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Abstract
The finite element method is one of the most widely used computational methods in engineering and science. It provides
approximate solutions to boundary value problems. The quality of these solutions critically depends on the underlying
discretization, the so-called mesh. To optimize the mesh, adaptive refinement methods have been proposed over the last years
that can improve mesh quality over a series of iteration steps. Herein, we propose a novel deep learning architecture that can
cut short the process of mesh optimization. This architecture exploits fundamental invariance and equivariance properties
to keep the amount of training data modest. It can generate high-quality meshes for a given boundary value problem and
a desired target approximation error in a direct, non-iterative way. We demonstrate the performance of our method by the
application to standard two-dimensional linear-elastic elasticity problems. There, our method generates meshes that reduce
the solution error by 22.6% (median) compared to uniform meshes with the same computational demand.

Keywords Mesh generation · Machine learning · Finite element · Adaptive mesh refinement

1 Introduction

In modern computational engineering and science, it is
essential to ensure high accuracy of finite element (FE)
approximations, while keeping the numerical cost manage-
able. One common way of approaching this is to use meshes
with heterogeneous element size distributions across the
domain of interest. The element size distribution is often
chosen in an attempt to ensure that the approximation error
meets a certain criterion, for example, a uniform distribution
over the domain. However, it is typically a priori unknown
what element size distribution is required to meet the desired
error criterion. To solve this problem, current methods of
mesh optimization typically rely on iterative adaptive mesh
refinement (AMR). Thereby, starting from some initial mesh,
in each iteration step the best currently available FE solu-
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tion is used to estimate approximation errors and infer where
regional refinements of the mesh are expected to improve the
accuracy of the FE solution [21, 37]. This process is repeated
until a stopping criterion is met, usually a uniform distribu-
tion of the error estimate or amaximal number of elements (or
degrees of freedom). Typically, such approaches are compu-
tationally expensive, as they require the repeated solution of
a given boundary value problem (BVP) over many iteration
steps (Fig. 1a).

We aim to develop a more computationally efficient
method that directly produces an optimal mesh for a given
BVP, eliminating the need for iterative refinement. machine
learning (ML) offers a promising framework for such a
method. Currently proposed methods for mesh generation
using ML can be grouped into two categories, namely aug-
menting methods and direct methods:

The group of augmenting methods enhance the AMR pro-
cess. For example, Manevitz, Bitar, and Givoli [23] used a
supervised feed-forward multilayer perceptron (MLP) archi-
tecture to predict the gradients of the solution to improve error
indicators. Chen and Fidkowski [7] instead applied a convo-
lutional neural network (CNN) to predict an error indicator
from simulation results at each mesh iteration, while other
methods circumvent the need for an error indicator entirely
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by using a supervised artificial neural network (ANN) [25]
or reinforcement learning (RL) Yang et al. [33] to determine
mesh refinements directly. Both Foucart, Charous, and Ler-
musiaux [11] aswell as Lorsung and Farimani [22] employed
RL in time-dependent problems to adjust the mesh density
during time steps. However, these methods are bound to the
costly iterative AMR procedure, requiring a solution at each
step.Directmethods instead aim to replace the iterativeAMR
process altogether and predict an optimized mesh directly.

Early efforts were made using an ANN to predict the ele-
ment size [10] or an element density [6] for two-dimensional
problems in electromagnetism. Notably, some thought was
given in these works to generalization to more complex
geometries by choosing a certain representation of the input
data, thus respecting rotational invariance in the predicting
network. However, these works seem to have remained with-
out consequence until recently. Zhang et al. [35] proposed
an ANN to predict error values at each point in the domain,
converted heuristically into an upper bound on the element
area. The architecture applies only to the very narrow class
of seven-sided polygons, meaning that virtually every new
geometry would require training of a new network. The same
limitation applies to the follow-up work [34] treating prob-
lems in three dimensions.

Lock et al. [20] parametrized the element size density pre-
diction in terms of source points in the problem domain,
each associated with an element size and an influence radius.

The positions along with their prescribed element size and
radius were predicted by a supervised ANN. Invariances of
the output, for example permutation invariance of the pre-
dicted points, is not discussed and given that the ANN output
is fixed to certain locations in the domain, its capabilities to
generalize is limited.

All of the above direct methods use simple supervised
feed-forwardMLPs and suffer from the inherent restriction to
a fixed number of inputs and outputs, limiting their scalability
to larger problems.

This has been remedied with some success by transform-
ing the problem into the image domain and building on
architectures proven in image processing: Chan, Scholz, and
Takacs [16] and Huang et al. [5] utilized modified versions
of the same CNNs [27] to predict a pixel-by-pixel element
size in the problem domain for one specific plane compu-
tational fluid dynamics (CFD) problem [16] and a limited
class of plane stress problems in linear elasticity [5] including
reentrant corners (stress singularities are not treated). Nev-
ertheless, Chan, Scholz, and Takacs [5] achieved predicted
meshes that fall between a uniform mesh and an AMR base-
line in terms of quality. CNNs allow the generalization to
unseen geometries but limits the resolution of the prediction
to a certain number of pixels and rotational invariancemust be
weakly enforced by using data augmentation, increasing the
computational cost of training. Furthermore, CNNs struggle
with the extension to three-dimensional problems [12].

Fig. 1 Comparison between conventional adaptive mesh refinement and the proposed method. a) The currently used iterative method to obtain
heterogeneousmeshes is computationally expensive. b) The proposedmethod requires training but produces heterogeneousmesheswithout iterations
at inference
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To overcome theses issues, Freymuth et al. [12] proposed
a graph neural network (GNN) that operated directly on an
initial BVP discretization, predicting refinements for indi-
vidual elements. This process is repeated several times until
the final mesh is obtained, eliminating the need for a solv-
ing the BVP at each iteration, thus qualifying as a direct
method. Pfaff et al. [26] predicted an adaptive mesh as sup-
port for their simulation surrogate using a GNN, where the
local representation at each vertex was essential for success-
ful generalization to larger models.

Despite these advances, direct methods for mesh gener-
ation still face challenges in generalizing to a wide range
of problems, yet effective generalization is essential for
realizing an efficient direct mesh generation method. The
computationally expensive training would ideally occur only
once, allowing the computational savings from subsequent
predictions to outweigh the initial cost.

In this proof-of-concept study, we propose a deep learn-
ing method to generate high-quality h-adaptive meshes in a
direct, non-iterative manner (Fig. 1b). An ANN is initially
trained to predict the local relation between element size and
approximation error for a certain class of BVPs. This rela-
tion enables the inference of amaximum element size at each
point in the domain for a desired error threshold. After train-
ing, the method predicts optimized meshes for new BVPs
without requiring iterative error estimates. As an important
improvement compared toZhang, Jimack, andWang [35] and
Zhang et al. [34], our architecture processes general polygons
with an arbitrary number of sides. By leveraging invariance
to cyclic permutations and rigid-body motions, it generalizes
beyond the polygon types in the training data, eliminating
the need for retraining for new polygon classes. This ability
to generalize to new classes of polygons without requiring
retraining is a key advantage of the proposed method.

While the initial training of the artificial neural net-
work is associated with a significant computational cost,
this is a one-time investment. Once trained, the model effi-
ciently generates optimized meshes for a wide range of
geometries, offering dramatic long-term savings compared
to conventional iterative adaptive mesh refinement (AMR)
techniques. This ability to generalize, coupled with the non-
iterative nature of the mesh generation process, shows that
the proposedmethod bears the potential of a computationally
superior alternative for repeated applications.

In Section 2, we introduce our novel deep learning archi-
tecture and how it incorporates knowledge about BVPs. In
Section 3, we describe the BVP data and parameters used for
training. Section 4 reports the results and performance of our
method in specific numerical examples. Section 5 summa-
rizes our main findings and results.

2 Computational framework

2.1 Boundary value problem parametrization

For this proof-of-concept study, we limit our scope to
plane-stress elasticity problems, assuming a homogeneous
linear-elastic material. The problem domain � is assumed
to be a polygon with piecewise constant Dirichlet or Neu-
mann boundary conditions on its edges � and a constant
body force. The constitutive equation of the linear elastic
material is expressed in terms of the two Lamé parameters λ

and μ. By normalizing the body force and Neumann bound-
ary conditions by the second Lamé parameterμ, one express
the Cauchy stress σ in terms of a normalized stress

σ̃ = σ

μ
= β tr (ε) I + 2ε with β = λ

μ
. (1)

Using these normalized quantities, the BVP can be for-
mulated without loss of generality in terms of only a single
material parameter, β, which reduces the dimensionality of
the data space defining our BVPs of interest. I denotes the
identity tensor and ε the linear strain tensor. We denote a
parametrization of such a BVP by B. Its domain boundaries
are described in terms of the polygon’s n corners, indexed in
counter-clockwise direction by i = 1, 2, . . . , n. Each of the
polygon sides has a number of associated features. These fea-
tures are the two position coordinates of the polygon side’s
first corner pi , a Boolean flag δi ∈ {0, 1} to indicate whether
the side is subject to a Dirichlet condition, and two compo-
nents defining either a Dirichlet boundary condition ui or
a Neumann boundary condition t i . Each boundary segment
is either subject to a Dirichlet or a Neumann condition. A
Dirichlet condition is encoded by δi = 1. Free boundaries are
described imposing a zero value Neumann condition. Since
we have either Dirichlet or Neumann boundary conditions
on a polygon segment, it is sufficient to describe the values
of the boundary conditions using the vector

vi =
{
ui if δi = 1,

t i if δi = 0.
(2)

These features are collected in the two-dimensional array
S ∈ R

n×5, whose n rows are formed by the row vectors(
pTi , δi , v

T
i

)
with i = 1, …, n. Furthermore, there are three

global features, namely the two components of the body force
f and the natural logarithm of the scalar material parame-
ter β, collected in G = (ln(β), f T ) ∈ R

3. Hence, the type
of boundary value problem (BVP) we study herein is fully
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described by the parameter set B = {S, G}. Figure 2a) illus-
trates this type of BVP.

2.2 Pointwise convergence regressionmodel

The core idea in our approach is to predict the convergence
of the error of the FE approximation. In the literature, the
convergence behavior of a particular error measure is usually
expressed in terms of some norm and the element size h of
homogeneous meshes, see for example [4, 15, 36]. Here, we
consider a pointwise convergence of a measure E at each
point x. We heuristically assume that it can be expressed as

E(h, x, B) = C(x, B)hM(x,B) (3)

with the two parametrized scalar-valued functions C and
M . The error is thus defined as a function over the entire
BVP domain with the parameters collected in B. It can be
evaluated at any position x, yielding an explicit relationship
between the error and the largest side h of the element con-
taining x, as indicated in Fig. 2b).

Modeling the convergence behavior by such a gray box
model, rather than by a black box model where the error is
computed altogether as the output of a monolithic end-to-
end artificial neural network (ANN), allows us to invert the
model such that the element size can be computed as

h∗(x, E∗, B) =
[

E∗

C(x, B)

] 1
M(x,B)

. (4)

This equation can be exploited as follows. First, the conver-
gence behavior for a large number of BVPs is determined by
computing the finite element (FE) solutions associated with
various discretizations of these BVPs. From these data, the
functions C and M in Eq. 3 can be learned by ANNs. Sub-
sequently, the trained ANNs can be used in Eq. 4 to predict
for new, unseen BVPs the (in general) non-uniform element
size field h∗ that is required to ensure a given target error E∗
at each point. Finally, this element size field can be used to
generate a proper mesh with the desired element size distri-
bution using some existing general purpose mesh generation
algorithm. This procedure is illustrated in Fig. 3.

2.2.1 Assumptions and requirements

For our machine learning model we define several assump-
tions and requirements. These can be understood as a form
of a priori information grounded on general mathemati-
cal insights and principles. Endowing our machine learning
architecture with this a priori information substantially
reduces the amount of training data required and helps the
trained network to generalize beyond the domain of training
data.
Positivity From Eq. 4 it is clear that we must ensure C >

0. Our experiments have shown that instead of learning C
directly, it is beneficial to learn c such that

C = exp(c), (5)

which automatically ensures C > 0. Furthermore, we
assume a positive pointwise rate of convergence M > 0

Fig. 2 Pointwise regression model in the neighborhood of a corner in
the BVP: a) A part of an example BVP domain � (gray) is shown with
boundary conditions {vi−1, δi−1} and {vi , δi }. The vectors ex and ey
form the basis of the global coordinate system, φi is the internal angle
of the i-th corner. b) From training data, we learn how at each point x

discretization length h and error E are related depending on the param-
eters B of the boundary value problem. Once we have learned this, we
can predict the discretization length h∗ that can be expected to ensure
a certain desired error E∗ at each position x
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Fig. 3 Convergence model. During training, ANNs learn to provide at
each point x, for a given boundary value problem B, an estimate of the
functions C and M , governing (local) convergence. Once training has

been accomplished, the trained networks can be exploited to provide
pointwise estimates ofC and M for new, unseen BVPs, that can be used
to infer the local element size h∗ to achieve a given desired error E∗

everywhere. To this end, we found that it is beneficial to not
directly learn M with our ANN but rather m with

M = softplus(m) = log(1 + em), (6)

as suggested in [9].

Cyclic invariance We require that the model be independent
of the corner point numbering, i.e., it must be invariant with
respect to simultaneous cyclic permutations of the bound-
ary specification (geometry and boundary conditions). This
requirement ensures that all equivalent representations of a
BVP result in the same prediction. To achieve cyclic invari-
ance of the model, three components are employed:

First, the topology of the polygon must be represented
correctly. The first row in S represents a side that neighbors
the side represented by the last row.

Second, all polygon sides (rows in S) must be treated
equally. Hence, we cannot simply input S altogether into the
same ANN because the ordering of the input features would
influence the output. Instead, the subsets of features associ-
ated with the respective boundary segments (rows in S) are
processed separately, yielding an output for each boundary
segment as a contribution to the total output. The processing
of the boundary segments’ features is performed by identi-
cally designed networks with shared weights to assign equal
importance to all segments’ contributions.

Third, the contribution of a boundary segment to the total
output must depend on the features of the boundary segment
and, crucially, its neighbors’ features. If the contribution did
not depend on a boundary segment’s neighbors, the model
would become invariant also with respect to non-cyclic per-
mutations, which is undesired. In our implementation, we
use the features associated with a polygon’s side and its two
immediate neighbors. Thus, only such neighborhood infor-
mation is used independently of the global context.

As discussed below, we use 2D convolutional layers with
cyclic padding of the input in our implementation, because
they respect these three requirements naturally.

Objectivity Furthermore, the model must be objective, i.e.,
unaffected by superposed rigid-body motions. The require-
ment of objectivity is realized by transforming the BVP
parametrization into local ξi -ηi -coordinate systems (Fig. 2),
attached to each to each i-th corner in the polygon with
i = 1, ..., n. In doing so, the BVP features are represented
independently of the choice of any global coordinate system.
Two parts of a polygon (or different polygons), that are simi-
lar in the geometric sense (i.e., one being a rotated copy of the
other) may exhibit different components of associated vec-
torial characteristics (like Neumann boundary conditions) in
a fixed global coordinate system, respectively, but they are
ensured to exhibit the same components in their respective
local coordinate systems. Since we assume that the error is
determined locally, we require that similar geometries are
associated with locally similar errors. Moreover, the local
representation of the features is beneficial in the ML task at
hand, because objectivity is enforced by design and does not
need to be learned by othermeans such as data augmentation.

Parametrized contributions Finally, we regard the conver-
gence behavior of the error E as a global function over the
BVP domain, depending only on the BVP features. This is
achieved by modeling c and m as parametrized functions.
In our approach, we choose to represent c and m in terms
of Gaussian functions whose parameters depend only on the
BVP features. The position x is only used to evaluate the
Gaussian functions for a particular position.We can therefore
be sure that our model does not learn spurious correlations
with the representation of x.
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Fig. 4 Artificial neural network architecture. For each of the n corners
of the polygon, first the relevant neighborhood information is extracted
from the global feature matrix S by an appropriate convolutional layer
with fixedweights and concatenated into a 1×15 row vector (illustrated
in red on the left). Subsequently, to ensure objectivity, global coordi-
nates are transformed to (unique) local coordinates using the procedure
described in Section 2.2.2, yielding thereby a selection of the locally

relevant features in local coordinates that is referred herein as Bi . The
stacked frames represent the separate processing of each corner’s fea-
tures. The red frame processes the i-th corner’s features. Bi is processed
by a trainable ANN consisting of fully connected layers, whose weights
are shared across all n corners. Its outputs are the parametersαi jk , which
yield, via Eqs. 11 – 13, the Gaussian functions gi j that contribute to C
and M (Fig. 5)

In the following three subsections, we explain the model’s
architecture in detail. Figures 4 and 5 provides a visual rep-
resentation of its composition. Its elements are explained in
detail in the following subsection.

2.2.2 Feature representation

The input to the model consists of the BVP parametrization
B = {S, G} and the position vector x. The first layer in our
network architecture is an untrainable convolutional layer

Fig. 5 Contributions from Gaussian functions to predicted C . For a
given BVP, the contributions of the Gaussian functions gi j to C are
shown. The computation of M is completely analogous and indicated
by dashed outlines in the background. The BVP’s corners and Gaus-

sian functions are indexed by i and j , respectively. The three individual
Gaussians for corner i = 1 are shown (bottom left) as well as their sum
(bottom right). A single layer perceptron (SLP) transforms the summed
contributions from all n corners to obtain C
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with a kernel size of (1, 2W + 1), whose kernel weights are
initialized with values of either 0 or 1, such that the features
from adjacent sides are simply concatenated. That is, with
our choice W = 1, the three 1 × 5 row vectors with the
features of a specific side of the polygon and the two sides
directly adjacent to it are concatenated into a 1 × 15 row
vector with the same content (illustrated in red on the left
side of Fig. 4). We perform this operation for each of the
n sides of our polygon. The purpose of this layer is merely
the selection of the neighborhood features around a polygon
corner from the features assembled in the global matrix S.
We apply cyclic padding of the input features in this layer,
as suggested by Schubert et al. [28], in order to respect the
cyclic structure of the polygon.

For a software implementation it is usually helpful to
define geometric features like corners or boundary conditions
initially in terms of some uniform global coordinate system.
However, to achieve objectivity (that is, independence of the
choice of this global coordinate system) we transform the
coordinates of geometric features first into a unique local
Cartesian coordinate system before processing them in our
machine learning architecture. For machine learning steps
related to the i-th corner, this local coordinate system is
assumed to have the origin pi and the unit basis vectors eiξ
and eiη. The former basis vector is defined pointing inwards
parallel to the angle bisector at the i-th corner. The latter is
constructed orthogonal to eiξ such that a right-handed coor-
dinate system is obtained.

To transformposition vectors into the local coordinate sys-
tem, one first applies a translation by subtracting the position
of the i-th corner, that is, one defines relative positions

ρ−
i = pi−1− pi , ρ+

i = pi+1− pi and ξ i = x− pi , (7)

where x denotes some point in space. As a next step, both
position vectors and other vectors (e.g., those defining loads
and displacements) are written as column vectors and multi-
plied with a rotation matrix Ri ∈ SO(2) whose columns are
the unit vectors ex and ey of the global system, represented
in the i-th local coordinate system. This rotational transfor-
mation provides the coordinates of all vectors in terms of the
local eiξ -e

i
η-basis, which is required to ensure objectivity of

the data processing of our machine learning architecture.
Figure 2 exemplarily shows the description of an arbitrary

position x by ξ i . Note that in the local representation, the
coordinates of the corner point pi are always zero, because
it is the origin of the local coordinate system. Hence, it can
be omitted in the input to the trainable layers. Furthermore,
from the features associated with side i + 1, only the corner
point pi+1 is used because it constitutes the end point of
the i-th side. Hence, only 10 of the 15 features extracted
from S are needed to determine the neighboring sides in both
forward and backward direction from the i-th corner, namely

{
ρ−
i , δi−1, vi−1, δi , vi , ρ

+
i

}
. These 10 selected features are

concatenated together with the global features ln(β) and f
into the 1 × 13 array Bi , resulting in the representation of
the i-th corner’s neighborhood in its own coordinate system.
These localized features constitute the input to the trainable
layers.

2.2.3 Parametrized contributions

The mesh size required to ensure a certain error at a certain
point x depends on its position relative to each boundary
segment as well as on the boundary conditions imposed on
the respective boundary segments because this information
(together for all points in the domain) defines the BVP as a
whole. Without loss of generality, one can thus express the
functions c and m as

c(x, B) = wc

n∑
i=1

ci (x, B)+bc and m(x, B) = wm

n∑
i=1

mi (x, B)+bm

(8)

with contributions ci and mi from all n sides of the BVP
geometry, wherewc, bc,wm and bm are scalars. Note that the
ci andmi in Eq. 8 in general depend on all parameters in B so
that also complex (e.g., long-range or nonlinear) interactions
between the effect of different sides of the polygon can in
principle be represented by suitable functions ci and mi so
that Eq. 8 does not imply any loss of generality.

However, to reduce the complexity of our problem for
practical purposes, we herein make the additional heuristic
assumption that the contributions of the i-th boundary seg-
ment ci and mi can be computed by information about this
boundary segment itself as well as its two adjacent boundary
segments, which corresponds to the relevant neighborhood
information Bi illustrated in red in the section neighborhood
extraction of Fig. 4. That is, we assume

c(x, B) = wc

n∑
i=1

ci (x, Bi )+bc and m(x, B) = wm

n∑
i=1

mi (x, Bi )+bm .

(9)

We underline that Eq. 9 neglects compared to Eq. 8 certain
nonlinear interactions between boundary segments. How-
ever, the success of this assumption in the examples below
demonstrates that it is sufficient as a heuristic basis for the
time being.

We allow any boundary segment to influence the desired
mesh size at any point x in the domain, not only in the neigh-
borhood of the segment. However, physically it is reasonable
to assume that the influence can generally be described by
some sort of function decaying with spatial distance. Herein,
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we hence assume that the influence of the i-th boundary seg-
ment on the convergence at point x can be modeled through
a series of Gaussian functions. That is, we assume

ci (x, Bi ) =
Kc∑
j=1

gi j (ξ i , Bi ) and mi (x, Bi ) =
Kc+Km∑
j=Kc+1

gi j (ξ i , Bi )

(10)

with Gaussian functions gi j (ξ i , Bi ) defined as

gi j (ξ i , Bi ) = Ai j exp

[
− 1

2

(
ξ i − μi j

)�
�−1
i j

(
ξ i − μi j

)]
(11)

with

Ai j = αi j1, μi j =
(

αi j2

αi j3

)
, �i j = Qi j�Q�

i j , (12)

where

� =
[
α2i j4 + 10−7 0

0 α2i j5 + 10−7

]
, Qi j =

[
cos(αi j6) − sin(αi j6)

sin(αi j6) cos(αi j6)

]
.

(13)

Note that�i j is positive definite by construction. The sum-
mands 10−7 in � are added for numerical reasons to ensure
that the variance of the Gaussian functions is always suffi-
ciently different from zero to avoid numerical problems. For
ease of notation we dropped in Eqs. 11, 12 and 13 the depen-
dence of Ai j , μi j , �i j , Qi j and the αi jk on the characteristic
properties of the BVP captured by the Bi . We note that the
parameters Ai j , μi j , �i j , and Qi j of the Gaussian functions
gi j are directly governed by the altogether six scalar parame-
ters αi j1, . . . , αi j6. These are determined by the Bi by some
in general non-trivial relation. This relation can, for example,
be learned by a dedicated ANN.

The number of Gaussian functions is controlled by the
hyperparameters Kc and Km . These hyperparameters are
comparable to the model degree in polynomial regression in
the sense that a larger number of functions results in a greater
expressivity of the contributions but bears the risk of over-
fitting. Hyperparameter tuning revealed that Kc = Km = 3
provides enough expressivity to model the i-th side’s con-
tributions to the convergence behavior and more Gaussian
functions do not result in a better performance. Hence, in
total, there are Kc + Km = 6 Gaussians associated with
every corner. The first Kc = 3 Gaussian functions contribute
to ci , whereas the following Km = 3 functions contribute
to mi . Given that each Gaussian function has 6 unknown
parameters αi j1, . . . , αi j6, this yields altogether 36 unknown
parameters.

The Eqs. 5, 6, 9 - 13 enable the computation of func-
tions C(x, B) and M(x, B), as visualized in Fig. 5. That is,
they allow modeling the convergence behavior in a way that
depends on altogether n × (Kc + Km) × 6 scalar param-
eters αi jk(Bi ). How to choose these parameters depending
on the characteristics Bi of the BVP is beyond what can be
grasped analytically. Therefore, machine learning is used to
determine the relation between the Bi (input) and the corre-
sponding αi jk (output). Details are discussed in the following
subsection.

2.2.4 Trainable artificial neural network

ANNs are used to map the localized features to the values
of the functions ci and mi . More precisely, the output of the
ANN are the parameters αi jk that are used to determine the
parametrized functions ci and mi over �. We have

αi jk = fi (Bi , θ i ), (14)

where the fi are the ANNs and θ i their trainable parameters.
As described in Section 2.2.1, to achieve cyclic invariance of
the prediction, all corners must be processed separately and
equally. That is, we must use fi = f to map the neighbor-
hood features of each corner to its corresponding parameters.
Equivalently, to process a polygon with n corners, we require
n identical ANNs and hence θ i = θ .

From an implementation point of view, it is convenient
to use a CNN [13, 18]. Typically, such networks are used to
process images and have the following characteristics: The
input is a multi-dimensional array, typically an image with
one or more color channels. The input is scanned by a filter
that “slides” over the elements of the input in two dimen-
sions and maps the features in further dimensions (e.g., color
values) within awindow-view of the input to an output. How-
ever, if thewindow size is 1-by-1, only the features of a single
input element are used. In this case, the neighborhood rela-
tion between adjacent elements in the input is discarded, but
still all pixels are processed using the same filter. Effectively,
such a CNN consists of a fully connected network that is
applied to the input pixel-by-pixel, where the input consists
of the input pixel’s channels [19].

In our implementation, we utilize this CNN architecture to
process all corners’ features simultaneously. The represen-
tations Bi are concatenated and the resulting array of shape
(n, 13) is passed through several convolutional layers, all
using 1-by-1 kernels. In analogy to the image domain, the
input corresponds to an image of height 1 and width n with
13 channels. Owing to the use of filters in CNNs, only the
last dimension of the input is fixed, meaning that the number
of corners n that can be processed using this architecture is
variable, allowing us to process polygons with an arbitrary
number of corners.
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According to the results of hyperparameter tuning, we
use eight ELU-activated layers [8] with 182, 91, 45, 45,
45, 45, 91 and 182 filters respectively, with an additional
bias input in each. These layers are followed by a single
unactivated layer with 36 filters. The number of neurons
in the final layer is determined by our particular choice for
the corners’ contributions on the prediction, as described in
Section 2.2.3. We use dropout [29] with a retaining probabil-
ity of p = 0.7 (dropout rate of 0.3) between all nine hidden
layers of the network. As suggested by Srivastava et al. [29],
we impose a max-norm constraint on the weights of the lay-
ers with a value of 4. In total, the layers have 57,069 trainable
parameters. From the trainable layers, we obtain an array of
parameters of shape (n, 36), which comprises the outputs
from all sides in the BVP geometry. The parameters are rear-
ranged into an arraywith elementsαi jk , with i = 1, 2, . . . , n;
j = 1, 2, . . . , (Kc + Km); k = 1, 2, . . . , 6.
Note thatwe can captureEqs. 5, 6 and9by twoSLPswith a

single neuron in each and correspondingly chosen activation
functions, thereby adding 4 additional trainable parameters,
raising the total to 57,073 trainable parameters.

3 Numerical examples

3.1 Definition of BVPs

To generate rich training data, we produced a wide variety of
random BVPs. We use the 2-opt algorithm implementation
of Auer andHeld [2] as a random polygon generator to create
polygonal BVP domainswith n cornerswithin the unit circle.
This algorithm is not limited to a specific class of polygons
(e.g., convex or star-shaped), but produces polygons that are
general in nature [2].

Once a polygonal domain has been created, boundary con-
ditions are randomly assigned to each side with probabilities
of 40% for a free boundary (Neumann boundary with zero
load), 30% for a Neumann boundary with non-zero load, and
30% for a Dirichlet boundary. The values of Dirichlet con-
ditions are determined by a random angle, drawn uniformly
from [0, 2π), and a magnitude drawn uniformly from the
interval [0, 10−5) in units of displacement. Similarly, Neu-
mann conditions are determined by uniformly drawing an
angle of attack from [0, 2π) and a magnitude from [0, 10−4)

in units of force per length. Free boundaries are equivalent to
Neumann conditions with all zero components. The magni-
tude of the body force is drawn uniformly from the interval
[0, 10−3) in units of force per area and its angle is drawn
from the interval [0, 2π). The unitless material parameter β

is drawn from a reciprocal distribution, such that ln(β) is
uniformly distributed in the interval

[
ln(10−4), ln(104)

)
. To

obtain validBVPs, any problemwithout aDirichlet condition
is discarded.

3.2 Singularities

The generated geometries for the BVPs are in general not
convex. In the neighborhood of reentrant corners, the stresses
may approach infinity [24, 32] and the approximations fail
to converge. Notably, such singularities may “pollute” the
solution quality also in a different region of the domain
[3]. To prevent stress singularities at reentrant corners and
the associated problems, the randomly generated BVPs are
modified. All corners are rounded, as illustrated in Fig. 6.
The radius Ri of the fillet at the i-th corner is determined
on the basis of the shorter of the two sides adjacent to
it. To this end, we use a third of the length �i,min =
min

{‖ pi+1 − pi‖, ‖ pi − pi−1‖
}
to define

Ri = �i,min

3
tan

(
2π − φi

2

)
. (15)

It ensures a smooth transition of the fillet into both adjacent
sides at a distanceof �i,min/3 from the corner. Thefillet geom-
etry is fully determined by the BVP parametrization encoded
in B. Hence, adding fillets does not require any amendments
to B to hand over a complete description of the respective
BVP to a machine learning algorithm. We impose zero value
Neumann boundary conditions (free boundaries) in all fillet
regions.

Herein we use linear finite elements (with straight sides)
only. Thus, the piecewise linear approximation of the geom-
etry converges to the exact round geometry as the mesh size
h approaches zero.

3.3 Mesh specifications

In this proof-of-concept study, we only consider meshes of
linear triangular elements. All meshes were generated with
Gmsh [14].

For each BVP, a reference solution u is computed with an
adaptive refinement procedure. To this end, an initial homo-
geneous mesh with the element size h = 0.005 is gradually
refined using the so-called ZZ indicator [38], until the rela-
tive percentage error of η̄ = 0.1 is reached in each element.
The solution computed on the basis of the resulting mesh is
considered a (quasi-exact) reference solution. It is used in
lieu of the exact (in general unknown) solution to determine
the approximation quality. In the following, we understand
the solution u, strains ε and stresses σ to be quasi-exact.

To generate data revealing the relation between mesh
and convergence, seven additional approximations were pro-
duced for everyBVP, each using a homogeneousmeshwith a
different element size, spaced logarithmically on the interval
[0.02, 0.1] (Fig. 7) such that the quasi-exact approximation
has smaller elements everywhere. Quantities derived from
computations with these meshes are denoted by a subscript
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Fig. 6 Rounded corners. All corners of the polygons are rounded to avoid singularities

h. All approximate solutions to the BVPs were computed
using the finite element solver FEniCS [1].

To recover the gradient of the displacement at the mesh
nodes, superconvergent patch recovery (SPR) [39] was
applied. Using this gradient, the stress and strain tensors
could be interpolated over the domain using the element
shape functions, allowing the computation of a pointwise
error measure E = √

(σ − σ h) : (ε − εh) in terms of the
quasi-exact stress and strain tensors σ and ε and their approx-
imate counterparts andσ h and εh . The associated total energy
error norm is

‖u − uh‖E =
(∫

�

E2 dx
) 1

2

. (16)

3.4 Model training

The model was trained exclusively on data from BVPs with
n = 10 corners. To generate training data, the pointwise error
was computed for each of the seven approximatingmeshes of
every BVP. Then, 200 points were sampled uniformly in the
intersection of the seven approximating mesh interiors. Note
that by approximating the geometry using linear elements,
the boundaries of the seven meshes are not identical and
small regions exist near the boundary that are not part of the
interior of all eight meshes. By requiring the samples to lie in
the intersection of the interiors, we ensure that the samples
lie in the interior of all meshes.

At every sample point, the pointwise error measure E was
evaluated for each of the seven approximations. Together
with the largest side length h of the element containing

Fig. 7 Training data. The training data at a single sample point consists of the seven pairs (hκ , Eκ ), κ = 1, 2, . . . , 7
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the sample point in each of the eight meshes, the local
convergence behavior is characterized (Fig. 7). A training
sample consists of x, B and the seven pairs (hκ , Eκ ) with
κ = 1, . . . , 7. In Appendix A, we illustrate the convergence
behavior that an ideal model would extract from the training
data.

The input features ln(β), f , ui and t i were scaled by the
respective maximum magnitude over the entire dataset, such
that the value ranges are [−1, 1] forβ and [0, 1] for all others.

The training data set consists of sample points from 9,161
BVPs, resulting in 1,832,200 individual samples. The sam-
ples were shuffled over all BVPs, such that all mini-batches
contain samples from different BVPs in general. The valida-
tion set consists of 435,000 sample points from 2,175 BVPs.
Samples from any particular BVP were only used for either
the training or the validation set. The mean squared error
was used to fit the log-transformed output from the regres-
sion model Eq. 3 to the log-transformed true error values
ln(Eκ) of the samples. Hence, the loss function reads

L = 1

b

b∑
t=1

1

7

7∑
κ=1

[
ln

(
E(hκ , xt , Bt )

) − ln
(
Et

κ

)]2
. (17)

The samples within each batch are numbered by the super-
script t and Bt denotes the associated BVP. For training, we
used the Adam optimizer [17] with a learning rate of 10−4,
β1 = 0.95 and β2 = 0.999 and a mini-batch size of b = 128.
For inference, we used the network state at the epoch with
the lowest validation loss, which occurred after 218 epochs.

4 Results and discussion

4.1 Evaluationmethod

As discussed already in Section 1, our approach aims at
generating meshes without any prior information about the
solution of a BVP.Without any prior information, one would
in general have to rely on a uniform mesh. Therefore, we
evaluate the performance of our approach by comparing the
quality of meshes it suggests for so far unseen BVPs to the
quality of uniform meshes that would require a similar com-
putational effort for the solution. For this kind of evaluation,
we use BVPs from a test set that is generated using the same
parameters as described in Sections 3.1 and 3.2, but never
used for training or validation. For these BVPs we aim to
generate meshes fulfilling a constraint regarding the compu-
tational budget.

The uniformbaselinemesheswere generated for theBVPs
with a constant element size

h̄ =
√

2|�|√
3(V − 1)

, (18)

where V is the desired number of vertices in the mesh, used
as a proxy for computational cost. To ensure a fair compar-
ison, we prescribed a budget of V = 3,000 vertices with a
tolerance of roughly ±5% for both predicted and baseline
meshes.

Subsequently, we used the trained model to predict values
of C and M for each BVP. Given these parameters, we used
the inference model Eq. 4 to generate an element size distri-
bution h∗. We observe that h∗ indicates refinement largely in
the same regions as the quasi-exact meshes obtained with
AMR (not shown), suggesting that the model has indeed
learned some key aspects regarding the distribution of the
error. However, the model has not captured the global con-
vergence behavior of the BVPs perfectly. Some non-local
effects are disregarded, which manifests in large gradients
of the element size distribution in h∗, resulting in meshes of
inferior quality (Fig. 8).

To regularize the prediction, we used the weighted geo-
metric mean

hV (x, E∗) = exp
[
s ln

(
h̄
) + (1 − s) ln

(
h∗(x, E∗)

) ]
(19)

by merging a certain amount of insight from h∗ with a
uniform distribution h̄. This amount is controlled by the
parameter s ∈ [0, 1], where s = 1 would result in a uni-
form mesh. Tuning s on the training data set showed that a
value of s = 0.8 performs best overall and yielded meshes
of superior quality compared to both h̄ and h∗.

By tuning E∗ in Eq. 19, we can produce meshes with dif-
ferent element sizes, i.e. computational demand.Using a root
finding algorithm,we can determine E∗

V such that hV (x, E∗
V )

represents the best element size distribution for the prescribed
computational budget V . During the root finding, several
evaluations of the number of vertices are performed. To avoid
repeatedmeshing during tuning of E∗, we estimated the num-
ber of vertices to be expected in a mesh generated with hV
as described in Appendix B.

The element size field hV was used to guide Gmsh’s
Frontal Delaunay algorithm for meshing the BVP. After
meshing, we applied ten iterations of GETMe smoothing
[30]. Figure 9 shows some examples of predicted meshes
for BVPs from the test set.

Finally, the predicted and baselinemeshes were compared
for eachBVP, using two different qualitymeasures.We com-

123



   12 Page 12 of 17 Machine Learning for Computational Science and Engineering             (2025) 1:12 

Fig. 8 Predicted mesh. The prediction h∗ is shown for a BVP from the training set (left). On the right, we compare the meshes obtained from the
prediction h∗, the modified (s = 0.8) prediction hV and the the uniform baseline h̄ in terms of the number of vertices V and total energy norm error

pared the meshes with regard to a) total energy norm error
of the solution and b) solution time, comprising the meshing
(including prediction of hV for predicted meshes) and solv-
ing steps for both predicted and baseline meshes (Fig. 10).

For each BVP and quality measure, we computed a per-
formance value P as the ratio of the measure value for the
prediction to the measure value for the baseline. A perfor-
mance value P = 1.0 indicates equal performance in terms
of the respective measure, values of P < 1.0 indicate supe-
rior performance of the proposed method.

4.2 Performance

The proposed method achieves an expected increase in solu-
tion quality of 22% (measured in the total energy norm error
of the solution) compared to the baselinewith a uniformmesh
of roughly the same computational demand. The computa-
tional cost is measured in terms of vertices in the mesh and
the number of vertices in the prediction iswithin±10%of the
number of vertices in the baseline. The predictions yielded
better meshes than the baseline for 94% of BVPs in the test
set, making the improvement very reliable (Fig. 10a). Once
the model is trained, the proposed method requires roughly

Fig. 9 Prediction examples. Predicted meshes are shown for some randomly chosen BVPs with n = 10 from the test set. The number of vertices
V and total energy norm error are compared against the corresponding uniform baseline meshes (not shown)
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Fig. 10 Performanceof the proposedmethod.Theperformance is quan-
tified in terms of the two measures a) total energy norm error and b)
solution time. Values of P < 1.0 signify an improvement over the base-
line. Furthermore, the target accuracy of our method is assessed in c)
by the ratio of the total energy norm error to the integrated pointwise
target E∗

V , i.e., the expected total energy norm error. N is the number
of BVPs evaluated for the respective metric

8%more processing time in the mean to generate a mesh and
solution than the uniform baseline (Fig. 10b). The predicted
and baseline meshes are roughly equal in size (i.e., number
of vertices), therefore the additional time taken is attributed
entirely to the additional step of producing the predicted ele-
ment size distribution hV .

We measured the accuracy of the learned convergence
behavior by comparing the total energy norm error to the
expected energy norm error given the pointwise error target
E∗. Most predictions undercut the expected error, although
the mean is above parity, due to the many outliers (Fig. 10c).

4.3 Generalization

We evaluated the performance for groups of BVPs with 4,
6, 14, 16 and 20 corners in terms of the total energy norm
error (Fig. 11). It can be seen that our model generalizes
very well to such problems not present in the training data.
This is attributed to the structure of our architecture, which
decomposes the geometry into local neighborhoods, whose

Fig. 11 Generalization. The performance of the proposed method
trained on BVPs with n = 10 corners when applied to domains with
a different number of corners, measured in terms of total energy norm
error is shown. We evaluated BVPs with n = 4, 6, 14, 16, 20 corners.
For better comparison, the performance on the test set with n = 10 is
shown in gray. Values P < 1.0 signify an improvement over the base-
line. N is the number of BVPs evaluated for the respective class of BVP.
Apparently, the improvements in the error norm that our architecture
can achieve for polygons with 10 corners properly generalize also to
polygons with different numbers of corners although no such polygons
were present in the training data

contributions are combined to make a global prediction. The
performance of the proposed method is consistent across dif-
ferent classes of BVPs with n �= 10, showing a reliable
improvement over uniform meshes also for BVPs outside
the training data domain.

4.4 Limitations and further work

Target accuracy Using the predicted h∗ directly for mesh-
ing without a subsequent smoothing step by Eq. 19 leads
to meshes of insufficient quality. This is attributed to the
assumptions described in Section 2.2 that the convergence
behavior can be modeled by a simple power law in a point-
wise manner and only depends on the local neighborhood
at each point, which is just a coarse approximation of the
actual situation. We have shown that this problem can be
addressed in a heuristic manner by interpolating between
the predicted h∗ and a uniform element size distribution
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through Eq. 19, see also Fig. 8. However, the considerable
number of examples where our procedure surpasses the error
target E∗ (Fig. 10c) suggests that developing a more sophis-
ticated strategy could be beneficial. A possible reason for
the shortcomings of the current approach is that the trained
model neglects non-local interactions betweenBVP features,
causing a larger than expected error at certain points in the
domain. One approach to circumvent such a behavior could
be to provide more global information about the BVP to the
machine learning architecture in future work.

Objective function Herein, we have focused on the predic-
tion of optimal element size distributions with respect to one
particular error measure, namely the energy norm. Practical
applications may require a different error measure, such as
the error in the displacements or a consideration of several
error measures. Replacing the current error norm by some
alternative error norm (or a combination of several) in our
framework would require, however, only a very minor mod-
ification.

Material Herein we focus on linear-elastic isotropic materi-
als. A generalization to non-linear or anisotropic materials
would require additional input parameters and likely a sig-
nificantly increased amount of training data but is definitely
a promising avenue of future research.

Geometry So far our implementation includes simple plane
polygons without holes and with rounded reentrant corners,
as described in Section 3.2. The extension to more complex
geometries (e.g., domains including holes) is not straight-
forward and will require the development of meaningful
BVP descriptors. The features of a two-dimensional bound-
ary value problem over a simply connected domain can be
enumerated in a meaningful way using lists, e.g. in counter-
clockwise order. However, with three-dimensional geome-
tries, the connectivity of the vertices prohibits such a simple
representation. Hence, an extension to three-dimensional
problems will require a different representation, for example
using graphs with features on vertices or edges, necessitating
substantial changes to the proposed method.

Differential operator Herein we focus on BVPs governed
by the differential operator of linear elasticity. However, the
framework proposed could in fact be applied without sub-
stantial changes to any time-independent two-dimensional
problem, i.e. also to BVPs like diffusion-reaction problems.
In fact, by adding information about the differential operator
to the input of the machine learning architecture, even a form
of transfer learning appears possible where a neural network
is trained for BVPs governed by differential operators from

a specific training set and can then make predictions even for
BVPs with an unknown (but somehow similar) differential
operator.

5 Conclusion

In our paper, we introduced a new non-iterative mesh gener-
ation framework based on machine learning. After training
the framework with a large dataset of various BVPs, it can
predict non-uniform element size distributions for unseen
BVPs in a single step. Our proof-of-concept study focused
on isotropic two-dimensional linear elasticity and considered
simply polygonal domains without holes (topological genus
of zero). Our new method can generate optimized meshes
to comply with certain accuracy requirements. Through
numerous numerical examples, we demonstrated that for our
problem class, the proposed trained ML model could pro-
duce meshes that provide 22% more accurate solutions than
uniform meshes with a comparable computational demand.

A key strength of our framework lies in its ability to gen-
eralize beyond the training data. Remarkably, We found that
our framework could be trained on polygonal domains with
a specific number of corners (in this case n = 10) and
still generalize well to different polygonal domains without
requiring retraining. This generalization capability under-
scores the potential for long-term computational efficiency,
as the initial training effort becomes negligible with repeated
applications.

While these results are promising, it is important to note
that this proof-of-concept study focuses on the introduction
of a novel machine learning framework and the discussion of
its foundations, not primarily on its practical application. In
fact, as discussed inmore detail in Section 4.4, themethodwe
propose is still subject to a number of limitations. Address-
ing these limitations will be crucial to further develop our
framework for broad-scale application in practice.

Appendix A Training data visualization

We perform a pointwise least squares fit of the convergence
model Eq. 3 sampled at 5000 positions of one BVP and
thereby determine the optimal parameters CLS(x, B) and
MLS(x, B) for this BVPs in a point-by-point manner. On
the right of Fig. 12, we have interpolated linearly between
the sampled points to obtain a better visualization. The result-
ing plots represent what an ideal model would predict for the
respective BVP and serve only illustrative purposes. Note
that in contrast to this, the ANN described in Section 2.2.4
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Fig. 12 Training data with
pointwise least squares fit

instead fits a parametrized function to all samples and BVPs
simultaneously.

Appendix B Root finding

Given the prediction hV that is dependent on the parameter
E∗, we employ a root finding algorithm to find E∗

V such that
the resulting mesh has V vertices, within a certain tolerance.

To avoid computationally costly repeated meshing during
root finding, we use a background mesh �h with constant
element size of 0.01 and compute

Ṽ (E∗) = γ

⎛
⎝1 + 2√

3

∑
Tp∈�h

|Tp |
h2V (x p, E∗)

+ 1

2

∑
Eq∈�h

|Eq |
hV (xq , E∗)

⎞
⎠
(20)

as an estimate of the number of vertices, where we sum over
the interior elements Tp and boundary edges Eq and evaluate
hV at their centroid x p and midpoint xq , respectively. γ =
1.07 was empirically found to improve the accuracy of the
estimate.

Given the vertex estimate Ṽ , we define

ϕ̄(E∗) = Ṽ (E∗) − V and seek E∗
V s.t. ϕ̄(E∗

V ) = 0.

(21)

In principle, this problem can be solving using Brent’s
method as implemented in [31], provided an initial bracket.

However, we found that the root finding in our case is much
more robust if instead we introduce η = ln(E∗), define

ϕ(η) = ln
(
Ṽ (exp(η))

)
− ln(V ) and seek ηV s.t. ϕ(ηV ) = 0. (22)

Note that the roots of Eqs. 21 and 22 imply the same E∗
V .

We choose the initial bracket ηinit = {−30, 0}.

Appendix C Additional performance
analysis

We evaluated the performance in terms of the total energy
norm error for different vertex budgets (Fig. 13) compared
to uniform meshes of roughly the same respective computa-
tional demand. The solution quality is consistent across all
the different vertex budgets. This suggests that the proposed
method is suitable for a wide range of settings.

Furthermore, we have compared the performance of the
proposed method with respect to a second type of baseline
mesh, obtained using an AMR method (Fig. 14). To gen-
erate the adaptive baseline meshes, we use the procedure
for obtaining the quasi-exact solutions (Section 3.3), differ-
ing in the number of elements refined in each iteration. The
Vrefine = V−VT

3 elements showing the largest value of the ZZ
refinement indicator are marked for refinement. Here, VT is
the number of vertices in the current mesh. The refinement
procedure is halted once VT is within ±5% of V . We use a
vertex budget of V = 3,000.
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Fig. 13 Performance with various vertex budgets. Comparison of the
total energy norm error in the solution for predictions with various
vertex budgets against uniform baseline meshes of roughly the same
respective computational demand

Fig. 14 Performance against adaptive baseline. Comparison of a) total
energy norm error of the solution and b) solution time with respect to
an adaptive mesh

Compared to the adaptive baseline meshes, the proposed
method produces meshes that are of inferior quality by 36%,
in themean,measured in terms of the total energy norm error.
However, the time to obtain a solution amounts to only 31%
of the time taken by the adaptive procedure. This speedup is
very reliable, given that in the worst case, our method takes
46%of the time taken by the corresponding adaptivemethod.
We believe that we can build on this result and improve the
performance of the proposed methods in future work.
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