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Tensor networks offer a valuable framework for implementing Lindbladian dynamics in many-body open
quantum systems with nearest-neighbor couplings. In particular, a tensor network Ansatz known as the locally
purified density operator employs the local purification of the density matrix to guarantee the positivity of the
state at all times. Within this framework, the dissipative evolution utilizes the Trotter-Suzuki splitting, yielding a
second-order approximation error. However, due to the Lindbladian dynamics’ nature, employing higher-order
schemes results in nonphysical quantum channels. In this work, we leverage the gauge freedom inherent in the
Kraus representation of quantum channels to improve the splitting error. To this end, we formulate an optimiza-
tion problem on the Riemannian manifold of isometries and find a solution via the second-order trust-region
algorithm. We validate our approach using two nearest-neighbor noise models and achieve an improvement of
orders of magnitude compared to other positivity-preserving schemes. In addition, we demonstrate the usefulness
of our method as a compression scheme, helping to control the exponential growth of computational resources,
which thus far has limited the use of the locally purified Ansatz.
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I. INTRODUCTION

The study of many-body quantum systems is of utmost
importance in various branches of physics, including quantum
information and quantum computing. Moreover, to under-
stand realistic physical systems, we ought to consider how
these interact with their environment, i.e., we need to under-
stand how they evolve under the influence of noise. This shifts
our focus to what is known as open quantum systems [1]. In
particular, we are interested in the evolution under Markovian
noise, giving rise to the Lindblad master equation [1,2]

Due to the limited analytical methods available to de-
scribe such systems, numerical methods play a pivotal role
in understanding the so-called dissipative dynamics. In this
context, tensor networks variational Ansdtze emerge as an
efficient approach capable of describing several systems of
interest [3]. One such structure, known as the locally purified
density operator (LPDO), exploits the main features of tensor
networks Ansdtze while preserving the physical properties of
open quantum systems [4,5]. Werner et al. [6] introduced an
algorithm yielding second-order approximation errors based
on the ubiquitous Trotter-Suzuki splitting [7] to simulate the
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Lindblad evolution with nearest-neighbor interactions using
the LPDO Ansatz. However, due to the semigroup property of
Markovian dynamics, it remains an open problem to simulate
the dissipative evolution with higher-order accuracy.

In this work, we aim to improve the accuracy of the
dissipative simulations under nearest-neighbor Lindbladian
dynamics. To this end, we leverage the gauge freedom present
in the Kraus representation of quantum channels to formu-
late an optimization problem on the Riemannian manifold of
isometry matrices, i.e., the Stiefel manifold. We then proceed
to solve it via the second-order trust-region algorithm, taking
advantage of its global convergence properties [8] (cf. [9],
which applies a similar approach to gate set tomography). We
cover the core concepts needed to understand the main opti-
mization problem addressed in this work in Sec. II. Then, we
leverage this theory to formulate a real-valued cost function
defined on the Stiefel manifold in Sec. IIL.

Once we formulate the optimization problem and define
the Riemannian geometry to address it, we assemble these
elements into the main numerical algorithm of this work. In
Sec. IV, we outline the algorithm, discuss the creation of the
optimization Ansatz, and introduce the framework for em-
ploying our algorithm as a compression scheme. We conclude
this work by benchmarking our approach against other com-
pletely positive trace-preserving (CPTP) schemes, evaluating
the performance of the compressed representation, and testing
the applicability of the optimized operators when used within
a larger system. These simulations are presented in Sec. V.
For all of them, we have employed two nearest-neighbor
models, namely, the Kitaev wire [10] and a modification of
the sparse Pauli-Lindblad model [11] we call pseudosparse
Pauli-Lindblad (PSPL).

Published by the American Physical Society
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II. BACKGROUND

A. Tensor networks and open quantum systems

In this work, our goal is to simulate the dissipative Lindbla-
dian dynamics of a quantum system governed by the master
equation

dp
i L(p), ey

where the density matrix p describes the systems’ state and
the Lindbladian generator £ takes the form

1 -
Lpy=) (Lka;f — 5LiLp EpL,;Lk), @
k

with the jump operators L; modeling the interaction between
the system and its environment. The solution of Eq. (1) for a
finite-dimensional system with initial state py := p(t = 0) is
obtained by

lp) = Alpo), A=¢e*, >0 3)

where |p)) and £ are the vectorizations of p and L, respec-
tively. The latter vectorized superoperator can be expressed as

N 1
L= Z[Lk ®L; — E(LZLk QI +1 ®L,<TL;§)}. “4)
k

Due to the limited analytical methods available to describe
open quantum systems, numerical methods play a pivotal
role in understanding the dissipative dynamics arising from
Eq. (1). In this light, tensor networks variational Ansdtze [3]
appear as an efficient approach capable of describing several
systems of interest, with the matrix product states (MPS)
[12,13] as the archetype class used to study one-dimensional
pure states.

On the other hand, one-dimensional mixed states are still
a relatively unexplored frontier by tensor network techniques.
A first attempt at this employs the class of matrix product den-
sity operators (MPDO) [4,14]. However, locally verifying the
positivity of the global MPDO is NP-hard [15], so performing
local truncations usually destroys the positive definiteness of
the state, yielding numerical instabilities in time-evolution
algorithms. A second approach uses the so-called unraveling
of the master equation [1,16] to simulate mixed states by
means of MPS methods, together with stochastic quantum
trajectories. This approach comes at the cost of a sampling
overhead with the number of trajectories. In this work, we
will leverage a third structure introduced in [4,5], known as
the locally purified density operator (LPDO).

Definition 1 (Locally purified density operator). Given a
density matrix p, its local purification operator F' satisfies

p=FF", (5)

and its variational tensor network representation for N sites is

[Flpvos = Y ARy ARl APy
M1y MN 1
ERE s
L] (/I UGN By P UCRLES BT L

OEEE B
(6)
We use the following notation for the tensor legs’ dimensions:
[n] :={1,2,...,n}, (7

thus, we can write each rank-4 tensor {AI})Y_ as

A[e] = (Ar[ﬁfﬁ’,:fu)xée[d}, re€lK1, me_1€[Me_11, mee[M,1’ (8)

where sy is the physical index, ry is the Kraus (or rank) index,
and my is the bond index, with dimensions d, K, and M, re-
spectively. For uniformity, the first and last tensors have bond
dimensions my = my = 1. Notice how the representation of
o in terms of tensors {A!!} is highly nonunique since, in
addition to the usual gauge freedom present in MPS along
the bond index, this structure has a gauge freedom along the
Kraus index, i.e., Eq. (5) remains invariant under a unitary
transformation of F'.

This work focuses on the scenario where the jump opera-
tors L act nontrivially only on nearest-neighbor sites ¢ and
£ + 1. Therefore, the Lindbladian superoperator acting on all
N sites can be written as

N
L£="" L, 9)
=1

where each L1641 is of the form shown in Eq. (4). To
simulate the Markovian dynamics of one-dimensional open
quantum systems, as given by Eq. (3), we employ a practi-
cal algorithm described by Werner et al. [6] that leverages
the positivity-preserving properties of the LPDO structure.
Similar to the time-evolving block decimation (TEBD) [17]
scheme, for a small time step 7, this algorithm splits e™*
into several Trotter-Suzuki layers [18] made up of mutually
commuting terms. From Lemma 4 in [6], the Trotter-Suzuki
approximation for the Markovian dynamics for nearest-
neighbor couplings is

eT,CA — eff,,/2ef,éyefl€(,/2 + 0(_1‘_3)7 (10)

where the odd and even layers are made up of mutually com-
muting terms

L£yrm YO LRI ang £, = Y0 AR (1)
14 4
Thus, the exponentials become
el—[‘:” — Hefﬁmfl;za and eflje _ l—lerﬁ“lzuuu. (12)
4 14

Each superoperator can be seen as a tensor acting on the
vectorization of the LPDO in Eq. (5). In other words, they
are rank-4N tensors acting on the sites [1, ..., N] and their
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conjugated counterpart [1x, ..., Nx]. Then, using a reshuf-
fling of the tensor legs, which we call the global-to-local
transformation Gy, we obtain the local superoperators

. N G
[¢,e+1] [£,041] L
e‘r'D (eT£ )

£ £

£+1 {41
A

le® |

£+ 1% £+ 1%

13)

See Appendix B for details on this map and the specific
form of the tensors. This transformation allows us to rewrite
Eq. (12) as

A A2¢—1,2¢] A dI2¢,20+1]
ethot = ®erD and e™~et = ®e’D , (14)
¢ ¢

where we added the L subscript to emphasize that these su-
peroperators are a localized version of the original £, and £,.
As explained in Appendix C of [6], to perform the dissipative
dynamics within the LPDO framework, we first need to obtain
the Kraus representation of the superoperators in Eq. (14).
To this end, we make use of the following relation between
the superoperator and Kraus representations of a quantum
channel

«| € “

O
£4 1%

(15)
with the Kraus tensor
ou ou 6 R
pert — (Bl %s@)q A
1 RAURCE sgU st sty €Md]
(16)

where ¢ is the Kraus rank index and R is its dimension, i.e., the
rank of the channel. The procedure to obtain the Kraus tensor
of a quantum channel from its superoperator representation is
outlined in [19].

The dissipative evolution using the local Kraus tensors is
depicted in Fig. 1. First, in Fig. 1(a), we look at the action
of a quantum channel acting on sites [£, £ + 1] = [2,3] of a
density matrix in its LPDO form for a system with N = 4.
From this representation, we realize the action of the quantum
channel on the purification operator F' is equivalent to con-
tracting the Kraus tensor E)““*! into the local tensors A“! and
A+ while merging the channel index ¢ with the variational
Kraus indices r; and r,, as shown in Fig. 1(b). By assuming
translation invariance and periodic boundary conditions, we

| |
— A FH A2 M A3 M As —
| | | |
— 4 FH 43 4 45
| |
(a)
| |
Ay HH A M A3 — Ay —
IR
(b)

FIG. 1. Markovian dynamics of a four-site mixed state in LPDO
form. (a) Shows the action of a quantum channel on the LPDO tensor
network. (b) Shows the Kraus tensor E being contracted with sites
two and three of F'.

arrive at the following diagrammatic relation:

(e7£0/2e‘rﬁee‘r£0/2) |p>> —

a7

B. Riemannian optimization

In Sec. III, we translate our problem into the framework of
Riemannian geometry to leverage Riemannian optimization
techniques. Thus, we now introduce the key elements of this
mathematical formalism necessary to understand the problem
formulation.

Definition 2 (Stiefel manifold). The real Stiefel manifold

[8] is the set
St(n,p) ={X e R™’: X"X =1,}, p<n (18)

i.e., the set of real isometries or orthonormal matrices.
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To generalize the concept of the gradient of a function
defined on the Stiefel manifold, we look at the tangent space.

Definition 3 (Tangent space). At a certain point X €
St(n, p) on the Stiefel manifold, the tangent space Tx St(n, p)
is a vector space containing the directions we can move in
tangent to the manifold. These directions are known as the
tangent vectors Z € Tx St(n, p). The tangent space can be
parametrized as

Tx St(n, p) = {Z e R™? : ZTX + X7 = 0}, (19)

i.e., XTZ is skew symmetric [20].

The Riemannian gradient for a real-valued function defined
on the Stiefel manifold, f : St(n, p) — R, can be evaluated
using the projection onto the tangent space 7y as

gradf(X) = 7 [Gy' grad f(X)], (20)

where G;l is the inverse metric operator, and grad f (x) is the
euclidean gradient of f [21]. Similarly, to generalize the di-
rectional derivative, and with it the Hessian, to a Riemannian
manifold, we look at the Riemannian connection V.

Definition 4 (Riemannian connection). The Riemannian
connection V is a map connecting the different tangent spaces
across the manifold, allowing us to differentiate a vector
field Z along another vector field W. That is, at a point
X € St(n, p), it is the map

V : Tx St(n, p) x X(X) = X(X)

N " 2
:(W,2) = VyZ,

where X(X) is the set of vector fields on St(n, p) whose
domain includes X [8]. As shown in Theorem 3.1 of [21], the
form of V is metric dependent. See Appendix G for details on
this dependence.

Then, the Riemannian Hessian (vector product) of the
function f at X is the operator Hess f(X) sending a tangent
vector Z € TxSt(n, p) to the tangent vector

Hessf(X)[Z] = Vzgrad f(X), 22)

where gradf is the Riemannian gradient from Eq. (20) [8].
Analogous to the Euclidean case, we can use the Riemannian
gradient and Hessian to find the next iterate in an optimization
scheme. However, following a tangent vector, generally, does
not keep us in St(n, p). Thus, we ought to use a retraction.

Definition 5 (Retraction). This update step is realized up
to first order [22] by the smooth retraction map

Ry : Tx St(n, p) — St(n, p) : Z — Rxy(X + Z).  (23)

For conciseness, we define Ry(Z) := Rx(X + Z). Using
the retraction, we can map an optimization problem defined
on the Stiefel manifold onto the tangent space using the
pullback fy:

fx 1 TxSt(n, p) — R : Z — f(Rx(2)). (24)

Then, we can define a model /71y as the Taylor expansion of fx
around the origin element Oy in the tangent space Tx St(n, p).
In particular, we look at the quadratic model [8]

iy (Z) = f(X) + (grad f(X), Z)x

1 (25
+ 5 (Hessf(X)[Z], Z)x.,

Z € Tx St(n, p).

To minimize rity, and consequently f, we use the trust-region
algorithm as it combines the local superlinear rate of con-
vergence of the Newton method with global convergence
properties [8]. Starting at Xg, we obtain the next optimization
iterate Xg, | by finding an approximate solution Zg to the
minimization subproblem

min iy, (Z)
ZeTxﬁ St(n,p)

= f(Xp) + (gradf(Xp), Z)x,
+ 3 (Hess f(Xp)IZ], Z)x, .

where A is known as the trust-region radius. The next iterate
is then Xg 41 = Rx,(Zg). In this work, we choose to solve the
trust-region subproblem approximately by means of a com-
putationally light algorithm known as the conjugate-gradient
(CG) method (see 7.3.2 of [8] for details). To assess the quality
of the model, we define the quotient

gy = T~ [ Ry Zp)) _ fryOx) = f Zp)
P i, (Ox,) — g, (Zg) i, (Ox, ) — g, (Zg)

(Z,Z)x, < A%, (26)

27)

Based on the value of pg we identify the following cases:

(i) If pg <« 1, the model is very inaccurate: we reject
Ry, (Zg) and reduce A.

(i) If pg is small but not as drastically: we accept Rx,(Zp)
but reduce A.

(iii) If pg ~ 1, the model and function have a good agree-
ment: we accept Rx,(Zg) and increase A.

(iv) If pg > 1, the model is inaccurate, but (luckily) the
cost function is decreasing: in this case, we can try our luck
and increase A to hope for further decrease in f.

III. FORMULATION

In Sec. IT A, we discussed how to describe a mixed state
as a locally purified density operator (LPDO) tensor network
Ansatz. In particular, we saw how to simulate the dissipa-
tive dynamics of nearest-neighbor Lindblad operators, which
yields the second-order Trotter approximation

etL — erL(,/ZerﬁgerL(,/Z + 0(‘[3).

However, finding higher-order Trotter approximations for
Markovian dynamics remains an open problem [6]. This
challenge arises from the semigroup property of Lind-
blad superoperators since, contrary to the unitary evolution,
the negative coefficients in higher-order Trotter splittings
[7,23,24] would result in nonphysical maps. In this work, we
aim to address this limitation by leveraging the gauge freedom
of quantum channels along with the Riemannian optimization
methods on the Stiefel manifold we described in Sec. 11 B.
Our objective is to achieve a better approximation error for the
dissipative dynamics of nearest-neighbor Lindbladians while
maintaining the alternating structure of the layers shown by
the second-order Trotter splitting in Eq. (17).

A. From superoperators to isometries

As we saw in Eq. (13), we can transform our expressions

to focus on the local superoperators et P, Then, we can
employ these superoperators to reformulate our problem to
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fit into a Riemannian optimization scheme. Using the Kraus
operators’ completeness relation

R
Z EJE, =1, (28)
q=1

we can follow the procedure outlined in [25] to cast these

operators into the Stiefel manifold St(n, p) we introduced in

Definition 2. We will label the whole superoperator-isometry

transformation as St, and define the map

T T, ) = St p) - A = X = (MY, (29)

where .7 (74, 74) is the space of linear maps from operators
in the Hilbert space ¢], to operators in the Hilbert space %3
(see Definition A3 of the Appendix). The inverse map from
isometries to superoperators

Sp = (S1)~! (30)

follows immediately from this definition.

B. Defining the cost function: Approximation error

Now that our operators belong to the Stiefel manifold,
we can construct a real-valued cost function f on this
manifold, i.e.,

f:St(n, p) — R. (31)

To this end, we look at the difference between the approx-
imation given by the right-hand side of Eq. (10) and the
full superoperator on the left-hand side. In particular, we use
the computationally relevant Frobenius norm induced by the
Euclidean inner product

eTL - e;;ﬁyrox .

(32)

It is customary to divide the time evolution up to a final time
7 into smaller time steps of size At¢, such that

T =nAt, (33)

with n, € N the number of time steps. If we use the second-
order Trotter splitting from Eq. (10) for each A¢, we arrive at
the following pattern for the approximate superoperators:

it = I g -

approx
I - I

»)

(34)

where the blue blocks correspond to the terms with half-time
steps, while the red blocks correspond to the full time steps.
The number of layers m in Eq. (34) is

(ny—1)=2n; + 1. 35)

m=3n; —

We see the final form of the splitting with n, time steps show-
cases the same odd-even structure from Eq. (10). However,
due to this new partition structure, the approximation error in
terms of At becomes

et = + 0(Ar?). (36)

approx

Finally, in order to arrive at the final expression of the cost
function, we lay out the assumptions used:

(i) To achieve translational symmetry, we assume the op-
erators DT and therefore the isometries X, are the same
forall £ € [1, N].

(i) We use the splitting for n, time steps to simulate the
evolution up to time t with m distinct layers. Contrary to
the repeating structure from the original Trotter splitting, we
choose all the layers in our Ansatz to be independent of each
other to increase the degrees of freedom of the optimization
in hopes of achieving a higher expressivity.

(iii)) We restrict our optimization to the real Stiefel mani-
fold to avoid dealing with nonholomorphic functions defined
on complex manifolds.

The composition of superoperators is achieved through
usual matrix multiplication. Then, by labeling each of the
isometries on the «th layer as X,, and {X}, as the list of m
isometries, we can express the cost function as

Lg

FUX)a) = e’f—l"[<®(xa>3*’> NENEY)
o ¢

where Sp is the isometry-superoperator map from Eq. (30) and
L is the local-to-global transformation, i.e., the inverse of the
global-to-local map we introduced in Eq. (13) [see Eq. (B19)
for details]. We can define the vector of isometries

=(X]7"‘7Xm)’

and with it, the superoperator

Lo
2N 2N
e R

SX) =] (®<XQ)SP>
o 4

acting on the full system. Thus, the main optimization prob-
lem of interest in this work can be formulated as

min f(X) = le — SX)]. (38)

In other words, we want to find the list of isometries that
minimize the approximation error of the dissipative dynamics.

IV. ALGORITHM

So far, we have covered the underlying theory required for
this work and used it to formulate a real-valued cost func-
tion defined on the Stiefel manifold. It is now time to tackle
the optimization problem. The main algorithm A Riemannian
Approach to Lindbladian Dynamics used to solve Eq. (38)
is outlined in Algorithm 1. The detailed construction of the
Riemannian gradient, Hessian, and retraction, as well as the
choice of the Riemannian metric, are out of the scope of this
work but can be found in Appendixes G and I to K. Instead, in
this section, we discuss the creation of the Ansarz employed in
our optimization scheme and introduce the degree of freedom
of the Kraus tensors that allows us to use our algorithm as a
compression scheme.
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ALGORITHM 1. A Riemannian approach to Lindbladian
dynamics.

Input :
L;: List of Lindblad operators acting on nearest neighbors
7: Final time of Lindblad dissipative evolution
n.: Number of time steps for Trotter splitting
N: Number of sites in the LPDO structure
d: Physical dimension per site in the LPDO
R: Desired rank of Kraus tensor acting on nearest neighbors in the
LPDO tensors
I: Number of iterations for trust-region optimization
Output :
fp: Cost function history, evaluated after every iteration B of the
optimization
X: List of isometries minimizing approximation error after I
iterations
Require : All L, € R *¢
1: e™£ < Create reference superoperator from {L;}, and
Eq. (9). > Assume translational symmetry for all N sites.
2: {Ay}q < Create m = 2n, + 1 superoperators using the
Trotter splitting from Eq. (10) and the decomposition in
Eq. (34).
3: X <« Generate Ansatz of isometries from superoperators
Aodar
4: f(XP,e™) <« Define cost function taking as input the exact
superoperator £ and list of isometries X*.
5: gradf < Define Riemannian gradient from cost function.
6: Ry < Define retraction taking a tangent space vector Z back
to Stiefel manifold.
7: Hessf < Define Riemannian Hessian from cost function
and Riemannian gradient.
8:for B < Otol — 1
9:  XP*! « Perform an iteration of the trust-region
10: algorithm with (f, grad f, Hessf, Ry, X?).
11: end for

The entirety of this work has been implemented in Python
[26] and can be found open-sourced on GitHub as a pack-
age called OPENTN [27]. As a back end for manipulating the
tensors we have used NUMPY [28] and JAX [29]. The latter
has also been utilized due to its automatic differentiation
capabilities.

A. Creating the Ansatz: Compressed factorization

As for many other gradient-based optimization algorithms,
the initial optimization point, i.e., the Ansatz, can play an
important role in the number of iterations needed in the op-
timization scheme. Sometimes, it can even determine whether
the algorithm reaches a local minimum or not. In this work,
we choose to start at the even-odd splitting given by the
second-order Trotter from Eq. (10). We have seen that for n,
time steps, this Ansatz results in m layers made up of local
superoperators

Ay € R Vo e m]. (39)

We can then convert each superoperator into its isometry
representation using the St map from Eq. (29). The Cholesky
decomposition of the Choi matrix is a crucial step of the St
transformation (see Appendix C for details). The degree of

freedom in the choice of the channel rank R used in this
factorization is of particular importance:

R
CR = Z E;gul,xin (ESZul’Sin)T5 (40)
q=1

with s, s'" € [d?], and Cg the rank-R approximation of the
Choi matrix C. The obvious choice is to set R = rank(C)
so that Cr = C. We call this the natural Choi rank of the
channel. However, we can arbitrarily increase this number up
to Ry = d* or compress it down to Ry, = 1. The larger
the Choi rank R, the higher the expressivity of each layer in
the Ansatz, generally resulting in a lower approximation error.
However, this increase in expressivity comes at the cost of
an increase in the complexity of the optimization and, conse-
quently, the computational cost. Another crucial factor to take
into account is the effect of the channel rank on the growth of
the Kraus dimension in the LPDO structure, where the indices
r¢ get contracted with the channel index g of dimension R, as
shown in Fig. 1. In Sec. V A, we explore how the choice of R
affects our optimization algorithm and discuss the benefits of
using a compressed representation of the quantum channels.

Once we choose a rank R, we apply the St transformation
on the list of superoperators {Aq}ocrn] to obtain a list of
isometries

X% :=(Xx{,....X)), X, eR”, Vae[m], @I
where we have defined n = Rd? and p = d?. The superscript
0 indicates that this corresponds to the zeroth iteration of the
optimization scheme. The numerical implementation of the
Cholesky decomposition is discussed in Appendix C.

B. Parametrizing the tangent space

To further understand the effect of the channel rank in the
optimization scheme, it is useful to look at the number of
parameters present in the Ansatz. In other words, we want
to understand how R affects the expressivity. To this end, we
look at the parametrized definition of the tangent space of the
Stiefel manifold. The in-detail derivation following the outline
from [30] is included in Appendix E.

Definition 6 (Tangent space: revisited). Given an element
X e St(n, p) of the Stiefel manifold, the tangent space
TxSt(n, p) at X is

TxSt(n, p) = {Z e R™? : Z = XA+ X, B, A € RP*P,
A+AT =0,B e RPxP), (42)

If we compare Eq. (42), we realize the product X7 Z in the
former is exactly the skew-symmetric matrix A of the latter,
for Z € TxSt(n, p).

The arbitrary matrix B in Eq. (42) is made of p(n — p)
independent parameters, while the skew-symmetric matrix A
is completely defined by its p(p — 1)/2 upper diagonal ele-
ments. Thus, as a by-product of the parametrized formulation,
we can verify the degrees of freedom of Tx St(n, p) to be

pp—1)
2

_p(p+1)_

7 (43)

+ p(n—p)=np
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Then, the total degrees of freedom present in our m-layer
Ansatz are

d2

V. SIMULATIONS

In this chapter, we study the performance of the Rie-
mannian Approach to Lindbladian Dynamics as introduced
in Algorithm 1. As a test bed, we focus on two models
of nearest-neighbor dissipative interactions, with real-valued
jump operators, as our optimization is defined on the real
Stiefel manifold. Namely, at all neighboring sites [£, £ + 1]
of an N-sites quantum system we consider the Lindblad oper-

ators given by the following models:
(1) Kitaev wire:

_ VY
Ty
where a' and a are the two-level quantum harmonic oscillator
creation and annihilation operators, respectively, and I is the
2 x 2 identity matrix, as introduced in [10].

(2) Pseudosparse Pauli-Lindblad (PSPL):

L= y(P—Q0), kelk] (46)

where Py, Oy are elements of the Pauli-2 group, such that
the total number of Lindblad operators x < 42 _ 1, ie., the
Lindblad terms are sparse. Compared to the original sparse
Pauli-Lindblad model introduced in [11], here we have the
difference of two Pauli operators instead of a single Pauli.
In particular, in this work, we choose to use two Lindblad
operators with weight-one Pauli terms

Li=/7XQI-18X),
L=/yZRI-1R®2Z). 47)

For both models, the prefactor y corresponds to the noise
strength, which we normalize to y = 1 over all simulations.
Instead, we vary the final evolution time t over the experi-
ments since this is equivalent to increasing the noise strength,
so we can verify the validity of our results across different
noise regimes. We have implicitly assumed the local Hilbert
space dimension to be d = 2, i.e., we work with a system of
qubits. We perform the simulations using the first nontrivial
even number of sites N = 4 yielding an effective Hilbert space
dimension d? = 28, as this keeps the computation tractable.
In the following sections, we test our algorithm under the two
aforementioned noise models, while exploring the influence
of the channel rank R, introduced in Sec. IV. Further, we
compare the performance of our algorithm against the second-
order Trotter splitting [6] and a structure-preserving scheme
of arbitrary order introduced in [31]. To end this chapter, we
leverage the translational invariance and PBC assumed in our
Ansatz to test the optimized isometries when embedding them
into larger systems.

L @I +1®a), (45)

A. Rank up

A fundamental element in our optimization scheme was in-
troduced in Sec. IV A: the rank R of the Ansatz. This quantity
arises in the Cholesky decomposition from Eq. (40) and deter-
mines the column dimension of the Stiefel manifold p = Rd>.

PSPL: T=1,n.=1

10° rank 2
rank 5
rank 10
rank 16

f

t

=

o
W~
L

Cost Function Value

0 15 30 45 60 75 90
Iteration

FIG. 2. Riemannian optimization with PSPL Lindblad model for
a final time of T = 1 and n, = 1 time steps. The four curves corre-
spond to the use of different ranks for the Ansatz. The gray dashed
line marks the value of the Trotter splitting error.

In this section, we will examine the conjectures presented in
Sec. IV A, regarding the impact of the Ansatz’s rank on the
performance of the Riemannian algorithm. To this end, we
carry out the optimization scheme under the Kitaev and PSPL
noise models, while choosing the Ansatz’s rank R as

Re{2,....Re,....d*, (48)

where R¢ = rank(C) is the natural Choi rank, as introduced in
Eq. (40). We do not use R = 1, as this would correspond to a
unitary evolution.

We transform the local superoperator arising from the
PSPL Lindblad operators in Eq. (47) into its Choi represen-
tation, to obtain the natural Choi rank of the channel

RESPE = 10.

In other words, the PSPL quantum channel can be described
exactly with 10 Kraus operators. We then perform the Rie-
mannian optimization for a final time of t = 1 with n, =1
time steps and visualize the optimization trajectory in Fig. 2
using four different ranks

R € {2,5, 10, 16}.

As expected, this comparison illustrates how the algo-
rithm’s performance improves with increasing rank. The
highest ranks R € {10, 16} start the optimization at the Trotter
splitting value, marked by the gray dashed line, and exhibit a
continuous decrease with the iterations. Due to the increased
parameter space, the optimization with R = 16 attains the
lowest cost function value out of all. However, a more sur-
prising result is yielded by the curve with R =5 < RESPL.
Since this Ansatz corresponds to a compressed representation
of the channel, it initially performs worse than the higher-
rank approximations, as we expected. Yet, after 30 iterations
it already reaches the Trotter splitting value, and after 100
iterations, the cost function sees an improvement of nearly
one order of magnitude with respect to the Trotter splitting
and two orders of magnitude with respect to its Ansatz value.

012224-7



GODINEZ-RAMIREZ, MILBRADT, AND MENDL

PHYSICAL REVIEW A 112, 012224 (2025)

TABLE I. Comparison of full Choi ranks for different approximations using the two toy models before and after optimization.

(a) Comparison for the PSPL model

R Ry RY
Exact 28

2 53 53
5 28 28
10 28 28
16 28 28

(b) Comparison for the Kitaev model

R Ry RY
Exact 45

2 45 117
4 45 205
8 45 94
16 45 202

This demonstrates that using this compressed representation
not only enables a decrease in the approximation error of the
dissipative dynamics but also helps control the exponential in-
crease in the Kraus dimensions of the LPDO tensors after each
dissipative step. Thus, we can directly employ our algorithm
to alleviate the computational cost associated with the noisy
evolution of the LPDO structure (cf. [32,33]).

The other end of the spectrum is shown by the turquoise
curve with R = 2, where the improvement yielded by the
optimization is negligible. To understand this behavior, we
can look at the Choi rank of the superoperator acting on all
N sites arising from the rank-R Ansatz, SR (X). The Choi rank
of SR(X) is upper bounded as

Ry := rank{(SR(X))*} < R*". (49)

To make this expression more tangible, we calculate numer-
ically the Choi rank of the exact full superoperator e’~ and
compare it to the rank of SR®(X) for each of the Ansatz ranks
in our simulation.

Table I(a) shows both the initial rank Ry and the rank after
the optimization Ry’". From this, we observe that, unlike the
higher-rank approximations, the Ansarz with R = 2 reaches
only %% of the full rank of e’“, even after the attempt to
optimize it. This result agrees with Eq. (49) and provides an
explanation for the limited performance shown in Fig. 2.

Contrary to what we initially expected based on Fig. 2,
increasing the rank of the Ansdtze does not always lead to con-
siderably better results. An example of this is the simulation
under the Kitaev model shown in Fig. 3. For this computation,
we use T = 0.5, n, = 4, and choose R from {2, 4, 8, 16}. The
first thing to notice is the natural Choi rank, which for this
model is

Rgitaev —2.

For this reason, all the Ansditze in this simulation start at the
Trotter splitting value. While we notice a consistent decrease
in the cost function for all the curves in Fig. 3, it is also note-
worthy that all of them reach a plateau at only 40 iterations,
and none of them attain a cost function lower than 30% of the
original value. Analogously to the computation for the PSPL
model, we calculate the Choi rank of SR(X) before and after
the optimization, and show the results in Table I(b).

This comparison highlights a couple of things. First, the
exact superoperator can be represented by a relatively low
rank, Ry = 45, which is already achieved by all SR(X) even
before the optimization. This can serve as an explanation for
the low approximation error at which we start the optimization
scheme, hence making it harder to improve upon. Second, in

an attempt to improve on this approximation, the rank of all
the Ansditze R3F increases considerably. This would result in a
rapid increase of the Kraus dimensions of the LPDO structure
without necessarily achieving a substantial decrease in the
approximation error of the dissipative dynamics.

B. Riemannian to the test

To benchmark the performance of our algorithm, we com-
pare its scaling against the second-order Trotter splitting from
Eq. (10) and the structure-preserving (SP) scheme introduced
by Cao and Lu in [31]. In the latter, the authors introduce
a family of unnormalized completely positive schemes of
arbitrary order. To achieve a fair comparison against the SP
methods, we use the normalized version of the schemes and
compute the composite superoperator up to fourth order due to
the computational cost of higher-order schemes. To this end,
we compute the average error as

E(|l * [le”*(00) = Su. (00)), (50)

where S, is the superoperator from n, time steps of either
the normalized SP schemes, the Trotter splitting, or our Rie-
mannian algorithm. The expectation value is taken over 500
randomly generated density matrices py. We perform our sim-
ulations using the PSPL noise model for a final time of 7 = 1,
Ansatz rank of R = 10, and plot the average error against the
number of time steps n, in Fig. 4.

X10-5 Kitaev: T=0.5,n:=4
2.2 rank 2

rank 4

o
o

rank 8
rank 16

tt

>
n

34 36 38 40
Iteration

Cost Function Value
w »
in >

w
o

~
«n

2.0

6 é lb 1‘5 Zb 2‘5 3‘0 3‘5 Ab
Iteration
FIG. 3. Riemannian optimization with Kitaev Lindblad model
for a final time of 7 = 0.5 and n, = 4 time steps. The four curves
correspond to the use of different ranks for the Ansarz. The inset
shows a zoom-in version of the last 10 iterations to emphasize the
difference between the Ansditze.
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PSPL: T=1,R=10

—
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FIG. 4. Average error as a function of the number of time steps
for different CPTP methods under the PSPL noise model, final time
of © = 1, and Ansatz rank of R = 10. We use the normalized version
of the structure-preserving schemes of orders 1, 2, 3, and 4. The
red horizontal line is used to emphasize the number of time steps
needed by the Trotter splitting to achieve the same accuracy as the
Riemannian optimized method.

The results in Fig. 4 highlight the significant improvement
attained by our optimization scheme, decreasing the error for
every n, by more than one order of magnitude, compared
to the Trotter splitting. As emphasized by the red horizontal
line, the Trotter splitting would need n, > 30 time steps to
achieve the same accuracy obtained by only n, = 4 using
our method. In addition, comparing our method against the
second-order curve showcases how, at some intervals, the
Riemannian optimized error follows an order higher than two.
This difference becomes more significant as we increase the
number of time steps. We attribute this behavior to the in-
creased expressivity of the Ansatz since, as shown in Eq. (44),
the curve with n, = 4 corresponds to m = 9 layers of isome-
tries and 1350 degrees of freedom we can optimize over,
compared to the 450 parameters available in the optimization
using n; = 1.

These results also showcase that while the structure-
preserving schemes are capable of reaching approximations
of arbitrarily high order, the error prefactor is larger than those
for the Trotter and Riemannian methods. Moreover, the error
order of these methods is only observed for a higher number of
time steps. Both of these behaviors are expected and explained
in detail in [31].

To end this section, we repeat the above comparison using
the Kitaev model, final evolution time T = 1, and Ansatz rank
R = 2. As shown in Fig. 5, in this setting, the improvement of
the Riemannian optimization compared to the Trotter error is
not as significant as for the PSPL model, even though at some
intervals, the optimized curve again follows an order slightly
higher than two. As previously discussed, we also observe that
the three SP schemes employed suffer from a high error pref-
actor. However, the order-three SP scheme quickly catches up
due to the higher approximation order. For values of n, close
to 10, it attains an improvement of orders of magnitude com-

Kitaev: T=1,R=2

10-2 4

--= O(At?)
Trotter
10-3 —&— Riemannian
SP - 1%t order
—— SP -2 order
10-4 4 SP - 37 order
= by
S
w
@ 1073
o
©
o
g
< 10°° ~325
1077 o
10—B 4

1.0 10.0
Number of Time Steps

FIG. 5. Average error as a function of the number of time steps
for different CPTP methods under the Kitaev model, with 7 =1,
and R = 2, plotted against increasing number of time steps. We use
the normalized version of the structure-preserving schemes of orders
1, 2, and 3.

pared to the Trotter splitting. It is, however, worth highlighting
that even in scenarios where the structure-preserving schemes
outperform the Trotter and Riemannian approximations, they
cannot be implemented directly on the LPDO Ansatz, as they
do not preserve the local structure of the tensors.

For additional insight into the comparison between the
superoperators achieved by each scheme, in Appendix D, we
compare the Choi ranks Ry for each of the approximation
methods using both noise models.

C. Increasing the system size

In Sec. III B, we discussed the assumptions we made when
defining our cost function, one of which was the translational
invariance of our Ansatz. Additionally, we assumed all odd
layers to follow periodic boundary conditions, as shown in
Eq. (34). Due to these assumptions, although we performed
the optimizations for systems of size N = 4, it is possible to
employ the optimized isometries within larger systems. In this
section, we use the optimized layers from N = 4 to verify how
well they approximate the dissipative dynamics of a system of
N = 6 sites with an effective dimension of d?¥ = 212,

For this comparison, we use the optimized isometries X
obtained in Sec. V B under the Kitaev and PSPL models, using
v =1 and their natural ranks R =2 and 10, respectively.
Figure 6 shows the approximation error against the number
of time steps n, for the original N =4 and the increased
size N = 6. First, in Fig. 6(a) we examine the Kitaev model
comparison, from which we observe that the error achieved
by the optimized isometries within the larger system closely
follows the original approximation curve. In other words,
although the Trotter error increases with system size, so does
the Riemannian error, resulting in very similar curves for both
values of N.

On the other hand, Fig. 6(b) shows the comparison using
the PSPL model, yielding somewhat different results. Here,
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FIG. 6. Comparison of the cost function from Trotter and Rie-
mannian schemes against the number of time steps n,, with evolution
time t = 1, for system sizes N = 4 and 6. The layers for the Rie-
mannian scheme with N = 6 use the same isometries obtained with
N = 4. (a) Shows the comparison for the Kitaev model with R = 2,
while (b) shows the comparison using the PSPL model with R = 10.

we observe how the larger systems’ Trotter and Riemannian
errors are lower. This behavior is more pronounced for the
Trotter scheme, as shown by the difference among the darker
curves. However, for both methods with N = 6, we observe
that as the number of time steps increases, the slope of the
error decreases. From this observation, we can infer that the
error for the system with N = 4 will be lower for higher n..
Despite this difference, the trajectory for both system sizes
follows a similar trend, indicating an improvement of orders
of magnitude regardless of the system size.

VI. CONCLUSION AND OUTLOOK

In this work, we employed a framework based on the
locally purified density operator tensor network Ansatz to

formulate the approximation error of the nearest-neighbor
Lindbladian dynamics as an optimization problem on the
Stiefel manifold. We showed that our method is capable of
achieving an improvement of orders of magnitude with re-
spect to other known schemes. In addition, this formulation
allowed us to devise a compressed representation of the quan-
tum channels. This result alone is of particular interest as it
would allow us to alleviate the exponential increase in the
Kraus index of the LPDO when performing noisy evolution
while still improving the approximation error. Finally, we also
showed that our method can improve the approximation error
of larger system sizes by optimizing computationally tractable
systems. This is especially relevant as the dimension of the
Lindblad superoperators grows as d>" with the system size N.

A potential area for improvement is the wall time needed
by our algorithm, with the most computationally expensive
step being the construction of the Riemannian Hessian. To ad-
dress this, we can implement a more efficient Hessian-vector
product computation that does not need to construct the full
Hessian. We leave this task for future work. Conversely, one
might argue that the wall time of our algorithm should not
be considered a strict constraint. This is especially true for
a time-independent noise model, where our scheme can be
seen as a single preprocessing step, entailing a nonscaling
overhead.

It remains an open task to study the effect of the specific
Ansatz in the optimization algorithm, as discussed in [34],
since this might influence the complexity of the optimization
landscape and, therefore, affect the convergence point and
speed. A similar open issue is to develop a rigorous math-
ematical understanding of the dependence of the algorithm’s
performance on the properties of the noise model. In this light,
studying other physically meaningful noise models with high
rank would provide further insight.

Our numerical implementation of the Riemannian gra-
dient and Hessian is based on an automatic differentiation
software framework, providing us great flexibility when defin-
ing the cost function. Therefore, generalizing the Ansatz
to a nontranslational invariant Ansarz would be relatively
straightforward. Finally, note that we considered only the real
Stiefel manifold. This restricts the optimization to real Kraus
channels. Thus, a further generalization of this work could
encompass the extension to the complex Stiefel manifold.
This would require recounting the tangent space dimensions
and the correct formulation of the nonholomorphic complex
derivatives.
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APPENDIX A: QUANTUM CHANNEL
TRANSFORMATIONS

In this Appendix, we follow a similar set of conventions as
the ones used in [19] with the following definitions:

Definition Al (Hilbert spaces). {}ieN are finite-
dimensional real Hilbert spaces of dimension d;. We will
omit the index i whenever we can infer the Hilbert space from
the context without ambiguity.

Definition A2 (Linear operators). L (74, 75) is the
space of bounded linear operators from 7] to 4,

A — I8, (AD)

with Z(74) = L (4, 7). Writing A € L (4, 76)
means that A is a d; x d, matrix.

Definition A3 (Superoperators). Also known as operator
maps, 7 (4, ) is the space of linear maps from operators
to operators

o L(A) > ZL(H5) (A2)
with 7 (JA) := T (A, ).

APPENDIX B: FROM GLOBAL
TO LOCAL SUPEROPERATORS

Let us look in detail at the form of the odd "~ and even
e™> layers in the splitting shown in Eq. (10) for a quantum
system with N sites. Each superoperator £I¢¢+H1] ¢ R4 <d™
in Eq. (9) is of the form described in Eq. (4),

A 1
[€,e+1] _ [€,¢+1] [€,6+1]x [€,e4+1]% y [£,6+1]
L =) [Lk QL - E(Lk L
k

N N [ 4+1]T 5 [£,64+1]%
I® + 1%V @ L, LA (B1)

where I®V is a d¥ x d" identity matrix. The jump operators
L,[f’“l] in Eq. (B1) are a special case of the ones we saw in
Eq. (4), as they are defined on a Hilbert space of dimension
d" while acting nontrivially only on two sites at a time: ¢ and
£ 4 1. Namely, they are of the form

L,E”H] —I1® QL @I®-1-C [, e R (B2

for £ € [1, N — 1], while for £ = N, we use periodic boundary
conditions (PBC) to define

LI[{N,IJ :L,l QISN2 QN [, = LkN ®L,1 c RExd*

(B3)

The diagram representation of the boundary operator
showing the PBC is

LLN,I] _

N 2

[ .

U
i
Using Egs. (B1) and (B2) we can rewrite each £[¢+1 as

plee+1] _ Z |:(H®e—1 ® L, @ I®V-1-t)

k
® (]I®Z—1 ®L;: ® I[®N—I—Z)

H@N
— (]I@Z*l ®LZL/( ® H@N*l*i) ® T

H@N

-5 ® (ree! ®LZL:®H®N‘1_Z):|, (B5)

and the tensor representation for the kth operator is

-1 £—1

N~

(B6)

In this diagram, we recognize the nonidentity terms as the vectorization of the kth dissipative term ﬁl[f’e“] in Eq. (4). Contrary
to the single-site scenario, the components of this operator in a multisite system are spread apart [see global vectorization in
Eq. (B15)]. This difference invites us to define the tensors D]f[f’”” and D’;[ﬁ'”” as

Dl = 1
1
kee+1] L oo
Dy, = ﬁLkLk’ (B7)
1
k[€,0+1]
D1,3 = EH
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and
K[E.0+11% _ 7%
D2,1 =Ly,

ket _ L T
Dy, = ﬁLk Ly, (BS)

K[C, 0115 _
D, 5 = —=I,

respectively. Using these tensors, we arrive at the expression

AL e+1] k[£,0+1] k[€,41]%
2} = Z Dol @ il (B9)
J

By summing over all k£ we obtain

Plet+1] _ ZD]EMH] _ ZDIIC,[?HH ® Dlzc,[f"H]]*’ (B10)
k J-k

with the tensor diagram representation

(B11)

Using these relations, we can rewrite the global superoperator
L4441 a5 a tensor product of the form

Llee1] Z I Di{;{,@ﬂ] © [EN-1-¢
3k

QI®1g D’;}f*“l]* @ [®N-1-¢

Dz £—1x

(B12)

Each of the terms in the odd and even layers are of this form
and, therefore, commute. This allows us to derive an expres-
sion for the odd e*** and even e™* exponentials. Namely,
using Eqs. (B10) and (B12) we can depict the tensor diagrams

for N = 4 as
eTio _
(B13)
and
erée _ ,
,\T'D‘) (B14)

where the single thicker leg going from e*?' to e*P? is the
channel index ¢ shown in Eq. (16). We have used Eq. (B4) for
the PBC in e™%¢, i.e., the term acting on sites 4 and 1 is shown
as having half the operator on each site. A reshuffle of the legs,
which we call global-to-local transformation, allows us to
bring DI and DI“*1* next to each other (see Definition
B1). This yields the expressions in Eq. (14):

A Al2¢—1,2¢] A A[2¢,204+1]
e"hoL — ®efD and e"Lel = ®e’D .

£ £

The standard ordering of the legs like the one in £1¢-4+11 js
based on the global vectorization of the N-sites density matrix

— T — )
— ——  Global - p
| op L= }
oy .
X U -
(B15)
In other words, we have sites [1, ..., N] followed by their

conjugated counterpart [1x, ..., Nx], as shown in Eq. (B6).
On the other hand, Eq. (14) is based on a local vectorization
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where every two sites [£, £ 4 1] are followed by their con-
jugate versions [€x, £ 4+ 1x]. The local vectorization of the
density matrix looks like

1

2
N1

N

(B16)

‘We can define a transformation that converts between these
two vectorizations.

Definition Bl (Global to local). Given a  multipartite
superoperator Age L(IARQI...Q Iy R . ®
I, @ -+ ® Hy), the global-to-local transformation Gp
is defined as the map

- LRI ... Q My 1 @ Iy Q@ Hy_1x @ Hiys)
c Ag = AL = (Ag)C:. (B17)

Applying this transformation to a superoperator A is depicted
a

2]

GL

TR
>
@
T
Il
>
h

(B18)

The inverse map follows trivially, and we call it the local-to-
global transformation
Lc: AL — Ag = (AL, (B19)
Remark B1. Notice that the localized version of the super-
operator arising from the global-to-local operation is defined
in this way because the operators L; act on two sites. A similar
construction would be obtained if instead each operator acted
on m sites. In this case, we would have sites [¢, ..., £ +m — 1]
followed by their conjugated version [£x, ..., £ +m — 1x].
The local vectorization is the natural ordering that arises

from the tensor product in Eq. (14) where each local superop-
erator looks like

Al £4+1]
e P = D

(B20)

Therefore, if we tensor these operators across all sites, we
obtain the alternating pattern of the legs we see in Eq. (B16).

For N = 4, the localized odd-layer diagram is

1
2

1
2
o —

eT‘éoyL —

|L |m1 |‘:|:

IL |m1
>

(B21)

The even layer follows a similar pattern by taking care of the
PBC.

APPENDIX C: NUMERICAL
CHOLESKY FACTORIZATION

As explained in Sec. IV A, we factorize the Choi ma-
trix corresponding to the Lindbladian quantum channels by
employing the Cholesky decomposition [35] of a positive-
semidefinite matrix C into its factors F and F':

C=FF". (C1)

In practice, we achieve the Cholesky factorization through the
truncated SVD decomposition

Cr =VDV' =VDVDVI =V'V", (C2)

where V and V' are d* x R isometries, D isaR x R diagonal
matrix, and +/D is its elementwise square root. The SVD
scheme is preferred in this work over the direct Cholesky
decomposition implemented in NUMPY, as the latter suffers
from numerical instabilities when the Choi matrix has nega-
tive eigenvalues that are zero up to numerical precision.

APPENDIX D: COMPARISON OF RANKS
FOR DIFFERENT APPROXIMATION SCHEMES

In this Appendix, we present additional data demonstrating
the increase in the Choi rank Ry of the superoperator acting
on all N = 4 sites as the number of time steps n, increases.
We provide a comparison of the ranks obtained using the
Trotter, Riemannian, and SP schemes, which were introduced
in Sec. V B. The comparison for the Kitaev model with 7 = 1
and R = 2 is shown in Table II.

Analogously, in Table III, we show the comparison of the
ranks when using the PSPL model with t = 1 and R = 10.

APPENDIX E: PARAMETRIZING THE TANGENT SPACE

The choice of the Riemannian metric, inducing an inner
product on the tangent space, determines the form of the
Riemannian elements. Thus, it might impact the performance
of the optimization algorithm. Therefore, in the next section,
we discuss the use of different tangent space metrics. To this
end, let us start this Appendix by following the procedure
outlined in [30] to derive parametrized definitions for the tan-
gent and normal spaces of the Stiefel manifold that will come
in handy both for the metric discussions and the numerical
implementations. We start by looking at the projection oper-
ator 7w : R™*? — St(n, p). This operation acts on an arbitrary
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TABLE II. Comparison of full Choi ranks for different approximation schemes using the Kitaev model for increasing number of time steps.

n. Trotter Riemannian SP first order SP second order SP third order
1 36 46 5 19 29
2 45 68 19 45 45
3 45 87 45 45 45
4 45 130 45 45 45
5 45 160 45 45 45

rank-p matrix ¥ € R"*? and projects it onto the closest point
on St(n, p),

7 (Y) = argmin ||%]|Y — X2,
XeSt(n,p)

(EL)

where || * || is the Frobenius norm induced by the Euclidean
inner product. Let us now look at the perturbed point 7 (X +
€Y),forX € St(n, p),Y € R"*7,and € € R a scalar. Since the
Stiefel manifold does not fill the entire R”*” space, there are
some directions Y that satisfy

7(X +€Y) =X + 0(?). (E2)

In other words, moving in the direction of Y does not take
(X 4+ €Y) away from X. We recognize the collection of
such directions Y as the normal space. Using this practical
definition, the tangent space can be defined as the orthogonal
complement of the normal space. Now, to find the concrete
parametrization of these spaces, let us first define the column
orthogonal complement of the isometry X € St(n, p) as the
matrix X, € R™ =) gsatisfying

XX 1"[XX(] =L, (E3)

XxX" +Xx.x! =1, (E4)

where I, is the n x n identity matrix and the side-by-side
stacking of matrices [AB] is a block matrix yielding a row vec-
tor with two matrix elements (A, B). Analogously, the column
vector [AB]” arises from the vertical stacking of the matrices.
We can use these relations to define the decomposition of an
arbitrary matrix ¥ € R"*?,

Y =XA+X,B+XC, (ES)

in terms of a skew-symmetric matrix A € RP*?, a symmetric
matrix C € R”*”, and an arbitrary matrix B € R"~P*?_This
important decomposition is used in Lemma 8 of [30] to prove
the relation

TX +e¥)=X +e(XA+X,B)+0(?).  (E6)

It then follows that using ¥ = XC we get n(X 4+ €XC) =
X + O(€?), and for a small enough |e| > 0, this yields

7(X +€XC) =X. (E7)

We recognize this expression as the definition of the normal
space.

Definition E1 (Normal space). Given an element X €
St(n, p) of the Stiefel manifold, the normal space NxSt(n, p)
at X is

N St(n, p) = {N e R"”*? : N = XC,C e RP**,C =CT}.
(E8)

Inspired by Eq. (E6), we can infer the form of the tangent
space vectors to be XA + X B, which yields the parametrized
definition of the tangent space.

Definition E2 (Tangent space: revisited). Given an ele-
ment X € St(n, p) of the Stiefel manifold, the tangent space
TxSt(n, p) at X is

TxSt(n, p) ={Z e R : Z =XA+X B, A € RP*?,
A+AT =0, B e R=PxP), (E9)

If we compare Egs. (19) and (E9), we realize the product X7 Z
in the former is exactly the skew-symmetric matrix A of the
latter, for Z € TxSt(n, p).

It is straightforward to verify that XA 4+ X, B is orthogonal
to X C under the Euclidean inner product

(XA+X,B,XC), = tr{(XA + X, BTXC} =0, (E10)

where we used tr(A7C) = 0. From the revisited definitions

TABLE III. Comparison of full Choi ranks for different approximation schemes using the PSPL model for increasing number of time steps.

n; Trotter Riemannian SP first order SP second order SP third order SP fourth order
1 256 256 7 38 96 190
2 256 256 38 241 256 256
3 256 256 145 256 256 256
4 256 256 241 256 256 256
5 256 256 256 256 256
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of the tangent and normal space, we can verify that at X €

St(n, p)
ar(¥) = U —XXT)Y + Xskew(X'Y) (E11)

is the projection of an arbitrary matrix ¥ € R™*” onto the
tangent space with the skew operator

skew(M) = 3(M —M"). (E12)
The first term comes from using Eqgs. (E3)— (ES) as
I-xx"y =x, X'y =X,B. (E13)

The second term uses Eqs. (E3) and (E5) to obtain XY =
A + C, followed by the skew operator defined in Eq. (E12) to
“pick” the skew-symmetric factor

Xskew(XTY) = XA. (E14)
Analogously, the projection onto the normal space is
@) =XsymX'Y)=5¥"X +X"Y) (E15)
using the symmetric operator
symA = 1(A+A") (E16)

that picks the symmetric factor sym(X”Y) = C. Finally, we
multiply by X, yielding the parametrization in Eq. (ES).
We can simplify Eq. (E11) to obtain a relation between my
and 77

X
ar(Y)=Y — E(YTX +XTY)=Y —ay(¥). (El7)

APPENDIX F: RIEMANNIAN CONNECTION AND METRIC

As we saw in Eq. (22), the Riemannian connection is a fun-
damental element in our second-order optimization scheme.
Here, we describe the relation between the Riemannian con-
nection V and the Riemannian metric Gy. Let V and V be
the Riemannian connections of the Euclidean space £ and the
Stiefel manifold St(n, p), respectively. By proposition 5.3.2 of
[8] we obtain the relation

VwZ =nr(Vw2), (F1)

for all W € Tx St(n, p) and 7 € X(X). The ambient Rieman-
nian connection V is given in Theorem 3.1 of [21] as

VwZ :=DZ(X)IW]+ Gx'KW, Z) (F2)

in terms of the differential map (a classical directional
derivative)

ZX +1tW) —Z2(X)

; (F3)

DZ(X)[W] = lin(l)
t—
and the Christoffel metric term K € £
KW, Z) := ;[(DGx[W])Z + (DGx[ZDW — X (W, Z)].
(F4)

The cross term X(W, Z) € £ in this expression is a bilinear
form such that for any vector field Z;

(XW, 2), Zy)e = (W, (DGx[Zo])Z).. (FS)

APPENDIX G: CHOOSING A RIEMANNIAN METRIC

Let us employ the parametrization and dimension counting
tools we have just described in Appendix E for the discussion
of the Riemannian metric choice. The Euclidean metric (-, -),
we have used thus far seems like the natural choice for a
submanifold of the Euclidean space. However, it turns out this
inner product does not weigh the degrees of freedom of the
Stiefel tangent space equally. To see this, let us look at the
Euclidean inner product of Z € TxSt(n, p):

Z,2). =ttATA+ uB"B =2 ZaZJ + 252

ij’

(G1)
i<j ij

where we have summed only over the upper diagonal for A.

We can see from this equation that the Euclidean metric counts

the degrees of freedom of A twice as much as the ones for B.

As shown in [20], an alternative metric is the canonical metric
defined for Z, W € TxSt(n, p) as

(Z, W) =uZ"(I - 3XX")W. (G2)

Using this metric, the independent coordinates of A and B are
weighted equally at every X € St(n, p):
LY T 2 2
(2,2)c = SuATA + uB"B = D oai+ ) b (G3)
i<j ij

So far, we have studied the Euclidean and canonical metrics.
However, it turns out these are not the only inner products that
induce a Riemannian metric on the Stiefel manifold. In [21],
a general formulation for the action of the ambient metric Gy
at X e St(n, p) is given by

GxZ =oao(l —XXZ + o1 XX Z. (G4)

For «g, «; > 0, this metric induces an inner product in
TxSt(n, p), and hence it induces a Riemannian metric in
St(n, p). The inverse matrix is
Gy'Z = i(ﬂ -xx"z + Lxxrz. (G5)
@0 a
Then, we conclude the metrics described thus far are spe-
cial cases of the general formulation in Eq. (G4), with
ap=0ay, =1and ap =1, o1 = % for the Euclidean and the
canonical metric, respectively. As anticipated, the specific
form of the gradient depends on the metric of choice. Using
Egs. (E11) and (GS5) we can rewrite the Riemannian gradient
expression in Eq. (20) as

grad f(x) = 77 (G~ 'grad f (x))
7 -1 _n -1
= grazf(x) + % 22% XX T gradf(x)
X gradf(x)" X
20[1 '

(G6)

As shown in Eq. (F1), the metric choice also affects the
Riemannian connection and, with it, the Riemannian Hessian
calculation. We can use Eq. (G4) to obtain the cross term in
Eq. (F4) for a point X € St(n, p) and tangent vectors Z, W €
Tx St(n, p) [21]:

XZ,W) = (a) —ag)ZWT +WZHX. (G7)
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Then, using Egs. (F1), (F2), and (F4), the general connection
for the Stiefel manifold is given by [21]

1
VW =DW[Z] + EX(WTZ +ZTw)

oy — o]

+ T —-xxX"Yywz" +zwhHX.

(G8)

Qo

APPENDIX H: PRODUCT OF ISOMETRY MANIFOLDS

In Eq. (38), we established the main cost function we seek
to minimize in this work, namely,

FX) = [xlle™ — S(X).

Since this function depends on m isometries, its domain is
not a single Stiefel manifold, but rather a product manifold:
St(ny, p1) x St(ny, p2) ... X St(ny,, pm). We will assume all
the individual manifolds are of the same dimensions and label
the Cartesian product as St(n, p)*”. We can then define the
cost function f as the map acting on this product manifold:

FoStn, p) " — R fX) - [xe”s —=SX),  HI)

with X e St(n, p)*™. The tangent space of a product manifold
is, in general, the Cartesian product of the individual tangent
spaces, but for our finite-dimensional tensors, it reduces to
the direct sum of them [36]. We will see what this means in
practice for our Riemannian gradient, Hessian, and retraction.

APPENDIX I: AN APPROPRIATE RETRACTION

Back in Definition 5, we introduced another of the corner-
stone concepts we employ in our optimization algorithm: the
retraction Ry. This is used within the trust-region algorithm
to define the first-order model in Eq. (25) and to generate the
next candidate at the Bth step in the optimization algorithm
XA+l = Rys(Z), with Z the solution of the inner iteration
in Eq. (26). As discussed in Appendix H, the tangent space
TxSt(n, p)*™ of the product manifold St(n, p)*™ results from
the direct sum of the individual tangent spaces. Therefore,
to implement a retraction from Z € TxSt(n, p)*™ onto X €
St(n, p)*™, all we need is to apply the retraction to each
pair (X, € X, Z, € Z) individually. The first-order retraction
for the Stiefel manifold used in this work is the canonical
generalized polar decomposition for any rectangular matrix
M e R™P,

M = XC, a1

in terms of an isometry X € R"*” and a positive-semidefinite
matrix C € RP*? [37]. Given the SVD decomposition of M,

M=UDV",
the isometry factor X is
X=UIL,,V", 12)

with I, , the first p columns of the n x n identity matrix.

APPENDIX J: BUILDING THE RIEMANNIAN GRADIENT

A central element for the trust-region method used in Al-
gorithm 1 is the Riemannian gradient of the function f from

Eq. (H1). As mentioned in Appendix H, the tangent space
of the product manifold is the direct sum of the individ-
ual tangent spaces. In practice, this means we can treat the
tangent vectors Z, living on the tangent space Ty St(n, p) at
X € St(n, p), as independent of the rest and concatenate them
to obtain Z € Tx St(n, p)*”™. Based on the arguments devel-
oped in Appendix G, we will employ the equitative canonical
metric in this work. Consequently, the Riemannian gradient
for every X e X takes the form

gradf(X) = gradf(x) + X grad f (x)" X. an

The ambient gradient grad (X ) coincides with the Euclidean
gradient in the above equation. As aforementioned, to obtain
grad f(X) € Tx St(n, p)*™, we will concatenate the m indi-
vidual Riemannian gradients; in other words, we will stack
them.

After using the ambient gradients together with Eq. (J1) to
obtain the Riemannian gradients, a further intermediate step
is the parametrization of the tangent vectors. As we saw in
Eq. (44), the tangent spaces Tx St(n, p) are parametrized by

DOF:%(Zn—p—l):mnp—%(p—i—l)

degrees of freedom. Therefore, we can store and manipulate
mnp — ZF(p + 1) parameters, instead of mnp. To achieve this,
we use Eqgs. (E13) and (E14) to obtain A and B for each
grad f (X ), respectively, retrieving the p(p — 1)/2 upper trian-
gular elements of A and stacking them on top of all p(n — p)
elements of B. For convenience, we reshape all the stacked
parametrized gradients into a vector of length DOF.

APPENDIX K: BUILDING THE RIEMANNIAN HESSIAN

The last missing piece in our optimization algorithm is
the calculation of the Riemannian Hessian. As we saw in
Eq. (25), this linear mapping from TxSt(n, p) to TxSt(n, p)
allows us to define an approximation of the cost function
f, which makes it a fundamental element of the trust-region
algorithm.

We have discussed the general form of the Riemannian
connection of the Stiefel manifold in Eq. (GS8). Using the
canonical metric GE’I/ 2], this becomes [21]

VW =DW[Z]+ iXW'Z+Z"W)
+ 3@ =XX"HWZ" +ZzwhHX. (K1)

Together with the Riemannian Hessian-vector product for Z e
Tx St(n, p) defined as

Hessf(X)[Z] = Vzgrad f(X), (K2)
we obtain the relation
Hess f(X)[Z] = Dgrad f (X)[Z] + $X [gradf(X)" Z
+Z"grad f(X)] + (1 — xX7)
x [grad f(X)ZT + Zgradf(X)T1X. (K3)

In order to compute the full Riemannian Hessian Hessf(X),
we take inspiration from the Euclidean counterpart, where
each column of the Euclidean Hessian Hy(x) is revealed by
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the Hessian-vector product with the basis vectors e, € R":
Hy(x) = Hy(x)eg.

Here, we will follow a similar approach, and generalize the
concept of a basis vector on R” by means of the coordinate
vector fields or elementary tangent directions on the tangent
space of a matrix manifold [8]. Using the canonical metric,
the elementary tangent directions are [30]

Ef, =X(E;j —Ej;). E;j Ej € R, (K4)

Ellj = XLE,‘]', E,’j € R(n—p)xp, (KS)

where E;; is a unit matrix defined as one at the element
(i, j) and zero everywhere else, for appropriate (i, j) index
values. We notice Eq. (K4) corresponds to the antisymmetric
component XA of the tangent vectors, so (7, j) should traverse
the p(p — 1)/2 upper diagonal elements. On the other hand,
Eq. (K5) corresponds to the arbitrary component X B, so the
indices (i, j) traverse all p(n — p) values. We define the flat-
tened index idx € [p(2n — p — 1)/2], and the corresponding
elementary direction E™!, such that

Ef ifidx < 22D,

EN = (K6)
Eg else.
Thus, for a single isometry X, we obtain the relation
Hessf (X )igx = Hess f(X)[EI]. (K7)

The classical directional derivative Dgradf(X)[Z] of the
vector-valued function gradf(X) is implemented through
the Jacobian-vector product. Once again, we take advantage
of the automatic differentiation capabilities of JAX, and in par-
ticular we employ the forward-mode differentiation function
jvp [29].

In order to accommodate this procedure to the product
manifold structure, we compute the (idx, o) element of the
Riemannian Hessian Hessf(X) using the tangent directions
constructed as the m-length list:

tangents = [O,xp, ..., ENN Ouxpls

where the only nonzero matrix is the ath element EU.
Then, each of the resulting elements from JAX.jvp is pro-
jected using the Riemannian connection in Eq. (G8) to obtain
the corresponding tangent vector in TxSt(n, p). We store the
corresponding parametrization on Hessf(X)idxo. To obtain
the full Riemannian Hessian, we repeat the process for all
o € [m] and idx € [p(2n — p — 1)/2], and reshape the Rie-
mannian Hessian into a DOF x DOF dimensional matrix.

(K8)

APPENDIX L: THE IMPORTANCE
OF A GOOD PARAMETRIZATION

In Appendix E, we discussed how to parametrize the tan-
gent spaces of the Stiefel manifold. Later, in Appendix G,
we used these ideas to derive expressions that showcase the
influence of the Riemannian metric in calculating the gradient
and Hessian. We now explore how the choice of the metric
affects the performance of the Riemannian optimization in
practice.
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FIG. 7. Comparison of the cost function for a final evolution time
of T = 0.5 and n, = 4 time steps, after 20 optimization iterations
using different combinations of metric G and elementary tangent
directions E; ; (see main text). The dark blue curve shows the choice
used in this work. (a) Optimization for the Kitaev model. (b) Opti-
mization for the PSPL model. The curve with 77 (E;;) is only shown
for 10 time steps as it reaches a saddle point early on.

To this end, we will carry our optimization scheme for
three different combinations of metric and elementary tangent
directions:

(1) Euclidean metric G!"'!! and a suboptimal elementary
tangent direction 77 (E;;), i.e., the unit matrix E;; projected
onto the tangent space.

(2) Euclidean metric G and the elementary tangent
directions (Ef, E[?) introduced in Egs. (K4) and (K5).

(3) Canonical metric G!'"!/?! and elementary tangent di-
rections (E}, E}).

Figure 7(a) shows the value of the cost function f(X#) for
20 iterations under the Kitaev model with n, = 4 time steps
and evolution time of T = 0.5. This comparison validates the
choice of the canonical metric as the Riemannian metric of the

Stiefel manifold since it clearly outperforms the optimization
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FIG. 8. Normalized approximation error as a function of the
number of iterations for both models, while varying the number of
time steps n,. (a) Normalized approximation error for the Kitaev
model, with t = 1 and R = 2. (b) Normalized approximation error
for the PSPL model, with T = 1 and R = 10.

using the Euclidean counterpart. This difference, as argued
in Appendix G, can be attributed to the correct weight as-
signed by the canonical metric to each degree of freedom
parametrizing the tangent space vectors. On the contrary, the
Euclidean metric assigns twice as much weight to the anti-
symmetric components, as shown in Eq. (G1). In addition,
the poor performance of the elementary directions w7 (E;;),
shown by the turquoise curve, confirms the importance of
choosing properly how to traverse the tangent space when
creating the Riemannian Hessian using Eq. (K7). In Fig. 7(a),
we also see that using this elementary direction results in a
fast convergence to a suboptimal local minimum.

However, it turns out the canonical metric is not always the
obvious choice. Figure 7(b) shows the cost function optimiza-
tion under the PSPL model and final evolution time t = 0.5
with a time step n, = 4. Contrary to the results from Fig. 7(a),
the comparison in Fig. 7(b) shows that the Euclidean and
canonical metrics yield very similar results when using the
same elementary tangent directions. Moreover, the Euclidean
metric even outperforms the canonical metric at some inter-
vals of the iterations.

APPENDIX M: EXPRESSIVITY VS ITERATIONS

In Sec. V A, we carried out the Riemannian optimization
using n; = 1 and 4 as the number of time steps for the PSPL
and Kitaev models, respectively. However, an important ques-
tion to ask when working with iterative optimization methods
is as follows: “How many iterations do we need for the al-
gorithm to converge to a minimum?” In this Appendix, we
will try to address this question numerically by looking at the
behavior of the cost function when increasing the number of
time steps. This dependence is particularly interesting to us, as
the degrees of freedom in the optimization grow linearly with
the number of time steps n., i.e., the number of time steps
increases the expressivity.

First, we look at the optimization with the Kitaev model,
using 7 = 1 and R = 2 (its natural Choi rank), and vary the
number of time steps n.. In order to compare the decrease
in the cost function for each value of n,, we look at the
normalized cost function trajectory

fXP)
f(X0)
The results shown in Fig. 8(a) provide insight to answer the
question we posed at the beginning of this Appendix. First,
we notice that by increasing the number of time steps, thus
increasing the expressivity, we can achieve a lower relative
approximation error. We also observe that all the curves con-
verge after less than 30 iterations. The curve with n, =1
shows the least improvement, as it reaches a plateau after only
5 iterations. While the curves for n, = 3,4, 5 all converge
around the same point, surprisingly, the optimization using
n, = 2 takes the longest to settle.

We repeat an analogous simulation using the PSPL model,
v =1, and R = 10. Compared to the Kitaev scenario, the
trajectories in Fig. 8(b) show that only the optimization using
the lowest number of time steps n, = 1 converges under 100
iterations. Even after decreasing the cost function over an
order of magnitude, the curves for n, = 3 and 4 still depict a
steep descent towards the final iterations. We can attribute this
behavior to the big parameter space induced by the high-rank
value R = 10, compared to the Kitaev rank R = 2, causing an
increase in the complexity of the optimization. By a similar
argument, we observe how the red curve corresponding to
n, = 4 exhibits the worse performance up to the 60th itera-
tion, as it requires more iterations to find a minimum.
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