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A B S T R A C T

The eccentric-wing flutter stabilizer is a passive aerodynamic device for raising the flutter speed of a bridge. It
consists of wings running parallel to the bridge deck. In contrast to similar devices proposed in the past, the wings
do not move relative to the bridge deck and they are positioned outboard the bridge deck to achieve a greater
lateral eccentricity. This enables the wings to produce enough aerodynamic damping to effectively raise the flutter
speed. A comprehensive parametric flutter analysis study is presented in which both the properties of the bridge
and the configuration of the wings are varied. The bridge properties and the wing configuration are each sum-
marized in four non-dimensional quantities. The parameter space within which these numbers are varied are
determined on the basis of previous work and the structural properties of actual long-span bridges. As for the wind
forces, a streamlined bridge deck contour is assumed. The main interest of this study is the relative flutter speed
increase due to the wings. This and other non-dimensional results are presented in diagrams and discussed. Both
multi-degree-of-freedom and generalized two-degree-of-freedom flutter analyses are performed. Torsional
divergence is addressed. A strategy for choosing a cost-efficient wing configuration is suggested.
1. Introduction

Flutter is a criterion governing the design of long-span bridges.
Various measures have been proposed to raise the flutter resistance of
bridges, that is, their critical wind speed for flutter onset (flutter speed).
The twin deck concept was described by Richardson (1981) and has been
implemented in a few bridges. It is a passive aerodynamic measure that
takes advantage of the gap between the two or more bridge decks. It
means additional cost due to the cross beams required to connect the
individual decks. Diana et al. (2007) examined the effect of winglets
positioned above the bridge deck edges without a distinct vertical or
horizontal offset. Only qualitative indications were given concerning the
impact of such devices on the flutter speed. Raggett (1987) and Liu et al.
(2006) suggested wings that are rigidly mounted at a certain vertical
distance above the bridge deck edges. The present study shows that the
impact of such a configuration on flutter is small.

An active aerodynamic device for raising the flutter speed was pro-
posed by Ostenfeld and Larsen (1992). It consists of wings, installed
along the sides of the bridge deck, the pitch of which is controlled by
actuators. Hence the safety of the bridge would depend on energy supply
and the proper functioning of control software and hardware – a condi-
tion that meets resistance due to reliability and durability concerns. A
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passive aerodynamic-mechanical device described by Starossek and
Aslan (2008) likewise includes variable-pitch wings along the sides of the
bridge deck. Instead of being controlled by actuators, the pitch of the
wings follows the movements of tuned mass dampers inside the bridge
deck to which the wings are coupled. Although the safety of the bridge
would not depend on energy supply and a control system, the device still
includes moving parts, which raises the threshold of acceptance.

In view of these developments, it seems promising, for raising the
flutter speed of a bridge, to develop immovable passive aerodynamic
devices, which nevertheless are sufficiently effective without implying
substantial additional cost such as the cross beams in the twin deck
concept. The eccentric-wing flutter stabilizer possibly meets these re-
quirements. It consists of wings running parallel to the bridge deck
(Fig. 1). In contrast to similar devices proposed in the past and described
abobe, the wings do not move relative to the bridge deck and they are
positioned outboard the bridge deck to achieve a greater lateral eccen-
tricity with regard to the bridge axis. This is accomplished by connecting
the wings to the bridge deck by means of lateral cantilever support
structures.

The wings produce aerodynamic damping of the bridge deck motion,
particularly of the rotational motion component. This can easily be
comprehended under the assumption of quasi-stationary flow. When the
k.com (R.T. Starossek).
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Fig. 1. Bridge deck with eccentric-wing flutter stabilizer – cross section.
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vertical velocity of a wing resulting from the rotational velocity of the
bridge deck is superimposed on the horizontal wind velocity, an apparent
angle of attack is formed, which results in a lift force on the wing, which
produces a moment on the bridge deck. This moment is in counter-phase
to the rotational velocity of the bridge deck and hence corresponds to
damping. This holds equally for a windward wing and a leeward wing.
The additional aerodynamic damping produced by the wings raises the
flutter speed. Because both the vertical velocity of a wing and the
moment produced by a given lift force increase linearly with the wing’s
eccentricity, ac, the wing-produced aerodynamic damping of the rota-
tional motion of the bridge deck increases quadratically with the ec-
centricity of the wings. Consequently, the wings are the more effective
the larger their eccentricity.

The flutter suppression effectiveness of eccentric wings was
confirmed by wind tunnel tests and flutter analyses (Starossek et al.,
2018), (Meyer, 2019). Its cost was investigated on the basis of design
studies for the wings and their support structures and was found to be
competitive (Starossek et al., 2018).

The study of flutter suppression effectiveness in (Starossek et al.,
2018), (Meyer, 2019) was done for a variety of wing configurations,
including configurations with different windward and leeward wings,
but only for a few different bridges. Further studies have shown that the
increase in flutter speed achieved by the wings is particularly sensitive to
the properties of the bridge. Therefore, comprehensive parametric flutter
analyses have been performed in which both the properties of the bridge
and the configuration of the wings are varied. The results, limited to
configurations with identical wings on both sides of the bridge deck, are
presented here.

The study is based on classical bridge flutter theory. Steady-state
harmonic vibration is assumed and studied in the frequency domain.
The oncoming wind is assumed to be non-turbulent. The motion-induced
lift forces and aerodynamic moments are linearly related to vertical
displacements and rotations, and the respective velocities and accelera-
tions, by non-stationary aerodynamic coefficients (Theodorsen, 1934).
Aerodynamic interference between the windward and leewardwings and
the bridge deck is neglected so that the theory can be applied separately
to each of these three elements. In practice, interference can be prevented
by positioning the wings above or below the bridge deck with sufficient
vertical offset to the bridge deck and between them. When the oncoming
wind is turbulent, its action on the wings may affect the buffeting
response of the bridge. However, it has been found that the response of
the bridge to buffeting, and also to vortex shedding, is mostly reduced
when wings are added (Meyer, 2019). This can be ascribed to the aero-
dynamic damping produced by the wings, which not only is the main
source of their flutter suppression effectiveness but reduces vibrations
due to any kind of excitation. Given the strong flutter speed increase
provided by the wings, torsional divergence can become governing over
flutter. This is addressed to some extent.

For greater generality, the input data and results are presented as non-
dimensional quantities. With respect to the non-dimensional flutter
speed, the relevant structural properties of the bridge can be summarized
in four key parameters: frequency ratio, structure-to-air mass ratio,
reduced mass radius of gyration, and damping parameter. The parameter
space within which these numbers are varied is determined by
2

considering actual or planned long-span bridges. The configuration of the
wings can likewise be summarized in four numbers: relative wing ec-
centricity, relative wing width, relative wing length, and relative wing
mass. These parameters are varied on the basis of the previous studies
documented in (Starossek et al., 2018). Further key parameters are the
aerodynamic contours of bridge deck and wings. The results presented
here are obtained on the assumption of streamlined contours using the
non-stationary aerodynamic coefficient functions derived by Theodorsen
(1934) and compiled by Starossek (1992). In addition to the
non-dimensional flutter speed, the results are presented as the relative
flutter speed increase due to the wings.

Multi-degree-of-freedom (MDOF) flutter analyses are performed. The
various systems are modelled with a specially developed finite aero-
elastic beam element capable of simultaneously modelling the bridge
deck and the wings. Thus, the variability of the wing length can accu-
rately be taken into account (Starossek and Starossek, 2021). The pro-
cedure is implemented in a FORTRAN program. Given the abundance of
program runs to be performed, the inputs for the FORTRAN program are
automatically generated by MATLAB code, which also performs the
sequence control and evaluates and compiles the outputs. Additionally,
generalized two-degree-of-freedom (2-DOF) flutter analyses are per-
formed for a few selected cases using a quasi-stationary approach for
taking into account the wind forces on the wings. The validity of the
analytical approaches for determining the flutter speed has been
confirmed by wind tunnel tests (Starossek et al., 2018).

The results are presented in diagrams and discussed extensively. The
influence of the various parameters on the flutter speed increase due to
the wings is emphasized. On this basis, a strategy for choosing a cost-
efficient wing configuration for achieving a required flutter speed is
suggested.

2. Input data

2.1. Bridge properties

2.1.1. Key parameters
Flutter theory was originally based on a generalization of the actual

structural system to a system with two degrees of freedom: heave and
rotation. In such a 2-DOF flutter analysis, the structural properties of a
bridge can be summarized in four non-dimensional and two dimensional
quantities (Starossek, 1992). The non-dimensional quantities are 1) the
frequency ratio, ε, defined as

ε ¼ ωα

ωh
(1)

where ωα ¼ natural circular frequency of torsional vibration, and ωh ¼
natural circular frequency of vertical bending vibration, of an undamped
bridge system without wings in a vacuum (without aerodynamic forces),
both mostly associated with the lowest symmetric or lowest antisym-
metric modes of vibration, whichever governs flutter, 2) the (structure-
to-air) mass ratio, μ, defined as

μ ¼ m
πρb2

(2)

where m ¼ mass per unit length, ρ ¼ air density, b ¼ half chord of
aerodynamic contour of bridge deck, 3) the reduced mass radius of gyra-
tion, r, defined as

r ¼ 1
b

ffiffiffiffi
I
m

r
(3)

where I ¼ mass moment of inertia per unit length, and 4) a parameter
that quantifies the inherent structural damping. For the latter, the
damping parameter g is chosen: the damping forces are assumed to be g
times the elastic restoring forces acting with a phase shift of 90� so that
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they are in counter-phase to velocity (F€orsching, 1974).
Properties m and I refer to the bridge deck plus, if present, the sus-

pension cables. (More generally, they are generalized properties related
to the distributed mass of the system by the respective mode of vibra-
tion). They do not include the mass of the wings, which is part of the wing
parameters and specified separately.

The dimensional structural quantities used to compute the flutter
speed are b andωh. These quantities are not varied in this study given that
the non-dimensional flutter speed, which is of interest here, is indepen-
dent of them.

The above choice of flutter-relevant input parameters is not the only
possible one. Other four non-dimensional and two dimensional quanti-
ties could be chosen as long as they are independent of each other and
capture the relevant structural properties of the bridge. For instance, the
reduced mass radius of gyration, r, could be replaced, as an independent
parameter, by the mass moment of inertia ratio, μr2.

The flutter speed also depends on the aerodynamic contour of the
bridge deck, which is another key parameter in addition to the structural
properties.

2.1.2. Choice of parameter values
Key parameters of actual or planned long-span bridges are compiled

as a basis for making a meaningful choice of the values to assign to these
parameters in the analysis. Table 1 gives an overview of this empirical
data.

The table shows the natural cyclic frequencies of vertical and
torsional vibration, fh and fα, that are associated with the lowest sym-
metric or lowest antisymmetric modes of vibration. The combination of
modes listed here are those that govern flutter according to a 2-DOF
analysis using Theodorsen’s non-stationary aerodynamic coefficients.
The respective kind of modes is indicated by “sym” or “anti.” The ref-
erences indicate the sources. With respect to the first Tacoma Narrows
Bridge, the mass and the mass moment of inertia given in the literature
differ from one another and are inconclusive. Therefore, these properties
have been determined by the authors based on the design drawings
reproduced in (Farquharson et al., 1949). They include the mass
contribution of the suspension cables (as for all suspension bridges listed
here). The torsional frequency fα ¼ 0.233 Hz was observed on the
morning of the collapse. Immediately before collapse, this frequency
changed to fα ¼ 0.200 Hz. The mass moment of inertia of the Great Belt
Bridge was estimated based on (Larsen and Jacobsen 1992), (Larsen,
1993) and (Ewert, 2003), the one of Xihoumen Bridge based on (Yang
et al., 2018), and the one of Ponte di Messina based on (Brancaleoni et al.,
2010). The mass and the mass moment of inertia of Akashi Kaikyo Bridge
were estimated based on (Brancaleoni et al., 2010), (Ewert, 2003) and
Table 1
Key parameters of long-span bridges.

1st Tacoma Narrows
Bridge

Great Belt Bridge Xihoumen Bridge

note note note

fh [Hz] 0.145 Farquharson
et al. (1949)

0.0999 Larsen and
Jacobsen
(1992)

0.1005 Yang et a
(2018)

fα [Hz] 0.233 Farquharson
et al. (1949)

0.278 Larsen and
Jacobsen
(1992)

0.2321 Yang et a
(2018)

ε 1.61 anti 2.78 sym 2.31 sym
b [m] 5.94 Farquharson

et al. (1949)
15.5 Larsen and

Jacobsen
(1992)

18.0 Yang et a
(2018)

m [t/m] 8.19 22.7 (Larsen, 1993) 25.0 Yang et a
(2018)

I ½tm2=m� 202.4 3537 3932
μ 60.3 24.6 20.1
r 0.837 0.805 0.697

3

(Fuchida et al., 1998). The mass and the mass moment of inertia of Tatara
Bridge were estimated based on (Yanaka et al., 1998); they do not
include the stay cables.

Based on this data, the main values assigned to parameters ε, μ, and r
are chosen as follows.

ε¼ 1:3; 1:7; 2:3; 3:0 (4)

μ¼ 15; 25; 40; 60 (5)

r¼ 0:7; 0:8; 0:9 (6)

Furthermore, ε is varied from 1.00 to 3.00 in 0.01-increments for
selected combinations of values of the other parameters.

Structural damping consists of different energy dissipation mecha-
nisms which are mostly all modelled as viscous damping and quantified
as damping ratio-to-critical, ξ. There is a great variability of published
values of ξ for bridges. Amean value of 1.25% and a lower bound value of
0.5% is reported in (Salcher et al., 2014) for long-span steel bridges. In
view of the uncertainty regarding damping, only one value is considered
here in addition to the no-damping condition. The analyses performed for
this study show that structural damping reduces the relative flutter speed
increase slightly in some cases, but raises it strongly in other cases (see
Section 4.3 and Fig. 8). Therefore, the value of the damping parameter of
the damped system is chosen as g ¼ 0.01, which corresponds to the
lower-bound value ξ ¼ 0.5% (see Eq. (20)). The values considered are
thus

g¼ 0; 0:01 (7)

As for the aerodynamic contour, this study focuses on bridges with
streamlined decks.
2.2. Wing configurations

2.2.1. Key parameters
When identical wing configurations are chosen on both sides of the

bridge deck, which is always the case in this study, the properties of the
wings can likewise be summarized in four non-dimensional quantities,
that is, 1) the relative wing eccentricity, ~ac, defined as

~ac ¼ ac
b

(8)

where ac ¼ eccentricity of a wing relative to bridge deck axis (centre-to-
centre distance), 2) the relative wing width, ~bc, defined as
Ponte di Messina Akashi Kaikyo Bridge Tatara Bridge

note note note

l. 0.06031 Brancaleoni
et al. (2010)

0.1015 Miyata et al.
(1992)

0.223 Yamaguchi
et al. (2004)

l. 0.07994 Brancaleoni
et al. (2010)

0.2383 Miyata et al.
(1992)

0.497 Yamaguchi
et al. (2004)

1.33 anti 2.35 sym 2.23 sym
l. 30.575 Brancaleoni

et al. (2010)
17.75 Miyata et al.

(1992)
15.3 Yanaka et al.

(1998)

l. 49.7 Brancaleoni
et al. (2010)

36.2 15.1

31,520 8507 2096
13.8 29.9 16.8
0.824 0.864 0.770
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~bc ¼ bc
b

(9)
where bc ¼ half chord of a wing, 3) the relative wing length, ~Lc, defined as

~Lc ¼ Lc

L
(10)

where Lc ¼ total length of wings on one side of bridge deck, L ¼ total
length of bridge, and 4) the relative wing mass, ~mc, defined as

~mc ¼ mc

m
(11)

where mc ¼ mass per unit length of wings on one side of bridge deck
(possibly including a contribution of the support structures). The quan-
tities ac, bc, mc and their non-dimensional equivalents are assumed to be
constant along the length of the wings.

When ~Lc < 1, it is assumed that the wings are centred in relation to
the peak positions of the governing mode shapes. Such a positioning
leads to maximum effectiveness. In a symmetric three-span suspension
bridge with flutter being governed by the lowest symmetric modes of
vibration, the wings would be placed contiguously and centred in rela-
tion to the main span centre.

Another freedom of design would be to choose different wing con-
figurations on either side of the bridge deck. This could be beneficial if
the expected maximum wind speeds from either transverse direction
differ strongly. The flutter suppression effectiveness of the wings also
depends on their aerodynamic contour, which is hence another key
parameter in addition to the structural properties.

2.2.2. Choice of parameter values
Based on previous studies of the flutter suppression effectiveness of

the wings and of the design and cost of wings and support structures
(Starossek et al., 2018), the main values assigned to parameters ~ac, ~bc, ~Lc,
and ~mc are chosen as follows.

~ac ¼ 2:0 (12)

~bc ¼ 0:1 (13)

~Lc ¼ 0; 1 (14)

~mc ¼ 0;
�
0:015 � ~bc

�
0:1

�
(15)

Furthermore, ~ac is varied from 1 to 2.5 in 0.01-increments, ~bc from
0 to 0.15 in 0.001-increments, and ~Lc from 0 to 1 in 0.04-increments, for
selected combinations of values of the other parameters.

The effects of choosing different wing configurations for each side of
the bridge deck is left for future studies and it is assumed here that the
wing configuration is symmetric with respect to the bridge deck centre
line (except for the vertical offset between the windward and leeward
wings). The wings are aerodynamically shaped so that they generate
large lift forces and drag and wake are small. Their flutter suppression
effectiveness is thus maximized and any harmful side effects are mini-
mized. Their contours are envisaged as streamlined elongated ellipses
(Starossek et al., 2018).

3. Analysis

3.1. Assumptions

The study is based on the assumptions and uses the methods of
classical bridge flutter theory. That is, steady-state harmonic vibration is
assumed and studied in the frequency domain. The oncoming wind is
assumed to be non-turbulent. Only motion-induced lift forces and
4

aerodynamic moments are considered. They are linearly related to ver-
tical displacements and rotations, and the respective velocities and ac-
celerations, by complex aerodynamic coefficients that are functions of
the degree of non-stationarity of the flow (Theodorsen, 1934). Conse-
quently, eigenvalue problems are established and solved. Aerodynamic
interference between the windward and leeward wings and the bridge
deck is neglected so that non-stationary aerodynamic coefficient func-
tions can be applied separately to each of these three elements for
determining the respective motion-induced wind forces.
3.2. Model

This study aims at general applicability. Therefore, instead of
focusing on a particular suspension bridge or other long-span bridge type,
a simple generic system is considered that does not introduce any further
variables of design: a simply supported girder with torsionally fixed ends.
The definitions of key parameters in Section 2 are adopted with the
following specifications. The girder forms the bridge deck. The fre-
quencies ωh and ω∝ are associated with the lowest symmetric modes of
vertical and torsional vibration of the generic substitute system. Prop-
erties m and I refer to the girder only and are assumed to be constant
along its length. L is the span length of the girder. Identical wing con-
figurations are present on both sides of the girder. The wings are rigidly
attached to the girder and are placed contiguously and centred in relation
to midspan. The aerodynamic contours of girder and wings are thin flat
plates.

The latter specification allows the use of the non-stationary aero-
dynamic coefficient functions established by Theodorsen assuming po-
tential flow past a thin flat plate (Theodorsen, 1934), (Starossek, 1992),
independently for the girder and the wings, to take into account the
respective wind forces. Theodorsen’s aerodynamic coefficient functions
enable a reasonable estimate of the flutter speed for airfoils and bridges
with streamlined bridge deck. It is believed that accuracy is even higher
for the relative flutter speed increase due to the wings, which is the main
focus of this study. Other advantages are the benchmark character of
Theodorsen’s coefficients, which allow for easy comparison and verifi-
cation, and greater generality by not referring to any particular bridge
deck contour.

Long-span bridges are mostly not simply supported girders but are
more complex in topology and articulation. Nevertheless, the results
obtained for the model girder considered here are deemed representative
for such bridges as long as the uncoupled (vacuum) modes of vertical and
torsional vibration that govern flutter are similar to each other, as is the
case for the model girder, given that generalization would then lead to
the same generalized system properties. Most long-span bridges meet this
condition. When applied to cable-supported bridges, the results obtained
can be conservative in the case of wing configurations where wings are
present but do not extend over the full length of the bridge (0 < ~Lc < 1).
In a three-span suspension bridge, for instance, not placing wings in the
side spans would not reduce the flutter suppression effectiveness of the
wings by much but strongly reduce the value of ~Lc used in the model
analysis. In a suspension bridge, the frequencies of the lowest symmetric
and lowest antisymmetric modes of vibration can be close to each other.
In such a case, the results obtained here, with a simply supported girder,
must be applied to both the lowest symmetric modes and the lowest
antisymmetric modes of vertical and torsional vibration, and the wings,
with their respective total length Lc, must be centred in relation to the
peak positions of the respective mode shapes.
3.3. Method

MDOF flutter analyses are performed. The various girder-plus-wings
systems are modelled with a specially developed finite aeroelastic
beam element capable of simultaneously modelling the girder and the
wings (Starossek and Starossek, 2021). The variability of the wing length
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can thus properly be taken into account. The stiffness, mass, and aero-
dynamic matrices of the system, K, M, and A are assembled from the
respective element matrices (Clough and Penzien, 1975). The system
matrices are n� nmatrices, where n is the number of degrees of freedom
of the system. An eigenvalue problem of the form

�ð1þ igÞK�ω2½MþAðkÞ��Φ¼ 0 (16)

is established, where Φ ¼ system node displacement vector and g ¼
structural damping parameter (Starossek, 1992), (Starossek, 1993). The
structural damping represented by g is proportional to the elastic
restoring forces and is in counter-phase to velocity. It is set to a value
according to Eq. (7). The aerodynamic matrix, A, is complex and depends
on k ¼ reduced frequency, which is a non-stationarity parameter defined
as

k¼ωb
u

(17)

where ω¼ circular frequency of motion and u¼wind speed. When k 2R

is fixed, a linear complex eigenvalue problem, with the eigenvalue ω2, is
obtained. Its solution leads to n generally complex eigenfrequencies ωi ¼
ω

0
i þ iω00

i , where ω0
i ¼ ReðωiÞ and ω00

i ¼ ImðωiÞ are the real and imaginary
parts of ωi. The procedure is repeated for other k with the aim of iden-
tifying cases where the imaginary part ω00

j of one eigenfrequency ωj

vanishes. The corresponding wind speed then follows as

u¼ω
0
jb

k
(18)

The minimum wind speed found in this manner is the flutter speed,
which in the following is likewise called u. The associated ω

0
j is the cir-

cular flutter frequency, which in the following is simply called ω. To
safely identify the flutter speed, the search starts with large and then
decreasing values of k or small and then increasing values of 1= k ¼
reduced wind speed. The governing case is usually associated with one of
the lowest eigenfrequencies and hence the eigenvalue analysis can be
limited to a number of lowest, say two to eight, eigenmodes.

The above approach to account for structural damping leads to the
simplest form of the MDOF flutter eigenvalue problem. Equivalent
viscous modal damping ratios-to-critical, ξi, for any eigenmode i are

ξi ¼
gω0

i

2ω
(19)

where ω0
i ¼ natural circular frequency of the undamped system in a

vacuum associated with eigenmode i (Starossek, 1992). In the analyses
performed here, ω is always found between ωα and ωh, that is, the natural
circular frequencies associated with the vacuum eigenmodes that mainly
participate in the flutter vibration. For the average equivalent viscous
modal damping ratio-to-critical, ξ, thus follows

ξ � g
2

(20)

3.4. Details

A FORTRAN program has been developed that implements the finite
aeroelastic beam element mentioned above and solves the MDOF flutter
eigenvalue problem according to Eq. (16) using a vector iteration
method.

The model girder is segmented into 50 identical elements leading to
199 degrees of freedom to allow variation of ~Lc in 0.04-increments.
Properties b and ωh are set to b ¼ 1 m and ωh ¼ 1=s, which is imma-
terial to the non-dimensional results presented below. The remaining
input data are chosen such that the non-dimensional parameter values
specified in Sections 2.1.2 and 2.2.2 are met. For the representation of ωα
5

and ωh, and thus ε, the respective analytical free-vibration frequency
formulae are used for determining the corresponding dimensional input
quantities (leading to negligible errors due to the MDOF discretization
(Starossek and Starossek, 2021)). The non-stationary aerodynamic co-
efficient functions given in Theodorsen (1934), Starossek (1992) are used
for girder and wings. They are computed based on a rational function
approximation of the Theodorsen function (Bruno et al., 1987). The
number of eigenmodes to be computed was initially set to two, which
proved sufficient in most cases. In a few cases, up to six eigenmodes were
required to properly identify flutter.

The results presented here are based on over 30,000 FORTRAN runs,
one for each combination of input parameters and resulting flutter speed.
Given this abundance of runs, the input for the FORTRAN program is
automatically generated by MATLAB code, which also performs the
sequence control and evaluates and compiles the output. With this tool,
essentially only the parameter space to be studied must be specified as
user input. A spreadsheet program is used to sort and display the results.
3.5. Torsional divergence

Given that the flutter speed is increased by the wings, torsional
divergence may become governing over flutter. When the same
assumption of potential flow past a thin flat plate is used (as for the
aerodynamic coefficient functions used for computing the flutter speed),
the critical wind speed for torsional divergence (divergence speed) of the
girder without wings, udiv, is given by (Starossek, 1992)

udiv ¼ωαb
ffiffiffiffiffiffiffi
μr2

p
(21)

Assuming that identical wings are added on both sides of the girder
along its entire length, it can be shown that the divergence speed de-

creases by a fraction of ~b
2
c , which will be neglected here.

4. Results and discussion

4.1. General

Numerical results are presented in terms of the non-dimensional flutter
speed, ζ, and the non-dimensional flutter frequency, ~ω, which relate the
flutter speed u and the circular flutter frequency ω to system properties
and are defined as

ζ ¼ u
ωhb

(22)

~ω ¼ ω
ωh

(23)

and in terms of the reduced frequency, k. Furthermore, the relative flutter
speed increase, called the flutter speed increase ratio, R, is considered. It is
defined as the flutter speed of the structure with wings to the flutter
speed of the same structure without wings, that is,

R ¼ uwith wings

uwithout wings
(24)

and is an indicator of the flutter suppression effectiveness of the wings.
The non-dimensional divergence speed, ζdiv, defined similarly to ζ, is

ζdiv ¼
udiv
ωhb

¼ ε
ffiffiffiffiffiffiffi
μr2

p
(25)

Reference is also made to the Selberg’s approximation formula for the
flutter speed (Selberg, 1961). Related to system properties, it reads

ζSel ¼
uSel
ωhb

¼ 0:74
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðε2 � 1Þμr

p
(26)
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For 1:5 � ε � 3:0, 20 � μ � 100, 0:75 � r � 1:00, the formula is accu-
rate to within 3% (Starossek, 1992).

In the following, ratios of non-dimensional speeds are also consid-
ered. These are the same as the ratios of the respective dimensional
speeds as long as the non-dimensional speeds refer to the same
denominator.
Fig. 3. Non-dimensional flutter speed, ζ, against frequency ratio, ε, for various
conditions: A ¼ no wings, undamped, B ¼ no wings, damped, C ¼ with wings,
undamped, wing mass neglected, D ¼ with wings, undamped, wing mass
considered, and E ¼ with wings, damped, wing mass considered.
4.2. Girder without wings

The model girder without wings is considered first. Fig. 2 shows the
non-dimensional flutter speed, ζ, of the undamped system (g ¼ 0)
plotted against the frequency ratio, ε, for all combinations of the chosen
main values of μ and r. The flutter speed mostly increases with ε, μ, and r,
a tendency reflected by Selberg’s formula, Eq. (26). When ε decreases
approaching the value of one, the flutter speed again increases abruptly
and tends to infinity at a certain start value of ε that is always larger than
one. For smaller values of ε, no flutter occurs.

Fig. 3 shows the non-dimensional flutter speed for μ ¼ 15, r ¼ 0:7
and μ ¼ 60, r ¼ 0:9, that is, the parameter combinations that, for most
values of ε, lead to the smallest and greatest values of ζ in Fig. 2. The
curves for various conditions are compiled in this diagram. The curves
labelled A apply to the undamped systemwithout wings and are the same
as the respective curves in Fig. 2. The curves labelled B result when
structural damping (g ¼ 0:01) is added. The flutter speed increases,
although the differences between curves A and B only become significant
for small ε.

Another manner of presentation is chosen to better illustrate these
differences. The curves in Fig. 4 represent the flutter speed of the damped
system without wings divided by the flutter speed of the undamped
system without wings (corresponding to “B=A,” referring to the curves in
Fig. 3) for the previously considered μ and r and two additional (gov-
erning) combinations. The maximum increase is found for μ ¼ 15, r ¼
0:9, the minimum increase for μ ¼ 60, r ¼ 0:7. For ε ¼ 1:3, the flutter
speed increase due to structural damping lies between 4.4% and 8.0%;
and for ε ¼ 3:0, between 1.3% and 2.9%.
4.3. Girder with full-length wings – constant wing eccentricity and width

Wings are added on both sides of the girder along its entire length
(~Lc ¼ 1). The relative wing eccentricity is ~ac ¼ 2:0; the relative wing
width is ~bc ¼ 0:1. The curves in Fig. 3 labelled C result when neither
structural damping nor the wing mass is taken into account (g ¼ 0, ~mc ¼
0). In comparison to curves A and B, curves C are more rounded and
Fig. 2. Non-dimensional flutter speed, ζ, of undamped system without wings
against frequency ratio, ε.

Fig. 4. Ratio of flutter speed of damped system (g ¼ 0:01) to flutter speed of
undamped system, both without wings, against frequency ratio, ε.
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shifted upwards and to the right. The shift is particularly pronounced for
parameter combination μ ¼ 15, r ¼ 0:7. The curves in Fig. 3 labelled D
result when the mass of the wings (~mc ¼ 0:015) is taken into account,
and the curves labelled E when structural damping (g ¼ 0:01) is finally
added. The start value of ε belowwhich no flutter occurs increases from A
to E (for all combinations of μ and r, including the ones not shown in
Fig. 3).

Again, ratios are considered to better illustrate the respective differ-
ences. The curves in Fig. 5 represent the flutter speed of the undamped
system with wings neglecting the wing mass divided by the flutter speed
of the undamped system without wings (corresponding to “C=A,” again
referring to the curves in Fig. 3) now for all combinations of the chosen
main values of μ and r. This ratio reflects the influence of the wings on the
flutter speed and corresponds to the flutter speed increase ratio, R, for an
undamped system when the wing mass is neglected. For all values of ε, R
increases inversely to μ and, for values of ε smaller than a respective
cross-over value, inversely to r. All curves increase with decreasing ε up
to a respective start value of ε (with the chosen scaling visible only for
μ ¼ 15, r ¼ 0:7). For smaller ε, no flutter occurs (notwithstanding



Fig. 5. Flutter speed increase ratio, R, for undamped system, wing mass

neglected, against frequency ratio, ε (~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 1).

Fig. 6. Flutter speed increase ratio, R, for damped system, wing mass consid-

ered, against frequency ratio, ε (g ¼ 0:01, ~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 1, ~mc ¼
0:015).

Fig. 7. Flutter speed increase ratio when wing mass considered referred to
flutter speed increase ratio when wing mass neglected, for undamped system,

against frequency ratio, ε (~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 1, ~mc ¼ 0:015).
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possible flutter at much higher wind speeds associated with higher
modes of vibration). Significant increases of flutter speed are noted,
particularly for the lower values of μ. This inverse relationship can be
ascribed to the ratio of the aerodynamic damping forces, produced by the
wings, to the internal system forces, due to inertia and stiffness, which
becomes greater for smaller μ and thus makes the wing-produced
damping more effective. The inverse relationship between R and ε seen
here and also in Fig. 6 corresponds to the observation in Fig. 3 that curves
A to E belonging to the same combination of μ and r are shifted not only
upwards but also to the right and run essentially parallel and at the same
inclination from a respective value of ε.

The curves in Fig. 6 represent the flutter speed of the damped system
with wings, taking into account the wing mass, divided by the flutter
speed of the damped system without wings (corresponding to “E= B“).
This ratio corresponds to the flutter speed increase ratio, R, for a damped
system when the wing mass is considered. The same tendencies as in
Fig. 5 are noted. Again, all curves increase with decreasing ε up to a
certain start value of ε. Significant increases of flutter speed are noted.
For r ¼ 0:8, the flutter speed is raised by more than 50% for μ ¼ 15, ε �
2:20 / μ ¼ 25, ε � 1:61=μ ¼ 40; ε � 1:38=μ ¼ 60; ε � 1:27 and it is more
than doubled for μ ¼ 15, ε � 1:75 / μ ¼ 25, ε � 1:44 =μ ¼ 40;ε � 1:30=
μ ¼ 60; ε � 1:23. For μ ¼ 15, r ¼ 0:7, the flutter speed is raised by a
factor of R ¼ 2:60 at ε ¼ 1:74. For smaller ε, no flutter occurs. For ε �
1:3, no flutter occurs for any of the considered combinations with μ ¼ 15
and μ ¼ 25 and for the combination μ ¼ 40, r ¼ 0:7, contrary to the
system without wings.

The question arises to what degree the flutter speed increase ratio, R,
is sensitive to the assumptions about wing mass and structural damping.
Fig. 7 refers to the undamped system. The curves represent the flutter
speed increase ratio when the wing mass is considered divided by the
flutter speed increase ratio when the wing mass is neglected (corre-
sponding to “ðD =AÞ=ðC =AÞ,” again referring to the curves in Fig. 3). It is
seen that the wing mass can reduce or raise the flutter speed increase
ratio, and thus the flutter speed, depending on the parameter combina-
tion. For the parameter space considered here, the maximum reduction is
8.1%. It occurs for ε ¼ 1:45, μ ¼ 60, r ¼ 0:7. The reduction is due to the
reduction of the natural frequencies due to the wing mass. On the other
hand, the flutter speed is raised, partly strongly, for all values of ε below a
certain root value. For μ ¼ 15, r ¼ 0:7, this value is ε ¼ 1:85. For μ ¼
25, r ¼ 0:8, it is ε ¼ 1:47. The latter effect is related to the strong
negative gradient of the RðεÞ curves in Fig. 5 at the beginning of these
curves. When wing mass is added, the torsional natural frequency is
reduced more than the vertical one (see Eqs. 28 and 29). Hence the
effective frequency ratio decreases, which, for small enough ε, leads to a
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higher flutter speed increase.
The curves in Fig. 8 represent the flutter speed increase ratio for the

damped system divided by the flutter speed increase ratio for the un-
damped system when in both cases the wing mass is taken into account
for the respective systems with wings (corresponding to “ðE =BÞ=ðD =AÞ“).
It is seen that structural damping can only slightly reduce but strongly
raise the flutter speed increase ratio. The maximum reduction is 1.5%
reached at ε ¼ 3:0, μ ¼ 15, r ¼ 0:9. The flutter speed increase ratio is
raised for all values of ε below a certain root value, similarly to Fig. 7. For
μ ¼ 15, r ¼ 0:7, this value is ε ¼ 2:36. For μ ¼ 25, r ¼ 0:8, it is ε ¼
1:72. The flutter speed increase ratio is raised by 15.7% at ε ¼ 1:3, μ ¼
60, r ¼ 0:7. Another effect of damping is that the start value of ε below
which no flutter occurs is raised, as already noted in the above discussion
of Fig. 3. For μ ¼ 15, r ¼ 0:7, this value increases from ε ¼ 1:70 to 1:74.
This effect can result in the flutter speed being raised from a finite value
to infinity. The particularities observed in Fig. 8 hint at a strongly
nonlinear and mostly over-proportional dependency of the flutter speed
on the total damping, consisting of the structural damping plus the
aerodynamic damping produced by the wings. This topic is addressed



Fig. 8. Flutter speed increase ratio for damped system (g ¼ 0.01) referred to
flutter speed increase ratio for undamped system, wing mass always considered,

against frequency ratio, ε (~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 1, ~mc ¼ 0:015).

Fig. 9. Flutter speed increase ratio, R, and ratio of divergence speed to flutter
speed without wings, against frequency ratio, ε (r ¼ 0:8, g ¼ 0:01, ~ac ¼ 2:0,
~bc ¼ 0:1, ~Lc ¼ 1, ~mc ¼ 0:015).

Fig. 10. Flutter speed increase ratio, R, for damped system, wing mass

considered, against relative wing eccentricity, ~ac (r ¼ 0:8, g ¼ 0:01, ~bc ¼ 0:1,
~Lc ¼ 1, ~mc ¼ 0:015).
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again at the end of Section 4.6. Incidentally, a different tendency was
found with uncoupled torsional flutter, in which the relative flutter speed
increase due to the wings is larger the smaller the structural damping
(Starossek and Starossek, 2021).

4.4. Flutter versus torsional divergence

The results so far show a strong flutter speed increase provided by the
wings. Before continuing this discussion, torsional divergence shall be
addressed as it may become governing over flutter. In Fig. 9, four of the
curves of Fig. 6 are compared with corresponding curves that refer to the
divergence speed. The comparison is limited to one value of r, that is, r ¼
0:8. The curves adopted from Fig. 6 show the flutter speed increase ratio,
R, for a damped system when the wing mass is taken into account. The
other four curves represent the divergence speed according to Eq. (21)
divided, for sake of comparison, by the flutter speed of the damped
system without wings. The divergence curves for all values of μ nearly
coincide over a large range of ε. This is plausible from Eqs. (25) and (26):
when the flutter speed is approximated by Selberg’s formula, μ cancels in
the ratios represented by the curves. For μ ¼ 15, it is seen that divergence
becomes governing over flutter for all values of ε considered here. For
μ ¼ 25, it is governing for ε � 1:66, for μ ¼ 40, it is governing for ε �
1:32, and for μ ¼ 60, it is governing for ε � 1:23. It is concluded that the
strong flutter speed increase achievable by the wings cannot always be
fully utilized given that the divergence speed can become smaller than
the maximum achievable flutter speed. For economy, the flutter speed
should be raised to not more than the divergence speed. This is achieved
by reducing the otherwise sensible and possible values of parameters ~ac,
~bc, and ~Lc. The variability of these parameters is studied next.

4.5. Girder with full-length wings – variable wing eccentricity or width

Again, wings are added on both sides of the girder along its entire
length (~Lc ¼ 1). Fig. 10 shows the flutter speed increase ratio, R, for a
damped system (g ¼ 0:01) when the wing mass is taken into account
(~mc ¼ 0:015), similarly to Fig. 6 but now plotted against the relative
wing eccentricity, ~ac, for selected values of ε and μ and the fixed
parameter values r ¼ 0:8 and ~bc ¼ 0:1. All curves increase with ~ac and
end at a certain final value of ~ac, even if not visible within the ranges of ~ac
and R shown here. The curve referring to ε ¼ 1:3, μ ¼ 15, for instance,
ends at ~ac ¼ 1:47, R ¼ 3:15. For values of ~ac larger than the respective
final value, no flutter occurs. The flutter speed increases over-
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proportionally with ~ac. With an eccentricity of ~ac ¼ 1, a noticeable
flutter speed increase is achieved only for ε ¼ 1:3, μ ¼ 15. Thus, placing
wings directly above the edges of the bridge deck, as suggested by Rag-
gett (1987) and Liu et al. (2006), is mostly not worthwhile. From Figs. 9
and 10, values of ~ac can be determined for given parameters ε and μ so
that the flutter speed equals the divergence speed. For ε ¼ 1:3, μ ¼ 15, it
is seen from Fig. 9 that this condition is met when the flutter speed in-
crease ratio is 1.63. According to Fig. 10, this increase ratio is achieved
with ~ac ¼ 1:27. For ε ¼ 1:7, μ ¼ 15, both speeds coincide at a flutter
speed increase ratio of 1.40, leading to a corresponding relative wing
eccentricity of ~ac ¼ 1:57. Based on these considerations, and taking into
account previous design and cost studies for the wings and their support
structures (Starossek et al., 2018), a wing eccentricity in the range
1:5 ðor 1:3Þ � ~ac � 2:0 appears reasonable, where the lower limit 1:3
holds for ε � 1:3, μ � 15. When choosing ~ac < 1:5, costs tend to be
reduced under-proportionally because of the vertical offset of the wings
that is required anyway.

Fig. 11 shows the flutter speed increase ratio, R, for an undamped
system when the wing mass is neglected plotted against the relative wing
width, ~bc, for selected values of ε and μ and the fixed parameter values



Fig. 11. Flutter speed increase ratio, R, for undamped system, wing mass

neglected, against relative wing width, ~bc (r ¼ 0:8, ~ac ¼ 2:0, ~Lc ¼ 1).

Fig. 12. Flutter speed increase ratio, R, for damped system, wing mass

considered, against relative wing length, ~Lc (r ¼ 0:8, g ¼ 0:01, ~ac ¼ 2:0, ~bc ¼
0:1, ~mc ¼ 0:015).
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r ¼ 0:8 and ~ac ¼ 2:0. Similar characteristics as in Fig. 10 are present: the
flutter speed increases over-proportionally, although not always and to a
lesser degree, with ~bc, and the curves end at a certain value of ~bc above
which no flutter occurs (not shown). Again, values of ~bc can be deter-
mined so that the flutter speed equals the divergence speed. For ε ¼ 1:3,
μ ¼ 15, with the flutter speed increase ratio of 1.63 taken from Fig. 9 (an
approximation because Fig. 9 refers to the damped system), a relative
wing width of ~bc ¼ 0:038 follows from Fig. 11. For ε ¼ 1:7, μ ¼ 15, the
respective value becomes ~bc ¼ 0:053. In view of the large eccentricity of
~ac ¼ 2, such small values of ~bc may not be economical, and it seems
better to achieve a reduction of the flutter speed increase ratio in another
way than by reducing ~bc. For cost efficiency, a wing width should be
chosen that harmonizes with the wing eccentricity such as, for instance,
~bc ¼ ~ac=20.
4.6. Girder with variable-length wings

The flutter speed increase ratio, R, is now considered as a function of
the relative wing length, ~Lc, for selected values of ε and μ and the fixed
parameter values r ¼ 0:8, ~ac ¼ 2:0, and ~bc ¼ 0:1. Identical wings are
placed on both sides of the girder and they are centred in relation to
midspan. Fig. 12 shows the resulting curves for a damped system when
the wing mass is taken into account (g ¼ 0:01, ~mc ¼ 0:015). For small ε
and μ, the curves increase over-proportionally with ~Lc and end at a
certain value of ~Lc < 1 above which no flutter occurs (curve “ε ¼ 1:3,
μ ¼ 15” ends at ~Lc � 0:32, R � 3:43; curve “ε ¼ 1:3, μ ¼ 25” ends at
~Lc � 0:52, R � 3:48.). For the other values of ε and μ, the curves show a
more linear characteristic for up to ~Lc � 0:5 and then rise under-
proportionally approaching their respective final value asymptotically
at ~Lc ¼ 1.

When the flutter speed increase shall be reduced to bring it in line
with the divergence speed, it seems more sensible to achieve this by
decreasing ~Lc. For ε ¼ 1:3, μ ¼ 15, the associated flutter speed increase
ratio of 1.63 is achieved with a relative wing length of approximately
~Lc ¼ 0:20, as can be read off in Fig. 12. For ε ¼ 1:7, μ ¼ 15, the flutter
speed increase ratio of 1.40 is achieved with a relative wing length of
~Lc ¼ 0:33. For ε ¼ 1:3, μ ¼ 40, to give another example, the associated
flutter speed increase ratio of 1.76 (see Fig. 9) is achieved with a relative
wing length of ~Lc ¼ 0:67.

When ~Lc is 0 or 1, not only the girder but also the wing properties are
constant along the length of the girder and the vertical and torsional
9

vibration mode shapes of the model systems considered here correspond
to sine half-waves and hence coincide, not only in a vacuum but also
under the influence of motion-induced wind forces. Hence the flutter
speed could also be accurately determined by a generalized 2-DOF flutter
analysis using identical shape functions for vertical and torsional dis-
placements. This, in turn, corresponds to a 2-DOF flutter analysis in
which the parameters of Section 2 are used directly as generalized system
properties (Starossek and Starossek, 2021). It is of interest how the vi-
bration modes change for 0 < ~Lc < 1 (studied next) and to what extent
the accuracy of a 2-DOF flutter analysis is affected (examined in Section
5).

Fig. 13 shows the torsional component αðxÞ of the flutter mode shape
(eigenvector) for the parameter combination ε ¼ 1:3, μ ¼ 15, ~Lc ¼ 0:20
just addressed, where 0 � x � L ¼ position variable. The flutter eigen-
vector has been normalized so that the (non-dimensional) vertical
component hðxÞ=b at midspan is 1. The imaginary part of the vertical
component at other locations is very small (� 0.0004) so that the real
part and the absolute value of the vertical displacement function virtually
coincide. Furthermore, both functions are very close to a sine half-wave
(maximum difference� 0.0001). As seen in Fig. 13, the absolute value of
the torsional displacement function also closely resembles a sine half-
wave (maximum relative difference � 0.01). Nevertheless, the
torsional displacement function is now intrinsically complex, that is, it
can no longer be normalized to a real function, in contrast to a system
with ~Lc ¼ 0 or 1. This can be seen from the curve representing the
argument of the torsional displacement function, which is noticeably
variable and becomes (absolutely) larger at midspan. At all locations, the
torsional displacement lags behind the vertical displacement. However,
the aerodynamic damping produced by the wings is concentrated around
midspan and leads to a larger phase shift at this location. That the
torsional displacement function is intrinsically complex is also evident in
its real part, which, in contrast to the imaginary part, differs visibly from
a sinusoid. The curve representing the ratio of the absolute values of
torsional and vertical displacements also appears slightly variable. It
becomes greater at midspan, which is ascribed to the concentration of
wing mass around this location.

For larger ~Lc, retaining all other parameters, the peculiarities
observed in Fig. 13 becomemore pronounced. Fig. 14 shows the torsional
component αðxÞ of the flutter mode shape for ~Lc ¼ 0:32. As noted above,
this value approximately marks the end of the curve “ε ¼ 1:3, μ ¼ 15” in
Fig. 12 above which no flutter occurs. (The final value is actually
somewhat higher due to the chosen ~Lc increment; see below.) The same



Fig. 13. Torsional component of flutter mode shape for ε ¼ 1:3, μ ¼ 15, r ¼
0:8, g ¼ 0:01, ~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 0:20, ~mc ¼ 0:015.

Fig. 14. Torsional component of flutter mode shape for ε ¼ 1:3, μ ¼ 15, r ¼
0:8, g ¼ 0:01, ~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 0:32, ~mc ¼ 0:015.

Fig. 15. Complex eigenfrequencies against reduced wind speed, 1=k, for ε ¼
1:3, μ ¼ 15, r ¼ 0:8, g ¼ 0:01, ~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 0:20, ~mc ¼ 0:015.

Fig. 16. Complex eigenfrequencies against reduced wind speed, 1=k, for ε ¼
1:3, μ ¼ 15, r ¼ 0:8, g ¼ 0:01, ~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 0:32, ~mc ¼ 0:015.
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normalization is used as for Fig. 13. The imaginary part of the (non-
dimensional) vertical component is again very small (� 0.0005). The
real part and the absolute value of the vertical displacement function are
again close to a sine half-wave (maximum difference � 0.002). As
indicated by the curve showing the torsional displacement argument, the
phase shift within the torsional displacement is now rather strong. The
real part of the torsional displacement function is clearly indented at
midspan, which hints at a greater involvement of the 2nd symmetric
torsional vacuum mode (4th mode of vibration in vacuum). The curve
representing the ratio of the absolute values of torsional to vertical dis-
placements now becomes smaller, instead of greater, at midspan. This is
ascribed to the aerodynamic damping produced by the wings at this
location that mainly affects the torsional component (see Section 5) and,
due to the higher wind speed, has now become larger and outweighs the
effect of the wing mass. The larger aerodynamic damping of the torsional
motion component also explains why it has become smaller relative to
the vertical component, and its phase shift greater, compared to Fig. 13.

Concerning the curves in Fig. 12 that reach their final value at ~Lc ¼ 1,
the torsional components of the respective flutter mode shapes likewise
become intrinsically more complex with increasing ~Lc. However, this
tendency is reversed at a certain ~Lc so that the intrinsic complexity of the
torsional component finally disappears at ~Lc ¼ 1 (the torsional
displacement still lags behind the vertical one). Thus, it is found that for
0 < ~Lc < 1 the vertical and torsional components of the flutter mode
shape cease to coincide, independently of the girder and wing
parameters.
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Figs. 15 and 16 show the first four eigenfrequencies, ωi, plotted
against the reduced wind speed, 1=k, for the two cases just considered in
detail, that is, ~Lc ¼ 0:20 and ~Lc ¼ 0:32. The real parts, ω

0
i ½1 =s�, appear

above the zero line. Below the zero line, the logarithmic decrements, δi,
are shown, which, according to

δi ¼ 2π
ω00

i

ω0
i

(27)

arise fromand represent the respective imaginaryparts,ω00
i . For ~Lc ¼0:20,

the δ2 branch crosses the zero line at 1=k ¼ 3:6327 (Fig. 15). This crossing
marks the flutter condition. It is associated with ~ω ¼ ω

0
2
�
ωh

¼ 1:1187,

ζ ¼ 4:0640,R ¼ 1:6439, and thefluttermode shape shown in Fig. 13. The
ω

0
1 andω

0
2 branches approacheachother at around1=k ¼2. This approach

normally goes along with the zero crossing of the δ2 branch so that, nor-
mally, the flutter speed would be smaller. However, due to the aero-
dynamicdamping addedby thewings, the δ2 branch is pusheddownwards
so that the crossing shifts to a higher value of 1=k.

With ~Lc ¼ 0:32, the aerodynamic damping is further increased. While
the ω

0
i branches hardly change, the δ2 branch is further pushed down-

wards (Fig. 16). Consequently, its zero crossing shifts to the still higher
value 1=k ¼ 7:6308, associated with ~ω ¼ 1:1123, the much greater non-
dimensional flutter speed and flutter speed increase ratio, ζ ¼ 8:4874
and R ¼ 3:4332, and the flutter mode shape shown in Fig. 14. A second
zero crossing of the δ2 branch occurs at around 1=k ¼ 10:6. The
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corresponding wind speed is the upper limit of the critical wind speed
range. When comparing with Fig. 15, it is seen that the critical 1= k and
wind speed ranges become smaller when the wing length is increased.
When the wings are continuously extended further, the boundaries of the
critical range move towards each other, then merge into a point, which
finally disappears when the δ2 branch completely withdraws below the
zero line. The merged-point condition marks the wing length above
which no flutter occurs. Given the glancing intersection of the δ2 branch
and the zero line, a small increase of wing length above ~Lc ¼ 0:32 suffices
to reach the merged-point and no flutter conditions.

It is also seen that the δ2 branch has a positive curvature in the area of
zero crossings. This explains the over-proportional increase of the flutter
speed with ~Lc noted above for small ε and μ (Fig. 12). For larger values of
ε and μ, the aerodynamic damping provided by the wings is smaller,
relative to the internal system forces, so that even with ~Lc ¼ 1 the
aeroelastic system is far from a merged-point condition. The under-
proportional and asymptotical approach of the final flutter speed value
at ~Lc ¼ 1 noted for such parameter combinations can be explained by the
relative ineffectiveness of the wings at the girder ends, where both the
vibration amplitudes, and thus the damping forces generated by the
wings, and the effectiveness of these forces are small. These relationships
are reflected in Eq. (35), the generalization formula given below for
taking into account the wing length.

The above explanations based on the positive curvature of the δ2
branch and the merged-point condition equally apply to the over-
proportional increase of the flutter speed with damping in general and
~ac and ~bc in particular and the ending of the respective curves at a certain
value above which no flutter occurs, as noted in Section 4.5.
4.7. Cost efficiency and design

In light bridges with small torsional-to-vertical frequency ratio (μ ¼
15, ε ¼ 1:3) and streamlined deck, a flutter speed increase ratio of 1:64 is
achievable with wing parameters ~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 0:20, as
shown in Section 4.6. This is a higher flutter speed increase at a smaller
wing length than found previously in (Starossek et al., 2018) for a heavier
bridge and wing parameters ~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 0:50. For the latter
wing parameters, the cost of wings and support structures was estimated
on the basis of detailed engineering design studies. The cost relative to
the cost of bridge deck and cables was found to be 2:5% for a bridge with
a mass ratio of μ ¼ 20 (Starossek et al., 2018). On this basis, the relative
cost associated with wing configuration ~ac ¼ 2:0, ~bc ¼ 0:1, ~Lc ¼ 0:20 is
estimated at ð0:20=0:50Þ �ð20=15Þ �2:5% ¼ 1:3% for a bridge with the
above considered parameters (μ ¼ 15, ε ¼ 1:3). The flutter speed in-
crease achieved with this expenditure is 64%. In bridges that are heavier
or have a larger torsional-to-vertical frequency ratio, the cost efficiency is
smaller but can still be competitive.

The basic design of the wings is defined by the choice of the three
parameters ~ac, ~bc, and ~Lc, when it is assumed that a symmetric wing
configuration with identical parameters on both sides of the bridge deck
is chosen. The optimum choice of these parameters depends on the
properties of the bridge, that is, on parameters ε, μ, and, to a lesser extent,
r, and g, and on the aerodynamic contour of the bridge deck. The influ-
ence of the bridge parameters is reflected in the results presented here,
which are valid for bridges with streamlined deck. For bluff bridge decks,
the intrinsic flutter speed of the bridge is usually smaller and hence the
flutter speed increase ratio, R, obtainedwith the samewing configuration
is expected to be higher. The wing design also depends on the required
flutter speed, which in turn will usually not be chosen higher than the
divergence speed.

A cost-efficient design should take into account the sensitivity of
flutter speed and cost to the design parameters. The sensitivity to ~ac is
over-proportional concerning both flutter speed and cost. The influence
of ~bc on the flutter speed is over-proportional, although not always and to
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a lesser degree. Its influence on the cost is expected to be linear or under-
proportional. That being said, it seems sensible to choose a wing width
that harmonizes with eccentricity. The influence of ~Lc on the flutter speed
is over-proportional for small ε and μ. Otherwise it tends to be linear up to
~Lc � 0:5. Furthermore, the gradient of the reduction factor F determined
below by the generalization formula Eq. (35) as function of ~Lc becomes
smaller than 1:0 for ~Lc > 0:50, meaning that a further increase in wing
length is accompanied by a comparatively smaller increase of wing
effectiveness. The influence of ~Lc on the cost is linear.

Based on these considerations, the following design strategy is sug-
gested. The relative wing length is set to ~Lc ¼ 0:50. The relative wing
eccentricity, ~ac, and the relative wing width, ~bc, are determined such that
the required flutter speed is achieved, keeping these two parameters at a
fixed ratio of ~bc=~ac ¼ 0:050. In these calculations, the structural damping
is set to g ¼ 0:01 (or ξ ¼ 0:5%) and the wingmass to ~mc ¼ 0:015 � ~bc=0:1.
If the ensuing ~ac is less than 1.5 (or 1.3 for small ε, μ, that is, ε � 1:3,
μ � 15), the process is repeated with smaller ~Lc. If ~ac is greater than, say,
2.0, it is repeated with larger ~Lc. The entire analysis is redone for another
width-to-eccentricity ratio of, say, ~bc=~ac ¼ 0:075. Preliminary designs
and cost estimates are performed and the final wing parameters are
chosen.

The wings thus defined are centred in relation to the peak positions of
the respective mode shapes to achievemaximum effectiveness. In a three-
span suspension bridge, this is the centre of the main span when flutter is
governed by lowest symmetric modes of vibration, and the quarter points
of the main span when flutter is governed by lowest antisymmetric
modes.

5. Two-degree-of-freedom flutter analysis

The question was raised in Section 4.6 as to what extent the accuracy
of a 2-DOF flutter analysis is affected by the wing properties not being
constant along the length of the girder when 0 < ~Lc < 1 and the
dissimilarity of the vertical and torsional vibration mode shapes that
arises in such a case. To clarify this question, 2-DOF flutter analyses are
performed for a few selected cases. The underlying theory is presented in
(Starossek and Starossek, 2021). The definitions of Section 2 are adopted.
The non-stationary aerodynamic coefficient functions given in Theo-
dorsen (1934), Starossek (1992) are used for the girder. The
motion-induced wind forces on the wings and the wing mass are taken
into account by modifying the input to a conventional 2-DOF flutter
analysis program. In contrast to the above MDOF flutter analyses, the
motion-induced wind forces on the wings are not taken into account by
using Theodorsen’s aerodynamic coefficient functions but assuming
quasi-stationary potential flow past a thin flat plate. The error resulting
from this simplification is negligible (Starossek and Starossek, 2021).

Accordingly, the rotational structural damping, gα ¼ g, is increased
by an aerodynamic damping contribution, gα;c, produced by the wings.
The wingmass,mc, is considered by including it inm and I. The wings not
extending over the full length of the girder (0 < ~Lc < 1) is taken into
account by multiplying the mass and aerodynamic damping contribu-
tions of the wings by a reduction factor, F. When identical wing config-
urations are present on both sides of the girder, the modified input data
are obtained from the following expressions.

ωh ¼ωh

	
1þ 2~mcF


� 1
2

(28)

ωα ¼ωα

�
1þ 2~mc~a

2
cF

�
r2
�� 1

2

(29)

ε¼ωα

ωh
¼ ε

�	
1þ 2~mcF


��
1þ 2~mc~a

2
cF

�
r2
��1

2

(30)
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μ¼ μ
	
1þ 2~mcF



(31)

r¼ r
ε
ε

(32)

gh ¼ gh ¼ g (33)

gα ¼ gþ gα;c; gα;c ¼ 4~a2c~bcF
ε2μ r2

�


ω
�
ωh

�2
k

¼ 4~a2c~bcF
ε2μr2

� ~ω
2

k
(34)

Hence the structural damping of vertical motion input quantity, gh,
remains unchanged. The reduction factor results from generalization of
the actual system and reads

F¼
R xb
xa
sin 2ðπx=LÞdxR L

0 sin 2ðπx=LÞdx
¼ ~Lc þ 1

π
sin π~Lc (35)

where x ¼ position variable, xa ¼ starting position of wing, xb ¼ end
position of wing. A sine half-wave is selected as shape function in the
generalisation, which corresponds to the flutter mode shape of the
considered simply supported girder if ~Lc ¼ 0 or 1. The final term in Eq.
(35) results from centring the wings in relation to midspan. The reduc-
tion factor is 1 for ~Lc ¼ 1. Eq. (34) contains the reduced frequency, k, and
either the circular flutter frequency, ω, or the non-dimensional flutter
frequency, ~ω, which are unknown at the beginning of the calculation.
Hence the 2-DOF analysis procedure described here requires iteration.

A 2-DOF flutter analysis is performed for a parameter combination
already studied in Section 4.6:

ε¼ 1:3; μ ¼ 15; r ¼ 0:8; g ¼ 0:01 (36)

~ac ¼ 2:0; ~bc ¼ 0:1; ~Lc ¼ 0:20; ~mc ¼ 0:015

The reduction factor according to Eq. (35) is F ¼ 0:38710 and the
modified input data according to Eq. (28) and Eqs. (30)–(34) are

ωh ¼ 0:9942
1
s
; ε ¼ 1:2625; μ ¼ 15:174; r ¼ 0:8238

gh ¼ 0:01; gα ¼ 0:01þ 0:038175 � ~ω
2

k

(37)

The following results are obtained in the last iteration step.

gα ¼ 0:19062 ⇒ k ¼ 0:25896; ~ω ¼ 1:1069; ζ ¼ 4:2744

⇒ gα ¼ 0:19062 (38)

The more accurate results obtained from MDOF flutter analysis were

k¼ 0:27528; ~ω ¼ 1:1187; ζ ¼ 4:0640 (39)

Hence the 2-DOF flutter analysis overestimates the flutter speed by 5.2%.
When ~Lc is increased, retaining all other parameters, the inaccuracy of

the 2-DOF analysis likewise increases, always overestimating the flutter
speed. For ~Lc ¼ 0:28, the error is 29.0%. For ~Lc ¼ 0:32, the iteration of
the 2-DOF flutter analysis procedure does not converge to a finite solu-
tion, in contrast to the MDOF flutter analysis that yields a high but finite
flutter speed (see Section 4.6). The growing error is attributed to the
increasing deviation of the torsional component of the flutter mode shape
(Figs. 13 and 14) from the vertical component and from the sine half-
wave shape function used in the generalization – explicitly for the
wing-produced forces, Eq. (35), and implicitly for the other forces. The
increasing deviation, in turn, results from the wing properties not being
constant and hence a concentration of wing-produced damping forces
over a certain length at midspan, which directly only affect the torsional
motion component and grow with wind speed.
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6. Conclusions

The flutter speed of a bridge can be raised by wings that are eccen-
trically attached to the bridge deck. The flutter speed increase depends
on the wing configuration and on the properties of the bridge. It is
highest for light bridges with small torsional-to-vertical frequency ratio.
For certain bridges and wing configurations, the flutter speed can be
more than doubled or flutter can be suppressed entirely by the wings. The
cost associated with a flutter speed increase of 64% was found to be as
small as 1:3% of the cost of bridge deck and cables. The wings do not
need to extend over the full length of the bridge and can be placed where
they are most effective – a freedom of design not available in the twin
deck concept. The results presented here are valid for bridges with
streamlined deck. The flutter suppression effectiveness and cost effi-
ciency of the wings are expected to be higher for bridges with bluff deck.

The influence of the wing eccentricity on the flutter speed is found to
be over-proportional. The influence of the wing width is partly over-
proportional. For both parameters, upper limit values exist above
which no flutter occurs. The influence of the wing length on the flutter
speed is strongly over-proportional for light bridges with small torsional-
to-vertical frequency ratio. In these cases, upper limit values exist above
which no flutter occurs so that the maximum possible flutter speed is
achieved with wing lengths smaller than the bridge length. In other cases,
the maximum flutter speed is approached asymptotically when the wing
length approaches the length of the bridge. When the wing mass is taken
into account in the analysis, the flutter speed increase due to the wings
can be lower or higher, depending on the bridge and wing parameters.
For the parameter space considered here, the maximum reduction is 8%.
The reasons underlying all these phenomena were discussed.

Based on these findings and on cost considerations, a strategy for the
cost-efficient choice of the eccentricity, width, and length of the wings for
achieving a required flutter speed is suggested. The required flutter speed
will usually not be chosen higher than the critical wind speed for
torsional divergence. Because of this, the otherwise achievable maximum
flutter speed increase often cannot be utilized to the full.

The numerical results presented here are obtained bymulti-degree-of-
freedom (MDOF) flutter analysis. Additionally, generalized two-degree-
of-freedom (2-DOF) flutter analysis is performed and the results are
compared to those of the MDOF analysis. This allows conclusions about
the validity of the 2-DOF generalization in case the wing length is less
than the bridge length.
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