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Abstract—Block Markov Superposition Transmission (BMST)
codes are a class of spatially coupled codes, that achieve excel-
lent error correction performance via superposition of simple
constituent codes. A BMST encoder consists of an outer basic
code and an inner rate-one block-convolutional shift register.
The resulting graph representation of the encoder allows sliding-
window decoding, similarly to spatially coupled Low-Density
Parity-Check codes. This paper proposes a method to reduce
the decoding complexity by adjusting the step size of the sliding
window. Furthermore, a low-complexity parity-check-based early
termination criterion is introduced, which can be universally
applied to recursive BMST structures.

Index Terms—Spatially coupled codes, block Markov superpo-
sition transmission, sliding-window decoding.

I. INTRODUCTION

Lasting efforts in pushing boundaries of communication
throughput have led to the development of several high-
performance code families, such as Turbo codes [1], Low-
Density Parity-Check (LDPC) codes [2] and Spatially Coupled
LDPC (SC-LDPC) [3] codes. These high-throughput forward
error correction schemes rely on graph-based iterative message
passing decoding to achieve excellent error rate performance.

More recently, Block Markov Superposition Transmission
(BMST) codes have been introduced as another class of
spatially coupled codes, which offers attractive error rate
performance with a flexible code construction [4]. BMST
codes rely on transmitting superimposed code words of a
simple block code, in the following referred to as basic code.
Spatial coupling of basic code words is achieved by a rate-one
block-convolutional encoder as shown in Fig. 1.

Typically, a BMST decoder employs an iterative sliding-
window decoding algorithm based on message passing over
the normal graph representation (see Fig. 2) of the gener-
ator matrix [4]. This is similar to sliding-window decoding
of SC-LDPC codes [5], where decoding is performed on
the parity-check matrix. Three widely studied BMST classes
are non-recursive BMST [4], recursive BMST (rBMST) [6],
and Doubly-recursive BMST (DrBMST) codes [7]. The non-
recursive structure requires large encoding memory and a long
decoding window to approach capacity [8]. These require-
ments are impractical for hardware implementations due to
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long decoding latency, high memory usage and significant
interconnect complexity. Building upon the performance gains
achieved by recursive structures in Turbo codes [9], tBMST
codes were proposed in [6], where the performance improves
substantially with lower encoding memory compared to non-
recursive structures. For instance, rBMST codes with mem-
ory 3 and window size 11 achieve similar threshold perfor-
mance to non-recursive BMST codes with memory 12 and
window size 24 [6]. Further reduction of required encoding
memory and decoding window size was shown in [7] by in-
troducing DrBMST codes. Specifically, a DrBMST ensemble
with encoding memory 2 and decoding window size 7 achieves
a decoding threshold that is 0.06 dB better than that of iBMST
codes with memory 3 and window size 11 [7].

Due to the attractive performance with reduced complexity,
rBMST and DrBMST codes are considered. While the asymp-
totic performance of recursive BMST code classes is analyzed
in [6], [7], this paper focuses on the error rate performance
in the finite-length code word regime and on the reduction of
computational decoding complexity. The main contributions
of this work are summarized as follows:

1) We propose the window step method to reduce the com-
putational complexity of the conventional sliding-window
decoder by moving the window in larger steps than one.
This way, the performance-complexity trade-off of the
BMST system can be adjusted with a single parameter
that determines the step size.

2) We introduce a universal early stopping criterion for
the iterative decoder that relies on the parity-check
constraints defined by the Single Parity-Check (SPC)
nodes present in any recursive BMST graph. This method
outperforms the widely-used entropy-based stopping cri-
terion [4] in terms of average computational complexity.

3) In order to compare rBMST and DrBMST codes to
5G LDPC codes in terms of computational complexity
and error rate performance, a complexity analysis of the
respective decoding algorithms is presented. We show
that DrBMST codes can achieve a better performance-
complexity trade-off than 5G LDPC codes with layered
Belief Propagation (BP) decoding under an equal decod-
ing latency constraint.
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Fig. 1: Two variants of recursive BMST encoders with encoding
memory m = 2.

II. SYSTEM OVERVIEW
A. Recursive BMST Codes

Let C[N¢, Kc] be a binary linear block code of length
Ng¢, dimension K¢, and rate Rc = Kc/Ne, in the following
referred to as basic code. Given a long block of information
bits u, it is partitioned into a sequence of L sub-blocks denoted
as u = [ug,uy,...,uy 1] with u; € FXX. The parameter L
is commonly referred to as the coupling length in the context
of spatially coupled codes. To ensure good error protection
of the final sub-blocks, 7" termination blocks are appended at
the end of the sequence. These are defined as u; = 0 for
L <t < L+ T —1. The encoding algorithm is given in [6,
Algorithm 1].

An rBMST encoder with encoding memory m = 2 is
shown in Fig. la. A basic code word x; € Fév < results
from applying the basic code to u;. Subsequently, a rate-one
block-convolutional shift register with m memory elements
superimposes x; and m previously transmitted blocks as

C ZXt@Plct—l @"'@Pmct—ﬂ% (1)

where P; are random permutation matrices for ¢ € {1, ..., m}.

Similarly, the DrBMST encoder consists of the basic en-
coder and two serially concatenated recursive shift registers
with memory 1 as shown in Fig. 1b [7]. The corresponding
rBMST and DrBMST graph representations are shown in
Fig. 2 in normal graph notation [10]. The BMST graph consists
of Repetition (REP) nodes [=], SPC nodes [+] and basic code
nodes [C]. Note that we implicitly integrate the permutations
P; in the edges of the graph for brevity, as they can be
considered as routing networks of width Nc.

The overall rate of the BMST system is determined by the
rate of the basic code R and a rate loss factor R due to
termination, and is given as

K¢ L

~ Ne L+T

with Rjoss approaching 1 for a large coupling length L.
The BMST decoder processes received channel Log-
Likelihood Ratio (LLR) vectors E;h = 4y:/Ny with

= RC Rloss (2)
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Fig. 2: Normal graph representation of two BMST variants with
encoding memory m = 2.

y: = 1 — 2¢; + ng, Additive White Gaussian Noise (AWGN)
n; € RY¢ and noise variance Ny /2. The n-th element of E‘gh

; ch __ P(Yt.n|ct.n=0)
is defined as /7', = log PO

B. Sliding-Window Decoding

Typically, an iterative sliding-window decoding algorithm
is employed for BMST codes (see [4, Algorithm 3]). In this
approach, iterative message passing decoding is performed in a
window consisting of W layers to decode an information block
uy, where u; corresponds to the first layer in the window.

The decoding process within the window is performed for
Iy forward-backward iterations across W layers or until an
early stopping criterion is satisfied. Each iteration consists of
W — 1 forward layer updates followed by W — 1 backward
layer updates. As described in [6], the update schedule of an
rBMST layer is defined as the following node update sequence
[=]—=[+] —=[C] —[+] —[=], while a DrBMST layer update is de-
scribed by [=| —[+] —=[=] —=[+] —=[C] =[] == =+ == [7].
Algorithm 1 summarizes the computation steps in forward and
backward recursion for an rBMST layer with fo(-) describing
a soft-in soft-out decoding function of the basic code. We
denote EfiBf as the LLR messages from node A at layer 7+
to node B at layer 7 4 j, and Efi as the result of the node
operation on all incoming messages of node A at layer 7+ 3.

The modified decoding algorithm including the contribu-
tions of this work is illustrated by Algorithm 2 and will be
described further in Section III.



Algorithm 1 Message Updates for rBMST Structure.

Algorithm 2 Sliding-Window Decoding of rBMST Codes.

1: procedure Initialize(€5, . .., €5" T 1)
2 £ 4% 0 V(t,i)€{0,..,L+T—1}x{0,...,m}

3 L0 " vte{0,..,.L+T—1}

4: procedure RepToBasicCodeUpdates(7)

5 L1050 ¢ g0 — g070 >[=]—
6:  £50P0 « proso @ P -1 [ ... [ P, £ >+ —
7: L2050 — fo(£%0P0) > [C]—
8: g% ¢ gsobo [ phoso > Compute APP sum for node sq.

9: procedure ForwardUpdate(T)
10: RepToBasicCodeUpdates(T)
11: 5070 «— 0 5 gro®
12:  £70 < £0%0 4 gsoro
13:  £0% < g0 — g5i'o

> [+] = [=]

> Compute APP sum for node r.

Vi e {1,...,m} > [=] = [+]

14: procedure BackwardUpdate(r)
15:  RepToBasicCodeUpdates(r)
16: £ « P70 BP£-%0) Vie {l,..,m} > [+]—[=]
> Compute APP sum for nodes r_;.
17: £~ «— L% 4 g0"—i Ve {1,..,m}
>£2 L. r2REP,s £ SPC b2 BC,¢(x) = tanh(x/2)
> LBl =3 (Y(h) - ()
> 0 Bl =97 (9(01) /¢ (L))

C. Multi-Rate Code Construction via Time-Sharing Method

A simple method of achieving multi-rate rBMST code
construction was introduced in [6]. The core idea of the time-
sharing approach is to construct a basic code C[N¢, K¢] with
a desired rate Rc = Kc/Ne by combining two constituent
codes of similar structure but different rates. For rates that
cannot be achieved using a repetition code or a single parity-
check code, i.e., Rc = 1/N or Rc = W-1)/N for N € Z*, we
construct the basic code by encoding a fraction of the informa-
tion bits using a lower-rate code, and the remaining bits with
a higher-rate code. A target rate Rc € (0, /2] can be obtained
by using two repetition codes, whereas rates Rc € [l/2,1)
can be obtained from two single parity-check codes. This
multi-rate construction achieves excellent performance while
the decoding complexity of the basic code remains very low
[6]. In this paper, the time-sharing method will be used to
demonstrate the proposed decoder modifications for several
code rates.

III. PROPOSED LOW-COMPLEXITY WINDOW DECODING

As briefly discussed in Section II-B, the sliding-window
decoder for BMST codes performs iterative message passing in
a decoding window spanning across W layers until a stopping
criterion is satisfied or the maximum number of iterations
Iy is reached. Then, the decoding window is shifted by one
layer position. Especially at high E}, /Ny, the stopping criterion
significantly reduces the average computational complexity
without performance degradation as shown in Section IV.
Without early termination, most iterations do not yield any fur-
ther benefit in high E;, /Ny region, shown in Fig. 4. Doubling

Input: [€65', ..., €5 1+ 1], W, Iw, s, Sw.
Output: [Qo,..., 451
1: Initialize(£§", ...,

t<0
w < 2
: whilet < L—1do
1+ 0 > Iteration counter for current window position.
while ¢ < Iw and not ConvCheck(t + 75) do
for w e (0,...,w—1) do
ForwardUpdate(t 4+ w)
for w € (w,...,1) do
BackwardUpdate(t + w)
t+—tv+1

ch
Tyr—1)
> Index of first layer in a window.
> Initial window size is 2.

TeY XN R LN

—

> Manage window size at start and end layers.

12:  if w < W then > Increase w at beginning of graph.
13: w 4 min(w + Sw, W)
14: elseif t +w > L+ T — 1 then
15: w4 w — Sw

> Compute hard decisions and advance window by Sy layers.
16: if w =W ort > 0 then
17: Compute [ﬁt, ..
18: t<+t+ Sw

> Reduce w at end of graph.

i) ﬁmin(t#»SW,Lfl)] .

Iw from 5 to 10 provides an additional 0.02dB gain, while
further increasing to Iy = 15 offers 0.01dB improvement
but increases the complexity by 50%. In other words, many
computations are effectively wasted, thus avoiding them by
early stopping is crucial for reducing complexity.

A. Window Step Method

To reduce computational complexity and explore new
performance-complexity trade-off regimes with a predictable
decoding schedule, we propose modifying the sliding-window
decoder such that the window can advance in steps Sw > 1 as
illustrated in Algorithm 2. Thus, Sy information block esti-
mates U, are computed per window position and the maximum
number of layer updates is reduced by the factor Syy.

Sliding-window decoding of BMST codes relies on wave-
like convergence [11]. The decoding wave denotes the bound-
ary between the already-converged layers and the yet-to-
be-decoded layers, i.e., the layer position where bit error
probability rises. Due to the known encoder initialization, the
decoding wave starts at the first layer and propagates through
the graph. In order to provide low error rates, the window must
not lose track of the decoding wave. Otherwise, the remaining
layers will inhibit high error probabilities.

A poorly chosen stopping criterion may lead to premature
termination and insufficient convergence within the decoding
window. Consequently, the window may proceed faster than
the decoding wave propagates, especially for larger Sw. To
avoid this, we propose to perform the convergence check for
a window position ¢ at delayed layer position t+7s, where 75 is
referred to as the convergence check position within a window.
This is indicated in Algorithm 2. We observed in Section IV-B
that this significantly improves the error rate performance by



allowing slightly more iterations and improving the decoders
ability to track the decoding wave.

B. Entropy-based Early Termination

In [4], [6], early termination during sliding-window de-
coding is achieved using an entropy-based stopping criterion.
Decoding is stopped once the changes of the exchanged
messages from one iteration to the next are sufficiently small.
For this purpose, the entropy rate h,(Y ) with random vector
Y, corresponding to the received vector y, at layer 7, is
estimated at every iteration ¢ as shown in ConvCheckEntropy
of Algorithm 3. Here, £2" refers to the extrinsic LLR vector
computed by the repetition nodes [=| towards the channel half
edges (see Fig. 2a).

The window decoding for a target layer ¢ is stopped, if
[P (Yigrs) — hu—1(Yipr )| < € for a fixed threshold e. In [4],
the entropy rate is initialized as ho(Y:) = 0 with 75 = 0 before
decoding a window position ¢, leading to at least two iterations
even at high E;,/Ny. We propose to initialize ho(Y ¢4+ ) using
the computation in ConvCheckEntropy of Algorithm 3, such
that one window iteration can be sufficient at high E,/Ny to
fulfill the stopping criterion.

C. Proposed Early Termination using SPC Syndromes

Looking at ConvCheckEntropy of Algorithm 3, the high
computational complexity of the entropy-based stopping crite-
rion is evident, especially for large N¢ due to the high number
of additions, exponential functions and logarithms. Moreover,
it relies on monitoring the similarity of messages between
successive iterations, leading to at least one required iteration.

In [4], if an outer Cyclic Redundancy Check (CRC) code
is available, it can also be used for error detection purposes.
However, this outer code would inherently introduce a rate
loss. Alternatively, a stopping criterion using the parity-check
matrix of the basic code can be employed [11]. However, such
a mechanism depends on the choice of the basic code.

To reduce computational complexity and avoid any rate
loss caused by an outer error-detecting code, we propose a
simple early termination criterion that is universally applicable
to recursive BMST structures by evaluating the constraints
of SPC nodes available from the convolutional encoder. This
convergence check is illustrated by ConvCheckSPC in Algo-
rithm 3 and applied in Algorithm 2. After each iteration ¢, the
N¢ syndromes of the SPC node at layer ¢ are computed. If all
N¢ syndromes are fulfilled, the current window decoding is
terminated and the window shifts to the next layer. Note that
this method does not require comparing results of different
iterations. Thus, the number of required iterations can reach
zero at high E, /Ny, if the first convergence check is done
before the first iteration.

Similarly to the entropy-based method, the SPC-based crite-
rion is agnostic to the choice of the basic code. For DrBMST,
we observed that it is sufficient to evaluate the constraints of
only one SPC node per layer. Neither criterion is used as a
proper error detection mechanism, but serves as an indicator
for convergence of the decoding window.

Algorithm 3 Early Stopping Criteria of rBMST Codes.

1: function ConvCheckSPC(7)

2 s+ sgn(£3PC0BCo) o 5o (£BCoSPCo)

3: return s = +1

4: function ConvCheckEntropy(7)

50 0" £ + £ —log (1 + exp £5") — log (1 + exp £5")
6 h(Yr) & —5= 0% o

7: return |h,(Y:) — ho—1(Y7)| <e

TABLE I: Complexity metrics for BMST and LDPC codes. dj, d5
denote the j-th variable and i-th check node degree in a 5G LDPC
base graph with lift size Z, respectively.

A\;i.focogilzt / olgslgnl?;;als:r Operations per iteration
Metrics rBMST DrBMST LDPC
2 d; > 2
. (m+1)N, 4Ng z _
Addition TC K—g o Yydi-ql dy=2
0 d; =1
) F1)N 5N Z
Boxplus % K—g o > (2ds —1)
Basic Code % -
c

D. Decoding Complexity

A fair code comparison should include a complexity in-
dicator for achieving a given target error rate. We consider
computational complexity as operation counts (e.g. additions
and boxplus) over the decoding process, normalized by the
number of information bits.

Table I summarizes the complexity metrics for rBMST,
DrBMST under sliding-window decoding and LDPC with
row-layered decoding. The computational complexity of
rBMST and DrBMST decoding is expressed as the number
of operations per layer update and information bit, while the
LDPC complexity is considered in terms of operations per
iteration and information bit. The computational complexity
of updating an rBMST layer is derived directly from counting
operations in Algorithm 1. A similar approach can be done
for DrBMST codes.

To compute the overall BMST decoding complexity, the
normalized operation counts must be multiplied by the num-
ber of times a single BMST layer is updated on average.
Neglecting the first and last layers, the number of updates
per layer is upper-bounded by 25w (W — 1)/Sw. Note that
for BMST systems with a rate-1/2 repetition basic code, the
complexity of the basic code decoder is zero during forward
and backward recursions and thus does not contribute to the
overall computational complexity.

Similarly to BMST, the average number of iterations must
be included in case of LDPC decoding. The maximum number
of LDPC iterations is denoted as I, . For LDPC decoding under
a row-layered schedule, the number of operations per iteration
depends on the degree distributions, the lifting factor Z, and
is normalized by the information word length Ks¢.
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Fig. 3: Multi-rate performance of rBMST with and without early
stopping. Time-sharing basic codes with K¢ =~ 1000 are used, with
L=110,T=3, m=3,Iw=5 W=11, Sw =1, 15 = 2.

IV. PERFORMANCE EVALUATION

This section evaluates the methods proposed in Section III
regarding Bit Error Rate (BER) performance and computa-
tional complexity.

A. SPC-based Early Stopping

In Fig. 3, the proposed SPC-based early stopping is com-
pared to the entropy-based stopping criterion with ¢ = 1076
[6] and a sliding-window decoder without early termination for
time-sharing basic codes with four different rates R¢ in terms
of BER and average updates per layer versus Fj/Ny. Both
stopping criteria achieve virtually identical BER without any
noticeable performance degradation to the decoder not using
early stopping.

Furthermore, SPC-based early stopping outperforms
entropy-based stopping at high E,/Ny in terms of layer
updates for the tested rates Rc > 1/2. This is due to the
requirement of at least one full window iteration in the
entropy-based case as explained in Section III-B. At a low
rate Rc = 1/3, we observed that using entropy-based stopping
can achieve on average less layer updates than for higher
rates. Compared to SPC-based stopping, using entropy-based
stopping results in approximately the same amount of layer
updates for Rc = 1/s.

The influence of choosing certain maximum iteration counts
Iy is investigated in Fig. 4. Only a minor benefit in terms of
BER is observed when increasing Iy from 5 to 10 and 15.
This is reflected in measured computational complexity, as
the average number of layer updates quickly shrinks to similar
values in the waterfall region. Consequently, at medium to high
Ey /Ny, the maximum number of iterations is rarely required.

B. Window Step and Convergence Check Position

As explained in Section III-A, selecting the convergence
check position 75 within a window can influence the BER and

—o— SPC-based early termination
10—4 —{ - ©- No early termination

S

Avg. updates
per layer

T T

0.7 0.8
Eb / NO in dB

Fig. 4: rBMST with and without early stopping and varying max-

imum number of window iterations Iw. Parameters of Fig. 3 with
Rc = 1/2, K¢ = 1000 are used.
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Fig. 5: rBMST with varying convergence check position 7s. Param-
eters of Fig. 3 with Rc = 1/2, K¢ = 4000 are used.

average number of layer updates. Fig. 5 evaluates different 75
using SPC-based stopping for varying Sw.

Increasing the window step Sw from 1 to 2 and 2 to 3 with
a properly chosen 7g introduces a BER degradation of 0.11 dB
and 0.15dB, respectively. As explained in Section III-D, the
maximum number of updates per layer scales with 1/s,. In the
waterfall region, early stopping quickly reduces the average
number of layer updates for Sy = 1, while the reduction is
less significant for larger window steps Swy.

Clearly, performing convergence check too early at a small
7s can degrade the BER, especially for larger Sw. In Fig. 5,
7s = 1 is sufficient for Sy = 1, while 7¢ = 2 is required
for Sw € {2,3} to achieve identical BER as without early
stopping. Choosing an even larger 7s, thus enforcing a higher
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Fig. 6: Performance and average additions of tBMST and DrBMST
using window step methods for rate Rc=1/2. BMST parameters: see
Fig. 3, Kc=768; 5G LDPC parameters: R=1/2, Ksc=W Kc=8448.

degree of convergence in the window leads to an increased
number of layer updates without influencing the BER in the
considered range.

C. Computational Complexity Evaluation

In hardware implementations, addition operations are of-
ten more costly than the boxplus operations, which can be
approximated using the min-sum rule. Thus, we evaluate the
computational complexity as the average number of additions
required during decoding. Fig. 6 illustrates the BER and
average number of additions of rBMST codes with m = 3
and DrBMST codes employing the window step method with
75 chosen as in Section IV-B. Measured at BER= 1075, the
DrBMST structure achieves better error-rate performance and
requires fewer additions compared to rBMST.

We consider the decoding latency as the number of received
samples that must be collected before decoding an information
block. For a BMST decoder, the latency equals W N¢ bits,
whereas for a 5G LDPC decoder it is N5 bits. Accordingly,
we define the equal-decoding-latency configuration of BMST
and 5G LDPC codes as Nsg = W Ng. Fig. 7 depicts E,/ Ny
and the number of additions per information bit required to
achieve a target BER = 107°. Here, Kc = 768 is used in
BMST systems with W = 11 for a fair comparison, thus
Ksg = 8448 holds for LDPC.

We observe that DiBMST codes achieve performance com-
parable to that of the rBMST codes while offering lower
overall complexity. This advantage is due to the fact that
DrBMST requires on average fewer layer updates, even though
each layer update involves the same number of additions as
the rBMST code with m = 3 (see Table I and Fig. 6).

Furthermore, DrBMST codes can provide a 0.13 dB coding
gain over 5G LDPC codes at a similar computational complex-
ity. The performance-complexity curves of DrBMST and 5G
LDPC intersect at I} = 10, beyond which the 5G LDPC code
outperforms DrBMST for higher iteration counts.

- BMST
25 2.0 =16 DrBMST
8 g 18 —%—5G LDPC
- T |
E - 1.
32
£ © 1.6
o

N =

2 E
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Fig. 7: Performance-complexity trade-offs of rBMST, DrBMST and
5G LDPC codes. BMST parameters: see Fig. 6, Sw € {1,2,3}. 5G
LDPC parameter: Ksc=W Kc=8448. Early termination is enabled.

V. CONCLUSIONS

This paper introduced a new way of achieving certain
performance-complexity trade-off domains in BMST by allow-
ing larger steps in the sliding-window decoder. Furthermore,
the effectiveness of a novel early stopping criterion was shown,
that exploits the constraints of the SPC nodes in the BMST
graph. This mechanism can be universally applied to recursive
BMST structures.

It was also shown that DrBMST codes employing the
window step decoding method with SPC-based early stop-
ping outperform rBMST and 5G LDPC codes under equal
decoding latency constraints, while requiring similar number
of additions.
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