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PREFACE

To be invited to present the Weinblum Memorial Lecture is

one of the highest honors that can be bestowed in the field of ship

hydrodynamics, and I wou1d 1ike to thank the binationa1 Memorial Com-

mittee for selecting me to fo110w such eminent predecessors as John

Wehausen, Otto Grim and Takao Inui. A common feature, of the first four

1ecturers is that we had been associated with Georg Weinb1um, as friends

and co11eagues, for many years, Wehausen and I since he came to the David

Tay10r Model Basin in 1948, Grim since he returned to Germany as the

first Director of the Institut für Schiffbau in 1952, and Inui since

a visit to the Institut in 1960. This will not a1ways be the case, so

that it is important that those of us who enjoyed his warmth and inspira-

tion shou1d reminisce about the man and his accomp1ishments.

When he arrived at the David Tay10r Model Basin in 1948 at

the age of 51, he was a1 ready we11 known for his many pub1ications on

ship hydrodynamics. Soon he had many personal friends. John Wehausen,

Phi1 Eisenberg and I wou1d regu1ar1y stop at his office to take hirn to

lunch. We invited hirn frequent1y to our hornes in the evenings. When he

decided he needed to wa1k severa1 mi1es a10ng the highway from the 1abora-

tory after work, he had to dec1ine many offers of rides from passing em-

p10yees. He was very popu1ar.

Georg arrived at the David Tay10r Model Basin at an opportune

time when a relative1y young group, with 1itt1e previous experience in ship

theory, had been assigned to !tudy and perform research on almost all

aspects of ship hydrodynamics. His inf1uence was immeasurable. In a warm

and persuasive manner, with humor, insight and reason, he communicated

easi1y with all, from the Directors of the 1aboratory to the 10wliest

assistants. With his sound grasp of the fundamentals and his vast know1edge

of the literature, he served as a cata1yst for the research productivity of

his co11eagues.

His promotiona1 activities assumed severa1 forms. Most evident

today are the TMBReports that he wrote in which he indicated the state of
the art and what he considered to be the problems requiring investigation.

Another of his techniques was to invite the staff to his 1ecture on a topic

on which he fe1t we shou1d be more knowledgeab1e. I vivid1y recal1 two

...
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such lectures, one on hydrodynamic mass, the other on the Lagally theorem.
Curiously, although, in the first lecture, he waved aside as impossibly

large an inertia coefficient I had measured for an accelerating ship

model, and, in the second lecture, I was skeptical about the validity of

the Lagally theorem, the seed he planted took root and I have written
many papers on these two subjects in the succeeding thirty years.

On the subject of ship wavemaking, for which he was renowned,

he influenced many of the staff, not only by his published papers and
his TMBReports, but also by his personal inspiration. Then Hartley

Pond wrote an important paper on the pitching moment on a submarine near

a free surface, and William Cummins, in a milestone paper, generalized the
Lagally theorem to unsteady flows and applied it to study the force and

moment acting on a body of revolution moving under a train of surface
waves. His greatest success, in my opinion, was in interesting John We-

hausen in ship wavemaking, a field to which Wehausen and his students at
Berkeley have been making major contributions for over twenty years.

These were also productive research years for Georg Weinblum.
One work, in particular, with J. Kendrick and M.A. Todd, DTMBReport
840, November 1952, entitled "Investigation of Wave Effects Produced by a

Thin Body - TMBModel 4215," is closely related to the theme of the present

lecture. The aforementioned model was essentially a plank, thickened for
structural reasons to a length-to-thickness ratio of 40. It was designed
and tested in order to determine the effect of paint roughness on frictional

resistance. Weinblum obs@rved, however, that the measured resistance showed
indications of wave resistance, and that the thinness of the form offered
an unusual opportunity to test the Michell thin-ship theory. Hence, with
his assistants, he undertook to calculate the wave resistance of the model
from the Michell integral, a major task in pre-computer days. Although they

obtained satisfactory agreement with the residuary resistance, perhaps

of even greater significance is that their work has served as the basis for
testing refinements of ship wave theory in a 1975 paper by K.W.H. Eggers

and H.S. Choi at the First International Conference on Numerical Ship
Hydrodynamics, and the basis for trying a procedure for including

viscous effects in wave-resistance calculations in a 1980 Ph.D. thesis by

S.-V. Kang at The University of lowa.

...
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An area that he had promoted strongly was that of the behavior

of a ship at sea. After convincing the Director of the importance of this

field, he was dismayed to discover that it had been decided to invest

millions of dollars in the design and construction of a huge seaworthiness

facility. Although he was a firm believer in the need for experimental data

to confirm theoretical results, or to guide the development of a mathe-

matical model, his opinion was that a team of analysts could produce more

useful results at a fraction of the cost. He emphasized this by presenting

a paper, with Manley St. Denis, on the motions of a ship at sea, at the

1950 meeting of the Society of Naval Architects and Marine Engineers. St.

Denis continued in this field, pioneering with W.J. Pierson in developing

a theory for predicting ship motions in random seas. He also succeeded in

interesting Victor Szebehely in the phenomenon of ship slamming, on which

Szebehely continued to contribute for many years. These are two more

examples of the far-reaching consequences of Georgls inspiration.

I know of only one case where Georgls persuasive power failed.

St. Denis was studying for the Ph.D. degree at The Catholic University of

America. His adviser, Max M. Munk, was developing a "lump" theory of

turbulence at the time and wanted St. Denis to work in that field with hirn.

St. Denis, however, was not interested in turbulence, preferred to select

a problem on seaworthiness, and asked Weinblum to intercede for hirn. Georg,

of course, knew about Max Munk, the famous aerodynamicist, but feared

that the converse might not be true. Against his better judgment, he agreed,

but as he told me later, the meeting was a disaster. Munk showed no respect
.

for the stature and opinion of his eminent former countryman, and St. Denis

had no choice but to write a thesis on the lump theory of turbulence.

Many of the staff at the David Taylor Model Basin who came into

contact with Georg Weinblum during those years eventually departed to

become Directors of laboratories, (John Breslin of the Davidson Laboratory,

and Phil Eisenberg and Marshall Tulin of Hydronautics), or professors at

universities, where research in ship hydrodynamics is vigorously pursued.

In retrospect, it seems to me that the flowering of research and progress

in this field in the United States in the last few decades is, in a good

measure, attributable to his influence. The following quotation from a

paper on both added masses and the Lagally theorem, published in 1956 in the

.
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Journal of Fluid Mechanics~ expresses my sentiments:
IIWeare also pleased~ here~ to mention Georg Weinblum

of the University of Hamburg~ that most inspiring teacher,

who pointed out the power of the Lagally theorem and new

fi'elds of research for many of US.II

.

-
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IRROTATIONAL FLOW WITHIN THE BOUNDARY
LAYER AND WAKE

PART I

SOURCE DISTRIBUTION GENERATING THE IRROTATIONAL FLOW

INTRODUCTION

In a previous work [1], re1ationships between the f10w exterior

to a boundary 1ayer and wake, and the concept of displacement thickness

and source distributions which genera te the outer irrotationa1 f10w were

examined. Refinements of the source-distribution formu1ae of Preston

[2] and Lighthi11 [3] were presented for two-dimensiona1 and axisymmetric

bodies in a uniform stream. An experimental resu1t given by T.T. Huang

et a1 [4], that the pressure distribution of the irrotationa1 f10w contin-

ued into the region of the boundary 1ayer and wake is in good agreement

with the measured pressures in that region, suggested that this equiva1ent

irrotationa1 f10w might be usefu1 in severa1 current problems of ship

hydrodynami cs.

Many investigators have attempted to take the presence of the

boundary 1ayer and wake into account, in ca1cu1ating the wavemaking resis-

tance of a ship form, by thickening the body by its displacement thickness.

In the present approach, one seeks a source distribution which generates

the irrotationa1 f10w exterior.to the boundary 1ayer and wake, and then de-

termines the wave resistance associated with this source distribution.

App1ication to the Weinb1um-Kendrick-Todd form [5], which is essentia11y

a thin p1ank of 40 to 1 1ength-to-thickness ratio, reported in the Ph.D.

thesis of S.-~ Kang [6], showed that agreement with the measured residuary

was considerab1y improved by modifying the source strengths for the effects

of viscosity.

Simi1ar procedures are current1y being app1ied to the Wig1ey

parabo1ic ship form. For this app1ication, an extension of the analysis

in [1] to the case of a ship form is required. A1though, in general, it

will probab1y be necessary to use integra1-equation methods to determine

the equiva1ent irrotationa1 f1ow, the special geometry of the Wig1ey form,

-
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with its sharp bow, stern and keel and reetangular eenterplane, suggests

that a eenterplane souree distribution eould be assumed. Henee an exten-

sion of the "seeond-order" fonnulae of [1] to the ease of a ship form with
a eenterplane souree distribution was undertaken.

In the derivation in [1] for a two-dimensional seetion, advantage
was taken of the ex;stenee of a stream funet;on. Sinee a stream funetion

is not ava;lable for the ship form, the result for the two-dimens;onal
ease was reder;ved without use of a stream funetion, to serve as a gu;de for
the three-dimensional ease. These analyses are presented in the following.

Axial Souree Distribution for a Svmmetrieal Two-Dimensional Form
tt

We shall first eonsider a flow

about a symmetrieal two-dimensional body

in a uniform stream U in the direetion
w

of the body axis, ineluding the boundary

layer of thiekness 0, and the wake. Co-

ordinates parallel and normal to the surfaee will be denoted by (s,n) and

the eorresponding mean veloeity eomponents by (u,v). The eurvature of

the body profile K(s) will be assumed to be of the order of magnitude of
L-l, where L is the body length. Are length in the direetion of

;nereasing s ;s g;ven by h ds, where h = l+Kn.

We shall also em~loy a reetangular eoordinate system (x,y), with

the x-axis along the axis of symmetry of the body. The veloeity eomponents

in the x- and y- direetions of the irrotational flow exterior to the boundary

layer and wake will be denoted by U(x,y), V(x,y). The equation of the

given profile will be represented by y = f(x), that of the edge of the

boundary layer and wake (EBLW) by Y = g(x), and the slope angle Y by

tany = dfjdx. Then, as ;s seen from F;g. 1, we have the relations

'X XI

Figure 1
x

-g(x) = f(xl) + o(x,) eosYl' Yl = Y(xl) (1 )

x -x, = o(xl) sinYl' sl = s(xl) (2)
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The curvature K is given by

K = - dy/ds

It will be useful to eliminate xl from (1) and (2).

The Taylor expansion of f(xl) and eqs. (2) and (3) give

(3)

f(xl) = f(x) + o(xl) sinYl tany - ~
0(x)2 tan2y secy+...

which, substituted into (1), yields

g(x) = f(x) + o(xl)(cOSYl + sinYl tany) - ~
02 tan2ysecy+... (4)

But

O(xl)(cosYl + sinYl tany) = o(x)(COSy + siny tany)

+ (xl-x)[~x(OCOSy) + tany
~x

(osiny)]

= osecy + ooltany+...

where o' = do/dx. Then (4) becomes

1 2 2 3g(x) = f(x) + osecy t oö'tany - 2Ko tan y secy + 0(0) (5)

The equation of continuity in the (s,n) coordinate system is

~ +
a(hv) = 0as an

This gives for the normal velocity component at EBLW,v ,
e

(,
au(l+Ko)v = - J --- dn =e 0 aSl

dUe d
o(xl)as- + as- [ueol(xl)]

1 1

-
(6)
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where

u = u(s,o), v = v(s~o),e e

o
o = J (1 - ~) dn

1 0 ue

But

du du du
~ = ~ eos y - 'e dx ( K

.
dS1 dX1 1

- dx dX1 eosy + oSlny tany+...)

and, from (2),

dx
= 1 + Ko - 0' siny + 0(02)

dX1

Then

du du
dse = dxe (eosy + Koseey - o'siny eosy+...)

1
(7)

Similarly

~s [ueo1(x1)J = ~s [ue(ol + 00, siny)J
1 1

~ (eosy + Koseey - o'sinyeosy) ~x [ue(ol+oo, siny)J (8)

Then (6) beeomes #

du
v seey::: [-0 d

e + d
d

(u 0
l )J(l + Kof,2-0'siny) +

d
d

(u oo
l
'siny) (9)

e x x e x e

Let us assurne that the irrotational flow is genera ted by an

axial souree distribution M(x). Then we have

+V (x,o ) = 1TM(x) (10) -
where 0+ indieates that y~ through positive values.

and

Sinee V = - U
Y x'

+ +
Vyy(x,o ) = - Vxx(x,o ) = - 1TM"(X)
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the Tay10r expansion of V(x,g) yie1ds

. 1 1 1 2
M(x) =;

TI
V(x,g) + -; gU~ +

"2 9 M"
( 11)

in whieh Uo = U(x,o), and the primes denote differentiation with respeet
to x.

At EBLW, the ve10eity veetors (u ,v ) and (U,V) eoineide ande e
we have the relations

u easy - v siny 1= U(x,g)e , e
(12 )

V(x,g) eosyr- U(x,g) sin~ = ve (13 )

The Tay10r expansion of U(x,g) gives

U(x,g) 1 2= U + g(U )0
+ _

2 9 (U ) +...o Y yy 0 = U + 9(V) - _
2
1 g2Uo"+ . . .o x 0

= U + TrgM' - _
2
1 g2U " + 0(g3)o 0

(14 )

whieh, substituted into (13), yie1ds

V(x,g) = Uof; + veseeY1 + (TrgM' - i lu~) tanY1+ ... (15)

The Tay10r expansion of f, = ~ny1 gives

f, = f' + Cf" siny + 0 siny(O'f" siny +
Cf,,2 eos3y +

%
f"l siny )+.,

Substituting this into (15) and app1ying (5) and (11) gives

TIt1(x) = ~x (Uof) + Uoo siny(f" + o'f" siny + Ofll2 eos3y +
~

f'll siny)

eS
") 2

+ Ulo (seey + o'fl + - f" sinL )- .9 (U" f' - TIM")+ v seey
o 2

y
20 e 1

+ TIM' [ffl + Of' seey + oo'fl2 + o2f'fll(1 + i sin2y)+ off" siny] (16)

-
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We still need to determine ve seeyl' Sinee

seeyl = seey.(l + of" sin2y eosy) + O(i)

we have, by (9),

Ve seey1 = [-ou~ + ~x (ueo1)](1 - o'siny) + 0(03) (17)

Here ue and u~ are required to first order on1y. From (12) and (14), we

get

Ue = ueo + ueo of" si n2y eosy - 1
g2U~ seey + Ve tany 1 + O(i) (18)

where

Ueo = (Uo + ~gM') seey
(19 )

Here the faetor g2 is retained sinee its derivative may be of first order.

Substitution of ueo into (17) then gives, eorreet to first order,

ve tany 1 = .: oU~o siny + sil1f ~x (ueoo1) + 0(02)

and henee (18) beeomes, to terms of first order,

Ue1 = ueo + ueoof" Si~2y eosy - ~
g2

U~ seey - oU~o siny

+ siny ~x (ueoo1)
(20)

Then, from (17), we obtain

ve seCyl = - oU~l +
~x (ue10l) + o'siny[ou~o - ~x (ueoo1)]

+ 0(03) (21) -
and ve seeY1 is given by (19), (20), and (21).
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Equation (16) for M(x) is not yet in explicit form since MI and

M" appear in its right member, as well as in the expression (21) for ve
secY l

through the quantity u . These derivatives can be determined in the
eo 2fol10wing manner. Put M = M + 0(0) = Ml

+ 0(0 ) and MI = M' + 0(0) =
200

M, + 0(0 ). Then, from (16), we obtain

TIM = U f'
o 0

from the derivative of (16),

TIM' = U f" + 2U'f' + TIM'f,2
o 0 0 0

or U fll + 2UIf I

TIM' = 0 0 (22)
o

l-f'
2

and from the second derivative of (16),

TIMII= U fll' + 3U'fll + 3U"f' - f,2(Ullf' -TIM") + 2TI~1I1f,2+ 3TIM'f'f"
00 0 0 0 0 0 0

TIMII =
o

U fll'+ 3U'fll + 3Ullf'000

1-3f,2

Ullf,2 + 3TIWf'fll
o 0 (23)

or

Next, we obtain from (16),

TIM' = TIM' -+ {U (0 flll sirry + 0 fll2 COS3y + 20'fll siny + o" secy)
1 0 01 1 1 1

#

+ 2U'(0 f"sirry + olsecy) + UII(h-gf,2)+TIM' (hfll + 20'f'secy + 20 f'f"sinY)01 1 01 0 I 1 1

+ 2TIM~hf}/(1-f,2) (24)

where h, = f + 01 secy, and we may take 9 = f + osecy. The source distri-

bution (16) then becomes

d(Uh1)
23 0TIM(x) = 0 + U osiny(o'fllsiny + Cf" cos y + - f'lI siny) + U'O(O'f'~x 0 2 0

-

+ i fllsin2y) _1 U"g2f' + TIM'[-00'- 02f'fll(1 _1 sin2y) + 0 (olsec'\
2 2 0 0 2 1

+ 2Of'fll + ffllsiny) + o,gsecy] + TIt~,h1f'+ 'ITM~g[t- ~o -01) secY] (25)



12

In deriving (25), it was not assumed that f', fit and f'll are

smal1. If some of these quantitles are small, then many of the terms of

(25) may be omitted. Except near the body extremities, these quantities

would usually be small, and, in fact, of order 63, and (25) would reduce

to

M(x) = 1
d
d [U (f + 0

l
seey)] + 0(03)

TI X 0
(26)

ln agreement with [1].

Derivation for a Thin Ship Form

Procedures similar to those for the two-dimensional ca se will

now be applied to derive a second-order approximation for a centerplane

source distribution for a ship form. Although no explicit assumptions

are made concerning the smallness of various dimensions and angles, until

a resu1t free of such assumptions has been obtained, the procedures used

imply certain restric~1ons. Truncation of Taylor expansions in powers of

g(x,y), the distance from the centerplane to the edge cf the boundary layer

and wake, can be exoected to give a good approximation only if 9 is small

relative to the body length. This requires that not only the body but also

the region bounded by the EBLW must be thin.

Nor could one expect that a solution in terms of a centerplane

distribution could give a good approximation for a ship form with a blunt

bow or stern, large curvature at the turn of the bilge, and a flat or

nearly flat bottam. For s~eh forms, however, a distribution on the hull

surface should be sought. The primary application of the present work

will be to mathematical ship forms which are serving as research vehic1es.

Geometrie consideration

A double ship form is defined by the equation

z = ~ f(x,y) (27) -

Here (x,y,z) are coordinates of a right-handed rectangular, cartesian

coordinate system with the x- and y-axes in the centerplane, the x-axis



13

at the undisturbed level of the free surfaee, and the y-axis vertical, posi-

tive upwards. The z-axis is then horizontal.

Weshall also require a right-handed, eurvilinear, surfaee-
related, orthogonal eoordinate system (s,t,n), where n denotes distance

in the direction of the outward normal to the hull surface S, (23), and

n = 0 on S. Such a coordinate system is generated only by the lines of
prineipal eurvature on S.whieh define two families of orthogonally inter-

secting eurves. The developable surfaees generated by the normals to S
along these curves,

s(x,y,z) = eonst., t(x,y,z) = eonst.

together with the surfaees n = eonst., form the desired orthogonal coordi-
nate system; see referenees [7J and [8J. Let hl ds and h2dt denote elements

of are in the directions of increasing sand t, and put Hl = hl(s,t,o), H2=
h2(s,t,o).

Let kl(s,t,n) and k2(s,t,n) denote the principal curvatures of

the developable surfaces s = eonst. and t = const., and put Kl = kl(s,t,o),
K2 = k2(s,t,o). Let K3 and K4 be the principal curvatures of S corresponding
to the direetions of inereasing sand t. Then, as is shown in [7J, we have

the relations

hl = Hl(l + K3n), h2 = H2(1 + K4n) (28)

.

Kl = kl(l + K4n), K2 = k2(1 + K3n)

1 ahl
h at = Hl K2

2

( 29)

1 ah2

hl as = H2Kl, (30)

Let t.. denote the matrix of direction eosines relating the
lJ

two coordinate systems, where i = 1,2,3 refer to the x, y, z axes and

j = 1, 2, 3 refer to the s, t, n axes, respeetively. We shall require

the well-known relations

-

tijLik = 0jk' tijtkj = °ik (31)

Eijktj~tkm = Etmntin (32)
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Here the convention that a repeated index implies summation is emp1oyed,

Qij is the kronecker delta, and Eijk is the permutation tensor, Eijk = 0
if i,j,k are not all different, and if i, j, k are different, E. .k = + 1

lJ -
according as i, j, k are in cyclic or countercyclic order.

1n the present system of parallel coordinates, the direction eosines

tij are independent of n, and are given by their values on S. The derivatives

of ~ij with respect to s or t along S can be obtained from a formula due

to Rodrigues [9]. If n and ~ denote unit vectors along the normal and
along the tangent to a line of principal curvature of curvature K, respec-
tively, and adenotes arclength along this line, then the formula of Ridriques

is

dn = K ~da
(33)

For the surface Sand the line of principal curvature of parameter s, this

gives, for example,

a~13
H as = Ds~13 = K3tll,

1

_ a a
Ds - ~ll äX+ ~2l ay

and
a,Q,13

H at = Dt,Q,13 = K4,Q,12'
2

a a
Dt = ,Q,12ax + t22 ay

For the developable surface s =
similarly yields

constant, of curvature Kl' the formula

#

Dt,Q,l1 = K1,Q,12

In this way, one can obtain the resu1ts for D ,Q,.. for j = 2 and 3, and
s 1J

for Dt
,Q,.. for j = 1 and 3, given in Tab1es 1a and 1b. The procedure

lJ

Tab1e la Ds,Q,ij Table lb Dt,Q,i.
j

1 2 3 \j 1 2 3 -
1

1 -K2R.12-K3R.13 K2,Q,n K3tll 1 Kl,Q,12 -Kl,Q,11-K4R.13 K4,Q,12

2 -K2,Q,22-K3,Q,23 K2,Q,21 K3,Q,21 2 K1R.22 -Kl,Q,2l-K4,Q,23 K4,Q,22

3 -K2R.32-K3,Q,33 K2,Q,31 K3,Q,31 3 K1,Q,32 -K1R.3l-K4,Q,33 K4,Q,32
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The procedure for deriving

trated by the case Dst21.

Dst21 = Ds(t13t32-t12t33)

the other values in the tables will be illus-

We have, by (32) and (33),

= K2(t13t31-tllt33)+K3(tllt32-t31t12)

= -K2tZ2 - K3t23

We see from (33) that the curvature is given by the scalar

product

- dnK = o.
d 0

We then obtain from the tables

Kl = ti2Dttil' K2 = tilDsti2' K3 = tilDsti3' K4 = ti2Dtti3 (34)

in which the repeated index implies summation over i = 1, 2, 3.
The derivatives of t.. with respect to x or y can also be obtained

lJ
from the foregoing tables. These are given as the solutions of the pair

of linear equations

D t.. =
S 1 J

t
ll

L. + t
21t. .

lJX lJY

Dt
t.. = t

12
t.. + t

22
t. .

lJ lJX lJY

Since tllt22 - t12t21 = t33, these yield

t
_ t22Dstij - t21Dtt~j

ijx -
t33 '

t
ll

Dt
t.. - t 12D t. .

L. = lJ S lJ

lJY t33
(35)

Their values are given in Tables 2a and 3a.

TAßlE 2a t
33

t. .
~-~

2

Kltllt21+K2tllt22+K4t13t21

Klt~1+K2t21t22+K4t23t21

Klt31t21+K2t31t22+K4t33t21

3

K3tllt22-K4t12t21

K3t21t22-K4t22t21

K3t31t22-K4t32t21
.

1
Klt12t21+K2i12t22+K3t13t22

-(Klt~2i21+K2t~2+K3t23t22)

-(Klt32t21+K2t32t22+K3t33t22)

i
.,

2

3



TAßlE 2b ~33~ijy
i 2
1 Klt12tll+K2t12+K3~13~12 -(Kltll+K2~11~12+K4~13~11

2 Kl~22tll+K2~22~12+K3t23~12 -(Kl~21~11+K2t21~12+K4~23tll)
3 Kl~32tll+K2t32~12+K3~33~12 -(Kl~31~11+K2t31t12+K4~33tl1)

16

K4~12~11-K3~11~12

K4~22~11-K3~21t12

K4t32tll-K3t31t12

Put f = af/ax and f = af/ay. Since direction numbers of thex y
normal to S are (-f , - f , 1), we havex y

= _ _ _ 2 2
-1/2

fx t13/t33, fy - -t23/t33, t33 - [1 + fx + fy ] (36)

We shall assume that f/l

t23, t32, t31, t13, t12,
of the body.

The equation of the surface S'

wake about S will be denoted by

is small of the first order, but that fx and fy' and

t21 may not be small. Here l denotes the length

bounding the boundary layer and

z = g(x,y) (37)

If the normal at (xl' Yl' fl) of S passes through (x, y, g) of S', its
length is 0, and we have the relations

x-xl

(t13) 1

Y-Yl
=

(t23)1

g-fl
= o(xl'Yl)= (L,,,),

(38)

.

We shall assume that oll and g/l are also quantities of the first order.

Velocity fields
let u(s,t,n), v(s,t,n), w(s,t,n) denote the velocity components

in the directions of increasing s, t, n within the boundary layer and wake.

In this coordinate system, the equation of continuity is -

o
= J

o

o a(uh2) a(vhl)
(hlh2) _ we = - J [

~~ + ~~
] dn

n-o 0

[H2(1+K4n) ~s (ue-u)+Hl(1+K3n) ~t (ve-v)-H2(1+K4n)ues

-Hl (1+K3n)vet+H1H2Kl (1+K3n)(ue-u)+H1H2K2(1+K4n)(ve-v)

-H1H2Kl(1+K3n)ue-H1H2K2(1+K4n)ve]dn
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in which (30) has been applied. Hence we obtain, to terms of second order,

we[1+(K3+K4)0] = Uoo(Dsol+Dt02+Klol+K2°2)-0(Dsue+DtVe+Klue+K2ve)

~
~

02(K4DsUe+K3DtVe+K1K3ue+K2K4ve)

( -2 -2 -2 -2)+ UooK4Dsol + K3Dt02 + K1K301 + K2K402 (39)

where u , v , w denote values of u, v, w at n = 0,e e e

°
01 = f

o

u -u
~dn,

Uoo

2 ° u -u ° v-v
61 = f -TI-- ndn, 02 = f -ij--dn

o 00 0 00

2 °
v -v- e

02 = f -u- ndn
o 00

(40)

subscripts s, t denote derivatives with respect to s or t, and all quantities

are evaluated at (xl'Yl).
Let U, V, W denote the x, Y, z - components of the irrotational

velocity field exterior to SI. At S', we have

we = ~13U(x, y, g) + ~23V(x, y, g) + ~33W(x, Y, g) (41)

ue = (~22U - ~12V + ~31 we)/~33 (42)

ve = (~llV - ~21U + ~32we)/~33 (43)

in which the ~ij are evaluate~ at (xl'~') and U, V, W at (x,y,g). Equations

(42) and (43) can be verified by apply;ng (32).

We shall assume that the disturbance potential ;s generated by a

centerplane source distribution M(x,y), and that M is of order O(U olL). Then
00

we have

+
2nM(Xl'Yl)= W(xl 'Yl'O ) (44)

All quantities, except U,

been expressed in terms of xl' Yl.
means of Taylor expansions, such as

V, W in (41), (42), and (43), have

The latter can also be so expressed by
-

1 2U(x,y,g) = Uo + (x-xl)Uox + (y-Yl)Uoy + gUzo + 2 [(x-xl) Uoxx
2 2+ (Y-Yl) Uoyy + 9 Uzzo] + g(y-Yl)Uyzo + g(x-xl)Uzxo+(x-xl)(Y-Yl)Uoxy+...
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where Uo = U(xl,yl,o), subseripts x, y, z indieate partial differentiations
with respeet to the variable, and the derivatives are evaluated at (xl'Yl'o).

Sinee the flow due to the souree distribution is irrotational and harmonie,
we have

U = W = 2TIM U =zo ox x' zzo Uoxx U = _ 2
OYY - v Uo' ete.

Applying these and equations (36) and (38) in the Taylor expansions, we

obtain, to 0(02),

U(X,y,g) = Uo + Ul + U2, V(X,y,g) = Vo + Vl + V2

where Vo = V(xl, Yl' 0),

Ul = 0(~13Uox + ~23UOY)' Vl = (~13Vox +~23Voy)

U2 = 2TIMxg+ 1 02(~Y3UoXX + ~~3Uoyy + 2~13~23UOXY) - ~2v2uo

1 2 122
V2 = 2TIMyg + 2 0 (~13Voxx + ~23Voyy + 2~13~23Voxy) - 29 v Vo

(45)

(46)

and

W(X,y,g) = 2TIM - 2TIO~33(fxMx+ fyMy) - g(Uox + VOy)

- gO(~13v2Uo+ ~23v2Vo) (47)

Sinee, hereafter, all quantities are funetions of xl' Yl' the subseripts of

x and y will be omitted.

Equation (39) will now be simplified. We have, by (42) and

Tab1e 1,

~2 1 ~ ~
Dsue = U(K2

___
- K 31 22)

~23 3 ~3j
~ ~ ~ ~

V(K -1l _
K 12 31) - w (K ~ +2 ~33 3 ~3§ e 2 ~ 33

-
~2 ~ ~ ~

K + K ~) + ~ D U - ~ D V + ~ D w
3 3 ~§3 ~33 s ~33 s ~33 s e

(48)
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and simi1ar1y

i ii i ii i
D v = V(K ~ - K 32 11) _ U(K ~ _ K 21 32) - w (K -IL +tel i33 4 i3~ 1 i33 4 i3~ e 1 i33

i2 i i i

K +K ~) + -Il D V - ~ D U + ~ D w
4 4 i3~ i33 t i33 t i33 t e

(49)

Hence, expressing Ds and Dt in terms of derivatives with respect to x and
y, app1ying properties of the i.., and again using (42) and (43), we obtain,

lJ
from (48) and (49),

i31 i32
Dsue + Dtve = - (K1+K3 ~)ue - (K2 + K4 ~)ve-(K3+K4)we

33 33-:

2+ Ux + Vy - i13wex - i23wey + 0(0 ) (50)

Simi1ar1y, we obtain from (48) and (49), by also using (41),

K4Dsue+K3Dtve = - K1K3ue - K2K4ve

i i i i
+ K (~D U - ~ D V) + K (-11 D V - ~ D U) + 0(0) (51)

4 i33 s i33 s 3 i33 t i33 t

Substitution of (50) and (51) into (39) then yie1ds

11.31 11.32

we = U,,JDso1 + Dt02 + K101 + K202) + 0[K3
11.33ue + K4 11.33 ve + 11.13VJex

02 .
i23wey - Ux-Vy] + 211.33[K4(11.12DsV- 11.22DsU)+K3(i21DtU-11.11DtV)]

( -2 -2 -2 -2) ( 3) ( )+ UooK4DSo, + K3Dt02 + K1K301 + K2K402 + 0
°

52

Put, for the terms of we of 0(0),

i31 i32
we1 = U [(K1+Ds)01 + (K2+Dt)02] + 0(K3 ~ ueo+K4 ~ veo-Uox-VOY

) (53)
00

33 33 -
vJhere

ueo = (11.22Uo - 11.12Vo)/11.33'veo = (i11Vo - i21Uo)/t33 (54)
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Also, for the terms of u and v of 0(0), by (42), (43) and (45), we havee e

i3l
U

el = - o [i 22
f Uo + i 22f U - i 12f V - i 12f V ] + n-- w 1x x y oy x ox y oy h33 e

i32
vel = - o[illfxVox + illfyVOY - i21fxUox - i21fyUOY] + ~ wel

(56)
33

In (52), terms of 0(02) may be neglected in the factor of 0, and of 0(0) in the

factor of 02. Thus, by (45) and (46), U in the factor of 0 may be replacedx

(55)

by

U ~ U + Ul
+ 2nf M - gf v2U

x ox x x x x 0

with a similar expression for V. The terms We and w also cannot bey x ey
simply replaced by w

l and w 1 since the derivatives of 9 yield thee x e y
derivatives of f, which are of lower order. These additional terms can

be obtained by considering the derivative of equation (52). For example, we

have, by (45) and (46),

w = - ~ (U + V ) + = - ~ (U + U ) +
ex U xx xy . . . U xx yy . . . .

21 22 2 22= ov (-2 9 v U ) + ... = o(f + f )v U + ...o x y 0

in which only the additional terms of 0(0) are displayed. Similarly,

.
w = o(f 2 + f 2)v2V +ey x y 0

Hence, after combining the additional terms, (52) becomes

i31 i32
we = wel + 0(K3 ~ ue1 + K4~ vel + i13welx + i23Wel y - Ulx-Vly )

33 33

l+ ~ [K3(R'21DtUo - ill DtV0) - K4(i22DsUo - i12DsV0)]
33

( -2 - -2 -2 -2)+ UooK4Dsol + K3Dt02 + K1K301 + K2K402

+ o[f + 0(2i
33 - +-)](f;U + f ;V )-2no(f M +f M )+O( 03)

h33 x 0 Y 0 x x y y

-

(57)
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Solution for M

We now obtain, from (47), (41), and (36)

w
2TIM= ~ + f U + f V + g(U + V ) - gO~ 33

(f v2U + f v2V )
h33 x Y ox oy x 0 y 0

+ 2TIO~
33

(f M + f M ) + 0(03) (58)
x x y y

Here M and Mare required to 0(0) only. These quantities can be eliminatedx y
by deriving the two additional equations given by the derivatives of (58)

with respect to x and y,

w
2TIM = ~ [~+ f (U +U

l
) + f (V +V

l
) + g(U +V )]

x ax ~33 x 0 Y 0 ox oy

+ 2TIf (f M + f M )-f (f v2U +f v2V )[f+ (2~ 33 - ~)] (59)
x x x y y x x 0 y 0 N33

and a similar equation for My' Here the additional term of 0(0) comes from

(57) in evaluating Wex '
and the terms M f

2
and M f f from U2 and V2xx x y x y x

in (46). This gives the pair of equations of the form

2
M (1 - f ) - M f f = Ax x y x y

2-M f f + M (l-f ) = Bxxy Y Y

which have the solutions

A(l-f 2)+Bf f
M = y xy

x l-f 2-f 2 '
x y

#

M =
B(1-fx2)+AfXfy

Y l-f 2_f 2
x y

(60)

Here

w
A=L 2

{~[~+f(U+U
l

)+f(V+V l
)+g(U +V )]

TI ax ~33 x 0 Y 0 ox oy

f (f v2U +f v2V )[f+o(2~ j-3- ~)]}x x 0 y 0 N33

-
(61)
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w
B=- 2

1 {.L[~+f(U+U
l

)+f(V+V
l

)+g(U +v )]
TI ay R.33 x 0 Y 0 ox oy

-f (f X
V2U +f V2V ) [f+o(2R.

33 - +--)]}y 0 y 0 ~33

The last term of (58) then beeomes

Af +Bf
2 x y

TIoR.33 2-
1-f -fx y

(62)

(63)

This eompletes the derivationof an expression for the souree distri-

bution M. It is given by (58), (61), (62) and (63) with U, V, ueo' veo'
u 1

, v 1
, w

1
, and w given by (45), (46), (54), (55), (56). (53), and

e e e e
(57), respeetively.

The appearanee of terms of 0(00) in (58) apparently eontradiets

the assumption that M is 0(0). We see, however, that all the terms of zero

,order in (58) are i ne 1uded in the terms

f U + f V + f(U + V ) = ~ (U f) + ~ (V f)
x 0 Y 0 ox oy ax 0 ay 0

(64)

whieh is the well-known seeond-order formula for the eenterplane distribution

for a thin ship without a boundary layer. Thus the assumption that M = 0(0)

is eonsistent with the result derived for the eontribution of the effeet of

the boundary layer on the eenterplane souree distribution.

For a thin ship, with the usual assumption that fand its derivatives,

and, eonsequently, the euryatures are small of first order, the direetion

eosines R.ij, i f j, would be of first order, and 1 - R.ll, 1 - R.22, 1 - R.33
would be of seeond order. Expression (58) for M would then reduee to

2TIM= ~ (Uof) + ~ (V f)ax ay 0

U 3+ R.~3(illOlx + R.2101y + R.1202x + R.2202y + Klol + K202) + 0(0) (65)

-
as is seen from the sum of the remaining seeond-order terms

1- o(Uox + VOy )(~ - R.33)
33

This may serve as a useful approximation for a thin ship form. When some, but

not all of the R.ij, i f j, are small, an explieit form for M, somewhat 10nger

than (65), ean be readily obtained for partieular eases.
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PART II

PRESSURE DISTRIBUTIONS

An important property of thin boundary-layer theory is that the

pressure within it is equal to the pressure in the irrotational flow at

the edge of the boundary layer. One eould hardly,expeet that there would

be an equally simple relation fora thiek bound~ry layer; yet it was found

by Huang et al [4J that the measured pressure in the boundary layer of a

body of revolution agreed within one pereent with that eomputed for the

irrotational flow eontinued into the boundary-layer region.

In an attempt to explain this unexpeeted eorrespondenee, deriva-

tions of expressions for the pressure distributions in the boundary layer

and in the eontinued irrotational flow have been undertaken. Results for

only the two-dimensional ease have thus far been obtained and these will

be presented in the following.

Formulation of Two-Dimensional Mathematieal Model

Consider a boundary layer of thiekness o(s) along a streamlined

eylindrieal form immersed in a uniform stream. Here s denotes are length

along the profile. We shall assume that the vortieity within the boundary

layer vanishes at n = 0, and that the flow is irrotational for n ~ 0, where

n is distanee along the normal to the profile, measured from the body
#

surfaee.

The equations governing the flow will be taken to be

1 K 2 1
h uVs + vVn - h u + p Pn = 0 (1)

Us +
~n

(hv) = 0, h = 1 + nK(s) (2)

-u(s,o) = v(s,o) = 0 (3)
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Here u(x,n) and v(s,n) denote velocity components in the direction of

increasing sand n, respectively, h is the linearizing factor in the direc-

tion of increasing s, K(s) is the longitudinal curvature of the body, p
is the pressure, and p is the mass density of the fluid. Subscripts sand

n indicate partial differentiation with respect to the indicated variables.

The momentumequation in the s-direction will not be required, since we
shall assume particular vorticity distributions in its stead. In equation
(1), we have assumed that the normal components of the viscous and turbulent

stress, other than the mean pressure, may be neglected in comparison with

the inertia terms, in accordance with the equations for a thick boundary
layer [10J. Equation (3) is the nonslip condition.

In the (s,n) coordinate system, the vorticity s is given by

s = 1 [v - L (hu)] =
h
l (vh s an s hu - Ku)n

(4)

At n = o(s), we then have

[vs - (1 + Ko)un - KU]n=o = 0 (5)

The derivatives of u and v with respect to sand n are continuous at n = 0,

but the second derivatives are not, unless both sand s are zero at thats n
boundary. This can be shown by eliminating u or v between (2) and (4).

An expression for the pressure in terms of vorticity, derived
by eliminating vs between }l) and (4), and then integrating with respect
to n and applying the Bernoulli equation at n = 0, is

o
.E = 1 (U 2 - u2 - i) + J u sdn
p 2 co

n
(6)

where U is the free-stream velocity. This gives for the pressure at the wall,co

-p 0
-.!i = 1 u2 + Jusdn
p 2 co

o
with pressure coefficient
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2p 0
c = Yi -1+ 2 Jpw

U 2 - 2 usdn
p

00
U 0

00

(7)

The velocity distribution U(s,n), V(s,n) in the outer irrota-

tiona1 f10w satisfies the continuity relations

U(s,o) = u(s,o), V(s,o) = v(s,o) (8)

U (s,o) = u (s,o), Vn
(s,o) = v (s,o)

n n n
(9) G

This irrotationa1 f10w can be extrapo1ated into the boundary 1ayer by means

of the Tay10r expansions

1 2U(s,n) = u(s,o) + (n-o) u (s,o) + _
2

(n-o) U (s,o)+... (10)
n nn

V(s,n) = v(s,o) + (n-o) vn(s,o) + i (n-o)2 Vnn(s,o)+... (11)

which yie1d the extrapo1ated pressure distribution

p 2 2 2P = 2 [Uoo - U (s,n) - V (s,n)]

and the pressure coefficient at the wall,

2 2U (s,o) + V (s,o)

U 2
00

#

Cp = 1 -VI
(12)

We sha11 compare the pressure coefficients given by (7) and (12) for

severa1 cases.

Expressions for U n
(s,o) and V ~

n nn
In order to compute U(s,o) and V(s,o) in (12), we need to obtain

expressions for Unn(s,o) and Vnn(s,o) in (10) and (11). Put

-
UE= U(s,o), VE = V(s,o)

Then

U' = U + OIU ( s 0) VI = V + OIV ( s 0)
Es n" Es n' (13 )
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(21)

(22)

(23)

(24) -

(25)
r
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in which the prime indicates differentiation with respect to s.
Wealso have, from (2) and (4), with s = 0,

U + hV = - KVs n E

v - hU = KUs n E

Equations (13), (14) and (15) yield the solutions at n = 6,

U = 1 [h2U' + h6'(KU -V')-Ko,2V ]
s 0 E E E E

Un = ~ [h(VE - KUE) + 81(KVE+UE)]

V = 1 [h2V' + ho'(KV + U1) + Ko.2U ]
s 0 E E E E

Vn = - 6 [h(KVE + UE] + 81(KUE - VE)]

where

o = (1+ Ko)2 + 812

Next, from (13), (14), and (15) we obtain at n = 0,

V - hU = K'6IL + K'U E
+ KU

S5 sn" 5

V - hU = 2KUsn nn n

U + hV = - KV - K'oV - K'Vss sn s n

U + hV = - 2KVsn nn n

U + 28'U + o,2U = U" - 8" Uss sn nn E n

V + 28'U + 0.2V = V" - OliV
ss sn nn E n

(14 )

(15 )

("16)

( 17)

(18 )

( 19)
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E1iminating Usn and Vsn gives

h2V + V = KU + K'oU - 2hKV + K'U
Enn ss s n n

(26)

h2U + U = - KV - K'oV - 2KhU - K'V
nn ss s n n E

(27)

U + o,2U - 2ho'V = UII + 4Ko'V - OIlU
ss nn nn E n n (28)

V + o,2V + 2ho'U = VII - 4Ko'U - OliV
ss nn nn E n n (29)

Next, e1iminating Us and V gives
s ss

( h2_0,2)U +2ho'Vnn nn = UII - KV + (Oll - 2Kh)U - (KlO + 4Ko')V -K'V (30)
E s n n E

(h2_0,2)V - 2ho'U = - VII+ KU + (Oll - 2Kh)V + (K'o + 4Ko')U +K'U (31)
nn nn E s n n E

which yie1d the solutions

U =.L {2hO'(VII - K'U -KU )_(h2_o,2){UII +K'V +KV )nn 02 E E sEE S

+[0'1 (h2 _0,2 )-2Kh( h2+30
,2) -2K I hoo']U n

-[K'h20 - K'00,2 - 4Ko,3+2ho'01l]V }
n

(32)

.

V = .L
2 {- 2hol(U" + K'V+KV )+(h2-0,2){-VII+K'U +KU)

nn 0 E E sEE s

+[K'h20-K'oo,2_4Ko,3+2ho'01l]U
n

+[01l(h2_0,2)_2Kh(h2+30,2) - 2K'hoo']V }
n

(33)

or, if (14) and (15) are app1ied to e1iminate Us and Vs' -

U =.L {2ho'(VII- K'U + K2V )_(h2_0,2){UII +K'V +K2U)nn 02 E E E E E E

+[K'o(h2_0.2)-2Ko'(h2+20,2) + 2ho'01l]V
n

+[01l(h2-0,2)-Kh(3h2+50,2)-2K'hoo']U} (34)
n



28

v = 1- {2hO'(U"+ K'V + K2U )+(h2_0,2)(_V"+K'U _K2V )nn D2 E E E E E E

+[K'O(h2_0,2)-2Ko'(h2+20'2)+2ho'0"]U
n

+[0"(h2-0,2)-Kh(3h2+50,2)-2K'hoo']V }n
(35)

With U and V given by (17) and (19), (34) and (35) express U n and V
n n n nn

in terms of quantities that are assumed to be known on the boundary n = o(s).

Application to Similar Velocity Profiles

Consider velocity profiles of the form

u = UE f(D), D = n/o(s), 0 ~ D ~ 1

where f(o) = 0, f(l) = 1. Then we have

us = - ~I Df'(D) UE + UEf(D)

and hence, by (2),

1 D
V = h J [O'UEDf'(D) - oUEf(D)]dDo

or since

D .
J Df'(D) dD = DT -
o

D
J f(D) dD
o

v = ~O'UEDf - (O'UE + oUE)F(D)], F = f fdD
o

The partial derivative of (38) with respect to s then gives

vs = ~UE[oll Df - (~,2 f' + K'~o' f)n2] + 2o'UEDf

K'
~, K'

2
+ [U (hOU D- o") + U1(-&-D- 201) - OU"]F(D)}E EilE

(36)

(37)

(38)

-

(39)
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We also have

UE
un ="8 f'(l1) (40)

Hence, substituting (39) and (40) into (4), we obtain the expression

for the vorticity,

1 12
K" 2 h2r;(S,l1) = 2 {UE[Olll1f - (t- f' + ~o f)l1 -"8 f' - KhfJ + 20'UEl1f

h

K' · K1 2
+ [UE( ~o T] - Oll) + UE(-~ - 2o') - OU[J F(T])} (41)

where now

h = 1 + AT], A = Ko (42)

The condition ~(s,l) = 0 is then

K' 00 01221
UE[a(l+A) +A(l+A)-ololl + 0' a+ ..

,-'-, J

K'
2

- UE[20lo' + 1+~ (o-ol)]+U[(o-ol) 0 = 0

1
where a = fl(l) and 01 = 0 l(l-f)dl1 is the displacement thickness.

~!e shull ulso nccd U ~s,o) und V (s,ö). Froi.! (40), (14), (37),
r. n

and (38), ~c obtain

(43)

U (s,o) =
% UEn (44)

and

_ ('to' Kö1ö' UE 1 K(ö-01),
Vn(s,ö) - [(l+A) - 2J "8 - [l+A - 2 JUE(l+A) (l+A)

(45) -
These resu1ts shou1d coincide with those in (17) and (19) when condition

(43) is taken into account.
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Thin Boundary-Layer Approximation

Assume that olL« 1, where L is the length of the body, that

KL is of the order 0(1), and o' and o" are of the orders O(o/L) and 0(0/L2)

respectively. Also assume that UE is of the order O(UE/L). Then, retaining

only terms that are 0(0) in (43), we obtain the approximate relation

CI. = - I. = - Ko (46)

which, substituted into (44), gives the well-known result [7J

U ( s 0 ) = - KUn ' E
(47)

To the same degree of approximation, the vorticity (41) is

u
~ = - -I (fl + Af)o

(48)

The pressure coefficient (7) then becomes

2U 2 1
c = 1 - * J ( ff I + I.f2) d 11

pw U
~ 0

UE 1 2= 1 - -:2 [1 + 21. J f dllJ
U 0

00

(49)

For determining the comparable pressure coefficient at the wall

for the extrapolated irrotational flow from (12), we have, by (10) and (47),
.

U(s,o) = u(s,o) - oun(s,o) = (l+A)UE (50)

The term V2(s,0) in (12) is of order 0(02) and may be neglected in the

present approximation. Hence, we obtain

2 2
UE 2 . UE

CFW= 1 - -:2 (l+A) ~ 1 - 2 (1+21.)
U U

00 00

(51 )

-
The difference between the pressure coefficients

expressed in terms of the displacement thickness

ness O2 of the boundary 1ayer,

in (49) and (51) can be

01 ond the momentum thick-
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1
O2 = 0 J f(l-f)dn

o

since

1
J f2dn :: 1 - 6, 6 = (01+02)/0
o

(52)

Thus we have

U 2 U 2

cpw - Cpw = 2>-~ 6 = 2K(01+02) ~U U
00 00

(53)

This resu1t was previously given

coefficient at n = 0 is given by

U 2_V 2
E E

== 12 .
U

00

by Sasajima and Tanaka [llJ. The pressure

(cp)o = 1
U 2

_ E
U2

00

Hence we alsq have

U 2

(c) - c = 2>- -I- (1-6 ) =
P 0 pw U

2
00

U 2
E

2K(0-01-02) lJ2
00

(54)

If the curvature K is sma11 of order 0, then the pressure-coefficient
differences given in (53) and (54) would be of second order and could be

set equal to zero in the thin boundary-layer approximation. This resu1t

agrees with the usua1 assumption.

.

Second Approximation
Let us assume that UE =

of order O(o/L), (41) reduces to

1;; =
UE

[O"(l1f-F) _~0,2112+h2) - Khf]
h2 °

U °
U 0

O( E ) and U" = O(l).
~ E L3

Then, to terms

(55)

and (43) becomes -

a(1+>-)2 + >- + >-2 - °1°" = 0

or

- >- + >-2 + ° o"1
(56)



32

Then, from (7) to terms of order 0(02/L2), we obtain

U 2 1
~ ~ 1 - -I-

2
{1+2 I[Af2-A2nf2+00"(Ff-nf2)+0.2n2ff'Jdn}pw

U 0
ro

or, by applying (52) and

1
I Ffdn
o

1 2
1

1 1 °1 2 1 2 1 1 2= - F = -(1- --) , In ff'dn = - - Inf dn2 020
0 20

U 2
° 1

~ 1 - -;- {l + 00 11 ( 1 - f) 2
+

°
I 2+2 I [Af2 - ( A2

+ 00 11 +
°

I 2 ) nf 2dn} (57)
U 0

CD

cpw

To determine Cpw we first obtain from (44) and (56),

U
~ - -f (A - A2 - 01011)U (s,o)n (58)

and from (38),

V(s,o) . °lo'UE

°
(59)

The contributions to the pressure coefficient from the omitted terms of V(s,o)
2and from Vn(s,o) and from Vnn(s,o) would be of order greater than 0(0). Thus

V (s,o) and V n (s,o) will not be needed. We do, however, require U
n(s,o).n n n

We obtain, from (32) and (47),

Unn~-2KUn~2K2UE

.
(60)

Then, from (10) and (11), we obtain

U(s,o) :f UE(l+A-ololl) (61)

o o.1V(s,o) = UE ~ (62) -
and from (12),

U 2
°

0. 2

Cpw = 1 - (uE) [1+2A+A2_2010I1 + (-i-) ] (63)
00
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Comparison of (57) and (63) then gives

2
UE 2

C - Cp = -;;- [2;\ö +;\ -pw W UL
<X>

1
2(;\2+88/1+8.2) Jn f2 dn]

o

8 2 8 2
öö/l(l+ ~)_8.2(1_ ~) +

82 82

(64)

The integral in (64) can be approximately evaluated by assuming the

power law

m= n (65)

which yields

1 2 ... 1J nf dn .. 2m+2'o

8 1 . ~-"L= J (l-f)dn :;:
m+18

0
(66)

c
pw

difference (64) then becomes

U 2 8 8
- Cp :!: ~ [2;\ö + ;\2(2 _ ..J_) _ -"L (8.2+öö/l) +

W' U2 8 8
2 <X>

8
~ (812_ÖÖ/l)]
r/

(67)

The pressure

or, ;f the last

cpw

two terms are negl;g;ble

U 2 8
Cpw ~ ~ [2K( 8{+82) + K2i(2 - f)]

U
<X>

(68)

If the curvature K ;s also small, the result (68) would be the same as for

the th;n boundary layer.

Summary

Express;ons have been der;ved for centerplane source distributions
wh;ch generate an ;rrotat;onal flow f;eld about a laterally symmetr;cal -
body that matches that exter;or to the boundary layer and wake. Results are
g;ven for two-d;mens;onal bod;es and th;n sh;p forms.
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Pressure distributions at the wall of a two-dimensiona1 body

have been determined for the f10w in the boundary-1ayer region with and

without vorticity. The difference between the pressure coefficients was

shown to be principa11y proportional to the product of the surface curvature

of the body by the sum of the displacement and momentum thicknesses.
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