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ABSTRACT
Fluid flow problems can be modelled by the Navier-Stokes or, after linearization, by the Oseen equations. Their discretization
results in discrete saddle point problems. These systems of equations are typically very large and need to be solved iteratively. Stan-
dard (block-) preconditioning techniques for saddle point problems rely on an approximation of the Schur complement. Such an
approximation can be obtained by a hierarchical (-) matrix LU-decomposition which first approximates the Schur complement
explicitly. The computational complexity of this computation depends, among other things, on the hierarchical block structure of
the involved hierarchical matrices. However, widely used techniques do not consider the connection between the discretization
grids for the velocity field and the pressure, respectively. Here we present a hierarchical block structure for the finite element dis-
cretization of the gradient operator which is improved by considering the connection between the two involved grids. We prove a
logarithmic depth estimate for cluster trees generated with the coupled clustering. Numerical results will show that the improved
block structure allows for a faster computation of the Schur complement which is the bottleneck for the set-up of the -matrix
LU-decomposition. The presented coupled clustering is also applicable to other types of mixed (finite element) problems.
MSC2020 Classification: MSC 65F08, MSC 65N22

1 | Introduction

The simulation of (incompressible) fluids or gases is often based
on the Navier-Stokes equations, a non-linear system of partial dif-
ferential equations. Solving this system requires first a lineariza-
tion of the problem and second a discretization of the linearized
problem. The linearization with, for example, the Picard or the
Newton iteration, results in a so-called Oseen problem while
the discretization, for example, with the finite element method
(FEM), results in a linear system with a natural 2 × 2 block struc-
ture (see, e.g., [1]), a so-called saddle point system of the form
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These systems are typically large, sparse, non-symmetric,
and indefinite. Hence, Krylov subspace methods such as the
BiCGStab method or the GMRes method are often used to solve
them. Fast convergence of these methods can often only be
achieved with preconditioning. Here, we pursue the popular
block triangular preconditioning technique [2] which requires
easily invertible approximations to the saddle point matrix block
F and to the Schur complement S ∶= −BF−1BT. We will con-
sider hierarchical matrix (-matrix) LU factorizations for these
approximations (cf. [3, 4]).

-matrices have been introduced in 1999 as data-sparse matrix
format for approximations to (typically dense) integral operator
discretizations. They offer an almost linear memory and compu-
tational complexity (see, e.g., [5, 6]). Since then, they have also
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been considered for other applications such as approximations to
the inverse or LU factorization of FEM matrices (cf. [7–9]).

Some key properties of the complexity estimates highly depend
on the block structure of the involved -matrices. Their block
structure typically depends on tree structures, so-called cluster
and block cluster trees.

A (problem dependent) admissibility condition determines
whether matrix blocks can be represented in a low rank format
(and hence data sparse) [4, 6, 10]. For our model problem, we
require two different cluster trees, one for the index set obtained
from the velocity discretization and one for the index set  from
the pressure discretization. In [11], we proposed a novel coupled
clustering strategy generating the cluster tree  for the index
set  based on a previously generated cluster tree  for the
index set  . This approach improved the block structure of the
off-diagonal saddle point matrix block B (or rather sub-blocks of
B) and resulted in a significant speed-up for the preconditioner
set-up compared to previously used uncoupled clustering strate-
gies as, for example, used in [4]. We extend the results from [11]
by a proof of a logarithmic depth estimate for cluster trees gener-
ated with the coupled clustering and present additional numeri-
cal results. Furthermore, we present an adaptation of the coupled
clustering which aims to tackle some disadvantages of the cou-
pled clustering by introducing an additional decomposition of
so-called interface clusters.

The remainder of this paper is structured as follows. First, in
Section 2, we describe our Oseen model problem yielding a sad-
dle point problem through the finite element discretization. This
is followed in Section 3 by a short discussion of the block precon-
ditioning of saddle point matrices with -LU factorizations. In
Section 4, we will give a brief description of hierarchical matri-
ces and the tree structures used in their construction. Then, in
Section 5, we give a brief description of the uncoupled clustering
[4] and the novel coupled clustering [11] and present the proof
for the logarithmic depth estimate. Additionally, we introduce
the coupled clustering with interface decomposition. Finally, we
present numerical results in Section 6.

2 | Model Problem

We consider a 𝑑-dimensional Oseen problem with Dirichlet
boundary condition: Find functions u ∶ Ω → ℝ𝑑 and 𝑝 ∶ Ω →
ℝ with

− 𝜈Δu + w ⋅ ∇u + ∇𝑝 = f on Ω ∶= (−1, 1)𝑑 ,

∇ ⋅ u = 𝟎 on Ω,

u = g on 𝜕Ω =∶ Γ.

for a right hand side f ∶ ℝ𝑑 → ℝ𝑑 , boundary values g ∶ Γ → ℝ𝑑 ,
a convection w ∶ ℝ𝑑 → ℝ𝑑 and viscosity parameter 𝜈 > 0.

A finite element discretization of this problem with modified
Taylor-Hood elements and piecewise-linear basis functions is
based on two triangulations, that is, sets of simplices covering Ω:
A coarse triangulation  ℎ with 𝑚 + 1 (𝑚 ∈ ℕ) vertices (cf. [12,
remark 4.70]) in the interior of Ω and on the boundary

𝜒1, . . . , 𝜒𝑚+1 ∈ ℝ𝑑

with mesh width ℎ = min{||𝜒𝑖 − 𝜒𝑗 || ∶ 𝑖, 𝑗 ∈ {1, . . . , 𝑚 + 1}, 𝑖 ≠
𝑗} for the pressure discretization, and a refined triangulation
 ℎ∕2 for the velocity field discretization. In case of tetrahedra, the
refined triangulation may be obtained by splitting each tetrahe-
dron into eight tetrahedra whose vertices either coincide with ver-
tices of the original tetrahedron or its edge midpoints. We denote
the 𝑛 ∈ ℕ inner vertices of the refined triangulation  ℎ∕2 by

𝜉1, . . . , 𝜉𝑛 ∈ ℝ𝑑

and its 𝑛𝐷 ∈ ℕ boundary vertices by

𝜉𝑛+1, . . . , 𝜉𝑛+𝑛𝐷
∈ Γ ⊆ ℝ𝑑 .

The refined triangulation has mesh width min{||𝜉𝑖 − 𝜉𝑗 ||, 𝑖, 𝑗 ∈
{1, . . . , 𝑛 + 𝑛𝐷}, 𝑖 ≠ 𝑗} = ℎ∕2. We denote the set of vertices of  ℎ

and  ℎ∕2 by


(
 ℎ
)
∶=
{
𝜒1, . . . , 𝜒𝑚+1

}
and 

(
 ℎ∕2) ∶= {𝜉1, . . . , 𝜉𝑛+𝑛𝐷

}
,

respectively. These triangulations yield the two scalar-valued
finite-dimensional spaces of continuous, piecewise linear poly-
nomials

𝑄ℎ ∶= P1( ℎ
)

and 𝑉 ℎ ∶= P1( ℎ∕2)
with respective bases (Ψ1, . . . ,Ψ𝑚) and
(𝜑1, . . . , 𝜑𝑛, 𝜑𝑛+1, . . . , 𝜑𝑛+𝑛𝐷

) where

span
(
𝜑1, . . . , 𝜑𝑛

)
= 𝑉 ℎ

0 ∶= 𝑉 ℎ ∩ H1
0(Ω; Γ).

For the discretization of the velocity, we use
(
𝑉 ℎ
)𝑑 . The dis-

cretization (and elimination of Dirichlet boundary nodes) leads
to a saddle point problem of the form


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⎞⎟⎟⎟⎟⎟⎠
=
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s

)
,

(1)

with F̌ ∈ ℝ× and B1,B2,B3 ∈ ℝ × where  = {1, . . . , 𝑛} and
 = {1, . . . , 𝑚} denote the velocity and pressure index sets,
respectively (see, e.g., [1]).

Remark 1. There exists a wide range of (stable) discretiza-
tions for the Oseen problem. A popular alternative to the dis-
cretization used by us (piecewise linear elements on two different
grids) is given by Taylor-Hood elements which use two different
polynomial spaces on the same grid, for example, 𝑄ℎ ∶= P𝑘( ℎ)
and 𝑉 ℎ ∶= P𝑘+1( ℎ) for some 𝑘 ∈ ℕ. Our subsequent consider-
ations generalize to this as well as other classes of mixed dis-
cretizations. In short, our work deals with reorderings of index
sets for velocity and pressure unknowns resulting from mixed
finite element discretizations. The main idea will be to determine
reorderings in a coupled way and not independently of each other
based on resulting sparsity patterns in the off-diagonal block B
in (1).
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3 | (-LU) Block Preconditioning of Saddle
Point Problems

A popular approach for preconditioning of saddle point problems
as in (1) is the so-called block triangular preconditioner (see, e.g.,
in [1]) which is derived from the block factorization(

F BT

B 𝟎

)
=

(
I 𝟎

BF−1 I

)(
F BT

𝟎 S

)

with the Schur complement S = −BF−1BT ∈ ℝ × . The precon-
ditioner uses only the upper block triangular factor and replaces
its diagonal blocks by approximations, that is,

 ∶=

(
F̃ BT

𝟎 S̃

)
with F̃ ≈ F, S̃ ≈ S. (2)

We will have F̃ and S̃ in the form of LU factorizations such that
−1 can be easily applied to vectors. Since our work focuses
on the computation of the approximations F̃ and S̃, we will
outline the involved computational steps explicitly. In the fol-
lowing, we denote approximate (formatted) matrix addition by
⊕ and approximate (formatted) matrix multiplication by ⊙.
These approximations result from the use of hierarchical matrix
arithmetic which leads to almost optimal complexity for these
operations.

1© Compute an approximate LUfactorization ĽFǓF ≈ F̌ which
yields

F̃ ∶=
⎛⎜⎜⎜⎝
ĽFǓF

⋱

ĽFǓF

⎞⎟⎟⎟⎠.
2© Compute V𝑘 ∶= B𝑘Ǔ−1

F for 𝑘 = 1, . . . , 𝑑 (with backward sub-
stitution in approximate arithmetic).

3© Compute W𝑘 ∶= Ľ−1
F (B𝑘)T for 𝑘 = 1, . . . , 𝑑 (with forward

substitution in approximate arithmetic).

4© Compute a Schur complement approximation Š ∶=⨁𝑑

𝑘=1V𝑘 ⊙ W𝑘.

5© Compute an approximate LU factorization S̃ ∶= LS
US ≈ Š.

The (prefactors in the) computational complexity of these five
steps depends on the complexity of the computations of approx-
imations for matrix sums and products. We will use hierarchical
matrix arithmetic which is based on a hierarchical block structure
of the matrix. In the following, we will briefly review hierarchical
matrices and then introduce a novel, coupled block structure that
accelerates the computation of steps 2© to 4©.

4 | Hierarchical Matrices

Let  and  be two arbitrary (non-empty) index sets. Then the
block structure of a hierarchical matrix H ∈ ℝ× is based on
(hierarchies of) partitions of  and  which may be obtained

by clustering the index sets via a tree structure as described, for
example, in [13].

Definition 1. Let  = (𝑉 ,𝐸) be a tree with root 𝑟 ∶= root( ).

1.  is called a labeled tree if there is a set 𝐿 of labels and a
mapping ‸∶ 𝑉 → 𝐿 assigning a label to each node.

2. For 𝑣,𝑤 ∈ 𝑉 with (𝑣,𝑤) ∈ 𝐸, we call 𝑣 predecessor of 𝑤 and
𝑤 successor of 𝑣. Furthermore, we denote the set of succes-
sors of 𝑣 by

S(𝑣) ∶= {𝑤 ∈ 𝑉 ∶ (𝑣,𝑤) ∈ 𝐸}.

3. We call vertices 𝑣 ∈ 𝑉 without successors, that is, S(𝑣) = ∅,
leaves of  . The set of leaves of  is denoted by

( ) ∶= {𝑣 ∈ 𝑉 ∶ S(𝑣) = ∅}.

4. For vertices 𝑤 ∈ 𝑉 , we define the level recursively through

level(𝑟) ∶= 0,

level(𝑤) ∶= level(𝑣) + 1 with (𝑣,𝑤) ∈ 𝐸.

5. We define the depth of  by

depth( ) ∶= max
𝑣∈𝑉

level(𝑣).

In the following, we will identify  with the set of vertices 𝑉 , that
is, we write 𝑣 ∈  instead of 𝑣 ∈ 𝑉 .

Definition 2. Let  be an index set and  = (𝑉 ,𝐸) a labeled
tree with labels 𝐿 ∶= () ⧵ ∅ where () is the power set of .
Then  is called a cluster tree for the index set  if

1. the label of the root 𝑟 ∶= root( ) of  is given by 𝑟̂ = ,

2. for each node 𝑡 ∈ 𝑉 with successors S(𝑡), there holds

𝑡̂ =
⋃

𝑡′∈S(𝑡)
𝑡′,

where the labels of all successors are disjoint.

We call vertices 𝑡 ∈  clusters and denote cluster trees for an index
set as  and the set of leaves by  ∶= (). Furthermore, we
will use clusters 𝑡 ∈  as identifiers for their labels 𝑡̂, for example,
in 𝑥|𝑡 ∶= 𝑥𝑡̂ for 𝑥 ∈ ℝ .

The set of leaves  yields a partition of the index set . Two clus-
ter trees  ,  for index sets  and  , respectively, can be used to
construct a block cluster tree (Definition 3) whose leaves in turn
provide a partition of  ×  .

Definition 3. Let , be index sets with cluster trees  and
 , and let  = (𝑉 ,𝐸) be a labeled tree with 𝑉 ⊆  ×  and
labels 𝐿 ∶= ( ×  ). Then  is called a block tree of  × 

based on the cluster trees  and  if

1. the root is given by root( ) = (root(), root( )),

2. for all 𝑏 = (𝑡, 𝑠) ∈  , the label is 𝑏̂ = 𝑡̂ × 𝑠̂,
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3. if 𝑏 = (𝑡, 𝑠) ∈  has successors, then there holds

S(𝑏) =
{(

𝑡′, 𝑠′
)
∶ 𝑡′ ∈ S(𝑡), 𝑠′ ∈ S(𝑠)

}
.

In the following, we denote a block cluster tree for cluster trees 
and  by × and denote the set of leaves by × ∶= (× ).
Furthermore, we will use blocks 𝑏 ∈ × as identifiers for their
labels 𝑏̂, for example, in M|𝑏 = M|𝑏̂ for M ∈ ℝ× .

The set of leaves × yields a partition of the product  ×  .
Given cluster trees  and  , a block cluster tree × may be
constructed using a so-called admissibility condition to distin-
guish between inadmissible blocks (to be further refined if pos-
sible) and admissible blocks as follows.

Definition 4. Let  and  be index sets with cluster trees 
and  , respectively. Then an admissibility condition is a map-
ping

adm ∶  ×  → {true, false}.

With such an admissibility condition, we can construct a block
cluster tree × as follows.

1. Set the root as root(× ) = (root(), root( )).

2. For an already constructed block 𝑏 = (𝑡, 𝑠) ∈ × , we set

S(𝑏) =
⎧⎪⎨⎪⎩
∅ if adm(𝑡, 𝑠) = true

or S(𝑡) = ∅ or S(𝑠) = ∅,{(
𝑡′, 𝑠′
)
∶ 𝑡′ ∈ S(𝑡), 𝑠′ ∈ S(𝑠)

}
else.

We distinguish between admissible and inadmissible leaves,

+
× ∶=

{
𝑏 = (𝑡, 𝑠) ∈ × ∶ adm(𝑡, 𝑠) = true

}
,

−
× =

{
𝑏 = (𝑡, 𝑠) ∈ × ∶ adm(𝑡, 𝑠) = false

}
= × ⧵ +

× .

Remark 2. Let  and  be cluster trees for (finite) index sets
 and  , respectively. Furthermore, assume that we have addi-
tional geometric information about the index sets, that is, that
there are 𝑋𝑖, 𝑌𝑗 ⊆ ℝ𝑑 for all 𝑖 ∈  and for all 𝑗 ∈  . Then we
define 𝑋𝑠 ∶=

⋃
𝑖∈𝑠 𝑋𝑖 for 𝑠 ⊆  and 𝑌𝑡 ∶=

⋃
𝑗∈𝑡 𝑌𝑗 for 𝑡 ⊆  . The

standard (or strong, 𝜂-) admissibility condition uses this geomet-
ric information as follows (cf. [6]):

adm𝜂 ∶  ×  → {true, false},

adm𝜂(𝑠, 𝑡) =
⎧⎪⎨⎪⎩

true if min
{

diam2(𝑋𝑠), diam2(𝑌𝑡)
}

≤ 𝜂dist2
(
𝑋𝑠, 𝑌𝑡

)
,

false else

for some 𝜂 ∈ ℝ. Note that in practice the sets 𝑋𝑠 and 𝑌𝑡 are typi-
cally replaced by (minimal) bounding boxes containing these sets
which facilitates the computation of diameters and distances.

Admissibility conditions should be defined in such a way that
matrix blocks corresponding to admissible block clusters allow
for accurate low rank approximations.

Definition 5. Let ,  be finite index sets and 𝑘 ∈ ℕ. Then,
we denote the set of matrices with at most rank 𝑘 by

(, , 𝑘) ∶=
{

M ∈ ℝ× ∶ rank(M) ≤ 𝑘
}
.

Note that M ∈ (, , 𝑘) if and only if there are A ∈ ℝ×𝑘and
B ∈ ℝ ×𝑘 with M = ABT (see, for example, [13]), hence

(, , 𝑘) =
{

ABT ∶ A ∈ ℝ×𝑘,B ∈ ℝ ×𝑘}.
We can now formally define hierarchical matrices.

Definition 6 (-matrix). Let  and  be index sets with
cluster trees  and  and a block cluster tree × constructed
with an admissibility condition adm. Then a matrix H ∈ ℝ×

is called an -matrix with local rank 𝑘 ∈ ℕ if for each admis-
sible block 𝑏 = (𝑡, 𝑠) ∈ +

× there are A𝑏 ∈ ℝ𝑡×𝑘 and B𝑏 ∈ ℝ𝑠×𝑘

with

H|𝑡×𝑠 = A𝑏BT
𝑏
∈ (𝑡, 𝑠, 𝑘).

We denote the set of -matrices with local rank at most 𝑘 by
(× , 𝑘).

5 | Clustering Strategies

Our goal is to use hierarchical matrices to compute the approx-
imations F̃, S̃ outlined through the computational steps 1©– 5©
in the block triangular preconditioner (2). To do so, we require
cluster trees  associated with velocity degrees of freedom and
 associated with pressure degrees of freedom. Once such clus-
ter trees (and suitable admissibility conditions) are available,
they can be used to construct block cluster trees as outlined in
Definition 4 for the representation of the involved matrix blocks,
in particular

1. a block cluster tree × for F̌ and its -LU factorization,

2. a block cluster tree  × for the off-diagonal, rectangular
blocks B1


, . . . ,B𝑑


as well as for the intermediate results

V1, . . . ,V𝑑 and W1, . . . ,W𝑑 ,

3. a block cluster tree  × for the Schur complement approx-
imation S and its -LU factorization.

We will compare two different approaches for the generation of
these cluster trees  and  .

First, in Section 5.1, we briefly review an uncoupled clustering.
This approach was originally introduced in [4] and constructs the
two cluster trees independently. The cluster tree  constructed
with a nested dissection approach which is favorable for the com-
putation of the -LU factorization ĽFǓF ≈ F̌. The cluster tree
 is generated using a bisection approach which is favorable for
the representation of the (approximate) Schur complement S

which can be expected to be dense when computed with exact
arithmetic.

Second, in Section 5.2, we will describe a novel coupled clustering
strategy which we have introduced in [11]. The main motivation
is to also take the sparsity structure of the matrices B1, . . . ,B𝑑 into
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consideration for the construction of the cluster tree  which is
relevant for steps 2©– 4© in the computation of the preconditioner.
In the coupled clustering, the nested dissection clustering of the
velocity index set  is based on a prior (geometric) bisection clus-
tering of the pressure index set  such that the hierarchical block
structure of the matrices B1, . . . ,B𝑑 contains large zero blocks.
This block structure is favorable for the (time consuming) explicit
computation of an (approximate) Schur complement and leads
to a speed-up of the preconditioner set-up. We extend the results
presented in [11] by proving a logarithmic bound for the depth of
the new cluster tree. Furthermore, we introduce adapted cluster
tree construction, the coupled clustering with interface decompo-
sition, which aims to further improve the coupled clustering. The
estimate for the tree depth as well as the clustering with interface
decomposition have been developed in [14] but not been pub-
lished in a journal yet.

5.1 | Uncoupled Clustering

In [4], the two cluster trees  ,  were generated so that the block
cluster trees × and  × are favorable for the computations of
the -LU factorizations of the matrices F̌ and S . The matrix F̌
is sparse, and a suitable clustering for its -LU factorization is
obtained through a domain decomposition based cluster tree 
[10]. This clustering strategy yields a block-arrowhead structure
for F̌ which is favorable for the computation of an -LU factor-
ization (since certain off-diagonal zero blocks remain zero) and

potential for parallelization. In domain decomposition cluster-
ing, the index set  is split into three subsets, 𝑠1, 𝑠2, 𝑠3, on the first
level of the cluster tree, as illustrated in Figure 1 (right).

The matrix S , on the other hand, is an approximation of the typ-
ically dense Schur complement. Therefore, the cluster tree  is
generated with geometric bisection, that is, the index set is split
into two subsets, 𝑟1 and 𝑟2, on the first level of the cluster tree  ,
as illustrated in Figure 1 (left).

In addition to the partitioning, the clustering induces the fol-
lowing reordering of the index sets. For , the indices in 𝑠1 are
ordered first, those in 𝑠2 second and indices in 𝑠3 last. The clus-
ters corresponding to 𝑠1 and 𝑠2 are called domain clusters and are
(geometrically) separated by the interface cluster associated with
𝑠3. For  , the indices in 𝑟1 are ordered first and the indices in
𝑟2 last.

However, the reordering also affects the block structure of
the matrices B1, . . . ,B𝑑 (and therefore V1, . . .V𝑑 as well as
W1, . . . ,W𝑑). Figure 2 depicts the sparsity pattern of the matrix
B1 and the block structure defined by the first level of the block
cluster tree  × for the 2D example from Figure 1.

We can observe that there are just a few non-zero entries in the
blocks B1|𝑟1×𝑠2

and B1|𝑟2×𝑠2
. Due to these non-zero entries, we

have adm(𝑟1, 𝑠2) = false = adm(𝑟2, 𝑠1) for the (standard) admissi-
bility condition presented in Remark 2. Hence, these blocks have
to be partitioned further. The underlying idea of the following

FIGURE 1 | 2D example of the uncoupled clustering and the effect of its induced reordering of the index sets  and  . Left: the first division of 
into 𝑟1 and 𝑟2, right: the division of  into the domain clusters 𝑠1 and 𝑠2 and the interface cluster 𝑠3 (marked light gray). These figures also show the
support of a pressure basis function Ψ𝑗 with 𝑗 ∈ 𝑟1 (marked dark gray, hatched horizontally) and the support of a velocity basis function 𝜑𝑖 with 𝑖 ∈ 𝑠2

(dark gray, hatched vertically).

FIGURE 2 | Sparsity pattern of the matrices 𝐵𝑘, 𝑘 = 1, . . . , 𝑑, with reordered rows/columns and the block structure induced by the uncoupled
clustering.

International Journal for Numerical Methods in Fluids, 2026 5
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FIGURE 3 | 2D example of the uncoupled clustering and the effect of its induced reordering of the index sets  and  . Left: the first division of 
into 𝑟1 and 𝑟2, right: the division of  into the domain clusters 𝑠1 and 𝑠2 and the interface cluster 𝑠3 (marked light gray). These figures also show the
support of a pressure basis function Ψ𝑗 with 𝑗 ∈ 𝑟1 (marked dark gray, hatched horizontally) and the support of a velocity basis function 𝜑𝑖 with 𝑖 ∈ 𝑠2

(dark gray, hatched vertically).

coupled clustering is to (slightly) increase the interface cluster 𝑠3
such that the two blocks B1|𝑟1×𝑠2

and B1|𝑟2×𝑠2
become zero blocks.

5.2 | Coupled Clustering

In the following, we will use the geometric information of the
mixed finite element discretization described in Section 2. As
introduced in Remark 2 for the standard admissibility condition,
we define for vertices 𝜉1, . . . , 𝜉𝑛 and 𝜒1, . . . , 𝜒𝑚 the supports of the
respective (hat) basis functions as

𝑋𝑖 ∶= supp(𝜑𝑖) and 𝑌𝑗 ∶= supp
(
Ψ𝑗

)
(3)

for 𝑖 ∈  and 𝑗 ∈  , respectively. For 𝑠 ⊆  and 𝑡 ⊆  , we define

𝑋𝑠 ∶=
⋃
𝑖∈𝑠

𝑋𝑖 and 𝑌𝑡 ∶=
⋃
𝑗∈𝑡

𝑌𝑗 .

Furthermore, we assume that we have already constructed a clus-
ter tree  based on (geometric) bisection (as in the uncoupled
clustering). Hence,  × will be a suitable cluster tree for the
(approximate) Schur complement and its -LU factorization.
Next, we adapt the domain decomposition clustering to generate
 to yield a suitable block structure  × for the (sparse) matrices
B1, . . . ,B𝑑 . Since these matrices describe a coupling between the
pressure and the velocity space, we couple the clustering of, that
is, the generation of  , to the cluster tree  . All domain clus-
ters of  will be associated with clusters of  . We start with the
entire index set  and associate it with the root 𝑟 ∶= root( ).
We then decompose  according to the successors of its associ-
ated cluster 𝑟 . In particular, if 𝑟 has successors, we define

𝑠1 ∶=
{
𝑖 ∈  ∶ 𝜆

(
𝑋𝑖 ∩ 𝑌𝑟2

)
= 0
}
,

𝑠2 ∶=
{
𝑖 ∈  ∶ 𝜆

(
𝑋𝑖 ∩ 𝑌𝑟1

)
= 0
}
,

𝑠3 ∶=  ⧵
(
𝑠1 ∪ 𝑠2

)
,

where 𝜆 is the Lebesgue measure. The subsets 𝑠1 and 𝑠2 are now
geometrically separated from 𝑟2 and 𝑟1, respectively, as illustrated
in Figure 3. We associate 𝑠1 with 𝑟1 and 𝑠2 with 𝑟2.

ALGORITHM 1 | Coupled clustering algorithm.

Input: Subset 𝑠 ⊆ , associated cluster 𝑟 ∈  , leaf size bound
𝑛leaf for interface clusters

Output: Cluster tree with root 𝑡 and 𝑡̂ = 𝑠

1: function BuildCoupledCluster(𝑠, 𝑟, 𝑛leaf )
2: Create new cluster 𝑡 with 𝑡̂ = 𝑠

3: S(𝑡) ← ∅
4: if S(𝑟) ≠ ∅ then
5: {𝑟1, 𝑟2} ← S(𝑟)

6: 𝑠1 ← {𝑖 ∈ 𝑠 ∶ 𝜆(𝑋𝑖 ∩ 𝑌𝑟2
) = 0}

7: 𝑠2 ← {𝑖 ∈ 𝑠 ∶ 𝜆(𝑋𝑖 ∩ 𝑌𝑟1
) = 0}

8: 𝑠3 ← 𝑠 ⧵ (𝑠1 ∪ 𝑠2)

9: 𝑡1 ← BuildCoupledCluster(𝑠1, 𝑟1, 𝑛leaf )
10: 𝑡2 ← BuildCoupledCluster(𝑠2, 𝑟2, 𝑛leaf )
11: 𝑡3 ← BuildInterface(𝑠3, 𝑛leaf , 1)
12: S(𝑡) ← {𝑡1, 𝑡2, 𝑡3}
13: end if
14: return t
15: end function

As a result, we have

B𝑘|||𝑟1×𝑠2
= 0 and B𝑘|||𝑟2×𝑠1

= 0

for 𝑘 = 1, . . . , 𝑑, as depicted in Figure 4.

We continue to subdivide the domain clusters 𝑠1 and 𝑠2 by the
same approach, that is, with respect to their associated clusters 𝑟1
and 𝑟2, respectively. The interface cluster 𝑠3, on the other hand, is
handled as described for interface clusters in the domain decom-
position clustering. This is summarized in Algorithm 1.

Remark 3. The proposed coupled clustering easily general-
izes to other types of mixed finite element discretizations. For
example, in the case of Taylor-Hood elements 𝑄ℎ ∶= P1( ℎ) and
𝑉 ℎ ∶= P2( ℎ), the subdivision of a (velocity) domain cluster into
three successors 𝑠1, 𝑠2, 𝑠3 is still associated to a pressure cluster
and based on the supports of the basis functions associated with

6 International Journal for Numerical Methods in Fluids, 2026
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FIGURE 4 | Sparsity pattern of the matrices 𝐵𝑘, 𝑘 = 1, . . . , 𝑑, with reordered rows and columns induced by the coupled clustering.

the indices. Since now the supports of (some of the) velocity basis
functions have the same (and not half the) size of the supports of
the pressure basis functions, this leads to an enlarged separator
𝑠3. This in turn will affect the constants in the complexity esti-
mates but not the complexity order.

Remark 4.

1. Let 𝐵 ⊇ {𝜒1, . . . , 𝜒𝑚} and 𝐵 ⊇ {𝜉1, . . . , 𝜉𝑛} be (minimal)
bounding boxes, that is, the smallest boxes containing
{𝜒1, . . . , 𝜒𝑚} and {𝜉1, . . . , 𝜉𝑛}, respectively. For the gener-
ation of  with geometric bisection, bounding box 𝐵 is
split along the longest axis: Let 𝑘 ∈ {1, . . . , 𝑑} be such that
for 𝐵 =

∏𝑑

𝑖=1[𝑎𝑖, 𝑏𝑖], there holds

𝑘 = arg max
𝑖∈{1, . . . ,𝑑}

{
𝑏𝑖 − 𝑎𝑖

}
.

Since  ℎ∕2 was refined from  ℎ, we have𝐵 ⊆ 𝐵 . The clus-
ters 𝑟1 and 𝑟2 are generated by splitting 𝐵 along the 𝑘-th
axis with 𝑚𝑘 = 1

2
(𝑎𝑘 + 𝑏𝑘) into

𝐵1 =
[
𝑎1, 𝑏1

]
× · · · ×

[
𝑎𝑘−1, 𝑏𝑘−1

]
×
[
𝑎𝑘, 𝑚𝑘

]
×
[
𝑎𝑘+1, 𝑏𝑘+1

]
× · · · ×

[
𝑎𝑑, 𝑏𝑑

]
,

𝐵2 =
[
𝑎1, 𝑏1

]
× · · · ×

[
𝑎𝑘−1, 𝑏𝑘−1

]
×
[
𝑚𝑘, 𝑏𝑘

]
×
[
𝑎𝑘+1, 𝑏𝑘+1

]
× · · · ×

[
𝑎𝑑, 𝑏𝑑

]
.

Let 𝐵𝑠3
be a (minimal) bounding box for {𝜉𝑖 ∶ 𝑖 ∈ 𝑠3}. Then

there holds

𝐵𝑠3
⊆
[
𝑎1, 𝑏1

]
× · · · ×

[
𝑎𝑘−1, 𝑏𝑘−1

]
×
[
𝑚𝑘 − ℎ,𝑚𝑘 + ℎ

]
×
[
𝑎𝑘+1, 𝑏𝑘+1

]
× · · · ×

[
𝑎𝑑, 𝑏𝑑

]
,

that is, 𝐵𝑠3
has at most width 2ℎ along the 𝑘-th axis (cf. [14,

remark 5.4]).
The decomposition of 𝑠3 is handled with geometric bisec-
tion. As suggested for the domain decomposition clustering
in [10], the subdivision of interface clusters is delayed every
𝑑-th step such that the diameters of the bounding boxes of
the interface clusters and the domain clusters are reduced
at comparable rates.

2. Since the triangulation  ℎ∕2 is constructed by refinement of
 ℎ, the subsets 𝑠1 and 𝑠2 are also (geometrically) separated
from each other. Therefore, we obtain a domain decompo-
sition structure for the block cluster tree × .

3. The common sparsity pattern of the matrices B𝑘, 𝑘 =
1, . . . , 𝑑, is closely related to the sets 𝑋𝑖 and 𝑌𝑗 (𝑖 ∈ , 𝑗 ∈  )
defined in (3). An entry 𝑏𝑘𝑗𝑖 can only be non-zero if 𝜆(𝑋𝑖 ∩
𝑌𝑗) > 0.

For the further discussion, we introduce the following
terminology.

Definition 7. Let  be a cluster tree generated with
Algorithm 1.

1. As for the domain decomposition clustering, we call clusters
𝑠 ∈  generated with BuildInterfaceinterface clus-
ters. On the other hand, clusters generated with Build-
CoupledCluster are called domain clusters. We denote
the set of domain clusters of  by dom.

2. As noted before, each domain cluster 𝑠 ∈ dom is generated
by Algorithm 1 with respect to an associated cluster 𝑡𝑠 ∈  .
We define the mapping

a ∶ dom →  ; 𝑠 ↦ 𝑠𝑎 ∶= 𝑡𝑠

to formalize this association.

If a cluster tree  based on domain decomposition clustering
(see, e.g., Section 5.1) is used to construct a block cluster tree
× , then one typically uses the following domain decomposition
admissibility condition (cf. [10])

admDD ∶  ×  → {true, false}

admDD,𝜂(𝑠, 𝑡) =

{
true if 𝑠, 𝑡 ∈ dom with 𝑠 ≠ 𝑡,

adm𝜂 else.

The association of domain clusters from the velocity cluster tree
 and clusters from the pressure cluster tree  allows us to
introduce the following coupled admissibility condition for the
construction of block cluster trees  × .

Definition 8 (Coupled admissibility condition). Let 
be a cluster tree generated with geometric bisection. Let 
be a cluster tree generated with the coupled clustering from
Algorithm 1 and with respect to  . Then we call the admissibility
condition

admc
𝜂
∶  ×  → {true, false}

International Journal for Numerical Methods in Fluids, 2026 7

 10970363, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/fld.70063 by T

echnische U
niversität H

am
burg U

niversitätsbibliothek, W
iley O

nline L
ibrary on [09/02/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



with

admc
𝜂
(𝑟, 𝑠) =

{
true if 𝑠 ∈ dom and 𝑟 ≠ 𝑠a,

adm𝜂(𝑟, 𝑠) else

(strong) coupled admissibility condition.

We will now analyze the depth of the block cluster tree  × gen-
erated by the coupled clustering. This quantity is an important
part in complexity estimates for hierarchical matrices (see, e.g.,
[6]) and typically yields the logarithmic part in the log-linearity
of the complexity of arithmetic operations. Our goal is to prove
a logarithmic bound for the tree depth. Note that this requires
an additional assumption about the supports 𝑋𝑖, 𝑖 ∈  and 𝑌𝑗 ,
𝑗 ∈  . Due to the finite element context, a suitable assumption
that was used, for example, in [5] and [10], is that the sets 𝑌𝑗 ,
𝑗 ∈  are locally separated, that is, there are constants 𝐶sep > 0
and 𝑛min ∈ ℕ with

max
𝑗∈

||||{𝑘 ∈  ∶ dist2
(
𝑌𝑗, 𝑌𝑘

)
≤ 𝐶−1

sepdiam2(𝑌𝑗)
}|||| ≤ 𝑛min.

These constants depend on the triangulation  ℎ (for details see,
for example, the discussion in [13, section 6.4.3.2]). Since  ℎ∕2

was refined from  ℎ into eight subtetrahedra using the edge mid-
points, this property is transfered to the sets 𝑋𝑖, 𝑖 ∈ , that is,
we have

max
𝑖∈

||||{𝓁 ∈  ∶ dist2(𝑋𝑖,𝑋𝓁) ≤ 𝐶−1
sepdiam2(𝑋𝑖)

}|||| ≤ 𝑛min.

Additionally, we assume that 𝑛min satisfies

𝑛min > 4𝑑

(
ℎ

ℎmin

)𝑑

(4)

where ℎ is the mesh width of the triangulation  ℎ and

ℎmin ∶= min
p,q∈( ℎ )

p≠q

||p − q||2.
This allows the following estimate.

Theorem 1. Let  be a cluster tree generated with geomet-
ric bisection and leaf size bound 𝑛leaf ≥ 𝑛min. Let be a clus-
ter tree generated with the coupled clustering, i.e., with Algorithm
1 and with respect to . Letℎ ∶= min𝑖∈ diam2(𝑋𝑖) and𝛿 ∶=
diam∞(𝐵 ). Then the depth of the cluster tree  can be estimated
by

depth
(

)
≤ 𝑑 log2

(
4
√

𝑑𝐶sep𝛿ℎ
−1
)
= 
(
log2
(
ℎ−𝑑
))

.

Proof. We will prove the estimate by defining an upper bound
for the level of the clusters in  . Therefore, let 𝑠 ∈  . Then 𝑠 is
either a domain cluster or an interface cluster (cf. Definition 7).

In the first case, that is, if 𝑠 is a domain cluster, we can estimate
the level of the associated cluster 𝑠a, for example, with the result
from [5]. Since  ℎ∕2 was refined from  ℎ into eight subtetrahedra

using the edge midpoints, min𝑗∈ 𝑌𝑗 = 2ℎ holds. Therefore, we
obtain

level(𝑠) = level(𝑠a) ≤ 𝑑 log2

(
2
√

𝑑𝐶sep𝛿(2ℎ)−1
)

= 𝑑 log2

(√
𝑑𝐶sep𝛿ℎ

−1
)

< 𝑑 log2

(
4
√

𝑑𝐶sepℎ
−1
)
.

Now, assume that 𝑠 is an interface cluster. Let 𝑟 be the nearest
predecessor of 𝑠 to be a domain cluster. Then there is a path

𝑝 = (𝑟0, 𝑟1, . . . , 𝑟𝓁)

of length 𝓁 ∈ ℕ from 𝑟0 = 𝑟 to 𝑟𝓁 = 𝑠. Since 𝑟 is the nearest pre-
decessor of 𝑠 to be a domain cluster, the clusters 𝑟1, . . . , 𝑟𝑘−1 are
all interface clusters. This yields

level(𝑠) = level(𝑟) + 𝓁. (5)

So, it remains to estimate level(𝑟) and 𝓁. The first can again be
estimated with the result in [5]:

level(𝑟) = level(𝑟a) < 𝑑 log2

(
2𝛿 1

diam∞(𝐵𝑟a )

)
. (6)

To estimate 𝓁, we will use the same techniques used for the proof
for this estimate. First note, that since  ℎ∕2 was refined from  ℎ

into eight subtetrahedra using the edge midpoints, we have

min
p,q∈( ℎ )

p≠q

||p − q||2 = 1
2

min
𝐾∈ ℎ

min
p,q∈𝐾

p≠q

||p − q|| = 1
2
ℎmin.

This implies that there is at least one axis of 𝐵𝑠 with a larger width
than 2ℎ, since otherwise (4) would yield

|𝑠| ≤ (diam∞(𝐵𝑠)
1
2
ℎmin

)𝑑

≤

(
4ℎ
ℎmin

)𝑑 (4)
< 𝑛min ≤ |𝑠|.

Due to the delayed subdivision every 𝑑-th step, the diameter of
the bounding boxes is at least halved after at most 𝑑 steps, that is,

diam∞(𝐵𝑟𝑘+𝑑
) ≤ 1

2
diam∞(𝐵𝑘)

holds for 𝑘 = 1, . . . ,𝓁 − 𝑑. Hence, we have

diam∞(𝐵𝑠) = diam∞(𝐵𝑟𝓁
) ≤ 2−

⌊
𝓁
𝑑

⌋
diam∞(𝐵𝑟1

)

≤ 2−
⌊
𝓁
𝑑

⌋
diam∞(𝐵𝑟)

≤ 2−
⌊
𝓁
𝑑

⌋
diam∞(𝐵𝑟a ).

(7)

Now, we assume that 𝑠 is not a leaf, that is, |𝑠| > 𝑛leaf ≥ 𝑛min. Since
the sets 𝑋𝑖 are locally separated, there have to be 𝑖, 𝑗 ∈ 𝑠 with

dist2(𝑋𝑖,𝑋𝑗) > 𝐶sepdiam2(𝑋𝑖).

This directly yields

diam2(𝐵𝑠) ≥ dist2(𝝃𝑖, 𝝃𝑗) ≥ dist2(𝑋𝑖,𝑋𝑗)

> 𝐶−1
sepdiam2(𝑋𝑖) ≥ 𝐶−1

sepℎ. (8)
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Together with (7)), we therefore obtain

2
⌊
𝓁
𝑑

⌋
(7)
≤

diam∞
(
𝐵𝑟a
)

diam𝑠
∞

≤
diam∞𝐵𝑟a

diam2
(
𝐵𝑠

)
(8)
< 𝐶sep

√
𝑑diam∞

(
𝐵𝑟a
)
ℎ−1.

(9)

By taking the logarithm on both sides, we finally obtain

𝓁 = 𝑑
𝓁
𝑑

≤ 𝑑

(⌊
𝓁
𝑑

⌋
+ 1
)

(9)
< 𝑑 log2

(√
𝑑𝐶sepdiam∞

(
𝐵𝑟a

)
ℎ−1
)
+ 𝑑. (10)

Combining (10) with (5) and (6) then finally yields

level(𝑠)
(5)
= level(𝑟) + 𝓁

(6)
< 𝑑 log2

(
2𝛿 1

diam∞𝐵𝑟a

)
+ 𝓁

(10)
< 𝑑 log2

(
2𝛿 1

diam∞𝐵𝑟a

)
+ 𝑑 log2

(√
𝑑𝐶sepdiam∞

(
𝐵𝑟a
)
ℎ−1
)
+ 𝑑

= 𝑑 log2

(
2
√

𝑑𝐶sep𝛿ℎ
−1
)
+ 𝑑

= 𝑑 log2

(
4
√

𝑑𝐶sep𝛿ℎ
−1
)
.

◽

5.3 | Coupled Clustering with Interface
Decomposition

With the coupled clustering, we introduced a cluster strategy
similar to the domain decomposition clustering. One impor-
tant advantage of the domain decomposition clustering is the
resulting block-arrowhead structure for the matrix F. This is
advantageous for the computation of an (-)LU factorization of
this matrix. Although the coupled clustering also results in a
block-arrowhead structure, the larger interface created by this

cluster strategy is less advantageous for the computation of an
(-)LU factorization. In order to tackle this disadvantage of the
coupled clustering, we consider the same 2D example as in the
previous section. The coupled clustering splits the index set into
three parts 𝑠1, 𝑠2, and 𝑠3. In addition to the reordering induced by
the coupled clustering (𝑠1 before 𝑠2, 𝑠3 last), we order the inter-
face 𝑠3 as follows: the nodes neighboring neither 𝑠1 nor 𝑠2 are
ordered first, then the nodes neighboring 𝑠1 and the nodes neigh-
boring 𝑠2 are ordered last. The result of this ordering is illustrated
in Figure 5.

We can observe that the non-zero entries in F̌|𝑠3×𝑠1
and F̌|𝑠3×𝑠2

are
in about a third of the rows of the corresponding blocks. In partic-
ular, the sparsity plot in Figure 5 suggests that, for example, the
nodes neighboring 𝑠2 (which are ordered last in 𝑠3) are separated
from the nodes in 𝑠1. The same holds for the nodes neighboring
neither 𝑠1 nor 𝑠2, which are ordered first in 𝑠3.

Based on the observations we made, we will now describe a clus-
ter strategy similar to the coupled clustering but with an addi-
tional decomposition of the interfaces which we call coupled clus-
tering with interface decomposition. As for the coupled clustering,
we start with the cluster tree  already generated by geometric
bisection. Then we start the decomposition of  with respect to
the root 𝑟 ∶= root of  into five (distinct) subsets. If 𝑟 has
successors, we define

𝑠1 ∶=
{
𝑖 ∈  ∶ 𝜆

(
𝑋𝑖 ∩ 𝑌𝑟2

)
= 0
}
,

𝑠2 ∶=
{
𝑖 ∈  ∶ 𝜆

(
𝑋𝑖 ∩ 𝑌𝑟1

)
= 0
}
,

𝑠3 ∶=
{
𝑖 ∈  ⧵

(
𝑠1 ∪ 𝑠2

)
∶ 𝜆
(
𝑋𝑖 ∩𝑋𝑠1

)
= 0 and

𝜆
(
𝑋𝑖 ∩𝑋𝑠2

)
= 0
}
,

𝑠4 ∶=
{
𝑖 ∈  ⧵

(
𝑠1 ∪ 𝑠2

)
∶ 𝜆
(
𝑋𝑖 ∩𝑋𝑠1

)
≠ 0 and

𝜆
(
𝑋𝑖 ∩𝑋𝑠2

)
= 0
}
,

𝑠5 ∶=
{
𝑖 ∈  ⧵

(
𝑠1 ∪ 𝑠2

)
∶ 𝜆
(
𝑋𝑖 ∩𝑋𝑠1

)
= 0 and

𝜆
(
𝑋𝑖 ∩𝑋𝑠2

)
≠ 0
}
.

FIGURE 5 | Effect of the reordering induced by the coupled clustering to the structure of F̌ for a 2D example. The left figure shows the geometric
decomposition of  into the two domain clusters 𝑠1, 𝑠2 and the interface cluster 𝑠3 (marked light gray). Additionally, it shows the support of a basis
function 𝜑𝑖 with 𝑖 ∈ 𝑠2 and the support of a basis function 𝜑𝑗 with 𝑗 ∈ 𝑠3 (both dark gray, hatched vertically). The right figure shows the effect of the
reordering on the matrix F̌. The interface 𝑠3 was ordered internally so that all nodes in the middle are ordered first, then all nodes neighboring 𝑠1 and
then all nodes neighboring 𝑠2.
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FIGURE 6 | Effect of the reordering induced by the coupled clustering with interface decomposition for a 2D example. The left figure shows the
geometric decomposition of  into the two domain clusters 𝑠1 and 𝑠2 as well as the three interface clusters 𝑠3, 𝑠4, and 𝑠5 (marked light gray). Additionally,
it shows the support of a basis function 𝜑𝑖 with 𝑖 ∈ 𝑠2 and the support of a basis function 𝜑𝑗 with 𝑗 ∈ 𝑠4 (both dark gray, hatched vertically). The right
figure shows the effect of the reordering to the matrix F̌.

As before, the sets 𝑠1 and 𝑠2 are (geometrically) separated from
𝑟2 and 𝑟1, respectively. They are subdivided by the same strategy
with respect to 𝑟1 and 𝑟2, respectively. The set 𝑠3 is (geometrically)
separated from both, 𝑠1 and 𝑠2, while 𝑠4 and 𝑠5 are (geometrically)
separated from either 𝑠1 or 𝑠2, respectively. We handle all of them
as before the single interface clusters: 𝑠3, 𝑠4, and 𝑠5 are subdi-
vided with geometric bisection. The subdivision is again delayed
every 𝑑-th step (cf. Remark 4). However, due to the additional
decomposition of the interface, the delay is introduced earlier.
The clustering is summarized in Algorithm 3.

The induced reordering is the same that was considered in
Figure 5 but now with a decomposition of the interface into three
parts as depicted in Figure 6.

As in the previous section, we introduce additional terminology
allowing us to define an admissibility condition for the construc-
tion of the block cluster tree × .

Definition 9. Let  be a cluster tree generated by
Algorithm 3, coupled with the cluster tree  generated with
geometric bisection.

1. As in Definition 7, we call clusters from  generated by
Algorithm 3 domain clusters and clusters from  gener-
ated by Algorithm 2 interface clusters. We denote the set of
domain clusters of  by dom() or just dom.

2. As in Definition 7, we use the mapping

a ∶ dom →  ; 𝑠 ↦ 𝑠a

assigning associated clusters 𝑠a ∈  to the corresponding
domain clusters 𝑠 ∈ dom.

3. Let 𝑠 ∈  be a domain cluster with

S(𝑠) = {𝑠1, . . . , 𝑠5}

ALGORITHM 2 | Interface clustering algorithm.

Input: Subset 𝑠 ⊆ , leaf size bound 𝑛leaf , distance 𝓁 to the nearest
domain predecessor

Output: Cluster tree with root 𝑡 and 𝑡̂ = 𝑠
function BuildInterface(𝑠, 𝑛leaf , 𝓁)

Create a cluster t with 𝑡̂ = 𝑠 and S(𝑡) = ∅
if |𝑠|>𝑛leaf then

if 𝓁 mod 𝑑>0 then
Determine bounding box 𝐵𝑠

Split 𝐵𝑠 into 𝐵1 and 𝐵2

𝑠1 ← {𝑖 ∈ 𝑠 ∶ 𝑥𝑖 ∈ 𝐵1}
𝑠2 ← 𝑠 ⧵ 𝑠1

𝑡1 ← BuildInterface(𝑠1, 𝑛leaf , 𝓁 + 1)
𝑡2 ← BuildInterface(𝑠2, 𝑛leaf , 𝓁 + 1)
S(𝑡) ← {𝑡1, 𝑡2}

else
𝑡′ ← BuildInterface(𝑠, 𝑛leaf , 𝓁 + 1)
S(𝑡) ← {𝑡′}

end if
end if
return 𝑡

end function

where 𝑠1, . . . , 𝑠5 are as defined in Algorithm 3. Then 𝑠3 is
separated from both domain clusters 𝑠1 and 𝑠2. We call 𝑠3
separated interface cluster. The cluster 𝑠4 is separated from
𝑠2 but not from 𝑠1, that is, 𝑋𝑠4

∩𝑋𝑠2
= ∅ and 𝑋𝑠4

∩𝑋𝑠1
≠ ∅

holds. The cluster 𝑠5, on the other hand, is separated from
𝑠1 but not from 𝑠2. We say that 𝑠4 is connected to 𝑠1 and
𝑠5 is connected to 𝑠2 and call 𝑠4 and 𝑠5 connected interface
clusters.
We denote the set of connected interface clusters of  with
cint() or just cint and the set of separated interface clus-
ters of  with sint() or just sint.

4. Let 𝑠 ∈  be a connected interface cluster. Then it is con-
nected to a (unique) domain cluster 𝑡𝑠 ∈ dom with the same
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ALGORITHM 3 | Coupled clustering with interface decomposition.

Input: Subset 𝑠 ⊆ , associated cluster 𝑟 ∈  , leaf size bound 𝑛leaf for
interface clusters

Output: Cluster tree with root 𝑡 and 𝑡̂ = 𝑠

1: function CoupledIDClustering(𝑠, 𝑟, 𝑛leaf )
2: Create new cluster 𝑡 with 𝑡̂ = 𝑠 and S(𝑡) = ∅
3: if S(𝑟) ≠ ∅ then
4: {𝑟1, 𝑟2} ← S(𝑟)

5: 𝑠1 ← {𝑖 ∈ 𝑠 ∶ 𝜆(𝑋𝑖 ∩ 𝑌𝑟2
) = 0}

6: 𝑠2 ← {𝑖 ∈ 𝑠 ∶ 𝜆(𝑋𝑖 ∩ 𝑌𝑟1
) = 0}

7: 𝑠3 ← {𝑖 ∈ 𝑠 ⧵ (𝑠1 ∪ 𝑠2) ∶ 𝜆(𝑋𝑖 ∩𝑋𝑠1
) = 0 and 𝜆(𝑋𝑖 ∩𝑋𝑠2

) = 0}
8: 𝑠4 ← {𝑖 ∈ 𝑠 ⧵ (𝑠1 ∪ 𝑠2) ∶ 𝜆(𝑋𝑖 ∩𝑋𝑠1

) ≠ 0 and 𝜆(𝑋𝑖 ∩𝑋𝑠2
) = 0}

9: 𝑠5 ← {𝑖 ∈ 𝑠 ⧵ (𝑠1 ∪ 𝑠2) ∶ 𝜆(𝑋𝑖 ∩𝑋𝑠1
) = 0 and 𝜆(𝑋𝑖 ∩𝑋𝑠2

) ≠ 0}

10: 𝑡1 ← CoupledIDClustering(𝑠1, 𝑟1, 𝑛leaf )
11: 𝑡2 ← CoupledIDClustering(𝑠2, 𝑟2, 𝑛leaf )
12: 𝑡3 ← BuildInterface(𝑠3, 𝑛leaf , 2)
13: 𝑡4 ← BuildInterface(𝑠4, 𝑛leaf , 2)
14: 𝑡5 ← BuildInterface(𝑠5, 𝑛leaf , 2)
15: S(𝑡) ← {𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5}
16: end if
17: return t
18: end function

predecessor as 𝑠. We define the mapping

c ∶ cint → dom

assigning the corresponding connected domain cluster 𝑠c =
𝑡𝑠 to each connected cluster 𝑠.

Definition 10. Let  be a cluster tree generated with
the coupled clustering with interface decomposition. Then we
define the (strong) coupled interface decomposition admissibility
condition

admcid
𝜂

∶  ×  → {true, false}

with

admcid
𝜂
(𝑡, 𝑠) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

true if 𝑡, 𝑠 ∈ dom and 𝑡 ≠ 𝑠,

true if 𝑡 ∈ dom, 𝑠 ∈ cint and 𝑡 ≠ 𝑠c,

true if 𝑡 ∈ cint, 𝑠 ∈ dom and 𝑡c ≠ 𝑠,

true if 𝑡 ∈ dom, 𝑠 ∈ sint or 𝑡 ∈ sint, 𝑠 ∈ dom,

adm𝜂(𝑡, 𝑠) else.

6 | Numerical Results

For our numerical tests, we used the Oseen model problem
described in Section 2 with viscosity 𝜈 = 10−2 and a recirculating
convection given by

wre =
⎛⎜⎜⎜⎝
− sin

(
𝜋𝑥1
)(

cos
(
𝜋𝑥2
)

sin
(
𝜋𝑥3
)
+ sin

(
𝜋𝑥2
)

cos
(
𝜋𝑥3
))

sin
(
𝜋𝑥2
)(

cos
(
𝜋𝑥1
)

sin
(
𝜋𝑥3
)
− sin

(
𝜋𝑥1
)

cos
(
𝜋𝑥3
))

sin
(
𝜋𝑥3
)(

cos
(
𝜋𝑥1
)

sin
(
𝜋𝑥2
)
+ sin

(
𝜋𝑥1
)

cos
(
𝜋𝑥2
))

.

⎞⎟⎟⎟⎠

The notation for the different parameters in the set-up of the
involved -matrices is as follows:

– In all computations involving-arithmetic, we use adaptive
ranks such that the relative truncation errors in admissible
matrix blocks are bounded. In particular, we allow for differ-
ent truncation accuracies in different parts of the -matrix
computations:
1. 𝛿vel for the -LU factorization of F̌ (step 1©),
2. 𝛿mul for the computation of the Schur complement (steps

2©– 4©), and
3. 𝛿Schur for the -LU factorization of the Schur comple-

ment (step 5©).
If the same truncation accuracy is used for all steps and
nothing else is specified, we have used

𝛿 ∶= 𝛿vel = 𝛿mul = 𝛿Schur = 10−1.

– The block cluster trees × ,  × , and  × are constructed
from the cluster trees  and  with admissibility condi-
tions
1. adm × = adm𝑐

𝜂
,

2. adm× = admDD for the uncoupled and coupled cluster-
ing (§6.1) and adm× = admcid

𝜂
for the coupled cluster-

ing with interface decomposition (§6.2),
3. adm × = adm𝜂 (since weaker admissibility conditions

are not suitable for the representation of the [dense]
Schur complement, that is, would result in significantly
larger ranks for the [admissible] low-rank blocks).

We have always used 𝜂 = 16.

Furthermore, we use the preconditioned BiCGStab method to
solve the linear system described in (1) with the right hand side

(
r
s

)
∶= 

⎛⎜⎜⎜⎝
1
⋮

1

⎞⎟⎟⎟⎠.
The BiCGStab method is stoppend when a relative residual of at
most 10−12 is achieved. We have also performed numerical results
using a preconditioned GMRes which led to similar results and is
hence not shown here.

The tests were performed sequentially on the TUHH HPC
cluster1 using an AMD Epyc 9354 processor with 32 cores and 3.8
GHz. The implementation of the tests is based on the H2Lib [15],
an open source software library for hierarchical matrices written
in C.

6.1 | Coupled Clustering

6.1.1 | Varying System Size

First, we compare the computational times needed for uncou-
pled and coupled clustering strategies. The computation times
per degree of freedom are depicted in Figure 7.

We observe that the coupled clustering leads to faster computa-
tions of the backward solve and the multiplication for the compu-
tation of the (approximate) Schur complement (steps 2© and 4©).
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FIGURE 7 | Computation times per degree of freedom for the five steps of the preconditioner set-up and the BiCGStab iteration as well as the total
time for the coupled clustering (solid lines) and the uncoupled clustering (dotted lines). [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 1 | Absolute computation times for the steps of the preconditioner set-up as well as the solve with the BiCGStab method (with iteration
count) and the total time for the uncoupled clustering (top) and the coupled clustering (bottom).

#DOF 1© 2© 4© 5© PBiCGStab (Iter) Total

10,853 0.2 s 0.7 s 1.6 s 0.1 s 0.05 s (9) 3.2 s
94,285 6.0 s 16.7 s 34.3 s 2.4 s 1.6 s (13) 76.5 s
786,077 79.5 s 219.6 s 469.4 s 42.3 s 20.4 s (18) 1045.7 s
6,419,773 799.6 s 2308.3 s 5435.8 s 600.6 s 293.6 s (26) 11,775.6 s

#DOF 1© 2© 4© 5© PBiCGStab (Iter) Total

10,853 0.6 s 0.4 s 0.3 s 0.1 s 0.1 s (9) 1.9 s
94,285 10.6 s 8.0 s 8.4 s 2.3 s 2.1 s (13) 39.2 s
786,077 131.8 s 108.5 s 152.7 s 44.8 s 31.2 s (21) 580.9 s
6,419,773 1313.4 s 1185.6 s 2144.2 s 682.8 s 486.9 s (33) 7066.8 s

The same observation, although not shown here, holds for the
forward solve (step 3©). The computation of an -LU factoriza-
tion of F̌, on the other hand, is slower with the coupled clustering
(due to the increased size of the interface cluster).

The absolute computation times, also shown in Table 1, indicate
that coupled clustering reduces the total computational times to
about 60% of the time needed for uncoupled clustering.

Similar observations as for the computation times can be made
for the required memory and are depicted in Figure 8. This figure
shows the memory required for the matrix V1 and the factors in
the -LU factorizations ĽFǓF ≈ F̌ and LSUS ≈ S . The matrices
V𝑘 and W𝑘, 𝑘 = 1, 2, 3, all require a similar amount of memory,
and the memory of the sparse matrices B𝑘, 𝑘 = 1, 2, 3, and F̌ can
be neglected in comparison.

While the -LU factorization ĽFǓF ≈ F̌ requires only slightly
more memory with the coupled clustering, there are significant
savings for the (intermediate) matrix V1 when using the coupled
compared to the uncoupled clustering.

6.1.2 | Varying Truncation Accuracy

Next, we consider tests with varying truncation accuracies for the
different steps of the preconditioner set-up. The motivation of this

is that although a higher truncation accuracy results in slower
computations this may result in a speed-up of the BiCGStab solve
through an even lower number of iteration steps required to
achieve the target (relative) residual norm. First, we fix the trun-
cation accuracies to 𝛿mul = 𝛿Schur = 10−1 and vary 𝛿vel.

As we can observe, varying 𝛿vel does not affect steps 4© and 5©
of the preconditioner set-up (as it can be expected). However,
a higher truncation accuracy 𝛿vel slows down all computations
involving (parts of) the -LU factorization of F̌. This effect is
even stronger with the coupled clustering. Additionally, the time
required for the BiCGStab solve does decrease only slightly with
the uncoupled clustering and even increases with the coupled
clustering.

Now, we consider fixed truncation accuracies 𝛿vel = 𝛿Schur = 10−1

and a varying truncation accuracy 𝛿mul for the steps 2©– 4© of the
preconditioner set-up (cf. Section 3). The computation times per
degree of freedom are presented in Figure 9.

We observe similar results as in Figure 10: As expected, the
-LU factorization of F̌ is not affected by changing the accu-
racy 𝛿mul, and the time required for the explicit computa-
tion of the (approximate) Schur complement increases with a
decreasing 𝛿mul. This effect is (again) stronger with the coupled
clustering.

12 International Journal for Numerical Methods in Fluids, 2026
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6.2 | Coupled Clustering with Interface
Decomposition

In this subsection we will show numerical experiments for the
coupled clustering with interface decomposition introduced in
Section 5.3. For this, we consider a varying system size and
use the same truncation accuracy 𝛿 = 10−1 for all -matrix
operations. Figure 11 depicts the computation times per degree
of freedom.

We observe that the computation of an (approximate) Schur com-
plement is also faster with the coupled clustering with interface
decomposition. Additionally, the computation time for an -LU
factorization LFUF ≈ F̌ is similar for the two cluster strategies.
However, Figure 11 suggests that the speed-up with the cou-
pled clustering with interface decomposition is smaller than the

FIGURE 8 | Required memory per degree of freedom for the -LU
factorizations ĽFǓF ≈ F̌ and LSUS ≈ S as well as for V1 = B1


Ǔ−1

F . The
plot shows the memory required with the uncoupled clustering (dotted
lines) and with the coupled clustering (solid lines). [Colour figure can be
viewed at wileyonlinelibrary.com]

speed-up with the coupled clustering observed in Figure 7. The
absolute computation times in Table 2 indicate a reduction to
80%–90% of the computational time with uncoupled clustering
compared to the reduction to 60% observed in Table 1 for the cou-
pled clustering.

7 | Conclusions

The coupled clustering described in Section 5.2 is developed to
yield a block structure with large zero blocks in the-matrix rep-
resentations of the off-diagonal blocks B1, . . . ,B𝑑 of the saddle
point system (1). We were able to prove that this clustering strat-
egy results in a cluster tree with a logarithmic depth bound in
Theorem 1 in the presented finite element scenario. This property
is important to obtain a computational complexity of (𝑛log𝛼𝑛)
for -matrix operations.

Although the coupled clustering approach results in a less favor-
able -matrix representation of the saddle point matrix block F
(or rather F̌) due to increased interface clusters, our numerical
results suggest that, compared to the uncoupled clustering, the
coupled clustering reduces the compuational time to 60% com-
pared to uncoupled clusterin. However, the situation changes if
we use higher truncation accuracies, that is, smaller values for 𝛿vel
or 𝛿mul. In this case, the coupled clustering looses its advantage,
which is discussed in more detail in [14].

The coupled clustering with interface decomposition, on the
other hand, achieves the intended improvement of the block
structure of -matrix representation of F̌. We observed sim-
ilar computation times for the -LU factorization of F̌ with
the uncoupled clustering and the coupled clustering with inter-
face decomposition. However, although we also observed a small
improvement of the computation times for the explicit com-
putation of an (approximate) Schur complement with the cou-
pled clustering with interface decomposition, the observed total
reduction leads to 80%–90% compared to uncoupled clustering
and is hence inferior to the reduction to 60% we observed for the
coupled clustering.

FIGURE 9 | Computation times per degree of freedom for a varying truncation with the uncoupled clustering (dotted lines) and the coupled clus-
tering (solid lines) and a varying truncation accuracy 𝛿mul. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 10 | Computation times per degree of freedom for a varying truncation accuracy [𝛿vel] for the uncoupled clustering (dotted lines) and the
coupled clustering (solid lines). [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 11 | Computation times per degree of freedom for the preconditioner set-up, the solve with the BiCGStab method, and the total time for the
uncoupled clustering (dotted lines) and the coupled clustering with interface decomposition (coupled(ID)) (solid lines). [Colour figure can be viewed
at wileyonlinelibrary.com]

TABLE 2 | Absolute computation times for the steps of the preconditioner set-up as well as the solve with the BiCGStab method (with iteration
count) and the total time for the uncoupled clustering (top) and the coupled clustering with interface decomposition (bottom).

#DOF 1© 2© 4© 5© PBiCGStab (Iter) Total

10,853 0.2 s 0.7 s 1.6 s 0.1 s 0.05 s (9) 3.2 s
94,285 6.0 s 16.7 s 34.3 s 2.4 s 1.6 s (13) 76.5 s
786,077 79.5 s 219.6 s 469.4 s 42.3 s 20.4 s (18) 1045.7 s
6,419,773 799.6 s 2308.3 s 5435.8 s 600.6 s 293.6 s (26) 11,775.6 s

#DOF 1© 2© 4© 5© PBiCGStab (Iter) Total

10,853 0.2 s 0.6 s 0.5 s 0.1 s 0.06 s (8) 2.0 s
94,285 7.0 s 13.9 s 16.5 s 2.4 s 1.5 s (13) 55.2 s
786,077 99.8 s 195.4 s 284.8 s 42.6 s 23.7 s (19) 849.9 s
6,419,773 1049.9 s 2127.5 s 3793.7 s 603.9 s 292.9 s (24) 10,141.6 s
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