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ARTICLE INFO ABSTRACT

Keywords: A fibrillar interface is modeled as a regular array of cylindrical micropillars bonded to a substrate, with a focus
Rate-independent adhesion on the viscoelastic properties of the fibrils. A one-dimensional linear constitutive model describes the coupled
Schapery model

deformation of an individual fibril and the substrate. For a compliant viscoelastic substrate, the interaction
backing layer effect between fibrils through the substrate deformations is also accounted for. In the case of
a viscoelastic Winkler-type foundation whose adhesive mechanism is described by the Shrimali-Lopez-Pamies
criterion of maximum rate-independent elongation of the foundation elements, an exact analytical solution
is derived for the displacement-controlled loading protocol. A leading-order discrete asymptotic model is
developed for the Schapery-type rate-independent adhesive contact between the viscoelastic fibrillar substrate
and a rigid punch. By neglecting the influence of the backing layer, a homogenized model is derived in detail.
The debonding incubation time is introduced, and an analytical approximation for the pull-off force is obtained
under conditions of strong adhesion and fast unloading after a long dwell time.
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Fibrillar surface
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1. Introduction

Nature’s solutions have been inspiring engineers for centuries. A
striking example is the gecko lizard, renowned for its remarkable ability
to run up vertical walls [1]. This phenomenon of reversible adhesion
is explained by the presence of fibrillar structures covering the gecko’s
feet [2,3]. Gecko-inspired artificial fibrillar surfaces with enhanced ad-
hesive properties have been developed over the past two decades [4,5]
with ever-increasing research activity in recent years [6-8].

Fibrillar surfaces are typically fabricated from polymer materials [4,
9], which are known not only for their adhesive surface properties
but also for their bulk viscoelastic properties. A technological ability
to practically realize reversible adhesion is a crucial interface func-
tionality in various engineering fields ranging from robotics [10,11] to
biomedical devices [12]. Since gecko-inspired adhesives have potential
applications in soft grippers [13] and object manipulation [14], it is
important to assess the viscoelastic (time-dependent) effects involved
in the contact deformation of fibrillar surfaces.

Recently, the mathematical modeling of micropatterned interfaces
has received increasing attention [15,16]. A progress has been also
made in the understanding viscoelastic continuous [17,18] and dis-
crete [19,20] adhesive contact, largely driven by numerical [21] and

semi-analytical [22] approaches developed primarily for the three-
parameter viscoelastic standard solid model. However, since the publi-
cation of a comprehensive review [23] on analytical models of bioin-
spired fibrillar adhesives, little advance has been achieved in the ho-
mogenization approach, as the discrete structure of these adhesives
straightforwardly dictates the use of discrete spring-like modeling ap-
proaches.

In this paper, we apply a homogenization approach [24,25], de-
veloped previously for elastic contact. Since we are aiming at the
development of an analytical modeling framework for experimental
studies, our analysis is focused on practical details. Yet, the difficulties
associated with adhesive viscoelastic contact outweigh those primarily
related to the discrete nature of contact itself. That is why, in Section 2,
we first briefly investigate the auxiliary problem of adhesive contact
for a viscoelastic Winkler-type foundation. In Section 3, we introduce a
discrete model of a viscoelastic fibrillar substrate by treating the micro-
contacts individually. A homogenized asymptotic model is developed in
Section 4. Section 5 presents practically useful approximate analytical
solutions for interpreting experimental data. Finally, in Section 6, we
provide a discussion of the results and formulate our main conclusions.
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Fig. 1. Schematics of contact for a viscoelastic Winkler-type foundation: (a)
Initial (unloaded) contact configuration; (b) Loaded (non-adhesive) contact;
(c) Unloaded (adhesive) contact configuration.

2. Non-adhesive/adhesive contact for a viscoelastic Winkler-type
foundation

We consider a foundation made of independently deforming
standard-solid elements (see Fig. 1a), which is supposed to be indented
with an axisymmetric rigid body (punch) of paraboloidal shape (ap-
proximating a sphere). The indentation starts at the time moment
t = 0, and the contact zone will be characterized by a variable
radius of contact, a(?). Let us recall that a classical Winkler foundation
(also called the Fuss-Winkler foundation [26,27]) is described by the
constitutive equation p(x) = kw(x), where p(x) is the surface pressure
at the point with Cartesian coordinates x = (x|, x,), w(x) is the local
surface deflection, and k is the Winkler foundation stiffness.

For a viscoelastic Winkler-type foundation, the time-dependent con-
stitutive equation has the form

'
px,1) = kg / Y- T)a—w(x, 7)dr, 0
0 or

where k, is the relaxed (equilibrium) stiffness, and ¥(¢) is the normal-
ized relaxation function, such that ¥(tf) — 1 as t - oo. In the case of
standard-solid elements, we have ¥ (t) = 1 +p~!(1 — p) exp(—t/7g), where
g is a characteristic relaxation time, p = k/k, < 1, and k is the
instantaneous foundation stiffness (for the model configuration shown
in Fig. 1a, we have ky = k| and k,, = kk,/(k| + k,)).

In the special case of spherical (or, to be more precise, paraboloidal)
punch of some relatively large radius, R, the kinematic contact condi-
tion can be written as

(x% + x%)

w(x, 1) = 6(t) = ————H(®, @

where §(¢) is the punch displacement, and H(7) is the Heaviside func-
tion such that H(r) = 0 for r < 0 and H(r) = 1 for ¢ > 0. It is tentatively
assumed that §,(r) = 0 for r < 0 in accord with the initial conditions
formulated above.

By integrating Eq. (1) over the circular contact zone, in view of (2),
we obtain the total contact force

' 4
ST(Z = (1) /0 W - D)) de - %g)W(r). 3)
To fix our ideas, we consider the displacement-controlled loading

protocol, so that the history of the indentation is specified by the
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known function 6(f) given for + > 0% (i.e., an instantaneous jump-like
indentation displacement is allowed). For instance, in the indentation
relaxation experiment, we have §,(t) = 6,,H(?) for t € (0,1,,), where the
time 7,,, denotes the duration of the loading phase. Then, from Eq. (3),
it follows that

t d . At
I?T(QZ - a2(1)(600¥’(t) n / P - r)&o(r)dr> - %T(’)’ )

m

where it is supposed that 7 > 7,.

Further, let us consider a non-adhesive indentation loading (see Fig.
1b), when §,(¢) > 0 for ¢ < t,, and a?(f) = 2R8,(#), and an adhesive pull-
off unloading, when §,(f) < 0 for ¢ > 1,,. In the latter case, we assume
that the extent of the contact zone is specified by the adhesion fracture
criterion of maximum rate-independent elongation of the foundation
elements (see Fig. 1c) . This criterion (also called [22] the Shrimali and
Lopez-Pamies (SLP) model [28]) in the context of the contact problem
under consideration means that the contact radius a(r) varies according
to the equation

a’(t
00 = S =l ®)
where Al is a constant having the dimension of length.

It should be noted here that a rate-dependent increase in both
fracture toughness and adhesion energy is observed in many fibrillar
soft rubberlike or biological materials [29-31]. The SPG model [28] can
be regarded as one of the simplest models for a fibrillar adhesive [22],
and, in particular, it can predict the dependence of pull-off force on
compressive preload [20].

We would like to emphasize that Eq. (5) is applied for any critical
state. For instance, if the unloading phase starts from the time moment
t,, when the contact radius equals a,, = 1/2R5y, with 5y, = ((t,,,) being
the maximum indentation depth, then we have §;(t,,) — a>(t,,)/(2R) =
—Al . and a(t) = a,, for t € (1, t;,,.) With 1, denoting the time moment
when Eq. (5) is fulfilled for the first time, i.e., 8)(fj,.)—a% /(2R) = —Al ...

In the practically interesting case of constant-rate unloading, when
8y(t) = =V and §y(t) = 8oy — V (t — t,,) for ¢ > t,,, we readily find that

a() =ap4[1 - L(t —tine)s 1> line- (6)
b0

In other words, the time evolution of the contact radius in the
case of displacement-controlled adhesive unloading that follows the
SLP model is completely independent of the viscoelastic properties of
the deformable foundation. It should be stressed that this phenomenon
is a direct consequence of the adopted adhesive fracture criterion (5).
It is clear that the result would be different if the initiation of adhe-
sive debonding is formulated, for example, in terms of the admissible
maximum absolute value of the tensile contact pressure.

Let us introduce the dimensionless variables

. So(t t ~ t .
b =20 = 20 - 20 Gt @
B0 /2R84 27R52 Ko R

where i, is the characteristic relaxation time.

Then, Egs. (4)-(6) can be represented as

7 ~4~
00 = az(f)(?f(f) -L [wi-o df) - TP, ®
€ Ji,

where 7 > 17,

So(i) _ dz(f) = _L’ af)y =4/1- L(f— finc)’ (C)]
€ v €1

where 7 > 7, ., and we have introduced the notation

6 6
€ = u > €1 =7 — a0
Al Vg

max

Thus, the evolution of the dimensionless total contact force during

the debonding process, 7 € (7; ) where 7,4 = t.,q/7r and .y =

nc> fend
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Fig. 2. Effect of the unloading rate after a long dwelling time (¢, = 107g): (a)
Variation of the apparent contact radius; (b) Variation of the contact force.

tine + 600/V, is governed by the two dimensionless parameters (10).
Namely, ¢, is responsible for the effect of preload, and ¢, characterizes
the effect of unloading rate.

Figs. 2 and 3 illustrate the behavior of the spherical adhesive contact
for a viscoelastic Winkler-type foundation in the unloading stage after
a long dwelling time. In the numerical calculations, we simply put
t., = 107y for the ease of the time scaling. The relaxation/instantaneous
moduli ratio is fixed, p = 0.1.

As it is seen from Fig. 3b, the effect of unloading rate manifests itself

in changing the time position of the pull-off moment from some point
inside the interval (#;,, .,q) for slow unloading regimes to the moment
tine> for fast unloading regimes.
Fig. 4 shows typical force-displacement cures (force versus dis-
placement) in the unloading stage. During the punch retrieval with an
unloading velocity 8,(f) = —V, the punch displacement 6,(f) changes
from the maximum indentation depth &y, to some final value 6y(f.q)s
which is negative. From Egs. (5) and (6), it immediately follows that
Tend = tm + (Alpay + 809)/V and 8y(t.,q) = —Al,,,. For slow unloading
regimes, the pull-off force, Oy, is determined by the local minimum
of the smooth force-displacement curve, whereas for fast unloading
regimes we have Q. = O;,., where Q;,. = O(f;,.). In other words, we
recall that the pull-off force Q ; is defined as a global minimum (global
maximum of the absolute value) of Q(¢), and therefore, the occurrence
of the pull-off event can be manifested as a local minimum of a smooth
or non-smooth part force-displacement curve, depending on the punch
retrieval speed. The non-smoothness of the force-displacement curve is
caused by the indentation mode switching.
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Fig. 3. Effect of the adhesion strength: (a) Variation of the apparent contact
radius; (b) Variation of the contact force.

3. Discrete viscoelastic model for a fibrillar surface

We consider a viscoelastic layer (henceforth, called the backing
layer or, simply, the substrate) of finite thickness, H, bonded to a rigid
base (see Fig. 5a). The substrate surface is assumed to be covered with a
fine regular structure of cylindrical micropillars (sometimes, also called
fibrils). For the sake of simplicity, we assume that the micropillars
are made of the same material as the substrate. In a general case of
dissimilar materials, an additional assumption regarding the condition
of bonding at the pillar/substrate interface should be formulated.

Moreover, to simplify the consideration, we restrict our attention
to the case of isotropic viscoelastic materials with a constant Poisson’s
ratio, v. Then, the time-dependent stiffness properties of the substrate
and micropillars will be additionally characterized by the reduced
relaxed modulus, E¥ , and the normalized creep function, &(z).

The time-dependent deformation of the jth individual fibril will
be described by the one-dimensional model. Let P;(¢) and 5{(1) de-
note the axial load transferred by the jth fibril and the compressive
displacement, respectively, (see Fig. 6a). Then the linear theory of
viscoelasticity implies the force-displacement relation
d=—— [ ot-n2myar an

f AMEL Jo- dr ’

where /; is a stiffness coefficient having the dimension of length, and
0~ denotes the time moment preceding the onset of contact. In the
particular case of relatively long cylindrical micropillars (of radius b
and height /), we approximately have A; = zb*(1 —v?)/I (see Fig. 6b).

Strictly speaking, the constitutive equation (11) of the one-dimen-
sional model for the fibril deformation characterizes the longitudinal
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Fig. 5. (a) Geometry schematics of a fibrillar surface on a viscoelastic sub-
strate. (b) Geometry of neighboring individual cylindrical micropillars.

deformation of an individual (separated from the substrate) micropillar
compressed between two rigid plates (see Fig. 6a), when the boundary
layer effects are neglected according to Saint Venant’s principle. When
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Fig. 6. Schematics of the individual fibril’s loading: (a) One-dimensional
model of fibrillar’s deformation; (b) Deformed (loaded) configuration.

the top of the same micropillar is loaded via a rigid plate, while the
micropillar being attached to the visacoelastic substrate, the substrate’s
deformation should be accounted as well (see Fig. 6b) by means of the
vertical displacement, 5£ (t), of the micropillar’s bottom. Based on the
analysis of the corresponding elastic problem [32,33], we can write

8(1) =

t D ! d 12
t—1)—=(r)dr,

i, eu- o e a2
where A, is a substrate stiffness coefficient, which is proportional to the
micropillar’s radius b and depends on the substrate Poisson’s ratio v.

Finally, the contact interaction effect between the micropillars
(when loaded collectively by means of a large rigid punch) can be
introduced via the non-diagonal terms of the substrate compliance
matrix [15] as

i Cik [T dp,
5,0=3 & / O -1 (D), (13)
k#j oo S0

where c;, are the compliance coefficients that are inversely propor-
tional to the micropillar characteristic size b and depend on the dis-
tance, d;,, between the centers of the jth and kth micropillars in a
nonlinear way.

We observe that the constant coefficients 4¢, A, and c;; are sup-
posed to be recovered from the solutions of the appropriate elastic
problems, and a number of approximations are available in the liter-
ature [33-35], depending on the simplifying assumptions about the
system (fibrillar surface/substrate).

Thus, if all fibrils (j = 1,2,..., N, where N is the number of fib-
rils/micropillars) are individually loaded by a system of time-dependent
forces P(1), Py(t),..., Py(t), applied to the top surfaces of the mi-
cropillars by means of disconnected flat punches, then, according to
Egs. (11)-(13), the micropillar tops will receive the total vertical
displacements

8;(0) = 81(t)+8(1) + 8 (1), 14

where the terms on the right-hand side are responsible for the individ-
ual micropillar deformation, the local substrate deformation, and the
substrate contact interaction, respectively.

The sum of all the time-dependent microcontact forces,

o) = P(t) + Py(t) + - + Py (1), (15)

represents the total contact force.
3.1. Non-adhesive discrete viscoelastic contact

We consider the frictionless and non-adhesive contact of a rigid
body (indenter/punch), whose surface in the initial (unloaded) state is
described by the equation z = — f(x,, x,) in terms of the shape function,
f(x) in the Cartesian coordinates x = (x;, x,) and z (see Fig. 7a, where
the initial contact configuration for a convex punch is shown). The
shape function of the punch may be assumed to be convex, so that the
contact spots will be grouped into one cluster. We put f(0) = 0 and

S =0.
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a)

Fig. 7. Schematics of discrete contact: (a) Initial (unloaded) contact configu-
ration; (b) Loaded (current) contact configuration.

In what follows, we consider the displacement-controlled loading
protocol, assuming that the indenter displacement, &y(¢), is a given
function of time . Since the indenter is supposed to move vertically,
the equation z = §y(t) — H(r)f(x) will describe the indenter surface
in the current contact configuration for + > 0 (see Fig. 7b). Also, the
zero initial conditions, including the equation 6)(t) = 0 for ¢ < 0, are
tentatively assumed.

Since the contact of the indenter with the fibrillar surface is discrete
and assumed to be unilateral, we write out the Signorini conditions in
the form

P20, j=12,..,N, (16)

P()=0 = &) ~HOIK)< 5,0, an

P(>0 = (1) —-HOf)= 5. (18)

Here, P;(?) is the microcontact force that acts on the jth micropillar, and
;) is the rr_licr_opillar top’s displacement as modeled by Egs. (11)-(14),
and x/ = (x’l,xfz) is the center of location of the jth micropillar.

The inequalities (16) guarantee that the contact between the inden-
ter and the fibrillar surface is non-adhesive (as the negatives values of
the microcontact forces are not allowed). At the same time, Eq. (18)
states that the displacement §;(¥) of the top surface of the jth micropil-
lar with the in-plane Cartesian coordinates x’1 and sz is_det_ermined by
the indenter’s displacement () — f(x/) at the point (x’l,xfz).

Finally, according to Egs. (11)-(14), we have

o ! dp;
0;(1) = z/o— @(I—T)E(T)dr

Gk ! dp,
+ kz o /07 D - 1) (D) dr, (19)
#j

where j = 1,2,..., N, and we have introduced the notation ¢, = 1/4; +
1/ 4 for the fibril/substrate compliance coefficient.

4. Homogenized asymptotic model

In this section, we neglect the effect of the backing layer interaction,
so that Eq. (19) simplifies as

o
E*

)

t dp;
6;(1) = / D(t - r)d—(‘r) dr. (20)
0- T

Let A, denote the so-called elementary area (that is, the area of the
periodic cell occupied by individual micropillar). So far, the periodic
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Fig. 8. Schematics of the loaded contact configuration for a fibrillar surface
on a rigid base.

structure of the fibrillar interface was not exploited in the analysis.
Now, we emphasize that the micropillars are deposited onto a rigid base
(see Fig. 8), forming a certain simple lattice structure (e.g., square of
hexagonal).

Following [33], we homogenize the discrete model and introduce
the average contact pressure, p(x, ), as
p(x! 1) = PI"‘(I), (21)

€

so that, according to Eq. (15), the total contact force will be

N
0 =Y P = // p(x, 1) dx, 22)
j=1 (1)

where w(?) is the current apparent contact area.
In view of (20) and (21), the contact condition (18) now takes the
integral (averaged) form
€0

E_:o /O_ D1 - T)%(X, 7)dz = 6o(1) = H(@®) f(x), (23)

where x € w(t), and ¢, = cy4, is a compliance constant having the
physical dimension of length.

To further simplify the consideration, we restrict our analysis to the
special but very practical case of a spherical indenter, adopting the
paraboloidal shape function

SO0 = 3+ D), ©24)

where R is the indenter radius.
Under the assumption that the right-hand side of Eq. (23) depends

solely on the polar radius r = \/x% + x,, the apparent contact area w(r)
will be circular, i.e., r < a(r), and its evolution will be described by the
variation of the contact radius a(7). In such a case, the contact pressure
will be axisymmetric, p(r, 1), so that the equilibrium equation (22) takes
the form

a(t)
o) =2rx / p(p,Hpdp. (25)
0

Still, the contact problem formulation requires to specify the type
of contact (non-adhesive or adhesive). The experimental evidence (see,
e.g., [36]) shows that the loading stage, when the contact zone mono-
tonically increases, can be regarded as a manifestation of non-adhesive
contact, when the contact pressure is supposed to vanish at the contact
contour, that is

pa(n),1) =0. (26)

The contact between the indenter and the adhesive fibrillar surface
in the unloading stage according to several recent studies should be
treated as adhesive rate-dependent.

4.1. Non-adhesive loading

The axisymmetric problem of unilateral, non-adhesive, monoton-
ically increasing contact for a viscoelastic Winkler-type foundation,
which is mathematically equivalent to Egs. (23)-(26), was considered
previously in the literature. Here we make use of the results obtained
in [37], where additional references are given. It should be noted that,
though the simple case under consideration is similar to the unilateral
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viscoelastic contact problems [38-40], the solution for a viscoelastic
Winkler-type foundation does not follow from those for a viscoelastic
half-space.

The contact force—displacement relation is given by

aREY ! d )
o = / (- T)d—T[(So(T)] dr, @7

¢ Jo-
where ¥ (¢) is the normalized relaxation function.
The inverse relation follows from Egs. (27) in the form

So(t) = €
0T\ ZREZ

P 1/2
/ (1t — 1)0(7) df> , (28)
o

where Q(r) is the time derivative of the contact force Q(t), i.e., O =
dO(r)/dt.

At the same time, the contact radius is given by

a(t) = 4/2Ré((2). 29

In the case of force-controlled loading, when the total contact force
QO(t) is known, the relation between the a priori contact radius and the
contact force Q(r) is simply derived by the substitution of (28) into
Eq. (29).

Finally, the contact pressure varies according to the following for-
mula [37]:

g 2
%p(r, 1= (50(0+) - ;—R)Y’(t)H(a(OJr) —r)

+ / Y(t — 7)6(t) dr. (30)
1,(r)

Here, 7,(r) is the time when the contact contour first reaches the points
with the polar radius r measured from the center of the contact area,
i.e., 1,(r) =0 for 0 < r < a(0%) and &(t,) = r?/(2R) otherwise.

4.1.1. Stepwise force-controlled loading
We assume that

0@ = QyH(). 31
Then, the substitution of (31) into Eq. (28) yields
_{ %90 2
0y(1) = (ﬁd’@)) H(), (32)

so that, in view of (29), we readily get

. 1/4
a(t) = <4RJZC%Q°¢<:>) H). (33)

e}

According to Eq. (33), we have a(0*) > 0 and a(f) monotonically
increases to the limiting value a(co) = (4RQ,C,/7E%)! /4.

4.1.2. Stepwise displacement-controlled loading
Now, we put

60(1) = 6o H (1), (34)

and the substitution of (34) into Eq. (27) gives

*

7RE}, )
0 = —= 53 P OH ). 35)
0

At the same time, Eq. (29) implies that

a(t) = \/2RSp o H(®), (36)

or in other words, the contact radius keeps the instantaneously obtained

value 1/2R5yy = a(0™).
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Fig. 9. A stepwise non-monotonic variation of the contact radius with a single
maximum.

4.2. Non-adhesive unloading

As it was shown in the previous two subsections, a stepwise loading
causes a jump-like variation of the contact radius (see Fig. 9). We note
that in the case of displacement-controlled loading, we have a(t) =
a(0*) = a,,,, where g, = max a(?).

Let us introduce the notation

2
wo(r.1) = 8,(t) — H(t);—R. (37)
Then, in view of (37), Eq. (23) can be rewritten in the form
= t
;‘; /O K T)g(r, 0 dr = wy(r.1),  r < a(t). (38)

The unloading stage starts from the time moment ¢t = 7, and we
may assume that the contact pressure p(r,f) is known in the loading
stage ¢ € (0,1,,). This prompts us to rewrite Eq. (38) as follows [37]:

O z>—/[m9’<t LIy
E:opr, =/ 0, (node
! owy
+ Yt —1)—(r,7)d7. (39)
P ot

m

As it was shown previously [37], in view of (37), Eq. (39) can be
represented in the form

Co

ES

_ Im 9 r2
Pl 1) = /07 W — T)a—f(ao(r) - H(T)ﬁ>+dr

t
+ / P(t—1)8y(r)dr, r<alt), (40)
tm
where (x), = (x+ |x|)/2 is the positive part function, and the first term
on the right-hand side of Eq. (40) is already known.
The integration of Eq. (40) over the contact area, with Eq. (25) being
taken into account, yields

= t 4
;0; o) = a*() /0_ Y(t — 1)6y(7) dr — a4—(RI)¥’(t), (41)

T

where we put a"(r) = [a(1)]".

The above equation relates the three variables Q(r), (1), and a(?).
Yet another equation can be derived by imposing the restriction that
the right-hand side of Eq. (40) is positive inside the contact area and
vanishes at r = a(?).

In this section, we have derived a general solution for non-adhesive
unloading allowing for a jump-like variation of the contact radius as
well as a dwelling time (by the corresponding specifying the indenta-
tion function (7). Next, we consider a couple of specific examples for
stepwise loading to illustrate the constructed general solution.

4.2.1. Non-adhesive unloading after a stepwise displacement-controlled
loading
In light of (34), Eq. (40) can be simplified as
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& B 2
Fepr = ¥ 050 - 75

1
+ / P(t —1)8y(r)dr, r < alh). (42)
tm

In the case under consideration, the contact area in the loading stage
remains constant (see Eq. (36)), and therefore, a(t) < a, for t > 1,
when a,, = 1/2R6.

Hence, the boundary condition p(r,7) = 0 for r = a(t) can be written
in the form
la))?

2R

t
lp(r)(aoo - )+ / (1 — 1)8y(1) dr = 0, (43)

from where it follows that

, 1/2
a(t) = V2R 899 + —— / Pt —1)oy(z)dr | . (44)
Y Ji,

We note that since ¥(¢) is a positive function, the right-hand side of
Eq. (44)) monotonically decreases during the unloading stage where
8o(1) < 0.

4.2.2. Non-adhesive unloading after a stepwise force-controlled loading
In view of Eq. (29) (see also Egs. (32) and (33)), we can transform
Eq. (40) as

) L " o2 (faef - 2
0 P = 5 /0_ P r)aT([a(r)] rH(T))+d‘r

1
+ / Pt —1)8y(2)dr, r < a(t). (45)
tm
Let 7,(¢) be the time moment (in the loading stage) such that the
current contact radius a(f) (monitored in the unloading stage) is equal
top the prior contact radius a(z;) (looked for in the loading stage) as
shown in Fig. 9. Then, for ¢ € (t,,1;), the contact pressure positivity
condition follows from Eq. (45) in the form

_ L 'm i 2 _ 2
0= R o Y(t—-r1) . <[a(‘r)] [a(®)] ) dr
t
+ / Y (t — 1)6y(7)dr. (46)
1,

m
In the time interval 1 € (té),tn) (see Fig. 9), the decreasing contact
area enters the instantaneous contact zone r < a(0%) and, as it was
shown in [37], the contact radius is determined by the equation

. 1/2
a) = VR( 6,01 + —— [ wi—nsyerde | (47)
Y1) Jo-

where, in view of (32), we have §,(0") = (EOQOQ(O)/E;ﬂR)l/Z.

5. Adhesive unloading

It is reasonable to assume (see, e.g., [41]) that the variation of
the main contact variables during the loading stage of a punch in
contact with an adhesive fibrillar surface is practically the same as
that in the non-adhesive case. Namely, the jump-like phenomenon
in establishing a first contact, which can be usually observed as a
manifestation of Wan der Vaals forces, can be ignored in estimating
the effect of preload. Hence, we may introduce the adhesion effect into
our modeling framework from the unloading stage.

5.1. Schapery’s model for detachment of individual fibrils

It is well known that a point of view on the fracture process as an
appearance of new surfaces accompanied by an elastic energy release
dates back to Griffith whose fracture criterion, if we invoke Irwin’s
concept [42] of the stress intensity factor (SIF), K|, can be represented
in the modern form as

K}
2E*

=G, (48)
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where G, is the critical value of the energy release rate.
Schapery [43] extended Eq. (48) to the viscoelastic case as

Y AL S 49
ZE:o/ro (t—1) i T =G, (49)

where ¢, is the time moment when the compressive stress (negative
SIF) turns to tensile stress (positive SIF). It is to note here that the
time-dependent fracture criteria similar to Eq. (49) have been used in
a number of studies [20,44,45] related to adhesive fibrillar systems.

For the simplicity’s sake (in order to understand the time-dependent
detachment of an individual micropillar), let us now consider the case
of adhesive frictionless contact of a flat-ended cylindrical indenter
of radius » with an elastic half-space, when the force-displacement
relation P; = 2E*b5; is linear. Here, §; and P; are the indenter
displacement and the contact force, respectively. Then, it can be shown
(see, e.g., [46,47]) that the contact SIF is given by

E* . P;
Vab - 2y/zb? .
Since the contact radius b is a constant, Eq. (50) can be generalized
for the viscoelastic case in a straight-forward manner as

P A

2\/;[)3/2 =

-K/ = (50)

-K{(t) = PO, 1), (51)

€
C2\/zb?
where the asymptotic relation (21) has been taken into account.
The substitution of the right-hand side of (51) into Eq. (49) yields

Ag ! d 2
_ D(t — 7)—[p(x, dr =G, 52
SrE5 /to(x) (t—17) 3 [p(x,7)]"dz = G, (52)

where 7 = 1,(x) is the time moment when the contact pressure p(x, 7) at
the point x turns from positive (compressive stress) to negative (tensile
stress) values.

To this end, a rather specific contact configuration (indenter/
substrate) was assumed for an individual fibril. However, to cover a
general case, we recast Eq. (52) as follows:

X
bE®

t
/ ot - 1)L [px. P dr = G,. (53)
100 ot

Here, y is a dimensionless empirical parameter that depends on the
area density of the fibril distribution as well as the material mismatch
between the fibrils and the substrate.

5.2. Contact radius evolution

In what follows, we consider the case of displacement-controlled
loading and unloading. To fix the ideas, we assume the regime of
constant retraction velocity, V. Thus, the variation of the punch dis-
placement can be represented as

80(t) = Sy H(t) = V(I = 1), (54

so that the retraction velocity is given by §,(t) = =V for ¢ > 1.
The substitution of (54) into Eq. (42) yields

%

ES

72 !
p(r1) = ‘P(t)(&oo - )+ v / Y(r - 7)ds, (55)
Im

where r < a(t) and ¢ > 1,,.

We observe that while the first term on the right.hand side of
Eq. (55) is positive, the second term is strictly negative for any 7 > 7,,.
Moreover, the integral in (55) equals /OH"‘ ¥ (z')dr’, and therefore, it
is an increasing function of the time variable ¢.

Let #,(r) denote the time moment ¢ = #,(r) when the contact pressure
p(r,t) at the points with the polar radius r vanishes. According to
Eq. (52), for r < a,,, the function 7y(r) is determined as the root of
the equation

r 0="m NS
5p(fo)(fsoo - ﬁ>+ - V/0 P(")dr' =0. (56)
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By returning to the detachment criterion (53) and applying it to the
case of circular contact, let us transform its integral as follows:

t t
/ ds(z—r)ai[p(r,r)]zdrz / @' (t — v)p(r, 0)>dr
T

fo fo

+®0)[p(r, )
— @1 — 1) [p(r, 15)1%. (57)

Now, taking into account that p(r,t,) = 0 by the definition of #,(r),
in view of (57), we can simplify the detachment criterion as

5

2 ! ’ 2 ono
DO)[p(r, )] +/ @'t —7)(=p(r, 7)), dr = P Ce- (58)

I'm

Let us emphasize that Eq. (58) does not explicitly contain the
unknown variable 1, that satisfies Eq. (56). The substitution of a(r) for
r in Eq. (58) leads to the following equation for the contact radius:

*

2 ! 12 2 b [SS)
@0)[p(a(t). NI + / @' (t —7)(—pla(r), 7))’ dz = > Ges (59)

'm

where the contact pressure p(r,t) is given by formula (55), so that

G 2(t T
Eg; pa(t), 7) = lp(r)<500 - “2—(R)> -V /m P(r - de. (60)

We note that (2Rdy, — a*(1)),. = 2Rdy — a*(t) for a(t) < a,, = 1/2Réy-

5.3. Debonding incubation time

Since non-adhesive loading is assumed, the contact zone achieved
to the time moment ¢ = ¢, will remain fixed during some initial time
interval, t € (1, %,.), which will be called the interval of incubation
time. The reason for its existence is that some time is needed for the
contact stress to grow up to some critical value p(a,,, t;,.) of the contact
pressure at the contact contour r = a,, starting from the zero value
play, ) = 0 (see Eq. (55)).

According to Egs. (53) and (55), the incubation time for adhesive

fracture At = t;,. — ., is determined by the equation

=2

tine T be
Dt — )P (r—1 P(r—7)dd'dr = —2—G.. 61
/t (t—1)W(c "‘)/rm (r—7)dr'dr sz:ongc (61)

m

We note that the right-hand side of Eq. (61) has the physical
dimension of time squared.

Because both functions @(r) and ¥(r) are positive, the double in-
tegral on the left-hand side of Eq. (61) is a monotonically increasing
function of #;,.. This means that the value of 7;. decreases as the
retraction velocity V increases. In the opposite way (when approaching
the limit of quasi-static detachment), the trend holds as well; however,
it is a priori not evident that, generally speaking, the integral on the
left-hand side of Eq. (61) can grow to infinity as time tends to infinity.

Let E; denote the instantaneous reduced elastic modulus. We put
p = EJ/E;. Then by the well-known physical arguments (see, e.g.,
[481), we have that the normalized creep function @(r) monotonically
increases from p to 1 as t+ — oo, while the normalized relaxation
function ¥(r) monotonically decreases from 1/p to 1. Therefore, the
left-hand side of Eq. (61) can be easily estimated by (p/2)(t?,_—12) from
below and (1 /2,0)(ti2nc - trzn) from above. Hence, for any positive value of
the right-hand side of Eq. (61), there is a unique solution 7;,. > t,,, and
the incubation time Ar;,. decreases to zero as the retraction velocity V'
tends to infinity.

Thus, the apparent contact radius a(f) remains constant, i.e., a(t) =
a,,, during the incubation time interval (7, #;,.) and starts to decrease

fort > 1.
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5.4. Quasi-static adhesive rate-independent unloading

As evident from the previous analysis, a simple limit as V' tends to
zero is not possible. Indeed, Eq. (55) in the limit V' = 0 reduces to the
relation (Gy/EX)p(r,1) = ¥(t)(6pp — r2/(2R)),., which should be further
simplified to the quasi-static solution p(r,t) = (EZ /Cy)(6y — r2/(2R)) s
assuming that ¥(s) ~ 1 or, which is the same, E*(f) ~ EX . However,
the obtained solution should be termed ‘static’, as it corresponds to
the moment of maximum indentation. The quasi-static approximation
follows from Eq. (55) under the condition ¥(r) ~ 1 in the form

& 2
Ferrn= (o= 5 ) V-t ©62)
where the time variable 7 is treated as a time-like parameter, and, in
view of (54), we have V(1 —t,) = 6y — 8y for t > 1.

Correspondingly, assuming that @(r) ~ 1 in the quasi-static loading,
we reduce the adhesive fracture criterion (53) to the form

t
X ad 2
— —[p(r,0)]"dr =G,
BEL /Io(r) 3 [p(r,7)]"dr = G,

from where, in view of the conditions p(r,#;) = 0 and r = a(?), it follows

that
X

bEZ,

The quasi-static adhesion fracture criterion (63) is equivalent to the
simple condition that the average contact pressure p(r,t) on the appar-
ent contact contour r = a(t) reaches some critical value, i.e., p(a(?),1) =
~p. and p, = \/PELC/7-

In light of the homogenization relation (51), the homogenized
adhesion criterion p(x,) = —p, applied at the point x = x/ is equivalent
to the adhesion criterion P;(t) = —P, for the jth fibril, which also can
be equivalently reformulated as §,(r) = —6,, where P, and §. are the
critical values for the contact force and the fibril’s tip displacement,
respectively.

We note that the adhesion fracture criterion §;(r) = -6, is equivalent
to the criterion of the critical fibril elongation that was adopted in [49].

[p(a, D) =G,. (63)

5.5. Approximate solution for the contact radius during fast unloading after
long dwell time

Assuming that ¢, is very large compared to the primary relaxation
time, 7R, we can simplify Eq. (55) as

& 2 !
E:op(r,l): (500— ﬁ);V/Im Pt - 1) de, (64)

where r < a(t) and ¢ > t,,.

Now, the assumption of fast unloading implies that we can make
use of the approximations

(1) ~ i(l —at), @) =~ p(1 + 1), (65)

where 7 is a constant having the dimension of inverse time, and 1/ is
proportional to .
Correspondingly, we can introduce a small parameter

1600
= —=, 66
€= (66)

In accord with asymptotic relation (64), Eq. (56) now takes the form

T0=Im S 2
/ Y(')de =~ ﬁ(l - ’—), 67)
0 14 a2
m
from where, in view of (65), we find that
to—1 2
0 'm zep(l—r—). (68)
TR a
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The substitution of (65) into Eq. (61) yields in the leading asymp-
totic term

fine = Im ~e pbgc * o

~ iy (69)
R XEy 6o

Further, by differentiating Eq. (64) with respect to time, we obtain

5_0 op(r,t)

y
B o VROt ==l =iyl 70

where additionally the first asymptotic formula (65) was utilized.
Now, returning to formula (64), we rewrite it in the form

C 2 10~Im =ty
L pr,1) = (600 - ’—) - V/ w(r')dr - V/ P(')dr,
Eg 2R/ + 0 to—tm

which, in view of (67) and (65), can be further simplified as

2 /t—tm , , v
p(r,t) =~ =V P(r")dr' =~ ——(@ —1). (71)
E:o fo=Im p

We observe that the right-hand side of the asymptotic relation (71)
still depends on the radial coordinate r via the function 7,(r). So, in
view of (68), formula (71), applied for r = a(t), can be recast in the
final form

Co a? Vv
Fpr 001 - g) -t 72)
where a(t) < a,.

As we already know (see Section 5.3), a(t) = a,, for t € (¢, tinc)-
Therefore, Eq. (71) should be applied for 7 > 1;,., and, in view of (65),
we simplify it as

! bE*
[p(a. D +1 / (=pla, )} dr’ = —=2G,. (73)
m (24
Taking into account the approximate solution (72), we find that
&2 t =t 2 .12
0 2 1./ vV, a ’
—p(a, dr’ = —7 =gl 1 == )| dr’, 74
(E2)? /m( pla o), dr /Tm [ 5 ) >] : A
where we have introduced the notation
_ PByo a?
= (1 aﬁl)' (75)

In view of (75), Eq. (74) can be rewritten as

2 -
¢ ' y2 [im V2
0 2 1/ ! 2 4./ 3
—p(a, 7)) dt’ = — T -7 ) dt' = —[t—t,—1,]".
(E:o)z A‘]( P( ))+ ,02 /rm ( m) 3p2 [ m m]

(76)
Thus, collecting formulas (72) and (76), we transform Eq. (73) as
&y pbGe

3 _
;(E:OVZ’

[tm — (= o)) + g[z — by — ] 77
where again the short-hand notation (75) has been utilized.

Since n(r—t,, —7,,) is of the order e (cf. the asymptotic relations (70)
and (68)), in the leading asymptotic term Eq. (77) implies that

B 2\ & [pbG.*
(o) G [0
v 2 ) v\ kg

from where, in view of (69), we find the evolution of the contact radius
in the form

a(t) ~ay4/1— L(l‘ — tine)- 79)
Pboo

Finally, we note that the variation of the contact force upon unload-
ing can be evaluated from the equation
C

_ 2 .
”b?:o o) = a2(t)(600 - ”4;) )'l’(t) — 20V / “ ¥(r - 1) dr, (80)

which follows from Eq. (41).
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5.6. A lower-bound estimate for the pull-off force under fast unloading

Since we are interested in what happens with Q(r) for r > ¢, we
rearrange Eq. (80) as

% _ % 2 _ 2w
7EL 00 = 7pr Ot +a (0(500 = )‘l’(t)
a2
- a2 (3w - 3 )P
1
+d*(1) / P(t — 7)6y(7) dr. (81)
tﬂ\

In the case of fast unloading after along dwelling time, we have
¥(t,,) ~ 1 and the difference ¥(r) — ¥(t,,) is small for ¢t > ¢, and large
t.,, and therefore, formula (81) can be simplified as

¢ C 1
%Q(O ~ ﬁQm +Bo0(@ (1) = @) = 7= (@)~ aj)

t
+dOV / P(t — 7)6y(7) dr. (82)
1

During the debonding incubation time, we have a(t) = a, and
8(1) = =V, so that

I ) !
. Q(zm)—amV/ Yt —1)dr, € (ty,tin)- (83)

“_ o)
Ex =77 nE* p

In view of (82), (83), and the zeroth-order approximation ¥ (t —r) ~
1/p, the total contact force reached to the end of the incubation interval
can be estimated as

EX Va,
O(tine) = O(ty) — T(finc =) 84)

Co

Thus, taking into account the asymptotic estimate (69) for the
incubation time, we can rewrite formula (84) in the form

bg. *
o) —rE"d> [ — .
O(tine) =~ O(ty) —wE_ a, o7 Ew (85)
For extended dwell times, in view of (35), we have
7RE* nE* a*
Olty) = —=85) = —=— (86)

g 07 4Rg,
In the case of strong adhesion (when the ratio bG /EZ is large),
the second term of the right-hand side of Eq. (85) will be dominant,
and thus, formula (85) provides an estimate for the pull-off force from
below.
We also note that

_ [ pbG
Bo(tine) = 800 = G / )(E:Z . 87)

After the incubation time, according to the asymptotic solution (79),
the contact radius decreases such that

2
. V. Om
1) ——————, 1t € (tines end)> 88
a() 2,0500 a(t) (mc end) ( )
where
o
Tend = fine + VOO' (89)

In the case of strong adhesion, it can be shown that Q(t) > O(f;,.)
within the interval (f;,.,?.,q), Mmeaning that O(#;,.) coincides with pull-
off force upon fast unloading.

6. Discussion and conclusions

In Section 2, we presented an exact analysis of a simple homoge-
nization model for the adhesive contact of a viscoelastic Winkler-type
foundation. This model was originally formulated in [22] and solved
numerically. The experimental verification of this model and of more
advanced analytical models constructed herein (or, more precisely,
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the investigation of their applicability for fitting experimental data)
clearly requires a separate study. Nonetheless, it is worth noting that
the corresponding purely elastic model [49] (to which the viscoelastic
model reduces in the quasistatic limit) can, as shown in [50], be
employed within certain parameter ranges, provided that both bulk and
surface viscoelastic effects are negligible.

By neglecting the effect of the backing layer (which can be crucial
for bioinspired interfaces depending on its relative thickness) and by
introducing the concept of debonding incubation time, the constructed
homogenized model based on the Schapery model allows for an analyti-
cal approximation of the pull-off force. This approximation holds under
conditions of strong adhesion and rapid unloading after a long contact
time. However, due to its evident technical complexity, the general
contact problem, which includes the backing layer effect and arbitrary
loading protocols, requires a sophisticated numerical approach.

While several simplifying assumptions have been introduced to
enhance clarity, many of them can be relaxed. For example, the punch
shape function (see Eq. (24)) can be chosen in a more general ax-
isymmetric form, such as a monomial (power-law) (see, e.g., [51]).
However, it should be borne in mind that the applicability of the
homogenized model requires the apparent contact area to be much
larger than the periodic cell, and that it contains a sufficiently large
number of fibrils. The homogenized model is also not suitable for
sharp punches (such as conical or pyramidal), as it does not accurately
capture the contact interactions near the punch apex. However, for a
blunt conical punch — provided the applicability conditions outlined
above are satisfied — the singularity effect can be safely neglected.

The convexity of the punch is not a significant concern; however,
removing this constraint — even in the axisymmetric case — can result
in non-connected contact zones. In other words, multiple apparent con-
tact areas may appear, which can merge or separate during indentation
or detachment.

The most critical assumption involves the cylindrical shape of the
fibril tips, which is closely tied to the adopted model for individual
fibril detachment based on Schapery’s fracture criterion (49). The
latter assumes that the individual contact zone — formed by a single
cylindrical micropillar — remains circular until the moment of detach-
ment, which occurs instantaneously when the contact SIF-based energy
release rate reaches its critical value, G.. This adhesion characteristic is
assumed to be constant, implying that the adhesion is rate-independent.

It is worth noting that adhesive detachment experiments [52-54]
using cylindrical indenters retracted at constant velocity reveal that the
contact area begins to shrink to an unstable, small region shortly after
the critical moment predicted by the adhesion fracture criterion (49).
Consequently, the proposed modeling framework omits this brief tran-
sient phase during fibril detachment. In general, this phenomenon is
often neglected for small fibrils, as its effect is difficult to evaluate in a
consistent and reproducible manner.

Moreover, changing the fibril shape — for example, to a hemi-
spherical form — necessitates a modification of the adhesive fracture
criterion (49), since the individual contact area will vary throughout
the entire indentation/retraction cycle. In such cases, applying the
Gent-Schultz model [55] for rate-dependent adhesion may be a suitable
alternative.

A separate study is required to account for the bending deformation
of micropillars, particularly when interaction with the backing layer
is involved, as this can soften the contact between the micropillar
and the substrate. A key issue is that the adhesive fracture crite-
rion (49) assumes axisymmetry in the singular stress—strain field near
the micropillar edge. However, this assumption is incompatible with
micropillar bending, which can occur even with a rigid substrate — for
instance, due to local inclination of the punch surface. It is generally
believed that for normal (vertical) indentation by a relatively shallow
punch — where the punch radius R is much larger than the characteris-
tic size y/A./x of the periodic cell — the effect of micropillar bending

10
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is minimal. However, this assumption does not hold under tangential
or torsional loading conditions.

Finally, the assumption of linear viscoelasticity, defined by Egs. (1)
and (11)-(13), can be a significant limitation when modeling many
biological materials.

Regarding a possible experimental verification of the constructed
homogenized model for a fibrillar surface of a thin viscoelastic substrate
(that is, without strong backing layer interaction) it is fruitful to com-
pare formulas (6) and (79) for the apparent contact radius variation.
With this aim, we rewrite these formulas as follows:

2 2
a; —a“(1)

V
%(l = tinc)?>

~

7 oo
where y = 1/p for the Schapery model and y = 1 for the Shrimali—
Lopez-Pamies model.

It should be noted that, while formula (6) is exact in the developed
mathematical modeling framework, we still keep the symbol of approx-
imate equality in (90) to highlight the fact that this result has been
obtained from the homogenized asymptotic model. The scaling relation
(90) can be used for the analysis of the variation of the apparent contact
radius.

As seen from the above analysis, the SLP and Schapery models
for the adhesion of an individual viscoelastic fibril yield qualitatively
similar results in both quasistatic and fast unloading cases. For slow
detachment, both adhesion fracture criteria produce identical results
(given proper model initialization), as the effect of viscoelasticity di-
minishes in the quasistatic limit. However, under fast unloading, the
predictions of the two models differ quantitatively.

To conclude, our main result is the asymptotic model of rate-
independent adhesion for a viscoelastic fibrillar surface developed us-
ing a homogenization approach. A comparison is made between the
predictions of the Shrimali-Lopez-Pamies and Schapery-type adhesive
detachment criteria for the variation of contact area upon fast un-
loading. A recommendation for the experimental verification of the
adhesion fracture criterion for viscoelastic fibrillar interfaces has been
proposed. Given the model simplifications outlined above, the derived
analytical solutions must be applied with caution. While the theoretical
framework developed here is based on well-established adhesion mod-
els and introduces no unphysical assumptions, it is not intended to be
universal.
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