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ARTICLE INFO ABSTRACT

MSC: Many problems in engineering involve the analysis and model-based control of nonlinear
46G25 systems. Often a tradeoff exists between the fidelity of the model and the computational
47H60 complexity of analysis and design algorithms. Multilinear models offer significant advantages in
Keywords: this regard since they can be represented as tensors which enables efficient representation and
Polynomial models computation, even in high-dimensional settings. This paper deals with the multilinearization
Linear transformation of polynomial models through linear transformation. We are able to provide a comprehensive
Multilinearization

analysis for the case of two variables. For the higher dimensional case, we propose partial
solutions which exploit our results for the two-dimensional case. We perform theoretical runtime
analyses of the resulting algorithms which we also illustrate through numerical results.

1. Introduction

Many problems in engineering involve the analysis and control of nonlinear systems. Often a tradeoff exists between the fidelity
of the model and the computational complexity of analysis and design algorithms. Multilinear models offer significant advantages
in this regard. They can be represented as tensors, which enables the use of tensor decomposition methods. This allows for efficient
representation and computation, even in high-dimensional settings, while still maintaining the ability to capture essential nonlinear
dynamics [1].

In this work, we focus on higher order polynomial models. The following example shows that certain polynomial models can be
represented as multilinear ones after applying a linear state transformation.

Example 1.1. Consider a system of ordinary differential equations given by the polynomial model

X = Zx% + X1 X9 + Xq,

Xo = —4x§ — 2X1X9 + Xo.
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Application of the linear transformation of variables

(-G D) = ()-GO ()= DE)

to the model results in a multilinear model in the transformed variables,

£ _ (1 0\ /x)_(1 O 2x%+x1x2+x1
%) \2 1) \x) \2 1) \-4x3 —2x1% + x,
_(1 0 252 + %1 (=251 + %) + X3
2 1) \-482 - 2% (=2%; + X5) — 2% + X,

(R + 3%y

Such a transformation has the advantage that the transformed model is easier to simulate and analyse while the original dynamics
of the model are preserved. The central problem that will be addressed in this work is the following:

Problem 1.2 (Vector-valued Polynomial Multilinearization Problem). Given a (vector-valued) multivariate polynomial function
g : R" > R" with n € N, decide whether there exists an invertible linear transformation T € R"™" and a (vector-valued) multilinear
function f : R" - R" such that

f(x)=Tg(T 'x) forall x € R". o

In particular, we will address the following questions:

(a) (How) can we characterize the set of polynomial models that can be transformed into multilinear models via linear state
transformations?

(b) If there exist solutions to Problem 1.2, are they unique?

(c) If there exist solutions to Problem 1.2, how can they be computed (efficiently)?

The multilinearization of polynomial models through linear state transformations intersects several areas of existing research,
yet we are not aware of any prior work that addresses our specific Problem 1.2 and the approach we present for its solution.

We will review some related work from the literature before summarizing our own contributions. The relevant literature can be
categorized into two main groups: approximation-based multilinearization methods in the area of control theory, and exact algebraic
methods for polynomial equivalence in the area of computational algebra and cryptography.

Multilinear Approximation of Nonlinear Models: Kruppa et al. [2] address the multilinearization problem through an approximation
framework that fundamentally differs from our exact approach. They approximate a given nonlinear model by a multilinear model
using projections which minimize the approximation error in a suitable norm. Their approach is broader in scope in the sense that
they consider general nonlinear functions while we focus on polynomial functions. In contrast to our approach, their method is
of approximate nature. Thus, the resulting multilinear function is not guaranteed to preserve the exact dynamics of the original
model. While the technical details of their projection-based method differ significantly from our transformation approach, their
work validates the importance of multilinear models. In particular, they expand the class of models that can be approximated in
multilinear form which allows for the application of tensor decomposition methods.

The Polynomial Equivalence Problem: Another related area of research is the so-called Polynomial Equivalence Problem from the
fields of computational algebra and cryptography. This problem was first introduced by Patarin [3] and its linear variant is defined
by Faugére and Perret [4] as follows:

Problem 1.3 (Polynomial Equivalence Problem). Given two polynomials g, 4 : " — F” with n € N and a finite field I, decide whether
there exist invertible linear transformations T, S € " such that

g(x) = Th(Sx), for all x € F".

This problem differs in three key aspects from our Problem 1.2. The first and foremost difference is that in Problem 1.3, two
polynomials g and 4 are given, and the unknowns are the linear transformations T and S. In our Problem 1.2, only g is given, and the
unknowns are the transformation T and the multilinear function f. Secondly, Problem 1.3 allows for two distinct transformations
T and S whereas we require S = T~! and hence are looking only for a single transformation T. Lastly, Problem 1.3 is defined over
finite fields F while our work considers real-valued functions.

A different version of the polynomial equivalence problem has also been studied by Kayal [5]. They consider only homogeneous
polynomials and target specific multilinear functions (so-called elementary symmetric polynomials) while our problem considers
general polynomial functions and the class of all multilinear functions. Furthermore, in their work they only consider scalar-valued
polynomials while we consider vector-valued polynomial functions. They provide a randomized algorithm that solves their version
of the polynomial equivalence problem.

In this paper, after laying the groundwork by giving all necessary definitions and notations in Section 2, we will make the
following contributions towards the solution of Problem 1.2:
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(a) In Section 3, we provide a full analytical treatment of the bivariate case (» = 2) which includes results on existence, uniqueness
and the computation of solutions.

(b) We extend those results in Section 4 to polynomial models arising from multilinear functions transformed by block diagonal
matrices as well as briefly discuss the general n-variate case.

(c) In Section 5, we develop algorithms for bivariate polynomial systems as well as for polynomial systems arising from
multilinear functions transformed by block diagonal matrices. We analyse and test the runtime of these algorithms for
randomly generated polynomial functions.

2. Preliminaries

In order to rigorously describe and analyse the Problem 1.2 of multilinearizing polynomial models by linear state transformations,
we now introduce the relevant definitions and terminology.

Definition 2.1 (Monomial, Degree). For n € N and a multi-index a = (ay, ..., a,) € N/, i.e.,, an n-tuple of non-negative integers, an
n-variate monomial is a term of the form

a_ o, % %
XY =xtoxyt e xy

The total degree of a monomial is defined as |a| = a7 + -+ + a,,.

Definition 2.2 (Polynomials and Multilinear Polynomials). Let n € N.
(i) An n-variate polynomial g(x) over R is a linear combination of monomials with coefficients in R. We write

g(x) = 2 7 x* 7w, €R.

n
ueNO

(ii) For a given polynomial g, we call z, the coefficient of the monomial x* and {r, e R|a € Ny the (set of) coefficients of g.
The degree of g, denoted as deg(g), is defined as the maximum total degree of its monomials with nonzero coefficients. The
degree of the zero polynomial, which has all coefficients equal to zero, is defined to be —1.

(iif) We say that a polynomial g is multilinear if for all « € Nj with z, # 0, it holds that max;_; _, ¢; <1, i.e., in all the monomials
x* of g, the exponents a; are at most 1 for i =1,...,n.

(iv) The set of all n-variate polynomials with coefficients in R is denoted by R[x] = R[x, ..., x,].

When writing polynomials, we order their monomials according to the total degree ordering (also called graded lexicographic
order, or grlex). Further details about monomial orderings can be found, for example, in [6, Chapter 1].

Definition 2.3 (Total Degree Ordering). Let x* and x”, where a, § € N, be two monomials. We write x* > x# if either

1. |a| > |p], or
2. |a| = |p| and there exists i € {1,...,n} such that @; > §; and a; = §; for all j <.

The following example illustrates Definition 2.3.

Example 2.4. For a =(2,3,1), f =(3,1,1), there holds

%xgx3 > x‘;szx?, =x’

since |a| = 6 > 5 = | f|. Furthermore, for @ = (2,1,2), f = (1,2,2) there holds

x* =x

2. .2 2.2 _ f
1X2X5 > X1X5x3 =X

Xd =X
since |&| = |f| =5 but & > f;.
We write polynomials with monomials ordered from largest to smallest in this sense.
In the remainder of this work, we will primarily consider vector-valued polynomial and multilinear functions defined as follows.

Definition 2.5 (Polynomial, Multilinear and Affine Functions). Let n,m € N.
(i) Let g; ..., g, be n-variate polynomials. We call a function g : R” — R™ defined by
81(%1, %5 -5 X)
gx) = :
Em(X1, X9, v s Xy)
a vector-valued polynomial function. We define the degree of g as deg(g) := max;_; _, deg(g)).

@) If g;.89,....8, are in particular multilinear polynomials, then the function g defined as above is called a vector-valued
multilinear function.
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(i) If g1,89.....8, are in particular polynomials of degree at most 1, then the function g defined as above is called an affine
function.

For brevity, we will refer to vector-valued polynomial and multilinear functions simply as “polynomial” and “multilinear
functions” and use the same symbol as for polynomials, i.e., g instead of g. We typically denote general polynomial functions
by the symbol g and multilinear functions by f.

We next define polynomial and multilinear models as well as linear (state) transformations of such models.

Definition 2.6 (Polynomial and Multilinear Models). Let n € Nand x : I C R - R", 1  x(t) = (x1(), ..., x,()) be a differentiable
function. Let g : R” — R”" be a polynomial function. A system of autonomous ordinary differential equations (ODEs) of the form

Lx(0) = (x(0)

is called a polynomial model. If g is in particular a multilinear function, then the system is called a multilinear model.
We usually write polynomial models as x = g(x) and multilinear models as x = f(x). The variable x is commonly referred to as
a state of the model.

Remark 2.7. According to Kruppa et al. [2], one can express multilinear models as a contracted tensor product
x = (F|M(x)),

with a the so-called state transition tensor F and the so-called monomial tensor M (x).

Definition 2.8 (Equivalence of Systems). Let h,h : R" — R”, n € N, be continuous functions, and consider the two systems of ODEs
x=hx), ¥=Dhy).
Then we define the following.

(i) A continuously differentiable function x : I C R — R” is called a trajectory of the system x = h(x) if it is a solution of the
ODE.

(ii) The systems x = h(x) and y = A(y) are topologically equivalent if there exists a homeomorphism @ : R” — R” (i.e., a bijective,
continuous map whose inverse is also continuous) that maps trajectories of one system onto trajectories of the other.

Even though it would be possible to consider any homeomorphism @ to transform polynomial models into multilinear ones, in
this work we focus on the class of homeomorphisms given by linear transformations.

Definition 2.9 (Linear State Transformation). Let T € R"*", n € N, be an invertible matrix. The transformation
T:R'">R", x-x:=Tx,
is called a linear state transformation (or simply linear transformation). The matrix T is called the transformation matrix.

While we primarily consider polynomial models over R, i.e., f,g : R" — R”, all definitions in this section extend naturally to
the complex setting f,g : C" — C".
Problem 1.2 now arises as follows: Given n € N and a polynomial model with a polynomial function g : R” — R”,

X = g(x), (2)
the goal is to find a linear state transformation 7' : R"” — R” with an invertible transformation matrix T € R™" such that, under

X :=T(x)=Tx, 3)
the polynomial model (2) is transformed into a (topologically equivalent) multilinear model

X=f(® @
with a multilinear function f : R" — R". Substituting (3) into (4), we obtain the equality

J®=TogoT™'(®) ()
which leads directly to Problem 1.2 and (1).
Remark 2.10. Since T is invertible, we can write (1) equivalently as

gx) =T (Tx). (6)
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3. The bivariate multilinearization problem

In this section, we derive necessary and sufficient conditions for the existence of transformations that solve Problem 1.2 in the
bivariate case (n = 2) and discuss their uniqueness. In doing so, we provide an analytical approach to the problem of transforming
polynomial models into multilinear ones via linear state transformations for models with two state variables. This low-dimensional
setting allows for explicit computations and helps us gain insight into the structure of the problem. We will see that the problem
can be reduced to finding the common roots of two sets of two quadratic polynomials. Solutions are found to be only unique up to
a certain equivalence and it is possible to compute necessary and sufficient conditions for their existence.

3.1. Bivariate models

Let n = 2. Then a general multilinear model with multilinear function f : R? — R? can be written as

(&N o)) ) )
X1\ _ o (*1) o [ Pratr¥et @ipXn t @ X2t g
Xy
(i)

2 2 2 2

X2/ \@fxixa +ofgx + wi)fxz +om)
Here we have (x,x,)" € R? with coefficients qo ) € R where a € Nz is a multi-index and the superscript i € {1,2} in ¢,  indicates
the equation in which the coefficient appears. In this two- dlmenslonal setting, an invertible transformation matrix T is a 2 x 2

matrix
t t
T= < 11 12> c R2¥2
o1 122

where det(T) = t11t99 — 12797 # 0.

Since (1) and (6) are equivalent, we can get an idea of which polynomial functions have a chance to be transformed into a
multilinear function by plugging both the general two-dimensional multilinear function f (7) and the transformation matrix T
into (6). The resulting g contains expressions that if expanded only contain monomials of degree at most two. This means that, in
the two-dimensional case, it is not possible to linearly transform a polynomial function with polynomials of degree larger than two
into a multilinear function. Hence, any bivariate polynomial function g for which Problem 1.2 is solvable has the form

(7)

<x1> <x1> (71:;)) % + zr(l)xlxz + zr(()lz) g + n(l)xl + ﬂ(l)xz + zr(l)) ®
. =8 =

(2), .2 2) (2) x2 2) (2) (2)
X2 X2 Too X7 + 7 X1 X + T, X5 + T Xy + T xo +

In this section, unless stated otherwise, we therefore assume that any polynomial function g : R? — R? has degree less than or
equal to two and can be written as in (8).

Remark 3.1. We define the polynomial and multilinear models, as well as the transformation matrix, only for real numbers, as
this is our main focus. However, these definitions can be easily extended to the complex case which becomes relevant later on in
this section.

With a bivariate polynomial g of the form (8), we can plug a transformation matrix T into (5) and explicitly compute the
coefficients of f. Using the shorthand D = det(T) # 0, we obtain

= (1™ ._ o, (p1 =(T11 T12> (l(’zz —’12> <x1>>
o <f2(x)>’ g (1) i 122) S\D \=t 11 ) \xz

with
1 1 1 a
f1(x) =11 [71'( )+ D~ n( )(tzle —1t19%9) + D 17r(()1)(—t21x1 +111X5)
= 1
+D 2(”11 (tapx1 = 119X0) (=191 X1 +111%2) + ”;0)022’(1 —112%5)
1
7, )(—121x1 + tnxz)z)]
@, p-1,@ _ D122
+ t1a[7gy + D7 Al (taax1 — 112%0) + 7F ( 121%1 +111X2)
= 2
+D z(ﬂll (topX1 — t2X2)(=1g1 X1 +111X2) + ﬂ;(,)(tzle — t9x,)?
(2) 2
+75 (<121 %7 + 111%2)) |
and

1 1
Sax) =ty [”( )+ D" ﬂ( )(lzle —112%) + D! 7f (—121X1 +111%2)
- 1
+D 2(”11 (tapx1 = 112X0) (=191 X1 +111%2) + ”;0)022)(1 —112%5)
(¢Y] 2
7, (—t1 %1 +111X2)7)]

(2)

2
+t22[7r + D™ 71'( )(tzle—t12x2)+D 7r (—t21x1+111x2)

2 2
+D~ (7711 (ta2x7 — 112Xx2) (=121 X1 +111%3) + ﬂzo)(tzle —112X2)
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2
+a5 (~tg1 %7 + 111%9)%)].
The function f will be multilinear if and only if the coefficients of the monomials x% and x% are equal to zero. This leads to the
following Eqs. (9a), (9b) for the coefficients of xf, x% in f;, and Egs. (9¢), (9d) for the coefficients of xf, x% in f,, respectively,

(1) 1) .2 (1) (2) (2),2 (2)

11100 155 + 7y 151 = 71y o ta) + 12T U + Ty ) = 7y t21122) = O, (9a)
W2 702 @2 7@

111 (7 13y + 75 31 = w1 11 110) + (e 12, + 7o 13, — 7\ 11112) = (9b)
(1) 1) .2 ( ) (2),2 (2) —

191 (Tyq 15 + 7y 15, = 11’21t22)+t22(”20 52 T 70y 131 = My Tartag) =0, (99)
W2 W2 1 Oz 47D

’21(”20 12t Pop 111 — 7y f1ti2) + 1o (g 175 + 7oy 11y — Ay nt2) = (9d)

The structure of these Egs. (9) suggests the possibility of a further simplification, namely that Eqs. (9a) and (9¢) can be written
as a linear systems of equations,

(1) 2 1) 12 1)
(’11 f12> ( 20722 T %oz ' _”11’21’22> _ <0> (10)
(2),2 (2),2 (2) ’

fa1 122 To0 oo T g lay — Fp 21722 0

=T

and similarly for (9b) and (9d). This leads to the following proposition.

Proposition 3.2. Let a polynomial function g : R* — R? as in (8) be given. Then a transformation T satisfies the Egs. (9) if and only if
T satisfies the Egs. (11),

Ty 150 + 7y 131 = 7y 1125 = O, (11a)
Ty 15y + My 13y = T3 o112 = O, (11b)
g;ffz + ,,(()12>t11 - ”;1)t11t12 =0, (11¢)

Ty 13y + Moy 15y = w3 ity = 0. (11d)

In particular, a matrix T € R?>*2 solves Problem 1.2 if and only if T satisfies (11) and det(T) # 0.

Proof. The statement follows from Egs. (10) together with the assumption that T is invertible. []

3.2. Uniqueness of solutions

Next, we discuss the uniqueness of solutions to Problem 1.2 for bivariate models. The following proposition immediately allows
us to draw conclusions about the uniqueness of solutions. In addition, it provides a tool to further simplify (11), enabling a more
detailed analysis.

Proposition 3.3. Let A, u € R and let D = diag(4, u) € R?? be a diagonal matrix. Furthermore, let P € R?*2 be a permutation matrix
and let f : R%2 - R? be a multilinear function. Then the functions f : R2 — R2 and f : R? — R2 defined by

fx) := f(Dx) and f(x) := f(Px) for all x € R?

are multilinear. In other words, scaling and permuting the variables of a multilinear function preserves its multilinearity.
Proof. The claim follows by direct computation. []

Corollary 3.4. Let g : R2 — R? be a polynomial function and let T € R®*2 be a solution to Problem 1.2. Furthermore, let A, u € R\ {0}
and let D = diag(4, u) € R®2 be a diagonal matrix and P € R?*? be a permutation matrix. Then the matrices DT and PT are also solutions
to Problem 1.2.

Proof. Let f(x) := Tg(T !x) be multilinear and let D and P be as above. Since A, u # 0, the matrix D is invertible and P is invertible
as a permutation matrix. Thus also DT and PT are invertible. Using Proposition 3.3, we have that the functions f(D~1x) and f(P~1x)
remain multilinear. Since multiplying a multilinear function by a matrix preserves multilinearity, the function

f®) :=Dfd'x)
is multilinear. For this multilinear f, it holds that
Fx) =Df (D x) = DTg(T~'D~'x) = DTg((DT) 'x).

Hence, the matrix DT solves Problem 1.2. The same argument applies to PT. []
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Corollary 3.4 in particular shows that for a given solution T, any matrix M that can be written as a product of an invertible
diagonal matrix D and a permutation matrix P has the property that MT is again a solution to Problem 1.2. Hence, solutions to
Problem 1.2 are not unique. We call such matrices scaled permutation matrices.

Definition 3.5 (Scaled Permutation Matrix). A matrix M € R?*2 is called a scaled permutation matrix if it is the product M = DP of a
diagonal matrix D = diag(4, #) € R¥? with A, 4 € R\ {0} and a permutation matrix P € R?*2,
We next establish equivalence classes of solutions to Problem 1.2 based on their relation via scaled permutation matrices M.

Definition 3.6 (Equivalence of Solutions). Let T,T € R?*? be solutions of Problem 1.2. We say T is equivalent to T, denoted by
T ~ T, if there exists a scaled permutation matrix M such that T = MT. We denote the equivalence class of T by [T].

Proposition 3.7. The relation ~ in Definition 3.6 is an equivalence relation.

Proof. The statement follows from the fact that scaled permutation matrices are invertible and that the product of two scaled
permutation matrices is again a scaled permutation matrix. []

Remark 3.8. Definitions 3.5 and 3.6 as well as Corollary 3.4 and Proposition 3.7 can easily be extended to n-variate models. The
proofs are analogous.

By Corollary 3.4 we may, without loss of generality, restrict our search for solutions to Problem 1.2 to a special type of matrix.

Proposition 3.9. Let T € R¥? be an invertible matrix. Then there exists a scaled permutation matrix M € R?*? such that T := MT is of
the form

Proof. Let T € R?*? be an invertible matrix. It holds that det(T) = t11195 — t15t5; # 0. Hence, t1119, and t15t5; cannot both be zero
at the same time. If 71,799 # 0, we define

L 0
(7 2)
22

which is a scaled permutation matrix that yields
1 h2
1 9 1 2
To=mr=(m ) (M n2)-( 0 oa).
0 —/\ta 12 21
%) 22

Similarly, if #1515, # 0, we define M by
o L 1 9 0 1
- 1 )= 21
M: <L 0) (0 L><1 o)' =
12 12
—_—

Combining Propositions 3.2 and 3.9 yields the following

Proposition 3.10. The matrix T = 11 t12> solves Problem 1.2 for a given polynomial function g : R? — R? of the form (8) if and
21
only if the following three conditions are satisfied:

@) det(T) # 0.
(i) The entry t5, of T is a common root of the polynomials p; and p, defined by

1 1 1

p1(x) = IF(()Z)XZ - n(ll)x + ”;0)’ (12a)
2 2 2

po(x) i= ﬂéz)xz - zr;fx + ”;0)' (12b)

(iii) The entry t,5 is a common root of the polynomials q; and ¢, defined by

1 1 1

a1 ) =5y - 2Dy + ), (13a)
2 2 2

qs(y) = 7t;0)y2 - ﬂil)y + 71'(()2). (13b)

Remark 3.11. In Proposition 3.10, we set the diagonal entries of T equal to one since it simplifies solving the nonlinear equations
(11) to finding common roots of two quadratic polynomials in (12) and (13). However, if it turns out that a resulting solution T is
poorly conditioned, Corollary 3.4 allows us to diagonally scale T to obtain a possibly better conditioned solution.
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Remark 3.12. In Proposition 3.10 we allow the roots x* and y* to be complex numbers. Thus, the resulting transformation matrix
T is complex-valued if the polynomials have complex common roots. In this case, the transformed function f(x) = Tg(T~1x) is a
multilinear function from C? to C? even if g is a polynomial function from R? to R2.

We return to Example 1.1 and illustrate the results of Proposition 3.10.

Example 3.13. Let g : R2 - R? be the polynomial function from Example 1.1. In order to find a linear transformation matrix T
such that f(x) = Tg(T'x) is multilinear, we need to find common roots of the pairs of polynomials p;, p, and ¢;, g5, defined in (12)
and (13), which in this example are:

P(x) i==x4+2, py(x):=2x—4,

@) =207 =y, g()) = —4y* +2y.
A quick calculation shows that p; and p, have one common root, x* = 2, while ¢; and ¢, have two common roots, y1 = 0 and

y2 = % Thus, there are two potential solutions to Problem 1.2 in the form (1 1), namely

1 0 1 L
= = 2
T, (2 l) , and T, <2 l)'

However, only T, satisfies det(T) # 0, and thus only T; is a solution (which we had already seen in Example 1.1).

Proposition 3.10 implies that in the bivariate case, solutions to Problem 1.2 can be divided into at most four different equivalence
classes with representatives

T1=(£ y1>, T2=<£ y1>, T3=<£ yz), andn:({ yz). (14)
X; 1 Xy 1 x 1 Xy 1

where x|, x; and y), y, denote common roots of the polynomials (12) and (13), respectively.
Indeed, we will show that unless g is affine (and hence already multilinear), all solutions belong to the same equivalence class,

i.e., they are unique up to this equivalence. To prove this, we first establish the following lemma.

Lemma 3.14. Let p be a univariate polynomial of degree n > 1 with coefficients ug, py, ..., 4p—1, 4, € R,

n—1

P(X) = px" + p,_ 1 X"+ e u X+ pg.

Let g be the polynomial defined by q(x) = x"p()l—c), i.e., the coefficients of q are the same as the ones of p but in reversed order,

q(x) = pox" + ﬂlx"’l + ot p, x4+,
Then x* € R\ {0} is a root of p if and only if xl is a root of q. Furthermore, x" = 0 is a root of p if and only if q has a lower degree than
D

1
e

Proof. For x* # 0, the statement follows directly by evaluating g at the point The point x* = 0 is a root of p if and only if

Ho =0, i.e., if and only if ¢ has a lower degree than p. [

Theorem 3.15. Let g : R? — R? be a polynomial function that is not affine. Then solutions to Problem 1.2 are unique up to equivalence.

Proof. Let T € R?*2 be a solution of Problem 1.2. By Corollary 3.4 and Proposition 3.9, we may assume that T has the form

()

with x"y" # 1. Consider the polynomials p;, p, and g, , ¢, defined in (12) and (13). Since T solves Problem 1.2, by Proposition 3.10,
we have that x” is a common root of p; and p, whereas y* is a common root of ¢; and g,. Furthermore, note that the polynomials
have reversed coefficients. Thus Lemma 3.14 is applicable to the pair (p;, ¢;) of polynomials if there holds deg(p;) > 1.

We distinguish cases based on the coefficients 7D 22D of p1(x) = ”(()12)x2 - ﬂﬁ)x + 71:;)) being zero or nonzero.

02° 711 20

Case 1: Let 71':)12), ”;)) # 0. This implies that x“,y" # 0. Lemma 3.14 now states that since x" is a root of py (and p,), xl must be a

root of ¢; (and g¢,) different from y". Otherwise, y* = xi < x"y" =1, contradicting our assumption that T solves the problem and
hence is regular. Analogously, yl must be a root of p; (and p,) different from x*. Thus, all common roots are given by x", yl for

p1,po and v, xl for ¢1,4,. The four representatives of the potential equivalence classes (15) are thus given by

1y 1 L 1y 1=
T=T1=<x* J;) T2=<x* xl> T3=(l ) adTe=(1 )
¥ v

8
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T, and T3 cannot be solutions since det(T,) = det(T3) = 0. Furthermore, it holds that

" * 1
(1 \_ (0o \(1 F)\_
T1—<X* 1>-<x* 0><é ¢ ) =Mty
—— 7

=M

(1)

207 7 (D #+ 0, there exists at most

with a scaled permutation matrix M. Hence, T; and T, are equivalent. In conclusion, in the case =
one solution of Problem 1.2 up to equivalence.
Case 2a: Let 71'(1) =0 and 7 ”(1) # 0. This implies that p;(x") = —z{Yx" + ”(1> =0 and thus x" # 0. Furthermore, since y” is a

20° 11
root of ¢;(y) = ”(210) ¥y — (11) y, we have that either y* =0, or y* = 7, by Lemma 3.14. This reduces the possible classes of solutions

to the representatlves

1 0 1 L
T, = <x 1) , and T, = (x* Xl >
0

Again, T, cannot be a solution since det(T,) =

Case 2b: Let 7r(1> 0 and 7Y, z

1177
1y
(o 1)

represents the only possible solution class.

(l) # 0. This case is analogous to Case 2a with the roles of p; and ¢; reversed. Here, we have that

Case 3: Let nélo), ”(1) 0 and 7 (1) # 0. Then the only root of p; is x* = 0 whereas the only root of ¢; is y* = 0. This implies that the

only class of solutlons is represented by T =1, the identity matrix.

Case 4a: Let ”;10)’ 71:;11) =0 and ”(1) # 0. This case cannot occur since the respective polynomial ¢; (x) = 71: ) has no roots, i.e., there

are no solutions T.

Case 4b: Let (()12), M = 0 and ”(1) # 0. This case cannot occur since the respective polynomial p, (x) = lr( ) has no roots, i.e., there

are no solutions T.

Case 5: Let 70 = 7Y = 7 = 0. Since g is assumed not to be affine, at least one of the coefficients of p, must be nonzero.
20 11 02 2
Switching the roles of p; and p,, we can now apply one of the previous cases to p,.

With that we have covered all possible cases. []

In addition to solutions of Problem 1.2 being unique up to equivalence (for a non-affine g), the proof of Theorem 3.15 also shows
the following.

Corollary 3.16. Let g : R? — R2 be a polynomial function that is not affine. Then any solution T to Problem 1.2 lies in one of four
equivalence classes.

(1 1, (1 o0 (1 1 (1 0
T1_<t21 1>’ T2_<t21 1>’ T3_<0 1) " Ta={y 1) (15)

for some t5,157 € R\ {0} with t15 - 157 # 1.

If the function g is affine, then any invertible linear transformation matrix T is a solution to Problem 1.2. This is because any
(invertible) linear transformation applied to an affine function again yields an affine function. Thus, all four equivalence classes
yield solutions such that Theorem 3.15 does not apply.

3.3. Necessary and sufficient conditions for the existence of solutions

In this subsection we state necessary and sufficient conditions for the existence of solutions to Problem 1.2 in the bivariate (non-
affine) case. By Corollary 3.16, we know that solutions, if they exist, lie in one of the four equivalence classes with a representative
listed in (15). Hence we only need to determine necessary and sufficient conditions for the matrices in (15) to be solutions of
Problem 1.2.

Theorem 3.17. Let g : R? = R2 be a polynomial function that is not affine.

O @ O @ _ g

() T, =1 (and all equivalent matrices) solves Problem 1.2 if and only if Tog g Toss Ty

(i) Ty = <t; 1 with t5; # 0 (and all equivalent matrices) solves Problem 1.2 if and only if it holds that ”(()12)’ 71:(2) 0 and exactly
one of the following three conditions is satisfied:
(1> 22
CF B R R R

ll 1
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® 20, x (1) £0. and 2.2 =0,

2077 20° 711
1) (1) 2) _(2)
() =« Tyqs T =0, and Togs 711 #0.

(ii)) T3 = <(1) 1112> with t15 # 0 (and all equivalent matrices) solves Problem 1.2 if and only if it holds that 7:2)), n'%) 0 and exactly

one of the following three conditions is satisfied:
RO

_ "oz L G 2 (2

(@ (1> =2 and  m,. 71y gy 7y # 0,

11 11

@ @) 2 _(2) _
) Ty 7y, # 0, and Ty 77 =0,

@ (1) (2) (2)
) = Moo T =0, and T 70y #0.

. 1 ¢ . . . . . .
(iv) T, = <121 112> with t15 - ty; € {0,1} (and all equivalent matrices) solves Problem 1.2 if and only if one of the following holds:
AN LD L 0
T 20 _ T2 (1) @ _(2) (2)

(@ (1> =c@ o= 7@ To20 200 To20 Ta0 #0, and

02 202 OZ 02

1) @) (1)
( 11) = Ay gy # 0.

1) (1) 2 (2 (2) @ (1) (1)

) Ty Tag # 00 oy, M7, a0 =0, and (7{11 ) —4r #0.
2

@ (1) @ _ (2) (2) (2) (2) (2)

) Ty Ty1s Tgy = 0, T s Taq # 0, and (77:11 ) #0.

Proof. Let g : R? — R? be a polynomial function that is not affine, and let p, p, and ¢;, ¢, denote the polynomials defined in (12)
and (13), respectively. We will apply Proposition 3.10 repeatedly.

Ad (i): =>: Let T =1 be a solution to Problem 1.2. Then, by Proposition 3.10, x* =ty = 0 and y* := 11, = 0 are roots of p;, py

and ¢, ¢y, respectively, which implies that ”(1) 7[;20) 7[(()12) = =0.
«: Let n;)) zr;? = ”(()12) 822) =0. Then x" :=0and y* :=0 are common roots of pq, p, and ¢, g5, respectively. Thus T=11is a

solution to Problem 1.2, and by Theorem 3.15 it is the only one up to equivalence.

Ad (ii): =:Let Ty = <t1 (1)> with t5; # 0 be a solution to Problem 1.2. Then, by Proposition 3.10, x* :=t5; #0and y* :=t;5, =0
21

are common roots of p;,p, and ¢y, g5, respectively. The point y" = 0 being a root of ¢; and g, implies that 71'(1) 7[(2) = 0. Hence

x # 0 is a root of

@) (2)

pr(x) =—m; x+7r(1) and py(x) = -, x+7r(2)

We distinguish the following three subcases.

(a) Assume that neither p; nor p, are the zero polynomial. Since x* # 0 is a root of p; we have that ”(1) # 0. Furthermore it

also holds that ”511) # 0, since otherwise p; would be a nonzero constant polynomial, which cannot have a nonzero root. The

same argument applies to p,, and thus 71:%), 2 2. Lastly we have that

”(1) (2)

1) (1) _ (2) (2) 20 _ 20
7r1x + 7, =0= ﬂllx + 7 = 0= "o
11 11

which corresponds to condition (ii), (a).
(b) Now assume that p; # 0 and p, = 0. Then ”;10)’ M # 0, using the same arguments as in the previous subcase, and n;%), ”izl) =0,
since p, is the zero polynomial. This corresponds to condition (ii), (b).

(c) Lastly, if p; = 0 and p, # 0, then 71';10) 7”(1) = 0 and ;%), 2 # 0, analogously to the previous subcase. This corresponds to
condition (ii), (c).

Note that the case that p; = p, = 0 cannot occur since in this case g would be affine, which we have excluded by assumption.
«=: Let 71:(1) (2) # 0. We distinguish the following three subcases.

(a) We first assume that the additional conditions in (ii) (a) hold and define

@ (2)
+._T20 _ Mo Y =0
(1) (2) : ’
11 ™
Then clearly, x* is a root of both p; and p, and y* = 0 is a root of both ¢; and g¢,. Hence, using Proposition 3.10,
T = 1* (1)>, which satisfies detT = 1 # 0, solves Problem 1.2, and by Theorem 3.15 it is the only solution up to
X
equivalence.

10
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(b) Assuming that the additional conditions in (ii) (b) hold, we have that p, and ¢, are the zero polynomial. We define

(1)

720 L
D #0, y :=0.
11

=,

Then x* and y" are roots of p; and ¢, respectively. Additionally, x” is by default a root of the zero polynomial p, and y" is
a root of the zero polynomial ¢,. Thus, the same T as in (a) solves Problem 1.2 uniquely up to equivalence.
(c) An analogous argument holds for case (ii) (c) where p; and ¢; are the zero polynomials and
(2)
= T) #0, y :=0.
1

Ad (iii): The proof works analogously to the one for (ii).

Ad (iv): Since g is not affine, at least one of p;, p, is not the zero polynomial.

=:LletT, = <t t112> with 71, - 57 € {0,1} be a solution to Problem 1.2. We again distinguish the following three subcases:
21
(a) Assume that p;,p, # 0. x" :=ty # 0,y" := 11, # 0 are non-zero roots of py, p, and g¢;, g, respectively, hence we have that
2V 20 2P (2) #0. Furthermore, using Lemma 3.14 and the same arguments as in Case 1 of the proof of Theorem 3.15,

02720 To2° ™
we have that x” and - are two distinct common roots of p; and p,. This implies that the discriminant of p; (and the one of

p9) is non zero, i.e., (ﬂi?) —4r, (1) (1) # 0 (and ( (2)) 47r%) 2) # 0). This allows us to factorize the polynomials p; and

po into

p1(x) = Tf(l)x2 ﬂ(l)x +7 (1) ﬂ(gl; (x- x*) <x - %) ,

Yy
pa(x) = 71.'(2)x2 ﬂ(z)x + 71'(2) 71'(()22) (x- x*) (x - %) .

Equating the coefficients in p; and p,, respectively, yields

o, 1\_ o ox _ o @, 1\_ o _ox _ @
Ty <x +7>—n11, ﬂozyT—ﬂzo, and Ty <x +}?>_”11’ Ty =5 = g -

y
We rearrange this and get:

@ (2) . 1) (2)

% T X
Fel oMoy x0T
v L0 @ Yy R0 @
02 02 02 02

All together, this corresponds to condition (iv), (a). Note that the same arguments can also be conducted for the polynomials
¢1 and g¢,. This results in the following equivalent equalities:

@ () @ (2)
1 _ M and To2 _ "oz
(l) (2) ”(1) (2)
T T2 20 720

e i ; 2 _2) (2 : * o, * o,
(b) We now assume that p; # 0 and p, = 0. This implies ¢; # 0 as well as z;, 7,7, 7, = 0. Since x :=1y5 and y = t;, are

non-zero roots of p; # 0 and ¢; # 0, respectively, there holds deg(p;),deg(q;) > 1. Using Lemma 3.14, we have that yi is
also a root of p;. This root cannot be equal to x* in view of the assumption that T, is regular, i.e., 115 - t5; = ¥" - x" # 1.
Hence p; has two distinct, non-zero roots which implies ”812), M # 0. Furthermore, the discriminant of p; is non-zero which
corresponds to condition (iv), (b).

(c) The case p; =0 and p, # 0 is analogous to the previous subcase and implies the condition (iv), (c).

1 t1o

<=: We distinguish the same three cases as before and show each time that T, = <t 1
21

) with 715197 € {0,1} will be a solution

to Problem 1.2 under the given conditions.

(a) For the inverse direction, assume that condition (iv), (a) holds. Using the quadratic formula, we can compute the roots of p;

and ¢;:
@ @ @ (1) @ (eV] @ (1)
mE (”11) = 4750 Top d mE (”11) = Ay Moy
= . an =
Gy Y 6
To2 720

11
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Let x* be the root where the plus sign is used in the formula and x~ the one where the minus sign is used, and define y*
and y~ analogously. Using the equalities in condition (iv), (a) we can rewrite these roots as

2

@ @ ®_1)
Tyt (”11 ) =470 Ton
x+ —_ —

1)
271:02

N —=

(2>>2 PG

(2)
It (”11

(2)
27gy

and analogously for x~. The same holds for y* and y~ using the equivalence:
1) (2) ”(1) (2) @ (2) @ (2)

T _ ™ A 20 720 Ty ™ A 7oz _ To2
a2 O @ o @ [N
oz o2 oz To2 o oo oo Tao

Thus, x* and x~ are common roots of p; and p,, and y* and y~ are common roots of ¢; and g,. Since the discriminant of p;
is non zero by assumption, we have that x* and x~ are distinct, and analogously for y* and y~. A quick calculation shows
that x*y~ =1 and hence x* = yl_ By Lemma 3.14 we thus also have that x~ = y% Since x* # x~, this implies that xTy* # 1.

Thus, by Proposition 3.10 and Theorem 3.15,

1yt
- (& 1)

solves Problem 1.2 uniquely up to equivalence. Note that also x~y~ # 1, and thus we could have also used those in the
definition of T. This would have resulted in an equivalent solution.

(b) Now we assume p; # 0 and p, = 0. This case can be shown analogously to the previous subcase. The only difference is that
py, and ¢, are zero polynomials. Thus x* and y* are common roots by default.

(c) The case p; =0 and p, # 0 is analogous to the previous one. []

Remark 3.18. In Theorem 3.17, the conditions in (i) to (iii) guarantee that x*, y" € R if g has real coefficients. However, this does
not necessarily hold true in case (iv). Here, any solution T will be in R?*2 only if the discriminants are positive, i.e., if

2 2
1) @) _ (@D (2) (2)_(2)
(71'11 ) —4nyymos > 0, and (71'11 ) —4nyg 7wy, > 0. (16)

We now have two results characterizing the existence and uniqueness of solutions of Problem 1.2 for models with two variables.
Theorem 3.15 states that any solution is unique up to equivalence and lies in one of four equivalence classes. Theorem 3.17 gives
necessary and sufficient conditions for the existence of a solution. Furthermore, its proof also states how such a solution can be
found in case it exists. Note that all the results exclude the case where g is already affine. In this case the problem is trivial and any
invertible matrix is a solution.

4. The n-variate multilinearization problem

In this section, we analyse models with n variables for n > 3. In Section 4.1, we discuss the limitations of extending the direct
approach as developed in Section 3 to higher dimensions. In Section 4.2, we examine special classes of polynomial functions for
which we can apply the results from the two-variable setting to all or only a subset of variables.

4.1. General n-variate models

Our analysis of Problem 1.2 in the case n = 2 exploited the fact that the problem can be reduced to finding (common) roots of
systems of (quadratic) polynomial equations. In this section, we will try to explore the same approach for general n € N. We will
see that this quickly becomes infeasible as the number of nonlinear equations grows rapidly with x.

Throughout this section, for n € N, let g : R” — R” be a polynomial and f : R” — R” a multilinear function. We begin by stating
results similar to the derivation of (8) in the previous section, i.e., we try to gain insight into the structure of a polynomial function
g that is given by g(x) = T~ f(Tx).

Lemma 4.1. Let f : R" — R" be a multilinear function and let T € R™" be an invertible matrix. Then the polynomial function g : R" — R"
defined as

gx) =T f(Tx)

has degree of at most n.

12
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Table 1
Comparison of the numbers of equations and unknowns for different values of n.
n #{coeffs. in g;} #{coeffs. in f;} #{nonlin. equ.} #{coeffs. in T}
e 2 (C)-2) "
2 6 4 4 4
3 20 8 36
4 70 16 216 16
5 252 32 1100 25

Proof. Let T € R™” be an invertible matrix and f : R” — R” be a multilinear function with component functions f;, i € {1,...,n}.
A monomial m(x) in f; has the form m(x) = ¢ [] jes Xj where ¢ € R is a coefficient and J C {1,...,n} is a subset of indices. The
transformed monomial in f(Tx) is given by m(Tx) = ¢ [| e (Tx);. Since for polynomials p and ¢ it holds that

deg(p - g) = deg(p) + deg(q),

the degree of m(Tx) is the same as the degree of m(x) which is |J| < n. Thus, all monomials in f(Tx) have degree at most n, hence
also all monomials in g(x) = T~ f(Tx) have degree at most n. []

Lemma 4.1 is a generalization of the result we obtained in the case n = 2. In order to be able to transform a polynomial function
g into a multilinear function f in the way described in Problem 1.2 for n € N, g cannot have a degree larger than n.

In Section 3, we reduced the problem of finding a solution to Problem 1.2 to solving a system of polynomial equations. Since for
n = 2 the only non-multilinear monomials were x% and x%, we obtained two equations for each of the two components of g, i.e., a
total of four equations. A similar approach can be taken for general n € N. To this end, we first determine how many monomials,
and thus coefficients, there are in f and g.

Proposition 4.2. Letn €N, f : R" — R" be a multilinear function of degree n and let g : R" — R" be a polynomial function of degree
n. Then the number of coefficients in f is equal to n2" and the number of coefficients in g is equal to n(zn”) (if zero coefficients are counted
as well).

Proof. Each component of f is a linear combination of 2" possible monomials since each variable x;, i € {1,...,n}, can either be
present in a monomial or not. Since f has n components, the total number of coefficients in f is n2" (also counting zero coefficients).

For ani € {1,...,n}, let g; be the ith component of g which can be written as
g(x) = Z ﬂ.‘(ri)xn
|a|<n

for some coefficients zrf,i ) € R. The number of monomials in » variables of degree less than or equal to k is the same as the number

of monomials in n + 1 variables of degree equal to k in view of the bijective mapping

(n + 1)-variate polynomials _ n-variate polynomials
of degree equal to k of degree at most k ’
a1 Fn Fnt1

X x,"x > xT e
1 n X1 1 n -

The number of monomials in »n + 1 variable of degree equal to k corresponds to the number of ways to choose k elements from
the set {1,...,n + 1} with repetitions being allowed and is hence equal to ("Zk) (see e.g. [7, page 71]). Hence the total number of
monomials in g; follows from setting k = n and is given by (2"") Since g has n components, the total number of monomials (and

thus also the number of coefficients) in g is n(zn"). O

This means that there are n ((zn") - 2") coefficients in T o goT~! that have to be set to zero, resulting in as many nonlinear

equations that have to be solved simultaneously in order to obtain the »> unknown entries of T (which could be reduced to n> — n
unknown entries by using Remark 3.8 and setting #; = 1).

As Table 1 shows, the number of equations quickly outgrows the number of unknowns as »n increases. In fact, the number of
equations grows exponentially in » which follows from the so-called Stirling’s formula (see [8, Appendix A]) This shows that our
approach in Section 3, i.e., writing out the equations explicitly, quickly becomes infeasible for larger n.

4.2. N-variate multilinearization by block diagonal transformations

In this subsection we will apply our results for the bivariate case from Section 3 to certain n-variate polynomial functions
g : R" - R” for n > 2. In particular, we consider polynomial functions g that arise from transforming multilinear functions
f : R" - R" with matrices that are block diagonal with two-by-two blocks. The goal is now to recover a transformation as well
as a multilinear function when only g is given, along with the knowledge that pairwise transformations involving only the two
consecutive variables x,;_;,x5; will lead to success.

13
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More general, we will then also allow for permuted block diagonal transformation matrices with two-by-two blocks. Here, only
g is given, along with the knowledge that pairwise transformations will lead to success but suitable sets of pairs first have to be

identified.
Finally, we also consider functions f that are multilinear in only a subset of the variables. We will see that for all of these cases,

we can apply Theorem 3.17 to certain restrictions of g to reconstruct the blocks of a (permuted) block-diagonal transformation
matrix. We will motivate our approach by the following example.

Example 4.3. Let g : R® - R3 be the polynomial function defined by

Zx%xz + X1 X9X3 + Xq
g(x) = Xo 4+ X1 for x € R3.
—4x%x2 — 2Xx1X9X3 + X3
The function g is (multi-)linear with respect to the variables x,, x5 but not for x;. We will restrict g to its two component functions
£1,83 and consider it as a function of only the variables x; and xs, i.e., x5 is considered to be a constant. Then we have

gl(xlsx3)> _ < 2x7x5 + X1 xX3 + X7 >
g3(xq1,x3) —4x§x2 — 2x1X9X3 + X3

The polynomials in Proposition 3.10 that result from the coefficients of g; 3 then have the form (with x, being a constant)

813(x1,x3) 1= <

Pr(x) = 0x2 — x5x 4+ 2x5 = (—x +2) - x,,
pa(x) = 0x? + 2x9x —4x9 = (x — 2) - 2x5,
q(x) = 2)c2x2 —4xyx+0=x2x—-1) - xq,
go(x) = —4x2x2 +2x9x+ 0 =x(—2x +1) - 2x5.
For arbitrary x,, p; and p, have the common root x* = 2 whereas ¢; and ¢, have the common roots y1 = 0 and y2 = % By

- - 1 0 . . . . L .
Proposition 3.10, the regular matrix T, 3 := < 9 1> transforms g, 3 into a function that is multilinear in its variables x;, x3:

T1381.3(T] 5(x1,%3)) = T1 381 3(x1, —2x1 + X3)

-7, < , Zx%xz + x1x9(—2x7 + X3) + X >
P\ —4Ax]xg — 2x1 X9(=2x7 + x3) + (—2x7 + X3)

=T X1X9Xg + X1
13 —2X1X9X3 — 2X1 + X3
_ [*1¥2X3+ X1
= . .
By defining T as a permuted block diagonal matrix with the above T, 3 as a block,
1 0 0yf1 0|0 )1 0 O 1 0 O
T=|0 0 1|l 2 1|0 (Jo 0 1|=|0 1 oOf,
0 1 0oJ)lto O0]1 0 1 0 2 0 1
the transformed function

X1X9X3 + Xq
=TT ) =] x;+x
X3

is multilinear with respect to all its variables.
To formalize the approach used in Example 4.3, we introduce the following notation and terminology.
Definition 4.4. For n € N, i,j € {1,...,n} with i # j and a polynomial function g : R" — R", we denote by g(*/) the function g
considered as a function of only the variables x; and x; with all other variables being fixed parameters. Thus, g is a polynomial
whose coefficients are polynomials in the other variables, i.e.,
g L R? > RIxy, o7 5 X))
where the notation },/indicates that the variable x; is omitted. Furthermore, for two distinct indices k,# € {1, ...,n}, we denote by

g;("’b’,') the restriction of g(/) to its two components g,(ci‘j ) and gf,f'j ), ie.,

() . 2 2 g (. x))
L) . k Py
8y : R —>(R[xl,...,%...,}{,...,xn]) s (xpx) e g(fi’j)(x,-,xj) .

We will call such a function gl((";) the restriction of g to the kth and #th components and ith and jth variables.

14



C. Kaufmann et al. Results in Applied Mathematics 31 (2026) 100762

For the remainder of this subsection, unless stated otherwise, let m € N and let f : R2" — R2" be a multilinear function. Let
T € R2™2" be an invertible block diagonal matrix with 2 x 2-blocks,

T = diag(T;, Ty, ...,T,) where T, e R¥2 fori=1,...,m. a7
Furthermore, let the polynomial function g : R?” — R be defined by
gx) =T 1f(Tx), xeR>. (18)

The goal is to recover T (or any equivalent matrix) and f with only g being given.
We begin with the following proposition. It states that for a function g as defined in (18), the block T; of T is a solution to
Problem 1.2 for all restrictions g(zf L2 of g for all j € (1,...,m}.

Proposition 4.5. Let m € N, let T € R2"™2" be block-diagonal as in (17) and let f,g : R*" — R?" be functions where f is multilinear
and g is defined as in (18). Then for all j =1,...,m and for all k,¢ € {1, ...,2m}, the matrix block T; € R2%2 solyes Problem 1.2 for the

functions g(zf —1.20),

Proof. Let j € {1,...,m} and let the matrix T be defined by T= diag(T, ..., T;). We first note that

goT ' =T ofo(IT ) =T 0 fodiag(T,T;*, ..., T,T;*,...,T,T;")

——
I

is multilinear with respect to the variables x,;_; and x,; which implies that
2j-12j) e
8oy oyt

(2j-1.2))

and hence also T;o &y T‘1 is multilinear with respect to the variables x, i1 and x, y for all k,7 € {1,...,2m}. Thus T ; solves

Problem 1.2 for all functlons g(zf 12h O
The next Proposition is fundamental to this section. It states that if we can find blocks T ; for each pair of variables x5;_1, x5,
j=1,...,m, then the block diagonal matrix T = diag(T;, ..., T,,) solves Problem 1.2 for g : R#" — R2",

Proposition 4.6. For m € N, let T € R2"™2" pe block-diagonal as in (17) and let f, g : R®" — R?" be functions with f being multilinear
and g defined as in (18). For each j € {1,...,m}, let k;,¢; € {1, ...,2m} be indices such that gl(f’;}l’zj) is not affine, and let T ;€ R2%2 pe
A

a matrix that solves Problem 1.2 for this function. Then the block dlagonal matrix T = diag(T;, ..., T,,) solves Problem 1.2 for g.

(2/ 1.2j) .

Proof. Forall j € {1,...,m}, let k;,#; € {1,...,2m} be such that g is not affine and there exists a solution T ; to Problem

1.2 for this function. Since both T; and T solve Problem 1.2 for the functlon g<2’ 1.2))

3.15 yields that T; ~ T Hence for all j € {1, ...,m}, there exist scaled permutatlon matrices M; € R2%2 such that T =M /-T ;- The
block diagonal matrix M =diagMy,....M,,) € RZmX2m is also a scaled permutation matrix, and for T = diag(Ty, ..., T,,), there holds
T = MT and hence T ~ T. Using again Remark 3.8 and the fact that T solves Problem 1.2 for g by construction, we conclude that
T also solves Problem 1.2 for g. [J

which by assumption is not affine, Theorem

Remark 4.7. In order to find solutions T to Problem 1.2 for restrictions g(z, 1.2 = (RIXq, .o 50 }j/ .oe»X,])2, we can

apply the results of Section 3 - in partlcular Proposition 3.10, Theorems 3.15 and 3.17. As in Example 4.3, the coefficients of the
polynomials p;, p, and 91,42 will now be polynomials in R[xq, ..., Ffeees % ..., x,], and we need to be able to find common roots in
C to obtain a solution T}, i.e., roots that do not depend on polynomial terms in R[x, ..., x5 ... }/ ,x,]. In particular, if no such
common roots in C exist, then Problem 1.2 has no solution.

For a permutation matrix P € R?"*2" we next consider the function
=(PT) o f o (PT).

Then a matrix T = diag(Ty, ..., T,,) as constructed in Proposition 4.6 once more solves Problem 1.2 for this g in view of PT ~ T ~ T.
In the following, we generalize this idea of permuting T further. Before we do so, we introduce the notion of a submatrix.

Definition 4.8 (Submatrix). Let A € R™" be a matrix for m,n € N. Let I C {1,...,m} and J C {1,...,n} be sets of indices. Then we
define the submatrix A; ; € RIXUI of A by

Arg= (ai,j )iez,jeJ :

We obtain the following result.
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Theorem 4.9. For m € N, let T be an invertible block-diagonal matrix as in (17), and let f : R>" — R?" be multilinear. Let P € R2"%2m
be a permutation matrix and let g : R>" — R?" be the polynomial function defined by

g R¥" S R g(x) :=PT /(TP x). (19)
Assume that for dll j € {1, ...,m}, there exist indices k;,?;,1;,x; € {1,...,2m} such that

ARV AR A

* the sets {1;,k;} form a partition of {1,...,2m},
(’ijj)

» forall j € {1,...,m}, there exists a matrix Tj € R?*2 such that Tj solves Problem 1.2 for & and
AaN ]
+ the functions g:f ;’ " are not affine.
77
Let T := diag(T;. ..., T,), and let the matrix T € R2™2" haye zero entries except for
Tty =T J=T1.m. (20)

Then it holds that T = PTPT, and T solves Problem 1.2 for g. In particular, the matrix T can be computed when only g is known, i.e., without
explicit knowledge of P.

Proof. Leto : {1,...,2m} — {1,...,2m} be the permutation associated with the permutation matrix P, i.e.,
P = (€ot)s oy s Cotam)

where e; is the ith standard basis vector in R*". We define
g R S5 R g(x) := PTg(Px).

In view of (19), there holds
2(x) = PTg(Px) = PTPT! (TP Px) = T~ £(Tx).

Hence, T solves Problem 1.2 for g. By Proposition 4.5, for all j = 1,...,m, the matrix T, solves Problem 1.2 for the restrictions
g}f;j‘“f ) for all k,2 € {1,...,2m}. Now let T ;€ R2%2 glso be a solution of Problem 1.2 for the function g}f;j‘“f ). Since by assumption
this function is not affine, Theorem 3.15 yields that T, ~ ’i‘j, i.e., there exist scaled permutation rna,trices M; € R2%2 such that
T, = Mj’i’j. We define the block diagonal matrices M = diag(M;, ..., M,,) and T= diag(’i‘l, ,’i’m). Then M € R2m<2m ig also a scaled

permutation matrix and T = MT, and thus T ~ T. This implies that T solves Problem 1.2 for g(x). In particular, we have that
TogZoT! =(TP)ogo @I

is multilinear. Hence TP, and by equivalence also PTP?, solve Problem 1.2 for g.
The matrix T := PTP? can be computed without knowledge of the matrix P as follows. Since we have g = PT o g o P, there also
holds g =PogoP”. Thus ’i‘j solves Problem 1.2 for Eﬁﬁ_l’zﬁ if and only if ’i‘j solves Problem 1.2 for

(IJ.K']‘)

Eotlrot) with 1; 1= o 1(2j-1), Kj = o l@j)forj=1,....,m.

Then, the 1;th and the «;th columns of TPT are given by the (2j — 1)th and (2/)th columns of T. Similarly the ;th and the «;th rows
of PT are given by the (2j — 1)th and (2j)th rows of T. Hence, we have that
PTP"
(\,-J)(’J*KJ}*(’W’(J]

T

=T, j=1,....m. O

Until now we have only considered the case where n = 2 m is even. Now let f : R2"! — R2m+l be a multilinear function
depending on an odd number of variables and let T € R@m+1x@m+1) be an invertible block diagonal matrix with 2 x 2-blocks
T, € R>2 for i =1,...,m, and a single entry t,,, € R\ {0} for n = 2m + 1. We define the polynomial function

g: R2m+1 - RZm-%—l7 g(X) = T_lf(TX).

Then we can apply our previous results by only considering the first 2m components of f and g. The last component of f and g is
then transformed by a single non-zero scalar which does not affect multilinearity.

To conclude this section, we consider the case where f is multilinear not necessarily with respect to all but only to a subset of
the variables. T is again assumed to be a block diagonal matrix. This relaxed problem is a generalization of Problem 1.2 and stated
formally as follows.

Problem 4.10. Given a polynomial function g : R” - R", our goal is to find an invertible linear transformation 7' : R" — R" that

is a permuted block-diagonal matrix with two-by-two and one-by-one blocks and a subset I C {1,...,n} such that the function
fi=TogoT™!

is multilinear with respect to all variables {x; | j € I}. If such a transformation 7' exists, it is called a solution to the relaxed

multilinearization problem.

16
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To analyse this problem, assume that there exists a subset of indices I C {1,...,n} such that a polynomial function f : R" — R"
is multilinear in the variables x;, i € I. Assume for simplicity that I = {1,...,m} for m < n, i.e., f is multilinear in the first m
variables. Let T be an invertible block diagonal matrix of the form

T=diag(T1’”"T{%J’IL%J*FW’I") (21)

where T, € R¥>2 for i = 1, ..., |m/2] and t; € R\ {0} for j = |m/2] +1,...,n. Moreover, let P € R™" be a permutation matrix. Let
g : R" > R" be defined by

g(x) :=PT71f(TPTx), xeR" (22)

Note that the assumption that f is multilinear in the first m variables is not a restriction since we can always permute the variables.
We now generalize the results from Section 4.2 to this setting.

Theorem 4.11. Let m,n €N, m < n and let f, T, P as well as g be defined as above. Additionally, let ¢ : {1,...,n} = {1,...,n} be the

permutation corresponding to P. Assume that for all j € {1, ..., gJ }, there exist indices k;,¢;,1;,x; € {1,...,n} such that the sets {1;,x;}

form a partition of 6 ({1, ...,m}) if m is even and of 6 ({1, ... ,m —1}) if m is odd. Furthermore, assume that for all j € {1, ..., {%J }, there
(l/vK/)

exist matrices Tj € R?2 such that 'i‘j solves Problem 1.2 for g, """, and assume that these functions are not affine. Define the matrix
A

T € R™" with zero entries except for
2 . m
[UEIBURSE =Tjs J=19--~,l§J

ty=1 ie{l,....m\{i,x | j= 1[%J}

=

(23)

Then T solves Problem 4.10 for g.

Proof. To simplify notation, we define I := {1;,x; | j =1,..., |m/2]} as well as the variables
) . . ).
5] 715

(KLt [ ] )
® .:gll S EINE]
Kt Bk

=(xll,xK1,...,x, X

Y=(Y1,~~~,y2‘l%J

Consider the restrictions g forj=1,..., ng and define the function

)W2J @

~ . m2|m/2| 2(m/2] Ry — ( )
g:R - (R[X,)’]) , &) : 8k, =1
where (R[x, )/]) denotes the set of polynomials in the variables x; for i € {1,...,n} \ I. Let T beNdefined by (23). Since a restriction
of a restriction is again a restriction, we can apply Theorem 4.9 to g and obtain that the matrix T ; € R2"/2x21"/2] solves Problem
1.2 for g. Thus, g is multilinear in the variables y which implies that

Fx)=Tg(T 'x), xeR"

is multilinear in the first m variables. Thus T solves Problem 4.10 for g. O
5. Algorithms for multilinearization of polynomial models

In this section, we present an algorithm for bivariate models in Section 5.1 and an algorithm that solves Problem 4.10 for the
case where g is of the form (22) in Section 5.2. We furthermore analyse its computational complexity (Section 5.3) and present
numerical experiments evaluating its runtime on randomly generated test cases (Section 5.4).

5.1. Algorithm for bivariate models

We first consider the case n = 2 where we can apply Theorem 3.17 to construct an algorithm that solves Problem 1.2. Let
g : R? - R? be a polynomial function. We know from the considerations in Section 3 that we can only find a transformation
matrix T such that f = TogoT! is multilinear if g is of degree at most two. Hence, we assume that g can be written in the
form (8). In order to decide whether there exists a transformation matrix T such that f is multilinear, we have to check whether the
coefficients ”;i) fori=1,2 and a € {(2,0),(1,1),(0,2)} satisfy any of the conditions given in Theorem 3.17. If this is the case, the
Theorem tells us how to construct a respective transformation matrix T. If the coefficients do not satisfy any of those conditions,
Theorem 3.17 states that there does not exist a transformation matrix T such that f(x) = Tg(T~!x) is multilinear. We summarize
this in Algorithm 1.

As pointed out in Remark 3.18, Algorithm 1 may return complex-valued matrices. If we require a real-valued solution, we also
need to check whether the coefficients satisfy (16). Subsequently, we will use Algorithm 1 in an algorithm that solves Problem 4.10
for a polynomial function g of the form (22). As we discussed in Remark 4.7, we also have to ensure that the polynomials (12),
(13) (with possibly polynomial coefficients) have real or complex roots. In practice, this can for example be done by symbolically
evaluating the quadratic formula.
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Algorithm 1 Algorithm for the Multilinearization of Bivariate Polynomial Models

Require: Polynomial function g : R? — R2 of the form (8)

Ensure: Transformation matrix T € C2*2 such that f := To goT! is multilinear (if such a transformation exists)
1: if the coefficients n;“, i=1,2, a € {(2,0),(1,1),(0,2)}, satisfy any of the conditions (i)-(iv) from Theorem 3.17 then
2 Calculate x* and y”" according to the respective condition

s e (L %)

4: else
5: No such transformation matrix T exists
6: end if

5.2. Algorithm for n-variate models

We now turn our attention to Problem 4.10. Let f : R" — R” be a polynomial function that is multilinear in a subset of variables
x;, i€l c{l,...,n}. Let m :=|I| and let T be defined by (21) and let P € R"*" be a permutation matrix. Let g : R” — R” be defined

(1.

o ) of g, then the matrix T
v

by (22). Theorem 4.11 states that if we are able to find solutions T si=1., % , for the restrictions g

defined in (23) solves Problem 4.10. An algorithm could thus look like the following: For all pairs of variables {x;, x I Li,j=1,...,n
and i # j, check whether Algorithm 1 returns a solution T € R?*2 for a restriction g/({i’;) with some k,# € {1,...,n}. If there does
exist a solution, store it. If there does not exist a solution, move on to the next pair. Finally, construct the matrix T € R using
all previously stored T.

In practical problems, however, one does usually not know whether a given polynomial function g is of the form (22). Hence,
we adapt the algorithm in the following way: For each pair of indices {i,j} C {1,...,n}, i # j, check whether for all pairs of indices
{k,¢} in {1,...,n}, Algorithm 1 returns a solution T for gl(ci’;). If this is the case, check whether, for the pair of variables x;, x;, all
these matrices T are equivalent or the identity matrix. Note that T is the identity if g]({i"/ ) only depends on x; and x; in an affine way.
If they are, store T. If they are not, move on to the next pair of variables. Now, let I be the set consisting of all pairs of indices
{i,j} for which we found a matrix T. It is possible that the sets {i, j} € I are not disjoint. In this case, we choose the largest subset
I C I such that the sets {i, j} € I are disjoint. We summarize this in Algorithm 2.

5.3. Complexity analysis

Next, we analyse the computational complexities of the algorithms introduced in Sections 5.1 and 5.2. For each algorithm, we
provide asymptotic bounds in terms of the model size n € N, and where applicable, we discuss the distinction between worst-case
and average-case behaviour.

Polynomial representation and storage complexity

We first address a fundamental computational challenge that affects all subsequent analyses. By Proposition 4.2, a polynomial
function g : R" — R” can have up to (2") monomials in each of its n components. This results in exponential storage complexity if we
were to explicitly store all coefficients. Furthermore, operations that iterate through all monomials, such as coefficient extraction
or polynomial evaluation, inherit this exponential complexity. This renders the algorithm impractical for even moderately sized
problems. We hence restrict ourselves to polynomials with a “sparse” monomial structure, i.e., to those with only a small number
of nonzero coefficients. In particular, our complexity analyses will assume that polynomial operations (e.g., coefficient access and
extracting gl({iy’lj) from g) can be performed efficiently. In the worst case, however, the exponential growth of polynomial terms in the
polynomial degree dominates all other complexity considerations.

Complexity of Algorithm 1

Algorithm 1 determines whether a given bivariate polynomial function g : R? — R? of the form (8) can be multilinearized by a
linear transformation T € R?*2, i.e., whether Problem 1.2 is solvable. It does so by performing a fixed number of conditional checks
and simple algebraic operations involving the coefficients of g. Thus, the algorithm has complexity O(1).

Complexity of Algorithm 2
Algorithm 2 consists of two nested loops, each of length (;), which may terminate early. However, the worst-case complexity is

()= (252 o

In line 18, we choose the largest subset I C I such that the sets {i,j} € I are disjoint. This is related to the maximum matching
problem in graph theory which can be solved in O(|f |2'5) [9] where || is the size of the set I. The worst-case occurs when we have
|T| = O(n?), i.e., all pairs {i,j} are valid, which results in complexity O(n°) for finding the maximum matching. The last step has
complexity O(n), hence the overall complexity of Algorithm 2 is, in the worst case, O(n®).
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Algorithm 2 Partial Multilinearization of n-variate Polynomial Models

Require: n € N, Polynomial function g : R” — R”
Ensure: Transformation matrix T € C"™" such that f := TogoT! is multilinear in a subset of variables x; with I C {1,...,n} (if
such a matrix exists)
1. T =1; I =0
2: for each subset {i,j} C {1,...,n},i#j do

3 for each subset {k,7} C {1,....n},k # ¢ do
4 if deg(gl((';’;)) < 2 then
5: Call Algorithm 1 for g;‘;)
6: else
7 I T\{{i,j})
8 break
9: end if
10: if Algorithm 1 returned a transformation matrix T then
11 if T #1, then
12: Ti, j< T
13: I —riu{ij}
14: else
15: continue
16: end if
17: else
18: I—T\{{ij}}
19: break
20: end if
21: end for

22: end for

23: Choose the largest subset I C I such that the sets {i, j} € I are disjoint
24: for each {i,j} € I do

25: Set T(i,j),{
26: end for

i) < Tiy

However, the complexity of Algorithm 2 depends heavily on the structure of the input polynomial function g. Hence, making
general statements about the average-case complexity is difficult. Under the two assumptions that

1. the average number m € N of iterations of the inner loop before it is exited satisfies m < n?, and
2. there holds |f] < n,

the complexity of the two nested loops reduces to O(n®m) and the complexity of the maximum matching reduces to O(n%>5) leading
to an overall complexity of O(n?(m + n®%)). In the following section we evaluate the runtime of Algorithm 2 numerically. In the
experiments we additionally try to work out the values of m and |1].

5.4. Numerical analysis

Runtime experiment setup

We consider the following two test scenarios to test Algorithm 2.

Scenario 1: We randomly generate polynomial functions g : R” — R” of degree less than or equal to n which we call the model
size. It varies from 10 to 250 in increments of 20. For each n, we generate 10 polynomial functions as follows: For each component
g; of g, we cap the number of monomials with nonzero coefficients by N, € {10,50,100,500,1000}. The coefficients of these
monomials are chosen uniformly at random from [-10, 10].

Scenario 2: We randomly generate polynomial functions in the form of (19). This is done by first generating random multilinear
functions f : R” — R” in the same way as the polynomial functions in the first scenario but for N ..m € {5,10} and a model size
n € {2,4,6,...,20}. Subsequently, we transform these multilinear functions through (19) using randomly generated transformation
matrices T of the form (17) and random permutation matrices. The individual blocks of T are chosen uniformly random from the
set {T;, T, T3, T4} where the T; are defined in (15). Their nonzero entries are chosen uniformly random from [-5, 5].

The algorithm is implemented in Matlab R2025b, using the Symbolic Math Toolbox for symbolic computations which appear in
Algorithm 1. The experiments were performed on a computer with an AMD Ryzen 7 PRO 4750U and 32 GB RAM. To speed up the
experiments, the Parallel Computing Toolbox was used to parallelize the generation of test cases and the execution of the tests. For
each of the experiments, we measured the runtime of Algorithm 2 as well as the sizes of the sets I and 1, i.e., the number of pairs
of variables for which Algorithm 1 returned a solution. Furthermore, the average number of iterations m in the inner loop as well

monom
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Table 2

Comparison of the runtime, f,oy, tyy, and the number of iterations m performed in the
inner loop of Algorithm 2 for selected values of n and N, All values are averaged
over the 10 experiments performed for each n and N, in Scenario 1.

monom

Nunonom Runtime [s] m Irestr Isym
n =90
10 26.867 1.454 12.619 13.899
50 3.030 1.001 2.547 0.349
100 0.320 1.000 0.207 0.000
500 0.118 1.000 0.034 0.000
1000 0.136 1.000 0.045 0.000
n=210
10 372.374 2.365 153.955 214.602
50 44.021 1.026 35.676 7.500
100 12.182 1.001 11.166 0.424
500 0.965 1.000 0.306 0.000
1000 1.207 1.000 0.456 0.000
10°F 10°F
—o— Nyonom = 10
- - -Fit (slope = 2.73) ok
10 —6— Ninonom = 50
— - -Fit (slope = 3.18)
10°F
o 10t =
o o
£ £ wip
Ew E
= g wf Nonon = 100
g g Fit, n < 110 (slope = 1.98)
= 10 = il Fit, n > 110 (slope = 4.46)
—6— Nionom = 500
107 \ - —-Fit (slope = 1.91)
W0°F —— Nyonom = 1000
- —-Fit (slope = 1.96)
10410‘ 11‘)2 10—5101 11‘)2
Model Size n Model Size n

Fig. 1. Log-log scale runtime analysis of Algorithm 2 for randomly generated polynomial functions (Scenario 1) showing the relationship between
the model size n and the execution time for N, € {10,50} at the left and N ., € {100,500,1000} at the right. For each N .., a linear
model was fitted to the log-log transformed data indicating the exponent in the polynomial growth of the runtime. For N .., = 100, the fit
was split into two parts, one for the model sizes n < 110 the other for n > 110.

as the time spent on symbolic computations and the time spent on the construction of the restrictions gf‘f of a given input g were
measured. The latter two are denoted by gy, and 7 ey, respectively.

Runtime results

Fig. 1 displays the measured runtimes (averaged over 10 polynomials per model size) on a log-log scale for Scenario 1. In order to
empirically assess the growth rate of the runtime with respect to the model size n, we fitted a linear model to the log-log transformed
data. This linear model is depicted as a dashed line in the plots. Its slope indicates the exponent in the polynomial growth of the
runtime. The results indicate that the empirical growth rate of the runtime is significantly lower than the worst-case bound of O(n®).
In particular, for N, ... € {10,50}, the slope is approximately 3, indicating a cubic growth rate. For N ..., € {500,1000}, the
runtime shows an almost quadratic growth rate. In the case N =100, we have a runtime of about O(n?) for n < 110 and O(n*?>)
for n > 110.

The observed runtimes of smaller values of N ,,m are lower than those for larger values. This can be explained by the fact
that as Np,onom iNCreases, the probability of a restriction gL’I” containing terms of degree greater than two increases as well. This
causes the inner loop to be exited early more frequently. Evidence for this can be found in Table 2. While m is small for all values
of N onoms it Seems to tend towards 1 as N, .om grows. This leads to fewer calls of Algorithm 1 and thus a smaller overall runtime
for larger N, q.om- Additionally, line 4 of Algorithm 2 is implemented in such a way that if a restriction g,((';’]j ) would contain a term
of degree greater than two, the function g,((i”lj ) jtself will never be assembled, and the loop is exited early. This effect can also be seen
in Table 2 where t,., (the time spent on computing the restrictions) is smaller for larger N, .om-

Another observation is that the assumption that the construction of g]((’l’) can be performed efficiently only seems to hold for
small model sizes n. In fact, as Fig. 2 suggests, t,. grows at least with O(n>®) and even faster for larger N, - Furthermore, the
runtime of Algorithm 1 cannot be considered as O(1) for such restriction functions. If that were the case, the time spend on symbolic
computations #g, would grow at most with O(n®m) = O(n?), since in this scenario we observe m ~ 1. However Fig. 2 shows t,,, to
grow with at least O(n%) even up to O(n*®).

monom
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Fig. 2. Log-log scale runtime analysis of Algorithm 2 for randomly generated polynomial functions (Scenario 1) showing the relationship between
the model size n and t,.y, (left) as well as n and #, (right). For each Ny,;nn, € {10,50,100} a linear model was fitted to the log-log transformed
data indicating the exponent in the polynomial growth of the runtime.

Table 3
Comparison of the number of iterations m performed in the inner loop, |I| and |I| of
Algorithm 2 for selected values of n and N € {5,10}. All values are averaged over

monom

the 10 experiments performed for each » and N, in Scenario 2.
n m ] 1]
Ninonom =5
2 1.000 0.50 0.50
8 11.339 2.90 2.90
14 32.579 5.70 5.50
20 73.568 6.50 6.50
Nmonom = 10
2 1.000 0.60 0.60
8 13.400 2.70 2.70
14 34.064 4.90 4.90
20 52.753 7.30 7.30

This observation also explains why the runtimes grow with O(n*) with an a > 2.5, for N, € {10,50,100}. Even though our
average case analysis suggests a runtime of O(n?m) = O(n®), we neglected the growing computational cost for symbolic computations
and for computing g,((i”lj ). For N onom = 100 these additional costs come into play only for n > 110. It is at this point where the inner
loop starts to not exit early. In this sense, N,,,,om € {500,1000} are outliers as their runtime grows with O(»?). Here, the algorithm
seems to exit the inner loop even before constructing g,(c';’," ) most of the time, explaining the low values of trestr and fgyp in Table 2.
It is unclear whether this will change for even model sizes n > 250.

It is important to note that random polynomial functions as they were generated in Scenario 1 are highly unlikely to possess an
algebraic structure such that they can be transformed into multilinear functions: Algorithm 2 was unsuccessful to find a solution to
Problem 1.2 or Problem 4.10 for all tests in this first scenario.

The test cases in the Scenario 2 have been designed such that solutions exist for Problems 1.2 and 4.10 which Algorithm 2 should
find. The average sizes of the sets I and I found by the algorithm can be seen in Table 3. Note that on average there holds |I| < %
since variables that already occur multilinearly in the input function are not added to 1. It can also be observed in Table 3 that the
assumptions placed on m and |[|, i.e., m < n% and |f| < n, hold for all considered test cases.

Fig. 3 suggests that the runtimes in this scenario scale with O(#32) whereas the number of inner iterations m seems to grow with
O(n1®). This seems to be almost consistent with our average case analysis stating a runtime of O(n?m) where we again neglected
the cubic growth of #,oq and r,, depicted in Fig. 4.

Lastly, note that neither for the first scenario nor the second one the maximum matching (line 23 of Algorithm 2) played a role
in the runtime. This is because in the first scenario we have |f| = 0 for all test cases and in the second scenario we have |f| < n
and thus a complexity of O(n%5) for the maximum matching.

Numerical analysis of partial solutions

The general advantages of multilinear models have been studied in [1,2]. In the following, we analyse the numerical behaviour
of solutions to Problem 4.10, i.e., models that can be partially multilinearized using Algorithm 2. In order to do this, we consider
the following multilinear model that describes two Lorenz systems coupled by the term +ax,xs:

X1 = o(xg9 — Xq), X4 = 0(xg — X4),
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g 0t

10! 10
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Fig. 3. Left: Log-log scale runtime analysis of Algorithm 2 for randomly generated polynomial functions of the form (19) (Scenario 2) showing
the relationship between the model size n and the execution time for N ,,m € {5,10}. For each N ..., a linear model was fitted to the log-log
transformed data indicating the exponent in the polynomial growth of the runtime. Right: Log-log scale analysis of the growth of m (inner
iterations) with the model size.

107 p 10°
——Nuonom = 5 5 —o— Nuonom = 5
- - -Fit (slope = 3.65) -4 - - -Fit (slope = 3.21) -
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10t} - —-Fit (slope = 3.61) o - - -Fit (slope = 3.18)

tsym

10 10!

Model Size n Model Size n

Fig. 4. Log-log scale runtime analysis of Algorithm 2 for randomly generated polynomial functions of the form (19) (Scenario 2) showing the
relationship between the model size n and .., (left) as well as n and #,, (right). For each Np,gnom € {10,50,100}, a linear model was fitted to
the log-log transformed data indicating the exponent in the polynomial growth of the runtime.

Xo = x1(p — x3) — X3 + axXgXsg, X5 = x4(p — Xg) — X5 — AXpXs5,
X3 = X1X9 — fx3, Xg = X4x5 — fxg,

with a« = %, p = g, p = 14, and ¢ = 10. This model is transformed into three different equivalent polynomial models. The first
is obtained by linearly transforming the variables x; and x3 using a matrix block T, 3 such that the model is polynomial (but no
longer multilinear) in those variables, but still multilinear in the other variables. The second model is obtained by additionally
transforming x, and x5 by a matrix block T, 5 such that it is polynomial (but no longer multilinear) in all but the variables x4 and
x¢. The final model is obtained by also transforming the remaining x, and x¢ using a matrix block T, . The resulting model is then
fully polynomial (i.e., not multilinear with respect to any variable). The matrix blocks are given by

1 2 1 3 1 4
tae (U 2) e (U 2). wa m= (1Y),

These models are solved using the MATLAB MTI-Toolbox [10] on the interval [0, 10], with the solutions of the (partial) polynomial
models being transformed back using the inverse transformation matrices. In Fig. 5 we compare the error between the numerical
solutions of each of the four models and a reference solution. The time taken to compute these numerical solutions can be seen in
Table 4. The reference solution is computed using the purely multilinear representation of the Lorenz system and a relative tolerance
of 10712,

We observe that, using a higher relative tolerance of 103, the accuracy of the numerical solution decreases as the number of
variables that appear non-multilinearly increases. However, this effect seems to vanish when using a lower relative tolerance of
107°. Nevertheless, Table 4 suggests that those models with fewer non-multilinear variables can be solved faster.
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Fig. 5. The euclidean error at time r € [0,10] between the trajectory of the reference solution and the trajectories of the four models with 0 to
6 non-multilinear (NML) variables and a relative tolerance of 10~ (left) and 10~> (right).

Table 4
Solve time [s] vs. number of NML variables.
RelTol Number of NML variables
0 2 4 6
10-3 0.214 0.256 0.339 0.422
10-° 0.409 0.462 0.596 0.633

6. Conclusions

After formalizing the problem of multilinearizing polynomial models via linear state space transformations, we were able to
fully classify the solutions to this problem for bivariate models. Moreover, we were able to give necessary and sufficient conditions
for the existence of such solutions. For the general n-variate problem, we outlined some of the challenges involved. We were able
to generalize the findings for bivariate models to models that arise from transforming multilinear functions with permuted block
diagonal matrices with 2 x 2-blocks. Additionally, we looked at the relaxed problem where we only require multilinearity in a
subset of variables. For this, we also derived an algorithm that solves the problem. Numerical experiments for both randomly
generated polynomial functions and random block-transformed multilinear functions revealed that the worst-case runtime analysis of
the algorithm of O(n®) seems too pessimistic. The results show a runtime of around O(n®) with a € [2,4.5] for the different scenarios.
However, we only considered randomly generated polynomials which - if not generated in such a way that solutions exist — are
highly unlikely to possess the algebraic structure that allows them to be transformed into multilinear polynomials. Nevertheless,
if such a transformation does exist, one can hope for a faster and more accurate numerical solution of the transformed system.
Therefore, in order to increase the likelihood of finding such a transformation, it might be of interest to modify our Problem 1.2
and search for approximate instead of exact solutions. In view of Proposition 3.10, this could be achieved by constructing a regular
1 1y
91 1
respective polynomials p; and ¢;. This will be the subject of future work.

transformation matrix T = such that its off-diagonal entries are not required to be equal but only close to roots of the

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Data availability

No data was used for the research described in the article.

References

[1] Lichtenberg G, Pangalos G, Cateriano Yafiez C, Luxa A, Jores N, Schnelle L, Kaufmann C. Implicit multilinear modeling. 2022, http://dx.doi.org/10.1515/

auto-2021-0133.
[2] Kruppa K, Pangalos G, Lichtenberg G. Multilinear approximation of nonlinear state space models. IFAC Proc Vol 2014;47(3):9474-9. http://dx.doi.org/10.

3182/20140824-6-ZA-1003.00455, 19th IFAC World Congress.

23


http://dx.doi.org/10.1515/auto-2021-0133
http://dx.doi.org/10.1515/auto-2021-0133
http://dx.doi.org/10.1515/auto-2021-0133
http://dx.doi.org/10.3182/20140824-6-ZA-1003.00455
http://dx.doi.org/10.3182/20140824-6-ZA-1003.00455
http://dx.doi.org/10.3182/20140824-6-ZA-1003.00455

C. Kaufmann et al. Results in Applied Mathematics 31 (2026) 100762

[3]

[4]

[5]

[6]
[71
[8]
[91
[10]

Patarin J. Hidden fields equations (HFE) and isomorphisms of polynomials (IP): Two new families of asymmetric algorithms. In: Advances in cryptology
— EUROCRYPT ’96. Berlin, Heidelberg: Springer Berlin Heidelberg; 1996, p. 33-48. http://dx.doi.org/10.1007/3-540-68339-9 4.

Faugeére J-C, Perret L. Polynomial equivalence problems: Algorithmic and theoretical aspects. In: Vaudenay S, editor. Advances in cryptology - EUROCRYPT
2006. Berlin, Heidelberg: Springer Berlin Heidelberg; 2006, p. 30—-47. http://dx.doi.org/10.1007/11761679_3.

Kayal N. Efficient algorithms for some special cases of the polynomial equivalence problem. In: Proceedings of the twenty-second annual ACM-SIAM
symposium on discrete algorithms. SODA 11, USA: Society for Industrial and Applied Mathematics; 2011, http://dx.doi.org/10.1137/1.9781611973082.108.
Cox DA, Little J, O’Shea D. Ideals, varieties, and algorithms. 5th ed. Cham: Springer; 2015, p. 71. http://dx.doi.org/10.1007/978-3-031-91841-4.

Béna M. A walk through combinatorics. 5th ed. Singapore: WORLD SCIENTIFIC; 2023, http://dx.doi.org/10.1142/13455.

Flajolet P, Sedgewick R. Analytic combinatorics. Cambridge: Cambridge University Press; 2009, http://dx.doi.org/10.1017/CB0O9780511801655.

Galil Z. Efficient algorithms for finding maximum matching in graphs. ACM Comput Surv 1986;18(1). http://dx.doi.org/10.1145/6462.6502.
Lichtenberg G, Uhlenberg E, et al. Multilinear time-invariant toolbox for MATLAB. 2025-10-18, http://mti.systems.

24


http://dx.doi.org/10.1007/3-540-68339-9_4
http://dx.doi.org/10.1007/11761679_3
http://dx.doi.org/10.1137/1.9781611973082.108
http://dx.doi.org/10.1007/978-3-031-91841-4
http://dx.doi.org/10.1142/13455
http://dx.doi.org/10.1017/CBO9780511801655
http://dx.doi.org/10.1145/6462.6502
http://mti.systems

	Multilinearization of polynomial models by linear state transformation
	Introduction
	Preliminaries
	The Bivariate Multilinearization Problem
	Bivariate Models
	Uniqueness of Solutions
	Necessary and Sufficient Conditions for the Existence of Solutions

	The n-variate Multilinearization Problem
	General n-variate Models
	N-variate Multilinearization by Block Diagonal Transformations

	Algorithms for Multilinearization of Polynomial Models
	Algorithm for Bivariate Models
	Algorithm for n-variate Models
	Complexity Analysis
	Polynomial Representation and Storage Complexity
	Complexity of Algorithm 1
	Complexity of Algorithm 2

	Numerical Analysis
	Runtime Experiment Setup
	Runtime Results
	Numerical Analysis of Partial Solutions


	Conclusions
	Declaration of competing interest
	Data availability
	References


