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Abstract. The study focuses on the potential of wave prediction and forecasting during operations
involving multiple ships of varying sizes. By combining phase-resolved wave estimation with phase-
resolved wave prediction to a ship located leeward of another ship, the approach aims to reduce the
risk during critical operations by forecasting the wave profile. Wave profile estimations are obtained
using Prolate Spheroidal Wave Functions (PSWF) from ship motion measurements. The predicted wave
profiles from multiple points along the ship are combined in a linear phase-resolved wave prediction.
The wave prediction for the leeward ship is calculated using linear wave theory (LWT). The motion
behavior of a barge, and a down scaled version of it, called “small barge”, is investigated numerically.
The results demonstrate that PSWF estimation can be employed to reconstruct the wave profile along
the barges. The results indicate that the estimation and prediction are accurate in short-crested seaways.
Three case studies confirm that high motions amplitudes and the size of the forward ship dictate the
prediction accuracy for the combined methodology.
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1 Introduction

Operations at sea are significantly influenced by wave conditions, which can limit operational capabilities.
Phase-resolved wave prediction allows to calculate wave amplitudes as well as their phase information in order
to reconstruct the wave profile in time and space. The knowledge of the wave profile allows to assess the risk
of an operation or even actively control of the motion, e.g. with fins or roll damping tanks. For operations,
which can not be postponed due to the weather such as the recovery of dinghies, phase-resolved waves enable
to identify time windows with low wave amplitudes, so called quiescent periods [I]. The aim of this study is
to establish an algorithm solely based on motion measurements and estimate waves at one or multiple ships
and apply a wave prediction technique to translate these measurements to a ship downstream. Mounet et al.
[12] took a similar approach for estimation of spectral parameters with the wave buoy analogy showing that
the combined information of multiple ships increase the accuracy of the estimations.

Phase-resolved wave prediction is split into two steps: The assimilation of wave components at one or
more measurement pointa and the prediction at the downstream estimation point [7]. A cost-effective option
for wave assimilation onboard of ships is motion-based wave estimation. Takami et al. [I8] point out that
accurately estimating phase components in a short time window using the commonly employed fast Fourier
transform (FFT) is challenging due to the frequency resolution. Other estimation techniques, based on the
Kalman filter, have shown success in reconstructing wave profiles in long-crested waves [5][8]. Although, the
Kalman filter requires a calibration phase [I8], which may affect its accuracy in varying wave conditions.
Prolate spheroidal wave functions (PSWF) are introduced by Takami et al [I5][I6][I7][18] to ship wave
estimation. PSWF enable to reconstruct the motion in short time windows with a finer frequency resolution
than the FFT. The incorporation of the motion transfer function enables to reconstruct the wave encounter
angles, spectral parameters, ship roll damping and the wave profile along the ship. In comparison to the
Kalman filter, PSWF' require less input and no calibration phase, however the accuracy of the transfer
function has to be accurate.

Predicting waves at a downstream point requires the knowledge of wave amplitudes, phases and directions
at all relevant wave frequencies. Cademartori et al. [I] reviewed existing phase-resolved prediction methods



and classified them as physical, hybrid and data-driven models. They concluded that hybrid methodolo-
gies seem to be most promising, since they combine the strengths of various approaches, particularly in
reconstructing nonlinear phenomena while maintaining computational efficiency. This study focuses on wave
prediction techniques that are faster than real time in order to forecast the motion of the second ship. The
use of wave profiles from the PSWF estimation already limits the accuracy to linear phenomena due to the
use of the linear transfer function. Data-driven methods, such as artificial intelligence (AI) methods, have
shown potential for improving prediction accuracy. Chen et al. [2] state that the use of an artificial neural
network increases the prediction horizon and is beneficial in determining wave conditions with large spread-
ing angles. Compared to identification methods using an equation system to identify the wave components
[B][7], data-driven methods require a large amount of realistic training data. A recent hybrid method by Liu
et al. [I0] incorporates linear wave theory (LWT) prediction into a physics informed neural network, which
outperforms the LWT prediction. The main advantage of using LW'T is its simplicity, computation speed and
the acceptable accuracy within the predictable zone [14].

This study combines the PSWF method for wave profile estimation by Takami et al. [I§] with the phase-
resolved wave prediction in short crested seaways. The assimilation of PSWF predictions is done according to
the algorithm for LWT by Kim et al. [7], as the estimated wave profiles by PSWF are also linear. The wave
profile is estimated at multiple positions along the ships and used in the assimilation process. The remainder
of this study is organized as follows. In Section [2| the methods are defined, split into the wave estimation
and the wave prediction. Section [3| shows the geometrical properties of the investigated barge and details of
the numerical data generation. Section [4] presents results verifiying the individual methods and case studies
verifying the combined methodology.

2 Methodology

2.1 Wave profile estimation using PSWF

The wave profile estimation at a ship is calculated using the PSWF method proposed by Takami et al.
[18]. The required input is a time window size T of arbitrary motion measurements. Increasing the number of
degrees of freedom (DOF) increases the information available during parameter estimation, but also increases
the computational effort.

PSWF enable the reconstruction of the ship motions r for each DOF k by identifying the phase components
u and 4. The phase components are calculated for several frequencies, constrained by an input frequency
(2, above which reconstruction is not possible. The response spectra S used for motion reconstruction is
calculated from the Fourier transform of the time series

Ny,
ri(t) ~ Z Sk (wi) dw (ui x cos(wit) — Tk sin(wit)) . (1)

The number of frequencies N, is a function of the time window size T' and the maximal frequency {2, for
details see Takami et al. [I8]. The phase angles ¢ of the transfer functions of varying DOF are subtracted and
added into Eq. . It is possible to reconstruct the motion of DOF k with the phase components of DOF [

N, Npor
re®) = YV Silwi) dw(us ) cos(wit — o1(wi, @) + pi(wi, B)) @)
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The manipulation is calculated for each unique DOF combination and summed for all DOF m. The correlation
p between two time series r, and 7, quantifies their similarity

cov(Ta, )

o(ra)o(rs)

p= (3)

A correlation of 1 indicates identical motions, while -1 represents anti-proportional motions. The correlation is
calculated for each encounter angle ¢, in relation to the original time series. The encounter angle maximizing



the correlation is selected and its RAO Y(QSC) is used for further computations. The phase components and
encounter angle estimation deliver all necessary information for the phase-resolved estimation of the wave
profile

Npor vV Sk(wi)dw| Yy w(wi,de )| (us 1 cos(wit+ox (wi,pe)) — i,k sin(wit+pw(wi,de)))
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C(t) = — 3 : (4)
i=1 Npor (M)
k=1 [V 1, max|

To avoid numerical instabilities with small amplitudes, the wave profile is normalized with the maximal
amplitude |5A/p7k,max\. The calculation is limited to amplitudes greater than II;EM >0.1.

b,k,max|

The wave profile estimation and encounter angle estimation can be performed for arbitrary points p
along the ship. The motions at these points can be obtained from additional motion measurements or under
assumption of a rigid body and application of relative kinematics [4]. The transfer functions are linear and
can also be transformed to a point with coordinate vector (xp,yp, 2p)” using relative kinematic relations [11].

Equation has to be adapted, since the resulting wave profile {(t) is valid at the centre of gravity. The
wave profile at a point p results from multiplying the wave at the center of gravity {(we i, ¢j,t) with the phase
shift due to the location of the point

N, Ny

G =33 Re (C(we,i, i, 1) - ei(Hin cos(@5)+hiyp sinwj))) . (5)

i=1 j=1

Equation is valid for the wave profile ¢}, if the transfer function is multiplied with the phase shift of the
waves at point p

Yopx(wi, ¢5) = Yp,k(wia b;) - e~ i(—kizp cos(¢y)+kiyp sin(¢;)) (6)

2.2 Predictable zone and wave prediction using LWT

The following section presents the formulae to generate a phase-resolved prediction based on measurements
from a ship a to a ship b. The wave prediction procedure is divided into two steps: defining the predictable
zone and performing the prediction itself. The predictable zone is derived from the theory of Qi et al. [I4].
The predictable zone is defined as the time window where according to linear wave theory a prediction should
be possible. The zone is constrained by the slowest and fastest wave group speeds. Qi et al. [I4] defines the
time window for moving observation points in a short-crested seaway as IT € [Ty, Ty with the start time Tp
and end time 77. The time window is the union of each point x,, but the intersection of each frequency and

direction
N, Ng Ny

)= U (i, é5, 2p.t) - (7)

i=1j=1p=1

In the one-dimensional case, the predictable zone starts when the slowest component arrives at b and ends
when the fastest wave arrives at point b after the time window 7" ended. Equation indicates that increasing
the number of points may increase the predictable zone at b. Although, a highly spread seaway reduces the
predictable time window compared to a long-crested seaway.

Fig. [1| shows two ships with their heading angles ¢ and the wave direction ¢. The distance d is always
measured along the wave direction and the global coordinate system (x,y) is used throughout the following
calculations to discretize equation . For each frequency and direction, the encountered wave speed at ship
b is given by the sum of the ship speed vy, and the group speed cg;

Ce = Cgr + Up cOs(¢ + 1, — 180°). (8)

Measuring the distance along the wave direction is beneficial when using both heading angles and wave
directions, but may result in the distance being zero if xz-coordinates are used. These cases are replaced by
calculating the coefficients o with y-coordinates. The start time is calculated by solving the equation T, and
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Fig. 1: Definition of global coordinate system (z, y) for wave prediction between two ships a and b with varying
heading angles v and waves from direction ¢.

the end time T3
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The coefficients follow from
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Yb,0 — Ya,0 otherwise

The considered frequency range is limited between the frequency corresponding to cgrmax and that of
Car,min, ensuring that 85% of the total energy is captured within the spectrum [9]. Ship motion measurements
combined with wave estimation using PSWF yield a wave spectrum dependent on the encounter frequency.
The required group velocities are obtained by transforming to absolute frequencies, following the approach
established by Nielsen [I3]. The directions are distributed in the interval [¢ — 45°, ¢ + 45°] around the main
wave direction.

Knowledge of the predictable zone and the estimated wave profiles is required for the data assimilation
and prediction of waves to ship b. This study employs the phase-resolved wave prediction for linear wave
theory by Kim et al. [6]. The procedure is split into the assimilation and prediction. The assimilation solves
a linear equation system for the phase components v and v, which are used to reconstruct the elevation ¢ at
an observation point a

No-Ny
Calmy, t5) = Z vicos fij + visin fi;. (12)

i=1

Wave frequencies and directions are written into a single vector for simplicity. The phase component factor
f is dependent on the encounter frequency, time and position

fiJ = wc7itj — ki(mryj COS gf)i — yr,j sin (151) . (13)



The position used for reconstruction is the relative vector from the prediction point to the observation point
T, = T, — Tp,. The equation system is set up for each time window individually

Vo
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The wave prediction is calculated without an additional positional vector in the phase components

N

Cb(t) = Z Vi COS(we7it) + v sin(we7it) . (15)

i=1
We applied the prediction to the same 60s time window as used for the PSWF estimates. If the predictable
zone is not continuous in time with the previous one, the time window size is iteratively increased until Ty is
smaller than the end time of the previous prediction. A wave forecast at ship b is feasible within the interval
[T, Ty], if the end time of the predictable zone exceeds the time window size.

3 Numerical data generation

Numerical wave profiles were generated using a JONSWAP spectrum with 30 frequencies and 5 wave direc-
tions. The wave heights and periods were varied and the resulting wave amplitudes were analyzed accordingly.
The time series were generated for each ship and motion point

N, Ng
Co(t) = Z Z Re (C(We . ¢j)ei(we,it—k’i(%+zo) cos(#;)+ki (Yp+yo) Sin(¢j)+s0i,j)) ) (16)

i=1 j=1

Subscript e denotes the encountered wave elevation at a motion point. Position (zp,yp)7 defines the location
of the motion point, while (z,yo) represents the ship’s initial position in global coordinates. The motions
were calculated by inserting the RAO Y of the specific DOF and motion point

N, Ng

ok (t) = Z Z Re (Yp,k(we,iy 6)¢(We 15 ¢j)€i(we,it—kiro cos(¢j)+kiyo Sin(¢j)+wi,j)) ) (17)

i=1 j=1
Since the RAO calculation already accounts for the motion point coordinates, they are not explicitly required
in the motion computation.

Table 1: Dimensions of the barge in full scale (barge) as well as the scaled barge (small barge)

Property Unit Barge Small Barge
Length L [m] 122 19.4
Breadth B [m] 32.2 5.12
Draught D [m] 5.16 0.82
Froude number F'n [-] 0.058 0.145
Speed v [m/s] 2 2

Evaluations were conducted for a barge with a length of 122m. To verify the combined estimation and
prediction, three case studies were performed. The case studies consist of the barge and scale barged, referred
to as the ”"small barge”. Tab. [1] lists the geometrical parameters of the barge and the small barge. In all case
studies, the barges proceed at the same speed and heading. The case studies cover 3 scenarios:

1. The small barge operates in front of the barge
2. The barge operates in front of the small barge
3. Two small barges operate in front of the barge with a lateral distance of y=40 m

Each case study was evaluated over a spatial domain of 150 m x 150 m, measured from the stern of the leading
vessel in case study 1 and 2, and from the midpoint between the two small barges in case 3.
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Fig. 2: Comparison of mean difference from numerical input data for angle and correlation for various motion
points along the ships. The left column shows results for the barge and the right column for the small barge.
Results are averaged for encounter angles from 0° to 180° in 30° steps. (COG) indicates the motion point
situated at the center of gravity. Additional points are at starboard (SB), portside (PS), stern (S) and bow
(B) as well as combinations of the previous points.

4 Results and Discussion

Results are split into verification of the wave estimation and the verification of wave prediction with the
numerical data sets from Afterwards the results of the three case studies are presented to verify
the combined methodology.

4.1 Verification of wave estimation

Phase-resolved wave estimation is verified by comparing the mean difference in encounter angle estimates
and the correlation for numerical data sets over a one-hour period in long-crested seaways. The time step is
set to 10 Hz and the maximal frequency of the PSWF to 1 % for the barge and 2 % for the small barge.
Motion points are distributed along both the longitudinal and transversal axis of the ship.

Fig. |2| presents the mean estimated encounter angles and correlations in various seaways. The values are
averaged for the simulated encounter angles ranging from 0° to 180° in 30° increments. Angle estimates are
obtained from each time window and the most occuring value for one hour of measurements is chosen. The
estimation is calculated using the heave, roll, pitch motion for a speed of 2 %' corresponding to the data listed
in Tab.[I] The plots on the left side show the results for the barge and the right side for the small barge. Barge
angle estimates show differences in small wave periods, but they diminish as wave periods increase. Small
barge angle estimates are comparable, but slightly higher uncertainty is observed for almost all motion points.
Correlation values increase with wave period, approaching 1 for both vessels in long waves. Both ships act as
low-pass filters at small wave periods, however, the small barge is less sensitive to various motion points. Due
to its higher roll eigenfrequency and consequently smaller roll eigenperiod, the small barge exhibits a broader
response spectrum. In contrast, the barge response spectrum is dominated by specific frequencies, whereas
the small barge’s more evenly distributed response is advantageous for PSWF wave profile evaluation.

Fig.[3|shows the same results without averaging of the encounter angles. The top row shows the correlation
for T, = 7s and the bottom row for T;, = 15s. The figure shows that the correlation in small wave periods
for the barge is not reliable enough, but the small barge may be used. It further verifies the low-pass filter
behavior of the ships, since the correlation in stern waves is higher than in head waves due to the lower
encounter frequencies and therefore higher motion amplitudes. Stern quartering waves strongly reduce the
accuracy in low wave periods for the small barge for almost all motion points due to discontinuous RAOs
and therefore discontinuous response spectra. Long waves are highly accurate and almost independent of
the motion point for the small barge. The barge results show that in beam waves from 90° the correlation
decreases for all motion points located on portside or starboard. High rotational motion amplitudes at exposed
points are challenging to capture using the inverse problem in Eq. . While the rotational transfer functions
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Fig. 3: Comparison of correlation for various motion points along the ship and two peak periods of seaways.
Left column displays barge results, right column results for the small barge. Results are shown (COG)
indicates the motion point situated at the center of gravity. Additional points are at starboard (SB), portside
(PS), stern (S) and bow (B) as well as combinations of the previous points.

remain unchanged, the heave motion transfer function experiences strong amplification for port and starboard
points in beam waves due to the rotational terms amplifying the heave motion. The PSWF method relies
solely on transfer functions and motion data, limiting the available information. One possible way to improve
correlation is by neglecting the rotational terms in Eq. . However, this approach has generally led to a
further decrease in correlation across all simulations.

4.2 Verification of wave prediction

This section presents the verification of the wave assimilation and prediction algorithm, integrating the
developed formulae for the predictable zone of moving ships with numerically generated wave profiles.

Table 2: Wave probe positions used for verification of data assimilation

nx My a [m] y [m]

21 0, 100 0
3 2 0, 50, 100 -5, 9
4 3 0,33.3,66.6,100 -15,0, 15
5 4 0, 25,50, 75,100 -15, -5, 5, 15

The probe positions for the following investigations are listed in Tab. 2] In Fig. [ the coloured subfigures
show the correlation for various positions downstream of the point (0,0)7, which marks the stern of the
wave probe array. The probe array is not moving. The seaway is coming from 180° encounter angle and the
results are symmetrical along the x-axis. Wave reconstruction is performed using 30 frequencies from five
different directions. The results indicate that a high correlation is achieved within a range of approximately
50 m for each configuration. Increasing the number of wave probes enhances accuracy in transversal direction,
especially along the second direction next to the main direction. This may be a numerical phenomena, as the
seaway itself is generated using five discrete directions.

In Fig. the prediction is performed using an array of 15 probes positioned at = [0 m, 25m, 50 m, 75 m,
100m] and y = [~15m, Om, 15m]. The probes move at speeds ranging from 0 to 7.5 2. The results show that
a higher forward speed has two effects on the resulting scattered correlation. First, overall correlation increases
with higher forward speed, as waves need less time to reach the prediction point, reducing information loss.
Second, the correlation spread decreases and a clear separation between high and low correlation is forming.
The spreading in the prediction zone is generally lower with higher forward speed.
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Fig. 4: Influence of probe array size and probe positions on correlation of wave profiles for the phase resolved
wave prediction with numerical input data. Probe array is configured as listed in Tab. [2] and the probes are
not moving in a seaway with p = 180°, Hy = 2.5m and T}, = 8s.

p Ll
1
0
= 0 0.5
* 100
11 i 0
—150 I I I I I I I I I I I I
0 50 100 150 0O 50 100 150 O 50 100 150 O 50 100 150
y [m] y [m] y [m] y [m]
() v=0m (B v=25m (v=5m (d)v="5m

Fig.5: Influence of probe speed on correlation of wave profiles for the phase resolved wave prediction with
numerical input data. Probes are moving with speeds between 0 and 7.5 % in a seaway with u = 180°,
Hy =2.5m and T}, = 8s.

4.3 Case study verification of combined methodology

Fig. [6] shows the correlation in a seaway with a 120° encounter angle. Results are calculated using the com-
bined methodology for the three case studies. The four columns represent different sea states with increasing
wave height and period. In comparison to Fig. 5| the bow quartering waves shift the high-correlation pre-
diction zone accordingly in wave direction. Small sea states result in low wave estimation accuracy and
unreliable downstream predictions. The uncertainty between neighbouring prediction points is higher than
in the verification of the prediction. It could be reduced with increased simulation time. Differences between
case study 1 and case study 2 arise in long waves due to size of the probe array. In case study 2, the upstream
barge leads to a greater extent of the probes, enabling a more accurate reconstruction of the short-crested
seaway in the prediction zone. Case study 3 achieves the best results, providing the most information in the
prediction zone. This is due to the number of observation points and their transverse spacing as well as the
independence of the wave estimations of the two small barges.

Fig. El shows the possible forecast time Tyea = 71 — 1" in wave direction d for the three case studies and
sea states. The bottom row additionally shows the correlation, which is the same quantity as in Fig. [6] along
the line with an angle of 120°. Prediction times of up to 10s can be reached, potentially enabling a forecast
of two roll periods for the small barge. However, these times are only possible in smaller wave periods with
lower phase speeds, which also correspond to lower correlation in the prediction zone. The most practical
prediction results occur in case study 3 where one roll period may be forecasted with high correlation and
low to medium sea states.
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Fig. 6: Correlation of wave profiles predicted with combined methodology in 4 wave conditions and 3 case
studies. Ships are moving at a speed of 27 and the waves are coming from 120° encounter angle and the
point & = (0,0)7 indicates the stern of the forward ship or the center of the two small barges in case study
3.
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Fig. 7: Possible forecast time according to linear wave theory and correlation of the wave profiles from the
3 case studies. Results are plotted over various distances from the point = (0,0)7 in the wave direction
of 120° for the 4 wave conditions with wave heights from 1 to 4 m significant wave height and wave periods
from 5 to 17s in steps of 4s.

5 Conclusion

The combination of wave estimation using Prolate Spheroidal Wave Functions (PSWF) and phase-resolved
wave prediction via linear two-dimensional wave assimilation for ships with forward speed, based on motion



measurements, was successfully verified. The methodology was verified against numerical data including 3 case
studies of various ship arrangements. Results demonstrate that the accuracy and extent of the downstream
prediction zone depend on the wave period and the size of the ship used for estimation. The most accurate
predictions were achieved using multiple ship motion measurements from two small barges operating with
a lateral distance. However, wave forecasts are limited to time ranges on the order of one roll eigenperiod
or less. Future work could explore developments of the PSWF method to increase correlation with small
wave amplitudes and assimilation techniques to extend the forecast time, enabling more effective motion
prediction.
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