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Abstract

The subject of the paper is the analysis of stability of the evolution Galerkin (EG) methods
for the two-dimensional wave equation system. We apply von Neumann analysis and use
the Fourier transformation to estimate the stability limits of both the first and the second
order EG methods.
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1 Introduction

Evolution Galerkin methods (EG-methods) were proposed to approximate first order hyper-
bolic problems. These schemes were introduced by Morton, see, e.g., [9] for scalar problems
and [10] for one-dimensional systems. The first generalization to two-dimensional systems
was made in [11] by Ostkamp for the wave equation system as well for the Euler equations
of gas dynamics. In [4] Lukacova, Morton and Warnecke systematically studied approximate
evolution operators and constructed further EG-schemes with better accuracy and stability
properties. Further EG schemes as well as the approximate evolution operator of the solution
for the wave equation system in three space dimensions were derived in [13]. These methods
or their finite volume versions were applied to the nonlinear Euler equations, see [1], [6], as
well as to the linearized Euler equations and Maxwell equations [7]. Higher order finite vol-
ume EG-methods have been introduced and studied in [3], [5], [6] and [8].

The main objective of this paper is the analysis of the stability of the evolution Galerkin
schemes. We derive a necessary and sufficient stability condition for the evolution Galerkin
scheme (EG3 scheme) applied to the wave equation system in two space dimensions. The
discrete Fourier transformation is used to obtain the amplification matrices of these schemes.
Using estimates of the spectral norm we find a sufficient stability condition. We derive am-
plification matrices for the first and the second order finite volume schemes (FVEG) based
on the approximate evolution operators. The spectral radius of the amplification matrices
is estimated experimentally by a built-in Matlab procedure. Hence the stability limit of the
schemes is estimated also numerically.

The outline of this paper is as follows: in the next section we survey the general theory that
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we used to derive the exact integral equations. In Section 3 we recall the evolution Galerkin
schemes. The exact integral equations as well as the approximate evolution operators for
the two-dimensional wave equation system are given in Section 4. In Section 5 we introduce
the discrete Fourier transformation as well as the spectral norm that serve as tools in our
analysis. In Section 6 we present the derivation of the sufficient and necessary condition
and compare the theoretical limit, that we obtained by means of the Fourier analysis with
the experimental one. In Section 7 we consider the first order finite volume schemes based
on the approximate evolution operator E5°"!. We determine the amplification matrices and
estimate their stability limits. Finally in Section 8 we determine the amplification matrices
of the second order finite volume schemes based on the approximate evolution operator E%lm
and estimate the stability limits.

2 General theory

In this section we recall the exact integral equations for a general linear hyperbolic system
using the concept of bicharacteristics. Consider a general form of linear hyperbolic system

d
Ui+ > AUy, =0, x=(z1,...,79)" € R, (2.1)
k=1

where the coefficient matrices Ay, k = 1, ..., d are elements of RP*Pand the dependent variables
are U = (up,...,up)T = U(x,t) € RP. Let A(n) = ZZZI nrAi be the pencil matrix, where
n = (ng,..,nqg)" is a unit vector in R¢. Since the system (2.1) is hyperbolic the matrix
A(n) has p real eigenvalues \;, k = 1,...,p, and p corresponding linearly independent right
eigenvectors ry =ri(n), k =1,...,p. Let R = [r;|r3]...|r,] be the matrix of right eigenvectors.
We define the characteristic variable W = W (n) as W (n) = R '9U. Since the system (2.1)
has constant coefficient matrices Aj;, we have W = R™'U or U =R W.

Transforming system (2.1) by multiplying it with R ! from the left we get

d
R0+ Y RTTARR U, =0. (2.2)
k=1

Let By = R7'ALR = (bfj)ﬁjzl, where &k = 1,2, ...,d, then the system (2.2) can be rewritten
in the following form using characteristic variables
d
Wi+ BW,, =0.
k=1
Now we decompose By, into the diagonal part Dy, and the rest part B}, i.e. By = Dy + B},. We

obtain
d

d
W+ Y DyW,, =—> BW,, =:8. (2.3)
k=1 k=1

The i-th bicharacteristic corresponding to the i-th equation of (2.3) is defined by

ax;

= = byi(n) = (bj;, b, ... b))
g (n) = (  ba)”
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Figure 1: Bicharacteristics along the Mach cone through P and Q;(n), d = 2.

where ¢+ = 1,...,p. The diagonal entries bfz- of the matrices B, £ = 1,....d, i« = 1,...,p,
create the so-called ray velocity vector b;;. We consider the bicharacteristics backwards in
time and set the initial conditions x;(t + At,n) = x for allm € R? and i = 1,...,p, i.e.
Xi(f, n) =X — bii(n)(t + At — t~)

We will integrate the i-th equation of the system (2.3) from the point P down to the point
Qi(n), where the bicharacteristic hits the plane at time ¢, see Figure 1. Note that bicharac-
teristics are straight lines because the system is linear having constant coefficients. Now the
i-th equation reads

d

aw ow; ow ow ow

- Zﬁax;_ > (b}]aJerf]ajJr +bg§aﬂ> =58, (24
=Lt

where P = (x,t + At) € RP x Ry is taken to be a fixed point, while Q;(n) = (x;(n,t),t) =

(x — Atby;, t). Taking a vector o; = (b}, b2, ...,b%, 1), we can define the directional derivative

dw; _ (Ow; dw;  dw; dw;\ _ Ow Ll Owi dw; 2 awl Lyt Qi dw;
do; Ox1" 0zo’ 7 Ozy’ O ! 8t Wor, Moz, “Oxq
Hence the i-th equation (2.4) can be rewritten as follows
d
dw; ow; ow; ow;
P=G=— [ et AN et ARy R A B
do; ! Z (”8 Y Ozo tet Y 0xy4
J=14#]
Integration from P to @Q;(n) gives
wi(P) — wi(Qi(n)) = 5 (2.5)

where
t+At ~ N . At
SZI = / Si(xi(t, n), t, n)dt = Sz (xi(Ta n)a t+ At — T, n)dT'
t 0

Reverse transformation of (2.5) into the system written in original physical variables is done
by multiplication with R from the left and (d — 1)—dimensional integration of the variable



n over the unit sphere O in R?. This leads to the integral representation of the solution at
point at time ¢ + At

U(P) = U(x,t + At) = ﬁ /OR(n) w3(Q3.(n),n) doO + S, (2.6)

wp(Qp(n),n)

where
§ = (51,8, ., 5,)" = —/ R(n)S'dO = —// R(n)S(t + At — 7,n)drdO
10l Jo 10l Jo Jo

and |O| corresponds to the measure of the domain of integration.

3 Exact integral equations and approximate evolution opera-
tors for the wave equation system

In this section we illustrate the application of general theory of the bicharacteristics for the
two-dimensional system of wave equation. We recall the exact integral equations and present
their possible approximation, the so-called EG3 approximate evolution operator. Consider
the two dimensional wave equation system

b+ c(ug +vy) =
uy + CQSI =
v+ cdy =

bl

7 (3.].)

bl

o O O

where c¢ is a given constant representing the speed of sound. We will recall here the exact
integral equations derived in [4]. Let P = (z,y,t + At), P' = (z,y,t), Q@ = (x + cAtcos 6,y +
cAtsin®,t) = (x + cAtn(0),t) and the so-called source term be given as

S = clugysin®6 — (uy + v;) sinf cos O + v, cos® 6] , (3.2)

then exact integral equations for the wave equation system (3.1) are given as

1 271' ~
bp = 5 (pg —ug cos@ —vg sinf) df + Sy, (3.3)
™ Jo
1 1 [ 2 : G
up = iup, + o (—¢g cosb + ug cos” 0+ vg sinf cosf) df + S, (3.4)
0
1 12 ) . . 9 :
vp = Sup + o (—¢g sinf + ug cos sinfh + vg sin” 6 dh + Ss, (3.5)
0



where

- -1 2w At
Sio= o S(x + ern(9),t + At — 7,8) dr d,
21 Jo Jo
~ 1 2w At
Sy = — / cos0S(x + crn(),t + At — 7,0) dr df
2 Jo 0
1 2T At
—5 i /0 [C%(x, t+ At —1) sin2f — coy(x,t + At — 7)siné cos 9] dr de,
- 1 2w At
S3 = — / sinfS(x + crn(f),t + At — 7,0) dr d6
2 Jo Jo
1 2 At
“or J, /0 [edy(x,t + At = 7) cos? 0 — e (x, + At — 7) sinf cos 0] dr df.

The above integral equations give us an implicit formulation of the solution at the point
P = (z,y,t"*!). In order to obtain an explicit numerical scheme it is necessary to use some
numerical quadratures in order to approximate the time integral from 0 to At. Using the
backward rectangle rule leads to an O(At?) approximation of the time integrals appearing in
Si, Sy and S3. Further we use the following result [4, Lemma 2.1]

27 2m
At S(t,0)do = / (ucosf + vsinf)do,
0 0
2m 2m
At S(t,0)cosfdd = / (ucos 260 4 vsin 20)d6,
0 0
2m 2m
At S(t,0)sinfdd = / (usin 26 + v cos 20)d6. (3.6)
0 0

Note that these formulae allow to replace the derivatives of our dependent variables in S by
the variables themselves. Rectangle rule approximation for the time integral and (3.6) yield
the so-called EG3 approximate evolution operator. We refer a reader to [4], [13] for other
approximate evolution operators EG1-EG4.

Approximate evolution operator for EG3

1 2w
op =5 | (bq — 2uqcosf — 2vqsinf)do + O(At?) (3.7)
T Jo
1 1 [ 5 5 . 9
up = Fup! + Py (—2¢g cosf + (3cos” O — 1)ug cos” B + 3vg sinf cos §)df + O(At”)(3.8)
T Jo
1 1 2m . . .9 .2 2
vp = VP! + Dy (—2¢g sinf + 3ug sin@ cos § + (3sin” 6§ — 1)vg sin” 0)do + O(At”). (3.9)
T Jo



4 FEvolution Galerkin Schemes

In this section we describe the evolution Galerkin schemes in the finite difference framework
as well as the finite volume evolution Galerkin schemes. The main idea of the evolution
Galerkin schemes is the following. Transported quantities are shifted along the bicharacteris-
tics and then projected onto a finite element space. These methods connect the finite element
ideas with the theory of bicharacteristics. In the finite volume framework the approximate
operators are used only in order to compute fluxes on cell interfaces. Thus, instead of the
one-dimensional Riemann solvers, which work only in the normal directions to the cell inter-
faces, we compute the approximate solution at cell interfaces by a multi-dimensional evolution
operator. This can be considered as a predictor step. In the corrector step the finite volume
update is made.

Consider a mesh in R?, which consists of the square mesh cells

Q= |k Ly, (k+3)h] « [(z—l)h, (z+3)h] _ [xk—g,xk+ﬁ] « [yl—ﬁ,yﬂ-ﬁ],

2 2 2 2 2 2 2
where, h > 0 is the mesh size parameter, k,[ € Z. Let us denote by H"(R?) the Sobolev space
of distributions with derivatives up to the order x in L? space, where x € N. Consider the
general hyperbolic system given by the equation (2.1). Let us denote by E(s) : (H"(R?))P —
(H"(R?))P the exact evolution operator for the system (2.1), i.e.

U(.,t+s) = E(s)U(.,t). (4.1)

We suppose that S; is a finite element space consisting of piecewise polynomials of order
m > 0 with respect to the square mesh. Assume a constant time step, i.e. ¢, = nAt. Let
U” be an approximation in the space S} to the exact solution U(.,%,) at time ¢, > 0. We
consider E; : (L},.(R?))? — (H*(R?))? to be a suitable approximate evolution operator for
E(7). In practice we will use restrictions of E- to the subspace S;" for m > 0. Then we can
define the general class of evolution Galerkin methods.

Definition 4.2 Starting from some initial data U° € Sit at time t = 0, an evolution Galerkin
method (EG-method) is recursively defined by means of

Ut = p,E,U", (4.3)

where Py, is the L>—projection given by the integral averages in the following way

1

P = T Jo
kl

Ul(z,y, t,)dzdy. (4.4)
We denote by Ry, : S}* — S} a recovery operator, 7 > m > 0 and consider our approximate
evolution operator F. on S;. In this paper we will limit our considerations to the cases where
m = 0. In this case the integrals that we obtained from the projection are evaluated either
exactly using the fact that the approximate values U™ are piecewise constants or by means
of some numerical quadratures. Using piecewise constants the resulting schemes will only be
of first order, even when FE, is approximated to a higher order. Higher order accuracy can
be obtained either by taking m > 0, or by inserting a recovery stage R} before the evolution
step in equation (4.3) to give

U™t = P,E.R,U". (4.5)



To implement (4.5) rather complex three-dimensional integrals need to be evaluated exactly.
This approach seemed to be hardly feasible for effective derivation and implementation of
higher order methods. A simplification that we used was the application of the multidimen-
sional evolution only on the cell interfaces. This leads to the finite volume evolution Galerkin
methods.

Definition 4.6 Starting from some initial data U° € Sit, the finite volume evolution Galerkin
method (FVEG) is recursively defined by means of

1 At 2 _ .
S / S 6, (07 &1 dr, (47)
where 0y, f; (ﬁ”J“ﬁ) represents an approximation to the edge flux difference and d, is defined
by 0zv(z) = v(x + %) —v(z — %) The cell boundary value U™ 2t is evolved using the
approximate evolution operator E. to t, + 7 and averaged a long the cell boundary, i.e.

~ T 1
Un+E = (— ETRhUndS> Xkl (4.8)
k,lzez 1024l Jaq,,

where xk 18 the characteristic function of 0€y.

For more details on the higher order finite volume evolution Galerkin (FVEG) schemes, see
[1], [6], [8], where the error analysis as well as numerical experiments are presented. Using
the L2-projection (4.4), the approximate evolution operator E,, and (4.7), (4.8) the finite
difference formulae for both the EG and the FVEG schemes can be written in the form

1 1
UZ?»I = Zl + Z Z CT‘SUZ-|—7'I+37 (49)
r=1—s=-—1
where . X X
ags ﬁgs 7@5
CT‘S = Qg rs  Trs (410)

s By s
Here the entries o2, 577, v%, m = 1,2, 3 are taken appropriately according to the approximate
evolution operator F; used. In the Appendix the stencil matrices o', ™ and v"", m = 1,2,3
are written for some EG schemes.

5 Basic tools

As we mentioned above our stability considerations are based on Fourier analysis. We first
recall some basic concepts. Let {¢7;}79__., be a two dimensional sequence in /.

Definition 5.1 The discrete Fourier transformation of {¢p,} € £o is the function 1/;” €
Lo ([—%, %]2) defined by

,([)n — }2 Z Z w[r:l exp—ih(k£+ln) ]

k=—00l=—00



Similar to the case of continuous Fourier transformation, there are both an inversion formula
and Parseval’s equality.

Lemma 5.2 (Inverse formula) If {},} € o and Y" is the discrete Fourier transformation

of {1y}, then o
1 n N .
V=g [ [ e g,

T )
h h

Lemma 5.3 (Parseval’s equality) If {4},} € £5 and Y™ is the discrete Fourier transformation
of {1y,}, then
™11 = {19kl

where the first norm is the Lo-norm on [—%, %] X [—%, %] and the second norm is the £5-norm.

Hence we have the following result.

Lemma 5.4 The sequence {1},} is bounded in ly if and only if the sequence {1,;"} is bounded
in Ly ([=5. 7] x [ 7])-

In order to study the stability of linear numerical schemes the Fourier transformation is used.
This leads to the estimation of the spectral radius of the so-called amplification matrix. The
spectral radius of a square complex matrix A with eigenvalues J\; is defined to be

pA) = max |\ (5.5)

The spectral norm of the matrix A is defined as

1A = sup AL
i QT

The norms on the right hand side of equation (5.6) are the Euclidean norms of the vectors
Ax and x, respectively. Note that for the spectral norm, as for any matrix norm, we always
have [|A]] > p(A).

(5.6)

6 Estimate of the stability limit

In [4, Lemma 5.1] Lukécova et al. proved the following stability result for the EG-schemes.
There exists Ve, < 1 such that the EG schemes for the two-dimensional wave equation system
(3.1) are stable for any v such that 0 < v < vy4,, where v = cAht is the CFL number. The
goal of this section is to estimate precisely vy,q, for the EG3 scheme. Analogous calculations
can be done also for other EG-schemes of type EG1-EG4 as well as for the FVEG schemes.
We apply the discrete Fourier transformation on both sides of equation (4.9).

1 1
Ut = U 4 p? i i (Z > CTSU,HHH) p~th(kE+m) (6.1)

k=—ool=—0c0 \r=—1s=-1



By making the change of variables k' = k +r and I’ =1 + s we get

00 00 1 1
Yoy (Z 3 UL +s> exp= e+

k=—oc0l=—00 \r=—1s=—1
1 1 00 00
_ Z Z Crs expzh(r£+sn) (h2 Z Z UZ’Z’ exp—zh(k'f-l-l’n))
r=—1s=-1 k'=—oc0l'=—00
1 1
= Z Z Cps exp M(rétsn) gn (6.2)
r=—1s=—1

Thus using this expression in the equation (6.1) we get

1 1
Ot — <I+ Z Z C”expih(r&sn)) u”, (6.3)

r=—1s=-—1

where Z is the identity matrix. The coefficient of U™ in the equation (6.3),

1 1
T(f, 77) =7+ Z Z Crs expih(rf—l—sn)’ (64)

r=—1s=—1

is called the amplification matrix of the finite difference scheme (4.9). Applying recursively
the result of equation (6.3) n 4+ 1 times yields

11 ntl

r=—1s=—1

We note that if [|[7(£,7)|| < 1 then |[a"*!|] < |[4°]|, which means that the {a"} is L2-stable.
Consider the EG3 scheme, i.e. the numerical scheme based on equations (3.7) - (3.9), cf. also
stencil matrices in the Appendix. After some calculation we obtain the following entries of
the amplification matrix 7(&,7)

V2 4u 2 v v?

T = 145 =2 costie) conlin) + (2 = ) fcos(e) + cos(in).

™ ™ ™

Talen) = =i (‘o sinhe) costhn) + (1 = 3 ) sinhe) )

3T T

Tslen) = =i (‘g costhe)sintin) + (v = 3 ) sinti))

2v V2 V2 2v V2 V2
Ty (&) = 1-— — + 7 + o cos(h&) cos(hn) + <? — %> cos(h&) — oy cos(hn),
-3 .
Ti(6n) = - sin(hé)sin(n),

2w 2 V2

2 2
Ts3(&,m) = 1-— — + 7 + — cos(h€) cos(hn) + <2?V - 2V—> cos(hn) — 2V_7r cos(hg),

2 2T T
To1(&,m) = Ti2(&m), T31(&,m) = T3(&,m), Ts32(&,m) = Taz(&,m).



Using the substitutions S¢ = sin(h&), s¢ = sin(%), S, = sin(hn) and s, = sin(%’) the
amplification matrix 7 = 7 (&,7n) can be written as

CH —7:1105 —’iVCn

T: Z.I/C% 022 I/QC@, y
’iVCn I/2C§n 033

where
4u 412
Cri = 1-2Y(s2 2 ar” 9 2
11 (85 +sy) + —SeSip
8v 4
Ce = Se(1——
¢ g( 37r8 )
8v 4
Cn = Sn(]_ - 37{'85)
-3
Cen = ?stnv
4 2
Cy = 1-— —ng + v’ 3232
4 2
033 = 1- —VS2 + L8§82
T
7 0 0 C11 vCy vC;,
Set £E=[ 0 1 0 |, then Q= —vCe Oy 1/205,, = £717&, which means that
0 0 1 —I/Cn 1/20577 033

T and Q are similar matrices and thus they have the same eigenvalues. Moreover, the matrix
Q can be decomposed as
Q=T-v(D+C)+vC,

where
d+f 0 0 0 Ce C . 0 0 0
D = 0 d 0 , C= —Ce¢ 00 , C=1 00 Cen |,
0 0 f cC, 0 0 0 C¢g O
o4y 2wy, 2 2 49 2V 5,
d = g T Sesy = sg(2 —vs;) f_;sn_?fn (2 —vsg)
Since
2 3v2 2
10~ (T~ w(D+C))I| < ¥*|Cey| < 2 = O(?). (6.6)

we can approximate the eigenvalues of Q by the eigenvalues of H = Z — v(D + C) with the
O(v?) error. Note that for all [¢, n] € [57, %] x [5%, %] the entries of H are bounded. To
estimate the stability limit of the EG3 scheme we need to estimate spectral radius of Q for
all choices of &, n and v, 0 < v < 1. Since()gsgg1and0§s%§13ndu§1thend20
and f > 0. Now the matrices D, C are real and C is antisymmetric as well. Hence D + C has
either three real eigenvalues or one real eigenvalue and two complex conjugate eigenvalues.

Consider a real eigenvalue, say A = \,. Let v = (v, v2,v3) be the corresponding eigenvector,
then v (D + C)v = vI'\,v. Since C is antisymmetric then vI'Cv = 0. Hence we get

(d+f—=X)vi + (d— N\ )v3 + (f — A\r)v3 = 0. (6.7)

10



Since the coefficients in equation (6.7) can not have all the same sign, we get the estimates
0 <min(d, f) <\ <d+ f. (6.8)

Let p, be a real eigenvalue of H then pu, = 1 — vA,. Hence |u,| < 1 is equivalent to —1 <
1 — v\, < 1. Using inequality (6.8) we get

v, 9 4V222
1—7(36—1—3,7)—1—7363”gl—y)\rgl.

To get |ur| <1 we need

2 2.2
L= — (s +8y) + ——s¢sy > —1
The last inequality reads
2 39232 —v 4 (sz+s2))+2>0 (6.9)
o €°n o V¢ n = )

Now, we want to bound v such that 2 — I/% (sg + s%) > 0. Hence inequality (6.9) yields

4 4 4v
2 (;323727> —v (; (sg + 3%)) +2 > 2- — (sg + 372,)

> 2%
s

The last inequality gives

v < % ~ 0.7854. (6.10)

Now let us assume that p,. is a complex eigenvalue of H. Then u. =1 — v., where v, is a

complex eigenvalue of the matrix D + C. This implies
Hel? = 1= 20Re(\,) + V22
Thus |u.|? < 1 is equivalent to v?|\:|]> — 2vRe(\.) < 0. Suppose that A, > 0 then
2 Ar|Ae? — 2v),Re().) < 0. (6.11)
Let b = C¢ and ¢ = (). It is well known that

det(D+C) = d*f + f2d+0*f +c*d = M|\
Tr(D+C) = 2(d+f) =X+ A+ Ae = A + 2Re(\e),

Hence inequality (6.11) reads
p(A) = A2 = 2(d + )N+ v(dPf + f2d+ V2 f + ¢2d) < 0. (6.12)
The discriminant A of p gives

A2 =4(d+ f)? —duv(d®f + f2d+ 02 f +32d) = 4(d* + f2) +8fd — 4w (d’f + f2d+ b’ f + 2d).

11



We will assume that
8fd — 4v(d*f + f2d + b2 f + *d) > 0,

which leads to A? > 4(d? + f?) > 0 and we obtain

32 32
8fd = —3232(2 - V3,27)(2 - usg) = —3232(4 2v (35 +s ) + VQSESQ)
32
> ﬁsgs%(él - 21/(52 + 5727))
Hence,
32 128
8fd > sgs 2(4 — 4v) = W—S?SZ(I v). (6.13)
Further we have
8 64 6
d’f = ;s?s%(? — 1/3727)2(2 — usg) < Fsgs% < s
8% 5 52 4 4
2, _ @2 2,22 2 2 2.2
b f == S§(1 - 3—71_87]) ;Sn(2 - VSg) S ;Sgsn S %
Analogously, we obtain
9 64 9 4
fed < — and ctd < —.
v e
Therefore,
128 + 872
—Au(d>f + f2d + VAf + 2d) > —4T”u. (6.14)

Putting inequalities (6.13) and (6.14) together we get

12 12 2
Sif — (@ f + PATVT+Pd) > ol - y)—4(M>y
71'

3
128 128 , 5 128 + 872
= — — 4| ———— > 0.
2 Sgsy —V ( o 5ESy T 3 =

The last inequality implies

128 2 2 128
S 71'2 5 S 27['2 .
4 (128;9)8« ) n 17r228 Sgs% 4 <12874rr387r ) i 17?28828727
Since ) )
128 + 87 128 5 128 + 8
4( 3 )"'?‘%%24( 3 )
we then have
1 < 1
4 (128;387@) n %828% 4 (128:387@)
Therefore we get
128 327
< T ~ 0.4858. (6.15)

— 4(128+487%) 128 + 872
3

Thus we have obtained a sufficient condition on v for A? > 0. For v < 0.4858 we have
A2 >4(d*+ %) >0

12



Now A = 0 corresponds to d? + f? = 0, which implies that A, = 0, cf. (6.8). Since we assume
Ar > 0 then p(A,) has two distinct real roots r; and ry, where

n=tf) -5 m=Wtn+s.

Inequality (6.8) gives A, < 73. To show that X\, > r; note that from A > 4(d? + f2) we have
ry < (d+ f) — /d? + f2. Furthermore \/d? + f2 > max(d, f). Therefore

r < (d+f)—Vd>+ f2<(d+ f) —max(d, f) = min(d, f) < A,.

Hence A, € [r1,72]. This implies that p()A,) <0, what we wanted to show, cf. (6.12).

Now consider the case A\, = 0, then either d = 0 or f = 0. Suppose d = %32(2 — V3,27) =0
then s¢ = 0 and

%s% 0 5,
0 0 0
-S, 0 2

2
Sn

The eigenvalues of D + C are 0, %3,27 +4S,. Now |ucl? = |1 — vA|? < 1 gives

(or(zavs)) (- (2amm)) = ((2ea) )

8v o, 1602 , 5 o
= —7sn+ 3 3n+VSn§1.
This leads to . 16
L) Vo4 2
—?Sn +v <?Sn + Sn> S 0
Suppose s, # 0, otherwise ||H|| =1 for any v, then we have
< 0,

8 (16 (577)2)
e
T T Sn

N
7N
>1|»—‘
[N =]

+
/N
£
N——
[\
N—

(VAN
3 |oo

Now the last inequality yields

<7 <Tx15708 (6.16)
16 Sy 2
B (5)

Finally inequalities (6.10), (6.15) and (6.16) imply that if

321

< —— =~ 0. .
VS Topr g 04858, (6.17)

then the spectral radius of the matrix # is less than or equal to 1.
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Remark 6.17 It follows from the equation (6.6) that the error corresponding to the estimated
stability limit of the scheme EG3

327
0<v<—2" 04858
=V 108 1 82

2
1s less than or equal to % (nﬁﬁ) ~ (0.0885.

Hence we have proved the following result.

Lemma 6.18 Consider the evolution Galerkin scheme EG3. Then, this scheme is stable if

0<v < Vpee = (%) ~ 0.4858. The error corresponding to this estimation is less than

2
or equal to % (ué’zﬁ) ~ 0.0885.

Remark 6.19 In the next table we have estimated the stability limit of the scheme EG3
using the standard MATLAB procedure for the eigenvalues of the matriz T. Note that the
upper bound of our theoretical result, i.e. 0.485840.0885=0.5743, matches very well with the
experimental stability 0.58.

2" | pen(T(&n)) for EGS |
0.10 | 1.000000000000000
0.20 | 1.000000000000000
0.30 | 1.000000000000000
0.40 | 1.000000000000000
0.50 | 1.000000000000000
0.58 | 1.000000000000000
0.59 | 1.000003244461521
0.60 | 1.000112236111448
0.70 | 1.008474049696319

Table 1: Stability limit using p¢ (7T (€,7)).

In Figure 2 left we plot the eigenvalues of the matrix H as well as the unit circle. Similar
plot with different scale is shown in Figure 2 right. With this simulation we illustrate that it
is possible to include all eigenvalues, possibly except the eigenvalue 1, inside the unit circle.
Since the entries of the of the matrix 7 are bounded, the condition stated in (6.17) is a
necessary and sufficient stability condition, see Richtmyer and Morton [12]. In Figure 3 we
show a sequence of plots, with different scales, of the eigenvalues of the amplification matrix
corresponding to the first order EG3 scheme. Again using similar argument we conclude that
the scheme is stable to CFL=0.58.

7 Approximate evolution operator E{"' for piecewise con-
stant data

In [2] Luka¢ovd, Morton and Warnecke proposed new approximate evolution operators E{"5!
und EX”” for the two-dimensional wave equation system and for the Euler equations of gas

14



Eigenvalues of the matrix H, CFL=0.48 Eigenvalues of the matrix H, CFL=0.48
T

15 . . . o = T T T T T T T T
0.4F 4
1+ 4
0351 4
051 4
ok i 03 4
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-15 -1 -0.5 o 0.5 1 15 086 088 0.9 092 094 096 098 1 102 104 106
Figure 2: Eigenvalues of the matrix H, CFL=0.48.
EG3 scheme, CFL=0.55 EG3 scheme, CFL=0.55
15 : | O e T T T T T ™
1r ] 0.4 S i
0351 4
05f 1
03 4
of ]
0.251 4
—0s} ]
0.2 4
-1t R 0.151 4
0.1r 4
-15 L L L L L L L L L L L L L
-15 -1 -05 o 0.5 1 15 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1
EG3 scheme, CFL=0.58 EG3 scheme, CFL=0.58
15 T T T T T T
0.251
1t 4
051 q 0.2
oF 4
0.151 4
-05F 4
b 4
0.1f 4
-15 L L L L L L L L L L L L L L
-15 -1 -05 o 05 1 15 0965 097 0975 098 0985 099 0995 1 1.005

Figure 3: Eigenvalues of the amplification matrix of the first order EG3 scheme, CFL=0.55
(top), CFL=0.58 (bottom).
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dynamics. Extensive numerical treatment presented in [2] indicates that these new operators
improve the stability of the FVEG-schemes considerably. We will show that for special choices
of discretization techniques stability limits close to the natural limit of 1 can be achieved.
Numerical experiments, presented in [2], for these FVEG schemes confirm high accuracy
as well as good multidimensional behaviour of new FVEG schemes. The key idea of the
development of these new operators was to exploit the fact that the exact explicit solution
to the one-dimensional wave equation system is available. Our new approximate operators
are constructed in such a way that this exact solution is reproduced exactly for a given one-
dimensional data. Thus, the approximate evolution operator E{"" calculates exactly any
one-dimensional wave, which is represented by a piecewise constant data and propagates either
in z— or y— direction. Analogous situation holds for the operator EK”” and approximated
waves by means of continuous piecewise bilinear data. The approximate evolution operator

E$"st for piecewise constant data reads, cf. [2]

1 2T
bp = o (g — ugsgn cos @ — vgsgnsin 0)de, (7.1)
™ Jo
1 2 ]_ 9 .
up = o —¢posgn cos 0 + ug 5 T cos ) +vgsinfcos ) do, (7.2)
0
1 [% ) . I .
vp = 5 —¢pgsgnsinf + ug sinf cos 6 + vg 2 +sin“0 ) | d6. (7.3)
0

Integrations from 0 to 27 around the sonic circle in (7.1) - (7.3) are evaluated exactly. In this
way all infinitely many directions of wave propagation are taken into account explicitly. For
the cell interface integration along 09 in (4.8) we have two possibilities. These edge integrals
can either be computed exactly or numerically. Exact cell interface integration yields, e.g.
for the vertical edge, the following intermediate values

~n+l . vV o 1 ) 2 v

B = (L g0) mt” - (5 Ty ) BUT = Thabtydy VS

~n+l L vy B 52 2 i

Uegge = — (5 * Eéﬂl) %"+ <1 + o0 | HaU" + G 0atty 0y VT, (7.4)

where pyf(z) =1 (f(z+2) + f (z = 1)), 82f(z) = f(z + h) — 2f(2) + f(z — h).

The stencil matrices of this FVEG scheme are given in the Appendix. Another possibility to
evaluate the cell interface integrals is to use some numerical quadrature. In this way, further
simplification in the evaluation of integrals can be made. Instead of the two-dimensional
integrals along the cell interfaces and around the sonic circle, only the sonic circle integrals
need to be evaluated exactly. In our experiments we used the trapezoidal rule and Simpson’s
rule for the cell interface integration. Thus, we need to determine Onts

&)Z;:t%ex = fapy®" — %uyémU” - %uxéyvn,
ﬁ:ettéex = —%uy%@" + papy U™ + iéméyvn,
~Zijomt = pg®" - %%Uﬂ,
ﬁ:;rdioint = _%%@n + p U™ (7.5)
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The stencil matrices of the FVEG scheme with the trapezoidal and the Simpson quadratures
for the cell interface are given in the Appendix as well.

Analogous to the Section 6, we can show that the amplification matrix T of the first order
FVEG scheme with exact edge integrals is similar to the matrix

Q=I-v(D+C)+1%C,

where the matrix D is defined as before with

2v 2v
d=2s2(1- =262 =221 - 262,
Sf( 7r3">’ f=2s ot

The matrices C and C are given as

0 C¢ Gy 3 0 +8 15

C = Ce 00 , C = 0 0 Cep ,
¢, 0 0 0 Ceq O

where
v, v,
C§:S§<1—?Sn>, Cn:Sn (1—?3.,5),
-1

Cep = 75’55’”.

Since the matrix C is symmetric it is now not possible to carry out the analysis similar to
the Section 6 in order to estimate the stability limit. Instead we use a MATLAB procedure
to estimate the stability limit. The results are given in Table 2. In Column 2 we present
the stability limit of the first order FVEG scheme with exact edge integrals. The stability
limit of this scheme is improved considerably, the scheme is stable approximately up to the
CFL=0.89. Column 3 demonstrates that the first order scheme based on the trapezoidal rule
is stable to the natural stability limit 1. Column 4 shows that the stability of the first order
scheme based on Simpson’s rule is also increased, the scheme is stable approximately up to
the CFL=0.75.

‘ %‘t ‘ Exact ‘ Trapezoidal ‘ Simpson
0.70 | 1.0000000000 | 1.0000000000 | 1.0000000000
0.75 | 1.0000000000 | 1.0000000000 | 1.0000000000
0.76 | 1.0000000000 | 1.0000000000 | 1.0206666667
0.80 | 1.0000000000 | 1.0000000000
0.89 | 1.0000000000 | 1.0000000000
0.90 | 1.0007993640 | 1.0000000000
1.00 1.0000000000
1.01 1.0200000000

Table 2: Stability limit using p¢ (7 (€,7))

In Figures 4 and 5 we plot, using different scales, the eigenvalues of the amplification ma-
trices corresponding to the first order FVEG schemes based on the operator (7.1) - (7.3).
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In Figure 4 top we used the exact integration along cell interfaces. In Figure 4 middle and
bottom the trapezoidal rule was used to approximate the interface integrals. Analogous to
the previous section, it is possible to encircle all eigenvalues, with exception of 1, in the unit
circle. Since the entries of the amplification matrices are bounded the estimated stability
limits are necessary conditions and sufficient as well. In Figure 5 we have plotted eigenvalues
of the amplification matrix of the FVEG3 scheme with Simpson’s rule approximation of the
cell interface integrations.

8 Approximate evolution operator E%'" for piecewise bilinear
data
In this section we investigate the stability of the second order finite volume schemes proposed

by Lukédcovd et al. in [2]. These schemes are based on the approximate evolution operator
E%lm, which is given as

op = (1 - g) (g —2cosfug — 2sint‘)vQ) dé + O(A#?), (8.1)
™ 3m
up = (1—Z)u +o- ( 2c050¢Q+ (3cos 6—1) uQ+75m0c050vQ> dg (8.2)
+0(At2
i
vp = (1 - Z) —2sinfgpg + 7 sm0cos€uQ + = (3sm 6—1)vg | do (8.3)
+0(At2

Analogous to E"!, this approximate evolution operator is designed such that it computes

any one-dimensional linear plane wave propagating in x— or y— direction exactly, for more
details see [2]. In order to obtain second order finite volume schemes we carry out a recovery
stage before applying the approximate evolution operator, see Definition 4.6. The following
two types of bilinear recoveries have been considered in [2]

T — - z—x)(y —vy
R;Ul, = <uiu§+ T iy +2 0, +%uzuy5z%> U, (8.4)
€T — — Y T )\Y — Ui
R;Ul, = <1+ - uxuytS +2 3 T +$Nzﬂy5z6y> Up.  (85)

Note, that the recovery (8.4) is continuous while the recovery (8.5) is discontinuous and
conservative. We use the midpoint rule to approximate the time integral in the equation
(4.7). Denoting the cell interface intermediate value, that is computed in the predictor step

(4.8), by U™ we can obtain the following schemes

scheme A Ut = E%lmR,?Un + B — MiuZ)U”,
scheme B Ut = philingCun,
scheme C Ut = Ebln gPUn.

Each of these schemes has further two types according to the evaluation of the cell interface
integrals. We used the subscripts 1, 2 to distinguish between them. Thus, 1 corresponds to

18



Eigenvalues: FVEG scheme based on operator (7.1-7.3), exact interface integrals,CFL=0.89 Eigenvalues: FVEG scheme based on operator (7.1-7.3), exact interface integrals,CFL=0.89
T T T T T

15 T T T T T T T T T T
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05 9
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015 9
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Eigenvalues: FVEG scheme based on operator (7.1-7.2), trapezoidal rule, CFL=0.9 Eigenvalues: FVEG scheme based on operator (7.1-7.2), trapezoidal rule, CFL=0.9
15 . . . . . T T T T T T T T T
0.4 9
1t ]
0351 9
051 q 031 7
0.251 ]
oF ]
02 9
-0.51 9
0.151 ]
b 4 o1l ]
-15 L L L L L 0.05[ L L L L L L L L L ]
-15 -1 -05 o 05 1 15 0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04
Eigenvalues: FVEG scheme based on operator (7.1-7.3), trapezoidal rule, CFL=1.0
15 15 T T T T T
1F 9 1F 9
05K 4 051 ]
oF 9 oF 9
-05[ 9 -05[ 9
b 4 b ]
15 I I I . I 15 . . . I I
“15 -1 -05 0 05 1 15 “15 -1 -05 0 05 1 15

Figure 4: FEigenvalues of the amplification matrices: top: exact interface integration
(CFL=0.89), middle and bottom: interface integrals approximated using the trapezoidal rule
for the CFL=0.9, 0.95, 1.0.
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Eigenvalues: FVEG scheme based on operator (7.1-7.3), Simpson'’s rule, CFL=0.70 Eigenvalues: FVEG scheme based on operator (7.1-7.3), Simpson'’s rule, CFL=0.70

15 : ; ; ; ; T ™ T T T T T T T T T
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Eigenvalues: FVEG schemebased on operator (7.1-7.3), Simpson's rule, CFL=0.75 Eigenvalues: FVEG schemebased on operator (7.1-7.3), Simpson's rule, CFL=0.75
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-05F B
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0.05- B
_15 L 1 L L L | | | | n | | |
-15 -1 -0.5 0 05 1 15 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06

Figure 5: Figenvalues of the amplification matrix, interface integrals approximated using
Simpson’s rule, CFL=0.7 (top), CFL=0.75 (bottom).
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Simpson’s rule and 2 for the trapezoidal rule. For example, for the scheme Cy the predicted
values along the right cell interface are

2
5ty — T V) 52,2 TV )22 TV V) 22
v= [1 ! <3_2 ¥ 1_6> bty + (3_2 ¥ E) ootz ¥ (3—2 "7t 3—2> ‘5$‘5y] Hoky®"
_9 1 v 1 v -1 v v V2
e R L G L G Rt o L
1%

-2 1 v 1 v -1 v v?
J— -7 62 2 - 2,2 - v 7 252 5 v
+[7r +<87r 167r> Iﬂy+<2w 8>quy+ o 8 dn ) 0| Ovba

-1 v v 2\,
—+ -4+ ——— 62| O pty B"
<27r + 8 * 4 67r> Ha y] why

_ 2
+ [1 + <—7r + 1) 622 — 62+ <1 -+ V—) 5555] paptyU"

64 16 64 64 16 64
1 1 v o\ 5, n
+ |:§ + <1_6 - g + ﬁ) Nmﬂy] 3(5;1;(5yv

with the equation for V"+2 that is analogous to that of Unts. Further, we can express analo-
gously the predicted values for other cell interfaces as well as for other schemes. Substituting
the predicted values in the corrector step (4.7) yields for all second order finite volume schemes
FVEG-A, B, C

11
+1  _
Uzl - UZ! + Z Z CTSUZ‘}‘T!-FS + CTQ':SUTIZ]C+7.[+S + CT?'JSUZ]C+7.[+S + CngZyk+rl+s,
r=—1s=—1
(8.6)
where C%,, C¥s and C;¢ are the coefficient matrices corresponding to the approximation of z—,

y—, and xy— slopes. Moreover,

n _ 2 n n _ 2 n n _ n
U:z:kJrTlJrs - Nfl?uy(sfl?Uk-i-rl—l—sv Uyk+rl+s - N:L’:U‘y(syUk-i-rl—l—sv Umyk+rl+s - Nmﬂy(sm(syUk-i—rl—l—s'

Applying the von Neumann analysis and the Fourier transformation we derive the amplifica-
tion matrices 7. It should be pointed out that their structure is too complicated in order to
apply the similar estimates of the spectral radius as we did in Section 6 for the first order EG3
scheme. Anyway, we can use the standard MATLAB procedure to determine the eigenvalues
of 7. This yields the stability limits given in Table 3.

In Figures 6 and 7 we plot, using different scales, the eigenvalues of the amplification matrices
corresponding to the second order FVEG schemes; scheme A;, B; and C;, where i = 1,2.
Similar to the previous cases, these plots indicate that all eigenvalues, possibly except of
1, can be bounded inside the unit circle. Thus the stability limits which we obtained are
necessary as well as sufficient conditions.

Further, it follows from Figure 6 that the second order FVEG scheme based on the operator
(8.1) - (8.3) with the continuous non-conservative recovery (8.4) using Simpson’s rule to
approximate the cell interface integrals, i.e. scheme By, is unconditionally unstable. This
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Trapezoidal rule | Simpson’s rule
scheme A 0.94 0.75
scheme B 0.78 -
scheme C 0.78 0.58

Table 3: Stability limits of the second order FVEG schemes.

fact has also been confirmed by other numerical tests for the wave equation system with
discontinuous solution, see the Problem 3 in [4]. We have found for all CFL numbers, no
matter how small they were chosen, instabilities in the solution for fine enough meshes. We
should note that all other CFL limits given in the Table 3 have also been confirmed by
particular numerical experiments.
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Eigenvalues: Scheme A1, CFL=0.75
T T

Eigenvalues: Scheme A1, CFL=0.75
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Figure 6: Eigenvalues corresponding to the amplification matrices of the scheme A;
(CFL=0.75), scheme By (CFL=0.1), and the scheme C; (CFL=0.58).
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15 Scheme A2, CFL=0.94 Eigenvalues: Scheme A2, CFL=0.94
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Figure 7: Eigenvalues corresponding to the amplification matrices of the scheme
(CFL=0.94), scheme By (CFL=0.78), scheme Cy (CFL=0.78).
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EG3 scheme
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FVEG scheme based on operator E{"! with exact cell inteface integrals
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FVEG with E{"! operator using Simpson’s quadrature for cell interface inte-
gration
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FVEG with E{"! operator using the trapezoidal quadrature for cell interface
integration
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