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1. Introduction

The Linear-Quadratic Regulator (LQR) (Kalman, 1960a, 1960b)
is one of the seminal results of optimal control. For stochastic Lin-
ear Time Invariant (LTI) systems, most works derive the optimal
controller subject to Gaussian uncertainties via a moment-based
reformulation (Anderson & Moore, 1979; Astrém, 1970). There is
also a line of research which generalizes the results in different
directions, e.g., Lim and Zhou (1999) extend to indefinite control
weights, Gattami (2009) considers arbitrary disturbances with
power constraints, Singh and Pal (2017) solve the LQR problem
for discrete-time LTI systems with perfect prior knowledge of the
future and present disturbance samples. Sun and Yong (2018)
consider stochastic infinite-horizon LQ Optimal Control Problems
(OCP) subject to continuous-time LTI systems.

In the context of stochastic uncertainty, Polynomial Chaos
Expansions (PCE) are based on series expansions of random vari-
ables and date back to Wiener (1938). The core idea of PCE is
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that square integrable random variables can be modeled as £?
functions in a Hilbert space and thus can be parameterized by de-
terministic coefficients in appropriately chosen polynomial bases.
We refer to Sullivan (2015) for a general introduction and to Kim
et al. (2013) for an early overview on control design using PCE. It
has been popularized for numerical implementation in stochastic
optimal control by Fagiano and Khammash (2012), Paulson et al.
(2014), while it also has prospects for theoretical analysis (Ahbe
et al., 2020; Faulwasser et al., 2023; Pan et al., 2023; Paulson et al.,
2015). The early work by Fisher and Bhattacharya (2009), where
probabilistic uncertainties in system matrices and not exogenous
stochastic disturbances are considered, used PCE for stochastic
LQR design. In a similar setting, PCE has also been used for
robust control (Templeton et al., 2012; Wan et al,, 2023) and
stochastic optimal control (Kim & Braatz, 2012). Another work
by Levajkovic et al. (2018) solved stochastic LQR problems subject
to continuous-time LTI systems with Gaussian disturbances in the
PCE framework.

The main goal of this paper is to obtain the solutions to
discrete-time stochastic Linear Quadratic (LQ) optimal control
problems and to the corresponding stationary optimization prob-
lems subject to non-Gaussian uncertainties in the PCE framework.
As the equivalence between the deterministic and stochastic LQR
problems with Gaussian disturbances is well-known, this work
generalizes it for arbitrary uncertainties of finite expectation and
variance. Our contributions are as follows: (i) We show that
a PCE-reformulated stochastic LQ OCP can be decomposed into

0005-1098/© 2025 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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many separable (i.e. decoupled) subproblems, each of which cor-
responds to one source of stochastic uncertainty in the system,
i.e., uncertain initial state and process disturbances at each time
step are treated separately. (ii) This way, we deviate from the
established moment-based reformulation and we present the op-
timal solutions to the considered OCPs for both finite and infinite
horizons. In particular, we provide constructive error analysis
for truncated PCEs and we analyze the convergence of infinite-
horizon optimal solutions. (iii) We characterize the corresponding
stationary optimization problem and we describe its unique so-
lution in closed form. As the solution is of infinite dimension,
we propose a finite-dimensional approximation with detailed
error analysis. Especially, for an arbitrary desired error bound, the
proposed scheme can determine the required dimension of the
PCE approximation. Drawing upon an example, we demonstrate
the procedure for numerical computation of the solution to a
stationary optimization problem.

The remainder of the paper is structured as follows: Section 2
details settings and preliminaries of the considered stochastic
LQ OCP. In Section 3, we present the stochastic LQR for finite
horizon. Then we extend the results to the infinite-horizon case
and analyze the asymptotics in Section 4. Section 5 addresses the
stochastic stationary optimization problem. Section 6 presents a
numerical example. The paper ends with conclusions in Section 7.

2. Preliminaries

We consider stochastic discrete-time LTI systems
X1 = AXi + BUg + EWy,  Xo = Xinis (1)

with state X, € £3(£2, Fi, u; R™) and process disturbance W ¢
£3(2, F, u; R™), where 2 is the set of realizations, F is a o-
algebra, and u is the considered probability measure. Throughout
the paper, the probability distributions of the disturbance W,
k e N and the initial condition Xini € £3(82, Fo, u; R™) are
assumed to be known and Wy, k € N are iid. random vari-
ables. For the sake of simplicity, the spaces £2(£2, F, u; R™) and
£2(82, Fi, u; R™) are compactly written as £2(R™ ), respectively,
as L3(R").

In the filtered probability space (£2, F, (Fi)ken, u), the o-
algebra contains all available historical information, i.e.,, 7y <
F1 C ... C F. Let (Fx)ken be the smallest filtration that the
stochastic process X is adapted to, i.e., 7y = o(X;, i < k), where
o(Xi,i < k) denotes the o-algebra generated by X;j,i < k. Then,
the control at time step k is modeled as a stochastic process which
is adapted to the filtration 7, i.e. Uy € Li(R”ﬂ ). This immediately
imposes a causality constraint on Uy, i.e., U, depends only on
Xi, i < k up to time step k. Thus Uy may only depend on past
disturbances W;, i < k. For more details on filtrations we refer
to Fristedt and Gray (1997).

2.1. Problem statement

To formulate the cost functional, first we recall the weighted
norm of a vector-valued random variable Z € £%(R™) as

I1Zllq = \/f Z(0)" QZ(w)du(w) = VE[ZTQZ]
2

for a symmetric and positive semidefinite matrix Q € R"2*"z,
When Q is the identity I, the above definition turns out to be
the £2-norm of Z and is denoted by the shorthand ||Z|| := ||Z]|;.
The definition readily includes deterministic variables z € R™
considering the distribution to be the Dirac distribution.
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Given the initial condition Xj,; and the disturbance Wy, k € N,
we consider the following stochastic LQ problem

N-1
min  Xnllg, + Y €X, U st (1), )
UeLfmm), pary
I<6H[0.N_”

where €(Xi, Ux) == |IXkll§ + IIUkllz Qv > 0,Q > 0, and R > 0.
I;o,n—17 denotes the set of integers {0, 1,...,N — 1}, N € N. The
cost functional evaluated along an input sequence {Uy}p— is writ-
ten as Jy(Xini, U), while the minimum Jy(Xi,;, U*) is obtained for
the optimal input {U;}}—,. It directly follows from Lemma 1.14
by Kallenberg (1997) that inputs Uy, k € N adapted to the
filtration F are equivalent to state feedback polices. Throughout
the paper, we assume that (A, B) is stabilizable and that (4, Q /?)
is detectable.

2.2. Polynomial chaos expansion

PCE is a well-established framework for propagating uncer-
tainties through dynamics. It was first introduced by Wiener
(1938) to model stochastic processes using Hermite polynomials
with Gaussian random variables. PCE was further generalized
to other orthogonal polynomials for any £? stochastic processes
by Xiu and Karniadakis (2002), while Ernst et al. (2012) analyzed
the convergence properties of the generalized PCEs. For a concise
overview on PCE and its use in systems and control, we refer
to Kim et al. (2013).

The core idea of PCE is that any £? random variable can be
described in a suitable polynomial basis. Consider an orthogonal
polynomial basis {¢/(£)}>>, that spans the space £*(Z, F, ii; R),
where the random variable £ € £2(R™) is called the stochastic
germ of polynomials ¢/, and Z is the sample space of £. Then it
satisfies the following orthogonality relation

(@'(&), P& )= / }'(E)(&)du(&)=8"1¢/(&)II?, (3)

where 87 is the Kronecker delta and ||¢/(£)||> = (¢/(£), ¢/(§)) by
definition. The first polynomial is always chosen to be ¢°(&) =
1. Hence, the orthogonality (3) gives that for all other basis
dimensions j > 0, we have E[¢/(§)] = [ ¢/(§)du(&) = 0.

Definition 1 (Polynomial Chaos Expansion). The PCE of a real-
valued random variable Z e £?(R) with respect to the basis

(PN, is

Z(w)= Y 2¢l(6(w) with 7= [z(@). #(&(@))
j=0

IlpiEN> -

where Z € R is referred to as the j-th PCE coefficient.

Compared to many other spectral representations of random
variables and random processes, e.g. Karhunen-Loéve expansion
consisting of coefficients in random variables and real-valued
functions, we get deterministic PCE coefficients Z and thus can
treat the random variable Z deterministically in the PCE frame-
work (Ghanem & Spanos, 1991). The stochastic germ & : 2 — &
is the random variable argument of the polynomial basis. That
is, &(w) is viewed as a function of the outcome w. This way, we
construct the mapping between the random variable Z and the
stochastic germ & in the PCE representation. The PCE of a vector-
valued random variable Z e £%(R™) follows by applying PCE
component-wise, i.e., the j-th PCE coefficient of Z reads Z =
[z 22 z”z’f]T, where z/ is the j-th PCE coefficient of
i-th component Zi.

By replacing all random variables in (1) with their PCEs and

using one joint basis {¢"($)}j°§0, we obtain
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S oK1 9(6) = Y720 (A + B, + Ewd ) #i6).

Projecting the above equation onto ¢/(&), the orthogonality rela-
tion (3) indicates that for all j € N, given x,; and w}, k € N, the
PCE coefficients satisfy

G = A+ Bl v )=y 2

for all j € N*° with N* := N U {oo}. This procedure is known as
Galerkin projection and we refer to Pan et al. (2023), Appendix A
for detalls and further references. The truncation error AZ(L) =
Z— Z 0 z’qb’ ), where the argument L € N* is the PCE dimen-
sion, satlsfles llmHOO |AZ(L)]] = 0 (Cameron & Martin, 1947;
Ernst et al.,, 2012). Moreover, Xiu and Karniadakis (2002) show
that in appropriately chosen polynomial bases, the convergence
rate to the limit is exponential in the £? sense.

Definition 2 (Exact PCE Representation). We say a random vari-
able Z € LZ(R”Z) admits an exact PCE of finite dimension L € N

ifZ - Y1) A¢i(8) = 0.

Moreover consider the PCEs Z = Z S 2¢i(€) and Z =
Z z’<p’(§) in the same basis {W(g)}] o> the expectatlon E[Z]
and the covariance X|[Z, Z] can be calculated as (Lefebvre, 2020)

L-1
Bzl =2, 2(z,Z]1=) 7¢I (5)
=1

We denote X[Z, Z] by the shorthand X[Z].
2.3. Problem reformulation in PCE

Assumption 3 (Exact PCEs for Xi;; and Wy). The initial condition
Xini and all i.i.d. disturbances Wy, k € Ijpn—1; in OCP (2) admit
exact PCEs, cf. Definition 2, with Li,; terms and L,, terms, respec-

tively. Precisely, Xy = Z,L‘"(‘) ! X @(En) and Wy =

Zﬁg]wﬁrp”(&) for k € Ijon-—1;, where & are iid. stochastic
germs. Note that ¢°(&n,)=v°(&)=1, and Ly, L, € N.

In the above assumption, each &, k € I y_1; corresponds to
the disturbance Wj at time step k. Thus, {&};_, is a stochastic
process. To distinguish the sources of uncertainties acting on the
system, we use ¢ and y to refer to the PCE basis for the initial
condition Xj,; and, respectively, to the bases for the disturbances
Wi, Ijo,n—13- In other words, the distributions of random variables
are expressed by the algebraic structure of the basis functions
and the corresponding germ &. The correlation between random
variables is determined by the interplay of the coefficients, cf. (5),
and stochastic independence can be modeled by the use of dif-
ferent germs. To convey context in our notation, we employ the
index variables i and n in the PCEs of X, and of W, k e Tio.N—1]»
respectively. We define the bases @™ = {gi(&y)}" " and
Yk = {1//(&)}“’ ! That is, @' is the basis for X, and ¥ is
the one for W, at time step k. Then we construct the joint basis

@ =oMUW” with ¥ = UY K, (6)

where ¥" collects all bases ¥*k, k € Ijon—_1) over the entire
horizon. Therefore, @ reads

= {1 0 ). 0 ), o) o),
®ini\{p0(&in;)} w0\ [y 0(Ep))
S ) ). (7)
WUN=T\{y ey _1)}
It contains a total of L = Ljp; + N(L, — 1) terms, i.e., it grows

linearly with the horizon N. The following result is case (ii) of
Proposition 1 by Pan et al. (2023).
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Proposition 4 (Exact Uncertainty Propagation). Consider OCP (2)
with horizon N € N and let Assumption 3 hold. Suppose an optimal
solution {U}}}~, to OCP (2) exists. Then {X;}¥_, and {U}}}—, admit
exact PCEs in the basis @ from (6).

For the sake of clarity, we make the following simplifica-
tion. We discuss its generalization as well as the relaxation of
Assumption 3 in Section 3.5.

Assumption 5. The process disturbance Wy, k € N is a scalar
random variable, i.e. n,, = 1. Furthermore, Assumption 3 is
satisfied with L, = L, = 2.

Now we enumerate the simplified joint basis ® = {¢/}}_ ", as
1, forj= -2
¢ = 19" (), forj=—1 ®)
¢'(&), forjelon_1)
which contains L = N + 2 terms. Henceforth, we drop the

stochastic germs & of the basis function ¢/, j € I_2n—1] IN
our notation. Indeed, the specific germ directly follows from the
index j. The index of @ starts with —2 such that the terms ¢/,
J € Ijo,N—1), correspond to the PCE bases wl(sj) of the disturbance
Wj, respectively. In other words, the index j € Ijo -1 directly
corresponds to the time step at which the disturbance W; enters
the problem. As we will see later, this particular indexing is
helpful in revealing crucial structure of the PCE reformulation.

Moreover, we remark that in the union of the individual bases
in (6), only one constant basis function for the expected value
is kept and this basis function is indexed with j = —2. The
orthogonality of the basis @ holds as Xj,i and Wy, k € Ijon—1
are all independent, i.e., (¢!, ¢) = E[¢'|E[¢/] = 0, for all i,j €
Ij—an-13, P #].

With Assumption 5, we replace the random variables in the
stage cost of OCP ( ) with their PCEs and get

PR )

Xk, Uy) = Z X;; Z X, ¢’ Z
j==2 j==2 j==2 j==2
N-1 . . . . .
=Y (% Q% + ul Ru) ¢ ]1”
j=-2

for all k € Ijpn-—1; from the orthogonality (3). Together with
the dynamics of the PCE coefficients (4), we arrive at the exact
reformulation of (2)

N—1 N—1
min > (I, + 3 € ) 112
eRMu | i .
keuk[O'N,”, j==2 k=0 (9)
JE_2 N—1]
st. (4), jel-an-1,

where £(x,, u,) = ||x{<||(22 + [[Z,]12. It is easy to see that OCP (9)
entails L = N + 2 decoupled optimization problems. Hence its
solution is obtained by solving

min Iy 113, +Ze o

| s.t. (4), (10)
uj €R™ kelg N—1]

separately for all j € I;_, y_1}. The key observation here is that
each source of uncertainty in system (1), i.e., the uncertain initial
condition Xj,; and the disturbances W, at each time step k €
]I[ON 17 can be decoupled and thus considered separately. The
mmlmum of OCP (10) for all j € I;_, y—1; for the optimal input
{u’ Yhoo is written as jN(x{ Hi» W*). From the optimal trajectory of
the decoupled OCPs (10), one can compute the optimal trajectory
of OCP (2) in random variables as Z} = Z}",lz ¢, k € Tion—1)
and (Z, z) € {(X, x), (U, u)}.
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2.4. Recap—The LQR for affine systems

To finish the setup, we recall the deterministic LQR for affine
systems (Anderson & Moore, 1989). Readers familiar with this
material may jump directly to Section 3. Consider

Z K(Xk; uk

S.t. Xk+1 =Axk + Buy + Ec,

min

XN
ugeRM keljg N_1] | ”QN

(11)
Xo = Xini,

where ¢ € R™ is a known constant and thus the dynamics are
affine. Same to the stochastic counterpart we denote the cost

functional evaluated along {uk} L by Jn(Xini, u*). OCP (11) can be
written as
N—-1
min Z + Zkllg + llu
L IX; lzelly + luelly (12)
stz =Aze +Bug, 2o =z
: — — A — —
with z, = [ka]‘ A= [Oncxnx 1ncxm ]‘ B = [Oncxnu] Q :

blkdiag(Q, Op.xn. ), Qy = blkdiag(Qn, Oy xn). The optimal solu—
tion reads uj = K},_,z; with K, = —(R+B"'P,_,B')"'B"P,_ A’
The matrix P; is computed by Py = Qj, and the Riccati difference
— Q/ A/T(])/ _ Pl/cB/(R + B/TP/B,)_]B/TP,/C)A/.
Consider P, := [g# Gk] k € Tjon; With P, € R ™, G € RM™*Mc,
and S, € R™*"_ Then we have

Uy = Kn—kXi + Fn—xc,

equation Py,

(13a)

where x; is the optimal state, Ky = —M,_ B Pi_1A, F, =
—M; !B (P—1E+Gy_1), and My—q = R+ BTPk_lB. P, and Gy
are recursively computed by Py = Qu, Go = 0, and

Py = Q+A (Pk \—Pe_1BM BT P )A
Gk = (A + BKy)" (P_iE + Gi1).

(13b)

(13¢)

The feedback (13) is a simplified case of Theorem 1 by Singh and
Pal (2017), where c is not constant. The minimum cost is

IN(Xini, U) = ”XN”QN + Z

=z, Pyzo = X,

£(x, uy)

PnXini + 2¢ TGy N Xini + C TSye, (14)

where Sy is computed by S = 0 and Sy = S,_1+E " G_1+G,_,E+
E"P¢_1E — F,! My_1Fk.

Now we turn towards OCP (11) with infinite horizon N = oo
and Qy = 0. We use the superscript -° to highlight the infinite-
horizon optimal solution to OCP (11). We also note that the
stage cost £(x, u) might be non-zero for affine systems, which
in turn leads to an unbounded objective in the infinite-horizon
OCP. Standard notions of optimality cannot be applied in this case.
Hence, we recall the concept of overtaking optimality from Carlson
et al. (1991) for deterministic and stochastic OCPs.

ini

Definition 6 (Overtaking Optimality). Consider OCP (11) with N =
oo and Qy = 0. The control sequence {ug}p2, is deterministically
overtakingly optimal if, for any other {u;};2,, we have

lim inf Jy (Xini, u) — Jn(Xini, u®) > 0.
N—oo

Additionally, for the stochastic OCP (2) with N = oo and Qy =
0, the control sequence {U;}32, is stochastically overtakingly
optimal if, for any other {Uy};2,, it holds that

lim inf Jy(Xini, U) — Jn(Xini, U%) > 0.
N—oo

Extending (13) to the infinite-horizon case, the overtakingly
optimal feedback for OCP (11) with N = oo and Qy = 0 is given
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by
up = Kxp + Fc, (15)

where K and F are stationary solutions to (13).
3. Stochastic LQR on finite horizon
3.1. Solution in PCE coefficients
First we rewrite the PCE of Xiy and Wy, k € I n—1; in the

joint basis @ from (6). Let Assumption 5 hold, and let the PCEs

of Xini and Wy, k € Tjgn_1) in basis @ be Xiy = Z]N_jz x{m<p' and

Wy = Z]N: ~ wi¢/, respectively. Then we have
K. =0, Yjieloy 1, (16a)
wil=w, =0, Vjkelon 1, j#k (16b)
wol = wit == wyly = EIW (16¢)
wo=w] = =wyl:=w’ (16d)

Note that (16a)-(16b) follow from the independence of the ran-
dom variables X;j,; and W; and from the considered basis indexing.
Egs. (16c)-(16d) are due to Wy, k € Ijon—1) being identically
distributed.

Lemma 7 (Optimal Solution via PCE). Consider OCP (10) for all
Jj € Ij_3 n—1) and let Assumption 5 hold. For k € Ijo y—1}, the optimal
input is

[ Koot + v EIWY, forj = —
k= [l(kai’*, otherwise (172)
with Ky_y and Fy_y from (13). It yields the minimum cost
IEXinillI3, + IEIWIIE,
O i) = +2E[W]Tf§15;[xmi]v for]:: -2 (17b)
tr(Py X [ Xini])/ 167" 11%, forj=-1
tr(Py_j1EZ[WIET)/ ¢, otherwise.

Proof. The proof proceeds in three steps. Step (I)—Propagation
of the expected value. Consider OCP (10) for j = —2 given by

min lxy” 13y + D02 u?)

u;z eRM, kel N_1]

(18)

s.t. xk_fl = Ax,:2 + Bu’k + Ewk_z, xaz = x;nz
As W,:z
the optimal feedback uk_z’* =
for j = —2 follows from (14).

Step (II)—Propagation of the non-mean part of the initial con-
dition. Since w; ' = 0, Vk € Ijoy_1; holds, OCP (10) for j = —1 is
simplified as

min g3, + Y0 g

-1
up » kelpo N—1)

= E[W], k € I[o,y—1] IS constant over time, (13) suggests

Kn—1x>* + Fy_«E[W]. Then (17b)

(19)
s.t. X/:+]1 =Ax,;1 +Bu,:1, xal = xlml
We observe that OCPs (10), Vj € Ij_pn—1; share the same
weighting matrices Qy, Q, R and the same system matrices A,
B. Therefore, we obtain u, "* = Ky_px; "* and Jy(x;,;, u™"*) =
;ETPNX_1
Step (Ill)—Propagation of the non-mean part of the distur-
bances. Consider the dynamics of the PCE coefficients for all j €
I;o,n—17- The causality requirement stemming from the consider-
ation of the adapted filtration for Uy € £ﬁ(R"“) implies that Uy
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only depends on X;, i < k. Due to our chosen indexing and the
causality, we obtain wj, = 0 and uj, = 0 for k < j, which implies
x{< =0,k <j We observethatxjﬁ :A-O+B~0+Ew§ = Ew®
and vv’,‘< =0,k > j+ 1 as (16b) and (16d) hold. Therefore, an
equivalent reformulation of OCP (10), j € Ijo.n—1j IS

N—-1
min I, + Y €0 )

. keHlO,Niu _ k:{'+l (20)
St X =Ax +Bul, k>j+1,
xj’HZEWO’ =0, k<j

For k > j + 1, the optimal feedback for (20) is uf;‘ = Ky_ix”

We can extend it to the case k € Ijpn—1; Since ujk’* =x, =0
for k € Tj ). The minimum for j € Tjon_1) is (), W) =
WOTETPy_j 1Ew® = tr(Py_j_1EZ[WIET)/||¢/||*. 0

3.2, Optimal state trajectories in PCE

Applying the feedback (17a) to (4), we obtain the optimal state
trajectories of PCE coefficients.

Proposition 8 (PCE Coefficient Trajectories). Consider OCP (10) for
all j € Ij_ n—1;- The optimal state trajectories of PCE coefficients are

Aty 2 SV AR RBIWT, forj = —2

—0 Ait1
A ATy orj=—1
X;é*z 0 ini . f J (21)
0, fork <j, j€Ton-1
A}:llEWO, for k Z]-‘r 1, ] e H[O,N—]]

with Fy_; = BFy_; + E. Note that w® = wj holds for j € Tjon—1j-
For all ky, ky € Tjon_1), let the matrix A;Z be
l'[ﬁikl (A+BKy—i), for0 <k <k

I, otherwise.

A’Q —

(31

Then for the PCE coefficients related to the disturbances, i.e. for all
k € Ity vy and j € Ijp k—13, we have

o for fixed PCE coefficient dimension j

Xlk:t = Allertile,;*, t € H[O,N—kj; (22&)
e for fixed time step k over PCE coefficient dimension
X},:t”k = Aj;H»lXL’*, t e ]I[o’j]. (22b)

Proof. Plugging the optimal feedback (17a) into the PCE coeffi-
cient dynamics (4), one obtains {x;“}¥_, for j € I;_» y_1}, which is
illustrated in Fig. 1. )

For fixed PCE dimension j € Ijg4—1;, we obtain x;}, =
A}T{_lEWO = A”:+t_1A]]-<;11EWO = Ai+[_l)(ll<'*, t e ]I[Q’N,k], cf. Flg 1.

Moreover, we freeze the time step k € Iy ny and project the
points x;*, j € Tjox—1) onto the x, — j plane in Fig. 1. Each line
with circle markers in the projection represents {X;é*}"(:_ol wherein
j is the running index for fixed k. Observe that the structure
of OCP (20) links the PCE coefficients for fixed time step k.

Specifically, we have that xj “* = A" | Ew® = A A EwO =

- i
Aj—H—lX]k fort e To,j- O

Fig. 1 illustrates the core idea behind the crucial insight (22)
of the previous result. One can see that {x;"}}_, for any fixed
Jj € Ij_pn-—1; converges to its corresponding steady state over
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Projection onto x|, — j plane

Fig. 1. Optimal trajectories of OCP (10) in PCE coefficients x'*, j € I;_p n_1].

time. Depending on the system dynamics and on the weighting
matrices, there are also potentially leaving arcs at the end of
the trajectories, which is related to the turnpike phenomenon,
see Faulwasser and Griine (2022). Additionally, one sees that
x5y = Ew® for all j € o n—1, ie., the trajectories {x;"}}_; 1, ] €
I;o,n—17 have the same initial value E\_N0 at time step j+ 1. Eq. (22b)
shows that for fixed time index k, x;* decays as j decreases. This
is in line with the intuition that the most recent disturbances are
dominant in the PCE description of the state variable Xp.

3.3. Moving-horizon PCE series truncation

Proposition 4 suggests that the dimension L of the joint ba-
sis @ grows linearly with the horizon N due to the process
disturbances. To accelerate the computation in numerical imple-
mentations, it is often desirable to truncate the PCE. As Fig. 1
indicates, to minimize the truncation error at time step k, we may
only consider the basis related to the initial condition and to the
last p disturbances. That is, we consider the (p + 2)-dimensional
truncated basis ¢{"" = @M U (UE:L;;W “). Fig. 2 illustrates the
PCE coefficients in the truncated basis @"™" with p = 2 as an
example, where the red box includes the PCE coefficients of &,
while the blue boxes include the PCE coefficients of Ug:;ipllfwk \

{¢2}. As the optimal trajectories of PCE coefficients are known,
we next quantify the error stemming from this moving-horizon
series truncation. Moreover, a result related to the upper bound
of the truncation error will be shown in Lemma 18, Section 5.

Lemma 9 (Quantification of Truncation Errors). Let Assumption 5
hold. Consider OCP (2) and the truncated moving-horizon basis
@™, Then the truncation error AXy(p + 2) := X; — X,"™* at time
step k € Ijo n—1) reads

0, fork <p

k=p—=1 2k—1p. 0 4j :
Ym0 AL EwW’#,  otherwise

Axk(p + 2) =

where the argument (p + 2) refers to the dimension of ®{™", and

Xtunx is the random variable obtained from the PCE solution in the
basis @™,

Proof. As the reformulated OCP (9) can be solved separately
with respect to each PCE dimension j € I;_;y_1j;, we obtain
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Expansion index

()
g
=
Fig. 2. Truncation of PCE coefficients.
trun,x __ jo* i .
Xe =2 ict-2—1kep... k1) x;"¢/. For the case k < p, there is no

truncation error. Due to the trajectories (21), the error for all k >

trun,x __ k—p—1 _j* ,j_ k—p—1 7k—1 0 4i
p+ 1reads X;—X,"™* =370 " ¢/=> "0 ATEW'¢. O

3.4. Solution in random variables

Leveraging the solution to OCP (10) for all j € I n—_1}, We
obtain the solution to the original OCP (2).

Theorem 10 (Random variable solution). Let Assumption 5 hold.
The unique solution to OCP (2) is

Uy = Kn_iX; + Fn—E[W], (23a)
while the corresponding minimum cost reads
INKini, U™) = [Xinill, + 2E[W]T GYE[Xini]

+ (YN BESIWIET) + [[E[W] 2, . (23b)

Proof. The feedback (23a) immediately follows from U; =

;:12 u;"¢/ and Lemma 7, ie.,

Uy = (Kn—ix " +Fy i BIWDG 24 Y1 Ky, )

= K= ,x" @) + Fu—kE[W],

where Y\, %"/ = X;. It remains to prove the uniqueness
of (23a). First Proposition 4 shows that any optimal solution to
OCP (2) lives in the space spanned by the joint basis (6). Since the
solution to OCP (10) forall j € I_p n—17 iS unique,]N(x’im, U <
In(X;, W) holds for any feasible W # w'*. Then, for any U =
YLl £ YN Wl = U it follows

INKini, U) = 3 LN w2

< YN DI = Iy (Xini, U).

We conclude the uniqueness of the solution (23a). As ]N(xfm, W),
Jj € Ij—2n—1 has been given by (17b) in Lemma 7, we also obtain
the minimum cost (23b) using that ||Xim||,2,N = ||IE[Xmi]||,2,N +
tr(Py X' [Xinil). g

The optimal feedback (23a) is a well-known result, espe-
cially for stochastic LTI system with zero-mean Gaussian distur-
bances (Anderson & Moore, 1979; Astrom, 1970). Deviating from
the moment-based approach, Theorem 10 computes the solution
to OCP (2) directly in random variables and generalizes the
results to non-Gaussian uncertainties with non-zero mean. With
trajectories of PCE coefficients shown in Proposition 8, PCE allows
to compute the optimal state trajectories in random variables
in the non-Gaussian setting with constructive error analysis, cf.
Lemma 9.
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3.5. Relaxation of assumptions

The reader may ask if and how Assumption 3 and 5 can be
relaxed for Theorem 10. Indeed, the answer is affirmative for
both assumptions. First we consider to drop Assumption 5 and
let Assumption 3 still hold. That is, we consider a generalized
case of Lip; > 2or L, > 2 withn, > 1and Ly, L, € N.
Similarly, we construct the joint basis ® = @™ U ¢*, which has
been given in (7) element-wise. Since the dynamics (4) and the
weighting matrices are the same for all PCE coefficients, one sees
that under a suitable basis indexing a result similar to Lemma 7
can be obtained. Thus, Theorem 10 is still valid.

One can further extend the results to the case of L, = o0
or L, = oo, i.e.,, when Assumption 3 is dropped. In this case,
we construct the joint basis @ in the same way and have L =
Lini + N(L, — 1) = oo. Therefore, the outer sum in OCP (9)
over PCE coefficients is j € Ij_3 ), While system dynamics (4)
remain the same for each PCE dimension j. This way, we have
the same decoupled OCP (10) in terms of PCE coefficients, which
validates the optimal solution via PCE in Lemma 7. Hence, we
obtain the same optimal feedback (23a) and minimum cost (23b)
in Theorem 10.

Consider system (1) and let the disturbances Wy, k € N
be independent but not identically distributed. Moreover, the
distributions of Wy, k € N are assumed to be known. Hence, the
PCE coefficients of the disturbances are also known in advance.
For each disturbance Wy, k € N, there is a specific corresponding
basis function in the joint basis (7). Compared to Lemma 7, the
solution in the PCE coefficients, j € N, remain valid. The solution
for j = —2 reads

" = Knood” + FyoiEIWi + Fy .

By treating E[W;], k € Ijp n—17 as exogenous inputs, the computa-
tion of Fy,_, proceeds in the same manner as Theorem 1 by Singh
and Pal (2017) and is thus omitted. Then the optimal feedback in
random variables is of the form U} = Ky_Xj +Fy—E[W]+F}_,.

4. Stochastic LQR of infinite horizon and its asymptotics

In this section, we extend the obtained results in Section 3
to infinite horizon and analyze the convergence property of the
infinite-horizon optimal trajectories.

4.1. Stochastic LQ optimal control of infinite horizon
The infinite-horizon counterpart to OCP (2) reads

[o¢]
min D X Ue) st (1), (24)
Ukeﬁﬁ(R“u),keNoc k=0

where the terminal penalty is dropped. The cost functional of
OCP (24) along {Uy}2, is denoted by Jo(Xini, U). The covariance
propagation

Z[Xe1]=Z[AXi + BUJHES[WJET =ES[WiJET >0

implies that the stage cost

(X, Up) = EIXIG + IEU IR + tr(Q Z[Xe] + RE[Ui]) = 0

over the infinite horizon. Therefore, the minimum cost may be in-
finite and we need to invoke the notion of overtaking optimality,
cf. Definition 6.

Similar to (6), we construct the basis @, := &M U ¥ with
Uy = U2 W¥k. We enumerate it similar to (8) as @ =
{¢{,o}]?’§72. Compared to the basis @ for OCP (2) with N € N, &,

appends the basis for Wy, k > N at the end. That is, ¢l = ¢’
holds for all j € I}y y—1) and @, \ @ = (¢ j’iN = UJF’iN{wl(Ej)}.
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Therefore, we omit the subscript -, of q&’oo Reformulation of
OCP (24) in the basis @, gives for j € I[_3 o)

Comin ) UK. u)) st (4). (25)

ul R keljo 00) ko

Recall that the superscript -° denotes the optimal solutions to
OCPs with infinite horizon.

Lemma 11 (Infinite-horizon Optimal Solution). Consider OCP (25)
for j € Ij_3 ) and let Assumption 5 hold. Then, for all j € Ij_3 o),
the unique overtakingly optimal solution is
e Kx.° 4+ FE[W], forj= —2

T ke,

Hence, the unique overtakingly optimal solution to OCP (24) is U; =
KX? + FE[W].

otherwise.

Proof. Due to Assumption 5 the initial condition X;,; and distur-
bance Wy, k € N admit exact PCEs in the basis @.. Similar to
Proposition 4, we conclude that the overtakingly optimal solution
to OCP (24) lives in the space spanned by the basis @,.

Consider the deterministic OCP (25) for all j € Ij_3 o). From
the established results (15), one sees that u;>° = Kx;>° +
FE[W] is the unique overtakingly optimal solution to OCP (25)
for j = —2. Especially, the solution is strongly optimal for the
case E[W] = 0, i.e., Joo(x;0, u™2°) < 00 and Joo(x;7, u™2°) <
Joo(Xiyt, u™2) holds for any u=2 # u=2°. Moreover, for all j €
[_100 U;" = Kx;° is the unique strongly optimal solution
to OCP (25) since the minimum cost is finite. Thus, it is also
overtakingly optimal. Hence, the unique overtakingly optimal
feedback for OCP (24) becomes U} = (I<x,:2"°—i—F]E[W])qb’2 +
SE KX = KX + FE[W]. O

Note that in Lemma 11 Assumption 5 is made only for the ease
of notation and can be dropped as discussed in Section 3.5.

Given the above optimal state feedback to OCP (24), we first
compute the optimal state trajectories in PCE coefficients for all
J€T 200

Al 2 (1-A)\(I-AFE[W], forj= —2

00 ;\kxi;il, forj=—1
7o, for k <j, jeN®
ARTTIEWO fork>j+1, jeN®

with A = A+BK and F = BF+E. The trajectory for j = —2 follows
from x>° = A2 + °\") AFE[W]. Recall that we assume
(A, B) stabilizable and (A, Q /?) detectable. Thus, K is stabilizing
and all eigenvalues of A lie inside the unit circle (Anderson &
Moore, 1989). Therefore, for k — o0, x°, j € I|_2 ) converge
to their corresponding steady states exponentially with the same
rate A, which is in line with the optimal finite-horizon trajectories
sketched in Fig. 1. )

Moreover, for j € N the PCE coefficients x;° that are related
to disturbances satisfy
X =G =X Vk=j4+1, ke
That is, if the PCE coefficient dimension j and the time step k are
increased simultaneously by the same value k, the PCE coefficient
is constant. Indeed this is a special case of Proposition 8 for Aﬁf =
Aka—k1+1,
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Since X7 = Y'=' /¢, we can express the optimal state
trajectory of OCP (24) in PCE coefficients
X¢ = ((1 A1 — AYFR[W] + A"xi;iz)(p—z 6)

—I—/Z\kxi;i]qb_l + Zjlf:_()lzz\k_j_leoqﬁi, k>1.

The last item related to ¢/, j € Ijo k—1; can be written as
Yo AKITIEWOY = S ARTTTE(W, — E[W;]), which summa-
rizes the accumulated influence of the past process disturbances.
Recall that the PCE dimension j coincides with the time step
at which the disturbance W; enters the system. Due to the
exponential decay of x,°,j € I0,00), ONE can see that the most
recent disturbances are dominant. In case of a finite optimization
horizon, the quantification of the truncation error in Lemma 9
shows a similar behavior.

4.2. Asymptotics of optimal trajectories

First we recall the Wasserstein metric to quantify the distance
between probability measures (Riischendorf, 1985; Villani, 2009).
Notice that in the following definition, ||Z||; = vZ7Z € £*(R)
refers to the 2-norm on R™ applied to Z € £?(R™). That is,
for any realization Z(w) € R™, the 2-norm reads ||Z(w)|, =
VZ(0)TZ(w) € R.

Definition 12 (Wasserstein Metric). Consider two random vari-
ables Z;, Z, € £2(R™) and q € [1, oo]. The Wasserstein distance
of order q is
-~ 1. -

Wiz1.22) = inf (E[12: - ZI8)". 21~21, 22

21,2y
where ~ denotes the equivalence in distribution, i.e., Zt and Z,
t € {1, 2} follow the same distribution.

With slight abuse of notation, the Wasserstein distance be-
tween the measures w1, py is Wy(p1, 2) = Wy(Z1, Z;) with
nz, = pe for t € {1, 2}, where uz denotes the push-forward
measure Uz, (-) = u(Z; 1(:)). Moreover, two measures or random
variables are said to be equivalent in the Wasserstein metric if

w
M1 =2 = Welp, 1) =0.

Note that the order q does not play a role in the equivalence if
Wy, p2) exists. Thus g is henceforth omitted.

For the ease of notation, we use the shorthand (X°, U°) to
denote the optimal trajectory {(X;, Ug)}ee, of OCP (24) as the
superscript -° refers to infinite horizon. Additionally, the first
two moments and cost function of a pair of probability measures
(ux, ny) are defined via the corresponding state-input pair. That
is, E[ux] = E[X], Z[ux] = X[X], and &(ux, py) = €(X, U)
follow for any (X, U) w (px, 1y )-

Definition 13 (Stationary Pair). (X, U) is said to be a stationary
pair of system (1) if X 2 AX + BU + EW holds, where W
is the process disturbance independent of X and U. Moreover,
{(_)_(k,_L_]k)}ﬁ:O, N € N* is a stationary trajectory if ()_(I<+1» L_]k+1) w
(Xk, Uk), Vk e ]I[O,N—l] holds.

_In general, as the disturbance W is independent of X, X =
AX 4+ BU 4+ EW does not hold. However, the next lemma gives an
explicit expression of a stationary pair in the sense of Wasserstein
metric.

Lemma 14 (Infinite-horizon Asymptotics). The optimal trajectory
(X®, U®) of OCP (24) converges in probability measure to

(M;v HE) = (ngov :u“Ugc) = klipgo(u“xﬁv /"LU;:)v (273)
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(I = A 'FE[W] + Y2 AE(W; — E[W]), (27b)

K ((1 —A)'F+ F) E[W] + KY_ X AE(W; — E[W]). (27c)
The first two moments of uy, are
E[u] = (In, — A)"'FE[W],
Slugl = Y S AESWIETAT.

(28a)
(28b)

Additionally, any (X, U) satisfying X 44 uy and U = KX + FE[W]
is a stationary pair of system (1).

Proof. To simplify the notation, we first consider Assumption 5
to hold. The PCE expression of X’ in (26) gives

X2, 2 lim (1 = A)7'(1 = AOFEW] + Ao )2

(0] mni1
+ lim Akxlmqb + Y AEW Y

=(I—-A)" 1FIE[W]¢ + Zj:OAJEWqu,
U3 = FE[W] + KXZ..
Then it is straightforward to obtain the first two moments of
X% as (28). Note that X'[XS ] is the unique positive semidefinite
solution to the discrete-time Lyapunov equation AE[X<> JAT —
DX+ EX[WIET = 0, where X[W] > 0 (Simoncini, 2016).
Since U® = KX° + FE[W], E[Z%] < oo and X[Z3 ] < oo follow
for Z € {X, U}. Hence (X2, U2,) exists and lives in an £2 space,
ie, Xy € £3(2, F, u; R™)and Up € £2(82, F, w; R™) for k € N*°.
Next we prove that (X3 ,US) is a stationary pair. Let W =
E[W]¢~2 + w’p® be the disturbance that is independent of X2,

and U, with ¢* a4 ¢ for all j € N, Then we have

AXS, + BUS, + EW = AXZ, + BFE[W] + EW
_A<(I AFEWIY Y + Y 0A’Ew°¢/>

+ BFE[W] + E(E[W1¢ 2 + w¢®)

=(A(1 _Ay T4 I)EIE[W]qr2 +Ew$” + 3% AEWO,
Z(1 - A FEIW]G 2 + Y5 AEW'Y E XS,
where ¢ = 1 and w’¢) = W; — E[W] for j € N*°. Hence, any
(X, U) satisfying X 44 X%, and U = KX + FE[W] is a stationary
pair.

To drop Assumption 5, we replace x‘lqb and w°¢ in the
above proof with X, . — E[X, .] and W; — E[W] respectively. The
corresponding decomposition of W reads W = E[W] + (W —
E[W]). Then following along the same line, the above proof still
holds without Assumption 5. This way, we relax Assumption 5.
As we have shown that (X2, U2)) lives in an £? probability space

and is a stationary pair, the convergence of (X°, U°) in probability
measure follows. a

4.3. Convergence rate

Given any trajectory of a stochastic LTI system, the concept of
corresponding stationary trajectory is introduced by Schief3l et al.
(2023).
Definition 15 (Stationary Trajectory). Given any state-input-

disturbance trajectory {(X, U, Wi)}k_o. N € N> of system (1),
{(Xe, UM, satisfying

o= [0 A [o sl ] < [E]

Xo Xini o - W, -
S |l =1z , Xk, U = (Xx, Ug).
[Xo] |:Xini:| Xit1, Uky1) = (X, Ug)
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is_called corresponding stationary trajectory. Additionally,
{(Xg, Uy )}ﬁ’:0 denotes the corresponding stationary trajectory with

probability measure (u3, 15), ie. (X7, Uk) = (uy, 1p)-

_ With the above definition, we obtain the convergence of
(X7, UZ) to its corresponding stationary trajectory.

Lemma 16 (Exponential Convergence of (X2 o Uk ). Let (X°,U°) be
the optimal state-input trajectory of OCP (24), and let (X<> U°) be
the corresponding stationary trajectory with measure (5, ). Then
there exist constants 8 > 0, p € [0, 1), such that

(XS, Ug) — (X2, UR)IN < Bp~.

That is, (X°, U®) converges to (X°, U®) exponentially in the sense
of the £2-norm. Consequently, (X°, U®) converges almost surely to
(X°,U°), ie., for any € > 0, we have

P (lim supl 0. U) = (%¢. Gl = 1) = 0.
— 00

Proof. The input feedback policies Uy = KX + FE[W] and
Uy = KX<> + FE[W] imply that X, , - X0). It

—Xo, = AX;
follows that 10X = XN < 1A41IXS —

XZ|l. Let the eigenvalue
decomposition of Abe A = vav-! ‘with diagonal matrix A
and p; be the largest elgenvalue of A. Then we get ||A"|| <
||V||2||Ak||||V Iz < pEIVI2IV ™Iz, where [[V ], denotes the 2-
norm of the matrix V. Since (A, B) is stabilizable and (A, Q'/?) is
detectable, all the eigenvalues of A are inside the unit circle and
thus 0 < p; < 1. Therefore, we obtain ||X; — )_(,f|| < ﬁx,o/’.‘f with
Be = IVI2- IV 2 I1IXg —)_(g [|. Moreover, the optimal input policy
Ug = KX{ + FE[W] suggests |[US—UZ|l < ||1<||2ﬂxp§. Finally,

(Xe. U < \/1+ IKI3Be0k = Bp* with

we obtain [|(X7, US) —

B :=,/1+ K58 and p := p;.

By Markovs inequality the exponential convergence implies
that 3%, U — (X2 U2 = &) = D02, IX¢, UR) —
Xe, UQ) ||/s < Zk—o Bp* /e ,B/(s(l — p)) < 00 holds for
all ¢ > 0 (Bertsekas & Tsitsiklis, 2008). Using the Borel-Cantelli
lemma almost sure convergence follows (Feller, 1971). a

5. Optimal stationary solutions

In this section, we give the unique optimal solution to the
stationary optimization problem in closed form. Additionally,
we provide the finite-dimensional approximation of the infinite-
dimensional optimal solution for a given error bound.

5.1. Optimal stationary pair

The deterministic Stationary Optimization Problem (SOP) that
corresponds to the deterministic linear-quadratic OCP (11) is
given by

min  £¢(x,u) s.t. x =Ax+ Bu+ Ec.

XeR™X eRMu
The optimal stationary pair is denoted by (x*, u*). The stochastic
counterpart to the SOP reads

min  £(X,0) st X 2 AX +BU +EW, (29)
Xer2(RMx),
Uer2(rMu)
whose optimal solutions are denoted as (X*, U*).

Consider an infinite-dimensional basis {qbl 2o which spans the
n, spatial dimensions of £2(R™). We have Z = oo Z,
(Z,z) € {(U,u),(X,x)}. Similar to (9), by replacing allj random
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variables in (29) with their PCEs, the reformulated (29

min D D)

WeRM % eRMX jeN®©
€ e Jje jeneo

) follows

st, ¥, =A% + B + Ew,

DN

JjeN™>® JjeN>®

jeN®, (30)

SOP (29) differs from its deterministic counterpart as follows: (i)
The problem is not directly tractable as the decision variables
X, U are random variables. (ii) Though the solution to SOP (29)
is unique in the sense of measure, (29) admits infinitely many
solutions in terms of random variables with the same measure.
(iii) The PCE reformulated problem (30) is also difficult to handle
due to the constraint on the equivalence in the Wasserstein
metric. Since each solution in random variables corresponds to
a solution in PCE coefficients, the PCE reformulated OCP (30) also
admits infinitely many solutions.

Therefore, the probability measure of the solutions to SOP (29)
is of interest and is denoted by (%, i1};). The next results show

that (jty, ity;) w (%, g ), which establishes the link between
SOP (29) and infinite-horizon OCP (24).

Theorem 17 (Unique Optimal Stationary Pair).
the probability measure of the solutions to (29

Let (ji3. /ty) be
)- Then (uy, p1y)
. . . — - w
is uniquely determined by (uy, up;), i (,ux,uu) = (MX,MU)
Moreover, the minimum cost is £(j1}, ,uu) = W2, .+ [E[W]||?
where AS =E'G+ G'E — F'(R+ B PB)F.

ETPE AS’

Proof. Consider infinite-horizon OCP (24) and let W follow the
Dirac distribution, i.e., W is deterministic and thus W = E[W].
Lemma 11 implies that the considered system (1) is optimally
operated at steady state (E[uy], E[uf]). Thus, (E[ug], E[ug]) is
an optimal solution to the deterministic counterpart of SOP (29).
Therefore, the assumptions of Theorem 5.2 by SchieRl et al. (2024)
are satisfied and we can show that (ug, ;) is an optimal solution
to SOP (29) with any £? process disturbance in the sense of
probability measure. Moreover, this indicates that i} is uniquely
determined by (. Then the minimum cost immediately follows
as the measure (1%, ;) is known.

Next, we show by contradiction that i Ay is also unique. Assume
there exists another stationary pair (X U) minimizing SOP (29)
with X 2 115 and Wy(Uy. ) # 0. That is, £(X, U) = £(us. 125).
Consider infinite-horizon OCP (24) with initial condition XInl =X.
Then the trajectory {(Xk, Uk)} 2o With Xo X and (Xk, Uk) w
(X U ), k € N® is an overtakmgly optlmal solution to OCP (24).
As Lemma 11 states that Uk = KX,< + FE[W] w uy is the
unique overtakingly optimal solution to OCP (24), we arrive at
a contradiction. O

Compared to Theorem 5.2 by Schief3] et al. (2024), Theorem 17
offers an avenue to obtain the analytical stationary solution in
closed form via the solution to the corresponding infinite-horizon
OCP (24). Note that Theorem 17 applies in a quite general setting
beyond Gaussianity.

5.2. Finite-dimensional approximation

As (fix, i) is of infinite dimension, one needs to truncate the
series Z _OA’E(WJ E[W]), which causes a corresponding trunca-
tion error. The following lemma points towards the computation
via truncated series and thus gives a numerically tractable ap-
prox1mat10n of (ft%, i1];). We recall the eigenvalue decomposmon
A=V AV~ and that p; is the largest eigenvalue of A with o<1
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Lemma 18 (Finite-dimensional Approximation). Consider the
SOP (29) and its optimal solutions (X*, U*). Let the approximation
of (X*,U*) be
p—1
(I-A)"'FE[W1+ ) " AE(W,
j=0
U™™*(p + 1) = KX"™"*(p 4 1) + FE[W].

X™*(p+ 1) = —E[W]),

For a user-chosen error bound § > 0, we define p(8) : R* — N as
p(8) = [(In(8) + )/ In(pz)1, (31)
where [-] denotes the ceiling function and ¢ = In(1 — p3) —
In(\/1+ KI5 te(Z[WIETE)[VII2[V~l2). Then for all p > p(8),
p € N, we have

Wy ((X*, U"), (X (p + 1), U™ (p + 1)) < 6. (32)

Proof. As Theorem 17 has shown that (i, uf) is the probability
measure of (X*, U*), the above (p+ 1)-dimensional approximation
immediately follows from (27), while the truncation error is

> AE(W—E[W]),

Jj=p

A)_(*(p 4 1) — )'(ﬁ_ktrun,* —

AU*(p + 1) = U* =0+ KZA’E (W—E[W]).

Then from the eigenvalue decomposition A = VAV~ and the

definition of the Wasserstein metric we obtain
WX (p + 1), X*) < [|AX*(p + 1)]|

_ IE[(W}»—IE[W])TET(iAiTAi)E(WJ—

E[W])]

o0
<Vl - IVl - JE(W —EWD)| D ol

j=p
=IVIz- IV > tr(Z[W]ETE) ',09(1 —pz) "
Since Wy(U™*(p+1), U*) = |K |2 Wa(XT™*(p+1), X*), we have

Wy (()_(*7 U*)’ ()_(trun,*(p + 1)7 L_]trun,t(p + 1)))

<1+ IKI3 - IVIRIV 2 tr(SIWIETE) 02(1 — o).

Letting /1 + K[V 2V~ 1IIztr(E[W]ETE) 21— pa)7" <8,
(31) immediately follows. O

Given an arbitrary error bound § > 0 for the Wasserstein
metric, Lemma 18 determines the dimensions of the approxima-
tions (X“““v*(p + 1), Utunx(p 4 1)) for the error bound to hold.
Note that (31) is only a sufficient condition for (32). That is,
there may exist p < p(8) such that (32) also holds. Indeed, the
proof of Lemma 18 has shown that the approximation error of a
(p + 1)-dimensional approximation satisfies

Wy (()_(*’ U*)’ ()_(trun,t(p + 1)’ l__]trun,*(p + 1)))

<1+ KI5 1AX*(p + 1)]
=y 1+ KIS - [E(W=EWI) |,

where M(p) is the unique positive semidefinite solution to the
Lyapunov equation ATM(p)A — M(p) + (A?)TA? = 0. Comparing
the Lyapunov functions of arbitrary p € N and p + 1, we get
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M(p + 1) = A'M(p)A and thus M(p) = A’TM(0)AP follows.
From the eigenvalue decomposition A = VAV ~!, the exponential
convergence follows as |[M(p)|l, < ||V||§~||V‘1||§-||M0||2p§. Hence,
to satisfy an arbitrary required error bound § > 0, we can solve
the above Lyapunov equation repeatedly for p = 0,1,2, ..., up

to p such that the inequality

1+ K15 - [E(W—EIW]) [y < 8-

holds. Then (32) holds for all p > p(8). This way, we obtain
another approximation (X"™™*(p+ 1), U™"*(p+ 1)) for the error
bound &, though we cannot explicitly express p(§) in closed form.
Since p(8) and p(8) both satisfy the inequality (33), while p is the
minimum integer to have (31) hold, p(8) < p(8) follows.

While (jiy, ;) and (X"™"*(p + 1), U™™*(p + 1)) derived in
Lemma 18 are not expressed via PCE, they can be computed this
way. To this end, consider a (p + 1)-dimensional approximation
in Lemma 18 and a corresponding joint basis & ¢},
constructed as (7) with L = 1+ p(L, — 1), L, € N*. The PCE
of Wy, k € Ijp p—1) in the joint basis @ is

(33)

Wk = Z VV;<¢} Wlth Ik = H[k(’-m*1)+1,(k+1)(Lw*1)]7
Jje{0}UZy
since WL =0 for all j € Iji-1; \ Zx. Then we rewrite
(XTun*(p + 1), U™™*(p + 1)) via PCE as
p—1
X™* = (I-A)'FEWI+ ) Y AEw, ¢ (34)
k=0 jeIy

and Ut = KXTun* 4 FE[W]. This way, one can compute
(Xtrunx(p 4 1), U™™*(p + 1)) numerically in the PCE framework.
Additionally, the first two moments of A)_(:(p + 1) are
E[AX*(p+1)] =0and X [AX*(p+ 1)] = XX AEZ[WIETAT,
Therefore, given an arbitrary error bound in the sense of the first
two moments, the required PCE dimension of the approximation
can be derived in a similar fashion as in Lemma 18.

6. Numerical example

We modify the linearized CSTR reactor from Faulwasser and
Zanon (2018). As the original system is stable, we modify the
dynamics as

(438 SaJr [0 [

where Wy, k € N are modeled as i.i.d. scalar random variables that
follow a uniform distribution with support [0, 0.6]. The initial
condition is Xini = [0.4, 1.5]T +[0.4, 1.0]76, where 6 ~ A0, 1)
is a standard Gaussian random variable. Then we have Li,; = L, =
2 and Assumption 5 is thus satisfied. The weighting matrices are
Q = diag([1,1]), R = 1,and Qv = P = [§3], 9477 ], where P
is the stationary solution to the discrete-time algebraic Riccati
equation (13b). Note that (A, B) is controllable, and (A, Q'/?) is

detectable.
Analytically, the closed-form expression (27) gives

g 2 [-0.437, 0.554]7 + Y2 A1, 1T (Wi — E[W4]),
15 2 0.390 + K (A1, 11T (Wi — E[W,])

with K=[1.25, —0.0344] and A=A+BK=[ §$12 $947? ] While the
expectation of (uy, uuf) is straightforward, we calculate its co-
variance from Lemma 14 as X[uy]=[§:9392 095% | and X[u]=
0.0736.

We choose the optimization horizon of stochastic OCP (2)

to be N = 30 and implement the PCE reformulated OCP (9)
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in julia using JuMP.jl (Dunning et al, 2017) and Poly-
Chaos. j1 (Miihlpfordt, 2020). We directly solve the numerical
optimization problem and obtain the solution in PCE coefficients
{47, U122, j € I1—2.29). Then we compare the results with the
analytical solution in PCE coefficients, i.e. (17a) given by Lemma 7
and the maximum difference is 5-10~'6. We depict {(x;*, u};")}2,
for all j € Tj_y,9 in Fig. 3, where x¥* denotes the j-th PCE
coefficient of the i-th component of X*. We observe that the
computed trajectories {(x;*, u;*)}2%,, j € Ij_229 are in line with
the analytical results that are illustrated in Fig. 1. Note that there
is a leaving arc for the trajectory {(x,:z'*, ui‘*)}ﬁio as the system
in (18) for j = —2 includes the constant EE[W].

Then we verify the convergence of the infinite-horizon optimal
trajectory shown in Lemma 14 with the considered example. As
the infinite-horizon OCP (24) is in general difficult to be solved
numerically, we solve the finite-horizon OCP (2) for a long hori-
zon N = 60. Then we choose the state-input pair (X3, U};) in the
middle of the optimal trajectory to mimic (X3, US,). We also need
to compute the limit limy_, o (“Xf?’ MU:), ie. (ug, 1) as given
in (27) in the PCE framework. Since (uy, iuf;) contains infinitely
many terms, we truncate them after the term containing A% a5
the largest entry of |A*°| is 1.28-107!°, To compare the probability
of (X3,, U3,) with (uy, iy ), we employ the characteristic function,
which is the Fourier transform of Probability Density Functions
(PDF), and its inverse to approximate the PDFs of (X3, U3,) and
(g, my). The maximum difference between their PDFs is only
1.91- 107°. This is consistent with Lemma 14.

Next we compare the optimal stationary pair (X*, U*), which
corresponds to the probability measure (uy, iy), to its approxi-
mation via PCE. Here we consider the error bounds § €
{0.1,0.01}. Then via Lemma 18 we get the corresponding PCE
dimensions of the approximation as p(0.1) = 5 and p(0.01) = 11.
In comparison to p, we also calculate the dimension p via (33).
We obtain p(0.1) = 2 and p(0.01) = 4. We see that p(3) < p(3)
holds for both § 0.1 and § = 0.01. Then_ we compute all
the PDFs of the approximations (X™™*(p 4 1), U™™*(p + 1)) for
different p as (34) and the PDF of (X*, U*), which are illustrated
in the left subplots of Fig. 4. Additionally, we plot the PDFs of
the truncation errors (AX*(p+ 1), AU*(p+ 1)) for different p in
the right subplots of Fig. 4. Note that the approximation accuracy
increases as the PDF of (AX*, AU*) converges to the Dirac distri-
bution §(0). Therefore, we observe that a higher-dimensional PCE
offers a more accurate approximation. Moreover, the PDF of the
truncation error for p = 11 is almost a Dirac distribution, while
the impulse at 0 is not fully presented in Fig. 4 due to the space
limit on the y-axis. Specifically, the truncation error for p = 11 is
less than 1.64 - 107> in the sense of the Wasserstein metric.

7. Conclusions

This paper has addressed stochastic LQR problems for discrete-
time LTI systems for non-Gaussian disturbances with finite expec-
tation and variance. In contrast to the established moment-based
approach, the proposed PCE scheme allows uncertainty propaga-
tion, e.g. distribution propagation over the horizon. The crucial
insight of our work is that all sources of uncertainties, i.e. the
uncertain initial condition and the process disturbances at each
time step, can be decoupled from each other and thus handled
individually. This decoupling allows for a structure exploiting
moving horizon basis truncation for which we have given error
bounds. Moreover, we have analyzed the convergence properties
of the optimal state and input trajectories for the infinite-horizon
case.

We have also characterized the stochastic stationary opti-
mization problem and given its unique solution, i.e. the optimal
stationary pair, in closed analytic form. We have shown that
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Fig. 4. Approximation of (X*, U*) via truncated PCEs for different p. Left: PDFs
of (X*,U*) and of (X™n*, tn~): right: PDFs of (AX*, AU*).

the optimal stationary pair is indeed the limit of the optimal
trajectory of the corresponding infinite-horizon LQR problem and
is thus of infinite dimension. Importantly, for an arbitrary de-
sired error bound of the approximation error, we have provided
finite-dimensional approximations of the optimal stationary pair.
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