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 A B S T R A C T

Technical textiles and their use in composites are crucial for many high-performance applications. Utilizing 
them in applications dominated by iteration and individualization requires flexible manufacturing processes. 
One such process is Incremental Sheet Forming (ISF), the 3D-Printing of forming processes, which is currently 
being adapted to composites. Enabling ISF, and other dieless processes, and leveraging their flexibility requires 
optimization and path-planning tools. Such tools must consider material behavior, which in turn necessitates 
the use of simulation. While highly sophisticated methods for increasingly accurate modeling have been 
developed, the speed requirements of CAM workflows and optimizations have kept simple yet efficient 
approximations relevant, the most prominent being kinematic draping algorithms.

This work presents a novel heat-method based alternative that globally computes fabric draping under 
an assumption of uniform tow distances. This assumption makes it especially well-suited for the subsequently 
implemented drape-aware ISF paths. Additionally, the developed algorithm is highly computationally efficient, 
which is harnessed for visualization and optimization. While these are only explored computationally, the 
path-planning is employed to produce and compare a demonstrator part in a double sided ISF process. The 
initial results for the draping algorithm show an up to 80x speed increase compared to kinematic draping. This 
allows for real-time draping visualization and sub-minute optimization. The demonstrator part proves that the 
derived paths can counteract wrinkling, an important failure mode observed with conventional strategies. These 
results demonstrate the great potential of geodesic draping for ISF in particular and flexible manufacturing, 
optimization and visualization tasks in general.
1. Introduction

Lightweight design is an important means of enabling high per-
formance, energy efficiency, and enhanced functionality. As one of 
the prime lightweight materials with a high strength-to-weight ratio, 
continuous fiber-reinforced plastics (CFRP) are increasingly relevant 
in the transportation, energy, sports, and medical sectors [1]. Due to 
the influence of both the highly anisotropic behavior of the fibers and 
the embedding matrix, the material behavior of CFRP is extremely 
complex. Simulations to predict this behavior are employed not only for 
the design of the final part, but also for its manufacturing processes [2]. 
Consequently, a large number of studies in the past have focused 
on developing numerical methods to describe the CFRP behavior. A 
wide range of modeling complexities can be considered, depending 
on how accurately the material properties need to be represented 
and how finely the various constituents need to be resolved. Lim and 
Ramakrishna [3] roughly differentiate between mapping approaches, 
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relying purely on geometric data, and mechanics approaches, requir-
ing constitutive material models for, i.e., FE-based simulations. These 
can be viscous, elasticity, viscoelastic, and/or plasticity models of 
microscopic (single fiber and matrix), mesoscopic (fiber-bundle/yarn 
and matrix), and macroscopic (textile/composite) scales [2,3]. While 
a prediction that is as realistic as possible requires extensive (at least 
mesoscopic) mechanical models, even the simplest mapping-based ap-
proximation methods remain relevant. One area of application where 
approximation methods are particularly necessary is the optimization 
of textile placement in manufacturing processes [4] such as hand-layup, 
(thermo)forming/stamping, or innovative flexible manufacturing pro-
cesses such as Incremental Sheet Forming (ISF). In ISF, simple standard 
tools, such as hemispherical tooltips, are moved along pre-programmed 
paths to locally shape a sheet material without part-specific molding 
tools. An additional benefit is the higher formability of many sheet ma-
terials in ISF compared to standard stamping processes [5]. Formability 
can be increased even further by the successive forming of intermediate 
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shapes with increasing depth and wall angle [6]. While originally 
developed for metal sheets [7], research into the ISF of CFRP has gained 
increasing interest in recent years [8]. Most research in this field has fo-
cused on Single Point Incremental Forming, which uses only one tool to 
form the desired target geometry [9–11]. However, recent publications 
also address Double-Sided Incremental Forming (DSIF), which uses an 
additional back-side tool to improve the process’s flexibility and quality 
by localizing the deformation and compressing the layup [12–14]. In 
this context, a DSIF setup for the forming of continuous fiber reinforced 
thermoplastics (CFRTP) was developed in [15]. It employs two synchro-
nized industrial robots, one on each side of the clamped sheet layup. 
While the main deformation is introduced by the position-controlled 
guiding robot, the second supporting robot applies a defined support 
force [15]. While previous CFRP ISF approaches usually adopted path 
strategies from metal ISF [9,10,12], (hard-coded) fiber-following paths 
were employed in [11], tailored to the draping of the employed woven 
fabric. The concept is to move the tool along the fiber directions, 
starting with the paths that require the least or no shear. Moving from 
the center outwards, paths are followed in parallel lines in an order of 
ascending shear angle, gradually introducing shear [16]. Although not 
algorithmically explored, the first investigation in SPIF of woven FRTP 
has yielded promising results, leading to higher geometric accuracy 
and a reduction in wrinkling, an important failure mode in CFRP 
forming [11].

The draping process, bringing a 2D textile into a 3D shape, is 
one of the most challenging and essential steps in CFRP production, 
and in most cases requires in-plane shear, out-of-plane bending, and 
intra-ply shear to accommodate doubly-curved shapes [17]. A key 
determining factor in the draping of a textile is the selection of a fixed 
point on the fabric and the fiber orientations at that point [18]. In 
practice, this point represents, for example, the point initially fixed 
during hand-layup [19]; in pressing processes, the point of first contact 
with the mold is the starting point of the draping driven by the 
pressing motion [20]. The starting point and orientation of a textile 
significantly influence the maximum shear angle that develops between 
the warp and weft yarns of a woven fabric or between the fibers of a 
0/90 layup during draping, and thus the drapability [4]. At the same 
time, the fiber directions naturally also influence the properties of the 
component under load. Algorithms used in the past to optimize textile 
placement include, for example, genetic algorithms [21] and particle 
swarm optimization approaches [22]. While these approaches are well-
suited for determining globally optimal results, they typically require 
a large number of calculations. Complex computations, which can take 
several hours even for dry textiles [23], result in computation times 
that are only acceptable for very high production volumes of the final 
component. For medium and low production volumes, however, the 
time spent on preparation increasingly impacts the lead time, thereby 
also increasing the demands on the computation time of upstream 
processes.

To enable the extremely short computation times required for both 
optimization and in the context of flexible manufacturing processes, the 
aforementioned mapping approaches are commonly used to model the 
textile behavior [4,24]. These approximation methods are designed to 
be as independent as possible of the specific material properties and 
rely on highly simplified assumptions based on the general type of 
reinforcement [3]. Due to their high tensile stiffness and low bending 
stiffness, the reinforcement fibers are generally assumed to be inexten-
sible and freely bendable. For woven fabrics and unidirectional (UD) 
layers, two subtly different assumptions are made [3]: The behavior 
of dry woven fabrics is defined by the assumption of fixed node spac-
ings, which implies the absence of fiber slippage. Combined with the 
aforementioned simplifications, this assumption results in a continuum 
mechanical description based on pure shear. Algorithmically, the result-
ing draping pattern under this assumption is computed by modeling 
the fabric as a pin-jointed net of nodes connected by uniform-length 
line segments, mechanically a grid of inextensible trusses connected via 
2 
ball joints [25]. This type of algorithm is often referred to as kinematic 
draping in contemporary and commercial implementations [4,26]. The 
computation of the grid’s draping pattern is carried out in three main 
steps:

1. An origin node and two perpendicular initial fiber directions are 
defined.

2. Generators, i.e., two initial fiber paths, are traced as approxi-
mated geodesic lines from the origin.

3. The rest of the nodes are placed constrained by the generators 
and the unit length assumption of the segments.

The main differences among existing kinematic algorithms lie in the 
specific determination of the generators and nodes. An open-source im-
plementation is presented by Krogh et al. [4]. Here, the approximately 
geodesic generators are determined via energy minimization. Krogh 
et al.’s efficiency-oriented implementation calculates the nodes via the 
intersection of two spheres placed on the adjacent nodes. However, an 
actual finite element analysis using truss elements is also possible [23].

For UD layers, the assumption is not that of constant node spacing, 
but rather that of constant spacing between adjacent fiber tows [3]. 
From this, a shear behavior is derived that is continuum-mechanically 
equivalent to simple shear. Even though the aforementioned differences 
in the theoretical description of fabrics and UD layers exist, in practice, 
kinematic draping simulation is also used for modeling UD layups, 
assuming constant node spacing [27]. Sun et al. compared kinematic 
draping to more extensive simulations [23]. As expected, kinematic 
algorithms show a significantly lower level of modeling accuracy. 
However, they also require a significantly reduced computation time. 
The kinematic approximations can be executed in a matter of seconds 
even on desktop hardware, whereas more extensive simulations can 
take minutes, hours, or even days, even on high-performance clusters. 
It is likely this factor that has kept kinematic approximation a viable 
method for optimization applications [22], even with the dramatic 
increase in computing power over the past decades.

The draping algorithm developed in this work does not rely on the 
local construction of kinematic grids, it instead builds on the work of 
Keenan Crane and his colleagues, who developed several algorithms 
based on the so-called heat method [28–30]. The heat method was 
developed for the efficient and robust calculation of distances on trian-
gular meshes, amidst other domains. It computes the so-called geodesic 
distance as the shortest distance between two points on an arbitrarily 
shaped subdomain of a Euclidean space, constrained to this subdomain. 
To give an intuitive example, it would be the actual shortest hike 
between two points in a mountain range, rather than their straight-
line distance. The heat method as originally introduced by Crane, 
Weischedel and Wardetzky [28] computes the geodesic distance from 
a set of points on the domain to all other points of the domain. It does 
this by leveraging the fact that the gradient of short-time heat diffusion 
becomes (virtually) parallel to the gradient of the geodesic distance as 
the diffusion time approaches zero. A suitable intuition might be the 
fact that after a very short time, the only relevant contributions from 
heat diffusing along random walks on the surface are those that travel 
along shortest geodesics.

Building on the original heat method and the vector heat method 
introduced by Sharp, Soliman and Crane [29], Feng and Crane recently 
introduced the heat method for generalized signed distances [30]. 
Relevant to this work is this method’s ability to compute the signed 
geodesic distance field from curves on a curved surface. While the 
original heat method could approximate the geodesic distance from 
curves by treating their vertices as a multi-source, the signed heat 
method adds three important properties to the resulting fields:

• The fields encode a notion of directionality, i.e., to which side of 
the source curve they are calculated.

• The fields, by construction, possess smooth gradients.
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• The fields show an advantageous boundary behavior.

The importance of these properties will be elaborated when discussing 
the draping algorithm implementation in Section 2.1. In the original 
heat method, a heat gradient is calculated as the gradient of a scalar 
diffusion. The signed heat method instead obtains the signed heat 
gradient 𝐻𝑠𝑔𝑛 by a vector diffusion from a source vector field 𝐻0 along 
the source curve. This source vector field 𝐻0 is computed such that it 
points normal to the source curve at every point of the source curve, to 
a consistent side, and along the surface. 𝐻0 is 0 everywhere else. Once 
defined, the vector diffusion step of the signed heat method is based 
on a vector version of the heat equation, where the time derivative of 
a vector field 𝐻𝑠𝑔𝑛 is equivalent to applying the Connection Laplacian 
𝛥∇: 
𝜕
𝜕𝑡
𝐻𝑠𝑔𝑛 = 𝛥∇𝐻𝑠𝑔𝑛. (1)

Accordingly, 𝐻𝑠𝑔𝑛 for a short time step 𝑡 is obtained via short time heat 
diffusion of 𝐻0 by solving: 

(𝑖𝑑 − 𝑡𝛥∇)𝐻𝑠𝑔𝑛 = 𝐻0, (2)

where id is the identity. The resulting field 𝐻𝑠𝑔𝑛 is normalized to obtain 
the normalized signed heat gradient 𝐻̂𝑠𝑔𝑛: 

𝐻̂𝑠𝑔𝑛 =
𝐻𝑠𝑔𝑛

‖𝐻𝑠𝑔𝑛‖
. (3)

𝐻̂𝑠𝑔𝑛 approximates the gradient of signed geodesic distance ∇𝜙𝑠𝑔𝑛. 
Thus, 𝜙𝑠𝑔𝑛 is found by solving a Poisson equation: 

𝛥𝜙𝑠𝑔𝑛 = ∇ ⋅ 𝐻̂𝑠𝑔𝑛. (4)

The heat methods basically break down geodesic distance computa-
tion into two (sparse) linear solves and an intermediate normaliza-
tion step. This allows them to leverage mature linear solvers, making 
them incredibly efficient. Repeated computations on the same under-
lying domain can reuse an initially computed prefactorization, further 
accelerating those solves.

Our work uses the heat method for generalized signed distance 
to develop a global computing method based on the assumption of 
constant fiber spacing, which is also applicable to multiple fiber orien-
tations. It can therefore also be used to predict shear in, for example, 
orthogonal layups or woven fabrics. Since the condition of constant 
crossing point distances is explicitly not satisfied, its mapping accuracy 
is likely higher for layups and woven fabrics with a stronger tendency 
towards fiber slippage than for fabrics that exhibit strictly kinematic be-
havior. While an empirical comparison of the accuracy of the kinematic 
approximation and the approach developed here for various materials 
goes beyond the scope of this work, we do compare the results of the 
two approaches both qualitatively and quantitatively. In addition to the 
differences in their predictions, the computational efficiency of the two 
approaches is also compared. The efficiency-oriented implementation 
by Krogh et al. [4] in their Python implementation serves as the refer-
ence implementation in this work, as this allows for a direct comparison 
of the two approaches under identical conditions.

The algorithm’s extreme computational efficiency enables fast vi-
sualization of the shear angle distribution. For this purpose, a basic 
software tool is presented in this work. For the same reason, the 
algorithm is naturally particularly well-suited for optimization tasks. 
Here, this is demonstrated using the example of a basic optimization 
algorithm, which can find a shear angle-optimizing starting position 
for draping processes in just a few seconds. As part of this work, we 
perform an initial validation of this optimization step using geometries 
for which the optimum is trivially known, in order to compare the 
optimization result against a clear ground truth. As a mapping approach 
the potential of the novel draping algorithm, which we develop and 
examine in this work, lies in both engineering and manufacturing 
technology. While it is generally not limited to this field, we focus 
3 
in particular on its potential for incremental CFRP forming. In this 
context, both the quick determination of the draping starting point and 
the derivation of forming toolpaths are key applications. In addition 
to incorporating the behavior of the reinforcement textile, the geodesic 
approach ensures forming paths that are equidistant, thereby achieving 
good surface quality. To leverage these properties, a path planning 
pipeline for the ISF of CFRP is developed that uses the newly developed 
draping algorithm as the basis for fiber-following path planning. This 
path planning pipeline is validated by manufacturing a demonstrator 
part on a double-sided incremental forming setup and comparing it 
with a conventional path strategy.

2. Algorithms

2.1. Geodesic draping algorithm

Currently the method of choice for approximating fabric drap-
ing is kinematic draping, both for woven fabrics and for UD-layups. 
However, certain properties make it less well suited for applications 
like path-planning. In the context of path-planning for manufacturing 
processes two properties are desirable, which current kinematic ap-
proaches are lacking: Many manufacturing processes benefit from or 
even require (close to) equidistant path spacing, which is often referred 
to as constant scallop width. Furthermore, path-planning usually re-
quires carrying out multiple successive algorithmic operations. These 
concurrent steps benefit from a shared mesh geometry that is ideally 
identical to the target geometry provided by a CAD-system. This shared 
structure avoids the need for error prone sampling and interpolation 
operations to transfer information between meshes. In this context, we 
present a new alternative for thinking about fabric draping approxima-
tion. Instead of a local cell-based approach, we consider the problem 
globally. Instead of generators constraining an iteratively constructed 
equilateral grid, they constrain a global pattern of crossing distance 
fields. Instead of assuming a pure shear behavior with constant line 
segment lengths, our method assumes equidistant shear with constant 
geodesic fiber tow distances. Although the assumption of constant 
fiber tow distances originates from the modeling of UD layers, the 
approach developed here is also suitable for determining the shear 
of intersecting fiber directions. As described in the introduction, UD 
layers with constant fiber tow distances can be modeled by simple 
shear. However, this local approach cannot be transferred to a net-
based method with two fiber directions without violating the condition 
of fiber inextensibility. If a net is sheared while the lengths of the 
line segments between crossing points remain constant, the distance 
between the segments decreases. Conversely, if segment distances re-
main constant, the segments themselves must elongate. Only the UD 
formulation of simple shear with a single equidistant fiber family does 
not lead to a contradiction here. But simple shear too is not capable 
of representing the shear of two intersecting equidistant fiber families. 
While the elongation occurs in only one direction in simple shear, it 
must take place in both fiber families to keep both families equidistant, 
which we refer to as equidistant shear in the following. Fig.  1 illustrates 
the difference between the three cases of pure, simple, and equidistant 
shear. In the original unsheared case two equally spaced fiber families 
of five fibers each cross each other at right angles. The resulting grid 
consists of 40 equal length line segments with a total length 𝐿. In 
the case of pure shear, the individual and total length of the line 
segments between the crossing points remain constant. Consequently, 
the distance between neighboring fibers is reduced and the height 
of the pure shear fabric is lower than that of the unsheared fabric. 
In the case of simple-shear the length of the horizontal fiber family 
stays constant as well. However, the distance between the fibers of 
this family is kept constant as well. This is achieved by elongating the 
segments of the vertical fiber family by a total length of 𝑒. In the case 
of unidirectional fabrics, this vertical family does not physically exist. 
Thus the inextensibility constraint only applies to the fiber segments 
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Fig. 1. Comparison of different shear types: (a) original unsheared state (b) pure shear (c) simple shear (d) equidistant shear.
of the horizontal family. In contrast, the equidistant shear assumption 
elongate the segments of both fiber families by a total length of 𝑒 and 
keeps the distance between all neighboring fibers constant.

Locally this elongation of line segments violates the inextensibility 
assumption of the fibers. To illustrate why segment elongation repre-
sents only an apparent contradiction to the assumption of constant fiber 
lengths, Fig.  1 depicts each fiber’s reach beyond its last crossing point. 
While the segment lengths change, the lengths of the depicted fibers 
stay the same under all assumptions. In real textiles, including woven 
fabrics, the distances between intersection points can and do change 
as well. However, this is not due to an elongation or shortening of the 
fiber bundles themselves. Rather, it is caused by fiber slippage. While 
segment lengths provide a local description of the relative positions 
of the intersecting fiber bundles, the immutability of fiber lengths is 
a global property. Furthermore, the property of fiber inextensibility 
should not be confused with the uniformity of all fiber lengths, which 
is valid only for a square-cut blank. Therefore, in theory, a curved 
surface can be perfectly covered with a textile with intersecting fiber 
directions, in which the distances between adjacent bundles in both 
fiber families remain constant everywhere, without violating the con-
dition of fiber inextensibility. Thus, from a global perspective, a draping 
approximation can result in the desired equidistant fiber positions, even 
with two crossing fiber families. To realize such an approximation the 
presented algorithm is executed according to the same basic procedure 
as kinematic draping:

1. define the origin and initial fiber directions
2. compute the geodesic generators
3. compute the tow locations and shear constrained by the gener-
ators

with the requirements of resulting in an equidistant shear approxima-
tion that works as much on the input mesh geometry as possible. The 
first step of the computation starts with the mesh , the seed point 
𝑝𝑖𝑛 ∈ R2, and the initial fiber direction 𝑑𝑖𝑛 ∈ R2 as inputs. The origin 
𝑝𝑜𝑟𝑖𝑔𝑖𝑛 ∈  is placed by projecting 𝑝𝑖𝑛 vertically onto . The generator 
direction tuple 𝐷 is created from the seed direction, its rotation by 90 
degrees 𝑑⟂, and the inverses of both directions. 

𝐷 = (𝑑𝑖𝑛,−𝑑𝑖𝑛, 𝑑⟂,−𝑑⟂) (5)

While this initial step is quite unremarkable, we found two highly 
synergetic methods to realize the following steps of generator creation 
and shear computation: The generator creation uses straightest geodesic 
tracing in barycentric coordinates by tracing straight lines during itera-
tive triangle unfolding and is shown in Fig.  2. They are traced from the 
origin outward along the generator directions as straightest-geodesics, 
following the definitions of Polthier and Schmies [31]. They describe 
this tracing process as the discrete initial value problem of geodesics: 
For a polyhedral surface , a polyhedral surface point 𝑝 ∈  and a 
polyhedral tangent vector 𝑣 ∈ 𝑇𝑝, there exists a unique straightest 
geodesic 𝐺 that fulfills the initial conditions
𝐺(0) = 𝑝 (6)

𝐺′(0) = 𝑣, (7)
4 
and extends to the boundary of . Locally, within a face 𝑓 of , the 
geodesic curve 𝐺 reduces to a straight line. 𝐺 can be extended into an 
adjacent face by proceeding in the direction for which the left and right 
curve angles are equal.

In this work, a custom version of the implementation of this concept 
in the potpourri3D library, which wraps the C++ library geometrycen-
tral [32], is used. On the piecewise-flat triangulated surface mesh 
, straight line segments are traced iteratively across the mesh by 
isometrically unfolding each adjacent face into the tangent plane of 
the current face along their shared edge and extending the straight line 
into the unfolded face. The line segments are mapped back onto . 
Differing from the original potpourri3D implementation, we modified 
the bindings to return the points at which the lines cross from one face 
into the next as a tuple of barycentric coordinates, such that each point 
𝑝𝑖 consists of a reference to a face 𝑓𝑗 ∈  and the distances to that 
face’s vertices 𝑡𝐴, 𝑡𝐵 , 𝑡𝐶 .

𝐺 = (𝑝1, 𝑝2,… , 𝑝𝑛), 𝑝𝑖 = (𝑗, (𝑡𝐴, 𝑡𝐵 , 𝑡𝐶 )).

The four generators resulting from the directions 𝐷 are paired into two 
orthogonal generators 𝐺𝑥 and 𝐺𝑦. We pair this method of generator 
tracing with the heat method for generalized signed distance described 
in the introduction. This allows us to use the generators as constraints 
for two crossing signed distance fields, which result in the global defi-
nition of equidistant shear discussed before. Importantly, the method 
we adopted for generator creation allows us to incorporate them as 
the heat method constraints without changing the underlying mesh 
geometry. The conceptual progression of the method is shown in Fig. 
3. The mesh  is used to initialize a signed distance solver. Because 
none of the algorithm’s steps changes the underlying mesh geometry, 
it can serve the important purpose of maintaining the initial pre-
factorization, effectively accelerating repeated solves. With the solver 
the signed distance field from each combined generator is calculated 
using the heat method for generalized signed distance as described 
in the introduction based on the original authors’ implementation in 
potpourri3D. In two consecutive computations, the source vector field 
𝐻0 is computed from 𝐺𝑥 and 𝐺𝑦, respectively, as the source curve. Then 
a discretized version of the short-time heat diffusion of 𝐻0 (Eq. (2)) is 
solved. The diffused vector field 𝐻𝑠𝑔𝑛 is normalized (Eq. (3)) and the 
signed distance field 𝜙𝐺𝑖

 is obtained by solving the Poisson problem 
(Eq. (4)). The two resulting signed distance scalar fields, 𝜙𝐺𝑥

 and 𝜙𝐺𝑦
, 

essentially encode an approximation of the warp and weft tows as their 
isocontours. It should be noted that although they are termed 𝐺𝑥, 𝐺𝑦, 
the initial fiber directions, defined by 𝑑𝑖𝑛 and Eq. (5), need not be 
chosen as the 𝑥 and 𝑦 unit vectors. Even the orthogonality of the initial 
directions is not required by the method. Preshear could therefore be 
introduced by adjusting Eq. (5) accordingly. The tow locations can 
be derived trivially from the distance fields by just extracting their 
isocontours at the desired contour spacing. The two families of isolines 
then form our methods’ equivalent of the kinematic grid. The gradients 
of the distance fields are orthogonal to the isolines of the respective 
fiber family and therefore to their fiber directions. Thus, the shear angle 
can be derived directly from these gradients of the computed distance 
fields. Assuming an orthogonal reference this is achieved by computing: 
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Fig. 2. The first two steps of the geodesic draping algorithm, the origin and initial directions are placed and generators are traced as straight geodesics in 
barycentric coordinates.
Fig. 3. The conceptual progression of the last step in the geodesic draping algorithm: Shear and fiber tow locations are computed constrained by the generators.
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Some applications might benefit from a non-orthogonal reference for 
the shear-angle computation. One such case might be to highlight the 
deviation from introduced pre-shear. In this case Eq. (8) can simply 
be adjusted by subtracting the relevant reference instead of 𝜋∕2. The 
general algorithm implementing these steps is shown in Algorithm 1. 
The solver object is omitted as an implementation detail. Because the 
algorithm is built on the computation of straight geodesics and geodesic 
distance fields, we term the overall approach geodesic draping.

Although the presented algorithm is best suited to understand the 
conceptual progression of the presented method, we found that a 
significantly more efficient version of Algorithm 1 can be implemented, 
which is conceptually shown in Fig.  4. The vector fields 𝐻̂𝑠𝑔𝑛 and ∇𝜙
are not necessarily exactly identical due to the approximative nature of 
the Poisson problem. Nevertheless, it may be worthwhile to accept this 
small additional inaccuracy. This allows us to take a short cut within 
our method: Instead of solving the Poisson problem and computing the 
gradients (∇𝜙𝐺𝑥

 and ∇𝜙𝐺𝑦
) the shear angle can be calculated directly 

from the 𝐻̂𝑠𝑔𝑛 fields. We refer to this algorithm as fast geodesic draping
in the following. This alternative is especially useful, if the global fiber 
paths are not required and only 𝛼 is needed, as is often the case in 
optimization.

In the context of path planning, the distance fields remain impor-
tant, and further useful fields can be derived. The most important in 
this work is the element-wise minimum distance field 𝜙𝑚𝑖𝑛. 
𝜙 = min(∣ 𝜙 ∣, ∣ 𝜙 ∣) (9)
𝑚𝑖𝑛 𝐺𝑥 𝐺𝑦

5 
Algorithm 1 The geodesic draping algorithm
Require: , 𝑝𝑖𝑛, 𝑑𝑖𝑛 ∈ 𝑅2

𝑝𝑜𝑟𝑖𝑔𝑖𝑛 ← project(𝑝𝑖𝑛,)
𝐷 ← (𝑑𝑖𝑛,−𝑑𝑖𝑛, 𝑑⟂,−𝑑⟂)
for 𝑑𝑖 in 𝐷 do
 𝐺𝑖 ← trace(𝑝𝑜𝑟𝑖𝑔𝑖𝑛, 𝑑𝑖,)
end for
𝐺𝑥 ← Concatenate(𝐺0, 𝐺1)
𝐺𝑦 ← Concatenate(𝐺2, 𝐺3)
for 𝐺𝑖 in (𝐺𝑥, 𝐺𝑦) do
 𝐻𝑠𝑔𝑛 ← diffuse(𝐺𝑖,)
 𝐻̂𝑠𝑔𝑛 ← normalize(𝐻𝑠𝑔𝑛)
 𝜙𝐺𝑖

← solvepoisson(𝛥𝜙𝑠𝑔𝑛 = ∇ ⋅ 𝐻̂𝑠𝑔𝑛) ⊳ omitted in fast version
 𝑔𝑖 ← Grad(𝜙𝐺𝑖

) ⊳ 𝑔𝑖 ← 𝐻̂𝑠𝑔𝑛 in fast version
end for
𝛼 ← Shear(𝑔𝑥, 𝑔𝑦) ⊳ fast version only returns 𝛼
𝜙𝑚𝑖𝑛 ← Min(𝜙𝐺𝑖

)

The distance fields have the additional useful property of providing a 
direct mapping from the target geometry to the planar initial state of 
the textile. Therefore, each point 𝑝𝑚 ∈  on the curved surface domain 
can be mapped to an original point 𝑝𝑜 ∈ 𝑅2 in the textile’s initial planar 
state. From the initial direction vector 𝑑𝑖𝑛, we can trivially extract the 
rotation relative to the plane’s 𝑥-axis 𝑅𝑥→𝑖𝑛. Together with the initial 
seed point 𝑝𝑖𝑛, the mapping between curved and planar state can be 
calculated according to the procedure described in Algorithm 2.
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Fig. 4. The main steps of the fast geodesic draping algorithm computing shear directly from the normalized vector diffusion.
Algorithm 2 Transforming a submesh to the initial sheet domain
Require:  , , 𝜙𝐺𝑥

, 𝜙𝐺𝑦
, 𝑝𝑖𝑛, 𝑑𝑖𝑛

𝑠 ← (𝑠 ⊆  ,𝑠 ⊆  )
𝑜 ← { 𝑇𝑜(𝑝) ∣ 𝑝 ∈ 𝑠 }
𝑜 ← (𝑜,𝑠)
function 𝑇𝑜(𝑝)
 𝑅𝑥→𝑖𝑛 ← rot(𝐞𝑥, 𝑑𝑖𝑛)

 𝑝𝑜 ← 𝑅𝑥→𝑖𝑛 ⋅

[

𝜙𝐺𝑥
(𝑝)

𝜙𝐺𝑦
(𝑝)

]

+ 𝑝𝑖𝑛

 return 𝑝𝑜
end function

One application of this mapping is the computation of a minimum 
viable cutout from the flat textile that still covers the entire part. This 
can be achieved by simply choosing the part’s boundary as the submesh 
𝑠 and mapping it back to the initial flat state. In reality, the true 
shear behavior will neither comply completely with the pure shear nor 
the equidistant shear assumption. As stated in the introduction, which 
description is better suited will likely depend on the reinforcement type 
and, in the case of woven reinforcements, on the importance of tow 
slippage. It remains to be investigated which materials, under which 
conditions, are better modeled by which set of assumptions. However, 
considering the inherently coarse approximative nature of a material-
independent algorithm, this might not be as relevant in practice. More 
importantly the method we presented here allows us to effectively 
address the requirements mentioned in the beginning and therefore 
ends up with the following advantages:

• It allows derived toolpaths to be both fiber-following and of 
constant scallop width.

• It works directly on a possibly anisotropic, triangulated input-
mesh.

• It can leverage shared pre-factorization to accelerate repeated 
solves.

• It allows for a straightforward computation of further useful 
quantities on the mesh geometry.

Important libraries used to implement the presented draping algo-
rithm and the optimization, visualization, and path-planning algo-
rithms presented in the following are numpy [33], vtk [34], and 
scipy [35] for basic mathematical operations and optimization al-
gorithms, networkx [36] for graph operations, pymeshlab [37] and 
pyvista [38] for triangle mesh related operations, and matplotlib [39] 
and polyscope [40] for visualization.
6 
2.2. Optimization

The high computational efficiency of the developed draping algo-
rithm predestines it for use in optimizations. To showcase this potential, 
this work implements a basic textile placement optimization. The scipy 
implementation of differential evolution, as outlined in [41], is utilized 
to find an initial position that minimizes the maximum shear in the fab-
ric. The differential evolution solver uses a rand-to-best-1-bin strategy 
with a population size of 3. For mutation, the evolution uses dithering 
with values between 0.6 and 1, and the recombination constant is 
set to 0.8. The optimization terminates with an absolute tolerance of 
0.001. The minimization of the 99.99th percentile of the shear field is 
chosen as the optimization target. The parametrization of the optimizer 
was chosen based on a preliminary parameter study across different 
input geometries, excluding the test geometries described later. After 
the differential evolution has converged, the result is used as input to 
a gradient-based minimization to further refine it. This work uses the 
scipy implementation of the modified Powell algorithm for this purpose 
[42,43]. The query bounds are automatically set to lie within the largest 
rectangle that fits the planar projection of the part, with a 5 mm margin 
to the boundary.

To assess the viability of the optimization, the input geometries 
used in this work are chosen such that the optimal fabric placement is 
(mostly) trivial for a human operator. Namely, the chosen geometries 
are a rotationally symmetric cone frustum, a half dome shape, and a 
variable-angle cone frustum with an off-center tip. This choice of test 
geometries allows an initial comparison of optimizer recommendations 
with the intuitively optimal placement, without conducting real-world 
experiments. For the cones, the optimal placement is expected to be 
found in the center of their top surface. For the dome, it is expected at 
its peak. Fiber orientation can be trivially included in the optimization. 
Yet it is omitted here as it is arbitrary for the rotationally symmetric 
parts and non-trivial for the off-center part.

Times, number of iterations, final shear, and the deviation from the 
trivial best point are recorded for analysis. Because differential evolu-
tion depends on the initial condition, each optimization is repeated five 
times with random initial conditions, and results are averaged across 
the five runs.

2.3. Visualization

An alternative to a fully automated optimization is the use of visual-
ization to aid a human operator’s decision. This offers the advantage of 
improving the process understanding of the operator. Furthermore, it 
allows more complex targets to be achieved by incorporating human 
knowledge and intuition. For example, while the optimization will 
usually target a simple metric such as maximum shear, the human 
operator might benefit from intuitions about where, in what shape, and 
in what size high shear areas occur.



D. Nettig et al. Computer-Aided Design 201 (2026) 104155 
Fig. 5. The developed interactive shear simulation implemented using polyscope.
To enable this alternative route, we leverage the speed of the 
geodesic draping algorithm to build a simple interactive visualization 
tool. A screenshot of the visualization is shown in Fig.  5. The tool is 
realized in polyscope and allows the operator to change a number of 
parameters, enabling the observation of their impact on the draping of 
the textile, updated in real-time. The main parameters are the starting 
position and orientation. By default, the visualization uses the fast 
geodesic draping algorithm to approximate the shear field and display 
it as a color range on the mesh. To gain further insight, the operator 
can also toggle a visualization of the textile made up of the isocontours 
of the distance fields. If this option is toggled, the approximation uses 
the full geodesic draping approximation internally. The contours are 
cropped to a length specified by the width parameter and sampled at 
a distance derived from the levels parameter. When the width exceeds 
the part’s size, the contours remain constrained to the part. One last 
option is to activate the display of an outline. This adds a red line to the 
visualization, which represents the minimal cut-out from a flat textile 
required to completely cover the part geometry, given the current 
choice of origin parameters.

Together, these options allow an operator to adjust parameters and 
immediately observe how they affect the results. Drawing conclusions 
from the observed behavior, the operator can then make an informed 
decision on which parameters to choose for subsequent process steps.

2.4. Incremental forming paths

The newly developed geodesic draping algorithm can be lever-
aged for the efficient and geometry-independent generation of draping-
aware toolpaths for the incremental forming of CFRP. As explained in 
chapter 1, the concept of fiber-following paths has been identified as a 
promising approach for the suppression of wrinkling defects in the ISF 
of woven CFRP. Initial forming trials with hard-coded paths showed 
improved results compared to standard elevation-contour paths known 
from metal ISF [11]. To automate this approach a novel draping-aware 
path planning strategy specifically tailored to the shear- and bending-
dominated deformation properties of CFRP is implemented using the 
geodesic draping algorithm. For comparison, and to enable efficient 
processing, we furthermore implement a constant-elevation spiral strat-
egy commonly used in ISF. This chapter describes both path-planning 
algorithms, along with the necessary pre- and post-processing.
7 
The path planning implementation is structured as a directed acyclic 
graph (DAG). All operations are therefore built up from interconnected 
nodes that process inputs from previous nodes to generate outputs, 
which are, in turn, processed by subsequent nodes. Interpreting these 
nodes as filters and their connecting edges as pipes, the path planning 
is, therefore, literally a pipeline. To guide the description in the follow-
ing sections, the entire DAG will be subdivided into several consecutive 
sub-graphs. The relevant libraries used for the implementation of the 
pipeline are the same as mentioned in Section 2.1.

The input mesh geometry is first run through a preprocessing 
pipeline (see Fig.  6(a)). It allows for the application of basic trans-
formations and remeshing to increase robustness to input variations. 
If the input geometry is correctly positioned and oriented and has a 
sufficiently fine and homogeneous mesh resolution, these steps can be 
skipped. Aside from these operations, the main task of the preprocess-
ing pipeline is to generate intermediate shapes to enable multi-stage 
forming strategies. In the implementation presented here, the target 
mesh is warped into the desired intermediate shapes according to user-
defined depth separations/layer distances 𝑙𝑑 . First, the elevation field 
𝜖, i.e., the z-coordinates of each point 𝑝 of the mesh, is extracted. It 
is then used to linearly interpolate the mesh point coordinates to the 
new coordinates 𝑝𝑤𝑎𝑟𝑝 according to the desired layer distances 𝑙𝑑 along 
the 𝑧-direction 𝑛𝑧 such that the maximum height of the warped mesh 
is equal to 𝑑𝑙. 

𝑝𝑤𝑎𝑟𝑝 = 𝑝 − 𝑘 𝜖 𝑛𝑧, 𝑘 = 1 −
𝑙𝑑

𝑚𝑎𝑥(𝜖)
(10)

This work uses the newly developed draping algorithm to auto-
matically generate fiber-following toolpaths. First, the generators 𝐺𝑥
and 𝐺𝑦, as well as the distance fields 𝜙𝐺𝑥

, 𝜙𝐺𝑦
, and 𝜙𝑚𝑖𝑛 are obtained 

according to the procedure discussed in Section 2.1. The pipeline for 
turning the geodesic draping approximation into fiber-following paths 
is shown in Fig.  7. The isolines of the 𝜙𝑚𝑖𝑛 field are computed according 
to the scallop width defined by the user. The generators 𝐺𝑥 and 𝐺𝑦
are included as the zero-contours. To efficiently sort the isolines, the 
arctan of their (𝜙𝐺𝑥

, 𝜙𝐺𝑦
) position is calculated, which can then be 

used to order the individual lines. Together with 𝜙𝑚𝑖𝑛, the set of lines 
is subsequently sorted by isovalue and quadrant. This ordering and 
sorting step determines several properties of the final path strategy. Iso-
lines could be traversed clockwise, counter-clockwise, or alternatingly; 
consecutive isolines could increase or decrease in geodesic distance 
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Fig. 6. (a) Pre- and (b) post-processing pipelines of the developed path-planning procedure.
Fig. 7. Computation pipeline of the developed fiber-following path-planning algorithm.
to the generators. They could be formed levelwise or quadrantwise. 
Combinations of these could also be used. Once an ordered list is 
generated, the consecutive isolines are combined with the atan-sorted 
outer contour of the mesh. In this step, the isolines are connected via 
shortest paths along the outer contour to form one continuous path. 
To prepare them for the final postprocessing steps, the normals of the 
underlying mesh are sampled onto the path, and it is resampled to 
a constant point spacing. When progressing from low to high shear 
angle areas, the fiber-following paths limit the maximum relative depth 
of an intermediate shape because of their inside-out character. It was 
reported in [11] that a high count of intermediate shapes led to the 
failure of the employed metal dummy sheets, which are required for 
clamping and protecting the CFRP.

To circumvent an excessive amount of intermediate shapes, only 
a limited number of intermediate shapes can be formed using fiber-
following paths, while the remaining intermediate shapes are formed 
with a conventional outside-in spiral approach, which allows higher rel-
ative depth. The pipeline for the generation of these elevation contour 
based spiral paths is shown in Fig.  8. First, the scalar elevation field is 
extracted from the preprocessed surface mesh. The next node extracts 
the isolines of this scalar field as a set of contours, which is sorted into 
a list of clockwise-ordered contours with increasing isovalue. Starting 
from the first point of the first contour as the reference point, the 
contours are aligned by iteratively computing the squared distance 
from all points of the next contour to the reference point and then 
shifting the point indices to start with the point closest to the reference. 
To spiralize the isolines, the contours are pairwise resampled to a 
constant point spacing at an identical point count, which is chosen as 
the maximum of the point counts of both contours. The spiral segment 
is then created by linearly interpolating between the points of the 
contours and moving each successive point closer to the next contour 
by the same fraction of the total distance to the closest point on the 
next contour. This is iteratively repeated for each contour pair, and 
the resulting spiral segments are concatenated to form the entire spiral 
path. The resulting polyline is combined with the first and last contour 
to form the complete list of path points. This list is then resampled in 
its entirety to a user-defined equal point spacing. The interpolation and 
resampling are performed in Cartesian space and might therefore not 
lie exactly on the surface domain. For this reason, the path points are 
projected back onto the mesh by finding the closest cell and the closest 
8 
point within this cell for each path point. To complete the necessary 
path information, the surface normals of the mesh are computed and 
sampled at the path points.

The final path postprocessing step, shown in Fig.  6(b), is identical 
for both path planning pipelines. The path points are offset along their 
associated normals to form the path of the guiding robot, and approach 
and retract motions are appended. The same is done for the support 
robot, although its normals are smoothed with a Gaussian kernel 𝑤𝑘
with a radius of nine points 

𝑓𝑖 =
9
∑

𝑘=−9
𝑤𝑘𝑓𝑖+𝑘, 𝑤𝑘 =

exp
(

−𝑘2

18

)

9
∑

𝑗=−9
exp

(

−
𝑗2

18

)

, 𝑘 = −9,… , 9. (11)

This is done as a smooth path, and therefore, a smoother force is 
deemed important enough that a slight deviation from the calculated 
position is acceptable. With this, the positional path description is 
completed, and the path points can be translated into robot instructions 
via a custom parser. An elevation-based spiral path, as well as a fiber-
following path, is shown in Fig.  9. To focus the visualization on the 
different path types, they are displayed on the final shape, and the paths 
for the support robot are omitted. Additionally, the contour distance is 
intentionally increased to an unusually high value of 8 mm of scallop 
width for the fiber-following paths and 4 mm of step depth for the 
elevation based spiral.

3. Forming experiments

To practically assess the path planning algorithms, incremental 
forming experiments were conducted on a hot DSIF setup specifically 
developed for CFRTP forming [15]. The setup is depicted in Fig.  10. 
It employs two KUKA KR 300 industrial robots positioned on opposite 
sides of a vertical clamping frame, which is able to clamp sheet layups 
of 350 × 350 mm2. Due to the near-inextensible nature of the fibers, 
the employed Ensinger TECATEC SAN CF47 CFRTP sheet cannot be 
clamped directly. Instead, it is quasi-floatingly interposed between a 
DC04 steel sheet on the front and an EN AW-1050A H111 aluminum 
sheet on the back side. Polytetrafluoroethylene (PTFE) separator sheets 
are introduced between CFRTP and metal sheets to prevent adhesion. 
The sheet material details are shown in Table  1.
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Fig. 8. Computation pipeline of the conventional elevation spiral algorithm.
Fig. 9. Visual comparison of incremental forming path strategies: (a) elevation based spiral (b) fiber-following paths (path progress blue to yellow). (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 10. Setup for the hot DSIF of CFRTP, (a) front view with guiding robot, (b) back view with support robot, (c) schematic sectional view of the layup.
During layup preparation on a separate horizontal layup table, 
care must be taken to centrally place the CFRTP on the underlying 
aluminum and PTFE sheet, with the fiber directions aligned with the 
sheet edges. The corners of the composite sheet were attached to the 
PTFE foil with temperature-resistant tape to prevent any dislocation 
during transfer to the clamping frame. A flexible insulation material, 
suspended between the rear side of the clamping frame and the back 
side robot’s flange, and the back aluminum sheet of the layup constitute 
an oven chamber. A recirculation blower, a heater, and air deflection 
plates are employed for a homogeneous heating of the layup. After 
securing the layup in the clamping frame, the oven chamber is heated 
to a temperature of 180 ◦C. Once the target temperature is reached, 
the final clamping force is applied, and the forming process can start. 
To introduce local deformations into the sheet layup both robots are 
equipped with hardened steel tools with hemispherical tips of 20 mm 
diameter. The position controlled front robot, on the cold side of the 
layup, performs the main forming operation and is thus regarded as 
the guiding robot. The TCP of the support robot on the hot back 
side of the layup aids in localizing the deformation, supporting the 
9 
layup and preventing undesired global deformation, by applying a 
support force of 150 N. To this end, the supporting robot is not only 
synchronized with the guiding robot using the KUKA RoboTeam pack-
age, but also force-controlled leveraging the KUKA ForceTorqueControl 
package. Measurement data is provided by a six-axis force–torque 
measurement cell (Schunk FTN-Omega 160) mounted on the robot 
flange, decoupled from the hot area of the tool via a water-cooled 
adapter. Further details of the setup and the control architecture are re-
ported in [13,15]. Following paths created by the pipeline described in 
Section 2.4, two cone frusta were formed. They have a final maximum 
depth of 40 mm and are each divided into four intermediate shapes. For 
both cones, three equally spaced intermediate shapes with a relative 
depth of approximately 12.3 mm are formed using the elevation spiral 
approach. The first strategy follows these by a fourth elevation spiral 
shape to the final depth. This strategy is thus referred to as E12-E12-
E12-E3. The second cone instead uses fiber-following paths for the 
final shape and is referred to as E12-E12-E12-D3. The height distance 
between subsequent spiral passes is set to 1 mm, and the geodesic 
contour distance of the fiber-following paths is set to 2 mm. The target 
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Table 1
Details of the sheet layup constituents.
 DC04 steel sheet Size 350 × 350 mm2 
 Thickness 0.7 mm  
 EN AW-1050A H111 aluminum sheet Size 350 × 350 mm2 
 Thickness 1 mm  
 SAN CF47 CFRTP sheet Size 200 × 200 mm2 
 Thickness 0.6 mm  
 Fiber Volume Content 47%  
 Fiber Type Carbon HT 3k  
 Fiber Architecture 2/2 twill weave  
 Textile Basis Weight 245 g/m2  
 Number of Textile Layers 2  
 PTFE sheet Size 350 × 350 mm2 
 Thickness 0.025 mm  
Fig. 11. Qualitative comparison of the (a) kinematic and (b) geodesic draping algorithm. (For interpretation of the references to color in this figure legend, the 
reader is referred to the web version of this article.)
TCP velocity is set to 20 mm/s for the guiding robot and to a relative 
speed of 5 mm/s for the support robot. After forming is finished, both 
tools retract to their home positions, and the heating is disabled. Once 
the layup has cooled down to a safe handling temperature, it is removed 
from the clamping frame, and the formed CFRTP is separated from the 
auxiliary sheets.

4. Results

4.1. Algorithm comparison

4.1.1. Angle prediction
Fig.  11 shows a qualitative comparison of the results of a kinematic 

draping algorithm as implemented by Krogh et al. [4] and the geodesic 
draping algorithm developed in this work. The geometry chosen for 
the comparison of the algorithms is a square pyramid with three 
different wall angles: A high angle section at the base (60◦), lower 
angle section towards the tip (40◦) and a small transition region (10◦). 
As shown, both algorithms produce qualitatively similar results for 
this more complex geometry. Local peaks and valleys in the shear 
field appear at the same locations on the surface (examples marked in 
red). As expected, a region of relatively low shear forms immediately 
around the generators. While this is true for both methods, the most 
significant qualitative difference between them lies in the shape of this 
region: whereas the width of this region remains nearly constant in 
kinematic draping, it tapers in geodesic draping as the distance from 
the origin increases (marked in yellow). An obvious difference between 
the two approaches is that geodesic draping is calculated on the target 
geometry, whereas the kinematic draping algorithm always simulates 
a square fabric. It is also possible to calculate geodesic draping on a 
geometry with a boundary surface and extract a square or rectangle of 
any size; however, this is not done in this case.

Fig.  12 shows a quantitative comparison of the mean and maximum 
shear values computed by both algorithms on the same test geometry 
10 
that is used for the qualitative comparison. For this analysis, the 
starting point is fixed at the center of the component, and the angle 
of the initial generator direction to the 𝑥-axis is then increased in 
150 steps from 0◦ to 90◦. For initial angles of below about 25◦ and 
over about 65◦, the mean and maximum shear angle prediction of 
both approximations remains very close. The maximum shear values 
differ within a band of about ± 2◦ and are even closer looking at 
the 99.9th percentile of shear, which eliminates the influence of pos-
sible outlier nodes. This can also be seen in the absolute predictions, 
where small oscillations are effectively smoothed by excluding the 
extreme-valued nodes. The difference in the maximum predictions in 
the aforementioned angle section varies around a mean deviation of 
zero. However, the mean shear prediction of the geodesic draping 
algorithm is consistently about 1.3◦ larger than that of the kinematic 
algorithm. This is likely due to the narrowing band of low shear 
around the generators discussed previously. The deviation in the mean 
shear prediction rises only slightly in the section between 25◦ and 
65◦. In comparison, the mean on the maximum prediction shifts more 
significantly. After a short transition region the difference between the 
maximum predictions of both algorithms oscillates around about 5◦, 
with a lower prediction in the geodesic algorithm. This implies that 
the algorithms react differently when the curvature in the area of the 
generators is higher. However, the difference is still quite low, and 
the overall progression shows a similar qualitative behavior, with a 
minimum of maximum shear near 45◦. Due to the very small differences 
between geodesic draping and fast geodesic draping, the predictions of 
the latter algorithm are omitted here.

4.1.2. Computation speed
For the empirical computation speed assessment both geodesic drap-

ing algorithms (complete and fast) are used to compute shear for 
random starting points on the square pyramid geometry with varying 
wall angles. 200 points in a 30 × 30 grid are generated and used as 
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Fig. 12. Comparison of the mean and maximum shear prediction of the kinematic and geodesic draping algorithms for different initial fiber directions (angle 
around 𝑒𝑧 relative to the 𝑒𝑥).
input. The input geometry is isotropically remeshed to a node count 
of 13749. They are furthermore compared to the kinematic draping 
algorithm using a grid with 13689 nodes. All three algorithms were 
run in direct succession on the same Lenovo ThinkPad P14s using an 
AMD Ryzen Pro 7840U 3.3 GHz processor and 64 GB of DDR4 RAM.

To assess which steps of the geodesic algorithms contribute most to 
the overall computation time, the times for each of the steps (origin 
placement, generator tracing, heat computation, and field derivation) 
are recorded and their contributions are plotted in Fig.  13. These 
contributions represent the mean over all 200 computations. In the 
complete algorithm, the origin placement makes up about 6.8% of the 
overall computation time with a mean step time of 8.3 ms. Generator 
placement takes only about 3.6 ms and makes up about 3% of the 
overall computation time. The largest contributor to computation time 
in both implementations is the core heat computation, which takes 
about 73.22 ms and accounts for about 60% of the total time. Another 
large contribution is the subsequent field derivation with 36.5 ms 
or about 30%. Both the heat computation and field derivation are 
significantly reduced by the fast geodesic algorithm, which omits one 
solve from the heat step and the gradient computation from the fields 
step. This results in just over 50 ms for the heat computation, which 
becomes the only relevant contributor, accounting for over 75% of the 
computation time. The field derivation is reduced to just under 4 ms 
and becomes the least significant contributor.

The comparison of the kinematic and geodesic draping approaches 
is first pointed towards their computational complexity. The main step 
of the kinematic draping approach is the iterative placement of nodes, 
each constrained by two adjacent neighbors. The placement method dif-
fers between implementations, but is generally carried out sequentially 
for each of the nodes. This results in linear scaling with the number 
of placed nodes in the resulting quad-mesh. The initial step of origin 
placement and generator tracing contributes only little to computation 
time based on the empirical analysis. They are also of low complexity, 
with the origin placement being 𝑂(1) and the iterative generator tracing 
being 𝑂(𝑚 < 𝑛) for 𝑚 unfolded triangles. As seen in Fig.  13 the main 
steps in the geodesic methods are the heat and angle field computa-
tions. The angle field computation according to Eq. (8) consists only of 
operations with linear scaling and therefore has an overall complexity 
of 𝑂(𝑛). The main contributors to the complexity of the heat compu-
tations are the two sparse linear solves of the two subsequent heat 
method executions and especially their prefactorisation. For an initial 
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computation the prefactorization step dominates the overall complexity 
of the method. The current implementation uses the Eigen solver with 
a complexity of about 𝑂(𝑛1.5). The back-substitution for the solves of 
the heat diffusion and Poisson problem then only contributes with 
a complexity of 𝑂(𝑛 log 𝑛). For sufficiently small and regular meshes 
the complexity of these solves will share an approximately linear 𝑂(𝑛)
complexity with the remaining operations of the matrix assembly and 
the normalization step. Because of this combination of complexities it 
is crucial for our method to preserve mesh geometry between solves, 
which allows the sharing of one prefactorization. With a shared pref-
actorisation its 𝑂(𝑛1.5) complexity gets amortized with repeated solves 
and for common CAD mesh geometries the scaling of the geodesic 
draping algorithm can achieve approximately linear 𝑂(𝑛) scaling. This 
behavior was confirmed by the empirical scaling investigation, which 
is elaborated in Section 4.2 and showed 𝑛1.42 scaling for an initial 
draping computation and 𝑛1.07 for a subsequent run on isotropic mesh 
geometries with 8-60,000 points.

While the scaling of the geodesic approach is slightly worse than 
that of the kinematic approach, one clear advantage of the geodesic 
algorithm is that it works directly on the triangulated mesh and can 
in theory leverage intrinsic triangulations. The kinematic grid on the 
other hand is a uniform rediscretization by construction. In practice 
this means that the actual number of vertices required to represent the 
underlying geometry with the same accuracy can be lower with our 
method. While the kinematic draping scales linearly with the number of 
grid vertices that is required to sufficiently approximate the underlying 
mesh, the geodesic approach scales approximately linearly with the 
number of nodes in the input mesh itself. This means the geodesic 
draping algorithm will show better scaling for parts that only require 
locally high mesh resolution, especially if the mesh is still not vastly 
irregular and sufficiently small. The kinematic approach, on the other 
hand, scales better for very large meshes that require a high overall 
mesh resolution anyways, especially if only single or few solves are 
required. In general, though, the computational scaling behavior of 
the approaches is similar and well-behaved. Because of their (approx-
imately) linear scaling, neither algorithm experiences combinatorial 
explosions, and both are suited even for large node counts in the tens 
of thousands and more. So especially for repeated solves the difference 
in their computational efficiency is dominated rather by their constant 
cost.
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Fig. 13. Contributions of the individual computation steps to the overall computation time of the complete (a) and fast (b) geodesic draping algorithm.
The constant cost will always be a combination of algorithmic 
formulation and implementation efficiency. In our method the main 
contributor to computation time is the heat diffusion, a prefactorized 
sparse linear solve with a subsequent vector normalization. The com-
plete method adds a second solve for the Poisson problem and the 
gradient computation. The advantage here is that solving the sparse 
linear systems can leverage decades of development in the underlying 
solvers. Still, we can at this point not prove whether there is a poten-
tially more efficient implementation of the kinematic draping algorithm 
that could have a significantly lower constant cost as well. For now, we 
rely on the empirical investigation of computation time to demonstrate 
the potential of our method.

To assess and compare the actual computation speed, both algo-
rithms are again used to compute shear for random starting points on 
the square pyramid geometry with varying wall angles. 200 points in 
a 30x30 grid are generated and used as input. The input geometry is 
isotropically remeshed, and the grid size and resolution are chosen such 
that both algorithms use a similar node count close to 13750 nodes 
(13 689 for kinematic and 13749 for geodesic draping). In addition to 
the efficient kinematic draping algorithm and the complete geodesic 
draping algorithm, the fast geodesic draping algorithm is employed as 
well. All algorithms are run in direct succession on the same Lenovo 
ThinkPad P14s using an AMD Ryzen Pro 7840U 3.3 GHz processor 
and 64 GB of DDR4 RAM. The time of each iteration and for each 
step of the algorithms is recorded. Fig.  14 shows the quotient of the 
cumulative sum of the iteration times of the kinematic algorithm and 
those of the geodesic algorithms. It can be seen that their computational 
speed differs significantly. Fig.  14 clearly shows the speed gain from 
prefactorization in the geodesic algorithms, which was theoretically 
discussed before. While the initial solve is about fifteen times faster 
than the kinematic algorithm, the overall speed advantage continues to 
improve with each subsequent solve. After about 100 solves, the overall 
computation time is entirely dominated by the prefactored solves, and 
a mostly constant factor is established. While the kinematic draping 
algorithm takes about 18 min to compute all 200 shear angle fields, the 
geodesic draping algorithm performs the same number of computations 
in just over 24 s, making it about 44 times faster. The fast geodesic 
algorithm again increases the computation speed by almost a factor 
of two, resulting in a computation time of just over 13 s and an 
over 80-fold increase in computation speed compared to the kinematic 
implementation.

These results indicate that our current method and implementation 
clearly surpass the kinematic state of the art in terms of computation 
time and will likely do so for most practically relevant meshes. While 
very large and irregular meshes could at some point lead to a narrowing 
between the methods due to the slightly superlinear scaling of our 
approach, utilization of more efficient solvers like cholmod could bring 
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down the current constant cost of our method by another order of 
magnitude and applications with only few repeated solves could benefit 
greatly from GPU parallelized factorization. However, the kinematic 
draping algorithm most likely has further potential for acceleration as 
well. Future research into both approaches will have to show which 
one will finally end up in the most efficient implementation.

4.2. Robustness and scaling

The four comparatively simple geometries with similar edge lengths 
and point counts in Sections 4.1 and 4.3 give limited insight into the 
robustness and scaling behavior of the proposed draping algorithm. 
Therefore, the draping algorithm was also applied to complex freeform 
surfaces in the form of topographical models of Iceland and Mount 
Everest. The model of Mount Everest was made up of 166,149 points 
and the model of Iceland was made up of 32,000 points. The draping 
algorithm was able to successfully predict the shear angle distribution 
and fiber tow locations for both of these complex geometries, as shown 
in Figs.  15(a) and 16(a). Still, these tests also revealed two remaining 
limitations of the approach. In the heat method the time duration of 
the diffusion step is calculated from the mean node distance ℎ and a 
constant 𝑘𝑡𝑖𝑚𝑒 according to 𝑡 = 𝑘𝑡𝑖𝑚𝑒 ∗ ℎ2. Usually good results can 
be reached with the constant being left at one. However, we observed 
that for very fine meshes and at large distances, the heat gradient 
becomes so small that the method becomes numerically unstable and 
a reliable shear computation is no longer possible. This behavior can 
be seen in Fig.  15(b), where the shear prediction breaks down in the 
mesh corners, at which the geodesic distance to at least one of the 
generators surpasses a certain threshold. This problem can be mitigated 
by choosing a slightly larger 𝑘𝑡𝑖𝑚𝑒. As shown in Fig.  15(a), a 𝑘𝑡𝑖𝑚𝑒 of 2.5 
was sufficient for this mitigation and only led to minor differences in 
the overall prediction.

Another limitation is one which goes back to assuming the gener-
ators as straight geodesics. The assumption of straight geodesic gen-
erators is one that is reasonable in many cases. However, for certain 
combinations of geometry, origin and generator direction the straight 
geodesic can wrap around local hills in the elevation profile. An ex-
treme case of this is shown in Fig.  16(b), where the generator got 
wrapped around three such hills, which led to an obviously unreal-
istic generator placement. Such critical combinations can usually be 
avoided by slight perturbations to either origin position or direction. 
However, to make the method more robust against such problems, 
and therefore more realistic in modeling these edge cases, the straight 
geodesic assumption would need to be adjusted. One possible avenue 
would be to combine straight geodesic tracing with information on the 
geodesic distance from the origin. For example the angle preservation 
from the straight geodesic trace could be combined with a penalty for 
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Fig. 14. Duration factor computed as the quotient of the cumulative computation time of the kinematic draping algorithm divided by that of both geodesic 
draping variants over 200 random starting points.
Fig. 15. Geodesic draping performed on a topographic map of Mount Everest: (a) successful prediction with increased time coefficient of 2.5 (b) breakdown of 
shear prediction for large distances from generators with standard coefficient of 1.
Fig. 16. Geodesic draping performed on a topographic map of Iceland: (a) successful shear angle prediction (b) one of the generator segments wrapping around 
hills in the topography.
large divergences from the geodesic distance or elevation gradient. The 
extent of such a penalty might also be a possible tuning parameter to 
tailor the method to different material types.

In addition to these initial robustness tests, the draping algorithm 
was applied to several variants of a cone geometry with varying edge 
lengths to assess the scaling behavior of the method. The computational 
scaling behavior was benchmarked across 20 mesh densities, with 
mesh sizes between roughly 5000 and 60,000 points. The draping 
prediction for each of these meshes was computed five times. Both 
the complete and the fast geodesic draping algorithms were tested 
and the initial computation (cold start) was compared to a second 
prefactorized computation (warm start). Both computation times as 
well as the shear angle predictions were recorded for all 100 compu-
tations and are shown in Fig.  17. The results confirm a super-linear 
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scaling for the initial execution of both algorithms. The initial com-
putation scales approximately as 𝑛1.37 and 𝑛1.42 for the complete and 
fast algorithm respectively with the mesh point count 𝑛, which is 
close to the theoretical complexity of 𝑛1.5. The approximately linear 
scaling after prefactorization discussed in Section 2.1 is confirmed by 
the empirically observed scaling of 𝑛1.07 and 𝑛1.06 respectively. The 
theoretical 𝑙𝑜𝑔 𝑛 component therefore seems to be negligible at the 
investigated point counts. Overall the fast solver offers a consistent 
reduction in initial computation time relative to the complete solver 
across all mesh sizes and for both algorithm variants. The total time 
of the prefactorized computations is greatly reduced compared to the 
initial one and remains well below 1 s even at 60,000 points. The 
computed shear angle results show that both mean and maximum 
shear predictions remain mostly stable across the full range of mesh 
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Fig. 17. Scaling behavior investigation with a cone test geometry: (l) solve time scaling of complete and fast geodesic draping (r) stability of the shear angle 
prediction over different mesh densities.
densities and for both algorithm variants. This stability suggests that 
the algorithms are robust with respect to the mesh discretization itself. 
The only larger effect seems to be the lower mean shear prediction for 
low mesh densities, which was likely a result of the loss of geometric 
accuracy as the discretization dropped below the original geometrys 
point count of 8322.

4.3. Optimization results

The optimization results for the three test geometries, cone, dome, 
and eccentric cone, are shown in Fig.  18. Additionally Fig.  19 exem-
plifies the progression of the evolution for the evolutionary algorithm, 
using the complete geodesic draping algorithm and the cone geometry. 
Note that it records the query points and function values per function 
evaluation and not per generation. Both visual representations already 
show that the optimization correctly converged towards the intuitively 
correct locations. Fig.  19 additionally illustrates that the evolutionary 
optimizer seems to behave well, at least for the given geometry, as it 
shows an initial wide cast exploration and a clear convergence plateau 
towards the end. However, significantly different geometries might 
require different parameter sets to achieve the intended behavior. To 
further assess the optimizations, the number of iterations, time, final 
shear, final position, and its deviation from the intuitively optimal 
position are listed in Table  2. All results are averages over five compu-
tations with random initial values that are shared between the methods, 
but differed between geometries. Using the complete geodesic draping 
algorithm, the initial evolutionary algorithm performs about 70–80 
iterations in about 6.5 s to converge for all three geometries. The 
subsequent modified Powell algorithm takes longer, with an average 
of 135.6–248.6 iterations depending on the geometry. This number 
of iterations results in an average computation time of 12–22.2 s. 
Therefore, the final optimization result is obtained for all geometries in 
under 30 s total. Considering how closely the optimization converges to 
the expected solution, there are some differences between the geome-
tries. For cone and dome, the total distance to the expected solution 
is already close to or even below 1 mm after the initial evolutionary 
optimization. The additional gradient descent effectively achieves the 
goal of refining the result. This is shown by a reduced average distance 
to the expected solution of 0.05 mm for the cone and 0.134 mm for the 
dome. For the eccentric part, the Y component of the resulting position 
also converges very closely to the expected value of 0. However, the 
X component shows a consistent offset of 1.938 mm. The solution 
is consistent over all five trials up to 3 decimal places. Looking at 
the results from the fast geodesic draping algorithm, a slightly larger 
distance from the expected solution is observed for the cone and the 
dome, although the final distance remains about 0.2 mm for both 
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geometries. The final shear prediction is approximately equal to that 
of the complete implementation, with a 0.146◦ increase for the cone, 
a 0.039◦ increase for the eccentric part, and a 0.056◦ decrease for 
the dome. As expected, the computation time is significantly reduced 
using the fast implementation. Using this variant of the algorithm, 
the combined computation time of both optimization routines remains 
below a total of 10 s for all three test geometries.

4.4. Forming results

Both incremental forming strategies could be executed without 
exceeding process or material limits. The four resulting cone geometries 
were scanned with a GOM ATOS 5M structured light 3D scanner. In 
the corresponding ZEISS Inspect 2023 software, geometric deviations 
from the target geometry were assessed by performing a least-squares 
alignment and plotting the point-wise distance between the as-is and 
target geometries. The flat outer sheet was included in the target 
geometry, to better assess wrinkling and the overall fabric deformation. 
Images of two of the parts as well as scans of all four experiments are 
shown in Fig.  20 including the color coded geometric deviation of the 
scans. The minimum and maximum geometric errors, as well as the 
standard deviation of the errors, were extracted and are shown in the 
respective scan images as well.

Qualitatively, there are two main differences between the parts 
using pure spiral tool-paths and those that ended on a draping shape. 
The first difference is the manifestation of wrinkling in the fabric: While 
the tip region of all cones is wrinkle free, the bases of the spiral parts 
show severe wrinkling along their entire circumference. Wrinkles in 
the spiral parts manifest as sharp and mostly straight ridges with a 
height of up to 3.5–4 mm. They reach into the base of the cone, before 
they transition into the general overforming at the base. In contrast, 
there is significantly less wrinkling in the draping parts. Wrinkles are 
on average significantly smaller in length, width and elevation. They 
manifest as elliptical hills that flatten out before reaching the base 
area of the cone and are therefore constrained to the area of the 
flat sheet, which was not reached by any tool-paths. It can thus be 
concluded that the addition of a final draping path did achieve its 
goal of mitigating wrinkles in the final formed part. The second main 
difference between the two strategies is the shape of the geometric 
deviation. Both strategies resulted in overforming at the base of the 
cone and underforming in the tip region. The location and extent of 
the deviations are similar, but their general shape differs significantly. 
While the spiral parts show radially symmetric deviations, the fiber 
following pass introduced a cross-shaped deviation, which is most 
pronounced in the area from the tip’s transition radius down the sides, 
which coincide with the generator directions. The overforming at the 
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Table 2
Optimization results for three test geometries using the complete and fast variants of geodesic draping separated into the initial differential evolution and 
subsequent Powell optimization step. All values represent the average over five runs with random starting positions. Starting positions are shared between 
methods, but not between the geometries.
 Part Method Iterations Time [s] Shear [◦] X Y Error X Error Y Error Norm 
 Cone Evolution 74.40 6.759 21.578 0.165 0.153 0.710 0.427 0.879  
 Cone Powell 248.60 22.151 21.159 −0.028 −0.040 0.028 0.040 0.050  
 Cone Fast Evo 70.80 2.843 21.792 0.042 0.909 0.777 0.910 1.312  
 Cone Fast Pow 145.40 5.632 21.305 0.206 0.038 0.206 0.038 0.211  
 Dome Evolution 70.80 6.467 29.608 −0.307 0.269 0.321 0.386 0.612  
 Dome Powell 135.60 12.039 29.117 0.129 0.034 0.129 0.034 0.134  
 Dome Fast Evo 69.60 2.799 29.693 0.352 0.493 0.412 1.103 1.340  
 Dome Fast Pow 166.80 6.601 29.061 0.093 −0.025 0.152 0.078 0.185  
 Eccentric Evolution 78.00 6.470 9.581 −26.585 0.112 1.585 1.072 2.089  
 Eccentric Powell 150.00 12.407 9.282 −26.938 0.013 1.938 0.013 1.938  
 Eccentric Fast Evo 87.60 3.317 9.566 −26.054 0.359 1.994 0.463 2.076  
 Eccentric Fast Pow 177.80 6.508 9.321 −26.879 −0.232 1.879 0.232 1.893  
Fig. 18. Qualitative shear distribution after starting point optimization for the test shapes cone, dome, and eccentric cone (l-r) with lighter color indicating higher 
shear angle.
Fig. 19. Progress of the evolutionary optimization using the complete geodesic draping algorithm for the cone geometry with a spacial plot (l) of the query 
points and computed shear angles and a convergence plot (r) to further illustrate the change of the function value over the course of the optimization.
base transition radius is also biased towards these directions. The extent 
of the forming deviations is similar for both strategies. Overforming 
at the base reached 2–2.3 mm for the spiral strategy and was similar 
at the generator cross for the draping strategy. Underforming at the 
tip was about 2.3 mm for the spiral strategy and even larger in the 
corners of the sheet. For the draping parts, significant underforming 
only occurred in the cross-shaped tip region, but was even slightly 
higher in the maximum (2.4–2.7 mm). Although it should be noted 
that the best fit alignment will distort the absolute values of these two 
effects to some extent.

In summary, the draping paths enabled the formed region of the 
sheet to be free from wrinkle defects and therefore achieved their 
intended primary goal. However, the geometric accuracy still remained 
similar to that of the spiral parts, because the cross-shaped deformation 
impairs the quality of the draping parts. Similar cross-shaped deforma-
tions were observed in [11], where they were attributed to the limited 
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robot stiffness. To investigate this possibility the forming forces during 
the final pass of each strategy (fiber-following vs. spiral) were recorded 
and are shown in Fig.  21. Independent of the path strategy, both wall 
angle and depth increment increase with the forming depth, due to 
the method of intermediate shape creation. The spiral path increases 
them gradually and on rotational paths. On the other hand, the fiber-
following path covers the largest increase on its initial passes and in 
a non-rotational manner. This difference is also reflected in the force 
plots. The force of the spiral increases gradually towards 1000 N. The 
fiber-following path instead shows a series of spikes and drops with 
diminishing amplitude. The highest forces of over 1500–1750 N are 
reached during the initial passes towards the tip. The highest forces 
in the draping pass therefore coincide with the location of the cross-
shaped deformation along the generator directions. The amplitude of 
the forces makes a significant deflection likely, as previous research 
reported deflections exceeding 3 mm for forming forces around 2000 
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Fig. 20. Incremental forming results comparing a cone formed with solely elevation-based spiral toolpaths (E12-E12-E12-E3) and a cone formed with a fiber-
following draping toolpath in the final shape (E12-E12-E12-D3) with identical intermediate shape succession. Surface scans and the best-fit surface deviations 
are included for all four experiments including repeats. Flags indicate maximum, minimum and standard deviation of the geometric errors. The camera images 
correspond to the scans on the left.
Fig. 21. Comparison of the absolute forming force as measured at the guiding robot during the final intermediate shape of the pure spiral strategy (l) and the 
strategy with a final fiber-following path (r).
N during incremental forming with KUKA KR340 robots [44], which 
are similar to the KUKA KR300 used in this work.

5. Discussion

The results of this work show that the shear angle prediction of 
the newly developed geodesic draping algorithm is similar to that of a 
state-of-the-art kinematic draping simulation. This is especially the case 
when the curvature transverse to the generators is small. As generator 
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placement gets closer towards ridges, the approximations seem to 
diverge more significantly. Further investigations are needed to assess 
which approach better approximates real textile behavior in these cases 
and for different materials. In any case, some divergence in the results 
is to be expected given the different assumptions underlying the two 
algorithms. Still, the results imply that, just as kinematic simulations, 
although developed for woven fabrics, have been used to model UD-
Layups, the geodesic approach is likely applicable to woven fabrics as 
well, although its assumptions are usually associated with UD-plies. An 
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interesting aspect to investigate is the influence of the diffusion time on 
the draping prediction. The robustness investigation already revealed 
that very large and fine meshes will necessitate an increase of the 
diffusion time, but it would also be interesting to investigate whether 
the diffusion time can be used to tailor the predictions to different mate-
rials. To this end, the use of scalar and vector fields to model the fabric 
also opens up further possibilities to incorporate constraints and mod-
ifications. For example the direction fields could be smoothed at local 
shear angle spikes or modified by slight oscillations to incorporate fiber 
waviness. However, such modifications would move the solution away 
from an equal tow spacing and thus would be more fitting in a modeling 
context, and less for the proposed path-planning method. The generator 
placement modification by incorporating geodesic distance or elevation 
information into the angle constraint, which was already discussed in 
Section 4.2, would be a modification that would be applicable in both 
contexts. However, independent of the specific application and possible 
modifications, geodesic draping, like kinematic draping, should still be 
viewed as a basic approximation scheme. The material independence 
might be an advantage, as it does not require specific knowledge 
of the material system to be applied. Yet this also means that both 
approaches incorporate only very basic material-specific behavior and 
can therefore only provide a rough approximation. Additionally, they 
are incapable of modeling wrinkling. Consequently, they will produce 
inaccurate results when applied to shapes that exceed the locking angle 
of the fabric.

The question of modeling accuracy is less crucial for the use case 
of path planning for incremental forming. The equidistant nature of 
the approximation inherently combines two important properties of 
draping-aware incremental forming: paths are at least approximately 
fiber-following and have constant scallop width. This makes geodesic 
draping a particularly well-suited approximation, even for textiles 
whose real behavior more closely matches a kinematic approximation 
or requires more complex modeling. Other domains in which this 
property might be useful include 3D printing and automated fiber 
placement (AFP), where the ‘‘textile’’ is not draped but created on a 
curved surface.

The optimizations carried out in the scope of this work demonstrate 
that the computational efficiency of the geodesic approach can be lever-
aged to optimize draping starting points within seconds. There is still 
room for improvement in the meta-optimization of the optimization 
routines, which might reduce convergence times even further. In many 
applications, the submillimeter accuracies achieved with just differen-
tial evolution might be sufficient. In these cases, optimization times are 
already as low as 2.8 s. However, it should be noted that run times 
will increase with larger meshes and more nodes. Furthermore, the 
performance should be studied more extensively using more complex 
geometries and real-world experiments. Still, the initial results show 
that for simple geometries, the optimization converges extremely fast 
to the global optimum. The only meaningful offset from the expected 
location is observed with the eccentric cone. However, the consistency 
of the offset makes it very unlikely that the optimization is getting 
stuck in a local minimum. Instead, it is more likely that the true 
optimal solution actually shows a slight shift, as the non-trivial shape 
of the connecting surface between the tip and base makes the intuitive 
optimal location less certain than for the dome and cone.

Aside from its general advantage for fast optimizations, the high 
computation speed also allows for the seamless integration of drap-
ing approximations into the path planning workflow for incremental 
forming in particular. If the starting point is non-trivial, an optimized 
starting position can be computed in as little as 3–30 s. Alterna-
tively, the starting point can be chosen based on visualizations that 
are updated in real-time. The actual path computation is almost in-
stantaneous, enabling fast parameter iterations and a smooth workflow. 
While this work chooses incremental forming as its primary field of 
application, the integration of a near real-time draping prediction into 
other existing workflows, for instance, in hand-layup, is likely to be 
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beneficial as well and should be studied in the future. Going further 
into the application of incremental forming, the results of this work 
show the practical benefit of the developed geodesic draping based 
path planning pipeline. The paths are not only executable, but actually 
achieve the goal of wrinkling reduction by introducing just one final 
draping pass. It seems likely that this could be combined with a general 
improvement of geometric accuracy once the cross-shaped deforma-
tions are addressed. The developed pipeline, therefore, successfully 
implements the idea of fiber-following paths [11] and shows that a 
combination of conventional and fiber-following paths can mitigate the 
need for a high number of intermediate shapes while still benefiting 
from the draping-aware paths. However, at this point, cross-shaped un-
derforming remains an issue to be addressed. The results from the force 
analysis showed that the force induced deflection of the end effector is 
likely a major contributor to this defect. However, other contributions 
might be relevant as well, for example the changing internal stress state 
of the material during different forming strategies. A more in-depth 
study of different path planning strategies, investigating the influence 
of intermediate shapes and path planning sequences on part accuracy, 
is likely to further improve the quality of the forming results.

6. Conclusion

In this work, a novel geodesic draping algorithm was presented 
to offer an efficient alternative to kinematic draping that results in 
equidistant fiber bundles and works directly on the input mesh ge-
ometry. This algorithm was leveraged to build a fast start point opti-
mization, a real-time visualization tool, and a path planning pipeline 
for the incremental forming of CFRP. All steps of this development 
were demonstrated in a number of numerical studies and real-world 
experiments. The draping algorithm was benchmarked against a state-
of-the-art kinematic draping algorithm, which represents its closest 
alternative. The optimization was performed on geometries with known 
best starting points to verify the results against a solid ground truth. The 
path planning pipeline was utilized to generate paths for a simple cone 
frustum geometry, which was subsequently formed on a double-sided 
hot incremental forming setup. The resulting parts were compared to 
parts formed by a conventional elevation-based spiral strategy. The 
results of the computational analysis show that the geodesic draping 
algorithm produces shear distributions similar to those of the kinematic 
draping simulation, although some differences in the behavior were 
observed. However, the newly developed algorithm shows a significant 
speed advantage of about 40–80 times for repeated solves, depending 
on whether just shear or also fiber locations are required. Because of 
its high computational efficiency, the optimization converges quickly 
to the true solution, requiring 2.8 to 29 s, with an error margin of 
0.05 to 2.1 mm, depending on the test geometry and the draping 
and optimization algorithms used. The high speed also allows for a 
visualization of shear distribution, fiber locations, and required flat 
cut-out that can be updated in real-time. The final formed parts show 
the benefit of using a drape-aware path planning pipeline based on 
geodesic draping. Introducing just a single fiber-following pass leads 
to parts without any wrinkles in the formed areas and reduces overall 
wrinkling compared to the conventional approach. However, cross-
shaped deviations remain that warrant further investigations into more 
advanced strategy combinations.

Overall, the results of this work show that geodesic draping can en-
able fast and robust visualization and optimization tools. Furthermore, 
it is a valuable tool in the area of digital rapid manufacturing, where 
it can be a foundation for automated path planning. The path-planning 
pipeline derived in this work already proved itself useful for advanc-
ing moldless, automated manufacturing of CFRP parts by incremental 
forming. Likewise, the high computational efficiency, mesh-based ap-
proach and equidistant nature are promising for other applications 
as well. Consequently, future research should advance into multiple 
domains: On the simulation side, further investigations are required 
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to better understand to what extent and for which materials kine-
matic and geodesic draping are applicable, which is better suited in 
certain situations, and how their differences affect the final outcome 
of, e.g., an optimization pipeline. On the process side, the potential 
unlocked by the newly developed path planning algorithm needs to be 
further expanded by studying its combination with other path planning 
algorithms and intermediate shape sequences. Lastly, looking at fur-
ther applications, it seems promising to develop similar path planning 
schemes for other applications, such as additive manufacturing and 
automated fiber placement, and to leverage the fast computational 
potential in other application domains, such as hand-layup or structural 
optimization.
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