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Abstract
Fluid flow problems can be modeled by the Navier–Stokes or, after lineariza-
tion, by the Oseen equations. Their discretization results in discrete saddle
point problems. These systems of equations are typically very large and need
to be solved iteratively. Standard (block-) preconditioning techniques for sad-
dle point problems rely on an approximation of the Schur complement. Such an
approximation can be obtained by a hierarchical (-) matrix LU-decomposition,
which first approximates the Schur complement explicitly. The computational
complexity of this computation depends, among other things, on the hierarchi-
cal block structure of the involved matrices. However, widely used techniques
do not consider the connection between the discretization grids for the veloc-
ity field and the pressure, respectively. Here, we present a hierarchical block
structure for the finite element discretization of the gradient operator that
is improved by considering the connection between the two involved grids.
Numerical results imply that the improved block structure allows for a faster
computation of the Schur complement, which is the bottleneck for the set-up of
the-matrix LU-decomposition.

1 INTRODUCTION

The Navier–Stokes and Oseen equations are common models for fluid flow problems, and the discretization of these
equations typically leads to large-scale saddle point problems. These linear systems are typically not only large but also
sparse, non-symmetric, and indefinite. Thus, Krylov space methods are often used to solve these systems. In order to
achieve a fast convergence, a preconditioner is required. Here, we will pursue a preconditioning approach based on an
-LU decomposition of the stiffness matrix, which requires the computation and -LU decomposition of the pressure
Schur complement.
Hierarchical (-) matrices were first introduced 1999 [1] and provide accurate approximations of matrix arithmetic (as

shown, e.g., in [2, 3] for finite element matrices) with a log-linear complexity for memory and matrix-vector operations.
The log-linear complexity is achieved by a hierarchical block structure with dense as well as low-rank matrix blocks.
This block structure is typically built upon partitions of the involved index sets obtained from cluster trees, see Section 3
for details.
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The discretization of the Oseen problem typically incorporates two index sets, one for the velocity field and one for
the pressure. In previous work [4, 5], these two index sets have been clustered independently of each other. In Section 4,
based upon observations regarding the sparsity structure of the off-diagonal blocks of the saddle point system describing
the coupling between velocity and pressure, we will introduce a new cluster strategy that couples the clustering of the
velocity index setwith the clustering of the pressure index set. This new coupled clusteringwill create larger zero subblocks
accelerating the subsequent -matrix–matrix multiplications in the computation of the Schur complement and its -
LU factorization.
In Section 5, we will then provide numerical results for the performance of-LU preconditioners resulting from both

uncoupled and coupled clustering strategies.

2 MODEL PROBLEM

We consider a three-dimensional Oseen problem with Dirichlet boundary conditions: find functions 𝐮 ∶ Ω → ℝ3 and
𝑝 ∶ Ω → ℝ with

Δ𝐮 + 𝐛 ⋅ ∇𝐮 + ∇𝑝 = 𝐟 on Ω ∶= (−1, 1)3, ∇ ⋅ 𝐮 = 𝟎 on Ω, 𝐮 = 𝐠 on 𝜕Ω. (1)

A finite element discretization of this problem with Taylor–Hood elements and piecewise-linear basis functions is based
on two grids: a coarse grid ℎ for the pressure discretization, and a refined grid ℎ∕2 for the velocity field discretization
with respective bases (Ψ1, … ,Ψ𝑀) and (𝜑1, … , 𝜑𝑛). The discretization leads to a saddle point problem of the form

(
 𝖳

 𝟎

)(
𝐱

𝐲

)
=

⎛⎜⎜⎜⎜⎝
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with 𝐅 ∈ ℝ× and 𝐁1, 𝐁2, 𝐁3 ∈ ℝ × where  = {1, … , 𝑛} and  = {1, … ,𝑀} denote the velocity and pressure index sets,
respectively. A popular approach for preconditioning of such saddle point problems is derived from the block factorization(
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with the Schur complement 𝐒 = −−1𝖳 ∈ ℝ × . While block triangular or block-LDU preconditioners are also pos-
sible [6], here, we will consider the block diagonal preconditioner  , where ̃ , 𝐒̃ are easily invertible approximations to
 , 𝐒 in the form of -LU decompositions. In the following, we will describe the necessary operations (steps) for the -
LU factorization of the Schur complement and will later (in Section 5) analyze their respective computational costs for
different clustering strategies.
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3 CLUSTER- AND BLOCK CLUSTER TREES

For now let  and  be arbitrary index sets. Then, the block structure of a hierarchical matrix 𝐇 ∈ ℝ× is based on
(hierarchies of) partitions of  and  is obtained by clustering an index set via a tree structure as described, for example,
in [7].

Definition 3.1 (Cluster tree). Let  be an index set and  = (𝑉, 𝐸) a tree with 𝑉 ⊆ (). Then,  is called a cluster tree
for the index set , if

1. the root of  is given by root( ) = ,
2. for each node 𝑡 ∈ 𝑉 with sons sons(𝑡) there holds 𝑡 =

⋃
𝑡′∈sons(𝑡)

𝑡′ and all sons are pairwise disjoint.

We denote cluster trees for an index set  as  and the set of leafs of  (i.e., the nodes 𝑡 ∈  with sons(𝑡) = ∅) as  .

The set of leafs  yields a partition of the index set  (and  for  , respectively). In Section 4.1, we will provide a
sketch for two popular techniques to construct a cluster tree.
Two cluster trees  ,  can be used to construct a block cluster tree whose leaves provide a partition of  ×  .

Definition 3.2 (Block tree). Let , be index sets,  and  corresponding cluster trees, and  = (𝑉, 𝐸) a tree with
𝑉 ⊆ ( ×  ). Then,  is called a block tree for the cluster trees  and  if

1. all 𝑏 ∈  are of the form 𝑏 = 𝑡 × 𝑠 for 𝑡 ∈  and 𝑠 ∈  ,
2. the root of  is root ( ) ∶=  × 

3. if 𝑏 = 𝑡 × 𝑠 ∈  has sons, then there holds sons(𝑏) = {𝑡′ × 𝑠′ ∶ 𝑡′ ∈ sons(𝑡), 𝑠′ ∈ sons(𝑠)}.

In the following, we denote a block tree for cluster trees  and  by × and the set of its leaves by × .

The set of leaves × yields a partition of the product index set  ×  . In order to distinguish between dense and
low-rank matrix blocks, an admissibility condition adm ∶  ×  → {true, false} is used. Admissible blocks 𝐇|𝑡×𝑠 are
represented as low rank blocks, whereas inadmissible matrix blocks𝐇|𝑡×𝑠 are represented as dense matrix blocks.
4 (UN-)COUPLED CLUSTERING STRATEGIES

In order to compute the -LU preconditioner as described in Section 2, we need three block cluster trees. One for the
matrix𝐅 ∈ ℝ× , one for all of thematrices𝐁1, 𝐁2, 𝐁3 ∈ ℝ × , and one for the Schur complement 𝐒 = −

∑3

𝑖=1
𝐁𝑖𝐅

−1𝐁𝖳
𝑖
∈

ℝ × . These block cluster trees × ,  × ,  × are based upon two cluster trees  and  for the velocity and pressure
index sets  and  .
In this section, we will review and analyze a first approach for the construction of these cluster trees as it was previ-

ously described in [4]. Here, the cluster trees  are constructed independently of each other. Based on this we will then
introduce a cluster strategy that couples the clustering of the velocity and pressure index sets, leading to modified (block-)
cluster trees  , × , and  × .

4.1 Uncoupled clustering

Since 𝐅 is a sparse finite element stiffness matrix, a domain decomposition based clustering as described in [7, 8] is an
adequate approach for the cluster tree  . Since the Schur complement is dense, a geometry-based bisection clustering
is an appropriate choice for the cluster tree  . Figure 1 illustrates the bisection clustering of the pressure grid and the
domain decomposition clustering for the velocity grid for 2D example grids.
On each level of clustering, the index sets are reordered. In the first step, the pressure index set is subdivided into the

two clusters  1
0 , 

1
1 containing all nodes on the left and right half of the domain, respectively. The velocity index set is
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GRAMS and BORNE 4 of 8

F IGURE 1 2D example of the bisection clustering of the pressure discretization index set (top) and the domain decomposition based
clustering for the velocity discretization index set (bottom).

F IGURE 2 From left to right: pressure and velocity grid on the first level of clustering with the supports of a node from the left pressure
cluster (red) and a node from the right domain cluster (blue), sparsity pattern of 𝐁𝑖(𝑖 = 1, 2) reordered according to the first level of clustering,
pressure and velocity grid on the second level of clustering with the same supports as before, and the sparsity pattern of 𝐁𝑖(𝑖 = 1, 2) reordered
according to the second level of clustering.

subdivided into three clusters 10 ,
1
1 ,

1
2 , one interface cluster 

1
2 separating the two domain clusters 

1
0 ,

1
1 containing

nodes from the left and right half of the domain, respectively. We denote the set of domain clusters with

dom() ∶= {𝑠 ∈  ∶ 𝑠 is a domain cluster}.

The clustering implies the following ordering of the index sets: indices in  1
0 ,

1
0 are ordered first, followed by indices

in  1
1 ,

1
1 whereas indices in the interface cluster 

1
2 are ordered last. Although these cluster strategies are a good choice

for the matrix 𝐅 and the Schur complement 𝐒, they are not chosen with the sparsity structure of the (sparse) matrices
𝐁𝑖 in mind. The blocks 𝐁𝑖| 1

0
×1

1
and 𝐁𝑖| 1

1
×1

1
typically have a few non-zero entries and might be subdivided further. As

illustrated in Figure 2, these non-zero entries are generated by overlaps of supports of pressure basis functions from  1
0

and supports of velocity basis function from 11 (or supports of pressure basis functions from  1
1 and supports of velocity

basis functions from 10 , respectively).

4.2 Coupled clustering

In the previous section, we have shown that the uncoupled clustering produces blocks with only a few non-zero entries,
which are produced by overlapping supports of pressure and velocity basis functions. We now propose a new strategy for
the clustering of the velocity grid.
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F IGURE 3 Left: pressure grid and support of a node of the left cluster. Middle: velocity grid, support of the node from the pressure grid
and one node of the interface that was in the right domain for the (uncoupled) domain decomposition clustering. Right: velocity grid, support
of the node from the pressure grid and the support of a node from the (new, smaller) right domain cluster.

F IGURE 4 Coupled clustering of the 2D example velocity grid on the first level (left) and the second level (right), and the respective
sparsity pattern of the (reordered) matrices 𝐁𝑖, (𝑖 = 1, 2).

The pressure index set  is subdivided into two clusters  1
0 ,

1
0 as before while the velocity index set  is subdivided

into two smaller domain clusters 10 ,
1
1 , and a larger interface cluster 

1
2 . The few nodes from the velocity grid, which

yield these non-zero entries are shifted to the interface cluster as shown in Figure 3.
As a result, the blocks 𝐁𝑖| 1

0
×1

1
and 𝐁𝑖| 1

1
×1

0
are zero blocks since there are no overlapping supports between the

respective basis functions. This clustering yields the sparsity structure shown in Figure 4 for the blocks 𝐁𝑖 in the
2D example.
To shift the nodes producing overlapping supports, we can use the sparsity structure of one of the blocks𝐁𝑖 , for example,

𝐁1. Additionally, we assume that there already is a (bisection) cluster tree  for the pressure index set  . Then, each
domain cluster of  is subdivided with respect to an associated cluster in  , where we start clustering  with respect to
the root  of the pressure cluster tree. A domain cluster 𝑠 ⊆  is subdivided with respect to its associated cluster 𝑡 ∈ 
as follows (nnz(𝐁1) denotes the index set of nonzero entries in 𝐁1):

∙ if 𝑡 has no sons, 𝑠 is not subdivided either,
∙ if 𝑡 has two sons 𝑡1 and 𝑡2, let

𝑣1 ∶= {𝑖 ∈ 𝑠 ∶ (𝑗, 𝑖) ∈ nnz(𝐁1) for a 𝑗 ∈ 𝑡1},

𝑣2 ∶= {𝑖 ∈ 𝑠 ∶ (𝑗, 𝑖) ∈ nnz(𝐁1) for a 𝑗 ∈ 𝑡2}.

Then, the sons sons(𝑠) ∶= {𝑠1, 𝑠2, 𝑠3} of 𝑠 are given by

𝑠1 ∶= 𝑣1 ⧵ 𝑣2,

𝑠2 ∶= 𝑣2 ⧵ 𝑣1,

𝑠3 ∶= 𝑣1 ∩ 𝑣2.

The domain clusters 𝑠1 and 𝑠2 will be further subdivided with respect to associated clusters 𝑡1 and 𝑡2, respectively. The
interface cluster 𝑠3 is subdivided with bisection independently of the pressure cluster tree  (Algorithm 1).
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ALGORITHM 1 Coupled clustering algorithm

Input: Domain cluster 𝑠 ⊆  with associated cluster 𝑡 ∈  , (sparse) matrix 𝐁 ∈ ℝ ×

procedure BuildCoupledCluster𝑠, 𝑡, 𝐁
if sons(𝑡) = ∅ then
sons(𝑠) ← ∅

else
{𝑡1, 𝑡2} ← sons(𝑡)

𝑣1 ← {𝑖 ∈ 𝑠 ∶ (𝑗, 𝑖) ∈ nnz(𝐁) for a 𝑗 ∈ 𝑡1}

𝑣2 ← {𝑖 ∈ 𝑠 ∶ (𝑗, 𝑖) ∈ nnz(𝐁) for a 𝑗 ∈ 𝑡2}

𝑠1 ← 𝑣1 ⧵ 𝑣2

𝑠2 ← 𝑣2 ⧵ 𝑣1

𝑠3 ← 𝑣1 ∩ 𝑣2

BuildCoupledCluster(𝑠1, 𝑡1, 𝐁)
BuildCoupledCluster(𝑠2, 𝑡2, 𝐁)
BuildInterfaceCluster(𝑠3)
sons(𝑠) ← {𝑠1, 𝑠2, 𝑠3}

end if
end procedure

5 NUMERICAL RESULTS

In the following, we will compare numerical results obtained when using the uncoupled clustering introduced in Sec-
tion 4.1 and those with the coupled clustering. For this we use the viscosity parameter 𝜈 = 1

100
and the recirculating

convection

𝐛(𝐱) =
⎛⎜⎜⎝
−sin(𝜋𝑥1)(cos(𝜋𝑥2) sin(𝜋𝑥1) + sin(𝜋𝑥2) cos(𝜋𝑥3))

sin(𝜋𝑥2)(cos(𝜋𝑥1) sin(𝜋𝑥3) − sin(𝜋𝑥1) cos(𝜋𝑥3))

sin(𝜋𝑥3)(cos(𝜋𝑥1) sin(𝜋𝑥2) + sin(𝜋𝑥1) cos(𝜋𝑥3))

⎞⎟⎟⎠
in ourmodel Oseen problem (1). The right-hand side for the linear system (2) is chosen such that 𝐞 = (1, … , 1)𝖳 is the exact
solution of the saddle point problem.
We use the 𝜂-admissibility condition from [7] with 𝜂 = 16 for the construction of the block tree  × :

adm × ∶= adm𝜂(𝑡, 𝑠) =

{
true, if min(diam(𝑡), diam(𝑠)) ≤ dist(𝑡, 𝑠),

f alse, else.

Since the cluster tree  is constructed with a domain decomposition clustering, we use

adm×(𝑡, 𝑠) =

{
true, if 𝑡 ≠ 𝑠 and 𝑡, 𝑠 ∈ dom(),

adm𝜂(𝑡, 𝑠), else

as an admissibility condition for the block tree × (for both the uncoupled and coupled clustering of ).
With the coupled clustering described in Section 4.2, each (velocity) domain cluster 𝑠 ∈  has an associated pressure

cluster 𝑡𝑠 ∈  . Thus, we use

adm ×(𝑡, 𝑠) =

{
true, if 𝑡 ≠ 𝑡𝑠, where 𝑡𝑠 ∈  is the cluster associated with 𝑠 ∈ dom(),

adm𝜂(𝑡, 𝑠), else
(3)

 16177061, 2023, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.202300077 by T

echnische U
niversität H

am
burg B

ibliothek - E
lektronische M

edien, W
iley O

nline L
ibrary on [23/10/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



7 of 8

F IGURE 5 Computation times per degree of freedom for the uncoupled (dashed lines) and coupled clustering (solid lines). Left: times
for the computation of the Schur complement. Middle: times for the-LU decomposition of the block 𝐅, the solve with BiCGStab, and the
total time per degree of freedom. Right: time/𝑛 log(𝑛)2 for the computation of the Schur complement and the-LU decomposition of 𝐅.

TABLE 1 Absolute computation times for the computation steps of the preconditioner set-up and the solve with BiCGStab. Top:
uncoupled clustering. Bottom: coupled clustering.

Total #DOF 𝑴 ① ② ③ ④ ⑤ ②–⑤ BiCGStab Total

94,286 4,913 9 s 23 s 24 s 48 s 4 s 99 s 3 s 111 s
786,078 35,937 127 s 336 s 333 s 734 s 82 s 1485 s 40 s 1652 s
6,419,774 274,625 1294 s 3730 s 3579 s 8894 s 1122 s 17325 s 401 s 19020s
94,286 4,913 20 s 14 s 14 s 16 s 4 s 48 s 3 s 71 s
786,078 35,937 260 s 203 s 199 s 299 s 85 s 786 s 60 s 1106 s
6,419,774 274,625 2564 s 2271 s 2177 s 4071 s 1151 s 9670 s 728 s 12962 s
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F IGURE 6 Block structure of the blocks 𝐁𝑖 ∈ ℝ729×3375 and 𝐅 ∈ ℝ3375×3375 for the uncoupled clustering (left top and second from right,
respectively), and the coupled clustering (left bottom and right, respectively). The low rank blocks are shown in white, the dense matrix
blocks are shaded.

as an admissibility condition for the block tree  × for the coupled clustering. For the uncoupled clustering, we used
adm × = adm𝜂 as an admissibility condition for block tree  × .
In order to preserve low ranks, the arithmetic operations of-matrices include the rank truncation of the sum of two

low-rank matrices. This can either be done with a fixed rank or adaptively with a given (relative) accuracy. We chose a
(relative) truncation accuracy of 𝛿 = 10−1 for all arithmetic operations.
Figure 5 shows the computation times per degree of freedom, while Table 1 shows the absolute computation times for

the operations to as well as solving with BiCGStab. As stopping criterion for the BiCGStab method, a relative residual
norm of 𝜀 = 10−3 was used.
Due to the different block structure of thematrices𝐁𝑖 (Figure 6), the computation of the Schur complement is about 50%

faster with the coupled clustering compared to the uncoupled clustering. But this speed-up comes at a cost. The interface
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clusters got three times larger. Thus, all operations involving the block 𝐅, or its LU factors, are slower for the coupled
clustering than for the uncoupled clustering. But despite this, the uncoupled clustering still yields a speed-up of about 30%.
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