Adjoint shape optimization of blood flow applications
under uncertainties

Dissertation (monograph) approved by the Doctoral Degree Committee of
Hamburg University of Technology

in pursuit of the academic degree of

Doktor-Ingenieur (Dr.-Ing.)

written by
Georgios Bletsos

from
Athens, Greece

2025



Chair of the Board of Examiners:
Prof. Dr.-Ing. Jiirgen Grabe

Reviewers:

1. Prof. Dr.-Ing. Thomas Rung

2. Prof. Dr. Michael Hinze

3. Prof. Dr. Kyriakos Giannakoglou
4. Prof. Dr.-Ing. Alexander Diister

Day of the oral examination:
January 23, 2025

Copyright (C) Georgios Bletsos, 2025

Digital Object Identifier (DOI): 10.15480/882.15270
Open Researcher & Contributor ID (ORCID): 0000-0001-8033-9861

OMOoM

Creative Commons License Agreement

The text is licensed under the Creative Commons Attribution 4.0 (CC BY 4.0) license
unless otherwise noted. This means that it may be reproduced, distributed and made
publicly available, even commercially, provided that the author, the source of the text
and the above-mentioned license are always mentioned. The exact wording of the license
can be accessed at https://creativecommons.org/licenses/by/4.0/legalcode.



https://doi.org/10.15480/882.15270
https://orcid.org/0000-0001-8033-9861
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/legalcode

Abstract

This thesis aims to advance traditional gradient-based shape optimization techniques by
incorporating blood-specific features. The work can be broadly classified into four main
categories, (a) computational blood flow modeling, (b) parameter-free shape optimization,
(c) the continuous adjoint method and (d) robust shape optimization.

As regards (a), this work presents key aspects related to the computational fluid dy-
namics (CFD) or fluid-structure interaction (FSI) simulations employed for the solution of
the blood flow problem (primal problem). The underlying primal problem is enhanced to
account for blood damage (hemolysis) by the numerical solution of an additional partial
differential equation (PDE). The minimization of hemolysis is one of the main objectives
of interest in this work. In order to account for the shear-thinning behavior of blood,
several non-Newtonian viscosity models are also employed. The numerical solution of the
primal problem is verified against analytical solutions and literature-reported results when
deemed necessary.

The shape optimization problem is formulated based on a parameter-free approach. To
this end, the identification of the shape gradient or at least, a suitable descent direction,
based on the shape sensitivity is addressed. Several methods that compute the descent
direction based on the solution of one (or two) additional PDE(s) are presented. Auxiliary
aspects related to the optimization problem are also discussed in the context of (b).

The thesis presents the novel derivation of continuous adjoint equation systems dual to
the blood-specific problems. Specifically, contributions to (c) relate to the development of
the continuous adjoint to the steady-state Navier-Stokes equations for an incompressible
fluid with hemolysis modeling and with non-Newtonian viscosity properties. The accuracy
of the novel systems in estimating the shape sensitivity is assessed against second-order
accurate finite difference (FD) studies.

On the topic of (d), this work focuses on the necessary uncertainty quantification tech-
niques able to drive a robust shape optimization procedure. The problem is considered
uncertain by means of the employed parameters or the boundary conditions thus rendering
the objective functional a statistical quantity. The optimization targets the minimization
of the statistical moments of the objective functional through the use of methods based on
sampling or the method of moments.

The biomedical applications studied in this thesis refer to an idealized medical device
and an idealized bypass-graft.
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1 Introduction

1.1 Background and Motivation

Numerical simulations are well-established as an indispensable tool for a variety of indus-
tries and research institutions dealing with fluid and structural mechanics. On the one
hand, they provide an affordable, commonly available alternative to often costly experi-
ments and on the other hand, they allow for investigations on conditions that would be
impossible to achieve in experimental settings. The advances in computational science
have not only enhanced our fundamental understanding of the investigated phenomena
but have also allowed us to study the optimization of related conditions which we can
control.

In fact, the interest of the engineering community is nowadays devoted mostly to the
latter. Engineering sciences have already provided suitable solutions to many of the macro-
scale questions of humankind, such as “How to achieve a certain task?”, and have now
allowed the engineers to shift their attention to questions like “How to better achieve the
same task?”. As a result, the field of shape optimization has found suitable grounds for
application. The designs produced today in automotive, maritime and aeronautics in-
dustries have, in their majority, undergone a certain level of computational optimization,
based on either computational fluid dynamics (CFD) or computational structural mechan-
ics (CSM). This industrial interest on the field is naturally accompanied by a significant
research effort, see e.g., Katsapoxaki et al. [2023], Kiihl et al. [2022], Upadhyay et al. [2021],
Papoutsis-Kiachagias et al. [2019] for some recent publications.

While computational shape optimization methods have enjoyed great appeal in the afore-
mentioned fields, their application lags behind in the field of biomedical engineering dealing
with blood flows. Even though the computational tools, i.e., CFD and CSM, are often vir-
tually identical to those used by other industries, there are certain aspects that currently
hinder the straightforward implementation of, in other fields established, shape optimiza-
tion methods. The present thesis is motivated by those aspects. The main focus is on
enhancing existing methods to seamlessly integrate blood-specific features. Attention is
also given to the nature of the investigated applications, i.e., the interdependence between
the blood flow and the surrounding structure as well as the uncertainty that experimentally
assessed simulation parameters might involve when being used in silico.

This introduction includes a brief overview of the current state-of-the-art on relevant top-
ics studied in this thesis. Additional background information and references are included
in each chapter to establish the necessary links with the present thesis.

Computational Blood Flow Modeling

Numerical simulations based on continuum mechanics can sufficiently describe the flow of
blood in an extensive range of applications, see e.g., Quarteroni et al. [2000] for a review
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on computational vascular fluid dynamics. The goal of simulating such flows, that within
this thesis will be referred to as the primal problem, is to predict hemodynamic quantities
of interest (Qol). Depending on the application at hand, the Qol can significantly vary.
This thesis primarily focuses on mechanical hemolysis'. Hemolysis refers to the mechan-
ical damage of red blood cells (RBCs) and the release of their contents, predominantly
hemoglobin, in the blood plasma due to excessively high stress induced by peculiarities
of the blood flow. It can lead to hemoglobinemia, which plays a significant role in the
pathogenesis of sepsis, and to increased risk of infection due to its inhibitory effects on the
innate immune system (Effenberger-Neidnicht and Hartmann [2018]). Hemolysis induc-
tion is encountered in many biomedical devices, where large velocity gradients are found
(Thamsen et al. [2015], Yu et al. [2016]), as well as in vivo, i.e., in a living person, when
vessels delivering blood are kinked or stenosed (Goubergrits et al. [2018]). This thesis is
partially motivated by the goal of reducing hemolysis in biomedical applications through
shape optimization. To this end, the main tool for the solution of the primal problem is
CFD. An overview on hemolysis models coupled with CFD solvers can be found in Yu
et al. [2017].

Generally, in CFD simulations of hemodynamics, blood is treated as a continuous fluid
medium instead of being treated as a dispersed multiphase model. This reduces the com-
plexity and computational cost of the problem and instead attempts to approximate the
microscopic deformation and concentration variation of the suspended RBCs through ap-
propriate viscosity models (Kishimoto et al. [2020], Yeleswarapu [1996]). A Newtonian
fluid assumption is often employed to capture the rheology of blood. While this assump-
tion has been shown to sufficiently describe blood in flows exposed to high shear rates, it
falls short in flows of low shear rates due to the shear-thinning behavior of blood (Fung
[1993]). Several non-Newtonian models have been proposed to deal with this inadequacy
and account for pseudo-plastic behavior. Some of such models, that are also investigated
in this thesis, are the Power-law (Shibeshi and Collins [2005]), Casson’s law (Fan et al.
[2009], Perktold et al. [1991]), as well as modified versions of it (Gonzilez and Moraga
[2005]), and Carreau’s law (Johnston et al. [2004]). Even though these models cannot ac-
count for viscoelastic properties, they are frequently used in many computational studies
due to their straightforward description as well as implementation into a CFD framework.

Furthermore, in a multitude of applications, blood interacts with a solid surface, which
exhibits an increased elasticity. In such cases, the forces generated by the blood flow are
sufficient to deform the surrounding structure. To this extent, the rigid wall assumption of
a classical CFD simulation has in many cases proven to be inadequate, see e.g., Hsu et al.
[2014], Bazilevs et al. [2010], Torii et al. [2007]. To resolve this shortcoming, extensive focus
has recently been given to fluid-structure interaction (FSI) simulations that consider the
fluid flow and the displacement of the vessel wall in a coupled manner. From a numerical
point of view, FSI simulations can generally be classified as either monolithic, where the
coupled problem is solved as a whole by one numerical method in one domain or partitioned,
in which the fluid and structure subproblems are treated separately in their respective
domains. This thesis employs the latter to study the influence of the rigid wall assumption
on hemolysis, as well as other Qol, in a biomedical application of interest. In addition,
FSI is used, when deemed biomedically relevant, as a post-processing tool to evaluate the

1For the sake of brevity, the word mechanical might be omitted throughout this thesis. In all instances,
reference to hemolysis stands for mechanical hemolysis.
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CFD-based optimized geometries. A general overview on cardiovascular FSI can be found
in Bazilevs et al. [2013].

Shape Optimization Methods

In shape optimization, one searches for the optimal configuration of a given domain so
that a cost or objective functional is minimized?. Certain distinctions could be made as
regards the shape optimization problems.

In the context of the shape description, the solution methods could be loosely divided into
parametric and parameter-free. On the one hand, parametric methods refer to a description
of the geometry through a finite number of parameters. The prescribed parameterization
is decided before the optimization begins and is included in the derivation process of
suitable shape updates, see e.g., Papoutsis-Kiachagias and Giannakoglou [2016], Abraham
et al. [2005a]. On the other hand, parameter-free methods are derived on a continuous
level independently of a parameterization. This thesis considers exclusively parameter-free
shape descriptions which are further discussed in Chapter 3. Nevertheless, both strategies
have found suitable grounds for application depending on the needs of the design, see e.g.,
Trompoukis et al. [2023], Dick et al. [2022], Xu et al. [2014] for parametric and Kroger
and Rung [2015], Bletzinger [2014], Stiick and Rung [2013], Bletzinger et al. [2010] for
parameter-free applications. A crucial aspect on deciding upon the shape description
refers to the underlying optimization method.

A wide variety of optimization methods, ranging from stochastic (or global) (Back [1996])
to deterministic (or local) (Nocedal and Wright [2006]) exists. There is no simple answer to
which optimization strategy is the best choice. Instead, the decision upon the employment
of a method depends on the design task and state.

Global techniques, such as evolutionary algorithms (Jahangirian and Shahrokhi [2011],
Giannakoglou et al. [2006]), are able to provide the global optimum, as the name suggests,
given that a large number of candidate solutions are evaluated. This option is attractive
for non-convex problems and cheap evaluation methods, but becomes computationally un-
feasible for a large number of unknowns and/or expensive evaluation methods. This is
due to the fact that the necessary candidate evaluations scale with the amount of design
variables. In fact, in certain cases the computational time complexity of an evolutionary
algorithm, which measures how the computational time of an algorithm scales with the size
of the input, is polynomial or even exponential (He and Yao [2001]). Although a parame-
terization of the shape may drastically reduce the number of design variables, the problem
of performing many costly simulations remains. This drawback can be counteracted if a
reliable surrogate model, able to estimate the objective functional given the design param-
eters, exists (Jin [2011]). However, suppose that a parameterization of the shape doesn’t
exist or it is rather not desired. Then, the most conceivable design space would correspond
to a subset of the discretized computational domain. In this case, the design space would
be too large for a global optimization method to handle.

Deterministic strategies are generally driven by the gradient of the objective functional
with respect to (w.r.t.) the control, i.e., in this case the shape. These approaches, fre-
quently referred to as gradient-based methods, require support from a tool able to compute

2Note that a maximization problem is equivalent to a minimization, if the reciprocal of the objective
functional (when defined) or the negative objective functional is considered instead.
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the desired gradient. The computation of the gradient is a crucial point that in the context
of parameter-free approaches can be considered as a two-step process. As a first step, one
needs to compute the derivative of the objective functional, i.e., the sensitivity derivative
(R. R. A. Martins and T. Hwang [2013]), which corresponds to a scalar field over the
design sections of the geometry. On a second step, the sensitivity derivative needs to be
associated to the gradient. This can be done, for instance, when a Hilbert space, i.e., a
vector space equipped with an inner product, setting is considered. The sought gradient
is then identified as the Riesz representative of the sensitivity derivative. This second step
is usually realized by the numerical solution of a partial differential equation (PDE) that
relates the gradient (or more generally speaking, an admissible descent direction) to the
sensitivity derivative (Radtke et al. [2023], Allaire et al. [2021]). Generally, the first step
corresponds to the costly part of the two-step process. Depending on the approach for
obtaining the sensitivity derivative, the computational cost can significantly vary. For ex-
ample, in the finite difference (FD) method, the cost of the derivative computation scales
linearly with the number of design variables. On the other hand, the adjoint method is able
to provide the sought derivative at the cost of approximately one additional simulation,
independently of the number of design variables.

Adjoint Shape Optimization

The concept of the adjoint method in applications of fluid mechanics was first introduced
by Pironneau in his pioneering works Pironneau [1974], Pirronneau [1984] and then popu-
larized in applications of aerodynamics by Jameson (Jameson [1988]) who formulated the
method in the context of control theory. Since then the method has enjoyed great appeal in
many fields of application due to its superior efficiency in computing sensitivity derivatives
in comparison to other methods.

The adjoint is based on the method of Lagrange multipliers to convert a constrained
optimization problem to an unconstrained one. The essence of the method is in identifying
the multipliers so that the sensitivity derivative depends exclusively on the variation of
the design variables. This process is realized by solving a dual to the primal problem, the
so called adjoint problem, after the solution of the primal. In this context, the Lagrange
multipliers correspond to the adjoint variables. The computational effort for the solution
of the adjoint problem is usually comparable to that of the primal, independently of the
number of design variables. Upon the solution of the adjoint problem, the sought derivative
can be directly computed with no additional cost, thus making the total cost for the
computation of the sensitivity derivative equal to approximately two flow solutions.

The adjoint method for CFD-based applications can be basically subdivided into contin-
uous and discrete approaches. The former follows a derive-then-discretize strategy while
the latter a discretize-then-derive. In short, discrete adjoint methods guarantee exact du-
ality to the discretized primal problem in the expense of additional required computational
storage capacity while continuous adjoint offers a unique understanding to the contribution
of the physics in the optimization problem and can follow a similar to the primal algorith-
mic strategy in the expense of compromising the duality. For a comprehensive discussion
on the two approaches see Peter and Dwight [2010] or Giles and Pierce [2000]. Because
this thesis focuses on studying how blood-specific characteristics affect the optimization of
pertinent geometries, the continuous adjoint method is employed in this work.

The derivation of the continuous adjoint problem is exclusively based on two factors, the
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primal problem and the objective functional. In the context of blood flows, the primal prob-
lem, i.e. the Navier-Stokes (NS) equations, needs to take into account the non-Newtonian
properties of blood. Furthermore, interest is given into minimizing hemolysis. Therefore, a
suitable objective functional able to describe the blood-damaging effect needs to be math-
ematically formulated and implemented in an adjoint framework. In the context of adjoint
shape optimization, this thesis is mainly concerned with these two aspects.

Robust Shape Optimization

Typically, strategies for shape optimization assume precise knowledge of the conditions
under which a flow phenomenon occurs. This is, however, rarely the case. It is frequently
observed that the initial assumption of accurate knowledge is actually a coarse approxima-
tion, with the actual value fluctuating around what was initially assumed to be precise. To
this end, a shape that is considered to be optimal for one application is sometimes proven
below par in reality due to the uncertain nature of the conditions under which the appli-
cation occurs. This led to the emergence of the field of robust shape optimization or shape
optimization under uncertainties which aims to identify an optimal solution out of a range
of probable conditions. This field is of particular interest in biomedical applications due
to the, frequently inherent, uncertain nature of a multitude of input parameters (Marsden
[2014]).

The uncertain variables can be aleatoric or epistemic (Der Kiureghian and Ditlevsen
[2009]). Aleatoric uncertainties refer to the inherent stochastic nature of a system and
we can therefore not intervene for their alleviation. For instance, a normal human heart
rate shows complex, unpredictable fluctuations in time, which stochastic models try to
capture (Kuusela et al. [2003], Amaral et al. [1999]). Epistemic uncertainties, on the
other hand, are those that could essentially be reduced by more accurate computational or
experimental procedures. However, resolving these uncertainties can often be impractical
or even impossible. For example, the parameters involved in non-Newtonian blood models
or hemolysis prediction models have been proposed from in vitro, i.e., under experimental
conditions, studies and can hardly be acquired in vivo. This thesis is concerned with both
aleatoric and epistemic uncertainties, with emphasis on the latter.

In order to include the uncertainties in the optimization problem, one has to first quantify
them and mathematically describe them. Generally, the uncertain variables are considered
to follow known statistical distributions and are described based on the mean and standard
deviation, instead of a precise value. To this extent, the Qol, that in traditional shape
optimization refers to a deterministic quantity, is now affected by the randomness of the
uncertain variables and also acts as a statistical quantity, characterized by its statistical
moments. The optimization is then usually formulated as the minimization of functionals
combining these moments. The identification of the statistical moments of the Qol is
referred to as Uncertainty Quantification (UQ).

The most straightforward strategies for UQ refer to Monte Carlo (MC) (Janssen [2013])
or MC-based methods (Chatterjee et al. [2019], Morokoff and Caflisch [1995]), where the
simulation of an excessive number of realizations, i.e., specific outcomes of the random
process, is required. When these simulations refer to costly CFD solutions, the application
of such methods during a complete shape optimization procedure often becomes unfeasible,
since the rate of convergence follows the inverse square root law which states that the
standard error of the MC estimator decreases with the reciprocal of the square root of
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the sample size. Instead, MC is frequently used as a pre-/post-processing tool to evaluate
the accuracy of other UQ methods that sacrifice the accuracy of their predictions for a
reduction of computational cost. Such methods are based on Polynomial Chaos Expansion
(PCE) (Xiu and Karniadakis [2003]) or the Method of Moments (MoM) (Putko et al.
[2001]). While the cost of the former scales with the number of the uncertain variables,
the computational cost of the latter depends on the efficiency of derivative computations.
A comprehensive review of UQ methods in applications of fluid mechanics can be found in
Walters and Huyse [2002].

The MoM is based on a Taylor series expansion of the Qol around the mean values
of the uncertain variables. The expansion is truncated after the first-order term to give
rise to the First-Order Second-Moment (FOSM) method or after the second-order term
for the Second-Order Second-Moment (SOSM) method. The choice between FOSM or
SOSM depends on the relation between the mean of the uncertain variables (input) and
the Qol (output). When the relation is linear, or approximately linear, FOSM is sufficient
to describe the statistical moments while falls short when the relation becomes quadratic,
or higher. Regardless of first or second-order, however, both methods require the estima-
tion of derivatives of the Qol w.r.t. the uncertain variables. Similar to the gradient-based
shape optimization method involving many design variables, the adjoint method can effi-
ciently determine the required derivatives for many uncertain variables (Kranz et al. [2023],
Papadimitriou and Giannakoglou [2013]).

Another method that has recently seen appeal in shape optimization, see e.g., Geiers-
bach et al. [2023], due to its success in machine learning, is the stochastic gradient descent
(SGD) method. The principle of the method is to replace the true gradient by an estimate,
calculated from a randomly selected sample of the stochastic space. Once the stochastic
gradient is estimated, the optimization process can follow similar steps to that of a de-
terministic gradient descent method. In this thesis, focus is given on how existing and
novel SGD algorithms can be applied in the context of uncertain fluid properties during a
parameter-free shape optimization.

1.2 Contributions of the Thesis

Most of the topics addressed above, have been extensively studied in the context of marine,
automotive or aeronautical engineering CFD. However, a literature survey reveals that the
application of these methodologies lags behind in the field of biomedical engineering, thus
creating a research gap. This thesis attempts to fill this gap by advancing the methods and
studying problems that can be of potential biomedical interest in applications of blood flow.
Based on this, the contributions of this thesis can be broadly classified into four categories.
These are:

1. adjoint hemodynamic modeling,
2. primal FSI,

3. shape update strategies and

4. robust shape optimization.

The specific contributions to each category are summarized below.
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A — Adjoint hemodynamic modeling

As outlined before, a principal contribution of this thesis is the extension of the contin-
uous adjoint method to include aspects of interest in hemodynamics. This is done by
specific, elementary contributions, relating to shape optimization for the minimization of
(I) hemolysis and (II) non-Newtonian blood properties, that are summarized as follows:

(I-1) In most applications presented in this thesis, hemolysis is identified as the Qol. To
this extent, a suitable, prominent model able to predict hemolysis induction based
on the flow field solution is identified.

(I-2) The model which is one-way coupled to the NS equations, is implemented within
a finite volume flow solver. Based on the solution of the coupled system, a scalar
quantity quantifying the hemolysis potential of the flow is computed and acts as an
objective functional.

(I-3) Based on the hemolysis model and the devised objective functional, a continuous
adjoint system is derived and implemented in a finite volume solver.

(I-4) Analytical solutions to the adjoint system are presented for a fully-developed pipe
flow. Verification and validation studies are conducted to assess the accuracy of the
derived sensitivity. The method is then applied to a configuration suggested by the
US American Food and Drug Administration (FDA) to investigate hemolysis.

(II-1) In order to account for the non-Newtonian behavior of blood, several viscosity models
are identified and implemented on the primal side of a finite volume solver.

(II-2) While adjoint shape optimization studies considering non-Newtonian blood prop-
erties already exist, see e.g., Abraham et al. [2005a,b], viscosity is considered as
‘frozen’ on the adjoint. To this end, this thesis presents the derivation of an adjoint
framework, in which the consistent differentiation of the viscosity is considered. The
derivation is generalized, so that different viscosity models and objective functionals
can be considered.

(I1-3) A novel sensitivity expression, including non-Newtonian viscosity contributions, is
proposed and its accuracy is assessed against verification cases. The model is then
applied on a 3D geometry of biomedical interest for the minimization of hemolysis.

Aspects relating to the contributions of (I) and (II) are also published in Bletsos et al.
[2021] and Bletsos et al. [2023], respectively.

B — Primal FSI

In addition to the primary contribution of the thesis, which is the shape optimization of
blood-related geometries, an investigation of the flow conditions is also of interest. To this
end, this thesis contributes to the understanding of the hemodynamics in arterial bypass-
graft anastomoses (the specific application is thoroughly discussed in Chapter 6) by means
of F'SI simulations. Related contributions to this topic are summarized as follows:
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1. An efficient coupling between a finite volume fluid solver and a high-order finite
element structure solver is established so that to enable the simulation of partitioned
FSI simulations. The coupling is verified against literature-reported results. The
procedure is implemented in a massively parallel high-performance compute system,
allowing for reasonable wall-clock time of the inherently expensive FSI simulations.

2. The framework is then employed to study the hemodynamics in 3D idealized bypass-
graft anastomoses. In specific, the impact of a) different upstream flow paths, b)
anastomosis sizes, c) rest or exercise conditions and d) the assumption of a rigid wall
on four hemodynamic Qol, is investigated.

3. The CFD-based hemolysis model is formulated in an Arbitrary Lagrangian-Eulerian
(ALE) framework, suitable to describe the coupling between fluid and structure.

4. FSI is used as a pre/post-evaluation tool to assess the biomedical relevance of CFD-
based optimized shapes.

Aspects relating to the above contributions, in particular to point (2), are also published
in Bletsos et al. [2024].

C — Shape update strategies

As already mentioned in this introduction, a crucial aspect of parameter-free shape opti-
mization approaches is the identification, or rather computation, of an appropriate descent
direction. The contributions of the thesis to this topic are summarized as follows:

1. A concise presentation of various methods that identify the adjoint-based sensitivity
derivative to an applicable descent direction and thus shape deformation, is given.

2. The methods are further discussed w.r.t. their application in a finite volume CFD
solver. A 2D illustrative application is studied to investigate the influence of each
method on the convergence history of the algorithm.

3. A strategy to address issues arising from the identification problem formulation on
geometries with design and non-design boundaries is presented.

Aspects relating to the present contributions on shape update strategies can also be found
in the recently published works Miiller et al. [2023] and Radtke et al. [2023].

D — Robust shape optimization

Blood flow simulations and related designs encounter uncertainties stemming from various
origins, either inherent to the nature of the application or related to our lack of exact
modeling. Therefore, when shape optimization is of interest, robustness should be taken
into account. To this end, this dissertation provides the following contributions:

1. Various algorithms, based on both the MoM and the SGD method are devised and
implemented in the context of parameter-free CFD-based shape optimization.

2. A CFD-based 2D example is presented to illustrate the differences in accuracy and
computational cost of the different strategies.
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3. Uncertainty on the hemolysis modeling parameters as well as the non-Newtonian vis-
cosity model parameters is assumed and the respective robust optimization problems
are formulated.

4. A FOSM-based method is employed for the robust shape optimization of an idealized
bypass-graft for the minimization of hemolysis against uncertain modeling parame-
ters.

Aspects relating to the above contributions, in particular to point (4), can also be found
in Bletsos et al. [2025].

1.3 Thesis Outline

This thesis is structured into seven chapters. Following this introduction, Chapter 2 out-
lines the necessary mathematical and numerical background for the simulation of the primal
problem(s). This refers to both CFD and FSI simulations. Special focus is given on the
hemolysis modeling problem as well as the non-Newtonian properties of blood. Numerical
aspects related to hemolysis and non-Newtonian elements on CFD simulations are also
included. Chapter 3 is devoted to the discussion of shape update strategies. Therein, a
sensitivity derivative is considered as known and focus is given exclusively on the identifica-
tion of an appropriate descent direction. An illustrative CFD-based example is included to
enable a comparison of the available approaches w.r.t. computational efforts, mesh-quality
preservation and convergence history. In Chapter 4, the adjoint method is presented.
There, the extension of the classic continuous adjoint NS equations to incorporate blood-
related aspects is presented. The derived expressions are assessed by means of verification
studies. Chapter 5 is devoted to the topic of robust shape optimization. The optimization
problem is formally stated and three methods are investigated for its solution. Therein,
suitable algorithms for each method in the context of parameter-free shape optimization
are presented. The methodologies described in the previous chapters are put to the test in
Chapter 6. The chapter is split into two main sections, namely Section 6.1 and Section 6.2.
In the former, an adjoint-based steady-state CFD shape optimization of an FDA concept
geometry targeting the minimization of its hemolysis potential is realized. In the latter, the
focus is given on an idealized bypass-graft. Transient F'SI simulations are conducted before
its shape optimization and the results are compared w.r.t. equivalent CFD simulations.
The geometry is then optimized based on a steady-state robust shape optimization strat-
egy and the produced shape is subsequently assessed through FSI simulations to address
its physiological relevance. The thesis closes in Chapter 7 with a summary and conclusions
as well as suggestions for future studies.

Parts of select derivations are confined to the appendix to keep the presentation of the
methods concise. Throughout the dissertation, Einstein’s summation convention applies
for repeated lower-case Latin subscripts. Vectors and higher-order tensors are defined with
reference to Cartesian coordinates.






2 Computational Modeling

This chapter introduces the basic mathematical background and numerical tools with
which this thesis targets to model and simulate the primal blood flows, respectively. In all
cases, the flows are considered to be internal, i.e., the fluid is completely confined by inner
surfaces of a solid material except for an inlet and an outlet plane. An initial distinction
made between the employed modeling approaches depends on the assumption of whether
the confining material is considered as rigid or not.

When a rigid assumption is employed, the primal problem reduces, in its simplest form,
to the flow of a viscous fluid governed by conservation of mass and momentum. To in-
troduce the basic infrastructure for the solution of these conservation equations, blood is
initially considered as an incompressible, Newtonian fluid and the flow as laminar. To this
end, Section 2.1 is dedicated to a concise presentation of the mathematical aspects related
to the aforementioned problem as well as key features of the algorithmic strategy leading
to its numerical solution. Section 2.2 expands the initially posed problem to introduce
hemolysis and the numerical modeling strategy followed for its prediction. In Section 2.3
the non-Newtonian rheological behaviour of blood is considered and the conservation of
momentum is further enhanced with suitable viscosity models.

Section 2.4 expands the discussion by considering the surrounding material to be elastic.
To this end, one assumes that the forces produced by the blood flow are sufficient to deform
the structure. Therefore, the conservation laws of mass and momentum of the structure
need to be considered and subsequently coupled with the conservation laws of the fluid.
This constitutes the FSI problem.

2.1 Computational Fluid Dynamics

A crucial aspect of the modeling of a physical phenomenon is our viewpoint towards it. A
fluid in motion can generally be described based on two points of view. On the one hand,
one can observe the fluid by following an individual fluid parcel as it moves through space
and time. This refers to the Lagrangian or material-based description. On the other hand,
the Eulerian description focuses on fixed locations in space through which the fluid flows
as time passes. It should be noted that a third viewpoint in studying the kinematics of a
continuum refers to the ALE description that attempts to combine the advantages of the
other two classical descriptions. This is predominately favored in the context of fluids in
moving domains and will be further discussed in Section 2.4.

In fluid flows, following a parcel of matter is often rather difficult and therefore the
Eulerian description is favoured. To this end, the flow is studied within a spatial region,
i.e., a control volume (CV). However, conservation laws are generally derived by considering
a given quantity of matter or control mass (CM), which is more suitable in the Lagrangian
description. The Reynolds’ Transport Theorem (RTT) provides a way to transfer the
conservation laws from the Lagrangian viewpoint to the Eulerian. A detailed derivation
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2 Computational Modeling

of the equations presented in this section can be found in Bird et al. [2006]. A concise
presentation of key features of this analysis in the context of CFD can also be found in
Ferziger et al. [2020].

2.1.1 Conservation of Mass

Consider a fluid flow in which mass is neither created nor destroyed. This statement can
be mathematically expressed as

d

Vem
where Vi stands for the volume occupied by the CM and p denotes the fluid’s density.
Relation (2.1) implies a Lagrangian viewpoint, since the integration occurs over a volume
occupied by a given quantity of matter. Applying the RTT, an Eulerian description of the
conservation of mass becomes available, viz.

dt

Vem

d )
< p&fz/5§dv+(/;wmﬂS:Q (2.2)
cv O(CV)

where v; and n; denote the fluid velocity vector and the normal to the boundary of the CV
vector, respectively. Equation (2.2) assumes the CV to be fixed. The last term is called
convective term. Since blood is modeled as incompressible, density variations in time and
space are neglected. Therefore, the first term of Eq. (2.2) disappears and by applying
Gauss divergence theorem on the second term, the conservation of mass can be written as

31}1»

3@
(62%

dv =o. (2.3)

Equation (2.3) represents the conservation of mass or continuity equation for an incom-
pressible fluid in an Eulerian frame of reference for a fixed CV. Allowing the control volume
to become infinitesimally small leads to the strong/differential form

8vi
5. = (2.4)

2.1.2 Conservation of Momentum

Newton’s law of motion states that momentum changes through the action of forces and
is therefore conserved over a quantity of matter. This can be stated as

d
T | P dV =F, for i=1,2,(3), (2.5)

Vem

where F; denotes the sum of all forces acting on the fluid parcel in the i*" direction. The
free index ¢ represents that momentum is conserved in each spatial direction. The range of
indices is going to be omitted in what follows and it is assumed that it always corresponds
to the spatial dimensionality of the investigated problem, unless stated otherwise. Similar

12



2.1 Computational Fluid Dynamics

to Section 2.1.1, applying the RTT to convert Eq. (2.5) into a relation suitable for the
Eulerian frame of reference!,

ov; O(viv)
d ——2dV = F,. 2.
/pm V+/% Ok v=r (26)

(A% (A%

If the strong form of the continuity equation (2.4) is taken into account then the conser-
vation of momentum simplifies to

a’UZ' 87)1'
= F;. 2.
/pc?t dV—i—/pvkaxde : (2.7)
cv cv

In the absence of body forces, the fluid forces can be generally described by the momentum
fluxes across a surface due to pressure and stresses, viz.

0
Iy = / (Twi — POki) e S = /8_9% (Thi — poki) AV, (2:8)
o(CV) cv

where 73, is the shear stress tensor and p is the static pressure. For a Newtonian fluid
under the assumption of Stokes hypothesis, the shear stress tensor can be written as

ov;  Oug 2 O0vy,
Tri = M (&Ek + 695,) ~ 3 M%‘, (2.9)

where p refers to the molecular viscosity of a fluid, which is assumed to be constant in
Newtonian fluids. For an incompressible fluid, the second term of Eq. (2.9) vanishes due to
the continuity equation and by substituting to Eq. (2.6), the conservation of momentum
for a Newtonian, incompressible fluid in laminar flows reads

/ (p%? +pue 2l = 9 (9, - pdlﬂ-)) dv =0, (2.10)

ox k ox k
Ccv

where Six = 0.5 (0v;/0xy, + Ovg/0x;) is used to denote the strain rate tensor. Within this
thesis Navier-Stokes equations collectively refer to the momentum and continuity equations
(2.3), (2.10) for an incompressible fluid. The strong/differential form of the momentum
equations thus reads

8vi aUZ' 0

) — —(2uS;1 — pdi;) = 0. 2.11
g TPV~ g (2B — i) =0 (2.11)

2.1.3 Numerical Solution

The physical state of blood flows is given by the solution of the integro-differential equations
system (2.3, 2.10). This system of equations is (in)famous for its lack of analytical solutions
except for special cases or when simplifying assumptions are made. To this end, one

!This equation assumes a fixed CV, an incompressible fluid and Gauss divergence theorem applied on
the convective term.
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2 Computational Modeling

searches for a solution using numerical, iterative methods. The field of CFD has for
many years flourished on its study of appropriate numerical tools for the solution of fluid
dynamics problems. The target of this section is not to present a summary of the vast
range of CFD methods but rather to present key features of the solution algorithm that
enable a more fruitful discussion on implementation aspects of this thesis’ contributions.

Nevertheless, a detailed description of CFD-related numerics can be found in Ferziger et al.
[2020] or Stiick [2012].

Finite volume discretization

A key aspect for the numerical solution of the equations system (2.3, 2.10) is the dis-
cretization method followed. In CFD the most common strategies are the finite element
(FE) method, see e.g., Lohner [2008] and the finite volume (FV) method, see e.g., Jasak
[1996]. This thesis employs exclusively the latter. All applications employ meshes formed
by hexahedral or quadrilateral elements or CVs to spatially discretize the fluid domain €2.
The methods presented below are general and refer to unstructured meshes. All transport
quantities are stored at the control volume centers (cell centers) in a collocated storage
arrangement. A FV method aiming at second-order spatial accuracy is considered.

Key aspects of the FV method are outlined below for the discretization of a scalar
transport equation of an incompressible fluid. The analysis considers a steady-state flow,

viz.
0¢ 0 ¢ B
/ (pvk&vk v {Vaxk} S) dV =0, (2.12)
cv

where ¢ denotes the scalar transported quantity, v refers to the diffusion coefficient and
S represents the source. Note that Eq. (2.12) consists of three distinct terms, namely the
convective (first term), diffusive (second term) and source term (last term). The general
goal of the discretization method is to convert the system of integro-differential equations,
into a more suitable for numerical solution algebraic equation system referring to the
complete fluid domain ) as well as its boundaries 092 = T', viz.

Ay¢;=B; for i,j=1,2,..,N(CVs), (2.13)

where qgj is used to denote the discretized vector of unknowns and A;;, B; denote the
coefficient matrix and the right-hand side (RHS) vector, respectively. N(CVs) refers to the
total number of CVs used to discretize €.

To assist the notation on a discrete level, consider a CV with a center denoted as P and
a neighbour with its center N, cf. Fig. 2.1. The volume occupied by each CV is denoted
as V¥ or VN, respectively. The discretized transport quantities referring to the cell center
are denoted by ¢F or ¢N. Equation (2.12) can be written as

0o 0 1)) /

_ S PV _ = 2.14

/pvk B dV / o [”yaxk] dV SdV =0 ( )
v v v

and the discretization of each term is considered separately for the P-centered CV.

14



2.1 Computational Fluid Dynamics

Figure 2.1: Cells with centers P and N. Distance between them denoted as d;.

Source term

If the source term is constant, e.g., gravitational contribution, then the straightforward
discretization of the source term is

/de — SPYP (2.15)
VP

and the above contribution can be added to the i component of the RHS vector B; (cf.
2.13) corresponding to the CV with center P.

However, consider a source term that linearly scales with ¢, e.g., S = k¢ where k is
constant. By assuming that ¢ varies linearly across the CV,

_ ~ P %P . ..P _ Py P
/SdV—k/quVngb /dv+8xj /(a:] x;)dV = ke V. (2.16)
VP

VP %% VP

The underlined term is identically equal to zero by definition of the centroid P. The contri-
bution k¢ V? can be added on the linear algebraic equation system (2.13) either implicitly,
i.e., on the left-hand side (LHS) or explicitly, i.e., on the RHS. The decision upon implicit
or explicit treatment depends on whether this contribution increases or not the diagonal
dominance (this concept is further discussed on the algebraic equation system section) of
A;;. This decision can be made on the fly during a CFD simulation.

For higher-order source terms, e.g. S = k¢?, one can linearize the term by using the
solution of a previous iteration. Then an implicit or explicit treatment can be decided
upon, depending on the diagonal dominance of the coefficient matrix A;;.

Convective term

The development of proper convection discretization schemes has been of great interest
to the CFD community for many decades (Lien and Leschziner [1994], Harten [1983], van
Leer [1974]). The treatment of the convective term begins by the application of Gauss
divergence theorem, viz.

/pvk%d‘/: / pupngd dS = Z /pvknkqﬁdf, (2.17)
8xk
N(P) AT

1%3 O(VP)
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2 Computational Modeling

where the surface integral is written as the sum of all individual face integrals defining the
CV. The number of terms in this sum depends on the total number of neighbouring cells
to P, i.e., N(P). The area of a face is denoted as AI'. Without loss of generality, one can
consider only one face and write based on the midpoint rule

/pvknkqb dl' = [pupnp ATF @ = " ¢, (2.18)
AT

where " and ¢ represent the mass flow rate and sought variable computed at the face
center, respectively. However, since the values are only known on the cell centers, an
interpolation is needed in order to approximate the face value ¢ and the face value v},
required for the estimation of the mass flow rate. In specific, the latter always follows
from a linear interpolation of the cell-centered values of the adjacent cells. Several choices
exist for the reconstruction of ¢¥, e.g., the upwind scheme, the central differencing scheme,
QUICK, etc. As an example, the second-order accurate central differencing scheme (CDS)
is considered herein.

In a fully orthogonal mesh, the CDS approximates the face value at the face between

cells P and N through a linear interpolation of the, adjacent to the face, cell center values
as

" = (1 —N)p" + A", (2.19)
with the interpolation factor
o — aP)d,
A= %, (2.20)

where d; = x} — ] denotes the distance between the face-adjacent CVs P and N. If
the mesh is locally orthogonal and the two cell centers are equidistant to the face center
connecting them then A = 0.5. However, suppose that the cells P and N are not orthogonal
to each other, i.e., the angle between d; and n; is not zero, as shown in Fig. 2.2 . Then a

Figure 2.2: Non-orthogonal cells with centers P and N. Face center denoted by F. Face
unit normal n;.

correction needs to be considered for Eq. (2.19) which reads

0¢ |

7
8ZL’j

¢~ (1= Mo + AN + (2f — 2T (2.21)
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2.1 Computational Fluid Dynamics

where the auxiliary point F’ is located at

o =af + \d;. (2.22)

J

The correction added in Eq. (2.21) is treated explicitly. The gradient at point F’ is com-
puted based on the linear interpolation

99
8xj

/ a¢

99 |N

A——
+ 0z

: (2.23)

where the gradients at the cell centers are computed either based on a Gauss approach
or a (weighted) Least-Squares approach. The former follows from the application of the
Gauss divergence theorem on the gradient field? and reads

8% 99 gy - / ¢n; dS = Z / ¢n; dr. (2.24)

VP

By using the midpoint rule for both the LHS and RHS of Eq. (2.24) one gets, for the
discrete cell P,
99 P

o, ~TF Z ¢n; AT]" (2.25)

N(P)

However, Eq. (2.25) requires face values that are computed based on Eq. (2.21) that in
return requires gradient information. In general, this is not a problem due to the explicit
treatment of the non-orthogonality correction but for the first iteration. To counteract
this problem, the Least-Squares approach can be used to approximate the gradient at
the cell centers, either to complement the first iteration when Gauss approach is used or
throughout the simulation. The computation of the gradient based on the Least-Squares
approach is not based on face values and is instead based on a first-order Taylor series
expansion that reads

N ~ ¢ +d]§¢ —di— 09 |7

J ax]

~ N — . (2.26)

Equation (2.26) is not only true for the neighbouring cell N but also for any neighbouring
cell to P. In this sense, one can construct a linear system in the form of Eq. (2.13) where
the coefficient matrix A;; corresponds to the distance vector d; for each neighbouring cell

P
1, the unknown variable vector is %‘ and the RHS is the cell center value difference
J

between each neighbouring cell, i.e., [¢N — ¢*];. However, A;; is not necessarily square
since the number of adjacent cells might exceed the spatial dimension and thus the linear
system is overdetermined. The solution of the system is thus approximated and each i
entry is inflicted by a numerical error. The concept of the Least-Squares approach is to
minimize the sum of the errors squared. The solution of this minimization problem results

2The proof of this can be found on Appendix A.1
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in
dg P 1 N P . T
Ir ~ G, Aple™ — ¢ ] with Gy = (Aij)" A = AjiAir
j
and j,k=x,y,2z and i=1,...,N(P). (2.27)

However even this approach can become problematic for sub-optimal configuration of con-
trol volumes. To counteract this issue the initial problem constructed by Eq. (2.26) is
weighted on both sides by the reciprocal of the magnitude of the distance of each adjacent
cell. The initial problem reads

d; 0¢
V@ 0

and the same procedure as described above is followed. Note that in this case the resulting
G matrix is modified accordingly. This approach is favored when the numerical mesh
includes highly skewed cells.

PN 1 N P
7 (" —o") (2.28)

Diffusive term

The diffusive term is discretized by applying Gauss divergence theorem as

0 (0] 0o / d¢
— |y | dV = —nidS = —n dl. 2.29
VP O(VP) N(P) AT
By consideration of one face of P and based on the midpoint rule
/ %n dl’ =~ %n AT ' (2.30)
Y D1 gdl =~ |7y D k . .
AT

The diffusivity coefficient at the face center can be linearly interpolated as in Eq. (2.19)
from the adjacent to the face cell center values. For the remaining terms, the decomposi-
tion (2.31) is initially considered,

s

where R is the length of the vector &, which points in the direction of dj. This decompo-
sition is visualized for the face connecting P and N cells in Fig. 2.3.
Using the decomposed normal vector, one can write

F
apiF [9¢ 17 [0s o og BL)
anl = {a—xk k} = [@(fﬁrﬁk) = a—mfk-Fa—%??k , (2.32)
1mplici explicy

where the first and second term is handled implicitly and explicitly, respectively. The
explicit face-based gradient can be computed from Eq. (2.23) based on the values of the
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~ ~
P P
~ ~ \ dy
e, .N dr \\,H,,,,,\,N
g\\\\x dN
k k

Figure 2.3: Left: Decomposition of normal vector n; on face connecting CVs P and N.
Right: Decomposition of distance vector of the two cell centers.

previous iteration while the implicit contribution can be approximated as

do ¥ 09 |F I 0o F, b» N 1
oo &= 3xk‘ AR = 5| (O + R (2.33)
when a decomposition of vector dj, is considered as in Fig. 2.3. Then,
N F, N F 99 ¥ x
¢" = (g +di) = d(xy,) + e dy; (2.34)
P F_ P F 99 |F
& = olaf —df) ~ olaf) — | (2:35)
and by subtracting Eq. (2.35) from (2.34),
99 ¥ N | Py N p Ea. (233) 09 (¥ y P 1

By substitution of Eq. (2.36) in Eq. (2.32) and by expansion of 7, based on Eq. (2.31) one
gets

0 |F 1 0
oul = [0 -]
1 3¢ F d
= [(¢N - (bP)R\/d_g * o0, (nk - R\/—’;_?) } (2.37)
im;ﬁcit 0 exgﬁcit ’

The choice of R depends on the orientation of the normal vectors throughout the mesh.
Usual choices are R = 1 and R = \/d_f /(dgny), which refer to an orthogonal and an
over-relaxation method, respectively. The former is predominately used, while the latter
is favoured for the pressure correction equation. Note that Eq. (2.36) is only first-order
accurate if d) is not equal to d,. Therefore, in general, this discretization approach is also
first-order accurate in space.
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2 Computational Modeling

Temporal discretization

Even though steady-state simulations are primarily considered in this work, the discus-
sion on temporal discretization is deemed useful for the following two reasons. Firstly, it
is common practice to use pseudo-unsteady simulations to converge the primal problem
to a steady-state solution. This is because a time discretization increases the diagonal
dominance of the assembled system. Secondly, FSI simulations, which are unsteady by
construction, are considered in this thesis. To this extent, time-stepping is necessary.

Temporal discretization is relevant for applications in which the time derivative term
does not vanish. This term is discretized by a first-order (in time) backward Euler method
which reads

ot At

vP

Pt Pt—
9 4v ~ %\Pvp _ (% + O(At)) VP, (2.38)

where the superscripts ¢ and ¢ — 1 denote that the quantities are computed on the current
and previous time step, respectively. In this sense, all the remaining terms of the general
transport equation are assumed to be computed in ¢ and thus, the main diagonal of the
assembled system is reinforced by the term V¥ /At and an additional RHS contribution in
the form of ¢**=1V¥ / At enters the system. In all unsteady or pseudo-unsteady applications
considered in this work the time step is constant throughout the simulation. However, it
must be noted that a general approach on selecting the time step refers to an adaptive
strategy based on the Courant number distribution.

An additional scheme for temporal discretization is the second-order accurate in time
implicit three time level (ITTL) method which reads

a¢ _ 8¢ P p__ 3¢P,t o 4¢P,t71 + ¢P,t72
o VY _< 2At

VP

+ O(At2)> VP, (2.39)

This discretization approach is not considered in this work, and temporal accuracy is
sustained by a sufficiently small time step choice.

Boundary conditions

In what concerns the applications studied in this work, the flow boundary I' consists
of three parts, namely the inlet (Ty,), outlet (I'oy) and wall (T'y,). Tt also holds that
=T UG UL

Transport equations provide the physical state of the system within a domain of interest.
This state, however, does not only depend on the inherent characteristics of the equations
describing its physics, but most importantly, on the conditions applied to the boundaries of
the investigated domain. In a sense, the physics of the numerical experiments are primarily
dependant on the boundary conditions (BCs) which one prescribes. This being said, blood
flow applications often refer to complex systems, in which a multitude of biological factors
might affect the conditions which we wish to emulate. For example, the blood flow rate
through a blood vessel might significantly differ when a person is exercising or resting
(Wilson et al. [2005]). To this end, simulation efforts oftentimes try to approximate the
physical complexity of the system by applying suitable BCs for the given problem. This
is further discussed in Chapter 6.
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The number of equations appearing in Eq. (2.13) are equal to the number of CVs used
to discretize the domain. Therefore, BCs should not increase the number of unknowns and
instead refer to the transport quantity values on faces coinciding with the boundary of the
domain, i.e., B. However, as shown above the discretization of the control volumes com-
prising the domain requires the computation of boundary fluxes in certain instances. This
necessitates the appropriate handling of BCs in terms of the numerical process. Typically,
BCs are of Dirichlet or Neumann type or a combination of the two, i.e. Robin conditions.
Dirichlet conditions prescribe a fixed boundary value, i.e., ¢® = const. while Neumann a

B
fixed normal-pointing gradient, i.e. g—fﬁ) = const.

If one assumes that at least one of the faces of the P cell-centered CV is a boundary
face, the boundary contributions to its discretized equation can generally be summarized
as

. B P . B B (0" — ")
Z [max(m”, 0)¢"” — max(—m”,0)¢"] + | (Al'y)P—==], (2.40)
BVT) [d3]°

where B(VT) is used to denote the number of boundary faces of P, and [d;]P refers to
the distance from the cell center P to the boundary face center B. The treatment of each
contribution is considered for each boundary respectively.

Inlet: On the inlet and based on the convention that the normal to a face points always
outwards of a domain, " < 0 which means that the convective contribution reduces to

— max(—1m"®, 0)¢". (2.41)

A Dirichlet conditions is usually applied on the inlet and therefore the convective term
contributes to the RHS of the discretized P CV while the diffusive term inheres both LHS
and RHS contributions.

Outlet: On the outlet, the mass flux is " > 0 and therefore the convective term only
inheres LHS contributions. When a zero Neumann condition is applied, then one can
approximate ¢® = ¢ which results in a vanishing diffusive contribution.

Wall: The convective flux disappears on a wall boundary due to mm® = 0. The treatment
of the diffusive term depends on the BC imposed for ¢ on the wall. Note that the treatment
of no-slip walls becomes significantly more involved for turbulent flows.

Finally note that in terms of the NS equation system, setting for one boundary plane
Dirichlet conditions for both velocity and pressure is not possible.

Algebraic equation system

Once the proper discretization of each term has been realized, a form of Eq. (2.13) is
reached, where the free index ¢ implies that this form corresponds to an equation system
of size equal to the total number of CVs used for the spatial discretization. The equation
system is always sparse and its structure differs between structured or unstructured grids.
In a discrete sense, without loss of generality, the corresponding equation for the P CV
can be written as

APGP + >~ ANGN = B, (2.42)

N(P)
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The system of equations created by consideration of each cell is solved by an iterative
method due to the (frequent) non-linearity of the non-discretized equations and also its
sparsity. To this extent, certain properties need to be satisfied in order to guarantee,
boundedness of the solution and convergence of the method. Boundedness of the solution
implies that the computed value must lie between neighbouring values and is required to
avoid oscillating unphysical solutions. This is guaranteed by demanding that for each cell
AP > 0 and AN < 0 as well®>. To guarantee convergence of a linear system, the diagonal
dominance of the matrix, i.e., |AY| > > |AN|, is required for each row of the assembled
N(P

system. At least for one row, it should h(ol)d that the diagonal element is exclusively greater
than the sum of the non-diagonal. As discussed for the discretization of each term, several
methods exist, especially for the convective term, to increase the diagonal dominance of
the system, usually in expense to the accuracy of the scheme. An additional strategy that
helps the diagonal dominance of Eq. (2.13) is the under-relaxation of the system. In the
context of an iterative process, consider ¢'", ¢ and ¢¥*" which refer to the new (as
computed from the assembled system (2.42)), old and under-relaxed solution and set

1—w?
7¢P’07 (2.43)

1
(bP,ur — w¢¢P’” 4 (1 o w¢>>¢P,o N ¢P,n — _¢¢P,ur o
w
where 0 < w? < 1 is a limiting factor. If ¢ from (2.43) is inserted to (2.42) one gets an
implicit under-relaxed discretized system

1

AP P N (N P — w? P P
0 ey ANgN =B + - ATg"e. (2.44)

N(P)

The larger the value of w® the faster the convergence but also the less stable the system.
The solution of algebraic systems in this thesis is mostly realized with the preconditioned
(bi-)conjugate gradient method (PCG/PBiCG).

Momentum discretization

Recall the conservation of the momentum equation(s) for an incompressible fluid in a
steady-state flow

ov; 0
211S; Ori) | AV = 0. 2.45
/(pvkﬁxk ak(u kE— pk)) ( )
CV
If Eq. (2.45) is further expanded, viz.
ov; ov;  Ovy dp

dV — dV dV =0 2.46
/pvk(?a:k / Oxy, ( <8xk (91:1)) N Ox; ’ (2.46)

(6AY J

Convectlve term dlffus;; term presstﬁ“re term

it becomes evident that the discretization methods discussed above are suitable for appli-
cation in Eq. (2.46). However, certain details regarding the momentum equation(s) need

3This applies for the convention that the algebraic equation is written as in Eq. (2.42). If a minus is
considered on the LHS of the equation, then it is required that AT, AN > 0.
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to be addressed.

The convective term is non-linear in the velocity. A Picard linearization can be used so
that the mass fluxes 7 appearing in Eq. (2.18) are explicitly evaluated, based on Eq. (2.21),
using the cell-centered values of the previous iteration. The rest can follow same strategies
as the ones employed for the discretization of the convective term of the general scalar
transport equation.

The diffusive term can be written as

0 ov;  Ouy, 0 ov; 0 vy,
— _ — . 2.4
(6AY CcVv

(€2%

The first term on the RHS of Eq. (2.47) can be discretized as described for the diffusive
term of the scalar transport equation. The second term disappears for an incompressible,
Newtonian fluid (on the converged solution), due to the continuity equation. However,
instead of neglecting it, it can be treated explicitly. The Gauss divergence theorem is
applied and the face-centered gradient is calculated based on an interpolation (2.23) using
the cell-centered gradient values of the previous iteration.

The pressure term is treated conservatively as a face flux, viz.

/gp dv = / pnds =" /pni dr, (2.48)
PG N(P) Ry

O(VP)

The integral is approximated based on the midpoint rule and the face value of pressure
is linearly interpolated between the neighbouring cell based on Eq. (2.21). While the
discretization of the pressure term is rather obvious, its computation is not.

Pressure correction scheme

The discretized version of Eq(s). (2.45) leads to a determination of the velocity components.
However, pressure is still unknown and its computation unclear. The remaining continuity
equation (2.3) does not contain the pressure. Therefore, a method to determine the pressure
is required. The solution to this problem is devised by a pressure correction scheme in the
SIMPLE algorithm first proposed in Caretto et al. [1973], Patankar and Spalding [1972].
In all applications presented in this thesis, pressure correction is based on the SIMPLE
algorithm, which is briefly outlined below.

In the context of an iterative process, consider quantities with the superscript (.)®" and
()P to refer to computed values at the current and previous iteration at the cell center
P, respectively. A Picard-linearized semi-discrete form of the momentum equations reads

P,o
AP'U;‘P’” + Z ANv:N’" =_yP (gf) + BY, (2.49)
N(P) ¢

where v} is a velocity prediction. It is assumed that Bf is independent of pressure and ve-
locity, e.g., if it relates to gravitational contributions, and therefore a superscript denoting
the iteration can be omitted. Equation (2.49) refers only to a (semi-) discretized form of
the momentum equations and at this point the continuity equation is yet to be accounted
for. This means that the resulting v} field is not necessarily solenoidal.
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Consider vf "™ and pP" to be the discrete values of velocity and pressure at P, so that
continuity is satisfied. In this case, one can think of corrections v;P’” and p™", which if
added to the computed values, one gets

UiP,n _ *P n + U P,n and pP,n —_ pP,o _i_p/P,n. (250)

Based on this, if Eq. (2.49) is subtracted from a semi-discrete form of the momentum
equation for the corrected values, i.e.

P.n
APp?T 4y AN = P (8p) + B/ (2.51)

&’Ei
N(P)

an equation for the correction appears

9p
P /Pn N /Nn P
APyPm = E ANgNm Y (&v,) . (2.52)

An assumption made by SIMPLE is that the first term of the RHS of Eq. (2.52) is negligible
in comparison to the gradient of the pressure correction and so

P / P,n
v = —% (%) . (2.53)

Considering the continuity equation for the solenoidal field UZ-P "™ and expanding based on
Eq. (2.50) as

ol ov P ot
L dV = L dV L dV =0.
8:172- / aflﬁ'l * / axz

VP

Gauss *Fn
e S n;dl’ = n; dI’
divergence Z / XP:) /

AT
Eq (2.53) D
— 2 / a (ax
N(P) AT

) n;dl = Z / <, dr. (2.54)

' N(P) Ar
Equation (2.54) can be used to assemble an algebraic equation for the pressure correction.
The discretization of the pressure term can follow a similar strategy to that of the diffusive
term of the scalar transport equation while the RHS term can be used as a source term
based on the already computed from the momentum equations face-based volume fluxes.
Note that the notation V¥ and A" implies that the values V¥ and A" need to be formulated
for the faces. The latter can be interpolated based on (2.19) and the volume as

V¥~ djn;AT. (2.55)

The SIMPLE algorithm can be summarized by the following steps:

1. Obtain a velocity prediction v based on Eq. (2.49).
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2.1 Computational Fluid Dynamics

2. Update the volume (and mass) fluxes based on v; "™ and compute a pressure correc-
tion, p’¥" based on Eq. (2.54).

3. Update the pressure based on

por =t WPt (2.56)
where 0 < w? < 1is arelaxation factor. As a golden rule, w”+w" = 1 has been shown
to oftentimes be a good combination for convergence (Raithby and Schneider [1979]).
Note that, in contrast to the assembled algebraic equation system for the momentum,
in the case of the pressure equation, no under-relaxation is performed implicitly as
described in (Eq 2.44) since this would introduce artificial compressibility to the
system because the assembled equation for the pressure correction does not depend
on the computed pressure correction of a previous iteration.

4. Update the velocity and fluxes based on Eq. (2.53) and (2.50). The fluxes can then
be used on the next step 1 of the algorithm for the Picard-linearized discretized
momentum equations for the convective term.

5. Solve any additional transport equation that depends on velocity or pressure.
6. Repeat until sufficient convergence is obtained.

Steps (1)-(5) are commonly denoted as an outer iteration. The iterations performed for
the solution of the algebraic equation system refer to the inner iterations. Convergence of
the outer iterations is tracked by means of residuals and the convergence criterion to be
satisfied is

max(r?, rP) < ', (2.57)

where 7} and r? refer to a normalized norm, usually the L1-norm, of the individual residuals
of each CV for the momentum and pressure algebraic equations, respectively. The tolerance
el is determined by the user and for the applications studied in this thesis is usually set
to the order of O(1078).

For the CFD simulations performed in this thesis, all algebraic equation systems are pre-
conditioned using the Jacobi preconditioner. The pressure correction equation is mainly
solved using the PCG method, due to the symmetry of the coefficient matrix, while the
PBiCG is used for the discretized momentum equations. The complete process is par-
allelizable by means of a domain decomposition approach (Yakubov et al. [2015, 2013])
where the MPI protocol is employed for data communications. All the above mentioned
methodologies are encapsulated into the CFD solver FreSCot (Rung et al. [2009]) which
is used for the numerical solution of primal (and adjoint) flows in this thesis.
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2.2 Hemolysis Modeling

The development of blood damage models dates back to the 60s (Blackshear et al. [1965],
Rand and Burton [1963]). However, a numerical model that can sufficiently predict hemol-
ysis in a variety of flows is yet to be established (Yu et al. [2017], Goubergrits et al. [2018]).
This is due to several factors that hinder efforts towards a consensus on a general hemolysis
model.

Some limitations are due to inherent experimental difficulties in studying blood in vitro
conditions. On the one hand, there are several ethical limitations that restrict experiments
on human blood. This results in investigations using animal blood, see e.g., Zhang et al.
[2011], Heuser and Opitz [1980]. While in many cases, this approach is sufficient for the
purposes of the studies, the difference in the blood rheology between different animals may
change the observed phenomena. On the other hand, even for human blood, challenges
on experimental setups might occur. Drawing of blood, contact with foreign surfaces,
handling of blood during test preparation, can be some of these challenges since they
might induce blood damage irrespective of the flow conditions which are meant to be
studied (Goubergrits and Affeld [2004]).

The computational challenges in modeling of blood damage usually refer to the extensive
computational resources required for an accurate resolution of the phenomena. When the
RBCs are explicitly considered within the simulation, the computational cost significantly
increases since all possible interactions need to be resolved. This can be done by using
particle dynamics, see e.g. Yamaguchi et al. [2010], for a comprehensive review on the
topic. However, such approaches are only computationally feasible on the micro-scale and
can hardly describe meso- or macro-scale configurations. To this end, most frequently
employed hemolysis models are typically restricted to a one-way coupling approach with a
usual CFD solver, dedicated to the description of the blood flow. In such approaches, the
hemolysis model receives information from the numerical solution of the NS equations with
no retro-action on the employed fluid properties. These models are usually categorized as
Lagrangian or Fulerian and strain- or stress-based.

Similarly to the introductory discussion of Section 2.1, a distinction between Lagrangian
or Eulerian model refers to our viewpoint towards the phenomenon. In a Lagrangian model,
hemolysis is studied along a pathline, or identically for a steady-state simulation along a
streamline. In this case a finite number of pathlines are employed, the starting points of
which are usually selected at the inlet of the domain. Due to the one-way coupling assumed
for most frequently employed models, this approach can be applied as a post-processing
step. Even though this is an appealing feature for most computational studies, these
methods can result in highly arbitrary predictions depending on the user-defined choice
of pathline starting points. Furthermore, recirculation areas, boundary layers and similar
flow structures, often appearing in blood flows, are associated with high blood damage
potential and may remain invisible if a pathline does not pass through them. On the other
hand, Eulerian models describe the phenomenon through the use of transport equations
within the same reference frame as the one employed for the CFD simulation. This is
advantageous since the same methodologies described in Section 2.1 can be employed for
hemolysis and the transport equation can be solved in parallel with the iterative solution of
continuity and momentum equations. Due to this as well as its suitability in the formulation
of a continuous adjoint model, as illustrated in Chapter 4, this thesis considers exclusively
Eulerian hemolysis models. For a comparison between Eulerian and Lagrangian models
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see Taskin et al. [2012].

The distinction between stress- or strain-based hemolysis models is used to denote strate-
gies in which the shear stress is modeled as the direct cause of hemolysis, i.e., a stress-based
model or strategies in which hemolysis is modeled based on parameters involving, e.g., the
deformation of the RBC. However, many of the strain-based models are in their essence
equivalent to the stress-based ones. The difference lies in the description of an equivalent
shear stress, which can then be used on a scalar transport equation. Generally, a power-law
formulation relating hemolysis with a scalar representantive quantity of the shear stress,
encompasses many of the available CFD-based hemolysis models. It is worth noting here
that the damage of other blood components, e.g., platelet lysis, frequently follows similar
power-law descriptions with different parameters. While there is no consensus on this,
it highlights the benefits of a general optimization formulation based on the power-law
formulation.

The target of this thesis is not to advocate a specific model over another but rather
to build a generalized dual problem that can describe a variety of frequently employed
hemolysis prediction models. To this extent, all hemolysis related results presented in this
work should be qualitatively evaluated rather than quantitatively.

2.2.1 Power-law Model

The hemolysis prediction model considered in this thesis originates from the power-law
equation, first introduced by Giersiepen et al. [1990], and reads

H(7,t) = C7t°. (2.58)

The hemolysis index H denotes a scalar measure for the released hemoglobin to the total
hemoglobin within a RBC. It refers to a stress-based model since hemolysis is directly
related to a scalar stress representative, 7 and an exposure time ¢, which represents the
duration for which the RBC is exposed to the stress. It becomes evident that the foundation
of this model assumes a homogeneous stress representation. This is a strong assumption
for most practical applications and hardly holds for complex cases. However, it has been
shown that when relatively comparing different geometries, this model provides sufficiently
reliable results (Taskin et al. [2012]).

The set of constants (C, «, 8) appearing in Eq. (2.58) are introduced to fit experimental
data. Several sets of these constants have been proposed by different researchers and
in some cases differences of up to 1 order of magnitude can be found. Nevertheless, the
relationship between hemolysis and stress as well as exposure time is non-linear with o > 1
and f < 1. The latter implies that when an RBC is exposed to a constant shear stress
7, its hemolysis potential is decreased with time. This is biologically justifiable since an
RBC leaking hemoglobin reduces in volume, which results in a decrease of the tension in
which its membrane is exposed to, and due to the hardening of the membrane of an RBC
when submitted to stress (Yu et al. [2017]). The parameter sets predominantly employed
in this thesis are collected in Table 2.1.

The driving force of the phenomenon is assumed to be 7. In fluid flows, shear stress of
a Newtonian fluid is represented by the tensor 7;; = 2uS;; and therefore a suitable metric
is required to relate 7;; to the scalar 7. A popular group of descriptions for the scalar
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Table 2.1: Power-law hemolysis model parameters. The notation corresponds to the initials
of the investigators that performed the experiments (Giersiepen et al. [1990]
(GW), Heuser and Opitz [1980] (HO), Zhang et al. [2011] (ZT)). The final two
columns correspond to the type of blood that was used and to the maximum
stress that was applied during the experiments.

Notation Values (C, a, B) Type of Blood Max. Stress (Pa)
GW  (3.6-1077, 2.416, 0.785) Human 255
HO (1.8-1078, 1.991, 0.765) Porcine 600
ZT  (1.2-1077, 1.992, 0.661) Ovine 320

representative is based on the second invariant of the stress tensor, viz.

1
It is noted here, that tr(7;;) ~ 0v;/0x; and therefore on a converged state of an incompress-
ible fluid, the first term on the RHS of Eq. (2.59) identically vanishes due to the continuity
equation. The scalar representative of shear stress is then frequently computed as

7= ~/—kI,, (2.60)

where k refers to a positive integer parameter. The choice of this parameter is based on the
flow scenario. In the case of a one-dimensional shear flow k = 1 is the most appropriate
choice while for k = 3 one gets the popular von Mises stress.

2.2.2 Eulerian Formulation

Equation (2.58) is simple in nature but not suitable for numerical implementation in a
CFD framework. This is due to the non-linear dependency of the hemolysis index with
time and due to the Lagrangian type of the equation, since it involves observations based
on a CM rather than a CV. A solution to these issues was given by Garon and Farinas
[2004]. A linearization of Eq. (2.58) w.r.t. time reads

=
™[R

Hp = H? = C575¢, (2.61)

If one assumes that Eq. (2.61) holds for any experimental exposure time interval and that
it describes the blood damage for any volume of CM, then one can formulate the problem
in a weaker form as

/ (HL - C%f%t) AV =0— % / (HL - C*f*t> dv = (2.62)

VCM VCM
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and by application of the RTT for a fixed CV based on an Eulerian viewpoint

d o B OH, 1 o OH, O(CF75t)
= (HL—CBT t) dV—/ [( - C’ﬂTﬁ) o ( 5 o
CV

Vem

dV =

(2.63)
The employed model assumes a homogeneous stress application, since the relevant exper-
iments have been performed using a Couette viscosimeter. As already discussed this is
a strong assumption to be made, however necessary if the experimentally derived set of
hemolysis constant parameters are to be employed on the computational model. Therefore

Eq. (2.63) simplifies to

8HL 1 _«a 8HL .
/{( T —CBT5>-|—U¢8—%:| dV =0 or

cv
aHL GHL 1 _a
] = 5T8 2.64
/{atjw},axi]dv /C’TdV (2.64)
cv cv
and for a steady-state case
H o
/w% dv = /Céfﬂ dv. (2.65)
X
cv cv

Equation (2.65) is now described in a suitable form for its numerical solution using the FV
method described in Section 2.1.

Threshold consideration

Experimental studies indicate that hemolysis occurs above a certain level of applied stress.
To account for this, several studies introduce in the hemolysis model a threshold for 7.
However, in addition to the level of ambiguity in computing 7, a widely accepted threshold
does not exist. Leverett et al. [1972] suggest a threshold of 150 Pa while others consider
even time-dependent thresholds, see e.g., Sharp and Mohammad [1998], to account for the
time-dependent response of RBCs to stress. Regardless of an accurate estimation of the
threshold value, an introduction of this concept to Eq. (2.65) is frequently realized as

H 1 @ f T T,
/ma—,L dv = /50%& dV  with &= {0’ LT (2.66)

1, if 7 2 Tt
(€2% (A%

where 7; denotes the threshold value for shear stress. The threshold introduced in Eq. (2.66)
is prone to create strong discontinuities on the source term of adjacent cells. To avoid this,

a threshold .
. z if 7 < T
5= (7)  itr<n , (2.67)
1, iH7r>7

where n is a positive integer, can also be considered. This threshold allows for a smoother
transition between adjacent cells, considering that the distribution of 7 is also smooth by
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construction.

Source term modification

The scalar hemolysis index H is bounded, by virtue of its definition, as 0 < H < 1 and
therefore so is its linearized version, i.e., 0 < H; < 1. However, the RHS of Eq. (2.65) is
not bounded and can therefore result in unphysical values of H;, larger than 1. A solution
to that is given by multiplying the source term by (1 — H}), as suggested by Lacasse et al.
[2007],

/vi% AV = /0572(1 — Hp)dv. (2.68)

(9.701-
Ccv (2%

This modification of the RHS also holds physical meaning as it ensures that the hemolysis
induction reduces with time, for an unsteady simulation. This is true due to the response
of RBCs to stress as discussed above.

2.2.3 Numerical Aspects

Equation (2.65) refers to the transport of the scalar hemolysis index H; through a fixed
domain. With reference to Eq. (2.12), the hemolysis equation involves only a convective

and a source term. This means that if ¢ = Hp, S = C57% and the diffusive term is
dropped, then the discretization strategies presented in Section 2.1.3 can be followed.

The one-way coupling of the hemolysis model with the NS equations allow also for an
algorithmic decoupling. The solution of the flow field can precede the hemolysis equation.
Once the converged solution is obtained, the velocity field can be used as input for the
solution of the hemolysis equation. This feature of the algorithm is significantly advanta-
geous in studies targeting exclusively on the hemolysis model. For example, consider a case
in which interest is given on the response of the model for different hemolysis modeling
parameters. The costly NS solution can then be computed only once and act as the basis
for multiple (fast) numerical evaluations of the hemolysis equation. The benefits of this
strategy will be further highlighted in Chapter 5.

Boundary conditions

In all applications it is assumed that blood entering the fluid domain €2 is undamaged
and therefore the Dirichlet condition Hy = 0 is set on (I'y,). In the remaining boundary
patches, a zero Neumann boundary condition is set, i.e., 0H/0n = 0 is set.

2.2.4 Objective Functional

In order to evaluate the extent to which the flow has damaged the blood, a scalar quantity
is sought. A usual strategy is to collect the hemolysis field variables, i.e., H = H f, on the
outlet of the domain as a mass flow average, viz.

f ngvmi ds

r
HI = == . 2.69
| pvin;dS (2.69)

Fout

30



2.2 Hemolysis Modeling

Note that the denominator of Eq. (2.69) is constant in steady flows of incompressible flows.
The numerator can therefore be used as an appropriate metric for the development of an
optimization method targeting its minimization.

The numerical computation of HI is based on the midpoint rule, viz.

F
i HLprinidS >, fopvmidF > [me]

Tout F(FOUE) AT F(Fout)
HI — - ~ , 2.70
[ pvin;dS > [ pvin;dl S [ml" (2.70)
Tout F(Fout)AF F(Fout)

where F(I',y) denotes the number of computational faces used to discretize the outlet
boundary patch. This metric is computed once after the convergence of the NS and
hemolysis equations.

2.2.5 Verification Studies

Regardless of the accuracy of a hemolysis model in predicting the damage induced during a
blood flow, a crucial aspect is the verification of the numerical implementation. As outlined
by AIAA [1998] in the guide for the verification and validation of CFD simulations, the
former refers to the process of determining that the implementation accurately represents
the developer’s conceptual description of the model while the latter targets to determine
the degree to which a model is accurately representing reality. To this extent and with the
growing interest of the biomedical community in hemolysis modeling, the FDA proposes
several benchmark cases with which such verification studies can be conducted (Hariharan
et al. [2015]).

Verification studies optimally compare the numerical solution with analytical solutions.
To this end, the benchmark problems considered in Hariharan et al. [2015], are accompanied
with analytical solutions, the derivation of which is briefly outlined below (however, some
derivations presented herein are novel to the best of my knowledge). Since the hemolysis
model also involves the velocity field, the benchmark problems considered, correspond to
cases where the NS equations can be analytically solved. These refer to a fully developed
Hagen-Poiseuille pipe flow and a Couette flow.

Hagen-Poiseuille pipe flow

This benchmark problem refers to a fully developed three-dimensional (3D) pipe flow,
which is sketched in Fig. 2.4. In this case and by considering that the coordinate origin
coincides with the center of the inlet cross-section, the velocity vector reduces to v; =

(0,0,v,(r)) with
U2(1) = Vinax (1 - (%)2) (2.71)

and the only component of the shear stress tensor that doesn’t vanish is

. ov,(r T
T (T) = 87(‘ ) = _Q,MVmaxﬁ- (272)

In the context of hemolysis modeling, a scalar representative of the shear stress tensor is
required, which usually follows from Eq. (2.60). To be consistent with the flow conditions,
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the metric needs to reduce to the expression given by Eq. (2.72). By considering the
continuity equation and expanding Eq. (2.60), one gets

1
T=+/—kl,= k;gtr(Tin) = \/QkMQtr(SikSkj)

- \/2ku2% (avg—y)) = \/Euavaz—p (2.73)

and thus, k& = 1 is chosen to ensure consistency with the Hagen-Poiseuille results (2.72).
Based on the velocity profile, the strong form of the Eulerian formulation of the power-law

L'y
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Figure 2.4: Sketch of the fully-developed 3D laminar pipe flow.

hemolysis model reduces to

OH
0z

=
™[R

=(C?37T — H;

v, (1) z+Cy in . (2.74)

By considering that H;, = H 5 and assuming that blood enters the computational domain
undamaged, the analytical solution for the hemolysis field reads

o

H
V2 (r)

2 inQ, (2.75)

and with that, the objective function (2.69) results in

N I'(2-p) (—D)F
HI_A;F(k+1)F(2—B—k) (a+2+2k)’

(2.76)

with A = 4CLAVe" )(Z,u/ R)* and I' denoting the gamma function. The derivation of
expression (2.76) can be found in Appendix A.2. The infinite series is numerically approx-
imated and converges for £ > 100 based on the constant parameters considered in this
benchmark case.

The geometric parameters are set to L = 0.5 m and R = 2 mm. The fluid properties
are set to 4 = 3.5 mPa - s and p = 1056 kg/m? to emulate blood. The maximum velocity
is set to Viax = 1.24 m/s so that a Reynolds number Re= 2 pVj,. R/ = 1500 is attained
and laminar conditions are guaranteed.

Two three-dimensional computational meshes are employed for this verification study,
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as shown in Fig. 2.5. The coarser one employs approximately 650k CVs while the denser
one 900k. The two grids are essentially distinguished based on their refinement near the
pipe wall. In terms of the specific numerics, the convective term of the momentum and
hemolysis equations are discretized based on the QUICK method.

Figure 2.5: Cross-section of the pipe mesh based on (left) refinement 1 (Ref. 1) and (right)
refinement 2 (Ref. 2).

Figure 2.6 compares the computed hemolysis solution (using the mesh Ref. 2) against
the analytical values, as computed by Eq. (2.75), for three longitudinal positions, namely
z = 0.2L,0.4L,0.6L. The comparison is realized for all three sets of hemolysis model
parameters (cf. Table 2.1). As can be seen, all computed values are fitting the analytical
solutions to a satisfying degree.

z=0.6L

10! 10*

—— Analytical - GW
—— Analytical - HO
—— Analytical - ZT
o Computed - GW
o Computed - HO
o Computed - ZT

10-13 L
0

Figure 2.6: Hemolysis profiles at three distinct longitudinal positions of the pipe flow. Con-
tinuous lines correspond to analytical solutions while points indicate computed
values. Vertical axis in logarithmic scale.

In addition to the hemolysis field comparisons, Table 2.2 compares the computed value
of HI with the analytical solution. The comparison considers the computed values from
both employed meshes. It is shown that the error significantly decreases when the finer
mesh is used. This is due to the refinement near the walls. As shown in Fig. 2.6, the larger
values of hemolysis are encountered in the boundary layer region, near the pipe wall. This
highlights the necessity of a near-wall refinement, even in fully laminar cases, so that this
section is properly resolved.
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Table 2.2: Comparison of computed HI based on Eq. (2.70) and analytical based on (2.76)
for different sets of hemolysis parameters (cf. Table 2.1). The computed value
of both employed meshes is presented and distinguished as Ref. 1 and Ref. 2 in
accordance to Fig. 2.5.

Parameter Set | Analytical Computed Error (%)
R R
o v (R 10T
o o LT T

Couette flow

The second benchmark case refers to a two-dimensional (2D) Couette flow, as sketched in
Fig. 2.7. The velocity field is then given by

Y

D
and the shear stress tensor reduces to the scalar constant expression of
Vi
/ w
T = pl—. 2.78
) (2.78)
Iy
Z 2277 2277 2277 2277 Z
1—‘out
Y
L,
,,,,,,,,,,,, A
I—‘in vZ(y) Vw
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Figure 2.7: Sketch of the 2D Couette flow.

The analytical hemolysis field solution is equivalently given by Eq. (2.75) and the ob-
jective function results in
S e
(2-p)D~

The derivation of this expression is trivial and is therefore omitted.

(2.79)

The case is set up using L = 0.5 m and D = 2 mm. The fluid properties are the same as
the ones used for the pipe flow while a wall velocity V,, = 2.48 m/s is employed to assure
a Reynolds number Re= pV,, D/ = 1500. The domain is discretized using 40k CVs with
a progressive refinement near the walls.
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Figure 2.8 shows the computed hemolysis solution against the analytical values. As
shown, an excellent agreement is observed for all three longitudinal positions and hemolysis
parameter sets studied. This is further verified by the computed objective functional value

z=0.2L z=0.4L

— Analytical - GW
—— Analytical - HO
—— Analytical - ZT
o Computed - GW
o Computed - HO
o Computed - ZT

Figure 2.8: Hemolysis profiles at three distinct longitudinal positions of the Couette flow.
Continuous lines correspond to analytical solutions while points indicate com-
puted values. Vertical axis in logarithmic scale.

which amounts exactly to the analytical solution as shown in Table 2.3.

Table 2.3: Comparison of computed HI based on Eq. (2.70) and analytical based on (2.79)
for different sets of hemolysis parameters.

Parameter Set | Analytical | Computed | Error (%)
GW 5.87-107% | 5.87-107° 0
HO 1.60-1077 | 1.60- 107 0
ZT 1.16-107° | 1.16-10°° 0

In view of the satisfactory agreement between computed and analytical results for both
benchmark cases studied, the implementation of the hemolysis model in the F'V software,
is considered verified.
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2.3 Non-Newtonian Properties

Blood consists of four main components: blood plasma, RBCs (also known as erythro-
crytes), white blood cells (leukocytes) and platelets (thrombocytes). The last three are
suspended into the plasma that acts as the carrier fluid. The plasma and the RBCs amount
to approximately 99% of blood. Therefore, hemodynamics are in large governed by the
fluid properties of plasma and the interaction and concentration of RBCs. However and in
the extent to which blood is treated as a continuous fluid medium, the discrete description
of RBCs is omitted and instead fluid properties try to account for this omission. To a
certain extent this is achieved by considering blood to be a non-Newtonian fluid. Several
experimental studies (Brooks et al. [1970], Chien et al. [1966], Cokelet [1963]) have verified
the non-Newtonian nature of blood which is mainly attributed to the RBCs.

Newtonian and non-Newtonian fluids differ on how they describe the relationship be-
tween shear stress and the magnitude of the strain rate tensor. For brevity reason, the
(scalar) magnitude of the strain rate tensor is referred to as shear rate (¥) and is not to be
confused with the strain rate tensor. For a Newtonian fluid the relationship is linear and
the constant ratio between shear stress and shear rate refers to the (apparent) viscosity of
the fluid. In contrast to this, non-Newtonian fluids generally exhibit a non-linear depen-
dency between shear rate and shear stress and the viscosity is thus modeled as a function
of the former. The shear rate is frequently modeled as the second invariant of the strain

rate tensor S;;, viz.

’7 = \/ QSZ]SU (280)
In case of non-Newtonian fluids the apparent viscosity of the fluid is hereafter denoted
as fi := [i(y). Generally, non-Newtonian models are distinguished based on the following
categories:

Dilatant or shear-thickening fluids. In these fluids the viscosity increases with the shear
rate and the shear rate-stress curve is convex. A well-known shear-thickening fluid is
the Oobleck, a suspension of cornstarch and water. In general the viscosity of a shear-
thickening fluid can be described as

fo=ky""t withn > 1. (2.81)

Pseudoplastic or shear-thinning fluids. The viscosity decreases with the increase of shear
rate and the shear rate-stress curve is concave. An example of such a fluid is quicksand,
which when undisturbed it appears as a solid (i.e., high viscosity) but a slight change in
the stress causes a sudden decrease of viscosity and thus appears to liquefy. The viscosity
of such fluids can be described as

fo=ky""t withn < 1. (2.82)

Bingham plastic fluids. In these fluids no deformation is observed below a threshold
stress value (yield stress). For stresses larger than the yield stress, the relationship between
shear rate-stress is linear. An example of this type of fluids is toothpaste.

A schematic illustration of the dependency of the shear rate-stress for the different non-
Newtonian fluids is presented in Fig. 2.9.

For the sake of completeness, it is worth mentioning some additional categories often
encountered in literature, such as the plastic fluid in which the thinning effects are much
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Figure 2.9: Shear stress against shear rate diagram for different non-Newtonian fluids.

stronger than in the case of the pseudoplastic fluids. In this case, the convexity of the
curve presented in Fig. 2.9 is the same as with the shear-thinning fluid but the curve is
significantly steeper. Furthermore, the above mentioned models relate shear stress ex-
clusively with strain-rate and viscoelastic effects are neglected. These usually refer to
time-dependant deformations such as creep or stress relaxation.

Experimental studies indicate that blood exhibits a shear-thinning as well as a non-
linear viscoelastic behavior. The latter is sparsely considered in employed models — see
however Yeleswarapu [1996] for such a case — due to the complexity that it presents in
computational studies. In contrast, several models have been proposed to model the shear-
thinning nature of blood, which is experimentally justified by the Rouleauxr formation
phenomenon. When the shear rates are low, RBCs aggregate into the Rouleaux formation,
a formation resembling a stacking of coins. When the aggregation grows so does the
viscosity. When the shear rates are sufficiently high the RBCs disaggregate and remain
present as individual corpuscles that are deformed by shearing. This results in a decrease
of apparent viscosity (Baskurt et al. [2011]).

This thesis considers three frequently employed non-Newtonian models to describe the
shear-thinning nature of blood. These are:

1. Power-law (see, e.g., Shibeshi and Collins [2005]):
f=ky""! withn < 1. (2.83)

This model accurately represents the conceptual description of a shear-thinning fluid
as introduced above. However, an inherent problem of this model is that for ¥ — 0,
it — oo and that for large enough shear rates the model rapidly diverges from an
experimentally observed Newtonian viscosity. Therefore, in this thesis the model is
employed as
Lo if 4 <A
=< kAnt i AVT <4 < AT with n < 1, (2.84)

fhoos if 4 > 4UT

where 4UT and 4" denote an upper and a lower threshold for the shear rate, re-
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spectively. The values of these thresholds are implicitly determined based on the
prescribed g and pioe. That is, Y57 = (uo/k)Y ™1 and AV = (e /)Y,

2. Casson law (see, e.g., Blair [1959]):

VT =70+ Vi (2.85)

Equation (2.85) while shear-thinning in nature, it incorporates characteristics of a
Bingham fluid as it relates a scalar representative of the shear stress, i.e., 7, with

a yield stress 7y and the Casson viscosity p.. An apparent viscosity can be defined
based on Eq. (2.85) which reads

i = (\/;TC+ \/—\/?)2 . (2.86)

However, similarly to the drawback of the original Power-law equation, Eq. (2.86)
results in viscosity tending to infinity for shear rate values tending to zero. To avoid
this shortcoming, in this thesis a modified version of the Casson law is employed
which reads,

i— <m+ %)2 | (2.87)

introducing a regularization constant A as suggested by Gonzélez and Moraga [2005].

3. Carreau law (see, e.g., Johnston et al. [2004], Cho [1991]):

n—1

i = (oo + (10— poc) (1+ (M)%) 7). (2.88)

The parameters py and p. are sometimes considered as a function of the RBC
concentration of blood (Quarteroni et al. [2000]). However, such a property is not
considered herein since it would essentially require a coupling between the viscosity
and hemolysis models. Such a coupling is not yet established and therefore similar
considerations are omitted. Having said that, the physiological correlation between
hematocrit (i.e., the percentage by volume of RBCs in blood) and viscosity should
not be undermined (see e.g., Kishimoto et al. [2020]). To this extent, a hemolysis
model coupled with a viscosity model is of high importance even though significantly
difficult to construct for reasons outlined in Section 2.2.

The above models along with the parameter values employed in this thesis, unless stated
otherwise, are collected in Table 2.4. The parameters appearing for each model are ex-
tracted from Shibeshi and Collins [2005] (PL), Gonzélez and Moraga [2005] (MC) and
Johnston et al. [2004] (C). Note that certain parameters are slightly modified so that all
models converge to the Newtonian viscosity for high shear rates. Figure 2.10 shows the
apparent viscosity of each investigated model w.r.t. the shear rate.

Several other models have been proposed in literature to account for the non-Newtonian
properties of blood, see e.g., Yeleswarapu [1996]. Nevertheless and to the extent that a
proposed model relates the apparent viscosity exclusively to shear rate, i.e., fi := fi(%), it
can be incorporated to a consistent adjoint model, as shown in Chapter 4 .
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2.3 Non-Newtonian Properties

Table 2.4: Constitutive models for the description of apparent viscosity. Models denoted
by (N), (PL), (MC) and (C) correspond to the Newtonian, Power-law, modified-
Casson and Carreau models, respectively.

Model [ List of constants Units
(N) 1 uw=3.5 (mPa - s)
(PL)  Eq. (2.84) (k, n, po, fieo) = (17,0.708, 50, 3.5) (mPa - s", — mPa-s,mPa - s)
(MC) Eq. (2.87) (70, A\, pe) = (21,11.5,3.5) (mPa,s™!, mPa - s)
(C) Eq. (2.88) (A, n, po, feo) = (3.313,0.357,56,3.5) (s, —,mPa-s, mPa-s)
01 L L ALAL 0.1 L AL LLAL S 1 | 1| 01 T T T T T T T T T T T T T
— (N — -V L. fi- (N)
b ----ji- (PL) -——-ji- (MC) \\ --=-ji- (C)
E 0.0L [t T U 001 fee I Y S |
2 0.003F 1 0.003 PR = 0.003F e
0.001 | i 10001 | 10001 |
1 1 A1 A M AT 1 T 1 A 1 N A1 T 1 1 WA
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Shear rate (§) (1/s) Shear rate (¥) (1/s) Shear rate (¥) (1/s)

Figure 2.10: Apparent viscosity for (left) Power-law, (middle) modified-Casson and (right)
Carreau viscosity models. The Newtonian viscosity is included in black [con-
tinuous| line. Axes in logarithmic scale.

Furthermore, it must be noted that it is generally accepted that for high shear rates
(the exact number is ambiguous but a general consensus of 4 > 100s™! (Berger and Jou
[2000], Pedley [1980]) exists) blood behaves as a Newtonian fluid. Therefore, in several
applications presented in this thesis, this assumption is going to be employed if deemed
sufficient to describe the rheology of blood.

2.3.1 Numerical Aspects

Each of the aforementioned viscosity models describe the apparent viscosity as a non-
linear function of the strain rate tensor and introduce an additional non-linearity to the
momentum equations. This issue is resolved by an iterative strategy, where the apparent
viscosity is evaluated at each CV based on the velocity of the previous iteration. The face-
based value required then for the discretization of the diffusive term is computed based on
a linear interpolation, as in Eq. (2.19). The non-Newtonian equations considered in this
work are algebraic in nature and therefore require no BCs or initial conditions. However,
since many quantities of interest require the viscosity on the boundaries, the values of
viscosity are extrapolated there based on a zero-order extrapolation from the nearest cell.

2.3.2 Verification Studies

The verification studies conducted in this section refer exclusively to a 3D fully-developed
pipe flow, as sketched in Fig. 2.4. For this reason, the same geometric parameters as the
ones employed in Section 2.2.5 as well as the same discretized domain, employing 900k
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CVs, are used. The verification is conducted by means of velocity profile comparisons.
The analytical solution of the velocity profile for a Newtonian fluid is repeated here and

reads R (1 ) <%)2) B % (1 B <%>2> | (2.89)

where the maximum velocity Vi.x has been substituted by |c|R?/(4u) where ¢ is used
to denote a constant pressure gradient, i.e., dp/0z = ¢, characterizing the flow. This
is done so to avoid prescribing a velocity profile on the inlet of the domain and instead
enables a consideration of fixed pressure boundaries for both the inlet and outlet. Based
on the geometric parameters discussed in Section 2.2.5, ¢ = 1000 is set to ensure laminar
conditions for the range of investigated non-Newtonian parameters. The velocity profiles
are therefore exclusively an outcome of the simulation and the comparisons conducted
herein can serve as a valid measure for verification.
For this benchmark case, the velocity profile for a Power-law fluid reads

oPL(r) = n”—i <|C£)i {1 (%) “1} , (2.90)

where n, k refer to the Power-law constant parameters. The derivation of (2.90) is trivial
and can be found in many standard textbooks, e.g., Irgens [2014].

In addition to the velocity profiles, a comparison can be made between the analytically
computed volume fluxes which read

1 4
QN = /vz(r) dsS = §7eraxR2 = %M, (2.91)
r
lc|R T on
Q™ = /va(r) ds = < o ) - +3n7rR3, (2.92)
r

for a Newtonian and a Power-law fluid, respectively. Figure 2.11 compares the analytically
derived velocity profiles with the computed ones. Note that for n = 1 the Power-law model
reduces to the Newtonian model with a viscosity p = k. In all cases an excellent agreement
is shown between computed and analytical values. The comparison between the computed
volume flux and the analytical one for different sets of (k,n) is shown in Table 2.5. The
computed values do not exceed an error of 1%.

Table 2.5: Comparison of computed volume flux and analytical based on (2.92) for different
sets of (k,n) parameters.

Parameter k (mPa-s") | Parameter n (-) | Analytical (m?3/s) | Computed (m?3/s) | Error (%)
0.8 4.44-107° 4.43-107° -0.22
10 1 1.25-10°° 1.25-10°° 0
1.2 5.42-1077 5.43-1077 0.18
0.8 1.87-107° 1.86-107° -0.53
20 1 6.28-10°7 6.28-10°7 0
1.2 3.04-10°7 3.056-1077 0.32
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k=0.01 k =0.02
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Figure 2.11: Velocity profiles of a Power-law fluid for (left) £ = 0.01 and (right) & = 0.02
and different n values. Continuous lines display the analytical solution, given

by Eq. (2.90), points display the computed values.

Even though the verification studies included herein consider only a Power-law fluid
model, the algorithmic implementation of all viscosity models is exactly the same. There-
fore, verifying the implementation of one model implies the verification of the rest.
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2.4 Fluid-Structure Interaction

In what is covered so far in this chapter, the walls surrounding the blood flow are assumed
to be rigid. This essentially means that regardless of the forces produced by the flow (or
any external forces) the walls are bound to their initial position. This assumption is indeed
sufficient for a certain range of hemodynamic applications, e.g., extravascular machinery,
but falls short in a range of intravascular applications. To this end, a computational
method able to account for the mechanical interdependence between fluid and structure,
i.e., fluid-structure interaction, is crucial. Note that in the case of blood flow in the
cardiovascular system, blood does not only mechanically interact with the vascular tissue
but also biochemically. Computational modeling of such interactions have been previously
investigated in literature through the addition of advection-diffusion equations describing
the concentration of substances soluted in blood, see e.g., Rappitsch and Perktold [1996],
but are not considered herein.

The ever-growing advances in computational resources have resulted in an increasing
interest in FSI problems of several engineering fields, such as the aeronautical (Cavagna
et al. [2007], Farhat et al. [2006]), marine (Radtke et al. [2021], Lee et al. [2014]), wind
energy (Bazilevs et al. [2015], Hsu and Bazilevs [2012]), automotive (Broniszewski and
Piechna [2019], Shangguan and Zhen-Hua Lu [2004]) and biomedical (Radtke et al. [2016],
Bazilevs et al. [2010]). While the application changes from field to field, a common ground
for all is the solution approach followed to tackle the FSI problem, which can be either
monolithic or partitioned.

The FSI problem is constructed by the conservation laws of mass and momentum of both
the fluid and the structure. In monolithic approaches, these equations are solved as a whole,
usually using the same numerical method and discretized domain which also implies the
same dependent variables. In contrast, a partitioned approach considers the subproblems
separately. The interaction is then realized by a communication of the necessary quantities
between the common interface boundaries of the fluid and structural domains. This thesis
exclusively considers partitioned FSI approaches. This section is not meant to provide
an in depth explanation of the many features involved in FSI simulations or structural
mechanics. Instead, it targets to provide a necessary background for a more involved
discussion on the application. For an in depth explanation of FSI solution approaches
(with a special interest on cardiovascular applications) see Radtke [2020], Bazilevs et al.
[2013]. A comprehensive discussion on the high-order FE method, employed in this thesis
for the discretization of the structural problem, can be found in Diister et al. [2017].

For each subproblem, the governing equations are formulated with a different viewpoint.
To this extent, a brief description of each subproblem is presented below.

2.4.1 Structure Subproblem

The structure subproblem follows a Lagrangian viewpoint. Consider (2§ to be the unde-
formed reference domain of a structure and let 3, t € (0,7") be the current configuration,
where it is assumed Qf = €_,. To distinguish between the coordinates of the reference and
current configuration consider X; and z;, respectively. Note that a capital index is used
for the former to indicate a possible change of the coordinate basis, e.g., from a Cartesian
to a curvilinear coordinate system. However, in all FSI applications studied in this thesis,
a Cartesian coordinate is preserved for both reference and current domains and therefore
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capital indices are dropped in what follows. The two domains are related through the
displacement vector d}(X;,t) which allows the mapping

as shown in Fig. 2.12.

T2

x3 T

Figure 2.12: Sketch of reference and current domains.

A deformation gradient Fj; can then be written as

Ox; od;
F.=—X =9 L
ox, "7 ax,

(2.94)

and its determinant as

which allows us to express the volume change from an element of the reference domain
d€2} to an element of the current d{2; based on

d€2; = Jd. (2.96)
Furthermore, the Green-Lagrange strain tensor Ej,; is defined as

1
Ey = 3 (FirFir — 0u) (2.97)
which is completely defined in 2§ since the first indices of the deformation gradient, which
refer to the coordinates of the current domain, contract. Based on these definitions one
can consider the conservation laws of the structure from a Lagrangian viewpoint.
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Conservation of mass

Similar to a control mass consideration of the fluid, the conservation of mass for a structure

reads q A7)
s Pi
— dV = [ ——=dV = 2.
o %

where p} refers to the density of the current configuration and Eq. (2.96) was applied to
transfer from the current to the reference domain. Equation (2.98) implies for a material
point that

o = JPi, (2.99)

where pf denotes the known density in the undeformed configuration. Equation (2.99) can
be used to calculate the density at a material point in the current configuration. In what
follows, the index ¢t is dropped from the structural density and unless specified, it always
refers to the density of the current configuration.

Conservation of momentum

Once again following the same conceptual road as the one followed for the fluid, Newton’s
law of motion for the structure can be written as

d .
5 | prEAV =E, (2.100)

0

where dff is used to denote the first temporal derivative of the displacement vector and F;
denotes the sum of all forces acting on the arbitrarily defined material volume €2} in the
ith direction. The latter can be written through the use of the symmetric Cauchy stress
tensor o;; as

J

F, = / (%(azj) +psbi) av, (2.101)

t

where b; denotes a source term in the form of external volume forces. If Eq. (2.101) is
substituted in Eq. (2.100) and both LHS and RHS are pulled back to the reference domain

d S Js . 0 S
/& <Jp di) dv = /J (axj (04) + p bl) av,

Qf 0
. 0 00Xy
s dV = [ | = | J5—0y; obi | dV,
/pO 7 /|:an ( axjaj) +p0 :|
: %
. 0 0X},

0
Considering the first Piola-Kirchhoff stress tensor

00X,
Py = J——0ij, 2.1
k JaZL’j O'j ( 03)
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the linear momentum equations for the structure can be written in strong form (neglecting
the necessary BCs and initial conditions) as

s (s 0 B . .
o (di—bi)—a—)@(ﬂ,ﬁ)_o i (2.104)

from which the unknown variable d; can be computed.
A weak form of Eq. (2.104) reads

/ piodids AV + / ;S5 AV = / PR AV + / Sdt; dS, (2.105)

2% 2 2% 9

where d; is introduced as a test function, 0F;; is the variation of the Green-Lagrange
strain, S5; = (0X;/0xy)P; is the second Piola-Kirchhoff stress tensor and t; = Fj S5 Ny,
with i being the normal vector to the boundary of the reference domain Ij. In this work,
hyperelastic constitutive equations are used to describe the material. Based on this, the
second Piola-Kirchhoff stress tensor can be written as

ow

S5 = 55

(2.106)

where W is the strain energy density function (SEDF) and is defined differently depending
on the material model employed. This will be given separately for each application so
that to close the structure subproblem. The weak form is then discretized using high-
order finite elements which yields a system of nonlinear ordinary differential equations.
This procedure is realized through the use of the high-order FE code AdhoC (Diister and
Kollmannsberger [2010]). For further details on the numerics of the FE method, see Szabo
and Babuska [1991].

2.4.2 Fluid Subproblem

In the previous sections of this chapter relating to fluid dynamics, all equations are consid-
ered based on an Eulerian viewpoint and defined on non-moving domains. In the context
of FSI this is not sufficient since the walls confining the blood flow are allowed to move
based on the forces exerted to them. To this end, an ALE viewpoint is followed to arrive at
the fluid equations of state for an FSI simulation. Based on an ALE description of motion,
neither a material-fixed configuration (Lagrangian) nor a fixed spatial configuration (Eule-
rian) are taken as the reference. Instead, a third domain is introduced, i.e., the referential
domain, the coordinates of which identify the grid points. A mapping of the referential
domain to the spatial domain reveals the motion of the grid points in the spatial domain
and suggests a mesh velocity, ©;. Further details on the concept of ALE can be found in
(Donea et al. [2004]).

The conservation equations based on an ALE description are derived by a proper ap-
plication of the Leibniz’s rule in 3D domains. For a scalar quantity ¢ this can be written
in an integral form over an arbitrary volume €2; whose boundary moves with the mesh
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velocity v; as

/¢d9+ / o(v; — T;)n; dS = S, (2.107)

where the RHS refers to source terms. If 9; = 0 the Eulerian description is recovered while
if v; = v; one gets the Lagrangian description. Now if ¢ is substituted by p, pvi, pvs, pvs
and Hj, one arrives at the ALE equations of state.

Collectively, the governing equations of the (incompressible) fluid subproblem are written
in a strong form (without the BCs) as

(%i .
P 0 in QF, (2.108)
a’Ui ~ a/Ui 1 a f f

; — — = = Q, 2.1
5+ (vj — )81:] 7 0r, - (24 Sy — pdij) =0 in (2.109)
8HL aI'[L

C%%% =0 in Qf (2.110)

g Tl

where the quantities pf, u' and Qf have been introduced to denote the fluid density, vis-
cosity and domain in the context of FSI. As shown, the ALE formulation of the governing
equations is very similar to the one of the Eulerian with the exception of an additional
contribution introduced on the convective terms which accounts for the movement of the
mesh.

An inspection of Eq. (2.108), i.e., the continuity equation for an incompressible fluid in
ALE, with regards to the integral formulation of Eq. (2.107) reveals a missing piece in the
rational followed up to this point. Consider the conservation of mass based on Eq. (2.107),
then in the absence of mass sources and for constant density,

/dQ+ / ni dS = 0. (2.111)

This reveals that the conservation is more involved than it appears to be in its differential
form. However, one must consider that space is also conserved and therefore enforce the
space conservation law (SCL) (Demirdzi¢ and Peri¢ [1988]) which reads

d

T dQ) — / on; dS = 0. (2.112)

Qt O(Qt)

By substitution of Eq. (2.112) to Eq. (2.111) one arrives at

/ vin; dS = /av’ dv = 0. (2.113)

o)

Numerical aspects

Treatment of the SCL:
In essence the numerical process for the solution of the fluid subproblem differs to what
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is described in Section 2.1 only due to the consideration of the SCL. If one considers an
exemplary implicit backward Euler discretization method for the temporal derivative and
the midpoint rule for the surface integral, the SCL (2.112) for the P-centered CV reads

VP,t _ VP,t—l ~ -
N(P)

The difference between CV volumes at consecutive time levels can be expressed as the

sum of the swept volumes by each CV face (§VY) when moving from the old to the new

position. This is illustrated for a 2D example in Fig. 2.13. Equation (2.114) can thus be

\ Swept

volume (§VF:~1)

Figure 2.13: The two-dimensional P-centered CV at time instances ¢t and t — 1. In light
gray the volume swept by one cell face.

written as

1
~ D oV = T[oin] (2.115)
N(P)

N(P)

A possible solution of Eq. (2.115) is given by assuming that each term of the sums on the
LHS and RHS is equal. This results into an update of the volume (or mass if both sides
are multiplied by the constant density) fluxes through each face, viz.

- Fit

f
mt = £_gyre-t (2.116)

At

Therefore, if the displacement of the mesh is known to the solver, there is no need to
explicitly define the velocity v; but instead the flux corrections can be computed based on
the swept volume of each face. Note that the computation in 3D is relatively involved and
requires triangulation of the swept areas. In addition, if the second-order accurate in time
ITTL method is considered for the discretization of the temporal term in Eq. (2.112) then
the mass flux correction reads

WL Pf F,t—1 F,t—2
m' = E(%V oV ). (2.117)
Note that Eq. (2.117) is not used for the results shown in this work.

In terms of the SIMPLE algorithm, the mass flux at each face, computed as described
in Section 2.1, is updated by subtracting the contribution (2.116) in each time iteration.
Note that the correction only relates to the previous time step(s) and therefore it can be
done once per time step.
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Mesh update:

It is easy to conceptualize that the numerical coupling between a structural and a fluid
solver is meant to provide displacements exclusively at the interacting boundary of the
two domains. If these displacements are applied to the boundary faces and the internal
faces remain unmoved then it is (more than) probable that the boundary faces will collide
with the internal ones and the numerical process will terminate. It is therefore necessary
that a rule is devised so that the internal mesh is moved in accordance to the boundary
movement. In the context of FSI simulations this is done exclusively by the solution of the
Laplace problem, viz.

0 odt
(W Ly = : Qf
al'k (Iu amk) m 34
d=d on I}
d=0 onTi\TF™, (2.118)

where 0Qf = T! and TFS! € I'f denotes the interface between the structure and fluid
domains. The vector d! is introduced to denote the displacements of the fluid mesh and
can only be logically perceived in its discrete counterpart, while d} corresponds to the
solution of the structure subproblem on I'FS!. The diffusivity coefficient ™ corresponds to
the reciprocal of the distance from the nearest wall boundary.

Equation (2.118) is discretized and assembled based on the FV techniques discussed for
a diffusive term. Therefore, the discrete values d! refer to cell/face-centered values. This
implies that a) di needs to be provided by the FE solver at the position of the centers
of the faces comprising I'™! and b) an update of the nodes of each CV is necessary. The
former is realized by the finite element shape functions. The latter uses an inverse distance
weighting, also known as Shepard’s interpolation (Shepard [1968]). That is, once the d!
cell-centered displacements are known, the displacement vector at a node is computed as

ode 1 N® . “mf,node . wf,k”Z

dimote = Nt | - ] : (2.119)

T = f,node f,m

k=t 2 (™ =2
m=1

J

where ™% denotes the computed displacement of a node with N™ adjacent cells. To

assist the notation, d** was introduced to denote the k™ adjacent to the node cell-centered
f,node f,k/m
J J
coordinates of the node and k'™ /m' cell-center, respectively. The symbol ||.||> refers to
the Euclidean norm. To assist comprehension in view of the admittedly tedious notation

of Eq. (2.119), Fig. 2.14 is presented.

displacement as computed from Eq. (2.118) while x and x denote the Cartesian
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xf,l
J
————— - f,2
p d, £,2
7 < 217]
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mf,node
J
$f’4
j £,3
——-. ! Jj*’
- J
f,4 -
db <
A f,3
d;

Figure 2.14: A node surrounded by N™ = 4 CVs. Dashed arrows represent the cell-
centered, computed from Eq. (2.118), displacements d>'"*.

2.4.3 Partitioned Solution Approach

In addition to the BCs required for each subproblem, the FSI problem demands that the
following coupling conditions are fulfilled on the coupling interface I''SL

b= b= on Tt (2.120)
t; = — (2p'Sij — pdiz)m; on TP (2.121)

Equations (2.120) and (2.121) are enforced through the partitioned solution scheme, which
considers the individual field solvers as black boxes. In specific, Eq. (2.120) refers to the
transmission of information from the solid to the fluid while Eq. (2.121) from the fluid to
the solid. This is illustrated by an operator formulation, where

Dl =S8(Ty;) forj=1,..,N° and k=1, NP (2.122)

denotes the solution at the time step ¢ of the structure subproblem, which yields D;ii given
the tractions T},. The former represents a matrix of N® rows where each row contains the
displacement vector d computed at one discrete face center of 'Sl where N is used to
denote the total number of discrete fluid faces on the interface. Equivalently, T}, contains at
each row the traction vector ¢; for one quadrature point discretizing the structure domain,
where N is used to denote the total number of discrete structure elements on the interface.
Similarly one can write

Ti = F(D) for j=1,..,N° and k=1,.. NP, (2.123)
to represent the fluid subproblem solution. In a coupled problem it must hold

D, =S(F(D};)) and Ty, = F(S(Ty)). (2.124)
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2 Computational Modeling

A solution to these fixed-point equations can be found using an accelerated fixed-point
iteration with the following three steps:

le = F( Dj.’il_l) 1. call fluid solver
D;’il = S(T}) 2. call structure solver
D;.’il = A([);-’il) 3. accelerate convergence

where [ is used to indicate the coupling iteration and D;’Z-l is used to denote an interme-
diate solution of the structure solver. The acceleration operator A introduced as a third
step of the algorithmic process might refer to a wide variety of choices. In this work the
Quasi-Newton least squares (QNLS) method is used to accelerate the convergence (Deg-
roote et al. [2009, 2010]). The iterative solution of the FSI problem is realized with the
use of the coupling tool comana (Konig et al. [2016]).

2.4.4 Benchmark Problem

Even though both the structure solver (AdhoC) and the fluid solver (FreSCo™) have been
extensively and individually tested in their respective regime of application, their coupling
needs to be evaluated. To this end, this section targets to perform such an evaluation by
simulating the well-known 2D lid-driven cavity flow benchmark problem. A sketch of the
problem is shown in Fig. 2.15 (left). The computational grid for the fluid subproblem,
which is shown in a deformed state in Fig. 2.15 (right), consists of 1521 CVs.

__ y/ref
v =V N Velocity (m/s)
; p=0| [ 0.125m 0
=
=3 yref — 1 — cog( 2zt
o (%) 0.875m 1
.80
—
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p N = 0.002m 0

deformable wall (1m)

Figure 2.15: Left: Sketch of the 2D lid-driven cavity flow case. Right: Deformed fluid
computational mesh at ¢ = 27.5s coloured by the magnitude of the fluid
velocity vector.

A linear pulsating velocity profile with a period of T" = 5s is prescribed on the inlet
patch. An outlet, in which p = 0 is set, is located at the exact opposite position of the
inlet. The top wall is moving with the maximum velocity of the inlet (V™) while the
vertical walls are modelled as rigid and non-moving. The bottom wall is assumed to be
deformable. Density and viscosity of the fluid are set to pf = 1% and puf = 0.01Pa s,
resulting to an average (in time) Re=12.5.
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2.4 Fluid-Structure Interaction

For the deformable wall, the St. Venant-Kirchhoff constitutive model is employed,
which is an extension of the geometrically linear elastic material model to the geometrically
nonlinear regime. Based on this model the SEDF is given by

AS
W= D) (tr(Eij>>2 + (ttr (B By ), (2.125)
where \°, i° refer to the Lamé constants and are given by
Ev? E
A= . and 4 = (2.126)

(1+v5)(1 —219) 2(1+vs)’

where E and v° refer to the Young’s modulus and Poisson’s ratio, respectively. For the ap-
plication at hand, these are set to £ = 250 Pa and * = 0 while density is set to p* = 500p'.
For the structure discretization, 16 isoparametric finite elements with quadratic shape func-
tions are used. The BCs closing the structure problem refer to a zero displacement at the
left and rightmost position of the deformable wall while zero traction is set at the bottom
part. As shown by Eq. (2.121), on the top side the traction is set by the fluid loads.
The case is simulated for a total of 107" with a constant step size (on both the fluid and
structure solver) At = 0.0027".

The case is assessed by monitoring the displacement of the midpoint of the deformable
wall and by subsequent comparison with literature-reported results, as shown in Fig. 2.16.
A comparison between the present work and the results presented in Radtke [2020] show an

0.3r B Present work

- Radtke
---------- Vézquez 0.25 f-.

N 0.2 Mok

£

2 0.1 02

0 0.15 - B
| | | | :
0 10 20 30 40 50 45 47.5 50
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Figure 2.16: Vertical displacement of deformable’s wall midpoint. Left: Complete simula-
tion results. Right: Last period results. Continuous line refers to the results

obtained for this work, discontinuous refer to those presented in the disserta-
tions of Radtke [2020], Valdés Vézquez [2007] and Mok [2001].

excellent agreement. These results were obtained using a different fluid solver with however
the same numerical settings. On the other hand, the results presented in Valdés Vazquez
[2007] were obtained by using the generalized-a method for time integration while this
work (and the one of Radtke [2020]) employ an implicit Euler method for the fluid solver.
The obvious discrepancy noted with the results of Mok [2001] are due to a lack of necessary
BCs information given. However, it can be noted that the results of the latter correspond
solely to a shift of the mean vertical displacement.

Nevertheless, the excellent agreement between the results presented in this work and in
the work of Radtke [2020] serves to verify the coupling between the two solvers.
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3 Parameter-free Shape Optimization

This chapter discusses the shape optimization problem as considered in this thesis. A key
aspect of the discussion conducted herein is the definition of the shape’s control, i.e., the set
of elements the modification of which results in corresponding modifications of the shape.
As already discussed in the introduction, a frequent practice is the parameterization of
the shape. This can be done by using e.g., volumetric B-splines (Farhikhteh et al. [2023],
Papoutsis-Kiachagias et al. [2019]), geometric characteristics of the shape (Abraham et al.
[2005a]), Free-Form Deformation (FFD) boxes (Dick et al. [2022]) or other conceivable
CAD descriptions. Even though such approaches are appealing due to their (often) inherent
features of sustaining certain characteristics of the initial shape, such as smoothness, or
due to their ease of dealing with CAD-based geometric constraints, they constrict the
design space based on a (frequently small) finite number of parameters. This thesis is
concerned with parameter-free approaches, in which the control is the shape itself. This
can be conceived as an infinitely large set of control points. The numerical optimization is
then realized by updating the position of the elements used to discretize its surface. The
strategy refers to a parameter-free (or CAD-free) shape optimization approach.

Section 3.1 presents the general optimization problem. Therein the approximation of a
descent direction! given a sensitivity field is discussed. Section 3.2 presents various ap-
proaches for the algorithmic approximation of an appropriate descent direction for the
complete discretized domain. Section 3.3 discusses additional optimization aspects of in-
terest, such as a step-size control. This chapter closes with an illustrative CFD-based
example, in which some of the presented methods are applied. Emphasis is given on
aspects of computational interest.

3.1 General Shape Optimization Problem

Shape optimization is a particularly involved topic that is based on notions of shape calcu-
lus. An in-depth discussion on some of the mathematical aspects briefly presented in this
chapter can be found in Radtke et al. [2023], Allaire et al. [2021], Sokolowski and Zolesio
[1992]. The optimization problem is formulated in the context of optimization with PDE
constraints, a topic extensively discussed in Hinze et al. [2008].

Let a shape I' = I';, U Ty U T, associated with a domain 2 C RY, with d =2 or d = 3.
Consider that its operational performance in the context of a physical condition can be
described based on a scalar objective functional J, the value of which is antiproportional
to the conceived efficiency of the shape. Then a general shape optimization problem can

'In most cases, the term ”descent direction” may be used in place of ”"gradient”. This is because the
latter implies a direction of steepest descent which is usually hard or even impossible to determine.
Instead, descent direction refers, as the name suggests, to a direction in which the objective functional
is minimized.
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3 Parameter-free Shape Optimization

be stated as
min J(y,, Q) s.t. Rg(y,, Q) =0. (3.1)

Yn, {2

Here “s.t.” abbreviates “subject to”. The vector y, represents the state which can be
conceived as the solution of the physical problem given a shape and collectively presented
by Ri(yn, ) = 0. The latter represents a system of N¥ PDEs. If it is assumed that a
unique solution of Rj(y,,§2) = 0 exists for each shape then one can write Q — y,(Q).
This allows us to formulate the initially posed optimization problem based on a reduced
objective functional, i.e., J(Q) := J(y,(€),Q). A minimum of J is also a minimum of .J
under the condition that the shape is admissible.

This thesis is concerned with iterative strategies such that J(Qit!) < J(Q) where i
denotes the iterate and

Q= {:ij LBy =y 100(x) V€ Qz} &

where t* is a positive small step size that might change from iteration to iteration. Assuming
that the necessary conditions as set on Allaire et al. [2021] (Definition 4.1) hold, then a
first-order approximation reads

J(QHY) &~ J(Q1) + J'(0)(8;), (3.3)

where J'(Q2)(6;,) denotes the shape derivative at Q' in a sufficiently smooth direction 6.
Note that J'(92)(f;) amounts to a scalar quantity and can be loosely associated with an
inner product. It becomes evident that 6; corresponds to a descent direction for J if

J'()(8;) < 0. (3.4)

Our optimization problem is therefore concerned with finding #; such that Eq. (3.4) holds.
In general, a shape derivative can be expressed as

J(0)(6;) = / f,m;sdT, (3.5)

where s is called the sensitivity and n; refers to the normal vector to the surface. Equation
(3.5) is the Hadamard form of a shape derivative.

Assuming that s is given to us, an obvious choice is to set §; = —n;s. Equation (3.3)
can be then written as

J(Q) ~ J(QF) — / 2dr < J(), (3.6)

However, several mathematical and practical restrictions do not allow for this choice. An
obvious practical drawback of a descent direction pointing in the normal of a surface with
an inhomogeneous sensitivity is illustrated in Fig. 3.1. As discussed in Section 2.4, the
computed displacement values (same logic of a mesh update applies both in FSI and shape
optimization considerations) are on a face/cell center. Therefore, as shown in Fig. 3.1 an
irregular negative s field and a consideration of ; = —n;s would theoretically rip apart the
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3.1 General Shape Optimization Problem

mesh in one shape update. Note that this is a straightforward rather simplistic thought
experiment and in reality no discontinuities would appear on a discrete level since the real
deformation would somewhat be implicitly filtered by the update rule of the nodes, cf.
Eq. (2.119).

Figure 3.1: Four CVs at the edge of a discretized domain. In lightgray the three CVs
with a boundary face. Arrows denote an arbitrary update of the boundary
faces in the normal direction. Dashed lines denote the assumed position of the
boundary faces after the update.

Furthermore, it must be noted that in the context of internal blood flows where the
boundary can be assumed as the union of I',, I'oys and I'y,, only the latter is a candidate
for design. In fact, it is often the case that only part of the wall boundary is free for design
while the remainder is fixed to its initial configuration. This is denoted as I'y C I'y, and it
implies that 6;(z;) = 0 Va; € I' \ I'y. While this is straightforward and requires minimal
implementation effort, it often leads to a rapid deterioration of the mesh quality around
the sections where design and non-design boundaries meet. An approach on how such an
issue can be circumvented is discussed in Section 3.3.

Algorithm 1 General parameter-free shape update algorithm.

Require: initial shape I'°, € > 0
1: for:=0,1,... do
2:  Compute the primal problem Ry (yy,, 2))=0 to find J(Q).

3: Compute a sensitivity distribution s on I'*.
4: Compute a descent direction 6; € Q.

5. if [J(Q)(6;)] < € then

6: break

7: end if

8:

Determine step size t'.
9: Update shape based on Eq. (3.2).

10: end for
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3 Parameter-free Shape Optimization

A general algorithmic strategy for parameter-free shape optimization can be schemati-
cally summarized as in Algorithm 1. In this chapter, steps 2 and 3 of the algorithm are
considered as a black box and focus is given on how step 4 can be realized given a sensitiv-
ity. A key aspect of the above outlined procedure is that no re-meshing is required. This
means that topological relationships remain unaltered and a simulation can continue by
restarting from the previous optimization step, as long as the update of the mesh does not
heavily deteriorate its quality, since the state of two consecutive shapes is usually similar.
This results to a significant speed-up in total computational time. Therefore, approaches
that sustain the quality of the employed discretization are highly favorable in the context
of CAD-free shape optimization.

The remainder of this chapter discusses approaches that provide descent directions 6;
smoother than —n;s as well as additional aspects relevant to the optimization.

3.2 Shape Update Methods

This section describes approaches in which a descent direction can be evaluated based on
a sensitivity field. Section 3.2.1 presents methods in which a descent direction is initially
determined on the discretized shape (I') and subsequently extended on the domain (£2). To
assist the notation, therein the descent direction on the boundary is denoted as HJF while
0; refers to the collective discrete descent direction field on both I' and 2. Section 3.2.2
discusses methods in which the complete 6; field can be made available with the solution
of one additional PDE.

3.2.1 Two-Step Methods

Two methods of a two-step nature are considered herein. The first can be conceived
exclusively on the discrete level while the second is based on a Hilbertian extension proce-
dure. In both cases an extension of the deformation field to the domain is required and is
subsequently realized by the solution of a Laplace equation.

Sensitivity filtering

One of the most straightforward approaches to finding a descent direction smoother than
—sn; is to filter the sensitivity field (Kroger and Rung [2015], Stavropoulou et al. [2014]).
Consider a discretized domain in which the sensitivity field is directly given at the nodes of
the boundary elements, i.e., s”, rather than the face centers. Then a filtered shape update
direction at one node can be computed by

Nn
r . . .
9] [ E '[UHJSHJTL?J, (37)
i=1

where N™ is the number of nodes in the neighborhood of the node in which the descent
direction is currently computed. The weights are denoted by w™ while n;” refers to an
interpolated value of the face-based normal vectors to the nodal positions. Note that for
weights w™? = 1 for all 4, the approach reduces to the unfiltered choice.
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3.2 Shape Update Methods

Having considered this explicit filtering directly on the nodal positions, we can now
return to the mindset of a FV-based solution. In this, the sensitivity values would be
computed and stored in the centers of the boundary faces comprising I'y. Now assume that
indeed one sets er = —sn; for every design face center. Then the domain update would
again be realized by means of nodal displacements that still need to be evaluated. If one
follows a scheme to compute the nodal displacements based on the surrounding cell /face
values as the one described by Eq. (2.119) then it becomes clear that the computed nodal
displacements are of the same nature as in Eq. (3.7). Therefore, the “naive” application
of Gjr = —sn; in the discrete setting of a FV-based tool inheres some level of smoothness
by the interpolated computation of descent direction at the nodes. Therefore, the thought
experiment illustrated in Fig. 3.1 is usually avoided.

Laplace-Beltrami

The concept of the Laplace-Beltrami method is based on a consideration of a Hilbertian
framework. Consider the Hilbert space H = H'(T') with the associated inner product
a(-,+) : H x H — R, which reads

a(u,v):/u-vdF+/Vpu:VFUdF
r

r

= /u-vdF—/vApudF+/vaud8F, (3.8)

r r or

where Vr refers to a gradient defined exclusively on the surface of the shape and thus on
its tangential direction.

Based on this framework, the gradient of J at Q, ie., g; € H, is identified as the Riesz
representative of the shape derivative which is an element of the dual space H*. The
gradient g; corresponds to the solution of the variational form

~

a(g;,wj) = J(Q)(w;) Yw; € H, (3.9)
which results in the strong formulation (Vassberg and Jameson [2006])

gj — kArg; = sn; on Ty
gi=0 onI\TIy, (3.10)

where Ar refers to the Laplace-Beltrami operator, i.e., the Laplacian in the tangent direc-
tions of the surface, from which this method often takes its name. In index notation this

can be represented as
. 8 8gj 8 89]-
Arg; = o (8@) nkf)xk (aminZ . (3.11)

If one considers Eq. (3.10) as a smoothing operation then the parameter k is introduced
to allow control over the extent to which the initial sensitivity field is smoothed. This
becomes obvious by considering that for £ = 0 the solution identically reduces to sn;.
Note that k is a dimensional unit with [k] = m?. This implies that while k is usually
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3 Parameter-free Shape Optimization

arbitrarily chosen, it should actually be related to a length unit, characteristic to the case.
An admissible descent direction can then be obtained by setting 9; = —g;.

Domain update

Once the boundary field er has been identified, it is necessary that it is extended in the
domain for the reasons outlined in Section 2.4. Similarly to what was discussed therein,
the internal field is updated by the solution of a Laplace problem that reads

d 6, .
— =) = 9)
aCCk (/L (%ck> 0 -
;=6 onT. (3.12)

The diffusivity coefficient " corresponds to the reciprocal of the distance from the nearest
wall boundary. The choice of this diffusivity coefficient is made so that the deformation
near the design boundaries, where the diffusivity is high, emulates a rigid body motion
and thus sustains, as much as possible, the beneficial characteristics of the undeformed
configuration. The coefficient then vanishes far away from the design section to allow for
zero deformation. The update of the nodes is then computed in accordance to (2.119).

3.2.2 One-Step Methods

Section 3.2.1 discusses methods for which a descent direction can be found on the shape
itself. This section presents two methods in which the said direction is found for the
complete domain {2 and no extension is necessary. This is done by the solution of an
additional PDE after the sensitivity field is found.

Steklov-Poincaré

This approach builds on the concept of an identification problem based on Steklov-Poincaré
metrics (Welker [2016]). The problem in a strong formulation reads

0 dg;
— Sp_J p— 1
oxy, (k 8:@;) 0 n €2

g,
k,sp J
(91‘2-

n; = sn; only
gi=0 onI'\Ty, (3.13)

where k°P corresponds to a diffusivity coefficient that allows for a certain extent of control,
similar to the Laplace-Beltrami approach. This allows for a choice of k% such that it
resembles the constitutive tensor of a material and the whole method is then associated with
linear elasticity, see e.g., Azegami and Wu [1996]. However, in this thesis the diffusivity is
set equal to the reciprocal of the distance from the nearest wall boundary, as is done for
the extension to the domain in the one-step methods. Such a method is also employed in
Kiihl [2021] where it is successfully applied for large-scale engineering applications. Once
the field g; is identified, an admissible descent direction is set to 8; = —g;
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3.2 Shape Update Methods

In addition to the fact that this method requires no subsequent extension to the domain,
it is also very suitable for a FV-based environment. The equation can be discretized based
on the techniques discussed in Section 2.1 for a diffusive term.

p-Laplace

A recently proposed method (Miiller et al. [2021], Miiller [2023]) refers to an identification
problem stemming from a p-Laplace relaxation of the steepest descent direction. This
approach results in a strong formulation that reads

o (((99:\?) " 0, |
— —m =L | = Q
8xk (( 83:, ) ) 8xk 0 o

p—2

8gm 2\ * agj .
((a—‘rl) ) axznl =sn; on Fd

g9; = 0 on I \ Fd (314)

and approximates a steepest descent direction for p — oo. It is noted that in terms of its
structure, the problem described by Eq. (3.14) differs to the one described by Eq. (3.13)
only to the coefficient, which creates a non-linearity for the former. In fact, if one sets
p = 2 then the p-Laplace problem reduces to the Steklov-Poincaré for £ = 1. Of course,
in this case it becomes hard to argue that p — oo and the conceptual origins of this method
are questioned. Once again, a suitable descent direction is set by 6; = —g;

While this method guarantees both mathematical and practical advantages, the com-
putational effort becomes higher as the value of p increases. In certain cases, the solution
approach of Eq. (3.14) can in fact require a wall-clock time equivalent to the solution of
the primal problem. To this end, a hybrid approach trying to combine the positive aspects
of both the Steklov-Poincaré and p-Laplace methods is proposed in Miiller et al. [2023].
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3.3 Auxiliary Optimization Aspects

In addition to finding an admissible descent direction, the numerical solution of the opti-
mization problem should address certain auxiliary, practical aspects. Two of such aspects
explicitly discussed in this section are the determination of a suitable step size and the
smoothing of the descent direction field around a neighborhood where I'y and I"\ I'q meet.

3.3.1 Step Size Control

In gradient-based optimization approaches, the choice of a step size can be either beneficial
or detrimental to the complete process. On the one hand, a large step size can significantly
speed up the optimization but at the same time might lead to a significant deterioration of
the computational mesh, an increase of the objective functional or to fluctuating solutions
around an optimum. On the other hand, a small step size can prolong the optimization
process “wasting” computational resources. However, in most engineering applications, in
which the nature of the optimization problem can hardly be a priori determined, devising
an appropriate rule for the step size is oftentimes rather difficult. To this end, several
researchers employ a constant step size, see e.g., Kiihl et al. [2022], Antonau et al. [2021],
Papoutsis-Kiachagias and Giannakoglou [2016].

Even though this is a straightforward choice, the determination of the constant value is
not and it can in fact require a significant amount of resources (depending on the case)
to find. To this extent when a constant step size is used in this thesis, this is a priori
determined in the first iteration based on

-1

tz@max(max( 9;(@)) , (3.15)

rrely

where 6™ refers to a constant scalar value that is usually related to a characteristic length

of the shape. In essence, ™** serves as a user-defined parameter based on which the descent
direction field is scaled. While this is an intuitive choice for circumventing the need for
directly prescribing ¢, it still requires user experience on the investigated case, to determine
a suitable candidate for ™**. This is usually chosen as a fraction of a characteristic length
L of the investigated case, e.g., in the order of O(L/100) or O(L/1000).

From the constant step size of (3.15) one can conceptualize an iterative rule that reads

-1
i = grax (mealgc ( 9;@@)) , (3.16)
which simply follows the concept of Eq. (3.15) for each optimization iteration. An inherent
problem of this rule is that as the optimization progresses, one expects the field of 6; to
decrease in value and by extension also reduce the maximum value of the norm. Due to
the anti-proportional relationship of the maximum value of the norm with the step size t,
it is often the case that this method leads to significantly large step sizes near an optimum.

An additional popular criterion is based on the sufficient decrease of the objective func-
tional, as measured by the inequality

J(QHY) < J(Q) + et J'(Q)(6;) (3.17)
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for some constant ¢ € (0,1). Inequality (3.17) is often called the Armijo condition. Based
on this, a backtracking rule can be devised for controlling the step size which is summarized
by the following steps:

1. Choose t, 7 € (0,1), ¢ € (0,1); Set t « t;
2. If inequality (3.17) is satisfied continue; Else set ¢ <— 7¢ and repeat optimization step.
3. Terminate Armijo loop with t* =t

This rule allows to start from a relatively large step size t the choice of which is based
on Eq. (3.15). While this technique allows to circumvent the fluctuating solutions around
a minimum, it doesn’t necessarily speed up the process. Therefore in addition to this, a
similar approach where ¢ corresponds to a small value and is progressively increased, is
also considered. However, both such approaches are usually met with technical restrictions
in terms of CFD-based optimization. A backtracking Armijo condition is based on a
sufficiently large initial step size that is progressively minimized based on the satisfaction
of condition (3.17). However, the choice of the step size is restricted by the quality of the
computational mesh which doesn’t allow for an arbitrarily chosen large step size. Therefore,
in most investigated cases herein, the success of this method appears near an optimum
where the step size is decreased when a fluctuation (increase) of the objective functional
appears, thus smoothing the minimization history of the last steps. On the other hand,
one can start by a small step size and progressively increase it until a condition, such as
the objective to be increased, is met. However, even on this scenario it is frequent that the
mesh is heavily deteriorated before the set condition is met and therefore the optimization
process prematurely terminates.

3.3.2 Filtering of Descent Direction Field

Each shape update method discussed in Section 3.2 considers 0;(x)) = 0 Vay, € I'\I'q which
while mathematically consistent with the formulation of the problem, it is prone to create
practical problems. If the distribution of the sensitivity, and consequently the descent
direction field, results in large deformations in the neighborhood connecting design and
non-design sections of the shape, a kink is bound to appear which inevitably deteriorates
the quality of the mesh. A practical way of dealing with this aspect of the optimization is
to filter the computed descent direction field in such a way that a smooth transition from
[q to I'\ I'q is achieved. For instance, in a 2D case one can filter the already computed
descent direction 6; by applying

éj _ {%Hj (1 — oS <7r%>> , iftr <rg (3.18)

0]‘ if?”>7“0

as also suggested in Miiller et al. [2023]. This filter operates based on a radius r, defined
by the user and
r = HiIZ’k — .i’kHQ, (319)

where 75 denotes the Cartesian coordinates vector of a computational node connecting I'y
and I \ Fd.
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3 Parameter-free Shape Optimization

In a 3D case, an equivalent filter can be constructed by building on the idea of a torus.
In specific, a 2D circular intersection at nodes connecting I'y and I' \ 'y is considered
perpendicular to the main flow direction. The radius can then be computed as

r= \/<\/($1 —21)? 4 (22 — 72)% — 7“1)2 + (5173 - 933))2, (3.20)

where it is assumed that the main flow direction is pointing in the third Cartesian coordi-
nate. Here Z is used to denote the position vector of the center of the assumed intersection
and 7y its radius. The filter can then be equivalently applied in a 3D case as proposed by
Eq. (3.18).

Note that the filter is applied on the complete computational domain and not only on
the shape surface. Equation (3.18) is numerically applied on the cell /face centers and just
before the nodal interpolation (2.119) is realized and the mesh is transformed. In specific,
after the application of the filter, the procedure continues by interpolating éj to the nodes
instead of the original 6;.
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3.4 lllustrative Example

In this section a 2D CFD-based shape optimization application is investigated with respect
to certain of the introduced shape update approaches. Emphasis is given to practical
aspects and restrictions that arise during an optimization procedure. The investigated
application refers to steady, laminar external flows and therefore the optimization problem
as posed in Eq. (3.1) is constrained by the NS equations that in a suitable residual form
read

Ov;
p pu— ? pu—
R =5 =0 (3.21)

=B, o,

The geometry refers to a 2D cylinder as schematically depicted in Fig. 3.2 (left). This
example targets to minimize the flow-induced drag of the cylinder by optimizing parts of
its shape. The objective reads

r
where ef denotes the basis vector in the z-direction, i.e., the main flow direction. As
already discussed, in this chapter the sensitivity is assumed to be given to us, however the

interested reader is referred to Kiihl et al. [2019] for a detailed explanation on how the
sensitivity of this benchmark problem can be efficiently found. Note that the objective

slip wall

outlet

inlet

slip wall

HH

Figure 3.2: Left: Sketch of the investigated 2D cylinder optimization problem where the
dashed line denotes the section free for design I'y. Right: Detail of the employed
numerical grid near the cylinder.

is evaluated along the complete circular obstacle I', but its shape derivative is evaluated
only along the section under design I'q, cf., Fig. 3.2. The decision of optimizing a section
of the obstacle’s shape instead of the complete shape is made to avoid trivial solutions
such as, e.g. a singular point or a straight line, in the absence of additional geometric
constraints. The steady and laminar study is performed at Rep = p Ui, D/ = 20 based
on the cylinder’s diameter D and the inflow velocity U,. The two-dimensional domain has
a length and height of 40 D and 20 D, respectively.

To ensure the independence of the objective functional J w.r.t. spatial discretization, a
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grid study is first conducted, as presented in Table 3.1. Since the monitored integral quan-
tity does not show a significant change from refinement level 3 on, level 3 is employed for all
following optimizations. The utilized structured numerical grid consists of approximately
19000 CVs. The cylinder is discretized with 160 surface patches along its circumference.
A detail of the mesh in the neighborhood of the cylinder is shown in Fig. 3.2 (right). The
average dimensionless near-wall spacing around the cylinder is y™ ~ O(1073).

Table 3.1: Results of the mesh dependence study. Index i refers here to the mesh refinement
level. Note p = 20 kg/m?, p=1Pa-s, U, =1 m/sand D =1 m.

refinement level number of FV prZfD _ Ji;:i;l (%)
MO 300 2.1637 -
M1 1200 2.1370 -1.23
M2 4800 2.1317 -0.25
M3 19200 2.1334 0.08
M4 76800 2.1334 -0.003
Mb 307200 2.1334 -0.001

3.4.1 Results - Without Filter

This case is investigated w.r.t. the applied descent direction. In specific, the methods that
are investigated are:

1. the direct application of the sensitivity field, i.e., §; = —n;s (for each cell/face center
on I'y), abbreviated as DS.

2. the Laplace-Beltrami method as described by Eq. (3.10) for different parameter values
of k£ and abbreviated as LB.

3. the Steklov-Poincaré method, abbreviated as SP.

In all applications presented below the step size is determined based on the Armijo condi-
tion with the constant parameters ¢ = 0.5 and 7 = 0.5. The initial step size t is prescribed
on the first iteration based on Eq. (3.15), where 6™ = 0.005 D is chosen.

Figure 3.3 (left) shows the relative decrease of J(2) w.r.t. the initial shape, for all
aforementioned approaches. The SP approach reaches the maximum reduction, greater
than 10%. As expected, the DS approach is the first to terminate with the lowest reduction
while the LB approach increases its “efficiency” as the smoothing parameter k increases,
while for a small value of k£ the descent history is identical to that of the DS approach.
However, as illustrated in Fig. 3.3 (right), where the shape derivative is computed based on
Eq. (3.5), none of the methods converge to a (local) minimum. Furthermore, no simulation
satisfied a convergence criterion set to (JAZ — JAZ-_l) . 100%/ji_1 < ¢, with € = 0.001. Instead,
all applications are terminated prematurely due to the deterioration of the mesh quality.

This shortcoming of the optimization is visualized in Fig. 3.4. On the left, the discretized
rightmost connection between design and non-design areas is shown for the last produced
shape by the DS approach. As initially speculated and in the absence of a filter, a kink
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Figure 3.3: Left: Relative decrease (jZ — jo) -100%/ Jo of objective. Right: History of shape
derivative (3.5) during the optimization.

appears on the neighborhood of the faces connecting the two sections of the shape. The
numerical procedure cannot continue without re-meshing or without a change of the nu-
merical settings, since the primal problem diverges. To further illustrate the aspect of mesh
quality preservation, Fig. 3.4 (right) is presented where the minimum cell orthogonality of
the computational meshes is monitored during the optimization. Herein the orthogonality

min. orthogonality in degrees

iteration 7

Figure 3.4: Left: Detail of the numerical grid at the rightmost connection between I'y and
['\T'q in the last optimization iteration with the DS approach. Right: Minimum
cell orthogonality of the computational mesh. Legend as in Fig. 3.3.

of each cell is computed as
— i °_ gn 24

a = min (90° — %), (3.24)
where 8" refers to the n'"* angle between a face normal and the connecting line between
the adjacent cell center and N denotes the total number of adjacent cells. The monitored
minimum orthogonality of the computational mesh corresponds to the minimum value of
a out of all cells. The SP method sustains a good mesh quality for the longest number of
iterations while the LB method maintains a better mesh quality for larger numbers of k. It
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3 Parameter-free Shape Optimization

can be seen that all optimization procedures terminate on a critical value of approximately
25°.

Furthermore it is interesting to note the differences between the last produced shape by
each approach. This is displayed in Fig. 3.5. It is noted that the application of the DS
approach results in the “roughest” shape while the SP approach to the “smoothest”. It
is also interesting to note that for £ — 0 the LB approach results in an almost identical
configuration as the DS approach while as k increases the obtained shape closer matches
the one produced by SP.

Figure 3.5: Outlines of initial (black line) shape compared to optimized (red lines) shapes.
Descent direction employed: DS, LB-k=01D,LB-k=05D,LB-k =D,
SP. The order follows from left to right and from top to bottom.

All simulations are parallelized using 10 CPU cores. The total wall clock time of each
optimization process is monitored and then divided by the total number of (converged)
shapes produced by each approach, to get an average wall clock time per shape update
T, This results in T%° & 0.1 hr for all update methods with small deviations that are
attributed to the different convergence rate of the primal problem for each shape on the
sequence. This shows that even though LB is herein classified as a two-step approach, the
computational expense of estimating the descent direction field over Iy is small compared
to the more time consuming extension to the domain, whose expense is comparable to
the complete SP process. Overall, it must be noted that for most available shape update
approaches in CFD optimization, the shape update procedure requires only a fraction of
the time required for the solution of the primal problem.

Re-meshing

In order to validate that the predicted objective decrease is accurate and not an element
of the mesh-morphing approach followed during the optimization, the optimized shapes
are re-evaluated on a new mesh. The newly generated meshes consist of 20800 CVs and
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160 surface patches along the circumference of the cylinder. It is ensured that the average
dimensionless near-wall spacing around the optimized cylinders is of the same order of
magnitude as in the initial mesh. Table 3.2 shows the predicted objective functional of
the last optimized shape using the original morphed grid and the new mesh. For all cases
it is noted that the deviation does not exceed 1% and therefore the results predicted by
the optimization process are relatively accurate and cannot be attributed to the mesh
distortion.

Table 3.2: Deviation of the computed objective functional J at the final achieved optimiza-
tion iteration for each descent direction using the original mesh (j °) and a new

mesh (J").
descent direction p[igj ;)2 pUQZ{ oE |j0}ljrll (%)
DS 1.951  1.957 0.31
LB (k=0.1D) 1.948  1.953 0.28
LB (k=05D) 1897 L1014 085
LB (k=D) 1905 1.908 0.18

SP 1.897  1.916 0.95

It is interesting to note that the largest deviation appears for the SP approach. As shown
in Fig. 3.6 the shape corresponding to the original mesh exhibits a kink near the connection
between design and non-design sections. The reasons behind this kink are outlined above.
However, this feature of the optimized shape refers only to couple of numerical faces and
during the re-meshing process it is lost, cf. Fig. 3.6 (right). The existence of such kinks
can induce both numerical but also manufacturability issues since such details often exceed
the capabilities of the manufacturing process. To this extent, a proper smoothing of the
connection between design and non-design segments is often advantageous even though it
might alter the result of the initially posed optimization problem.

Figure 3.6: Detail of the numerical grid at the rightmost connection between I'y and I'\ I'y
in the last optimization iteration with the SP approach. Left: Mesh produced
by the mesh-morphing approach of the optimization process. Right: Mesh

produced by re-meshing the optimized shape.
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3 Parameter-free Shape Optimization

3.4.2 Results - With Filter

For all presented methods, the quality of the mesh is heavily deteriorated in the vicinity of
the connection between I'q and I'\T'y. Figure 3.7 shows the optimization results of this case
by applying the LB - £ = 0.1 D method and using the filter suggested in Eq. (3.18). As can
be seen the application of the filter produces shapes of a smoother transition from design to
non-design. However, depending on the filtering radius applied, not only does the descent
history change but also the final solution. It is interesting to note that while the application

0 I T
—&— 1o filter
—8—1ry=0.1D

_2 I 19 = 0.3D [
—4 ,
_6 - ,
—8 |- ,

| | | |

0 20 40 60 80

1teration 1

Figure 3.7: Cylinder optimization using LB - £ = 0.1 D and descent direction filter (3.18).
Left: Outlines of initial (black line) shape compared to optimized using no filter
(red line), filtering radius 79 = 0.1 D (blue line) and filtering radius ro = 0.3 D
(green line). Right: Relative decrease (J; — Jp) - 100%/Jy of objective.

of a filter with a small filtering radius produces similar results to the unfiltered solution,
the procedure terminates even faster since the sharp change from one section to the other
is simply propagated upstream. This is an element of the computed sensitivity field and
is case-specific. However, by increasing the filtering radius to r¢ = 0.3 D a converged
solution (meeting the convergance criterion) is obtained, even though it is significantly
different from the initially proposed shape.

This study shows that while the application of an explicit filter on the descent direction
field can indeed result in smoother and numerically converged solutions, it might also lead
to slower convergence and a different solution from the one obtained from an unfiltered
method.
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4 The Adjoint Method

In the previous chapter the parameter-free shape optimization problem was considered
with the assumption of a given sensitivity field. In this chapter the adjoint method for
efficiently estimating this field is presented. In the context of parameter-free gradient-based
CFD shape optimization, the adjoint method constitutes perhaps the only computationally
feasible approach to determining the sensitivity field. This is because the computational
effort required by the adjoint method is detached from the number of design variables,
which is assumed to span to infinity for a continuous shape description or a significantly
large finite number for the discrete shape representation.

This chapter is dedicated to the presentation of the continuous adjoint method for fluid
dynamics and its extension to incorporate aspects of hemodynamic interest. The adjoint
problem is inherently dependant on the primal problem and the objective to be minimized.
Therefore a general formulation is virtually impossible to be stated. However, certain
aspects on the derivation process remain identical in the context of fluid dynamics. These
derivations are presented in the context of a generalized problem and built upon to derive
a generalized non-Newtonian adjoint formulation as well as a dual! to the hemolysis-based
primal problem.

The chapter is organized in five sections. Section 4.1 presents a general theoretical
background that motivates the use of the adjoint method. Section 4.2 follows with a
presentation of generalized derivations in the context of continuous adjoint NS equations.
Numerical aspects are discussed and a verification case is investigated by means of a second-
order accurate FD study. Section 4.3 discusses the dual problem to the NS equations with
hemolysis modeling for a Newtonian fluid. The chapter continues with Section 4.4 where a
generalized adjoint problem for non-Newtonian blood models is presented. The former two
sections include verification studies to assess the novel derivations as well as discussions to
indicate the necessary numerical implementations on a FV-based CFD code. The chapter
closes with Section 4.5 where the novel adjoint hemolysis and non-Newtonian systems are
combined to allow for the minimization of hemolysis while employing a non-Newtonian
model to describe the rheology of blood.

4.1 General Motivation for the Adjoint Formalism
Consider the function F(x;), z; € RN, F : RN R and the optimization problem

min F(x;) st. Cg(x;) =0, with k=1,...,M (4.1)

x; ERN

where Cy(x;) = 0 denotes a set of M equality constraints for the design variables x;. Let’s
neglect the constraints for now and assume that F' is continuously differentiable. Then a

!Note that dual and adjoint are oftentimes used interchangeably. The former indicates the dependence
of the adjoint problem to the primal.
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4 The Adjoint Method

first order approximation of F' reads

OF
F(x; + 6x;) = F(x;) + —dxzy, (4.2)
8:1:1-
where 6x; € RY is a variation of the current design x;. As already discussed in the previous
chapter, dx; is a descent direction for F' if the second term on the RHS of Eq. (4.2) is
negative. In fact, the descent direction becomes the steepest when

oF
ox; = in —dx; 4.3
x; = arg 632161£N Bz, x (4.3)

and by considering a Euclidean space, the inner product can be written as

g—j—;ézi — H? 1621]| cos 6, (4.4)

where 6 is the angle between the vectors dF'/dz; and dx;. It is clear that, if one assumes
a unit length for both vectors, Eq. (4.4) becomes minimum for cos = —1. Therefore,
Eq. (4.3) reduces to
P OF
T = .
Therefore, the steepest descent optimization method requires the estimation of the par-
tial derivative of ' w.r.t. the components of ;. Note that while the constraints of the
optimization problem (4.1) are neglected so far, their existence implies a subset of admis-
sible solutions of z;, i.e. z; € X* C RY which also restricts the set of available descent
directions dx;.

(4.5)

The following sections discuss different methods for the estimation of these partial deriva-
tives and compare them in terms of the necessary computational effort required for each.

4.1.1 Finite Difference Method

The most straightforward approach to approximate the sought partial derivatives is the
FD method. Based on this method, a first-order approximation of the derivatives can be
written as

OF  F(x; +eef) — F(x;)

2 - + O(e) : forward FD or (4.6)
F(x) — F(x: — ce®
_ Flw) = F@i=eed) | o) . backward FD, (4.7)
€

where ef denotes a unit vector of the same size as x; and € denotes a (small) perturba-
tion magnitude in the direction ef. A second-order accurate formula can be obtained by
subtracting the Taylor expansions of F(z; + €ef) and F(x; — eef) and reads

OF  F(v; +eef) — F(x; — eef)

2 .
o 5¢ + O(e*) : central FD. (4.8)
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4.1 General Motivation for the Adjoint Formalism

The approximations are schematically illustrated in Fig. 4.1 in which the better estimation
of the partial derivative based on a central difference scheme becomes obvious. The higher
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Figure 4.1: Approximation of OF/0x; at T; using different FD schemes.

accuracy of the central FD scheme comes however at an extra cost. In the applications
studied in this thesis, the equality constraints of the optimization problem (4.1) correspond
to a set of PDEs, the satisfaction of which results on an admissible design ;. It is therefore
required that any perturbed design also satisfy the PDEs, otherwise it cannot be classified
as admissible. In order to guarantee the satisfaction of the constraining PDEs, for each
perturbed design, the PDEs are solved. This means that for the estimation of F'(x; + ee}),
the constraints Cy(z; £eef) = 0 need to be solved N times, i.e., the length of the x; vector.
Based on this, the computational cost for Eq. (4.6) and (4.7) is N +1 PDE solutions, while
for the higher accuracy central difference scheme (4.8) it is 2N (41, which implies that a
solution at the reference value is also usually sought). If one associates the cost of satisfying
the, so far vaguely described, equality constraints with the numerical solution of the NS
equations and N with the total number of design variables in the context of parameter-free
shape optimization, it becomes clear that the FD method is computationally demanding,
if not unsuitable, to accompany a gradient-based optimizer.

Additionally, the choice of an appropriate perturbation magnitude € is not trivial. As can
be seen, the truncation error of the schemes scale with € or €2 and therefore a sufficiently
small perturbation magnitude is sought. However, the smaller the perturbation gets the
closer the value of F'(z;+¢€e?) is to the reference value. This can lead to the numerical error
of subtractive cancellation. In essence, one looks for a step size small enough to guarantee
that the approximation is in the linear region of the exact solution, cf. Fig. 4.1, but large
enough to circumvent cancellation errors.

Even though the computational cost of FD does not allow its use in a parameter-free
shape optimization procedure, its straightforward implementation makes the method a
useful tool to validate derivatives obtained by other approaches (Kavvadias et al. [2015],
Carnarius et al. [2010], Othmer [2008], Papadimitriou and Giannakoglou [2007]).
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4 The Adjoint Method

4.1.2 Complex Step Method

Another method that is based on a Taylor series expansion of F'is the complex step method,
in which the state is expanded based on an imaginary step. This method originates from
Lyness and Moler [1967] and later popularized by Squire and Trapp [1998]. The second-
order accurate approximation reads

OF  Tm (F(z; + iee}))

0z, €

+ O, (4.9)

where ¢ is the imaginary unit. The advantage of this method is that there is no error due
to subtractive cancellation, which implies that the value of € can be arbitrarily decreased
as compared to FD, and that a second-order accuracy is attained at the cost of N PDE
solutions instead of 2N required by FD. However, the application of the method requires
access to the source code since it must be modified so that all real variables and compu-
tations are replaced with complex ones. This is also accompanied by an increase in the
memory requirements since complex variables require double the memory in comparison
to real variables.

4.1.3 Direct Method

In the considerations so far, the minimization problem is presented in a simplified form
where the objective and the constraints are only a function of the variables ;. However,
in the context of the applications investigated in this thesis, the problem can be extended
to

min Fym(x;),x;) st. Cilym(z;),z;) =0, 4.10

Cmin_ Fyn(@).a) (Y1), 1) (4.10)

where v, : RY — RM denotes the vector of state variables. If we assume existence and
uniqueness of this mapping then the optimization problems (4.1) and (4.10) are equivalent.
However, the latter allows us to follow a different conceptual path as regards the sought
derivative for the gradient-based optimization problem. Based on the chain rule, the total

derivatives of F' are
dF oF  OF dy,,

dv;  Ox; + Oy, dx;
The partial derivative of F' in the direction of z; represents the change of the former w.r.t.
variations of the latter while keeping the state constant. Instead, the total derivative
takes into account the changes also induced to the state and therefore basically represent
a direct relation of the constraint to the computation of the sought derivative. In the
methods presented in Sections 4.1.1 and 4.1.2, the partial derivatives are computed and
the constraints are indirectly satisfied by their solution on a perturbed design.

(4.11)

The constraints must indeed always be satisfied which implies

de 8Ck 8(Jk dym . 8Ck dym o 8Ck
dr;  Ox; + Oy dz; 0= 8y_m dr; Oz (4.12)

The computational cumbersome part of Eq. (4.11) is dy,,/dz;. If this is substituted based
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on Eq. (4.12) then

dF OF OF (aok)l ICy (4.13)

dx; 8_331 B OYm \ OYm 0x;

This equation reveals two possible approaches on computing the sought derivative, i.e., the
direct and the adjoint method.

The direct method computes the matrix dy,, /dz; directly from Eq. (4.12) and then sub-
stitutes the result in Eq. (4.11) which results in the symbolic formulation of Eq. (4.13). In
order to illustrate the computational cost of this method consider a discrete computational
mesh of K CVs. Then the length of the vectors Cj and y,, would be equal to M = K x Y,
where Y denotes the number of state variables, e.g., pressure and velocity components for
a laminar flow of an incompressible, Newtonian fluid. Equation (4.12) then corresponds
to a linear system with a LHS matrix of size M x M and a RHS matrix of size M x N.
The LHS matrix corresponds to the partial derivatives of the constraints w.r.t. the state.
The RHS instead requires every design variable to be perturbed on a fixed state. For
each column of the 9Cy/0z; we can then compute a column of the dy,,/dx; matrix. The

direct method then requires the solution of N linear equation systems as well as storing
the M x M matrix 0Cy/Oyy,.

4.1.4 Adjoint Method

The adjoint method is based on reversing the principle between design and objective.
Instead of varying the design variables and computing the induced changes of the state
and subsequently the objective, as done in the direct method, the adjoint method demands
a change of the objective related to a modification of the design.

The starting point of the method is the formulation of a Lagrangian function that reads

ﬁ(ym,?)k,llﬁi) = F(yma 1’1) + ?Jka(ym, xi)a (4-14)

where 7 corresponds to Lagrange multipliers, or in this context the adjoint variables. Note
that based on the discrete example discussed in Section 4.1.3, the length of y,, and C} is
the same. The (necessary) satisfaction of the constraints implies that £ = F. The total
derivative of the Lagrangian then reads

dLl oF oF dym N 8Ck 8Ck dym
= _— : 4.1
dx;  Ox; + Y dz; F (&xi + Yy dz; (4.15)
Rearranging the equation results in
= : 4.1
dx; ((9&:1- T 8@-) * (aym o aym> dz; (4.16)

The concept of the adjoint method is to choose the adjoint variables g, in such a way that
the second term on the RHS of Eq. (4.16) vanishes, viz.

_0C OF R or [0C, -t
R = [ === 4.1
ykaym (9ym Yk aym (aym> 7 ( 7)

73



4 The Adjoint Method

which if substituted in Eq. (4.13) results in the computation of the sensitivity based on

dF OF  0Cy
Az ((“)_:E, + Yk 0z, (4.18)

This approach renders the costly computation of dy,, /dx; obsolete and instead requires the
solution of Eq. (4.17) for the proper determination of the adjoint variables. Consider now
again the discrete example described in Section 4.1.3. The solution of the linear Eq. (4.17)
requires the determination of the M x M matrix 0Cy/dy,, and the M vector OF /0y,
irrespective of the number of design variables N. Therefore, the total cost of the adjoint
method is equal to just one numerical solution of a linear system of M x M equations for
any number of N design variables.

To summarize, in every possible method for computing the necessary partial derivative
outlined above the computational cost scales linearly with the number of design variables.
However, it must be noted that while in the FD and complex step methods the cost refers
to the numerical solution of usually non-linear equations, the direct method refers to the
solution of linear equations, cf. Eq. (4.12). Nevertheless, even for the FD and complex step
methods, the solution process can be warm started from a previous solution thus making
the cost often comparable to that of the direct method. By considering that in CFD-based
applications the cost refers to the computationally expensive numerical solution of the NS
equations and that in parameter-free shape optimization the number of design variables
corresponds (from a discrete perspective) to the number of faces discretizing the design
section, it becomes clear that the adjoint is the only viable method to accompany the
gradient-based optimizer in practical applications.
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4.2 Continuous Adjoint Navier-Stokes Equations for
Incompressible Fluids

Section 4.1 was devoted to presenting the motivation behind the use of the adjoint method
in the context of parameter-free gradient-based shape optimization. Therein, the discussion
was confined to examples most suitable to highlight the discrete adjoint method. In this
section, the continuous adjoint method is presented for a general fluid dynamics case
where the constraints refer to the NS equations. The principal difference between the
discrete and the continuous adjoint method refers to how one arrives at the numerical
representation of the adjoint problem. On the one hand, the discrete adjoint method follows
a discretize-then-derive approach, where the underlying problem is first discretized and
then used to derive the discrete adjoint problem. On the other hand, the continuous adjoint
problem follows the derive-then-discretize approach in which the adjoint problem is initially
formulated on a continuous level and then discretized for its numerical solution. As outlined
in Chapter 1, a key feature of the continuous method is that it allows the use of similar
numerical tools as those used for the solution of the primal problem. Therefore, even though
source-code access is inherently required by the adjoint method due to its dependency
on the objective functional and the constraining primal problem, the continuous adjoint
method allows for a certain level of flexibility as regards its numerical implementation.
The notation used herein serves as a conceptual bridge between the “continuous” notation
used in Chapter 3 and the “discrete” notation of Section 4.1.

Let J(Ym,uk), J : Y x U — R be the objective functional to be minimized based on the
optimization problem

min —J(ym(ur), up) st Ri(ym(ur), ux) =0, (4.19)
(Ym ,up)eWad

where W2 := Y x U is an admissible space, with Y and U the Banach spaces of the
state and control, respectively. Based on what is presented in Chapter 3, the control wuy
can be thought as a vector representation of the shape €2 and it can be associated to x;
based on the notation of Section 4.1. The assumption of existence and uniqueness of the
mapping ux — Y, (ug) is again employed to arrive at the reduced objective functional
J(ug) := J(ym(ug),u). In this section, the constraints represent the NS equations in
residual, strong form (without the boundary conditions) for an incompressible, Newtonian

fluid in laminar, steady-state flow and can be written as

ov;
p_ 2 4.2
R TS 0 (4.20)
ov; 0
’{} — . ? - 2 e 5 g . 4.21
R} = pv; ox; Oz, [ wSij — p w] 0 ( )

The solution of the constraints, given a shape, results in the state

Ym = (p,"Ul,’U2<,’U3)), (422)

where the last component of the velocity vector is in parentheses to allow for possible 2D
flows.
Furthermore and in order to keep the derivations as general as possible, allow J to be
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decomposed as (Heners et al. [2018], Othmer [2008])

j:/jperr/deQ, (4.23)

r Q

where the first term on the RHS refers to boundary contributions while the second term
to volume contributions.

As discussed in Section 4.1.4, the starting point of the adjoint method is the formulation
of an augmented objective functional or Lagrangian, viz.

L=J+ /QZRZ dQ=J+ / [PRP + 0, RY] dSL. (4.24)
Q Q

Since the constraints need to be satisfied for every admissible shape, Eq. (4.24) allows
to formulate the initially constrained optimization problem (4.19) as an equivalent un-
constrained problem. A saddle point of the Lagrangian is given when its total variation
vanishes, viz.

5L = 6y, L+ Sty + 00 L - Sug, = 0, (4.25)

where the first term on the RHS denotes the directional derivative of the Lagrangian in the
direction of the primal state and the second term in the direction of the control (shape).
In this sense, d,, L - du;, can be associated with the shape derivative and we thus search
for a formulation of the Hadamard form as presented in Eq. (3.5), where du; represents
a descent direction. Furthermore and based on the concept set forth in Section 4.1.4,
0y, L - 0y, is the means for obtaining the adjoint equations. In specific, we require that
the variation of the Lagrangian is independent of dy,,, i.e., the variations of the state are
independent of the variations in the control, and therefore demand

Sy L Oy = { gpﬁﬁ‘?v } =0 Yoy, (4.26)

Equation (4.26) gives rise to the adjoint equations, the satisfaction of which leads to the
determination of

U = (P, 01, 02(, 03)) (4.27)

such that the directional derivative of the Lagrangian in the direction of the primal state
vanishes for every dy,,.

The variation d,,,L - dy,, can be expanded as

Oy £ Oty = Oy T - 0%y + / 1 (6, Ry - Oym) A9, (4.28)
Q

where based on the decomposition of Eq. (4.23)
5 2 / dJa
Oy = Y = [ dyp=—dI’ OYm =— dS2. 4.29
ym * 0Y / Ymg, AU+ [ Oymz = (4.29)
T Q

If one splits the volume integral of Eq. (4.24) into subintegrals consisting of isolated terms
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of the primal equations, viz.

Q/p( ngdQnL [Q/v,(png )dQ+Q/ (—%(m&j)) dQ+/@i<§£>dQ},

N J/ N J/ N J/
-~ -~ -~ -~

I Iz I3 Iy

where in accordance with Eq. (4.24)

/ﬁdeQ—Il, /@iR;)dQ—IQ‘i‘Ig‘i‘Ll,
Q Q

the computation of Egs. (4.28) can be written as

4 4
Oy L+ O = Oy (T4 D 1) -G = 8y S+ D (G Ty - Oyn) =0 (430)
=1 =1

4.2.1 Variations of the Steady Navier-Stokes Equations

Each term of the sum in Eq. (4.30) is treated separately to arrive at the collective expres-
sion of the adjoint equations. In the following enumerated list, the number refers to the
respective subintegral.

1. Since I doesn’t directly depend on p it follows that d,/; - dp = 0. The variation in
the direction of v; reads

A

Li

r Q

where n; denotes the normal vector to the boundary.

2. Similarly to Iy, 0,15 - 0p = 0 and

by, Io - Ov; = /51}1111,0 v;n;)dl — / (6v;) (vjpgvz A]pgzj) doQ. (4.32)
T ) ’

3. Since S;; = 0.5 (0v;/0x;+ 0v;/Jz;) is a function of velocity only, it again follows that
0pl3 - 0p = 0 and

5o, Iy - 6v; = —/m(@ + @)nj dF+/ avm(a&’i n aé”ﬂ') dQ,  (4.33)

ij 83:@ c%vj 8xj a%z
F >y N >y
Vv VvV
I'y I3
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where I3 can be expanded further using a second integration by parts as

/8% 00v; 40+ /01}1 0dv, 40

8@”3% Oz,
0v; 00, 0 o0v; 00,
= : I'— : ! Q. 4.34
/5“ {ax] - ale d /(5“)8 [ (ax, - 81:)] d (4:34)
T 9
S

Combining the surface integrals of Eqgs. (4.33) and (4.34) results in

00; 850 00; dov;
r Iy = J R r | =—0v; — —0 I'. (4.
1+ 1 //mj (8 ov; o ) d +/;m] <8xj6% a% ) d (4.35)
r r

Expanding the first integral of Eq. (4.35) leads to

0v; ddov; 8vn 35% R
| —dv; I'= r
/ KT (8:&- 0v; = o0x; ) d / &E / 8:61 oid
r r r
= | puv, dvn; — | pom; vy, — /f) 86% dI' + /6vnu 0% dr
—— ~— r 5xZ axz
(S'U'VL or [ or I

=0, (4.36)

where (.),, denotes the normal to the surface component of a vector. Herein the as-
sumption is made that On;/0x;, i.e., the local curvature of the boundary, is negligible
and that the variation of the primal continuity asymptotically holds along the bound-
ary of the domain. The former assumption is frequently applied, also throughout the
primal equations, and is called plane Couette low assumption. Furthermore, as it
will be shown in the following derivations, in the absence of a volume-based objective
involving pressure contributions, the adjoint velocity field must be solenoidal which
is also assumed to asymptotically hold on the boundary, thus allowing us to neglect
the last surface integral of Eq. (4.36).

Based on the above, the variation of I3 in the direction of v; reads

5ol - G0 = / (5vi)unj% dr — / @Zun]?”l ar — / (6v;) ai (2,@]) dQ, (4.37)
J
Iy

r

where in an analogy to the primal flow S;; = 0.5 (90;/0x; + 90, /dx;).

4. The subintegral I, doesn’t directly depend on the velocity vector and thus 6, I4-dv; =
0. The variation in the direction of pressure reads

5,11 Op = / (6p)i;m; AT — / (p) g;f Q. (4.38)

r Q
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Having expressed all subintegrals in the form of surface and volume integrals we can
superpose all contributions into the directional derivatives of the Lagrange functional, viz.

. Ojr 0v;  Jjg
L8 = n. + =) dl — — =1 dQ 4.
6,L - 3, / (dp) (vmmL ap) d / (op) ( o7, 8p> ds2, (4.39)
I Q
R R ov;  0j
5Ui£ . 5Ui = /((SUZ) [—pni + pvﬂ)jnj + Mnja_l‘j + 8_?)1;:| dF
I
00v;
/,LwZ oz, —n; dI’
I
. Ov; o0v; 0 A . dja
N g 2% Y% Y (9,8 55 0. 4.4
+ /((S’Ul) |:U]paxi Ujpaxj Gscj( HSZJ p51]> avzj| d ( O)

Q

The conditions (4.26) require that the all integrals in Eqs. (4.39) and (4.40) vanish for any
admissible dp and dv;.

4.2.2 Field Adjoint Equations

For the volume integrals, the satisfaction of conditions (4.26) leads to the field adjoint
equations, viz.

- 9v;  Ojo

P AL 4.41
R s + o 0 (4.41)
1 a@,- 0 . djo
RZ Ujpa v;p a 8:Ej (2#5” - p(sij) + an =0. (442)

Equation (4.41) refers to the adjoint continuity equation while Eq(s). (4.42) to the adjoint
momentum equation(s) due to their similarity with the respective primal equations. Note
that these equations are linear in the unknowns p and v;. However, their similarities with
the (non-linear) primal equations suggest a similar numerical implementation for their
solution. Furthermore, it is worth noting that no assumption is made to arrive at the field
adjoint equations as presented by (4.41), (4.42), apart from the nature of the fluid and the
flow. Nevertheless, the equations are augmented by an additional source term involving
volume contributions of the objective functional. This necessitates the specification of the
objective before the numerical solution of the adjoint. In addition, the adjoint equations
involve the primal state, cf., (4.22), thus suggesting a sequential solution approach, i.e.,
the numerical solution of the adjoint equations needs to follow the solution of the primal
for a given control.

4.2.3 Boundary Adjoint Conditions

The solution of the field adjoint equations results in vanishing volume integrals of Eqs. (4.39)
and (4.40). Instead, the requirement of vanishing surface integrals is used to deduce the
necessary BCs for closing the field adjoint equations. Similarly to the concept applied for
the field adjoint equations, a straightforward approach is to demand that the integrand
vanishes for any possible dy,,. However, due to the BCs applied to the primal problem,
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4 The Adjoint Method

certain simplifications can be made for the deduction of the adjoint BCs. These simplifica-
tions are therefore dependent on the primal problem. In this section certain assumptions
are made based on what is frequently applied in the context of blood flows where the
domain boundary can be split as I' = I';, U 'y U 'y,. A similar analysis to what follows
herein can also be found in Othmer [2008].

Inlet and non-design wall

The primal velocity is usually fixed on I', and I'y,, based on a prescribed velocity and
the no-slip condition, respectively. This implies that any variation of the shape will not
induce a variation of the velocity in the respective boundaries and so dv; = 0 on I'j, and
['y. Therefore, the remaining surface integrals that need to vanish are

. 50,
/ (0p) (vn + %) dl':=0 and / u@i%—énj dr := 0. (4.43)
TinUl'w iUl

Assuming that the primal continuity equation asymptotically holds also on the boundaries
of the domain, then its variation must also hold and one can write

dév;  Odv, Dot
ox; = on * Oxt =0, (4.44)

)

where the divergence has been decomposed into normal and tangential contributions. Here-
after, a standalone n refers to the spatial normal direction while the two (one) tangential
directions are (is) represented by a superscript of ¢ for a three (two) dimensional prob-
lem. Since dv; = 0 is assumed everywhere on I'y, and Ty, it holds that ddv}/dzt = 0 and
therefore following from Eq. (4.44)

dov,,
on

=0 onl},Uly. (4.45)

Based on this, the necessity of satisfying the second equation of (4.43) simplifies to

oot
/ ot a:f dr = 0. (4.46)
1—‘inUFw

Therefore the BCs simultaneously satisfying the first equation of (4.43) and (4.46) are

Uy = —% and 9! =0 on T}, UT,. (4.47)
Op
From the above deductions we managed to obtain BCs for the adjoint velocity on the
respective boundary patches. However, there is no remaining information for the deduction
of the necessary BCs for adjoint pressure. Since the latter enters the adjoint field equations
similarly to its primal counterpart, the same BCs are set as in the primal problem, i.e.,
zero Neumann conditions.
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Outlet

Pressure is usually fixed and zero Neumann is set for velocity on I'y,;. Based on these
assumptions one can write

8(51)1'
op=0 and a—xjnj = 0. (4.48)
Therefore, the only boundary integral that needs to be eliminated is
. . dv;  Ojr
/(5%) {—pni + ptiv;n; + pn; o, + Do, dI' := 0. (4.49)

1_‘out

The integrand in brackets is set to zero and split into normal and tangential components
to arrive at

. . 00, 0j
—p + pUzU, + ’uc‘?_n + 8%}1; =0 on [y, (4.50)
at  djr
~t 7
PU; U + Man + 8_11f =0 on Fout' (451)

Equations (4.50) and (4.51) can be used to set BCs for the adjoint pressure and the
tangential adjoint velocity components, respectively. The normal component of the adjoint
velocity can be set by assuming that Eq. (4.41) holds on the boundary and the computed
tangential adjoint velocity components.

The necessary assumptions to arrive at the BCs outlined above are summarized as
follows:

e It is assumed that 0jo/0p = 0 and dn;/0x; = 0 on I so that Eq. (4.36) holds.

e [t is assumed that a Dirichlet condition is set for primal velocity on the inlet and
wall patches.

e [t is assumed that a Dirichlet condition is set for primal pressure and a zero Neumann
condition is set for velocity on the outlet.

e [t is assumed that the primal and adjoint continuity equations asymptotically hold
on the boundary of the domain.

If these assumptions hold, then the field adjoint equations as well as the BCs outlined above
hold for any case in which the constraining primal problem refers to the NS equations for
an incompressible, Newtonian fluid in laminar, steady-state flow conditions.

4.2.4 Shape Sensitivity

If the field adjoint equations and their respective BCs are satisfied, then d,, L - 0y, = 0
and the total variation of the Lagrangian involves only the directional derivative in the
direction of the control uy, cf. Eq. (4.25). This can be written as

Q
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Note that in the expression of Eq. (4.52), an additional term involving the variation of d)
in the direction of the control, often referred to as the Leibniz term, is omitted. This is
made based on the assumption that the flow equations are satisfied along the boundary,
an assumption already made on the analysis above, cf. Section 4.2.3. From a numerical
perspective, this assumption is usually well justified when the employed grids are fine near
the boundaries and the Re number is small. As regards the latter, this is frequently the
case in blood flows, with the value of Re number rarely exceeding 7500. Nevertheless, for
a consistent treatment of this term, the interested reader is referred to Kavvadias et al.
[2015].

It holds that the total variation of the residual primal equations vanishes, viz.

5Rl = 5yle : 5ym -+ 5ule . (5Uk = O, (453)
which leads to
5ule . 5uk == _5yle . 5ym; (454)
Substituting Eq. (4.54) into Eq. (4.52) results in
5uk£ . 5uk = 5uk<] . (5uk — /ﬂl((syle : 5ym) dQ, (455)
Q

where the volume integral of Eq. (4.55) has already been computed for the construction of
the adjoint equations, cf. Eq. (4.30). Employing the derived expressions and accordingly
expanding Eq. (4.55) leads to

Ou L+ Ot = S ] - Su — /(520) (0in;) dI" + /(570) (gg) de

T Q
v; . 06v;
— /(51@) {—ﬁni + ptivn; + Mnja_;j} dl’ + /,uvia—;nj dr
J j J j
. 0v; v; 0 5 .
Q

This expression is general and requires only the assumptions made for the satisfaction of
Eq. (4.36). However, the goal of the analysis is to arrive at an expression for d,, £ - duy,
of the Hadamard form, cf. Eq. (3.5), where duy is associated with 6; therein. To do so,
certain aspects regarding the objective functional need to be specified.

It is usual in the context of blood flows that the objective functional is defined exclu-
sively on Iy, or Ioy. Therefore, 0jq /0y, = 0 everywhere and the field adjoint equations,
Egs. (4.41), (4.42), include no contributions from the objective. Their satisfaction there-
fore leads to vanishing volume integrals in Eq. (4.56). Furthermore, the variation of the
control duy is only defined in sections under design that are a subset of the wall patch,
ie. I'y C I'y. Based on the assumption that J is defined on I';, or I'yy, this leads to
5ukj - 0uy, = 0. Furthermore, as shown in Section 4.2.3, it is deduced that v; = 0 on T,
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4.2 Continuous Adjoint Navier-Stokes Equations for Incompressible Fluids

and thus 'y which finally allows us to simplify Eq. (4.56) to

90
0w, L - Suy, = /(51},») [ﬁnz - ,unj—v} dr. (4.57)
ﬁxj
Ta
Finally it is required that dv; is associated with dug. This is done by a first order Taylor
series expansion on the wall as suggested by Soto and Léhner [2004], viz.

8’07;
v; (uj + (dugng)n;) ~ v;(u;) + %nj(cguknk)
j
8217;
v; (uj + (dugng)n;) — vi(uj) = 0v; = %nj(éuknk), (4.58)

J

where it is assumed that any possible small variation of the control (shape) is in the normal
direction of the surface. Substituting Eq. (4.58) in Eq. (4.57) leads to

Aa'l}i 8@ a’l}i
Oup L+ Ouy = /5uknk {p%ni o o

Tq

dr, (4.59)

which is of the Hadamard form and we can thus set based on Eq. (3.5)

~ 8% 8@1 81}1'

TP Mon on

(4.60)

The use of Eq. (4.60) to obtain the shape sensitivity requires the following assumptions:

e The assumptions made in Section 4.2.3 must hold.

e The objective must be defined exclusively on I'y,, T'oue or Ty U Foye.

These assumptions are frequently valid for the shape optimization of blood-related geome-
tries and in the absence of additional constraints, Eq. (4.60) holds for an approximation
of the shape sensitivity.

4.2.5 Numerical Solution

The numerical solution of the adjoint field equations (4.41), (4.42) closely follows the FV
procedure described in Chapter 2. The equations are (similarly) discretized and then for
each equation an under-relaxed algebraic equation system is solved to acquire the discrete
adjoint solution. Even though the adjoint system is inherently linear to the unknowns,
the coupling of adjoint pressure and adjoint velocity is similar to the primal problem and
thus an adjoint counterpart to the SIMPLE algorithm is used, see Stiick and Rung [2013].
Furthermore, due to the dependence of the adjoint problem to the primal variables, its
numerical solution is based on a restart from the corresponding converged primal solution.
This enables the exchange of the primal variables from the last outer iteration (or time
step, if applicable) of the primal solver. Therefore, during the numerical solution of the
adjoint problem, all the corresponding primal variables are assumed as known.

The main differences between the primal problem and the dual in terms of the discretiza-
tion strategy relate to
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e the change of information transfer for the convective term and

e the additional term ¥ p% in the adjoint momentum equations, usually denoted as

the advection term or ATC term.

The objective contributions are by definition independent of the adjoint variables and
are thus always treated explicitly as RHS contributions to the adjoint algebraic equation
system. Their treatment follows the discretization strategy outlined for the source term of
the primal system.

Convective term

As discussed in Section 2.1.3, the convective term of the primal problem results in LHS
contributions of the algebraic equation system in the form of m'¢", where the face val-
ues follow from interpolation strategies of the cell-centered values of the adjacent cells.
However, in the adjoint momentum equations the corresponding convective term exhibits
two peculiarities that don’t allow for the direct application of the primal strategy. Firstly,
the adjoint velocity is transported based on the primal velocity, which also results in the
linearity of the equations in contrast to their primal counterpart. Secondly, the sign of
the term is reversed in comparison to the primal term due to the application of Gauss
divergence theorem during the derivation process, cf. Eq. (4.32).
The adjoint convective term for the P CV (see notation of Section 2.1.3) reads

J

VP O(VP) N(P) AT

Similarly to the primal considerations, one can consider one face and write based on the
midpoint rule

7

— / pvn;0; AU~ —[pvn; ATTF6F = —m® of . (4.62)
AT

Therefore, each i*" component of the discretized adjoint momentum equations inheres LHS
contributions in the form of Eq. (4.62). Note that in contrast to the primal system, ri"
doesn’t increase the number of unknowns and doesn’t require Picard-linearization since it
involves only primal velocity, which is considered known. The approximation of o] based
on cell-centered values can follow the same procedure as the ones mentioned in Section
2.1.3. Mind that the information transfer is reversed thus implying a direction reversal of
the employed schemes, e.g., upwind schemes are replaced by downwind.

Advection term

The advection term for the P CV reads

/ 00, 2% qy. (4.63)

I axl

VP

A straightforward approach is to explicitly treat this term in a Picard-linearized fashion,
i.e., Eq. (4.63) is discretized as a source term where the cell-centered value of 9; is used
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from the previous iteration. In all applications presented in this thesis, this is the approach
used for the advection term.

However, it must be noted that in high Re flows the advection term can often result
in numerical instabilities of the adjoint system. Therefore, different approaches have been
proposed for its treatment, see e.g., Stiick [2012]. In certain cases, it can also be omitted
to ensure the stability of the equation system in the expense of dual consistency.

Furthermore, it is interesting to note that the advection term can have different formula-
tions based on the derivation path followed to arrive at the adjoint equations. Particularly
interesting is the approach followed in Othmer [2008]. The I, subintegral of the Lagrangian

can be equivalently written as
. O(vvi)
o, (p—> o, (4.64)
/ 61’]'

where the convective term is not simplified based on the continuity equation for an incom-
pressible fluid. The variation of I in the direction of velocity then reads

5o, 1% - 6v; = /v (ﬁ%ﬁj’i)) dQ+/@i(p@) a0

Lj
Q Q
. . ov;  0v;
= /pévi (0ju;m; + Ovjm;) AT — /(évi)pvj (a% + 8$JZ) dQ. (4.65)
r Q
Based on this, the advection term reads
0v;
_ . dv. 4.66
/p’U] amz ) ( )
VP

which in comparison to the term of Eq. (4.63) differs only by a change of the sign and
a swap of adjoint and primal velocity. Note that this derivation approach also alters the
applied BCs due to an additional term appearing on the corresponding surface integral.
The discrete treatment of this term can also be explicitly realized.

Optimization process with the adjoint method

A general algorithmic strategy for parameter-free shape optimization is schematically pre-
sented in Chapter 3, Algorithm 1. Therein, it is assumed that a sensitivity distribution s
on I' is given. Herein this step is extended to include the algorithmic consideration of the
adjoint method. The modified process is presented in Algorithm 2. The notation is also
modified to stay consistent with this section.

It must be noted that step 4 of Algorithm 2 corresponds to a post-processing step of the
adjoint problem and doesn’t amount to any substantial computational cost. Based on the
above, it becomes clear that with the use of the adjoint method the computational cost for
the determination of the sensitivity distribution amounts only to the cost of realizing step
3, i.e. the computation of the adjoint problem, independent of the number of faces used to
discretize I'. Overall, based on Algorithm 2 the computational cost for one shape update
in CFD-based applications is equal to the cost of steps 2, 3 and 5. Considering that the
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Algorithm 2 General parameter-free shape optimization algorithm using the adjoint

method.
Require: initial shape I'’, ¢ > 0

1: for:=0,1,... do

2:  Compute the primal problem to find J(u%) and the primal state y? (ui).

3: Compute the adjoint problem to find the adjoint state g |

4: Calculate the sensitivity distribution s on I'* based on y’, and ;.

5: Compute a descent direction duy, € € based on one of the methods presented in
Chapter 3.

6:  if |J'(Q)(duy)| < € then

7: break

8: end if

9 Determine step size t'.

10: Update shape based on Eq. (3.2).
11: end for

cost for computing the adjoint problem is usually comparable to that of the primal solution
and that for most presented methods in Chapter 3 the cost of computing an appropriate
descent direction is trivial compared to the solution of the primal problem, the total cost
amounts to approximately 2 CFD solutions per shape update.

4.2.6 Verification Study

This section targets to verify the proposed sensitivity, cf. Eq. (4.60). In contrast to the
verification examples shown in Chapter 2, an analytical solution for the derived sensitivity
field is oftentimes impossible to obtain. To this extent, the derived expression is verified
against the sensitivity computed based on second-order accurate FD, see Section 4.1.1.
Due to the substantial cost of performing FD, the study is restricted to a 2D example and
the sensitivity is computed only for the initial shape. The exemplary application is chosen
so that it relates to characteristics relevant to blood flows. In specific, a stenosed geometry
which relates to a generic arterial stenosis (Jeong and Rhee [2009]) is investigated, as shown
in Fig. 4.2 (left). The shape of the stenosis is modeled based on a cosine curve, namely

r — T

he(x) = g 1+ cos(w

Zo

)] in (r;—x) <z < (214 0), (4.67)

where x; = L/2 denotes the longitudinal position of the stenosis center, xy refers to half
the length of the stenosis and 6 = H/4 to its maximum height. The geometry is discretized
with 12000 CVs with an average dimensionless near-wall spacing on I'y of approximately
yT ~ O(1072). The employed structured grid is progressively refined towards the design
section, as shown in Fig. 4.2 (right). On the inlet patch a parabolic Poiseuille velocity
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Figure 4.2: Left: Sketch of the 2D geometry for the FD study. Dashed line corresponds
to the design section (I'q). The origin coincides with the leftmost lowest point
of the geometry. Right: Detail of the employed numerical grid near the design

section.

profile is set, viz.

vj;lzzv(l— (29};1{)2). (4.68)

The static pressure is set to zero on the outlet, while the walls follow a no-slip boundary
condition. The molecular viscosity is set equal to the Newtonian blood viscosity, i.e.,
pu = 3.5 mPa-s, cf. Table 2.4, and the density is set to p = 1056 kg/m?® amounting to
Re = pVH/u = 12.

The verification study is realized for the dissipated power objective functional, i.e.

A 1
J = —/ <p+ —p(vw@)vmi dr, (4.69)
2
T

which corresponds to a quantity of frequent engineering interest due to its obvious corre-
lation with power losses caused by the flow. Even in biomedical applications the impact
of the quantity is not trivial. Studies have suggested the use of energy dissipation as an
index to quantify the severity of aortic stenosis (Garcia et al. [2000]) or discussed the met-
ric as a crucial parameter in certain surgical techniques (Grigioni et al. [2006]), such as
Fontan-type interventions (Fontan and Baudet [1971]).

Note that due to the no-slip BC on the wall, the objective functional relates exclusively
to I'iy and I'gy. Furthermore, due to the no-slip condition, jr = 0 on I'y and therefore the
necessary assumptions made in Section 4.2.4 are fulfilled. For the sake of completeness,
the necessary derivatives of the objective functional in the direction of the state read

dJjo djr

=0, —=-un d

o =% o v;n; an

djr 1

20, — (p + 5/)(%%))% — p(vn;)vi. (4.70)

The FD study is realized by perturbing individual faces of the discretized design surface
in their normal direction, as shown in Fig. 4.3. The center and corresponding nodes
of each discrete face, included in the study, is perturbed in both positive and negative
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Figure 4.3: Perturbed numerical grid for the determination of sensitivity near the mid-
point of the stenosis. Red line indicates the initial design surface, blue arrow
denotes the length e of the perturbation. Left: Perturbation in the negative
normal direction. Right: Equal perturbation in the positive normal direction.
Perturbation size is exaggerated for visual purposes.

normal directions by € to facilitate a second-order accurate sensitivity approximation. The
internal mesh is deformed based on Eq. (3.12). Each simulation is warm started from the
unperturbed primal solution, thus allowing a significant gain in computational effort. Once
the FD simulations are converged, the local surface sensitivity is estimated for a surface
patch F based on
[J(uf +enk) — Jul —enk)] 1
SF,FD — k k k k (4 71>
2¢ 2 AF’ '

where u} represents the position vector of the design face center and AF is the correspond-
ing perturbed area, which is used as a support area for unit consistency. As regards the
latter, the nodes of the perturbed face are also nodes of the two neighbouring faces which
results in them being also perturbed, cf. Fig 4.3. Assuming that neighbouring faces have
approximately the same area, this means that the total area perturbed by € is approxi-
mately equal to twice the area of the intended face (half contribution from each neighbour),
which results in dividing the expression by 2AY in Eq. (4.71) instead of AF.

For a reliable comparison of FD-based (¢ = § - 107) sensitivities against adjoint-based
ones, it is important to verify that the chosen perturbation magnitude e is sufficiently
small and the approximated derivative lies satisfactorily within a regime dominated by a
linear response, as discussed in Section 4.1.1. This is done by estimating the response of
the objective functional for different perturbation sizes on one design face, as shown in
Fig. 4.4 (right). Figure 4.4 (left) shows the FD-based and adjoint-based shape sensitivity
estimations. As shown therein, the “continuous” results of the adjoint method based on
expression (4.60) match satisfactorily the FD-based local results.

This study serves to verify the numerical implementation of the adjoint solver as well as
its mathematical validity in terms of computational studies.
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Figure 4.4: Left: Shape sensitivity estimations based on the adjoint method (continuous
black line) and the FD method for e = 6107 (red circles). Right: Influence of
perturbation magnitude ¢ on s™*P for ul = (xy,d). The computed objective
functionals of the unperturbed and perturbed shapes are denoted by J° and

A

J*, respectively.
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4.3 Continuous Adjoint Navier-Stokes Equations with
Hemolysis Modeling

Section 4.2 presented the derivation of the continuous adjoint equations for a primal flow
described by the NS equations on a steady-state, laminar flow for an incompressible, Newto-
nian fluid. Assumptions relevant to the usual conditions applied in blood flow simulations
were made to simplify the dual problem and derive a sensitivity expression. While the
derived expressions presented therein are sufficiently general to be used in various blood-
flow related optimization problems, they fall short on explicitly accounting for hemolysis.
This section is therefore devoted to the derivation and implementation of a novel adjoint
system, consistent to the primal problem involving hemolysis modeling. The foundation
of the necessary additional derivations, as well as the employed notation, are based on
Section 4.2. The problem described therein will be referred to as the initial problem in this
section.

When hemolysis modeling is included in the primal problem, in addition to the NS
equations (4.20), (4.21) the residual equation for hemolysis must be considered. In the
derivations that follow, the threshold consideration described in Section 2.2 is neglected
and the residual hemolysis equation reads

OHy,

i CH75 (1— Hp) = 0. (4.72)

RH = V;
Note that due to the one-way coupling of the employed hemolysis model, the residual
NS equations remain unchanged. The primal state is augmented to include the linearized
hemolysis index, viz.

Ym = (p7 U17U2(7U3>7HL)' (473)

The goal of the optimization problem is to minimize hemolysis. To this extent and in
the context of adjoint-based optimization a suitable scalar functional able to serve as an
objective functional for the derivation of the adjoint system is needed. As discussed in
Section 2.2.4, Eq. (2.69) serves as an appropriate scalar quantity to evaluate the extent to
which the flow has damaged the blood. In fact, given that the inlet and outlet surfaces are
bound to their initial configuration, the denominator of HI (cf., Eq. (2.69)) is constant.
Hence the numerator of HI is considered as an appropriate objective functional, viz.

J = / H? pvin; dT = / jrdl (4.74)

1—‘out l—‘out

and its variations in the direction of the primal state read

Su, J - GHy, = / SH;, (pﬂHf‘l)vini) dr. (4.75)
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The Lagrangian is then formulated as

L=J+ / QR AQ = J + / [pRp + ;R + ERH] de, (4.76)
Q Q

where the adjoint state is accordingly augmented with adjoint hemolysis, i.e., h, to account
for the primal hemolysis equation. If the same process as in Section 4.2 is followed and the
volume integral is decomposed to subintegrals consisting of isolated terms of the primal
equations then due to the one-way coupling, integrals I,..., I, are the same and two
additional subintegrals are introduced,

le—l—/A( 8?)@ +/h( c%f%a—HL))dQ.
Q

15 16

For conditions (4.30) to hold, one has to account for the variations of the hemolysis equation
in the direction of the state, i.e., d,, I5 - 0y, and oy, Is - 0Ym,.

4.3.1 Variations of the Hemolysis Equation

Similar to Section 4.2.1, each subintegral is treated separately and the number of the
enumerated list refers to the considerations made for the respective subintegral.

5. Since I5 doesn’t directly depend on p it follows that 0,15 - 0p = 0. The variation in
the direction of v; reads

80, I - G0; = / (0v;n;)hHy AT — / 6viHL88—h dqQ, (4.77)
Ly
T Q
if the Gauss divergence theorem is applied or if not
8,1 (5v-—/(5vha Lan (4.78)
v; 45 [ ) 8351 . .

Q

The variation of I5 in the direction of Hj reads

Su Iy - OH, = / SH;, (vnh) dar — / SH;, (m on ) Q. (4.79)
Q

a.’L’i
r

6. The variation of I in the direction of pressure vanishes, i.e., d,Is - 0p = 0. For the
variation in the direction of velocity one needs to consider that 7 is a function of
velocity and treat the term accordingly. Recall from Egs. (2.59) and (2.60) that
in a converged state of the primal, the scalar representative of shear stress can be
computed as

1 1
7 =/—kl,, = (2kp?S;;S;;)* =72, (4.80)
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where 7* is introduced to simplify the derivation process, by once linearizing w.r.t.
1
velocity. Furthermore, one can denote M = C?%(1 — Hp) and write

I = —/izMT*f% dQ,
Q

where its variation in the direction of velocity reads

8y, I - Ov; = — / h (4@2]\4%7*(2%1)5“) 65, de, (4.81)

a_

where 0.5;; = 0.5 (00v;/0z; + 0dv;/0x;). By defining B;; = 2Mk:u2%7*(2ﬁ71)5ij and
taking advantage of B;; ~ S;; = B;; = Bj;, a compact form of Eq. (4.81) is further
expanded as

A1 00v;  0dv; A 0dv;
s - dv, = — =B [ — J Q=— B;: | —= Q
Oy, L - 6v; /h2 Zj(axj+3a:i)d /h U(axj)d
Q Q

. hB:.
/5 (hB] j) dr /5 (8(§mu>> 40 (4.82)
j

r Q

which results in a suitable formulation to be used in the optimality conditions. Fi-
nally, the variation of I in the direction of hemolysis reads

Su, Is - 0Hp = / SH; (ﬁcéf%) Q. (4.83)
Q
4.3.2 Field Adjoint Hemolysis Equations

Based on the additional volume integrals arising from the variations of Iy and I and the
specification of the objective functional based on Eq. (4.74), the field adjoint equations are
reformulated to

N hh
P= o= 4.84
& Ox; 0 (4.84)
A v, ov; 0 A ) oh
R} = vjp=— —vjpn— — 75— 21Si; — pds; — | hBij |) — | H =0 4.85
! Ujpal‘i vjp@xj (9x]< a J p J J ) L(‘?xi ( )
~ 8]5 1 a ~
RY = v,— —C575h = 0. 4.86
v aLCZ T ( )

Note that these equations employ Eq. (4.77) instead of Eq. (4.78). The adjoint momentum
equations are augmented with the two additional boxed terms, relating to primal and
adjoint hemolysis. An additional linear equation, Eq. (4.86), is introduced and referred to
as adjoint hemolysis equation. Its solution results in the determination of adjoint hemolysis.

The additional terms enhancing the adjoint momentum equations are independent of
adjoint velocity and therefore act as source terms. These terms act similar to the adjoint
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pressure term and the viscous term and thereby enhance the adjoint flow mechanics based
on the adjoint hemolysis. Furthermore, it is interesting to note that in contrast to its
primal counterpart, the adjoint hemolysis equation does not require any information from
the solution of the adjoint continuity and momentum equations. Once again, we have a
one-way coupling but this time the direction of the coupling and thereby the algorithmic
order of sequence is reversed. The derived expressions resemble adjoint systems where the
NS equations are augmented by a convection equation, e.g. the adjoint complement of the
Volume of Fluid (VoF) method for multi-phase applications (Kiihl et al. [2021], Kréger
et al. [2018]).

4.3.3 Boundary Adjoint Hemolysis Conditions

Similar to the initial problem of Section 4.2, the boundary conditions are deduced by
demanding that the surface integrals appearing in the state variations of the Lagrangian
vanish. The surface integrals that need to disappear in the context of the adjoint comple-
ment to hemolysis are

~ ~ 351}1
0y, L - 5ym‘F = /(5p) (0in;) A" — /uvi%nj dr

J
r r

ov; - - dj
J 7

r
0Hp,
r

where the boxed terms denote the additional contributions due to the consideration of
hemolysis.

Similarly to Section 4.2.3, the analysis that follows is subdivided to each boundary
section of the domain.

(4.87)

Inlet and non-design wall

On the inlet, blood is assumed to enter the domain undamaged, i.e., a zero Dirichlet
boundary condition is set for Hy which implies dH;, = 0 and thus the last integral of
Eq. (4.87) naturally vanishes. Furthermore, on the wall even though the boundary con-
dition for hemolysis is zero Neumann, the no-slip boundary condition for velocity in ad-
dition to djr/0H, = 0 therein leads again to the natural cancellation of the last integral
of Eq. (4.87) by virtue of the primal problem. Similarly to the initial problem, the third
integral (second line) of Eq. (4.87) vanishes by virtue of the Dirichlet velocity BCs. The
remaining integrals that ought to be cancelled are therefore the same integrals as for the
initial problem, since they don’t include any novel contributions from the consideration of
hemolysis. Based on the argumentation followed in Section 4.2.3, these integrals vanish
for

0, =0 on Iy UTD,. (4.88)

However, similarly to adjoint pressure, the analysis falls short on providing the necessary
information for deducing the adjoint hemolysis variable. Since, adjoint hemolysis acts on
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the adjoint momentum equations similarly to the adjoint pressure term, a zero Neumann
condition is set for both to close the dual problem, i.e.
op Oh

— = — = I Iy. 4.
o 0 and o 0 only,UT, (4.89)

Outlet

On the outlet the first two integrals of Eq. (4.87) naturally vanish by virtue of the primal
BCs. Starting from the last integral, its cancellation for every 6 H; suggests

hon; + pBHf_lvini =0—=h= —pﬁHf_l on oy, (4.90)

providing the necessary BC for the adjoint hemolysis variable. Note that this condition
creates a strong link between primal and adjoint hemolysis which implies that the resulting
adjoint hemolysis field strongly depends on the outcome of hemolysis on the outlet. This
is due to the definition of the objective. The remaining integral vanishes for every dv; if

00, P
—p + pO,v, + ,uain + Hph — hBwamr; + pr =0 on Iy, (4.91)
~t 5@f 7 Dt
PU; Uy + 4 o hB;, =0 on [yy. (4.92)
n

where B;;n;n; cancels out for incompressible fluids by virtue of B;; ~ S;; and the zero
Neumann BC applied on the outlet for primal velocity. Furthermore, if & from Eq. (4.90)
is substituted in Eq. (4.91), then the latter simplifies to
. . Oy, P
—P + popv, + . +pH (1 —=05)=0 on Ioy. (4.93)
Equations (4.93) and (4.92) can be used to set BCs for adjoint pressure and tangential
velocity component(s), respectively while similarly to the initial problem the normal ad-
joint velocity can be approximated by the satisfaction of adjoint continuity on the outlet
boundary.
The assumptions set forth in the initial problem must also hold so that the above derived
expressions are valid. In addition, the BCs described in Section 2.2.3 for primal hemolysis
must hold.

4.3.4 Shape Sensitivity for Hemolysis

The same methodology as the one outlined in Section 4.2.4 is followed herein. In the
absence of a volume-based objective functional, the satisfaction of the adjoint equations
leads to the cancellation of the volume integrals. Keeping in mind that 0;,v; = 0 on the
wall and that the objective is again defined in a section of the boundary not coinciding
with the design wall, the sensitivity expression reads

R ~ (91)1' 8@1 ~ avi
Sun - Sy, = /5uknk [(p— Hph ) S = (M o = | By, > an} dr,  (4.94)

Ly
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where the boxed terms refer to the additional contributions in the sensitivity expression
as compared to the one derived for the initial problem, cf., Eq. (4.59). At this point it is
worth noting that given the assumption that continuity also holds on the boundary of the
domain, the first term on the sensitivity expression vanishes by virtue of (Jv;/On)n; being
equal to zero on a wall boundary.

4.3.5 Numerical Solution

The numerical solution of the adjoint equations involving hemolysis, i.e., (4.84), (4.85) and
(4.86), differ to the initial problem in two key aspects,

e the solution of the additional adjoint hemolysis equation and
e the treatment of the additional contributions to the adjoint momentum equations.

Each aspect is discussed separately below.

Adjoint hemolysis equation

As discussed in Section 4.3.2, the adjoint hemolysis equation is inherently decoupled from
the adjoint NS equations and requires information only from the primal problem. This
allows for a similar algorithmic strategy to its primal counterpart, only this time in reverse
mode. That is, following the solution of the primal problem, the adjoint hemolysis equation
can be first independently solved and its solution can be used for the solution of the adjoint
NS equations.

Similar to primal hemolysis, its dual involves only a convective and source term. In
adjoint mode, the convective term is usually treated by using the negative of the primal
mass (or volume) face flux. Therefore, in order to stay consistent with the discretization
techniques used for the adjoint momentum equation, the adjoint hemolysis equation is
discretized in the form of —R¥ = 0. The approximation of face values of adjoint hemolysis
follow the same schemes as the ones mentioned in Section 2.1.3. The source term refers to
the cell-centered values S = —C? 775 h.

It must be noted that the solution of this equation usually requires only a small fraction
of the wall-clock time required for the solution of the adjoint NS equations.

Additional contributions to adjoint momentum

The adjoint momentum equations are augmented with two additional terms, cf. Eq. (4.85),
as compared to the initial problem. These terms act as source terms and drive the ad-
joint flow. Note that both of these terms include exclusively primal variables and adjoint
hemolysis. Therefore, their contribution in the RHS of the discretized adjoint momentum
equation system needs to be computed only once after the solution of the adjoint hemolysis
equation.

The first additional term appearing in Eq. (4.85) is moved to the RHS and is treated
based on Gauss divergence theorem for the P CV as

(hBy;) ; ;

VP O(VP) N(P) AT
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which based on the midpoint rule can be computed on each face comprising the P CV as

—~ / hBijn; dT ~ —h¥ BEnl ATT (4.96)

(YR
AT

where A¥ is computed based on Eq. (2.21), since its gradients are already known from the
solution of adjoint hemolysis and BZ-FJ- is computed based on Eq. (2.19). Note that while the
latter equation refers to scalar quantities, the same process is realized for each component
of B;j. The sum of these contributions are then added to the RHS of the discrete adjoint
momentum equations for the P CV.

Special attention needs to be given to the CVs with at least one boundary face, in
particular if the face refers to a wall boundary. On I';, U Ty, due to the zero Neumann
boundary condition, adjoint hemolysis is set to the cell-centered value of the CV in which
the face belongs, while on T'oy the Dirichlet BC (Eq. (4.90)) is used to approximate AB.

The approximation of BB- is based on a zero-order extrapolation from the CV on I';, Ul g .
However, recall that B;; corresponds to a scaled version of the \S;; tensor and therefore its
treatment on the wall is based on the latter. In specific, a local wall-mounted coordinate
system is considered for the treatment of the strain rate tensor. Therein, and due to

the continuity equation and the no-slip condition, the only components not cancelling out
t
are those involving 86%’;, which need to be approximated. Using the plane Couette flow

assumption, a first-order accurate approximation of this term reads

ol (vB—p)
o An , (4.97)

where An = |n;(z¥ — z})| is the normal distance of the boundary face to the cell-center.

The tangential difference of the velocities on the numerator can be computed as
(vp — v};)t = Avl = Av, — (Avjnj)ng,  where Avy = v — vy (4.98)
Based on this, one can compute the normalized vector tangential to the surface as

t
b= — 2% (4.99)

V(A
Now as regards the treatment of Bg, the quantities that need to be addressed are 7*, cf.
Eq. (4.80), which is involved in the scalar component of B;; and S;;n;. The former can be

computed on the wall as

ovt vt Avt\?
NP =2k (S0P kP ek p=E ) . 4.100
Finally, the inner product of S;jn; is computed based on the first order approximation
(4.97) as

1 (Avgt 1 (At
Sin; ~ (Avyty) (Avyty,)

- man; = — t;. 4.101
2 An A 2 An ( )

Note that the same expression as in Eq. (4.96) appears in the sensitivity expression (4.94).
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Therein, since I'y C I'y,, the same discrete treatment as the one described above for a wall
boundary is followed.

The second contribution on the adjoint momentum equations is treated as a usual source
term, based on cell-centered values, viz.

~ ~ P

oh o wfOh\ p
/HL(?II‘ AV ~ HY (ax) VP, (4.102)
vP

The remaining terms in the adjoint NS equations are treated as in the initial problem.

4.3.6 Verification Studies

The verification studies conducted in this section serve a twofold purpose. Initially, the
numerical implementation of the novel adjoint hemolysis equation is verified against ana-
lytical solutions. These are possible to derive due to the existence of analytical solutions
to the primal problem (see Section 2.2.5) and its decoupled nature w.r.t. the adjoint NS.
Secondly and similarly to the initial problem, the derived sensitivity expression is assessed
based on a second-order accurate FD study.

The Hagen-Poiseuille pipe flow of Section 2.2.5 is considered. This allows us to arrive at
the analytical solution of the primal velocity, shear stress and hemolysis, repeated herein
for the convenience of the reader,

r

2 —
0,(1) = Vinax (1 — (E> ) and T = —ZMVmaXL o B

and H = 2P,
R? v (r)

(4.103)

Based on the above, the adjoint hemolysis equation reduces to the ordinary differential
equation (ODE)

d]tL 1 an
(r)— —C375h =0, 4.104
v(r)5 — CFr (1104)
with the solution K .
h=Kev?, (4.105)

where A = C57% and K is the integration constant. The latter is deduced based on the
Dirichlet BC of adjoint hemolysis set on the outlet, cf. Eq. (4.90), which results in
h(z,r) = —pBHIY|  evslemamad), (4.106)
where 2.« denotes the longitudinal position of the outlet plane. Therefore, based on the
analytical solutions (4.103), Eq. (4.106) serves as an analytical solution for the adjoint
hemolysis equation in the case of a fully developed pipe flow.

Note that for the biological reasons described in Section 2.2, it always holds that g <
1 — (—1) < 0 and since Hy, € [0, 1], it is advised that the BC at the outlet is reformulated

to ﬁ’ = —pB(Hp + €)', with e =& O(1072), to avoid potential segmentation faults.
r

out

The computations are realized by restarting from the primal cases presented in Sec-
tion 2.2.5 with a dense spatial discretization of 900k CVs. The convective term of the
adjoint hemolysis equation is discretized using the corresponding downwind analogy to
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the QUICK scheme to allow for discretization consistency between the primal and dual
problems. Figure 4.5 compares the computed adjoint hemolysis field against the derived
analytical expression (4.106) for the three sets of hemolysis constants, cf. Table 2.1. The
agreement between the two fields is excellent thus verifying the F'V implementation for the
solution of the adjoint hemolysis field. It should be noted that due to the nature of the

107 107

1Al (-)
1Al (-)

10° 10°

10° 103 = : ; : >
0 : :

Figure 4.5: Absolute value of adjoint hemolysis profiles at three distinct longitudinal po-
sitions of the pipe flow. Continuous lines correspond to analytical solutions
while points indicate computed values. Vertical axis in logarithmic scale.

BCs of the adjoint hemolysis equation, the field values are negative and thus the absolute
values are presented to support a log-scale of the ordinate. Furthermore, it is worth noting
that the complete adjoint hemolysis field is dominated by the BC set on the outlet and
thus minimal changes are observed along the longitudinal direction of the pipe. This is
due to the fully developed primal flow field and the geometry of the benchmark problem
and does not generally hold for cases where the flow phenomena are more involved.

The verification of the sensitivity expression of Eq. (4.94) is realized by means of a
second-order accurate FD study, similar to what is done for the initial problem. The
geometry considered for this study refers to a 2D symmetrically stenosed duct, as shown in
Fig. 4.6. This geometry is chosen so that to include flow characteristics in which hemolysis
has been shown to occur. It is also used as a simplified two-dimensional replicate of the
optimization study conducted in Chapter 6, Section 6.1. The shape of the stenosis on the

Ly Ly,

A
4
A

»

I'w LTy TI'w
I‘I>k Fin Fout

iw L Lq Lw

Figure 4.6: Sketch of the 2D double-stenosed geometry for the adjoint hemolysis FD study.
The origin coincides with the leftmost lowest point of the geometry. Dashed
lines correspond to the design section (I'q).
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bottom wall follows from

4
a T ™
y=>= (sm <de 1000)) , V2 € [Ly, Ly + L4], (4.107)
where §* is the height of the bump and amounts to §* = H*/3, with H* denoting the total
height of the duct. The geometry is discretized with approximately 67000 CVs with an
average dimensionless near-wall spacing on T'q of y* &~ O(1072) for the flow conditions
employed in this study. On the leftmost inlet boundary patch, a parabolic Poiseuille
velocity profile is set, see Eq. (4.68). A zero static pressure is set on the outlet and
all the walls follow a no-slip BC. The properties of the fluid are set to the Newtonian
blood properties, y = 3.5 mPa-s and p = 1056 kg/m®. The Reynolds number is set to
Re = pVH*/u = 30.

All primal convective terms are discretized based on the QUICK scheme and the adjoint
ones based on the downwind counterpart of QUICK. As regards, the primal and adjoint
hemolysis equations, the study employs the GW set of hemolysis parameters, cf. Table 2.1
while k& = 1 is used to compute the scalar representative of shear stress, see Eq. (2.60). The
FD study is conducted as described in Section 4.2.6 with J standing for the numerator of
HI, see Eq. (4.74).

In order to evaluate the reliability of the FD results, a perturbation magnitude study is
initially conducted. The results, as shown in Fig. 4.7 (right), suggest that a perturbation
magnitude of € = §* - 1075 lies satisfactorily within a linear response regime.

1076 )
1076
T T
41 e
= 21 // s
~ e
P e
<*’ﬁ 0 - ]
| 0/0
(O //
3 _2 [~ ,// |
4 ‘/ i
‘ | L |
—0.1 0 0.1 ~10 11 10
(x — (L + %)/ (e/6%) - 10°

Figure 4.7: Left: Shape sensitivity estimations based on the consistent adjoint hemolysis
model (continuous black line, s2¥), a semi-reduced adjoint model neglecting
additional contributions in the adjoint momentum equations (continuous blue
line, $*¥), a reduced adjoint model neglecting all additional contributions (con-
tinuous green line, 5¥) and the FD method for e = §*-107° (red circles). Right:
Influence of perturbation magnitude e on s™FP for u} = (L, + £2,6*). The
computed objective functionals of the unperturbed and perturbed shapes are
denoted by J° and J*, respectively.

As regards the adjoint-based sensitivity, three individual cases are constructed. In all
cases, the computed quantity refers to the bottom design wall. The first one considers
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the complete and consistent adjoint system as described in this section and the sensitivity
is denoted as 5. The second one considers the possibility of neglecting contributions of
adjoint hemolysis from the field adjoint momentum equations, i.e., neglecting the boxed
terms in Eq. (4.85), thus resulting to only the additional contributions in the sensitivity
expression, which require solely the solution of the (computationally inexpensive) adjoint
hemolysis equation and the primal problem. This is denoted as 5%. The third case neglects
all additional contributions to the adjoint system, i.e., boxed terms from both the adjoint
momentum and sensitivity expression are neglected, and is denoted as 52U,

As shown in Fig. 4.7 (left), the consistent adjoint sensitivity satisfactorily matches the FD
results. In contrast, the reduced quantity 5% falls short in estimating the sought sensitivity.
Even though the additional boxed terms in (4.94) are the same as in the consistent case, the
adjoint velocity is not properly predicted since the necessary additional terms in the adjoint
momentum are neglected. Therefore, the terms involving adjoint velocity in the sensitivity
expression are inaccurate, thus leading to an inaccurate sensitivity estimation. Finally,
the case that neglects every additional hemolysis-based contribution results in a constant
sensitivity of zero. This is to be expected, since neither the adjoint flow can be developed
without the contributions from adjoint hemolysis nor do the decoupled contributions of
adjoint hemolysis are taken into account.

Overall, the satisfactory agreement between the FD-based results and those predicted
by the complete adjoint system verify the derivations of this section as well as their nu-
merical implementation. Furthermore, this study highlights the importance of a consistent
adjoint system, since reduced expressions might lead to inaccurate estimations that could
potentially drive the optimization problem away from an optimal solution.
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4.4 Continuous Adjoint non-Newtonian Navier-Stokes
Equations

Having derived a suitable adjoint model able to account for hemolysis in Section 4.3,
this section turns its focus on the non-Newtonian nature of blood and the necessary ad-
justments that need to be made in the adjoint problem to account for it. Some adjoint
sensitivity studies have already been conducted based on non-Newtonian blood flows, see
e.g. Abraham et al. [2005a,b]. However, in these studies viscosity is considered “frozen”
on the dual problem, i.e., the variation of viscosity w.r.t. the state is omitted. The goal of
this section is to present a consistent dual problem to the generalized NS equations using
non-Newtonian blood models, in which the corresponding viscosity model is also varied.
Similarly to Section 4.3, the foundation of the derivations presented herein, as well as the
employed notation, are based on Section 4.2 and the problem described therein is also
referred to here as the initial problem. Nevertheless, a discussion on how the derivations
presented herein and in Section 4.3 can be combined is included at the end of this chapter.

The analysis that follows is based on the three non-Newtonian models presented in
Table 2.4. All models are algebraic in nature and depend exclusively on a set of constant
parameters and the shear rate parameter 7, cf. Eq. (2.80). To describe therefore the
viscosity model in a residual equation form, one can write

Rf = ji— f(%) =0, (4.108)

where f(¥) corresponds to the shear rate function describing each respective non-Newtonian
model. Two possible approaches are conceivable on how to proceed with the adjoint anal-
ysis. On the one hand, one can directly substitute f(¥) in place of the non-Newtonian
viscosity on the NS equations. On the other hand, Eq. (4.108) can be used as an addi-
tional equality constraint in the formulation of the Lagrangian. In this thesis, the second
approach is pursued since it simplifies the derivation process as well as highlights the effect
of the non-Newtonian viscosity in the dual problem. The non-Newtonian viscosity can
therefore serve as a state variable and the overall primal state can be described as

Ym = (p, v1,v2(, v3), fi). (4.109)

Since the non-Newtonian models refer to the nature of the fluid rather than an auxiliary
phenomenon that we wish to study and intervene on, as in the case of hemolysis, the

analysis that follows is based on a general description of the objective functional as in
Eq. (4.23).

The Lagrangian is formulated as

L=J+ /glRl dQ = J +/ [PR? + 0;R} + fuRF] d€, (4.110)
Q Q

where [i refers to the adjoint viscosity multiplying the additional algebraic equality con-
straint (4.108). Similarly to the previous sections, the volume integral in the Lagrangian
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is decomposed to subintegrals consisting of isolated terms of the primal equations,

Wb+ I Lov [ ai- 5(3) a
Q

N J/

~\~
/
15

where [; 54 are the same as in the initial problem while I3 is adjusted based on the intro-
duction of non-Newtonian viscosity, denoted here as I5. If is introduced to account for
the additional term. Noting therefore that I; 54 are independent of the newly introduced
state variable, the only variations that need to be further investigated refer to those of I
and I7.

4.4.1 Variations of the non-Newtonian Models

Similar to before, each subintegral is treated separately and the number of the enumerated
list refers to the derivations made for the respective subintegral.

3. Keeping in mind that [ is introduced as an additional primal state variable, 6,, I} - dv;

102

is the same as in the initial problem, cf. Eq. (4.37), and §,15 - dp = 0. The variation
of I} in the direction of i reads

Sl 8ji = —/@- (; (6 25,-]-)) aQ

Ly
Q

=— / (871)20;S;;m; AT + / (671)25; % 40, (4.111)
r

i
al'j
Q

. The variation of I} in the direction of pressure is identically equal to zero. The

remaining variations read

T Q 8xj

Sl - i = / (8j1)f1 dC. (4.113)
Q

Here, X;; is a symmetric tensor proportional to the strain-rate tensor S;;, similar
to the B;; tensor derived for the adjoint hemolysis equations. The derivation of
Eq. (4.112) is presented in Appendix A.3. The derivation process is realized for
the three non-Newtonian models presented in Table 2.4 as well as the Newtonian
model to allow for a generalization of the adjoint problem. Each model results in a
different X;; tensor and they are all collectively presented in Table 4.1. Note that the
parameters appearing in X;; refer to the constants of Table 2.4 for each respective
model.
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Table 4.1: Tensor X,;; for each viscosity model. ~The units of its components are

[X”]:[Pa : SQ}.
Model Xz]
Newtonian (N) 0
Power-law (PL) [2k(n — 1)5"=9] S
Modified-C (MC) | -2 (-2 + Yo _) LS,
odified-Casson T VHe ArVA?) 3F | i
Carreau (C) {Q(n — 1) (1o — o) (1 + ()\7)2> 2)\2} Sij

4.4.2 Field Adjoint non-Newtonian Equations

Based on the additional volume integrals arising from the variations of I and If, the field
adjoint equations considering non-Newtonian blood properties are reformulated to

. 0v;  Ojq
P 9die _ 4 4114
ox; * dp ( )
~ R v, (%z 0 A ~ ~ 8]9
B — .02 ,___<2 S — b — [ 0X,0 — 0 4.115
0 = P g, P hr, T B, \H T P T A ) + v, (4.115)
o ot dja
R =j+2S;,— + =2 =, 4.116
HE 2255, T o (4116)

The boxed term refers to the additional contribution to the adjoint momentum equations
due to the consideration of adjoint viscosity. In line with its primal companion, Eq. (4.116)
is algebraic w.r.t. the adjoint viscosity and therefore one can write

= —<25ij(gij + f‘w) + aj—Q> = —<2S7;j»§ij + aj_?); (4-117)
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where fij denotes the anti-symmetric part of the adjoint velocity gradient and thus its
inner product with the symmetric S;; vanishes.

Equations (4.115) are enhanced in comparison to the initial problem only by an addi-
tional term, that for the case of a Newtonian fluid vanishes by virtue of X;; = 0, thus
keeping the formulation general to both Newtonian and non-Newtonian fluids. In the case
of Newtonian fluids the adjoint viscosity equation then becomes obsolete due to its multi-
plication with X;; = 0 and mathematically irrelevant since any variation of the viscosity,
i.e., df1, is identically equal to zero.

Furthermore, it is interesting to note the similarities between the additional contribu-
tions in the adjoint momentum equation for the case of hemolysis consideration, Eq. (4.85)
and non-Newtonian consideration, Eq. (4.115). In both cases, an additional term appears
corresponding to the primal strain-rate tensor multiplied by a scalar quantity and an ad-
joint variable, i.e., adjoint hemolysis and adjoint viscosity, respectively. The term acts
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4 The Adjoint Method

similarly in both cases with the difference that in the case of adjoint hemolysis, the term
is completely decoupled from the adjoint NS while in the case of non-Newtonian fluids the
term is coupled with the adjoint momentum equations due to the necessary determination
of adjoint velocity components for the computation of adjoint viscosity, cf. Eq. (4.116).
It is this author’s belief that the similarities are not coincidental but are rather based on
the biological correlation between hemolysis and non-Newtonian properties. As discussed
in Section 2.3, non-Newtonian blood models attempt to capture the interaction and con-
centration of RBCs, that are otherwise neglected in view of a continuous fluid medium
assumption. Similarly, hemolysis models attempt to describe the damage of RBCs, from a
continuous perspective, thus changing the concentration of active RBCs in the investigated
volume of blood. In view of the decoupled nature from the flow dynamics of a large vol-
ume of prominent hemolysis models, the (continuous) adjoint can provide insights on the
development of coupled continuous primal hemolysis models using information from the
adjoint non-Newtonian equations by e.g., correlating the B;; and X;; matrices. This idea
is not pursued in this work but is rather stated to highlight the advantageous nature of
the continuous adjoint as regards our fundamental understanding of the companion primal
problem.

4.4.3 Boundary Adjoint non-Newtonian Conditions

Similarly to the initial problem, the boundary conditions are deduced by demanding that
the surface integrals of the state variation of the Lagrangian vanish. For the case of non-
Newtonian considerations these read

. JJr _ . Odv;
5 L-Sym| = [ (6p) (#smi+ 25} ar — [ o, 2%, dr
y'm£ ym)r !( p) (Uln’b —I— ap ) I/N”z ax] n]

n;
8@ 8[@
I

v
r

where boxed terms denote the additional terms in comparison to the initial problem.
Note that the first boxed term in the second line of Eq. (4.118) does not appear in the
derivations above but instead appears in Eq. (4.36), since the Gauss divergence theorem
applied therein needs to also account for gradients of viscosity. Similar to the previous
sections, the deduction of BCs is realized for each boundary patch individually.

Inlet and non-design wall

Due to év; = 0 on I'y, UT', the condition that leads to the cancellation of the remaining
terms is

Op=——— and 0/=0 onIl,UT,. (4.119)

Note that these conditions are sufficient to cancel the remaining terms only in the case that
Jjr/0f = 0 on Ty, UT,,. This is indeed the case for all applications studied in this thesis
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4.4 Continuous Adjoint non-Newtonian Navier-Stokes Equations

but it should be considered as an additional assumption. Similarly to what was done in
the previous sections, a zero Neumann boundary condition is assumed for adjoint pressure
on Fin U FW.

Outlet

On the outlet the equations that need to be satisfied are

) ) oy . [ OQ
—pn; + pv;v;n; + ;mj% + v; %nz
J J

9
nj> — pXn; + % =0 on Ty, (4.120)

o
8.177;
O _ 94,8ym;) =0 on Tow. (4121
8_[1, — 2U; Z-jnj = on 1 gyut- ( . )
Assuming that djr /0 = 0 also on the outlet, we can decompose in normal and tangential
components the remaining term of Eq. (4.121) and write

A~

v, 4, 0v,
2151-Sijnj = Up Y t Y =0. (4122)

—_— U._ fr—
on "0zt
By virtue of the zero Neumann BC set for primal velocity on Ty, Ov,/On = 0 and thus

for the satisfaction of Eq. (4.122) one needs to apply 0! = 0.

Subsequently, one can decompose Eq. (4.120) into its normal and tangential components,
Viz.

T1
T2
L . Op . op | 0b, ="~ 0Ojr
—p + PUR U + Uja_xj — 'Una—n —F/,La—n — ,uXZ-jnjni +8_Un = O, (4123)
of oot dJr
~t ~ ~ Y Y ~ t
POV, — U”a_:cg + Aoy~ a(Xim;)t + o = 0. (4.124)
By further developing term T1 of Eqn. (4.123), it is shown that
Copop Op L, On  On O
Tl: Oyt — Oy o = Oy ore + Dot — ot = Dot = 0, 4.125
v Jz; on T o T ozt on i oxt ( )

since 0¢ = 0 is already imposed on I'y;. Furthermore, term T2 also vanishes owing to the
incompressible assumption and X;; ~ S;;. Equation (4.123) thus reduces to

on + ou,,

—p + plnyty, + [ =0 on oy, (4.126)
which can be used to set a Dirichlet BC for adjoint pressure. Furthermore, given that o}
is already set to zero, Eq. (4.124) can be used to determine 0,, on I'gy;.

Adjoint viscosity refers to an algebraic equation and thus requires no explicit BC for its
solution. However, boundary values are required for the computation of related expressions.
Therefore, in all investigated cases, adjoint viscosity is approximated by a zero gradient
extrapolation to boundary patches from the nearest cell.
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4 The Adjoint Method

4.4.4 Shape Sensitivity for non-Newtonian Models

Following the same methodology as the one outlined in Section 4.2.4 and considering that
v; = 0 on I'y and that a boundary-based objective defined on I',, ['gy or T'jy U Loy i
targeted, one arrives at the sensitivity expression

Su L Ouy, = / Sugn [ﬁ%ni - (gg: —[axin; ) gﬂ dr. (4.127)

Ty

The sensitivity expression is again augmented by an additional boxed term that is similar
in nature with the term appearing in the hemolysis-based sensitivity expression.

The assumptions that need to hold to arrive at the sensitivity expression of Eq. (4.127)
and the BCs as outlined in Section 4.4.3 are summarized as follows:

e The assumptions made for the initial problem must hold.

e The objective functional must be independent of the effective viscosity, i.e. djr/0f =
0 must hold on I'.

4.4.5 Numerical Solution

Even though the additional term introduced in the adjoint momentum equations is similar
to the term involving B;; for hemolysis, its algorithmic treatment is slightly different due
to the nature of the adjoint variable multiplying each respective term. On the one hand,
adjoint hemolysis is decoupled from the adjoint NS system of equations and therefore its
computation can precede the solution of the latter. On the other hand, adjoint viscosity
is coupled with the adjoint momentum equations since it involves S’Zj, cf. Eq. (4.117).
Therefore, similar to its primal counterpart and in the context of the iterative process
followed for the computation of the adjoint NS system, adjoint viscosity is computed from
the algebraic Eq. (4.117) based on the adjoint velocity of the previous iteration. The
non-boundary face-based values required for the adjoint viscosity are computed based on
a linear interpolation from the adjacent CVs, as in Eq. (2.19).

Overall, the additional non-Newtonian based contribution is treated explicitly as a source
term based on Gauss divergence theorem for the P CV as

0.X
J N(P) AT

VP O(VP)

which based on the midpoint rule can be computed on each face comprising the P CV as

- / fiXin; Al ~ —p" XEnl ALY (4.129)
AT

The computation of XZ-F]- follows the same procedure as the one discussed for BiFj in Sec-

tion 4.3.5, since both quantities are simply a scaled version of the primal strain rate tensor.
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4.4 Continuous Adjoint non-Newtonian Navier-Stokes Equations

4.4.6 Verification Studies

The goal of this section is twofold. On the one hand, the sensitivity expression, as derived
in Eq. (4.127), for a non-Newtonian blood model is assessed against second-order accurate
FD. The validity of the newly derived expression is investigated for two different flow
conditions of non-Newtonian interest for a blood model, i.e., low shear rates. On the other
hand, the effect of the usually assumed “frozen” non-Newtonian viscosity is studied by
neglecting any additional term introduced in the adjoint system and sensitivity expression
w.r.t. the initial problem.

In order to highlight the latter, the investigated flow scenarios are simulated using the
same geometry and discretization as the one studied in Section 4.2.6. The objective func-
tional is chosen to be the dissipated power, which covers the necessary assumptions for
Eq. (4.127). The necessary derivatives of the objective functional in the direction of the
state are presented in Eq. (4.70).

The flow conditions are the same as in Section 4.2.6 with the exception that an additional
case of a lower Re number is investigated by changing the inlet velocity magnitude. In
specific, the FD study is conducted for Re = 1.2 and Re = 12. Figure 4.8 is presented to
visualize the differences of these two virtually similar cases on the apparent viscosity of
blood using a non-Newtonian model. As shown, the higher Re case results in a shear rate
neighborhood of viscosities close to the Newtonian one (see Section 2.3 for the physical
justification of this observation) while the lower Re case results in a neighborhood of
maximum viscosity differences from the Newtonian.

Power-law modified-Casson Carreau
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Figure 4.8: Shear rate ranges appearing for the investigated FD studies and the corre-
sponding apparent viscosity for each of the employed non-Newtonian models.
Gray area corresponds to shear rates appearing for the Re = 1.2 case, blue
area for Re = 12 and light green for both cases. Dashed line denotes the non-
Newtonian viscosity and solid line the Newtonian viscosity of blood.

Figures 4.9 and 4.10 compare the FD-based and adjoint-based shape sensitivity estima-
tions for Re = 1.2 and Re = 12, respectively. In specific, computations are realized for both
Newtonian and non-Newtonian fluid models. For the latter, a reduced non-Newtonian de-
scription is investigated in which the primal problem employs the respective non-Newtonian
description while the dual follows from the Newtonian set of adjoint equations, i.e., the
primal viscosity is assumed “frozen” on the dual. As shown, the FD-based results satis-
factorily match their adjoint counterparts for both Newtonian and non-Newtonian fluids
and for both considered Re numbers. However, when the reduced non-Newtonian model is
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4 The Adjoint Method

considered, the adjoint-based shape sensitivity estimation deviates from the respective FD
results, thus highlighting the importance of adjoint consistency w.r.t. the primal problem.

Power-law modified-Casson Carreau
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Figure 4.9: Study for Re = 1.2. Shape estimations for a Power-law (left), modified-
Casson (middle) and Carreau (right) viscosity model. Black (continuous), red
(dashed) and blue (densely dotted) lines correspond to Newtonian, consistent
non-Newtonian (C) and reduced non-Newtonian (F) adjoint-based estimations,
respectively. Circles and triangles denote discrete FD results for a Newtonian
and non-Newtonian fluid, respectively. Perturbation magnitude ¢ = § - 1074,
cf. Fig. 4.2 for reference.
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Figure 4.10: Study for Re = 12. Caption and legends as in Fig. 4.9.

Furthermore, it is interesting to note the trend exhibited in the sensitivity of a non-
Newtonian fluid w.r.t. the Newtonian fluid for the two different Re number configurations
as well as the impact of the “frozen” viscosity assumption. As expected, for the higher
Re number case the Newtonian and non-Newtonian results are fairly close to each other
since the range of shear rates, especially in a neighborhood near the stenosed investigated
section of the geometry, results in viscosities similar to the Newtonian one for all employed
non-Newtonian models. On the other hand, the non-Newtonian and Newtonian results
significantly deviate from each other for Re = 1.2 where the shear rate range is lower, cf.
Fig. 4.8.

As regards the “frozen” viscosity assumption, it is shown that the error of the estimated
sensitivity increases as the Re number decreases. This is also attributed to the shear-
thinning nature of blood. As the shear rates increase the non-Newtonian viscosity exhibits
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4.4 Continuous Adjoint non-Newtonian Navier-Stokes Equations

an asymptotic convergence towards the Newtonian viscosity and thus the assumption of
neglecting the variations of viscosity for the derivation of the adjoint is stronger.

Note that the aforementioned observations consider a direct relation between viscous
diffusion and shape sensitivity, which does not naturally hold. It is assumed that the
difference between the FD-based sensitivity results and the reduced adjoint results exclu-
sively depends on the difference between Newtonian and non-Newtonian effective viscosity.
While there is indeed a direct dependence between the adjoint-based sensitivity outlined
in Eq. (4.127) and the apparent viscosity, the expression is far more involved than that.
However, due to the low Re numbers considered, the transport of momentum is governed
by viscous diffusion. This primal flow behavior naturally reflects on the adjoint problem
and the shape sensitivity estimation.

Finally, a remark ought to be made as regards the trend of s*¥ (complete non-Newtonian
adjoint-based shape sensitivity) and $*¥ (reduced non-Newtonian adjoint). As shown in
these verification studies, the differences can be quite significant, especially in regions
where non-Newtonian properties are dominant. However, the overall trend of the two
curves is fairly similar, i.e., one could approximate 5*¥ =~ ks*¥J where x represents a
constant value. Naturally, one cannot have an a priori knowledge of x, however in the
context of a gradient-descent optimization algorithm, the difference between a reduced
and a complete non-Newtonian adjoint model would essentially boil down to a step-size
issue. Nevertheless, while this observation virtually holds for the cases studied in this
section, it does not necessarily hold for more involved cases and therefore the consistency
of the adjoint should be preserved to ensure a proper descent direction.
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4.5 Continuous Adjoint non-Newtonian and Hemolysis
Equations

The two novel adjoint problems presented in Sections 4.3 and 4.4 are herein combined
to allow for the derivation of an adjoint-based shape sensitivity for the minimization of
hemolysis while concurrently employing a non-Newtonian rheological model for blood. The
foundation of the necessary additional derivations presented in this section as well as the
notation employed herein are based on the work presented in the three previous sections.

Targeting the minimization of hemolysis induction, the objective functional considered
herein is confined to the description of Eq. (4.74), with its variations in the direction of
the primal state given in Eqs. (4.75). Note that the latter are not enhanced by variations
in the direction of apparent viscosity since there is no direct dependence on the definition
of the functional.

The complete Lagrangian can now be stated as

L=J+ / [ﬁRp 4 3,RY + hRY + R dQ, (4.130)

Q

and following the decomposition approach outlined in the previous sections, the volume
integral can be decomposed in subintegrals, viz.

L+L+ L+ 1L +1s+ I+ 1,

following the order of the Lagrangian constraints in Eq. (4.130). In essence and as compared
to the derivations of the previous sections, in the scope of this work one searches for
auxiliary contributions that might arise by considering the variations of each respective
problem in the direction of the additional primal variable, i.e., hemolysis or non-Newtonian
viscosity. These variations are

Su, Iy 6Hy, 6uls-0fi, 63l 0fi, O, I, 6Hy.

All of the above derivatives are identically equal to zero except d;1s - 0t due to the direct
dependence of 7 with fi, cf. Eq. (4.80). Employing the notation of Section 4.3.1, this
variation reads

Sals - Ofi = — / (6f)AdQ, (4.131)
Q

where A = 2h§kaM7*35 05,8,

4.5.1 Field Adjoint Combined Equations

The changes induced to the derivation process by combining the hemolysis equation and
the non-Newtonian blood properties are minimal and reflect only on the adjoint non-
Newtonian equation. Collectively, the field adjoint equations for the combined problem



4.5 Continuous Adjoint non-Newtonian and Hemolysis Equations
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The boxed scalar quantity A denotes the only additional contribution that needs to be
considered due to the combination of the hemolysis and non-Newtonian problems. Note
that the nature of the derived expressions sustain their individual characteristics, i.e.,
adjoint hemolysis is one-way coupled and adjoint viscosity is algrebraic, thus allowing for
a similar algorithmic strategy to what is presented in the previous sections.

4.5.2 Boundary Adjoint Combined Conditions

The cross derivatives between hemolysis and non-Newtonian terms do not increase the
number of boundary integrals. Therefore the BCs of the combined problem are deduced
by demanding that the combined boundary integral expressions of Sections 4.3 and 4.4
vanish, viz.
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Inlet and non-design wall

Bearing in mind that the objective functional refers to the expression of Eq. (4.74), the
BCs for adjoint velocity on I'y, U Ty, are the same for both individual problems and are
also sufficient to cancel all integrals of Eq. (4.136), i.e.

% =0 on DUy, (4.137)

is set. Adjoint pressure and hemolysis are computed based on a zero Neumann BC, similar
to the adjoint hemolysis problem.
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Outlet

On the outlet the cancellation of the last integral of Eq. (4.136) calls for 0! = 0 on oy,
as discussed in Section 4.4.3. Adjoint hemolysis is computed based on Eq. (4.90), while
adjoint pressure is computed based on

~

L _ 0ty
—p + pov, + ,ua—l;b + pr(l —pB) =0 on Lyy. (4.138)

The remaining terms appearing in the third and fourth integral of Eq. (4.136) naturally
vanish on the outlet as discussed in the previous sections. The adjoint normal velocity com-
ponent can be approximated by the tangential decomposition of the complete expression
multiplying dv;.

4.5.3 Shape Sensitivity for Combined Problem

Similar to the BCs, since the combined problem does not increase the number of surface
integrals, the combined surface sensitivity results from a linear combination of the shape
sensitivities derived in Sections 4.3 and 4.4 and reads

N 7 av’i ~aﬁz 2 N an

Cq

Note that both B;; and X;; refer to scaled versions of the primal strain rate tensor and
can therefore be combined in one term.

4.5.4 Numerical Solution

Since the combination of the two individual problems does not change the general charac-
teristics of each novel contribution, the algorithmic and discretization strategies presented
in the previous sections can also be sustained. In specific, the adjoint hemolysis equation
can precede the solution of the adjoint non-Newtonian NS equations and its solution can
be used to feed the necessary terms of Eqgs. (4.132), (4.133) and (4.135). The procedure
can then continue by the algebraic computation of f and its Picard-like implementation in
the adjoint momentum equations. The discretization of all additional terms, as compared
to the initial problem, introduced in the adjoint momentum equations is based on the
strategies discussed in Sections 4.3 and 4.4.
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5 Robust Shape Optimization

Chapters 3 and 4 were dedicated to the presentation of gradient-based parameter-free shape
optimization techniques using the adjoint method. Therein, the investigated problems were
assumed to be deterministic. In that context, with precise knowledge of the underlying
primal problem, one can find an optimal (or optimized) solution of the control, i.e., the
shape, for a given objective. However, precise knowledge of the conditions, under which a
flow phenomenon occurs, is often challenging to attain, particularly in blood flow-related
applications.

As discussed in previous chapters, modeling blood-specific phenomena such as hemolysis
or the non-Newtonian rheological behavior of blood relies on parameters typically deduced
from fitting models to experimental data. Although experiments are conducted under
sterile, well-controlled conditions (Wurzinger et al. [1985], Heuser and Opitz [1980]), the
same parameter sets are frequently used for more complex computational studies (Yu et al.
[2017], Thamsen et al. [2015]). Furthermore, the uncertainty introduced by these param-
eters is evident from the significantly different parameter sets found in the literature, see
e.g., Table 2.1. These uncertainties are classified as epistemic, since they can be reduced
through more accurate computational and experimental modeling. Additionally, the car-
diovascular system is influenced by aleatoric uncertainties stemming from the complex,
unpredictable fluctuations of a human heart rate.

While these two types of uncertainty differ conceptually and prompt reflection on the na-
ture of the underlying phenomena, they are not distinguished in the subsequent discussion,
as their mathematical and numerical treatment remains the same. Furthermore, it should
be noted that one might also justifiably consider the shape to be uncertain. This scenario
is not considered in this thesis and uncertainties relate exclusively to the conditions and
parameters used to model the blood flow.

This chapter presents an extension of the already described optimization techniques
to increase their robustness against the underlying uncertainties of the conditions or the
modeling parameters. To this end, the optimization problem searches for shape configu-
rations that are optimized w.r.t. the statistical moments of a Qol in a range of probable
outcomes of an uncertain variable or a vector of uncertain variables. The chapter is or-
ganized in four sections. Section 5.1 formulates the robust shape optimization problem.
Section 5.2 presents the stochastic gradient descent method as well as a related modifi-
cation of the original formulation. Both formulations employ the adjoint method for the
efficient computation of necessary derivatives. The chapter continues with Section 5.3
where a shape optimization procedure is discussed based on the first-order second-moment
(FOSM) method and the assistance of the continuous adjoint method. The chapter closes
with Section 5.4 where a CFD-based illustrative example is presented to highlight the
characteristics of each aforementioned method.
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5.1 Problem Formulation

In what was discussed up to this point, the goal of the optimization problems was to
minimize an objective functional by updating a set of design variables given a state. The
state was assumed to be a function of the design and was acquired from the solution
of a set of PDEs including fully determined parameters and BCs. This problem was
mathematically described by Eq. (4.19). The gradient-based solution of this problem
results in an admissible design uj, for which J(y;, (uy), u}) € R is (at least locally) minimal.
However, consider that the state is unpredictably perturbed due to reasons unrelated to
the design, e.g., due to our false estimation of the state. The solution found by the
deterministic problem is likely not to be optimal anymore.

To illustrate this concept further, consider a mechanical hand performing a coin toss
experiment under fully-controlled air conditions. Then, based on the initial placement of
the coin on the hand, one can calculate and apply the necessary employed force by the hand
(design) so a desired outcome is always achieved (objective). This renders the problem
deterministic. However, if we replace now the mechanical hand with a human hand, it is
logical to arrive at the conclusion that the lack of exact control on its motion might result
in different outcomes, rendering the problem stochastic.

The goal of robust optimization is not to arrive at a set of optimal solutions for each
probable state but rather to arrive at a design that likely performs better than the initial
for each probable state as well as exhibits minimum variations on its outcome w.r.t. the
uncertain input. To this end, the objective functional is considered as a statistical quantity
and the optimization targets the minimization of its statistical moments rather than its
value at each probable state. To highlight this distinction, what is considered as an objec-
tive functional in the previous chapters is here referred to as Qol and denoted as F' € R.
The objective functional is then defined as

J = wipp + weop, (51)

where pp and op correspond to the mean value (first statistical moment) and to the
standard deviation (square root of second statistical moment) of the Qol, respectively.
The weights w; and ws can be chosen by the designer before the optimization process, so
that to decide which quantity should be mainly targeted. A reasonable assumption for w;
and wsq, although not necessary, is to decide for w; + w, = 1, thus making the objective
functional the convex combination of the first two statistical moments of the Qol.

To properly account for uncertainties in the optimization problem, consider a probability
space (2%, F,P)!, which consists of a sample space Q*, a o-algebra F C P(2*) and a
probability measure P : Q* — [0,1]. Based on this, w; € Q* C RM denotes the vector of
uncertain variables, which when prescribed refers to a stochastic outcome.

As discussed above, this thesis considers a deterministic control (design) while the uncer-
tainties influence only the state, i.e., y,,(w;, ux). For a given stochastic outcome, the state
vector refers to a realization in view of the stochastic process. A realization is therefore
determined by the solution of the underlying primal problem, given a stochastic outcome,
which based on the notation of Chapter 4 is denoted by Rj(y,(w;, ug), ug,w;) = 0. The

!Note that Q* is used in this context instead of the usual { notation to distinguish the sample space
from the volume occupied by a fluid.
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optimization problem is then formulated as

min  J (Y (ug, wi), ug) st Ry(Ym (g, wi), ug, w;) = 0, (5.2)
(ymvuk)ewad

Note that while the constraints explicitly depend on the uncertain variables, the definition
of Eq. (5.1) allows us to consider only an implicit dependence between the objective func-
tional and the uncertainty vector. In fact, due to the unique mapping from a control to a
state for a given stochastic outcome, one can reduce the objective functional to a function
of the control only, as was done in the previous chapters. For a thorough mathematical
discussion on stochastic optimization problems of a similar ansatz as the one of Eq. (5.2),
the reader is referred to Geiersbach et al. 2023, 2021], Geiersbach and Wollner [2020], Ali
et al. [2017].

A key aspect of the robust optimization problem is the definition and computation of
the statistical moments of the Qol. The identification of these moments is usually referred
to as UQ. In this thesis the UQ is based on two different approaches. In both approaches
and in view of the independence between design and uncertain variables, the statistical
moments are evaluated for a given design. Therefore, to simplify the notation, uy, is omitted
everywhere unless deemed necessary. The first approach computes the statistical moments
by evaluating NNV realizations, where N should correspond to a sufficiently large sample size
able to capture the moments. The moments are then computed as

e = 5 D0 Flum(™)) )
78 =\ 5 30 (Flm(el™) = ) (5.4

where F(y,, (wl(n))) denotes the Qol computed at the n'® realization of the observed sample.
Note that Bessel’s correction is applied for the computation of the standard deviation.
This approach of UQ has the obvious disadvantage that N needs to correspond to a
sufficiently large number. In the context of shape optimization this suggests the need of N
CFD solutions per shape update. In the absence of an appropriate surrogate model, the
application of this method becomes often unfeasible unless “suitably” modified.

The second approach relies on the MoM. Initially, it is noted that for a given design,
the Qol depends solely on the state which in turn depends only on the uncertain variables.
This allows us to define the reduced function F(w;) := F (ym(w;)) for each shape. Consider
now that the vector of uncertain variables is associated with a probability density func-
tion (PDF) f(w;) = fi(w1)fa(wa)...far(war) for independent uncertain variables, where f;
denotes the individual PDF of the i*" variable. Based on this, we can write

= [ Pl ) d (5.5)
7= [ (Pl —ur) = [ Bl fw) o . (5.6)
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The handling of these expressions in the context of the MoM is further discussed in Sec-
tion 5.3.

Overall, the solution of the optimization problem is based on gradient-based techniques,
similar to the previous chapters. Therefore, one searches for an expression of d,, J - duy. In
a slight abuse of notation w.r.t. the previous chapter, allow 6, J to be expressed as d.J/duy,
and neglect the direction du,. Note that in large, this chapter employs the notation of
d(.)/d(.) instead of 9(.)/0(.) to highlight the interdependence of the state to both control
and uncertain variables. Therefore, the necessary chain rule is implied and taken into
account for the computation of the sought quantities.

5.2 Stochastic Gradient Descent Method

The section presents a method for the solution of the optimization problem (5.2) by em-
ploying a stochastic gradient descent method. The foundation of the method is on the
approximation of a stochastic gradient which can then be employed to iteratively update
the shape. In contrast to what is presented in Section 5.3, the SGD method relies on eval-
uating realizations from randomly selected stochastic outcomes. Given that a sufficiently
large number of realizations is evaluated, the statistical moments can then be numerically
approximated based on Egs. (5.3) and (5.4). To simplify the notation, allow a Qol eval-
uated at the n'! realization to be denoted as F), := F(ym(wl(n))) The derivatives of the
statistical moments in the direction of the control then read

dpp 1 <~ dF,
Qo TN du 6.)
dop 1 N dF, dup

= F - - .

These expressions can then be used to compute the derivative of the objective per shape

update, viz. r i i
HUF OF
dur = wld_uk wgd—Uk. (5.9)
Note that Egs. (5.7) and (5.8) require only the computation of the Qol at each realization
as well as their derivatives in the direction of the control. Given a stochastic outcome,
the former can be computed by the solution of a primal problem while the latter by the
solution of the corresponding dual problem at the stochastic outcome.

An obvious drawback of the SGD method is the necessity of evaluating a large number
of realizations. If the evaluations refer to CFD solutions, the necessary cost to evaluate a
representative sample size becomes often rapidly unfeasible in the context of engineering
applications and other approaches need to be considered. To this extent however, the
scenario in which the hemolysis parameters are considered uncertain must be highlighted.
Due to the one-way coupling of the hemolysis equation with the NS, evaluating different
realizations requires only the computation of the hemolysis equation using the same flow
solution. Since the solution of hemolysis requires a trivial amount of time in comparison
to the complete flow solution, the number of realizations can be significantly increased
using a reasonable amount of computational resources. Furthermore, each realization is
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5.2 Stochastic Gradient Descent Method

by definition independent from another. Therefore, given a high performance computing
facility, the N (or a subset of N) realizations can be trivially parallelized, thus reducing
the required wall-clock time per shape update.

Even though the aforementioned points allow for an application of the method also on
CFD applications, the computational cost can still be significant. A possible solution to
circumvent this issue is the use of reduced-order models that can approximate the Qol
given a stochastic outcome without the need of a complete CFD simulation. However,
even this approach may conceptually lag behind since the Qol needs to be evaluated for
each shape update. Therefore, even though a suitable reduced-order model may be built
for the initial shape, it might prove below par in its estimations for the subsequent shapes
during the optimization history. To this extent, this thesis investigates a modification of
the original method to alleviate some of the computational effort, cf. Section 5.2.1.

5.2.1 Binning Variant

Consider a scenario in which the primal problem depends on a single uncertain variable
w. Given a PDF f(w) associated with w, the SGD method relies on the evaluation of
the objective (and its derivative in the direction of the control) for randomly selected
samples. For example, if the sample space corresponds to [Wmin, Wmax] = [—1, 1] and the
probability distribution refers to a Gaussian distribution, the PDF corresponds to Fig. 5.1
(left), truncated before and after -1 and 1, respectively. If the sample size N corresponds
to a computationally feasible relatively small number, i.e., in the order of O(10), then
it is most likely that the stochastic gradient is approximated by information stemming
only from the most probable outcomes. Therefore, the information from the more unlikely
stochastic outcomes are neglected and the optimization procedure is prone to fluctuate a
lot since the direction of the descent direction may significantly change per shape update.

To this extent, this thesis proposes a variant of the original SGD method so that the
evaluated realizations scan the complete sample space in each shape update. The foun-
dation of the variant is based on binning the sample space into N equidistant bins with
a width (Wmax — Wmin)/N. In each bin a uniform constant PDF f*(w) = N/(Wmax — Wnin)
is assigned. The sampling is then based on the newly created bins thus assuring that the
complete sample space is uniformly scanned during the estimation of the stochastic gra-
dient. For example, the first stochastic outcome is selected from the first bin, the second
from the second bin and so on until all N stochastic outcomes are created. However, if
the process continues now as in the case of SGD, the impact of the underlying PDF, for
example the Gaussian distribution, is completely lost.

In order to recover the information of the underlying PDF f(w) and to assure a discrete
partition of unity, the derivatives of the statistical moments in the direction of the control
are weighted by the normalized probability density of each stochastic outcome based on
the underlying PDF, viz.

dur 1 = dFy 5
aAG— E n 1
N
dO'F 1 dF, d,uF o
= > |(F - A (n) 11
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with

fwt™)
>y f(@™)’
where f(w™) corresponds to the probability density of the underlying PDF for the stochas-

tic outcome w™ selected from the uniform distribution of the n'* bin. The binning process
in the context of the SGD method is schematically visualized in Fig. 5.1 (right).

Fw®) = (5.12)

1.5 11213 /\... N
N \\
1 2 T
3 .
= F@?) eyt 3
0.5 i i , \
F .
0 \ flwl) k===t \ ~
1 0 1 -1 0 1

Figure 5.1: Left: Gaussian PDF for mean and standard deviation equal to 0 and 0.3, re-
spectively. Right: Schematic representation of the SGD binning variant. Note
that the figure has been created for illustrative purposes and does not corre-
spond to an accurate representation of the PDFs. In specific, the area under
each bin should correspond to the area under the underlying PDF (in dashed
line) equal to unity.

In case the primal problem depends on a vector of M uncertain variables, the same
process is followed for each individual variable and the normalized weight is computed

based on
Sty filw™)
27]:/:1 <Zf\i1 fZ(Wz(n))> 7

where f; corresponds to the underlying PDF associated with the i** uncertain variable.

It must be noted that even on the original SGD method, this kind of weighting is im-
plicitly applied by the sampling process. The random choice of the stochastic outcome
is dependant on the underlying PDF and therefore the frequency with which an outcome
appears in the approximation of the stochastic gradient corresponds to an implicit weight-
ing of the estimation. The essential difference between the proposed modification and the
original method is that the modification targets to explicitly consider this weight and allow
for a scan of the complete sample space using a reduced sample size N.

flwt) = (5.13)

5.2.2 Optimization Algorithm

The numerical realization of the SGD-based optimization methods is illustrated in Algo-
rithm 3. As previously discussed, due to the independence of the realizations, the loops in
lines 2-5 and 7-9 can be trivially parallelized given the necessary computational resources.
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5.2 Stochastic Gradient Descent Method

Algorithm 3 SGD-based robust parameter-free shape optimization algorithm using the

adjoint method.
Require: initial shape I'?, /™2 > 1 N > 1

1: for [ =0,1,... do
2: for n=20,1,..., N do

(n)

3 Generate stochastic outcome w;
4: Compute the primal problem at (wgn), ut) to find F,.
5: end for

6: Calculate pp and op based on Egs. (5.3) and (5.4), respectively.
7: forn=20,1,...., N do

8: Compute the adjoint problem at (wl-("), ut) to find dF;, /duy.

9: end for

10: Calculate dup/duy and dog/duy, based on Eqs. (5.7) or (5.10) and (5.8) or (5.11),
respectively.

11: Calculate the shape sensitivity based on Eq. (5.9).

12: Compute a descent direction duy, € Q' based on one of the methods presented in
Chapter 3.
13: Determine step size t.

14: Update shape based on Eq. (3.2).
15: if [ = [™* then

16: break
17: end if
18: end for

The adjoint problem is dependent on the underlying primal and for the applications con-
sidered in this work, it refers to one of the problems presented in Chapter 4. Furthermore,
in contrast to deterministic optimization, the necessary information for the computation
of the shape sensitivity are produced by different simulations. Therefore, an intermediate
computational level is created where all the necessary information are collected. The same
level is used to compute an appropriate descent direction and update the shape. The
operations of lines 10-14 are thus realized therein.

The convergence of a SGD method is a challenging issue. Convergence criteria as those
employed in the case of deterministic optimization can hardly suffice since the evaluated
sample can even lead to an increase of the objective functional in some iterations. There-
fore, as shown in Algorithm 3 the complete process terminates when a pre-defined number
of iterations [™** is reached. An a priori knowledge of this number is especially difficult to
attain in the context of SGD. However, it should be chosen based on the computational
capabilities of the designer and the available resources.
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In this regard, the choice of an appropriate step size t! is also crucial. As discussed
in Geiersbach et al. [2021], the Armijo backtracing condition shown in Section 3.3.1 gen-
erally fails in stochastic approximations. Therefore, the “Robbins-Monro” step size rule,
originally introduced by Robbins and Monro [1951], is recommended to determine an ap-
propriate step size per optimization iteration. The rule reads

o0 o0

<0, Y t'=o0, (t"? < 0. (5.14)

A straightforward step size sequence that satisfies the aforementioned rule is ! = ¢*/I,
where ¢* is a user-defined constant. Though this step size rule satisfies the “Robbins-
Monro” criteria, it can rapidly lead to (undesirably) minor shape updates. For example, if
the randomly chosen samples in the first couple iterations lead to opposing shape update
directions, the deformation field will reduce in magnitude not because we are approaching
a local optimum but because the step size has decreased by virtue of the applied rule.
Therefore, in this work the step size per optimization iteration [ is chosen as

* for [ < [*M
t = {C o= (5.15)

¢/ (1=1"M) | for | > [*M

where ¢* is computed based on the maximum displacement rule of the first iteration (cf.
Eq. (3.15)) and I®*M < [m2* corresponds to an intermediate iteration after which the esti-
mated objective of the last couple iterations has sufficiently decreased w.r.t. the initial.
Note that the step size sequence of Eq. (5.15) satisfies the conditions of (5.14).
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5.3 Adjoint-based First-Order Second-Moment (FOSM)
Method

This section presents a methodology for the solution of the optimization problem (5.2)
by employing the MoM for the determination of the statistical moments of the Qol. This
approach has previously been applied in the context of engineering robust optimization
applications in, e.g., Kriiger et al. [2023], Fragkos et al. [2019], Papadimitriou and Gian-
nakoglou [2013]. As discussed in Section 5.1, each uncertain variable is associated with
a PDF, which implies a mean and a standard deviation for each variable. Let w; € RM
and o; € RM denote the vectors of mean values and standard deviations, respectively. A
Taylor series expansion of the (reduced) Qol around the mean values of the uncertainty
variables then reads
. )7

Even though not explicitly shown, it is implied that all derivative expressions are computed
at w; unless stated otherwise. This assumption holds also for what follows. Truncating
the expansion after the second term on the RHS results in a first order approximation
and is thus used to derive the FOSM method. Note that this truncation implies that the
approximation is accurate for any dw; if the relationship between the Qol and the uncertain
variables is linear. Based on the first order truncation of Eq. (5.16), the Qol computed at
an arbitrary stochastic outcome w; can be written as

A

. . . F

Substituting Eq. (5.17) in Eq. (5.5) and neglecting the HoT gives

, T dF [ A
= F(&) / f(wi)dw+d£ /(5wif(wi) dw = F (&), (5.18)
—0o0 1 —\OO Br ,

since the first integral on the last line of Eq. (5.18) is identically equal to 1 and the second
integral for dw; = (w; — ;) corresponds to the first central moment which is zero for any
distribution that has a mean. Applying the same process to the definition of the variance
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(5.6) results in

o) A 2
~ d

. 4P T dF dF |
= F(w;)? _|_2F(wi)dwi /&uif(wi) dw +dwid_wj Sw;dw; f(w;) dw —

N% —\oo , —00 ,

0 Cis

dF dF
= —0Cy;, 1

dwidchj (5 9)

where C;; denotes the covariance matrix of the uncertain variables. As already implied
but not explicitly said, this thesis assumes the uncertain variables of a problem to be
independent of each other. In this case, the covariance matrix is a diagonal matrix, with
its diagonal corresponding to the vector oZ. Based on this assumption, Eq. (5.19) can be
written in a compact form as

.12
dF

2
2 2
o 1% (5.20)

Therefore, with knowledge of w; and o;, one can approximate the two statistical moments
based on the first order approximation outlined in Eq. (5.17). Note that the method is
independent of the underlying choice of the PDF and can be equivalently applied, given
the sole knowledge of the mean and variance values. This is especially advantageous in
applications where the underlying particular probability distribution is unknown to the
designer.

Based on the above moment approximations the objective functional reads

(5.21)
and the sought derivative in the direction of the control
dJ dF 1 &*F

— =W — — i, 5.22

duy, b duy, W o dw;duy (5-22)

where the vector \; € RM corresponds to

dF . dF dF
No=|—02 02 . .. —02|.
(dw1 oL dwg%’ ’ de0M>

To perform the computation of the sought derivative (5.22), the method requires the
calculation of the following quantities at each shape update:

e The derivative of the Qol in the direction of the control, dF /duy,.
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5.3 Adjoint-based First-Order Second-Moment (FOSM) Method

e The derivative of the Qol in the direction of the uncertain variables, dF’ /dw;.

e The mixed derivative of the Qol in both aforementioned directions, d2F' Jdw;duy,.

5.3.1 First-Order Derivative in the Direction of the Control

Due to the independence between the uncertain variables and the control, the computation
of dF /duy, does not require any additional uncertainty-related changes. Therefore, its
computation can be realized using any of the methods outlined in Section 4.1. Naturally,
the preferable method is the adjoint method since the control corresponds exclusively to
the shape in the context of this thesis. Depending on the underlying primal problem,
the expression of this derivative can thus be found in Sections 4.2.4, 4.3.4, 4.4.4 or 4.5.3,
where the adjoint problems related to biomedical applications are presented. The total
computational cost for its estimation thus amounts to one primal and one adjoint solution
at the prescribed state of uncertainty w; = w;.

5.3.2 First-Order Derivative in the Direction of the Uncertain
Variables

The analysis made above is based on the reduced Qol F, however in the context of com-
puting the first-order derivative of the Qol in the direction of the uncertain variables it is
illustrative to consider an expanded formulation for the Qol, i.e., F(y,(w;), ug,w;). Note
that 7 =: F and this distinction is only made for better comprehension. The sought
derivative can therefore be stated based on the chain rule as

dF OF  OF dy,

dw; Ow; Yy dw; (5.23)

Note that this expression is essentially equivalent to the expression of Eq. (4.11) by simply
swapping the control vector with the uncertainty variable vector. It is interesting there-
fore to examine whether what was applied therein can be equivalently transferred to the
identification of dF'/dw;.
Our constraints are now represented by Rj(ym(wi, ux), ug, w;) = 0 and must always be
satisfied, even at perturbations of the uncertain variables, which implies that
de 8Rl (9Rl dym 8Rl dym GRZ

dw;  Ow; + Oy, de; - My, deo; ow;’ (5-24)

which can be used to finally arrive at an equivalent expression of (4.13)

(5.25)

dF OF OF (0R\ ' 0R,
dw;  Ow;  Oym \ OYm Ow;

This shows that the use of the adjoint method is indeed reasonable for approximating
i3 /dw;. However, as outlined in Chapter 4, the adjoint method is motivated in cases
where the control (here uncertainties) vector is substantially large since it decouples the
necessary additional computations from the number of control (uncertainty) variables.
If the uncertainty vector is small, even the straightforward FD method can provide the
necessary information at a reasonable cost.

123



5 Robust Shape Optimization

Finite difference method

The sought derivative can be computed based on a first-order accurate finite differences
approach as

dr’ _ F(ym(@z + (5Wi)7 Up, W; + 50Jz) - F(ym(@z)a Ul aji)
dwi N (50]7;

+ O(5w;). (5.26)

This requires the computation of M more simulations?, in addition to the necessary sim-

ulation computed at w; = w;. Note that the approximation is only first-order accurate. A
higher order approximation of the derivative, while possible, can be omitted due to the
initial assumption of linearity between the Qol and the uncertain variables.

Naturally, the larger the number of uncertain variables, the larger the additional com-
putational effort required to approximate the sought derivative from FD. The case of
uncertain hemolysis parameters must again be highlighted in this context. If one considers
the hemolysis parameters to be uncertain, i.e., w; = (C,«a, ) and M = 3, cf. Table 2.1,
the numerical approximation of Eq. (5.26) becomes computationally trivial. Due to the
one-way coupling of the hemolysis model, any variation of w; will not induce a variation
in the flow field. Therefore, the computationally expensive solution of the NS needs to be
realized only once at w; = w; and then used for 3 solutions of the (perturbed) hemolysis
equations.

Adjoint method

Equation (5.25) motivates the use of the adjoint method for the determination of the
sought derivative. If the same conceptual process as the one presented in Section 4.1.4 is
followed, then one easily arrives at the conclusion that

dF OF  OR OF <8Rl)1

= — with ¢ =——— [ =—
dw;  Ow; 4 ow; Y OYmm

5y (5.27)

Note that ¢, results from the same equation as in the case of dF'/duy. This implies that the
adjoint solution needs to be computed only once and concurrently provide the necessary
information for the computation of both required first derivatives.

To illustrate the adjoint method further in the context of computing dF'/dw;, consider
the following example. A 2D channel flow is obscured by three circular objects, namely
C1, C2, C3, with diameters D = H/11, d = D/2 and D, respectively. The total length of
the domain is L ~ 3H. The longitudinal distance from the inlet and vertical distance from
the top wall for the centers of C1, C2 and C3 are (H, H/2), (1.36H, 0.38H) and (1.9H,
0.63H), respectively. A sketch of this configuration is shown in Fig. 5.2 (left). The case
includes uncertainties by means of the inlet velocity profile, which is given by a truncated

2Note that as already discussed in Chapter 4, these simulations correspond to restart cases from a
converged solution and therefore their cost is usually smaller than a complete CFD simulation from
scratch.
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Karhunen-Loeve expansion, see Benner et al. [2020], viz.

) = e+ 3o (09 (20) ), (5.9

i=1

u(y) =0, (5.29)

where the mean velocity profile ([v(y)]™") is given by a fully developed parabolic velocity
profile and the indices ¢,n mark the y,z direction along the inlet. Figure 5.2 (right)
illustrates the differences between the mean flow profile and a perturbed one based on
Eq. (5.28) with M = 5, a decay rate v = 0.1 and a stochastic outcome w; = 0.5 Vi €
{1,2,...,5}. Consider that the Qol stands for the power loss, which for the convenience
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Figure 5.2: Left: Sketch of the 2D flow with 3 circular obstacles. Right: Mean and per-
turbed inlet velocity profile for the example case.

of the reader is repeated here,

F= —/ (p—l—%p(vw@)vmidF = —F/fde.

T

In view of the integral formulation of our constraints, Eq. (5.27) can be written as

ar_ OF —/A O 40, (5.30)

dwi N 8_% 4 8(,&)1‘

Q
Note that in contrast to the previous chapter, where inserting the derivative inside the in-
tegral required an assumption for cancelling out an additional Leibniz term (see discussion

in Section 4.2.4), the formulation here is exact due to the independence of the shape and
the uncertain variables. The first term on the RHS of Eq. (5.30) can be explicitly treated
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as
OF 0 0
= — dr’ dr
i 0w¢/fr +0wi / Jr
N—— —
L =0 _
ov, 3 ,0u,
= —/ (pﬁw- + 5'01}’%(%)-) dr. (5.31)
Cin ' '
Based on Eq. (5.28),
0 0 ! 27i
Un O ith A = R [(ie-09) gy (2T
O, o + A, with A v (z sm( Vi )) : (5.32)

which if substituted in Eq. (5.31) results in

OF 3,

in

Having found an expression for 9F /0w;, the remaining term of Eq. (5.30) is handled based
on adjoint techniques. It is reminded that the adjoint variables are deduced by the same
adjoint problem as in the case of computing dF'/duy. This means that for the example case
considered here, the adjoint field equations and adjoint boundary conditions correspond to
the expressions of Section 4.2. Furthermore, using Eq. (5.24) one can substitute dR;/0w;
with the exact same expression as the one used for the derivation of the shape sensitivity.
Therefore, the second term of Eq. (5.30) can be expressed as in (4.56) by substituting
the variation of the state variables w.r.t. the control to variations w.r.t. the uncertain
variables, viz.

CORy dp . dp ([ Ovy,
_/yl awl- dQ = —/awi (vknk) dF+ / au% (8xk> dQ
Q T

0
Ovk | s 4 i Db 0 (0w
- [ i ot st L ar s g () mar
r T
avk N av]‘ 8@]c 0 N A
Ew [nga—xk - U]pﬁ_xj - 8—%(2/¢Sk] — pékj)} dq. (5.34)
0

The Qol (objective functional in the context of the previous chapter) is defined exclusively
on I' and therefore the volume integrals vanish by virtue of the adjoint field equations’
solution. Furthermore, taking into account that pressure does not explicitly depend on the
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uncertain variables, the above expression simplifies to

_OR, ov 81}
Q ’ T !
.0 [0Ov
+//wk% <awk) n; dr. (5.35)
i 7
I

The only boundary in which we have an explicit dependence between velocity and uncertain
variables is I'y,. Based on this, the second term on the RHS of Eq. (5.35) can be written

as
g [ Ovy 0 [0 g [ 0v,
/,u kaxj (awz)n]df / 5 (8n> dI' + //wna (an) dI'=0. (5.36)

in in in

Based on the deductions of Section 4.2.3, which are also applicable here, v, = 0 on I';, thus
leading to the cancellation of the first integral in Eq. (5.36). The second term is also equal
to zero by virtue of v; = 0 on I';;, and the assumption that continuity asymptotically holds
on the boundaries.

Following the same conceptual path, 00,/0x, = 0 on I';, and by applying 0,, = v,, on 'y,
for the power loss QQol, one arrives at

OR e
—/ = /Az [p— pv2] dT. (5.37)

Q [Cin

Combining Egs. (5.33) and (5.37) results in an expression for the initially sought derivative

;ij; = /Ai {(p+p) + ;pv ] dr. (5.38)

1_‘in

The computation of Eq. (5.38) requires no additional computational effort, apart from the
numerical estimation of the integrand expression, since both primal and adjoint variables
are already known. The derivation process outlined above can be followed for any Qol and
primal problem, thus making the adjoint method an appealing tool even in this context
and especially for uncertain cases with large M.

For the sake of completeness, the validity of expression (5.38) is assessed against a FD
study. The study is conducted based on the parameters described above and w; = 0.5 Vi €
{1,2,...,5}, which results in the inlet velocity profile presented in Fig. 5.2 (right). The 2D
computational grid consists of 22400 CVs. The solution of the velocity magnitude field at
w; is presented in Fig. 5.3 (left). The sought derivative is computed based on a first-order
accurate FD study (5.26), for which 5 additional computations are realized for w; + dw;,
with dw; = 1071 Vi € {1,2,...,5}. The results of the study are visualized in Fig. 5.3 (right)
where they are compared with the corresponding adjoint solution (5.38). The necessary
adjoint field equations and BCs can be found in Section 4.2. As can be seen, the adjoint
and FD-based solutions satisfactorily match (no deviation is larger than 2%), with a slight
under-estimation from the adjoint solver. This can be attributed to the accuracy of the
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FD approximation. Overall, the adjoint-based results are acceptable, especially in view of
the computational efficiency of the method, thus showcasing the beneficial characteristics
of the method even for the computation of the first-order derivative of the Qol in the
direction of the uncertain variables.

Velocity magnitude 50 |- — 1|
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ot o— x FD
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- . &
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20 bt | | | [

w1 w2 w3 Wy Ws

Figure 5.3: Left: Velocity magnitude contours for ;. Right: Comparison of estimated
first-order derivative based on FD (5.26) with dw; = 107 Vi € {1,2,...,5}
and adjoint (5.38).

5.3.3 Second-Order Mixed Derivative

While the required first derivatives can be computed from the same adjoint problem,
thus requiring the same computational effort as in deterministic shape optimization, the
mixed second derivative requires additional computations. One straightforward option is
to compute the sought derivative based on a second-order accurate FD scheme, viz.

PE @+ dw) — L (@ — dw;)
=& “ dw?). .
dw;duy, 20w; +0(0w;) (5.39)

This method requires 4M additional simulations, i.e., 2M primal simulations at w; + dw;
and w; — dw;, and their respective duals for the computation of the first derivatives. This
cost can, of course, be halved by using a first-order scheme, at the expense of the accu-
racy of the approximation. Nevertheless, depending on the size of the uncertain variables,
the cost of this approximation can rapidly become unbearable in view of the often expen-
sive underlying CFD simulations and the several iterations needed for convergence of the
optimization.

However, as well-noted by Fragkos et al. [2019] and Kriiger et al. [2023], the computation
of Eq. (5.22) does not require the explicit computation of the mixed second derivative but
instead its projection on the \; vector. Computing the projected quantity instead of
the mixed derivative renders the necessary cost independent of the number of uncertain
variables. Fragkos et al. [2019] proposes to estimate the sought quantity through the
solution of an additional primal and adjoint system of equations while Kriiger et al. [2023]
suggests that the quantity is computed through the application of FD in the principal
direction. This thesis employs the methodology proposed by Kriiger et al. [2023] and thus
the concept of the approach is briefly presented in what follows. For further details, the
reader is pointed to the original paper.
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Consider the Taylor series expansion of the first derivative of the Qol in the direction of
the control at the “uncertainty location” @;, viz.

dF ia 2F
—(@; + dw;) = —(@;) +

i dw; Sw?). 4
duy, duy, duydw; Wi+ O(0w;) (5.40)

If the perturbation vector is not arbitrarily chosen but instead equated with a scaled version
of the \; vector, i.e., dw; = €*);, then Eq. (5.40) results in

dF dF
(@ + €Ny — —
dur (Wi + € N)

A2 F 1
N = — (@) +O(e°A?), (5.41)

dugdw;”" € duy,

while a second-order accurate approximation of the projected quantity reads

2F 1 |dF dF
i — (@i +€N) — — (@ — €'\ O(e2)\2). 5.42
duydw; 2¢e* | duy, i+ ) duy, (@ = € As) | + O(€7X) (5.42)

Note that the essential difference between expressions (5.39) and (5.42), that admittedly
might be hidden based on the employed index notation, is that the former needs to perturb
each individual uncertain variable while keeping the rest constant at their mean values
while the latter perturbs the complete mean value vector simultaneously. This leads to
expression (5.39) requiring 4M additional simulations while expression (5.42) is resolved
with only 4 additional simulations — or 2 for the first-order accurate expression (5.41) —
independent of the number of uncertain variables.
The value of €¢* is control-dependent and throughout this work it is set based on

1

€ =¢

(5.43)

2

=

where € is fixed, as the authors of Kriiger et al. [2023] suggest.

5.3.4 Optimization Algorithm

The adjoint-assisted optimization algorithm for robust shape optimization using the FOSM
method is presented in Algorithm 4.

Note that the presented algorithms in this chapter differentiate between statements
with the keyword “Compute” and “Calculate”. The lines including the former require
a substantial computational effort, since they involve (full or restart) CFD simulations,
while those including the latter amount to trivial resources for the computation of sought
quantities. Furthermore, the computations of lines 9 and 10 can be realized in parallel since
they are independent of each other. Overall, one shape update requires 6 CFD simulations?
and 1 simulation for the computation of the descent direction. As regards the latter, it
must be highlighted that the expression of Eq. (5.22) corresponds to a shape sensitivity
and thus similarly to the deterministic optimization cases, a proper descent direction must
be identified for the update of the shape (see Chapter 3). However, this issue becomes

3Note that the 2 simulations of line 9 are substantially faster than the other 4 in the case where hemolysis
parameters are considered uncertain since the primal flow does not need to be recomputed.

129



5 Robust Shape Optimization

Algorithm 4 FOSM-based robust parameter-free shape optimization algorithm using the
adjoint method.

Require: initial shape I'°, &;, 0, € > 0, € > 0
1: for [ =0,1,... do
2: Compute the primal problem at (@;, ul) to find F(@;).
3 Compute the adjoint problem at (&;, ul) to find dF [duy, a /dw; and \;.
4: Calculate the objective functional J based on Eq. (5.21).
5: if [J(uh) — J(ub )|/ J(uk!) < € then

6: break

7 end if

8: Calculate €* based on Eq. (5.43).

9: Compute the primal problem at (@; + €*)\;, ul) and (&; — €*\;, u}) restating from

the primal solution at (@;, ut).

10: Compute the adjoint problem at (@; + €*A;, uk) and (@; — €*A;, uk) to find dF /duy
for each respective state.

11: Calculate the projected mixed derivative based on Eq. (5.42).

12: Calculate the shape sensitivity based on Eq. (5.22).

13: Compute a descent direction duy, € €2 based on one of the methods presented in
Chapter 3.

14: Determine step size t'.

15: Update shape based on Eq. (3.2).

16: end for

slightly more involved in the case of robust parameter-free shape optimization. For the
computation of a descent direction in the deterministic optimization case, the necessary
information, i.e., the sensitivity distribution over I'q, can be fully obtained as soon as the
adjoint system is solved. Therefore, the shape update can be computationally realized by
restarting from the last adjoint solution. In the case of robust shape optimization however,
the necessary sensitivity is computed on different algorithmic levels and therefore it needs
to be collected on the same level to allow for the identification of a descent direction. To
this end, line 12 of Algorithm 4 is responsible for the collection of the individual sensitivity
components and the computation of the complete expression at each discretized design
face of the computational grid. Given this information, the algorithm proceeds at lines
13-15 to update the shape from which the next primal simulation can start.
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5.4 lllustrative Example

This section studies the 2D channel flow, initially presented in Section 5.3.2 in the context
of the adjoint method, for the application of the robust optimization methods presented
in this chapter. The flow configuration is schematically illustrated in Fig. 5.2 (left) and
the geometrical characteristics are as described in Section 5.3.2, with the exemption that
the inlet boundary is moved closer to the circular objects by H/2 so that to allow a bigger
influence of the uncertainties on the flow field even in highly diffusive flow scenarios at low
Reynolds numbers.

The 2D computational grid is refined near the circular object walls and consists of ap-
proximately 31000 CVs. The average dimensionless near-wall spacing around all cylinders
is estimated at y* ~ O(1073) for an unpertrubed flow scenario with Rep = pv® D/u = 20.

As originally discussed in Section 5.3.2, the flow is considered uncertain by means of
its inlet velocity profile, which is given by a truncated Karhunen—Loeve expansion. In all
investigated cases, the size of the uncertainty vector is M = 20 and a decay rate of v = 1.5
is set, which signifies that the first perturbing sinusoidals govern the overall perturbation
of the inlet velocity. Furthermore, the complete expansion is multiplied by 0.5 to guarantee
that all resulting boundary inlet velocity vectors point inside the domain.

The investigated robust shape optimization methods are:

e Stochastic gradient descent method (SGD),
e Stochastic gradient descent method - binning variant (SGD-B),
e Adjoint-assisted FOSM method (FOSM).

The sample space is [—1, 1] for all uncertain variables. Each variable is associated with a
normal distribution with a mean of 0 and standard deviation 0.3, i.e., w; = 0 and o; = 0.3
Vi e {1,2,...,M}. The PDF of this distribution is visualized in Fig. 5.1 (left). The SGD
and SGD-B employ a sample size N = 15. The Qol corresponds to power-loss and FOSM
employs the adjoint method to compute the first-order derivative in the direction of the
uncertain variables based on Eq. (5.38). The second-order mixed derivative required by
the FOSM method is computed based on a second-order accurate FD approximation, cf.
Eq. (5.42).

To avoid trivial solutions in the absence of a geometric constraint, as also discussed in
Section 3.4, certain sections of the cylinders are considered free for design while the remain-
ing sections are fixed to their initial configuration, as displayed in Fig. 5.4. All investigated

Y
L.
Figure 5.4: Design (in red) and non-design (in black) sections of the three 2D cylinders.

methods employ the Steklov-Poincaré method for the identification of a descent direction



5 Robust Shape Optimization

from the sensitivity derivative (see Section 3.2.2). To allow for a smooth transition from
design to non-design sections the 2D filter presented in Eq. (3.18) is employed for each
cylinder. Based on the results of Section 3.4.1, the filtering radii are chosen as rj = 0.3 D,
r2 =0.3d, r§ = 0.3 D for C1, C2 and C3, respectively.

All optimization cases initially employ a step size t° based on the maximum displacement
approach described by Eq. (3.15) with 6™ = D/100. The FOSM-based optimizations
then employ the Armijo-backtracking rule, described in Section 3.3.1, with ¢ ~ 0 and
7 = 0.5. The SGD-based optimizations employ the “Robbis-Monro” step size rule given
in Eq. (5.15), where I®™ is chosen based on experience on the investigated case.

5.4.1 Optimization of Mean

The robust shape optimizations are initially applied for the minimization of the mean value
of the Qol, i.e., up, which is realized by setting the weights of the objective functional J
to (wy,ws) = (1,0). A convergence criterion of (J; — J;_1) - 100%/J;_1 < 0.001 is set
for the FOSM case while a maximum number of 50 optimization iterations is set for the
SGD-based cases. Furthermore, the latter initiate the “Robbis-Monro” step size reduction
method after 40 iterations, i.e. [®*M = 40.

Figure 5.5 shows the estimated mean and standard deviation changes w.r.t. the initial
shape. The continuous lines denote the changes monitored by each respective method on
the fly. For example, the SGD-based methods compute the mean and standard deviation
based on Egs. (5.3) and (5.4), respectively, using their sample size of N = 15. The FOSM
method uses expressions (5.18) and (5.20) instead. However, these are only approximations
of the statistical moments. To this extent, the initial and final shapes produced by each
optimization process are assessed based on MC simulations using a sample size of NMC =
1000. For all cases, the samples are randomly picked from the same normal distribution
as the one employed for the sampling of the SGD and SGD-B methods. The estimated
change of the statistical moments based on the MC simulations are visualized by filled
circles for each robust optimization method in Fig. 5.5.

The results indicate that all three methods managed to arrive at a solution minimizing
[, which is ultimately the goal of the optimization, by approximately 9%. The comparison
between the MC-based estimated decrease and those predicted by each method shows
that all of them manage to arrive at a reasonable prediction as regards the mean value.
Though it must be noted that the SGD method shows significant fluctuations during the
optimization history due to under-sampling. The picture changes however as regards the
estimation of op. While the optimization employs ws = 0 and therefore doesn’t explicitly
target the minimization of standard deviation, its approximation by the FOSM and SGD
method reveals a significant mismatch w.r.t. the results of the MC simulations. On the
other hand, the SGD-B method manages to satisfactorily capture the relative change even
with a sample size of N = 15. Furthermore, the fluctuations of the estimated op-value
using the SGD method become even more prominent in the case of the standard deviation.

As easily noted by the MC-reported results, all optimized shapes suggest a similar rela-
tive change of the mean and standard deviation w.r.t. the initial. This is further validated
by examining the optimized shapes in Fig. 5.6. All three methods managed to arrive at
almost exactly the same result for all three cylinders in the flow.
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Figure 5.5: Optimization cases for (wy,ws) = (1,0), i.e., optimization of the mean. Left:
Estimated change of the mean value of the Qol in continuous line. Right:
Estimated change of the standard deviation of the Qol in continuous line. Filled
circles denote the estimated decrease from the initial to the final shapes based
on MC simulations. Green (SGD) and blue (SGD-B) circles align perfectly on
top of each other.
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Figure 5.6: Initial cylinder shapes (black lines) and optimized shapes for (wy, we) = (1,
0) — optimization of the mean — using the FOSM method (red lines), SGD
method (green points) and SGD-B method (blue points). Note that the three

optimized shapes are almost exactly identical, thus hindering the clarity of the
visualization.

5.4.2 Optimization of Standard Deviation

Due to the low (mean) Reynolds number of the flow, the perturbation of the inlet velocity
profile is rapidly diffused in the domain. This results to a standard deviation two orders
of magnitude smaller than the mean value. Therefore, most combinations of (wy,ws)
would ultimately result to a dominant descent direction stemming from the mean. To this
extent, this section targets exclusively the minimization of o by setting (wq,wy) = (0, 1).
The same convergence criterion is employed for the FOSM-based optimization while the
SGD-based ones employ I®™™ = 25 and are terminated after 60 iterations.

Figure 5.7 shows the estimated mean and standard deviation changes w.r.t. the initial
shape as well as the corresponding MC-predicted results. As shown therein, the FOSM and
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5 Robust Shape Optimization

SGD-B methods result in an increase of g, which can be expected since it is not explicitly
considered in the optimization problem, while SGD reduces the mean by approximately
2.5%. As before all methods adequately predict the estimated change of the mean in com-
parison to the MC results. As regards o, the FOSM-based method predicts a monotonic
decrease of approximately —70% while the SGD and SGD-B show a very similar behaviour
to the standard deviation results obtained from optimization of the mean. The MC results
reveal that both SGD and FOSM-based methods actually fail to predict the change of op,
with the true value of all methods fluctuating around 0%. This mismatch, also noticed
in the case of the mean optimization, can be attributed for the FOSM-based method to
the non-linear relation between the uncertain variables and the Qol (note that velocity is
squared in the formula of the power-loss) and to the low sample size for the SGD method.
On the other hand, the SGD-B, with the same sample size as SGD, accurately estimates
the change of the standard deviation of the Qol. Overall, none of the methods managed to
truly decrease op w.r.t. the initial configuration. Nevertheless, it is interesting to study
the shape change trends exhibited by each method.
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Figure 5.7: Optimization cases for (wy,wy) = (0,1). Left: Estimated change of the mean
value of the Qol in continuous line. Right: Estimated change of the standard
deviation of the Qol in continuous line. Filled circles denote the estimated
decrease from the initial to the final shapes based on MC simulations.

Figure 5.8 shows the shapes resulting from the application of each method w.r.t. the
initial. The SGD-B and FOSM-based methods exhibit a similar trend, where all cylinders
are deformed in such a way so that they close the channel. While the deformed C1 cylinder
is very similar between the two methods, only the SGD-B method reports significant
deformations on C2 and C3. On the other hand, the result reported by the application
of the SGD method exhibits a similar tendency as the one reported by the optimization
of the mean. These observations are further validated by the increase of the mean value
for the SGD-B and FOSM methods and the decrease for the SGD method, as shown in
Fig. 5.7. At a first glance, the results reported by the SGD-B and FOSM methods might
seem unintuitive when one targets the optimization of power-loss. However, in the context
of exclusively optimizing for the minimization of the standard deviation, the direction
followed by the optimizer might lead to worse results in terms of the Qol as long as all
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5.4 Illustrative Example

results are equally worse. Therefore, a shape update direction targeting to occlude the
flow might lead to higher values of the Qol, insensitive however to the uncertainties of the
inlet.

C1

Figure 5.8: Initial cylinder shapes (black lines) and optimized shapes for (wq, ws) = (0, 1)
using the FOSM method (red lines), SGD method (green points) and SGD-B
method (blue points).

5.4.3 Discussion

The investigated 2D example case serves to highlight the characteristics of the three pro-
posed robust shape optimization methods. It is shown that all methods can be successfully
coupled to the tools presented in the previous chapters. The changes that need to be made
to incorporate robustness in the optimization process almost exclusively relate to the op-
timizer and require minimal changes in the fluid solver.

In terms of the required computational effort, the FOSM-based method requires the
least amount of resources since one shape update calls for the solution of 6 CFD problems,
out of which some can be warm-started from a previous solution. On the other hand, the
SGD-based methods require 2N CFD solutions per shape update. Depending on the size
of N, the application of the method can become unfeasible for CFD-based applications.
However, every primal or adjoint stage can be trivially parallelized thus highlighting the
potential of the methods in the context of high performance computing facilities.

Another issue that must be addressed is the choice of the step size. In all investigated
cases in this section, the initial step size is computed based on the maximum displacement
approach of Eq. (3.15). Employing this approach, the FOSM-based method always gives
the same initial step size, depending only on @;. For the SGD-based methods the initial
step size depends on the initial sample. This can become a crucial issue, especially for
the original SGD method when the sample size is too small, since the step size remains
constant until the application of the “Robbins-Monro” rule. Therefore, the speed, with
which the optimization process is to progress, highly depends on the initial sample. On the
other hand, the SGD-B results in a more robust choice of the step size since the complete
sample space is scanned.

Furthermore, as shown by the results of this section, the FOSM-based method leads
to an estimated monotonic decrease of the objective functional while the other two show
fluctuations to their estimations. However, in both examined optimization cases, the SGD-
B method stabilized the estimations significantly in conjunction with moderate (feasible)

135
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sample sizes in comparison to the SGD method which exhibited significant fluctuations,
especially for the standard deviation.

Finally, another important topic is the accuracy of the estimation on the fly. Even
though the necessary computational resources required by the SGD-based methods might
be significant, they are trivial in comparison to those required for a complete MC simula-
tion. Therefore, an accurate estimation of the relative change of the statistical moments
on the fly, without the need of additional MC evaluations, is highly appreciated. To this
extent, the FOSM method depends on the underlying nature of the problem. As discussed
in Section 5.3, the FOSM approximation becomes accurate when the relation between the
Qol and the uncertain variables is linear. In this example, in which by construction the
relation is quadratic, the FOSM-based estimation of the relative change of the mean was
sufficiently accurate but inaccurate for the standard deviation. Therefore, it is advised
that the FOSM-based method is applied for cases in which the designer has an a priori
estimate of the relation between the Qol and the uncertain variables. On the other hand,
while both SGD and SGD-B methods adequately estimate the change of the mean value,
only the latter accurately estimates the change of standard deviation. This constitutes a
significant benefit of the proposed variant, since in addition to minimizing the fluctuating
behaviour of the SGD method it is also shown herein to deliver accurate predictions on
the fly with a relatively small sample size.
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6 Biomedical Applications

This chapter applies the previously presented methodologies to two blood-related three-
dimensional cases. Specifically, Section 6.1 presents the deterministic shape optimization
of a benchmark model for the minimization of hemolysis. This model was designed by a
technical committee to include flow phenomena related to blood damage in medical devices,
such as hemodialysis sets, catheters, cannulas, and syringes (Steward et al. [2012]). All
studies presented in Section 6.1 consider rigid walls due to the conceptual nature of the
applications related to the model.

Section 6.2 studies an idealized bypass-graft. Initially, the model is thoroughly investi-
gated by means of an FSI study. Focus is given to the influence of four relevant biomedical
aspects on hemodynamic quantities of interest. The biomedical aspects are 1) the size of the
anastomosis, 2) the upstream flow paths, 3) rest vs. exercise conditions and 4) relevance of
FSI. The section then proceeds with several steady-state robust shape optimization studies
of an idealized bypass-graft for the minimization of its hemolysis potential. The optimiza-
tion studies are conducted under the rigid wall assumption. Uncertainty considerations
relate to the hemolysis parameters and the non-Newtonian parameters. Select optimized
shapes are then assessed by means of FSI simulations under unsteady conditions.

6.1 ldealized Medical Device

The geometry considered in this section shares characteristics of many blood-carrying
medical devices. It includes sections where the flow is accelerating or decelerating, where
re-circulation and significant variations in shear stress occur. All of these phenomena are
believed to be related to blood damage in medical devices (Steward et al. [2012]). Due to
the broad range of blood-related flow phenomena that the model captures, it is referred to
as an idealized medical device.

A two-dimensional side view of the model, annotated with necessary geometrical details,
is presented in Fig. 6.1. In view of the optimization study to follow, the figure distinguishes
the wall segments to those free for design and those fixed to their initial configuration. The
fixed inlet and outlet diameter is set to D = 12mm. Upon its insertion in the domain, the
flow meets a converging nozzle leading to a smaller pipe, referred to as the throat, with
a diameter of DT = D/3. The throat ends at a sudden expansion and after a distance of
6.7 D the flow exits the domain.

The geometry is discretized with approximately 750k CVs on a butterfly-like structured
grid arrangement. The grid is gradually refined near the walls and in areas of anticipated
high velocity gradients, to adequately resolve relevant flow phenomena that can lead to
hemolysis. Figure 6.2 shows two cross-sectional views of the employed spatial discretization
near the inlet and outlet. As shown, the domain downstream the sudden expansion consists
of two highly refined regions. The first one is near the walls of the domain while the second
one is at a radius equal to the radius of the throat. The latter serves to sufficiently capture
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Figure 6.1: Sketch of the idealized medical device. Sections of the wall free for design are
illustrated in red.

the free shear flow, occurring by the jet exiting the throat. Figure 6.3 shows a longitudinal

Figure 6.2: Cross-sectional views of the employed spatial discretization for the idealized
medical device. Left: Mesh near the inlet. Right: Mesh near the outlet.

view of the spatial discretization. As illustrated there, the mesh is further refined in the
z-direction when a non-design wall (T'y,) meets a design wall (I'y). This is done to ensure
an accurate computation of the sensitivity.

Figure 6.3: Detail of the computational grid on a longitudinal section of the geometry near
the design sections.

In all studies that follow, a fully developed laminar axial velocity profile is prescribed at
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6.1 Idealized Medical Device

the inlet, viz.

v, = 208 (1 - (%)2) , (6.1)

where R = D/2 and v® is set so that a desired Reynolds number is achieved. The fluid’s
density is set to p = 1056 kg/m? while the dynamic viscosity is set to u = 3.5 mPa-s to
represent blood under physiological conditions. All investigated cases assume steady-state
conditions. As regards the hemolysis model, the utilized set of parameters corresponds
to GW, as denoted in Table 2.1. Furthermore, the computation of the scalar represen-
tative of shear stress employs & = 1, ¢f. Eq. (2.60). The primal equations employ the
QUICK scheme for the discretization of their convective terms while the corresponding
dual equations employ a downwind analogy to QUICK (Stiick and Rung [2013]).

6.1.1 Primal Flow Validation

The primal flow prediction of the employed CFD model is validated against experimental
data. The experimental data are extracted from a multilaboratory study conducted as part
of an FDA-sponsored project for the evaluation of CFD in assessing blood flow parameters
related to medical device safety (Hariharan et al. [2011]). Measurements of mean velocity
and turbulent flow quantities were performed over a range of throat Reynolds number based
on a particle image velocimetry (PIV) analysis. Details about the experimental studies can
be found in the original paper of Hariharan et al. [2011]. The experiments were performed
at three independent laboratories, one of which reported results of three trials thus amount-
ing to a total of five experimental data sets (available at https://fdacfd.nci.nih.gov). This
thesis studies exclusively laminar conditions and therefore a validating computational study
is conducted for a throat Reynolds number of 500. As reported in Steward et al. [2012] and
Hariharan et al. [2011], blood is considered as Newtonian in these conditions and therefore
the CFD simulations conducted herein employ a fixed u = 3.5 mPa - s. The reported exper-
imental data sets are averaged, from which an average volume flux of Q = 5.21-107%m3/s
is estimated. A fully developed parabolic profile with v® = 0.046 m/s is thus prescribed
at the inlet of the computational domain amounting to a Reynolds number at the throat
of ReT = pvT D"/ = 500, with vT denoting the mean estimated velocity at the throat.
Based on the prescribed velocity and employed discretization, an average dimensionless
near-wall spacing from the walls is estimated at y™ ~ O(1072).

In the computational model, the coordinate origin is located at the center of the inlet
boundary. Figure 6.4 presents the computed axial velocity component at the centerline of
the model (z,y = 0) against the experimental results. Figure 6.5 shows the computational
and experimental axial velocity profile at two distinct longitudinal positions (left: z =
11.25 D, right: z = 11.83 D) in the vicinity of the sudden expansion. Both figures show
a very good agreement of the computed velocity fields w.r.t. the averaged experimental
results.

In view of the one-way coupling of the employed hemolysis models with the flow equa-
tions and due to the exclusive dependence of the former to shear stress, i.e., velocity
gradients, the satisfying velocity agreements implicitly serve to verify the computationally
estimated hemolysis. Naturally, the hemolysis estimation is as good as the underlying
model employed for its prediction. However, as discussed in previous chapters, the em-
ployed model has been shown to adequately perform in terms of relative predictions and
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Figure 6.4: Comparison of axial centerline velocities (x,y = 0) obtained from computations
conducted in this thesis (black solid line) and the averaged experimental data
(red points). The latter are extracted from Hariharan et al. [2011].
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Figure 6.5: Comparison of axial velocity profiles at (left) = = 11.25D and (right) z =
11.83 D obtained from computations conducted in this thesis (black solid line)
and the averaged experimental data (red points). The latter are extracted from
Hariharan et al. [2011]. Sketches at bottom left serve to approximately indicate
the longitudinal position of the two profiles.

can thus provide insightful information in the context of an optimization procedure.
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6.1 Idealized Medical Device

6.1.2 Shape Optimization Study

The idealized medical device is optimized for the minimization of its hemolysis potential
for ReT = 500. The objective functional is the numerator of HI, see Eq. (2.69), and the
adjoint system employed for the efficient computation of the sensitivity is the one presented
in Section 4.3. The descent direction is computed based on the Steklov-Poincaré method
described in Section 3.2.2. The step size is updated in each optimization iteration based
on Eq. (3.16) with 6™ = D/240. In contrast to previously presented optimization studies
where the step size was kept constant, an iterative step size rule is employed here to
accelerate the computationally more expensive three dimensional shape optimization. To
avoid optimization instabilities due to the ever-growing step sizes, the Armijo-backtracking
rule with ¢ &~ 0 and 7 = 0.5 is additionally employed. A criterion of (J;—J;_1)-100%/J;—1 <
0.001 is set to monitor convergence. Furthermore, as shown in Fig. 6.6 the shape sensitivity
and corresponding displacement field is accumulated on the inlet of the throat and thus a
filter aiming to smoothen the transition from I'y to 'y, \ I'q, as described in Section 3.3.2,
is not necessary.

Sensitivity . .
1.2 05 0 04 Displacement magnitude
0.0e+00 2e-5 3e-5 5.0e-05

Figure 6.6: Idealized medical device. Left: Shape sensitivity of the initial shape. Right:
Displacement magnitude (in m) imposed on the initial shape based on the
Steklov-Poincaré method.

The optimization process resulted in 15 shape updates, as shown in Fig. 6.7 (left), after
which the convergence criterion was met. The Armijo condition was activated at iteration
7 and 9, thus reducing the step size and arriving at a smooth convergence of the objective
functional. The optimized solution reduces HI by approximately 19%. The optimizer, as
suggested also by Fig. 6.6, proceeded at widening and smoothing the transition from the
nozzle to throat. Specifically, the cross-sectional area of the throat inlet is increased by
approximately 32% in the optimized case.

The change on the transition area from nozzle to throat results in a decrease of the
scalar stress field, as shown in Fig. 6.8. The reduction in stress levels in turn leads to the
reduction of hemolysis.

In addition to the initial and optimized shapes produced by employing the GW hemolysis
parameters, the initial and optimized shape are assessed for the other two set of param-
eters presented in Table 2.1, namely HO and ZT. The reported HI reduction with the
use of HO is approximately 14% and 16% for ZT. It is evident therefore, that the most
significant improvement is achieved from the employed set of parameters (GW) during the
optimization, while however the optimal shape always outperforms the initial one in terms
of flow-induced hemolysis.

141



6 Biomedical Applications

< 0
g |
) —d | B
: Armijo Nozzle | Throat
g —10| :
< ‘ |
s " |
= —15 | S N |
8 !
= | \
S —20| | | | ‘

0 5 10 15 |

\

Optimization iteration @

Figure 6.7: Idealized medical device. Left: Optimization convergence history. The two
points highlighted by arrows denote the optimization iterations in which Armijo
condition was activated. Right: Outlines of the optimized (in red) and initial

(in black) shapes in the vicinity of the most pronounced deformation.

Scalar stress

Figure 6.8: Idealized medical device. Scalar stress contours obtained from Eq. (2.60) in
the cross-section of the throat inlet for the (left) initial and (right) optimized
shapes.
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6.2 Idealized Bypass-Graft

Cardiovascular diseases (CVDs) are the predominant cause of death worldwide, amounting
to an estimated 17.9 million deaths in 2019, which corresponded to 32% of all global deaths
(World Health Organization (WHO) [2023]). The most frequent CVD is considered to be
atherosclerosis. It can lead to artery failure due to the build-up of plaque inside the arteries.
An extensive plaque formation can lead to completely occluded vessels or narrowed regions
(stenoses), where blood flow is restricted. Depending on the severity and location of the
stenotic vessel, treatment is preferably done conservatively using medications or for more
severe cases using minimal invasive techniques such as stent placement (Lanzino et al.
[2009]). For the most acute cases, however, in which the functionality of distal organs is
at risk, an open surgery may be advised in order to implant an arterial bypass-graft. An
arterial bypass-graft is a segment of a healthy (biological or artificial) blood vessel that
is used to divert blood around narrowed or occluded parts of an impaired artery. The
connection (anastomosis) between the artery and the graft is prone to the development of
a secondary disease called intimal hyperplasia. It manifests itself by an abnormal growth
of the innermost layer of the arterial wall (the intima) and may cause a renewed occlusion
(restenosis) of the vessel in the anastomosis region (Ghista and Kabinejadian [2013], Chiu
and Chien [2011]). The risk of such a condition has been shown to strongly depend on
the resulting flow conditions (hemodynamics) in the anastomosis region (Chatzizisis et al.
[2007], Haruguchi and Teraoka [2003]). In specific, a strong correlation between wall shear
stresses (WSS) and the development of intimal hyperplasia has been found (Malek et al.
[1999]). The correlation is not only restricted to the magnitude of the WSS but exists
also for the extent to which the WSS change their direction over the cardiac cycle. The
latter is quantified by the so-called oscillatory shear index (OSI) (Ku et al. [1985]). While
studies of the hemodynamics in arterial bypass-graft anastomoses usually focus on wall
shear stress related quantities, the unnatural flow patterns in the anastomosis region may
also lead to high shear stresses inside the lumen, which may damage the blood itself. While
hemolysis has been extensively studied in the context of external cardiovascular devices
(Yu et al. [2017], Thamsen et al. [2015], Taskin et al. [2012]), it is usually not considered in
studies of implants. Nevertheless, there have been some studies on arterial bypass-grafts
implicitly studying hemolysis by metrics related to shear stress, see e.g., Abraham et al.
[2005a,b].

Furthermore, research has been conducted to propose remedies against unnatural hemo-
dynamics and the resulting problem of restenosis. Studies such as those in van der Slegt
et al. [2014] have turned their focus on the impact of the shape of the anastomosis while
others investigate the influence of the flow path upstream the implanted graft (Wen et al.
[2011]). Concurrently, focus has also been given to the effect of the graft material (Roll
et al. [2008]). It has been shown that artificial graft materials are more prone to the
development of a restenosis in comparison to biological tissues, which are used whenever
possible (Suggs et al. [1988], Kissin et al. [2000]).

Due to the complex nature of the problem, numerical models that can predict and
optimize the aforementioned factors in silico are of great interest. To this end, CFD
simulations have been employed to investigate the formation of stenosis (Zhang et al.
[2012]), optimal graft paths (Kyung et al. [2011]) and anastomosis shapes (Loth et al.
[2008]). However, the rigid wall assumption of a classical CFD simulation has frequently
proven to be inadequate, see e.g., Hsu et al. [2014], Torii et al. [2007], Bazilevs et al. [2010].
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To resolve this shortcoming, extensive focus has recently been given to FSI simulations that
consider the fluid flow and the displacement of the vessel wall in a coupled manner, see
e.g., the recent publication (Girfoglio et al. [2021]).

The remainder of this section is structured in three main subsections. Subsection 6.2.1
employs three-dimensional FSI simulations of idealized bypass-grafts. Therein, focus is
given to the influence of relevant biomedical aspects to WSS, OSI and hemolysis. Based
on the results of the FSI investigations, Subsection 6.2.2 proceeds to apply several steady-
state CFD-based robust shape optimization studies for the minimization of hemolysis.
Finally, Subsection 6.2.3 proceeds to assess the most prominent optimized solutions under
the more physiological unsteady conditions.

6.2.1 FSI Simulations before Optimization
Geometry modeling and meshing

The flow phenomena transpiring in a bypass-graft can significantly alter from patient to
patient as well as from location to location in the body where the bypass is implanted.
However, the goal of this thesis is not to present patient-specific optimal solutions but
rather to study general trends of the problem and how an optimization of such a general
configuration can prove beneficial to the underlying hemodynamics. To this end, the
geometrical model employed for the studies at hand relate to idealized bypass-grafts that
can be created in a reproducible manner. The meshing process begins with an initial coarse
quadrilateral grid. The position of the nodes and their connectivity completely defines the
geometry of the lumen surface. The coarse surface mesh is subsequently refined using
a Catmull-Clark subdivision scheme (Catmull and Clark [1978]). This iterative process,
schematically presented in Fig. 6.9, results in a smooth, fine surface mesh.

Figure 6.9: Schematic representation of the Catmull-Clark subdivision process for the pro-
duction of a smooth, fine surface mesh.

An automated extrusion based on the prescribed thickness, which can spatially vary, is
used to define the outer boundary of the elastic wall geometry of the surrounding arterial
tissue. Based on the inner and outer boundary of the wall, the computational mesh for
the structure subproblem is created. For high-order finite elements with curved surfaces,
the converged surface mesh is used to define the element geometry, while the topology is
taken from a previous coarser mesh in the Catmull-Clark iterative process. This approach
results in the finite element discretization of the arterial wall.

The fluid mesh, that is used to discretize the lumen of the bypass section, is constructed
in a block-structured hexahedral manner. The initial coarse mesh is extruded inwards by
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6.2 Idealized Bypass-Graft

a suitable distance (approximately one quarter of the local diameter). A core of coarse
hexahedrals is formed by connecting the extruded inner faces. Finally, all hexahedrals are
refined such that the number of cells matches the number of surface faces in the fine surface
mesh. Further details on the meshing procedure can be found in Radtke [2020].

Simulation setup

Upon creation of the computational mesh, a suitable set of BCs, able to capture as much
as possible the physiological conditions of the problem, is defined. Note that the em-
ployed setup considers only the distal segment of the idealized bypass-graft, in which most
hemodynamic-related problems occur. The boundary of the fluid domain is split into four
sections, as shown in Fig. 6.10. These are, the inlet boundary (I'y,), the outlet (I'yy), the
upstream proximal end (I',,) and the wall (I')). At the inlet, the velocity is prescribed
based on a volume flux Q™(¢) and the assumption of a velocity profile. All studies con-
ducted in this thesis consider a complete occlusion of the impaired artery and Iy, is thus
modeled as a rigid wall (I'y,). The wall boundary I'}’ reduces to a simple rigid wall (I'y)
for CFD simulations while it corresponds to the FSI interface (I'F™!) for FSI simulations.
The outlet of the domain corresponds to a pressure boundary. While the absolute value of

Fout C

Fup ’—:l—g—'

R Ry R,
Figure 6.10: Fluid domain boundary definition.

pressure is irrelevant in CFD simulations due to the assumption of blood incompressibility,
it becomes significant in FSI simulations since it ultimately drives the deformation of the
elastic wall. In this context, it is also worth noting that while the flow through the inlet
neutralizes the flow through the outlet for a CFD simulation, this does not necessarily
hold for an FSI simulation. In fact, the difference between the two corresponds to the
instantaneous volume change of the fluid domain, see SCL in Eq. (2.112).

In cardiovascular applications, the computation of the pressure at the outlet of the
fluid domain is a delicate issue and is usually performed using a reduced model of the
downstream vessel networks. The FSI simulations presented in this section employ a
three-element Windkessel model (Bazilevs et al. [2010], Torii et al. [2001]). The model
relates the flow at the outlet Q°*(¢) and the pressure p°**(¢) to be prescribed at the outlet
boundary in an analogy to an electric circuit as illustrated in Fig. 6.10. This yields the
ODE

out

R )
1+ 2 Qout + CR2Qout — p 4 Cpout' (62)
R1 Rl

The volume flux Q°"(t) is computed based on the velocity values of the previous fluid
iteration while the parameters R, Ry and C' are identified such that a physiological pressure
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pulse is obtained.

The studies are initially conducted for three anastomoses of different cuff sizes as shown
in Fig. 6.11. This distinction is made so that to preliminary investigate the impact of the
shape on the hemodynamics of interest. The inner diameters of the bypass-graft and the
artery are set to D& = 14 mm and D**"Y = 9 mm, respectively. The size of the impaired
artery is chosen so that it approximately matches a common iliac or femoral artery (Wazzan
et al. [2022], Sandgren et al. [1999]). The lengths from T, to T'oy are Lg /= 9.5 D,
Ly, =~ 10 D¥*Y and L; ~ 10.5 D** for the anastomosis with small, medium and large
cuff, respectively. The characteristic lengths of the cuff are Iy ~ 1.64 D&t [~ 2 Deraft
and ) & 2.35 Deraft,

Figure 6.11: Anastomosis models with different cuff sizes. From left to right: small,
medium, large.

Interest is also given to the upstream flow paths, as shown in Fig. 6.12. This is done to
implicitly investigate the robustness of the estimated metrics w.r.t. potential uncertainties
of the inlet. The colored sections of Fig. 6.12 are not actually included into the FSI simula-
tions. Instead, preliminary CFD simulations are performed, in which the colored sections
are exclusively considered. A parabolic Poiseuille velocity profile stemming from a desired
volume flux is prescribed at the inlet of each domain. The corresponding velocity profiles
at the outlet of the colored segments are then used as an inlet BC for the bypass-graft.
Figure 6.13 illustrates the difference of the resulting velocity profiles for two snapshots in
time.

rigid inflow
paths

A (straight) st
elastic
anastomosis

Figure 6.12: Inflow paths straight, arc and helixz used to determine the velocity profiles at
the inlet boundary of the bypass-graft.
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Figure 6.13: Velocity component in main flow direction (cm/s) obtained as a result of
the rigid wall simulations performed for the paths straight, arc, and heliz
(left to right) in rest conditions. Top: Result for t = 0s+n T, where T is
the duration of a simulated heartbeat. Bottom: Result for time instant of
maximum velocity t = 1.77s+nT.

A third aspect that is investigated to study its influence on the underlying problem is
the condition of the patient. Specifically, a scenario in which the patient is resting and
one in which the patient is exercising are simulated. The distinction between the two is
made based on the prescribed flow pulse, as shown in Fig. 6.14. The flow pulse, for both
conditions, is extracted from Wilson et al. [2005] and scaled such that physiological flow
velocities are obtained for the vessel sizes considered in this thesis. The rest conditions
correspond to a heartbeat of T" = 0.8 s while the exercise conditions are simulated by a
decrease in the cardiac cycle duration to 7° = 0.55s. In specific, the exercise waveform was
generated by shortening the diastolic portion of the rest waveform and scaling the mean
volumetric flow rate, see Wilson et al. [2005]. A critical Reynolds number is estimated

pf P Dgraft

based on 0
4 1n7p
_ 3 P _
Re = —qu with 0P = —W(Dgraft)Z’

where QP refers to the peak volume flux during a cardiac cycle. For the rest and exercise
flow conditions, the Reynolds number is 455 and 728, respectively. While it can be argued
that the latter indicates initiation of weakly turbulent effects, these are not taken into
account in the simulations conducted herein. As discussed in Loth et al. [2008], arterial

(6.3)
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Figure 6.14: Left: Prescribed flow for rest and exercise conditions. Dashed orange line
denotes part of the prescribed flow on the second simulated exercise period.
Vertical dashed red line is used to illustrate the shorter exercise cardiac cycle
duration. Right: Resulting outlet pressure for straight inflow path and medium
cuff size.

bypass-grafts with an end-to-side distal anastomosis, as the ones studied in this thesis,
result in typically laminar flows with turbulence being most prominent in arteriovenous
grafts.

Finally, the fourth aspect that is studied is the influence of elastic walls in the simulation
setup. This study serves as an initial estimate of the importance of FSI in the context
of shape optimization. As outlined in Chapter 2, FSI simulations significantly increase
the cost of the primal problem solution due to a) their inherent unsteady nature and b)
due to the necessary coupling between the fluid and structure problems. To this extent
and bearing in mind the increased number of required simulations per shape update in
the context of robust shape optimization, it is deemed beneficial to preliminary examine
whether FSI can be neglected for the optimization studies to follow. This study is realized
by performing accompanying unsteady CFD simulations to a select few FSI ones.

Quantities of interest

The main focus of this thesis is on hemolysis. However, in the context of the application at
hand, it is considered necessary to monitor additional hemodynamic quantities of interest.
Specifically, quantities related to the development of intimal hyperplasia are computed.
These are based on the WSS,

T = T;n,, (6.4)

where 7;; is the shear stress fluid tensor and n; is the normal to the surface vector. In
particular, small values are regarded as critical since they promote the abnormal growth
of the vessel wall. Therefore, a metric of interest relates to the spatial minimum of the
temporal maximum wall shear stress L2-norm, viz.

TW

min

= uin, max||7"|2. (6.5)
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Therein, I'Y C I'}' denotes part of the vessel wall selected as an observation region and
T, denotes the time interval of the observation, which corresponds to the last simulated
cardiac cycle. In addition, the spatial maximum WSS,

w . w
Tmax = M2 max|r" |, (6.6)

is investigated. Extensively large values of 7.7 are regarded as critical since they may
lead to detachments or ruptures of atherosclerotic plaques and emboli that can cause
occlusions of smaller downstream vessels. The existence of mechanisms that render low
and high values of WSS critical has led to the hypothesis of a safe bandwidth. More details
on this topic can be found in Ghista and Kabinejadian [2013].

Another metric related to the development of intimal hyperplasia is the so-called oscil-

latory shear index, cf. Kabinejadian and Ghista [2012], defined as

1 TV dt
OSI = - 1—l&°—v—”—2 : (6.7)
2 Jr, 72 dt

This quantity measures changes in the WSS direction and takes values between 0 and 0.5,
with the larger values being considered as critical. The quantity represents a spatial scalar
field defined over the walls of the model. In order to characterize the complete domain
based on an index related to the OSI, the mean OSI over the observation region is further

evaluated as )
mean OST = — [ OSIdI", (6.8)
A° Jro

where A° denotes the area of the observation section. The observation section, in which
the mean OSI and the WSS metrics are evaluated, is shown in Fig. 6.15.

Figure 6.15: Observation region (red) in which mean OSI and WSS metrics are evaluated.

As regards the quantification of hemolysis in the context of an unsteady simulation, the
hemolysis index of Eq. (2.69) is computed in each time iteration and then the complete
simulation is assessed based on a time-averaged metric that reads

TMH:%— HIdT,. (6.9)

o JT,
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Finally, it is worth mentioning that the wall shear stress gradient is yet another quantity
of interest in similar applications as it has been correlated with the risk of plaque rupture
(Thondapu et al. [2020]) and intimal hyperplasia (Lei et al. [1997]). However, this metric
is not monitored in this work.

Fluid and structure properties

In the pre-optimization studies, blood is assumed to be a Newtonian fluid with a constant
molecular viscosity of u! = 4mPa-s and a density of pf = 10°kg/m3. The simplifying
assumption of a Newtonian fluid is employed at this part of the work, to enable direct
comparison of the primal FSI simulations with similar setups reported in literature as the
ones of Radtke [2020]. Hemolysis is estimated based on the GW set of parameters (cf.,
Table 2.1) and k = 1 for the computation of the scalar shear stress representative.

For the arterial wall, the constitutive model corresponds to the nearly incompressible
Fung material as proposed in Radtke [2020]. The SEDF reads

F

W = % (eé — 1) + Wl with
0- CLF (AF tr(By)  + 24" tr (FQJ» . (6.10)

Therein, Eij = %(F;“ij —0,;) stands for the isochoric Green-Lagrange strain tensor, which

is based on the isochoric deformation gradient Fij =J _%Fij. The volumetric term in the
SEDF is chosen as W' = %(J° + J=5 — 2). The material parameters ¢*, \* and p*
are identified by fitting the results to a reference solution. These are ¢ = 4.37 - 103 Pa,
AF =9.98-10*Pa and pF = 3.15 - 10* Pa. Furthermore, the compression-modulus in the
volumetric term is set to x = 10°Pa and the density of the arterial wall to p>aey =
10® kg/m?.

The constitutive model for the bypass-graft is a compressible Neo-Hooke model, see e.g.,
Bonet and Wood [2008], and reads

S AS
W= % (tr(Cy) = 3) = w'In(J) + 5 (n(J))°, (6.11)
where C;; = Fj;Fy; denotes the right Cauchy-Green deformation tensor. The material
parameters \* = 1.64-10% Pa and p* = 3.36-10° Pa are determined such that the compliance
of the graft approximately matches that obtained from measurements in Korner [2007].
The density of the graft is set to p>8af = 10% kg/m?.

Numerical discretization

The structure domain is discretized using 172 hexahedral finite elements of high order
employing an anisotropic ansatz space. To this end, shape functions with a polynomial
order of p = 4 are used in the in-plane direction while p = 2 is used in the thickness
direction. The geometry of the elements is described using the blending function method
based on the same polynomial orders such that a subparametric element formulation is
obtained. For details on this discretization the reader is referred to Diister et al. [2001].
A grid convergence study is performed for pure CFD simulations to arrive at the fluid
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domain discretization. To assess the discretization, the mean OSI of the unperturbed
medium cuffed anastomosis with the inflow path straight is monitored. Since all quantities
of interest relate, implicitly or explicitly, to shear stresses, it is assumed that a similar trend
as the one monitored for mean OSI w.r.t. the discretization should appear for all quantities
of interest. The employed fluid discretization consists of approximately 93k CVs since a
further refinement results in changes of OSI less than 1%. The temporal terms of the fluid

Table 6.1: Results of grid convergence study for the fluid mesh. The third column denotes
the percentage change from the previous refinement level.

number of CVs mean OSI  mean OSI change (%)

11664 0.1188 -
93312 0.1148 -3.36
314928 0.1137 -0.96

subproblem is discretized based on the first-order (in time) backward Euler method. The
convective terms of the momentum and hemolysis equations are discretized by the TVD
scheme based upon a QUICK method. The total simulation time corresponds to 3 cardiac
cycles. The same time step is employed for the fluid and structure subproblem and is set
to At = 0.001s. Based on the prescribed settings, an average of approximately 4 FSI
coupling iterations is monitored. No time iteration exceeds 12 FSI coupling iterations.

Results

In order to provide an overview of the simulation, Fig. 6.16 shows several time snapshots
of the flow field obtained for a medium cuff anastomosis design. A vortex forms and
collapses during the cardiac cycle, leading to the anticipation of high OSI values in the
anastomosis bed, i.e., bottom part of the artery at the vicinity of the connection with the
graft. This feature of the pulsating flow strongly depends on the geometry and therefore on
the anastomosis design. Furthermore, Fig. 6.17 shows the maximum displacement observed
for different anastomosis designs. As expected, the displacement increases with increasing
cuff size. Interestingly, the differences between rest and exercise conditions are very small,
in terms of the magnitude of the resulting waveforms. This can be explained by the inertial
effects (of the structure and the fluid), which dampen this difference. The stiffening at
large displacements inherent to the Fung material model is yet another possible reason for
this.

Figure 6.19 shows the monitored hemodynamics quantities of interest for the 18 FSI
simulations. The results are discussed for each quantity of interest separately and the
main overall findings in terms of the optimization studies to follow are summarized below.

Oscillatory shear index (OSI). A first observation that can be made from the simu-
lated results is that exercise conditions reduce the overall mean OSI. From a fluid dynamics
point of view, larger flow rates stabilize the flow and are less prone to oscillatory velocities
and from a medical point of view, physical exercise is beneficial in the prevention of CVDs.
Furthermore, the results conform with the observations in Wen et al. [2011] which show
that an inflow path heliz can reduce OSI. However, it is also noted that the frequently
employed assumption of a straight inflow path results in a lower mean OSI than the arc one
in rest conditions. Interestingly enough, this behaviour seems to be reversed in exercise
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Figure 6.16: Overview of the results for the anastomosis with medium cuff size and inflow
path straight at rest conditions. Top: Displacement magnitude (only right),
velocity magnitude and pressure at peak systole (¢ = 1.8s) (left) and diastole
(t = 2.4s) (right). Bottom: Velocity magnitude at different time instances
during the cardiac cycle.

conditions for the larger cuffed anastomosis. Overall, the influence of the inflow path on
OSI can be associated with the vortex that is developed and the overall area that this
recirculatory flow occupies. This observation additionally suggests that potential uncer-
tainties on the inlet might indeed influence the biomedical quantities of interest. However,
mathematically describing these uncertainties in a general framework is oftentimes difficult
due to the inherent stochastic nature of the heart and the correlation to the patient. As
regards the influence of the shape on OSI, it is observed that the larger the employed cuff
is, the larger the predicted mean OSI. Figure 6.18 shows the OSI distribution for the same
inflow configuration and different cuff sizes. As shown, the location of the critical OSI
regions is the same among all cuff sizes. A ring of high OSI values is observed in the center
region of the anastomosis. With increasing cuff size, the critical OSI ring thickens. This
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Figure 6.17: Left: Maximum displacement over time for inflow path straight. Right: Dis-
placement magnitude field at ¢ = 2.4s for the anastomosis with a medium
size cuff.

does not only affect the connection between the prosthetic graft and the impaired artery
but also the bed of the anastomosis, which is shown to attain more critical values as the
size increases. On the other hand, the OSI field decreases in the downstream region as
the cuff size increases. However, this section of the geometry is not fully monitored by the
observation region (cf., Fig. 6.15) and thus this beneficial attribute is not entirely reflected
in the computed mean OSI.

Figure 6.18: OSI field for the inflow path heliz and rest conditions. From left to right:
small, medium, large cuff size.

Wall shear stresses (WSS). As regards 7%, it is observed that a change from rest
to exercise conditions can even double the predicted value. This is expected, as the flow
through the graft increases so are the stresses on the walls. As regards 7., | it is shown that
exercise can, in large, play a beneficial role as it increases the monitored value. Further-
more, it is interesting to note that some trends change between rest and exercise conditions.
For instance, while the small cuffed anastomosis shows an upside down U-shaped pattern
of 7. in rest conditions, a decreasing trend is reported for the exercise conditions. The
overall effect of inflow paths on the WSS is rather trivial for rest conditions based on the
reported results. Significant changes are only reported in terms of 7., in exercise condi-
tions, in which the inflow path arc yields significantly more medically beneficial predictions
in comparison to the others for a medium and a large cuffed anastomosis. The size of the

cuff is also shown to be of low significance in terms of 7, for rest conditions. However,

153



6 Biomedical Applications

the effect of the size can become more important in exercise conditions. It is also shown
that in terms of 7., the smaller the employed cuff the more favorable the result.

Time-averaged hemolysis index (TAHI). First of all, it must be noted that the
reported levels of hemolysis in the considered configurations are approximately two orders
of magnitude smaller than the ones reported for extravascular machinery using similar
hemolysis modeling techniques, e.g., application considered in Section 6.1. Nevertheless,
since hemolysis induction is closely related to shear stresses, which might drastically change
when the physiological conditions of the investigated geometry change, focus should still
be devoted to this matter. Similar to the discussions related to hemolysis throughout this
thesis, the results presented herein are analyzed in a qualitative manner. Initially, it is
observed that the trends are almost completely reversed w.r.t. the ones reported for OSI.
Exercise conditions can approximately triple the levels of hemolysis induction as compared
to rest conditions. Furthermore, it is shown that the inflow path arc produces more hemol-
ysis in rest conditions. However, the influence of the inflow path is yet again less significant
as compared to the effect of the cuff size. Contrary to the OSI observations, an increasing
cuff size results in decreasing hemolysis induction. This can be associated with lower over-
all fluid stresses as a consequence of the increased volume in the cuff region. These results
indicate that a detailed optimization of the shape of the graft could actually drastically
change the hemolysis induction potential and should thus be further investigated.

Rigid wall assumption (CFD). To provide a reference on the impact of FSI on the
monitored quantities of interest, 6 accompanying pure CFD simulations are realized. In
order to perform a fair comparison, the CFD simulations are realized in a deformed fluid
domain corresponding to an intermediate pressure of the last simulated cardiac cycle, i.e.,
t = 2.04s for the rest conditions and ¢ = 1.5s for the exercise conditions. The CFD
simulations are only realized for the medium cuff anastomosis since the main focus here
is the effect of the rigid wall. The corresponding fluid domain for the CFD simulations at
rest conditions is shown at Fig. 6.20. A comparison between the CFD results and the FSI
ones is presented in Fig. 6.21. It is shown that, in large, the assumption of rigid walls leads
to an overprediction of all quantities. This conforms with the initial expectations since
stresses produced by the fluid flow are partially converted into structural displacement in
the FSI framework. However, the overprediction is most prominent for the WSS metrics
and becomes less important for mean OSI and TAHI.
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Figure 6.19: Hemodynamic quantities for rest (left) and exercise (right) obtained for the
different anastomosis models (small, medium, large) with different inflow

paths (straight, heliz, arc).
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\

Figure 6.20: Pre-pressurized geometry of the fluid domain used for the CFD simulations
at rest conditions with a rigid wall assumption.
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Figure 6.21: Comparison of the results obtained for the anastomosis with medium cuft size
with FSI and CFD simulations for rest (r) and exercise (e) conditions.
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Discussion

The considered flow scenarios capture a clinically relevant situation and the results serve
well in contributing to the understanding of different aspects that influence the underlying
hemodynamics, despite the fictive, idealized geometries considered. The results are evalu-
ated in a qualitative manner to allow a preliminary classification of the importance of the
investigated aspects. They suggest that, in large, the most important aspects relate to the
conditions (rest or exercise) of the patient as well as the shape of the anastomosis. The
inflow paths are found to be significant only for the estimation of OSI and 7. .

In particular, it is shown that a simple change of the cuff from small to large can lead to
approximately 32% reduction of TAHI for almost all configurations in rest conditions. The
inflow paths result in a maximum difference of the TAHI estimation of approximately 8%
from straight to arc in the large cuffed anastomosis in rest conditions. The change becomes
most significant from rest to exercise conditions with an increase of approximately 300%.
Finally, the TAHI is overpredicted in CFD evaluations by less than 10% in all investigated
configurations. In view of these findings and by considering that one cannot directly act on
the physical activity of the patient, a mathematical shape optimization procedure for the
minimization of hemolysis is well-justified. Furthermore, the rigid wall assumption is found
to be adequate for the optimizations to follow, taking into account the extensive increase
of computational resources that would otherwise be required to perform the optimization
under FSI conditions.

6.2.2 Robust Shape Optimization Studies

Based on the findings of Subsection 6.2.1, the optimization problem is significantly reduced
to allow a computationally feasible robust shape optimization process. To this extent, the
studies presented herein employ an initial unperturbed, idealized bypass-graft, simulated
under steady-state conditions and using the rigid wall assumption. The initial geometry
refers to the medium cuff anastomosis. The optimization targets the minimization of the
statistical moments of the (steady-state) hemolysis index HI, computed based on Eq. (2.70).
As discussed in Chapter 4, the denominator of HI is kept fixed for an incompressible fluid
under steady-state conditions and therefore the Qol is defined as the numerator of HI.

Primal simulation setup

The primal simulation setup is as described in Subsection 6.2.1 and Fig. 6.10, with I'}’ :=I'y
corresponding to a rigid design wall. Due to the incompressible nature of blood and in
the absence of FSI considerations, a zero pressure is set at [',,;. At the inlet, a parabolic
Poiseuille velocity profile is set based on the peak volume flux of the rest conditions wave-
form, as shown in Fig. 6.22. The prescribed flux is Q™ ~ 18ml/s and amounts to a
Reynolds number of Re = 455 based on the Newtonian properties of Subsection 6.2.1 and
D&t The flow is thus simulated under laminar conditions.

The optimization studies consider non-Newtonian blood properties. Specifically, the
Carreau model is employed with the parameters presented in Table 2.4. Hemolysis is mod-
eled similarly to the FSI studies, by employing the GW set of parameters (cf., Table 2.1)
and k = 1 for the computation of the scalar shear stress quantity. The optimization process
is considered uncertain by means of the hemolysis or non-Newtonian parameters.
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Figure 6.22: Left: Volume flux for rest conditions marked by a red point at the time instant
in which the steady-state optimization studies are performed. Right: Velocity

profile at the inlet based on the prescribed volume flux.

The employed computational grid corresponds to one level of refinement higher than the
one employed for the FSI studies and consists of approximately 315k CVs, see Table 6.1.
The average dimensionless near-wall spacing from the walls is estimated at y™ =~ O(1072).
Even though the increase of the number of discrete CVs increases the computational re-
quirements of the optimization studies, it guarantees a higher accuracy on the estimation
of the shape sensitivities. The convective terms of the momentum and hemolysis equations
are discretized using the QUICK scheme.

Optimization setup

The optimization studies consider the hemolysis or non-Newtonian parameters to be uncer-
tain. In this context and in view of the computational requirements of each of the robust
shape optimization methods, presented in Chapter 5, the FOSM method is employed for
UQ as it corresponds to the lowest computational requirements. For the application of
the FOSM method, each uncertain variable should be associated with a mean value and a
standard deviation. A decision upon an underlying PDF is not required for the optimiza-
tion, it is however necessary for a validating MC study. To this end, a normal distribution
is assumed for all uncertain quantities.
Uncertain hemolysis parameters. In this case, the non-Newtonian parameters are
fixed to the Carreau parameters (Table 2.4). The vector of uncertain parameters is then
defined as

w; = (C,a, B), (6.12)

resulting in M = 3 total uncertain variables. The mean value and standard deviation
vectors are prescribed as

w; = (ng, AGW, ﬂgw) and o; = (0.30@\/\/, 0.2aaw, 0.0gﬁgw>, (613)

where (Caw, agw, Baw) stands for the GW parameter set (Table 2.1). The choice of w; is
made based on the frequency that this set of parameters is used in literature, see e.g., Yu
et al. [2017], Thamsen et al. [2015]. The standard deviations are chosen so that other set
of parameters proposed in literature, e.g., HO or ZT, can be represented within a range
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of one to two standard deviations. Additionally, the probable space [—30, 30| (99.73 %
percentage of accuracy for a normal distribution) should not include unphysical solutions
such as 8 > 1 (see Section 2.2).

Uncertain non-Newtonian parameters. In this case, the hemolysis parameters are set
to GW. The vector of uncertain variables is then defined as

Wi = (Avnv MO?/“LOO)u (614)

resulting in M = 4 total uncertain variables. The mean value and standard deviation
vectors are prescribed as

wi = (Ac,ne; oo, Hoo,c)  and oy = (0.15A¢, 0.2n¢, 0.2540 ¢, 0.02/100, ¢), (6.15)

where (Ac, nc, 0,0, foo,c) stands for the Carreau parameter set (Table 2.4). Based on
the employed mean and standard deviation vectors and by assuming underlying normal
distributions for each uncertain variable, Fig. 6.23 shows the probable (within 95.4% of each
uncertain variable probability) space in which viscosity might take values from. As shown
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Figure 6.23: Newtonian (N) and non-Newtonian viscosity (C), based on the Carreau model.
Gray area denotes the range in which viscosity is most likely (95.4% percentage
of accuracy) to take values from based on the employed @w; and o;.

by Fig. 6.23, the choice of w; and o; doesn’t allow for unphysical solutions, e.g., negative
viscosities, and sustains necessary characteristics of a blood non-Newtonian model, such
as converging to a constant viscosity at high shear rates.

Each case considers three different sets of parameters (wy, ws), see related discussion in
Chapter 5. Specifically, robust shape optimizations are performed for (wq,ws) = (1, 0), cor-
responding to a minimization exclusively of the mean value of HI, for (wq,ws) = (0.5,0.5),
corresponding to an even weighting of the mean and standard deviation and for (wy,wy) =
(0,1), corresponding to a minimization exclusively of the standard deviation. Note that
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based on the current setup, the optimization for (wy,ws) = (1,0) is identical for both uncer-
tain hemolysis parameters and uncertain non-Newtonian parameters. Furthermore, based
on the FOSM-based optimization method, this case reduces to a “deterministic” optimiza-
tion, in the sense that in the absence of uncertain considerations, the set of parameters
would correspond to the employed w;. To simplify the notation, the cases corresponding
to (wy,wy) = (1,0) are denoted as “DET”, those with (wy,wy) = (0.5,0.5) are denoted as
“MIXED” and (wy,ws) = (0,1) are denoted as “STD”.

The employed optimization algorithm corresponds to Algorithm 4. However, the first-
order derivatives in the direction of the uncertain variables are computed based on a first-
order accurate FD method, since the number of uncertain variables M is relatively small
for both investigated cases. The FD employs a perturbation size approximately 3 orders of
magnitude smaller than each uncertain variable. A study has been preliminary conducted
to evaluate the appropriate size of the perturbation. The adjoint system, solved for the
determination of the first-order derivative in the direction of the shape and the second-
order mixed derivative, corresponds to the one presented in Section 4.5. All necessary
assumptions made therein for the derivation of the shape derivative hold in the investigated
cases. The adjoint momentum and adjoint hemolysis equations employ the downwind
analogy of QUICK to discretize the convective term.

An appropriate descent direction from the shape sensitivities is computed based on the
Steklov-Poincaré method (Section 3.2.2). A constant step size is employed for all cases
based on the maximum displacement rule of Eq. (3.15) with §max = peraft /140, The
simulations are terminated after a convergence criterion of (J; — J;_1) - 100%/.J;—1 < 0.001
is reached or after a maximum number of iterations [™** = 230, with [ denoting the
optimization iteration index.

Results

Uncertain hemolysis parameters. Figure 6.24 shows the resulting shape sensitivities
and displacements for the first shape update of the three optimization cases, i.e., DET,
MIXED and STD, considering uncertain hemolysis parameters. As shown there, the shape
sensitivity exhibits a similar trend for all three cases with differences noted only w.r.t. the
absolute values. Specifically, as the weight of the mean value of HI decreases and the weight
of the standard deviation increases, the absolute values of the shape sensitivities decrease.
Naturally, minor differences on the shape sensitivity fields exist. However, based on the
Steklov-Poincaré method and the employed step size rule, which scales the displacement
field based on a maximum desired displacement 8™, the resulting displacement field is
almost identical between the three cases. Note, however, that for the remaining optimiza-
tion iterations the step size remains constant. Therefore, the DET optimization employs
the smallest absolute step size which increases for the MIXED and STD cases, respectively.
In all cases, the optimizer identifies the toe region of the anastomosis, i.e., the downstream
connection of the graft with the artery, as the most influential area in the minimization of
HI. This is reasonable, since this is the area in which the maximum shear stresses appear.

Figure 6.25 (left) shows the FOSM-estimated decrease of the mean value of HI for the
three optimization cases. As shown therein, all three cases manage to minimize the mean
by more that 35%, even though the STD case doesn’t explicitly involve the optimization
of the mean. As expected, the DET case leads to the biggest estimated decrease, approx-
imately 52%, even though it employs the smallest step size. Figure 6.26 (left) shows the
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Figure 6.24: Perspective view of the initial bypass-graft with contours of shape sensitivity
(top) and displacement magnitude in meters (bottom) for optimizations DET,
MIXED and STD (from left to right) with uncertain hemolysis parameters.

respective FOSM-estimated decrease of the standard deviation of HI. Interestingly, the
DET optimization case outperforms the other two that explicitly account for standard
deviation in the formulation of the problem. This result indicates an inherent robustness
of the case w.r.t. the hemolysis parameters. In view of the FOSM-predicted optimization
results, the shape produced by the DET procedure is deemed as the universal optimal so-
lution out of the three. To this end, it is further scrutinized w.r.t. the statistical moments
of the Qol. MC simulations with a total sample size of N = 1000 are realized for the initial
and optimized shapes. The samples are randomly selected using a normal distribution, for
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each uncertain variable, with a mean value and standard deviation as the one employed
in the FOSM case. The results of the MC studies are shown in Figs. 6.25 (right) and 6.26
(right). As shown therein, the FOSM-predicted mean values of the initial and final shapes

differ from the MC prediction by less than 6% .

The standard deviation predictions differ

by approximately 14%. Nevertheless, the underprediction of the statistical moments by
the FOSM method is consistent for both initial and final shapes, thus resulting to a pre-
cise prediction of the relative decrease of the statistical moments during the optimization
process.
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Figure 6.25: Optimizations for uncertain hemolysis parameters. Left: FOSM-predicted de-
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crease of the mean value of the Qol. Filled circle denotes the MC-predicted
mean value decrease for DET. Right: Running mean value of the Qol for
the initial shape (red continuous line) and the optimized shape produced by
DET (black line) computed by a MC procedure. Values are normalized by
the FOSM-predicted mean value of the initial shape. Sample size of the MC
simulations is N = 1000.
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Figure 6.26: Caption as in Fig. 6.25 for standard deviation of the Qol instead of mean

value.

Uncertain non-Newtonian parameters. Figure 6.27 shows the resulting shape sensi-
tivities and displacements for the first shape update of the three optimization cases, i.e.,
DET, MIXED and STD, considering uncertain non-Newtonian parameters. Similar to the
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observations made in the case of uncertain hemolysis parameters, the lower the weight of
the mean value the lower the absolute values of the shape sensitivities. The employed
descent direction approach once again results to a very similar displacement field for all
three cases.
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Figure 6.27: Perspective view of the initial bypass-graft with contours of shape sensitiv-
ity (top) and displacement magnitude in meters (bottom) for optimizations
DET, MIXED and STD (from left to right) with uncertain non-Newtonian
parameters.

Figure 6.28 (left) shows the FOSM-estimated decrease of the mean value of HI for the
three optimization cases with uncertain non-Newtonian parameters. Two observations of
interest can be made for these results. Firstly, it is shown that all three cases lead to
a very similar optimization history w.r.t. the mean value of HI. Secondly, the MIXED
optimization procedure stopped before reaching one of the termination criteria set in the
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optimization setup. This is attributed to mesh deformations that heavily deteriorated the
grid quality thus leading to the divergence of the primal or adjoint solver. Overall, the
STD procedure managed to reach approximately the same mean value decrease of 52% as
the one reported by the DET procedure. As regards the FOSM-predicted standard devi-
ation decrease, the STD procedure shows the most prominent decrease of approximately
43% while the DET procedure terminates at a decrease of approximately 40%, cf. Fig.
6.29. Based on these results, the shape produced by the STD procedure is deemed as
the universal optimal solution for the case of uncertain non-Newtonian parameters. Sim-
ilar to the case of uncertain hemolysis parameters, two MC simulations are conducted
for the initial and optimized shape, produced by the STD procedure. The results of the
MC studies are shown in Figs. 6.28 (right) and 6.29 (right). Once again the FOSM and
MC-predicted mean values differ by less than 6% for both the initial and final shape. The
FOSM underprediction is consistent for both shapes and the estimated decrease is thus
accurately predicted during the optimization process. On the other hand, the standard
deviation is significantly underpredicted by the FOSM approach with differences from the
MC-estimations more than 35% for both initial and optimized shape. However, in terms
of the relative decrease, the FOSM-prediction falls short by less than 5%, as shown in
Fig. 6.29 (left).
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Figure 6.28: Optimizations for uncertain non-Newtonian parameters. Left: FOSM-
predicted decrease of the mean value of the Qol. Filled circle denotes the
MC-predicted mean value decrease for STD. Right: Running mean value of
the Qol for the initial shape (red continuous line) and the optimized shape
produced by STD (black line) computed by a MC procedure. Values are nor-
malized by the FOSM-predicted mean value of the initial shape. Sample size
of the MC simulations is N = 1000.

Figure 6.30 shows the outlines of the selected optimized shapes from the two uncertain
optimization cases against the initial shape. Both optimized shapes correspond to very
similar designs with minor differences, most prominent in the downstream region. As
expected from the pre-optimization FSI study, which showed that the large cuff anastomosis
corresponds to the lowest time-averaged hemolysis index, the optimizer proceeds to widen
the cuff region. Specifically, the characteristic length of the optimized cuff is increased
by approximately 37%. In addition, the optimized shape suggests that the bed of the
anastomosis should be raised by a maximum of approximately 0.15/,,. While the latter
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Figure 6.29: Caption as in Fig. 6.28 for standard deviation of the Qol instead of mean
value.

raises questions as regards its practical implementation on a surgical procedure, there has
already been biomedical interest in this direction as shown by the work of Riickert [2001].

Figure 6.30: Outlines of the initial shape (blue dots), optimized for uncertain hemolysis
parameters and the DET procedure (red continuous line) and optimized for
uncertain non-Newtonian parameters and the STD procedure (black continu-
ous lines).

As shown in Fig. 6.31, the optimized shapes result in a smoother transition of the blood
flow from the bypass-graft to the artery. This results in a decrease of the flow shear
stresses, as monitored by the scalar shear stress representative (see, Eq. (2.60)), which
in turn results to the overall decrease of the potential induction of blood damage. The
above observations justify the minimization of the mean value of HI. As shown by the
optimization results and then validated by the MC studies, the reduction of the mean
value is also accompanied by a reduction of the standard deviation. This suggests that
in the optimized shapes, a simulation employing an inconsistent set of parameters poses
less risk of returning an inaccurate prediction. While this might be medically irrelevant,
it is significant in the ever-growing field of computational biomedical studies, especially in
the context of model parameters that are hard to estimate in vivo applications. However,
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as shown in the studies presented herein, the minimization of the mean value might often
prove sufficient to also minimize uncertainties induced by the modeling process without
the need of explicitly accounting for robust shape optimization procedures.
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Figure 6.31: Perspective view of the initial bypass-graft and optimized for uncertain
hemolysis parameters and the DET procedure (opt. 1) and uncertain non-
Newtonian parameters and the STD procedure (opt. 2). Top: Velocity mag-
nitude contours in m/s. Bottom: Scalar stress contours in Pa.

6.2.3 FSI Simulations after Optimization

The initial bypass-graft shape was optimized under simplifying assumptions, such as
steady-state conditions and rigid walls. To this extent, it is interesting to investigate
the performance of the optimized shape under more realistic conditions, i.e., elastic walls
and periodic inflow.

The optimized shapes, denoted in Subsection 6.2.2 as opt. 1 (optimization for uncertain
hemolysis parameters and (wy,ws) = (1,0)) and opt. 2 (optimization for uncertain non-
Newtonian parameters and (wy,ws) = (0,1)), and the corresponding deformed grids are
directly extracted from the optimization processes. Based on the surface meshes, new
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structure domains are developed based on the process described in Subsection 6.2.1. The
discretization of the structure is the same as in the pre-optimization FSI studies.

One FSI simulation is realized for each optimized shape based on the setup described
in Subsection 6.2.1. Even though the optimization process accounted for non-Newtonian
properties, the fluid properties are now set to ! = 4mPa-s and p' = 10®kg/m® to
enable a direct comparison between the pre- and post-optimized shapes. The straight
inflow path is employed, as it corresponds to the frequently applied Womersley velocity
profile (Womersley [1955]). An exercise flow pulse, see Fig. 6.14 (left), is employed since
it was found to result to the most critical time-averaged hemolysis index. All quantities of
interest presented in the pre-optimization FSI study are assessed on the optimized shapes
and compared to the results of the initial shape, i.e., medium cuff anastomosis of Fig. 6.11,
under the same conditions. The observation region remains topologically the same as it is
found to include the most critical local quantities even on the optimized shapes.

Results

Figure 6.32 collectively presents the investigated quantities of interest for the initial and
optimized shapes. The time-averaged hemolysis index is decreased by approximately 41%
and 37% for the opt. 1 and opt. 2 shapes, respectively, in comparison to the initial. The
decrease of the index, while smaller in comparison to the steady-state optimization, is
consistent with the results of the optimization, in the sense that the opt. 1 shape resulted
in a slightly larger decrease of the mean value of the hemolysis index in comparison to
opt. 2. Furthermore, it is shown that while a decrease of approximately 9% was reported
for the investigated case when moving from the medium cuff to the large cuff in the pre-
optimization FSI studies, a formal optimization procedure can result in a decrease of up to
41%. Interestingly, as shown in Fig. 6.33, the time-averaged decrease of the hemolysis index
also holds for each time step individually. These results suggest that a reduced formulation
of the optimization problem can serve as an efficient tool for the shape optimization of
bypass-grafts without the need of explicitly accounting for the computationally intensive
FSI.

As regards the metrics which the optimization process didn’t explicitly account for,
the observations are consistent with those made in Subsection 6.2.1. Specifically, the
competitive nature between hemolysis and OSI is once again observed. The decrease of
TAHI is accompanied by an increase of the mean OSI by approximately 44% for the opt.
1 shape and 41% for the opt. 2 shape. This shows a consistent trend as regards hemolysis
and OSI, which necessitates the inclusion of the latter in the optimization problem, either
by means of a constraint or by means of a weighted average of the two quantities in a single
objective. Figure 6.34 presents a top and bottom view of the initial and optimized OSI
contours. The OSI ring, initially observed in the pre-optimization studies, attains higher
values of OSI on the optimized shapes. At the same time, the toe region of the anastomosis
exhibits a wider area of more critical OSI values in comparison to the initial.

The WSS metrics, 7. and 7%, are overall decreased in the optimized cases. While

min max’
can

the reduction of 77, is biomedically beneficial, the accompanying reduction of 7.

become critical, see e.g., discussion in Subsection 6.2.1.

in
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Figure 6.32: Comparison of the quantities of interest on the initial medium cuff bypass-
graft and on the optimized shapes using F'SI simulations for exercise conditions
and straight inflow path.
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Figure 6.33: Comparison of hemolysis index over the last simulated heartbeat for initial
and optimized shapes.
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Figure 6.34: Comparison of OSI fields on initial and optimized shapes. Top: Top view of
the bypass-grafts. Bottom: Bottom view of the bypass-grafts.
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6.2.4 Conclusions

This section initially presented a thorough investigation of the hemodynamics in an ideal-
ized bypass-graft by employing FSI and CFD simulations. It was identified therein that the
shape of the anastomosis is one of the most critical parameters in which one can intervene.
Based on this finding, two robust FOSM-based shape optimization problems, consider-
ing uncertain hemolysis and non-Newtonian parameters, were constructed and applied for
the minimization of the statistical moments of the hemolysis index. The optimization
processes were simplified by considering steady-state conditions and rigid walls of the ge-
ometry. Additional MC investigations were conducted to investigate the accuracy with
which the FOSM method predicted the statistical moments of interest. The optimization
studies suggested two designs as optimal candidates, able to decrease the mean value of
the hemolysis index by approximately 50%. Due to the simplifying assumptions employed
in the optimization process, the optimized shapes were subsequently assessed under the
more physiological unsteady FSI conditions. It was found that the steady-state optimized
shapes result in significant decreases of up to 41% for hemolysis even on the unsteady,
elastic walls setting. The key findings of this section are summarized as follows:

e A competitive relation between OSI and hemolysis induction w.r.t. the shape was
found. Specifically, it was found that a bypass-graft that reduces the risk of hemolysis,
increases, in large, OSI. This observation was consistent both at the pre- and post-
optimization studies.

e Potential uncertainties on the hemolysis and non-Newtonian properties are found
to be trivial in the context of the shape optimization studies conducted herein. In
specific, it is shown that a deterministic optimization also decreases the standard
deviation of the hemolysis index. However, it was found that in the case of uncertain
non-Newtonian parameters, an optimization exclusively of the standard deviation
can actually further increase the robustness of the case.

e The FOSM-based predictions of the statistical moments of hemolysis are found to
be fairly accurate in the context of relative evaluations while fall short on absolute
evaluations, as shown by the accompanying MC simulations.

e The optimized shapes suggest widening the anastomosis cuff and lifting the impaired
artery so that to smoothen the transition of the blood flow from the graft to the
artery.

e Even under the more physiologically relevant unsteady conditions with elastic graft
and artery walls, the optimized shapes are found to outperform the initial shape. This
finding suggests that a reduced optimization formulation, considering rigid walls and
steady-state conditions can provide significant clinically relevant results at the cost
of less computational effort.
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7 Summary and Outlook

Adjoint-based shape optimization techniques have been extensively developed and applied
in fields of conventional engineering applications. However, their application still lags be-
hind in the field of biomedical sciences related to blood. This thesis presented advances in
computational methods for modeling and optimization of blood flows. The topics that were
studied in this work relate to (a) the computational modeling of blood flows, (b) the ap-
plication of gradient-based parameter-free shape optimization, (c) the efficient estimation
of shape sensitivities using the adjoint method and (d) the incorporation of uncertainties
in the optimization problem.

(a) Computational modeling. Chapter 2 presented key aspects of CFD and FSI re-
lated to classical simulations of blood flows. These methods act as the backbone for the
solution of what is referred to in this thesis as the primal problem. The state-of-the-art
computational methods have been augmented by aspects of biomedical interest, such as
the prediction of hemolysis and the non-Newtonian properties of blood. As regards the
former, an Eulerian and Arbitraty-Lagrangian-Eulerian formulation has been employed
for its seamless incorporation in the existing CFD and FSI frameworks, respectively. The
employed model is one-way coupled to the flow equations, i.e., it receives information from
the numerical solution of the flow equations with no retro-action on the employed fluid
properties. Analytical solutions have been presented and derived for simple flow scenar-
ios to verify the numerical implementation of the model. As regards the non-Newtonian
properties of blood, three prominent shear-thinning, non-linear, algebraic viscosity models
have been integrated into the computational environment. Their implementation has also
been verified against analytical solutions. Finally, this thesis employs a partitioned FSI
method to simulate scenarios of biomedical interest, especially in vivo conditions, in which
the mechanical interdependence between the blood flow and the surrounding structure is
considerable. To this end, a fluid solver and a structure solver are coupled. The novel cou-
pling of the well-established individual solvers is verified against literature-reported results
of a benchmark problem.

(b) Parameter-free shape optimization. Chapter 3 presented the shape optimization
problems as considered in this thesis. The strategy refers to a CAD-free, i.e., parameter-
free shape optimization approach in which the control is set as the shape itself. The
optimization is performed by means of a gradient-based technique. While a common
practice is the direct identification of the shape sensitivity as the necessary gradient, this
thesis discussed the potential, practical drawbacks of such an approach and highlighted
alternatives for the identification of a suitable descent direction given a shape sensitivity
field. To this extent, most of the methods described in Chapter 3 require the solution of an
additional problem, mostly in the form of PDEs, to arrive at a descent direction smoother
than the shape sensitivity. The proposed alternatives were categorized as either “one-step
methods” or “two-step methods”. The former require the solution of a single problem to
arrive at the sought descent direction field throughout the computational domain, while
the latter initially compute the descent direction on the design surface and subsequently
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7 Summary and Outlook

propagate the field to the interior domain. Furthermore, auxiliary aspects related to the
optimization, such as the choice of a step size and the filtering of the displacement field
near segments connecting design and non-design sections of the walls, were discussed. The
proposed methodologies were scrutinized on a 2D CFD-based illustrative example.

(c) The adjoint method. Chapter 4 presented the continuous adjoint method for the
efficient identification of shape sensitivities of internal steady-state flows. A general formu-
lation of the adjoint steady NS equations for incompressible fluids was initially presented.
Therein, the derivations considered a set of assumptions frequently holding in blood flow
applications. The main focus of this thesis was on the minimization of hemolysis, i.e.,
blood damage, by intervening on the shape confining the blood flow. To this extent, a con-
sistent continuous adjoint system to the flow equations augmented by the hemolysis model
was derived and developed. The objective functional corresponds to a hemolysis index
defined on the outlet of the computational domain. Subsequently, this thesis presented a
consistent derivation of the adjoint system to the NS equations of a non-Newtonian fluid.
The derivations were specified for the three shear-thinning models presented in Chapter 2.
The novel adjoint systems were verified for their accuracy in estimating the sought shape
sensitivity against FD results. An analytical solution was additionally constructed for the
adjoint hemolysis equation on a simple flow scenario. Finally, the blood-related aspects of
hemolysis and non-Newtonian viscosity properties were combined to arrive at a consistent
adjoint system able to simultaneously account for both.

(d) Robust optimization. Chapter 5 dealt with the incorporation of potential un-
certainties of the primal equation system in the optimization process. To this end, the
objective functional was considered as a statistical quantity and the goal was the mini-
mization of its first two statistical moments combined in a weighted average. While the
employed optimization approach is based on the methodologies presented in (b) and (c),
the thesis discussed two main approaches for the necessary quantification of the under-
lying uncertainties. In the context of the optimization, the first approach refers to the
SGDM. The foundation of the method is on the evaluation of a sample of random realiza-
tions. The computational limitations of the method were discussed and a variant able to
overcome some of the limitations, was proposed. The second approach that was investi-
gated refers to the FOSM method. Based on this approach, the optimization reduces to
the evaluation of pre-defined realizations and the statistical moments are evaluated based
on mathematical expressions involving derivatives. Algorithms were given for the realiza-
tion of each presented robust parameter-free shape optimization approach. Finally, the
investigated approaches were applied in a 2D CFD-based example to illustrate their key
characteristics.

Biomedical applications. The above-described topics were put to the test in Chapter 6,
where two biomedical 3D applications were presented. The first application is the CFD-
based deterministic optimization of an FDA-suggested idealized medical device for the
minimization of its hemolysis potential. The computational primal solver was initially val-
idated against experimental results. The optimization of the geometry led to small changes
w.r.t. the initial one, able however to reduce the hemolysis index by approximately 18%
in just 15 optimization iterations. Additional studies on the optimal solution showed that
the result is inherently fairly robust to the employed hemolysis parameters. The second
application refers to an idealized bypass-graft. A thorough investigation employing both
CFD and FSI simulations was initially conducted to identify the most critical parameters
affecting the hemodynamic quantities of interest. It was found that the shape of the graft
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is the most critical parameter in which one can externally intervene. Based on this, the ide-
alized geometry model was optimized under simplified steady-state, rigid wall conditions
for the minimization of hemolysis. The optimization study considered non-Newtonian and
hemolysis parameters to be uncertain. Two designs able to decrease the mean value of
the hemolysis index by approximately 50% were found. It was also shown that this prob-
lem is fairly robust against uncertainties of the non-Newtonian and hemolysis parameters.
The optimized designs were subsequently evaluated using FSI simulations. It was found
that the benefits of the simplified optimization studies also held, in large, under the more
realistic unsteady conditions.

Future Studies

This thesis presented optimization problems based on temporally steady conditions of the
primal and corresponding adjoint. While it was shown that this simplification can still
provide significantly optimized results even when evaluated in unsteady flows, future stud-
ies should examine the extension of the presented adjoint methods in unsteady conditions.
The development of efficient and accurate reduced-order models can benefit this research
direction, due to the reversed time-propagation of the unsteady adjoint problems. In the
same direction, future studies should also target the consistent development of FSI adjoint
systems in the context of biomedical applications. Furthermore, as regards the topic of
uncertainties, future studies could consider the shape itself to be uncertain and investi-
gate the implications this might have on the formulation of the robust shape optimization
problem. Finally, the studies conducted throughout this thesis referred to predominately
academic scenarios or idealized geometries and the results were discussed with a qualita-
tive view. To this extent, it is interesting to apply the hemolysis optimization process to
extravascular machinery such as blood pumps that can later be experimentally validated
or to investigate patient-specific intravascular geometries that could be extracted from CT
scans.
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A Additional Mathematical Aspects

A.1 Gauss Divergence Theorem for Gradient Fields

Consider the proposition

)
a_:idvz / én; ds, (A1)

cv o(CV)

where ¢ is a scalar field and n; the normal vector to the boundaries of the CV. For an
arbitrary constant vector «; € RY one can write
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By considering that two vectors p;,q; € RY are equal to each other if and only if for all
vectors r; € RN, r;p; = r;q;, proposition (A.1) is true in view of Eq. (A.2).

A.2 Derivation of Equation (2.76)

This appendix refers to a Hagen-Poiseuille fully-developed pipe flow and targets to derive
an analytical expression to the hemolysis-oriented objective functional defined in Section
2.2. In this case, Eq. (2.69) can be written as

i HPvin; dS | Huv,(r)dS .
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By making use of the analytical solutions (2.71) and (2.75), the integrals I; and I, can be
further expanded. Starting from the latter,
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and for I,
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Consider X (r) = —(%)?, then |X| < 1 and by use of the generalized binomial expansion

for non-integer exponents, one can write
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By substitution of Egs. (A.4), (A.6) in Eq. (A.3) and by expansion of K, one arrives at
Eq. (2.76).

A.3 Derivation of Equation (4.112)

The variation of the sub-integral I} in the direction of the velocity components can be
formally written as

5o, 1L - Sy = / (5 [g(g . f(y))] -51)@-) dQ = —/ﬂ(évif(f‘y) . 5%) Q. (A7)

Q Q

To continue with the derivation, one must consider the expression of f(5) depending on
the respective viscosity model (cf., Table 2.4).
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A.3 Derivation of Equation (4.112)

A.3.1 Newtonian Model (N)

For a Newtonian fluid, the effective viscosity is constant and thus d,, f(¥) - 0v; = 0 leading
to 0y, 1f - dv; = 0.

A.3.2 Power-law Model (PL)

In the case of a Power-law fluid, Eq. (A.7) can be written as

8o, I, - v, = / uk:(& (=) 5%) dQ = — / ﬂk(évxzsijsij)(”?) -5%) o
Q Q
_ / a2k > D (25,:5,) %5 * (25708 + 95768y ) a2
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=— / i2k(n — 1)5"=35,;6S;; AQ. (A.8)
Q

Here 0.5;; = 0.5(00v;/0x; + 0du;/0x;) and higher order terms (HoT) are neglected. It is
defined that X;; = 2k(n — 1)7(”*3)325, on which it holds X;; ~ S;; = X;; = Xj;. Equation
(A.8) is further expanded as
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This is very similar to the treatment of the tensor B;; in the case of adjoint hemolysis.
Additionally note that in Section 2.3, the Power-law viscosity model is formulated based on
threshold considerations of 4. These considerations are omitted on the derivation process
described above.
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A.3.3 Modified-Casson Model (MC)
In the case of a Modified-Casson fluid Eq. (A.7) can be written as

Q)
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If X;; = Q[I\Cf + \/;Tc] [ I\Q)Q} .1 S;; and the same methodology as described in

A.3.2 is followed, then Eq. (4.112) is reached.

A.3.4 Carreau Model (C)

In the case of a Carreau fluid Eq. (A.7) can be written as
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If Xi; =2(n—1)(po — foo) (1 + ()d)Q) * \25;; and the same methodology as described in
A.3.2 is followed, then Eq. (4.112) is reached.
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