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the maximum likelihood estimate (MLE). Multipartition models include families of models such
as hierarchical models and balanced, stratified staged trees. We define a sufficient condition,
called the Generalized Running Intersection Property (GRIP), on the matrix representation of a
multipartition model under which the classical IPS algorithm produces the exact MLE in one
cycle. In this case, the MLE is a rational function of the data. Additionally we connect the GRIP
to the toric fiber product and to previous results for hierarchical models and balanced, stratified
staged trees. This leads to a characterization of balanced, stratified staged trees in terms of the
GRIP.

1. Introduction

The iterative proportional scaling (IPS) algorithm is a simple and efficient numerical algorithm for computing the maximum
likelihood estimate (MLE) for certain families of log-linear statistical models, which we call multipartition models. The IPS algorithm
is widely used in survey statistics, such as in [9,28,43], and has been researched in connection to optimal transport problems in
its more restricted form as Sinkhorn’s algorithm [6,36]. Multipartition models include hierarchical models, which have been the
subject of much study in connection with the IPS algorithm [20,26,42]. Maximum likelihood estimation for log-linear models and its
relationship to algebraic and combinatorial objects is also of interest in algebraic statistics. For example in [2], the authors connect
invariant theory and algorithms to compute the MLE including a form of the IPS algorithm. Many recent works have also explored
the number of critical points of the complex log-likelihood function, also known as the ML-degree (see [1,8,18,29,30]).

From an information-geometric perspective, calculating the MLE for a multipartition model can be described as projecting to
linear families defined by the partitions of the matrix representing the model (see Definitions 2.1 and 2.3). Given a data vector and
an estimate on the model, the IPS algorithm updates this estimate at each step by projecting onto a different linear family, converging
towards the MLE. We say that the IPS algorithm has completed one cycle after it has iterated through each linear family exactly once.

At each step of the IPS algorithm, the estimate is a rational function of the data vector. Thus in the case of one-cycle convergence,
the MLE itself is a rational function of the data vector. Models for which the MLE is a rational function of the data vector are called
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Fig. 1. Diagram of the main results of this work.

rational and are a subject of recent interest [11,18,31]. This is in contrast to what is sometimes called the generalized' IPS algorithm,
another numerical algorithm for computing the MLE for log-linear models, which does not produce a rational function at each step,
yet can be applied to any log-linear model.

In this work we are interested in the question, “When does the IPS algorithm exactly produces the MLE after one cycle?” We first
note that the matrix representation of a multipartition model heavily influences the outcome of the IPS algorithm (see Example 2.11).
In [26] the author defines the Running Intersection Property (RIP) for hierarchical models, which gives sufficient conditions on the
matrix representation of a hierarchical model so that the IPS algorithm always produces the MLE exactly in one cycle. The author
shows that for decomposable hierarchical models, there always exists such a representation. Drawing inspiration from the RIP, we
define the Generalized Running Intersection Property (GRIP) on the matrix representations of general multipartition models and show
that it gives sufficient conditions for the IPS algorithm to always produce the MLE exactly in one cycle. In the case of hierarchical
models we show that the RIP is a special case of the GRIP (see Proposition 4.1). We also connect previous work on the rationality of
hierarchical models with the GRIP.

We additionally investigate another family of multipartition models: balanced and stratified staged trees. Staged tree models, also
known as chain event graphs, are probability tree models that encode conditional independence relationships among events. They
have been the subject of much study from an algebraic perspective in recent years [4,18,25,38]. In this work we connect the GRIP
to balanced and stratified staged trees. One can associate a tree to any matrix representation of a multipartition model, as described
in Appendix A. We show that if a matrix representation satisfies the GRIP, then the associated tree must be a balanced and stratified
staged tree. Moreover we show that the unique matrix with no repeated columns associated to a balanced and stratified staged tree
satisfies the GRIP. In [19], the authors show that decomposable hierarchical models are also balanced staged tree models and claim
that balanced staged trees are a natural generalization of such models. Our work also implies this result and supports this claim.

We make use of the toric geometry of a multipartition model in order to determine whether IPS achieves one-cycle convergence
on a given parametrization of the model. In particular, we show that when a parametrization of the model satisfies the GRIP, the
model is a toric fiber product of smaller rational multipartition models [39]. This in turn allows us to write the MLE of the larger
multipartition model as a normalized product of the MLEs of the smaller models [3]. Our proof uses this rational form of the MLE
and relates it to convergence of the IPS algorithm in one step.

Our work draws novel connections between the geometry of a rational multipartition model and the performance of the iterative
proportional scaling algorithm applied to it. Moreover, it gives sufficient conditions for a multipartition model to be rational. If the
multipartition model has a parametrization which satisfies the GRIP, then it is rational and one can read the MLE directly from the
matrix of this parametrization (Corollary 3.18). These results highlight the significant role that model representation plays in the
performance of numerical computations of MLEs. We include a diagram of our main results in Fig. 1, in which the matrix 4 is an
multipartition matrix representing a log-linear statistical model.

The work is structured as follows. In Section 2 we introduce some basic notions and previous results surrounding log-linear
models, the MLE, the IPS algorithm, and some important multipartition model families. In particular, we define partition matrices,
multipartition matrices, and multipartition models in 2.1; describe the IPS algorithm in 2.2; introduce the toric fiber product in 2.3;
and discuss hierarchical models in Section 2.4. In Section 3 we introduce the GRIP and show this implies that the IPS algorithm
produces the MLE after one cycle (Theorem 3.22). In Section 4.2 we investigate the connection between the GRIP and staged tree
models, showing that the GRIP characterizes a subset of such models. The necessary background on staged tree models is discussed
in Appendix A. In Section 4.1 we show that the GRIP is indeed a generalization of the RIP. We end the work with a discussion of
open problems stemming from our results in Section 5.

1 Many works will refer to the generalized IPS algorithm as simply “the IPS algorithm” while referring to its predecessor, the algorithm we consider in this work,
as the “classical IPS algorithm.”
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2. Preliminaries
2.1. Log-linear models

In this section we introduce the class of models to which we may apply the iterative proportional scaling algorithm in order to
compute the maximum likelihood estimate. We start with some background on log-linear models before defining our main object of
interest, multipartition models.

Consider an nx m matrix A = (a;;) with the vector of all ones in its rowspan. Then the matrix A defines a homogeneous polynomial
map ¢, : R" - R™ where

n n n
— ai] ai2 Aim
¢A<r1,...,zn>_<nz,. T 1T ) 0
i=1 i=1 i=1

Let A,,_;C R™ denote the open (m — 1)-dimensional probability simplex. The support of a row a of A, denoted supp(a) is the set of
column indices in which « has a nonzero entry.

Definition 2.1. The log-linear model, denoted M ,, associated to the integer matrix A described above is the intersection of the
image of ¢, with the open probability simplex; that is, M =Im(¢,4) N A,,_,. This is the discrete exponential family whose sufficient
statistics are given by the rows of A. Hence it is exactly

My = {p €A,_|logpe rowspan(A)} .

We note that several integer matrices with the vector of all ones in their rowspan may give rise to the same log-linear model. In
this work we are concerned with the relationship between the IPS algorithm and a particular choice of matrix A. This matrix should
be thought of as a particular representation of the log-linear model M ,.

Note that the map ¢, is a monomial map. Hence the Zariski closure of M, is a toric variety; for this reason the model M, is also
referred to as a toric model in the algebraic statistics literature. Let I(A) denote the ideal of polynomials that vanishes on M. The
following proposition, adapted from [40, Prop 6.2.4] describes the relationship between the matrix A and the ideal of polynomials
vanishing on M.

Proposition 2.2. Let A € Z"™™. Then the vanishing ideal of M,
I(A)=(p* — p” | x,y € ZL and Ax = Ay) @

is the toric ideal of A and M, is the intersection of the variety V (I(A)) with the open simplex A,,_;. Moreover, if A’ € 77"xm satisfies
rowspan(A) = rowspan(A’), then I(A)=1(A") and M 4, = M.

The integer matrices A that we can apply IPS to must satisfy several conditions, which we outline below.

Definition 2.3. A matrix A € {0,1}"” is a multipartition matrix if it consists of consecutive blocks of rows A', ..., A* such that in
each A7, 7 € {1,...,k}, the entries of each column sum to 1. The matrices A, ..., A* are called the partition matrices of A. Such a
matrix gives rise to a multipartition model M ,.

The monomial map that parametrizes a multipartition model as described in (1) is homogeneous and multilinear.

Remark 2.4. In [37] the author uses the name “partition model” for the log-linear model associated to one partition matrix. He
studies these models as an example of a family of log-linear models for which there exists a low constant that bounds the KL-
divergence from an arbitrary point in the simplex to these models. Thereby he proves additional properties of the models defined by
one partition matrix.

Let A!, A? be partition matrices, each with m columns. Let A' A> denote the matrix obtained by stacking A! above A2; that is,

Al
142 . _

Suppose A is a multipartition matrix with m columns and partition matrices denoted by A!, ..., A¥. From the partition matrices of A
we build a new matrix, by stacking the partitions as defined above Al +k:= A1 A2 ... A*. Permuting the rows of A"~k in any way,
or indeed, replacing A' - with any matrix with the same rowspan, yields the same toric model. However, as we show in the next
subsection, a different representation of the same model may affect the convergence of the iterative proportional scaling algorithm.
We assume throughout that A is a multipartition matrix of the form A'* and we refer to the partition matrices of a multipartition
matrix as “partitions” for short.
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je{l, 2, 3 4, 5 6, 7, 8 9,10, 11, 12, 13, 14}

Fig. 2. A multipartition matrix with three partitions and the used row and column notation.

Example 2.5. The matrix A in Fig. 2 is an example of a multipartition matrix with three partitions and m = 14.

Definition 2.6. Let af denote the i-th row of the #-th partition, as illustrated in Example 2.5. Let If denote the set of column indices
Jj € [m] such that the j-th entry of af is equal to 1. That is, I ,." is exactly the support of af . Let n, denote the number of rows of A”.

For a fixed partition A and index j € {1,...,m)} there is exactly one row af with j in its support. We define the function
S, p)efl,...,n,} where S(¢,)) is the index such that j € I;(t,,j). Thus aé(ﬂj) is the row of A” that has j in its support.

In Example 2.5 the matrix has three partitions and the number of rows of these partitions are n; = n, =2 and n; = 5. For instance,
the support of the second row of the second partition is 122 ={4,5,6,7,11,12,13,14} and the row of the first partition that has the

tenth column in its support is S(1,10) = 2.

Definition 2.7. For a matrix A the column weight of the j-th column is the number of times the column is repeated and is denoted
cEZ,.
J +

For a multipartition matrix A, let A denote the n x /» matrix obtained by removing all repeated columns. This is then a k-way
quasi-independence model. In fact what we call multipartition models can also be thought of as k-way quasi-independence models
with repeated columns. We refer the reader to [11] for more information on the MLE of 2-way quasi-independence models.

We are able to apply the iterative proportional scaling algorithm as described in the next section to a multipartition model M 4,
in order to compute the maximum likelihood estimate of a data vector in R. These are in fact the only integer matrices defining
log-linear models for which we can apply the classical IPS algorithm.

2.2. Iterative proportional scaling

The iterative proportional scaling (IPS) algorithm is a method to calculate the maximum likelihood estimator with respect to the
model M ,. Before we discuss the algorithm in more detail, we first define the maximum likelihood method.

Broadly speaking, maximum likelihood estimation is a way to find a distribution in a statistical model, M, that best fits some
observed data. Let u be the vector of counts of the observed data. Assuming that the observations are independent and identically
distributed (i.i.d.), the likelihood function for » with respect to the model is the function L(p |u) : M, — R defined by

m
Liplw =[]z
i=1

Evaluating the likelihood function at p € M, yields the probability of observing the data u from the distribution p. The maximum
likelihood estimate (or MLE) for u is then

argmax L(p | u).
PEM Y
That is, the MLE for u is the distribution in the model that maximizes the probability of observing u. We assume throughout that
the entries of u are positive so that the MLE is guaranteed to exist, see for example [40, Theorem 8.2.1] We note that solving this
optimization problem is equivalent to maximizing the log-likelihood function, log(L(p | u)), as the logarithm is monotonic. We use
i throughout to refer to normalized data, which is the data vector divided by the sum of its entries. We denote the MLE for i by p* (i),
or simply by p* when i is understood. One can find an introduction to maximum likelihood estimation in most statistics resources,
such as [27,33,34]. The MLE problem is also described from an algebraic perspective in [40, Chapter 6].

Definition 2.8. If p*(@) is a rational function in the entries of & whenever it exists, then we say that M, has rational MLE. If
moreover M, is a multipartition model, then we call it a rational multipartition model.
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3

I

Fig. 3. Sketch of the IPS algorithm in the case of three linear families.

The maximum likelihood estimate of any log-linear model is characterized by the following result. This result is sometimes
referred to as Birch’s theorem [16,35].

Proposition 2.9 (Corollary 7.3.9 in [40]). Let A be a matrix corresponding to a log-linear model and @ be the normalized data, which is
strictly positive. Then the maximum likelihood estimate is the unique solution to the equations Aii = Ap for p e M ,.

The iterative proportional scaling, or iterative proportional fitting algorithm is a method for approximating the MLE in multipar-
tition models. If this algorithm converges in finitely many steps, then it reached the MLE directly and in these cases we also refer to
it as calculating the MLE. This is a well-known algorithm, first defined in the statistics literature by Deming and Stephan in 1940 in
[15] and analyzed further by for example Csiszéar in [12] and Brown in [7]. There are various types of iterative scaling algorithms.
In [16] and [40] the authors describe a variant of the original algorithm, proposed as generalized iterative scaling by Darroch and
Ratcliff in [14]. We will focus on the earlier version defined below, because in this case each step is guaranteed to produce a rational
function.

We denote by af (@) the product of the i-th row of the #-th partition of a multipartition matrix with the normalized data vector i,
af @) = af -@. As a starting point for the algorithm we choose the uniform distribution p° = (%, s %)T since this vector lies in every
multipartition model. The #th-step of the algorithm is then defined as

¢ -
£ -1, (as(f’yj)(u))
% ¢—1

(a0, @)
for all j € [m] and ¢’ = ¢ mod k. If p" is the MLE then, by Proposition 2.9, Aii= Ap" and the fraction in (3) equals one for £ > r. Thus
if p" is the true MLE, then p? = p’ for all # > r.

Note that it follows from (3) and the assumption that u is strictly positive that the entries of pf are strictly positive.

Moreover, we note that every step is an information projection to the linear family L' defined by the ith partition A’ as defined

below. Indeed, the information projection of p to a non-empty, closed, convex set M C A,,_; is defined as the element p’ € M that
minimizes the KL-divergence between M and p, that is,

3

4

m
p' =argmin D(q || p) = argmin 2 g; log —.
qEM pj

qEM j=1

The information projection of p to the linear family

L'={peA,_|A'p=An} €)
‘S(l./) .
Hence the algorithm defined in (3) performs an information projection to the linear family associated to a partition matrix A’ at
each step. This is sketched in Fig. 3.
The IPS algorithm converges to the unique point in the intersection between M ,, the Euclidean closure of M, and £, =), L; as

shown in Theorem 2.8 in [5]. Hence the result of the IPS algorithm minimizes the KL-Divergence with respect to the first argument

is well-known and given by p; =p;- . This can be found, for instance, in [13, Lemma 4.1].

p* =arginf D(p || q) for all g € M,
PELY

as well as regarding the second argument
p* =arginf D(p|| q) forall pe L ,.
4EHA

The last minimization is equivalent to maximizing the log-likelihood in case of a discrete model as discussed, for example, in [16].
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Note that since the uniform distribution is in M, minimizing with respect to the first argument results in the maximum entropy
estimate. This is interesting because the IPS algorithm can also be used in the context of the maximum entropy method proposed by
Jaynes [32].

Since the data vector # represents a normalized vector of counts, the only statistically relevant data vectors have non-negative
entries. However, from an algebraic perspective, it can be useful to allow for non-positive, or even complex entries. In these cases,
one can still find critical points of the complex log-likelihood function. The analysis in the present work still applies to complex data
vectors, but in this case, the output of IPS is the point £, N M, which need not lie in the probability simplex.

Example 2.10 (The Independence model). A multipartition matrix for the 2x2 independence model is given below on the right where
each dot represents a 0. Let i = (ii;, it,, il3, ;)T denote a vector of normalized data. Performing the first step of the algorithm results
in:

1 ou+ip 1, R
A=rh=g T =g, S
1 A=} - - - - -

1 i34y 1 L1
P(3)=P2=Z' 3 =§(M3+M4) 1.1

4
In this case the algorithm converges to the MLE with the second step:

1 iy + iy S
p1=§(u1+u2)~ T D = (it + itp)(it) +it3)
E(ul +ily) + §(u3 +ily)

Pé=%(ﬁ1 +ip) - 5 ﬁ2+ﬁl4 = (i) + )@y + iy)
3@y + i) + 5 (a3 +ity)
pé=%(ﬁ3+ﬁ4)~ - E‘+EI3 = (@ + i) (@) +113)
E(ﬁl +122)+ E(ﬁ?’ +L_l4)

R P iy + iy o
p4—§(u3+u4)- — I — = (i3 + i1y )ity + ily)
3@y + i) + 5 (a3 +iy)

Note that at each step of the algorithm the approximation of the MLE is a rational function of the data ii. Thus if after finitely
many steps the algorithm results in the MLE of # with respect to M ,, the model has a rational maximum likelihood estimator. The
question naturally arises: for a multipartition model with rational MLE, does iterative proportional scaling always result in the MLE
after finitely many steps?

Example 2.11. Here we consider the two matrices A and A depicted below.

11
e R
1

11
1
A= 1
1

Both matrices have rowspan equal to R3, so by Proposition 2.2, M, = M ;. Although they represent the same model, the convergence
of the IPS algorithm is heavily influenced by the chosen representation. Let & = (i, it,, ;) be normalized data. Using matrix A the
IPS algorithm converges in one step to the MLE, p* =i.

However, the IPS algorithm on A with normalized data vector i results in

1 1,
p(): (E(Ml +ily), z(ul +u2),u3>

(ity + 13) p (ity + 13)

I P
p=|ty, Sy i) Tl
i)y S(ap+iy)+ i

2 _ |- (@1 +i1p) 1 (i1y + i3) (i) + iiy) -

P =\ I — ,5(121+122)I_ - - D —
7 (@ + i) + 1) @ +m)+ay Sy i)y + i)
—_— +—

Loz 2y, ! [N
E(ul +ily) + il E(ul +iip) + iy

In general the different projections have the following form:
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U +u U, +u
pk =\ @, Pé_l (kil 3—) ity (kil 3—) » kodd ®)
p,  tiu P, tius
Uy +u uy+u
P =( (@ + ) ,p’z“l( 1+ 0) i . keven (6)
a+py T a s

Suppose that there exists an index k such that the second entry of p* is exactly ii, in (5) as well as (6). Then we deduce that i, = p’2‘“.

Hence IPS can only result in the exact result if #; = #,. Note that while the model is symmetric, the application of the IPS is not.
Hence if we would reorder the partitions, then exact convergence would require @, = .

Additionally, we generated 500000 integer vectors of counts with entries between 0 and 200000 with the pseudo-random number
generator from NumPy. After normalization we used them as input distributions & for the IPS with respect to the matrix A. The
arithmetic mean of the iteration steps taken to get a step size smaller than 10~ was approx 84 with a minimum value of 4, a
maximum value of 315848 and a standard error of approx. 1.73. Recall that in case of A the necessary number of iteration steps
is exactly 1. This example demonstrates that the chosen matrix representation of a multipartition model can greatly influence its
behavior under the IPS algorithm.

2.3. Toric fiber products

In this section, we review an algebraic construction, known as the toric fiber product, which will facilitate the proofs in the
following sections. Toric fiber products were first introduced by Sullivant, and this exposition follows the notation of [39]. For the
purposes of this article, we may broadly think of the toric fiber product as describing a way to concatenate the parametrizations of
two log-linear models that preserves some of their properties.

For any positive integer r, let [r] :={1,...,r}. Fix positive integers r and s;,7; for each i € [r]. Define three polynomial rings,

Clx]=CIx} |i€lrl,j €ls1],
Clyl= tJ:[yjc |i€[r]l.k€[t]], and
Clzl=Clzl, li€lrl,j €s;]. k€ [1;11.

Recall that a multigrading on a polynomial ring C[f] :=C[t,,...t,] is an assignment of a multidegree vector to each monomial,
deg(t#) € Z* that satisfies deg(t#1") = deg(t*) + deg(#). An ideal I € C[t] is homogeneous with respect to this multigrading if it has a
generating set { f|,..., f,} such that for each i, every term of f; has the same multidegree.

Fix multigradings on C[x] and C[y] given by deg(x;.) = deg(y;) =d' for integer vectors d'. Note that the multigrading of each
indeterminate depends only on its superscript, i. Let D be the matrix with columns d’ for i € [r].

Let I c C[x] and J C C[y] be homogeneous ideals with respect to this multigrading. We define a ring homomorphism,

wig: Clzl=(Clx]/D) ®c (Clyl/J)

2k X} ®c ¥
Definition 2.12. The toric fiber product of I and J with multigrading D is the ideal I X, J =ker(y; ;) in C[z].

We assume throughout that I and J are toric, as the ideals associated to rational multipartition models are always toric. We say
that a polynomial map # between polynomial rings is a parametrization of an ideal I if I =ker 0, or equivalently, if 6 is the pullback
of a parametrization of the algebraic variety V'(I). In order to parametrize the toric fiber product of 7 and J, we may simply take
the product of their parametrizations. More precisely, if ¢; and ¢; are monomial parametrizations of I and J, then we obtain a
parametrization for their toric fiber product according to multigrading D via z;k ) ,(xj.)d) 7 (y;(). In the case where the columns of
D are linearly independent, there is an explicit description of a generating set for I X, J using the generators of I and J. For more
details on this construction, we refer the reader to Section 2 of [39].

When I and J are toric, the toric fiber product construction can also be defined using the parametrizing matrices [21, Section 2.3].
Let I = I(B) and J = I(C) for some integer matrices B and C. Then the multigrading given by D assigns a vector in D to each column
of B and C. The matrix parametrizing their toric fiber product is obtained by concatenating each pair of columns of B and C with
the same degree vector.

Example 2.13. Consider the matrices

L 110 o 1 1,10 O

1 o 0 011 1

B=8 g o 1 and C=11 ol1 o
0O 170 1
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The columns of B correspond in order to variables xi,xé, x%, x% and the columns of C correspond in order to variables y} , y;, y%, y%.
Let I be the vanishing ideal of the log-linear model specified by B and let J be that of C. We have I = (x] - x,) and J={yy-
yé y%). Consider the multigrading with respect to the 2 x 2 identity matrix D, where deg(le.) = deg(yjl.) =¢, and deg(x?) = deg(yjz.) =e,
for j =1,2. Observe that both I and J are homogeneous with respect to this multigrading. The matrix defining the parametrization

of their toric fiber product, I X, J, is

Z% 1 2}2 Z;l 2;2 Z%I 2%2 z%l Z%Z
1 1 1 1 0 0 0 0
0 0 0 0 1 10 0
0 0 0 0|0 0 1 1
1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1
1 o 1 0 1 0 1 0
0 1 0 1 0 1 0 1

We conclude this introduction to the toric fiber product by describing the MLE of the model associated to the toric fiber product
in terms of the MLE of its factors. Let B,C be matrices representing the log-linear models associated to I and J. Let Py Pg and Pp
denote the maximum likelihood estimators for the log-linear models given by B, C and D, respectively. The following is Theorem 5.5
of [3] and plays a critical role in our proofs of the results in Section 3.

Theorem 2.14 ([3]). If D has linearly independent columns, then the (i, j, k)th coordinate function of the maximum likelihood estimator for
the log-linear model associated to the toric fiber product I X, J is

)i (P,
(Pz)i

2.4. Hierarchical models

A hierarchical model is a log-linear model for which the independence structure between random variables is described by a
simplicial complex. We will introduce hierarchical models using the notation in Chapter 9 in [40]. They comprise another interesting
class of multipartition models.

Let 2" be the powerset of [n]. A simplicial complex I' with the ground set [#] is a subset of 2" with the property that if F €T’
and F’ C F, then F' €T. The elements of a simplicial complex are the faces of T', the inclusion-maximal faces of " are called facets,
and the set of all facets of I" is denoted facet(I'). A simplicial complex is completely identified by its set of facets. So we may, for
example, write I = [12][13] for the simplicial complex "= {#, {1}, {2}, {3}, {1,2},{1,3}}.

Up to this point we did not assume any additional structure on A,,_;, but now we will consider a collection of random variables
X, ..., X, with discrete state spaces R;,..., R,. A simplicial complex with the ground set [¢] describes the interactions among the
different random variables on the joint state space R= R, X --- X R,. The corresponding log-linear model is called hierarchical model
and defined as follows. A description of the partition matrices that define a hierarchical model can be found in Section 4.1.

Definition 2.15. Let " be a simplicial complex. For every facet F = {f, f5, ... } in facet(I), let rp = erF IR/|. Fori=(iy,...,iy) ER
let ip = (if,,ig,,...). Additionally, we introduce a set of ry positive parameters 9,.’; for every facet. Now the hierarchical model
corresponding to I' is

1 F
Mp={ pea = Z®) ’
. {p IR]-1 | pi Z(0) Fefl;![(r) . }

with the normalizing factor

zw:Z H of.

i€R Fefacet(I)

Consider the binary case where each random variable X, ..., X, has exactly two states. We define the matrix A that realizes the
binary hierarchical model on I' as a log-linear model in the case where each random variable has exactly two states. The columns
of the matrix A are indexed by subsets of [r]. We could equivalently index the columns by 0/1 strings of length n by taking each
S C [n] to be the set of positions in the string equal to 1.

Let Fy, ..., F, be the facets of I'. The rows of A are divided into blocks Al, ..., A¥ each with 2!%il rows. The rows of the partition

matrix A’ are of the form ¢, where S C F; with

. 1, fTnF,=S
ay(T)= { ! (7)
0, otherwise,
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(63 ) 3)
Fig. 4. Three different examples of hierarchical models.

for each T C [n]. The hierarchical model M- is the closure of the image of the monomial map defined by A intersected with the
probability simplex, A,n.

Definition 2.16. A simplicial complex I' is called decomposable if it is a simplex or if it is the union of two decomposable simplicial
complexes I';,I', such that there exist F| € facet(I';) and F, € facet(I',) with

Fn |J F=FRnk.
Fefacet(I'y) Fefacet(Ty)

Example 2.17.

» The 2x2 independence model in Example 2.10 is a hierarchical model on two disjoint vertices where each random variable has
state space {1,2}. This is depicted in Fig. 4 (1). This simplicial complex is decomposable.

+ The decomposable simplicial complex depicted in Fig. 4 (2) is I'=[1,2,3][3,4,5]. The facets of I" are {1,2,3} and {3,4,5}.

In the simplicial complex I' = [12][13][23], the set {1,2,3} is not a face, hence the associated graph in Fig. 4 (3) lacks the grayed

space between the nodes. This simplicial complex is not decomposable.

The simplicial complex in Example 2.17 (2) is decomposable; we can see this by letting I') have the unique maximal face {1,2,3}
and I', have the unique maximal face {3,4,5}. The example in 2.17 (3) is not decomposable.
Now we will introduce a special ordering to the facets of a simplicial complex.

Definition 2.18. Let E = { F}, ..., F,} be an ordering of the facets of a simplicial complex I". Then this ordering satisfies the running
intersection property (RIP), if for each r € [s] there exists a k, such that

r
(UFk>ﬂFr+1=Fk,ﬂFr+1

k=1

The connection between decomposable simplicial complexes and the RIP, as stated in the lemma below, is proven for example as
Lemma 5.10 in [26].

Lemma 2.19. A simplicial complex I is decomposable if and only if there exists an ordering of the facets of I that satisfies the RIP.

The following is Theorem 5.3 in [26]. It draws a connection between decomposability of a simplicial complex and one-cycle
convergence of the IPS algorithm for the corresponding hierarchical model. One-cycle convergence can be achieved by requiring that
the multipartition matrix is ordered so that the facets corresponding to the partition matrices satisfy the RIP. An additional condition
for one-cycle convergence was proven in [41].

Theorem 2.20 ([26]). Suppose the simplicial complex T is decomposable. Let A = A"~ be the multipartition matrix corresponding to an
ordering of the facets of T that satisfies the RIP. Then the iterative proportional scaling algorithm applied to A yields the maximum likelihood
estimate in one cycle.

The hierarchical model associated to a non-decomposable graphical model has no parametrization for which IPS converges in one
cycle. In particular, a hierarchical model has rational MLE if and only if it is decomposable. This fact follows from [22, Theorem 4.4]
and [11, Theorem 3.2]. In the following section, we define a generalization of Theorem 2.20 that can be applied to a broader range
of multipartition models.

3. Generalized running intersection property

In this section, we define the generalized running intersection property, or GRIP. We show that a multipartition model satisfies
the GRIP if and only if it can be written as an iterated toric fiber product of multipartition models. This allows us to give a formula
for the maximum likelihood estimate of a model that satisfies the GRIP. We use this formula to show that iterative proportional
scaling exhibits one-cycle convergence on models that satisfy the GRIP.
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Fig. 5. The matrix A with its connection ratios shown on the right.

Definition 3.1. Let B and C be two partition matrices with the same number of columns and with rows af and a“f,. Two rows af
and a€, are connected if their supports intersect nontrivially; that is, if 12 n 1€ # 0.
74 H W

For a matrix to satisfy the GRIP, we require that rows from one partition to the next are connected in a way that satisfies certain
conditions. The following definition is motivated by the way column weights (see Definition 2.7) appear in the expressions produced
by each step of the IPS algorithm.

Definition 3.2. For a multipartition matrix A = A>-X, define ij to be j-th column weight for the matrix A~ obtained by only
considering the first # partitions of A. Then A is well-connected if for any row vector a/, with # > 1, we have that (¢/ /c/™") =
(cﬁ /cf,‘l) forall j,j’ el ;: . We call this quantity the connection ratio for ai and denote this quantity as C‘f with the convention that
c; =|I ; [

Remark 3.3. Suppose that A is a well-connected matrix. Then for any index j € [m], we see that the column weight ¢; can be

expressed as the product of the connection ratios, ¢; = H§=1 Cé( ‘0

Example 3.4. Consider the matrix A in Fig. 5. We note that it is well-connected and display the connection ratios of each row to the
right of the matrix.

Let Al,..., AZ be a set of partition matrices with m columns. Let § be the number of distinct columns of A'*. Define a labeling
of the columns of A", A: [m] = [f] such that A(j) = A(j’) if and only if the jth and j’th columns of A"~ are equal.

Definition 3.5. We define the partition matrix B =L”JZ:1A" to be the f# x m matrix with jth column e, ;. Since the labeling 4 of the
columns of Al+¢ simply permutes the rows of @szlA", we omit the specification of 4 from this notation.

In order to define the GRIP, we require that the tree associated to the multipartition matrix be staged. The word “floret” in the
definition below is deliberately suggestive of the terminology for staged trees discussed in Appendix A.

Definition 3.6. Let B and C be two partition matrices with the same number of columns and with rows aff and a. The matrices B

and C satisfy the floret condition if for every two rows of B, af and af,, the sets of rows of C that are connected to af and af, are
disjoint or equal. In this case, the set of rows of B connected to a row a€ is called a floret of B and the set of rows of C connected

to a row af is a floret of C.

If the pair of matrices B and C satisfy the floret condition, we also say that the matrix BC satisfies the floret condition. Suppose
that B and C are two partition matrices that satisfy the floret condition, and let FC, ... ,F/C. be the distinct florets of C with respect

to the matrix B. For each ¢ € [f], let F,B be the set of all rows of B that are connected to the rows of FIC.

Remark 3.7. The floret condition in Definition 3.6 is symmetric in B and C; that is, BC satisfies the floret condition if and only if
CB does. Hence the floret condition implies that 72 is well-defined for any € [f] and that every floret in B is of the form 72 for
some ¢. Indeed the florets of B are in one-to-one correspondence with the florets of C in this way.

Let #(u, v) be the index in [f] such that af 1S P[’(*M ,, and aC e sz,, ) In fact, 1(u,v) is determined by the row af or the row o€} it is

not necessary to provide both indices. Hence, we write #(u, ) to be the index such that af € F;ﬁ, o Similarly, (s, v) is the index such
that a€ € P,(C_ ,)- Thus aff and aS are connected if and only if #(u,s) = 1(,v). Note that the function (4, v) implicitly depends on the

matrices B and C.

10
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AlmA2=(11111111111111) ’<O
111|54...54..5.A..: g

Alw A2 = 0 T h i

. +r+r+r - - - - 111 - - - - Q

Alu A m A3 = }
(ATuAT)m .. . 1111 - - 1111 O
Fig. 6. The matrices A' m A%, A' v A> and (A' v A?) @ A> on the left and the tree associated to A on the right.

Example 3.8. Consider the matrix in Example 3.4, and let B= A! A2, which results in the following matrix:

1 1 1
B=A'uA’= S
1 1 1 1
Now let C = A%. Note that B and C satisfy the floret condition and that the florets of C are given by F{ = {a%,a{,a{} and Ff =
{a as C1}. We see that (s, 1) = #(s,2) = 1(+,3) = | and #(s,4) = 1(s,5) = 2. The corresponding florets of B are given by FB = {a aB} and
T’B { B 4B ) This implies that #(1,) =#(3,¢) = 1 and #(2,+) =#(4,) = 2. At this point the function #(u,v) is completely deﬁned and it
4
can be used to answer questions like, “Which floret of C is connected to the row aB ?” This is given by T‘ 16 T’C

For a set of partition matrices A',..., A with m columns, let B = wa:lA". Let C = A“*! have y rows and m columns. Then the
matrix BC has m columns of the form le, e,]” where u €[] and v € [y]. Let @ denote the column weight of e, e,]” in BC. Then
the columns of BC are indexed by triples of the form (u,v,s) for s € {0,...,®,, — 1} where column (4, v, s) is the (s + I)st column of
BC of the form [e, e,]”. We adopt this column indexing scheme for the remainder of this section.

Definition 3.9. Suppose that B and C satisfy the floret condition with f florets, F€,...,F¢. We define the matrix B m C to be the
f x m matrix whose columns are indexed by the triples (u,v,s) such that the (u,v,s) entry of the rth row of Bm C is equal to 1 if
t =t(u,v) and 0 otherwise. Note that any two columns with indices (u, v, s) and (u,v, s’) are identical.

In other words, a column of B m C are indicator vectors for the floret that the corresponding column’s nonzero rows belong to in
BC. Note that Bm C is only defined when B and C satisfy the floret condition.

Definition 3.10. Let A', ..., A* be partition matrices. For each ¢, let B, denote u U ,A". Then the multipartition matrix Al--K satisfies
the generalized running intersection property, or GRIP if for each ¢ € [k — 1],

1. the matrix B, A“*! is well-connected,
2. B,A”*! satisfies the floret condition, and
3. the rows of B, m A“*! lie in the rowspan of A~

Remark 3.11. The first point in the above definition is true for each # € [k — 1] if and only if A" is well-connected. Additionally
it is easy to see that the second point is satisfied if and only if 7.« is a staged tree (see Appendix A. We frame these conditions
above in an iterative way to facilitate the proofs in this section.

Example 3.12. We show that the matrix A from Example 3.4 satisfies the GRIP, as depicted in Figure 6. We also illustrate the
connection between the GRIP and staged trees, as discussed in Appendix A. In Example 3.4, we saw that A is well-connected and
in Example 3.8, we saw that it satisfies the floret condition. Equivalently, in order to check that A satisfies the floret condition, it
suffices to check that its associated tree 7, depicted below, is a staged tree. This is the content of Example A.4. Note that both when
B=A'and C = A2 and when B= A'? and C = A%, it is the case that the florets of the matrix C correspond exactly to the second-level
florets of the tree associated with the multipartition matrix BC. This is true in general; BC satisfies the floret condition if and only
if Ty is a staged.

Finally, we check the third condition of the GRIP. For # = 1, B; = A' and B, m A> = A2, so (3) is trivially satisfied. Thus all that is
left is to check that the rows of B2 m A> lie in the rowspan of A. First consider B> = A! y A%. The rows of this matrix are indexed by
the distinct columns of the multipartition matrix A'? and thus, all the distinct paths in 71..

Note the rows of the matrix B2 m A3 = (A! v A%) @ A index the level three florets of the staged tree 7. Since B> @ A3 = A%, we
easily see that (3) is satisfied.

11
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We now describe the iterated toric fiber product structure on the multipartition model defined by a matrix A'-* that satisfies
the GRIP. The following lemma is crucial to our construction of the toric fiber product.

Lemma 3.13. Suppose that B and C are partition matrices such that BC is well-connected and satisfies the floret condition. Then there exist
positive integers x,,...,xz and yy, ..., y, such that whenever ,,, is nonzero, we have @, = x,y, for all y € [f] and v € [y].

Proof. By Remark 3.3, for all u € [B],v € [y] such that 1(u,) = 1(s,v), we have »,, = C“‘Cf where C,l is an integer and C? is a rational
number. Let C2 =g, /b, for positive coprime integers a, and b,. Since (C"lav) /b, is an integer for all 4 and v, we have that b, divides
C, forall y and v. Let x, = C, /lem(b,,) e, and let y, = (a,lem(by)pefy))/b, - Each of these is an integer and satisfies x,y, = C,C; = a,,,.
Applying this result to each of the florets yields the desired integers. []

C = A?*! as in the paragraph preceding Definition 3.10.
Define the polynomial ring,

R=C[p"" | uelplvelrls€fo0,...,m,, —1}].

VS

Let xy,..., Xy, ... ,», be positive integers such that »,, = x,»,; these are guaranteed to exist by Lemma 3.13. Define two other
polynomial rings,

Ry=Clg"” | uelpl.s' €(0.....x, — 1}], and

Re=CIF") |velyls” €(0,....y, — 1)1

v,s!

Recall that 4 maps the columns of A!+* onto [f] by labeling the columns of A'~* so that A(u) = A(v) if and only if the uth and
vth columns of Al are equal. Let AL+¢ be the matrix defined as follows. Its columns are indexed by ordered pairs (u,s’) such
that y € [f] and s’ €{0,...,x, — 1}. The (u,5") column of A"~ is equal to the columns of Al with label y. In other words, the
matrix A~ has the same set of columns as A'~*; however, the column with label y is repeated in A!~ only x, times. Hence,
the column weights of 4 are bounded by the column weights of A. In general, we say that a matrix A4 is a compression of A if A
and A have the same set of columns, and A contains at most as many copies of each column as A.

Similarly, let A“*! have columns indexed by ordered pairs (v, s”) such that v € [y] and s’ € {0,...,y, — 1}. The (v,s”) column of
A?*! is equal to the vth standard basis vector. The matrix A”*! has the same underlying set of columns as A“*!, and this underlying
set is equal to {e,,...,e, }; however, the vth standard basis vector is repeated in A”*! only y, times.

Recall that for any integer matrix A, I(A) is the vanishing ideal of the log-linear model M, as described in Proposition 2.2. We
define a ring homomorphism by

e R _)RB/I(AI ,,,,, f)®CRC/I(éf+1) (8)

1(u,v) 1(4,e) 1(s,v)
PuvsT 4, ®cr, g
where s',s” are the nonnegative integers such that s = s'y, + s”’. Note that each s € {0,...,®,, — 1} has a unique representation in

this way. Define a multigrading on Ry by deg(ql’ff;;')) = e, and a multigrading on Rc by deg(r'™Y)

v,s!"
1(4.%)
Qs

(v.s") column of A”*! has degree ¢, ,, We will show that ker(y) is the toric fiber product of I(4'*) and 1(A”*!) with respect to
this multigrading and is equal to I(A"-7+1).

) = ey.,)- Since each indeterminate

corresponds to the column of A+ with index (u, s"), we also say that this column has degree €4+ Similarly, we say that the

Proposition 3.14. Let A"* and A”*! be any compressions of A" and A“*!, respectively. The toric ideals I(A"*) and I(A”*") are

multihomogeneous with respect to the multigradings deg(q:f‘;f) )

(e,
= e,y and deg(rv(vsm =)
Proof. Let D= BmC. The rows of D are in the rowspan of A~ by the generalized running intersection property. Moreover, the
row of D corresponding to a floret 7 in C is Z a€. Hence, the rows of D are in the rowspan of A*! as well.
aEEF
The matrix A'»+¢ is obtained by deleting some columns of A'»“. Let D be obtained from D = B m C by deleting the same

columns. Then the matrix D defines the multigrading deg(q;f’:}'

I(A"~*) is multihomogeneous with respect to the grading given by D since ker(4'"+¢) C ker(D). The argument for the linear ideal
I(A”*") is analogous. []

))=¢,(,..) 0N Ry. The rows of D remain in the rowspan of A'*. Thus

Theorem 3.15. Let A'»~“*! be a multipartition matrix that satisfies the generalized running intersection property. Then I(A'--¢+1) is a
toric fiber product of toric ideals. In particular this toric fiber product is given by ker(y), defined in (8).

12
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Proof. By Proposition 3.14, I(4'~/) and I(A’*") are both multihomogeneous with respect to the grading specified by D. Consider
the (u,v,s) column of Al-~*!. Since this is an index for a column of A'-“*!, we must have 1(u,+) = 1(s,v). Let x,, and y, be the
positive integers given by Lemma 3.13 and let s’, s’ be the unique nonnegative integers such s =s"y, + s””. We obtain the (u,v,s)
column of A'+-¢*! by concatenating the (u,s’) column of A~ and the (v,s") column of AZ+!.

Note that for each ¢ € [f], we obtain a unique column of Al~+¢ with degree e, for every pair of columns of A"+ and A“*!
with degree e,. Moreover, this process only concatenates a pair of columns of A"+¢ and A“*! if they have the same degree. Hence
Al-?*1 is matrix that parametrizes the toric fiber product I'(4% %) x, I(A1). []

We are now ready to examine the maximum likelihood estimators of multipartition matrices that satisfy the GRIP. Recall that the
number of copies of column e, in B is

2 Bpy =Xy Z Yy

.C C - ,C C
v:iay EF,(,‘,.) v:iay ET”(IL_)

For each p, let

Y, = Z Yv:

..,C C
viay EFI(M».)

Then we index columns of A7 by (u,s) where y € [f] and s € {0, ... .x,Y, —1}. Let 7 be an m-dimensional normalized data vector
for A+~¢ with this indexing. We form an associated data vector & for A+~ by setting
Y,-1
By = 2, B 9
n=0
for each y € [p] and s’ € {0, ...,x, — 1}. When we compress the matrix A!-* to Al~-*, we have a single column with label (u,s")
representing Y, copies of an identical column in A~ In order to form the (u,s’) coordinate of i, we add the Y, coordinates of &
that are represented by column (u,s’) in A, Let P}y @ denote the (u,s) component of the MLE for i in M(A!%).

Proposition 3.16. Let i be a data vector for M(A'*) and let i be as defined in Equation (9). Then the MLE for @ in M(A"*) has
(u,s") component Y,, - p(*” 0)(12), which is independent of the value of 5" for each s’ € {0,...,x, —1}.

Proof. Let ¢* be the (} x,)-dimensional vector with (u,s") component equal to Y, pa 0)(12) for each y €[f] and s’ € {0,...,x =1}
We show that ¢* satisfies the conditions of Proposition 2.9.
First, we show that A"~/ ¢* = AL“i. Let g be a row of A"~ and let a be the corresponding row in A'¢. Then we have

a-q' = z Y, b, 0) (@)
(u.s")€supp(a)

Note that if (4, s") € supp(a) for some s’, then we have (u, h) € supp(a) for all A in {0, ... ,x, — 1}. Moreover, by Proposition 2.9 applied

to M(A0), pz‘ﬂ o= p(*u 0 for all s € {0,...,x,Y, — 1}. Indeed, since the (4,0) and (y, s) columns of Al are equal, any point in
M(A-?) must have equal (4,0) and (i, s) coordinates. Thus

Xy YM -1
a-q'= Y xYorg@= Y > P @=a-p".
w:(u,0)Esupp(a) ui(p,0)Esupp(e) n=0

Similarly, we have that

x,—1

a-u= Z ,lz(u,s’) = Z ( Z ﬁ(M,S’Y“-H’I))
(u,s")Esupp(a) (u,s")esupp(a)  n=0
x}(Yy
= z Z Uiy = 2 Uy =a-i
u:(u0)Esupp(a) n=0 (u,n)Esupp(a)

By Proposition 2.9 applied to A+¢, we have a - p* =a - ii. Hence a- ¢* = g - ii, as needed.
Now we must argue that ¢* lies in the variety of I(4" 7). Let A"+’ denote the matrix obtained from A'~+¢ by removing all
repeated columns. The columns of A'~~* are indexed by u € []. Let J denote the inclusion of I(A'+*) into the polynomial ring,

Clpus | H E LS € (O, ., x, Y, — 1]

obtained by mapping p,, to p, - Then by definition of the toric ideal associated to a matrix, we have that
A= ps = P | HEBLs.r €10, x, Y, —1}) +J.

13
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Similarly, let J denote the inclusion of I(4"~*) into Ry obtained by mapping P, 10 g, )- Then we have that

I(AY ") = (4G = Qur | HEBLs.r €0, x, = 1}) +J.

Thus we must check that ¢* lies in each of the summands of I(A!7).

First, q(*ﬂ’s) = qfw) for all u €[p] and s,r € {0, ..., x, — 1} by construction. Let

N N
f= H 9(44,.0) —~ H 9(v,.0)
n=1 n=1

lie in J and f =[], p 0,0 ~ Iy, P,.0) be the corresponding element of J where N = deg(/f) = deg(f). By Proposition 3.14, J is
multihomogeneous with respect to the multigrading specified by D. Since the columns of D are linearly independent, we may assume
that for each n € [N], af and a® lie in the same floret of B with respect to A”*!. Thus Y, =Y, forall n. Evaluating f at ¢* yields

N N N N
£k * _ * _ . ¥ _ . ¥
Far=T14.0 = [ %,0=T1Y0 70~ T1Y. 20
n=1 n=1 n=1 n=1
N

N N
= ( H Y, )( P?Mn,o) - szkvn,())) =0,
n=1 n=1 n=1

since p* € V(J). Thus ¢* lies in the closure of M(4"++¢), and in fact is in the model itself, since the entries of ¢* are strictly positive.
So by Proposition 2.9, ¢* is the MLE for @ in M(4"%). [

Let A be a multipartition matrix with k partitions that satisfies the GRIP. The #th level florets of the matrix A are given by
the florets of A’*! (as defined in Definition 3.6) in the pair of matrices B, = wi=1A" and A“*!, with the convention that the 1st
level florets are given by the rows of A'. We denote the #th level floret containing the row aif as F’[i]; thus the #th level floret
corresponding to the jth column of A is F/[S(Z, )].

Remark 3.17. There is a clear relationship between the notation described above and that used for florets of rows up until this
point. In particular for the pair of matrices B, and A’*! we have that F/HI[S(Z + 1, /)] = Ft’(‘_ S(I £1) for 1 <¢ <k - 1. We make this
distinction in order to avoid dependence on the matrix B produced at each step.

In order to prove one-cycle convergence for models satisfying the GRIP in Theorem 3.22 we take three important steps. These
are similar to the structure of the proof of one-cycle convergence in the case of the RIP in [26] Theorem 5.3. There the author first
proves in Lemma 5.8 that the MLE is a normalized product of the MLE for two submodels. We use a generalization of this result from
[3], given here in Theorem 2.14, and apply it in Corollary 3.18 to show the structure of the MLE. This corresponds to Theorem 5.1 in
[26]. Finally, in Theorem 3.22 and Theorem 5.3 in [26], respectively, the now known structure of the MLE is used in the induction
to show one-cycle convergence.

Corollary 3.18. Let A be a multipartition matrix with k partitions that satisfies the GRIP. Then the MLE p* of i has as its jth coordinate
function:

k as , (@)
”
i3 | o)
i |7=1 > a; (i)
al eFl[S(.))

Proof. We induct on k. First, let k = 1. Then I(A') = (p = pp | AG) = A j")). Thus, it is straightforward to check that p; =
1 = _ 11 _
5 Ziel;(m = g (@, as needed.

Now suppose that the result holds for all # < K for some natural number K > 1. Consider a partition matrix A'-~X*! that satisfies
the GRIP; then by definition of the GRIP so does A'-K. Now let B=wX_ A%, C = AK*!, and D= BmC. By the GRIP, BC satisfies
the floret condition. By Lemma 3.13, for each u € [f] and v € [y], there exist x wy €EZ, such that

x,y, ift(ue)=1(,v)
wyv = .
0 otherwise.

Let AX+! have columns indexed by (v,s”) where s” € {0,...,y, — 1}. The (v, s”) column of AX*! is equal to the vth standard basis
vector in Z”. For each v € [y], let
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so that Y’ wiaBers | Ou = X,y,- Let a© be the vector of data with entries indexed by (v, s”) such that

x“—l
_C -
u(v,s”) = 2 Z u(u,v,s”xu+n)'
uiageryg - n=0
We note that while the entries of &€ are ordered pairs, we do not view it as a matrix but instead as a vector (or flattened matrix),
since we wish to treat it as a data vector to perform IPS on it.
Finally, let D be the f x f identity matrix where f is the number of distinct florets of BC. Let #” be the vector of data indexed
by the distinct florets of BC with rth component

@y, =1

D _ —
o= Z Z AN
wvit(uv)=t s=0
where the triple index on # is as in the paragraph before Definition 3.9.
Let (p*)® denote the MLE for @ in M(4"X), (p*)C denote the MLE for &€ in M(AX*!) and (p*)P denote the MLE for & in M(D).
By Theorem 3.15, I(AL+-K+1)y = 1(41K)x, I(AX*1). So by Theorem 2.14, we have that

e (TN (0

%

p(u v,s) D

” @),
(u,v)

where s’ and s” are such that s =s"y, + s’'. We compute @8, (p")C and (p*)P to prove the desired result. Fix x € [f] and v € [y]. By
induction and Proposition 3.16, we have that

B
(p*)(/A.x’) =Y, ‘p?u,vm

K 4 = K 4 =

_ Y (e ooy @ _ 1 11 (e uvsn®
XV |20 z al, @ | Xu |7z ) a!, @)

aﬁ L EFLISE (v, 0))] a;’ L EFL IS (1vo5)]

since S(Z, (u,v,s)) = S(Z, (4, v,0)) for all 5. Since AX*! is an identity matrix with repeated columns, we have that

w,y

wl
c 1 _ 1 _
(p*)(v,S”) = y_v 20 u(c\:,n) o z Zu(u.v,n)
o

D

y:afe?{‘({.w n=0
_ L(alwl(ﬁ)) = L (K @
- ¥, v - », S(K+1,(u,v,5)) !

The equality in the first line comes from the definition of the vector &€.
Let t =t(u, v). Finally, since D is an identity matrix, we have that

@1 -1

(p*)zD = ﬁID = Z Z ﬁ(u',v’,x) = Z a§+l (ﬁ)

u’,v’ :’(””.)zt(.’v’)zf s=0 af,“ eFKk+l1 [S(K,(u,v,s))]

Thus by Theorem 5.5 of [3], the (u, v, s) coordinate of the MLE for & in M(A~K+1)is

K 1 ii
@ = | [ — e
(v, )N T i
HiV,S x| 7o D ai,(u)
ai, EFL[S (pv,9))]
L k+1 - 1
X —(a i) X
¥y, S(K+1,(1,v,5)) Z af,“(li)

af,“ eFKHSE (1,v9))]

K+1 ‘ i K+1 ‘ ii

_ 1 sz )@ _ 1 I st pwsn @
Xubv | 721 z a;,(ﬁ) Dy | =1 )y ai,(ﬁ)

a’:: L EFCIS(,(1,v,5)] af L EFLIS(E,(Hv.5))]

This proves the result for A+K+! and we are done by induction. []

We now define an iterated toric fiber product of linear ideals. These are defined so that if I(A'») is an iterated toric fiber
product of models corresponding to partition matrices, then A!» ¥ satisfies the GRIP.

15
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Deﬁnition 3.19. Let A!,..., A¥ be partition matrices such that A~/ and AZ+! satisfy the floret condition for each ¢ € [k — 1]. Let
D, =(u/_ A") mATH for each ¢ € [k —1]. Suppose there exist compressions A!¢ and A+ of A'»~ and A“*!, respectively, such
that I(A1 f) Xp I(Af“) is defined and equal to I(A'~-?*!) for each # € [k — 1]. Then the ideal I(A'+-*) is an iterated toric fiber
product of 11near ideals.

Proposition 3.20. Let A~k be a multipartition matrix such that I(A'-+*) is an iterated toric fiber product of linear ideals. Then A'* is
well-connected and satisfies the GRIP.

Proof. Fix # €[k —1]. Let B= u A" and let C = A“*!. By Definition 3.19, BC satisfies the floret condition. Thus, D, = Ba C is
well-defined. Let A+ and A” +"be such that T A"y xp i (A" is defined and equal to I(A"/*!). Then since the toric fiber
product is defined, both I(4'¢) and I(4“*!) are multihomogeneous with respect to the multigrading given by D,. But A~ is
obtained from A'¢ by adding repeated columns. Thus, each row of D, is contained in the orthogonal complement of the kernel of
A7 which is equal to the rowspan of A!7

Let A'~ have f distinct columns with labels 1, ..., . Let x . be the number of copies of column « in Al»7_ Let y, be the number
of copies of the vth standard basis vector in A“*!. Then by the construction of the toric fiber product, there are w,, = x,y, columns
of Al»~+1 that consist of column y of A+ concatenated with e, .

Let u, u’ € [B] be such that af and af, belong to the same floret of B. Let aVC belong to the corresponding floret of C and let F

denote the set of all rows of C in the same floret as aVC. Then the number of copies of column x4 in A7 is x p N :HS cr v - Similarly,
the number of copies of column 4’ in A is x, ¥, Ger v Thus we have
o0/ (x, Y ) =0/ Y v)=ou/(xa D w)
v’:ag/ef’ v’:aSET‘ v’:aVC,EP

Thus BC is well-connected. The above argument holds for all # € [k — 1]. Thus A'-* satisfies the GRIP. []

We now show that for multipartition matrices that satisfy the GRIP, the IPS algorithm produces the MLE in exactly one cycle. In
order to understand this MLE, we must first establish the following equality.

Lemma 3.21. If A is a multipartition matrix with k partitions that satisfies the GRIP, then the following equation holds for any row vector
a* of Ak:
1

@)

S(fj) _ -k ko=
z k1 H—/, =¢ Z a, (@).
jerk € 2=l Z a; (@) db eFki]

a,_f, eFLIS(.))]

Proof. By Corollary 3.18, the MLE of M, is given by p=(p;,...,p,,) where

k

3 _

n= x| —5

! C;-( /=1 > ll,-f(ﬁ) '
al eFC 1S

for j €{l1,...,m}. Since p is the MLE it also satisfies Ap = Aa by Proposition 2.9. In particular for any row vector a{.‘ we have that

7 —
dr=Y & Hazsf’”—”(u)/ = a(@).

jeIk € ol P ay, (i)
a, €FL[S(E.)))

Note that for any j € Il.", we have (l/c;.‘) = (c/’."l/c/’."lc;.‘) = (I/CI."c;."l) since A is well-connected. Thus we pull out a factor of (I/CI.")
out of each term. Additionally for any j € I,.", we have that S(k, j) =i by definition, and hence we rewrite the middle term of the
above equation as

a (@) y L 1 ﬁ a50)@
Ck 2 ,(u) jetk Cfl 7=1 Z a{{;(ﬁ)

al €Tk (j] al, €FIIS(E.))]

The result immediately follows from this. []
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Theorem 3.22. If A is a multipartition matrix with k partitions that satisfies the GRIP, then the IPS algorithm applied to A results in the
MLE after one cycle.

Proof. We proceed by induction on k. For k = 1, IPS produces the MLE of M 4 after just one step. Indeed the information projection
onto the linear family defined by A in this case is simply the MLE of M, (see (4) and Proposition 2.9). Now assume that for any
multipartition matrix A satisfying the GRIP where k < K for some natural number K > 1, the IPS algorithm results in the MLE. By
Corollary 3.18, the MLE p* for M 41.... is of the form in (10) in this case.

Now let Al++K+!l be a multipartition matrix with K + 1 partitions satisfying the GRIP. Note that based on the definition of the
GRIP, Al--X also satisfies the GRIP.

Performing the first K steps of the IPS algorithm on A is equivalent to one cycle on A!~X. Thus we have, by the induction

K ¢ i
k_ 1 ey
pj - _K H .= |
fles Y dm
al eFL[S.))]

Then the (K + 1)st step of IPS scales each p/’? by

K+1 - K+l =
T k+1.5)@ _ a5k+1.5)@
ok K+1 7
K p _ Cs+1 Z a; " (@)
Z 1 H T n) @ aKH ePKH[S(K+1,/)]
ol Y d@
j/€151‘<(4;<1+1 ) j’ =1 i
! ol P! (S,
K+l

where equality follows from Lemma 3.21. Since CX*! = L this implies that pX*! is exactly the MLE of M ,i...x+1 by Proposi-

SK+L) T K
tion 3.18. By induction this proves the result. []

Not only does the proof of Theorem 3.22 show that the IPS algorithm constructs the MLE in one cycle, but also that at the
¢-th step the vector p? is exactly the MLE of the A~7. It is natural to ask if the property of producing the MLE in one cycle also
characterizes multipartition matrices satisfying the GRIP. However, we immediately see that this is not the case in general. Consider
a nx m multipartition matrix A with k partitions such that A* is the identity matrix I,,. Then M, is the entire simplex A,,_, and IPS
automatically produces vector i (the MLE of M, in this case) regardless of the first k — 1 partitions. Another example is given below.

Example 3.23. Consider the multipartition matrix A below. This matrix does not satisfy the GRIP because it is not well-connected.

The column weights of the columns 6 and 8 of the first two partitions are

62 C2
cé =3,c§ = l,cg =1 and cé = 1. Hence, —61 # —?
%

However, the IPS converges to the MLE
N N (AN (P
p*(u) = ((@ay +iiy) (@t + 13), (i) + itp) ity + ily), (i + iy ity + il3), (il3 + iy )iy + i1y), E(us + it7), g, E(us + u7),u8)T

in one cycle.

Remark 3.24. For a multipartition matrix A with k =2, it is possible to show that if the IPS algorithm produces the MLE in one
cycle, then A satisfies the GRIP. This relies on being able to explicitly write the coordinate functions of the MLE as a product of linear
forms that must satisfy the Horn uniformization [18,31]. While the above counter-example implies that this is not the case for k =3,
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it would be interesting to investigate whether requiring IPS to produce the MLE of A!+* at the #-th step is sufficient to guarantee
that A satisfies the GRIP.

Example 3.25. Here we apply IPS to the matrix A from Example 2.5. The rows of A are colored blue in this Example. (For interpre-
tation of the colors in the text, the reader is referred to the web version of this article.)

Let @ = (y,...,i;4)" be the normalized data vector. Projecting to the first partition of A leads to p(l) == p(7) = %ai(z}) and
pg == p? = %a;(ﬁ). The second step of the algorithm results in four different types of indices. These are given by the different

rows in the matrix A! v A2, indicated by the different dashed and dotted lines below the matrix.

AlmA?=(1 1 1 1 1 1 1 1 1 1 1 1 1 1) alf?
1 1 1 - - e al*?
I B I : o

1 2 _ 2
A'UAT= 1 1 1 . ,]zw
o111 a2

Note that since A! v A% consists only of the ones vector and & is normalized, we have a}m‘z(ﬁ) = 1. Therefore the second projection
simplifies in the following way:

: pi=py=py= éll }(ﬁ)clzajl(;z)()=%a}(ﬁ)a§(ﬁ)

s Lo 20 Lo

Ph=pl=p!, = éaé@% = La@a@
171

=l o < L
: 271

For the last projection we only demonstrate four indices as an example.
(1u2)m3
(l]

T ri - - - <111 - - . .
1 2 3_
(A'VA)mA _<_ 1111 - - 11 1> uéw,m

In this case A2 =(A! v A%) m A3, hence a?(i)) = uf.lwm (7). In order to visualize the structure created by IPS, we also display the
general formula of p]z. without simplifications

207 3(7 2 (i 3@
Pl i@ 4@ 1, 9@ 4@ el
oot @ cd e T 2a®a e !
207 3 (i (i 3
P= Lal ii 5@ a4 = lal it GZ—(IOL = lal(ﬁ)a3(ﬁ)
Yool Gamme e T Eadma 2a00e 2
205 34 (i 3@
2=d@ a® G0 1 @ a® = a)(i)a; (1)
ot ek a1 @ 1w T
205 37 2(i 3
2= L a, (@) aw ial(ﬁ)%_(”)i - Lo@d@
oot e M T Ladm @) 26l E 2

There exist two columns identical to column 4 and two columns identical to column 11. Hence the corresponding connection ratios
do not add up to one, but to %

We end this section by noting that the formula for the MLE of a matrix satisfying the GRIP in (10) factors through the associated
monomial map ¢,. Re-ordering if necessary, we denote i in the ambient space of M, as i = (12: Ve ,17?‘ ,ﬁ;, 712;2, ,ﬁfn”' )T where ¢ j

is the column weight. We have that

18



J.I Coons, C. Langer and M. Ruddy International Journal of Approximate Reasoning 164 (2024) 109043

1/~ 1 (7 2 = k (= e
st@) s, (@) s2(i1) R (D) a? (in)
P*(ﬁ)=¢A<—ll nll . 12 "kk where s/ (7) = ———— —.
G G G G, 2 a; @)
af’,erf[i]

This factorization implies a nice correspondence between the MLE of the matrix A obtained by removing all repeated columns of A
and the MLE of A.

Proposition 3.26. Let A be a multipartition matrix with k partitions that satisfies the GRIP and let A be the n X m matrix obtained by

removing all repeated columns of A. Let &= (@, ...,&,,) be a normalized data vector of counts. Then the MLE of M, for a data vector i is
given by
/=
ai (i)
D@ = ba (1@, o5}, @, SF@ o sE @ ) where [ @)= —F——
< DA)
al eFlil’

for row vectors a’ of A'.

Proof. Clearly P @ lies on the model M 45 it remains to show that A(p, (@) = A@) which implies that py@ is the MLE of M 4 by
Proposition 2.9. Consider a data vector & in the ambient space of M, where a} = (gj /¢;) for all j € [m] and i € [e;]. Then we have
thata =@ +al+...+a).

Since A satisfies the GRIP, the MLE of M, with respect to i, denoted P}, (@), is given in (10). For any row gf of A, it is easy to see
that af (1) = gf (@). Thus we write the coordinate functions of P}, (@) in terms of the coordinate functions of Pl (@) as

p: (2)]

ph@; =
J
forallie [¢;]. So we have that

Ci
> P @) =pa@),
i=1

which implies that

m €j m
af (@)=Y, Y ph@) = Y py@; = af (b @).
j=1i=1 =

Putting the above two equalities together, along with the fact that p* (@) is the MLE of M4, we have that a/ (7) = a/ (@) = a/ (p,@)) =
gf(pé(g)), which in turn implies that gf(g) = gf(pé(g)). O

In Proposition 3.26, we assume that the data vector is normalized only to be consistent with the notation of the previous results.
Indeed, the assumption that the data is normalized is not necessary as the normalizing factor cancels in each function sf .
Example 3.27. In Proposition 3.26, if one removes all repeated columns from a multipartition matrix that satisfies the GRIP, the
result also satisfies the GRIP. The reverse is, however, not true. Consider the independence model from Example 2.10. We see in that
example that the IPS algorithm produces the MLE in one cycle. One can easily check that this model satisfies the GRIP as well, so
this is not surprising.

However, if we simply repeat the last column to obtain a new multipartition matrix, shown here,

then the IPS algorithm does not produce the MLE after one cycle. In fact, one can check (by computing the solution set to the
polynomial equations defining the ML-degree) that the resulting multipartition model has non-rational MLE. This implies that the
IPS algorithm cannot produce the MLE exactly.

4. Model families satisfying the GRIP
4.1. Hierarchical models

In this section, we justify our use of the name “generalized running intersection property”. As discussed in Section 2.4, we
associate a hierarchical model with a simplicial complex I'. Recall that if a simplicial complex is decomposable, then by Lemma 2.19,
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there exists an ordering on the facets that satisfies RIP. Recall further the matrix that defines a binary hierarchical model, as given
in Equation (7).

In the following proposition, we prove that a binary hierarchical model with the RIP also satisfies the GRIP. We note that an
analogous argument proves the result for non-binary random variables as well; we do not include a proof here to maintain notational
simplicity.

Proposition 4.1. Let T" be a simplicial complex and let A be a multipartition matrix representing the binary hierarchical model on I that
satisfies the running intersection property. Then A satisfies the generalized running intersection property as well.

Proof. Let I' be a simplicial complex on [p] with facets Fy,..., F, such that the resulting multipartition matrix A'~* satisfies the
running intersection property. Let 1 <Z <k, B= Lw,f:lA" and let C = A+, Without loss of generality, let F,, ..., F, form a simplicial
complex on [g] for g < p. Since A" satisfies the RIP, there exists an s < ¢ such that [g] N F,,, = F,n F,,.

First, we wish to show that the matrix BC satisfies the floret condition. The matrix B has rows indexed by subsets of [¢]. For each
S c[p] and T C [q], the S entry of a? is equal to 1 if T =.5 n[q] and 0 otherwise. Let U C F,, ;. We claim that ag is connected to aﬁ
ifand only if Un[q]l=T nFy,,.

Indeed, suppose that Un[q] =T N F,,,. Let S=UNT. Then

Snlgl=UnlghuTnlgh=TNnF, DUT=T.

Similarly, S n F,,; = U. Hence the S coordinates of a2 and a, are both equal to one, and these rows are connected.

Conversely, suppose that aﬁ and ag are connected. Then there exists an S C [p] such that U = SnF,,; and T = S n[q]. Intersecting
the first equation with [¢] and the second with F,,; yields that U n[q] =T n F,,, as needed.

Thus, for each T, T’ C[q], if T n F,,; =T’ n F,,,, then we have that the sets of rows of C connected to aﬁ and a?, are equal.
Otherwise these sets are disjoint. Hence BC satisfies the floret condition.

For each S C [p], the number of columns of B identical to the column associated to S is 2?74. Indeed, the columns of B associated
to S and S’ are equal if and only if S n[g] = S’ N [q], and there are 27~9 such subsets of [p]. Similarly, the number of columns of BC
identical to the column associated to S is 27~ , where q' =#([q] U F,,,). Thus, since all column weights within B are equal to one
another and all column weights within BC are equal to one another, BC is well-connected.

Finally, we must show that B m C lies in the rowspan of A!~+. Recall that there exists an s < # such that [¢]n F,,; = F,n F,;.
We showed above that the rows of D = Bm C are indexed by subsets of [q] N F,, . For each T c [¢] n F,,; and each S C [p], the row
a? has § entry equal to 1 if S n([g]N F,,;) =T and 0 otherwise.

We claim that for each T' C [q] n F,,, a? is the sum of all rows of A%, aj, suchthat UnF, =T, i.e. a? is equal to

DI an
UcCF;:
UNFy 4 =T
Indeed, let S C [p] satisfy S n F,,; Nn[q] =T. Then we have that (S n F;)n F,,; =T. In particular, the term of Equation (11)
corresponding to U =S N F; has S entry equal to 1, as needed.
Similarly, if SN F,,  Nn[q]=T'#T, then we have T’ = (S n F,) N F,,,. In particular, the row ay, k, is the row of A* supported on
S. But it is not a term of the sum in Equation (11). Hence the sum in (11) has S entry equal to 0, as needed.
Since each row of D lies in the rowspan of A, it lies in the rowspan of A'»? as needed. Hence A!F satisfies the generalized

running intersection property. []

4.2. Balanced staged tree models

In this section, we explore the implications of the results in Section 3 for staged tree models. An introduction to staged tree models
can be found in Appendix A. We show that a staged tree model is balanced and stratified if and only if the associated matrix satisfies
the GRIP, leading to a new characterization of balanced, stratified staged trees. In particular for the associated multipartition matrix,
the IPS algorithm results in the MLE after one cycle.

To define the notion of a balanced staged tree, first we must describe the interpolating polynomial of a staged tree 7, first
introduced in [24]. For any vertex v € V, we consider the subtree 7, rooted at v. We denote the set of root-to-leaf paths of 7, (or
equivalently the v-to-leaf paths in 7) as A,,.

Definition 4.2. For a staged tree (7,0) and a vertex v € V, let #(v) := ZAE/\F Hs,-eﬂ(/l) s;. If v, is the root of 7, then 1(v,) is the
interpolating polynomial of 7.

Definition 4.3. A staged tree (7, 0) is balanced if for any two vertices v,w € V such that 7, = F,, the following equation

(Wt = twHr@") (12)

is satisfied for all distinct pairs of vertices v’,v” € ch(v) and w',w" € ch(w) where 8(v,v') = 8(w,w') and (v, v"") = O(w, w').

20



J.I Coons, C. Langer and M. Ruddy International Journal of Approximate Reasoning 164 (2024) 109043

Example 4.4. Consider the staged tree (7,60) in Example A.4. To determine if the tree is balanced we must compare all pairs of
vertices in the same stage. The pairs v, ,v,,,, and v, , v, ,, trivially satisfy the condition in (12). Thus to determine whether 7 is
balanced it is enough to check whether (12) holds for v, and v, . We have that ch(vy)) = {v, ;. s, } and ch(vg,) = {vg,4. Vg1, }- SO
we have to check that (Vg1 Wy 1) = 10, IO 1)) Writing out the corresponding polynomials,

t(v

So’o) = t(USHu) =rog+ry+r, t(vSU,I) = t(vsl,l )=r3 41y,

we see that this is satisfied. The staged tree (7, 6) additionally satisfies the property that for any two vertices v, w in the same stage,
t(v) = t(w). In [4, Lemma 2.13] it was shown that this property implies balanced. To “unbalance” the staged tree, one could re-color
as blue one of the red vertices, changing the resulting floret. For another example of an unbalanced staged tree see [4, Example
2.14].

One can determine statistical and algebraic properties of a staged tree model from its interpolating polynomial [23,24] and
whether or not it is balanced [4,17]. In particular the following proposition follows from [17, Thm. 10] and applies to our definition
of staged tree models due to [4, Lem. 5.13]

Proposition 4.5. A staged tree model M is equal to the toric model MT if and only if (T, 6) is balanced.

Example 4.6. For the staged tree (7, 0) introduced in Example A.4, we define the toric model M, by the monomial map ¢y
This is equivalent to the monomial map ¢, arising from the multipartition matrix Ay below.

1 11 11 - . . . . So

Ar=l1 - -« 1 - . .« .]n

Thus HT is the log-linear model M, . In Example 4.4 we showed that (7', 0) is a balanced staged tree, and hence Proposition 4.5
implies that M, = MT =My, .

In the case that (7,0) is stratified and balanced, the staged tree model M is also a multipartition model. Since the tree is
stratified the associated matrix A, with the monomial map ¢, (defined in (14)) is a multipartition matrix, and being balanced
implies that M = MTA =My, .

Note that the set of models defined by multipartition matrices A whose associated tree 7, is a balanced, stratified staged tree is
larger than the set of staged tree models arising from balanced, stratified staged trees. When the matrix A has repeated columns, this
information is lost when constructing the tree graph 7,. Thus the staged tree model arising from (7,,0,) is the model obtained by
removing repeated columns from a multipartition matrix A.

Example 4.7. Consider the matrix A from Example 3.4, which is used throughout Section 3. On the left of Fig. 7 the associated tree
(T4,0,) is drawn and on the right we color portions of the matrix corresponding to the blue and red florets. We draw double circles
around four of the leaves to indicate that the associated column is repeated in the matrix A. However, the underlying labeled tree
graph is exactly the same as in Examples A.4 and 4.4, and hence is a stratified and balanced staged tree.

We show that the stratified and balanced conditions on a staged tree are related to the generalized running intersection property
for multipartition matrices.

Lemma 4.8. The multipartition matrix associated to a stratified and balanced staged tree is well-connected.

Proof. For a balanced and stratified staged tree we have that M, = My, and each column of A represents a distinct root-to-leaf
path 4; in 7,. Consider an edge (v, V') of T, with label sf , 1 ¢ < m. Then there exists a subset of I C lf c{1,...,m} representing
the set of root-to-leaf paths containing (v,v'), i.e. {1 € A|(v,v') € E(A)} = {4 jliercl f }. The number of these paths, |I| is exactly
cjf for any j € I since cf describes the number of repeated columns of the first # partitions each of which is a distinct column of
A. Thus the number of terms in the summation ((v") = ¥ ,cn Tlcon s = 2, tjer Iseon) s is cf. In other words if we denote 6(#(v'))
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Fig. 7. The stratified and balanced staged tree 7 on the left corresponding to the matrix A on the right.

as the sum of the coefficients of #(v'), then o(t(v')) = cjf . Note that, for any v, w € V, since #(v) is a polynomial with positive integers
coefficients, o(t(v)t(w)) = o (t(v))o(t(w)).

Now fix a row af in the #-th partition of A and an index j € lf. Let (v, v) be the edge in 7, such that 6(v,v") = sf and (v,v") € 6(4)).
Similarly let j € I’ be any other index in I/ and (w,w’) be the edge such that 8(w,w') = s* and (w, w') € 8(4;). Since 7 is balanced,
for any edges (v, v"") € E(v) and (w,w') € E(w) we have 1(v")t(w'") = t(w')t(v""). In particular we sum over all the vertices in ch(v) and
ch(w):

wwh Y ww=tw) Y "),
w'’ ech(w) v’ ech(v)
and hence 1(v"){(w) = t(w')t(v). Similarly as before, the number of paths containing an edge (v, v"") or (w,w") for v € ch(v),w” € ch(w)
is cf‘] or ¢?~! respectively. Thus o(1(v)) = ij_| and o(t(w)) = cjf_l. Then the above equality implies that o(t(t/)t(w)) = o (t(w)1(v)).
Thus cjfcjf‘1 = cjfcjf‘l, which proves the result. []

Theorem 4.9. The associated multipartition matrix for a stratified and balanced staged tree satisfies the GRIP.

Proof. By Lemma 4.8 we know that the associated multipartition matrix A is well-connected, and satisfies the floret condition by
assumption. Thus it remains to show that for each 1 < # < k we have that the rows of B, m A*! lie in the rowspan of A"+¢ where
B =w/_ A"

In the proof of [4, Theorem 2.5], the authors compute the generators of the toric ideal I(A"+?). In order to accomplish this, they
show in [4, Proposition 4.5] that I(A'+-?) is multihomogeneous with respect to the grading given by D. In particular, this implies
that for all b in the integer kernel of A~ and all rows a® of D, a? - b=0. Since A"~ is an integer matrix, there exists an integer
basis for its kernel. Thus for each row a? of D, we have a? € (ker(A"?))L = rowspan(A'--?), as needed. []

Thus stratified and balanced staged tree models lie in the family of multipartition models whose matrix satisfies the GRIP, which
by Theorem 3.22 implies the following corollary.

Corollary 4.10. For the multipartition matrix associated with a stratified and balanced staged tree, the IPS algorithm results in the MLE
after one cycle.

Remark 4.11. Consider the model M obtained from a stratified staged tree 7 with k levels. Denote the florets of 7 by Ff where
1 < <k indexes the levels of 7 and 1 <i < n, indexes the edge labels of the #th level of 7; thus 7/ is the floret associated with
edge label sif . As discussed in Remark 3.17 there is a one to one correspondence between the florets of 7 and of A;. Let Ay be the
associated multipartition matrix with 7', and i be a data vector. Then by [18, Proposition 11] the MLE of M is given by

P@=ba, (S1@, o5}, @, 3@, 55 @) (13)
where 57 (i) = _d@
EIEACE
a(;e?"

We now show that the GRIP is, in some sense, a characterization of stratified and balanced staged trees. All multipartition matrices
that satisfy the GRIP, in fact, have an associated tree that is a stratified and balanced staged tree.
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Theorem 4.12. For any multipartition matrix A satisfying the GRIP, the associated tree T, is a stratified and balanced staged tree.

Proof. Consider the matrix A obtained by removing the repeated columns of A. The associated tree 7; is equivalent to 7,, and
hence is a stratified staged tree. Since there are no repeated columns, we have that the toric model for the staged tree 7 is given by
the multipartition model of 4, i.e. MTA =Mj.

By Proposition 4.5, the staged tree model My, is equal to M if and only if 7, is a balanced staged tree. By Proposition 3.26
the MLE of M is equal to the MLE of the staged tree model 7, (Remark 4.11). Since the maximum likelihood estimator also
parameterizes the model, this implies that MTA = M = My, . Hence by Proposition 4.5, 7, is balanced. []

Putting the previous results together, we see that a multipartition matrix without repeated columns satisfies the GRIP if and only
if the associated tree is a stratified and balanced staged tree.

5. Discussion

In this work we explored the relationship between multipartition matrices, their associated multipartition model, and the IPS
algorithm. In particular we showed equivalences between the GRIP and other conditions from disparate areas of algebraic statistics
and examined their implications for exact convergence under the IPS algorithm. We conclude with a discussion of some natural
questions that arise from these results.

Question 1. For a multipartition matrix A with k partitions, does the requirement that the IPS algorithm produces the MLE for A'»-¢
at each step imply that A must satisfy the GRIP?

In Remark 3.24, we claim that IPS producing the MLE in 2 steps for a multipartition matrix with 2 partitions is enough to
guarantee that the GRIP is satisfied. While the GRIP is sufficient for the algorithm to produce the MLE for A' at each step, it is
possible that the reverse logical direction holds.

Question 2. Let M be a log-linear multipartition model with rational MLE. Does there always exist a multipartition matrix A
representing M that satisfies the GRIP?

It is clear that the matrix representation of a particular model affects the IPS algorithm. In [11], the authors show sufficient con-
ditions for 2-way quasi-independence models to have rational MLE. Since k-way quasi-independence models are just multipartition
models without repeated columns, it would be interesting to see if these results can be used to show that every such matrix has a
representation satisfying the GRIP. Indeed our preliminary computations indicate that this is true.

Furthermore, we only address one-cycle convergence in this work. It has been conjectured in [26] that all decomposable hier-
archical models converge to the MLE in two cycles regardless of the order of the partition matrices. However, the author of [41]
presents a counter-example to that conjecture. Whether a modified version of the RIP or GRIP can guarantee convergence in two or
more cycles remains an open question.

Finally there are many results and questions related to the convergence of the generalized IPS algorithm on log-linear models and
its connections to tools from algebraic statistics (see [2, Sec. 5] and [16, Sec. 7.3]). Our work falls adjacent to this line of inquiry; it
would be worthwhile to investigate connections between the generalized running intersection property and recent advances in this
area.
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Appendix A. Staged tree models

We introduce staged tree models following the presentation in [4]. Staged tree models are a type of probability tree model, which
are graphical models that encode conditional independence statements between events. For a detailed introduction see [10]. Every
discrete Bayesian network and decomposable graphical model is a staged tree model [19]. In this section, we define the notion
of balanced and stratified staged trees, and we describe the correspondence between balanced, stratified staged tree models and
multipartition models with a rational maximum likelihood estimator.

Let 7= (V, E) be a tree with vertex set V' and edge set E. A directed tree is rooted if there exists a vertex v,, which we called the
root, such that the unique path from v, to each leaf in 7T is a directed path.

For a particular vertex v € V, we define the set of children of v as the set ch(v) = {w| (v, w) € E}. Then the set of outgoing edges
from v will be denoted as the set E(v) = {(v,w) | w € ch(v)}, and v is a leaf if E(v) =@. A labeling for a tree is a surjective mapping
0 : E — S to a label set S. From now on we assume that (7,0) is a rooted tree graph with labeling 6.

Definition A.1. For any vertex v € V, the set of labels of its outgoing edges is the floret of v, denoted F,, :={6(e) | e € E(v)}. The set
of florets of (7,0) is denoted F;.

Definition A.2. The tree graph (7,0) is a staged tree if the following are satisfied:

+ For each v €V, no two edges in E(v) have the same labeling.
+ For any two vertices v, w € V, the florets 7, and F,, are equal or disjoint. When F, = F,, we say that the vertices v and w are in
the same stage.

A staged tree model is associated to a staged tree (7,0) as follows. Let A denote the set of root-to-leaf paths in 7 and suppose
|A| =m. For 2 € A let E(4) be the set of edges in A and define the multiset 8(4) := {{s; | 6(e) = 5; for e € E(4)}}. This is a multiset
because several edges on the same path can have the same labeling; the multiplicity of s; in this multiset is the number of edges in
E(4) with 6(e) = s;. The paths A parameterize the model M defined below.

Definition A.3. For a staged tree (7,0) with label set S = {s,,...,s,}, the staged tree model M is the image of the map ¢,: © —
A,,_, defined by

ortscs=( 11 ) as
Jen

5,€0(4)

where the parameter space is

0:= {(sl,.”,s,)e(o,l]ﬂ 2 s; =1 for all florets FeFT}.

s;EF

Example A.4. Consider the staged tree (7,0) in Fig. 8.

In this diagram, the vertices in the same stage have the same coloring. We immediately see that each floret has equal or disjoint
label set. We refer to the vertices of the tree by the edge labels defining the path to the vertex, i.e. the blue vertices are v, , and
Us,1,- If Up s the root vertex then the florets of the tree are

00

Fuo T, =7, .

v’ 7 g, 5|

Usotg Fuslro’ Usoty T Uy
The associated staged tree model M is image of the map ¢, : ® - Ay where
D7 (S0:81:10: 1157051572573, 74) = (SoloFosS0%0 1> S0T0r2 S0l 1735 Sol 14

S1toro, S1toty,S1tora, S1t173, S 117y),

and
O = {(50, 51,10, 11:70: "1, 72573, 74) € (0, 1]7 [so+s;=Ltg+t, =1,

ro+r+rp=1r3+r,=1}

Remark A.5. We use the slightly more general definitions of staged tree and staged tree models introduced in [4] that allow for
staged trees with singleton florets. The authors show that the staged tree obtained by contracting these florets, which satisfies the
definition used in previous literature (i.e. [10,24]), results in the same staged tree model [4, Lemma 5.11].

24



J.I Coons, C. Langer and M. Ruddy International Journal of Approximate Reasoning 164 (2024) 109043

Pooo
Poo1
Poo2
Po1o

S0
Ppo11

P1oo

5 Q<§ piox

P1o2
o—— "
P111
Fig. 8. Staged tree associated to the model M.

The map ¢, in Definition A.3 also defines a toric model if one “forgets” the conditions imposed on the parameter space by
the florets. We denote the map obtained by extending ¢, to all of R as ¢, : R" — R™ and the corresponding toric model as MT.
Immediately it follows that M, C M, but in general it is not true that M, = M. In [17] the authors found necessary and sufficient
graphical conditions on (7,6) such that M, = MT. We detail those conditions in Section 4.2.

Definition A.6. For any vertex in a staged tree (7, 6), we define the level #(v) as the number of edges in the unique root-to-v path. A
staged tree (7, 0) is stratified if all its leaves have the same level and for any two vertices v, w such that 7, = F,,, we have £(v) = ¢(w).
We say that the level of a stratified staged tree is the level of its leaves.

There is a natural partition of the label set of a stratified staged tree by level. For a stratified staged tree of level ¢, we write
S = {si,s;, ’S:u , s%, ...,s% } where n, is the number of distinct edge labels for edges emanating from vertices with level k. Thus the
monomial map ¢, for a stratified staged tree of level ¢ is multilinear and homogeneous, which implies that the associated matrix is
a multipartition matrix with # partitions. We denote the matrix associated with ¢, as A.

Similarly with multipartition matrix A, we can associate a directed, rooted tree with a labeling induced by the rows of A. We
define the label set associated with A as S, = {s}, e srll1 s ,s’f, ,sff} associated to the row vectors a},aé, ,af/.

Starting with a root vertex, we add a labeled edge Sil for each associated row vector in A!. To each edge Sil’ we attach an edge
labeled sjz. to the outgoing vertex for each sjz. is the label set S, such that I' n I/.2 # . The resulting directed, rooted, and labeled tree
graph is 7,12 where A2 is the matrix with partitions 4,, A,. The paths of 7. exactly correspond to the distinct columns of A'2. We
note that if A2 has two columns that are equal to one another, these correspond to the same path in 7,1,. We repeat this process
for each AX. In this way we define 7, as the directed, rooted tree graph with labeling such that the paths in Tf) correspond to the
distinct columns of A7, For a visual example of this process, consider Example 4.7 where we draw the staged tree associated with
a multipartition matrix A.

We have seen that staged trees are useful in describing certain properties of multipartition matrices. In particular, the GRIP
condition, under which multipartition matrices produce the MLE after one IPS cycle, requires that 7, is a staged tree. We have also
shown in Section 4.2 that the staged tree models for which M, = M also produce the MLE after one cycle of IPS.

Appendix B. Glossary

Multipartition models

ba Polynomial map defined by the matrix A

A,y (m — 1)-dimensional probability simplex

My Log-linear model associated to the integer matrix A

Ab---k Multipartition matrix consisting of the stacked partition matrices A!, ..., A*

af The i-th row of the #-th partition of a multipartition matrix A

¢ The support of the row a’ of a multipartition matrix A

S(¢,j) Index such that j € I "

¢ Column weight of the j-th column of a matrix A

af () Row of a multipartition matrix multiplied with the normalized data

cl Connection ratio for a/,

B Number of distinct columns of a multipartition matrix

A Labeling of the columns of a multipartition matrix marking the distinct columns
u’_ A" Matrix with the jth column e,

FC Floret of C with respect to the matrix B with BC satisfying the floret condition

25



J.I Coons, C. Langer and M. Ruddy International Journal of Approximate Reasoning 164 (2024) 109043

t(u,v)  Index of the floret such that af € le(; and a¢ e FC

V) 1(u,v)
®,, Number of columns of BC of the form [e,e,]"
BmC  Matrix in which the columns are indicator vectors for the florets in BC

A Compression of the matrix A

Iterative proportional scaling

u Vector of counts of the observed data

i Normalized data
p*(@@) Maximum likelihood estimate of i

Staged tree models

T Tree with vertex set V and edge set E
(T,0) Labeled tree graph with labeling 0 : E — S
A Set of root-to-leaf paths, 4, in the tree 7

My Staged tree model
¢r Polynomial map defined by the tree 7
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