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When modeling particle breakage, the use of a single dimension to characterize particulate systems
becomes intractable when multiple dimensions (e.g., size and shape) are important. Amongst many
potential numerical techniques, the Fixed Pivot Technique (FPT) and Finite Volume Schemes (FVS) are
popular choices to resolve multi-dimensional breakage population balance equations (PBEs). However,
whether there exists a general multi-purpose technique between the two remains unclear. Across all test
cases with identical size domain and mesh, while both techniques demonstrate comparable accuracy in
resolving the moments and number densities (with maximum difference in average relative errors of �O
(100) and �O(102), respectively), and exhibit similar computational efficiency (time taken by FPT relative
to FVS is of �O(100)), the choice of numerical technique is contingent upon the properties where accurate
prediction is critical. To this end, FVS is the preferred choice when precise estimation of up to two prop-
erties is required owing to its simplicity, albeit requiring distinct schemes for different properties.
Conversely, when more than two properties are crucial, the FPT is more suited as it preserves up to four
properties in the internal 2D space. Overall, this work offers rational guidance for efficient and accurate
modeling of multi-dimensional breakages.
� 2023 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder
Technology Japan This is an open access article under the CC BY-NC-ND license (http://creativecommons.

org/licenses/by-nc-nd/4.0/).
1. Introduction

Underlying one of the common occurrences of the universe, is
the break-up of particles, a phenomenon that is both rich and intri-
cate. Breakage or fragmentation yields the creation of two or more
smaller daughter particles from a larger parent particle, spanning
across a multitude of scenarios, e.g., in depolymerization [1–4],
granulation [5], milling [6], grinding [7], sonication [8,9], cell divi-
sion [10], and droplet break-up [11]. These processes entail parti-
cles dispersed along an internal parameter, such as size,
undergoing a transformative shift in distribution as they cascade
into smaller, fragmented entities. To this end, the Population Bal-
ance Equation (PBE), which is the fundamental number-
conserving equation, is the natural choice to model the evolution
of particle distributions [12–16].

While the use of a single internal coordinate (e.g., volume-
equivalent diameter) to characterize a particulate system is com-
mon and convenient [1,3,4], crucial characteristics of particulate
system are often multi-dimensional. For instance, the production
of active pharmaceutical ingredients (API) with high aspect ratio
[17–23], or cellulose nanocrystals with desired morphology for
specific applications [24], necessitates careful control over both
the size and shape of the particles. Moreover, comprehending the
minimum energy required to fracture a particle of a specific size
for comminution necessitates meticulous examination of two dis-
tinct properties [5]. Therefore, in cases where tracking the behavior
of a particle population with two internal coordinates is crucial, a
traditional one-dimensional PBE is no longer adequate, rendering
the use of a two-dimensional (2D) or Bivariate Population Balance
Model (2D-PBM) [17–23]. Leveraging 2D-PBMs for breakage pro-
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Nomenclature

a; b; c; and d Particle fractional assignments
Cij Cell ij
Mx Number of grid points in the horizontal x direction
My Number of grid points in the vertical y direction
Mkl tð Þ Moments of order kl
n v;w; tð Þ Number density of particles v ;wð Þ
n
�num
ij tð Þ Numerical cell average number density of ij - th grid

point/pivot
n
�
k cell average number density of k - th grid point/pi-

vot sorted in descending order with respect to the
analytical solution

Nij tð Þ Total number of particles in ij - th cell

Qm Quadrant m surrounding pivot xi; yj
� �

v; w Continuous particle sizes
v 0; w0 Continuous parent particle sizes, where v 0 P v and

w0 P w

v i; v iþ1; wj; wjþ1 Cell limits of ij - th cell
v
�
; w

�
Average particle sizes

xi; yj Grid point/pivot coordinates of ij - th cell
t Time

Greek symbols
b v;w;v 0;w0ð Þ Stoichiometric kernel
C v;wð Þ Breakage rate kernel
d Dirac-delta function
Dv i; Dwj Width of ij - th cell
e tð Þ Time-specific grid-averaged relative number

density error
rkl Time-averaged relative moments error

gnum
ijpq Particle allocation function for birth terms

unum
ij Particle allocation function for death terms
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cesses, such as the production of API in the pharmaceutical indus-
try, has allowed for significant time and resource-saving by miti-
gating the need for trial-and-error in tuning process parameters
to control the particle aspect ratio [20].

Solving multi-dimensional PBEs is a non-trivial task fraught
with complexities due to their integro-partial differential nature.
Although computing capacities have greatly improved in the
modern-day environment, being able to solve multi-dimensional
PBEs efficiently and accurately is still advantageous in situations
which involve online monitoring, optimization, and control where
high sampling rate is required. In this regard, the use of accurate
and efficient numerical techniques is almost necessary as analyti-
cal solutions are a rare find. The common numerical techniques
for solving multi-dimensional PBEs include the Fixed Pivot Tech-
nique (FPT) [25–29], Cell Average Technique (CAT) [30,31], Finite
Volume Schemes (FVS) [32–38], Method of Moments (MOM)
[39,40], and Monte-Carlo schemes [40,41]. Amongst these tech-
niques, MOM is primarily designed to resolve only the dynamics
of moment-related quantities, which requires additional process-
ing steps to obtain the number distribution, while the use of
Monte-Carlo incurs higher computational expense [42]. Further,
the CAT was devised to resolve the overprediction by the FPT
[30], which is particularly more significant in aggregation prob-
lems compared to breakage [30,43,44]. Among the different FVS
variants developed for solving multi-dimensional breakage, the
schemes developed by Saha et al. [35] have emerged as attractive
options due to their simplicity and excellent accuracy.

To this end, the FPT and FVS have emerged as appealing tech-
niques for solving pure multi-dimensional breakage PBEs, owing
to their ability to accurately predict the transients of the complete
number density and moments with reasonable computational effi-
ciency. Nevertheless, a comprehensive and objective comparison of
their performances is currently lacking. For instance, most FVS-
based studies explored only the prediction of moment-related
quantities [34,35,45] and neglected the number densities in their
analyses. Moreover, 2D FPT implementations using rectangular
[25,29,30,46], triangular [26], and radial [27,28] grids were only
investigated for pure aggregation and simultaneous aggregation
and breakage problems. Pure breakage problems, in this regard,
were not adequately studied. Although Nandanwar and Kumar
[27] included 2D FPT for pure breakage, their study considered
only a limited number of case studies involving binary breakage
with size-dependent breakage rate. More importantly, between
the 2D FPT which preserves four properties of the distribution
2

and the 2D FVS schemes by Saha et al. [35] which are relatively
easier to implement but preserve only at most two properties of
the distribution, it remains to be seen how their differences in for-
mulation affect their performance as far as solving multi-
dimensional PBEs is concerned.

In this work, the performances of two state-of-the-art tech-
niques, that is, the FPT [44] and FVS [35] are compared and exam-
ined with the aim of providing valuable insights into their
numerical capabilities and limitations for solving multi-
dimensional breakage PBEs. The two numerical techniques are
simultaneously assessed across various performance indicators,
namely, time-specific grid-averaged relative number density error,
time-averaged relative moments error, and computation time, and
are benchmarked against analytical solutions for moments
[34,35,47] and, where available, number density [47,48]. In addi-
tion, the average size of particles, which is a crucial parameter in
processes such as crystallization [23,49,50], is also validated
against the analytical solution. Particularly, the 2D breakage sce-
narios that are evaluated here involve conservation of the first-
cross moment or hypervolume (overall size of the particle) and
conservation of the first-order moments. For instance, the breakage
of high aspect ratio crystals requires careful tracking of the overall
size, while conservation of the total mass of fragments during com-
minution is important. We further assess the capabilities of the
techniques in handling both size-independent and size-
dependent rate kernels. Our findings reveal that while both FPT
and FVS exhibit relatively comparable performances, the ultimate
choice of numerical technique is contingent upon the properties
that are critical to the breakage process which should be accurately
predicted. Insights from this study are pivotal in determining the
suitable technique for a reliable multi-dimensional modeling to
address the needs of specific breakage problems.

The organization of this paper is as follows: In Section 2, we
present the theoretical framework of the FPT and FVS for solving
2D breakage PBEs. Subsequently, in Section 3, we assess the perfor-
mance of the FPT and FVS for various cases. Conclusions of this
study are presented in the last section.
2. Theoretical framework

2.1. Conceptual description of 2D breakage

For a spatially homogeneous system, the continuous 2D pure
breakage PBE is given by the following equation [14]:



@n v;w; tð Þ
@t

¼
Z 1

w

Z 1

v
b v ;w;v 0;w0ð ÞC v 0;w0ð Þn v 0;w0; tð Þdv 0 dw0

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Birth of ðv ;wÞ due to breakage of ðv0;w0 Þ

�C v;wð Þn v;w; tð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Death of ðv ;wÞ
due to breakage

of ðv;wÞ

ð1Þ
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where n v;w; tð Þ is the number density of particles with internal
coordinates v ;wð Þ at time t. For simplicity, the internal coordinates
v;wð Þ, which in general can be any two chosen properties that
characterize the particles, will be loosely referred to as sizes v
and w, each representing a size dimension of the particle. In this
context, C v;wð Þ is the breakage rate kernel for a particle character-
ized by size dimensions v ;wð Þ, b v ;w;v 0;w0ð Þ is the stoichiometric
kernel which represents the average number of particles formed
in the size ranges of v to v þ dv and w to wþ dw due to the break-
age of a parent particle of size dimensions v 0;w0ð Þ, where v 0 P v
and w0 P w.

A conceptual description of 2D breakage is illustrated in Fig. 1.
As alluded to earlier, two distinct breakage scenarios will be
explored in this work (due to the availability of analytical solu-
tions), i.e., that which conserve the hypervolume and that which
conserve the first-order moments. Here, we employ 2D breakage
models that involve random quaternary breakage, i.e.,
b v ;w; v 0;w0ð Þ ¼ 4= v 0w0ð Þ, for hypervolume conservation and ran-
dom binary breakage, i.e., b v ;w;v 0;w0ð Þ ¼ 2= v 0w0ð Þ, for first-order
moments conservation. It is worth noting that the properties to
be conserved depend on the stoichiometric kernel, b v;w;v 0;w0ð Þ,
which satisfies the constraints shown in Fig. 1. For instance, the
conservation of hypervolume requiresRw0

0

R v 0

0 v w b v ;w;v 0;w0ð Þ dv dw ¼ v 0 w0 to hold true. Further,Rw0

0

R v 0

0 b v ;w;v 0;w0ð Þdv dw is the number of daughter particles pro-
duced per breakage event, which would amount to four for quater-
nary breakage and two for binary breakage.

As an example, if the two internal coordinates of the system
represent the length and width of rectangular particles, breakage
Fig. 1. Example illustrations of 2D breakage for: (a) conservation of hypervolume and (b)
random binary breakage, respectively. Here, v and w are the internal coordinates of the s
v 0;w0ð Þ, where v 0 P v and w0 P w. Note that the chosen internal coordinates need not be
as mass and energy content. These entities are expected to be conserved upon binary b

3

into four fragments conserves the total area (hypervolume), but
not the total length and width (Fig. 1a). Conversely, if particles
characterized by two internal properties (e.g., mass and energy,
or compositions of two components) undergo binary breakage,
the total content of the properties will be conserved (Fig. 1b),
which are represented by the first-order moments. Theoretically,
the FPT should accurately estimate the conserved properties in
both breakage scenarios (Fig. 1a and Fig. 1b) given the formulation
encompasses the preservation of four properties in 2D. In contrast,
the FVS [35], preserving at most two properties, would require dis-
tinct schemes tailored to the two breakage scenarios in Fig. 1.

2.2. General form of discretized 2D pure breakage PBEs

Here we derive the general discretized 2D breakage PBE to
accommodate the subsequent discussion on the FPT and FVS. Con-
sider a rectangular 2D mesh in the internal coordinate space v ;wð Þ
with a finite domain enclosed by vmin;vmax½ � � wmin;wmax½ �, as
shown in Fig. 2. The 2D domain consists of contiguous rectangular
cells denoted by Cij, enclosed by the domain v i;v iþ1½ � � wj;wjþ1

� �
with 1 6 i 6 Mx, 1 6 j 6 My. The ‘representative size’ within each
cell is given by xi; yj

� �
, where v i < xi < v iþ1 and wj < yj < wjþ1. It

is worth noting that the type of grid used can be flexible and
may include uniform or geometric grids. The total number of par-
ticles Nij in cell Cij, can thus be obtained by integrating the number
density function over the cell limits:

Nij tð Þ ¼
Z wjþ1

wj

Z v iþ1

v i

n v;w; tð Þ dv dw ð2Þ
conservation of first-order moments, depicting a random quaternary breakage and a
ystem, b v ;w;v 0;w0ð Þ is the stoichiometric kernel for the breakage of particle of size
size related, as in (b), where they can represent other properties of the particle such
reakage, as described by the conservation of first-order moments.



Fig. 2. A rectangular mesh is employed in this work. The solid lines represent the
cell limits, and the dots are the pivots. The computational domain is segregated into
contiguous rectangular cells Cij , enclosed within v i; v iþ1½ � � wj;wjþ1

� �
, where v and

w are the continuous particle sizes, with 1 6 i 6 Mx , 1 6 j 6 My . Here Mx and My

denote the number of cells along horizontal and vertical axes. The ‘representative
size’ in each cell Cij is given by the point xi; yj

� �
. Here, v i ¼ xi�1 þ xið Þ=2 and

wj ¼ yj�1 þ yj
� �

=2.

Fig. 3. Fractional assignments a ; b; c; and d of the properties associated with non-
pivot particle v ;wð Þ to its four neighboring pivots x; yð Þ on an arbitrary non-uniform
grid. Pivot xi; yj

� �
receives an assigning fraction from non-pivot particles v ;wð Þ at

each surrounding quadrant, Qm , where m = 1, 2, 3, 4, as indicated by the dashed
arrows.
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To discretize n v ;w; tð Þ, the particle population in each cell is pre-
sumed to be concentrated at the grid point xi; yj

� �
, such that the

continuous number density function n v ;w; tð Þ can be expressed as
follows:

n v;w; tð Þ ¼
XMy

j¼1

XMx

i¼1

Nij tð Þ d v � xi; w� yj
� � ð3Þ

Integrating both the Left Hand Side (LHS) and Right Hand Side (RHS)
of Eq. (1) over the discretized domains from v i;v iþ1½ � and wj;wjþ1

� �
,

as well as using Eq. (3) will result in the following general dis-
cretized PBE for both FPT and FVS:

dNij tð Þ
dt

¼
XMy

q¼j

XMx

p¼i
gnum
ijpq Cpq Npq tð Þ

�unum
ij Cij Nij tð Þ; i ¼ 1; 2; 3; :::; Mx

j ¼ 1; 2; 3; :::; My

ð4Þ

where gnum
ijpq is the allocation function for particles entering cell Cij

due to the breakage of particles characterized by xp; yq
� �

(p P i; q P j), unum
ij is the allocation function for particles leaving

cell Cij due to the breakage of particles characterized by xi; yj
� �

,
and Cij is the breakage rate kernel of particles in cell Cij. The super-
script ‘num’ denotes the numerical techniques (FPT and FVS). The
allocation function gnum

ijpq and unum
ij will be outlined for the FPT and

FVS in the subsequent sections.

2.2.1. Fixed pivot technique (FPT)
The FPT ensures internal consistency within the system with

regards to the properties (or moments) of distribution. This is
achieved by assigning particles in cell Cij to the neighboring grid
points (also called pivots) in such a way that it preserves the
moments of interest. Extension of a 1D FPT [44] to 2D FPT using
rectangular grids requires the preservation of four properties as
particles born within a particular cell are assigned to the four
neighboring pivots, as illustrated in Fig. 3.
4

From Fig. 3, the pivot xi; yj
� �

receives the assigning fractions
a; b; c, and d from particles born in the four surrounding quad-
rants. The assigning fractions can be determined by preserving four
chosen properties. Taking a cue from Vale and McKenna [34], the
most straightforward selection of properties is the zeroth moment,
first-order moments, and the first cross moment. The allocation
function is thus:

gFPT
ijpq ¼ R yj

yj�1

R xi
xi�1

v�xi�1ð Þ w�yj�1ð Þ
xi�xi�1ð Þ yj�yj�1ð Þ

	 

b v ;w; xp; yq
� �

dv dw

þ R yj
yj�1

R xiþ1
xi

xiþ1�vð Þ w�yj�1ð Þ
xiþ1�xið Þ yj�yj�1ð Þ

	 

b v;w; xp; yq
� �

dv dw

þ R yjþ1
yj

R xi
xi�1

v�xi�1ð Þ yjþ1�wð Þ
xi�xi�1ð Þ yjþ1�yjð Þ

	 

b v ;w; xp; yq
� �

dv dw

þ R yjþ1
yj

R xiþ1
xi

xiþ1�vð Þ yjþ1�wð Þ
xiþ1�xið Þ yjþ1�yjð Þ

	 

b v ;w; xp; yq
� �

dv dw

ð5Þ

For the FPT, uFPT
ij ¼ 1. Here, b v ;w; xp; yq

� �
is the stoichiometric ker-

nel for the formation of daughter particles with size v ;wð Þ due to
the breakage of parent particles with size xp; yq

� �
. Due to the inte-

gration range of gFPT
ijpq in Eq. (5), FPT implementation requires the first

and last pivots in both coordinates of the FPT to be positioned at the
minimum and maximum values of the domain, respectively.

2.2.2. Finite volume schemes (FVS)
In this study, the FVS, namely, Scheme 2a and Scheme 2b of

Saha et al. [35] are used. The former is devised for breakage that
conserves the hypervolume, while the latter is developed for
breakage that conserves the first-order moments. In the FVS,
weight allocations are implemented in such a way as to preserve
the moments of interest during the breakage phenomenon. The
allocation functions are given as:

gFVS
ijpq ¼ Wb

pqBijpq
Vpq

Vij
ð6Þ
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uFVS
ij ¼ Wb

ij

Uij

XMy

n¼1

XMx

m¼1

UmnBmnij ð7Þ

where the weight allocation for preserving the properties of interest
is defined as:

Wb
pq ¼

Upq tpq � 1
� �

Pq
n¼1

Pp
m¼1 Upq �Umn

� �
Bmnpq

ð8Þ

where tpq ¼
R yq
0

R xp
0 b v;w; xp; yq

� �
dv dw denotes the number of par-

ticles produced per breakage event, Vij is the volume of cell Cij, and

Bijpq ¼
R P q

j
wj

R P p
i

v i
b v;w; xp; yq
� �

dv dw, with P p
i ¼ xi and P q

j ¼ yj when

p ¼ i and q ¼ j, otherwise, P p
i ¼ v iþ1 and P q

j ¼ wjþ1. Here, for the
conservation of hypervolume (Scheme 2a), Uij ¼ xi yj, whereas for
the conservation of first-order moments (Scheme 2b), Uij ¼ xi þ yj.
Due to the integration range of Bijpq, FVS implementation requires
the first grid point in both coordinates to be located within the first
cell (not at the minimum value of the domain), while the last grid
point of FVS in both coordinates is positioned at the maximum
value of the domain.
3. Case study

3.1. Preamble

3.1.1. Model configurations
In this work, we employ a finite domain of internal coordinates v

and w of the size range vmin; vmax½ � � wmin; wmax½ � ¼
10�9; 2
h i

� 10�9; 2
h i

. In order to account for the steep rise in

smaller-sized particles with time, geometric meshing (finer mesh
in small-size regions and coarser mesh at large-size regions) is an
appropriate choice. For all case studies, unless stated otherwise,
by default we employ a geometric mesh with 25 � 25 grid points
(geometric ratio � 3) across the computational domain, and a
monodisperse initial distribution, n v;w;0ð Þ ¼ d v � vmaxð Þ
d w�wmaxð Þ, following the general practice in recent numerical
studies in the 2D-PBE literature [34,35,38].

It is worth noting that in selecting a finite domain, a finite
domain error (FDE) exists, as also raised by Attarakih et al. [51]
and Gelbard et al. [52], where particles outside of the domain are
not accounted for. Our choice of a monodisperse initial distribution
ensures that all particles are initially contained within the finite
domain. As a finite domain is inevitable for numerical solutions,
the FDE will increase over time as more particles break out of
the minimum threshold sizes. In such a situation, the numerical
moments will not be able to account for the particles which fall
outside the domain and are expected to deviate from the exact
moments, which are analytically derived by considering a mini-
mum size threshold of zero, shown below:

Mkl tð Þ ¼
Z 1

0

Z 1

0
vkwln v;w; tð Þdv dw ¼

XMy

j¼1

XMx

i¼1

xki y
l
j Nij tð Þ ð9Þ

where k and l are the orders with respect to v and w.
In Eq. (9), equality only holds when x1 and y1 are the non-zero

representative sizes for a cell in which the lower cell limits begin
with zero. For a finite domain, clearly, x1 and y1 are the represen-
tative sizes for a cell with non-zero lower limits. In this case, the
discretized moments may approximate the theoretical moments
only if the minimum size threshold is close to zero or the extent
of the production of particles smaller than the minimum size
threshold is negligible. Therefore, we adjust the integral limits of
the analytical moments to the finite domain used in this study to
facilitate an effective comparison with the numerical moments.
5

In this study, all numerical and analytical moments are normalized
against the initial analytical moments of identical order.

As the numerical techniques solve directly for Nij, taking a cue
from Vale and McKenna [34], we compare the number densities
between numerical and analytical solutions in the form of cell
average number density. The numerical cell average number den-
sity is computed as follows:

n
�num

ij tð Þ ¼ Nij tð Þ
Dv iDwj

ð10Þ

where Dv i ¼ v iþ1 � v i and Dwj ¼ wjþ1 �wj. On the other hand, the
analytical cell average number density is obtained by integrating
the analytical solution over the cell limits and dividing by the grid
sizes:

n
�ana

ij tð Þ ¼ 1
Dv iDwj

Z wjþ1

wj

Z v iþ1

v i

nana v;w; tð Þ dv dw ð11Þ

where the superscript ‘ana’ denotes analytical. Due to the multi-
dimensional nature of the problem, visual comparisons of the cell
average number densities between numerical and analytical solu-
tions via surface plots are not practical. Therefore, we plot the cell
average number densities following the flat representation devised
by Chakraborty and Kumar [26], where the quality of solutions can
be easily compared in a one-dimensional plot. This is done by first
sorting the analytical cell average number density in descending
order and assigning a new index (k) to the sorted pivots. The cell
average number densities obtained numerically and analytically

are then plotted against k and defined as n
�
k.

3.1.2. Case studies and performance assessment indicators
We evaluate the performance of the FPT and FVS by testing

them against known solutions. As alluded to earlier, two types of
breakage phenomena are studied: i) conservation of hypervolume
and ii) conservation of first-order moments. Table 1 tabulates the
cases along with the exact solutions for moments given by
[34,35,38], where the particle count at t ¼ 0 is unity with size
vmax;wmaxð Þ.

To quantify the discrepancy between the numerical and analyt-
ical cell average number density (applicable to Case 1 only) at a
specific time point, t, the following time-specific grid-averaged rel-
ative number density error, is used:

e tð Þ ¼ 1
K

XK
k¼1

n
�ana

k tð Þ � n
�num

k tð Þ
n
�ana

k tð Þ

�����
����� ð12Þ

where K is the total number of pivots/grid points and k is the index
of the sorted pivots in descending order of the analytical number
density for flat representation. For cases without analytical number
density (i.e., Cases 2–4), we are only able to evaluate the perfor-
mance of the numerical techniques against the analytical moments
(Table 1), following the general practice in the 2D-PBM literature
[34,35,38]. Correspondingly, the time-averaged relative moments
error used for quantifying the discrepancies between the numerical
and analytical moments throughout the simulation time duration is
given as:

rkl ¼ 1
J

XJ

j¼1

Mana
kl tj

� ��Mnum
kl tj

� �
Mana

kl tj
� �

�����
����� ð13Þ

where J is the total number of time points. In addition to moments,
we compute the average size of particles as follows:

v
� ¼ M10

M00
; w

� ¼ M01

M00
ð14Þ



Table 1
Cases employed for evaluating the performance of the numerical techniques. b v ;w;v 0 ;w0ð Þ is the stoichiometric kernel for particle of size v ;wð Þ due to the breakage of parent
particle of size v 0;w0ð Þ, C v ;wð Þ is the breakage rate kernel for particle of size v ;wð Þ, nana v ;w; tð Þ is the analytical number density of particles of size v ;wð Þ at time t, Mana

kl tð Þ is the
analytical moments of order k and l with respect to v and w, respectively, and vmax and wmax are the maximum sizes in the computational domain.

Case b v ; w; v 0; w 0ð Þ C v ;wð Þ Analytical Number Density Analytical Moments

Conservation of Hypervolume
1 4

v 0w0 1 nana v ;w; tð Þ ¼ e�tn v ;w;0ð Þ þ 4te�t
R1
w

R1
v

n v;w;0ð Þ
v 0w0P1

r¼0
4tð Þr

rþ1ð Þ! r!ð Þ2 ln v 0
v

� �
ln w0

w

� �� �r
dv 0dw0

Mana
kl tð Þ ¼ Rwmax

wmin

R vmax
vmin

vkwlnana v ;w; tð Þ dv dw

2 4
v 0w0 v w N/A Mana

00 tð Þ ¼ 1þ 3vmaxwmax t M
ana
11 tð Þ ¼ vmaxwmax

Conservation of First-Order Moments
3 2

v 0w0 1 N/A Mana
kl tð Þ ¼ vk

maxw
l
max exp 2

kþ1ð Þ lþ1ð Þ � 1
� �

t
h i

4 2
v 0w0 v þw N/A Mana

00 tð Þ ¼ 1þ vmax þwmaxð Þ t
Mana

10 tð Þ ¼ vmax, Mana
01 tð Þ ¼ wmax

 

FPT

FVS

(a)

(b)

Fig. 4. Case 1 (b v ;w; v 0;w0ð Þ ¼ 4= v 0w0ð Þ, C v ;wð Þ ¼ 1): A comparison of the cell
average number density (Eq. (10)-(11)) predicted by the (a) FPT and (b) FVS
(Scheme 2a [35]) against analytical solution using the flat representation [24] on
log–log plots. Markers represent the numerical solution and solid lines the analytical
solution. The rearranged grid point index is the index of grid points sorted in
descending order with respect to the analytical solution. Here, t ¼ 1, t ¼ 5, and
t ¼ 10, corresponds to an increase in number of particles by a factor of 2.35e+1, 7.20e
+6, and 1.07e+13 relative to the initial condition, respectively. A rectangular grid
with 25 geometrically spaced grid points on both internal coordinates (geometric
ratio � 3) is used.

Table 2
Time-specific grid-averaged relative errors in the cell average number density, e tð Þ
(Eq. (12)), for Case 1 predicted by the FPT and FVS (Scheme 2a [35]) at t ¼ 1, t ¼ 5, and
t ¼ 10, corresponding to an increase in number of particles by a factor of 2.35e+1,
7.20e+6, and 1.07e+13 relative to the initial condition, respectively. A rectangular grid
with 25 geometrically spaced grid points on both internal coordinates (geometric
ratio � 3) is used.

Time, t e tð Þ
FPT FVS

1 0.41 0.50
5 2.69 1.96e+1
10 4.37e+1 6.20e+2
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Lastly, we also report the computation time taken in seconds for
both numerical techniques to obtain the solution. All computations
in this work were carried out using MATLAB� 2022b and the sys-
tem of ordinary differential equations were integrated using the
‘ode15s’ sub-routine with a relative tolerance and absolute toler-
ance of 10-6 and 10-7, respectively. The solutions were computed
on a workstation equipped with an Intel� CoreTM i5-1135G7 CPU
with a clock speed of 2.40 GHz and 16 GB of installed memory
(RAM).
3.2. 2D pure breakage with hypervolume conservation

3.2.1. Case 1: Size-Independent breakage
In Case 1, a breakage scenario which conserves the hypervol-

ume, M11, is considered. Here, the stoichiometric kernel, i.e.,
b v ;w;v 0;w0ð Þ ¼ 4= v 0w0ð Þ, admits a breakage phenomenon in which
a particle undergoes random breakage into four fragments. When
the breakage rate is size-independent, i.e., C v ;wð Þ ¼ 1, all particles
break at an equal rate, which results in a significant number of par-
ticles falling out of the minimum size threshold. As such, the FDE
would increase rapidly over time due to failure to account for par-
ticles outside of the finite domain.

The numerical cell average number densities obtained by both
the FPT and FVS (Scheme 2a [35]) are shown in Fig. 4 for three dif-
ferent times: t ¼ 1 , t ¼ 5, and t ¼ 10, corresponding to an increase
in number of particles by a factor of 2.35e+1, 7.20e+6, and 1.07e
+13 relative to the initial condition, respectively. Although both
techniques show good predictions, a noticeable overprediction is
present at smaller populations at the right most side of the plot,
which tends to intensify with the extent of breakage. Interestingly,
the overprediction appears to be more significant in the FVS as
compared to the FPT. This is also quantitatively reflected in Table 2,
where the time-specific grid-averaged relative number density
error of the FVS grows rapidly in comparison to those of the FPT.
The overprediction can likely be attributed to the use of rectangu-
lar grids. In the case of FPT, the preservation of four properties in



Table 3
Time-specific grid-averaged relative errors in the cell average number density, e tð Þ
(Eq. (12)), for Case 1 predicted by the FPT and FVS (Scheme 2a [35]) at t ¼ 10 with
different number of geometrically spaced grid points.

Grids e tð Þ
FPT FVS

25 � 25 4.37e+1 6.20e+2
30 � 30 2.71e+1 5.42e+2
35 � 35 1.70e+1 4.05e+2

S.L. Leong, M. Singh, F. Ahamed et al. Advanced Powder Technology 34 (2023) 104272
2D causes non-pivot particles to deviate from the expected size, as
highlighted by Chakraborty and Kumar [26] and Nandanwar and
Kumar [27]. Similar implications may be said about the FVS in
terms of the utilization of weight allocations within a rectangular
space. Refining the mesh is one way to improve the prediction,
which evidently entails higher computational expense as seen in
Table 3. Other strategies include employing triangular grids [26]
(a) 

(b) 

Fig. 5. Case 1 (b v ;w; v 0;w0ð Þ ¼ 4= v 0w0ð Þ, C v ;wð Þ ¼ 1): A comparison between the
FPT and FVS (Scheme 2a [35]) against the analytical solution (within the finite
domain) in predicting the (a) moments of distribution Mkl of order k and l with
respect to v and w, respectively, and (b) average particle sizes on semi-log plots. In
(b), different colors are used to distinguish the average particle size, v

�
(which is also

equivalent to w
�

for this case), and the total average particle size, v
� þw

�
. The

moments are normalized against the initial analytical moments of identical order.
Here, t ¼ 10 corresponds to an increase in number of particles by a factor of 1.07e
+13. A rectangular grid with 25 geometrically spaced grid points on both internal
coordinates (geometric ratio � 3) is used.
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or radial grids [27], where they have been proven to enhance the
numerical solution substantially.

Notably, we also observe that the FVS predicts the number den-
sity more accurately than the FPT in regions with larger number
densities, as observed at the left most region of the plot (Fig. 4).
From Fig. 4a, at t ¼ 1, a slight overprediction is seen in the number
density computed by the FPT, where most particles are still con-
centrated at the larger size regions. As breakage proceeds (t ¼ 5),
the FPT solution at larger number densities improves, but subse-
quently underpredicts at t ¼ 10. This suggest that FVS would be
a more appropriate choice if number density at higher populations
(which is typically the smaller size particles in breakage processes)
is a highly critical parameter, whereas FPT would be suitable if
accurate prediction of number densities for the overall populations
is required. In many applications involving fine particle production
via grinding, such as the food packaging industry, the number den-
sities of fine polymer particles are highly essential to the applica-
tion [53].

Next, we assess the performance of the numerical techniques in
computing the moments of distribution. As alluded to previously,
the numerical moments for this case will be benchmarked against
the analytical moments computed within the finite domain of the
grid used in this study (Table 1) for an objective comparison to
eliminate the impact of FDE. As observed in Fig. 5a, the FVS pre-
dicts the zeroth moment excellently, while the FPT pales in com-
parison. Due to the extensive breakage in this case, the number
density is highly steep at the small size regions during extended
times. Consequently, the FPT would require more pivots to capture
the total number of particles, whereas the FVS performs well even
with a coarse mesh, as seen in Table 4. Both numerical techniques
conserve the hypervolume M11, with the FPT attaining a lower
error �O(10–5) as compared to FVS with �O(10–1) (Table 4). When
it comes to estimating the first-order moments (M10 and M01), the
FPT demonstrates exceptional performance (Fig. 5a), but the FVS
tends to overpredict these quantities over time. This is expected
given that the FVS (Scheme 2a of Saha et al. [35]) was designed
to only preserve the hypervolume and the zeroth moment. Not sur-
prisingly, the situation improves with mesh refinement, as shown
in Table 4. In summary, the FVS outperforms in estimating the zero
moment, the FPT excels in predicting the first-order moments, and
both techniques are comparable and excellent in capturing the
hypervolume.

The accuracy of the moments significantly influences the aver-
age size of particles estimated by the techniques. Fig. 5b highlights
the superior performance of the FPT in predicting both the average

particle size, v
�
(which is also equivalent to w

�
for this case), and

total average particle size, v
� þw

�
, compared to the FVS. This is

not surprising, as the high error margins in the first-order
moments by the FVS result in poor estimation of the average size
of particles, despite its excellent prediction in the zeroth moment.
Therefore, the FPT is the obvious choice for accurate modeling
when more than two moments should be accurately estimated,
such as in crystallization of high aspect-ratio crystals where the
mean crystal sizes, e.g., mean length and mean width, are critical
properties of the system. Notably, the formulation of FPT has the
flexibility in preserving higher-order moments, such as the volume
of crystals, e.g., M12 [23,49], while the FVS requires extensive rede-
sign. Conversely, the FVS is the more economical choice for simple
applications requiring only accurate prediction of zero moments
and hypervolume.
3.2.2. Case 2: Size-dependent breakage
Here, we further assess the performance of the numerical tech-

niques in tackling size-dependent breakage, C v ;wð Þ ¼ v w, for the
same stoichiometric kernel as Case 1, i.e., b v ;w;v 0;w0ð Þ ¼ 4= v 0w0ð Þ.



Table 4
Time-averaged relative errors in the moments of order k and lwith respect to v and w, respectively, rkl (Eq. (13)), for Case 1 predicted by the FPT and FVS (Scheme 2a [35]) up to
t ¼ 10 using different number of geometrically spaced grid points.

Grids FPT FVS

r00 r10 þ r01 r11 r00 r10 þ r01 r11

15 � 15 4.34e�1 9.46e�2 4.24e�5 1.59e�1 2.61e+1 1.88e�1
20 � 20 3.06e�1 5.13e�2 4.24e�5 9.16e�2 1.39e+1 1.88e�1
25 � 25 2.20e�1 3.20e�2 4.24e�5 5.61e�2 8.58 1.88e�1
30 � 30 1.64e�1 2.18e�2 4.24e�5 3.66e�2 6.30 1.88e�1
35 � 35 1.27e�1 1.58e�2 4.24e�5 2.49e�2 5.18 1.88e�1
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Due to the absence of an analytical solution for number density, we
benchmark the numerical moments against their analytical solu-
tions in Table 1. In this breakage scenario, larger particles break
at more rapid rates than smaller ones resulting in negligible FDE
compared to Case 1, thus enabling the comparative assessment
of the moments. The solution is evaluated up until t ¼ 10, corre-
sponding to an increase in number of particles by a factor of
1.21e+2.

Fig. 6 shows that the FPT and FVS (Scheme 2a [35]) exhibit
excellent agreement with analytical moments, indicating their
remarkable accuracy in predicting the moments. Considering the
less extensive breakage for this case, the grid employed is sufficient
for FPT to capture the zeroth moment accurately, as opposed to
that in Case 1. We further test the numerical computations using
different meshes and both the FPT and FVS demonstrate compara-
ble accuracies for this case. The time-averaged relative errors for
the zeroth moment, r00, using the FPT and FVS are �O(10�8) and
�O(10�9), respectively, while the errors for the first-order
moments, r10+r01, are �O(10-15) and �O(10-16), respectively.
These findings indicate that both methods are suitable for accu-
rately modeling such breakage processes.
Fig. 6. Case 2 (b v ;w; v 0;w0ð Þ ¼ 4= v 0w0ð Þ, C v ;wð Þ ¼ v w): A comparison between
the FPT and FVS (Scheme 2a [35]) against the analytical solution in predicting the
moments of distribution Mkl of order k and l with respect to v and w,
respectively, on a semi-log plot. The moments are normalized against the initial
analytical moments of identical order. Note that the analytical solution for first-
order moments is not available, hence not shown in plot. Here, t ¼ 10 corresponds
to an increase in number of particles by a factor of 1.21e+2. A rectangular grid
with 25 geometrically spaced grid points on both internal coordinates (geometric
ratio � 3) is used.
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3.3. 2D pure breakage with first-order moments conservation

3.3.1. Case 3: Size-independent breakage
Breakage with conservation of first-order moments, M10 and

M01, involves a stoichiometric kernel of b v ;w;v 0;w0ð Þ ¼ 2= v 0w0ð Þ,
where a particle undergoes random breakage into two fragments.
The extent of breakage is less extensive as compared to Case 1.
(a) 

(b) 

Fig. 7. Case 3 (b v ;w;v 0;w0ð Þ ¼ 2= v 0w0ð Þ, C v ;wð Þ ¼ 1): A comparison between the
FPT and FVS (Scheme 2b [35]) against the analytical solution in predicting the (a)
moments of distribution Mkl of order k and l with respect to v and w, respectively,
and (b) average particle sizes on semi-log plots. In (b), different colors are used to
distinguish the average particle size, v

�
(which is also equivalent to w

�
for this case),

and the total average particle size, v
� þw

�
. The moments are normalized against the

initial analytical moments of identical order. Here, t ¼ 5 corresponds to an increase
in number of particles by a factor of 1.48e+2. A rectangular grid with 25
geometrically spaced grid points on both internal coordinates (geometric ratio �
3) is used.



Fig. 9. A comparison of the computation times in seconds of the FPT and FVS with
increasing number of grid points, i.e., 25 � 25, 30 � 30, and 35 � 35, for the four
cases on a log–log plot. The solutions were computed using MATLAB� 2022b on a
workstation equipped with Intel� CoreTM i5-1135G7 CPU with a clock speed of
2.40 GHz and 16 GB of installed memory (RAM),
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For a size-independent breakage, particles are expected to fall out
of the minimum size threshold at extended times. In the absence of
analytical number density, we compare the numerical moments
with the exact moments tabulated in Table 1 but plotted the
results up until t ¼ 5 (increase in number of particles by a factor
of 1.48e+2) to minimize the impact of FDE on the comparative
assessment.

Fig. 7a shows that both the FPT and FVS (Scheme 2b [35]) pre-
dict the zeroth moment satisfactorily, demonstrating similar per-
formance with r00 �O(10�3) across different meshes. Notably,
the FVS outperforms the FPT in predicting the first-order moments,
with r10+r01 �O(10-13) compared to the FPT, with r10+r01 �O
(10�5). This can be attributed to the intrinsic characteristic of the
FVS (Scheme 2b of Saha et al. [35]), as it was designed to preserve
the first-order moments. Consequently, the average size and total
average size of particles are well predicted by both techniques,
as seen in Fig. 7b. However, the FVS shows poor accuracy in pre-
dicting the hypervolume M11, with r11 �O(10�1), as also reported
in [35], whereas the FPT achieves an error of r11 �O(10�8), indicat-
ing better performance. This is expected as the FVS Scheme 2b [35]
was designed to preserve only the first-order and zeroth moments,
thus compensating for the accuracy of other moments. Therefore,
while the FVS schemes are simple to implement with reasonable
accuracy, distinct schemes (Scheme 2a for Cases 1–2 and
Scheme 2b for Cases 3–4) are necessary for different conservation
requirements. Moreover, as alluded to earlier, the FVS is limited to
preserving only two properties of choice and compromises the
accuracy of other moments. In this regard, the FPT, despite its
slightly added complexity, can be tailored to suit different conser-
vation scenarios, making it well-suited for general usage. In con-
trast, where only the first-order moments and average particle
sizes are important, the FVS is adequate for such applications.
3.3.2. Case 4: Size-dependent breakage
Finally, we evaluate the performance of the FPT and FVS

(Scheme 2b [35]) in handling size-dependent breakage for the
same breakage phenomenon as Case 3. The solution is computed
Fig. 8. Case 4 (b v ;w;v 0;w0ð Þ ¼ 2= v 0w0ð Þ, C v ;wð Þ ¼ v þw): A comparison between
the FPT and FVS (Scheme 2b [35]) against the analytical solution in predicting the
moments of distribution Mkl of order k and l with respect to v and w, respectively,
on a semi-log plot. The moments are normalized against the initial analytical
moments of identical order. Note that the analytical solution for hypervolume is not
available, hence not shown in plot. Here, t ¼ 10 corresponds to an increase in
number of particles by a factor of 4.10e+1. A rectangular grid with 25 geometrically
spaced grid points on both internal coordinates (geometric ratio � 3) is used.
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up until time t ¼ 10, which corresponds to an increase in number
of particles by a factor of 4.10e+1. The moments of distribution are
depicted in Fig. 8. While the FPT shows good agreement with the
analytical zeroth moment with r00 �O(10�4), the FVS, interest-
ingly, exhibits a slight underprediction with r00 �O(10�2) at
extended times. Further, quantitative results indicate that the
FVS outperforms the FPT in predicting the hypervolume moments
with r10+r01 �O(10-15), compared to that of FPT at r10+r01 �O
(10�4). Nevertheless, both techniques show promising competen-
cies and would be adequate to model breakage processes of this
type.

3.4. Computation time

To observe the computation times between the FPT and FVS, we
plot the computation times for all four cases with increasing num-
ber of grid points, i.e., 25 � 25, 30 � 30, 35 � 35, as shown in Fig. 9.
It is evident that the computation times associated with both tech-
niques are comparable, with the ratio between their respective
times approaching unity. Although the FVS is relatively simpler
to implement compared to the FPT, both techniques show similar
computational efficiency. With more refined mesh, e.g.,
100 � 100, both techniques took on average of � 55 mins to com-
pute the solutions up to t = 10 for all test cases. Therefore, being
able to resolve the equations accurately and swiftly (within sec-
onds) using a coarser mesh such as that shown in our case studies
will benefit situations which require the multi-dimensional PBEs
to be resolved repeatedly, e.g., during parameter estimation with
a genetic algorithm, or deployment in model predictive control.
4. Conclusions

Two state-of-the-art numerical techniques, i.e., the FPT and FVS,
have established a reputation as promising strategies for tackling
higher-order PBEs. In this work, we evaluate the performance of
the FPT and FVS in solving pure breakage 2D-PBEs and validate
the results against analytical solutions. We considered two types
of 2D breakage scenarios: (i) breakage with conservation of the
first-cross moment (hypervolume) and (ii) breakage with conser-
vation of the first-order moments, both with size-independent
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and size-dependent rate kernels. Our results reveal that, while
both the FPT and FVS exhibit relatively comparable accuracy in
predicting the number densities and in their computation times,
the selection of numerical technique hinges on the properties/mo-
ments that necessitate precise estimation. When up to two impor-
tant moments are critical for observation, the FVS is the preferred
option attributing to its simpler formulation, although necessitat-
ing distinct schemes for conserving different properties (e.g.,
Scheme 2a for hypervolume conservation and Scheme 2b for
first-order moments conservation). Moreover, the selection of
moment conservation in the FVS is also contingent upon the speci-
fic breakage function/mechanism. In contrast, the slightly more
complex FPT offers versatility by effectively balancing accuracy
and the ability to preserve up to four properties in the internal
2D space, rendering it adequate for general usage. Further, for
the conservation of other properties, the FPT formulation is flexible
in adapting to the properties of choice, whereas the FVS requires
redesign. Equipped with an understanding of the capabilities of
numerical techniques in solving multi-dimensional breakage
PBM, we can anticipate an increased utilization of the population
balance model for precise control over the dynamics of multi-
dimensional particles across a diverse range of applications.
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