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Abstract

Population balance equations (PBEs) have previously been applied for modelling across different fields including astro-
physics for cloud formation, bubble dynamics, and liquid-liquid dispersion processes. In this paper, a generalised numerical
method is presented by enabling the efficient solution of aggregation, breakage, growth, and nucleation mechanisms. A
volume-conserving finite volume approximation is developed for the aggregation and breakage processes while the method
of characteristics is used for the growth process. This addresses the instability in solutions of combined breakage-growth or
aggregation-growth PBEs. Additionally, a nuclei-size cell is introduced at each time step to handle the combined aggregation-
nucleation and breakage-nucleation processes. This approach eliminates the need to convert the original aggregation and
breakage population balances into divergence form, allowing stable numerical solutions to be obtained for combined pro-
cesses [Math. Models Methods Appl. Sci. 23(7), 235-1273]. The new numerical approximations are robust for handling
complex simultaneous processes, effectively reducing numerical diffusion and dispersion. The accuracy and efficiency of the
proposed scheme are validated through comparisons with newly derived analytical results and existing finite volume schemes,
fixed pivot technique, and cell average technique, demonstrating its superiority in performance. The comparison shows that
the new schemes predict number density functions (NDFs) and their integral moments with significantly higher precision.
Computationally, the proposed approach captured all numerical results by consuming 40-70% lesser computational time
compared to existing schemes.
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1 Introduction

Population balance equations (PBEs) are indispensable for
tracking the time evolution of particle distributions, serving
as a critical framework in engineering and pharmaceutical
sciences to address dynamic changes caused by mechanisms
such as aggregation (coagulation), breakage (fragmentation),
growth, and nucleation. Figure 1 provides a comprehensive
visualisation of these mechanisms, illustrating their interre-
lations across diverse applications. For instance, in slurry
fluctuation [1, 2], crystallisation [3, 4], particle size control
is vital, while in precipitation processes [5], cheese manufac-
turing in dairy sciences [6-9] and polymerisation reactions
[10], particle distribution directly affects material properties
and final product quality. Additionally, pharmaceutical man-
ufacturing involves PBEs to ensure consistent particle size for
drugefficacy [11-15]. Such processes influence particle char-
acteristics, including size, volume, and solid—liquid ratios,
all of which impact performance outcomes. This evolution
is mathematically described by integro-partial differential
equations, capturing the complex dependencies within the
number density function. Given that real-world distributions
may span several magnitudes and exhibit complex peak
structures, advanced numerical methods are necessary for
accuracy and stability. An efficient numerical solution allows
precise modelling, enabling optimal design and control of
processes where particle dynamics are central to quality and
functionality.

1.1 Mathematical model

In this section, a mathematical model represented by a non-
linear PBE involving aggregation, breakage, growth and
nucleation processes is provided. The one-dimensional PBE
for a well mixed system used to describe the dynamics of the
system [16] can be written as follows

oh(t,x)  O[G(t, x)h(t, x)] +
o T or =Wege (t5 X)
+ W}i:,k(l‘, x) + Whu(t, x),

ey

with initial condition A(0, x) = ho(x), x € Ry, where,
(t,x) € R%r and R} := (0, 00). Further,

e x :represents property of the particle (size or volume).
e hi(t, x) : represents number density function (NDF).
e G(t,x) : growth rate.
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o Wy.c(t, x) :rate at which particles properties x are nucle-
ated.

° ng ¢ (t, x) : provides the information of formation of x
due to birth and death and is defined as

QF  (t.x) = %/Ox alt,x —u,u) f(t, x — uh(t, u)du
—fooa(t,x,u)h(t,x)h(t,u)du. )
0

The first expression on RHS of Eq. (2) accounts for the gener-
ation of particles x as aresult of aggregation of x —u and u. In
addition, the second expression on RHS represents the omis-
sion of the particles x due to the merging of u and x particles.
The aggregation kernel «(¢, x, u) describes the interaction
(merging) rate of particles x and u. Here «(t, x, u) > 0 and
symmetric in nature «(f, x, u) = «(t, u, x).

° W;; «(#, x) : describes the formation of particles x due to
linear fragmentation process and is defined by

W;k(t, x) = /OO Bx,u)F(u)h(t, u)du — F(x)h(t, x).
(3)

here B(x,u) denotes the distribution of particles x
formed from u. Here the function B(x, u) must follows:
X

(a) / B(x,u)du = v(x) > 2, where v(x) defines

0
the number of daughter particles due to breakage of
mother particle «, and
u

(b) xB(x, u)du = u, shows the conservation of total

0
volume between the daughter particle x and mother
particle u.

In addition, F(x) represents the selection rate of particle
x that undergo break and can be expressed mathemati-
cally as F(x) = FyF*(x) where Fy is considered to be
1 for the simple cases.

Some recent semi-analytical methods for PBEs are given
in [17-27] and references therein. These approaches require
a large number of series terms to accurately capture sys-
tem dynamics over extended time frames, resulting in high
computational costs and limiting their practicality for real-
life applications. This issue can be addressed with numerical
methods including finite volume schemes (FVS) [28-35],
quadrature method of moments [36—40], fixed pivot tech-
nique (FPT) [41-45], stochastic methods [46-51] and cell
average technique (CAT) [52]. Some other numerical meth-
ods for solving aggregation and breakage PBEs can be found
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Fig.1 Various particles
formation mechanisms
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(c) Growth

in [53-57]. To the best of our knowledge, there has been no
comprehensive critical review in the existing literature that
thoroughly examines simultaneous solutions to the PBEs.
This gap highlights the need for a detailed and systematic
analysis of such approaches to better understand their the-
oretical foundations, computational strategies, and practical
implications.

In the work described in [58], the aggregation process is
addressed using the FPT. However, this approach introduces
numerical diffusion due to the distribution of the particle
properties to the neighbouring nodes, which hinders the accu-
rate estimation of the NDF for the larger size particles. The
issue of numerical diffusion was further tackled using method
of characteristics for the coupled aggregation-growth PBEs
[41]. Whereas, the CAT is highly accurate but has a major
drawback related to its complex mathematical formulation
and tends to be computationally expensive. The numeri-
cal methods presented by [29] offer simpler formulations
compared to previous approaches. However, these methods
require the conversion of the original PBE into the conserva-
tive form to achieve stable solutions and loss the information
of the NDFs. In addition, the finite volume scheme [31],
reformulates the CAT into a conservative form. Nonethe-
less, the main drawback of this method lies in its complex
formulation, resulting in significant CPU time requirements
for tracking important results. A comprehensive discussion
regarding the merits and disadvantages of the sectional meth-
ods and finite volume schemes for pure aggregation PBE is
provided in the referenced literature [59] and also discussed
in detail in Sect. 3. Recently, Hong et al. [60] and Zhang
et al. [61] introduced an improved high-resolution algo-
rithm for solving growth and nucleation PBEs. Furthermore,
discretized formulations based on finite difference methods
have been proposed for one and two-dimensional growth and
nucleation PBEs [62, 63]. Nevertheless, these methodologies

~00

(a) Aggregation

R+ )—
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& Non-Particulate Matter

Q-o@

(b) Breakage

O

warrant further investigation to facilitate their application to
aggregation, breakage, and coupled PBEs.

The current study has two main objectives. First, we
propose a generalised numerical scheme that offers a straight-
forward formulation, ease of coding, and the ability to
accurately predict various order moments and the NDF with
higher precision. Notably, this new scheme does not require
any conversion of the original PBE into the mass conservative
form to obtain stable solutions for coupled systems. Second,
a comprehensive qualitative and quantitative comparison
is performed between the proposed method and existing
approaches, including FPT [58], CAT [52], and FVSs [29,
64]. The merits and limitations of each method are critically
examined to provide valuable insights into the robustness of
the schemes in capturing the desired results. Through this
analysis, the strengths and weaknesses of the FPT, CAT, and
the proposed FVSs are thoroughly evaluated, highlighting a
promising direction toward developing unified, efficient, and
accurate frameworks for solving and optimizing a wide range
of particulate processes.

This article is arranged as follows: Sect. 2, the mathemat-
ical formulation of the new schemes are provided to solve
combined processes problems along with the description of
the grid discretisation. Further, In Sect. 3, we validate the
accuracy and efficiency of the newly proposed schemes. In
Sect. 4, the conclusion and remarks of the current study is
made.

(d) Nucleation

2 Numerical methods

In this part of the paper we formulate the mathematical
expression of the numerical approximations for Eq. (1). The
main hypothesis considered to derive the numerical methods
is that the particles within a each cells are available only on
its representatives (pivot or centre). Let us now provide the
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information of t discretisation domain require for develop-
ing the numerical methods. We divide the continuous domain
[0, x;nax < oo] into I number of sub-cells having x; as centre
volume, fori € 1, 2, ..., I (see Fig. 2). Now, define the pivots
and the cell size by

_ Xi—12FTXi41/2

x12=0, x; 2 )

AXi = Xijy1/2 — Xi—1/2-

Since the numerical discretisation is employed to solve
the PBE represented by Eq. (1), the infinite integral makes
it challenging to solve with numerical approaches. There-
fore, to develop numerical schemes, it is necessary to
restrict the discretised domain to a finite region w :=
{(x,u) : 0 <x < Xpax, 0 < u < upgqy} and the aggregation
kernel is restricted to:

at,x,u), (x+u) < Xmax;
0, otherwise.

a(t,x,u) = { )

Note: While running the numerical simulations, no restric-
tions have been imposed on the the aggregation kernel.

2.1 Pure aggregation

The mathematical derivation of the FVS for solving pure
aggregation PBE is provided for a non-uniform grid. By sub-
stituting the value of the Sp, G, Q = 0 in the original PBE
(Eqg. 1), the pure aggregation can be obtained. For the descrip-
tion of the formulation, it is required to define the following
set:

S'={G. k) e NxN:ixi_1p < (xj +x) < xip12) (5

where lower (x;1,2) and upper x;41,2 boundaries of the ith
cell. and the x; is the centre of the ith cell (as shown in Fig.
2). Graphically the set S is demonstrated in Fig. 3.

Furthermore, discretise the time domain into discrete time
intervals represented as Mt = 4+ A", where n € N.
Additionally, consider a function h?, denoting the mean value
of h at time ¢"* within the ith cell, wherei € 1,2, ..., I. This
average value is equivalent to A (", x;) and can be defined
as:

1 Xit1/2

h"

P = A h(", x)dx. 6)

Xi—1/2

The main concept of the scheme is to approximate the
integrals in Eq. (1) by assuming that the volumes of particles
are only available on pivots of discretised domain. This math-
ematical description can be further elucidated as follows:

1
h(t,x) ~ ) hjAx;s(x — x;). @)
j=1
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Using the above expression of f (¢, x) in Eq. (1) and we
define the finite volume scheme as

dh; 1 AxjAxg
& T3 L bWk o
(j,k)eS
1
—Zoz(xi,xj) h,-thxj. (8)
j=1

The essential criteria for the finite volume scheme is to
conserve the system properties such as volume, mass or
number. However, the formulation (Eq. 8) does not hold
the volume conservative property. Therefore, adding extra
correction factor to the birth term is done for fulfilling this
criteria. Finally we arrive at

dh; 1 AxjAxy
d_tl = > Z ‘a(xj', Xk)hjhkA—xi Qi jk
(j,k)es
1
—Zot(x,-,xj)hithxj. (9)
j=1

Discretising the time derivative using the first order Euler
method, we get

1 Ax i Axg
+1 :
Rt = h! + At (5 > Ol(xj,xk)h;l'hZA—xi §2,j.k
(j,k)est
::B;Z;i

I

= ap i a;), (10)
j=1

. NFVS
T agg.i

where §2; ; i ensures total volume conservation and expressed
mathematically as

Xj+ Xk

, Xj o+ Xp #F X
L i
Qjk=q1, Xj + xp = xi;
0, Xj+xp <0orx; +xp > Xpax-

(11)

It can be noted that the correction factor €2; ; x is responsible
for the conservation of total volume. It can be noted that the
FVS scheme is developed with the purpose of conserving
one property of the system, that is, total volume. A detailed
explanation of FVS scheme and theoretically proof of the
conservation of total volume in the system can be found in
[65]. It is important to note that incorporating this weight
adversely affects the zeroth-order moment, that is, not con-
served.



Computational Mechanics

Fig.2 Discretised domain for
numerical methods
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2.2 Pure breakage

In this section, we will outline the formulation of the finite
volume scheme developed by [66] for solving pure breakage
PBE. A pure breakage PBE can be derived from the Eq. (1)
by setting ag, G, and W equal to zero. The idea of this scheme
is similar to the previous case, that is, to conserve the total
volume in the system.

Using the set defined in Eq. (5) and the same discretisa-
tion domain, the final set of ODEs of the FVS for the pure
breakage PBE are written as follows:

dh; 1 "

1
Pi
l
= — Firhi A

Xi—1/2

B(x, xk)dx — ,3,' F,’/’l,’.

12)

Like previous case, discretise the time derivative present
on the LHS using the first order Euler method, the above
equation changes to

1 i
1 Pr
U Xi—1/2
_Blfygsakl
— BiFih} ) (13
:DZ:‘/Sak,i

where B; is the weight factor that ensures the total volume
conservation and is defined as

i k

1 14
xkf Bx,x)dx, i =1,2,---,1,
Xk—1/2

ﬁiZ_Z

i
b k=1

(14)

Xk-1/2 Xp+1/2 Xi—1/2 Xit+1/2
where
; Xi, ifk =1,
Pr = . .
x,-+1/2, if k ;él.

It can be easily noticed that the formulation (Eq. 13) is not
holding the volume conservation property without the weight
factor B;. This means the correction factor ensures that the
total volume is conserved at each time step. The detailed
description of the FVS and proof of the volume conservation
law can be found in [66].

2.3 Simultaneous aggregation and breakage (SAB)

Now the numerical formulation of the FVS for a SAB PBE
is provided. The required equation can be obtained from the
original equation by setting up the parameters G, 0 =
Conventionally, the numerical approximation of the simul-
taneous aggregation and breakage processes is done by the
addition of individual birth and death terms. Thus the expres-
sion takes the following form:

dh; 1
d—t’=E > alxj, xhhy
(/k)esi

AXjAXk

Qi jk
Ax; o

- Za, SR Ax; (15)
1 P .
+A—2FkhkAxk/ B(x, xy)dx—p; Fih!".
X Xi—1/2
(16)

This formulation holds the volume conservation as the both
individual formulations hold this conservation property. The
theoretical proof of volume conservation law is provided in
[67]. To efficiently solve these simultaneous processes, we

@ Springer



Computational Mechanics

consider the combined birth and death rates from both aggre-
gation and breakage. In this approach, all particles entering
a given cell-regardless of whether they arise from aggrega-
tion or breakage—are collectively accounted for. Then final
expression for the simultaneous aggregation-breakage PBE
can be written as

dhi 1 n nij'Axk
=5 > .a(xj,xk)hjhkA—Xi
(j,k)es!
I i

1 Pr
+ — Fkh"Axk/ B(x, xp)dx
Ax; kXZ,: g Xi—1/2

Qi jk

1
=Y o TR Axj — BiFihy. (17)
j=1

where the first-two terms on RHS of equation represents the
birth (formation) of the particles in the ith cell due to both
aggregation and breakage processes. Similarly, the last-two
terms of the RHS show the death (omission) of the particles
in the ith cell due to both processes.

Remark The techniques provided in Sects. 2.1, 2.2 and 2.3
are only focused on tracking the total volume in the system
accurately. Nevertheless, no efforts were made to conserve
the total number of particle (zeroth order moment). Nonethe-
less, it would be interesting to evaluate how effectively these
methods can represent the zeroth-order moment.

2.4 Simultaneous aggregation/breakage and
growth

Now the numerical approximation for the simultaneous
growth and aggregation/breakage (SGA/B) processes are
derived. Previously, Kumar [68] have implemented the CAT
to solve SGA problem. The primary limitation of this method
was its inability to accurately predict moments of different
orders. Later, Qamar [69] formulated a FVS with a method
of characteristic (MOC) to solved this problem. But, the
number distribution function shows large deviation com-
pared to the exact solutions. Additionally, implementing
this method required reformulating the original PBE into
a volume-conservative form to stabilize the solution. The
inability of the existing FVS to effectively couple with the
MOC motivated us to develop a more accurate approach for
simultaneously handling aggregation/breakage, and growth,
while also reducing CPU time. Previous studies have demon-
strated that the growth process can be treated similarly to
breakage (alongside aggregation), though numerical diffu-
sion poses a significant challenge [68]. Consequently, the
moving pivot method is generally considered the most effec-
tive technique for addressing the growth problem.

@ Springer

Our proposed approach involves utilizing the FVS to
approximate the aggregation and breakage problems, as dis-
cussed in Sects. 2.1 and 2.2, respectively. On the other hand,
a Lagrangian approach can be adopted specifically for han-
dling the growth process, aiming to achieve more accurate
numerical results. The resulting set of ODEs formed for solv-
ing the SGA/B problems can be expressed as:

dh; 1 Ax ;i Axy
i 2(/,(2)6:5,-06()(] Xk) i Ax; i,j.k
I
= Do hihAxj, (18)
j=1
and

i

1
dh; 1 Pk
—_—= Fih} A
dt Ax; ; Kk Xk,/x

i—1/2

B(x, xi)dx — w; F;h},

(19)
together with
d .
& G, (20)
dt
and
dxit1)2
—{;L=Gmﬂm. @1)

In the aforementioned Egs. (18) and (19) represent the evo-
lution of particles properties with time due to the aggregation
and breakage process, respectively. On the other hand, Eqs.
(20) and (21) describe the changes in the mean and bound-
aries of the ith cell, respectively. It is worth noting that we
have considered only time independent growth kernels for
our study.

Additionally, for solving the combined aggregation-brea
kage-growth problem, the FVS for solving the aggrega-
tion and breakage processes remains the same as described
in Sect. 2.3. Once again, a Lagrangian approach can be
employed for the growth process. Consequently, the final set
of ODEs formed for the combined aggregation and breakage
can be described as follows
dh; 1 Xj Axy

A
= > alxj,x)hh] -
]

a2 Pk
(j.k)es

I i
1 Pr
+ A—xZSkfknAxk/ B(x, xi)dx
Y ok=i

Xi—1/2

1
- Zaﬁjh?h?ij — ;S f7. (22)
j=1
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and for solving the growth process, the Egs. (20) and (21)
can be implemented.

2.5 Simultaneous aggregation/breakage and
nucleation

In this section, we focus on solving simultaneous aggregati
on-nucleation PBE and breakage-nucleation PBE through
numerical methods. When it comes to handling nucleation,
there are two possible approaches:

(a) If the nucleation is assumed to be mono-disperse, a
boundary condition can be set near the lower boundary
of the first cell (closer to size zero).

(b) An alternate approach is to place a source located near
the lower boundary of the first cell.

For our study, we opted the second possibility to handle the
nucleation process.

The standard formulation for combining the aggregation-
nucleation mechanism (Eq. 23) with the breakage-nucleation
mechanism (Eq. 24) is expressed as

dh; 1 non AXj
_=E Z a(xj,xk)hjhkA—)Cl

dt ijik
(j kyesi

Xi+1/2
Za,jhfh”Ax, [ Buctnar, @)
X,

i—1/2
and

Pi
B(x, xx)dx — Bi F;ih?

1
dh; 1
—_— = Frhll A
dt Ax; kX—z: K Xk/

Xi—1/2
Xi+1/2
+ /
Xi—1/2

However, this formulation has a significant drawback in
that it may experience volume loss or gain since it assumes
that nucleation occurs exactly at the representative of the
cell. In reality, it is rare for particles to fall exactly on
the representative of the cell after nucleation, which can
lead to instability in the solution. To address this limitation,
Kumar et al. [68] proposed the CAT, offering a more effi-
cient approach to coupling the aggregation-nucleation and
breakage-nucleation processes. However, the CAT can be
computationally demanding due to the added overhead of
averaging particle volumes and redistributing these average
values to neighbouring pivots. Additionally, numerical dif-
fusion can occur during the reassigning of particle properties
to the neighbouring pivots, further impacting the accuracy of
the solution.

Buuc(t, x)dx. (24)

The FVS for coupling the aggregation-nucleation and
breakage-nucleation processes is represented by

dh;

FVS FVS FVS FVS
dl = Bagg—i—nuc l/Bbreak—Hmc i Dagg z/Dbrgak,l“ (25)
Here BF"® denotes the addition of the birth terms of

agg+nuc,i
aggregation and nucleation process, whereas By ...

represents the sum of the birth terms of breakage and nucle-
ation process. Itis important to note that the formulation may
result in minor mass discrepancies if nucleation occurs away
from the representative sizes, x;. To preserve moment con-
sistency in the fixed pivot framework, the generated particles
are accordingly redistributed among adjacent cells. While a
detailed examination of this issue is not pursued here, we
proceed to outline the treatment of such problems within the
framework of the finite volume scheme.

It is known that the nucleation process always leads to the
birth of particles and does not involve the death of particles.
Moreover D*‘;g ; and Dp° . denote the death terms of the
aggregation and breakage process. Equation (25) provides a
framework applicable to the solution of general polydisperse
nucleation problems. However, for a mono-disperse nucle-
ation scenario, the appearance of the smallest size particle
and the smallest mean of the cell is considered in a way that
matches with the appearance of the mono-disperse particles
(for more detail, refer to [68]). As a result, the above expres-
sion is changed to

dfi

rrie = Buge 1/ Bireakt — Dage i/ Phreak,1 + Bnue(t, 1),
(26)

and

dh; B FVs FVS FVS for i=2

dl aggl/Bbreakt_Daggl/Dbreak,i’ ori=2,3,---,1

27

Important Note: The simultaneous aggregation-breakage-
nucleation PBE can be approximated using the following
discretization:

dhi — BFVS _ FVS (28)
dt — Pagg-+tbreak+nuc,i agg-+break,i’
where

Xit1/2
Bpyc(t, x)dx.

FVS __ pFVS
Bagg+break+nuc,i - Bagg+break,i +f
Xi—1/2

(29)
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3 Numerical results and discussions

In this section, we seek to validate the accuracy of the newly
developed numerical schemes (NFVS) by comparing them
against the existing finite volume schemes [29, 64], the
fixed pivot technique [58] and the cell average technique
(CAT) [52]. The comparison of results is done by comparing
the NDF and first two moments. The moments are non-
dimensionalized by dividing them by their respective initial
values. The integral moments corresponding to /(¢, x) are of
great interest and can be estimated using the formula

wi(t) = /Ooxih(t,x)dx, (30)
0

for integersi = 0, 1, 2, .. .. Here (uo(?)) and (1¢1(¢)) zeroth
and the first order moments, respectively. To show the accu-
racy of numerical methods, the quantitative relative errors in
the different order moments are calculated using
M?na _ 'ul(tum

num
i

Ai(r) = (€20)

here ana and num represent the solution obtained analyti-
cally (exact) and numerically, respectively.

For this work, numerical calculations were done using
ode45 solver in MATLAB on a computer with specifications
i7 CPU (2.80 GHz) and 16 GB RAM with both relative and
absolute error tolerances are considered to be 107°. Itis worth
mentioning that all the results are obtained for dimensionless
volume and time. For all comparisons, f(0, x) = exp(—x)
is considered.

3.1 Results for pure aggregation

We first compare the numerical results obtained using dif-
ferent numerical methods including exiting finite volume
scheme (FVS-2004), fixed pivot technique (FPT) and the cell
average technique (CAT) [52, 58, 64] for the constant kernel
(a(x,u) = 1). For the comparison, the moments of differ-
ent orders and the number density function computed by all
numerical schemes are evaluated against the exact results. A
quantitative error analysis is performed to estimate the errors
in the zeroth, first, and second-order moments. The domain
[107°, 10°] is divided into 50 non-uniform cells, and simu-
lations are run until # = 18. The comparisons of NDF and
their moments is shown in Fig. 4.

It can be seen from Fig. 4a that the zeroth-order moment
(ZOM) is qualitatively well predicted by all numerical meth-
ods. Moreover, the first-order moment (FOM) shown in Fig.
4b is accurately captured by the proposed approach and CAT,
whereas the existing FVS and FPT methods exhibit a small
loss of volume from the system. In addition, the second order

@ Springer

Table 1 Quantitative comparison of errors for all methods and their
respective computational time

Cells  Technique A Ay A CPU

30 FPT 0.6330  3.7755x107%  1.2291  0.1048
FVS 0.6396  3.8747x10~ 09767 0.1309
CAT 0.6330  2.2204x10710  0.8138  0.0496
NFVS 0.6312 0 0.9356  0.0397

60 FPT 0.6330  1.2597x107!2  0.9708  0.1345
FVS 0.6352  4.4409%x10710  0.8760  0.3025
CAT 0.6330  6.6613x10710 07950  0.0896
NFVS 0.6281  2.2204x10710  0.7988  0.0767

moment is significantly more accurately estimated by the
CAT and proposed approach than the existing FVS and FPT
methods (refer to Fig. 4c). Although slight deviations exist
among the results, these differences are difficult to identify
qualitatively. Therefore, an error analysis is performed by
estimating the quantitative relative errors in the moments
for 30 and 50 non-uniform cells, as presented in Table 1.
It can be observed from the table that the proposed approach
demonstrates higher accuracy compared to the other numeri-
cal methods. It is also worth noting that no specific measures
were taken to enhance the accuracy of the zeroth- and second-
order moments in case of the proposed approach.

3.2 Results for simultaneous aggregation and
breakage (SAB)

Let us now conduct a comparison for checking the accuracy
of the NFVS with the CAT [52] for a SAB PBE by consider-
ing a product aggregation kernel («(x, u) = xu) with binary

breakage kernel B(x, u) = — and linear selection function
u

F(x) = x. The computational domain in the range [107°,
103] is discretised into 50 non-uniform cells, and all simula-
tions are carried out up to time ¢ = 0.45.

We compared qualitatively NDF and moments for a SAB
PBE in Fig. 5. The ZOM is captured more accurately by
the NFVS than CAT. Both methods comply with the vol-
ume conservation law, as depicted in Fig. 5a , that is, the
FOM is not changed throughout the simulation. Since the
results of the analytical NDF is not available for this case,
only numerical results are shown in Fig. 5b . It is important
to highlight that the CAT method is primarily designed to
accurately preserve the first two moments of the NDF. How-
ever, its accuracy can be further enhanced by employing a
finer computational grid, enabling better resolution of the
distribution and capturing more detailed system behavior. In
comparison, although the NFVS method focuses solely on
ensuring conserving total volume, it demonstrates superior
performance in estimating the ZOM relative to CAT. This
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advantage arises because CAT introduces numerical diffu-
sion when redistributing particle properties to neighbouring
nodes to maintain the first two moments. In contrast, NFVS
avoids such redistribution, which contributes to its improved
accuracy in preserving the zeroth moment and overall results.
The quantitative relative errors in the ZOM and FOM are
calculated using Eq. (31) for different grids and listed in
Table 2. The NFVS estimated these results with high preci-
sion compared to the EFVS.
Important note: In the next sections, we will compare all
numerical results with the existing finite volume scheme
(EFVS) [29] in order to enhance the comparison.

Table 2 Quantitative comparison of errors in moments for SAB PBE

A CAT NFVS CAT NFVS

30 cells 30 cells 60 cells 60 cells
Ao 0.09593 0.04408 0.10571 0.07415
A 0.11568 0.00328 0.00165 3.6 x 1078

3.3 Simultaneous aggregation-growth (SAG)

We now compare the numerical results computed for the SAG
PBE. Two cases are considered:

Case 1: Constant kernel (a(x, ) = 1) with linear growth
(G(x) = Gox).

@ Springer
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Case 2: Sum kernel (@ (x, #) = x + u) with linear growth
(G(x) = Gox).

The analytical or exact solutions of the NDFs were derived
by Hu et al. [70] for both cases.

3.3.1 Case 1

Consider constant aggregation kernel «(x, u) = 1 with lin-
ear growth function G(x) = Gox where Go = 0.10. The
computational grid in the range [107% 300] is partitioned
non-uniformly into 30 cells. The simulations are run till time
t = 30.

The graphical comparison of the moments and distribution
functions is presented in Fig. 6. It is evident that the ZOM
estimated by the proposed NFVS method shows highly accu-
rate results, closely matching the exact solution. Whereas,
the existing EFVS method exhibits deviation from the refer-
ence (exact) solution, as shown in Fig. 6a . The FOMs are
equally well captured by both numerical methods, as depicted
in Fig. 6b . Furthermore, the NDF calculated by the NFVS
match well with the exact NDF, while the EFVS method
shows an over-prediction of this result, as seen in Fig. 6¢
.The resolution of the EFVS can be improved by adding extra
non-uniform cells in the computational discretised grid, but
this comes at the expense of higher computational cost. The
relative errors in first two order moments are estimated for
different number of cells and listed in Table 3. The results
demonstrate that the NFVS perform better than EFVS. In
terms of computational time, CPU times for both methods
with different grids is listed in Table 4. Once again, the NFVS
outperforms the EFVS, requiring less computational time to
estimate the results.
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Table 3 Quantitative comparison of errors in moments for Case 1

A EFVS NFVS EFVS NFVS
30 cells 30 cells 60 cells 60 cells
Ao 0.2831 0.0200 0.1967 0.0015
Ar 1.02x 1077 1.02x1077 3.02x 107 1.79 x 1077

3.3.2 Case 2

Let us now consider a sum aggregation kernel o (x, u) = 1
with linear growth function G (x) = Gox where Gy = 0.10.
The computational grid [10~® 10*] is subdivided into 30 non-
uniform cells and both simulations are run till time ¢ = 2.5.

The NDFs and moments are plotted in Fig. 7, provid-
ing a comparison between the NFVS and EFVS methods.
The results demonstrate that the ZOM calculated by the
NFVS method closely matches the exact moment, while
the EFVS method exhibits significant deviation from the
exact result as shown in Fig. 7a. Once again, both methods
accurately capture the FOM (refer to Fig. 7b). Furthermore,
the NFVS method accurately calculated the NDF, while the
EFVS method shows considerable deviations from the exact
results as demonstrated in Fig. 7c. In terms of CPU time, the
NFVS method outperforms the EFVS method, consuming
30% lesser CPU time to run the NFVS simulation as shown
in Table 4.

3.4 Simultaneous breakage-growth (SBG)

Let us now test the results obtained from the new approach
for solving a SBG PBE. In this test, we consider a binary

2
breakage kernel given by B(x, u) = —, a constant selection
u
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Table4 CPU time consumed
(in seconds) by both FVS for

Constant kernel with linear growth

Sum kernel with linear growth

Cells Methods CPU time Cells Methods CPU time
Case 2

30 NFVS 0.3786 30 NFVS 0.2151

30 EFVS 0.5033 30 EFVS 0.3449

function F(x) = 1, and a linear growth function G(x) =
Gox with Gg = 1. The computational domain is defined as
[10_4, 10], which is partitioned into 40 non-uniform cells.
The simulations are conducted for a time period of r = 0 to
t = 3. It is important to note that no analytical solutions of
NDFs are available in the state of the art studies. However,
Kumar et al. [31] provided mathematical expressions for the
zeroth and first order moments for this specific case.

The numerical results in terms of moments and the NDF
is qualitatively compared and shown in Fig. 8. As observed

in previous cases, the NFVS demonstrates better accuracy
in approximating the ZOM compared to the EFVS (refer to
Fig. 8a). The proposed scheme accurately capture FOM as
depicted in Fig. 8b whereas the existing scheme deviates from
the exact result. Furthermore, the NDFs against the volume
of a representation calculated numerically are plotted in Fig.
8c at different times (Table 5).
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Table5 CPU time (in seconds) by numerical methods for simultaneous
breakage-growth PBE

Method Cells CPU time Cells CPU time
NFVS 30 0.0115 60 0.0126
EFVS 30 0.0602 60 0.0633

3.5 Simultaneous aggregation-nucleation (SAN)

Now we compare the numerical results of the NFVS and
EFVS for a SAN PBE by considering a «(x,u) = 1 and
an exponential nucleation function Q. (t, x) = exp(—x)
with ¢ = 1 are considered. The numerical simulations are
conducted on a computational domain of [1 10*] partitioned

@ Springer

into 30 non-uniform grids. Both simulations are run until
time ¢t = 10. It is worth noting that Kumar et al. [52] have
provided the exact solutions for both ZOM and FOM for this
particular combination of aggregation kernel and nucleation
function.

The comparison of results between the NFVS and EFVS
for a SANPBE are shown in Fig. 9. It can be observed that the
NFVS accurately approximates both ZOM and FOM, align-
ing closely with the reference solutions. On the other hand,
the EFVS deviates from the exact moments as depicted in
Fig. 9a and b. The NDFs obtained numerically are presented
in Fig. 9c. Furthermore, the NFVS demonstrates better com-
putational efficiency compared to the EFVS as indicated by
the CPU times listed in Table 6.
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Table 6 CPU time consumed (in seconds) by numerical methods for
SAN PBE

Method Cells CPU time Cells CPU time
NFVS 30 0.8986 45 1.2144
EFVS 30 3.4052 45 5.7995

3.6 Simultaneous breakage-nucleation (SBN)

Let us check the robustness of NFVS and EFVS with the
exact solutions fora SBN PBE. The comparison is done using
a binary breakage kernel B(x, u) = % and an exponential
nucleation function Qy;,.(t, x) = exp(—cx), where ¢ = 1.
For this case no analytical (closed form) solutions for the

NDF and moments are available. The computational domain
[10~%, 103] is divided into 30 non-uniform cells, and the
numerical results are estimated at time ¢t = 100.

The ZOM and FOM are compared in Fig. 10a and b,
respectively. It can be observed that the NFVS provides a
more accurate prediction of the ZOM compared to the EFVS.
However, NFVS also deviates, which can be improved by
refining the grid and adding more cells. On the other hand,
the EFVS fails to capture the FOM accurately, indicating
its instability in approximating a simultaneous breakage-
nucleation PBE. This highlights the challenges in solving
superficially coupled processes.

The numerical results for the NDFs are qualitatively
shown in Fig. 10c. It can be seen that the NFVS captures the
trends of the NDFs reasonably well, while the EFVS exhibits
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Table 7 CPU time (in seconds) by numerical methods for SBN PBE

Method Cells CPU time Cells CPU time
NFVS 30 0.0115 60 0.0126
EFVS 30 0.0602 60 0.0633

significant deviations from the analytical result. Furthermore,
in terms of CPU time, the NFVS outperforms the EFVS as
shown in Table 7. This indicates that the NFVS is significant
efficient in computing the results compared to the EFVS.

3.7 Simultaneous aggregation-breakage-growth
(SABG)

To evaluate the performance of the NFVS and EFVS in a
more complex system, we consider a scenario where aggre-
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gation, breakage, and growth processes are simultaneously
affecting the particle properties. This scenario is commonly
encountered in wet twin screw granulation and crystallization
processes [71-73]. In this comparison, aggregation kernel
a(x,u) = 1 with B(x,u) = — and F(x) = 1 are used.
The growth function is linear gbitven by G(x) = Gox with
Go=0.1.

The computational domain is set as [107° 10°] divided
into 60 non-uniform cells. All numerical simulations are run
until time ¢ = 2. For this case also no closed-form solutions
for the NDF are available. However, Kumar et al. [31] derived
the exact results for the ZOM and FOM, which are used here
for comparison.

The accuracy of the both approaches can be assessed by
comparing the computed ZOM and FOM with the exact
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results. The numerical solutions for the NDFs are not directly
compared due to the unavailability of analytical solutions.
However, the moments can provide insights into the overall
accuracy of the methods.

The comparison of the NDFs and its moments for this
complex system is shown in Fig. 11. In the case of the NFVS,
there is some deviation in computing the ZOM as depicted
in Fig. 11a. This can be attributed to the fact that no spe-
cific measures were taken to estimate the ZOM accurately
in this particular setup. However, the accuracy of the ZOM
can be improved by using a more refined grid, although this
may come at the expense of increased computational cost.
On the other hand, the FOM, as shown in Fig. 11b, is very
well captured by the NFVS. This indicates that the NFVS is

capable of accurately estimating the total volume, which is
an important property in many applications.

The numerical results for the NDFs as depicted in Fig. 11c,
qualitatively. While we cannot directly compare these results
with analytical solutions, they can still provide insights into
the overall performance of the methods. In terms of effi-
ciency, the NFVS took 4.6078 CPU time to estimate the
numerical results with 30 non-uniform cells. This indicates
that the NFVS is computationally efficient for this complex
system.

Overall, the NFVS shows promising results in captur-
ing the first order moment accurately and providing good
estimates for the NDFs. The accuracy of the ZOM can be
improved to a desired by refining the grid.
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4 Concluding remarks and future prospects

In this study, we have developed new numerical meth-
ods to address the challenges associated with population
balance models. For the first time, we present a comprehen-
sive review of various numerical approaches for modelling
aggregation, breakage, growth, and nucleation processes. To
accurately capture the particle dynamics arising from growth
and nucleation in the presence of aggregation and breakage,
we employed a hybrid approach combining discrete finite
volume schemes for the aggregation and breakage population
balances with the method of characteristics. The source term
associated with nucleation was positioned near the lower
boundary of the first cell while simultaneously solving the
coupled aggregation/breakage—nucleation equations.
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It is worth noting that the existing finite volume scheme
[29] exhibits significant deviations in approximating the
zeroth order moments of the PBE. In some cases, the first
order moment, which represents the total volume in the sys-
tem, is also not accurately captured by their scheme. This
highlights the limitations of the existing approach in accu-
rately modelling and predicting the behaviour of the system.
The proposed method has been thoroughly validated against
analytical and existing numerical results, confirming its relia-
bility and robustness. Overall, this work advances numerical
modelling for population balances by providing a unified and
efficient approach applicable to diverse chemical and phar-
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maceutical processes, ultimately supporting deeper insights
and optimization of complex particulate systems.
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