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1 | INTRODUCTION

Granular flow problems characterized by large deformations are a concern in various domains, encompassing
coastal/ocean engineering and geotechnical engineering. Applications of the model are, for example, embankment fail-
ures, debris flows, landslides, scouring or failure of granular bulk carried by vessels. This paper aims at a two-phase
granular flow model supported by the Drucker-Prager yield criterion within a Finite Volume (FV)-Volume-of-Fluid
(VoF) fluid solver. A Bingham fluid approach is combined with an Eulerian strain measure to validate the failure area of
granular dam slides. The monolithic framework is chosen to apply the method to real-life problems featuring large dis-
placements. Soil mechanical investigations of such questions are usually carried out using particle methods, for example,
Snider! applies the computational particle fluid dynamic CPFD method to sedimentation problems and granular flow in
U-tubes and from hoppers. In Teufelsbauer et al.,? the Discrete Element Method (DEM) is used to simulate dry granular
avalanches, and in Utili et al.,® three-dimensional (3D) DEM is applied for numerical investigations of the dry granu-
lar flow behavior of column collapse. Salazar et al.* use the Particle Finite Element Method (pFEM) in the context of
landslide phenomena for full-scale events, and Abdelrazek et al.> use 3D Smoothed Particle Hydrodynamics (SPH) to
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simulate hazardous geophysical granular flows past obstacles. Canelas et al.® apply a coupled SPH and distributed-contact
discrete-element method to debris flows consisting of granular-fluid mixtures and Shi et al.” model massive sediment
motion in water with a free surface such as currents generated by subaqueous landslides with SPH. However, soil mechan-
ical methods such as SPH or DEM are less suitable for the coupled simulation of the flow around ships in sea states and
their motion. The motivation for the present work is to embed the presented method in simulation-based investigations
of accidents involving cargo ships capsizing in waves. For such questions, the use of particle methods to exclusively sim-
ulate the ship’s cargo requires a partitioned strategy with a sophisticated coupling between the particle solvers and the
flow and motion solvers. The advantage of a monolithic approach is the avoidance of time-consuming coupling methods,
while possibly accepting less accurate results of the FV-VoF approach for predicting the granular cargo behavior. The lim-
itations of the FV multiphase method in application to granular media are examined in more detail in this article. The
article carefully examines the performance of the rigid-perfectly plastic material model in order to prepare for such 3D
application cases.

A crucial part of granular simulation models refers to identifying the transition to plastic behavior from a yield cri-
terion. In soil mechanics, a range of yield criteria are used to capture the response of granular material under different
conditions. Employed criteria comprise well-known theories, including the Mohr-Coulomb,® Drucker-Prager,” Rank-
ine,!° Tresca,!! and the von Mises criterion.!? Traditionally, they are incorporated in elasto-plastic models, as, for example,
described in Borja.'* The two most frequently used approaches are the Mohr-Coulomb and the Drucker-Prager crite-
rion. The primary challenge associated with the Mohr-Coulomb criterion is the derivation of a general 3D stress state
expression for the deviatoric yield stress. Without further simplifications, this often leads to fairly complex formulations,
as exemplified in works such as Abbo et al.'* and Schajer.!> To circumvent the necessity of calculating principal stresses,
formulating an invariant-based yield criterion is highly desirable. Therefore, the Drucker-Prager criterion is preferred in
this work. In addition, the Bingham-fluid plasticity approach is used, and we assume an incompressible rigid-perfectly
plastic material behavior.

Earlier approaches employing Bingham-fluid plasticity to model granular flow include the work of Mei et a
Papanastasiou,!” and Huang et al.!® More recently, similar rheology models were employed in combination with differ-
ent numerical methods, that is, Finite Element (FEM'?), Smooth Particle Hydrodynamics (SPH?°), and particle Finite
Element (pFEM?') methods, by Leppert,?? Larese,? Ulrich,?* and Ulrich et al.?> Wu et al.,?*?” simulated a debris flow
with a Bilinear-Visco-Plastic rheology model inside an industrial FV solver without validating the resulting failure behav-
ior of the sliding material. Recent literature dealing with two-phase modeling of water-soil interactions includes studies
reported by Wang et al.,?®?° who employed a coupled FV-SPH model for simulating a submerged granular column col-
lapse. In these studies, the noncohesive dam break validation case introduced by Bui*® is employed for validating the
predicted final shape of the soil surface. The employed SPH model coincides mainly with the elastoplastic model intro-
duced in Bui*® and Bui et al.3*? Nguyen et al.>® utilized a coupled FV-LPT (Lagrangian Particle Tracking) model for
simulating the scouring in granular beds. A similar approach to the present paper is explored in Adams et al.,>* where
turbulence-resolving simulations of dense mud-water mixtures within an FV-VoF employing Bingham plastic materials
are verified against simulations by Gavrilov et al.3> Over recent years, the Discrete Element Method (DEM) has received
considerable attention in the field of granular flow simulations as outlined in El-Emam et al.3

When considering granular problems like embankment failures, landslides, and the failure of the granular bulk on
merchant vessels, not only the development of the shape of the granular material is essential, but also the strain evolution
inside the granular material. A strain measure is inherently included in elastoplastic models as, for example, suggested
by Bui et al.,>*-32 but not included in the FV-VoF approaches mentioned above. An Eulerian strain measure is introduced
to the present FV-VoF approach to fill this research gap, providing valuable insights into the evolving deformation and
failure mechanism. The Eulerian displacement equation is solved to compute the strain measure for each time step, pro-
viding valuable insights into the evolving deformation. The interface-capturing VoF approach introduced by Hirt et al.?’
represents the free boundary between the two incompressible immiscible phases. Utilizing the Drucker-Prager yield cri-
terion within a Bingham fluid formulation applied to the soil phase while concurrently addressing the incompressible
Navier-Stokes equations within the air phase culminates in a unified, monolithic approach. Additionally, the Eulerian
finite strain measure in the presented Bingham-plasticity approach is used to validate the soil shape and the failure area for
non-cohesive and cohesive materials, which expands the applicability of the FV-VoF approaches given in Adams et al.,>*
Wu et al.?” and Wu et al.?¢

Incorporating granular behavior into a fluid solver based on the FV-VoF methodology, a rigid-perfectly plastic
two-phase Drucker-Prager model is introduced and validated for non-cohesive and cohesive material with different
angles of repose. The model provides a robust framework for simulating the dynamics of granular materials combined

1.6
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with other computational fluid dynamics applications such as scour formation, wave-seabed interaction, or granular cargo
modeling on bulk carriers.

The paper is structured as follows: Section 2 introduces the mathematical model. Subsequently, the numerical
method and the computational algorithm are described in Section 3. Section 4 is devoted to validation and application
studies. Applications are concerned with the failure of geotechnical dam breaks. The results include the soil surface and
failure line shapes as well as field values of the deviatoric strain in comparison with the experimental data and numerical
data of SPH simulations. Final conclusions and future directions are outlined in Section 5. Within the publication, the
Einstein summation convention is used for lower-case Latin subscripts. Vectors and tensors are defined with reference
to Cartesian coordinates.

2 | MATHEMATICAL MODEL

The rigid-perfectly plastic material is modeled within a monolithic two-phase VoF framework, that is, the density p and
viscosity u follow from a soil volume concentration or mixture fraction field c, viz.,

p=1-0p*+cp®, u=0-opt+cu’, ¢8)

where the invariable bulk properties are denoted by p#, u# for the air phase and p%, 45 for the soil phase. Applying
the immiscibility condition (Dc /Dt = 0) as well as the incompressibility condition for the bulk densities p# and p°, the
differential continuity equation simplifies to the usual zero-divergence condition for the velocity v;

Dp_ aVi S DC_
D e T Mo =

a\)i dvi
—p— — =0. 2
pdxi - 6xi ( )
The transport of the soil mixture fraction ¢ = V5/V — which determines the soil occupied volume V* inside a (control)
volume V — follows from the Eulerian form of the immiscibility condition modified for dv;/dx; = 0,

ac + o(cv;)

— =0. 3
ot o0x; @)

To model the rigid-plastic material within a fluid dynamic FV framework, the differential momentum equations of a
continuum are formulated in Eulerian coordinates

dpv; 0pvivj ()aij
— + =pgi+ —, 4
ot ox; P8i ox; 4)

where o;; [N/m?] is the Cauchy stress tensor. By splitting the Cauchy stress into a hydrostatic (—pd;;) pressure contribution
and a deviatoric (z;) part, the deviatoric Kirchhoff stress tensor z;; is expressed as

ov; an . S .
Tij=M<a—x;+a—xi> =y 2 = [cu +(1—c)yA]2€ij, (5)

with ¢; [1/s] being the (traceless) strain rate tensor and u [Ns/m?] denoting an effective dynamic viscosity. The constant
bulk viscosity 4 yields the classical formulation of the Navier-Stokes equations in the air phase. For the granular phase,
a variable viscosity will be introduced by assuming perfect plasticity for the material. The derivation of the variable,
isotropic viscosity y° follows from the deviatoric stress tensor inside the granular phase

15 = MSZéij. (6)

The Drucker-Prager yield criterion is chosen as a yield model due to the invariant-based formulation, which supports to
a simple derivation for the isotropic viscosity. This corresponds to an idealization of the Mohr-Coulomb criterion where
the derivative of the plastic potential is unique at each point on the yield surface. The Drucker-Prager yield criterion is
given by
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b = \/J_2+ (X¢Il — ke, (7)

where I; is the first invariant of the stress tensor, that relates to the pressure by I; = —3p, and J; is the second invariant
=1/ 27515). The Drucker-Prager parameters a, and k. are determined in accordance with Bui et al.** chosen to enable
a model comparison, viz.

tan ¢
U = —F—————> 8
V9 + 12tan?¢
3C
ke= ——— . 9

V9 + 12tan’¢

Here C [Pa] denotes the cohesion and ¢ the angle of repose of the granular material, leading to a scalar parameter ay as
well as k. being of unit [N/m?]. This gives an approximation of the Mohr-Coulomb criterion assuming plane strain, c.f.
Neto et al.’® Calculating the second invariant of the deviatoric stress inside the granular phase from Eqn. (6), leads to

Jz = Z(MS)Zéijéij, (10)

and can be inserted in the Drucker-Prager yield function equation (7). For perfectly plastic materials, the yield function
is always zero, and therefore, by rearrangement of Equation (7), the variable viscosity is obtained

S 3a¢p + k.
ﬂ = . . .
\/2€ij€ij

For small strains infinite viscosities are obtained from equation (11) that mimic the rigid behavior of the granular material.
Furthermore, for large strain rates (¢; — oo) the viscosity approaches zero. This can lead to instabilities in the numerical
model. To overcome this problem, a regularized Bingham approach is used

amn

S = S+ SR (o) ), 12

min P
A / 2€ij€ij

The expression (12) involves minimum and maximum values for the soil viscosity. The minimum viscosity an i, Ras to
be as small as possible to obtain perfectly-plastic behavior in equation (12). A lower threshold value of an = 1073 Pa
s is found to give good results for perfectly plastic material. A rigid material behavior is associated with an infinite soil
viscosity; nevertheless, y° should be bounded by an upper threshold value for numerical reasons. The constant m[s]
determines the maximum viscosity in the limit of vanishing strain rates, that is, 1/2¢;€é; — 0. A maximum viscosity
of yax = m(3agp + k) results from series expansion of (12) and its magnitude should be in the order of 10% Pa s for
rigid-plastic material behavior. The resulting unphysically high viscosity values are deliberately accepted to avoid creep-
ing behavior. The factor m can also be used to mimic elastic stress-strain behavior inside the yield domain for materials
with a larger elastic domain. A maximum viscosity of the order 10° Pa s is proposed for such materials.

Using a cell-centered FV method, the material properties are computed in the cell center and interpolated to the face
centers to compute the stresses (fluxes). Applying a simple linear interpolation for the material properties leads to a (too)
large reduction of the viscosity in cells along the soil surface. This can induce a mesh and material property-dependent
creeping behavior of the granular material. Therefore, a nonlinear interpolation method based on an arctangent function
noted in Appendix A is used for the material interpolation for non-cohesive granular materials.

The norm of the Euler-Almansi strain tensor is used to compare the present results with results from the literature.
However, due to the Eulerian formulation, strains cannot be explicitly computed. To identify the deviatoric strain inside
the rigid-perfectly plastic material, an Eulerian displacement equation is added to the equation system, from which the
deformation gradient Fj; follows, which in turn allows to compute the Euler-Almansi strain tensor e;;

1
ej = E (5ij - Giijk)- (13)

Here, Gj; is the inverse of the deformation gradient Fj;, which is related to the Eulerian displacement by
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ou;
F; = 5ij - (14)

0x;

The Eulerian displacement u; is calculated from the material derivative of the velocity inside the granular material vl.S

Dul‘ S

— =V 15

o =V (15)
The latter is computed by multiplication of the velocity v; with the soil mixture fraction c, that is, vis = cv;, leading to
following convective transport equation

% ()cvjui
ot 0x;

= cv;. (16)

Model enhancements, for example, by using an elliptic relaxation of the granular velocity as suggested by Richter
et al.,?° are not included here since the Eulerian displacement u; is a passive variable that is only used to determine the
Euler-Almansi strain e; and is not fed back into the constitutive model.

3 | NUMERICAL METHOD

A segregated FV algorithm is applied to all transport equations.** The procedure uses a cell-centered, co-located variable
arrangement on unstructured grids to discretize the integral forms of the continuity (17), momentum (18), soil mixture
fraction (19) and displacement equations (20)

%Vi dA; =0, 17
A
0 avi avj
9 (v dv ) dA; = — ¢ p dA, LV M T g 18
/Vat(pv) +}1£(pvvj) y ;ép +/Vpg +}é”<axj+axi> y (18)
dc
/—dV+jl{cvidAi=0, (19)
v ot A
aui
—dV + CVjU; dAj = cv; dV. (20)
v ot A v

Integrals are approximated through a second-order accurate mid-point rule. A first-order accurate implicit Euler
scheme, together with uniform time steps, is used for the temporal discretization. Time steps are chosen such that the
maximum Courant numbers lie in the order of 0.5 to account for the low time scheme order.

The approximation of convective fluxes in (18) and (20) follows from a flux blending scheme between a simple
first-order upwind biased (UDS) scheme and second-order central differences. To this end 70% of the method leverages
the precision of second-order central differencing. The approximation of the convective term in (19) utilizes an upwind
biased higher-order QUICK scheme, initially introduced by Leonard.** All diffusive fluxes are obtained from central dif-
ferences. The algorithm employs a SIMPLE-type pressure correction scheme. The pressure correction equation is detailed
by e quation (B2) in Appendix B and largely follows Ferziger,*® with details given in Yakubov et al.*? and Vilkner et al.*3
The resulting discrete forms of the equation system are given in Appendix B.

Algorithm 1 outlines the unsteady two-phase procedure. The distribution of the computational efforts is shown in
Table 1. The governing equation sequence is iterated to convergence within each time step until residuals have dropped
by four orders of magnitude.

4 | VALIDATION AND APPLICATION STUDIES

To assess the behavior of the rigid-plastic material model and its VoF-based FV implementation, two-dimensional dam
break cases are studied in comparison with experiments and simulations.>® The first study uses experimental data for
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Algorithm 1. Incompressible two-phase flow with rigid-perfectly plastic material

Initialize v, p°, °, u?, p°, 4, eg.
n=20
m=20
while 7 < max. number time steps do
n=n+1
while residual < residual-threshold do
m=m+1
update properties
solve momentum equations
solve first stage of pressure correction equation
correct pressures, fluxes, and velocities
solve second stage of pressure correction equation
correct pressures
solve soil mixture fraction equation
solve displacement equations
calculate Euler-Almansi strain
end while
v;’z’pn’ C", u;z’ pn, Mn, eg_ N v;z—l’pn—l’ ch-
end while
update properties
return vl.”,p", ", ui", "t ou", ei’]‘.

1 n-1 _n-1
H ui 9 ,0 9

u

> n denotes the current time step
> m denotes the number of outer iterations

> Equation (12), Equation (1)
> Equation (18)
> Equation (B4)

> Equations (B5), (B6)

> Equation (B7)

> compare Appendix B.2
> Equation (19)

> Equation (20)

> Equation (13)

n-1 e(ll—l

>

)

> Equation (12), Equation (1)
> defined at output time steps

TABLE 1 Distribution of CPU time in Algorithm 1 given in percent of the overall CPU time for the validation case 4.1.1 with

Ax; = Ax, = L /300 using 3 CPU cores and 12 processes on a work station.

Update properties

Solve momentum equations

Solve first stage of pressure correction equation and

correct pressures, fluxes and velocities

Solve second stage of pressure correction equation and correct pressures
Solve soil mixture fraction equation

Solve displacement equations

calculate Euler-Almansi strain

1/0 and PETSC solver

a non-cohesive artificial material to validate the final static configuration of the granular material model. The granular
model is subsequently more rigorously compared with an elastoplastic SPH model proposed by Bui et al.>® for a wider
range of material properties, including cohesive material. The aim of the analysis is to shed light on the transient behavior
of the implemented granulate model and to confirm its accuracy in representing the material behavior under different

angles of repose.

Percentage of CPU time
1.83%
32.36%

14.25%
7.55%
14.80%
24.30%
0.63%
4.28%

Reported results are restricted to the soil surface, numerically extracted at ¢ = 0.5 in the current model, as well
as the failure line, which numerically refers to ||e;|| = 0.3 for the present model. Note that the case investigated in
Section 4.1.2 refers to realistic dimensions and material properties, thereby increasing the transferability of the results into

practical applications.

85U8017 SUOLLILLOD 3A TR0 3eal|dde ay) Aq peusenob ae soppiie YO ‘8sn Jo SN 10} ArIq1T 8UIIUO A1 UO (SUOTIPUCD-PUB-SLLBI WD A8 | 1M AfeIq 1 BU1|UO//SANL) SUORIPLOD PUe SWis | 8U18eS *[7202/TT/82] U0 AkeiqiTauliuo A8|Im “pyiolqigsTelseAlun BinqueH BiseAlun aysiuyoe | Aq €285 PI4/200T 0T/I0P/W0d A8 | im Arelq1puljuo//Sdiy Wwoiy pepeolumod ‘ZT *¥202 ‘€980.60T



DUSTERHOFT-WRIGGERS ET AL. 1819
WILEY—
D = Dref
Wall Air
H D = Pref
h
i ! Wall
L

FIGURE 1 Initial configuration and boundary conditions of the two-dimensional soil collapse case (all dimensions in meter). [Colour
figure can be viewed at wileyonlinelibrary.com|

4.1 | Noncohesive 2D dam breaks

Bui et al.*° performed a series of experiments on the collapse of a two-dimensional soil to validate numerical simulations.
The two-dimensional environment is emulated by employing aluminum bars with diameters of 1 and 1.5 mm, each
possessing alength of 50 mm, to simulate the soil material. As outlined in Figure 1, the initial configuration is a rectangular
enclosure measuring [ = 0.2 m in width and h = 0.1 m in height, with both sides enclosed by retaining walls to secure
the aluminum bars in position. The collapse is initiated by the swift removal of a gate at the right end. The material
density of the simulated soil is recorded at 2650 kg/m3. Parameters for the constitutive equation are obtained through
shear box tests, revealing that the aluminum bars exhibit a complete absence of cohesion. Furthermore, the friction angle
¢ is empirically determined to be 19.8°. The Poisson’s ratio was estimated to a value of approximately 0.3 and allows the
quantification of the elastic bulk modulus K, which is found to be around 0.7 MPa.

The employed rigid-perfectly plastic granular material model requires only two closure parameters to be determined,
i.e. the cohesion C and the internal friction angle ¢ which are set to C = 0 kPa and ¢ = 19.8°, respectively. The arctangent
interpolation (A1) of both, the viscosity and density is applied in combination with M = —0.45 and N = 25 to suppress
soil creeping along the left wall. The regularization parameter of the Bingham model (12) is set to m = 10° which returns
U = 8.6 - 107 Pas.

4.1.1 | Validation against Experimental Data

The computational domain spans 0.6 m in length L and H = 0.2 m in height. The left and bottom boundaries of the
domain are configured as a wall. The top and right far field boundaries are assigned to atmospheric pressure boundaries.
No mobile gate is included in the computation and the simulation begins with the collapse. A mesh study on Cartesian
meshes is conducted with three different grid spacings: Ax; = Ax, = L /75, Ax; = Ax, = L /300 and Ax; = Ax, = L /600
while the uniform time step is assigned to At = 20 Ax;/ \/g_h The initial pressure within the artificial soil refers to the
hydrostatic pressure.

The qualitative and quantitative analysis of this case is confined to the soil surface and the failure line. The related
root mean square deviation from experimental data of Bui et al.>* and the corresponding normalized root mean square
deviation, which is normalized by the initial dam height and is in the range of 1% - 3%, are listed for all three meshes
in Table 2. The mesh study is conducted with constant values for N and M in the arctangent interpolation func-
tion, neglecting the mesh dependency of N and resulting in different soil surface behaviors of the two finer meshes.
For the failure line, results converge for finer meshes. As shown in Figure 2, the creeping phenomena at the left
wall are reduced with better resolution. The initialization method applied to the soil mixture fraction leads to dif-
ferent volumes of soil columns at the start. Comparing the soil surface results to SPH results in Reference 30, it
can be concluded that coarse FV-VoF results compare well with SPH results without tension cracking treatment. In
contrast, finer FV-VOF results compare well with experimental data and the SPH model with tension cracking treat-
ment, which are displayed in Figure 2. The described treatment in the SPH method includes remapping stresses to
the yield surface. Since good results are obtained for the failure line with Ax; = L/300, this resolution is applied for
further studies.
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FIGURE 2
wileyonlinelibrary.com]

Comparison of soil surfaces and failure lines for different mesh sizes at time ¢ = 20s. [Colour figure can be viewed at

TABLE 2 Accuracy of the predicted soil surface height and the predicted height of the failure line in comparison to experimental data
of Bui et al.*® for different resolutions.

Soil surface Failure line

Ax RMSD NRMSD RMSD NRMSD
L/75 0.00755 0.02388 0.01102 0.03484
L /300 0.00242 0.00765 0.00786 0.02487
L /600 0.00443 0.01400 0.00839 0.02654

Note: Assessments employ the root mean square (RMSD) and the normalized root mean square (NRMSD) scalar error measures.

---- Soil surface, FV/VoF
---------- Failure line, FV/VoF

E .'.‘ + Soil surface, exp. Bui et al.”
N X\x \‘3“\‘ x Failure line, exp. Bui et al.’
x. ~.‘\_
x "*!-_.
-'.‘—u-._’
0 I el I TP e ecens o
0 0.1 0.2 0.3 0.4 0.5 0.6
z1 (m)

FIGURE 3 Comparison of the measured and predicted final surface and failure line for the validation case of Bui et al.*® (¢t = 20s;
¢ =19.8°; C = 0). [Colour figure can be viewed at wileyonlinelibrary.com]

Figure 3 compares the results obtained from the present simulations with a grid spacing of Ax; = Ax, = L /300 with
experimental data of Bui et al.’* at a final point in simulation time. The figure depicts the soil surface, numerically
extracted at ¢ = 0.5, as well as the failure line (||e;|| = 0.3). It has to be noted that the displayed failure line of the sim-
ulation is cut at the intersection with the soil surface. A close agreement of the soil surface with experimental data is
observed. The greater drop in column height at the left end is due to the reduced friction forces associated with the cho-
sen simple interpolation on the free surface. This also results in slightly lower angles of repose near the vertical wall. The
failure line of the rigid-plastic model agrees less well with the experimental data, which is attributed to the simplifying
rigid-perfectly plastic material model.

In order to discuss the quality of the material model in more detail, Figure 4 compares the norm of Euler—Almansi
strain tensor ||e;|| returned by the present rigid-plastic model (top) with the accumulated deviatoric strain field of the
reference elastoplastic model utilized in Bui et al.*® (bottom). Though no quantitative comparison is possible, since no
legend is provided in Bui et al.,>® an enhanced strain level is observed at the lower right boundary in both simulations.
The considerable accumulation of strain at the soil surface depicted in the present simulation, follows from the Eulerian
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FIGURE 4 Comparison of strain predictions for a final time (¢ = 20 s) of the two-dimensional validation case of Bui et al.3° (¢ = 19.8°;
C = 0). Top: Norm of the deviatoric Euler-Almansi strain predicted by the current method. Bottom: Accumulated deviatoric strain from
Reference 30. [Colour figure can be viewed at wileyonlinelibrary.com]

displacement computation (16). The phenomenon arises due to the multiplication of the velocity field v; by the soil mix-
ture fraction, leading to a significant displacement gradient and related deformation gradient F; at the soil-air interface.
The elevated Fj; values are aligned with elevated Euler-Almansi strains. The model could be improved by a nonlinear
face-interpolation relation for the soil velocity or introducing an elliptic relaxation equation for the soil velocity predic-
tion. However, this is omitted here, since the deformation gradient is a post-processing aspect and does not affect the
material behavior. Applying a Cahn-Hilliard-based two-phase flow approach as suggested in Kiihl et al.** could lead to
independence of the interpolation functions for interphase properties with respect to the chosen constants.

4.1.2 | Verification of transient behavior

The second case is concerned with the verification of the transient behavior of the present computational model in com-
parison to SPH results reported in Bui et al.> for an elastoplastic material model. Displayed results correspond to three
distinct angles of repose, that is, ¢ = 25°, 45°, and 65°. The configuration corresponds to the previously examined sce-
nario depicted in Figure 1. However, the dimensions have been expanded, that is, the initial dam length and height read
I =4mandh = 2m, and the computational domain spans length L = 12 m and a height of H = 4 m. To ensure a realistic
context, a soil density of 1850 kg/m?3 is used and the general dimensions are similar to practical applications.

A homogeneous Cartesian spatial mesh is employed, which is again characterized by Ax; = Ax, = L /300. Moreover,
a uniform time step of At = 10™* = 89Ax, / \/g_h s is applied. The initial and boundary conditions remain consistent with
those outlined in Section 4.1.1. In order to prevent deviations in the first time step, the material density is initially set to
20.0 kg/m? at the beginning of the simulation. The tenth time step then switches to 1850 kg/m3. This dynamic density
adjustment is required by the increased static pressure within the soil column.

Figures 5-7 portray the simulation results for the three investigated repose angles in combination with zero cohesion
C = 0. Results of the computed soil surface and failure line are compared between the present approach and SPH sim-
ulations results reported by Bui et al.,>® which employed a particle diameter close to the present grid spacing Ax; and
are indicated with symbols. The comparisons refer to four time instants t = 0.8 s, t = 1.1 s, t = 1.4 s and an additional,
variable fourth time instant. Again, only the diagonal part of the failure line returned by the current model is displayed,
which is related to an Euler-Almansi strain norm of 0.3.

Since the hydrostatic pressure is higher compared to the previous case, higher yield stresses occur. Therefore, although
the angle of repose is similar, the results are expected to differ. The diagonal part of the failure line in Figure 5 agrees well
with the SPH results of Bui et al.,>® with minor compromises for the first time step. The soil surface is well represented at
t =0.8sand ¢t = 1.1 s. However, it then becomes more convex than the reference SPH solution. At t = 2.5 s, the surface is
higher for x; > 8.0 m due to the numerical diffusion inherent to the approximation of soil mixture fraction convection at
the soil surface.

When attention is directed to the 45° angle of repose, it becomes evident that distinct settings for the interpolation
function and the regularization parameter m are required. This requirement arises from the notably increased yield stress
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FIGURE 7 Comparison of the temporal evolution of the soil surfaces and failure lines predicted for the two-dimensional soil collapse
verification case at ¢ = 65° angle of repose and C = 0 with two different computational models. [Colour figure can be viewed at
wileyonlinelibrary.com]

exhibited by materials with a steeper angle of repose, which motivates the reduction from m = 10° to m = 10* to obtain
a sufficiently large maximum viscosity of y5,, > 10% Pa s and mimic the elastic behavior for small strains. Due to the
increase in the size of the yield domain, the elastic material behavior in the SPH results plays a larger role than in the
previous case. A linear interpolation of viscosity and density is applied to ensure a smooth transition between the prop-
erties of the soil and the surrounding air. The results for this particular angle of repose are depicted in Figure 6. A good
agreement of the failure line is observed, particularly in its diagonal section where the reference SPH solution and the
present model agree very well. The current model accurately represents the steep gradient of the soil surface at t = 0.8s.
Again, the agreement of the predicted soil surfaces deteriorates at later times and the current model manifests a more
convex shape compared to the reference SPH results. These differences are likely attributable to the substantially differ-
ent constitutive soil models. Furthermore, a minor disturbance in the soil surface along the left wall can be observed,
which relates to creeping phenomena and does not increase over time. Another concern arises at the bottom wall where
air inclusion is observed at x; = 4.0 m. This phenomenon can be attributed to the exceedingly high viscosity in the lower
right corner of the original dam geometry, which results from elevated pressure values.

Moreover, an increase in the angle of repose initially leads to a greater velocity of the lower surge front in the SPH
simulations, see Figure 6. This difference becomes even more evident at the largest slope angle examined here, compare
Figure 7. In contrast, the large hydrostatic pressures in the current model results in large viscosities and associated wall
shear forces, which are obviously higher than the wall shear force predicted by the SPH model. The reasons for this may
lie in the material modeling, but can also be very much related to the fundamentally different implementation of the
wall influences in SPH, where a uniform stress state is enforced. The significantly smaller soil velocities predicted by the
current model induce small air inclusions, and it is also expected that incorporating an elastoplastic model will address
and resolve this issue by reducing the wall-shear forces.

In the case of an angle of repose of ¢ = 65°, the regularization parameter m is reduced to m = 10? to emulate elastic
behavior inside the increased yield domain. The maximum viscosity is obtained as u5 .. = 2.9 - 10° Pa Ps. At the same
time, the linear interpolation technique for density and viscosity is maintained. As illustrated in Figure 7, the challenges
observed for an angle of repose of ¢ = 45° are exacerbated when dealing with ¢ = 65°. This can be attributed to the sub-
stantially elevated yield stress associated with the steeper angle of repose, which, in turn, necessitates the representation
of larger viscosity values. In the rigid section of the dam (x; < 2m), the soil surface predicted by the current approach
exhibits a notably undulated profile, a phenomenon arising from the augmented stress gradient at the soil surface in gran-
ular materials featuring increased yield stress. Although the alignment of the failure line with the reference data is far
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less precise than observed for materials with ¢ = 45°, it is still deemed satisfactory within the scope of the present model.
It is important to note that as the plastic yield stress increases, the challenge of accurately simulating granular materials
increases for the rigid, perfectly plastic FV-VoF method, indicating a need for an elastoplastic formulation.

4.2 | Cohesive 2D dam break

In order to assess the performance of the suggested computational soil model under cohesive material conditions, the
¢ = 25° case presented in Section 4.1.2 is investigated for a cohesive material with C = 5 kPa. Boundary conditions,
dimensions, and numerical grids for this verification case agree with the corresponding case in Section 4.1.2. Introducing
cohesion effectively increases the yield stress, similar to the ¢ = 65°, C = 0 case, and the regularization parameter is again
set to m = 10% to emulate elastic behavior inside the yield domain (i3, = 1.9 - 10° Pa s). The interpolation constants M
and N are defined as M = 0 and N = 5 for this investigation.

Results of the current simulations are compared to corresponding results reported by Bui et al.*° Figure 8, again
displays the predicted soil surfaces and failure lines for four different time instants. Notably, the cohesion-induced aug-
mented yield stress introduces indentations of the soil surface along the rigid portion of the dam in both simulations.
Additionally, a thin layer of air is observed between the granular material and the bottom wall at later time steps for the
current simulation. However, apart from these observed nuances, the soil surface of the current model is largely in line
with that of the SPH reference model. This confirms the general functionality of the presented model when considering
cohesive materials. For a better comparison with the SPH results, the failure lines are only partially displayed, and fail-
ure lines close and parallel to the surface are omitted. Consequently, the rigid portion of the granular material is aptly
represented, even at later time intervals. The failure lines depicted in Figure 8 exhibit a remarkable agreement with the
data derived from the SPH model. Minor variations are expected, primarily attributable to disparities in the underlying
material models. Nevertheless, the results of the comparison demonstrate the good performance of the presented model
when dealing with cohesive materials.

Figure 9 provides a qualitative comparison of the predicted norms of the Euler-Almansi strain tensor (left) and abso-
lute values of accumulated deviatoric strain (right), respectively. Except for the areas near the soil surface, the comparison
shows a high degree of agreement. For the current rigid perfectly plastic FV model, the error cone for the initial snap
shots (t = 0.6 s, t = 0.88 s, and ¢t = 1.28 s) has a larger width than that of the elastoplastic SPH model, especially at the top
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2 nowo\vﬂo’-{_(:s.’m.-“ t=0.60s| 2 ”"‘""’95;7".‘“ t=0.88s |
g Xt d g %, ewmeny
g 1R |- f
0 i XA | | 0 i %% |
0 2 4 6 8 0 2 4 8
z1 (m) z1 (m)
f T
= _ 2 &o,e-:,wxz?}\. t=2.00s_|
E G "x \‘”«
S gig\] 1r X Xa,'gl B
X x -.2|
X "xi
0 | g X \
0 2 4 8

FIGURE 8

21 (m)

---------- Failure line F'V, VoF
= Failure line SPH, Bui et al’

--- Soil surface FV, VoF
« Soil surface SPH, Bui et al.’

Comparison of the temporal evolution of the soil surfaces and failure lines predicted for the two-dimensional soil collapse

verification case at ¢p = 25° angle of repose and C = 5 kPa with two different computational models. [Colour figure can be viewed at
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FIGURE 9 Comparison of predicted strain evolutions of the two-dimensional cohesive soil collapse verification case (¢ = 25°,

C = 5kPa) Left: Norm of the deviatoric Euler-Almansi strain predicted by the current method. Right: Accumulated deviatoric strain from
Buietal’® (A)t=0.6s.(B)t=0.6s.(C)t=0.88s. (D) =0.88s.(E) t = 1.28s. (F) t = 1.285.(G) t = 2.00s. (H) t = 2.00s. [Colour figure can
be viewed at wileyonlinelibrary.com]

of the dam. Additionally, the SPH model predicts a less accumulated strain in the elastic right corner of the dam, in con-
trast to the Euler-Almansi strain norm observed in the rigid portion of the FV model. Deeper inside the granular phase,
where ¢ > 0.99, the Euler—Almansi strain norm closely aligns with the accumulated deviatoric strain results derived from
the SPH model by Bui et al.*°

5 | CONCLUSION

A rigid-perfectly plastic Bingham model is presented and its implementation into a FV-VoF procedure is validated for
cohesive and non-cohesive materials featuring different angles of repose. A close agreement of the predicted soil surface
with experimental data is obtained for non-cohesive material. To verify the applicability to realistic problems, the current
procedure was successfully verified in large-scale dimensions against SPH simulations that use a more sophisticated
material model. As the yield stress increases with increasing angle of repose and cohesion, the challenge of accurately
simulating granular materials becomes ever greater for the current method. Nevertheless, the soil surface shape and
strain results inside the granular material agree surprisingly well with the SPH results for cohesive verification cases. The
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advantage of the method is the ability to simulate large displacements and arbitrary soil shapes with a standard FV-VoF
solver. The failure area can be computed from the introduced Euler-Almansi strain measure, which extends the scope to
geotechnical problems such as landslides.

Challenges arising at the boundary of two-phase flow are discussed and circumvented by introducing a nonlinear
interpolation function for the phase field. An elliptic relaxation of the soil velocity might further improve the approach
and avoid spurious increased values of the deformation gradient tensor.

Future research will consider a monolithic elasto-plastic VoF approach to extend the applicability of the presented
model. Moreover, we will also include a coupling of the presented method with a free surface flow through porous media,
as described in Diisterhoft-Wriggers et al.,* to simulate seepage flow through permeable, perfectly plastic dams.
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APPENDIX A. NONLINEAR INTERPOLATION OF MATERIAL PROPERTIES

The nonlinear interpolation based on an arctan function is applied for the material properties density and viscosity. Here,
y represents a general property, and 4 and $ denote the air and soil phases, respectively. With the constants N and M, the
shape of the interpolation can be controlled. The employed interpolation function gets

y=pA s <arctan(N(cﬂ—M —0.5)) N O.S)(ys _ A
-1 = (c=M)e(r® =) + (¢ = Mer (r® = v?)

-(1- C)50(}’5 - }’A) + Teorr-

(A1)
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with
¢y (vS —y4), ifM>0
Teorr = ( ) . (AZ)
—csi(yS—r4), ifM<o.
and
o = arctan(—0.5N) +05 (A3)
V3
(L =05— arctan(O.SN)' (Ad)
T
as well as
tan(N(—M — 0.
8o = <arc an(\V( ) 4 0.5) — (14 M)ey — Me; (A5)
T
1-M-0. 1-0.
5 = <arctan(N( 0 5))) _ Mey — Me, - <arctan(N( 0 5))) ‘ (A6)
T T

APPENDIX B. DISCRETE EQUATIONS

In the present work, a pressure-based FV formulation using a cell-centered, co-located variable arrangement on unstruc-
tured polyhedral grids is applied to approximate the two-phase granular flow problem as presented in Algorithm 1. The
applied FV method discretizes the equations formulated in an integral form by dividing the computational domain into
finite control volumes of size AVp. The cell center of each control volume is denoted p, and the values at the faces ; are
needed to discretize the surface integrals. In the following sections, A denotes the face area, and A; is the outward point-
ing face vector. The scalar distance between the cell center and adjacent neighboring centers yp is labeled d, and its vector
is d;. A time step size of At is used, and g; is the acting acceleration due to gravity.

B.1 Discretized momentum equations

Using a mid-point integration rule together with the first-order implicit time discretization and an implicit
upwind-difference scheme part for the convective flux, the discrete form of the momentum equations (18) gets

: P ; = HA :
vlfme lAVp A_Pt + Z A‘;VB] - Z l(max[_mnm 1,o])f+ <7>f] v:fl\’]';

faVp) faVy)
- ~ -
Al (B1)
vt
=— Z (p}’l,m—lAi> + ppAVp<gi + ﬁ) + Svi,
F(AVp) P

were riyy = (pv;A;)y refers to the mass flux and S, to the term including deferred-corrections.

B.2 Pressure correction equations
Here, the pressure correction equation is given by

Aid; op’
PIRVZUEDY < A) (ai) 4r=0. (B2)
!

f(AVy) f(AVp) P f

where p’ denotes the pressure correction and in the first stage the partial derivative of the pressure is discretized as

o'\ _ (Pxp—Pp
(%)= (™)
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WILE Y—I—

leading to

Aid; p Aid; , . ]
v; + - V; = -V |- (B4)
szpKAp‘d)fp” & <Ap'd>prB

—_—— N———

/ q
4 P
AP ANB

Afterward, the pressure p™~! is updated to p™ with the obtained pressure correction p’ (p™ = p™~! + p’). The velocity and
fluxes are corrected via

AVp (3p’>
V=V 4+ | ——— <— s (B5)
i,P i,P < A;LP ) ()xi »
and
7 =9+ A% (Pl — P (86)

respectively. A Rhie-Chow*® interpolation of the fluxes is used to avoid pressure oscillations occurring for the collocated
variable arrangement.
In the second stage of the pressure correction algorithm, the non-orthogonal terms are included in the partial

derivative of the pressure
ap’ Pp — Py op' (A d;
< 0xi > f < d ()xi A d f ( )

After solving the second equation system for the pressure correction, the pressure, fluxes and velocities are
corrected again.

B.3 Discretized soil mixture fraction equation
A first-order implicit time integration scheme and an implicit upwind-difference scheme for the approximation of the
convective term is applied to the soil mixture fraction equation

AV, , - AVp
c;’ml AtP > A%B] = 2, (max|=Gn/p""0) 5 = Atpcg e (BS)
vy VIS - >
Axg

where S, hosts the deferred correction terms of the compressive approximation. The mass flux i is calculated from the
corrected flux V™.

B.4 Discretized displacement equation
The Eulerian displacement equation (20) is approximated applying a first-order implicit time integration scheme and an
implicit upwind-difference scheme for the convective term. The discrete equation is then given by

uy l% + Z AK,B] - 2 (max|[-v®™"=1 0] )f”Z}\rrrzla
f(AVp) FAVpN Wy

M (B9)
ANB
AV -
= Ttpuz;l + CPV?},m 1AVP + Su,

where VS = (cviA;)r refers to the flux, and S, again includes explicit terms which arise from different deferred correction
contributions, for example, higher-order convection, non-orthogonality, and interpolation corrections.
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