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Abstract: The phase problem is a well known ill-posed reconstruction problem of coherent
lens-less microscopic imaging, where only the squared magnitude of a complex wavefront is
measured by a detector while the phase information of the wave field is lost. To retrieve the
lost information, common algorithms rely either on multiple data acquisitions under varying
measurement conditions or on the application of strong constraints such as a spatial support.
In X-ray near-field holography, however, these methods are rendered impractical in the setting
of time sensitive in situ and operando measurements. In this paper, we will forego the spatial
support constraint and propose a projected gradient descent (PGD) based reconstruction scheme
in combination with proper preprocessing and regularization that significantly reduces artifacts
for refractive reconstructions from only a single acquired hologram without a spatial support
constraint. We demonstrate the feasibility and robustness of our approach on different data sets
obtained at the nano imaging endstation of P05 at PETRA III (DESY, Hamburg) operated by
Helmholtz-Zentrum Hereon.
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1. Introduction

The phase problem is a well known ill-posed reconstruction problem of coherent lens-less
microscopic imaging, where only the intensity of a complex wave field is measured by a
detector while the phase information is lost [1–5]. In those imaging setups, the detector only
measures the wavefront as an integral over a certain exposure time which is proportional to the
squared magnitude of the wavefront. In X-ray near-field holography [6–8], the object is fully
illuminated by hard X-rays and in-line holograms are acquired in the so-called Fresnel regime.
To minimize the X-ray dose on the objects as well as to maximize the framerate for in situ and
operando measurements, the object has to be recovered from a single hologram. Naively, one
would aim to recover the lost phase information in the detector plane. In practice however, the
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reconstruction target is not the lost phases at the detector plane but typically the transmission
function of the object, that characterizes the interaction with the X rays. This inverse problem is
under-determined, since this function is complex, whereas the detector data is real.

While the reconstruction of weakly interacting samples works well with single-step approaches
like the direct inversion using the contrast transfer function (CTF) [7] or alternating-projection-
based algorithms like the famous Gerchberg-Saxton algorithm [9] and its successors [10–13], the
reconstruction complexity increases with the interaction strength of the measured objects. For
strongly interacting objects, many algorithms run into phase wrapping problems, take a very
long time to converge to a solution, stagnate in the reconstruction process, are computational
expensive or fail to reconstruct the object at all [14–16].

To compensate for missing information, numerous measurement techniques, additional object
constraints and regularization schemes have been utilized. Naturally, some approaches alleviate
the underdetermination by obtaining more measurements while slightly changing the experimental
setup. This includes for example ptychography [17–19] or full-field imaging [20] with multiple
distances [7,21–24].

In addition or as an alternative to using more data, approaches typically introduce prior
knowledge about the measured object into the reconstruction scheme which are related to
general physical properties, the measured materials or the shape of the object. Here, some
methods introduce an absorption and phase relationship for example by strict constraints on
the reconstructed materials [23] or coupling with joint sparsity regularization [25]. Also, the
introduction of a finite spatial support assumption of the object, together with a non-negativity
constraint that enforces a positive electron density is a common approach [16,23,26,27].

Priors, which are not necessarily bounded to the object domain introduce more implicit
assumptions about the object. Lasso and total variation regularization for example enforce
sparsity in different domains like wavelet, shearlet or the gradient domain [28–30] while Tikhonov
type regularization introduces a softer bias towards smoothness and smaller values [23,25,29].

Unfortunately, each approach comes with a certain trade-off. Measuring more data is not
always possible or not always desired, for example in single-pulse imaging at X-ray free electron
lasers or in situ/operando studies of material degradation and battery charge cycles at other
accelerator-based light sources like synchrotron radiation sources [31–34]. Employing a spatial
support constraint implies that the object has to posses a finite spatial support. Furthermore, the
support has to be either manually set before the actual reconstruction or automatically found during
the reconstruction process [31,35] which adds further computational complexity and refinement
parameters. This renders a spatial support constraint impractical for certain applications like
time sensitive in situ and operando measurements. Domain specific regularization always
introduces a reconstruction bias, whose strength depends on the regularized domain and the
regularization weights. Strong weights or the wrong domain can cause blur and artifacts. To
avoid optically and quantitatively incorrect images, regularization should be applied carefully
and systematically. To this end, some key elements of recent iterative algorithms have been
outlined as beneficial to solving the phase problem. These include the independent regularization
of phase shift and absorption values [30], the stabilization of high frequencies [23] and the use of
a Nesterov-accelerated gradient descent step [16].

Nevertheless, a universal reconstruction of strongly interacting objects under in situ/operando
is still to be found. Especially for these experiments, certain restrictions such as multiple
distance measurements, a spatial support, the assumption of a single material and computationally
intensive regularizations such as total variation must be abandoned.

In this work, we extend the projected-gradient-descent(PGD)-based approach [16], denoted as
refAP, which has been developed for the direct reconstruction of the projected refractive index.
We propose a preprocessing and reconstruction scheme, which is able to reconstruct images from
single holograms without a spatial support constraint while significantly suppressing artifacts.
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We demonstrate that the proposed combination of preprocessing Alg. 1 and reconstruction
algorithm Alg. 5 is robust for experimental data, and performs efficiently with a significantly
reduced computation time, compared to the unmodified refAP algorithm.

The paper is structured as follows. In the problem statement Sec. 2 we go into the details of
the current reconstruction issues and the sources of possible artifacts. We then give an overview
on the current state of preprocessing and reconstruction methods in Sec. 3. In Sec. 4, we propose
multiple techniques to reduce reconstruction artifacts and to improve the computational time
with respect to the reference algorithm (refAP). In Sec. 5, we show reconstruction results of data
from experiments at beamline P05 at PETRA III (DESY, Hamburg), which offers a lens-less
X-ray in-line holography setup for nanotomography (Fig. 1) [8,36–38]. We then compare the
different enhancements against the current refAP.

Detector
FZP

X-rays
SampleOSA

Beamstop

zf 01 z12

Fig. 1. Sketch of an experimental setup based on a Fresnel zone plate (FZP) for near-field
holographic microscopy. The FZP focuses the incoming coherent monochromatic X
rays to the focal spot located at a distancee 𝑓 behind the zone plate. There, an order
sorting aperture (OSA) is placed that blocks the higher diffraction orders of the FZP. The
sample is put into the diverging cone-shaped beam of the FZP at a distance 𝑧01. Behind
the sample, the X rays propagate to the detector that is placed at the sample-to-detector
distance 𝑧12. To protect the detector from radiation damage, the direct beam is blocked
by a beamstop behind the FZP [8].
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Fig. 1. Sketch of an experimental setup based on a Fresnel zone plate (FZP) for near-field
holographic microscopy. The FZP focuses the incoming coherent monochromatic X rays to
the focal spot located at a distancee f behind the zone plate. There, an order sorting aperture
(OSA) is placed that blocks the higher diffraction orders of the FZP. The sample is put into
the diverging cone-shaped beam of the FZP at a distance z01. Behind the sample, the X rays
propagate to the detector that is placed at the sample-to-detector distance z12. To protect the
detector from radiation damage, the direct beam is blocked by a beamstop behind the FZP
[8].

An overview of the derived algorithms of Sec. 4 is shown in Appendix A. The data and the
software underlying the results presented in this paper are available in Code 1, Ref. [39].

2. Problem statement

Figure 1 shows a setup for X-ray near-field holography, using the divergent illumination of a
nanofocusing optics to enable microscopy. The goal of the reconstruction is to retrieve the
projected refractive index Õ of a measured specimen with respect to its spatial coordinates from a
hologram. The object transmission function describes the interaction of an object with the X-ray
illumination. Commonly used algorithms are grouped into direct methods, alternating projection
(AP) based [9–13] and PGD-based algorithms.

To avoid the phase wrapping problem, i.e. to avoid the 2π phase ambiguity, a PGD-based
algorithm, denoted as refAP has been developed [16]. Nevertheless, AP and PGD-based
algorithms both typically have problems with image artifacts unrelated to phase wrapping as
illustrated in Fig. 2. The images in Fig. 2 were obtained by an unmodified refAP algorithm.
These distinct artifacts originate from several different sources:

https://doi.org/10.5281/zenodo.8349365
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• Non-linear and non-convex optimization problems: These types of inverse problems tend
to have multiple local minima, which can trap [14,15] or slow down iterative algorithms as
they try to find a path to a global optimum. An algorithm may also converge to different
local minima depending on the initial values.

• Truncation of information: Due to the limited size of the detector, the hologram measured
at the detector is truncated. If not handled properly, this loss of information can lead to
different kinds of artifacts in the reconstruction. Ring-like or stripe-like artifacts that are
particularly pronounced at the edges are common [40–42].

• Forward model induced reconstruction bias: In X-ray near-field holography, the forward
model is sensitive to the second spatial derivative of the measured object with respect to its
refractive indices. This can be seen by calculating the Taylor expansion of the propagation
kernel in the forward model ( [43], Eq. 4.113). The steepness of edges of the reconstructed
object and the residual reconstruction error are directly and proportionally coupled in a
way that steep edges have a higher contribution to the residual reconstruction error than
areas with small changes of the refractive index. Hence, iterative reconstruction algorithms
tend to first reconstruct the edges before they reconstruct the object’s interior. This causes
a slow reconstruction speed of large structures which have large values for Õ but small
values for ∇Õ and can lead to artifacts, if the algorithm stops too early.

• Regularization induced reconstruction bias: Regularization techniques always entail a bias.
The more regularization is applied, the stronger this bias is. This can be exploited to derive
a warm-up phase for the reconstruction but can also manifest in artifacts, e.g. blurred
objects introduced by Tikhonov regularization [44,45], missing features from sparsity
regularization [46,47] or staircase artifacts from total variation regularization [48–50].
The more parameters exist that have to be tuned for the reconstruction, the higher is the
risk for bias and artifacts that depend on the used regularization techniques.

• Structured noise from illumination: Unstructured measurement noise is a general issue in
inverse problems that can be addressed using regularization strategies such as Tikhonov
regularization [44,45]. For structured noise, commonly used regularization strategies are
less effective. Low spatial frequency artifacts are often observed, especially in object-free
areas. In this particular measurement setup, various types of structured noise remain in the
data e.g. by the illumination. First, changes in the illumination patterns, for example due
to electron refills of the storage ring at the synchrotron radiation source, are not covered by
a flat-field correction approach [31,51,52]. Second, if the illumination of the measured
object is larger than the reconstructed FOV, the measured hologram at the detector is partly
superimposed by a wave field that has been propagated from outside of the FOV.

To counteract this list of problems, many reconstruction methods in X-ray near-field holography
rely on the acquisition of diverse data sets such as multi-distance scans [7,22] or employ additional
constraints such as applying a spatial support mask [26,27]. However, the application of these
two particular constraints is either time consuming or object dependent. For in situ/operando
measurements at the beamline, however, we have high demands on the reconstruction speed,
quality, and robustness. Therefore, we have a strong need to find a method that performs high
quality reconstruction from only a single hologram. In this paper, we propose a combined
preprocessing/reconstruction scheme that addresses most of the above problems and produces
artifact-free phase images from a single hologram, without the need for a spatial support
constraint.
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Fig. 2. Comparison of reconstruction artifacts between a reconstruction from (a) a hologram,
(b) without a spatial support constraint and (c) with a spatial support constraint. The images
in Fig. 2 were obtained by an unmodified refAP algorithm (Alg. 2 with and without a spatial
support constraint). The scale bars indicate 10 µ.

3. Current state of reconstruction

3.1. Refractive forward model for holographic imaging

The physical properties of the object are encoded in the complex refractive index

n(x, y, z) = 1 − δ(x, y, z) + iβ(x, y, z), (1)
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along the spatial coordinates (x, y, z), where β ∈ R describes the absorption, i.e the attenuation,
δ ∈ R the dispersion, i.e. phase-shifting properties and i is the imaginary unit. In this paper, we
assume a sufficiently thin object to consider only the projection of the refractive indices over
the object thickness d in beam direction. The object is illuminated by a monochromatic wave
field ψ0. We follow the projection approximation of Paganin, section 2.2, equation 2.39 [43] and
get the transmission function that describes the exit wave ψexit from the interaction between the
illumination and the object

ψexit(x, y) = exp
(︃
−ik

∫ d

0
δ(x, y, z) − iβ(x, y, z) dz

)︃
ψ0, (2)

where k = 2π
λ , with λ the wavelength of the illumination. For the sake of simplicity of these

equations, we substitute the exponent of the exponential function and define the refractive object
by

Õ(x, y) = −k
∫ d

0
δ(x, y, z) − iβ(x, y, z) dz = ϕ(x, y) + iµ(x, y). (3)

We further omit in the following the notation of the spatial coordinates. In the substitution,
ϕ encodes the phase-shifting properties and µ encodes the attenuation properties of the object.
The reconstructions in this paper will aim to recover Õ. In idealized conditions, the object is
illuminated by an aberration free coherent beam with constant amplitude. In this case, the exit
wave behind the object is described by

ψexit(Õ) = exp(iÕ)A0 exp(iϕ0), (4)

with A0 : R2 ↦→ R the illumination amplitude and ϕ0 : R2 ↦→ R the illumination phase offset.
Both parameters are in general unknown and have to either be estimated or reconstructed
separately. The measurement process of a hologram is then modeled by propagating ψexit to
the detector and taking the squared magnitude of the propagated wave field. We summarize
the illumination-interaction-propagation process into an operator DFr(Õ) and take the squared
magnitude as an extra step:

DFr(Õ) = F −1 ◦ exp

(︄
−i · π

(k2
x + k2

y )

Fr

)︄
◦ F ◦ ψexit(Õ), (5)

Idet = |DFr(Õ)|2. (6)

DFr is an approximation of the free-space propagation for the near field and is called the Fresnel
propagator in operator form [43]. Here, the function F describes the 2D Fourier transform of the
wave field and F −1 its inverse, respectively, with respect to the spatial coordinates (x, y) and the
coordinates in frequency space (kx, ky). The Fresnel number Fr depends on the geometry of the
illuminating beam. In a parallel beam setup, the Fresnel number is derived from the pixel size of
the detector ∆x, the wavelength of the source λ and the propagation distance between sample and
detector z12:

Fr =
∆x2

λz12
. (7)

In order to enable microscopy through holographic imaging, the object has to be placed into
a divergent beam in a defocused position. The Fresnel number must then also incorporate the
magnification through the cone beam, which can be derived from the Fresnel scaling theorem [43].
The theorem states that the cone beam setup can be transformed to a virtual parallel beam setup
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by calculating a new effective propagation distance z∗12 = Mz12 from the object magnification M.
The divergent beam magnifies the sample by a factor

M =
z01 + z12

z01
(8)

that is given by the proportion of the total propagation distance z01 + z12 to the focus-object
distance z01. The Fresnel number for a cone beam becomes

Fr =
∆x2

λMz12
. (9)

3.2. Preprocessing

Reconstruction algorithms in X-ray near-field holography assume idealized conditions for the
source and the setup components. An ideal setup has aberration-free optics and perfect coherent
illumination, which are not fulfilled in practice. An important tool for any reconstruction is to
prepare the acquired data in a preprocessing step such that the assumptions of the forward model
are met while respecting issues and limitations of certain implementations. Two important issues
that are typically handled in a preprocessing step are non-uniform static illumination and spectral
leakage originating from the fast Fourier transform of a non-periodic data set.

3.2.1. Flat-field correction

To sufficiently approximate ideal conditions for a reconstruction, a flat-field correction approach
is often applied on the detector data, that corrects the static part of aberrations. For that, a
synthetic flat-field image Iflat is derived first from measurements without an object in the beam
by principle components analysis [51,52]. The raw data Iraw is then divided by this flat-field to
yield a flat-field corrected hologram Icorr:

Icorr =
Iraw
Iflat

. (10)

3.2.2. Padding

The acquired hologram consists of a discrete set of detector pixel values forming a 2D image.
Part of the forward model is the Fourier transform, computed by its discrete implementation, the
Fast Fourier Transform (FFT). For the FFT, all data and operators have to be sampled properly at
a sufficient rate. For the Fresnel propagation operator, it has been shown that this function, which
is a chirp, has to be sampled at least by N ≥ 1

Fr pixels in each spatial dimension [53]. A possible
method to match the required sampling rate in the frequency domain is to pad the hologram in
the spatial domain. Various methods for padding data already exist [54]. Typical methods are
padding with a constant value, a repetition of the marginal values or mirroring of the existing
data towards each orthogonal and diagonal directions.

3.2.3. Windowing

Handling spectral leakage issues of the FFT has been widely studied in the field of signal
processing. An assumption of the FFT is that the input data is periodic and the sampled data
covers a full period and can therefore be repeated into each spatial direction. If the input data does
not cover a full period of a signal, spectral leakage will occur in form of a convolution between
the true spectrum and a sinc shaped function. A common approach to handle this problem is to
transform the data into a pseudo periodic signal, before a Fourier transform is applied. To this
end, a Hadamard product of the discrete data and window function fades the data towards the
margin. Nevertheless, common windows still create a convolution with a sinc shaped function.
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However, common windows also shape the main lobe, i.e. the passband and the side lobes i.e. the
stopband in their respective Fourier transforms according to desired properties. Some examples
are the Hamming, Hann or Blackman windows [55,56].

3.3. Reconstruction problem and constraints

When the X-ray wave field arrives at the detector, the involved processes can be described by
linear operations (Eq. (5)) except the measurement itself (Eq. (6)). Due to the measurement
process, the phase information of the propagated wave field is lost and the object reconstruction a
non-linear inverse problem. First papers on this topic [9,21] introduced algorithms that are based
on alternating projections onto constraint sets for one or more constraints. They attempt to solve
the feasibility problem

find ψ ∈ Idet ∩Ω (11)

i.e. to find the intersection of two sets namely the holograms Idet and a set of object constraints
Ω. These algorithms converge to points of shortest distances to the constraint set and posses the
property to follow a performance criterion named Summed Distance Error (SDE) [14] stated

SDE(ψ) =
∥︁∥︁PIdetψ − ψ

∥︁∥︁
2 + ∥PΩψ − ψ∥2 , (12)

where Px are the projections of ψ onto the constraint sets.
In recent decades huge progress has been made in the field of convex analysis, providing us

with a mathematical framework and necessary tools to approximate solutions to different kinds of
inverse problems [57–59]. Many of the reconstruction algorithms used in X-ray holography can
be associated with relatives [9–11] or have been even actively derived from concepts of convex
analysis [12,13].

A common approach in convex optimization is to formulate an objective function that has to be
optimized. The solution of this optimization problem yields the desired reconstruction result. An
objective function typically consists of multiple terms, where at least one describes the consistency
of a solution with the set of measurements and some additional terms to include prior knowledge
and regularization. Here, given a single exposure hologram Idet, the reconstruction problem
for the refractive index in X-ray near-field holography can be formulated using a regularized
least-squares approach

Õ∗ = argmin
Õ

1
2

∥︁∥︁∥︁|DFr(Õ)| −
√︁
Idet

∥︁∥︁∥︁2

2
+ XΩ(Õ). (13)

The term XΩ is an indicator function, defined by

XΩ(Õ) =

{︄
0 Õ ∈ Ω

+∞ else
, (14)

that models prior knowledge of the setup and the object. An established choice ofΩ is a constraint
set that consists of the following:

Ω = ΩP ∩ΩS, (15)

withΩP being the set of physically valid reconstruction values that models the interaction between
X rays and the object such that

ΩP =
{︁
∀ x ∈ Õ : Re(x) ∈ [−∞, 0], Im(x) ∈ [0,∞]

}︁
. (16)

ΩS is the spatial support of the object. As stated in Sec. 2, we aim to omit this constraint.
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4. Methods

4.1. Data preprocessing

In this section, we aim to reduce truncation artifacts that result from the limited detector size. We
also take care of spectral leakage that is caused by the fast Fourier transform on the non-periodic
measured hologram.

4.1.1. Padding

The proposed padding scheme for the preprocessing aims to reduce truncation artifacts that
result from edges that are introduced at the hologram border. These edges appear for example
as propagation fringes when a truncated wavefield is propagated from the detector plane to the
object plane. To avoid this, edges have in general to be avoided when the data is continued
beyond the truncation edge. In one dimension, this can be easily achieved by a repetition of
the marginal values of the hologram. In two dimensions it is more complex since a simple
repetition in one direction introduces edges in the orthogonal direction. Our approach here is
to extend the data by mirroring the acquired hologram (see Fig. 3(a)) into each direction (see
Fig. 3(b)). Although mirroring is not a physically correct model and the truncated hologram
continues in a way that is unknown, it is a way to avoid truncation artifacts through consistency.
At the mirroring border, we avoid sudden edges while in the extended area, instead of truncation
artifacts, the data will simply resolve to a copy of the reconstructed object. We then pad the
mirrored hologram with the value A0 of the constant probe model from Eq. (4) to the necessary
size to match the sampling rate of the Fresnel propagation operator as described in Sec. 3.2. The
result is shown in Fig. 3(c). We choose A0 such that it is consistent with the flat-field corrected
hologram. An ideal flat field correction would normalize A0 to one. However, after applying the
flat-field approach as described in Sec. 3.2.1, an offset remains. Currently, the offset parameter
A0 has to be tuned manually.

Fig. 3. Preprocessing scheme. The raw hologram is flat-field corrected a) by a PCA
approach [51,52]. To solve the marginal problem, the flat-field corrected hologram is
mirrored along each direction, yielding b). To match the required sampling rate of the
Fresnel propagation convolution kernel, the result is padded by a constant which is the
estimated illumination A0, yielding c). A two dimensional fadeout mask (Fig. 4.c) is then
applied, yielding d).

4.1.2. Windowing

Figure 4 illustrates the steps for the creation of the fading window. To reduce spectral leakage in
the frequency domain, we apply a two dimensional window function on the extended detector
data, such that after mirroring and padding, the values of the original hologram in the center are
unchanged. To create such a window, we modify one of the common fading windows, which are
typically bell shaped. Note that an unmodified window would induce a fading into the original
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hologram that we aim to preserve. We start with a one dimensional Blackman window

y(w, x) = 0.42 − 0.5 · cos
(︃

2πx
w − 1

)︃
+ 0.08 · cos

(︃
4πx

w − 1

)︃
. (17)

Here, w is the window width and x the one dimensional spatial coordinate. To preserve a
fading free area in the center, we split the one dimensional window Fig. 4(a) at the center and
continue to fill the gap with the constant value one, until the desired starting points and end points
for the fading are reached. The result is then zero padded to match the size of the input data for
the reconstruction. The new one dimensional window is shown in Fig. 4(b). From that, the two
dimensional window function is derived by a repetition of the one dimensional function into
each spatial direction, yielding Fig. 4(c) that leaves a rectangular shaped fading free area in the
center. The respective hologram with the applied window is shown in Fig. 3(d). The processing
described here in Sec. 4.1 is summarized in Alg. 1 in the appendix.

Fig. 4. Window function. a) A one dimensional Blackman function is sampled to the size w
of Eq. (17). b) The window function is split in half and the gap filled with ones, until desired
fading start and fading end is reached. The result is then zero padded until the window width
matches the size of the input data for the reconstruction. From that, the two dimensional
window function c) is derived by a repetition in each direction.

4.2. Reconstruction

In this section, we aim to reduce the image artifacts discussed initially in the problem statement
and decrease the total runtime compared to the reference algorithm refAP. In the following
subsections, we start first with the introduction of the reference algorithm without a support
constraint for comparison. We then propose two modifications to address stagnation issues and
artifacts and eventually combine these in a final algorithm.

4.2.1. Reference algorithm without a spatial support constraint

We begin with the construction of the reference algorithm that finds a solution for Eq. (13) under
the constraint set Ω = ΩP without the spatial support constraint ΩS discussed in Sec. 3.3. ΩP is
a constraint that enforces a positive electron density in the calculated solution, which is a convex
set

ΩP =
{︁
∀ x ∈ Õ : Re(x) ∈ [−∞, 0], Im(x) ∈ [−log(A0),∞]

}︁
. (18)

As a boundary for the set of physical solution, −log(A0) instead of 0 is used, which is the direct
consequence of the constant probe model A0 that has been used in Sec. 4.1.1. We get a projector
PΩP of Õ onto ΩP by projecting the real and imaginary part separately and pointwise onto the
defined intervals:

PΩP (Õ) = min(0, Re(Õ)) + i max(−log(A0), Im(Õ)). (19)

For gradient descent methods, it is in general not recommended to use a standard gradient
descent step for the optimization of a non-convex function f in form of xi+1 = xi −α∇f (xi) [60,61].



Research Article Vol. 32, No. 7 / 25 Mar 2024 / Optics Express 10811

This algorithm is known for having trouble with optimizing functions that contain local minima,
flat surfaces or ravines. Instead, we make use of the Nesterov accelerated gradient (NAG) [62,63]
with momentum γ and step size η. The modified gradient ∇g is given by:

∇g(Õi) = γ∇g(Õi−1) + η∇f (Õi − γ∇g(Õi−1)). (20)

with ∇g(Õ0) = 0. Here, ∇f (Õ) is the non-accelerated gradient of the data fidelity term, given by
[16,64]:

f (Õ) =
1
2
∥|DFr(Õ)| −

√︁
Idet∥

2
2 (21)

∇f (Õ) = −i · exp(iÕ) · D−1
Fr

(︂
DFr(Õ) −

√︁
Idet ⊙ sgn(DFr(Õ))

)︂
(22)

sgn(x) =

{︄
0 if x = 0
x
|x | else

(23)

Recalling the preprocessing scheme Alg. 1, we also model the previous extension of the
hologram as a prior knowledge into the reconstruction. At the beginning of each iteration i, we
apply the same preprocessing steps on the current solution Õi. The complete PGD algorithm
with a Nesterov momentum accelerated gradient step is shown in Alg. 2 in the appendix.

4.2.2. Regularization for Im(Õ)

In order for Alg. 2 to reach a minimum of the target function Eq. (13) fast, the Nesterov
momentum γ needs to be as high as possible. However, high momentum values entail the risk of
overshooting in the gradient descent step, that causes overshooting artifacts (problem statement
Fig. 2). Here, we aim to counteract the overshooting in single pixels by considering the numerical
coupling between the absorption and phase shift values. In the forward model, the refractive
index representation Õ is transformed into the transmission function O = exp(iÕ) and essentially
becomes a polar coordinate representation of complex numbers. In each pixel of O, the resulting
vector magnitude is related to |O| = exp(−Im(Õ)) and consequently decreases with increasing
Im(Õ). For Im(Õ) → ∞, the vector magnitude vanishes and so does the contribution of the
argument arg O = Re(Õ) to the target function. The coupling combined with an overestimation of
the absorption Im(Õ) by the Nesterov accelerated gradient entails thereby a risk of destabilizing
the reconstruction of the phase shift values Re(Õ). To stabilize the reconstruction, we propose
the incorporation of a self scaling, pixel-wise damping of the absorption values during the
reconstruction. The introduced reconstruction bias of the damping should be as conservative as
possible to still allow for the reconstruction of large absorption values. To this end, we chose a
regularization only for Im(Õ). To prevent an excessive punishment of large absorption values,
which are part of the object and not the result of overshooting, we employ here a simple L2
regularization instead of a squared version like for example in Tikhonov regularization. We
extend the target function to:

Õ∗ = argmin
Õ

1
2

∥︁∥︁∥︁|DFr(Õ)| −
√︁
Idet

∥︁∥︁∥︁2

2
+ XΩ(Õ) + β∥Im(Õ)∥2. (24)

We can account for this additional term by a slight modification of the gradient in Alg. 2

f (Õ) =
1
2
∥|DFr(Õ)| −

√︁
Idet∥

2
2 + β∥Im(Õ)∥2 (25)

∇f (Õ) = −i · exp(iÕ) · D−1
Fr (DFr(Õ) −

√︁
Idet ⊙ sgn(DFr(Õ))) + R(Õ) (26)

R(Õ) =

{︄
0 if Im(Õ) = 0
iβ Im(Õ)

∥Im(Õ) ∥2
else

. (27)
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The corresponding algorithm is the reference algorithm Alg. 2, extended by a modified
gradient and a loop over different regularization parameters, which yields Alg. 3 in the appendix.

4.2.3. Suppression of high spatial frequencies

Here, we propose two approaches to counteract the slow reconstruction of low spatial frequencies.
In general, this can be done either by increasing the contribution of low spatial frequencies or by
decreasing the contribution of high spatial frequencies to the objective function.

First, we suppress the acceleration of high spatial frequencies by the Nesterov accelerated
gradient, which causes overshooting of pixel groups down to single pixels for high momentum
values. Here, we aim to compensate for the Fresnel propagation kernel’s property of being
sensitive to the second derivative, which makes a momentum based gradient descent acceleration
unstable for high spatial frequencies. Our goal is to reduce the momentum for high spatial
frequencies while maintaining a high momentum for low spatial frequencies. To this end, we
replace the momentum γ by an operator τ which first transforms the Nesterov accelerated gradient
into the Fourier domain and then applies frequency-dependent weights with Gaussian distribution:

τ = γ F −1 ◦ exp
(︂
−2π2(k2

x + k2
y )σ

2
)︂
◦ F , (28)

which yields then the Nesterov accelerated gradient

∇g(Õi) = τ∇g(Õi−1) + η∇f (Õi − τ∇g(Õi−1)). (29)

with the parameters γ and σ included in τ. The second approach is a multigrid method. Here, an
approximate low resolution solution is obtained on a coarse grid first. Formally, this can be done
by solving the optimization problem

Õ∗ = S↑

[︄
argmin

Õ

1
2

∥︁∥︁∥︁∥︁|DFr(Õ)| −

√︂
S↓Idet

∥︁∥︁∥︁∥︁2

2
+ XΩ(Õ)

]︄
, (30)

where S↓ and S↑ are the corresponding down- and upsampling operators. The approximate
solution to this problem is then used as an initial guess in the above optimization problem on a
refined grid, represented by new down- and upsampling operators. This process is iterated until
the original resolution is restored. A detailed breakdown of the algorithm can be found in Alg. 4
in the appendix.

4.2.4. Artifact-suppressing reconstruction method

We create the final algorithm by combining all proposed methods to a global artifact-suppressing
reconstruction method which we call ASRM. We start again with the reference algorithm Alg.
2 and extend the algorithm by first apply the weighted regularization term β∥Im(Õ)∥2 of Sec.
4.2.2. We also add the high frequency suppression and the multigrid method from Sec. 4.2.3,
which is the extension of the objective function by a downsampling operator S↓, an upsampling
operator S↑ and the modified momentum operator τ in the Nesterov accelerated gradient. The
objective function to reconstruct the complex refractive object is then

Õ∗ = S↑

[︄
argmin

Õ

1
2

∥︁∥︁∥︁∥︁|DFr(Õ)| −

√︂
S↓Idet

∥︁∥︁∥︁∥︁2

2
+ XΩ(Õ) + β∥Im(Õ)∥2

]︄
. (31)
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In each iteration, a Nesterov accelerated gradient ∇g(Õ) is calculated by

τ = γ F −1 ◦ exp
(︂
−2π2(k2

x + k2
y )σ

2
)︂
◦ F (32)

∇g(Õi) = τ∇g(Õi−1) + η∇f (Õi − τ∇g(Õi−1)). (33)
where ∇f (Õ) is the analytical gradient of the data fidelity term combined with the L2 regularization
of the imaginary part of Õ:

f (Õ) =
1
2
∥|DFr(Õ)| −

√︂
S↓Idet∥

2
2 + β∥Im(Õ)∥2 (34)

∇f (Õ) = −i · exp(iÕ) · D−1
Fr

(︃
DFr(Õ) −

√︂
S↓Idet ⊙ sgn(DFr(Õ))

)︃
+ R(Õ) (35)

sgn(x) =

{︄
0 if x = 0
x
|x | else

(36)

R(Õ) =

{︄
0 if Im(Õ) = 0
iβ Im(Õ)

∥Im(Õ) ∥2
else

(37)

The summarized algorithm is shown in Alg. 5 in the appendix.

5. Experiments

5.1. Experimental setup

We obtained four datasets at the beamline P05 at PETRA III, located at DESY in Hamburg,
operated by Helmholtz-Zentrum Hereon [36–38]. A Fresnel-zone-plate-based setup for NFH
as shown in Fig. 1 was used [8]. The detector is a scintillator (10 µ Gadox) sCMOS camera
(Hamamatsu C12849-101U) with 6.5 µm pixel size at 16 bit image depth and 2048× 2048 pixels.

We chose the following samples for our demonstration: A spider attachment hair (Fig. 5)
[65–67], the tip of a cactus needle (Fig. 6), a sample of a human tooth prepared by focused ion
beam milling (Fig. 7) and a partly corroded biodegradable magnesium wire (Fig. 8) [32,68–70].
The measurement parameters for each of the samples are shown in Appendix B, Table 3.

5.2. Reconstruction setup

We chose the samples with increasing complexity for the reconstruction. The samples increase
each in their thickness and interaction strength with the X-ray illumination i.e. phase shifts and
attenuation properties are increased. The interaction strength increases with respect to the given
sample order given above. The detector data was preprocessed by Algorithm 1 before the actual
reconstruction. The synthetic flat field Iflat for the flat-field correction according to Eq. (10) was
generated from 50 empty images with a PCA approach [51,52]. The preprocessed data was
reconstructed with the reference method and the different methods outlined above:

Alg. 2: Reference PGD method refAP.

Alg. 3: Additional L2 regularization for the absorption values of Õ.

Alg. 4: Suppression of high spatial frequencies.

Alg. 5: The combination of Alg. 3 and Alg. 4.

We implemented our algorithms in Python using the PyTorch library for GPU acceleration
[54,71,72]. The reconstruction was performed on the Maxwell computing cluster at DESY on a
NVIDIA A100 GPU with 40GB memory [73].
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Fig. 5. Spider hair. The result of Alg. 2 shows a clearly visible overshooting artifact in the
dense area in the middle that emits fringes into the background. The object itself is optically
well reconstructed in panels of Alg. 3 and Alg. 4. However, both approaches still show LF
artifacts across the whole phase image. The panel of Alg. 5 shows the best reconstruction.
The dashed line indicates the position of the cross section. The scale bar indicates 8 µ.
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Fig. 6. Cactus Needle. The algorithm Alg. 2 has not completely reconstructed the object’s
interior. In the background around the object are some LF variations visible. The panel of
Alg. 3 offers a better phase reconstruction but suffers from LF artifacts in the top area and
LF variations in the background. The panel of Alg. 4 and Alg. 5 reconstructed the object
almost identical, with significantly reduced LF variations. The dashed line indicates the
position of the cross section. The scale bar indicates 20 µ.
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Fig. 7. Tooth. The algorithms Alg. 2 and Alg. 3 have not completely reconstructed the
object’s interior. In the background are some LF variations visible. In the cross section, the
error increases towards the image border. Alg. 4 and Alg. 5 significantly reduce the LF
variation in the cross section. Alg. 5 posses the highest ratio of maximum reconstructed
phase shift to noise in the object free area. The dashed line indicates the position of the
cross section. The visible dense structures at the top and bottom of the image stem from the
sample preparation. The scale bar indicates 10 µ.
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Fig. 8. Magnesium wire. Here, the effects of the regularization techniques are particularly
visible. The quality of reconstructed phase values increases gradually in the panel order Alg.
2, Alg. 3, Alg. 4, Alg. 5. Alg. 3 reduced the overshooting artifacts of Alg. 2, especially in
the right area of the object but was unable to reconstruct the object’s interior. The result
of Alg. 4 is free of overshooting artifacts but the object’s interior is still not completely
reconstructed. Only the combination of all approaches, Alg. 5, yields a well reconstructed
phase image with the completely reconstructed object’s interior and significantly reduced
artifacts. The dashed line indicates the position of the cross section. The scale bar indicates
50 µ.
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5.3. Choice of parameters

The reconstruction parameters for each sample are shown in Appendix B, Table 4 and Table 5,
and were heuristically determined for the four shown objects. All reconstruction variants are
controlled by fixed iteration numbers, also to compare convergence. For the total iteration
number, we found 2000 iterations to be a good reference for showing the artifact suppressing
effects of our proposed approaches. For the multigrid approaches Alg. 4 and Alg. 5, we chose
700 iterations on the first grid, which is close to the observed overshooting peak in Fig. 2 of the
problem statement. For the up- and downsampling S↑ and S↓, respectively, we used a bilinear
interpolation, provided as part of PyTorch [54,72]. The required downsampling factors and
number of iterations were determined by trial and error, but are consistent for the presented
reconstructions. Three out of the available parameters remained sample dependent and had to be
tuned beforehand and for each hologram separately: (i) the variance σ of τ (Eq. (32)) as well
as the two model parameters (ii) A0 of the constant source model (Eq. (4)) and (iii) the optimal
Fresnel number Fr of the forward model (Eq. (5)). The regularization parameter β (Eq. (31))
appeared to be in general very robust and could be chosen in the range from 0.1 to 10.

Note, that in the last 500 iterations of each algorithm variant, we switched off our proposed
regularization. This means β = 0, τ = γ and no downsampling. This removes the regularization
induced reconstruction bias of our proposed approaches. The reconstruction result on the final
iterations is then computed only on data-driven and physical constraints, i.e. the data fidelity
term and the positive electron density constraint.

5.4. Analysis of reconstruction

In the following, we show the reconstruction results for each variant and horizontal cross sections.
We measure the reconstruction quality in terms of the ability to reconstruct large phase shifts
in the object’s interior while maintaining sharp object edges and low background noise in the
object free area. We classify the remaining artifacts into categories, according to the respective
artifacts in the problem statement Sec. 2:

LF: Low frequency noise

TA: Truncation artifacts

OA: Overshooting artifacts

WR: Weak reconstruction

The resulting Figs. 5 to 9 have the same structure and show the reconstruction variants as listed
above in their respective panels. The resulting computation times for each algorithm variant
and sample are shown in Table 1. The total computation time for each variant depends on the
required sampling rate for the Fresnel propagation kernel and the grid sizes of the multigrid
approach. The computation time was determined by an average over 20 reconstruction runs
without initialization overhead and without intermediate plots.
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Table 1. The total computation time depends on the required sampling rate for the
Fresnel propagation kernel and the grid sizes of the multigrid approach. The array

size for the reconstruction and the computation time is shown in this table. The
computation time was determined by an average of 20 reconstructions without

initialization overhead and intermediate plots.

Computation Time / s

Sample Array Size / px Alg. 2 Alg. 3 Alg. 4 Alg. 5

Spider hair 14336 × 14336
465 528 158 160

Cactus needle 14336 × 14336

Tooth 8192 × 8192
136 142 47 43

Magnesium Wire 8192 × 8192

6. Results

The reconstruction results for each algorithm variant are shown in Figs. 5 to 9.
For all samples and every algorithm variant, truncation artifacts TA are significantly less

visible in the reconstruction results. The remaining artifacts are, depending on the algorithm
variants, LF, OA and WR that we summarized into Table 2, where we summarized the different
samples and algorithm variants and occurring artifacts. The proposed algorithm variants perform
as follows:

Table 2. Reconstruction artifacts that are present in the respective result panels of Figs. 5, 6,
7, 8. The truncation artifact (TA) issue was already resolved by preprocessing and is left out in

this table. The abbreviations under the algorithm numbers correspond to the artifact types
defined as (LF) low frequency noise, (OA) overshooting artifacts and (WR) weak reconstruction.

An arrow downwards ↓ indicates a significant suppression of the artifact, an X indicates that
the artifact is visibly present.

Sample
Alg. 2 Alg. 3 Alg. 4 Alg. 5

LF OA XWR LF OA XWR LF OA XWR LF OA WR

Spider hair X X ↓ X ↓ ↓ X ↓ ↓ ↓ ↓ ↓

Cactus needle X ↓ X X ↓ X X ↓ ↓ ↓ ↓ ↓

Tooth X ↓ X X ↓ X ↓ ↓ X ↓ ↓ ↓

Magnesium wire X X X X X X ↓ ↓ X ↓ ↓ ↓

Algorithm 2, the reference algorithm, yields the worst results in all cases. It failed to reconstruct
the object’s interior of the cactus needle, the tooth and the magnesium wire. The results of the
spider hair and the magnesium wire possess clearly visible overshooting artifacts. Also, low
frequency artifacts are very prominent.

Algorithm 3 reduced the overshooting artifacts of Alg. 2 that were visible in the spider hair
and magnesium wire results. The algorithm still failed to completely reconstruct the object’s
interior of the cactus needle, the tooth and the magnesium wire. The results also suffer from low
frequency artifacts, either in form of a static offset for the spider hair or background variations
for the cactus needle, tooth and magnesium wire.

Algorithm 4 significantly suppressed all overshooting artifacts of Alg. 2. Compared to Alg.
3, the algorithm also improved the background variations as well as the reconstruction of the
object’s interior. For the cactus needle, the algorithm succeeded to suppress artifacts in the
reconstructed phase image and almost reconstructed the object’s interior of the tooth.

Algorithm 5 offers the best reconstruction quality if compared to the other approaches. The
combination of both approaches significantly reduced overshooting artifacts and low frequency
noise. The algorithm also succeeded in the reconstruction of the object’s interior for all tested
objects.
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Fig. 9. Reconstructed absorption for the magnesium wire. The dashed line indicates the
position of the cross section and was positioned at the most prominent overshooting artifact.
The presence of the overshooting artifact decreases gradually in the panel order Alg. 2,
Alg. 3 and Alg. 4. Left and right from the artifact, fringes in Alg. 2 and Alg. 3 appear
where the absorption is partly reconstructed as zero. The fringes and the overshooting in
the absorption disappear with Alg. 4. In the combined variant Alg. 5, the cross section is
almost equal to the cross section of Alg. 4. The scale bar indicates 50 µ.
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The magnesium wire is the only sample with considerable absorption. The reconstruction
result of the absorption is shown in Fig. 9. Similar to the phase reconstruction, the presence of
the overshooting artifacts decreased gradually in the order Alg. 2, Alg. 3 and Alg. 4. While the
artifact suppression effect is already visible in Alg. 3 the strongest artifact suppression effect had
the multigrid approach Alg. 4 and the combination with Alg. 3 leads to no improvement in the
absorption (Alg. 5).

The computation times for each algorithm variant are shown in Table 1 and are an average of
20 reconstructions with the parameters given in Appendix B, Table 4 and Table 5. Due to the
different Fresnel number of the forward model, the required sampling rate and therefore array size
were object dependent. The maximum computation time for the largest array size was 8 min 48
sec (spider hair, cactus needle) with Alg. 3. The fastest reconstruction was performed in 43 sec
with Alg. 5(tooth sample). Independent of the array size, the computation time could be reduced
to 1/3 by the multigrid approach of algorithm variants Alg. 4 and the ASRM method Alg. 5.

Further information of the behaviour of the algorithm variants are given in the appendix, in
particular the mean squared error (MSE) of the target function (Appendix C, Fig. 10 and Fig. 11)
and additional results of the reference algorithm refAP without a Nesterov accelerated gradient
(also Appendix C, Fig. 10 and Fig. 11, Alg. 2, γ = 0, violet).

7. Summary

In the problem statement Sec. 2, we investigated the reconstruction of objects with a state-of-the-
art projected gradient descent approach refAP [16], without a support constraint and from a single
hologram. The reconstruction result suffered from various artifacts that we sorted into different
categories. We found that the algorithm overshoots the reconstructed phase values during the
first few hundred iterations. It could also be seen that the algorithm had weak reconstruction
capabilities for small image gradients. Due to the limited field of view of the detector, the
truncated hologram also caused artifacts at the image border. In Sec. 4, we proposed methods to
reduce the artifacts that were identified in Sec. 2:

i. To avoid truncation artifacts, we improved the preprocessing of measured holograms. This
included the derivation of an appropriate padding scheme by mirroring the hologram into
each direction and by adjusting the constant padding value with respect to the illumination
offset A0. Eventually, we also applied a proper window function to the padded data. To
suppress overshooting artifacts and to increase the reconstruction speed, we introduced a
warm-up scheme for the projected gradient descent reconstruction. The new algorithm
employs multiple regularization techniques.

ii. To suppress the overshooting, we regularized the absorption values of the reconstructed
refractive object with a weighted L2 regularization.

iii. To increase the reconstruction capability of low spatial frequencies, we combined a
multigrid reconstruction with a suppression of high frequencies in the Nesterov accelerated
gradient.

In Sec. 5, we tested our approaches on different kinds of real objects that were measured at
the beamline P05 at PETRA III, located at DESY in Hamburg. The objects covered interaction
strengths from weakly interacting samples which do not exceed phase shifts of 2π to multi
material samples that have a phase range beyond 6π. In general, each of our approaches show
quality improvements when compared to the reference refAP algorithm. Our preprocessing
scheme (i) successfully suppressed truncation artifacts. The L2 regularization of the absorption
values (ii) reduced significantly overshooting artifacts and offered an improved reconstruction
of the object envelope for three of four objects. The high frequency suppression method (iii)
resulted in stronger improvements of the reconstruction quality than the regularization approach
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(ii). In all examples, no overshooting artifacts were visible and the low-frequency artifacts
were reduced. For two of four objects, this standalone approach was still not successful to
reconstruct the complete object envelope. It could be seen that the results of the HF suppression
approach can be further improved by adding the L2 regularization of the absorption values.
The combination of all approaches successfully suppressed artifacts in all cases with a good
reconstructed object envelope. In addition, we were able to decrease the computation time with a
multigrid reconstruction approach, in particular by 1/3 for 2000 iterations and the tested data.

In this paper, we have demonstrated that the proposed preprocessing and reconstruction scheme
enables a significant suppression of artifacts in the reconstruction of phase images without a
spatial support using only a single hologram. The combination of the L2 regularization for the
absorption values and the high frequency suppression offers a superior reconstruction quality
than each of the individual approaches. We showed that the implemented algorithm is robust and
fast with respect to a wide range of real objects, that strongly differ in their interaction strength
with the X-ray illumination. We could also identify a common set of parameters that were well
suited and could be generalized over the tested objects. Two object dependent parameters, σ
for the Nesterov accelerated gradient weights and the illumination parameter A0 in the forward
model had to be tuned manually. An automatic refinement is subject of current research.

With the advent of fourth generation synchrotron radiation sources, coherent full-field imaging
techniques are gaining more interest in new application areas, for example in high pressure
physics [74], while for established science fields, the trend is aiming for dynamic studies of
specimens, i. e. in situ and operando studies. The latter is followed by increasing requirements
on the measurement process in terms of acquisition parameters. Consequently this increases also
the requirements on the reconstruction process. This work is a step further towards simplified
and automatized processing of large amounts of holographic data sets, which could enable an
online reconstruction to monitor and control the state of dynamic measurements.

Appendix

A. Algorithms

Algorithm 1. Preprocessing of reconstruction input Idet

Input: Detector data Iraw, synthetic flat field Iflat, Fading window width w, Source intensity A0

Output: Pre-processed detector data Idet

Idet =
Iraw
Iflat

. Flat-field correction

Idet = mirr(Idet) . Extend the hologram by mirroring
Idet = padA0

(Idet) . Padding with A0

Idet = fade(Idet) . Apply fading window
return Idet

Algorithm 2. Reconstruction of Õ with the reference algorithm refAP

Input: Preprocessed measurements Idet, update rate η for the gradient step, Nesterov momentum γ,
filter coefficients ΩF , initial guess Õ0

Output: Approximated solution Õ∗

g0 = 0

repeat

Õ′
k = gaussΩF

(
fade(pad(mirr(Õk)))

)

yk+1 = Õ′
k − γgk

gk+1 = γgk + η∇
[
1
2

∥∥|DFr(yk+1)| −
√
Idet

∥∥2

2

]

nk+1 = PΩP (Õ
′
k − gk+1)

Õk+1 = cutfov(nk+1)

until Stopping criterion reached;

Õ∗ = Õk+1

return Õ∗



Research Article Vol. 32, No. 7 / 25 Mar 2024 / Optics Express 10823

Algorithm 3. Reconstruction of Õ with L2 regularization for Im(Õ)

Input: Preprocessed measurements Idet, list of update rates η for the gradient step, list of Nesterov
momentum values γ, list of filter coefficients ΩF , list of L2 regularization weights β, initial
guess Õ0

Output: Approximated solution Õ∗

g0 = 0, j = 0

// Regularization levels
repeat

// Iterate in given level
repeat

Õ′
k = gauss

Ω
j
F

(
fade(pad(mirr(Õk)))

)

yk+1 = Õ′
k − γjgk

gk+1 = γjgk + ηj∇
[
1
2

∥∥|DFr(yk+1)| −
√
Idet

∥∥2

2
+ βj

ηj ‖Im(yk+1)‖2
]

nk+1 = PΩP (Õ
′
k − gk+1)

Õk+1 = cutfov(nk+1)

until Stopping criterion reached;
j = j + 1

until j > jmax;

Õ∗ = Õk+1

return Õ∗

Algorithm 4. Reconstruction of Õ with high frequencies suppression

Input: Preprocessed measurements Idet, list of update rates η for the gradient step, list of Nesterov
momentum operators τ , list of filter coefficients ΩF , list of down- and upsampling operators
S↓, S↑, initial guess Õ0

Output: Approximated solution Õ∗

g0 = 0, j = 0

// Regularization levels
repeat

// Iterate in given level
repeat

Õ′
k = gauss

Ω
j
F

(
fade(pad(mirr(Õk)))

)

yk+1 = Õ′
k − τ jgk

gk+1 = τ jgk + ηj∇
[

1
2

∥∥∥|DFr(yk+1)| −
√

Sj
↓Idet

∥∥∥
2

2

]

nk+1 = PΩP (Õ
′
k − gk+1)

Õk+1 = cutfov(nk+1)

until Stopping criterion reached;

Õk+2 = Sj
↑Õk+1

gk+2 = Sj
↑gk+1

j = j + 1

until j > jmax;

Õ∗ = Õk+2

return Õ∗
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Algorithm 5. ASRM reconstruction of Õ created from a combination
of Alg. 3 and Alg. 4

Input: Preprocessed measurements Idet, list of update rates η for the gradient step, list of Nesterov
momentum operators τ , list of L2 regularization weights β, list of filter coefficients ΩF , list
of down- and upsampling operators S↓, S↑, initial values for Õ0

Output: Approximated solution Õ∗

g0 = 0, j = 0

// Regularization levels
repeat

// Iterate in given level
repeat

Õ′
k = gauss

Ω
j
F

(
fade(pad(mirr(Õk)))

)

yk+1 = Õ′
k − τ jgk

gk+1 = τ jgk + ηj∇
[

1
2

∥∥∥|DFr(yk+1)| −
√

Sj
↓Idet

∥∥∥
2

2
+ βj

ηj ‖Im(yk+1)‖2
]

nk+1 = PΩP (Õ
′
k − gk+1)

Õk+1 = cutfov(nk+1)

until Stopping criterion reached;

Õk+2 = Sj
↑Õk+1

gk+2 = Sj
↑gk+1

j = j + 1

until j > jmax;

Õ∗ = Õk+2

return Õ∗

B. Reconstruction parameters

Table 3. Parameters for the setup shown in Fig. 1, the calculated effective Fr and
the exposure time t .

Sample Energy z01 z02 Fr t

Spider hair 11.0 keV 79.95 mm 19.661 m 7.790 × 10−5 1.0 s

Cactus Needle 17.0 keV 285.41 mm 19.652 m 4.347 × 10−4 0.8 s

Tooth 17.0 keV 81.708 mm 19.652 m 1.231 × 10−4 0.8 s

Magnesium Wire 11.0 keV 470.51 mm 19.661 m 4.678 × 10−4 1.5s

Table 4. Sample dependent parameters. Values of σ in τ given as full width at half
maximum (FWHM) in pixels. σ can be derived by calculating σ = FWHM/(2

√︁
2 ln (2)).

Value A0 for the constant probe model.

FWHM for σ in τ at Downsampling

16× 4× 2× 1× A0

Spider hair 16 8 64 - 0.98

Cactus needle 16 8 64 - 0.98

Tooth 16 8 64 - 0.96

Magnesium wire 4 8 32 - 1.1
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Table 5. Setup and sample independent reconstruction parameters for algorithms 2 to 5 that were
used to generate results in Figs. 5 to 9. The filter Õ values are given in full width at half magnitude

(FWHM) for real and imaginary parts in form of FWHMreal/FWHMimag.

S↓ η γ β

Panel Iterations Downsampling Update Rate Momentum L2 Weight Filter Õ

Alg. 2 2000 - 1.1 0.99 - 2.0 / 8.0

Alg. 3
1500 - 1.1 0.99 10.0 2.0 / 8.0

500 - 1.1 0.99 - 2.0 / 8.0

Alg. 4

700 16× 1.1 1.0 - 2.0 / 0.0

300 4× 1.1 1.0 - 2.0 / 8.0

500 2× 1.1 1.0 - 2.0 / 8.0

500 - 1.1 1.0 - 2.0 / 8.0

Alg. 5

700 16× 1.1 1.0 10.0 2.0 / 0.0

300 4× 1.1 1.0 1.0 2.0 / 8.0

500 2× 1.1 1.0 0.1 2.0 / 8.0

500 - 1.1 1.0 - 2.0 / 8.0

C. Mean squared error

Fig. 10. Progress of the target function for the spider hair and the cactus needle samples. The
graphs show the mean squared error (MSE) of the data fidelity, i.e 1/N · ∥ |DFr(Õ)| −

√︁
Idet∥2,

for each algorithm as a mean value over all pixel inside the field of view, plotted over the
iteration number.
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Fig. 11. Progress of the target function for the tooth and magnesium wire samples. The
graphs show the mean squared error (MSE) of the data fidelity, i.e 1/N · ∥ |DFr(Õ)| −

√︁
Idet∥2,

for each algorithm as a mean value over all pixel inside the field of view, plotted over the
iteration number.
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