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 A B S T R A C T

Predicting the adhesive properties of viscoelastic Hertzian contacts is crucial for diverse engineering ap-
plications, including robotics, biomechanics, and advanced material design. This study introduces a novel 
physics-augmented machine learning (PA-ML) framework as a hybrid approach to study the maximum 
adherence force of a Hertzian indenter unloaded from a viscoelastic substrate, bridging the gap between 
analytical models and data-driven solutions. The PA-ML model is capable of rapidly predicting the pull-off 
force in an Hertzian profile unloaded from a broad band viscoelastic material, with varying Tabor parameter, 
preload and retraction rate. Compared to previous models, the PA-ML approach provides fast yet accurate 
predictions in a wide range of conditions, properly predicting the effective surface energy and the work-to-
pull-off. The integration of the analytical model provides critical guidance to the PA-ML framework, supporting 
physically consistent predictions. We demonstrate that physics augmentation enhances predictive accuracy, 
reducing mean squared error (MSE) while increasing model interpretability. We provide data-driven and PA-ML 
models for real-time predictions of the adherence force in soft materials like silicons and elastomers opening 
to the possibility to integrate PA-ML into materials and interface design. The models are openly available on 
Zenodo and GitHub.
1. Introduction

Real-time insights into the adhesive properties of viscoelastic ma-
terials, such as polymers and elastomers, greatly benefit engineer-
ing applications in gripping technologies (Ji et al., 2019), switch-
able adhesion (Liu and Yan, 2022), friction (Papangelo et al., 2024; 
Ciavarella and Papangelo, 2020), biomechanics (Guo et al., 2024), soft 
robotics (Giordano et al., 2024), and climbing robotics technology (Tao 
et al., 2023). Predicting the adhesive properties in real time supports 
secure handling, adaptability to diverse surfaces, fine control (Liang 
et al., 2024), and real-time material design (Humfeld et al., 2021). 
Hertzian elastic adhesive contact lays its foundation in the theory 
derived by Johnson, Kendall and Roberts (JKR) (Johnson et al., 1971) 
which is valid for soft materials like silicons and elastomers, while for 
stiff contacts the approach of Derjaguin, Muller, and Toporov (DMT) is 
generally adopted (Derjaguin et al., 1975). Tabor (Tabor, 1977) showed 
that the two approaches were both valid, but in the two different 
limits of short-range (JKR) and long-range (DMT) adhesion and that 
the transition from one to the other regime could be traced by varying 
a dimensionless parameter 𝜇 =

(

𝑅𝛥𝛾20
𝐸∗
0
2ℎ30

)1∕3
, nowadays known as the 

∗ Corresponding author at: Politecnico di Bari, Department of Mechanics Mathematics and Management, Via Orabona 4, Bari, 70125, Italy.
E-mail address: antonio.papangelo@poliba.it (A. Papangelo).

‘‘Tabor parameter’’, where 𝑅 is the radius of curvature of the Hertzian 
profile, 𝛥𝛾0 is the thermodynamic surface energy, 𝐸∗

0  is the plain strain 
elastic modulus and ℎ0 is the interatomic equilibrium distance. In 1992 
Maugis (Maugis, 1992) derived the elastic adhesive contact solution 
for a Hertzian profile using a Dugdale potential, showing a smooth 
transition of the pull-off force |𝑃𝑝𝑜| (i.e. the maximum adherence force 
reached during unloading) from the DMT (𝑃𝑝𝑜 = 2𝜋𝑅𝛥𝛾0, valid for 𝜇 ≲
0.1) to the JKR regime (𝑃𝑝𝑜 = (3∕2)𝜋𝑅𝛥𝛾0, valid for 𝜇 ≳ 3) (Greenwood, 
1997; Feng, 2000; Papangelo and Ciavarella, 2020).

On the other hand, soft materials have viscoelastic behavior, and it 
has been shown that these have a huge effect in determining the pull-
off force as rate-effects come at play (Tricarico et al., 2025; Ciavarella 
et al., 2025; Maghami et al., 2024a,b; Afferrante and Violano, 2022; 
Violano et al., 2021). Soft contact mechanics can be interpreted as 
a fracture mechanics problem (Johnson et al., 1971; Maugis, 1992): 
the energy required to propagate a viscoelastic crack must include 
not only the surface energy contribution but also the energy that is 
dissipated by the viscoelastic nature of the bulk material, which is 
rate-dependent (Schapery, 1975a,b; Greenwood and Johnson, 1981; 
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Fig. 1. Schematic representation of the contact interaction between a rigid sphere and a viscoelastic surface: (a) viscoelastic surface in the fully relaxed state under contact, (b) 
unloading phase at a constant unloading rate.
Greenwood, 2004; Schapery, 2022; Persson and Brener, 2005; Persson, 
2017, 2021; Carbone et al., 2022; Mandriota et al., 2024). The macro-
scopic result is that the pull-off force can be potentially amplified by 
a factor 𝐸∞∕𝐸0 = 1∕𝑘 (Greenwood, 2004; Persson and Brener, 2005; 
Papangelo and Ciavarella, 2023; Maghami et al., 2024a,b), which is 
commonly of the order of 103 in soft silicons (Maghami et al., 2024b) 
(𝐸∞ and 𝐸0 being respectively the glassy and the rubbery Young 
modulus of the material and 𝑘 is called the modulus ratio). The theory 
of Persson and Brener (Persson and Brener, 2005) demonstrated to 
be accurate in predicting the rate-dependent pull-off force in linear 
viscoelastic solids and it can easily incorporate the case of real mate-
rials with broad-band viscoelastic spectrum (Maghami et al., 2024b). 
However, it has some limitations: it does not account for boundary 
effects (Violano and Afferrante, 2022b; Maghami et al., 2024a,b), it 
is valid only in the short-range adhesion limit (JKR) (Wang et al., 
2025; Violano and Afferrante, 2022a), it assumes that the surrounding 
material is fully relaxed and dissipation is limited in a zone close to 
the contact edge (Afferrante and Violano, 2022; Violano et al., 2021), 
hence it requires a minimum preload to be accurate (Violano and 
Afferrante, 2022b).

To overcome these difficulties, numerical modeling of viscoelastic 
adhesive systems offers valuable tools for computing the adhesive 
properties, requiring the definition of a relaxation function (Maghami 
et al., 2024b) and the use of time-marching methods, which involve 
the use of iterative schemes (Ahmad-Abad et al., 2024) to solve the 
nonlinear contact problem (Papangelo and Ciavarella, 2020, 2023). As 
a result, material characteristics, compliance, and loading properties 
heavily influence the efficiency of numerical simulation (Souza and 
Allen, 2010). This poses limitations in the use of numerical models 
for real-time predictions of the contact state and limits the possibility 
to integrate contact analysis into the optimization loop that leads to 
machine design. Real-time predictions through numerical methods face 
challenges related to computational scaling, as compute time varies 
widely across scenarios, and strictly depends on the physics to resolve, 
irrespective of the numerical approach taken (Souza and Allen, 2010).

In recent years, machine learning (ML) has emerged as a powerful 
tool for addressing complex challenges, offering data-driven methods 
for designing materials with speed and acceptable precision (Guo et al., 
2021). ML offers a powerful framework (Goodfellow et al., 2016) 
for uncovering patterns and relationships in high-dimensional, large-
scale datasets, particularly in cases where analytical models are inade-
quate (Mackay and Nowell, 2023) or when evaluating numerical mod-
els has a high computational cost (Mackay and Nowell, 2023). While 
ML-based models represent approximators of finite accuracy, they can 
provide a more computationally efficient alternative to physics-based 
approaches. Notably, although the computational cost of ML models 
generally scales with model complexity and the dimensionality of 
2 
inputs and outputs, the inference time remains constant once the model 
is trained (Mackay and Nowell, 2023). As a result, the inference latency 
is unaffected by the variability in input data, potentially encoding 
different complexity in the underlying approximation task, resulting in 
a fixed computational time.

ML and neural network-based approaches have found remarkable 
applications in the fields related to materials (Zhu et al., 2024; Javadi 
et al., 2022; Kellner et al., 2019; Eshkofti and Hosseini, 2024), frac-
ture (Wang et al., 2021; Athanasiou et al., 2023; Yi et al., 2024; Perera 
and Agrawal, 2023; Li et al., 2022), contact mechanics (Goodbrake 
et al., 2024; Motiwale et al., 2024; Kalliorinne et al., 2021; Sahin et al., 
2024a,b), and tribology  Stender et al. (2021), Geier et al. (2023), 
Sattari Baboukani et al. (2020), Sahin et al. (2025) and mechanics (Di-
donna et al., 2019). More related to adhesion, ML research has trended 
toward designing adhesive pillar geometry, initiated by Kim et al. 
(2020), who explored elastic behavior in pillar designs, and tuning the 
stress at the flat contact region. This idea has been extended to studies 
on PDMS and elastomers, supported by experimental validation (Son 
et al., 2021; Luo et al., 2022; Kim et al., 2023; Dayan et al., 2024). 
More recently a ML-based design approach focused on fibrillar adhe-
sives has been presented (Shojaeifard et al., 2025). Despite significant 
advancements, the works mentioned above primarily focus on flat-
to-flat contacts, utilizing data and ML as problem-specific surrogate 
models to optimize non-contacting parts. Furthermore, while ML offers 
notable advantages, it often comes at the cost of losing physical con-
cepts within the model and relying solely on data. We aim to bridge 
these gaps by leveraging physics-based analytical solutions to guide 
ML models in gaining insights into the Hertzian viscoelastic adhesive 
contact problem.

In this study, we address the problem of a rigid sphere with radius 
𝑅 being unloaded from a relaxed broad-band viscoelastic adhesive half-
space (see Fig.  1). We aim to present ML-based models, both classical 
(ML) and physics-augmented (PA-ML), that predict the pull-off force 
and the work to pull-off as a function of five parameters: the Tabor 
parameter 𝜇, the exponent 𝑛 characterizing the broadness of the mate-
rial spectrum, the modulus ratio 𝑘, the normalized indentation depth 
reached during the quasi-static loading phase, and the normalized 
unloading rate. A detailed comparative analysis will be conducted to 
evaluate the accuracy of different ML algorithms (Linear Regression, 
Regression Tree, Random Forest, and XGBoost will be considered) and 
to compare the performance of a pure data-driven approach (ML) 
against that of a physics-augmented ML model (PA-ML).

The remainder of the paper is structured as follows: Section 2 
provides a detailed description of our numerical model, including 
the normalization approach that enables comparison with analytical 
models. This section also includes a discussion on the scaling of input 
parameters and their impact on the computational cost of the numerical 
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Fig. 2. (a) The Lennard-Jones law depicting the adhesive stress 𝜎(ℎ) as a function of the gap ℎ. (b) The geometric components of the gap function ℎ(𝑟, 𝑡), are shown for an 
arbitrary surface point, including contributions of indentation (𝛿), equilibrium distance (ℎ0), the parabolic approximation of the indenter geometry (𝑟2∕𝑅 where 𝑅 is the radius of 
the sphere), and viscoelastic deformation at an arbitrary point (𝑢𝑧(𝑟, 𝑡)).
model; Section 3 presents the range of exploration as well as the 
background on ML and describes the ML models and PA-ML models 
employed in this study;  Section 4 provides the results of ML and PA-Ml 
models; Finally, Section 5 summarizes the main findings and presents 
concluding remarks.

2. Physical background and simulation framework

Let us consider a rigid sphere of radius 𝑅 that is loaded against a 
viscoelastic adhesive halfspace up to an initial indentation depth 𝛿𝑙 and 
later is unloaded at a constant unloading rate 𝑟𝑢 (see Fig.  1). In the 
following we will assume that unloading starts from a given indentation 
and that the substrate material is in a fully relaxed state (Fig.  1(a)). 
The interaction at the interface of the rigid sphere and the viscoelas-
tic halfspace is characterized by the Lennard-Jones force-separation 
law (Johnson and Greenwood, 1997), as: 

𝜎 (ℎ) = −
8𝛥𝛾0
3ℎ0

[

(

ℎ0
ℎ

)3
−
(

ℎ0
ℎ

)9
]

, (1)

where 𝜎 is defined as the interfacial stress (𝜎 > 0 for compression), ℎ is 
the local gap, ℎ0 is the equilibrium distance (also called the interatomic 
spacing, with 𝜎(ℎ0) = 0), and 𝛥𝛾0 is the thermodynamic surface energy 
given by 𝛥𝛾0 = 9

√

3
16 𝜎0ℎ0, where 𝜎0 as depicted in Fig.  2(a), is the 

maximum tensile stress that happens at ℎ = 3(1∕6)ℎ0 (Greenwood, 
1997).

The sphere is approximated by a Hertzian profile with radius of 
curvature 𝑅. The gap function in the direction normal to the nominal 
contact plane, at the radial coordinate 𝑟 at time 𝑡 (Fig.  2b) is expressed 
as: 

ℎ(𝑟, 𝑡) = −𝛿(𝑡) + ℎ0 +
𝑟2

2𝑅
+ 𝑢𝑧 (𝑟, 𝑡) , (2)

where 𝛿 is the indentation which is positive as the sphere approaches 
the viscoelastic half-space, and 𝑢𝑧(𝑟, 𝑡) represents the deflection of the 
viscoelastic half-space, which depends on the loading history (showing 
the dependence of the gap function on time 𝑡). According to the elastic–
viscoelastic correspondence principle expressed through Boltzmann in-
tegrals (Christensen, 2012), and considering the vertical deflections of 
the halfspace for an elastic axisymmetric problem (Greenwood, 1997; 
Feng, 2000), the normal displacements 𝑢𝑧(𝑟, 𝑡) of the viscoelastic half-
space at time 𝑡 and position 𝑟 will be dependent on the history of 
contact, as follows: 

𝑢𝑧(𝑟, 𝑡) = ∫ 𝐺 (𝑟, 𝑠) 𝑠∫

𝑡

−∞
𝐶(𝑡 − 𝜏)

𝑑𝜎(𝑠, 𝜏)
𝑑𝜏

𝑑𝜏𝑑𝑠 , (3)

where 𝐺 (𝑟, 𝑠) is the Kernel function which is given in Appendix  A, 
and 𝐶(𝑡) is the creep compliance function (Maghami et al., 2024b). To 
capture a wide range of broad-band viscoelastic behavior, we adopt the 
modified power-law model for viscoelastic materials (Williams, 1964), 
and the creep compliance function is given as (Maghami et al., 2024b): 

𝐶(𝑡) = 𝐶0 − 2
(𝐶0 − 𝐶∞)

(

𝑡
)𝑛∕2

K𝑛

(

2
√

𝑡
)

, (4)

𝛤 (𝑛) 𝜏0 𝜏0

3 
where K𝑛(𝑥) is the modified Bessel function of the second kind, 𝜏0 is the 
relaxation time of the material, 𝛤 (𝑛) represents the Gamma function, 
𝐶0 = 1∕𝐸0, 𝐶∞ = 1∕𝐸∞, with 𝐸0 and 𝐸∞ respectively the rubbery and 
glassy moduli.For 𝑛 ≈ 1.6, the model reproduces behavior similar to the 
Standard Linear Solid (SLS), a classical viscoelastic model composed of 
a spring in parallel with a Maxwell element (a spring and dashpot in 
series). 

Incorporating Eqs. (1) and (4) into (3), and combining them with 
(2) gives a nonlinear convolutional integral equation for the unknown 
ℎ(𝑟, 𝑡). Details regarding the numerical implementation of the Boundary 
Element Method (BEM) numerical model and the normalized form of 
the Eqs. (1), (2), (3), and (4) can be found in Appendix  A.

In the normalized formulation of the problem, the inputs to the 
numerical model can be reduced to: the Tabor parameter 𝜇, the di-
mensionless parameters {𝑘 = 𝐸0∕𝐸∞, 𝑛} that define the viscoelastic 
properties of the material, the normalized indentation depth at the 
beginning of the unloading phase 𝛿𝑙 = 𝛿𝑙∕ℎ0, and the normalized un-
loading rate 𝑟𝑢 = 𝑟𝑢∕𝜏0ℎ0. The output of the numerical model includes 
the interfacial gap ℎ, the pressure distribution, the normal force 𝑃 , the 
indentation 𝛿 as a function of time. Fig.  3 shows the dimensionless 
normal force 𝑃 = 𝑃

1.5𝜋𝛥𝛾0𝑅
 as a function of the dimensionless indentation 

𝛿 for different combinations of the input parameters {𝛿𝑙 , 𝑛, 𝑟𝑢} for 𝜇 =
3.24 and 𝑘 = 0.1. These curves illustrate the relationship between the 
applied load and the indentation depth under various input conditions. 
One can observe the influence of the normalized input parameters, 
such as the unloading rate (Fig.  3(a)), the power law exponent (Fig. 
3(b)), and the indentation-depth (Fig.  3(c) and (d)), on the force–
displacement behavior and its effect on key parameters such as the 
maximum adherence force reached during unloading 𝑃𝑝𝑜 = |min(𝑃 )|
(known as pull-off force) and work to pull-off which is defined as 𝑤po =
∫
𝛿po
𝛿on

𝑃 (𝛿, 𝑡) 𝑑𝛿 = 𝑤̂𝑝𝑜(1.5𝜋𝛥𝛾0𝑅ℎ0), where 𝛿on denotes the displacement 
at which the normal force first becomes zero during unloading (i.e., the 
onset of tensile loading), and 𝛿po is the displacement at pull-off (Violano 
and Afferrante, 2022b). This quantity represents the area under the 
unloading curve in the tensile regime and captures the energy dis-
sipated during detachment, including both adhesive and viscoelastic 
contributions as it is highlighted in Fig.  3(a).

While the BEM model provides detailed insight into the adhe-
sive response under a wide range of conditions, its nonlinear and 
history-dependent nature results in significant computational demands. 
Specifically, the total computational cost scales with the product of 
spatial discretization size, number of time steps, and convergence it-
erations per step—making real-time prediction across large parameter 
spaces challenging. To complement these detailed simulations, we in-
corporate an analytical model recently developed by Maghami et al. 
(2024b), which extends the classical steady-state theory of Persson and 
Brener (PB) to accommodate broad-band viscoelastic behavior through 
modified power-law (MPL) viscoelastic materials. Referred to here 
as the extended PB (XPB) model, this closed-form formulation offers 
an efficient means of estimating the effective surface energy during 
adhesive crack propagation. In normalized form, the effective surface 
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Fig. 3. Load vs. indentation curves demonstrating adhesive interactions (with negative load values indicating tensile forces) between a Hertzian indenter and a viscoelastic substrate. 
All panels correspond to a fixed Tabor parameter of 𝜇 = 3.24 and dimensionless modulus ratio of 𝑘 = 0.1. (a) Effect of unloading rate on the adhesive response, for a fixed initial 
indentation depth of 𝛿𝑙 = 73.0 and material power-law exponent 𝑛 = 0.8; (b) Influence of the material’s power-law exponent 𝑛 = [0.6, 0.8, 1.6], under fixed initial indentation depth 
of 𝛿𝑙 = 73.0 and unloading rate of ̂𝑟𝑢 = 102.5; (c) Effect of different initial indentation depths, 𝛿𝑙 = [10.0, 40.0, 73.0], with constant material exponent of 𝑛 = 0.8 and unloading rate of 
𝑟𝑢 = 102.5; (d) Observation of saturation behavior for ̂𝑟𝑢 = 100.5, 𝑛 = 0.8, and 𝛿𝑙 = [16.7, 27.6, 40.7], where the pull-off force approaches a limiting value beyond a critical indentation 
depth, indicating the presence of a threshold in the adhesive response.
energy is approximated as 𝛤eff = 𝛥𝛾eff
𝛥𝛾0

≈
𝑃po

1.5𝜋𝛥𝛾0𝑅
= 𝑃po, where 𝑃po is the 

normalized pull-off force. The XPB model expresses 𝛤eff as a function 
of crack velocity 𝑣 and viscoelastic material parameters through the 
integral:
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with the normalized parameters defined as 𝑣 = 𝑣𝜏0
𝑙0
, 𝜏 = 𝜏

𝜏0
, where 

𝑙0 =
𝐸∗
0𝛥𝛾0
𝜋𝜎2𝑐

 is a stress-based characteristic length and the critical stress 
𝜎𝑐 = 𝛼𝜎0 is related to the peak tensile stress 𝜎0 from the Lennard-
Jones interaction through a proportionality factor 𝛼 ≈ 𝜋∕9, as shown 
in Maghami et al. (2024b). Furthermore, it was shown in Maghami 
et al. (2024b) that the crack speed 𝑣 is approximately related to ̂𝑟  as 
𝑢

4 
𝑣 = 2.887𝑟̂1.171𝑢 . Hence, in the following, we will use this approximation 
to determine the effective surface energy predicted by XPB as a function 
of 𝑘, 𝑛, and ̂𝑟𝑢. We note that the implicit Eq. (5) is solved very efficiently 
using fixed-point iteration (Maghami et al., 2024b).

3. Machine learning for generalization beyond analytical models

3.1. Range of exploration beyond analytical models

Fig.  4 schematically visualizes the parameter space explored in this 
work as three-dimensional cubes. The left cuboid spans the power-law 
exponent 𝑛, the Tabor parameter 𝜇, and the normalized initial inden-
tation depth 𝛿𝑙. In this study, the exponent 𝑛 ranges from wide band 
behavior of 𝑛 = 0.2 encompassing the range commonly observed in 
silicone-based polymers at room temperature (e.g., PDMS, as reported 
in Shintake et al. (2018), Sahli et al. (2019)) to values around 2.0 
related to a very narrow banded behavior. The Tabor parameter 𝜇
ranges from 0.04 related to DMT-like to 3.24 JKR-like behavior, while 
𝛿  extends up to 100. The color gradient in this cuboid qualitatively 
𝑙
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Fig. 4. Visualization of the material exploration space represented schematically through cuboid shapes in a multi-dimensional parameter space (minimum values of 𝛿𝑙 and ̂𝑟𝑢
are 10−2.2 and 10−1.5 respectively). The figure highlights specific regions: the glassy-like and rubbery-like regions (checkered pattern), the XPB analytical model region (hatched 
plane), and the analytical models based on Standard Linear Solid (SLS shown as blue line). The space is color-coded to qualitatively indicate computational cost, with intense 
color representing high computational expense and lighter shades indicating easily computable configurations: (a) Hypercuboid in the (𝑛, 𝜇, 𝛿𝑙) space and (b) hypercuboid in the 
(𝑛, 𝜇, 𝑟̂𝑢) space.
encodes computational cost, with deeper red tones indicating higher 
expense, particularly for large 𝛿𝑙 and large 𝜇 which implies fine spatial 
and temporal discretization as well as extended time span.. The blue 
vertical line at 𝑛 ≈ 1.6 identifies the region where SLS analytical models 
remain valid. The hatched surface indicates the domain in which 
the XPB model is applicable, specifically in the saturated indentation 
regime. The right cuboid in Fig.  4 spans 𝑛, 𝜇, and the normalized un-
loading rate, which ̂𝑟𝑢 varies from very slow unloading of (𝑟̂𝑢 = 10−1.5) 
close to pure rubbery like behavior to extremely rapid unloading (𝑟̂𝑢 =
1010) to capture the glassy behavior. As detailed in Appendix  C, the 
minimum value of indentation in the samples 𝛿𝑙 is 10−2.2. The hatched 
plane face marks the validity of the XPB model (Maghami et al., 2024b) 
when ̂𝛿𝑙 is sufficiently large (not shown in this projection), and the blue 
vertical line again indicates where the SLS approximation holds across 
all values of 𝜇 and ̂𝑟𝑢. However, substantial portions of the parameter 
space remain outside the validity limits of XPB (Maghami et al., 2024b).

3.2. Machine learning framework for tabular data

ML for tabular data applies algorithms to structured datasets orga-
nized in rows (samples) and columns (features) to analyze and predict 
outcomes. In supervised learning, models trained on labeled data map 
inputs to outputs, predicting continuous values for regression tasks by 
minimizing errors, often using Mean Squared Error (MSE) loss. Data 
is split into training, validation, and test sets: the training set is used 
for model parameter optimization, validation set ensures overfitting 
preventions. Finally, the test set evaluates the model’s performance 
on unseen data, providing an unbiased assessment of its predictive 
capabilities. This structured approach promotes effective learning and 
reliable performance in practical applications. The data processing and 
modeling workflow employed in this study is outlined in Fig.  5.

The work at hand is characterized by tabular data, as described 
in Section 2 where one can see the inputs as the Tabor parameter 𝜇, 
material exponent 𝑛, modulus ratio 𝑘, normalized indentation depth 𝛿𝑙, 
normalized unloading rate ̂𝑟𝑢 and output parameters would be the key 
characteristics of pull-off (𝛤𝑒𝑓𝑓  or 𝑤̂𝑝𝑜). Moreover, our work faces the 
challenge of small and sparse data due to the computational efforts 
related to obtaining numerical solutions in regimes where the XPB 
5 
model is valid. The total number of data samples used in this work does 
not exceed 8505, making the use of classical ML models efficient and 
practical. The descriptive statistics of the dataset, including measures 
of central tendency, variability, and data transformations, are provided 
in Appendix  C.

In this section, for the prediction of effective surface energy and 
the work to pull-off, we utilize a linear regression model as a trivial 
baseline and tree-based ensemble methods for building the data-driven 
predictive models. Specifically, we compare regression trees, random 
forest regressors, and Extreme Gradient Boosting (XGBoost) models 
using k-fold cross-validation. See Appendix  B for more details on each 
of the ML models. We note that physical augmentation can be achieved 
in various ways (Mackay and Nowell, 2023). In this work, we use the 
analytical XPB model to make predictions based on the parameters 
𝑘, 𝑛, and 𝑟̂𝑢. These analytical results are fed as an additional input 
to the data-driven model. As shown in Fig.  4, the XPB predictions 
are only valid at the edges of the variable space, where the hypothe-
ses of short-range adhesion hold and the initial indentation depth 
is large enough to prevent finite-size effects. Nonetheless, they can 
still serve as a rough estimate of the effective surface energy. In our 
physics-augmented model, we denote this XPB estimate as 𝛤eff ,xpb. This 
quantity is derived from Eq.  (5) and introduced as an auxiliary variable 
representing a coarse approximation of the effective surface energy. 
Thereby, the model has to learn to compensate for the error of the 
analytical formulation in regimes where the XPB is inadequate. The 
training process of the physics-augmented model, incorporating data 
augmentation through XPB, is depicted in Fig.  5.

4. Results

4.1. Results for effective surface energy prediction

This section compares two model families for predicting viscoelastic 
behavior. The first is a data-driven model with five input parameters 
(denoted as ML), while the second incorporates an additional input 
from the analytical XPB model, making it a physics-augmented (de-
noted by PA-ML) model with six inputs. Both models are trained using 
Linear Regression, Regression Tree, Random Forest, and XGBoost. Their 
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Fig. 5. Schematic representation of the data processing and modeling workflow. The tabular data are partitioned into train and test datasets. The standard model is trained using 
the training set by minimizing the MSE objective function. The physics-augmented model incorporates the analytical XPB framework during training to enhance model accuracy 
and generalization. The performance of each model is evaluated on the test set using MSE as the scoring metric.
performance is assessed via 5-fold cross-validation, and the best model 
is tested on unseen data. The subsections cover the data-driven model 
first, followed by the physics-augmented model.

Table  1 summarizes the performance of various ML models in terms 
of MSE and R2 values (mean ±standard deviation), with MSE scaled 
by 10−3, along with model sizes, i.e. number of trainable parameters. 
The results in Table  1 highlight the trade-offs between performance 
and model complexity across the four ML models. Linear Regression 
exhibits the highest MSE and the lowest R2 under cross-validation, indi-
cating limited predictive accuracy. In contrast, ensemble-based models, 
such as Random Forest and XGBoost, achieve significantly lower MSEs 
and higher R2 values, with XGBoost showing the best performance. 
We note that this superior performance comes with increased model 
complexity. However, XGBoost has a smaller model size compared to 
Random Forest, despite its excellent predictive capability. More details 
on the performance of the data-driven models are given in Appendix 
B. From now on, references to ML for 𝛤eff  prediction will specifically 
refer to the XGBoost model.
6 
Table 1
Performance of ML approaches for the prediction of effective energy surfaces: MSE and 
R2 values (mean ±std. deviation), with MSE reported as ⋅10−3 obtained from 5-fold 
cross-validation model and model sizes as number of trainable parameters included.
 MSE (⋅10−3) R2 model size train time (s) 
 Linear Regression 19.1948 ± 0.7166 0.8384 ± 0.0047 6 0.0026  
 Regression Tree 0.3502 ± 0.0996 0.9970 ± 0.0008 6457 0.0217  
 Random Forest 0.2155 ± 0.0874 0.9982 ± 0.0007 416700 1.5508  
 XGBoost 0.1449 ± 0.0411 0.9988 ± 0.0003 4993 0.9959  

The best-performed model (XGBoost) is utilized to predict the ef-
fective surface energy within the training data regime, but also outside 
that regime. This approach aims to evaluate the model’s out-of-sample 
generalization. As discussed in Section 2, the computational costs of 
obtaining numerical samples for high values of indentation depth and 
large Tabor parameter are substantial. Additionally, the numerical 
model is sensitive to low values of 𝑛. For instance, when 𝑛 ≤ 0.2, 
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Fig. 6. Comparison of the predictions from the purely data-driven machine learning (ML) approach (XGBoost) and the physics-augmented machine learning (PA-ML) approach 
(Random Forest) for the relationship between normalized surface energy and unloading rate. The dashed lines represent the XPB solution, triangle markers indicate the training 
data, and circles denote the predictions from the ML models. The models are evaluated for the parameters 𝜇 = 3.24, 𝛿load = 73, 𝑘 = 0.1, and for three values of 𝑛 = [0.2, 0.6, 1.6]: (a) 
results from the purely data-driven ML model (XGBoost had the best performance) and (b) results from the PA-ML model (Random Forest had the best performance).
our computational model fails to determine the pull-off force for cases 
where 𝛿𝑙 ≥ 73 and 𝜇 ≥ 3.24 at a reasonable computational cost. 
Fig.  6(a) displays the ML-predicted results for effective surface energy 
(represented by circle dots) compared with the XPB model solution 
(depicted with dashed lines). Notably, Fig.  6 represents a specific 
subset of the parameter space, specifically for 𝛿load = 73 and 𝜇 =
3.24. The data-driven model predictions closely resemble those of the 
analytical model, even for 𝑛 = 0.2, despite the absence of training 
data in this parameter range. However, a closer look at the results 
for 𝑛 = 0.2 reveals deviations from the analytical predictions provided 
by XPB. This indicates that while the ML model generalizes to unseen 
data, its accuracy weakens in regions where no prior information is 
available. In fact, this observation motivated us to incorporate physics-
based augmentation to enhance the model’s reliability in extrapolated 
scenarios.

Table  2 summarizes the performance of ML model on the physics 
augmented data for four algorithms, where XPB outputs are used as 
additional input features. The MSE and R2 are evaluated as summarized 
in Table  2. The results demonstrate that tree-based models significantly 
outperform linear regression in terms of both accuracy (lower MSE 
and higher R2) and robustness (lower standard deviation). This time, 
Random Forest achieves the best performance. XGBoost and Regression 
Tree models also show comparable performance, with only marginal 
differences in MSE and R2 values, though the Random Forest exhibits 
substantially larger model sizes. The results in Table  2 are further 
supported by Fig.  B.13 in Appendix  B.

Comparing Table  2, which presents the performance of the PA-ML 
approach, with the pure data-driven ML results in Table  1 reveals a 
significant reduction of 60.3% in the mean of MSE across the folds. 
However, note that the primary goal of physics augmentation is not 
merely to reduce error on seen data but to enhance generalization be-
yond unseen data, as illustrated in Fig.  6(a) and (b). The best ML model 
in Table  1 is XGBoost with a size of 4993, while the corresponding 
PA-ML approach in Table  2 has a size of 4636, resulting in a 7.15% 
reduction. This trend is also observed in Regression Tree model, which 
shows size reductions of 0.22%. However, for the PA-ML models the 
best performance is achieved by Random Forest, while this performance 
is achieved at the cost of the increase in the model size. Hence, all 
subsequent references to PA-ML for 𝛤eff  prediction will specifically 
refer to the Random Forest model.

The key aspect of Fig.  6 is that the XPB model remains valid in 
this region, enabling a meaningful comparison between the purely 
data-driven ML approach and the PA-ML approach. This comparison 
is illustrated in Figs.  6(a) and (b), where the circular data points 
represent ML predictions, and the dashed points correspond to XPB 
results. In regions with sufficient training data (n = 0.6 and 𝑛 = 1.6, 
particularly at high unloading rates), both models align well with 
XPB. However, deviations become more pronounced in areas with 
data scarcity. Notably, the red data points correspond to 𝑛 = 0.2, a 
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Table 2
Performance of PA-ML approaches for the prediction of effective energy surface: MSE 
values (scaled by 10−3) are presented as mean ±standard deviation, along with R2

values obtained from 5-fold cross-validation and model sizes.
 MSE (⋅10−3) R2 model size train time (s) 
 Linear Regression 16.7658 ± 1.0776 0.8586 ± 0.0102 7 0.0029  
 Regression Tree 0.1355 ± 0.0796 0.9989 ± 0.0007 6443 0.0282  
 XGBoost 0.0977 ± 0.0824 0.9992 ± 0.0007 4636 0.1204  
 Random Forest 0.0575 ± 0.0247 0.9995 ± 0.0002 417800 2.0387  

region where no training data is available ; yet, the ML model gives 
a fairly good representation of system behavior. In this challenging 
regime, the purely data-driven model (Figs.  6(a)) exhibits deviations 
from XPB, while the PA-ML model (Figs.  6(b)) produces smoother and 
more accurate predictions, demonstrating its superior generalization 
beyond the training set. The PA-ML model predictions closely align 
with the XPB analytical solution at 𝑘 = 0.1, the most representative 
value in the training set (see Appendix  C). We further evaluated the 
model against XPB across the range 𝑘 = 0.5 to 𝑘 = 0.02; nevertheless, it 
reliably captures the overall trend down to 𝑘 = 0.02.

To gain insights into how variations in physical parameters influ-
ence the computational cost of numerical simulations, and highlight the 
computational efficiency offered by ML models, we present details of 
computational costs from the dataset. Using our BEM-based numerical 
simulations implemented in MATLAB 2023b on a desktop computer 
equipped with Windows 11 pro, a 12th Gen Intel(R) Core(TM) i9-
12900K, 3200 Mhz, 16 Cores, and 96 GB RAM, the CPU computation 
time exhibits significant variability depending on the complexity of the 
physical inputs. Throughout 8,505 simulations, the average simulation 
time was 1.76 × 103 s, with a skewed distribution. The total computa-
tional time is ≈ 1.66×107 s, which corresponds to approximately 12 days 
of parallel runtime on a 16-core machine. The normalized maximum-to-
minimum simulation time ratio was ≈ 1.06×105, indicating a substantial 
variability in computational cost. This variability is strongly influenced 
by the input parameters. In particular, an increase in either 𝜇 or 𝛿𝑙, or 
a decrease in 𝑛, 𝑘, or ̂𝑟𝑢, tends to result in longer simulation times. In 
contrast, predictions generated by our trained PA-ML models, evaluated 
in Python 3.12 on a laptop with an Intel i7-6700HQ CPU, 16GB RAM, 
running Windows 10, remained consistently below 5 ms per inference 
across all explored parameter combinations. This demonstrates that 
ML models provide nearly instantaneous predictions. Hence, ML-based 
models offer computational efficiency independent of the complexity 
inherent in the input parameters. 

What we have accomplished so far is the development of a model 
that performs relatively well in regions where numerical results are 
unavailable. Note that BEM results are shown as black diamonds in Fig. 
6, and BEM results are displayed only for the range 𝑛 ∈ [0.6, 1.6], as 
lower values become numerically demanding. Exponents close to 𝑛 =
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Fig. 7. Impact of indentation depth on rate-dependent effective surface energy, evaluated at a fixed Tabor parameter (𝜇 = 3.0), material modulus ratio (𝑘 = 0.1), and for three 
values of the power-law exponent 𝑛 = [0.2, 0.6, 1.6]. Predictions from the PA-ML model are shown as circular markers, XPB analytical results as dashed lines, and test BEM results 
are represented by triangular markers. Subplots correspond to: (a) 𝛿𝑙 = 60; (b) 𝛿𝑙 = 30; (c) 𝛿𝑙 = 15; and (d) 𝛿𝑙 = 7.5.
0.2 are typical of broadband materials such as PDMS, commonly used in 
soft contact mechanics studies (Maghami et al., 2024b). The parameter 
set illustrated in Fig.  6 features both a large Tabor parameter and a 
large indentation. In this regime, the XPB model accurately reproduces 
the numerical results; thus, XPB can be reliably used as a proxy for 
the ground truth. To understand the advantages of the ML models 
over the XPB model, one should examine its results in regions where 
XPB does not apply, particularly where 𝜇 and 𝛿𝑙 are low. According 
to Fig.  7, XPB is only valid for high values of the Tabor parameter 
and high indentation depth (as seen in Fig.  7(a)). In contrast, Fig. 
7(b), (c) and (d) clearly indicate that XPB fails at higher unloading 
rates, whereas the PA-ML results remain well-aligned with test data 
(triangular nodes obtained through BEM). By comparing Figs.  7(a) to 
(d), where the indentation depth decreases from 𝛿𝑙 = 60 to 𝛿𝑙 = 7.5, 
it is evident that the maximum viscoelastic amplification decreases as 
the indentation depth is reduced. Consequently, ML models serve as a 
valuable intermediary, particularly in regimes where analytical models 
(XPB) prove inadequate and numerical models (BEM) become computa-
tionally prohibitive. While XPB becomes not accurate outside its valid 
range, BEM, despite its accuracy, becomes excessively expensive and 
impractical in certain parameter regimes due to exponential increases 
in computational cost and numerical instabilities at extreme unloading 
rates or indentation depths.

We investigate the effect of varying the Tabor parameter on effec-
tive surface energy as a function of ̂𝑟𝑢 for a constant indentation depth 
to evaluate the performance of PA-ML and compare its results with 
those of XPB, as shown in Fig.  8. The XPB predictions is represented 
by dashed lines, and the BEM results are shown by triangular nodes 
as test data. For an indentation depth of 𝛿𝑙 = 75 and Tabor parameter 
values ranging from 𝜇 = 2.56 to 𝜇 = 0.16 in Figs.  8(a) to (b), a transition 
from JKR to DMT behavior is observed. This transition is not captured 
by the XPB model but is accurately detected by the PA-ML model. Also, 
Figs.  8(c) and (d) show that the model could consider the indentation 
depth effect in the DMT regime. Nevertheless, deviations appear in the 
region of low unloading rate. This is due to the scarcity of training data 
available at a low unloading rate.

Furthermore, we leveraged our PA-ML model to provide more in-
sight into the interdependence of indentation depth (𝛿 ) and the Tabor 
𝑙
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parameter (𝜇), as illustrated in Fig.  9. In Fig.  9, the black dashed-dotted 
line represents the upper bound for DMT-like behavior, which is equal 
to 4

3𝑘 = 40∕3 (Ciavarella, 2022; Wang et al., 2025), while the JKR-like 
limit (1∕𝑘 = 10) is indicated by the mild brown dashed-dotted line. 
The XPB prediction is depicted by the dashed gray line, demonstrating 
its independence from variations in 𝜇 and 𝛿𝑙. We present the results 
for a very high unloading rate (𝑟̂𝑢 = 109) and a specific value of the 
material power law exponent (𝑛 = 0.6) in Fig.  9(a), which illustrates 
the highest achievable adhesion as a function of indentation depth and 
𝜇. This point was briefly addressed in our previous study (Maghami 
et al., 2024b), where it was noted that achieving adhesion is not 
solely a function of the unloading rate; the indentation depth also 
plays a significant role in determining the effective surface energy and, 
consequently, the adhesion. Here, we demonstrate the interdependence 
of 𝛿𝑙 and 𝜇 through our PA-ML predictions. It is important to note 
that for all cases similar to Fig.  9(a), where 𝑘 = 0.1, 𝑛 = 0.6, and the 
unloading rate is ̂𝑟𝑢 = 109, the XPB model consistently predicts a value 
equal to the JKR limit of 1∕𝑘 = 10.

From Fig.  9(a), it can also be deduced that for lower values of 
indentation depth, an increase in 𝜇 results in a growth in the effective 
surface energy. Conversely, for higher values of indentation depth, an 
increase in the 𝜇 parameter leads to a reduction in the effective surface 
energy, transitioning from a DMT-like limit to a JKR-like limit. Hence, 
one can deduce that the Tabor’s effect is not uniform, which means the 
depth-dependent Tabor effect on adhesion.

Considering Fig.  9(b), where we plotted the results for mid values of 
the unloading rate, it can be deduced that all scenarios corresponding to 
different values of 𝜇 for high values of indentation depth converge to a 
plateau equal to the XPB results, which is lower than both the JKR-like 
and DMT-like limits. Additionally, it is evident that for lower values 
of indentation depth, the dependency on the Tabor parameter persists, 
and for higher values of 𝜇, our PA-ML models predict higher adhesion. 
Furthermore, Fig.  9(c) shows that at low unloading rates (here, ̂𝑟𝑢 = 10), 
the effective surface energy remains almost independent of indentation 
depth and the Tabor parameter, yielding results aligned with the XPB 
model predictions.
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Fig. 8. The transition from JKR to DMT behavior captured by the PA-ML model for varying Tabor parameter values material modulus ratio (𝑘 = 0.1), and for three values of 
the power-law exponent 𝑛 = [0.2, 0.6, 1.6]. Circular dots represent the PA-ML predictions, the dashed lines are the XPB solution, and the triangular markers denote the test BEM 
results. Subplots correspond to: (a) 𝜇 = 2.56, 𝛿𝑙 = 75; (b) 𝜇 = 0.16 𝛿𝑙 = 75; (c) 𝜇 = 0.16 and 𝛿𝑙 = 15; and (d) 𝜇 = 0.16, 𝛿𝑙 = 7.5.
Table 3
Performance of ML approaches for the prediction of work to pull-off (𝑤̂𝑝𝑜): MSE and R2

values (mean ±std. deviation) obtained from 5-fold cross-validation, with MSE reported 
as ⋅10−3 and model sizes included.
 MSE (⋅10−3) R2 model size train time (s) 
 Linear Regression 51.4637 ± 12.5943 0.9062 ± 0.0227 6 0.0019  
 Regression Tree 4.6163 ± 2.0924 0.9916 ± 0.0038 6503 0.0241  
 XGBoost 3.1094 ± 1.8688 0.9943 ± 0.0035 4766 0.1184  
 Random Forest 2.9948 ± 1.3544 0.9945 ± 0.0025 419700 1.4867  

4.2. Results for prediction of work to pull-off

To gain insight into the energy required to detach a sphere from 
a viscoelastic surface, one can refer to the concept of work to pull-off 
𝑤po = ∫

𝛿po
𝛿on

𝑃 (𝛿, 𝑡) 𝑑𝛿 = 𝑤̂𝑝𝑜(1.5𝜋𝛥𝛾0𝑅ℎ0), where 𝛿on is the displacement 
at which the normal force first becomes zero during unloading, and 𝛿po
denotes the displacement at pull-off (Violano and Afferrante, 2022b) 
as shown in Fig.  3. We employed the same approach and architecture 
of surrogate ML models used for predicting effective surface energy, 
but adapted it for the prediction of normalized work to pull-off. For 
the pure data-driven ML approach, we again utilized five inputs, as 
outlined in Fig.  5, but with 𝑤̂𝑝𝑜 as the output representing the work 
to pull-off, and for PA-ML, we followed a similar approach to the 
previous PA-ML implementation, but with a different output target. The 
performance results of the ML and PA-ML are presented in Tables  3 and
4. Consistent with the findings in Tables  2, Random Forest exhibits the 
best performance among the algorithms for predicting the work to pull-
off, achieving R2 of 0.9945 ± 0.0025 across five folds. Consequently, we 
illustrate the prediction results of the work to pull-off through Random 
Forest for a wide range of unloading rates and power law exponents 
in Fig.  10, and all subsequent references to ML and PA-ML for 𝑤̂po
prediction imply the use of Random Forest.

Fig.  10 demonstrates that the work to pull-off versus the unloading 
rate exhibits a different behavior compared to the effective surface 
energy. Unlike the effective surface energy, the work to pull-off follows 
a bell-shaped curve as a function of the unloading rate as also have been 
shown in a work by full numerical modeling (Violano and Afferrante, 
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Table 4
Performance of PA-ML approaches for the prediction of work to pull-off (𝑤̂𝑝𝑜): MSE 
and R2 values (mean ±std. deviation) obtained from 5-fold cross-validation, with MSE 
reported as ⋅10−3 and model sizes included.
 MSE (⋅10−3) R2 model size train time (s) 
 Linear Regression 51.1512 ± 12.5556 0.9067 ± 0.0226 7 0.0017  
 Regression Tree 4.0330 ± 2.0619 0.9926 ± 0.0037 6493 0.0285  
 XGBoost 2.9248 ± 1.8478 0.9946 ± 0.0034 4954 0.1267  
 Random Forest 2.4197 ± 1.2864 0.9956 ± 0.0023 419400 2.0190  

2022b). The results in Fig.  10 reveal an interacting effect between 
the unloading rate and the power law exponent on the work to pull-
off, which was not observed in the results for the effective surface 
energy. Specifically, for relatively lower values of the unloading rate, 
an increase in the power law exponent leads to a rise in the work to 
pull-off, whereas for higher values of the unloading rate, our PA-ML 
model predictions indicate that an increase in the power law exponent 
results in a decrease in the work to pull-off.

It is important to note that, to date, there has been no analytical 
model capable of describing the work to pull-off the concept across 
any range of material variables. Therefore, for physical augmentation in 
our PA-ML and the prediction of work to pull-off, we decided to utilize 
the XPB model’s output. In the following results, we aim to evaluate 
the effect of incorporating the outputs of the XPB model—specifically, 
the effective surface energy—on the prediction of a distinct parameter, 
as the effective surface energy is expected to positively correlate with 
work to pull-off.

According to our results, Random Forest performs better than the 
other algorithms in terms of MSE, R2. The most notable observation 
from Table  4 is the significant impact of augmentation through the 
effective surface energy (𝛤𝑒𝑓𝑓  based on XPB) on the performance of 
algorithms in predicting the work to pull-off (𝑤̂𝑝𝑜). A comparison 
between Tables  3 and 4 reveals the influence of incorporating this 
physical parameter as an additional input into the modeling process. 
The results indicates that augmentation consistently reduces prediction 
errors and enhances performance, as evidenced by improvements in 
both MSE and R2. Additionally, the model sizes of Random Forest 
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Fig. 9. PA-ML model (Random Forest): Normalized surface energy versus indentation depth for different values of 𝜇 = [0.05, 0.2, 0.8, 3.2]. Dash-dotted lines represent the JKR limit 
(which is equal to 1

𝑘
) (Maghami et al., 2024b) and DMT limit (which is 4

3𝑘
) (Ciavarella, 2022), gray dashed line indicates the XPB results, circular dots correspond to the BEM 

solution, and the solid lines indicate the PA-ML predictions for (a) ̂𝑟𝑢 = 108, 𝑛 = 0.6, 𝑘 = 0.1; (b) ̂𝑟𝑢 = 103, 𝑛 = 0.6, 𝑘 = 0.1; (c) ̂𝑟𝑢 = 101, 𝑛 = 0.6, 𝑘 = 0.1. The results indicate that the 
JKR and DMT limits were only achieved with high indentation depth values and very high unloading rates.

Fig. 10. Comparison of (a) a purely data-driven ML model (Random Forest) and (b) a physics-augmented ML model (PA-ML Random Forest) in predicting the relationship between 
normalized work to pull-off and unloading rate. Triangle markers represent the training data, circles denote model predictions. Results are evaluated for 𝜇 = 3.24, ̂𝛿load = 73, 𝑘 = 0.1, 
and power-law exponents 𝑛 = [0.4, 0.6, 1.6].
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Fig. 11. PA-ML model (Random Forest): Normalized work to pull-off as a function of unloading rate for different values of the Tabor parameter (𝜇 = [0.05, 0.2, 0.8, 3.2]), at a fixed 
indentation depth 𝛿𝑙 = 73.0 and material modulus ratio 𝑘 = 0.1. Circular markers represent predictions from the PA-ML model. Results are shown for two power-law exponents: (a) 
𝑛 = 1.6 and (b) 𝑛 = 0.6.
reported in Tables  3 and 4 suggest that the integration of XPB improves 
predictive accuracy.

To visually assess the effect of XPB for guiding the PA-ML model for 
prediction of work to pull-off, we illustrate the predictions of Random 
Forest across a wide range of unloading rates and varying values of the 
power law exponent in Fig.  10(b). This figure is structured similarly to 
Fig.  10(a), where the circles represent the PA-ML predictions, and the 
triangle markers denote the training data. A comparison between Figs. 
10(a) and 10(b) reveals that the PA-ML model provides predictions that 
are closer to the BEM solutions and demonstrate smoother behavior.

To gain insight into different slices of the material behavior space 
and to examine the effects of input parameters on the material’s be-
havior, we leveraged our PA-ML model to explore the effect of the 
Tabor parameter (𝜇) in Fig.  11. The results are presented as a function 
of unloading rate and two specific values of the material power law 
exponent (𝑛 = 1.6) in Fig.  11(a), as well as for 𝑛 = 0.6 in Fig.  11(b). 
The work to pull-off consistently increases as 𝜇 increases in both Fig. 
11(a) and Fig.  11(b). To ensure the validity of the ML predictions, we 
provide analytical estimations of the upper and lower bounds for the 
work to pull-off in Appendix  D and Appendix  E, respectively.

5. Summary and conclusions

We introduced two ML-based approaches for predicting the pull-
off force and work to pull-off of relaxed viscoelastic adhesive Hertzian 
contacts as a function of five input parameters of Tabor parameter 𝜇, 
material power exponent 𝑛, modulus ratio 𝑘, unloading rate 𝑟̂𝑢, and 
the indentation depth 𝛿𝑙. Based on 8921 samples generated through 
our BEM numerical framework, the pure data-driven ML models effi-
ciently provide predictions in regions where computational costs are 
high. Notably, their strong agreement with our previously developed 
analytical model further validates their reliability and effectiveness. 
This confirms that the proposed approach could be seen as a bridge 
between analytical models and numerical methods. Through a system-
atic comparison, the study demonstrates that ML-based approaches, 
particularly tree-based methods like Random Forest, excel in predicting 
tabular data with low MSE and high R2 values. The integration of 
ML with physics-based insights, particularly guided by the XPB model, 
developed by Maghami et al. (2024b), enables the creation of efficient 
and accurate surrogate models for predicting key adhesion-related 
quantities, including effective surface energy and work to pull-off, 
especially where analytical models fail and numerical simulations be-
come costly. Notably, the PA-ML models not only improve prediction 
accuracy but also, help generalization. Despite the distinct relationship 
between the work to pull-off quantity and effective surface energy, 
integrating XPB guidance, which provides the latter in a valid region, 
enhanced the prediction accuracy of the former overall. The PA-ML 
framework helped us to reveal interesting insights into the adhesion 
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mechanics of viscoelastic materials. Particularly, the interplay between 
the Tabor parameter and indentation depth was clarified, showing a 
transition between DMT-like and JKR-like behaviors under different 
conditions. A depth-dependent Tabor effect on adhesion is detected by 
our PA-ML. For low indentation depths, increasing the Tabor parameter 
led to a rise in effective surface energy. Conversely, at large indentation 
depths, low Tabor parameters result in a higher adhesion enhancement 
(see also Wang et al. (2025)). PA-ML prediction showed that the 
work-to-pull-off exhibited different behavior from the effective surface 
energy, following a bell-shaped curve as a function of the unloading 
rate. The interacting effects of the unloading rate and the power-law 
exponent were observed, revealing that the work-to-pull-off increases 
with the power-law exponent at lower unloading rates but decreases at 
higher unloading rates. Overall, the results demonstrate that the PA-ML 
framework serves as a valuable intermediary between analytical and 
numerical methods, addressing limitations in generalization, computa-
tional cost, and numerical instability. While analytical models like XPB 
provide theoretical consistency and numerical methods like BEM offer 
precision, the PA-ML approach combines the strengths of both to offer 
interpretable and computationally efficient predictions. The presented 
framework lays the foundation for further advancements in the data 
driven approaches to model visco-adhesive contact problems.
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Appendix A. Details of the boundary element method implemen-
tation as a numerical model

A.1. Kernel function

𝐺 (𝑟, 𝑠) is the so-called Kernel function, defined as: 

𝐺 (𝑟, 𝑠) =

⎧

⎪

⎨

⎪

⎩

4
𝜋𝑟K

(

𝑠
𝑟

)

, 𝑠 < 𝑟

4
𝜋𝑠K

(

𝑟
𝑠

)

, 𝑠 > 𝑟
(A.1)

where K denotes the complete elliptic integral of the first kind with 
modulus 𝑘.

In this work, the gap function is solved applying the Boundary 
Element Method (BEM) combined with the Newton–Raphson method 
on 𝑁 = 𝑀+1 equally spaced nodes, where 𝑀 represents the number of 
interfacial elements. Equation (3) is discretized in both time and space 
to compute the half-space deflections. A time-marching algorithm with 
a time step 𝛥𝑡 is employed for the temporal discretization. For spatial 
discretization, the pressure distribution is assumed to have a triangular 
shape over each element. Specifically, for the 𝑗th element, the pressure 
𝑝𝑗 is defined at 𝑟 = 𝑟𝑗 and decreases linearly to zero at 𝑟 = 𝑟𝑗−1 and 
𝑟 = 𝑟𝑗+1. This approach is commonly referred to as the method of 
overlapping triangles (Johnson, 1987; Papangelo and Ciavarella, 2020, 
2023). Once the number of nodes is fixed the influence matrix 𝐺𝑖,𝑗 can 
be computed so that the deflection 𝑢𝑧[𝑖] of the elastic halfspace at the 
node 𝑖 can be found by linear superposition 

𝑢𝑧[𝑖] =
1
𝐸∗
0

𝑁
∑

𝑗=1
𝐺𝑖,𝑗𝜎𝑗 . (A.2)

For the problem of a Hertzian rigid indenter on a viscoelastic 
surface, one can define the following dimensionless parameters as: 
ℎ = (ℎ − ℎ0)∕ℎ0, 𝛿 = 𝛿∕ℎ0, 𝑟̂ = 𝑟∕𝛽, 𝜎 = 𝜎∕( 𝛥𝛾0𝜇ℎ0

) , and 𝑡 = 𝜏𝑡̂ where 

𝛽3 =
𝑅2𝛥𝛾0
𝐸∗ , 𝜇 =

(

𝑅𝛥𝛾20
𝐸∗
0
2ℎ30

)1∕3

, (A.3)

Eqs. (1), (2), and (3) are expressed in a discretized form in both 
space and time, where 𝑖 denotes the spatial index and 𝑞 represents the 
temporal index, as follows: 

𝜎[𝑖, 𝑞] = −8
3
𝜇

[

1
(ℎ̂[𝑖, 𝑞] + 1)3

− 1
(ℎ̂[𝑖, 𝑞] + 1)9

]

, (A.4)

ℎ[𝑖, 𝑞] = −𝛿[𝑞] + 1
2
𝜇𝑟̂[𝑖]2 + 𝑢̂𝑧[𝑖, 𝑞] , (A.5)

𝑢𝑧[𝑖, 𝑞] ≈ 𝜇
∑

𝐺𝑖𝑗

𝑞
∑

𝑚=0
𝐶[𝑞 − 𝑚]

(

𝜎[𝑗, 𝑚 + 1] − 𝜎[𝑗, 𝑚]
)

, (A.6)

where the dimensionless form of the creep compliance function 𝐶 =
𝐶∕𝐶0 in (4) is: 

𝐶 (̂𝑡) = 1 − 2
(1 − 𝑘)

𝑡̂𝑛∕2K𝑛

(

2
√

𝑡̂
)

. (A.7)

𝛤 (𝑛)
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Appendix B. Machine learning methods

B.1. Linear regression

Linear regression is one of the simplest and most widely used 
statistical methods for modeling the relationship between a depen-
dent variable and one or more independent variables. It assumes a 
linear relationship between inputs and outputs. Linear regression is 
particularly effective when the relationship between variables is ap-
proximately linear, but it may struggle with non-linear relationships 
unless transformed appropriately (Molnar, 2025).

B.2. Regression tree

A regression tree is similar to a decision tree that predicts contin-
uous outputs by recursively partitioning the data space into regions 
with similar target values. Each split is chosen to minimize variance 
in the resulting subsets. Regression trees are interpretable but prone 
to overfitting and can be unstable with small data changes (Molnar, 
2025).

B.3. Random forest

Random Forest is a learning method that constructs multiple deci-
sion trees during training and outputs the mode or mean prediction 
of these trees for classification or regression tasks. This technique 
enhances predictive accuracy and controls overfitting by averaging out 
biases from individual trees. Each tree in the forest is built using a 
random subset of the data and features, which helps capture diverse 
patterns within the dataset. Random Forest is robust to noise and can 
handle large datasets with high dimensionality effectively, making it a 
popular choice for many practical applications (Molnar, 2025).

B.4. Extreme gradient boosting (XGBoost)

XGBoost is an advanced implementation of gradient boosting that 
has gained popularity due to its high performance in ML competi-
tions. It builds models sequentially by adding new trees that correct 
errors made by previous ones, optimizing for both speed and accuracy 
through techniques like regularization and parallel processing (Chen 
and Guestrin, 2016). XGBoost is particularly effective for tabular data 
because it can handle missing values internally and offers flexibility in 
model tuning.

B.5. Visual comparison of ground truth and predictions

Here, we present two figures that illustrate the performance of dif-
ferent modeling approaches. Fig.  B.12 focuses on pure data-driven ML 
model predictions, while Fig.  B.13 shows the performance of a physics-
augmented model. Each figure has two subfigures: the first subfigure 
depicts the results of linear regression, and the second represents the 
results from the XGBoost algorithm.

Appendix C. Descriptive statistics of the dataset

This section provides the descriptive statistics for the dataset.
Table  C.5 summarizes key statistical measures, including central ten-
dency (mean, median), variability (standard deviation), and extreme 
values (minimum, maximum) for each parameter.

The variables 𝛿𝑙, ̂𝑟𝑢, 𝑘, 𝛤eff, and 𝑤̂po were log10-transformed before 
model training and testing. The minimum and maximum values indi-
cate substantial heterogeneity within the dataset, particularly for 𝑟̂𝑢, 
which spans multiple orders of magnitude.
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Fig. B.12. ML model’s performance: (a) The plot illustrates the performance of linear regression model; (b) The plot shows the results of the XGBoost model, which demonstrates 
stronger performance.
Fig. B.13. PA-ML model’s performance: (a) The plot shows the performance of Random Forest; (b) The plot illustrates the results of the XGBoost model.
Table C.5
Descriptive statistics for the principal parameters in the data set.
 Statistic log10(𝛿𝑙) 𝜇 log10(𝑟̂𝑢) log10(𝑘) n  
 Mean 0.5718 0.7181 4.467 −0.9189 0.8471 
 Median 0.684 0.3 4.4 −1 0.6  
 StdDev 0.9359 0.9501 2.75 0.219 0.5635 
 Min −2.255 0.04 −1.5 −4 0.2  
 Max 2.738 3.24 10 −0.301 2  

Appendix D. Upper-bound approximation of Hertzian pull-off
work in the glassy Regime

At very high unloading rates, viscoelastic substrates behave as 
elastic solids characterized by their instantaneous (glassy) modulus. 
In this regime, adhesive detachment is dominated by elastic energy 
storage rather than viscoelastic dissipation. While the Hertzian geome-
try exhibits a continuously varying contact area, the stress distribution 
near detachment becomes increasingly concentrated toward the edge, 
resembling the uniform stress field under a flat punch. Therefore, we 
approximate the unloading behavior of an adhesive Hertzian contact 
at high rates using the flat punch formulation. In the limit of very fast 
unloading, a viscoelastic substrate responds elastically with its glassy 
modulus 𝐸∗ . For a rigid axisymmetric flat punch of radius 𝑎 detaching 
∞
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from such a substrate, the normal force during unloading is as follows: 

𝑃 (𝛿) = 2𝑎𝐸∗
∞𝛿 . (D.1)

The pull-off load is governed by linear elastic fracture mechanics and 
given by Papangelo and Ciavarella (2023): 

𝑃po =
√

8𝜋𝐸∗
∞𝛥𝛾0𝑎3 . (D.2)

Substituting this into the force–displacement relation yields the dis-
placement at pull-off: 

𝛿po =
𝑃po
2𝑎𝐸∗

∞
=

√

8𝜋𝐸∗
∞𝛥𝛾0𝑎3

2𝑎𝐸∗
∞

. (D.3)

The work required to pull-off the punch is defined as the area under 
the unloading curve: 

𝑤po = ∫

𝛿po

0
2𝑎𝐸∗

∞𝛿 𝑑𝛿 = 𝑎𝐸∗
∞𝛿2po , (D.4)

Substituting for 𝛿po leads to the simplified expression: 

𝑤po = 2𝜋𝑎2𝛥𝛾0 , (D.5)

where it is the work to pull-off related to an axisymmetric flat punch, 
and for a Hertzian indenter, one can consider it with 𝑎 ≈ 𝑎𝑝𝑜. Consid-
ering the contact radius as 𝑎 = 𝑎(𝜋𝑅2𝛥𝛾 ∕𝐸∗)1∕3, one can obtain the 
0 0
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Fig. D.14. Comparison between the predicted normalized work to pull-off (𝑤̂𝑝𝑜) from 
the PA-ML model (XGBoost) and the upper bound of glassy behavior values obtained 
from Eq.  (D.8), for different values of the Tabor parameter 𝜇 = [0.05, 0.2, 0.8, 3.2]
(which correspond to 𝑎po = [6.1377, 3.0689, 1.9564, 2.0139]). The predictions correspond 
to a fixed normalized indentation depth 𝛿𝑙 = 73.0, material modulus ratio 𝑘 = 0.1, 
and normalized unloading rate ̂𝑟𝑢 = 105 and 𝑛 = 1.6. Circular markers indicate PA-ML 
predictions, and square markers correspond to values from Eq.  (D.8).

following relation: 

𝑤po = 2𝜋𝑎2po(𝜋𝑅
2𝛥𝛾0∕𝐸∗

0 )
2∕3𝛥𝛾0 . (D.6)

Normalizing by the characteristic energy scale 1.5𝜋𝛥𝛾0𝑅ℎ0, the dimen-
sionless work becomes: 

𝑤̂po =
𝑤po

1.5𝜋𝛥𝛾0𝑅ℎ0
= 4

3
𝑎2po𝜋

2∕3
𝑅1∕3𝛥𝛾2∕30

𝐸2∕3
0 ℎ0

, (D.7)

Considering the Tabor parameter, we have the following upper bound 
approximation: 

(𝑤̂po)up = 4
3
𝑎2po𝜋

2∕3𝜇. (D.8)

Fig.  D.14 compares the PA-ML predictions and analytically esti-
mated upper-bound of glassy behavior for normalized work to pull-off 
from (D.8) across different Tabor parameters.

Appendix E. Lower-bound approximation of work to pull-off in 
JKR rubbery regime

The Johnson-Kendall-Roberts (JKR) (Johnson et al., 1971) theory is 
an analytical model describing the mechanics of adhesive elastic con-
tact. It extends Hertzian contact theory by considering surface energy, 
making it particularly applicable to soft materials and scenarios where 
adhesion plays a significant role. Here to have consistent relations 
with our numerical results as well as the ML solution, we consider 
𝑎 = 𝑎

(

𝜋𝑅2𝛥𝛾0∕𝐸∗
0
)1∕3, and 𝑃 = 𝑃 (1.5𝜋𝛥𝛾0𝑅ℎ0). Hence, the JKR solution 

for the dimensionless load and indentation are given by: 

𝑃 = 2𝑎3 − 1.5
√

8𝑎3 , (E.1)

𝛿
𝜇𝜋2∕3

= 𝑎2 −
√

2𝑎 . (E.2)

The work to pull-off is 𝑤̂po = | ∫
𝛿po
𝛿on

𝑃 (𝛿, 𝑡) 𝑑𝛿| = 𝑤𝑝𝑜
1.5𝜋𝛥𝛾0𝑅ℎ0

, where 𝛿on is 
the displacement at which the normal force first becomes zero during 
unloading, and 𝛿po denotes the displacement at pull-off. Therefore, the 
work to pull-off is obtained as follows: 

𝑤̂po = 0.80182𝜇𝜋2∕3 . (E.3)

As shown in Fig.  E.15, the PA-ML model results in the glassy and 
rubbery regimes are bounded by the rubbery lower limit derived from 
Eq. (E.3) and the glassy upper limit given by Eq. (D.8).
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Fig. E.15. PA-ML prediction of normalized work to pull-off (𝑤̂po) as a function of 
the normalized unloading rate (𝑟̂𝑢) for 𝜇 = 3.2 and 𝑛 = 1.6, at a fixed indentation 
depth 𝛿𝑙 = 73.0 and modulus ratio 𝑘 = 0.1. The blue curve represents the PA-ML 
model prediction. A horizontal dashed line marks the JKR-like rubbery lower bound
(𝑤̂po = 5.50376 obtained through (E.3)), which applies in the low-rate regime. Another 
dashed line indicates the glassy upper bound (𝑤̂po = 37.1203 obtained through (D.8)), 
relevant at higher unloading rates (𝑟̂𝑢 ≳ 103).

Fig. E.16. XGboost learning curve.

Appendix F. Hyperparameter tuning

For XGBoost, we note that boosting algorithms can overfit if the 
number of boosting iterations (trees) is too large. To mitigate this, 
we employed a validation strategy. We held out a 15% validation set. 
During training, we performed a manual grid search over the learning 
rate (shrinkage parameter, 𝜆) and tree depth (interaction depth, 𝑑). 
For each combination, we utilized the native xgb.train API with 
early stopping, monitoring the per-round RMSE on the validation set. 
Our plotting of train versus validation RMSE over boosting rounds 
empirically confirmed that validation error decreased, and then the 
boosting round stopped at 689, as it is shown for the PA-ML model in 
Fig.  E.16. Early stopping is a common technique to select the optimal 
number of trees in boosting to prevent overfitting (James et al., 2013; 
Hastie et al., 2009).

Regarding Random Forest, the dynamics of overfitting, particularly 
concerning the number of trees (ntree or B), differ significantly from 
boosting methods. Random Forests are inherently robust against over-
fitting as the number of trees increases. Unlike boosting, adding more 
trees to a random forest typically does not lead to overfitting; instead, 
the generalization error converges to a certain value, often reaching a 
plateau in performance. The primary reason for limiting the number of 
trees in RF is usually computational cost, not a risk of overfitting (James 
et al., 2013; Hastie et al., 2009). The learning curve of Random Forest 
as the number of trees grows for PA-ML model is shown in Fig.  F.17.
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Fig. F.17. Random forest learning curve.

Data availability

The dataset and the machine learning models generated for this 
article are available for use in both MATLAB and Python:

• Zenodo: doi.org/10.5281/zenodo.15039239
• GitHub (Python): github.com/alimaghamii/ML4Adhesion
• GitHub (MATLAB): github.com/alimaghamii/ML4Adhesion4Matla

b.
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