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Keywords: Variational autoencoders and Helmholtz machines use a recognition network (encoder) to
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some necessary and some sufficient properties of a recognition network so that it can model the
true posterior distribution exactly. These results are derived in the general context of probabilistic
Variational autoencoder graphical modelling / Bayesian networks, for which the network represents a set of conditional
Generative model independence statements. We derive both global conditions, in terms of d-separation, and local
Recognition model conditions for the recognition network to have the desired qualities. It turns out that for the local
conditions the perfectness property (for every node, all parents are joined) plays an important role.

1. Introduction

A generative model is a set of probability distributions that models the distribution of observed and latent variables. Generative
models are used in many machine learning applications. One is often interested in inferring the latent variable on the basis of
an observation, i.e. obtaining the posterior distribution. For complex generative models it is often hard to calculate the posterior
distribution analytically. The field of variational Bayesian inference [18] studies different ways of approximating the true posterior.
One approach within this field is called amortised inference [7]. This approach distinguishes itself through using one set of parameters
for recognition that is optimised over multiple data points. This can be contrasted with “memoryless” inference algorithms, such as
the message passing algorithm [15,3], which finds a separate set of parameters for every data point. Both the variational autoencoder
(VAE) [8] and the Helmholtz machine [4] are examples of amortised inference. In their most general form, these consist of a Bayesian
network that is used to model the generative distribution. A second network, called the recognition model, is used to model the
posterior distribution. Both these networks have the same set of nodes, namely the union of the observed and latent variables. In the
generative network the arrows point from the latent to the observed nodes but in the recognition network it is the other way around.
The recognition network is therefore in some sense an inversion of the generative network. In many applications, one simply reverses
the direction of the edges of the generative network to obtain the recognition network. However, as the simple example in Fig. 1
shows, this does not guarantee that the recognition model is actually able to model the true posterior distribution of the generative
model. In this paper, we establish some necessary and some sufficient properties of the recognition network such that we do have
this guarantee. We first discuss these properties in terms of d-separation, subsequently in terms of perfectness, and finally in terms
of single edge operations using the Meek conjecture [13].
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Fig. 1. Pair of DAGs G (left) and G’ (right) where G’ is obtained by reversing the direction of the edges in G. The variables z,, z, represent the latent variables and x
the observed variable. The distribution p such that z/, z, are independent Bernoulli(0.5) and x =z, + z, mod 2 can be modelled by G, but the conditional distribution
Pz, ,|x cannot be modelled by G'.

In practice, one often puts further restrictions on the probability distributions the networks can model. For example, the distribu-
tion of an individual node can be required to be Gaussian. The mean (and variance) are in this case a function of the values of the
parent nodes. We discuss the case of a restricted set of probability distributions in the last part of the results section.

The question of finding a sparse G’ that can approximate the posterior distribution of the generative model well is also studied
from a more practical perspective, using methods from machine learning. One can use a sparsity prior when determining the recog-
nition model, to encourage that only the edges really necessary for modelling the posterior are added. Lowe et al. [12], Louizos
et al. [11], Molchanov et al. [14] present several approaches.

Markov equivalence is a property of a pair of Bayesian networks that indicates that they encode the same set of conditional inde-
pendence statements [17,6]. A generalisation of this, which we will call Markov inclusion, is when the set of conditional independence
statements encoded in one graph is a subset of the conditional independence statements encoded in the other graph [1]. We will
see in Proposition 1 that the results in this paper can also be viewed as describing under which conditions one Bayesian network is
Markov inclusive of another.

Webb et al. [19] deal with a closely related problem. They present an algorithm for inverting the generative network that gives
a recognition network with the desired properties. While the present article also deals with the algorithmic aspects, it puts more
emphasis on the conditions for the recognition network to have the desired properties. The authors were unaware of the publication
[19] prior to the acceptance of the present paper.

1.1. Example

Before giving a formal definition of the problem, we illustrate the topic of this paper by an intuitive example that provides context
for the rest of the paper. Consider the generative model for diseases and their symptoms in Fig. 2. Our goal is to find a model to

flu hayfever

Fig. 2. Example from [9].

perform inference on this generative model, i.e. to find the posterior distribution P(diseases | symptoms). Naively, one could reverse
the edges of the generative model to obtain the recognition model in Fig. 3.

flu hayfever

Fig. 3. Recognition model obtained from reversing the edges of the generative model.

It is clear that when someone is congested, whether or not they have muscle pain affects the likelihood of that person having
hayfever. If someone is congested and also has muscle pain, the congestion is more likely to be caused by the flu. On the other hand,
the absence of muscle pain would make it more likely for the congestion to be caused by hayfever. This dependence is however
not captured in the graph in Fig. 3, because no information can flow from muscle pain to hayfever. By adding an edge between
muscle pain and hayfever, or between flu and hayfever, this dependence can be captured. (Fig. 4.)
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( flu ). ....... )( hayfever )
T

Fig. 4. Recognition model with optional arrows in red to capture the dependence between muscle pain and hayfever.

2. Notation
2.1. Graph theory

For a comprehensive overview of the theory and terminology of probabilistic graphical models, we refer to [10,3,16]. We define
a graph G to be a pair G = (N, E) where N is a non-empty finite set of vertices or nodes and E C N x N such that (s, s) ¢ E for all
s € N. A graph H = (A, E) is called a subgraph of G if Ac N and E c E and we write H C G. For a subset A C N, the vertex-induced
subgraph of G is denoted G[A] and is given by (A, E[A]), with E[A] = {(s,t) € E : s,t € A}. When both (s,7) and (¢, s) are in E, we say
that there is an undirected edge between s and 7. When (s,7) € E and (1, s) ¢ E we say that there is a directed edge going from s to ¢ and
write s — t. We say that a graph is directed if all edges are directed.

In the following we let G = (N, E) be a directed graph. We say that two vertices 5,7 € N are joined if there is an edge between
the two. A set of vertices is called complete if all pairs of its elements are joined. A path in G from s to ¢ is a sequence of distinct
nodes s = u, ...,u, =1 such that (u;,u,,,) € E for all i € {0,...,n — 1}. A cycle is a path of length n> 1 with the modification that the
end points are identical. We say that a graph is acyclic if it does not possess any cycles. A directed graph which is acyclic is called a
directed acyclic graph, or DAG.

In the following we let G = (N, E) be a DAG. A trail from s to ¢ is a sequence of distinct nodes s =u, ..,u, = such that (u;,u;,,) € E
or (u;,1,u;) € E or both, for all i € {0,...,n — 1}. Note that movement along a trail could go against the direction of the arrows, in
contrast to the case of a path. A loop is a trail of length n> 1 with the modification that the end points are identical. If (s,7) € E we
call s a parent of ¢ and ¢ a child of s. The set of parents of a node ¢ is denoted pa;(¢) and the set of children of a node s is denoted
chg(s). Anode t # s is called a descendant of s if there exists a path from s to 7. The set of descendants of a node s is denoted des(s).
The set of non-descendants of s is given by N \ ({s} Udesg(s)) and is denoted by nd;(s). G is called perfect if for all s, the set pag(s)
is complete. We let Leaves(G) = {s € N : ch;(s) =@} be the set of nodes without children, and Roots(G) = {s € N : pa;(s) = #} be the
set of nodes without parents (see Fig. 5). For e = (s,7) € E, let e* = (t,5), E* = {e* : e € E}, G* =(N, E*) the graph G with its edges
reversed, E~ = EU E*,G~ = (N, E™) the skeleton (i.e. undirected version) of G, and EI;(G) ={(t;,,) : 3s € N,1;,1, € pag(s)},GM =
(N,E~vU EpNa(G)) the moral graph of G, which is the skeleton of G, with extra (undirected) edges between all parents of every vertex
in G.

For a trail y = (uy, ..,u,), we let y* = (u,,...,uy) be its reversed version, and (y,s) = (ug,..,u,.s) for s ¢ y such that (u,,s) € E or
(s,u,) € E be its prolongation. Now let y; = (uy,..,u,) and y, = (v, ..,v,,) be trails such that u, = v,. We define y =y,;7, to be the
concatenation of y, and y, such that y = (u, ..., u;, s, 0;, ..., v,,), with s the first node in y; which belongs to y; Ny,. Let y = (4, .., 4,) be
a trail and ; a node on this trail that is not one of the endpoints, i.e. 0 <i < n. u; is called a v-structure if u;_; - u; < u;,. y is said to
be blocked by S c N if y contains a vertex u such that either: (a) u € .S and u is not a v-structure; (b) » and des;(v) are not in .S and
u is a v-structure. Note that when one of the endpoints of the trail is in .S, the trail is definitely blocked, since endpoints can never
be v-structures. Let A, B, S C N (not necessarily disjoint). A, B are said to be d-separated by S if all trails from A to B are blocked by
S and we write A L; B|.S. A topological ordering of G is an injective map O : N — {1,...,|N|} that assigns to every node a number
such that, if two nodes are joined, the edge points from the lower to the higher numbered node, i.e. (s,7) € E implies O(s) < O(1).
When 5,7 € N are such that O(s) < O(r) we say s is older than ¢, and 7 is younger than s. Given a topological ordering O, the set of
predecessors of a node s, denoted pr®(s), is the set of all nodes with a lower topological number,! i.e. pro(s)= {t € N : O@t) < O(s)}.
Note that, although desg(s) N prO(s) = @, the set pr®(s) in general depends on the choice of topological ordering (see Fig. 6).

2.2. Probability on graphs

Consider a DAG G = (N, E). To every node s € N we associate a measurable space (X, X;). The state spaces are either real finite-
dimensional vector spaces or finite sets and to each measurable space we associate a (¢-finite) base measure u, which is typically the
Lebesgue measure or counting measure respectively. For a non-empty? subset A C N we let X, = X, , X, be the Cartesian product of
the individual X and X, = @ 4 X, be the product c-algebra. We write (X, X) = (X, Xy) and assign to this space the base measure
U = Q,cn My, Which is the product measure. In this paper, we consider probability distributions P over the space (X, X). For every
se N we let X : X — X, be the random variable projecting onto the individual spaces, and similarly X, = (X|),c4 and X = Xy. A

1 Note that some authors define the set of predecessors to be the set of nodes with a lower topological number in all possible topological orderings.
2 When A =¢ we let X; = {()} be the space containing only the empty sequence and X = {f, X} be the trivial c-algebra. X, is simply given by the constant map
Xy X3 x> () €Xy. See [16] Section 2.1 for details.
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} Roots(G)

} Leaves(G)

Fig. 5. Different subsets of N for a graph G.

typical element of X, is denoted x; with x, = (x,) _, and x = (x;)
Ae iy,

- We write P, for the distribution of X, on (X,,X,), i.e. for

PAA) =P (X)) = P(AxXy\4) 6y

For A,C C N, we say that amap K : X, x X — [0, 1] is a Markov kernel if

A K (Ax¢) is a probability measure on X, for all x. € X, 2)
xe K (A xc) is X--measurable for all A€ X,. 3)

Furthermore, we say that K is a (regular) version of the conditional probability of A given C if it is Markov kernel and for all Ae X,,C €
Xc

Py (A><C)=/K (A,xc)dPe (x¢) 4
[}

holds. It can be shown that in our setting, one can always find such a Markov kernel that is unique P.-a.e. [5]. We therefore also
denote such a Markov kernel by P4 c. For A, B,C C N we say that A is conditionally independent of B given C and write A 1L B| C if
for every A€ X, and B € X

Piupic(AXB|x)=Pyc(Alx)- Pyc(Blx) Pc-ae. 5)

For s € N, a kernel function will be a map k*(-|) 1 X;X Xy,.(5) = Ry such that for all xp, o) € X5

/k“ (xslxpads)) dug (xg) =1. (6)

A probability distribution P is said to factorise over a DAG G if it has a density p w.r.t. the product measure y and there exist kernel
functions (k*),cy such that

P = [T K (%o ) @)
SEN
We denote the set of probability distributions on X that factorise over G by P¢. Now let A ¢ N be such that its parents are themselves
in A. A Markov kernel K : Xy 4 x X, — [0,1] is said to factorise over a DAG G if there exist kernel functions (k*),cny 4 such that for
every x, € X,, K ((-),x4) has a density p ((-)|x4), such that

plomalxa) = TT ¥ (51600 ) ®)

SEN\A

We denote the set of such Markov kernels by K€.
3. Problem statement

Goal I Given a DAG G = (N, E), find a DAG G’ = (N, E') such that Roots(G’) D Leaves(G) and for every P € PY, there exists a
K € K¢ that is a version of the conditional distribution Pr\Leaves(G)| Leaves(G) -

It turns out (Proposition 1) that this goal is equivalent (up to edges in G’ between nodes in Leaves(G)) to the following goal:

Goal II Given a DAG G = (N, E), find a DAG G’ = (N, E) such that P¢ > PG and the parents in G’ of the nodes in Leaves(G) are
themselves in Leaves(G).

Note that even though the parents in G’ of the nodes in Leaves(G) are themselves in Leaves(G), it is not necessarily the case that
Leaves(G) are oldest in every topological ordering of G’. See Fig. 6 for an example. However, there exists a topological ordering of
G’ for which the nodes in Leaves(G) precede the other nodes if and only if the parents in G’ of the nodes in Leaves(G) are themselves
in Leaves(G).
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oo o
e

Fig. 6. Pair of DAGs G, G’ that satisfy the second requirement of Goal II, but for which there exists a topological ordering of G’ (the one on the right) that does not
reflect this.

G G’ G

In the remainder of the paper, we will focus on Goal II. Moreover, we sometimes impose the following extra condition:

G' > G*. 9

It can be argued that this is a natural condition since it enforces that the hierarchical structure of the generative model G is preserved
when finding a suitable G’. Furthermore, note that G* satisfies the requirement that the parents in G* of Leaves(G) are themselves in
Leaves(G).

4. Preliminaries

Lemma 1. Let G = (N, Eg), H = (N, Ey;) be DAGs such that Eg C Eyy. Then P¢ c PH,

Proof. Since pag(s) C pay(s) for every node s, a density that can be written as [], k* (xS|xpaG(s)> can also be written as

H: kS (xsleﬂH(5)>' O

Lemma 2. (Theorem 5.14 in Cowell et al. [3]) Let G be a DAG with a topological ordering O©. For a probability distribution P on X, the
following conditions are equivalent:

i) PePC,
(ii) for all sets A,B,S C N suchthat A L; B|S we have A 1L B|S w.r.t. P,

(iii) for all s we have s 1L nd;(s) | pag(s) w.r.t. P,
(iv) for all s we have s L pr9(s) | pag(s) w.r.t. P.

Corollary 1. Let O, ® be two topological orderings of G. If P satisfies property (iv) of Lemma 2 w.r.t. 9, then the same is true for O.

Proof. Note that (i) — (iii) of Lemma 2 are independent of the topological ordering. Therefore we have the following implications:
for all s we have s 1L pr9(s) | pag(s) w.r.t. P = P € P¢ (with topological ordering @) => P € P¢ (with topological ordering &)
= for all s we have s 1L pr9(s) | pag(s) w.r.t. P. [

5. Results
5.1. Equivalence of two goals

Proposition 1. Let G be a DAG. The following statements hold:

(a) Let G’ =(N, E') be a DAG that satisfies Goal I and let O' be a topological ordering of G'. Then G’ = (N, E' U Ep g5 ), With Ejgqe =
{(s,1) : 5,1 € Leaves(G),O'(s) < O' (1)} satisfies Goal II.

(b) Let G’ =(N, E') be a DAG that satisfies Goal I. Then G’ = (N, E' \ Ey oy ), With Ey e = {(s.1) € E' : 5,1 € Leaves(G)} satisfies Goal
L

The proof of this proposition is based on the following lemma, in which G plays the role of G’ in the proposition.

Lemma 3. Let P be a distribution on X that has a density p w.r.t. p.

(a) Let G = (N, E) be a DAG with topological ordering O, A C Roots(G), and H = (N,E U EA), with E, = {(s.1) : 5,1 € A,O(s) < O®)}. If
there exists a Markov kernel K € K that is a version of the conditional distribution P\ ajas then P e PH,

(b) Let G=(N, E) be a DAG, A C N such that the parents of nodes in A are themselves in A, and H = (N, E\ EA) JEg={(s,) EE : 5,1 €
A). If P € PC, then there exists a Markov kernel K € K" that is a version of the conditional distribution Py 4.

5
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Proof. (a) Suppose K is a version of Py 44 and K € K. We need to show P € P7. We can write p as follows:

P(X)=p(xpalxa)p(xa)s (10)
where p (x Malx 4) is the density corresponding to K [5]. From the fact that K € £¢ we know

P (XN\Ale) = H k' (Xslxpac(s)>‘ (11)

SEN\A

Since all the nodes in A are joined in H we have

p(xs) =[] (xx|xpaH(s>). (12)

SEA

Combining the above gives

px)= H Kk (xslxpag(S)) seHAks <x5|xPﬂH(S)) 13

sEN\A
=TT (%0 14)
SEN

and therefore P € PH.
(b) Now suppose P € P¢ and x € X such that p (x,) > 0. We can write

p(x) = H k* (xslxpaG(s)) as)
SEN
= H k* (xslxpac(s)) H k* (xslxpa(;(s)> 16
sEN\A SEA
= H Kk (xslxpa,,(x)) H Kk (xxlxpag(s)) ’ a7
SEN\A SEA

where we can switch from pag to pay in the third equality because there are only edges removed between nodes in A to obtain H.
From the definition of A it follows that pag(s) C A for all s € A, hence, [],c, k* (xslx ) =p(x,). Dividing by p(x,) on both sides
gives

pag(s)

p(xN\Ale)= H K (xxlxpa”(s)). (18)
SEN\A
We know that there exists a Markov kernel K that is a version of the conditional distribution of N \ A given A and that this kernel
has density p (x malx 4) [5]. Equation (18) shows that the density factorises and therefore K € KH. [

5.2. Conditions in terms of d-separation

Necessary and sufficient conditions for our goal can be deduced from the following theorem:

Theorem 1. Let G = (N, E),G' = (N, E’) be DAGs, with O’ a topological ordering for G'. The following statements are equivalent:

@) P9 > PO,

(ii) For all sets A, B,.S C N such that A L; B|S, we have ALl; B|S,
(iii) For all s € N, we have s L; ndg (s) | pag:(s),
(iv) Forall s€ N, we have s Lg; pr© (s) | pag: (s).

Proof. (i) = (ii) (by contradiction) Suppose there exist A, B, S such that A Ly B| S, but A £; B|S. From equation (5.7) in Cowell
et al. [3] we know that there exists a P € P¢ for which A /L B|S. This violates (ii) of Lemma 2 and therefore P ¢ 25

(i) = (i) Let P € PG, We need to show P € PS'. From (i) = (ii) in Lemma 2 we know that A 1L; B|S => A 1L B| S for P.
Combining this with the assumption A L; B|S = A Ll; B|S gives ALy B|S = A 1L B|S. This means that P satisfies (ii) of
Lemma 2 w.r.t. G’ and therefore P € P9,

(i) < (iii) and (i) < (iv) can be shown in a similar way. []

5.3. Conditions in terms of perfectness
A sufficient condition for our goal can be deduced from the following theorem:

Theorem 2. Let G =(N, E),G' =(N, E’) be two DAGs. If G’ contains a subgraph H such that H is perfect and its undirected version H~
contains the moral graph GM, then P’ > PG,
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G G

Fig. 7. Pair of DAGs G, G’ that satisfies Goal II but G’ does not satisfy the condition in Theorem 2. One can check that P9 > P¢ by verifying that Condition (iv) of
Theorem 1 is satisfied for all nodes.

Proof. Let P € PY. By Lemma 5.9 from Cowell et al. [3] we know that P factorises undirectedly® over the undirected graph GM and
thus over any undirected graph L = (N, E;) containing GM. From Proposition 5.15 in Cowell et al. [3] we know that P factorises
(directedly) over any perfect directed graph H such that H~ = L. Thus, P € P¥, and by Lemma 1, P € PG . Therefore when H~ > GM
we have PG’ > PH 5 PG, g

From this theorem we can conclude that if we reverse all the edges of G, fix a topological ordering such that Leaves(G) are oldest,
and then add edges consonant with this topological ordering until both G’ is perfect and G’~ > GM, we obtain an inverse of G that
satisfies our goal. The example in Fig. 7 shows however that the condition that G’ needs to contain a perfect subgraph H such that
H~ > GM is not a necessary condition.

We do have the following necessary conditions on the graph G’ to satisfy our goal:

Theorem 3. Let G, G’ be DAGs. If G’ is such that PS¢’ > PC and G’ > G*, then G'~ > GM and for every s in N, the vertex-induced subgraph
G'[{s} Udes(s)] contains a perfect subgraph H,, such that HY D GM[{s} Udesg(s)].

This theorem is based on the following two propositions. We will first prove both propositions and then show how Theorem 3
can be obtained from it.

Proposition 2. Let PS5 PG and G' > G*. Then G'~ > GM.

Proof. Let 1,1, € pag(s) such that ¢; and 1, are not joined in G and assume WLOG O'(1,) < @'(t,). Assume for a contradiction that
1, & pag (t;). By Condition (iv) of Theorem 1 we must have that ¢; L t,| pag:(t,). However, since G’ O G*, we know s € pag (1))
Furthermore, s is a v-structure on the trail #,,s,#, in G. Therefore this trail is unblocked by pag(;) and we arrive at a contradiction.
Thus, necessarily 1, -, in G'. [

Proposition 3. If PG 5 PG, G’ 5 G*, and |Roots(G)| = 1, then G’ contains a perfect subgraph H such that H~ 5> GM.

Proof. Our approach will be to construct a subgraph H of G/, by starting from G* and iteratively adding edges. We show that every
edge in H is also in G’ and that the end result is both perfect and such that H~ > GM.

Construction of H

Let O’ be a topological ordering of G’. We use an iterative process H; = (N, E;) such that H y, = H. We start from H_; = G*.
Then we join all parents of the same node in G according to O’ to obtain H,. In every subsequent step we join the parents in H; of
the (i + 1)th youngest node according to . Formally this procedure can be defined as follows:

E_ =E* (19)
Ey=E_jUE, (5 (20)
Ei :EiUEpaH,(r,)’ for0<i<[N|-1, @D

with,
Epai)={(11:12) : 3s € N such that 1,,1, € pag(s) and O’ (1;) <O’ (1,) } (22)
Epay () = { (t1.12) © 11,12 €pagg (r;) O (1) <O (12)} (23)
r; € N such that @ (r;) = |N|—i. 24

See Fig. 8 for an example.

3 For a definition of this type of factorisation see Section 5.2 of Cowell et al. [3].



J. van Oostrum, P. van Hintum and N. Ay

H;

International Journal of Approximate Reasoning 164 (2024) 109042

Q
Q

H, H

Fig. 8. (1%t row) Example pair of DAGs G, G’ satisfying the requirements of Proposition 3. The fact that 7¢' 5 P¢ can be checked by verifying that Condition (iv) of
Theorem 1 is satisfied for all nodes. (24 and 3" row) Example course of the inversion procedure (19)-(24) for the pair G,G’ depicted in top row. H_, is the version
with the edges of G reversed. In H, edges E,, , for joining the parents in G are added. For H,,,,i >0 the parents in H; of r; are joined, by adding Epuyy (1) O the
edge set. Note that because the parent set of r; in H; for i >2 is already complete, no new edges are added in H;, H, and Hs.

H_, is a subgraph of G’

This follows directly from the fact that G’ > G*.

H, is a subgraph of G’

This follows from Proposition 2 and the fact that both H, and G’ are consonant with ©'.

H,,, is a subgraph of G’ for 0<i<|N| -1

Lemma 4. Let PS¢ 5 PG, G' 5 G*, |Roots(G)| = 1 and @ a topological ordering for G'. Now let r,u,v € N such that @' (v) < O'(u) < @' (r)

and r - vin G. Then, v > u in G'.
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G

Fig. 9. Illustration of Case 2 in the proof of Proposition 3.

Proof. Let ry be the youngest node in @' and y, be a path from r to u in G. Since O'(u) > @’ (v) we know v & y,. Now let y, be a path
in G from r, to r. Since @' (u) < O'(r) we know u & y,. Now let y = 153 (1, 0) be a trail in G from u to v. Since there are no v-structures
on this trail and all nodes except v are younger in @' than u it follows from property (iv) of Theorem 1 that v must be a parent of u
inGg. O

Suppose (1,,1)) € Ey i)
Case 1: There exists a 0 5}' <i such that rp—t in G.

This follows straight from Lemma 4 by setting r =r;,u=t,,0=t,.

Case 2: Forall0< j<iwehaver; /1, inG.

See Fig. 9 for an illustration. Let k =min{0 < j <i : (t,,r;) € E;}. Note that (r,1,) € E, follows from the definition of k by contradic-
tion. The definition of H|, implies the existence of s with 7, - s < r; in G. The application of Lemma 4 with r :=r;,u=¢; and v=s
gives s € pag(f;). Assume 1, 4 t; in G’ for a contradiction.

We let y; be a path in G from r, to 1, y, a path in G from r, to r, in G, and y =yJ;y, the concatenation of the reversed y, and
7,- Note that the trail ((y, s),?,) is not blocked by pag(t,), since for the only v-structure (r;,s,t,) we have s € pag (t;), and all other
nodes on the path, except for 1,, are younger than ¢, in @’'. However, by Condition (iv) of Theorem 1 we know that this trail must be
blocked and we arrive at a contradiction. Therefore we conclude #, — ¢, in G'.

ie. 1;,1; €pay,(r;) and O'(1,) < O'(1). We need to show that 1, — ¢, in G'. We distinguish two cases:

H is perfect
By adding the set EpaH, (rp to the edge set, we join all the parents of r;. After this step, no new parents of r; are created. We
perform this step for every i € {0,...,|N| —1}. Since {r; : i=0,...,|N| -1} = N, the end result is perfect.

H"~ contains GM
This is ensured by adding the set E, ). O

Remark 1. Note that from the proof of Proposition 3 it follows that the steps in the procedure described in (19)-(24) are actually
necessary for obtaining a graph L that satisfies the following conditions:

® PLoPY,
(i) L>G*,
(iii) @ is a topological ordering for L.

This means that the end result H of the procedure will be a subset of any other graph L satisfying conditions (i)-(iii). By Theorem 2,

H is also sufficient for satisfying these conditions. Furthermore, any other minimal inversion of G can be obtained by using the same
procedure (19)—(24) but instead of (@' fixing a different topological ordering that is compatible with G*.

Remark 2. Since any perfect graph with a single leave has a unique topological ordering,* it follows from the proposition that any
DAG G’ for which there exists a DAG G such that P¢' 5 PG, G’ 5 G* and Roots(G) = 1, has a unique topological ordering as well.

Lemma 5. Let G, H be DAGs and A C N. If G, H are such that P¢ c P¥, then the same holds for the vertex-induced subgraph of both
graphs: POLAl ¢ pHIAL

4 This follows from the fact that every node has a unique youngest parent, and the single leave is the unique youngest node of the graph.
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Proof. Let Oy be a topological ordering for H and Oy, a topological ordering for H[A] that preserves the order of Oy and
assume that G, H are such that P¢ c PH. By Condition (iv) of Theorem 1 we need to show that for all s € A we have s Loa
proHial(s)| pag4)(s). Therefore let s € A and 1 € prOH141(s) for which there exists a trail y in G[A] from s to 7. We need to show that
this trail is blocked by pag4;(s). Since Condition (iv) of Theorem 1 holds for the original graphs G and H, we know that this trail
must be blocked by pay(s) in G. This implies that at least one of the following conditions must hold:

(i) There is a v-structure v on the trail such that neither v nor its descendants in G are in pag(s).
(ii) There is a node u on the trail that is not a v-structure and is in pag(s).

Since pay4)(s) C pag(s) and desg4)(v) C desg(v), the first condition remains valid. In case of the second condition, since all nodes on
the trail are in A, u must also be in pag4;(s). Therefore, if the trail is blocked by pag(s) it is also blocked by pay4(s). [

Proof of Theorem 3. The first part of the theorem follows directly from Proposition 2. Note that by Lemma 5, PG 5 PG implies
PC'lisiudes(s)] 5 pGlisiudesg()] for any s € N. Since s is the unique root for G[{s} U desg(s)], we know from Proposition 3 that this
implies that G'[{s} U desg(s)] contains a perfect subgraph H,, such that H; > GM[{s} Udesg(s)]. [

In practice, the inverse G’ is often obtained by simply inverting the edges in G. In this case we have the following necessary and
sufficient condition to satisfy our goal.

Theorem 4. Let G,G’ be DAGs. If G’ = G*, then: P¢' > PG < pa(s),chg(s) are complete for all s € N.

Proof. (<) If pag(s),chg(s) are complete for all s € N and G’ = G* this implies that G’~ > GM and G’ is perfect. The result now
follows from Theorem 2.

(=) The fact that the parents much be complete follows from Proposition 2. Now assume by contradiction that there exists an
s € N such that u;,u, € chg(s) are not joined. Consider the distribution P € P¢ such that X, «, and X, are equal to X, and all other
nodes (including X itself) are independently distributed. Since P must factorise over G’ we can write its density p as

p(x) = H K (xslxpaG,(S)) . (25)

SEN

Since u; and u, are both independent of their parents in G’, their kernels will be simply of the form k*! (xu1 ) k2 (xm ) respectively.
This however implies that u; and u, are themselves independent which contradicts the construction of P. []

Corollary 2. Let G be a DAG. P¢ = PG if and only if pas(s) and ch(s) are complete for all s € N.

Proof. This follows from twice applying Theorem 4 for G = G and G = G* respectively and noting that completeness of pa;(s) and
chg(s) implies completeness of pag-(s) and chg«(s). [

5.4. Conditions in terms of single edge operations

This paper discusses results related to the inversion of Bayesian networks in the sense of Goal II. In the proof of Proposition 3, we
suggested an algorithm for inverting G, that starts by reversing all edges of G at once and then add edges where necessary. In this
section we are looking at obtaining an inverse of G by reversing the edges one by one, and potentially adding edges where necessary,
based on a classical result often called Meek conjecture® stated below. An edge (s, 1) is called covered when pag() =pag(s)U {s}. Note
that reversing a covered edge preserves acyclicity of the graph.

Meek [13] states the following conjecture:

Theorem 5 (Meek conjecture). Let G = (N, E) and G' = (N, E') be DAGs. PG’ 5 pG if and only if there exists a sequence of DAGs H,,...,H,
such that H; =G’ and H,, = G and H,,, is obtained from H; by one of the following operations:

(a) covered edge reversal,
(b) edge removal.

This result suggests the outline of an algorithm for the inversion of a Bayesian network G. This algorithm starts with G=L,. L,
is obtained from L; by performing the inverse of operation (a) or (b), i.e. going from L, to L; can be done by applying operation
(a) or (b). Since a covered edge remains covered after reversal, this operation is equal to its inverse. The inverse of removing an edge
is simply adding an edge such that acyclicity is maintained. The goal is to reverse all edges present in G without adding parents of
Leaves(G) that are not themselves in Leaves(G).

5 It should be maybe more appropriately called Meek-Chickering Theorem, since it was proved in Chickering [2].

10
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G G'

Fig. 10. Pair of graphs G,G’.

5.5. Restricting the set of possible kernel functions

The results derived in the above discuss the question what conditions G’ must satisfy such that for every P € P9, K¢’ contains
a version of the conditional distribution Py caves(c)|Leaves(c)- Here it is implied that we allow for all possible kernel functions £° in
the definitions of ¢ and K¢. In practice, however, restrictions are often put on the space of possible kernel functions. A common
choice [8] is to allow for only Gaussian kernel functions, of the form

1 2
K (g1 pa(s)s 05 ) o exp (—5 (”9; (Xpacs)) —xs) ) (26)
Ho, (*pacs)) =f< Z e(s;t)xt>» (27)
tepa(s)

with f some fixed possibly nonlinear function, and parametrised by the vectors 6, = {6,,) € R : t € pa(s)}. We will now investigate
which results remain valid for the restricted case. Given a subset R of kernel functions, we will denote the restricted spaces of
probability distributions and Markov kernels factorising over G by P¢, IC(; respectively. Before we dive into the results for general
restrictions, we start by examining the case where R is the set of Gaussian kernel functions defined above. Consider the pair of graphs
G, G’ in Fig. 10. It is clear that this pair of graphs satisfies our original Goal 1. However, when we restrict to the set Gaussian kernel
functions, we are no longer able to model the posterior distribution exactly, as we will show now. Consider the distribution in Pg
given by

X, ~N(©,1) (28)
X~ N (7 (X,).1). (29)

If the distribution P,
function of x,

;s would be in lcg, we would need that the joint density of X,, X, satisfies the following proportionality as a

p(x;,xg) exp(—ax,2 + bx,), (30)

where only b may depend on x,. Working out the actual joint density gives
1
P, X) eXP(—E(x,Z L) + X, f(x) +x2)). (31)

We can conclude that we only have that P, € IC%’ if f is a linear function.® From this example, we can conclude that the conditions
that were sufficient for the unrestricted case, are in general not sufficient in the restricted case.

Now we look at the validity of the presented results under some general restrictions laid on the class of all kernel functions, i.e.
R can be any subclass of kernel functions. We start with the equivalence of the two goals, Proposition 1. Recall that the proposition
shows that finding a G’ such that PG 5 PG and all parents in G’ of nodes in Leaves(G) are themselves in Leaves(G), is both a
necessary (statement (a)) and sufficient condition (statement (b)) to satisfy Goal L. It is easy to see that statement (b) is still valid for
the restricted case, i.e.it is still a sufficient condition. However for (a) we used that when all the nodes in Roots(G) are connected,

any density function can be written as p (Xgoos(6)) = [seroots(e) &° (Xs |x ) This is no longer the case when we restrict the space

pag(s)
of possible kernel functions. We have that the condition is only necessary if for every P € Pg, the marginal distribution P qye56)
factorises over a complete DAG of the leaves of G. A slightly weaker necessary condition for Goal I still holds in general, namely that
for every subset .S C N \ Leaves(G) we need that Pg’[s ) Pgm.

For Theorem 1, note that conditions (ii) — (iv) only relate to the graph structures of G and G’. Therefore these conditions will still
be equivalent for the restricted case. The implication (ii) = (i) does not hold in general, which was exemplified by the Gaussian
kernel functions above. The implication (i) = (ii), on the other hand, does still hold, under the extra assumption that the restriction
R is such that for any graph G, for all A,B,S C N such that A L; B|S, thereisa P& Pg for which A /L B|S. We will sketch how
this assumption is satisfied for the Gaussian kernel functions described above. Let A, B,S C N such that A L, B|S. This implies
that there is a trail y = (u,...,u,) in G from uy =a € A to u, = b € B that is unblocked by .S. We assume that the descendants of the
v-structures on this path do not intersect the trail. If this is the case we replace the part of the original trail between the v-structure

® Note that this remains true even when we loosen the restriction and allow ICZ‘ to use a different function f, e.g. f= /.
i

11
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and the intersecting node by the trail going via the descendants of the former v-structure and keep doing this until all these type of
v-structures are removed. Now let 6, ;) = 1 for all s =u;,t =u; with u;,u; € y,u; € pag(y;),|j —i| =1 and all s, subsequent descendants
of a v-structure on the trail and zero otherwise. It can be shown’ that for this distribution a fL b |.S and therefore A }. B|.S. With
this extra assumption we will now show (i) = (ii). Suppose A, B,.S C N such that A L B|S. This implies that for all P € Pg,,
we have A 1L B|.S. Now suppose by contradiction that A £; B|S. By the assumption, there must bea P € Pg for which A IL B| S,
which would contradict (a). Therefore A L; B|.S which shows (i) = (ii).

Theorem 2 is only a sufficient condition which is, by the Gaussian kernel function example, not sufficient any more in the
restricted case. Theorem 3 on the other hand is only a necessary condition. The proof of this theorem only uses the necessity of the
conditions in Theorem 1 which we showed above are still valid in the restricted case. We conclude that therefore Theorem 3 also
still holds in the restricted case.

To conclude this section we summarise the results for the restricted case. We saw that we only have a slightly weaker necessary
condition for Goal I, namely that for every subset .S C N \ Leaves(G) we need that Pg/[s] ) Pg[s]. Necessary conditions for this latter
condition are then provided by Theorem 1 and 3, which are still valid for the restricted case.

6. Conclusion

In this paper, we introduce some necessary and some sufficient conditions for the recognition network to be able to model the
exact posterior distribution of a generative Bayesian network. In case that the generative network has a single root, the necessary
and sufficient conditions coincide. However, for multiple roots there is still a gap between both conditions.

6.1. Further study directions

A further direction of study could be to find a single necessary and sufficient condition for the general case.
Another interesting question is the following: “What is the smallest number of edges in an inversion G’ of G?”. Using the results on
single edge operations, one could try to find an algorithm that finds an optimal inversion of G.
It is generally believed that the recognition network needs many edges to make exact modelling of the posterior distribution possible
(Welling, personal communication, 2022). Therefore, the number of edges in the recognition network will be reduced to make it
computationally efficient. In practice, this approximation does not seem to affect the quality of the inference. This phenomenon
remains poorly understood, but very relevant to the computational side of machine learning.
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