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Abstract. In this paper we present time-dependent perturbations of
second-order non-autonomous abstract Cauchy problems associated to a family of
operators with constant domain. We make use of the equivalence to a first-order
non-autonomous abstract Cauchy problem in a product space, which we elaborate
in full detail. As an application we provide a perturbed non-autonomous wave
equation.

1. Introduction

Autonomous second-order abstract Cauchy problems, which are of the
form

(ACPQ) U(O) =,

for some (unbounded) operator (A, D(A)), which often occur in the context
of wave equations, have been studied intensively by several authors in the
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734 C. BUDDE and C. SEIFERT

past, e.g., Sova [44], Da Prato and Giusti [8], Fattorini [11], Neubrander [32],
Xio and Jin [54] as well as Xiao and Liang [53]. One can also find more infor-
mation in the monographs by Arendt et al. [4, Sects. 3.14, 3.15], Melnikova
and Filinkov [29, Sect. 1.7] or Vasil’ev and Piskarev [49]. In contrast to the
first-order problem, where (classical) solutions are given by Cy-semigroups,
one needs another solution concept for (ACP3), the so-called cosine and sine
families. Similar to the Hille—Yosida generation theorem for strongly contin-
uous semigroups, one can also characterize generators of cosine families, cf.
[4, Theorem 3.15.3], [29, Theorem 1.7.2] or [54, Theorem A]. The classical op-
erator theoretical approach to (ACP3) is to reduce these to first-order ones,
where one can apply the theory of Cp-semigroups. For a detailed overview
on Cp-semigroups, we refer for example to the monographs by Engel and
Nagel [9], Goldstein [12] or Pazy [35]. In [21], Kisy1iski gives an explicit cor-
respondence between generators of cosine families and strongly continuous
semigroups, see also [4, Theorem 3.14.11].

In contrast to the autonomous second-order problems, one has the non-
autonomous second-order abstract Cauchy problems of the form

u(t) = A(t)u(t), te (0,77,
(nACPy) u(0) = =,
w(0) =y,

for some fixed 7' > 0, where (A(t), D(A(t)))e[o,r) is a family of operators.
These non-autonomous second-order abstract Cauchy problems have been
studied first by Kozak [22-24] and later on by Bochenek [7], Winiarska [51,
52] and Lan [25], just to mention a few. The same idea as for (ACP3) helps
to reduce (nACP3) again to a first-order problem. Solutions of non-autono-
mous first-order abstract Cauchy problems have been studied exhaustively
by means of evolution families for example by Acquistapace and Terreni [2]
and Kato and Tanabe [18,46,47]. A semigroup approach by so-called evolu-
tion semigroups was firstly introduced by Howland [16] and later on studied
by several authors, e.g., Evans [10], Nagel [30], Nickel [33], Rhandi [31] and
Schnaubelt [39].

The goal of this paper is to establish a perturbation result for (nACPj).
Perturbation theorems for cosine families associated to (ACP3) have been de-
veloped for example by Piskarev and Shaw [36,37], Miyadera [43], Takenaka
and Okazawa [45] as well as Travis and Webb [48]. Also time-dependent per-
turbations have been studied, cf. [26,28,42]. We want to perturb (nACP3)
in a time-dependent way as it has been done for first-order non-autono-
mous problems by Rébiger et al. [38,40]. Especially, we want to cover time-
dependent perturbations of bounded type.

The paper is structured as follows. Section 2 consists of preliminary def-
initions regarding solutions of non-autonomous abstract Cauchy problems.
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The following Section 3 provides a relation between existence of fundamen-
tal solutions to first- and second-order non-autonomous Cauchy problems.
This can be viewed as a non-autonomous version of the generation theorem
of Kisynski in [21], cf. Theorem 3.4. Section 4 provides our main result re-
garding perturbations of second-order non-autonomous Cauchy problems, cf.
Theorem 4.2. The final Section 5 provides an example of a non-autonomous
wave equation.

2. Preliminaries on non-autonomous abstract Cauchy problems

Let X be a Banach space, "> 0 and (A(t), D(A(t)))ejo,r) be a family
of closed operators on X.
We make the following crucial assumption throughout this article.

AssumMPTION 2.1. The domains D(A(¢)) do not depend on time, i.e.,
there exists D C X such that D(A(t)) = D for all t € [0,T].

REMARK 2.2. It is noteworthy that Assumption 2.1 causes both re-
strictions and simplifications. In particular, we exclude wave equations
with time-dependent coefficients and Neumann-type boundary conditions
on L?(Q), where Q C R" is open and bounded with smooth boundary. How-
ever, one has well-posedness results from Kato by hand [17], even without
Assumption 2.1 [19,20] (however, the theorems in the constant domain case
are much easier to apply). Note that the assumption of constant domains
is regularly used in the literature, see for example [1,5,6], just to mention a
few.

We write A := Ap = {(t,5) € [0,T)%: t > s}.

2.1. Non-autonomous first-order Cauchy problems. Non-autono-
mous first-order abstract Cauchy problems are of the form

(nACP) {f’(t) = A(t)v(t), te(0,T],

where z € X.

DEFINITION 2.3. A function v: [0,7] — X is called a (classical) solution
to (nACP) if v is continuously differentiable, v(¢) € D for all ¢ € (0, 7] and v
satisfies (nACP).

The following solution concept is important for non-autonomous first-
order problems.

DEFINITION 2.4. A fundamental solution to (nACP) associated with
(A(t), D(A(1)))iepo,r) satisfying Assumption 2.1 is a family of bounded lin-
ear operators (U(t,s))(s)ea on a Banach space X satisfying the following
conditions:
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736 C. BUDDE and C. SEIFERT

(ULl) U(t,t)=1forallt€[0,T] and U(t,s)U(s,r)=U(t,r) for all (¢,s), (s,7)
€ A.
(U2) The mapping A > (t,s) — U(t, s) is strongly continuous on X.
(U3) U(t,s)D C D for all (¢,s) € A.
(U4) Fc(l)r all (t,s) € A and = € D one has that 2 5 U(t,s)r and aas Ult,s)x
an

exist

0 Ul(t,s)z = —=U(t,s)A(s)x.

0 U(t,s)x = A(t)U(t,s)r and 95

ot
Note that (U4) requires (U3).

REMARK 2.5. (a) Observe that a fundamental solution to (nACP) is
bounded in £(X), which follows from (U2), compactness of A and the uni-
form boundedness principle.

(b) Fundamental solutions of (nACP) as defined in Definition 2.4 are also
often called evolution families.

(2.1)

PROPOSITION 2.6. Let (U(t,5))¢,s)ea be a fundamental solution of
(nACP). Ifz € D thenv(t) := U(t,0)z defines a classical solution of (nACP).

PRrOOF. The statement follows easily from the properties (U1)—(U4). O

2.2. Non-autonomous second-order Cauchy problems. Non-
autonomous second-order abstract Cauchy problems are of the form

i(t) = A(t)u(t), te (0,7,
(HACPQ) U(O) =z,
u(0) =y,

where x,y € X.

DEFINITION 2.7. A function u: [0,7] — X is called a (classical) solution
to (nACP») if u is twice continuously differentiable, u(t) € D for all t € (0,7
and u satisfies (nACPy).

The solution concept of (nACPj3) is vastly more involved than this of
(nACP). In fact, it goes back to Kozak [24, Defs. 2.1, 3.1]. Note that our
definition is slightly different from the one of Kozak, see also Remark 2.9
below.

DEFINITION 2.8. A fundamental solution to (nACP3) associated with
(A(t), D(A(?)))tepo,r) satisfying Assumption 2.1 is a family of bounded linear
operators (S(t,s)),s)ea on X satisfying the following conditions:

(S1)(a) S(t,t) =0 for all t € [0,T.

(b) The mapping A > (t,s) — S(t, s) in strongly continuous on X.
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(c) For all z € X and s € [0,7] the mapping [s,T] > ¢t — S(t, s)x is
continuously differentiable, and (¢, s) — gt S(t,s)x is continuous with

0
Py S(t, s)ﬂz‘tzs = .

(d) For all x € D and t € [0,7] the mapping [0,] > s — S(t,s)z is
continuously differentiable, and (¢, s) — 593 S(t,s)x is continuous with

0
s

(S2) S(t,s)D C D for all (t,s) € A, for x € D the mapping A > (t,s) —
S(t,s)x is twice continuously dlfferentlable and

(a) gﬁ S(t,s)x = A(t)S(t, s)x.
(b) &, S(t,s)x = S(t, s)A(s)a.
(c) gt gsS(t s)x =0

S(t, s)x‘ = —.

t=s

(S3) For all (¢,s) € A and a? e D we have that 5sS(t,s)x € D and, more-

over, the partial derivatives at2 5s 9 S(t,s)z and 8322 gtS(t s)x exist and the
followmg properties hold:

(a) 2, 2 S(t,s)x = A(t) 9 S(t,s)r.
(b) 7, 2S(t,s)x = 2 S(t,s)A(s)a.
(c) The mapping A > (t,s) — A(t ) S(t,

5
Moreover, we call a fundamental solutlo (S(
additionally

(S4) For all (¢,s),(s,7) € A and x € D one has

)z is continuous.
t,5))(t.s)ea evolutionary if

(_888 S(t, s))S(s,T)w + S(t, s)aas
REMARK 2.9. (a) Note that our Definition of fundamental solutions is
slightly different from [24, Defs. 2.1, 3.1] in the sense that we do not assume
(t,s) — S(t,s)x to be continuously differentiable for all x € X in (S1), but
allow for the partial derivative gs S(t,s)x only for z € D in (S1)(d). Thus,
our definition is also different from the ones used in [7,13-15]. The reason
we adjusted the definition stems from [23, Theorem 4.1,5)] which seems to
be only possible for € D(B) instead of x € X there. In fact, the reasoning
in [23, Remark 4.2] does not apply for 5()95 S(t,s) in the topology of X, but
only in the topology of D(B) there.
(b) Moreover, in contrast to [7,13-15,23,24], we only define the funda-
mental solutions on A instead of [0,7]%, see also [22].

S(s,r)z = S(t,r)z.
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738 C. BUDDE and C. SEIFERT

LEMMA 2.10. Let (S(t,5)),s)ea be a fundamental solution of (nACPs)
in X. Then (S(t,5)),s)ea and (gt S(t,8))(t,s)ea are bounded in L(X).

ProOOF. Since (S1)(b)-(c) yield that the maps (t,s) — S(t,s)x and (¢, s)
— gt S(t,s)x are continuous on the compact set A for all 2 € X, we observe
that (S(t,5))(,s)ea and (gt S(t,5))(t,s)ea are pointwise bounded. The uni-
form boundedness principle then yields boundedness in £(X). O

PROPOSITION 2.11. Let (S(t,5))ts)ea be a fundamental solution of
(nACPs). If 2,y € D, then u(t) := — 2 S(t,0)z + S(t,0)y defines a clas-
sical solution of (nACP3).

PRrOOF. The statement follows easily from the properties (S1)—(S3). O

3. Existence of fundamental solutions: a generation type result

Let X be a Banach space, T' > 0, (A(t),D(A(?)))sc(o,r) @ family of closed
linear operators in X satisfying Assumption 2.1 with D C X dense. We will
further assume the following.

ASSUMPTION 3.1. There exists C' > 0 such that
1
o I-lae) < Fllag < Cli-lla)  (s,t €10,77).

We equip D with the graph norm of A(0) (equivalently, with the graph norm
of any A(t)) such that D is a Banach space.

It is worth to mention that the equivalence of the graph norms is an
assumption made regularly throughout the literature, see for example [41,
Remark 4.5], [50, Remark 4.2] and [3, Section 7], just to mention a few.

Moreover, the following regularity assumption on A(-) will be made.

ASSUMPTION 3.2. Assume A(-)z € C1([0,T]; X) for all x € D.

Note that the first-order non-autonomous abstract Cauchy problem
(nACP) is well-posed according to [9, Chapter VI, Def. 9.1] if Assump-
tions 2.1 and 3.2 are satisfied and every operator generates a contractive
Co-semigroup, cf. [17,19].

The following lemma will be useful in what follows. For two Banach
spaces Z, X we write Z C X if Z continuously embeds into X.

LEMMA 3.3. Let Z, X be Banach spaces, Z C X, B € L(X).
(a) Assume BX C Z. Then B € L(X, Z).
(b) Assume BZ C Z. Then B € L(Z).
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Proor. (a) Let (z,) in X, z € X, y € Z such that z,, - = in X and
Bz, — yin Z. Since Z C X we also have Bx,, — y in X. Hence, by conti-
nuity of B on X, we have Bx =y, so B: X — Z is closed and hence bounded
by the closed graph theorem.

(b) Let (z,) in Z, z € Z, y € Z such that z, - = in Z and Bz, -y
in Z. Since Z C X we also have z,, — z in X and Bz, — vy in X. Hence,
by continuity of B on X, we have Bx =y, so B: Z — Z is closed and hence
bounded by the closed graph theorem. [J

Let Z be a Banach space such that D C Z dense and Z C X dense. Let
(A(t), D(A(t)))iepo,r) in 2 := Z x X be defined by

A(t) = (A(()t) é) . D(A(t)=D:=Dx 2.

THEOREM 3.4. The following assertions are equivalent:

(a) There exists an evolutionary fundamental solution (S(t,s ))(me
on X of (nACP2) associated to (A(t), D).cjo.1) such that for all (t,s) €
we have

o S(t,s)X CZ, S(t,s)Z C D, (t,s)— S(t,s)x € Z is continuous for
all z € X,

o gt S(t,s)Z C Z, g; S(t,s)x exists for all x € Z and g; S(t,s)x =
A(t)S(t, s)x,

. aas S(t,s)x exists for allx € Z, gs S(t,s)Z C Z and (t,s) — aas S(t,s)x
€ Z is continuous for all x € Z,

o gt gg S(t,s)D C Z, gt g S(t,s)x exists for all x € Z and there exists
C > 0 such that || gt gs S(t,s)x||x < C|x|z for all z € Z and (t,s) € A.

(b) There ewists a fundamental solution (U(t,s))wsen on L(Z) of
(nACP) associated to (A(t), D)eio,1)-

PrOOF. We first prove the implication (b) = (a).
Define (S(t,5))(t,s)ea on X by

(3.1) S(t,s)x = mU(t,s) <2> , velX,
where m1: Z x X — Z denotes the projection on the first component. Hence,
S(t,s) € L(X,Z) and since Z C X we also have S(t,s) € L(X) for all (¢,s)
€ A. Since (U(t,s))t,s)en is strongly continuous on Z, also (t,s) — S(t, )
€ L(X, Z) strongly continuous.

Let us provide some useful formulas. First, we note that m . A(t) = m2|p,
where mo: Z x X — X is the projection on the second component. Second,
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for © € Z we have that A(s) (2) = (g) for all s € [0,7]. In particular, for
x € D we have A(s) (2) € D for all s € [0,T].

For x € Z we have (2) € D, so by (U3) we obtain S(¢,s)x € D for all

(t,s) € A. Moreover, t — S(t,s)z is differentiable and

gt S(t,s)x =m gt U(t,s) <2> = m A()U(t, s) <2> = mol(t, 5) <2> .

By (U3) we observe gt S(t,s)r € Z.
Let € Z. Then, by (U4), we have that U(t, s) (2) is differentiable with

respect to s and we obtain
O it s) (©) = —uit, )40 () = —ut,s) (©
Os ’ T ’ T ’ 0/°
Thus, gs S(t, s)x exists, gs S(t,s)x € Z and
0 0 0 x
D5 S(t,s)x =m s U(t, s) (m) =—mU(t,s) <0>
for all (t,s) € A. As (U(t,s))rs)ea is strongly continuous, also (t,s)
— gs S(t,s)x € Z is continuous for all z € Z.

We now show existence of the mixed derivative of (S(t, s))(,s)ea- First,

let z € D. Then, by (U4) and the above, we have that gs U(t, s) <2> is

differentiable with respect to ¢ and

gt ;S Ut s) <2> _— gt Ult, ) <§> — AU, ) <g>

Thus, gt 593 S(t, s)x exists and

gt (,i S(t,s)x = —m ARU(L, 5) <‘S> = moU(t, s) <§> .

By (U3) this shows that gt gs S(t,s)x e Z.
Let x € Z. Then (2) € D, so as above

gt S(t, 8)a = ml(t, ) <2> .
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As the right-hand side is differentiable with respect to t, g; S(t,s)x exists
and

g; S(t, )z = mA(U(L, 5) <2> — mA(t) @) Ut s) <2>

— A()mU(t, s) <2> — A(1)S(t,5)a.

Now, since (U(t,5))¢,s)ea is bounded on Z, there exists C' > 0 such that
[U(t, )| zz) < C for all (t,5) € A. Thus,

(3.2) S(t,s)r|| < Cllzlz

Haa
X

ot Os

for all (t,s) € A and x € Z. Let € Z and choose (x,) in D such that
Zn — xin Z. Then t — 593 S(t, s)x, is continuously differentiable for all n €
N and these functions converge uniformly to t — 593 S(t, s)x, by boundedness
of (U(t,s)),s)ea- Moreover, t — gt 593 S(t,s)x, is continuous for all n € N
and these functions converge uniformly by the estimate above. Thus, t —
593 S(t,s)z is continuously differentiable and (3.2) holds for all x € Z.

We are now ready to prove (S1)—(S4) similarly as in [22, Section 3] and
[23, Theorem 4.1].

(S1): We prove (a)—(d) step by step.

(a) For t € [0,T] we have U(t,t) = I and therefore S(¢,t) = 0.

(b) Strong continuity of (¢,s) — S(t, s) follows from strong continuity of
(t,s) — U(t,s) and continuity of 7.

(c) Let s € [0,7] and « € Z. Then (2) € D and (U4) yields that [s,T] >

t—U(t,s) <2> is continuously differentiable. Thus, also [s,T] > t +— S(t, s)x
is continuously differentiable, and by (U4) we compute

gt S(t, )z — gt Ut ) <g> — gt Ut s) <g>
— AU, 5) (2) — moU(t, s) (g) .

Now, for x € X we choose (z,) in Z such that z, -z in X. Then
t — S(t,s)x, is continuously differentiable for all n € N and these functions
converge uniformly to ¢ + S(t, s)x, by boundedness of (S(,5))(,s)eca- More-

over, t — {?t S(t, s)xy is continuous for all n € N and these functions converge
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742 C. BUDDE and C. SEIFERT

uniformly by boundedness of (U(t,5))s)ea- Thus, t +— S(t,s)x is continu-
ously differentiable with

gt S(t, 8) = mold(t, 5) <g> .

Since the right-hand side is continuous in (¢,s), we have that (¢,s)
gt S(t, s)x is continuous. Moreover,

o)

d) We have already established that 5’8 S(t, s)x exists for all z € Z and
(t,s) € A, and that

0
ot

S(t,s)x

x.

X

 Stte = -mate) (2).

Since the right-hand side is continuous in s, s+ S(t,s)z is continuously
differentiable with

efs St s)e = —mU(t,s) <§> '

Since the right-hand side is continuous in (¢,s), we have that (¢,s)
aas S(t,s)x is continuous. Moreover,

= —mU(s, s) (3) S—

(S2): We have already established S(t,s)Z C D, so since D C Z we have
S(t,s)D C D for all (t,s) € A.
Let x € D. By (U4) and the formulas at the beginning of the proof we

have that A > (¢,s) — U(t,s) (O) is twice continuously differentiable. Thus,

0

95 S(t,s)x

x
also A 5 (t,s) — S(t,s)x = mU(t,s) <2> is twice continuously differentiable.

For the second derivatives, with (U4) we compute:

(a)
0? 9? 0 o 0 0
12 S(t,s)x = P mU(t, s) <33> = 5 8tu(t’s) <33>

B ;mA(t)u(t, 9 <2> _ gtmu(t, 5) <2>
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— gtu@, 5) (g) — AU, 5) (g) — A(D)S(t, ).

(b)

552 A > Uit s) <2> — efsu(t’ s)A(s) <2>

This also yields the last assertion by (U1).

(S3): Let (t,s) € A and z € D. Then by (U4) we have gSS(t, s)r =
—mU(t, ) (g) e D by (U3).

Moreover, by (U4) we observe that g; 595 S(t,s)x and 59:2 gt S(t,s)x exist

and we can compute these derivatives:

(a)

0% o 0? x 0 x
52 s S(t,s)x = ~ o2 milU(t, s) <O> =~ T AU, s) <0>
x

= —gt ) <§> = —m A(U(L, 5) <O>

= A(t) (—mLI(t, s) (”5)) = A(t) (;93 S(t, s)a.

88322 gt S(t,s)x a&; moU(t, s) <2> T 0s mal(t, 5)A(s) <‘2>
_ _imu(t, 5) <0> = mald(t, ) A(s) <f§>
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744 C. BUDDE and C. SEIFERT

— mol(t, ) ( A(‘i)x> _ gt S(t,5)A(s)z,

where the last equality follows from (S1)(c )

(c) The continuity of A > (t,s) — A(t ) S(t, s)x follows from strong con-
tinuity of t — A(t)y for all y € D, contmulty of (t,s) — as S(t,s)x for all
x € D and the fact that 5’8 S(t,s)D C D.

(S4): Let (t,s),(s,r) € A and z € D. Then, by (Ul), we compute
6 6 . 1 0
(= g S(6.9)) Sl )+ 8(t.5) ) Sy = mtd ) (71 atsar) (1)

— UL, $)U(s, T) <g> — mU(t,r) (2) — S(t, ).

Let us prove the converse implication (a) = (b).
For (¢,s) € A and <3yv) € D x X we define

Ut, s) <‘”> ::< 2% (73)$+g(t,s)y >

Yy S(t,s)x+ 5, 5(t,s)y

1o}
S(t,s)  S(t.s) ) < )
= % & ' €ZxX.
< 8t Os S(t7 ) tS(ta S)
We first show that (U(Z, 5))(,s)ea can be extended to a family in £(Z).
Let x € Z. Then there exists (z,) in D such that x,, — x in Z. Since S(t, s)

€ L(X,Z) by Lemma 3.3(a), by (S2) and D C Z we have that the functions s
— S(t, s)x, € Z converge pointwise to s +— S(t,s)x € Z. Moreover, we have

0 0 Lo o
95 S(t,s)xy, = 95 S(s,s)xy, —i—/s 9% 9s S(7,8)x, dr

G )
——wn—i-/s ot 9s S(7,8)x, dr

for all n €N, by (S1)(c). By assumption, We have that the functions
t— gt gs S(t, s)wn converge uniformly to ¢ — g S(t,s)x. Thus, also the
functions t — g 9 S(t,s)x, € Z converge uniformly. Thus, ¢t — S(t, s)z is dif-
ferentiable. Lemma 3.3(b) now yields 2 5s S(t,s) € L(Z) for all (t,5) € A. As
gt gs S(t,s) € L(Z,X) for all (t,s) € A by assumption, we can continuously
extend U(t, s) to Z for all (¢,s) € A.

We now check (U1)—(U4).
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(U1): By (S1)(c)—(d) and (S2)(c), for (i) € D x X we obtain U(t, t) (i)

= (‘:5) for all ¢t € [0,7]. Thus, by continuity and denseness of D in Z,
U(t,t) =T for all t € [0,T].

Let (‘:5) € D x D and (t,s),(s,7) € A. By (S3) we have a S(s,r)x
D C Z, and S(s,r)y € Z by (S2). Thus, by (S4), we observe

|
Yo
—
—
|
P
n
—~
\‘PF
V2]
SN—
S—
n
Clb
=

)x—i—S(t s) 5 S
+( - E?S S( s))S(s )y + S(t,s

\_//-\

s (3,7")
)+ S(t,s) as S(s,r
(s,7) + S(t, s) S(s,r))
B 8S(tr)ulc—i-S 7)Y B .
N ( atZ{S(t r)z+ 5 S(t,r)y > =ut, )<

Since D x D is dense in Z and U(t,r), U(t,s) and U(s,r) are continuous,
we obtain the assertion.

< R
"

(U2): We show componentwise the strong continuity of (U(t,s))( s)ea-
To do so for the first component, let (‘Z) € Z x X, then

mU(t, s) <z> ("5) = ;S S(t, )z + S(t,s)y € Z.

By assumption on (S(t,5)),s)ea, We obtain strong continuity in the first
component.

Likewise, for (Zj

mold(t, s) <§> =— 00 S(t,s)x + 0 S(t,s)y.

) € D x X we observe that

ot Os ot

By (S2) we know that (¢,s) — S(t,s)x is twice continuously differentiable.

As we also assumed that || gt gs S(t,s)x||x < C|x|z for all z € Z and (¢, s)
€ A we also conclude the strong continuity of the first term. For the second
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term, (S1)(c) directly yields the strong continuity. Thus, we obtain strong
continuity in the second component.

(U3): Let (‘Z) € D and (t,s) € A. Then « € D and therefore gg S(t,s)x
€ D by (S3). Moreover, S(t,s)y € D by assumption, and {?t gs S(t,s)x € Z

and {?t S(t,s)y € Z by assumption. Hence,

e (3) = (g S s ) <2

Os

(U4): Let (fg

ously differentiable by (S2), and 8; b ! S(t,s)x exists by (S3). Moreover,

by assumption g; S(t,s)y exists and 2 8t2 S(t,s)y = A(t)S(t,s)y. Thus, we
observe that

) €D. Then A > (t,s) — S(t,s)z is two times continu-

au(t’s) <x>:< 88t%S( )m+8t5(t )y)
ot Y b 05 S(t:8)x + 5 S(t 5)y
exists, and by assumption and (S3)(a) we conclude
) <x> < 9 S(t,s)x + S( s)y )
U(t, s _ 82t ds %,
ot (t5) Y 52 S8t s)x+ 9. S(t,s)

_ gtg’S(ts)eratSts
-\ A1) E’SS(t s)x + A(t)

_ ( A[()t) é) U, s) ("5) — AU, $) <y> .

To show the other statement, we first let (i) € D x D. Then A > (t,s)

— S(t,s)r and A > (¢, s) — S(t,s)y are two times continuously differentiable
by (S2). Moreover, 8:2 5 S(t, s)x exists by (S3). Thus,

ot () = (g £
exists, and by (S2)(b) and (S3)(b) we conclude
;u(t,s) <:;>:< o, S(t, s)ﬂ:—l—asS(t s)y >

382 gtS(t s)x—i— 5s Cr,tS(t s)y

_ < —S(t,s)A(s)x + asS(t )y >
—gt S(t,s)A(s )x—i— 5s ot S(t s)y
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— U, s) < A‘()S) é) (;) = U(L5)Als) (;) .

T
Y

the sequence of continuous functions s — U(t, s) (yg; ) converge uniformly to

Now, let ( ) € D. There exists (y,) in D such that y,, — y in Z. Then

s—=U(t,s) (Z) by boundedness of (U(t, s)),s)ea- Moreover, the sequence of

functions ¢ — gg U(t, s) (me) =U(t,s)A(s) (;n) =U(t,s) (A?(Jg)x> converges

uniformly to s — U(t,s).A(s) <Z), since (U(t,5))(t,s)ea is bounded and s —

A(s)x is continuous. Thus, gg U(t, s) (i) exists and

863 Ult, s) @”) = U(t, s)A(s) <°;3> O

REMARK 3.5. If Theorem 3.4((a)) is true the statement in Proposition
2.11 can be extended to y € Z.

REMARK 3.6 (the Choice of the Space Z). (a) Let us consider the au-
tonomous case, i.e., let A be a densely defined closed operator and A(t) = A
for all ¢ € [0,T]. Then Z is the Kisynski-space given by

7 = {ZE eX: S )xe C’(A;D)}>

cf. [21] or [4, Theorem 3.14.11]. Note that in this case the space is uniquely
defined. In this case, A generates a so-called cosine family.

(b) For all t € [0, 7] let A(t) generate a cosine family. Then by [48], with-
out loss of generality we may assume that there exists (B(t))te[O,T] such that

B(t)? = A(t) for all t € [0,T]. Let us assume that (B(t)).cjo.r] satisfies As-
sumptions 2.1 and 3.1. Then, under some further assumptions, the space Z
can be chosen to be Z := D(B(t)) for some/all t € [0,T] (equipped with the
graph norm); cf. [22-24].

As we have seen in the above remark, in the autonomous case we have
an explicit description of the space Z.

CONJECTURE 3.7. Let (S(t,5)).s)ea be an evolutionary fundamental
solution on X of (nACPz) associated to (A(t), D(A(t)))ico,r)- We conjec-
ture that Z has the form

Z={zeX: S(, )z eC(A;D)}
equipped with the norm || - ||z given by

[zl := [lz]x + sup [A(¢)S(¢, s)z|x-
(t,s)eA
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4. A bounded perturbation type result

Let (B(t))ic[o,r] be a family of bounded operators on X. We first prove
a first-order non-autonomous bounded perturbation type result similar to [9,
Chapter VI, Corollary 9.20] which fits into our framework of fundamental
solutions.

PROPOSITION 4.1. Let (A(t), D(A(t))):ejo,r be a family of densely de-
fined closed operators on a Banach space X satisfying Assumptions 2.1, 3.1
and 3.2. Let (S(,8)),s)ea be an evolutionary fundamental solution of the
corresponding (nACP) on X and let Z be the space occuring in Theorem 3.4
such that for all (t,s) € A we have

o S(t,s)X CZ, S(t,s)Z C D, (t,s)— S(t,s)x € Z is continuous for
allx € X,

. gt S(t,s)Z C Z, g; S(t,s)zx exists for all x € Z and g; S(t,s)x =
A(t)S(t, s)x,

o gg S(t,s)x exists for allx € Z, (ri S(t,s)Z C Z and (t,s) — gs S(t,s)x
€ Z is continuous for all x € Z,

. gt E‘?g S(t,s)D C Z, gt E‘?g S(t,s)x exists for all x € Z and there exists
C > 0 such that || gt 595 S(t,s)z||x < Cllz||z for all x € Z and (t,s) € A.
Let (U(t,5)),s)en be a fundamental solution of (nACP) on Z := Z x X cor-
responding to (A(t), D(A(t)))tcpo,r). Let B(-) € C([0,T]; £(Z)). Then there
exists a fundamental solution (V(t,s))w,sea of (NACP) on Z corresponding
to the family of operators (A(t) + (t), D(A(t)))tefo, 1], where

(1) := <B?t) 8), t €[0,7).

PROOF. Firstly, by Theorem 3.4 we know that (U(t,s)),s)ea is indeed
a fundamental solution of (nACP) on Z=2x X. By [9, Chapter VI,
Cor. 9.20] there exists a family of operators (V(t,5))(,s)ea satisfying (U1)
and (U2). Moreover, we know that the variation of constants formula holds,
i.e., one has

@1) V(s (;) — Ut s) C) + / Ut ) (Vs 5) @) dr

= U(t, s) <i> + / tV(t,T)(r)L{(r, ) (;) dr,

forall z € Z and x € X. In order to show that (V(t,5)),s)ca is a fundamen-
tal solution according to Definition 2.4 we have to show that also (U3) and
(U4) hold. To do so, let (¥) € D := D x Z be arbitrary. Then U(t,s)(%) € D

T T
Y Y
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by the assumption that (U(t,s)) s)ea is a fundamental solution, cf. Defini-
tion 2.4. As (V(t,5))(s)ca is a family of operators in Z x X we obviously
have V(t,s)(D x X) C Z x X. Now, we observe that by the assumption that
B(-) € C([0,T); Z(Z)) and the explicit representation of the operators we
have (t)(Z x X) C {0} x Z C D x Z so that the integral term appearing in
the variation of constant formula (4.1) is in D x Z as well. This shows that
(U3) holds. For (U4), let (Z) € D. Then we have

gtv(t, ) <;j> = gtU(t, ) G) + gt /:Lf(t,r)(r)v(r, 5) <";> dr

z,{(t,t)(t)V(t, s) <x> —I—/t ;U(t,r)(r)v(r’ s) <§
9”)

where we have used Hille’s theorem. Moreover,

;Sm,s) <°;’j> - aas“(t 5) <;j> +§ /:V(t,r)(r)u(r, ) G) dr
— U 5) As) <‘;> e < > / t (;9 V(t, ) (nU(r, ) @”) dr
— U ) A(s) <°;“”> Vit <‘;> / U(r, s) <‘;> dr
— Ut 5)A(s) Cj) V(s <°;“"> / U(r, $)Als) @ dr
~n(; )

Hence, we conclude that there exists a fundamental solution of (nACP) cor-
responding to the family of operators (A(t) + (t), D(A(?)))tefo,1] according
to Definition 2.4. [

Now, by using Theorem 3.4 in combination with Proposition 4.1 we ob-
tain the following result.
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THEOREM 4.2. Let (A(t), D(A(t)))co,r) be a family of densely de-
fined closed operators on a Banach space X satisfying Assumptions 2.1,

3.1 and 3.2. Let (S(t,5))t.s)ea be an evolutionary fundamental solution of
(nACP3) such that for all (t,s) € A we have

e S(t,s)X CZ, S(t,s)Z C D, (t,s)— S(t,s)x € Z is continuous for
allx € X,

. gt S(t,s)Z C Z, g; S(t,s)z exists for all x € Z and g; S(t,s)r =
A(t)S(t, s)z,

. E‘?g S(t,s)x exists for allx € Z, E‘?g S(t,8)Z C Z and (t,s) — 595 S(t,s)x
€ Z is continuous for all x € Z,

o gt E‘?g S(t,s)D C Z, gt E‘? S(t,s)x exists for all x € Z and there exists
C > 0 such that || gt (ri S(t,s)x||x < C|x||z for all z € Z and (t,s) € A.

Let B(-) € C([0,T); Z(X))NC([0,T); Z(Z)). Then there exists an evo-
lutionary fundamental solution of (nACP3) on X associated to a family of
operator (A(t) + B(t), D(A(t)))tejo,1)-

PROOF. By the assumptions on the evolutionary fundamental solu-
tion (S(t,5))(,s)ea and Theorem 3.4, there exists a fundamental solution
(U(L,8))t,s)ea of (NACP) on Z :=Z x X. For t € [0,T] we define a family
of operators on Z = Z x X by

50~ () ).

By Proposition 4.1 we obtain a fundamental solution (V(,5))s)ea of
(nACP) on Z corresponding to the family of operators

(A®) + (£),D(A®)))eefo,1-
By using Theorem 3.4 again we conclude the result. [J

REMARK 4.3. We observe that we do not need any additional assump-
tion on (S(t,5))(,s)ea for Theorem 4.2 besides the ones already appearing in
Theorem 3.4. Hence, perturbation just relies on the continuity assumption
on the perturbing operators.

5. Example: Non-autonomous wave equation

Motivated by [15, Sec. 5], we consider the following perturbed non-
autonomous wave equation on L2(0, ) given by

G w(t,€) = alt) S w(t,§) + Bt w(t,€), t e (0,T], &€ (0,m),
(5.1) w(t,0) = w(t,7) =0, t € (0,7,

w(0,£) = p(£), ¢ €[0,7],

0 w(0,8) = (&), ¢ € o,7],
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where T > 0, ¢,1 € L2(0,7) and a: [0,7] — R is continuously differentiable
such that a(t) > 1 for all ¢ € [0, 7). Moreover, we assume that 3 € C*([0, T]
x [0,7]).

REMARK 5.1. Littman [27] has shown that the standard wave equation
on LP(R™) is well-posed if and only if p =2 or n = 1.

For t € [0,7], we define a family of operators (A(t), D(A(t))):ejo,r) on
X :=L2(0,7) by A(t) = a(t)Ap with dense domain D(A(t)) = D(4g) =: D,
t € [0,T], where

Aof =", D(Ag):={f € H*(0,m): f(0) = f(m) =0}

is the Dirichlet Laplacian. In particular, Assumption 2.1 is satisfied. Since
a is continuous, there exists C' > 0 such that a(t) < C for all ¢ € [0,T7], and
therefore by the assumption o > 1, we observe

1o < M- lagy < CIl- [l

for all t € [0,T], which implies that Assumption 3.1 holds. Moreover, as «
is continuously differentiable, Assumption 3.2 is satisfied as well.
Furthermore, we introduce a family of bounded operators (B(t)).c[0,7] by

B(t)f = ﬂ(t, )f7 le [O,T]

Then (5.1) has an abstract form of a non-autonomous second-order abstract
Cauchy problem

i(t) = (A(t) + B(t))u(t), te (0,T),
(5.2) u(0) = ¢,
w(0) = 1.

As elaborated by Henriquez and Pozo in [15], for n € N let z,: [0,7] — R,
(&) == \/fr sin(n€). Then (z,)ney is an orthonormal basis of L2(0,7) of

eigenfunctions of Ay corresponding to the sequence of eigenvalues (—n?),en
and the family of bounded linear operators (S(t,s)) s ea on L?(0,) defined
by

S(t,s)x := Zrn(t, 8) (z, zn) 2n,

n=1

provides a fundamental solution to the second-order non-autonomous ab-
stract Cauchy problem associated to (A(t), D(A(t))):c[o,7], where the func-
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tions 7, denote the solution of the initial value problem

r(t) + nla(t)r(t) =0, 0<s<t<T,
(5.3) r(s) =0,
r'(s) = 1.

< o<t
Note that we have |r,(t,s)| < Jalsn =m0

and | gt 5’8 rn(t,s)| < n for all (t,s) € A and n € N; cf. [15, (5.12)] as well
as [34]. By spectral theory,

D:{azeLzoﬂ Zn mzn oo}.

gt rn(t,s)| <1,| 5’8 ro(t,s)] <1

Let
Z :=Hy(0,7) ={f € H'(0,7) : f(0) = f(m) =0}

= {3: e L2(0,7) : in2<x,zn>2 < oo}.

n=1

The estimates on the r, imply that the hypotheses on (S(t,$))(,sea in
Theorem 4.2 are satisfied, due to uniform convergence of the series repre-
sentations. Note that these hypotheses are the same as those in Theorem
3.4((a)).

Since 8 € C}([0,T] x [0,7]) we easily obtain B(-) € C([0,T]; £ (X)) N
C([0,T); Z(Z)). Thus, Theorem 4.2 yields a fundamental solution to (5.2).
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