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Abstract

In this paper we investigate the decidability of history-preserving bisimilarity (HPB) and
hereditary history-preserving bisimilarity (HHPB) for basic parallel processes (BPP). We
find that both notions are decidable for this class of infinite systems, and present tableau-
based decision procedures. The first result is not new but has already been established via
the decidability of causal bisimilarity, a notion that is equivalent to HPB. We shall see that
our decision procedure is similar to Christensen’s proof of the decidability of distributed
bisimilarity, which leads us to the coincidence between HPB and distributed bisimilarity for
BPP. The decidability of HHPB is a new result. This result is especially interesting, since
the decidability of HHPB for finite-state systems has been a long-standing open problem
which has recently been shown to be undecidable.

1 Introduction

One important problem in the verification of concurrent systems is to check whether
two given systems” and F' are equivalent under a given notion of behavioural
equivalence. In the world of finite-state systems this verification problem is decid-
able for the standard equivalences, since one can theoretically proceed by exhaus-
tive search. The challenge lies then in finding algorithms of low complexity.

For infinite-state systems the equivalence problem cannot be decidable in gen-
eral, due to the theoretical limits set by the halting problem. However, restricted
classes of infinite systems have been defined and investigated, and in the interleav-
ing world many interesting and often surprising results have already been estab-
lished [23]. For example, in [9] it has been shown that classical bisimilarity is
decidable for the class of basic parallel processes (BPP).
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BPP can be seen as an extension of finite automata by a parallel operator,
and therefore they are the natural system class to consider when exploring non-
interleaving semantics in the infinite-state world. Several results have already been
found. One of the earliest such results is Christensen’s proof of the decidability of
distributed bisimilarity for BPP and BRPthe extension of BPP with communica-
tion [7,8]. In [22] Kiehn and Hennessy present decision procedures for strong and
weak versions of causal bisimulation, location equivalence and ST-bisimulation,
also for the system class of BPFA result for linear-time equivalences has been es-
tablished in [27], where Sunesen and Nielsen prove the decidability of a causality-
and locality-based trace equivalence for BPP.

Interestingly, several important non-interleaving equivalences coincide for BPP-
like process languages. In [2] Aceto shows that distributed, timed and causal bisim-
ulation coincide for a language that is essentially BPP without recursion. Kiehn
has recently extended these results by proving that location equivalence, causal
bisimulations and distributed bisimulations coincide over CPP, a language that cor-
responds to BPPwithout explicitT actions [21].

In this paper we investigate history-preserving bisimulation (HPB) [26,10,28,4]
and hereditary history-preserving bisimulation (HHPB)[3,18], and find that both
notions are decidable for BPP. The decidability for HPB is not a new result. It
is already established via the decidability of causal and distributed bisimulation,
since in [1] it is proved that HPB and causal bisimulation coincide for stable event
structures.

We shall see that our tableau system for HPB is very similar to the one Christen-
sen employs in his proof of the decidability of distributed bisimilarity [7]. Indeed
our tableau establishes the decidability of distributed bisimilarity just as well, which
immediately gives us an alternative proof of the coincidence of history-preserving
and distributed bisimilarity for BPP.

The decidability of HHPB for BPP is a new result, and constitutes the main con-
tribution of this paper. It has been a long-standing open problem whether HHPB is
decidable for finite-state systems. Some results approaching the problem are pre-
sented in [15] and [20], but interestingly, the problem has recently been proved to
be undecidable in [19]. Thus with HHPB we have an equivalence that is undecid-
able for finite-state systems but decidable for a class of infinite-state systems. In
contrast HPB for finite-state systems has been shown to be decidable in [29,17,24],
and its weak version in [30,17].

When considering plain and hereditary HPB for BPP, first of all we need to
define partial order semantics for BPP. We do this in Sec. 2, where we first introduce
a new notion of normal form for BPP, on which we then build our partial order
semantics. Sec. 3 gives the tableau-based decision procedure for HPB and in Sec. 4
we state the coincidence result. The decision procedure for HHPB follows in Sec. 5.
Sec. 6 gives directions for further investigations.



2 Basic Parallel Processes

We start with the definition of basic parallel processes (BPP) following [8].

Definition 2.1 Let Act = {a, b, ¢, ...} be a countably infinite set of atomic actions,
and letVar = {X,Y, Z, ...} be a countably infinite set of process variabiBRP
process expressiom@se given by the following grammar:

E:=0 (inaction)
X (process variableX € Var)
a.FF (action prefix,a € Act)

|
|
| E + E (choice)
|

E || E (parallel merge)

A BPP ¢ is a finite family of recursive process equatiahs= {X; e/ E; :
i =1,2,...,n}, where theX, are distinct variables and th&; are BPP process

expressions only containing variables of thelset (£) = { X, X, ..., X,.}.

We define the variabl&’; to be theleading variableof £, and X; def FE, to be

theleading equatiorof £, correspondingly.

A process expressioft is guardediff every variable inE occurs within the
scope of action prefix. We say a BEP= { X; e/ E;:i=1,2,...,n}isguarded
iff each E; is guarded. In the following we shall only consider guarded BPP.

In the interleaving world one usually considers BPP in so-called full standard
form only. The characteristic of a BRPin full standard form is that every defining
expressionk; is of the formZ?;1 a;;j.c;j, Where eachy;; is a parallel merge of
variables of€. The concept originates from [8], and there it has also been shown
that every BPP can be effectively transformed into a bisimilar BPP in full standard
form. Hence, in the interleaving world it is indeed justified to deal with such BPPs
only. This is not valid for the truly-concurrent world, since the transformation relies
on the validity of the expansion law. To handle BPP efficiently under partial order
semantics, we need to develop a new kind of normal form.

Execution Normal Form.

| suggest a very simple normal form, the so-called execution normal form
(ENF). A BPP is in ENF if in every defining expression every variable occurrence
is immediately guarded and every action prefix is directly followed by a variable.
Hence, a ENF process expression is based on subexpressions of theXoom0,
which are arbitrarily nested by choice and parallel merge.

We call this normal form “execution normal form” because all the actions oc-
curring in an ENF expression are enabled, and so one can easily read from an
expression which actions can be executed next. As we shall see later in our proofs,
ENF is especially suited for partial order semantics.
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Definition 2.2 The class of BPP expressionsixecution normal forrfshort: ENF
expressionsis defined by the following grammar

E:=0|aX|E+E|FE|E.

ABPP¢& = {X; 2] E; i =1,2,...,n} is defined to be irENF iff every
expressiorg; is in ENF.

Execution normal form is very unrestricted in that every BPP can effectively be
transformed into a BPP in ENF by using operations, that only affect the appearance
of the set of defining equations and do not rely on any semantic laws.

Lemma 2.3 Every BPP can effectively be transformed into a BPP in ENF by a
sequence of operations that only affect the appearance of the set of defining equa-
tions.

Proof. The only operations we need to transform a BPP into a BPP in ENF are:

introduction of new variables, substitution of new variables for subexpressions, and
unfolding of variables. Since we consider only guarded BPP the termination of the
transformation is guaranteed. O

It is clear that any semantic equivalence of interest is preserved under such
operations. Hence, when in the following we restrict ourselves to BPP in ENF, we
still cover the whole class of BPP.

BPP in ENF with Labelling.

We would like to distinguish between different occurrences of the same action
in an ENF expression. We can do this by employing labelled transitiomstead
of actions.

Definition 2.4 Let T' be a countably infinite set of transitions. We redefit¢F
expressiondy the grammar

E:=0|tX|E+E|E|E,

wheret € T.

We define the transitions of an ENF expressionE as T(E) =
{t | for someX, ¢t.X is a subexpression df}.

We redefine 8PP in ENFE to be a paif(Ag, l¢), whereAs = {X; & E; .
i = 1,2,...,n} is a finite family of process equations such that evEryis in
ENF, and for eachthere is at most one subexpression of the fotnX™ in the E;.
le : U, T(E;) — Act is the labelling function.

Let £ be a ENF expression. We define th&se expressiors E to be the set
BaseE(E) ={E'|E'=00rE'=t.X, andE’ is a subexpression ofjE

From now on we only consider BPP in ENF with labelling. It is clear that each
BPP can easily be given as such a BPP, just as well.

2 We use the name “transitions” following Petri net terminology.
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We shall often assume the family of defining equations and the labelling func-
tion to be given implicitly. Thus, whenever we speak of an ENF expredsjome
assumeF to be a defining expression of an implicit BPP in ENF. Note that this
guarantees that the transitionsfofare distinct.

In the following we sometimes regard an expressioas a BPP, namely the
one defined by the underlying implicit BPP with the leading expression s&t to
We usually use® and F' to denote ENF expressions, aficand F to denote the
underlying BPPs.

As another convention we shall identify BPP expressions up to structural con-
gruence, i.e. associativity, commutativity, abébsorption of choice and parallel
merge.

2.1 Partial Order Semantics for BPP

We now give partial order semantics to BPP. Similar to [13] we do this by translat-

ing every BPP in ENF into a labelled occurrence net, which gives us the unfolding
of the BPP. In [13] BPPs are first translated into a P/T net representation, which is
then transformed into its unfolding via the standard partial order semantics for P/T
nets given in [11]. Here we give a direct translation from BPP into occurrence nets
since it is not clear what the correct P/T net representation for BPP in ENF would
be (compare section 6).

Let us first introduce the necessary Petri net terminology.

Petri net terminology.

Most of our definitions follow [13], sometimes they are slightly changed re-
flecting that we only consider nets without weights.

A labelled netV is a tuple(Sy, Tn, Fn,Ix), WhereSy is the set of placedy
is the set of transitiond;y : (Sy x Ty) U (T x Sy) — {0, 1} is the flow relation,
andly : Sy UTy — Act is the labelling function, wherdct is a set of actions.

The pre-set of an elemente Sy U Ty, *x, is defined by{y | Fx(y,z) > 0},
the post-set of, =*, similarly is{y | Fy(z,y) > 0}.

A marking M of N is a mapSy — Ny. M enables a transition € Ty
if M(s) > F(s,t) for everys € Sy. If tis enabled at\/ it can occur. The
resulting marking)M’ is defined byM'(s) = M(s) — F(s,t) + F(t,s) for all
s € Sy. We denote this by/ SNV Similarly, we writeM = M’, if there exist
a sequencev = t;...t, and markingsM, M., ..., M,_,, M' such thatM 12N
M, 2 My.. .M, , = M, orifw=¢ andM’ = M. We use similar notation
when we want to hide the transitions behind the action labels.

Let N be a net, andhit 5y be a marking ofV. Then the paifV, init y) is aPetri
netwith initial markinginity. A marking A/ is reachablein PN = (N, inity) if
we have somev such thatinity — M. We denote the set of reachable markings
of PN by Reachable(PN).



PN is 1-safeif for every markingM € Reachable(PN) we have:M (s) <1
for everys € Sy. Thus, in 1-safe nets a marking can be viewed as a set of places.
Let (Sy,Tn, Fn,ly) be anetand let,,z, € Sy UTy. We sayzr; andz, are
in conflict denoted byr,#x», if there exist distinct transitions, ¢, € T such
that®*t; N*t, # (), and there exist paths in the net leading frgno z;, and fromt,
toz,. x € Sy UTy is inself-conflictff #x. Note that this definition of conflict is
not intuitive for general nets, but in the context of our semantics we think of 1-safe
occurrence nets.
A labelled occurrence nétis an acyclic nefV = (By, En, Fu, [y) such that:

» for everyb € By, |*b] < 1,

» N is finitely preceded, i. e., for every € By U Ey, the set of elementg <
By U Ey such that there exists a path frgnto « is finite,

* noe € Ey isin self-conflict.

Note that we call the places of occurrence retaditions and the transitions
events For two elements;,y € By U Ey we definex <, y iff there exists a
path fromz to y. Since occurrence nets are acyclic, it is clear thgtis a partial
order. We denote the set of minimal elementsgf by ° vV, and the set of maximal
elements byV®, respectively.

Our translation from BPP to occurrence nets uses two types of composition for
nets, theparallel mergeof two nets, and thehoice compositionf two nets.

Definition 2.5 For both constructions we need tisjoint unionof two netsiV,, N,.
It is defined by

Ni W N, Y (Sny W S,y T, @ Ty,

{((x,1), (y,9)) | (x,y) € F, for i eitherl or 2},

{((p,7),n,(p)) | i eitherl or2}).

In theparallel mergeof two nets we simply juxtapose the nets. This amounts to the
disjoint union, and so we definé; || N, = N, & Ns.

We define thechoice compositiomnly for acyclic nets. The idea is that the
Petri net(V, + Ny, °(N; + Ny)) either behaves lik¢/N,,°N;) or like (N, °Ny)
depending on the choice of the first transition. If the nets are labelled we require
that the labels of N; U ° N, are all identical. The choice composition is then given
by
N+ N

(Cnyuny = (N1 W No)) U{(p1, 1) | pr € °Ni} x {(p2,2) | p2 € °Nao},

EN1L+JN27

3 We use occurrence nets in the sense of [25] allowing forwards conflict.
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(Fvun, — {(p€) [p € °(N1 & No) })U
{(((p1, 1)7 (p2)2))7€) | ((ph 1)36) < FNlﬁJNz Or((p2,2),€) < FNNJNz}?
(lNlﬁfJNz - {(p) a’) |p S O(Nl W NQ)}) U {(((pla 1)7 (p2,2)),a) | (pl,a) S lNl})'

Figure 1 shows the algorithm that translates a BRifto its unfoldingUn f(€).
The core of the transformation is the functionf1X. It unfolds a given BPP
variableX by one level; more precisely, it recursively generates a net fragment that
represents the defining ENF expressiorof X. The events of this net fragment
correspond to the transitions &f, and thereby to the base expression&ofThe
event corresponding to the base expressian has one postcondition labelled by
X;. The preplaces of the events reflect the nesting of choice and parallel merge of
their corresponding base expressions within

The functionun fold usesun f1X to extend a partial unfolding/ in breadth-
first manner level by level, i. e. it unfolds each condition\6f by one level, and
then calls itself recursively.

Usually the unfolding of a BPE will be infinite, and our transformation will
not terminate. Then we definénf(£) to be the obvious infinite object. More
precisely, we could have defined a notion of branching processes for BPP, shown
that the set of all branching processes of a given BHBrms a complete lattice,
and then defined'nf(£) as the maximal element of the lattice (Analogously to
Engelfriet’s definition of the unfolding of a P/T netin [11].).

Petri Net Representation.

Note thatUnf(€) is indeed a labelled occurrence net. If we equip this net
with a suitable initial marking, we gain a Petri net representation for BPP based
on possibly infinitary 1-safe Petri nets. Formally, we define the representation of a
BPP¢E as a 1-safe Petri net by:

PN(E) = (Unf(€),°Unf(E)).

This characterization is interesting since the well-known one-to-one correspon-
dence between BPP and communication-free Petri nets [12] relies on the existence
of a full standard normal form for every BPP, and is therefore only valid in the inter-
leaving world. In [13] following [16] it has been suggested that there is still a way
to represent BPP as communication-free nets: one can introduce silent transitions
to model the nesting of choice and parallel merge.

Every reachable marking aPN(€) corresponds to an ENF expressiéh
which can easily be determined by looking at the net and the defining equations
of £. On the other hand, every ENF expressiorcan be viewed as the marking
°Unf(F). Inthe following we will make use of these correspondences; sometimes
we consider an expression as a marking, or view a marking as a process expression.

BPP Processes.
Having defined the unfolding of a BPP, it is straightforward to define a notion
of partial order run for BPP. Similar to [13] we simply take subnetd/off (£)
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4 VWil

newC() -- get a new unused condition
newk() -- get a new unused event

unflX( X: a variable of &)
-- unfold the variable X of &£ by one level

transExpr( E: a ENF expression)
-- translate the ENF expression E into a net fragment,
-- we assume that the net composition functions
-- use newC and newE so as to avoid conflicting ids.
case E of
E=0 => ({c=newC()},{},{},{(c,0)})
E=1tX; => ({¢1 = newC(),co = newC()},{e = newE()},
{(01,6),(6,02)},{(01,X),(02,Xi),(e,t)})
E=E, || E; => transExpr(F;) || transExpr(F,)
E = E, + Ey => transExpr(FE;) + transExpr(E2)
end transExpr

transExpr( E)
where FE is the defining expression of X.
end unflX

unfold( N: a partial unfolding)

-- further unfold a partial unfolding N, breadth first
forall {pi | pi € N°A In(ps) # 0} do
-- unfold Di

Np; = unflX(In(pi))

-- now substitute Ny, for p; in N
If |*p;| =0 then

N := N,
else

N :=((Cn —pi) UONpi’EN UENM,

(Fn — (e;pi)) U{(e;p) | p€Cn,,}UFN,,, (In — (i, In(pi))) Uln,,)
where e is the one event such that e € *p;.

If [{p | p€ N°A In(p) # 0} >0 then
unfold( N)
end unfold

Unf(£: a BPP in ENF)
startnet := ({C = newC()},{},{},{(c, Xl)})
unfold(startnet)
end Unf
Fig. 1. Unf¢)
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satisfying special conditions. Formally, we define a proces$ a BPPE to be a
finite subnet oU/n f(£), such thattT = °Unf(£), and every condition of has at
most one output event in. We consider processes only up to isomorphism.

We define the initial process of a BPPE by my(€) =
(OUnf(g), {}7 {}7 lUnf(g) rOUnf(S))-

Let £ be an ENF expression and = {t;,...,t,} C T(FE), such that for
someFE', E 5 FE', wherew = t,...t,. Then we denote the process Bfthat
corresponds to the occurrence oty pr(E,0). If we want the result to be a
process ofo we write pr—(E, o). Wheno is a singleton{t}, we writepr(E, t),
andpr—(E, t), respectively .

If we have a process such thatr® - M’ for somet, M, we writer — 7/,
wherer’ is the process extended by the occurrence of

Let 7, andm, be two processes such that and °m, correspond to the same
ENF expression. Then we can compasendr, in the obvious way. We denote
the result byr; o m,.

In the context of a process we shall often refer to the events corresponding to
a set of transitions by the transitions themselves, if this can be done without causing
ambiguity.

2.2 Plain and Hereditary History-Preserving Bisimulation

For the definition of plain and hereditary HPB we need even more definitions. The
pomset definitions follow the presentation in [17].

Pomsets.

A pomseis a labelled partial order. It is a tupte= (E,, <,, Ly, [,), wherek,
is a set of eventsy,, a partial order relation oy, L, is a set of labels, ant a
labelling functionl,, : £, — L,,.

A function f is anisomorphism between pomsetand pomsey iff f: E, —
E, is a bijection, such that we havg= [, o f, ande <, €' iff f(e) <, f(¢’) forall
e, e € b,

Let 7 be a process of a BRR. Thepomsebtf r is defined apom(n) = (Er, <,
wawa, ]mage(lg © (lﬂ rEw))a lS © (lﬂ rEw))

Conventions.

For a triple(ng, 77, f) Whererng is a process of an ENF expressiéh 7 a
process of an ENF expressiéh and f a pomset isomorphism betwegom (7 )
andpom(7r), we user as short notation. In the context of such a triplewe
write ¢ for a pair of transitiong¢x, t») when we havef(e;,) = e, Wheree,,,
et denote the events corresponding to the last occurrendgs of in pom (),
pom(mp).

Further we user C 7’ when we have two triples, 7’ such thatry C =,
e C W;ﬁ andf = fl rpom(wE)-



Similarly, whenever we have a sete P(7'(E) x T'(F')) we useo to denote
the set{ty; | (tg,tr) € o for somet}, and we use analogously.

We employ analogous conventions for the net compositigreid ‘o', and the
functionspr andpr-.

Definition of Plain and Hereditary History-Preserving Bisimulation.
Here comes the definition of plain and hereditary history-preserving bisimula-
tion.

Definition 2.6 Let E, F' be ENF expressions. A séf of triples (rg, 7r, f) is a
history-preserving bisimulatiofor £, F' if

(i) Whenever(rg, 7r, f) € H, thenng is a process of, np is a process of’
andf is a pomset isomorphism froppm (7 ) ontopom(mp) .

(i) (mo(E),mo(F),0) € H.
(iii) Whenever(rg, 7p, f) € H andng 5 ', for sometg, 77, then there exist
ti, T, ' SUCh thatre 5 7, (s, T, £1) € H AN f Tpom(mp) = -
(iv) Vice versa.
A history-preserving bisimulation isereditarywhen it further satisfies
(v) Wheneverr € ‘H andrn’ C 7 for somer’, thenn’ € H.

Two ENF expressiong and F' are(hereditary) history-preserving bisimilawrit-
tenE ~mupp F, iff there is a (hereditary) history-preserving bisimulation relat-
ing them.

3 Decidability of History-Preserving Bisimilarity for BPP

Let us begin with the introduction of a concept that is crucial for the proof. In [5]
Castellani introduces a non-interleaving semantics based on the principle of dis-
tribution. To reflect that concurrent processes are situated at different locations, a
transition in her distributed transition systems leads to a compound residual, con-
sisting of a local residual and a concurrent residual. The local residual describes
the remaining behaviour of the locality where the action took place, whereas the
concurrent residual represents the unaffected behaviour of the localities that have
not been involved in the action performance. The parallel composition of the two
residuals constitutes the global remaining behaviour.

In our partial order semantics we can split the system behaviour that remains af-
ter the execution of an actiaeninto two parallel components just as well. Then one
component describes the remaining behaviour that is dependentdrereas the
other stands for the remaining behaviour independent dVe call these compo-
nents the local and parallel remainder of the corresponding expressieor ENF
expressions we can define these entities with respect to a transitsoiollows.

Definition 3.1 Let £ be an ENF expression, and tdbe a transition enabled &t,
10



thatist.X € BaseE(FE) for some variableX. We define théocal remainderof £
after the occurrence of transitiory

local R(E,t) = X,
and theparallel remaindernf E after the occurrence of transitiennductively by
parallel R(t. X, t) =0
parallelR(E, || E9,t) = if t.X € E; thenparallel R(Ey,t) || By
elseE, || parallel R(Es, t)
parallel R(Ey + Ey, t) = if t. X € E) thenparallel R(E,,t)
elseparallel R(E,, t)

Observe that the outcome piérallel R is always an expression in ENF, since
this function merely filters out some expressions according to the choice structure
of the argument.

Notation 1 Let £ be an ENF expression, and lebe a transition enabled ak,

thatist € T(E). We writeE - (Ey, E,) as a short notation whenever we have
local R(E,t) = E; andparallel R(E,t) = E, (Where= is up to structural congru-
ence). Note that the process || £, corresponds exactly to the proces§ where
E'is given byE LB

We establish the decidability of HPB for BPP by means of a tableau system. As
we shall see our proof is very similar to [7] where the tableau technique has been
employed to establish the decidability of distributed bisimilarity for BPP.

A tableau system is a goal-directed proof scheme: to prove that two given
systemsf = ({X; ¥ B :i=12.. . n}l)andF = {v; ¥ F . j =
1,2,...,m},lr) are equivalent one starts with the goal = Y; and builds from
this root node a proof tree. This is done by applying proof rules to obtain subgoals
according to the structure of the expressions. The proof rules are in turn applied to
the subgoals, and this process is repeated until a node is recognized as a terminal
node. Terminal nodes can either be successful or unsuccessful. We say a tableau is
successful iff it is finite and all its terminals are successful.

Let us introduce some standard tableau terminology as it can be found e. g. in
[9]. We denote a tableau with the root labelled = Y” by T(X = Y'). We use
the letterr to designate paths through a tableau, and the letterdenote nodes of
a tableau. When we want to indicate the label of a node writen : £ = F.

Now we present our tableau system for HPB. Figure 2 gives the proof rules.
Note that our rules only cover goals of the fordy{;*= Y;” or “E = F”, where
E and F' are ENF expressions. This is sufficient since we start the tableau with a
node of the first form, and our rules only generate subgoals of either form. This
is obvious forRec and the first half of subgoals datch. It also becomes clear
for the second half of subgoals when one rememberspthaii/el R only outputs
expressions in ENF.
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{local R(E, tg
{local R(E, g(tr)
{parallelR(E,tg
\ {parallelR(E, g(ty)

local R(F, f(tg)) bvtwer(e)
local R(F, tr) bviper(r)
parallel R(F, f(tg)) bviper (k)

= parallel R(F, tp) bv,er(r)

Match F = F « |

~— ~—r —— ——

wheref : T(E) — T(F)
g:T(F)—T(E)
such that the functiongand f are label-preserving,
i.e. forallty € T(E)we havelg(tp) = l£(f(tr)),

and similar forg.

Fig. 2. Tableau Rules for HPB

The terminal conditions of our tableau system are as follows. A modkbel
is asuccessful terminaf one of the following conditions holds:

() label = “0 = 0”.

(ii) label = “X = Y7, and there is an ancestor nodgabovern in the tableau
such thaty, is labelled with “X = Y as well.

A noden : label is anunsuccessful termindithe following condition holds:

() label = “E = F”, whereFE andF are ENF expressions, and a pair of func-
tions f andg as required by rul&latch does not exist.

It is no problem to check the latter condition. Since we only deal with finite-
branching systems we can simply do so by exhaustive search.

In the following we prove finiteness, completeness and soundness for our tableau
system. Altogether this will establish the decidability of HPB.

Lemma 3.2 (Finiteness)Every tableau for two given BPP systems is finite. Fur-
thermore, for two given BPP systems the number of possible tableaux is finite.

Proof. Let = ({X; & B, - i = 1,2,....n}ls) andF = ({V; ¥ F -

j =1,2,...,m},lx) be two given BPP in ENF. Assume to the contrary an infi-
nite tableaul'(X; = Y7). Since we consider only guarded BPP any tableau will
be finite-branching, so we can applpHig’'s lemma and assume an infinite path
through the tableau. It is easy to see that any infinite path must contain an infinite
number of instantiations of the ruRec But this immediately leads to a contra-
diction. There are only: variables in€ andm variables inF. Thus, we only have
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m x n different nodes of the fornX; = Y; at our disposal, and after at mostx n
instances oRec we hit a terminal node by the second condition for successful
terminals.

This observation also establishes an upper bound on every tableau fo€given
andF. Thus, clearly there can be only finitely many different tableaux. a

Before we proceed to the proof of completeness we need to establish the fol-
lowing essential lemma.

Lemma 3.3 (Forward Soundness of Match)Let £ and F' be two ENF process
expressions such that ~ ;5 F'. Then the following property holds,

- Whenever & (E}, E,), then there existy, (£], F,,) such that we havk (tz) =
lr(tr), F t—F> (F, Fp)! Ei ~upp F andEp ~upp Ip.
» Vice versa.

Proof. Assume# to be a HPB relating” and £'. By definition of HPB, whenever
we haver & (Ej, E,), thenthere ig” U (Fi, F,) suchthatmy = pr(E, tg), mp =
pr(E tp), f = {(tg, tr)}) € H. Sincef is a pomset isomorphism, it is clear that
lg(tE) = l]:(tp) holds.

It is also obvious that$, can be broken down into the two parallel components
E, andE,, and similarlyr$, can be decomposed infg and F,,.

In any HPB containing the tuplery, 7, f), any future behaviour of; has to
be matched by behaviour #f, and vice versa. Similarly, any behaviourGf has
to be matched by}, and also the other way around. Only then can it be ensured
that the matching reflects the partial ordering correctly. But this amounts to the
existence of two HPBs, one relatitg and £}, and the other relating, and £,,.

The second part of the lemma follows from a symmetrical argument. O

Lemma 3.4 (Completeness) et & = ({X; el E; i =1,2,...,n},1¢) and

F={y;Y F :j=12...m} Iz betwo given BPP in ENF. & ~ypp F
then there exists a successful tabldauX; = Y)).

Proof. Assume we have two BPP in ENF= ({X; “YE = L,2,...,n},le)

andF = ({Y; ] F;:j=1,2,...,m},lz) such that ~ppp F. We shall show
that there indeed exists a successful tablEali; = Y7).

The tableau rules are forward sound in the following sense. If we apply a rule
to a pair of history-preserving bisimilar expressions, we can always find a rule in-
stantiation such that the expressions related by the subgoals of the rule are history-
preserving bisimilar as well. This is obvious for riRec, and immediately follows
for rule Match from lemma 3.3.

Thus, starting from the root we can build a tableau such that every node relates
two expressions that are history-preserving bisimilar. Since every tableau is finite,
this construction will surely terminate. It is easy to see that two expressions that
are related by unsuccessful terminal nodes cannot be history-preserving bisimilar,

13



so each terminal node will be successful. Hence, we have proved that there indeed
exists a successful tableau. O

For the proof of soundness we give an alternative definition of HPB based on
bisimulation approximations.

Definition 3.5 Let E, F' be ENF expressions. A séf of triples (7, 7p, f) is a
history-preserving bisimulation approximation of degretor F, F if

(i) Whenever(rg, mr, f) € H, thenry is a process of, m is a process of’
andf is a pomset isomorphism froppm (7 g) ontopom(np) .

(i) (mo(E), m(F),0) € H.

(i) Whenever(rg, np, f) € H, |Exg| < n, andrg 5 7, for sometg, 7, then
there existr, 7}, f' such thatrp N Ty (T ey f1) € Hand f' [pom(ns)=
f.

(iv) Vice versa.

For two expressions and F', we write E ~', ,; F' iff there is a HPB approxi-
mation of degree relating them.
With the standard argument we get the following characterization of HPB.

Lemma 3.6 For image-finite systems we have

o0
i n
~HPB— ﬂ ~HPB -
n=0

Now we can state the essential lemma for soundness.

Lemma 3.7 (Backwards Soundness of Match).et £ and F' be two ENF process
expressions. We have ~"" . F, if the following holds,

- Whenevetz 5 (E}, E,) then there existy, (F}, F,) such thatg(tg) = lx(tr),
F5 (F1, Fp), By~ pp Frand B, ~pp F.
* Vice versa.

Proof.

Imagine we are given label-preserving functiofis: T(E) — T(F) and
g : T(F) — T(FE), and two families of HPB approximations of degreethe
family { My t0)ir } (10 tr)e fug TEIALING the pairgocal R(E, ty) andlocal R(F, ty),
and the family {H ., 1.)pr}(tn.tr)cfug relating the pairsparallel R(E,tg) and
parallel R(F,tr). The existence of these entities is guaranteed by the assumption
of the lemma.

We shall now construct a HPB approximation of degree 1 for £ and F’
based on these entities.

First we prefix all joint processes of th€,, ;,.r With the tuple corresponding
to the occurrence of the paits, t). This gives us a family of set§H[;, , .x},
each defined by

Hl(tE,tF)lR ={pr (E,F),(te,tr))om |7 € Hipipyir}-
14



Now we define,

H={pr((E,F),(0,0))}u
{mllmp | 71 € Hiyy 1pyin @NAT, € Mgy t,)pr fOr SOMe(ts, tr) € fU g}

Itis easy to check th&{ is indeed a HPB approximation of degree 1 relating
E andF. O

Lemma 3.8 (Soundness)et& = ({X; def E;,:i=1,2,....,n},lg) and F =

({Y; «f F;:j=1,2,...,m},lr) betwo given BPP in ENF. If there is a successful
tableau?'(X; = Y7) thenf ~ypp F.

Proof. Let us assume the contrary, i. e. that there is a successful tdbléau=
Y1), but Xy oy pp Yi. We shall show that this assumption leads to a contradiction.

If Xy #upp Y1 then by lemma 3.6 there is a ledssuch thatX;, ~% .5 Y; for
alln < kandX, ¢% 5 Y, foralln > k.

Note that the tableau rules are backwards sound w. %, 5. If we have
a rule instantiation such that the related expressions of each subgoal are history-
preserving bisimilar of approximation then the expressions related by the premise
must be history-preserving bisimilar of approximationas well. This is obvious
for the ruleRecand follows forMatch from lemma 3.7. Lemma 3.7 actually gives
us a strengthening: the ENF expressions related by the premise must be history-
preserving bisimilar of approximation+ 1.

Thus, in our assumed tableau we can trace a patbch thate % ., 3 for
the related expressiomsand/ of each node. While tracing this path we can mark
each node with the leassuch thatx ~%, 5 5 for all n < I anda %% 5 3 for all
n > 1. Note that the sequence of these measures atasgtrictly decreasing due
to instantiations oMatch.

Now consider the terminal node of . Since the tableau is successful it must
be a successful terminal, i. e. it is labelled Wy = 0", or by “X = Y” and we
have an ancestor nodg labelled by X = Y as well. The first case cannot be
possible since clearl@ ~4pp 0. So let us consider the second case. Lgtbe
the measure of,, andk,, the measure af, respectively. Observe that there must
be an instantiation d¥latch betweem, andn; on our pathr, and hence we have
kn, < kn,. Butthis is clearly a contradiction.

O

With the above results the decidability of HPB is straightforward. By soundness
and completeness we only have to check whether there exists a successful tableau.
Since there is only a finite number of tableaux for any two given BPPs we can
simply do this by exhaustive search.

Theorem 3.9 History-preserving bisimilarity is decidable for BPP.
15



4 Coincidence of History-Preserving Bisimilarity and Distrib-
uted Bisimilarity for BPP

Distributed bisimulation [5,6] is the natural notion of bisimulation corresponding

to Castellani’s distributed transition semantics. It refines classical bisimulation by
requiring that local residuals and concurrent residuals are related separately. The
definition is based on the distributed transition relation, which is given via opera-
tional semantics. We shall not give the corresponding SOS rules here but we derive
distributed transitions from our occurrence net semantics, i. e. we make use of our
notationE 5 (E, E,). Note that it would be a straightforward task to show that
the transition relation thus defined indeed coincides with the distributed transition
relation of [5].

Definition 4.1 A relationD over ENF process expressions idistributed bisimu-
lation if for any (E, F') € D we have

(i) WheneverE 5 (Ey, E,) for sometg, (E;, E,), then there existy, (F}, F),)
such thate(tp) = I (tp), F 5 (F}, F,), (E,, ) € D, and(E,, F,) € D.
(if) Vice versa.

We say two ENF expressions are distributed bisimilar iff there is a distributed
bisimulation relating them.

It follows directly from the definition that the tableau rules for HPB are forward
and backwards sound for distributed bisimulation. Hence, the tableau provides
a decision procedure for distributed bisimilarity just as well, which immediately
establishes the coincidence of the two notions for BPP.

Theorem 4.2 History-preserving bisimilarity and distributed bisimilarity coincide
for BPP.

So it is not surprising that the tableau is very similar to the one employed in
Christensen’s proof of the decidability of distributed bisimilarity. The major new
ingredient in the proof for HPB are the lemmas for forward and backwards sound-
ness ofMatch. They prove that for BPP the distributed and the partial order view
are equivalent.

Our technical framework is slightly different. This comes from the fact that
Christensen makes use of his BPP standard normal form, where every defining
expression is of the form 7" a;;.cu; | Bi; such that eacly;, 3;; is a parallel
merge of variables. The left merge operatpracts like the usual parallel merge
under the constraint that the first action must come from the left process. So, due to
the use of this normal form the local and concurrent residuals are already separated
out in the process expressions of Christensen’s tableau rules.
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5 Decidablity of Hereditary History-Preserving Bisimilarity for
BPP

As in section 3 we start with the introduction of a notion that is crucial for our
proof. From an ENF expressioli we can easily read which maximal steps of
parallel actions one can take frof. This concept is formally captured in the
following definition.

Definition 5.1 Let E be an ENF process expression. #dependence cliquef
Eis asetcly = {t|,ts,...,t,} C T(E) such that for somé&’, E % E’, where

Asetmcly C T(E) is amaximal independence cliqoé £ iff mely is an inde-
pendence clique, andclg is maximal, in the sense that adding any other transition
would violate the first condition.

We denote the set of independence clique8 &y Cliques(E), and the set of
maximal independence cliques Bfby M Cliques(E).

In the following we will use the word clique as an abbreviation for indepen-
dence clique.

Again, we employ the tableau technique to prove our result. The tableau rules
can be found in figure 3. The ruMatch is now more complicated. It reflects the
idea behind the proof: we match all the possible maximal cliques of two related
ENF expressiong’ and £ in one step. This makes it possible to impose conditions
on the matching of the transitions @&f and F' that ensure that the backtracking
requirement is satisfied within the range of this match. If we additionally make sure
that whenever the same pair of transitions is matched we use the same matching
for the corresponding local components, then the backtracking condition will be
globally satisfied.

Our terminal conditions are very similar to the ones of the tableau for HPB. A
noden : label is asuccessful terminal one of the following conditions holds:

() label = “0 = 0.

(ii) label = “X = Y7, and there is an ancestor nodgaboven in the tableau
such thaty,, is labelled with “X = Y as well.

A noden : label is anunsuccessful termindithe following condition holds:

() label = “E = F”, whereE and F' are ENF expressions, and a family of
bijectionsB as required by rul&atch does not exist.

Now we establish forward and backwards soundness of théfateh. For the
proofs of finiteness, completeness and soundness we can then use exactly the same
arguments as in the corresponding proofs of the previous section.

Lemma 5.2 (Forward Soundness of Match)Let £ and F' be two ENF process
expressions such thdf ~ygpp F. Then there is a family of bijectionS =
{fi} satisfying the conditions of figure 4, and whenetgy, tr) € | f; we have
lOCCLlR(E, tE) ~NHHPB localR(F, tF)
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Rec

E=F
Match {local R(E, tp) = local R(F' tr) } oy tr)eU i

whereB = {f;} is a family of bijections

satisfying the conditions of figure 4.

Fig. 3. Tableau Rules for HHPB

A family of bijectionsB = { f;} satisfying the following conditions:

(i) For eachf;, we haveDomain(f;) € MCliques(E) and Range(f;) €
MCliques(F).

(i) Each f; is label-preserving, i. e. for eadltg,tr) € f; we havelg(tg) =
l7(tr).

(iif) The family of f; gives a match for all possible cliquesiBf andF’ respectively,
i e.
(a) Forallmely € MCliques(E) there exists; with Domain(f;) = mclg.
(b) Forallmclp € MCliques(F') there existsf; with Range(f;) = mclp.

(iv) Forallo € P(T(E) x T(F)) such thav C f; for somef;, we have
(a) Whenevepr(E, og) 'y 7y for somet g, mg, then there existy, f; with

oUJ (tE,tF) g fj'
(b) Vice versa.

Fig. 4. Conditions for the family of bijection8

Proof. Assume?{ to be a HHPB relating” and F'. Let us first show that a family
of bijectionsB exists as required. As our family of bijections we take
B={f|3(rg,mr, ) € HS.t. E,, corresponds to somecly € MCliques(E)}.

Since eachf; € B is a pomset isomorphism this clearly defines a family of
label-preserving bijections. Now let us check the remaining conditions (1), (3) and
(4). The first part of condition (1) follows directly from the definition8f To see
that the second part also holds, i. e. that for eactiRange(f;) € MCliques(F),
first note that eaclf; can reflect the partial order of its domain only correctly if its
range is a clique of’. Secondly, observe that this cliqgue must be maximal. If there
was a remaining transitioty such thatRange(f;) U {tr} € Cliques(F), there
could be no match ofy at the tuple(rg, 7r, f;) corresponding tg; in our HPB
H, sinceDomain(f;) is by definition a maximal clique.

Condition (3a) follows immediately when considering thétis a HPB, and
therefore must contain matches for all possible behaviod#.oBurely it contains
matches for the maximal cliques 6t

For condition (3b) consider that in any HPB each maximal cliqué’dfas to
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be matched to a maximal clique &f (by an argument similar to the one used for
condition (1)). Of course} contains matches for the maximal cliquestgfand
together with the previous observation this implies (3b).

To check condition (4a) imagine we haves P(T(E) x T(F')) such that C
f; for somef;. Due to the way the family of; is defined we have a corresponding
tuple(rg, 7r, f;) € H. But by proposition (v) of the definition of HHPB this means
we also havépr(E,og),pr(F,or),0) € H. Now we can apply proposition (jii) of
the definition of HHPB: whenever we hawe(E, o) 2% ), for somer’,, there is
a matcht;., such thapr(F, o) 25 7!, for somert, and(wyy, 7, 0 U (tg, tr)) € H.
Certainly from this new tuple we have further matche®inp to the next maximal
clique. So, indeed we haveJ (tg, tp) C f; for sometg, f;.

Condition (4b) can be proved by a symmetrical argument.

It remains to show thalocal R(E,tg) ~pupp local R(F,tr) for every pair
(te,tr) € U fi- Whenevet g andty are matched against each other in a HHPB, the
remaining behaviour oF that is dependent of); must be matched by remaining
behaviour off’ that is dependent oty., and vice versa. But this amounts to the
existence of a HHPB falocal R(E, t ) andlocal R(F, ty). O

Before we establish the essential lemma for soundness we need to define bisim-
ulation approximations for HHPB.

Definition 5.3 A hereditary history-preserving bisimulation approximation of de-
green is a history-preserving bisimulation approximation of degtebat further
satisfies

(V) Wheneverr € H andrn’ C 7 for somer’, thenn' € H.

For two ENF expressions and F', we write £ ~%,,, . F' iff there is a HHPB
approximation of degree relating them.

Again, we have for image-finite systems:

~unps= () ~hurs -
n=0

Lemma 5.4 (Backwards Soundness of Match).et £ and F' be two ENF process
expressions. Then we ha¥e ~%4 ., F, if there is a family of bijection®s =
{fi} satisfying the conditions of figure 4, and whenelgt,tr) € |J f; we have
local R(E,tg) ~% ypp local R(F,tp).

Proof. Imagine we are given a family of bijection$ = {f;} as required, and
a family of HHPB approximations of degree {H ., +,.)} (tu.t»)cU r;.» Where each
Hi, 1) VElates the processésalR(E, ty) andlocal R(F, tr). We shall construct
a HHPB approximation of degree+ 1 for £ and F', based on this family of
approximations.

First we attach the tuples of eaély,, ,, to the process corresponding to the
occurrence oftp, tr). This results in a family of set§}/, , }, each defined by

Hl(tE,tF) = {pri((Ea F)) (tEatF)) o | T E H(tE,tF)}‘
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Now we define,
H = {pr(parallelR((E, F),c),(0,0)) || 7¢, || 7, 1] --- || 72,
| o ={t1,ts,...,t,} C f; for somef;,
andm,, € H; foreachk € {1,...,n}},

whereparallel R is the function of the previous section generalized to cliques of
transitions (and used analogously to the conventions described in section 2). Itis
straightforward to check th&t is indeed a HHPB approximation of degree- 1.0

We can now proceed analogously to the proof of the decidability of HPB. Finite-
ness of our tableau system can be established following the proof of lemma 3.2.
With the two lemmas 5.2 and 5.4, completeness and soundness can be proved by
using the arguments of the lemmas 3.4 and 3.8. Again, the decidability of HHPB
follows from these three properties of our tableau system.

Theorem 5.5 Hereditary history-preserving bisimilarity is decidable for BPP.

6 Final Remarks

First of all, the concept of ENF needs further development. We have already seen
a net representation of BPPs in ENF using possibly infinitary 1-safe Petri nets. It
would be nice to have a finite net representation based on P/T nets, such that the
unfolding of a P/T net characterization would coincide with the unfolding of the
BPP it represents. There is an obvious way of how a BPP in ENF can be translated
into a P/T net. However, the unfolding of the P/T net does not coincide with the
unfolding of the BPP (although, the two unfoldings are probably equivalent under
HHPB).

Regarding the proofs of the decidability of plain and hereditary HPB there are
mainly two points left for further investigation. One is to establish the complexity
of our decision procedures. The other point is to compare the proof of plain HPB
given in this paper to the proof of the decidability of causal bisimulation in [22].

Finally, let me remark that HPB and HHPB coincide for BPP in full standard
form [14]. However, this is not the case for the entire class of BPP, as it is shown
by example 1.7 of [3}:
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