrates
again that the results for ℓ = 2 generalize to RBF-FD discretizations with larger degrees
ℓ, whereas the reduction in memory cost which is gained by coarsening is increased for
the larger degree ℓ = 5 (since more stops due to empty sons occur in the computation
of the cluster tree than for ℓ = 2, see Subsection 3.4.4). Additionally, it can be observed
that coarsening in combination with a high tolerance ε (e. g., ε = 1) can even lead to
preconditioners with lower memory cost than the stiffness matrix.
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Figure 3.16: Numbers of iterations (left) and scaled memory cost (in KB) for the H-
matrix (middle) and the H-LU decomposition (right) for PHS(k = 3, ℓ = 5)
(2.24), PNP nodes, preconditioner setups (a), (f)-(i) with nmin = 50 (see
Table 3.3) with tolerances ε ∈ {1, 0.1}.

Figure 3.17 illustrates the approximation errors (2.27) (for the same RBF-FD discretiza-
tions and the same preconditioner setups as in Figures 3.15 and 3.16) as a function of
the (unscaled) computation time (in seconds, without the setup time of the nodes and
the linear system, i. e., the time is given by the accumulated times shown in Figure
3.15). The results for the setup (a) are again frequently (almost) identical to the re-
sults for the setup (g) (and therefore hardly visible). Figure 3.17 demonstrates that all
preconditioner setups lead to reliable results. However, the difference (between different
preconditioner setups) in the accumulated computation time to setup the preconditioner
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Figure 3.17: Approximation errors (2.27) as a function of the computation time (in
seconds, without setup time of the nodes and the linear system) for
PHS(k = 3, ℓ = 5) (2.24), PNP nodes and preconditioner setups (a), (f)-(i)
with nmin = 50 (see Table 3.3) with tolerances ε ∈ {1, 0.1, 0.001}.

and to solve the linear system can be larger by more than a factor of 10. The plot in
the left column shows that these differences are especially large for the high tolerance
ε = 1, whereas they decrease with decreasing tolerance ε. Furthermore, it can be seen
that (g) is usually the fastest setup for the tolerance ε = 1 (since the conversion of zero
full matrix blocks to rank-0 matrices is not necessary for ε = 1 due to (3.15)), whereas
(a) leads often to the fastest results for the smaller tolerances ε < 1 (i. e., the conversion
of zero full matrix blocks to rank-0 matrices can reduce the overall computation time).
Hence, this indicates that coarsening can still be beneficial if a relatively small tolerance
ε = 0.001 is utilized. Nevertheless, the conversion of zero full matrix blocks to rank-0
matrices without coarsening (i. e., using setup (h) instead of (g)) often increases the
overall computation time if the smaller tolerance ε = 0.001 is used. However, even the
setups (h) and (i) can lead to the fastest results for the smaller tolerances ε < 1 and
sufficiently small approximation error (2.27), although these setups typically lead to the
highest computation times.

Figure 3.18 shows results for our recommended preconditioner setup with nmin = 50
and tolerances ε ∈ {1, 0.1, 0.01} for PHS(k = 3, ℓ = 5) and PHS(k = 5, ℓ = 5).
Each color/marker represents a different combination of k and ε values. The results for
PHS(k = 3, ℓ = 5) with ε ∈ {1, 0.1} are also shown in Figures 3.15, 3.16 and 3.17 as
setup (a).
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Figure 3.18: Scaled computation times (in seconds, top), scaled memory cost (in KB) and
numbers of iterations (middle), and approximation errors (2.27) (bottom)
for PHS(k = 3, ℓ = 5) (2.24) and PHS(k = 5, ℓ = 5) (2.26) on PNP
nodes and recommended preconditioner setup with nmin = 50 and tolerances
ε ∈ {1, 0.1, 0.01}.
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The first row is similar to Figure 3.15 and contains scaled computation times. The
left plot illustrates that the setup time of the H-matrix is mainly influenced by the
tolerance ε, and the setup time oscillates w. r. t. the degree k for smaller N values. The
middle plot shows the computation times of the H-LU decomposition and reveals that
a higher k value can slightly increase the computation time of the H-LU decomposition.
However, the influence of k is relatively small compared to the influence of the tolerance
ε. Furthermore, the computation times of the setups with ε = 1 are (almost) identical
since the memory cost of the corresponding H-matrices and their H-LU factors does not
depend on k (see Remark 3.13). The right plot contains the solution times of the linear
system and demonstrates that the solution time is mainly influenced by the tolerance ε.
Nevertheless, the (oscillations in the) solution time typically increases with the k value
(in particular for smaller N values).

The second row is similar to Figure 3.16 and contains scaled memory cost and numbers
of iterations. The left and middle plots indicate that the memory cost of the H-matrix
and its H-LU factors depends mainly on the tolerance ε. As mentioned above, k has no
influence on the memory cost of the tolerance ε = 1. However, a larger k value leads
often to a slightly higher memory cost of the tolerances ε < 1. The right plot illustrates
that the number of iterations is mainly influenced by the tolerance ε. Nevertheless,
the (oscillations in the) number of iterations typically increases with the k value (in
particular for smaller N values).

The plot in the bottom row is similar to Figure 3.17 and contains the approximation
errors (2.27). A NaN value is only computed once for the setup with ε = 1 and k = 5.
Hence, the performance of the H-LU preconditioner with tolerance ε = 1 seems to be
more stable for the larger polynomial degree ℓ = 5 than for the smaller polynomial
degree ℓ = 2 (see Figure 3.10). Furthermore, it can be seen that the fastest solution
corresponds again to the tolerance ε = 1, i. e., the setup cost of the preconditioners with
smaller tolerances ε < 1 is not amortized, and the larger k value (2.26) usually reaches
a given approximation error faster than the smaller k value (2.24).

Computation times for our recommended H-LU preconditioner setup with tolerances
ε ∈ {1, 0.1} are shown in Figure 3.19 for PHS(k = 4, ℓ = 8) (2.24). Each color/marker
corresponds to a different nmin ∈ {40, 70, 100, 200, 300} (and there is in addition an
“RBF-FD” color/marker as in Figure 3.15). Figure 3.19 is similar to Figure 3.11 except
that the degree ℓ is larger, only the influence of nmin is shown and results are solely
computed up to N = 533. The left column shows the setup times of the H-matrix and
confirms our observations in Figure 3.11 for the tolerance ε = 0.1, namely the larger
nmin, the larger is the setup time of the H-matrix. However, this observation holds
for the larger degree ℓ = 8 also for the tolerance ε = 1. Furthermore, the middle and
the right columns confirm that our observations in Figure 3.11 about the computation
time of the H-LU decomposition and about the solution time hold as well for the larger
degree ℓ = 8. In particular, the larger nmin, the larger is the computation time of the
H-LU decomposition (if the tolerance ε = 1 is used), whereas the highest computation
time of the H-LU decomposition is usually given by the smallest nmin value (if the
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Figure 3.19: Scaled computation times (in seconds) to setup the H-matrix (left) and
the H-LU decomposition (middle) and to solve the linear system (right) for
PHS(k = 4, ℓ = 8) (2.24), PNP nodes, recommended preconditioner setup
with nmin ∈ {40, 70, 100, 200, 300} and tolerances ε ∈ {1, 0.1}.

tolerance ε = 0.1 is utilized). Furthermore, the oscillations in the solution time increase
with increasing polynomial degree ℓ and no best nmin value can be observed. However,
the smallest nmin value leads often to the highest solution times. Nevertheless, the
solution times significantly increase for all preconditioner setups at N ≈ 483. The
optimal nmin value is larger for larger degrees ℓ, but the concrete nmin value is again
of less consequence (than other setup parameters such as the tolerance ε) as long as
(3.11) holds. Moreover, the results for tolerance ε = 0.1 indicate the typical behavior
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for tolerances ε < 1 that decreasing nmin decreases the setup time of the H-matrix
in exchange for an increase in the computation time of the H-LU decomposition (see
Figure 3.11). The straighforward way to avoid the case with an empty son in the function
build_adaptive_dd_cluster (see Subsection 3.4.4) would be to use a sufficiently large
nmin. However, a sufficiently large nmin requires nmin > 400 for PNP nodes with degree
ℓ = 8 and the results with nmin ∈ {200, 300} demonstrate that a too large nmin can
significantly increase the computation time. Hence, we do not recommend to utilize
the build_adaptive_dd_cluster function with a sufficiently large nmin. An alternative
implementation (for a similar idea) would be to add a parameter for the maximal level-
number to the function build_adaptive_dd_cluster such that this modified function
avoids further partitioning of clusters of higher level.

Figure 3.20 is similar to Figure 3.12 (except that there is an additional “RBF-FD” col-
or/marker as in Figure 3.16) and shows the numbers of iterations and the scaled memory
cost of the H-matrix and its H-LU factors for the results in Figure 3.19. The left col-
umn shows the numbers of iterations and indicates that a larger nmin usually leads to
a smaller number of iterations. Furthermore, a too small nmin can significantly increase
(the oscillations in) the numbers of iterations, whereas the numbers of iterations signif-
icantly increase for all preconditioner setups at N ≈ 483 (which explains the significant
increases in the solution times at N ≈ 483 in Figure 3.19). The memory plots in the
top row illustrate that for the tolerance ε = 1 a larger nmin leads to larger memory cost
of the H-matrix (and its H-LU factors). Moreover, it can be observed again that H-LU
preconditioners with coarsening and a high tolerance can lead to preconditioners with
lower memory cost than the stiffness matrix. Furthermore, the memory plots in the bot-
tom row demonstrate that, on one hand, the largest memory cost usually corresponds
to the largest nmin. On the other hand, it can be seen again (as in Figure 3.12) that
the smallest memory cost is for a tolerance ε < 1 typically not obtained by the smallest
nmin (i. e., nmin = 100 leads often to the smallest memory cost).

Figure 3.21 illustrates the approximation errors (2.27) for the RBF-FD discretizations
used in Figures 3.19 and 3.20 as a function of the (unscaled) computation time (in
seconds, without the setup time of the nodes and the linear system). This demonstrates
that an H-LU preconditioner (with a sufficiently small tolerance ε) can be a reliable
alternative if an ILU(0) preconditioner fails (see Figure 3.3). However, it can be observed
that the approximation errors significantly increase for all preconditioner setups at N ≈
513 (i. e., roughly the point where the numbers of iterations in Figure 3.20 and the
solution times in Figure 3.19 drastically increase). Moreover, a NaN value is computed
once for the setup with ε = 1 and nmin = 40. Similar observations where RBF-FD
discretizations become unstable if a large degree is combined with a large N are also
observed in Figure 3.3. Moreover, it can be seen that the smaller the tolerance ε, the
larger is the optimal nmin. Nevertheless, the lowest computation time often corresponds
to a setup with nmin ≥ 100.

Our tests indicate that the setup time of the H-LU decomposition typically dominates
the overall computation time (especially if the linear system should be solved only for
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Figure 3.20: Numbers of iterations (left) and scaled memory cost (in KB) for the
H-matrix (middle) and the H-LU decomposition (right) for PHS(k =
4, ℓ = 8) (2.24), PNP nodes, recommended preconditioner setup with
nmin ∈ {40, 70, 100, 200, 300} and tolerances ε ∈ {1, 0.1}.

one right hand side). Hence, we do not show additional tests with coarsening of the H-
LU decomposition since this would further increase the setup time of the preconditioner
in exchange for a possible (relatively small) reduction in the solution time. Nevertheless,
coarsening of the H-LU decomposition can be beneficial in applications which need to
solve a linear system for (sufficiently) many right hand sides.

We discussed in Subsection 3.4.2 general results about H-matrices and their usage as
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Figure 3.21: Approximation errors (2.27) as a function of the computation time (in
seconds, without setup time of the nodes and the linear system) for
PHS(k = 4, ℓ = 8) (2.24), PNP nodes and recommended preconditioner
setup with nmin ∈ {40, 70, 100, 200, 300} and tolerances ε ∈ {1, 0.1, 0.001}.

preconditioners (e. g., as an H-LU preconditioner). Furthermore, we used these general
results as well as numerical tests (which are partly included in the previous Subsection
3.4.5 and in this Subsection 3.4.6, whereas the implementation details are given in Sub-
section 3.4.4) to formulate in Remark 3.20 our recommended H-LU preconditioner setup
for an RBF-FD approach. We want to emphasize that our numerical tests revealed the
following differences between general sparse matrices (see Subsection 3.4.2) and RBF-
FD stiffness matrices. On one hand, coarsening of the H-matrix can significantly reduce
the computation time of its H-LU decomposition (and zero full matrix blocks are ideal
coarsening candidates). On the other hand, the conversion of zero full matrix blocks to
rank-0 matrices in an H-matrix representation can also significantly reduce the compu-
tation time as well as the memory cost of its H-LU decomposition (in particular, if no
coarsening is used). The main reasons for these differences between RBF-FD and general
sparse matrices are that RBF-FD stiffness matrices have a nonsymmetric sparsity struc-
ture and often a relatively large stencil size (especially if a large degree of polynomial
augmentation is used (2.29)). Furthermore, we summarize our observations about the
numerical tests in the previous Subsection 3.4.5 and in this subsection in the following
remark.
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Remark 3.21. We observed that the following decisions or parameters significantly in-
fluence the overall computation time as well as the memory cost of the H-LU precondi-
tioner.

• The admissibility condition (see Definitions 3.9 and 3.10);

• the tolerance ε;

• the usage of coarsening;

• the conversion of zero full matrix blocks to rank-0 matrices.

Furthermore, we noticed that the following decisions or parameters usually lead to a
(relatively) small impact on the overall computation time and the memory cost of the H-
LU preconditioner (i. e., these decisions and parameters should be used to consequently
fine-tune the H-LU preconditioner).

• The nmin value (see Definition 3.9, however, a significantly smaller or larger nmin

value than (3.11) should be avoided);

• the usage of accumulated updates [14];

• the norm used for truncation accuracy (see Definition 3.14).

In particular, the comparison between the setups (f) and (h) in Table 3.3 (i. e., the
influence of the conversion of zero full matrix blocks to rank-0 matrices if no coarsening
is done) illustrated that “false” nonzero entries (see Figure 3.6) can significantly increase
the computation and the memory cost of an H-LU preconditioner. Our numerical tests
indicate that a weak admissibility condition (instead of an η-admissibility condition) as
well as at least one of the approaches coarsening or conversion of zero full matrix blocks
to rank-0 matrices should be used if a relative large tolerance ε (such as ε ∈ [0.1, 1]) is
used. Nevertheless, the conversion of zero full matrix blocks to rank-0 matrices is not
necessary if coarsening with tolerance ε = 1 (3.15) is done. Furthermore, the conversion
of zero full matrix blocks to rank-0 matrices should be avoided if no coarsening is done and
a tolerance ε ≤ 0.001 is utilized. Moreover, we observed that accumulated updates [14]
frequently lead to higher computation times of the H-LU decomposition than the standard
approach, whereas the Frobenius norm can lead to slightly better results (i. e., lower
memory cost, lower number of iterations and lower computation time) than the Euclidean
norm. Furthermore, the tolerance ε significantly influences both the computation time
of an H-LU preconditioner and the (appropriate) choice of the underlying parameters in
the H-LU preconditioner setup.

3.5 Smaller stencil preconditioners

We focus in this section on RBF-FD discretizations with larger degrees ℓ ∈ {5, 8} and
study preconditioners that are constructed for an auxiliary RBF-FD stiffness matrix
with a smaller degree ℓ < 5. The motivation for this approach is to speedup the setup of
the preconditioner since a smaller degree corresponds to a smaller stencil size (see Table
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3.1 and (2.29)). We provide the following figures to illustrate the results of this section.

• Figure 3.22: Performance of the ILU(0) preconditioner with degree ℓ = 2 for
discretizations with degrees ℓ ∈ {2, 5, 8} and PHS degrees given by (2.24).

• Figure 3.23: Performance of the BiCGstab solver without preconditioner and with
ILU(0) preconditioner with degrees ℓ ∈ {2, 3, 4, 5} for discretizations with degree
ℓ = 5 and PHS degrees given by (2.24) and (2.26).

• Figure 3.24: Performance of the H-LU preconditioner with degrees ℓ ∈ {2, 5} and
different tolerances ε for discretizations with degree ℓ = 5 and PHS degrees given
by (2.24) and (2.26).

• Figure 3.25: Performance of the H-LU preconditioner with degrees ℓ ∈ {2, 8} and
different tolerances ε for discretizations with degree ℓ = 8 and PHS degrees given
by (2.24).

• Figure 3.26: Relationship between the computation time and the approximation
errors for the BiCGstab solver without preconditioner as well as the setups from
Figures 3.24 and 3.25.
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Figure 3.22: Scaled computation times (in seconds) to solve the linear system (left) and
numbers of iterations (middle) w. r. t. the number of nodes as well as ap-
proximation errors (2.27) (right) w. r. t. the computation time (without
setup time of the nodes) for PNP nodes, polynomial degrees ℓ ∈ {2, 5, 8},
preconditioner with ℓ = 2 and PHS degrees given by (2.24).

Figure 3.22 illustrates the performance of the ILU(0) preconditioner with degree ℓ = 2
for discretizations with degrees ℓ ∈ {2, 5, 8} and all PHS degrees are given by (2.24).
Each color/marker represents a different degree of the discretization. The left plot shows
the scaled solution times (in seconds) of the linear system. This plot indicates that the
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complexity of the solution of the linear system is similar for the different degrees, where
a larger polynomial degree corresponds to a larger constant in the complexity. However,
the solution time significantly increases for degree ℓ = 8 for N ≥ 443. The middle
plot shows the numbers of iterations and demonstrates that the gap between the degrees
decreases for increasing N , and the numbers of iterations significantly increase for degree
ℓ = 8 for N ≥ 443. We also made in Figures 3.3 and 3.21 the observation that RBF-
FD discretizations become unstable if a large degree is combined with a large N . The
right plot illustrates the approximation errors (2.27) as a function of the (unscaled)
computation time (in seconds, without the setup time of the nodes which is independent
of the degree ℓ). This confirms that a higher degree ℓ is advantageous (in terms of
the computation time) for high accuracy discretizations, whereas a small ℓ should be
preferred for lower accuracies [61]. The results in Figure 3.22 demonstrate that a smaller
stencil preconditioner can lead to reliable results (partly even more reliable than an
ILU(0) preconditioner for the original linear system, see the orange marker in the last
two rows of Figure 3.3).

Figure 3.23 is similar to Figure 3.22 except that we use a fixed degree ℓ = 5 for the
discretization, vary the polynomial degrees ℓ ∈ {2, 3, 4, 5} of the (auxiliary) discretiza-
tions for which the ILU(0) preconditioner is computed and show in the bottom row in
addition results with PHS degrees given by (2.26). Furthermore, we add for comparison
results for the plain BiCGstab solver without preconditioner. The red marker in the top
row of Figure 3.23 shows the same results as the blue marker in Figure 3.22.

We start with a discussion of the results in the top row. The left plot illustrates that the
lowest solution times of the linear system correspond to the polynomial degrees ℓ ∈ {3, 4}
whereas the plain BiCGstab solver typically needs the largest solution times (except once
when the solution for degree ℓ = 5 does not converge, i. e., see the marker at the left
side of the plot). The middle plot shows the numbers of iterations and demonstrates
that a larger polynomial degree usually corresponds to a smaller number of iterations as
long as the solver converges. However, the differences between the polynomial degrees
ℓ ∈ {3, 4, 5} are small, whereas the degree ℓ = 2 leads to significantly larger numbers of
iterations. The plain BiCGstab solver typically needs the highest numbers of iterations
(except once when the solver for degree ℓ = 5 does not converge). The right plot
illustrates the (unscaled) computation times (in seconds) to setup the preconditioner
(and the auxiliary stiffness matrix, if appropriate) and to solve the linear system (i. e.,
the difference in the computation times between the red marker in this plot and the
blue marker in the left plot in Figure 3.22 is the setup time of the linear system). This
plot demonstrates that the fastest solution is computed by the setup with degree ℓ = 2
whereas the slowest solution corresponds to degree ℓ = 4. This indicates that a smaller
stencil preconditioner can speedup (i. e., lead to a faster ILU(0) factorization and faster
iteration steps) as well as slow down (i. e., lead to additional setup cost of the auxiliary
stiffness matrix and to an usually higher number of iterations) the computation and the
choice of the polynomial degree is crucial.

The results in the bottom row (i. e., larger PHS degrees (2.26) instead of (2.24)) demon-
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Figure 3.23: Scaled computation times (in seconds) to solve the linear system (left) and
numbers of iterations (middle) as functions of the number of nodes as well
as approximation errors (2.27) (right) as function of the computation time
(without setup time the for the nodes and the linear system) for PNP nodes,
polynomial degree ℓ = 5 and preconditioners with ℓ ∈ {2, 3, 4, 5} as well as
for the plain BiCGstab solver. PHS degrees via (2.24) (top row) and via
(2.26) (bottom row).

strate that the solution times and the numbers of iterations significantly increase for
smaller N if larger PHS degrees via (2.26) are used for ILU(0) preconditioners. Further-
more, it can be observed that the BiCGstab solver with an ILU(0) preconditioner often
does not converge (and a NaN value is computed once for the preconditioner with de-
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3 Iterative solvers for RBF-FD

gree ℓ = 5), whereas the plain BiCGstab solver always converges. Moreover, the solution
times and the numbers of iterations increase only slightly if a plain BiCGstab solver is
utilized. On one hand, the results for ILU(0) preconditioners are not reliable any more
for smaller N . Furthermore, smaller stencil preconditioners are not advisable any more
since the fastest results usually correspond to the preconditioner for degree ℓ = 5 or to
a plain BiCGstab solver. On the other hand, lower errors (2.27) are possible for larger
N and discretizations with larger PHS degrees (2.26) can reach errors below 10−6 faster
than discretizations with smaller PHS degrees (2.24).

Figure 3.24 illustrates the performance of the H-LU preconditioner with degrees ℓ ∈
{2, 5} for discretizations with polynomial degree ℓ = 5. The PHS degree is determined
via (2.24) (top row) and via (2.26) (bottom row). Each color/marker represents a dif-
ferent combination of degree ℓ, tolerance ε and nmin. The first five markers correspond
to degree ℓ = 2, tolerances ε ∈ {1, 0.7, 0.1, 0.01, 0.001} and nmin = 35, whereas the last
two markers represent degree ℓ = 5, tolerances ε ∈ {1, 0.1} and nmin = 50 (which are
also included as setup (a) in Figures 3.15 and 3.16).

We discuss first the results shown in the first row. The left plot illustrates that for a
fixed tolerance ε the setup time of the preconditioner of the auxiliary stiffness matrix
(with included setup time of the auxiliary stiffness matrix) is for sufficiently large N
significantly lower than the setup time of the preconditioner of the original stiffness
matrix (without setup time of the original stiffness matrix). The setup time of the
preconditioner of the original linear system with degree ℓ = 5 and tolerance ε = 1 lies
for sufficiently large N between the setup time of the preconditioners with tolerances
ε ∈ {0.7, 0.1} for the auxiliary stiffness matrix with degree ℓ = 2. The setup time of
the preconditioner of the original linear system with degree ℓ = 5 and tolerance ε = 0.1
lies above the setup time of the preconditioner with tolerance ε = 0.01 (and also above
ε = 0.001 except for large N) for the auxiliary stiffness matrix with degree ℓ = 2.

The middle plot shows that the solution time for the preconditioner with ℓ = 5 and ε = 1
lies usually between (and once slightly below) the solution times of the preconditioners
with ℓ = 2 and ε ∈ {1, 0.7}. The lowest complexities of the solution time (i. e., approx-
imately O(N log2(N))) are obtained for the preconditioners with ℓ = 2 and ε ≤ 0.01,
whereas all other preconditioner setups lead to complexities above O(N log2(N)). How-
ever, the smallest solution time is obtained for smaller N by the preconditioner with
ℓ = 5 and ε = 0.1 whereas the preconditioner with ℓ = 2 and ε = 0.01 is superior for
larger N . Nevertheless, decreasing the tolerance further to ε = 0.001 leads to an increase
in the solution time.

The right plot illustrates the numbers of iterations and confirms the observations for the
middle plot. The numbers of iterations for the preconditioner with ℓ = 5 and ε = 1 lie
between the numbers of iterations of the preconditioners with ℓ = 2 and ε ∈ {1, 0.7}.
The preconditioners with ℓ = 2 and ε ≤ 0.01 lead to (almost) N independent numbers
of iterations (they are even slightly decreasing with increasing N), whereas all other
preconditioner setups lead to numbers of iterations which increase with the problem
size N . Therefore, the smallest numbers of iterations are obtained for larger N by
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Figure 3.24: Scaled computation times (in seconds) to setup the H-LU preconditioner
(left) and to solve the linear system (middle) and numbers of itera-
tions (right) as functions of the number of nodes for PNP nodes, poly-
nomial degree ℓ = 5 and preconditioners with ℓ = 2, tolerances ε ∈
{1, 0.7, 0.1, 0.01, 0.001} and nmin = 35 as well as with ℓ = 5, tolerances
ε ∈ {1, 0.1} and nmin = 50. PHS degrees via (2.24) (top row) and via (2.26)
(bottom row).

the preconditioners with ℓ = 2 and ε ≤ 0.01, whereas the preconditioner with ℓ = 5
and ε = 0.1 leads to fewer iterations for smaller N . The numbers of iterations for
the preconditioners with ℓ = 2 and ε ∈ {0.01, 0.001} are almost identical. The reason
for this stagnation in the numbers of iterations is that the auxiliary stiffness matrix is
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3 Iterative solvers for RBF-FD

solely an approximation to the original stiffness matrix (i. e., a further reduction in the
number of iterations necessitates a higher degree ℓ for the auxiliary stiffness matrix).
This demonstrates that the tolerance ε does not need to be too small if a smaller stencil
preconditioner is utilized.

The results in the bottom row illustrate again that a higher PHS degree can signifi-
cantly increase the solution time and the number of iterations (i. e., lead to numerical
instabilities) whereas its influence on the setup time of the preconditioner is negligible.
Furthermore, the solvers with smaller stencil preconditioners with tolerances ε ≥ 0.7 can
fail to converge. The outliers in the setup time of the preconditioners (especially visible
for the case with ℓ = 2 and ε = 1) originate from the method of computing the setup
time of the auxiliary stiffness matrix and the structure _clustergeometry (see Subsection
3.4.4) for its H-matrix representation. Our implementation combines the setups of the
linear system, the auxiliary stiffness matrix and the structure _clustergeometry to per-
form only once the setup of the kd-tree and the neighbor search (instead of two or three
times). On one hand, this avoids unnecessary repetitions of already performed compu-
tations. On the other hand, this interweaves partly the setups of the stiffness matrix,
the auxiliary stiffness matrix and the structure _clustergeometry. Hence, this makes
the time measurement more difficult (i. e., to evaluate how much computation time is
actually spend either for the stiffness matrix or the auxiliary stiffness matrix and the
structure _clustergeometry). Therefore, we measure the combined computation time
of the auxiliary stiffness matrix and the structure _clustergeometry via the difference
between the computation times of two individual computations, namely the combined
setup (i. e., original linear system, auxiliary stiffness matrix and structure _clusterge-
ometry) and the setup of solely the original linear system (i. e., without the auxiliary
stiffness matrix and structure _clustergeometry). Theoretically, we would expect that
the computation time of the combined setup time is larger than the computation time of
the setup of solely the original linear system (since the former computation is the latter
computation enhanced by some additional computations). However, our tests reveal that
the difference between these computation times is negligible and it can occur in practice
that the computation time of the combined setup time is smaller than the computation
time of the setup of solely the original linear system (i. e., the difference between different
runs of the setup of the original linear system is larger than the additional time for the
setup of the auxiliary stiffness matrix and the structure _clustergeometry). Therefore,
we utilize (3.16) to determine in our plots the setup time of the auxiliary stiffness matrix
and the structure _clustergeometry

max{time(combined setup) − time(solely original linear system), 0}. (3.16)

On one side, the zero values resulting from (3.16) can lead to visible outliers (especially
for the case with ℓ = 2 and ε = 1) since the setup time of the H-LU preconditioner is in
this case relatively small (see fifth row in Figure 3.8). On the other side, this highlights
that the additional computation time to setup the auxiliary stiffness matrix and the
structure _clustergeometry is negligible if the polynomial degree of augmentation of the
original linear system is significantly larger than the polynomial degree of augmentation
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3.5 Smaller stencil preconditioners

of the auxiliary linear system. Nevertheless, the outliers lie in a vertical line (i. e., they
are independent of the tolerance ε since they originate from (3.16)).

All in all, it can be observed that a too high accuracy of the preconditioner of the
auxiliary system is not needed (e. g., a decrease in the tolerance from ε = 0.01 to
ε = 0.001 mainly increases the setup time of the preconditioner and the solution time
whereas the number of iterations is almost unchanged). The optimal tolerance for a
smaller stencil preconditioner seems to be in (or close to) [0.01, 0.1].
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Figure 3.25: Scaled computation times (in seconds) to setup the H-LU precondi-
tioner (left) and to solve the linear system (middle) and numbers of it-
erations (right) as functions of the number of nodes for PNP nodes,
polynomial degree ℓ = 8 and preconditioners with ℓ = 2, tolerances
ε ∈ {1, 0.7, 0.1, 0.01, 0.001} and nmin = 35 and with ℓ = 8, tolerances
ε ∈ {1, 0.1} and nmin = 70. PHS degrees via (2.24).

Figure 3.25 is similar to Figure 3.24 with discretizations with degree ℓ = 8 instead of
ℓ = 5, PHS degrees only via (2.24) (and changed axes). The oscillations and outliers in
the setup time of the preconditioners (especially visible for the case with ℓ = 2 and ε = 1)
originate again from the method of computing the setup time of the auxiliary stiffness
matrix (see the discussion to Figure 3.24, in particular (3.16)). The observations for
Figure 3.25 are qualitatively similar to the observations for Figure 3.24 and the optimal
tolerance seems to be again approximately ε = 0.1. The main difference is that the
solution times and the numbers of iterations significantly increase for large problem sizes
(with N ≈ 483 and larger). These observations are rather problems of the discretization
than of the preconditioner (see Figure 3.21).

Figure 3.26 combines the cases tested in Figures 3.24 and 3.25 (without the tolerances
ε ∈ {0.7, 0.001} for better distinguishability), contains in addition results for the plain
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Figure 3.26: Approximation errors (2.27) as a function of the computation time (in sec-
onds, without setup time of the nodes and the linear system) for polynomial
degrees ℓ ∈ {5, 8}, PNP nodes and for the plain BiCGstab solver as well as
with the recommended preconditioner setup with nmin ∈ {35, 50, 70} and
tolerances ε ∈ {1, 0.1, 0.01}. PHS degrees via (2.24) and (2.26).

BiCGstab solver without preconditioner and shows the corresponding approximation
errors (2.27). This figure is similar to Figures 3.17 and 3.21 (i. e., the time is given by
the accumulated times shown in the first two columns of Figures 3.24 and 3.25) and
confirms that smaller stencil preconditioners can lead to fast and reliable results. The
fastest results are often obtained by the preconditioner for degree ℓ = 2 with tolerance
ε = 0.1 whereas the slowest results usually correspond to the preconditioner of the
original stiffness matrix with tolerance ε = 0.1. Additionally, this figure illustrates
once again that all tested solvers and preconditioners (i. e., ILU(0) with LPBiCGstab,
LPGMRES and RPGMRES in Figure 3.3, H-LU in Figure 3.21 and smaller stencil
preconditioners in Figures 3.22 and 3.26) lead to numerical instabilities for polynomial
degree ℓ = 8 on discretizations with approximately N ≥ 503. This indicates that rather
the RBF-FD discretization (for this parameter choices) than the solver setup becomes
numerically instable (since we observed that H-LU preconditioners with a sufficiently
small tolerance ε can cope well with more “challenging” RBF-FD discretizations such as
for Halton nodes or larger PHS degrees (2.26)). However, the accuracy barrier in double
precision w. r. t. floating point arithmetic (2.17) is not reached and shifting the stencils
(see Remark 2.7) does not solve this problem (since similar observations are reported
in [60] which uses shifted stencils in the Medusa library [112]). Hence, the condition
numbers of the underlying (stiffness) matrices B could be studied further, i. e., whether
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they fulfill K(B) ≥ 109 (2.16).

Furthermore, we performed tests (not included here) in which we solved the auxiliary
linear system first and used this solution as the start vector for the original linear system.
These tests indicated that this changed start vector can decrease as well as increase the
numbers of iterations. However, these changes in the numbers of iterations were often
negligible whereas the additional solution time for the auxiliary linear system (and the
setup time of the right hand side of the auxiliary linear system) increased the overall
computation time. Therefore, we do not study this approach here further.

3.6 Summary, conclusion and outlook

Our numerical tests focused in this chapter on the convection diffusion problem with
the diffusion coefficient ν = 10−3 and a recirculating convection (i. e., on the differen-
tial operator L = −ν∆ + bT∇ with a recirculating convective flow b). Further tests
(not included here) indicated that our qualitative results also hold for larger diffusion
coefficients and the Poisson problem. The main difference between these tests for larger
diffusion coefficients and the Poisson problem not shown and our tests in this section (for
the diffusion coefficient ν = 10−3) are that the performance of ILU(0) preconditioners
and H-LU preconditioners with a large tolerance ε (e. g., with ε = 1) is decreased for
the case with diffusion coefficient ν = 10−3 (i. e., almost singular ILU(0) decompositions,
oscillations in the numbers of iterations and cases with divergence in the iterative solver
occur more often than for the cases with ν > 10−3).

BiCGstab equipped with an ILU(0) preconditioner (or another blackbox solver such as
for example an algebraic multigrid solver or a sparse direct solver) is a straighforward
(and in the literature often used) option to solve the sparse linear system in the RBF-
FD method. Nevertheless it has been observed that the solution of this linear system
can be the bottleneck of the whole computation (especially if the problem size is large).
Hence, fast and reliable solvers (and typically problem dependent preconditioners) are
important. Therefore, we illustrated the advantages and disadvantages of the solvers
BiCGstab and GMRES, of left and right preconditioning and of ILU(0) preconditioners
in Section 3.3. Our observations are that

• BiCGstab typically leads to similar or smaller solution times than GMRES (as
long as BiCGstab converges);

• the difference between left and right preconditioning is negligible if a very small
relative residual tolerance is used for the iterative solver.

Furthermore, we demonstrated that BiCGstab combined with an ILU(0) preconditioner
can be a fast and reliable solver, especially if

• the degree ℓ (or here equivalently the stencil size n) is small;

• the PHS degree is determined via (2.24);
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• the linear system should be solved for only one right hand side;

• the node distribution is more regular (e. g., Cartesian or PNP nodes);

• the problem size N is small.

In particular, a small condition of the underlying linear system (which is more likely
for more regular node distributions and smaller problem sizes N) is beneficial for the
performance of an iterative solver.

The results in Section 3.3 illustrate that the combination of BiCGstab with ILU(0)
preconditioner can be a fast and reliable solver setup, however problems can occur
for large polynomial degrees, large PHS degrees (2.26) and unstructured nodes (which
are the strength of the RBF-FD approach). Therefore, we concentrated in Section
3.4 on an alternative solver setup, namely on H-matrices and their application in the
solution of linear systems (especially the linear system in the RBF-FD approach). We
illustrated that H-LU preconditioners (combined with a nested dissection ordering) can
be a promising alternative to an ILU(0) preconditioner, especially if

• the computation of the ILU(0) preconditioner failed;

• the solver with the ILU(0) preconditioner does not converge;

• the degree ℓ (or here equivalently the stencil size n) is large;

• the PHS degree is determined via (2.26);

• the linear system should be solved for several right hand sides;

• the node distribution is more irregular;

• the condition of the underlying linear system is large;

• the problem size N is large.

However, the setup of an H-LU preconditioner can be expensive and its cost is signif-
icantly influenced by the choice of the tolerance ε and the admissibility condition (see
Definition 3.9). Furthermore, we observed that the weak and the η-admissibility condi-
tions (see Definition 3.10) typically lead to preconditioners with a comparable quality,
whereas the cost can be significantly reduced for the weak admissibility condition (which
eliminates in addition the parameter η). Moreover, we illustrated that our H-LU pre-
conditioner setup (in particular, its implementation, see Subsection 3.4.4) would benefit
from a symmetric sparsity structure of the stiffness matrix (see Figure 3.6). Hence, it
could be beneficial to use a different approach than nearest neighbor search to setup
the stencils, namely to select a fixed radius and use all nodes within this radius w. r. t.
the stencil center [85] (i. e., different stencil sizes nj for different stencils Xj may occur).
In particular, regular node distributions (such as Cartesian nodes) should rely as often
as possible on symmetric stencils (e. g., to use a stencil size n ∈ {19, 27} instead of
n = 22 (2.29) for Cartesian nodes with polynomial augmentation of degree ℓ = 2 if
no unsymmetric stencil is needed due to upwinding). For a practical application of an
H-LU preconditioner (in the context of RBF-FD), we recommend to consider Remarks
3.20 and 3.21 as well as the following approach.
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• Select first the (desired or needed) truncation tolerance ε (3.7) (for simplicity, use
the same tolerance ε for all H-matrix arithmetic)).

• If ε is relative high (e. g., ε ≥ 0.001), the use of coarsening, the weak admissibility
condition and the conversion of zero full matrix blocks to rank-0 blocks can be
promising choices. However, these choices can be suboptimal and not advisable if
the tolerance ε is relative small (e. g., ε < 0.001).

• Use nmin according to (3.11) with the rule of thumb: the higher the tolerance ε,
the smaller should be nmin.

• Use the relative error in the Frobenius (or in the Euclidean) norm and the standard
H-LU decomposition (i. e., avoid accumulated updates).

The results in Section 3.4 indicate that H-LU preconditioners can be a promising al-
ternative to an ILU(0) preconditioner. However, their major drawback is their usually
large setup cost. Therefore, we introduced and tested in Section 3.5 another option to
speedup the setup of the preconditioner, namely the construction of a preconditioner
for an auxiliary stiffness matrix with a smaller stencil size. We demonstrated that these
preconditioners can be superior to preconditioners of the original linear system since
their setup time can be significantly reduced (even if the additional setup cost of the
auxiliary stiffness matrix is included), whereas their quality is often comparable (and
they can be even more reliable than a preconditioner for the original stiffness matrix).
This relatively low setup cost of a smaller stencil preconditioner can be especially ben-
eficial, if the linear system should be solved for only one right hand side since a high
accuracy H-LU preconditioner for an auxiliary stiffness matrix with a smaller stencil
size can still lead to problem size independent number of iterations. The stencil size of
the auxiliary stiffness matrix can be seen as an additional parameter for problem depen-
dent fine-tuning (i. e., a larger stencil size typically increases the setup cost in exchange
for a decreased number of iterations, whereas a too small stencil size could hinder the
convergence of the solver).

Our novel contributions of this chapter consist of

• numerical tests and recommendations on the development of hierarchical matrix
preconditioners for RBF-FD sparse matrices;

• the introduction of preconditioners that are based on an auxiliary RBF-FD stiffness
matrix with a smaller stencil size.

Hence, this work can be seen, on one hand, as a proof of concept that smaller stencil
preconditioners can be a promising option. On the other hand, we stated guidelines for
the construction and application of H-LU preconditioners in the context of the RBF-FD
method. However, the optimal choice of the involved parameters is problem dependent.

One straightforward extension of the work in this chapter (and also of the work in the
previous chapter, see Section 2.5) would lie in the consideration of further RBF-FD
variants, including stabilized versions, variable shape parameters, other than nearest
neighbor stencils, further types of generating functions or their combinations or other
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types of partial differential equations. Furthermore, the limitations of RBF-FD w. r. t.
larger degrees of polynomial augmentation and the resulting occurrence of numerical
instabilities observed in Chapter 3 could be further studied. The work in this chapter
can be seen as a proof of concept to illustrate that H-LU preconditioners (optionally
for an auxiliary stiffness matrix with a smaller stencil size) can be a promising option
for the solution of the linear system in the RBF-FD method. Hence, other extensions
of the work in this chapter would be on one side to focus on theoretical results, e. g.,
about the underlying computation time and memory complexities. On the other side,
more sophisticated ideas (see Subsection 3.4.4) such as

• further coarsening approaches or their combination,

• the inclusion of the information given by the kd-tree or obtained during the stencil
selection to construct the (block) cluster tree or the admissibility condition (e. g.,
with consideration to the nonsymmetric sparsity structure of the stiffness matrix),

• an adaptive or alternating construction of the stiffness matrix and its H-matrix
representation

could be tested. Further extensions could be the fine-tuning of the recommendations for
the multitude of (RBF-FD and preconditioner) parameters or their determination via
machine learning or auto-tuning.
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Chapter 1 started with a motivation for the numerical solution of PDEs via the RBF-FD
approach. The main advantages of the RBF-FD approach are: it is meshfree and its
application is (relatively) straighforward.

We discussed basic but often still competitive versions of the RBF-FD approach in Chap-
ter 2 and illustrated that several methods work well if parameters are chosen according
to our recommendations in Subsection 2.4.7. However, we demonstrated in addition the
typical and well known pitfalls which can arise in RBF-FD discretizations if parameters
are not selected carefully. Our novel contributions of this chapter consisted of

• a comprehensive view and comparison of basic RBF-FD versions from the litera-
ture;

• general recommendations for parameter setups in basic RBF-FD methods such as
a general recommendation to shift stencils to the origin if polynomials of large
degrees are augmented and a new scaling law for the stencil size and the degree of
polynomial augmentation on Cartesian node distributions.

Afterwards, we concentrated in Chapter 3 on the solution of the global linear system
of equations which is the bottleneck of the whole simulation for large problem sizes.
We demonstrated the advantages and disadvantages of ILU(0) preconditioners and illus-
trated in a proof of concept approach via numerical examples that H-LU preconditioners
as well as preconditioners which are constructed for an auxiliary RBF-FD stiffness ma-
trix with a smaller stencil size can be promising options for the solution of the global
linear system of equations. On one hand, H-LU preconditioners are especially attractive
if other preconditioners (e. g., ILU(0)) lead to divergence of the iterative solver, or if the
linear system should be solved for several right hand sides. On the other hand, a smaller
stencil size preconditioner based on an H-LU decomposition is a reasonable compromise
to obtain a reliable preconditioner with a relatively small setup time (i. e., compared to
an H-LU preconditioner of the original discretization with a larger stencil size). Our
novel contributions of this chapter consisted of

• numerical tests and recommendations on the development of hierarchical matrix
preconditioners to RBF-FD sparse matrices;

• the introduction of preconditioners that are based on an auxiliary RBF-FD stiffness
matrix with a smaller stencil size.

There are many further research directions such as more complicated test problems, the
development and (theoretical) study of more advanced RBF-FD versions, the application
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of machine learning or auto-tuning to determine the setup parameters. Many of these
research activities can benefit from existing software libraries such as the Medusa library
[112] for the RBF-FD method and the H-matrix library H2Lib [52] for efficient handling
of matrix arithmetic.

Furthermore, the research on the application of H-matrices in the RBF-FD approach
can be extended. More sophisticated coarsening approaches which conduct coarsening
of the cluster tree in a preprocessing step and coarsening of the block cluster tree in
a postprocessing step can be investigated. The exchange of geometric information be-
tween the setup of the stiffness matrix and its H-matrix representation can be studied.
Is it beneficial and feasible to include more geometric information of the kd-tree which
is computed in the setup of the stiffness matrix in the computation of the (block) clus-
ter tree (e. g., to include geometric information of the kd-tree in the nested dissection
ordering)? Is an adaptive or alternating construction of the stiffness matrix and its
H-matrix representation (see Subsection 3.4.4) reasonable and can the approximation
accuracy of the original RBF-FD approximation be preserved? Another idea is to either
create a symmetric sparsity structure of the stiffness matrix or to take the in general
nonsymmetric sparsity structure of the stiffness matrix into consideration (i. e., to focus
on the development of block cluster trees that are based on distinct cluster trees for the
rows and the columns). This approach could reduce the amount of full matrix blocks
and increase the size of zero blocks in the H-matrix representation such that memory
cost of the H-matrix and its H-LU decomposition is decreased and the computations are
accelerated. Additionally, the treatment of large full matrix blocks (which typically do
not occur in the H-matrix representation of FD and FE stiffness matrices) that cannot
be further divided can be investigated, e. g., is a low-rank approximation in some cases
more efficient than a full matrix representation?

Another direction for further research are preconditioners that are constructed for an
auxiliary stiffness matrix with a smaller stencil size. Are they still reliable for signifi-
cantly larger and more challenging problems? How should this smaller stencil size be
determined to obtain problem size independent numbers of iterations of the iterative
solver?
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