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Estimation of the energy of quantum many-body systems is a paradigmatic
task in various research fields. In particular, efficient energy estimation may be
crucial in achieving a quantum advantage for a practically relevant problem.
For instance, the measurement effort poses a critical bottleneck for variational
quantum algorithms. We aim to find the optimal strategy with single-qubit
measurements that yields the highest provable accuracy given a total mea-
surement budget. As a central tool, we establish tail bounds for empirical
estimators of the energy. They are helpful for identifying measurement set-
tings that improve the energy estimate the most. This task constitutes an NP-
hard problem. However, we are able to circumvent this bottleneck and use the
tail bounds to develop a practical, efficient estimation strategy, which we call
ShadowGrouping. As the name indicates, it combines shadow estimation
methods with grouping strategies for Pauli strings. In numerical experiments,
we demonstrate that ShadowGrouping improves upon state-of-the-art meth-
ods in estimating the electronic ground-state energies of various small mole-
cules, both in provable and practical accuracy benchmarks. Hence, this work

provides a promising way, e.g., to tackle the measurement bottleneck asso-
ciated with quantum many-body Hamiltonians.

As their name suggests, observables are said to be the physically
observable quantities in quantum mechanics. Their expectation
values play a paradigmatic role in quantum physics. However,
quantum measurements are probabilistic, and, in practice,
expectation values have to be estimated from many samples, i.e.,
many repetitions of experiments. The arguably most important
observables, such as quantum many-body Hamiltonians, cannot
be measured directly but have some natural decomposition into
local terms. Typically, they are estimated individually, in com-
muting groups'®, or using randomized measurements’ " to keep
the number of samples sufficiently low. So far, the focus has been
on estimating the local terms first with individual error control
and then combining them into the final estimate. Sample com-
plexity bounds fully tailored to the estimation of many-body
Hamiltonians are still missing.

Energy estimation from not too many samples is becoming an
increasingly critical task in applications. After advances on quantum
supremacy™', achieving a practical quantum advantage has now
arguably become the main goal in our field. The perhaps most pro-
mising practical application is the simulation of physical systems®, as
already suggested by Feynman'®. The estimation of ground states of
quantum many-body Hamiltonians plays a paradigmatic role in this
endeavor. The two main ways to solve this task are (i) a digital readout
of the energy as achieved by the phase estimation algorithm and (ii) a
direct readout. Since (i) seems to require fault-tolerant quantum
computation, which is out of reach at the moment, we focus on (ii) with
particularly simple direct readout strategies that seem most amenable
to noisy and intermediate scale quantum (NISQ)" hardware.

As one concrete possible application of our energy estimation
strategy, we discuss VQAs. In VQAs, one aims to only use short
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parametrized quantum circuit (PQCs) in order to finish the computa-
tion before the inevitable noise has accumulated too much. The most
promising, yet challenging computational problems come from
quantum chemistry or combinatorial optimization for which the var-
iational quantum eigensolver'®* and the quantum approximate opti-
mization algorithm (QAOA)”* have been proposed, respectively. In
either case, we aim to find the ground state of a given Hamiltonian H by
preparing a suitable trial state p via the PQC. Its parameters need a
classical optimization routine, often done via gradient-based methods.
In this case, the estimation of the gradient itself can be restated as an
energy estimation task by using a parameter-shift rule**., Therefore,
the elementary energy estimation task remains even if the actual
ground state lies in the ansatz class of the VQA and if obstacles such as
barren plateaus® or getting stuck in local minima®~* are avoided. We
refer to the review articles®?° for more details.

Analog quantum simulators are another very promising approach
to achieve a useful quantum advantage”. In these approaches, a target
state p associated to a quantum many-body Hamiltonian is prepared,
which could be a time-evolved state, a thermal state, or a ground state.
Given this preparation, one or more observables of interest have to be
measured to infer insights about p. For instance, they could be some
spin or particle densities, correlation functions, or an energy. All these
observables are, however, captured by k-local observables. There are
various possibilities of how such quantum simulations could provide a
useful quantum advantage on imperfect hardware, Typically, analog
quantum simulators are limited in their readout capabilities. At the
same time, the single-qubit control is rapidly improving, rendering
them a more and more contesting alternative.

As each measurement requires its own copy of p, i.e., preparing
the state again for each measurement, this constitutes a huge bottle-
neck. This is especially true in quantum chemistry applications where
we require a high precision for the final energy estimate of the (opti-
mized) state. The resulting bottleneck is persistent no matter how we
may design the actual PQC preparing the trial state or which quantum
simulator is considered. As a consequence, tackling the measurement
bottleneck is crucial for any feasible application of NISQ-friendly
hardware to any practicable task. Hence, in order to keep the energy
estimation feasible, reliable and controlled, we ask for the following list
of desiderata to be fulfilled. The energy estimation protocol should be
(i) based only on basis measurements and single-qubit rotations,
(i) it comes along with rigorous guarantees and sample complexity
bounds for the energy estimation,
the required classical computation must be practically fea-
sible, and
(iv) it should yield competitive results to state-of-the-art approaches.

(iii)

Previous works addressed these points mostly separately. For
such settings, two main paradigms for the energy estimation task have
emerged: grouping strategies'© and (biased) classical shadows’">* as
well as a first framework to partially unify the two*°. We provide some
more details in the Supplementary Information. A few ideas outside
these paradigms also exist"™*’, Most of these works are compatible
with (i) and (iii) and fulfill (iv). However, the metrics introduced to track
the amount of measurement reduction achieved leave (ii) unfulfilled.
This lack of guarantees is pernicious for two reasons. On one hand, we
want to be able to efficiently estimate Hamiltonian expectation values
(or any other Hermitian operator for that matter) in relevant quantum
experiments where the actual solution is not known and the qubits’
number exceeds those used in the addressable benchmarks. In quan-
tum chemistry applications, for example, high precision is priority and
a guarantee for the estimation error is key. On the other hand,
obtaining sample complexities for these quantum algorithms is vital in
accessing their feasibility in reliably addressing problems with
increasing number of qubits. The current benchmarks already hint at a
daunting measurement effort despite not even exceeding 20 qubits.
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Fig. 1| Overview of our estimation protocol. a As input, we are given a description
of the Hamiltonian H in terms of Pauli observables 0% and a measurement budget
N. ShadowGrouping generates a list of measurement settings (Q,-)f":1 in a pre-
processing step. b Then, N copies of an unknown quantum state p are prepared
sequentially and measured such that the i-th copy is measured in the setting given
by Q;. The measurements result in N bit strings as measurement outcomes. ¢ In the
postprocessing, the description of H and the measurement outcomes are com-
bined into the estimator £ of the state’s energy E together with an accuracy upper
bound €. The protocol works independently of the strategy that is used to generate
the settings, which automatically results in different estimators and bounds e.
Conversely, one can also minimize € to obtain suitable measurement set-

tings (Q))iL;.

Understanding how the sample complexity of an energy estimation
task and a particular choice for the measurement strategy scales with
the number of qubits enables the user to forecast their chance of
successfully completing the task beforehand.

In this work, we improve upon state-of-the-art estimation proto-
cols and provide rigorous guarantees completing desideratum (ii). We
summarize the estimation task and our contributions contained in the
Results section in Fig. 1. In particular, they include rigorous guarantees
for commonly used grouping techniques. We do so by providing tail
bounds on empirical estimators of the state’s energy that are compa-
tible with grouping strategies. This way, our bound allows us to assess
the accuracy and feasibility of typical state-of-the-art measurement
schemes. We show that minimizing this upper bound is NP-hard in the
number of qubits in the worst case. As a heuristic solution, we propose
our own measurement scheme which we call ShadowGrouping that
efficiently makes use of the observables’ dominating contributions to
the upper bound as well as their respective commutation relations. We
conclude with an outlook in the Discussion section.

Results

We structure our results as follows. First, we provide the provable
guarantees for measurement strategies. This subsection also includes
the hardness of finding optimal measurement settings in the number
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of qubits, which shows that heuristic measurement optimization
approaches are required. In particular, the hardness result motivates
the conception of ShadowGrouping, presented in the subsequent
subsection. Finally, we numerically demonstrate that ShadowGrouping
improves upon other state-of-the-art approaches in the benchmark of
estimating the electronic ground-state energy of various small
molecules.

Throughout this work, [k] denotes the set {1,...,k} and we set
P={X,Y,Z} as shorthand notation for labels of the Pauli matrices and
P for Pauli strings, i.e., labels for tensor products of Pauli matrices.
Moreover, let P, ={1,X,Y,Z} and P{ be defined analogously. Finally,
the p-norm of a vector x is denoted as || x|| 0 and the absolute value of
any x € C as |x|.

Equipping measurement strategies with provable guarantees
In order to set the stage, we properly define the energy estimation task
and give a notion of a measurement scheme. Assume we are handed an
n-qubit quantum state p of which we want to determine its energy E
w.r.t. a given Hamiltonian H. The energy estimation is not a straight-
forward task: due to the probabilistic nature of quantum mechanics,
we have to estimate £ by many measurement rounds in which we
prepare p and measure it in some chosen basis. Moreover, we typically
cannot measure the state’s energy directly. Instead, we assume the
Hamiltonian to be given in terms of the Pauli basis as

M n i
H=3 mo", 0= o 1)
i=1 j=1
with h; € R and single-qubit Pauli operators O € P,. Often, we
identify H with its decomposition

H= (h,., 0““) )

ie[M)

Without loss of generality, we assume that 0¥=1®" vi. To ensure the
feasibility of this decomposition, we require that M = O(poly(N)). This
is the case, for example, in quantum chemistry applications where M
scales as n*.

Given a quantum state p, the energy estimate is determined by

evaluating each expectation value o := Tr[p 0?]. By 0" we denote
the empirical estimator of o from N; samples. In more detail,
oY .= Nl‘_zg’f:lya, where y, € {-1,1} are iid. random variables deter-

mined by Born’s rule P[y, =1]=Tr[p (Q; — 1)/2]. We assume that each
0 is estimated from iid. preparations of p. This assumption solely
stems from the proof techniques of the classical shadows' used in
order to arrive at our estimator (3) below. We expect this assumption
to be loosened in the future such that we only need to assume
unbiased estimators 6"”. In either case, we do not assume different 6
to be independent. In particular, we can reuse the same sample to yield
estimates for multiple, pair-wise commuting observables at once.

Leveraging standard commutation relations requires many two-
qubit gates for the readout, increasing the noise in the experiment or
quantum circuit enormously. Therefore, we impose the stronger
condition of qubit-wise commutativity (QWC): any two Pauli strings
P=®,;P, Q= Q;Q; commute qubit-wise if P; and Q; commute for all
i € [n]. Again, the empirical estimators 6 do not have to be inde-
pendent as a consequence of using the same samples for the estima-
tion of several (qubit-wise) commuting observables. Using these
estimators, the energy can be determined. By linearity of Eq. (2) we
have that

M M )
E= Zlh,-o(”, E= Zlh,.o(” 3)
i= i=

to which we refer as the grouped empirical mean estimator.

For conciseness, we introduce our notions of measurement set-
tings, schemes and compatible Pauli strings in Definitions 1 and 2 in the
following.

Definition 1. Let H be a Hamiltonian of the form (2) and N € N a number
of measurement shots. An algorithm A is called a measurement scheme
if it takes (H,N) as input and returns a list of measurement settings
Q < (P")" specifying a setting for each measurement shot.

Having formalized what a measurement schemes does, we have to
take a look at the Pauli strings in the Hamiltonian decomposition (2)
and their commutation relations as they effectively require various
distinct measurement settings to yield an unbiased estimate of the
energy. To this end, we define how we can relate the target Pauli strings
to a proposed measurement setting by means of compatible
measurements:

Definition 2. Consider a Pauli string Q € P" as a measurement setting.
A Pauli string O € P is said to be compatible with Q if O and Q com-
mute. Furthermore, they are QWC-compatible if O and Q commute
qubit-wise. We define the compatibility indicator C: P} xP} —
{True = 1, False = 0} such that C[O, Q] =True if and only if O and Q are
compatible. Analogously, we define Cqyc that indicates QWC-
compatibility.

With these two definitions, we are able to formalize what we mean
by equipping a measurement scheme with guarantees. As sketched in
Fig. 1, we are given access to a device or experiment that prepares an
unknown quantum state p and some Hamiltonian (2). Not only do we
want to estimate its energy from repeated measurements, but we would
like to accommodate the energy estimator with rigorous tail bounds.
That is, we wish to determine how close the estimate £ is to the actual
but unknown energy £ and how confident we can be about this close-
ness. Mathematically, we capture the two questions by the failure
probability, i.e., the probability that |E — £ =€ for a given estimation
error € > 0. In general, this quantity cannot be efficiently evaluated (as it
depends on the unknown quantum state produced in the experiment).
Nevertheless, we can often provide upper bounds to it that hold
regardless of the quantum state under consideration. One crucial
requirement is that we simultaneously want to minimize the total
number of measurement rounds. For instance, in grouping strategies
we extract multiple samples from a single measurement outcome. Here,
the grouping is carried out such that the variance, Var[E], of the
unbiased estimator (3) is minimized. By virtue of Chebyshev’s inequal-
ity, this serves as an upper bound to the failure probability. However,
Var|£] is neither known and one has to rely on estimating it by empirical
(co)variances of the Pauli observables. This, in turn, introduces an
additional error that is both unaccounted for and in general not negli-
gible for finite measurement budgets*‘[Proposition 4]. However, due to
the introduced correlation between samples for commuting Pauli terms
in the Hamiltonian (2), standard arguments based on basic tail bounds
cannot be applied. We resolve both issues by formulating a modified
version of the vector Bernstein inequality*>*® in a first step to bound the
joint estimation error of each of the contributing Pauli observables. In
particular, this takes into account any correlated samples that stem
from the same measurement round. In the same step, we extend the
inequality to arbitrary random variables in a separable Banach space
which might be of independent interest. Afterwards, we show that this
actually serves as an upper bound of the absolute error of the energy
estimation. In particular within the grouping framework, this signifies a
paradigm shift: our guarantees are a step towards fulfilling desideratum
(i) unconditionally, i.e., without having to rely on estimating the var-
iance of the estimator in the first place.

The energy estimation inconfidence bound reads as follows.

Theorem 3. Consider Q obtained from a measurement scheme for some
input (H,N). Let 6 € (0,1/2). Fix a compatibility indicator f=C or
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f=Cqwc- Denote the number of compatible measurements for obser-
vable 09 by N,(Q) := Zj’-vzlf(Qj, 0%y and assume N; > 1 for all i € [M]
(we usually drop the Q-dependence). Denote h;:= |h;|/\/N; and
h := |h;|/N;. Moreover, let 2||h'||, <e<2|h'||, 1+ A, /IIh"],). Then
any grouped empirical mean estimator (3) satisfies

2
. 1 €
P[|E—E\2€]sexp —4{2”“[1—1} . 4)

We sketch a proof of this theorem in the Methods section and
provide a detailed proof in the Supplementary Information. This result
shows that we can equip any measurement scheme with guarantees,
which hold uniformly for all quantum states. In particular, it is com-
patible with correlated samples, rendering it applicable to popular
grouping strategies. Additionally, Theorem 3 also serves as a bench-
marking tool: given a Hamiltonian decomposition (2) and a confidence
6 € (0,1/2), we can compare any two measurement strategies, each of
them preparing a certain number of measurement settings: We set the
right-hand side of Eq. (4) equal to ¢ and solve for €. This calculation
yields the error bound

1.,
eséloggllh llg, » )

which is automatically larger than 2| A’ ll,- It has a similar scaling as the
expected statistical deviation in ref. 6 [Eq. (13)] but is stronger in the
sense that it is a tail-bound-based guarantee. The minimization of €
over Q we refer to as the optimization of a measurement scheme.

One option for this optimization is to introduce a small systematic
error in favor of a larger statistical error, i.e., to introduce a biased
estimator of the energy. A straightforward idea is to remove certain
observables from the Hamiltonian, i.e., a truncation of the Pauli
decomposition®. In Corollary 12 in the Supplementary Information, we
find conditions (based on Theorem 3) under which such a truncation is
justified. Interestingly, this does not depend on the coefficients of the
Pauli terms but only on how many compatible measurement settings
we have available. Another idea to increase the guaranteed precision is
to optimize over the measurement setting Q. However, this optimi-
zation is NP-hard in the number of qubits:

Proposition 4. Consider a Hamiltonian (2), state p, the grouped
empirical mean estimator (3) and N =1 a number of measurement
settings. Then, finding the measurements settings Q € (P")" that
minimize a reasonable upper bound to P[|£ — E| > €], such as Eq. (4), is
NP-hard in the number of qubits n. In particular, it is even NP-hard to
find a single measurement setting that lowers this bound the most.

The formal statement of Proposition 4 and its proof are contained
in the Supplementary Information. In summary, we show the hardness
by reducing the optimization of the measurement scheme from a
commonly used grouping technique. Since finding the optimal
grouping strategy is known to be NP-hard*®*’, this also transfers over
to the optimization of the measurement scheme. Therefore, we have
to rely on heuristic approaches to practically find suitable measure-
ment settings. In the following, we devise our own efficient measure-
ment scheme that is aware of both the upper bound and the
commutation relations among the Pauli observables to find such
settings.

ShadowGrouping

We aim to determine the energy E by measuring the individual Pauli
observables in Eq. (2). In order to increase the accuracy of the pre-
diction with the smallest number of measurement shots possible,
Theorem 3 suggests minimizing Eq. (5). The minimization is done by
choosing the most informative measurement settings by exploiting

the commutativity relations of the terms in the Hamiltonian decom-
position. However, Proposition 4 states that finding the next mea-
surement settings that reduce the current inconfidence bound the
most is NP-hard, even when trying to find a single measurement set-
ting. As a suitable heuristic, we propose an approach that makes use of
the structure of the terms in the tail bound and which we call Sha-
dowGrouping. It makes use of the fact that there exists a natural
hierarchy for each of the terms in the decomposition: we order the
Pauli observables decreasingly by their respective importance to the
current inconfidence bound. This gives rise to a non-negative weight
function weight that takes the Hamiltonian decomposition (2) and a
list of previous measurement settings Q as inputs and outputs a non-
negative weight w; for each Pauli observable in the decomposition.
Here, the weight is defined as

. . VNi+1—-/N;
weight(Q, H); := Ihi‘i\ﬂm >0 ©)

Details on the motivation for this choice can be found in the Methods
section. The function weight takes into account two key properties: the
importance |h;| of each observable in the Hamiltonian (2) and how
many compatible measurement settings we collected previously. A
larger weight increases the corresponding observable’s contribution
to the bound as statistical uncertainties get magnified. On the other
hand, this uncertainty is decreased by collecting more compatible
settings. As the weights are derived from tail bounds to the estimation
error, the individual contributions dwindle when increasing the num-
ber of compatible measurement settings. Iterative application of
ShadowGrouping thus ensures that each observable eventually has at
least one compatible measurement setting.

We now explain how ShadowGrouping utilizes these weights to
find measurement settings tailored to the Hamiltonian. A sketch of the
algorithm is presented in Fig. 2 but we also provide the pseudocode for
ShadowGrouping in Box 1. This routine works for both QWC and
general commutativity, respectively. We call the idle part of a mea-
surement setting Q the set of those qubits where Q acts as the identity.
The idea of the algorithm is as follows. We start with an idle mea-
surement setting Q= 1®". First, we order the observable list by their
respective value of weight. Assume O to be the next element from this
ordered list. For the QWC-case, we simply check whether Cqy([O, Q],
see Definition 2. If so, we allow changing the idle parts of Q to match O.

Observables Measurement setting
e [
e [
we | || ]

i s

ot

g — next setting

Fig. 2 | Sketch of the generation of a measurement setting Q € P". Each box
corresponds to a single-qubit operator in the tensor product. Empty boxes corre-
spond to 1 and the three colors to each of the Pauli operators, respectively. We
order the observables descendingly by their respective weights, i.e.,

w; 2w, 2w, = ... 2Ww,,, each of which is computed with the function weight. The
arrow in the middle indicates the order in which Q is adjusted to the observables
indicated on the left. Only the observable in the second row cannot be measured
with the measurement setting proposed by the algorithm. After single-qubit mea-
surements have been assigned, they cannot be altered anymore to ensure com-
patibility with previously considered observables.
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BOX 1
ShadowGrouping algorithm

Require Hamiltonian decomposition H = (h;, 0,y

Require previous measurement settings (.76(’/3")”’1

Require function weight() to attribute a weight to each observable,
e.g., Eq. (6)
Require boolean function CHECK_EVEN() that counts the number of
qubits on which two Pauli strings do not have QWC and returns
whether it is even
Require compatibility indicator f=C or Cqyc

1: Q « 1"

2: w; < weight(Q, H); Vi

3: While |supp(Q)| <n and max;w; >0 do

4: j < argmax;w; > or use ARGSORT() instead

5: S < supp(O9)\supp(Q) > relevant idle parts in Q

6: if f=C and not CHECK_EVEN(O?, Q) then

7 pick i € S at random
8
9

Q; < P\{O?)} at random

: S <« S\{i}
10: end if
N iffl09, Q]
12: update Q s.t. O,@ =Q;VieS
13:  end if
14. W, < 0
15: end while
16: return Q

For example, Cqyc[X 1, 1Y], thus we would alter 1Y into XV in Line 12 of
Box 1. The case of general commutativity is slightly more involved and
we have to inspect three cases. If the support of the observable O to be
checked is disjoint with the support of Q, O and Q commute (and we
update as above). Updating Q’s remaining idle parts at later stages of
the algorithm does not change that. If the support of O, on the other
hand, is a subset of the support of Q, we only need to check the
commutativity on O’s support and never update Q regardless of the
outcome. If neither case, we first check whether O and Q commute
when restricting to the support of Q. If not, we know that O and Q
break QWC on an odd number of qubits'. For example, observable
O=YYand Q=1X break QWC on a single qubit, but Y'Y does commute
with both ZX and XX. Thus, as long as there are idle parts in Q left, we
can alter Q at a single qubit such that it commutes with O. Eventually,
there are no more identities in Q left or all observables have been
checked. In either case, we have found the next measurement setting.
If we consider QWC, each element in Q directly tells us in which Pauli
basis the corresponding qubit has to be measured. If general com-
mutativity is to be considered, we can simply run through the list again
and keep track of all observables commuting with Q. From this set, we
can construct a suitable quantum circuit to measure them jointly*. In
either case, we refresh the weights (6) afterwards according to the
updated N;, and iterate.

Our algorithm has two major advantages over state-of-the-art
strategies. First, our algorithm is highly adaptable: it only requires a
weight function weight that provides a hierarchy for the Pauli obser-
vables. Moreover, in case weight is derived from an actual upper
bound like Eq. (4), we can adapt the hierarchy after each round while
improving the guarantees from Theorem 3. This does not require
carrying out the readout, we merely keep track of previous settings.
This way, we can apply ShadowGrouping in an on-line setting as we do
not require a costly preprocessing step as in typical grouping

schemes®*°, As another consequence, our scheme is capable of
adapting to previous measurement settings, similar to the Derando-
mization approach of ref. 10. Secondly, the algorithm is also efficient:
each pass through the algorithm has a computational complexity of
O(Mlog(M)) due to the sorting of the M weighted observables.
Updating the measurement setting Q while traversing the ordered list
ensures that the complexity does not increase further. Standard
grouping techniques, on the other hand, compute the whole com-
mutativity graph which requires O(M?). Our procedure thus corre-
sponds to a continuously adapting overlapped grouping strategy*° but
also incorporates the performance guarantees obtained from the
classical shadow paradigm, hence our naming scheme.

Numerical benchmark

One common benchmark to compare the performance of the various
measurement schemes is the estimation of the electronic ground-state
energy E of various small molecules'®. The fermionic Hamiltonian
given a molecular basis set has been obtained using Qiskit*® which also
provides three standard fermion-to-qubit mappings: Jordan-Wigner
(JW)*, Bravyi-Kitaev (BK)*° and the Parity transformation®*"'. Then, the
Hamiltonian is exact diagonalized to obtain the state vector of the
ground state and its energy £ for the benchmark. Together, we obtain
the Hamiltonian decomposition (2) and are able to run the various
measurement schemes to obtain an estimate £ of F by repeatedly
drawing samples from the state. The code generating the results can be
found in a separate repository®>. We compare ShadowGrouping with
other state-of-the-art methods such as Overlapped Grouping (with
parameter T=10")*°, Adaptive Pauli estimation", Derandomization
(with default hyperparameter €2 =0.9' and AEQuO (with parameters
L=3, [=4 and N=10%° To keep the comparison fair, we only
examine methods that utilize Pauli basis measurements without any
additional two-qubit gates. This excludes grouping methods that focus
solely on general commutation relations' .

For the benchmark, we consecutively generate a single measure-
ment setting from a given measurement scheme and measure it once
using qibo*>. We repeat this procedure N times to yield an energy
estimate £, over N measurement outcomes. Increasing N successively,
we keep track of two measures for the estimation quality. The first one
we refer to as the empirical measure since we choose the root mean
square error (RMSE) defined as

1 N NG 2
RMSEy := \J > (Ev—E) @)

runs ;=1

over N, =100 independent runs. This measure requires knowledge
of the solution to the problem to be solved and can, hence, only be
applied to problem instances of small system sizes. Nevertheless, its
direct correspondence to the quantity of interest, the estimation error
|E — E|, renders it a suitable benchmarking tool on known cases.

For general cases, however, we can investigate our guarantee
instead, which does not require the knowledge of any ground-state
energy. By virtue of Theorem 3, we have access to guarantees for the
estimation accuracy given the proposed measurement settings. Using
only these settings of each measurement scheme, i.e., without pre-
paring the quantum state p, we calculate the corresponding guaran-
teed accuracy. Because we do not require any state dependence (as no
samples are drawn from p at all), this comparison yields a rigorous and
practical comparison for the schemes. With this approachable figure of
merit, we again generate measurement settings and track the guar-
anteed accuracy € 4, the RHS of Eq. (5), over the number of measure-
ment settings N. As we show in Corollary 12 in the Supplementary
Information, for small numbers N of measurements it is always bene-
ficial to truncate the Hamiltonian in a controlled way. Indeed, we
achieve a reduced total estimation error by imposing that the resulting
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Fig. 3 | Energy estimation task of the electronic structure problem. a Empirical
accuracies of the various methods for NH; (JW encoded) as a function of the
number of allocated measurements N. Deviations of the respective energies are
reported as the RMSE (7) in units of Ha. Chemical accuracy is reached below a value
of 1.6 mHa. The error bars indicate the empirical standard deviation of each data
point. The various methods of the benchmark are discussed in the main text. The

data for Derandomization and our tail bound lie above the chart. If possible, each
respective data has been fitted according to Eq. (8) (dotted lines). b The corre-
sponding exponent, including fit uncertainties for all probed molecules. All mole-
cules have been encoded using the STO-3G minimal basis set except for H, for
which we have chosen the 6-31G encoding. n indicates the number of qubits
required to encode the respective molecule.

systematic error is smaller than the expected statistical error. Impor-
tantly, this figure of merit can be efficiently calculated given a mea-
surement scheme that generates a list of measurement settings. If a
measurement scheme samples the settings, we average the figure of
merit over N, =100 repetitions.

We show the empirical quality measure for the various methods
exemplarily for NH; (using the JW encoding) in Fig. 3. This measure
typically decreases following a power law of the form

W)= 2. ®)

as indicated by dotted lines underlining the data points. The same
qualitative behavior is also observed for the BK and the Parity map-
ping which we opted to shift to Supplementary Fig. 2 for ease of
presentation. The various values for the fit parameter c in Eq. (8) are
also provided for all considered molecules and fermion-to-qubit
mappings, indicating a robust applicability to a wide range of system
sizes n. The corresponding plots for the comparison of guarantees
have also been shifted to Supplementary Fig. 4. Therein, Overlapped
Grouping and ShadowGrouping yield the best results. This is not
entirely reflected by looking at the corresponding RMSE: out of the
two, only ShadowGrouping yields competitive results for all problem
instances. For some of the methods (Derandomization and Adaptive
Paulis), increasing the measurement budget N does not even improve
the quality of the energy estimation. By further investigating these
methods, we find that they typically solely focus on the most
dominant terms in the Pauli decomposition which leads to sufficient
accuracies related to small measurement budgets. However, they
almost completely omit the other terms which are required to
improve the measurement accuracy further. For chemical use cases
where one frequently requires at least chemical accuracy of eShe™ ~
1.6 mHa*, these methods cannot be expected to deliver sufficiently
accurate estimations with reasonable measurement effort. This
situation is most severe for Derandomization where usually the same
measurement setting is generated over and over again. This effect can
be mitigated to some extent by appropriately tuning its hyperpara-
meter, but the underlying issue prevails, requiring a case-by-case
optimization.

In order to provide a comprehensive comparison of these meth-
ods for several molecules, we repeat the fitting procedure of NH; for
the other molecules and fermion-to-qubit mappings in our

benchmark. Since we are interested in measuring the energy with an
accuracy of at least 5'¢™, we extrapolate the fits to this accuracy level.

acce.

The resulting total number of measurement rounds to yield eche™ s

acc.
A 1/c
N= (7>
€

ON ©)
AN= a—A'AA+

NAA Ac
Ac= A +NIOg(N)? ,

ac

BN'

where the uncertainty AN has been propagated from the uncertainties
of the fit parameters. We present the values obtained for the JW-
encoding from fitting the respective RMSEs in Fig. 4. Over this range of
small molecules, only ShadowGrouping and AEQuO yield a reliable and
competitive result. We find that for the smaller problem instances
Overlapped Grouping yields competitive results but crucially performs
worse at instances of larger system sizes. In particular, for the largest
system size in our benchmark, i.e., for NH;, only AEQuO and
ShadowGrouping yield reasonable results at all. Here, ShadowGroup-
ing improves upon AEQUO by roughly an order of magnitude. Since
the latter includes empirical covariance information to guide the
grouping procedure, focussing solely on the coefficients of the
observables and their respective commutation relations seems as the
striking feature. In contrast to grouping schemes, ShadowGrouping
does not impose a fixed clique covering but can implicitly pick from
the set of all the suitable cliques by virtue of our tail bound (while never
explicitly constructing it). In fact, we have tried to include the empirical
variance information into the weighting function weight of Shadow-
Grouping, but this did not change the generated measurement
settings.

Finally, we investigate whether our extrapolated measurement
budgets actually ensure a reliable measurement procedure to within
echem. To this end, we increase the respective extrapolated measure-
ment budgets roughly by a factor of three and run ShadowGrouping to
generate suitable measurement settings. We then carry out the mea-
surement to yield an estimate £ and repeat for Npuns =100 independent
times. The resulting accuracies for each molecule and fermion-to-qubit
mapping are presented in Fig. 4 as colored bars (indicating the stan-
dard deviation) around black dots representing the average accuracy.
We superimpose these bars with the respective predictions (including
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Fig. 4 | Reliably reaching chemical accuracy "™ using ShadowGrouping.

a Extrapolated number of measurements NS™ to reach chemical accuracy

echem. = 1.6 mHa according to Eq. (8) (with uncertainties following Eq. (9)) fitted to
the corresponding data from Fig. 3 for the JW-encoding. Only ShadowGrouping and
AEQUO reliably yield competitive results (we do not show data if N"e™ >108 or if the
fitting procedure did not converge) for all considered instances. b For each mole-

cule and the three fermion-to-qubit mappings in our benchmark, we have increased

(Jordan-Wigner/Bravyi-Kitaev/Parity)

the total measurement budget N well above the predictions from the extrapolation
(respective values for N given in parentheses within the plot) and employed Sha-
dowGrouping to find suitable measurement settings. The colored bars indicate the
average accuracy (given in terms of €X’™ ) over 100 independent repetitions. They
are superimposed with the corresponding prediction (including its uncertainty
(10)) in terms of the gray boxes. In all considered cases, chemical accuracy (dashed
line) is reliably reached, and the validity of the extrapolation is verified.

uncertainties

Ae= % +elogNAc 10)

propagated from the fit procedure) obtained from the extrapolation as
gray boxes. In all cases, we reliably reach the predicted accuracy. Most
importantly, we obtain chemical accuracy in all considered cases. As
we show in the Methods subsection ‘Energy estimation beyond the
ground state’, we obtain similar accuracy levels for quantum states
beyond the ground state as well, rendering ShadowGrouping an effi-
cient protocol for the energy estimation task of arbitrary quantum
states.

Discussion

Our work achieves two things: first and foremost, we provide rigorous
sampling complexity upper bounds for current state-of-the-art read-
out schemes applicable to near-term feasible quantum experiments,
required for the direct energy estimation of quantum many-body
Hamiltonians. This marks a shift in paradigm because it enables to
formulate unconditional readout guarantees that do not rely on the
assumption of having a sufficient proxy of the estimator’s variance.
Secondly, we propose an efficient and straightforward measurement
protocol. It is immediately applicable to VQAs, where the measure-
ment effort is a critical bottleneck. Moreover, our efficient readout
strategy is also promising for analog quantum simulators. More gen-
erally, it applies to any experiment where a direct measurement of a
quantum many-body observable is needed. Technically, our protocols
rely on assigning each of the contributions of the Hamiltonian (2) a
corresponding weight, which we obtain from probability-theoretic
considerations. To this end, we have derived an upper bound to the
probability in Theorem 3 that a given empirical estimator fails to yield
an e-accurate value for the compound target observable such as the
quantum state’s energy. This readily provides worst-case ranges for the
sample complexity which is useful, for example, in order to appraise
the feasibility of employing quantum devices to quantum chemistry
problems where accuracy is most crucial®.

Finally, there are several promising further research directions:

* Investigating the interplay of how the compounds of an obser-
vable contribute to the sample complexity, likely based on power-
mean inequalities™, is useful for obtaining tighter bounds for it.

* We do not impose further information on the prepared quantum
state p—this, however, can be used to improve the sample

complexity, e.g., when considering pure states> or to incorporate
available prior variance estimates”.

We have provided guarantees for the energy measurement of a
single state. Yet, in VQAs the gradient, i.e., the calculation of the
joint energy of multiple states, also has to be calculated with high
precision to produce a promising trial state in the first place.
Comparing our results to alternative guarantees devised for this
problem setting such as refs. 58,59 may be useful to adapt
ShadowGrouping to it.

Our tail bound (4) does not rely on an independent sampling
procedure but is compatible with popular grouping schemes.
However, in the proof we completely discard any information on
the actual empirical variances of the estimates. Refining the upper
bound such that it takes into account the empirical variances
simultaneously obtained is an exciting question for further
investigation as the numerical benchmarks suggest that the
grouped mean estimator yields more accurate estimates com-
pared to other estimators. Since ShadowGrouping finds the
measurement settings sequentially, the algorithm could easily
benefit from such an empirical tail bound as the measurement
outcomes can readily be fed back to it. Moreover, this recurs when
estimating the covariances of grouped observables to further
assess which observables are suited to be measured jointly.

As ShadowGrouping appears to efficiently provide state-of-the-art
groupings based on QWC (see Fig. 3), a numerical benchmark for
general commutativity relations (or relations tailored to the
hardware constraints*°) is straightforward and enticing for deeper
measurement circuits, appearing to rival QWC even in the presence
of increased noise®. This decreases the measurement overhead
efficiently, especially important for larger system sizes where the
number of terms in the decomposition increases rapidly.
Currently, we are developing a fermionic version of Shadow-
Grouping in order to make it more amenable to applications from
quantum chemistry.

During the completion of this manuscript, another state-of-the-art
scheme has been presented in ref. 62. The numerical benchmark shows
that ShadowGrouping is similarly accurate while being computation-
ally more efficient.

Methods
This section provides further background information on classi-
cal shadows that yield the energy estimator (3) as well as details
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for replicating the numerical benchmark. We also provide proof
sketches for Theorem 3 but refer to the Supplementary Infor-
mation for detailed proofs. Lastly, we conclude with further
details on our algorithm ShadowGrouping such as the motivation
for our choice of the weight function. This also includes an
examination of our results in light of prior ideas presented in
ref. 10 and a comparison to a conceptionally easier single-shot
estimator.

Classical shadows

The framework of classical shadows allows us to rewrite the
expectation value o=Tr[Op] which we want to estimate in terms of
those random variables accessible in the experiment’®. To this
end, consider any measurement setting Q € P" that is QWC-
compatible with O, see Definition 2. Given a state p, this produces
a bit string b € {+1}" with probability P[b|Q, p]. These bit strings
contain information about the target observable O as it is com-
patible with Q. Concisely, we have that

0= l[i,Hb— > Pl [] b

11

i:0;#1 be{+1)" i:0;#1 ( )
Using Monte-Carlo sampling, this expectation value is estimated by the
empirical estimator

by (12)

with EU) being the j-th bit string outcome of measuring with setting Q.
This assumes that we have at least N >1 compatible measurement
settings with the target observable. If not, we can set the estimator
equal to 0 and introduce a constant systematic error of at most

(0) —
syst |h0‘

13)

where h, may be a corresponding coefficient, e.g., as in Eq. (2).
Since Eq. (12) only includes the qubits that fall into the support of
O, we are not restricted to a single choice of the measurement
setting Q as long as O is not fully supported on all qubits. In fact,
any measurement setting that is compatible with O is suited for
the estimation. Randomized measurements exploit this fact.
Strikingly, these random settings come equipped with rigorous
sample complexity bounds. For instance, using single-qubit
Clifford circuits for the readout we require a measurement
budget of

N=0 (W max 3kf> (14)
€ i
to ensure a collection of observables (0?); to obey
100 — 0 <e Vie[M 15

with confidence at least 1 — §, where k; is the weight of the observable
0%, i.e., its number of non-identity single-qubit Pauli operators'. We
provide further information on extensions of this method in the
Supplementary Information.

Proof sketch of Theorem 3

In order to derive the energy estimation in confidence bound, we first
prove a useful intermediate result which may be of independent
interest: a Bernstein inequality for random variables in a Banach space.
For this purpose, we extend inequalities from refs. 45,46. In particular,
we explicitly extend the vector Bernstein inequality of ref. 45[Theorem

12] to random variables taking values in separable Banach spaces fol-
lowing ref. 46. We call them B-valued random variables henceforth.
Then, we apply it to random vectors equipped with the 1-norm. A
suitable construction of these random vectors finishes the proof of the
theorem.

We start by defining B-valued random variables following ref. 46
[Chapter 2.1]:

Definition 5. Let B be a separable Banach space (such as R"”) and || - ||
its associated norm. The open sets of B generate its Borel g-algebra. We
call a Borel measurable map X from some probability space (Q, A, P)
to B a B-valued random variable, i.e., taking values on B.

In the Supplementary Information, we show that the norm of the
sum of B-valued random variables concentrates exponentially around
its expectation if we have some information about the variances of the
random variables®>. We summarize this finding by the following B-
valued Bernstein inequality:

Theorem 6. Let X, ..., Xy be independentB -valued random variables in
a Banach space (B, ||-|lz) and S := Z, 1X Furthermore, define the
variance quantities o7 := E[||X; 121,V = 21:10 and V= (Z, 1a)
Then, for all £ <V /(max; gy, 1X;llg),

(16)

t2
P[HSHBE\/VBH] < exp<—w>.

As an important corollary, we find that for the Banach space
B=RY equipped with the p-norm (| - lg=1"1, ) with p € [1,2]°* we
can tighten the value of /V} in Eq. (16) to yleld the following vector
Bernstein inequality:

Corollary 7 Let X, . XN be independent, zero-mean random vec-
tors in (R, “le,) $= Z, 1 X, and p € [1,2]. Furthermore, define the
variance quantltles o? = E[|X; ||/] and V=YY, 02 Then, for all
t<V/(maxpgllX; lle, )

tZ
P[usn[p zﬁ+t] < exp<— W)' a7)

This corollary includes the edge case of p=2 proven in ref. 45
[Theorem 12]. Our main finding, Theorem 3, follows by a suitable
choice of random vectors. While the proof is included in the Supple-
mentary Information, we want to comment on its implications.

Remark 8. The resulting tail bound (4) keeps a balance between the
magnitude of the coefficients h; of each observable and how often they
have been measured, respectively. In the following section, we show
how to turn this insight into the weight function weight.

Remark 9. Due to the inherent commutation relations in Eq. (2), the
dependence of the tail bound (4) on the N; necessarily becomes
slightly convoluted. In fact, we can identify || /|| ;12 to be proportional
to a weighted power mean of power r= —1/2 where the mean runs
over (N,); with weights (|h;]);. Similarly, | A"|, is inversely proportional
to the mean with r= — 1. Some of these means’ properties and rela-
tions to other means can be found, e.g., in ref. 55.

To make this more precise, the weighted power mean of x € R4
with weights w ¢ R¢ >0 and power r is defined as
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Now, we set w; = |h;| and x; =N,. Thus, we have that

My Xl IRIG A, 9
e 12" IH 2
2
1h|/N.;
M,y >(x|w) = <Z,” hllf)
! (20)
i
LA

due to Cauchy’s inequality. Then, by M, monotonously increasing with r,

A,
Vv 2iNi

follows as a lower bound. In the limiting case of non-commuting
observables, this bound reduces to | All,, / /N where N is the total shot
number. The converse, i.e., extracting upper bounds is not as
straightforward to do.

1K, @

Finding an equivalent weight function for the energy estimation
inconfidence bound

In this section, we find an equivalent weight function weight for our tail
bound (4) that can be used to assess each observable’s individual con-
tribution to the total bound. As of now, the current bound depends on all
contributions jointly. However, the 1-norm in Eq. (4) makes a subdivision
into the individual contributions possible. To this end, we inspect the
bound further. We start with a further upper bound®[Theorem 2.4] to
Eq. (4) to get rid of the mixed terms in the square and conclude that

2
. 1] e
P[|E—E\ > e] < exp (—4 L”h,& - 1} )

< ex _L+l < ex _L
=P\ "Mz T4 P\ 32m2

is to be minimized the most when trying to minimize the failure
probability. Since the argument is monotonously increasing with
Il ||, this is equivalent to minimizing | i'||,, = ";;1/\/N;. In order to
decrease the sum the most we need to find a measurement setting
such that the summands change the most. If we define

w =y [ 1 :|h.|VN‘+1_wv">o
U\WUN YN+ " VNN '

since N; 21 as per Theorem 3, the optimization boils down to max-
imizing "; w; > 0. Therefore, we come back to a form of the objective
function where the arguments of the sum serve as the individual
weights for each of the observables in the Hamiltonian. As a con-
sequence, we can readily provide the weights to ShadowGrouping as
sketched in Fig. 2. There is one caveat left: Theorem 3 does not hold if
any of the Pauli observables has no compatible measurements, i.e., in
case of N;=0 for some i. In this case, Eq. (23) is ill-defined. Using the
fact that w; < |h;|Vi, we can numerically rectify the issue by setting

(22)

(23)

wi=0(|h,-| if Ni=0 (24)
with some hyperparameter a>1 that balances the immediate rele-
vance of terms that have no compatible measurement setting yet with

those that do but are of larger magnitude |h;| in the Hamiltonian

observables with no compatible measurement setting yet are always
preferred over the ones that do. Setting

Ay := min; |k >0 25)
D := max;|h;| >0,
we find a to be at least
a> ’;lmax 21 . (26)
min

We use & ="hp/Amin + Amin throughout all numerical experiments.
This way, we scan through all observables at least once to rank them
according to Eq. (23) and find suitable settings afterwards. This over-
head introduced can be mitigated by applying the truncation criterion,
Corollary 12 in the Supplementary Information, and running Shadow-
Grouping on the smaller observable set again. This combination is
computationally efficient (it roughly doubles the computational
overhead) and ensures that only the observables of statistical rele-
vance to the tail bound are considered in the first place.

Comparison with derandomization

While our tail bound, Theorem 3, is the first derived upper bound for
the energy estimation of quantum many-body Hamiltonians with
currently feasible readout schemes, there is pioneering work in this
direction in ref. 10. Here, a tail bound is found by means of Hoeffding’s
inequality that at least one unweighted, single Pauli observable in a
given collection deviates substantially from its mean. This situation is
somewhat related to the task of estimating the energy by summation
of many Pauli observables but discards the different weights in the
Pauli decomposition as well as their respective interplay as each of the
observables are treated independently of the other. The authors of
ref. 10 reintroduce the weights in an ad-hoc manner. Hence, we refer to
it as the Derandomization bound which originally reads as

@7)

. 2 max;|h;
DERAND (7% ::2exp< € N, Tl f).

2N Ih;|

Here, € is again the accuracy, N; counts the number of previous com-
patible measurement settings and the h; come from Eq. (2). Taking into
account the weights h; in an ad-hoc fashion, however, renders this
expression unsuitable for an actual upper bound. We rectify this by
shifting the parameter O—hO= : O by some value / # 0. Hoeffding’s
inequality implies that

2 ~ €2
P[lo —o|z€]<2exp| ——5N ). 28
[l0—o0]=¢€] xp( X ) (28)

This ensures that all weighted observables in Eq. (2) are treated equally
w.r.t. the value of €. Thus, the actual Derandomization bound reads as

2
DERAND; := 2 exp (—%N,-). (29)
L

Taking a union bound over all observables O, we again obtain an
upper bound for P[|E — E| = €]. We see that this derivation leads to a
more conservative e-closeness (captured in terms of the e-distance)
compared to the 1-distance of Theorem 3. Since we treat each
observable independently of all the others, the total accuracy of the
energy estimation can grow as

i (hi0” — hio?)

. . — A _p o] =
decomposition. Repeated rounds eventually lead to all Pauli obser- Eeff *= | ) h0” — hio"| =Me (30,
. . . = = %/_/
vables having at least one compatible measurement setting such that =1 =t e
we can evaluate Eq. (4). In our numerics, we choose a such that
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Table 1| Comparison of our tail bound (4) with the Derando-
mization bound (29) adapted from ref. 10

Table 2 | Accuracy in terms of the RMSE-metric (7) at a mea-
surement budget of N=1000

Theorem 3 Derandomization
norm A L
€cff € Me
2
equation exp <—}1 [—ZH;M - 1} > 22’ 1exp( th N)
cNi — cNit+1
weight Equation (23)

c= exp(—ez/(Qh?))

Norm refers to how the error is captured w.r.t. the single Pauli terms in Eq. (2) whereas €. refers
to the error in terms of the energy estimation. For Theorem 3, this is identical to the guarantee
parameter € while the Derandomization guarantee scales with the number of qubits n. The
difference arises from the fact that we effectively exchange the sum and the exponential
function in the corresponding bounds. The latter are used to derive a weight function weight for
ShadowGrouping, see the previous section.

via the generalized triangle inequality. Since in typical scenarios
M = poly(N), this implies that the guarantee parameter € scales with the
number of qubits in order to guarantee |E — E| < €g, Fequiring even
more measurement settings to compensate for this effect. We sum-
marize and compare both tail bounds for |E — E| =€ in Table 1.

We also compare ShadowGrouping to the Derandomization
measurement scheme. First, ShadowGrouping does not require a qubit
ordering as it directly works with the inherent commutation relations
in Eq. (2). The Derandomization algorithm, on the other hand, finds the
measurement setting qubit by qubit and thus imposes an ordering of
the observables. As a consequence, the computational complexity of
our scheme scales with O(nM log(M)) for assigning a single measure-
ment setting as we have to order the M weights first in descending
order, then go through every target observable comprised of n qubits.
By contrast, the Derandomization procedure scales as O(nM) as it has
to modify all M terms in its corresponding bound after appending a
single-qubit Pauli observable to the next measurement setting. We see
that our approach only worsens the scaling by a logarithmic factor but
enables the algorithm to find the next measurement setting regardless
of the qubit order (the Derandomization procedure always uses the
same ordering). This might help to decrease the inconfidence bound
quicker. Moreover, the Derandomization scheme requires a con-
tinuation of the tail bound to the case of having partially assigned the
next measurement setting. This is possible for the Derandomization
bound™ but unclear in case of our tail bound. ShadowGrouping, on the
other hand, can be applied to either bound.

Comparison with single-shot estimator

We employ the Weighted Random Sampling method of ref. 66 to
assess the scaling of our measurement guarantee (5). This estimator
simply picks a single observable in the Hamiltonian decomposition
with probability p;=|h;|/|lhll, and obtains a single-shot estimate.
Hence, we refer to it as the smgle shot estimator. This way, the state’s
energy can be estimated from a single measurement round. Impor-
tantly, this sampling strategy can be straightforwardly equipped with a
guarantee. Assuming, we have picked the k-th observable to be mea-
sured, we have

E=s¢|hl|,,

X (31
s .= sign(h)o® e {£1}.

This estimator is unbiased:

M M . M .
E[E1=Y" pilihl, Els]= > IhIsign(h)E[0"]= > ho® =E
i=1 i=1 i=1

Molecule Enc. Random Single shot
E [mHa] Paulis® Equation (31)
w 123£15 360+40
_H1286x103 BK 14213 30040
Parity 13416 37050
w 84+10 380+40
E‘8H91 - BK 92410 34040
Parity 97412 350£40
w 17018 640+70
?16;65 - BK 158 +22 61070
Parity 13016 620+80
w 320£40 1980220
_H82§60x103 BK 430+50 2030280
Parity 670+70 1980 £240
w 430+50 2000 +230
E‘:g — BK 340 +40 2170+ 250
Parity 47050 2060210

Values above in mHa

The mean over N,,; =100 independent repetitions including its standard deviation are reported.
For reference, the ground-state energies E for each molecule are also provided. The single-shot
estimator defined in Eq. (31) does not produce competitive estimates even when benchmarked
against random Paulis employed in Fig. 3.

Clearly, |E|< lAll,,- Invoking Hoeffding’s inequality, for N many inde-
pendent samples, we have that
Ne?
2|h|2

given some €>0. We arrive at a sample complexity (with § € (0,1/2))
of

PlIE — E|z€]<2exp < (32)

log= (33

N2z 5

2lhIZ 2
2

with probability 1 — & in order for |E — F| <e. Solving for €, we compare
this guarantee to Eq. (5). With log(2/x) <2 log(1/x) for x <1/2, we have

<2y/2log Z il v <2
Saﬁllh “[1 = €nmutii

= o(esingle) = C)(emulti) ’

M

2 Ih Il« log %

)

smgle

with a5 from Supplementary Eq. (31), see also the proof of Corollary 12
in the Supplementary Information. We find that the two guarantees
agree up to logarithmic factors in N. Moreover, in case all observables
commute with each other, both tail bounds are equivalent up to a
constant factor. However, in the numerical benchmark within the cor-
responding Results’ subsection, we see that the estimator (31) does not
fare better than the random Pauli settings, see Table 2. We attribute this
discrepancy to the fact that the grouped mean estimator bears a lower
variance in practice than the single-shot estimator introduced here. It
implies that recycling the measurement outcomes is the more favorable
approach and hints towards a possible refinement of our tail bound.

Energy estimation beyond the ground state

We investigate ShadowGrouping’s estimation capabilities beyond the
ground state. We do so in two separate ways. In the first instance, we
gradually increase the mixedness of the quantum state to be measured
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Fig. 5 | Empirical accuracy of ShadowGrouping for the energy estimation of
states beyond the ground state. Energy of the thermal state (34) for various values
of the inverse temperature S (a). Indicated are eight states whose energy has been
estimated by ShadowGrouping. The respective average RMSE as a function of the
total number of measurements is shown for the JW-mapping (b). Error bars indicate
the standard deviation over 100 repetitions. ¢, d energy and estimation accuracy
profiles of a depolarized Haar-random state p,, (35) with depolarization parameter

104 10°
No. meas. rounds N

p. The eleven probed states range from a pure state to the maximally mixed state
and from states with structure (the ground state) to states with little structure
(Haar-random states). In all cases, the observed accuracy levels are of the same
order of magnitude. Moreover, even the arguably worst-case state, i.e., the maxi-
mally mixed state of largest variance, only increases the reached accuracy level by a
constant factor of less than three.

by considering the thermal state

ehH

Pp= Nk (34
with inverse temperature § and partition function Z and the Hamiltonian
from Eq. (2) for the Hy-molecule in 6-31G encoding (8 qubits). The
ground state is contained in this state class for the limit of f§ — co. On
the other hand, the maximally mixed state 1,/2" is attained for 8 — O,
allowing for a smooth interpolation between the structured pure state
and the unstructured mixed one. We show the energy E(8) =Tr[Hpg] in
Fig. 5. We pick eight different values from the most relevant range for
and prepare the measurement settings by ShadowGrouping and with a
measurement budget of N =10°. Since ShadowGrouping works deter-
ministically, we only need to do this routine once and reuse the resulting
settings for any subsequent measurement procedure. We track the
RMSE (7) over 100 independent measurement repetitions. Because the
mixedness of the quantum state increases its energy variance, we find
that the observed estimation error increases slightly with smaller S.
Nevertheless, the overall error follows the same scaling with N and is
only a constant factor of less than three worse. The plots for the BK and
Parity mapping qualitatively behave the same as shown in Supplemen-
tary Fig. 3 in the Supplementary Information.

In the second instance, we directly consider quantum states with
no inherent structure by drawing them Haar-randomly, i.e., we draw
state vectors uniformly from the complex sphere. To this end, we
generate such a Haar-random state |¢) with energy E(p=0) = (¢|H|).

When averaged over all Haar-random states, this value will vanish.
However, we consider estimating the correct energy of a single state
for now. Again, we smoothly interpolate between the pure state and
the maximally mixed state by means of global depolarization noise
with parameter p. The resulting state thus becomes

Pp=(L—=pg) (1 + 1. 35)

We carry out the same analysis as for the thermal state (we use a
different Haar-random state for each of the 100 repetitions) and
present the results in Fig. 5. Since Haar-random states do not possess
any structure, we find a similar quantitative accuracy level for all
probed values of p. We therefore conclude that ShadowGrouping
yields a comparable performance (up to a state-dependent variance
factor) for arbitrary quantum states, in line with our guarantees of
Theorem 3 that hold uniformly for all quantum states as well.

Data availability

The Hamiltonian decompositions used for the benchmarks in Figs. 3, 4,
Table 2 and Supplementary Figs. 2-4 have been sourced from an
online repository®’. Resulting data (such as Eq. (7) as a function of N or
the measurement settings produced by ShadowGrouping) generated
for the benchmarks is stored in ref. 52. These benchmark data gener-
ated in this study have been deposited in a git-repository free of any
accession code [https://gitlab.com/GreschAl/shadowgrouping/-/blob/
master/data.zip?ref_type=heads].
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Code availability

All computer code required to reproduce Figs. 3-5 and Table 2 as well
as Supplementary Figs. 1-4 either from intermediate data or from
scratch have been deposited in ref. 52.
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