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 a b s t r a c t

Explicit time integration for immersed finite element discretizations severely suffers from the in-
fluence of poorly cut elements. In this contribution, we propose a generalized eigenvalue stabiliza-
tion (GEVS) strategy for the element mass matrices of cut elements to cure their adverse impact on 
the critical time step size of the global system. We use spectral basis functions, specifically 𝐶0 con-
tinuous Lagrangian interpolation polynomials defined on Gauss-Lobatto-Legendre (GLL) points, 
which, in combination with its associated GLL quadrature rule, yield high-order convergent di-
agonal mass matrices for uncut elements. Moreover, considering cut elements, we combine the 
proposed GEVS approach with the finite cell method to guarantee definiteness of the system matri-
ces. However, the proposed GEVS stabilization can directly be applied to other immersed bound-
ary finite element methods. Numerical experiments demonstrate that the stabilization strategy 
achieves optimal convergence rates and recovers critical time step sizes of equivalent boundary-
conforming discretizations. This also holds in the presence of weakly enforced Dirichlet boundary 
conditions using either Nitsche’s method or penalty formulations.

1.  Introduction

Immersed boundary finite element methods promise to pave the way to perform fast and accurate, but above all automated static 
and dynamic simulations involving complex geometries, without the need for boundary-conforming mesh generation, which typically 
involves more manual input. Most approaches follow a common philosophy: the physical domain of interest is embedded in a larger, 
geometrically simple domain that can be easily discretized, for instance, using a Cartesian grid. However, cut elements, i.e., elements 
intersecting the physical boundary, may introduce adverse effects. In particular elements with a very small support in the physical 
domain can lead to a system matrix with unfeasibly large condition numbers. In static simulations, the main concern is the resulting 
low convergence rate of iterative linear solvers, whereas in explicit dynamic simulations the critical time step size suffers [1]. Various 
stabilization approaches have been introduced to mitigate these issues. The finite cell method (FCM) uses material stabilization (MS) 
to add artificial mass and stiffness to the fictitious part of cut elements [2,3]. Eigenvalue stabilization (EVS) techniques shift the 

∗ Corresponding author.
 E-mail addresses: tim.buerchner@tum.de (T. Bürchner), lars.radtke@tuhh.de (L. Radtke).

https://doi.org/10.1016/j.cma.2026.118727

Computer Methods in Applied Mechanics and Engineering 452 (2026) 118727 

Available online 17 January 2026 
0045-7825/© 2026 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/cma
https://www.elsevier.com/locate/cma
https://orcid.org/0000-0001-8816-6897

$C^0$


$C^0$


$h$


$\Omega \subset \mathbb {R}^d$


$[0, T]$


$d$


$T > 0$


$\Gamma $


$\Omega $


$\Gamma _\mathrm {D}$


$g_\mathrm {D}$


$\Gamma _\mathrm {N}$


$g_\mathrm {N}$


$\tensor {n}{}$


$\Gamma $


$\Psi _0(\tensor {x}{})$


$\dot {\Psi }_0(\tensor {x}{})$


$\dot {\square }$


$\ddot {\square }$


$\rho $


$c$


$f$


$\Psi : \Omega \times [0, T] \rightarrow \mathbb {R}$


\begin {equation}(\text {strong})\left \{ \begin {alignedat}{3} &\rho \, \ddot {\Psi } - \nabla \cdot \left ( \rho \, c^2 \, \nabla \Psi \right ) = f \qquad &&\text {on } \Omega \times (0, T] \\ &\Psi = g_\mathrm {D}(t) \qquad && \tensor {x}{} \in \Gamma _\mathrm {D}, t \in (0, T]\\ &\nabla \Psi \cdot \tensor {n}{} = g_\mathrm {N}(t) \qquad && \tensor {x}{} \in \Gamma _\mathrm {N}, t \in (0, T]\\ &\Psi (\tensor {x}{}, 0) = \Psi _0(\tensor {x}{}) \qquad && \tensor {x}{} \in \Omega , t = 0\\ &\dot {\Psi }(\tensor {x}{}, 0) = \dot {\Psi }_0(\tensor {x}{}) \qquad && \tensor {x}{} \in \Omega , t = 0\
\end {alignedat} \right . . \label {eq:scalar_wave_equation}\end {equation}
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\begin {align}\alpha ^\mathrm {FCM}(\bm {x}) = \left \{ \begin {array}{@{}ll} 1 & \text { for } \bm {x} \in \Omega \\ \alpha & \text { else } \end {array} \right . , \label {eq:alpha}\end {align}
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\begin {equation}{\mathcal {T}}_h = \left \{ E \in \mathcal {T}^e_h \vert \, E \cap \Omega \neq \emptyset \right \} \quad \text {and} \quad {\Omega }_h = \bigcup _{E \in {\mathcal {T}}_h} E \supseteq \Omega . \label {Xeqn2-3}\end {equation}


${\mathcal {T}}_h$


\begin {equation}{V}^h = \left \{v \in C^0({\Omega }_h)\colon v \vert _E \in N^p(E), \, E \in {\mathcal {T}}_h \right \} . \label {eq:function_space}\end {equation}
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\begin {align}{\mathcal {T}}^\mathrm {cut}_h = \left \{ E \in {\mathcal {T}}_h \vert \, E \cap \Gamma \neq \emptyset \right \}, \quad {\mathcal {T}}^\mathrm {int}_h = \left \{ E \in {\mathcal {T}}_h \vert \, E \subset \Omega \right \} .\end {align}
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\begin {equation}\xi _j = \begin {cases} -1 \qquad &\text {if } j = 1 \\ \xi _{0, j-1}^{\mathrm {Lo}, p-1} \qquad &\text {if } 2 \leq j < p + 1 \\ 1 \qquad &\text {if } j = p+1 \\ \end {cases} \text {.} \label {Xeqn4-6}\end {equation}


$\xi \in [-1, 1]$


\begin {equation}\ell _i^{\mathrm {Lag},p}(\xi ) = \prod _{j = 1, j \neq i}^{p + 1} \frac {\xi - \xi _j}{\xi _i - \xi _j} \quad \text {for } i = 1, 2, \ldots , p + 1 \text {.} \label {Xeqn5-7}\end {equation}
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$\tensor {\xi }{} \in [-1, 1]^d$


\begin {equation}\ell ^p_{i_1, \dots , i_d}(\tensor {\xi }{}) = \prod _{k=1}^d \ell _{i_k}^{\mathrm {Lag},p}(\xi _k) \label {Xeqn6-8}\end {equation}
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${V}^h_{T} = {V}^h \otimes \mathcal {C}^\infty $


$v^h \in {V}^h$


$\Psi ^h \in {V}^h_{T}$


\begin {align}v^h(\tensor {x}{}) &= \sum _{i=1}^{n^\mathrm {dof}} N_i(\tensor {x}{}) \, \hat {v}_i = \tensor {N}{}(\tensor {x}{}) \, \hat {\tensor {v}{}} \\ \Psi ^h(\tensor {x}{}, t) &= \sum _{i=1}^{n^\mathrm {dof}} N_i(\tensor {x}{}) \, \hat {\Psi }_i(t) = \tensor {N}{}(\tensor {x}{}) \, \hat {\tensor {\Psi }{}}(t) \label {eq:representation_immersed}\end {align}
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$\forall v^h \in {V}^h$


\begin {equation}(\text {Galerkin})\left \{ \begin {alignedat}{3} &\int _{{\Omega }_h} \alpha ^\mathrm {FCM} \, \rho \, \ddot {\Psi }^h \, v^h \, \mathrm {d}\Omega + \int _{{\Omega }_h} \alpha ^\mathrm {FCM} \, \rho \, c^2 \, \nabla \Psi ^h \cdot \nabla v^h \, \mathrm {d}\Omega \\ & \qquad \underbrace {- \int _{\Gamma _\mathrm {D}} \rho \, c^2 \, \partial _n \Psi ^h \, v^h \, \mathrm {d} \Gamma - \int _{\Gamma _\mathrm {D}} \rho \, c^2 \, \partial _n v^h \, \Psi ^h \, \mathrm {d} \Gamma + \int _{\Gamma _\mathrm {D}} \lambda _E \, \Psi ^h \, v^h \, \mathrm {d} \Gamma }_{\text {Nitsche terms}} \\ & \qquad = \int _{{\Omega }_h} \alpha ^\mathrm {FCM} \, f \, v^h \, \mathrm {d} \Omega + \int _{\Gamma _\mathrm {N}} \rho \, c^2 \, g_\mathrm {N} \, v^h \,\mathrm {d} \Gamma \\ & \qquad \underbrace {- \int _{\Gamma _\mathrm {D}} \rho \, c^2 \, \partial _n v^h \, g_\mathrm {D} \, \mathrm {d} \Gamma + \int _{\Gamma _\mathrm {D}} \lambda _E \, g_\mathrm {D} \, v^h \,\mathrm {d} \Gamma }_\text {Nitsche terms} \end {alignedat} \right . . \label {eq:fem_immersed}\end {equation}
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$(\Psi ^h_\mu , \mu _E) \in {V}^h \vert _E^0 \times \mathbb {R}$


\begin {equation}\int _{\Gamma _\mathrm {D}^E} \partial _n \Psi ^h_\mu \, \partial _n v^h \, \mathrm {d}\Gamma = \mu _E \int _E \alpha ^\mathrm {FCM} \, \nabla \Psi ^h_\mu \cdot \nabla v^h \, \mathrm {d}\Omega \quad \text {for all } v^h \in {V}^h \vert _E^0 \label {eq:EWPNitsche}\end {equation}
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\begin {equation}\lambda _E = 2 \max \mu _E . \label {eq:lambdaNitsche}\end {equation}
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$\tensor {k}{}^E$


$\tensor {f}{}^E$


\begin {align}[\tensor {m}{}^E]_{kl} &= \int _E \alpha ^\mathrm {FCM} \, \rho \, \ell _k(\tensor {x}{}) \, \ell _l(\tensor {x}{}) \, \mathrm {d}\Omega \label {eq:Me_im} \\ [\tensor {k}{}^E]_{kl} &= \int _E \alpha ^\mathrm {FCM} \, \rho \, c^2 \, \nabla \ell _k(\tensor {x}{}) \cdot \nabla \ell _l(\tensor {x}{}) \, \mathrm {d}\Omega \label {eq:Ke_im} \\ & \qquad - \int _{\Gamma _\mathrm {D}^E} \rho \, c^2 \, \partial _n \ell _k(\tensor {x}{}) \, \ell _l(\tensor {x}{}) \,\mathrm {d}\Gamma - \int _{\Gamma _\mathrm {D}^E} \rho \, c^2 \, \ell _k(\tensor {x}{}) \, \partial _n \ell _l(\tensor {x}{}) \,\mathrm {d}\Gamma + \int _{\Gamma _\mathrm {D}^E} \lambda _E \, \ell _k(\tensor {x}{}) \, \ell _l(\tensor {x}{}) \,\mathrm {d}\Gamma \nonumber \\ [\tensor {f}{}^E]_{k} &= \int _E \alpha ^\mathrm {FCM} \, f(\tensor {x}{}) \, \ell _k(\tensor {x}{}) \, \mathrm {d}\Omega + \int _{\Gamma _N^E} \rho \, c^2 \, g_\mathrm {N}(\tensor {x}{}) \, \ell _k(\tensor {x}{}) \, \mathrm {d}\Gamma \label {eq:Fe_im} \\ & \qquad - \int _{\Gamma _\mathrm {D}^E} \rho \, c^2 \, \partial _n \ell _k(\tensor {x}{}) \, g_\mathrm {D}(\tensor {x}{}) \,\mathrm {d}\Gamma + \int _{\Gamma _\mathrm {D}^E} \lambda _E \, g_\mathrm {D}(\tensor {x}{}) \, \ell _k(\tensor {x}{}) \, \mathrm {d}\Gamma \nonumber \end {align}
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\begin {equation}\tensor {M}{} = \A _{E \in {\mathcal {T}}_h} \tensor {m}{}^E\text {, } \tensor {K}{} = \A _{E \in {\mathcal {T}}_h} \tensor {k}{}^E\text {, and } \tensor {F}{} = \A _{E \in {\mathcal {T}}_h} \tensor {f}{}^E. \label {Xeqn10-17}\end {equation}
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\begin {equation}\tensor {M}{} \ddot {\hat {\tensor {\Psi }{}}} + \tensor {K}{} \hat {\tensor {\Psi }{}} = \tensor {F}{} . \label {Xeqn11-18}\end {equation}


\begin {equation}\hat {\tensor {\Psi }{}}_{k+1} = 2 \, \hat {\tensor {\Psi }{}}_k - \hat {\tensor {\Psi }{}}_{k-1} + \Delta t^2 \tensor {M}{}^{-1} \left ( \tensor {F}{}_k - \tensor {K}{} \, \hat {\tensor {\Psi }{}}_k\right ) \text {.} \label {eq:cdm}\end {equation}


\begin {equation}\Delta t^\text {crit} = \frac {2}{\sqrt {\lambda _\text {max}(\tensor {K}{}, \tensor {M}{})}} , \label {eq:critical_time_step_size}\end {equation}
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$E \in {\mathcal {T}}^\mathrm {cut}_h$
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\begin {equation}\tilde {\tensor {m}{}}^{E} = \tensor {m}{}^{E} + \epsilon \, \tensor {m}{}^{\mathrm {s}} . \label {Xeqn14-21}\end {equation}
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$\Phi ^\mathrm {s} = \{(\lambda _i, \tensor {\phi }{}_i) \, | \, \lambda _i < f_\lambda \, \lambda _\mathrm {max} \}$
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\begin {equation}\tensor {m}{}^{\mathrm {s}, 0} = \sum _{(\lambda _i, \tensor {\phi }{}_i) \in \Phi ^\mathrm {s}} \tensor {\phi }{}_i \tensor {\phi }{}_i^T . \label {Xeqn15-22}\end {equation}
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\begin {equation}\tensor {m}{}^{\mathrm {s}} = \frac {\max (\tensor {m}{}^{\mathrm {f}})}{\max (\tensor {m}{}^{\mathrm {s}, 0})} \, \tensor {m}{}^{\mathrm {s},0}, \label {Xeqn16-23}\end {equation}
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\begin {equation}\tilde {\tensor {M}{}} = \A _{E \in {\mathcal {T}}^\mathrm {int}_h} \tensor {m}{}^E + \A _{E \in {\mathcal {T}}^\mathrm {cut}_h} \tilde {\tensor {m}{}}^E . \label {Xeqn17-24}\end {equation}
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\begin {equation}\tilde {\tensor {m}{}}^{E} = \tensor {m}{}^{E} + \tensor {m}{}^{\mathrm {s}} . \label {Xeqn18-25}\end {equation}
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\begin {equation}\tensor {m}{}^{\mathrm {s}} = \sum _{(\lambda _i, \tensor {\phi }{}_i) \in \Phi ^\mathrm {l}} c_i \, \tensor {m}{}^{E} \tensor {\phi }{}_i \tensor {\phi }{}_i^T \tensor {m}{}^{E} , \label {Xeqn19-26}\end {equation}
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\begin {equation}c_i = \frac {\lambda _i}{\lambda ^*} - 1 \label {Xeqn20-27}\end {equation}
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\begin {equation}\tilde {\tensor {k}{}}^{E} = \tensor {k}{}^{E} + \tensor {k}{}^{\mathrm {s}} , \label {Xeqn21-28}\end {equation}


\begin {equation}\tensor {k}{}^{\mathrm {s}} = \sum _{(\lambda _i, \tensor {\phi }{}_i) \in \Phi ^\mathrm {l}} c_i \, \tensor {m}{}^{E} \tensor {\phi }{}_i \tensor {\phi }{}_i^T \tensor {m}{}^{E} . \label {Xeqn22-29}\end {equation}
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\begin {equation}c_i = \lambda ^* - \lambda _i . \label {Xeqn23-30}\end {equation}
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\begin {equation}\tilde {\tensor {m}{}}^E = \tensor {m}{}^E + \tensor {m}{}^\mathrm {s} \quad \text {and} \quad \tilde {\tensor {k}{}}^E = \tensor {k}{}^E + \tensor {k}{}^\mathrm {s} . \label {Xeqn24-31}\end {equation}
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\begin {equation}\tensor {m}{}^\mathrm {s} = \sum _{(\lambda _i, \tensor {\phi }{}_i) \in \Phi ^\mathrm {l}} c^\mathrm {m}_i \, \tensor {m}{}^E \tensor {\phi }{}_i \tensor {\phi }{}_i^T \tensor {m}{}^E \quad \text {and} \quad \tensor {k}{}^\mathrm {s} = \sum _{(\lambda _i, \tensor {\phi }{}_i) \in \Phi ^\mathrm {l}} c^\mathrm {k}_i \, \tensor {m}{}^E \tensor {\phi }{}_i \tensor {\phi }{}_i^T \tensor {m}{}^E . \label {Xeqn25-32}\end {equation}
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\begin {equation}c^\mathrm {m}_i = \frac {\lambda _i + c^\mathrm {k}_i - \lambda ^*}{\lambda ^*} \quad \text {and} \quad c^\mathrm {k}_i = \frac {\lambda ^* - \lambda _i}{2}. \label {Xeqn26-33}\end {equation}
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\begin {equation}\tilde {\tensor {M}{}} = \A _{E \in {\mathcal {T}}^\mathrm {int}_h} \tensor {m}{}^E + \A _{E \in {\mathcal {T}}^\mathrm {cut}_h} \tilde {\tensor {m}{}}^E . \label {Xeqn27-34}\end {equation}


\begin {equation}\tilde {\tensor {K}{}} = \A _{E \in {\mathcal {T}}^\mathrm {int}_h} \tensor {k}{}^E + \A _{E \in {\mathcal {T}}^\mathrm {cut}_h} \tilde {\tensor {k}{}}^E . \label {Xeqn28-35}\end {equation}
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\begin {equation}c_k = \lambda ^* - \lambda _k , \label {Xeqn35-42}\end {equation}


$\lambda _k$


$\tensor {\phi }{}_k$


$\lambda ^*$


$\tensor {A}{} \in \mathbb {R}^{n \times n}$


$\tensor {B}{} \in \mathbb {R}^{n \times n}$


$\tensor {B}{}$


$(\lambda _i, \tensor {\phi }{}_i)$


\begin {equation}\tensor {A}{}\tensor {\phi }{}_i = \lambda _i \tensor {B}{} \tensor {\phi }{}_i , \label {Xeqn36-43}\end {equation}


$\lambda _i \in \mathbb {R}$


$\phi _i \in \mathbb {R}^n$


$i = 1, \ldots , n$


$\tensor {B}{} \tensor {\phi }{}_k \tensor {\phi }{}_k^T \tensor {B}{}$


$\tensor {A}{}$


$\tilde {\tensor {A}{}}$


$\tensor {\phi }{}_i$


\begin {equation}\tilde {\tensor {A}{}} \tensor {\phi }{}_i = (\tensor {A}{} + \tensor {B}{} \tensor {\phi }{}_k \tensor {\phi }{}_k^T \tensor {B}{}) \tensor {\phi }{}_i = \begin {cases} \tensor {A}{} \tensor {\phi }{}_i + \tensor {B}{} \tensor {\phi }{}_k \underbrace {\tensor {\phi }{}_k^T \tensor {B}{} \tensor {\phi }{}_i}_{=0} = \underbrace {\lambda _i}_{=\tilde {\lambda }_i} \tensor {B}{} \tensor {\phi }{}_i \quad &\text {if } i \neq k \\ \tensor {A}{} \tensor {\phi }{}_i + \tensor {B}{} \tensor {\phi }{}_k \underbrace {\tensor {\phi }{}_k^T \tensor {B}{} \tensor {\phi }{}_i}_{=1} = \underbrace {(\lambda _i + 1)}_{=\tilde {\lambda }_i} \tensor {B}{}\tensor {\phi }{}_i \quad &\text {if } i = k , \end {cases} \label {Xeqn37-44}\end {equation}


$\tensor {\phi }{}_i$


$\tensor {B}{}$


$\tensor {\phi }{}_i^T \tensor {B}{} \tensor {\phi }{}_j = \delta _{ij}$


$\lambda _k$


$\tensor {\phi }{}_k$


\begin {equation}\tilde {\tensor {A}{}} = \tensor {A}{} + c_k \tensor {B}{} \tensor {\phi }{}_k \tensor {\phi }{}_k^T \tensor {B}{} \label {Xeqn38-45}\end {equation}


\begin {equation}c_k = \lambda ^* - \lambda _k , \label {Xeqn39-46}\end {equation}


$\lambda ^*$


$\tensor {B}{}$


$\tensor {B}{} \tensor {\phi }{}_k \tensor {\phi }{}_k^T \tensor {B}{}$


$\tensor {B}{}$


$\tilde {\tensor {B}{}}$


\begin {equation}\tensor {A}{} \tensor {\phi }{}_i = \tilde {\lambda }_i \tilde {\tensor {B}{}} \tensor {\phi }{}_i = \tilde {\lambda }_i(\tensor {B}{} + \tensor {B}{} \tensor {\phi }{}_k \tensor {\phi }{}_k^T \tensor {B}{}) \tensor {\phi }{}_i = \begin {cases} \tilde {\lambda }_i \tensor {B}{} \tensor {\phi }{}_i + \tilde {\lambda }_i \tensor {B}{} \tensor {\phi }{}_k \underbrace {\tensor {\phi }{}_k^T \tensor {B}{} \tensor {\phi }{}_i}_{=0} = \underbrace {\tilde {\lambda }_i}_{=\lambda _i} \tensor {B}{} \tensor {\phi }{}_i \quad &\text {if } i \neq k \\ \tilde {\lambda }_i \tensor {B}{} \tensor {\phi }{}_i + \tilde {\lambda }_i \tensor {B}{} \tensor {\phi }{}_k \underbrace {\tensor {\phi }{}_k^T \tensor {B}{} \tensor {\phi }{}_i}_{=1} = \underbrace {2 \tilde {\lambda }_i}_{=\lambda _i} \tensor {B}{} \tensor {\phi }{}_i \quad &\text {if } i = k , \end {cases} \label {Xeqn40-47}\end {equation}


$\tensor {B}{}$


$\tensor {\phi }{}_i^T \tensor {B}{} \tensor {\phi }{}_j = \delta _{ij}$


$\tilde {\lambda }_k = \lambda _k / 2$


\begin {equation}\tilde {\tensor {B}{}} = \tensor {B}{} + c_k \tensor {B}{} \tensor {\phi }{}_k \tensor {\phi }{}_k^T \tensor {B}{} \label {Xeqn41-48}\end {equation}


\begin {equation}c_k = \frac {\lambda _k}{\lambda ^*} - 1 , \label {Xeqn42-49}\end {equation}


$\lambda _k$


$\tensor {\phi }{}_k$


$\lambda ^*$


\begin {equation}\tilde {\tensor {A}{}} = \tensor {A}{} + c_{\text {A,}k} \tensor {B}{} \tensor {\phi }{}_k \tensor {\phi }{}_k^T \tensor {B}{} \quad \text {and} \quad \tilde {\tensor {B}{}} = \tensor {B}{} + c_{\text {B,}k} \tensor {B}{} \tensor {\phi }{}_k \tensor {\phi }{}_k^T \tensor {B}{} , \label {Xeqn43-50}\end {equation}


\begin {equation}\tilde {\lambda }_k = \frac {\lambda _k + c_{\text {A,}k}}{1 + c_{\text {B,}k}} . \label {tildeLambda}\end {equation}
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lower part of the eigenvalue spectrum of the mass or stiffness matrix to higher values using low-rank modifications [4–6]. CutFEM 
approaches constrain cut elements by weakly coupling their solution to full elements using ghost penalty formulations [7,8]. Further 
prominent stabilization techniques include the aggregated finite element method (FEM) [9,10], cgFEM [11], or the shifted boundary 
method [12,13]. In the context of trimmed isogeometric analysis, extended B-splines [14,15] and other polynomial extensions [16–18] 
have been proposed, as well as the isogeometric finite cell analysis (IGA-FCM) [19–21].

In addition to the stabilization methods discussed above, specialized time integration schemes can be used to solve immersed hy-
perbolic problems efficiently. These schemes can overcome stability restrictions due to cut elements, which would otherwise severely 
limit the amissible time step size. Immersed spectral discretizations yield a mass matrix with a special structure: a large diagonal 
part from the uncut elements, and a smaller consistent part from the cut elements. Tailored time integration schemes can exploit this 
structure. Examples include local time stepping [22,23] and implicit-explicit (IMEX) time integration [24–27]. A comparative study 
in [28] investigates the computational performance of immersed spectral and isogeometric discretizations on a three-dimensional 
rotated cube example, highlighting the potential of combining advanced discretizations with tailored time integration strategies.

In the paper at hand, we address solving the immersed wave equation with explicit time integration, particularly with the 
central difference method (CDM). We employ high-order, 𝐶0 continuous Lagrangian interpolation polynomials defined on Gauss-
Lobatto-Legendre (GLL) points [29–31], as problems with smooth solutions benefit from the spectral convergence of polynomial 
approximations — i.e., the approximation error decreases exponentially with increasing polynomial degree. The spectral element 
method (SEM) [32,33] combines this polynomial basis with the GLL quadrature rule, i.e., a nodal lumping is utilized [34,35]. This 
results in a diagonal mass matrix without a loss but even a gain in accuracy, see [36,37]. Its immersed counterpart, the spectral cell 
method (SCM) [3,38,39], requires specialized integration schemes in the cut elements, leading to a consistent mass matrix in these 
elements. MS prevents the critical time step size from decreasing indefinitely with vanishing physical support of cut elements for 
Neumann problems [40]. However, for typical stabilization values the critical time step size still reduces to roughly one tenth of 
equivalent uncut elements. Moreover, for Dirichlet conditions weakly imposed via penalty or Nitsche formulations, the critical time 
step size can decrease without bounds.

In [41,42], a simple yet efficient stabilization technique, referred to as eigenvalue stabilization, was proposed. Based on an eigen-
value decomposition of the elemental stiffness matrix, EVS acts locally at the element level, incurring minimal computational cost 
and enabling straightforward parallelization. The key concept is to identify modes associated with small or vanishing eigenvalues, 
group them, and construct a corresponding stabilization matrix. Since the stabilization matrices are computed during element as-
sembly, the flexibility of the formulation is preserved and an integration into high-performance computing environments is readily 
possible. Originally, EVS was applied in extended finite element methods (XFEM) to mitigate ill-conditioning in enriched elements 
for quasi-static and dynamic crack propagation problems.

Its extension to immersed boundary methods, particularly to FCM, was demonstrated in [4], where EVS reduced the condition 
number of the system matrices of cut elements without degrading the achievable accuracy. For nonlinear analyses, such as hyperelas-
ticity at finite strains, an iteratively updated force correction term was introduced [4] and later combined with remeshing to enhance 
robustness [6]. It is important to stress again that the overall numerical overhead remains low since the eigenvalue decomposition is 
restricted to cut elements and the iterative correction naturally integrates into standard nonlinear solvers.

In [5], EVS was extended to dynamics for immersed boundary finite element methods, achieving substantial condition number 
reductions and, for explicit dynamics, significant increases in the critical time step size of cut elements. In this context, only the mass 
matrix was stabilized after testing various alternative formulations. However, the nonlinear force correction scheme could not be 
transferred to dynamics, as altering the amplification matrix and load operator of the involved time integration schemes can cause 
unconditional instability. From the obtained results, we can conclude that without stabilization, critical modes can severely compro-
mise the robustness of the FCM, especially for badly cut elements and high-order shape functions. Hence, a targeted stabilization of 
selected stiffness and/or mass matrix components is essential for maintaining stability and accuracy.

Considering the generalized eigenvalue problem, related approaches have been developed in the context of boundary-conforming 
FEM, both at the element level and at the global system level [43,44,52]. We extend these concepts to immersed boundary dis-
cretizations and propose a generalized eigenvalue stabilization strategy that aims to improve the critical time step size of the global 
system. In our formulation, GEVS is applied locally to each cut element, requiring only element-level information, and thus preserving 
scalability and parallelizability. Additional mild MS ensures that the generalized eigenvalue problem remains well defined. However, 
by design, GEVS can also be combined with other basis functions and stabilization approaches. We numerically demonstrate the 
following aspects:
1. GEVS successfully suppresses spectral outliers in the eigenvalue spectrum, while preserving high accuracy in the remaining part.
2. In ℎ-convergence studies, GEVS preserves optimal convergence rates for wave propagation problems.
3. GEVS is the only tested stabilization method that reliably restores a cut-independent critical time step while maintaining accuracy 
for FCM.

4. All observations hold true for Neumann problems as well as for Dirichlet boundary conditions weakly imposed via Nitsche’s 
method or penalty formulations.
The remaining part of the paper is divided into four parts: In Section 2, we present the methodology, introducing the underlying 

problem and its spatial and temporal discretization, followed by the theoretical background of GEVS. Section 3 compares the global 
accuracy properties of GEVS with MS and EVS, employing a one-dimensional immersed bar problem. By means of this example, it is 
shown that GEVS simultaneously preserves high accuracy in the lower part of the eigenvalue spectrum and removes all outliers in the 
upper part. Additional studies on the asymptotic accuracy and the critical time step size for decreasing cut ratios further demonstrate 
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Fig. 1. Schematic illustration of boundary-fitted and immersed discretizations.

that GEVS conserves optimal convergence rates and restores critical time step sizes of corresponding uncut elements. In Section 4, we 
validate these findings through a two-dimensional asymptotic accuracy analysis considering an immersed arc. Section 5 summarizes 
and concludes this contribution.

2.  Methodology

Model problem

We consider a wave propagation problem underlying the second-order scalar wave equation on the domain Ω ⊂ ℝ𝑑 for time [0, 𝑇 ], 
where 𝑑 is the number of spatial dimensions and 𝑇 > 0. The boundary Γ of the domain Ω is divided into complementary parts ΓD, on 
which Dirichlet boundary conditions 𝑔D are defined, and ΓN, on which Neumann boundary conditions 𝑔N are imposed. Note that, as is 
typical, the normal vector 𝑛 points outward at Γ. The initial state is defined by Ψ0(𝑥) and Ψ̇0(𝑥). □̇ and □̈ denote the first and second 
derivatives w.r.t. time. For the mass density 𝜌, the wave speed 𝑐, and the volumetric force 𝑓 , the scalar wave field Ψ ∶ Ω × [0, 𝑇 ] → ℝ
satisfies the following strong form

(strong)

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜌 Ψ̈ − ∇ ⋅
(

𝜌 𝑐2 ∇Ψ
)

= 𝑓 on Ω × (0, 𝑇 ]

Ψ = 𝑔D(𝑡) 𝑥 ∈ ΓD, 𝑡 ∈ (0, 𝑇 ]

∇Ψ ⋅ 𝑛 = 𝑔N(𝑡) 𝑥 ∈ ΓN, 𝑡 ∈ (0, 𝑇 ]

Ψ(𝑥, 0) = Ψ0(𝑥) 𝑥 ∈ Ω, 𝑡 = 0

Ψ̇(𝑥, 0) = Ψ̇0(𝑥) 𝑥 ∈ Ω, 𝑡 = 0

. (1)

Fig. 1(a) illustrates an exemplary model domain including its Dirichlet and Neumann boundary conditions. Moreover, the boundary-
conforming and non-conforming spatial discretizations are depicted in Fig. 1(b) and (c), respectively. Note that additional information 
on the extended domain is also provided in Fig. 1(d).
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Mesh and basis functions

In the immersed setting, we extend the physical domain Ω by a fictitious domain Ωf  to obtain the extended domain Ωe = Ω ∪ Ωf , 
see Fig. 1(d). The indicator function 𝛼FCM distinguishes between physical and fictitious domains 

𝛼FCM(x) =
{

1  for x ∈ Ω
𝛼  else , (2)

where 𝛼 ∈ [0, 1] is the FCM parameter, typically chosen as a small positive number (e.g., 10−6). The extended domain Ωe is partitioned 
into elements 𝐸, see Fig. 1(c), yielding the extended mesh  𝑒

ℎ . We denote the active mesh ℎ ⊆  𝑒
ℎ  as the set of all elements intersecting 

the physical domain Ω, and the active domain Ωℎ as the domain covered by these elements, viz.
ℎ =

{

𝐸 ∈  𝑒
ℎ |𝐸 ∩ Ω ≠ ∅

}

and Ωℎ =
⋃

𝐸∈ℎ

𝐸 ⊇ Ω. (3)

On the active mesh ℎ, we define the finite dimensional function space
𝑉 ℎ =

{

𝑣 ∈ 𝐶0(Ωℎ)∶ 𝑣|𝐸 ∈ 𝑁𝑝(𝐸), 𝐸 ∈ ℎ
}

. (4)

consisting of piecewise continuous multi-variate Lagrange polynomials 𝑁𝑝 of order 𝑝. Equivalently, the solution space can be defined 
for boundary-fitted FEM, where homogeneous Dirichlet boundary conditions are imposed by discarding basis functions with support 
on ΓD, and inhomogeneous Dirichlet boundary conditions can be imposed through lifting functions.

All elements intersecting the boundary of the domain Γ form the set of cut elements, while all elements that are fully supported 
on the physical domain Ω are called internal elements: 

 cut
ℎ =

{

𝐸 ∈ ℎ|𝐸 ∩ Γ ≠ ∅
}

,  int
ℎ =

{

𝐸 ∈ ℎ|𝐸 ⊂ Ω
}

. (5)

In Fig. 1(c), exemplary empty, full, and cut elements are denoted as 𝐸1, 𝐸2, and 𝐸3. In contrast to the boundary-fitted FEM, strongly 
imposing Dirichlet boundary conditions is not straightforward due to the mismatch between the boundary of the mesh and the 
physical domain. Instead, they have to be imposed in a weak sense as shown below.

The basis functions of the discrete space 𝑉 ℎ, defined on the meshes ℎ, are constructed via tensor products of uni-variate Lagrange 
polynomials. On a reference interval [−1, 1], we denote 𝜉Lo,𝑝−10,𝑘 , 𝑘 = 1, 2,… , 𝑝 − 1 as the roots of Lobatto polynomials of order 𝑝 − 1. 
Thus, the corresponding 𝑝 + 1 GLL points are defined as:

𝜉𝑗 =

⎧

⎪

⎨

⎪

⎩

−1 if 𝑗 = 1
𝜉Lo,𝑝−10,𝑗−1 if 2 ≤ 𝑗 < 𝑝 + 1

1 if 𝑗 = 𝑝 + 1

. (6)

Using these GLL points as interpolation nodes [29–31], the uni-variate Lagrange shape functions are defined for 𝜉 ∈ [−1, 1] by

𝓁Lag,𝑝
𝑖 (𝜉) =

𝑝+1
∏

𝑗=1,𝑗≠𝑖

𝜉 − 𝜉𝑗
𝜉𝑖 − 𝜉𝑗

for 𝑖 = 1, 2,… , 𝑝 + 1. (7)

Finally, we obtain the (𝑝 + 1)𝑑 tensor product shape functions on a 𝑑-dimensional reference element 𝜉 ∈ [−1, 1]𝑑

𝓁𝑝
𝑖1 ,…,𝑖𝑑

(𝜉 ) =
𝑑
∏

𝑘=1
𝓁Lag,𝑝
𝑖𝑘

(𝜉𝑘) (8)

for 𝑖1,… , 𝑖𝑑 = 1,… , 𝑝 + 1. The global basis functions 𝑁𝑝
𝑖 (𝑥) are then obtained by mapping the local functions 𝓁

𝑝
𝑖1 ,…,𝑖𝑑

(𝜉 ) to the 
boundary-conforming or immersed meshes and connecting the shape functions corresponding to boundary nodes across the element 
boundaries. Finally, 𝑁𝑖(𝑥), 𝑖 = 1,… , 𝑛dof , span the approximation space 𝑉 ℎ, where 𝑛dof  denotes the total number of active degrees of 
freedom of the respective discretizations.

Assuming that the solution evolves smoothly in time from 𝑡 = 0 to 𝑡 = 𝑇 , the semi-discrete function space is 𝑉 ℎ
𝑇 = 𝑉 ℎ ⊗ ∞ [21].

Spatial and temporal discretization

The test functions 𝑣ℎ ∈ 𝑉 ℎ and trial function Ψℎ ∈ 𝑉 ℎ
𝑇  are defined as a linear combination of the corresponding basis functions

𝑣ℎ(𝑥) =
𝑛dof
∑

𝑖=1
𝑁𝑖(𝑥) 𝑣̂𝑖 = 𝑁 (𝑥) 𝑣̂ (9)

Ψℎ(𝑥, 𝑡) =
𝑛dof
∑

𝑖=1
𝑁𝑖(𝑥) Ψ̂𝑖(𝑡) = 𝑁 (𝑥) Ψ̂(𝑡) (10)

with the coefficients 𝑣̂𝑖 and Ψ̂𝑖(𝑡) ∈ ∞(0, 𝑇 ). By applying the symmetric version of Nitsche’s method, the immersed semi-discrete 
finite element formulation reads as follows [45]:
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Find Ψℎ ∈ 𝑉 ℎ
𝑇  s.t. ∀𝑣ℎ ∈ 𝑉 ℎ

(Galerkin)

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

∫Ωℎ

𝛼FCM 𝜌 Ψ̈ℎ 𝑣ℎ dΩ + ∫Ωℎ

𝛼FCM 𝜌 𝑐2 ∇Ψℎ ⋅ ∇𝑣ℎ dΩ

−∫ΓD
𝜌 𝑐2 𝜕𝑛Ψℎ 𝑣ℎ dΓ − ∫ΓD

𝜌 𝑐2 𝜕𝑛𝑣
ℎ Ψℎ dΓ + ∫ΓD

𝜆𝐸 Ψℎ 𝑣ℎ dΓ

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Nitsche terms

= ∫Ωℎ

𝛼FCM 𝑓 𝑣ℎ dΩ + ∫ΓN
𝜌 𝑐2 𝑔N 𝑣ℎ dΓ

−∫ΓD
𝜌 𝑐2 𝜕𝑛𝑣

ℎ 𝑔D dΓ + ∫ΓD
𝜆𝐸 𝑔D 𝑣ℎ dΓ

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Nitsche terms

. (11)

where 𝜕𝑛 = 𝑛 ⋅ ∇ is the derivative in normal direction on Γ and 𝜆𝐸 is the element-wise Nitsche parameter. Note that the volume 
integrals are taken over the active domain Ωℎ. The discretized form for the boundary-conforming setting can be derived accordingly 
without Nitsche terms. To ensure coercivity of the bilinear form on the left-hand side of the above equation, the penalty parameter 
𝜆𝐸 has to be sufficiently large [45]. As suggested in [45–48], we solve the local/element-wise eigenvalue problem:

Find (Ψℎ
𝜇 , 𝜇𝐸 ) ∈ 𝑉 ℎ

|

0
𝐸 ×ℝ, such that

∫Γ𝐸D
𝜕𝑛Ψℎ

𝜇 𝜕𝑛𝑣
ℎ dΓ = 𝜇𝐸 ∫𝐸

𝛼FCM ∇Ψℎ
𝜇 ⋅ ∇𝑣ℎ dΩ for all 𝑣ℎ ∈ 𝑉 ℎ

|

0
𝐸 (12)

for all elements 𝐸 which intersect with the Dirichlet boundary ΓD and with Γ𝐸D = 𝐸 ∩ ΓD denoting the Dirichlet boundary contribution 
of element 𝐸. In [45,46], it is suggested to select the penalty parameter to be twice the largest eigenvalue

𝜆𝐸 = 2max𝜇𝐸 . (13)

Now, using the representation of trial and test functions for the immersed configuration, the element mass matrix 𝑚𝐸 , stiffness 
matrix 𝑘𝐸 , and force vector 𝑓 𝐸 are:

[𝑚𝐸 ]𝑘𝑙 = ∫𝐸
𝛼FCM 𝜌𝓁𝑘(𝑥)𝓁𝑙(𝑥) dΩ (14)

[𝑘𝐸 ]𝑘𝑙 = ∫𝐸
𝛼FCM 𝜌 𝑐2 ∇𝓁𝑘(𝑥) ⋅ ∇𝓁𝑙(𝑥) dΩ (15)

− ∫Γ𝐸D
𝜌 𝑐2 𝜕𝑛𝓁𝑘(𝑥)𝓁𝑙(𝑥) dΓ − ∫Γ𝐸D

𝜌 𝑐2 𝓁𝑘(𝑥) 𝜕𝑛𝓁𝑙(𝑥) dΓ + ∫Γ𝐸D
𝜆𝐸 𝓁𝑘(𝑥)𝓁𝑙(𝑥) dΓ

[𝑓 𝐸 ]𝑘 = ∫𝐸
𝛼FCM 𝑓 (𝑥)𝓁𝑘(𝑥) dΩ + ∫Γ𝐸𝑁

𝜌 𝑐2 𝑔N(𝑥)𝓁𝑘(𝑥) dΓ (16)

− ∫Γ𝐸D
𝜌 𝑐2 𝜕𝑛𝓁𝑘(𝑥) 𝑔D(𝑥) dΓ + ∫Γ𝐸D

𝜆𝐸 𝑔D(𝑥)𝓁𝑘(𝑥) dΓ

for 𝐸 ∈ ℎ, where 𝑘, 𝑙 = 1,… , 𝑛dof ,𝐸 with 𝑛dof ,𝐸 being the number of basis functions active in element 𝐸, and Γ𝐸N = 𝐸 ∩ ΓN and Γ𝐸D =
𝐸 ∩ ΓD is the element’s part of the Neumann and Dirichlet boundary.

We obtain the global mass and stiffness matrices 𝑀  and 𝐾  and the force vector 𝐹  after assembly of the elements

𝑀 =
𝐸∈ℎ

𝑚𝐸 , 𝐾 =
𝐸∈ℎ

𝑘𝐸 , and 𝐹 =
𝐸∈ℎ

𝑓 𝐸 . (17)

where  denotes the standard assembly operation over all active elements. The global semi-discrete system is

𝑀 ̈̂Ψ +𝐾 Ψ̂ = 𝐹 . (18)

To integrate the semi-discrete system in time, we employ the explicit CDM with second-order accuracy

Ψ̂𝑘+1 = 2 Ψ̂𝑘 − Ψ̂𝑘−1 + Δ𝑡2𝑀−1
(

𝐹 𝑘 −𝐾 Ψ̂𝑘

)

. (19)

Its stability is constrained by the critical time step size

Δ𝑡crit = 2
√

𝜆max(𝐾,𝑀 )
, (20)

where 𝜆max(𝐾,𝑀 ) denotes the largest eigenvalue of the generalized eigenvalue problem 𝐾𝜙̂ = 𝜆𝑀𝜙̂.
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Material stabilization

To distinguish between the physical and fictitious domains, the indicator function 𝛼FCM – see (2) – is introduced. It also serves a 
second purpose, that is to stabilize cut elements. Selecting a small but positive value of 𝛼 ensures that the system remains well-posed. 
Within the fictitious domain, a nonzero 𝛼 corresponds to adding very soft material, which limits the attainable accuracy by introducing 
a consistency error into the formulation. For Laplace and Helmholtz problems, Dauge et al. [49] showed that the corresponding error 
in the energy norm scales as √𝛼. In practice, 𝛼 is typically still chosen between 10−20 and 10−2 to improve the conditioning and 
stability of the discretized system. In static problems, 𝛼 primarily affects the conditioning of the stiffness matrix, thereby accelerating 
the convergence of iterative solvers. On the other hand, in dynamic problems, it influences the largest eigenvalue of the generalized 
eigenvalue problem and thus governs the critical time step size in explicit time integration schemes. A detailed discussion of MS and 
its effect on the critical time step can be found in [40].

Regular eigenvalue stabilization

In [4], Garhuom et al. introduced an EVS technique for nonlinear statics with immersed boundary finite element discretizations. 
Cut elements, especially when they exhibit small volume fractions, lead to severe ill-conditioning of the global stiffness matrix. Adding 
additional stiffness based on the dyadic product of the eigenvectors corresponding to small eigenvalues alleviates this issue. Note that 
this technique has been pioneered by Löhnert and collaborators in the context of the extended FEM (XFEM) [41,42], where similar 
problems arise. Considering dynamics and wave propagation analysis, Eisenträger et al. [5] present a related strategy to address 
the adverse effects of cut elements on the critical time step size. They stabilize the smallest eigenvalues of the mass matrices at the 
element level to restore stable explicit time integration.

For all cut elements 𝐸 ∈  cut
ℎ , the stabilized mass matrix 𝑚̃𝐸 is a sum of the original mass matrix 𝑚𝐸 and a stabilization term 𝑚s

multiplied by the stabilization parameter 𝜖:
𝑚̃𝐸 = 𝑚𝐸 + 𝜖 𝑚s. (21)

The set of eigenpairs of the unstabilized mass matrix {(𝜆𝑖, 𝜙𝑖)} contains the eigenvalues and corresponding eigenvectors 𝜆𝑖 and 𝜙𝑖 for 
𝑖 = 1,… , 𝑛dof ,𝐸 . In the following, we denote the set of eigenpairs with small eigenvalues as Φs = {(𝜆𝑖, 𝜙𝑖) | 𝜆𝑖 < 𝑓𝜆 𝜆max}, where 𝑓𝜆 is a 
chosen treshold and 𝜆max is the largest eigenvalue of the element. The unscaled stabilization term is

𝑚s,0 =
∑

(𝜆𝑖 ,𝜙 𝑖)∈Φs
𝜙𝑖𝜙

𝑇
𝑖 . (22)

In Appendix A, we show that adding this term to the original mass matrix just manipulates the eigenvalues in Φs, while the rest of 
the spectrum remains unchanged. The final stabilization matrix is

𝑚s =
max(𝑚f )
max(𝑚s,0)

𝑚s,0, (23)

where 𝑚f  is the mass matrix of a full or internal element and max(𝐴) denotes the maximum element of a matrix 𝐴. As suggested 
in [5], we set the threshold parameter 𝑓𝜆 to a value of 10−2. The stabilization parameter 𝜖 is varied to achieve an appropriate amount 
of stabilization. The stabilized global mass matrix is

𝑀̃ = 
𝐸∈ int

ℎ

𝑚𝐸 + 
𝐸∈ cut

ℎ

𝑚̃𝐸 . (24)

Generalized eigenvalue stabilization

In the context of stabilization methods, it is important to note that EVS techniques modify the entire spectrum of an element’s 
generalized eigenvalue problem, thereby modifying also the low-frequency modes that are essential for accuracy. A more selective 
strategy can be achieved through deflation strategies applied directly to the generalized eigenvalue problem [50]. In boundary-
conforming FEM, Tkachuk et al. [43] introduced such an approach under the name spectral mass scaling to mitigate unwanted high 
frequencies, and investigated its efficiency both at the local element and global system levels. This approach was further refined by 
González and Park [51], who introduced mesh partitioning and an efficient solution strategy based on the Woodbury matrix identity. 
They refer to their approach as mass tailoring. Moreover, Voet et al. [52,53] demonstrated that a generalization of this deflation 
strategy is also suitable for outlier removal in IGA, i.e., alleviating the well-known problem of spectral outliers at the upper end of the 
eigenvalue spectrum. In the following, we revisit the deflation formulations from [52] and extend the concepts to immersed-boundary 
discretizations. Specifically, we apply low-rank modifications to the generalized eigenvalue problem for cut elements locally at the 
element level. This allows us to selectively stabilize the largest eigenvalues in cut elements without altering the rest of the spectrum, 
see Appendix B. We consider three variants of GEVS:

(i) Deflation of the mass matrix.
(ii) Deflation of the stiffness matrix.
(iii) Deflation of mass and stiffness matrices.
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(i) GEVS by mass deflation: Analogous to the standard EVS approach [4,5], the stabilized mass matrix 𝑚̃𝐸 is obtained by augmenting 
the original mass matrix 𝑚𝐸 with a stabilization term 𝑚s comprising low-rank modifications

𝑚̃𝐸 = 𝑚𝐸 + 𝑚s. (25)

Let {(𝜆𝑖, 𝜙𝑖)} denote the set of eigenpairs of the element’s generalized eigenvalue problem, where 𝜆𝑖 and 𝜙𝑖 are the eigenvalues and 
corresponding eigenvectors, for 𝑖 = 1,… , 𝑛dof ,𝐸 . The reference eigenvalue 𝜆∗ denotes the largest eigenvalue of the corresponding uncut 
element. We define the stabilization term as

𝑚s =
∑

(𝜆𝑖 ,𝜙 𝑖)∈Φl

𝑐𝑖 𝑚
𝐸𝜙𝑖𝜙

𝑇
𝑖 𝑚

𝐸 , (26)

where the set Φl = {(𝜆𝑖, 𝜙𝑖) | 𝜆𝑖 > 𝜆∗} contains all eigenpairs with eigenvalues larger then 𝜆∗. As shown in Appendix B, we choose the 
coefficients

𝑐𝑖 =
𝜆𝑖
𝜆∗

− 1 (27)

to shift all eigenvalues in Φl to 𝜆∗, without altering the remainder of the spectrum. This reduces the largest eigenvalue of the cut 
element, making it equal to that of the corresponding uncut element.
(ii) GEVS by stiffness deflation: In contrast to the mass deflation approach, we manipulate the spectrum of the generalized eigenvalue 
problem by applying low-rank modifications to the element stiffness matrix. The stabilized stiffness matrix 𝑘̃𝐸 is defined as

𝑘̃𝐸 = 𝑘𝐸 + 𝑘s, (28)

where the stabilization term is given by

𝑘s =
∑

(𝜆𝑖 ,𝜙 𝑖)∈Φl

𝑐𝑖 𝑚
𝐸𝜙𝑖𝜙

𝑇
𝑖 𝑚

𝐸 . (29)

As before, the set Φl = {(𝜆𝑖, 𝜙𝑖) | 𝜆𝑖 > 𝜆∗} contains all eigenpairs with eigenvalues larger than the reference eigenvalue 𝜆∗ of an equiv-
alent full element. To shift each eigenvalue in Φl to 𝜆∗, we select the coefficients as

𝑐𝑖 = 𝜆∗ − 𝜆𝑖. (30)

In Appendix B, we also show that this reduces the largest eigenvalue to the reference of an uncut element 𝜆∗.
(iii) GEVS by mass and stiffness deflation: In this variant, we simultaneously modify the mass and stiffness matrices to stabilize the 
generalized eigenvalue problem. The stabilized element matrices are defined as

𝑚̃𝐸 = 𝑚𝐸 + 𝑚s and 𝑘̃𝐸 = 𝑘𝐸 + 𝑘s. (31)

As before, the set Φl = {(𝜆𝑖, 𝜙𝑖) ∣ 𝜆𝑖 > 𝜆∗} denotes the eigenpairs with eigenvalues exceeding 𝜆∗. The stabilization terms are expressed 
as

𝑚s =
∑

(𝜆𝑖 ,𝜙 𝑖)∈Φl

𝑐m𝑖 𝑚𝐸𝜙𝑖𝜙
𝑇
𝑖 𝑚

𝐸 and 𝑘s =
∑

(𝜆𝑖 ,𝜙 𝑖)∈Φl

𝑐k𝑖 𝑚
𝐸𝜙𝑖𝜙

𝑇
𝑖 𝑚

𝐸 . (32)

To shift the eigenvalue 𝜆𝑖 to the target value 𝜆∗, we select the coefficients

𝑐m𝑖 =
𝜆𝑖 + 𝑐k𝑖 − 𝜆∗

𝜆∗
and 𝑐k𝑖 =

𝜆∗ − 𝜆𝑖
2

. (33)

In that way the affected eigenvalues 𝜆𝑖 are shifted to 𝜆∗ equally by deflating the mass matrix and by deflating the stiffness matrix, 
see Appendix B.

For the stabilization approaches i) and iii), the global mass matrix is assembled to

𝑀̃ = 
𝐸∈ int

ℎ

𝑚𝐸 + 
𝐸∈ cut

ℎ

𝑚̃𝐸 . (34)

For approaches ii) and iii), the global stiffness matrix is assembled to

𝐾̃ = 
𝐸∈ int

ℎ

𝑘𝐸 + 
𝐸∈ cut

ℎ

𝑘̃𝐸 . (35)

Note that Dirichlet boundary conditions can also be imposed weakly in uncut elements, which may severely reduce their critical time 
step size. In these cases, GEVS can be applied to the corresponding uncut elements to address the critical time step size. However, 
modifying the mass matrix will result in a loss of diagonality. 
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Fig. 2. Investigated one-dimensional configuration.

Fig. 3. Global accuracy of MS with 𝑛el = 50 and 𝑝 = 2.

Fig. 4. Global accuracy of EVS with 𝑛el = 50 and 𝑝 = 2.

Note on mass lumping

From the definition of the stabilization matrices obtained via the EVS and GEVS techniques, it follows that these matrices are, 
by construction, fully populated. In the context of explicit dynamics, employing Lagrangian interpolation polynomials defined on 
GLL points as basis functions only the mass matrices of uncut elements are lumped using nodal quadrature [31,35]. This naturally 
raises the question of whether it is meaningful to also diagonalize the mass matrices of the stabilized cut elements. To date, the only 
known mass-lumping technique that preserves the positive-definiteness of the mass matrix is the HRZ scheme [54], which, however, 
has been shown to reduce the attainable convergence rates [28,55]. Moreover, in immersed settings, spurious oscillations have been 
reported [25,56,57], effectively rendering this approach unsuitable for practical use. We therefore conclude that mass lumping for 
uncut elements remains an open problem requiring further dedicated research. One potential approach is the use of approximate dual 
basis functions, as recently proposed in isogeometric analysis [58,59]. However, this technique is still in its early stages and entails the 
drawback of producing unsymmetric and more densely populated stiffness matrices. Furthermore, its extension to immersed settings 
has yet to be demonstrated.
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Fig. 5. Global accuracy of GEVS with 𝑛el = 50 and 𝑝 = 2.

Fig. 6. Asymptotic accuracy and critical time step size of GEVS with Neumann boundary condition. Polynomial degrees 𝑝 = 1,… , 4 are represented 
by different marker shapes [𝑝 = 1 circles, 𝑝 = 2 squares, 𝑝 = 3 diamonds, 𝑝 = 4 triangles].

3.  Waves in a rod

Problem statement

First, we consider a one-dimensional immersed setup. The physical domain is defined as Ω = [0, 𝑙p] and embedded in an extended 
(computational) domain Ωe = [0, 𝑙], where 𝑙p = 0.9863 and 𝑙 = 1.0. A homogeneous Neumann boundary condition is imposed at 𝑥 = 0, 
while at 𝑥 = 𝑙p, we consider two cases: either a homogeneous Neumann boundary condition or a Dirichlet boundary condition weakly 
enforced using Nitsche’s method, where an optimal penalty factor is computed according to (12) and (13). The material parameters are 
uniform within the physical domain: 𝜌 = 𝑐 = 1. In the fictitious domain, we set 𝜌 = 𝛼 and 𝑐 = 1 with 𝛼 > 0. The cut element is integrated 
exactly, by bisecting it and distributing 𝑝 + 1 Gauss-Legendre points in the physical and fictitious parts. Fig. 2 illustrates the domain 
configuration. Note that elements not intersecting the physical domain are depicted herein, but not considered in computations.
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Fig. 7. Asymptotic accuracy and critical time step size of GEVS with Dirichlet boundary condition. Polynomial degrees 𝑝 = 1,… , 4 are represented 
by different marker shapes [𝑝 = 1 circles, 𝑝 = 2 squares, 𝑝 = 3 diamonds, 𝑝 = 4 triangles].

Global accuracy

First, we assess the global accuracy of the immersed configuration considering the ratio of all discrete eigenfrequencies 𝜔𝑖 =
√

𝜆𝑖
w.r.t. their analytic reference value 𝜔ref

𝑖 . We apply MS, EVS, and the proposed GEVS. The extended domain Ωe is discretized using 50
quadratic elements, resulting in a total of 101 degrees of freedom. Due to the position of the immersed interface at 𝑙p = 0.9863, only 
the last element of the mesh is intersected by the boundary. Figs. 3–5 show the global accuracy of MS, EVS, and GEVS, respectively, 
considering both Neumann and Dirichlet boundary conditions at the immersed boundary. Even in the case of EVS and GEVS, we apply 
mild MS (𝛼 = 10−10) to ensure that the regular and generalized eigenvalue problems of cut elements are well defined. For reference, 
each plot also includes the global accuracy of a corresponding boundary-conforming spectral element discretization with uniform 
elements. Before discussing the results of the individual stabilization approaches, we highlight several typical features related to 
global accuracy analyses:

• Discretizations using 𝐶0-continuous basis functions exhibit so-called optical branches in the global spectrum [60,61]. For quadratic 
elements, a single optical branch appears in the middle of the spectrum for both boundary-conforming and immersed discretiza-
tions.

• In boundary-conforming SEM, nodal mass lumping causes the upper part of the eigenvalue spectrum to be underestimated [55]. 
This results in a larger critical time step size compared to standard FEM.

• In immersed methods, cut (or trimmed) elements introduce outliers at the upper end of the spectrum [57]. These outliers cause 
prohibitively small critical time step sizes when using explicit time integration schemes.

The different stabilization approaches are primarily assessed with respect to two criteria: the preservation of accuracy in the lower 
part of the eigenvalue spectrum and the suppression of outliers at its upper end.

First, we analyze the global accuracy obtained with MS (Fig. 3), considering three distinct values of the stabilization parameter 
𝛼 = 10−1, 10−5, and 10−10. For the strongest stabilization (𝛼 = 10−1), we observe an offset already in the low eigenvalue part of the 
spectrum (𝑖 = 1,… , 30) for the Neumann problem, and a significant drop in accuracy around 𝑖 = 34 for the Dirichlet case. At the same 
time, the largest outlier decreases below a value of 1.2 times the corresponding analytic one. As 𝛼 decreases, the accuracy in the lower 
part of the spectrum, i.e., below the optical branch, improves. For 𝛼 = 10−5 and 𝛼 = 10−10, the eigenfrequencies in this range closely 
match those of the boundary-conforming reference solution. However, in both cases, the highest eigenfrequency of the discretized 
system is almost three times higher compared to the analytically correct value for both Neumann and Dirichlet configurations.

Next, we consider EVS (Fig. 4) using 𝜖 = 10−2 and 10−4. The resulting trends and observations are qualitatively similar to those 
observed for MS. With strong stabilization (𝜖 = 10−2), the spectral outlier is reduced to approximately 1.2 times the analytical value in 
the Neumann case, and 2.3 times in the Dirichlet case. However, an abrupt drop in the accuracy before the optical branch is induced. 
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Fig. 8. Accuracy and critical time step size for varying cut size with Neumann boundary condition. Polynomial degrees 𝑝 = 1,… , 4 are represented 
by different marker shapes [𝑝 = 1 circles, 𝑝 = 2 squares, 𝑝 = 3 diamonds, 𝑝 = 4 triangles].

By contrast, mild stabilization (𝜖 = 10−4) maintains accuracy in the lower part of the eigenvalue spectrum, but fails to sufficiently 
suppress the outliers, which are 2.0 and 2.5 times the analytic values for Neumann and Dirichlet configurations, respectively.

For GEVS (Fig. 5), we consider three variants: mass deflation, stiffness deflation, and combined mass and stiffness deflation. 
All three approaches succeed in effectively suppressing the spectral outlier. Equivalent to the boundary-conforming solution, the 
highest eigenfrequency is underestimated to approximately 0.77 times the analytic value for both Neumann and Dirichlet boundary 
conditions. However, deflating the stiffness matrix leads to a noticeable loss of accuracy in the lower part of the spectrum. By 
contrast, mass deflation maintains the accuracy across the entire spectrum and closely matches the boundary-conforming reference. 
The combined mass and stiffness deflation also achieves high overall accuracy but performs slightly worse than pure mass deflation. 
The global accuracy analysis demonstrates that GEVS with mass deflation is the only approach that successfully suppresses outliers 
while maintaining high accuracy in the entire spectrum. Based on these results, we focus on this variant, which we just refer to as 
GEVS in the remainder of this paper. In the following, we investigate its asymptotic accuracy and robustness with respect to small 
cuts, before applying it to a two-dimensional example in Section 4.

Asymptotic accuracy

We investigate the asymptotic accuracy of GEVS through an ℎ-convergence study for polynomial orders 𝑝 = 1 to 𝑝 = 4. The num-
ber of elements is sampled logarithmically as 𝑛el = [10, 20, 40, 80]. Elements that are entirely located in the fictitious domain are 
excluded from the computational mesh. The immersed interface remains at 𝑙p = 0.9863, which leads to varying cut configurations of 
the intersected element as the mesh is refined. The initial condition is a Gaussian pulse centered on the left side of the domain:

Ψ0(𝑥) = 2 𝑒
−𝑥2

2 𝜎2 (36)

with 𝜎 = 0.05. The wave propagates to the right, gets reflected at the boundary, and returns to the origin. At the final time 𝑇 =
2 𝑙p
𝑐 , the 

analytic solution is Ψ(𝑥, 𝑇 ) = Ψ0(𝑥) for the Neumann problem, while it is Ψ(𝑥, 𝑇 ) = −Ψ0(𝑥) for the Dirichlet problem. Time integration 
is performed using CDM with 100 000 time steps. Figs. 6 and 7 present the 𝐿2-error at the final time step as well as the corresponding 
critical time step sizes of the configurations for both Neumann and Dirichlet boundary conditions. For reference, the results of 
boundary-conforming discretizations are included as dashed lines, indicating the optimal convergence rates.

The asymptotic study shows that deviations in both accuracy and critical time-step size between the immersed setting with GEVS 
and the boundary-conforming discretization are minor, where the observed differences can be attributed to the differences in element 
sizes between the two mesh types. However, the most important outcome is that GEVS maintains the optimal convergence order in 
the 𝐿2-norm, with the error scaling as ∝ ℎ𝑝+1. At the same time, it successfully suppresses the spectral outliers and recovers critical 
time step sizes of equivalent boundary-conforming discretizations.
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Fig. 9. Accuracy and critical time step size for varying cut size with Dirichlet boundary condition. Polynomial degrees 𝑝 = 1,… , 4 are represented 
by different marker shapes [𝑝 = 1 circles, 𝑝 = 2 squares, 𝑝 = 3 diamonds, 𝑝 = 4 triangles].

Fig. 10. Computational domain and discretization for the test problem waves in an arc and configuration parameters.

Critical time step size

Finally, we investigate the behavior of the critical time step depending on the volume fraction in cut elements. For very small cuts, 
the mass matrix of the cut element tends to become singular, as the basis functions supported in the physical domain of the element 
become linearly dependent. To prevent GEVS from failing — as the corresponding eigenvalues of the generalized eigenvalue problem 
tend to infinity — we introduce a mild MS (𝛼 = 10−10), even when employing the GEVS. We consider discretizations with 20 elements 
and varying polynomial degrees 𝑝 = 1,… , 4. The position of the immersed boundary 𝑙p is varied such that the volume fraction in 
the last element is logarithmically sampled between 10−8 and 10−1 using 15 sample points. Again, we impose an initial Gaussian 
distribution (37) and choose the simulation time 𝑇 =

2 𝑙p
𝑐  to obtain the initial distribution for a Neumann boundary condition and 

the flipped initial distribution for a Dirichlet boundary condition. For the time integration, we use CDM with 2 000 000 time steps. 
Alongside GEVS, we also apply pure MS to preserve stability for vanishing cut ratios and systematically compare the results obtained 
by both stabilization techniques. Figs. 8 and 9 depict the relative error in the 𝐿2-norm at the final time step and the critical time step 
size with respect to the cut fraction in the intersected element for Neumann and Dirichlet boundary conditions, respectively.
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Fig. 11. Snapshots of the simulations with Neumann boundary condition (top) and Dirichlet boundary condition (bottom) for 𝑡 = 𝑖
4
𝑇 , 𝑖 = 0,… , 4.

Fig. 12. Asymptotic accuracy and critical time step size wave in an arc with Neumann boundary condition. Polynomial degrees 𝑝 = 1,… , 4 are 
represented by different marker shapes [𝑝 = 1 circles, 𝑝 = 2 squares, 𝑝 = 3 diamonds, 𝑝 = 4 triangles].

In the Neumann case, we observe that MS imposes a lower bound for the critical time step size. However, for unfavorable cut 
configurations, the critical time step size still decreases significantly. An estimate for the minimum critical time step size in terms of 
a modified CFL condition tailored to FCM is provided in [40]. If Dirichlet boundary conditions are imposed with Nitsche’s method, 
MS is not bounding the critical time step size anymore. As the cut fraction approaches zero, the critical time step size also tends 
to zero. On the other hand, applying GEVS preserves the accuracy for both Neumann and Dirichlet boundary conditions. Moreover, 
GEVS ensures that the critical time step size remains stable across all cut fractions. In particular, the stability limit becomes completely 
independent of the volume ratio in the cut element.

4.  Waves in an arc

Problem statement

In this section, we consider the two-dimensional immersed arc configuration illustrated in Fig. 10. The setup parameters are shown 
on the right-hand side of the figure. The physical domain Ω is depicted in blue, while the fictitious domain Ωf  is shown in gray. The 
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Fig. 13. Asymptotic accuracy and critical time step size wave in an arc with Dirichlet boundary condition. Polynomial degrees 𝑝 = 1,… , 4 are 
represented by different marker shapes [𝑝 = 1 circles, 𝑝 = 2 squares, 𝑝 = 3 diamonds, 𝑝 = 4 triangles].

extended computational domain is Ωe = [0, 𝑙] × [0, 𝑙]. Within the fictitious domain, the indicator function takes the value 𝛼 = 10−10. 
We investigate two cases. In the first case, homogeneous Neumann boundary conditions are imposed on the entire boundary 𝜕Ω. 
In the second case, homogeneous Dirichlet boundary conditions are weakly enforced on the red parts of 𝜕Ω using Nitsche’s method 
with a sufficiently high penalty value, uniform 𝜆E = 107. The material density is uniform 𝜌 = 1, whereas the wave speed is graded 
linearly in radial direction ( 𝑐 = 𝑟

𝑟o
 with 𝑟 =

√

(𝑥 − 𝑑)2 + (𝑦 − 𝑑)2 ) to ensure a straight/plane wave front. The initial condition is a 
circumferentially distributed Gaussian pulse:

Ψ0(𝑥, 𝑦) = 2 𝑒
−(𝜃−𝜃0)

2

2 𝜎2 (37)

with 𝜃 = arctan( 𝑦−𝑑𝑥−𝑑 ), 𝜃0 =
𝜋
4 , and 𝜎 = 𝜋

40 . Using the described setup, two waves propagate in opposite circumferential directions. At the 
final time 𝑇 = 𝜋

2 − 2 𝜃Γ, the waves constructively interfere at the initial location. We obtain the analytical solution Ψ(𝑥, 𝑦, 𝑇 ) = Ψ0(𝑥, 𝑦)
for the Neumann case, and Ψ(𝑥, 𝑦, 𝑇 ) = −Ψ0(𝑥, 𝑦) for the Dirichlet case. Fig. 11 shows simulation results based on a reasonably fine 
discretization that illustrates this.

Asymptotic accuracy

To assess the asymptotic accuracy, we perform an ℎ-convergence study by logarithmically sampling the number of elements in each 
spatial direction, which discretize Ωe. We choose 𝑛el = [4, 8, 16, 32, 64, 128] for polynomial degrees 𝑝 = 1 to 𝑝 = 4. In the computational 
mesh, all elements that lie entirely within the fictitious domain Ωf  are discarded. For the integration of the system matrices and 
Nitsche terms, we employ the blended quadrature technique proposed by Kudela et al. [62]. Time integration is performed using 
1 000 000 CDM steps. As in the previous section, we apply GEVS with mild MS using 𝛼 = 10−10. The desired eigenvalue 𝜆∗ is defined 
as the largest eigenvalue among all full (uncut) elements. Figs. 12 and 13 show the relative 𝐿2-error at the final time step and the 
corresponding critical time step size for both the Neumann and Dirichlet cases. For reference, additional curves are included, depicting 
the pure MS with 𝛼 = 10−10 and optimal convergence behavior ∝ ℎ𝑝+1.

The results of the asymptotic study of the immersed arc are consistent with the one-dimensional example, meaning that GEVS 
efficiently eliminates outliers introduced by the immersed setup. Hence, optimal convergence is preserved, as the 𝐿2-error scales 
with ∝ ℎ𝑝+1. In the Neumann case, the critical time step size increases by approximately one to two orders of magnitude, while in the 
Dirichlet case, the improvement reaches two to four orders of magnitude. Moreover, GEVS demonstrates strong robustness against 
large penalty factors in Nitsche’s method (e.g., 𝜆E = 107), which accurately enforce Dirichlet boundary conditions. 

5.  Conclusion

We presented a generalized eigenvalue stabilization (GEVS) strategy for immersed boundary finite element methods in explicit 
dynamics. This method applies element-local low-rank modifications to the generalized eigenvalue problem of cut elements, selec-
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tively shifting those eigenvalues that exceed the spectral range of an equivalent full element. This ensures that all spectral outliers of 
stabilized cut elements are removed, while physically relevant low-frequency modes remain unchanged. Since the maximum eigen-
value of a corresponding full element serves as reference, GEVS eliminates the need for an additional tunable parameter. In this 
work, we apply the strategy to spectral basis functions, i.e., 𝐶0 continuous Lagrange polynomials, in combination with material sta-
bilization (MS), which is typically utilized in the finite cell method (FCM). This particular combination of stabilization techniques 
guarantees well-posedness of the generalized eigenvalue problem. However, the formulation is general in the sense that it can be 
readily employed in conjunction with other basis functions and stabilization techniques. Since GEVS is applied at element level and 
only for cut elements, the computational overhead is negligible.

A global accuracy comparison demonstrates that GEVS is the only approach among the compared methods — (pure) MS and regular 
eigenvalue stabilization (EVS) of the mass matrix — that simultaneously preserves high accuracy in the lower part of the eigenvalue 
spectrum and fully eliminates spectral outliers. Further one-dimensional studies on asymptotic accuracy and the critical time step size 
for vanishing physical support in cut elements show that GEVS retains optimal convergence rates, while restoring the critical time step 
sizes of equivalent uncut elements. These findings hold for both Neumann boundary conditions and Dirichlet boundary conditions 
weakly enforced with Nitsche’s method or penalty formulations. Additional two-dimensional asymptotic studies on an immersed arc 
verify these findings. Therefore, we can conclude that GEVS preserves the accuracy of the FCM with mild (pure) MS, while it may 
improve the critical time step size up to two orders in Neumann problems and up to four orders of magnitude in Dirichlet problems. Its 
robustness and high-accuracy make GEVS a viable stabilization strategy for efficient explicit dynamic simulations involving complex 
immersed geometries. However, the search for suitable mass-lumping schemes for cut elements remains unresolved — if, indeed, a 
method exists that can deliver high accuracy while yielding a diagonal mass matrix, is a question still under debate.
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Appendix A.  Rank-one modification of the standard eigenvalue problem

Let 𝐴 ∈ ℝ𝑛×𝑛 be a real-valued symmetric matrix. The standard eigenvalue problem seeks eigenpairs (𝜆𝑖, 𝜙𝑖) such that
𝐴𝜙𝑖 = 𝜆𝑖𝜙𝑖 (A.1)

where 𝜆𝑖 ∈ ℝ and 𝜙𝑖 ∈ ℝ𝑛 for 𝑖 = 1,… , 𝑛 denote the eigenvalue and corresponding eigenvector. Adding the outer product 𝜙𝑘𝜙𝑇
𝑘  to 𝐴

results in an rank-one modification. The perturbed matrix is
𝐴̃ = 𝐴 + 𝜙𝑘𝜙

𝑇
𝑘 . (A.2)
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Multiplying 𝐴̃ with any eigenvector 𝜙𝑖 yields

𝐴̃𝜙𝑖 = (𝐴 + 𝜙𝑘𝜙
𝑇
𝑘 )𝜙𝑖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐴𝜙𝑖 + 𝜙𝑘 𝜙𝑇
𝑘𝜙𝑖

⏟⏟⏟
=0

= 𝜆𝑖
⏟⏟⏟

=𝜆̃𝑖

𝜙𝑖 if 𝑖 ≠ 𝑘

𝐴𝜙𝑖 + 𝜙𝑘 𝜙𝑇
𝑘𝜙𝑖

⏟⏟⏟
=1

= (𝜆𝑖 + 1)
⏟⏟⏟

=𝜆̃𝑖

𝜙𝑖 if 𝑖 = 𝑘
, (A.3)

assuming the eigenvectors 𝜙𝑖 are orthonormal, i.e., 𝜙𝑇
𝑖 𝜙𝑗 = 𝛿𝑖𝑗 . This shows that the rank-one modification, i.e., adding 𝜙𝑘𝜙𝑇

𝑘 , shifts 
only 𝜆𝑘 by one, while 𝜙𝑘 and all other eigenvalues and eigenvectors remain unchanged. If we define

𝐴̃ = 𝐴 + 𝑐𝑘𝜙𝑘𝜙
𝑇
𝑘 (A.4)

with

𝑐𝑘 = 𝜆∗ − 𝜆𝑘, (A.5)

we can shift the eigenvalue 𝜆𝑘 corresponding to 𝜙𝑘 to a desired value 𝜆∗ without changing the rest of the spectrum. For a detailed 
discussion of deflation strategies considering the regular eigenvalue problem, see [50]. 

B.  Rank-one modification of the generalized eigenvalue problem

Let 𝐴 ∈ ℝ𝑛×𝑛 and 𝐵 ∈ ℝ𝑛×𝑛 be real-valued symmetric matrices with 𝐵 positive definite. The generalized eigenvalue problem seeks 
eigenpairs (𝜆𝑖, 𝜙𝑖) satisfying

𝐴𝜙𝑖 = 𝜆𝑖𝐵𝜙𝑖, (B.1)

where 𝜆𝑖 ∈ ℝ and 𝜙𝑖 ∈ ℝ𝑛 for 𝑖 = 1,… , 𝑛 denote the eigenvalues and corresponding eigenvectors. For the generalized eigenvalue 
problem, adding the term 𝐵𝜙𝑘𝜙𝑇

𝑘𝐵 to 𝐴 leads to a rank-one modification. Multiplying the manipulated left-side matrix 𝐴̃ with any 
eigenvector 𝜙𝑖 yields

𝐴̃𝜙𝑖 = (𝐴 + 𝐵𝜙𝑘𝜙
𝑇
𝑘𝐵 )𝜙𝑖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐴𝜙𝑖 + 𝐵𝜙𝑘 𝜙
𝑇
𝑘𝐵𝜙𝑖

⏟⏟⏟
=0

= 𝜆𝑖
⏟⏟⏟

=𝜆̃𝑖

𝐵𝜙𝑖 if 𝑖 ≠ 𝑘

𝐴𝜙𝑖 + 𝐵𝜙𝑘 𝜙
𝑇
𝑘𝐵𝜙𝑖

⏟⏟⏟
=1

= (𝜆𝑖 + 1)
⏟⏟⏟

=𝜆̃𝑖

𝐵𝜙𝑖 if 𝑖 = 𝑘,
(B.2)

assuming the eigenvectors 𝜙𝑖 are 𝐵 -orthonormal, i.e., 𝜙𝑇
𝑖 𝐵𝜙𝑗 = 𝛿𝑖𝑗 . Thus, the rank-one modification shifts only the eigenvalue 𝜆𝑘 by 

one while leaving 𝜙𝑘 and all other eigenpairs unchanged. We can control the shift by choosing
𝐴̃ = 𝐴 + 𝑐𝑘𝐵𝜙𝑘𝜙

𝑇
𝑘𝐵 (B.3)

with

𝑐𝑘 = 𝜆∗ − 𝜆𝑘, (B.4)

where 𝜆∗ is a desired value without altering the rest of the spectrum.
Similarly, we can deflate the generalized eigenvalue problem by modifying the right-side matrix 𝐵 . Adding the rank-one modifi-

cation 𝐵𝜙𝑘𝜙𝑇
𝑘𝐵 to 𝐵 yields the perturbed matrix 𝐵̃ . The manipulated generalized eigenvalue problem becomes

𝐴𝜙𝑖 = 𝜆̃𝑖𝐵̃𝜙𝑖 = 𝜆̃𝑖(𝐵 + 𝐵𝜙𝑘𝜙
𝑇
𝑘𝐵 )𝜙𝑖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜆̃𝑖𝐵𝜙𝑖 + 𝜆̃𝑖𝐵𝜙𝑘 𝜙
𝑇
𝑘𝐵𝜙𝑖

⏟⏟⏟
=0

= 𝜆̃𝑖
⏟⏟⏟

=𝜆𝑖

𝐵𝜙𝑖 if 𝑖 ≠ 𝑘

𝜆̃𝑖𝐵𝜙𝑖 + 𝜆̃𝑖𝐵𝜙𝑘 𝜙
𝑇
𝑘𝐵𝜙𝑖

⏟⏟⏟
=1

= 2𝜆̃𝑖
⏟⏟⏟

=𝜆𝑖

𝐵𝜙𝑖 if 𝑖 = 𝑘,
(B.5)

assuming the eigenvectors are 𝐵 -orthonormal, i.e., 𝜙𝑇
𝑖 𝐵𝜙𝑗 = 𝛿𝑖𝑗 . This implies that 𝜆̃𝑘 = 𝜆𝑘∕2, while the remainder of the spectrum is 

not altered. If
𝐵̃ = 𝐵 + 𝑐𝑘𝐵𝜙𝑘𝜙

𝑇
𝑘𝐵 (B.6)

and

𝑐𝑘 =
𝜆𝑘
𝜆∗

− 1, (B.7)

the eigenvalue 𝜆𝑘 corresponding to 𝜙𝑘 takes the desired value 𝜆∗.
In general, if we manipulate both matrices

𝐴̃ = 𝐴 + 𝑐A,𝑘𝐵𝜙𝑘𝜙
𝑇
𝑘𝐵 and 𝐵̃ = 𝐵 + 𝑐B,𝑘𝐵𝜙𝑘𝜙

𝑇
𝑘𝐵, (B.8)

the modified eigenvalue can be expressed as

𝜆̃𝑘 =
𝜆𝑘 + 𝑐A,𝑘
1 + 𝑐B,𝑘

. (B.9)

For a detailed discussion of deflation strategies considering the generalized eigenvalue problem, see [50]. 
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